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An analytical solution of a wakefield from a charge moving on the axis of a dielectric-filled cylindrical

cavity is derived. A solution to the wakefield in a waveguide with only a boundary at the cavity entrance is

already known. To take into account a boundary at the cavity exit, we introduce an imaginary antibeam,

with opposite charge, which is created at the same time when the beam passes the exit boundary and

continues to move along with the original beam at the same velocity. Although the beam has been

annihilated in the net effect, the original beam and the antibeam produce their own wakefields,

respectively, because they were created at different times. These superimposed fields are then mirror

reflected as usual by the conducting exit boundary and the wakefield can be obtained by properly mirror

reflecting them whenever it reaches a boundary. We find a resonance condition to enhance wakefields with

multiple bunches of charges, and show that the acceleration gradient increases under that condition.
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I. INTRODUCTION

The problem of calculating wakefields in a waveguide
loaded with dielectric layers has been solved for the case of
an infinitely long waveguide and the possibility to apply it
for a high gradient accelerator was discussed by several
authors [1–5]. However, in reality, a waveguide is always
bounded by both input and output ends forming a kind of a
cavity. The boundary effects are important to calculate
correct wakefields [6–9]. Furthermore, the cavity structure
opens up a new interesting possibility to enhance further
the accelerating gradient using a train of beam bunches. It
has been demonstrated experimentally by Wang et al. that
the maximum acceleration gradient was 1:3 GeV=m using
a chemical vapor deposition diamond-lined test cavity
[10].

Consider a cylindrical cavity bounded by conducting
planes at z ¼ 0 and z ¼ d, and assume that the cavity is
filled with a dielectric. The problem can be solved in two
steps: (1) by solving the semi-infinite waveguide problem
bounded only by the input boundary, and (2) by including
the effect of the output boundary.

The general problem to calculate the boundary effects
can be traced back to Sommerfeld, Brillouin, and
Rubinowicz [11–13]. The problem applied specifically to
a semi-infinite dielectric-loaded waveguide has been dis-
cussed recently by Onishchenko et al. [6,7] taking into
account an input end only. As far as the beam does not
reach the end of the cavity, it never sees the exit boundary
and thus the cavity wakefields are the same as those for a
semi-infinite waveguide. In this paper, we also discussed
the problem to calculate the entrance boundary effects. In

this case, our results are the same as those obtained by
Onishchenko et al., who solved the problem in a rather
complicated manner by performing a series of conformal
mappings. In our paper, we obtained the same solution by
performing just one simple conformal mapping. This map-
ping function used by us is similar to the one used by
Rubinowicz [13] to solve a seismic wave problem. To the
best of our knowledge, this is the first that uses this map-
ping function in a wakefield problem.
The purpose of the present paper is to extend the pre-

vious semi-infinite waveguide problem to a more realistic
case, such that the wakefields due to a cylindrical cavity are
derived. In order to solve this cavity wakefield problem,
one must consider properly the exit boundary conditions in
addition to the entrance boundary conditions. We accom-
plished this task by generalizing the image charge method.
In the conventional image charge method used for an
electrostatic problem, one can meet a conducting boundary
condition in a rather straightforward manner by superim-
posing the mirror reflected fields from an image charge.
However, in a wakefield problem, one needs a totally
different image charge method. While the beam is still in
the cavity, the beam does not see the exit boundary so that
the solution is just the same as the one for a semi-infinite
waveguide. After the beam exited the cavity, one can
obtain the solution in the following way.
Let us suppose that an imaginary ‘‘antibeam’’ with

opposite charge is created at the same time when the
beam passes the exit boundary. Let us further suppose
that this antibeam continues to move along with the ‘‘origi-
nal beam’’ at the same velocity. Although, in net effect, the
beam has been annihilated, the beam and the antibeam
produce their own wakefields, respectively. Notice that
the superimposed wakefields from these two beams are
not trivial because they were created at different times.
These superimposed fields are then mirror reflected as
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usual by the conducting exit boundary. This reflected field
represents a wakefield propagating to the left with no
source associated with it. The portion of the wakefield,
which was generated from the original beam but still
remained inside the cavity, continues to propagate to the
right. As a result, one succeeded in obtaining nontrivial
wakefield solutions that satisfy all the boundary conditions
with no source associated inside the cavity.

If this left propagating wakefield reaches the entrance
boundary, one can obtain the reflected wakefield just by
performing a simple mirror reflection by the conducting
entrance boundary, since no charge is associated with this
field. The reflected wakefield now becomes a right moving
wave. As time elapses, the wakefield continues bouncing
back and forth between the two boundaries. In summary,
the cavity wakefield can be obtained by properly mirror
reflecting the superimposed wakefield from the original
beam created at the entrance time and the antibeam created
at the exit time.

In order to compare the results with the well-known
vacuum solutions [14], we examined the low dielectric-
constant limit of our solution; since our wakefield solution
deals with the case that the phase velocity of the electro-
magnetic wave is less than the beam velocity, a dielectric
material is necessary. When the beam just entered the
cavity most flux lines emanating from the charge are con-
centrated in a thin quasispherical shell containing the
beam. As the beam moves away from the entrance bound-
ary, the flux lines stretch out to form a quasiplanar disk.
These features agreewith thewell-known vacuum solution.
Of course, since the wakefield condition is still met, some
wakefield lines appear behind the Coulomb disk and re-
main even after the beam exited the cavity.

To apply the results for the wakefield accelerator, we try
to enhance the acceleration gradient in a cavity using a
train of beam bunches. In a waveguide or a semi-infinite
waveguide, to enhance the wakefield using beam bunches,
it is sufficient to consider only the time interval between
each bunch, namely synchronization condition. In a cavity,
however, the resonance condition such that Cerenkov ra-
diation is superimposed constructively with itself, should
be considered in addition. We demonstrate an acceleration
gradient of 1:3 GV=m with ten bunches which have 2 nC
and 30 MeV in a cavity filled with a dielectric of " ¼ 3.

The organization of the paper is as follows. An analyti-
cal solution to the wakefield in a semi-infinite circular
waveguide filled with a dielectric is derived in Sec. II. A
complete solution to wakefields in a dielectric-filled cavity
is given in Sec. III. The cavity problem is solved by
applying the output boundary condition to the field solu-
tion of a semi-infinite waveguide. Here, we introduce an
image method for a moving charge and a method of folding
fields to make the solution satisfy the output boundary
condition. A result and discussion on field enhancement
for a high gradient accelerator is described in Sec. IV.
Finally, a summary and discussion is given in Sec. V.

II. WAKEFIELD IN A SEMI-INFINITE
WAVEGUIDE

In this section we revisit the problem of calculating the
effect of the input boundary, a semi-infinite waveguide
problem discussed by Onishchenko et al. [6,7]. Although
the problem is physically the same, the mathematical
approach introduced in this section for calculating the I2
integral in Eq. (11) is considerably simpler than Ref. [6].
Then the following section deals with a more realistic
cavity geometry so that the exit boundary is also treated.
Consider a dielectric-lined waveguide that is bounded at

the input end only. The boundary is assumed to be a
conducting plane which is thin enough to allow for the
beam to pass through freely but which reflects the electro-
magnetic wave. Consider a ring-shaped beam injected, at
t ¼ 0, into the waveguide bounded at z ¼ 0. The beam acts
as a source term for the wave equations for z > 0 and t > 0,
such that

� ¼ qb
�ðr� rbÞ

2�r
�ðz� zbÞ Jz ¼ �b�; ~J? ¼ 0;

(1)

where the beam is assumed to be moving uniformly in time
t, i.e., zb � �bt.
The wave equations for TMon mode ðEz; Er;H�Þ are

given by
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where � � �b=c. One can expand the fields in terms of
radial eigenmodes as
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where ðezn; ern; h�nÞ are the radial eigenmodes satisfying
the source free wave equations,
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(4)

and the boundary condition eznðR1Þ ¼ 0 on the waveguide
wall. The solution of Eq. (4) can be found easily as
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eznðrÞ ¼ J0ðk?nrÞ; (5a)

where k?n � j0n=R1 and j0n is the nth root of J0ðxÞ ¼ 0.
Other radial eigenmodes are given in terms of Eq. (5a) as
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where the axial eigenvalues kn are given in terms of the
radial eigenvalues k2?n by the relation

k2n � "�
!2

c2
� k2?n: (5c)

Inserting Eq. (3) into Eq. (2) and using Eq. (4) along with
the source given in Eq. (1), we have
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(6)

We previously proved a generalized orthogonality rela-
tion between two arbitrary modes on the dispersion lines
[1]. Between the modes with the same!, the orthogonality
relation can be written asZ R1

0
drrernðrÞh#mðrÞ ¼ �nmCn
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c
kn; (7a)
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Equation (6) can be solved in terms of a particular solution
of the inhomogeneous equation with the source term and a
general solution of the homogeneous equation without the
source term. Defining the variable k � !

�b
, the solution to

Eq. (6) can be written as
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The first term in Eq. (8a) is the particular solution of
Eq. (6) due to the source term on the right-hand side. The
second term is the solution of the homogeneous part of
Eq. (6); the coefficients Br and B� must be chosen to satisfy

the boundary condition, Erjz¼0 ¼ 0 and @
@zH�jz¼0 ¼ 0.

These conditions can be satisfied by choosing

Br ¼ 1 and B� ¼ k

kn
: (8b)

One can write the denominator of Eq. (8a) in the form
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where

k2?n � ð"��2 � 1Þk20n: (9b)

By inserting Eq. (8a) back into Eq. (3) and using Eq. (5a),
one obtains the fields as
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where
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The longitudinal electric field Ez can be obtained from
Eq. (10a) using the Maxwell equation

@Ez
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¼ @Er

@z
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c
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: (12)

The result can be written as
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Ez ¼ �E0

X1
n¼1

�0nðrÞGznðz; tÞ; (13a)

where
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�
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�
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and

�0nðrÞ � J0ðk?nrbÞ
J21ðk?nR1Þ

J0ðk?nrÞ: (13c)

The integral I1 represents the particular solution of Eq. (8a)
showing the source effect. In an infinitely long waveguide,
this is the only term in the solution. The integral I2 origi-
nates from the solution of the homogeneous equation (8a)
which is required to satisfy the conducting boundary con-
dition, Er ¼ 0 and @

@z H� ¼ 0, at the input end (z ¼ 0). This

term represents the transient part of the solution due to the
presence of the boundary at the input end.

A. Calculation of the integral I1

The integral I1 represents the Cerenkov radiation in an
infinite waveguide and can be solved using the usual con-
tour integration [1]. In the complex k space, the integral
path along the real k is slightly shifted upward to avoid the
pair of poles at k ¼ �k0n (Fig. 1).

If z > zb, where zb � �t is the current position of the
beam, the path can be closed by including a half circle with
infinite radius in the upper plane. Then the integral is zero
because it contains no poles:

I1 ¼ 0 ðz > zbÞ: (14a)

If 0< z < zb, the path can be closed in the lower plane and
the integral is given by the residue theorem from both of
the poles at k ¼ �k0n. The result is

I1 ¼ ð�2�iÞ 1
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B. Calculation of the integral I2

We now consider the integral I2 which describes the
boundary effect. Compared to I1, calculating the integral
I2 is more difficult, because the integrand contains a branch
cut in addition to the same pair of the poles at k ¼ �k0n.
The branch cut is from the function
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k axis between k ¼ ��n, where
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To avoid these singularities, we move the line of integra-
tion slightly upward (Fig. 2). Consider the phase � of the
exponential function appearing in I2 given by Eq. (11):
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zb � �bt; zp � �pt; and �p � cffiffiffiffiffiffiffi
"�

p : (16c)

In the limit jkj ! 1, the phase� ! �zbð1� &Þk and thus
the integration path can be closed by including a half circle
with infinite radius, (i) in the upper half plane if & � 1 (i.e.
z � zp), and (ii) in the lower half plane if 0< & < 1 (i.e.

0< z < zp). If 1< & (i.e. zp < z), one can close the inte-

FIG. 1. Contours for integration in the complex k plane for
Cerenkov radiation.

FIG. 2. Contours for integration in the complex k plane for
transient radiation.
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gration path in the upper half plane and then I2 contains no
poles or branch cuts in the upper half plane; thus,

I2 ¼ 0 ðzp < zÞ: (17)

This result shows that the signal due to the input boundary
effect propagates at a maximum speed of �p � cffiffiffiffiffi

"�
p , i.e., in

the region zp < z < zb, only Cerenkov radiation due to the

source occurs, and no transient radiation has reached the
region yet. The Cerenkov radiation part is the same as that
in an infinitely long waveguide.

For 0< &< 1 (i.e. 0< z < zp), one can close the inte-

gration path in the lower half plane and then I2 contains
both the branch cut and the poles. We will show that the
integral I2 is composed of two parts: one is the quenching
wave to cancel the Cerenkov radiation and the other is the
transient radiation.

This integration I2 can be done most easily by perform-
ing the conformal mapping suggested in Ref. [13] as

k ¼ �nffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� &2

p ðcos	� i& sin	Þ: (18a)

This function maps the integral path into an ellipse with
foci at ��n (Fig. 3). In the limit & ! 1, the ellipse be-
comes infinitely large, and, in the limit & ! 0, the ellipse
collapses to an infinitely thin one surrounding the branch
cut. In the range 0< & < 1, a point & ¼ &q exists at which

the ellipse crosses the poles at k ¼ �k0n. Thus, &q is

defined by the relation

kj	¼0 � �nffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� &2q

q ¼ k0n: (18b)

The meaning of the variable &q is clear if one notices that it

corresponds to a point z ¼ zq, where

zq � �qt and �q �
�2
p

�b

: (18c)

From the definition Eq. (5b), the variable & is proportional
to z and the points & ¼ ð0; &q; 1Þ correspond to the points

z ¼ ð0; zq; zpÞ.
The geometrical meaning is clear when the wake is

unfolded in the radial direction (Fig. 5).
The integration path now follows this ellipse in the

clockwise direction as 	 varies from 0 to 2�. Let us call
this integral Iellipse. If &q < & < 1,

I2 ¼ Iellipse ðzq < z < zpÞ: (19a)

However, if 0< &< &q,

I2 ¼ Iellipse þ Ipoles ð0< z < zqÞ; (19b)

where Ipoles is the contribution from the poles in I2. The

integral Ipoles can be calculated in the same manner as I1 by

using the residue theorem. However, the branch of the
double-valued function kn must be chosen such that the

sign of the real part of kn is the same as that of k. This
choice of the branch guarantees that we are dealing with
only the right propagating waves. Then
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where we have used the fact that
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"��2k2 � k2?n

q
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Notice that Ipole given by Eq. (20), i.e. the pole contri-

bution part of I2, exactly cancels I1 given by Eq. (14b).
This cancellation in Ez can be easily seen from Eqs. (13a),
(14b), and (20). Also the cancellation in Er and H� can be
checked from Eqs. (10a), (14b), and (20). For this reason,
this term is sometimes called the ‘‘quench wave’’ [15].
Therefore, as far as the Cerenkov radiation is concerned,
the only effect of the input boundary is to terminate the
Cerenkov radiation after zq. As a result, the Cerenkov

radiation in the presence of the quench wave does not
vanish only in the range zq < z < zb and the fields are

given by

FIG. 3. Integration paths for evaluating transient radiation.
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C. Calculation of the integral Iellipse

Now, we consider the transient radiation part of I2 given
by Iellipse. In terms of the variable 	 defined by Eq. (18a),

the phase function � can be written as
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Equation (24b) can be expanded in a power series and its
convergence is guaranteed by comparing the relative mag-
nitudes of 
 and �q in the region of interest 0< & < 1. In

the region &q < & < 1, we find �q < �, and thus one can

expand the first term of Eq. (24a) in the power of ð�q


 Þ2. In
the region 0< &< &q, one can show that � < �q and thus

one can expand the first term of Eq. (24a) in the power of
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1

k2 � k20n
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
"��2

p
k20n

�P1
m¼1ð�q


 Þ2m �P1
m¼1ð 1


�q
Þ2m ðzq < z < zpÞ

�P1
m¼0ð
�q

Þ2m �P1
m¼1ð 1


�q
Þ2m ð0< z < zqÞ:

(25)

Using Eqs. (23d) and (25), one can write the integration Iellipse as

Iellipse ¼ 1

k20n

1

2�

Z 2�

0
d	e�iZn cos	

�P1
m¼1 e

i2m	ðð 1
��q

Þ2m � ð�q

� Þ2mÞ ðzq < z < zpÞ
1þP1

m¼1ðei2m	ð 1
��q

Þ2m þ e�i2m	ð ��q
Þ2mÞ ð0< z < zqÞ:

(26)

This integration can be done immediately in terms of Bessel functions by recalling the relation

JmðZnÞ ¼ im

2�

Z 2�

0
d	e�iZn cos	�im	: (27)

The result can be written as

Iellipse ¼ 1

k20n

�U0ð 1
�q�

Zn; ZnÞ �U0ð�q

� Zn; ZnÞ ðzq < z < zpÞ
�J0ðZnÞ þU0ð 1

�q�
Zn; ZnÞ þU0ð ��q

Zn; ZnÞ ð0< z < zqÞ;
(28a)
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where

Unðw; xÞ �
X1
m¼0

ð�1Þm
�
w

x

�
nþ2m

Jnþ2mðxÞ (28b)

is the Lommel function [16] and

Zn � jk?nj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðzp þ zÞðzp � zÞ

q

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zp þ z

zp � z

s
ðzp � �ptÞ:

(28c)

The longitudinal field Ez can now be obtained from
Eqs. (13a)–(13c):

EðtÞ
z ðr; z; tÞ ¼ �E0

X1
n¼1

�0nðrÞGðtÞ
zn tznðz; tÞ; (29a)

where

GðtÞ
znðz; tÞ ¼

�U0ð 1
�q�

Zn; ZnÞ �U0ð�q

� Zn; ZnÞ ðzq < z < zpÞ
�J0ðZnÞ þU0ð 1

�q�
Zn; ZnÞ þU0ð ��q

Zn; ZnÞ ð0< z < zqÞ:
(29b)

The transverse components of the field can now be easily calculated from Eq. (21) with the help of the above relations. The
results can be summarized as

EðtÞ
r ðr; z; tÞ ¼ � E0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

"��2 � 1
p X1

n¼1

�1nðrÞGðtÞ
rnðz; tÞ; (30a)

where

GðtÞ
rnðz; tÞ ¼

�U1ð 1
�q�

Zn; ZnÞ þU1ð�q� Zn; ZnÞ ðzq < z < zpÞ
U1ð 1

�q�
Zn; ZnÞ �U1ð ��q Zn; ZnÞ ð0< z < zqÞ;

(30b)

and

HðtÞ
� ðr; z; tÞ ¼ � E0"�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

"��2 � 1
p X1

n¼1

�1nðrÞGðtÞ
�nðz; tÞ

GðtÞ
�nðz; tÞ ¼

8<
:
�U1ð 1

�q�
Zn; ZnÞ þU1ð�q

� Zn; ZnÞ ðzq < z < zpÞ
U1ð 1

�q�
Zn; ZnÞ �U1ð ��q Zn; ZnÞ ð0< z < zqÞ:

(31)

The electric flux lines in the wakefield (Fig. 4) were
computed using the solution with the Runge-Kutta method
when a beam flights 2.16 cm in a semi-infinite waveguide
having a radius of R ¼ 0:5 cm filled with a dielectric of
" ¼ 3, and a 2 nC, 30.7 MeV (� ¼ 61) beam bunch mov-
ing uniformly along the axis. Because the wakefield from a
point charge diverges, the bunch is assumed to have a
radial distribution described by a Bessel function with a
radius of �rb ¼ 0:05 cm.

The lineal charge density �ðr; zÞ in Fig. 4 is related to
the electric flux density �wðr; zÞ on the wall through
Gauss’s law as �wðr; zÞ ¼ 2�rE?ðr; zÞ ¼ 4��ðr; zÞ=".
By integrating the surface charge on the whole conducting
boundary, the charge induced on the wall of the cavity is
found to be �2 nC, which is exactly the same with the
bunch charge with opposite sign.

Figure 5 shows electric field lines of the wakefield. Red
and blue lines represent Cerenkov and transient radiation,
respectively. A Cerenkov cone ends up at the quenching
point (zq) because fields, where z < zq, cannot pass
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FIG. 4. Flux lines, axial electric field on the beam axis (EZ),
and the lineal surface charge density (�) of a wakefield in a
semi-infinite waveguide filled with a dielectric.
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through a transient spherical shell. Surfaces of wakefield in
a cylindrical waveguide can be obtained with folding
surfaces on a conducting boundary. The flux line (Fig. 4)
using the analytic solution agrees exactly with lines of
radiation (Fig. 5).

III. WAKEFIELD WITH OUTPUT BOUNDARY

To construct wakefields in a cavity, one must solve the
effect of the boundary at the output end. Assume that the

boundary is a thin conducting foil which allows a high
energy beam to pass through freely, but reflects the wake-
field. The boundary condition at the output end for each
charge can be decomposed into two conditions: (1) the
charge inside the cavity becomes zero when the charge qb
reached output end and (2) the wakefield is reflected by the
boundary wall.
The first boundary condition is satisfied when the charge

qb has reached the output end and at the same time that the
anticharge �qb ( ¼ �qb) has started at the output end: when
�qb, which is of equal magnitude to qb but opposite sign,
started the output end with charge qb at the same time
instead of disappearing charge qb at the output end, total
charge becomes zero. Therefore, the first boundary condi-
tion is satisfied.
The solution of the wakefield induced by �qb can apply to

the wakefield solution of a semi-infinite waveguide, but it
must take into account the boundary condition which con-
siders the output end to be the input wall of a semi-infinite
waveguide.
To calculate the field from the anticharge, it is conve-

nient to use the transformed coordinate �zb ¼ zb � d; then
the Ez field induced by the anticharge can be obtained
similarly to Eqs. (21) and (29a):

�Eczðr; �z; �tÞ ¼ E0

X1
n¼1

�0nðrÞ cosk0nð�z� �zbÞ

�Etzðr; �z; �tÞ ¼ E0

X1
n¼1

�0nðrÞ �Gtznð�z; �tÞ;
(32a)

where

�G trnð�z; �tÞ ¼
8<
:
þU1ð 1

��q
��
�Zn; �ZnÞ þU1ð

��q

��
�Zn; �ZnÞ ð�zq < �z < �zpÞ

þU1ð 1
��q

��
�Zn; �ZnÞ �U1ð

��q

��
�Zn; �ZnÞ ð0< �z < �zqÞ;

(32b)

where the plus sign of the field is expressed to emphasize
that the anticharge and the real charge signs are opposite
each other. Similarly, the other field can be obtained easily
by coordinate transformation (Fig. 7).

Folding the field (Fig. 5) satisfies all of the boundary
conditions imposed by the conducting wall. One can fold
the field l times with the simple coordinate transform as

z0l �
�
zþ ld ðl ¼ evenÞ
ðd� zÞ þ ld ðl ¼ oddÞ (33a)

�z0l � z0l � d; (33b)

where the primed coordinate represents the semi-infinite
waveguide and the unprimed coordinate represents the
cavity.

We now consider the boundary condition introduced by
the conducing wall, and calculate wakefields of the cavity.
The particular solution of the cavity’s wakefields is given
by

GðcrÞ
zn ðzÞ ¼ gznðz; zqÞ þ

X1
l¼1

½gznðz0l; zqÞ � gznð �z0l; �zqÞ�

GðcrÞ
rn ðzÞ ¼ g?nðz; zqÞ þ

X1
l¼1

ð�1Þl½g?nðz0l; zqÞ

� g?nð�z0l; �zqÞ�

GðcrÞ
�n ðzÞ ¼ g?nðz; zqÞ þ

X1
l¼1

½g?nðz0l; zqÞ � g?nð�z0l; �zqÞ�;

(34a)

FIG. 5. (Color) Electric field lines of the wakefield when a beam
passes through z ¼ zb (red: Cerenkov radiation; blue: transient
radiation). Radiation lines in a semi-infinite waveguide (below)
can be obtained by folding lines in a space without radial
boundary (above) on the radial boundary.
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where

gznðz; zqÞ � cosk0nðz� zbÞ�ðzb � zÞ�ðz� zqÞ
g?nðz; zqÞ � sink0nðz� zbÞ�ðzb � zÞ�ðz� zqÞ;

(34b)

and the transient solution is given by

GðtrÞ
zn ðzÞ ¼ fznðz; zp; zqÞ þ

X1
l¼1

½fznðz0l; zp; zqÞ

� fznð�z0l; �zp; �zqÞ�

GðtrÞ
rn ðzÞ ¼ frnðz; zp; zqÞ þ

X1
l¼1

ð�1Þl½frnðz0l; zp; zqÞ

� frnð�z0l; �zp; �zqÞ�

GðtrÞ
�n ðzÞ ¼ f�nðz; zp; zqÞ þ

X1
l¼1

½f�nðz0l; zp; zqÞ

� f�nð�z0l; �zp; �zqÞ�;

(35a)

where

fznðz; zp; zqÞ ¼
�
U0

�
1

�q�

n; 
n

�
�U0

�
�q

�

n; 
n

��

��ðzp � zÞ�ðz� zqÞ
þ
�
�J0ð
nÞ þU0

�
1

�q�

n; 
n

�

þU0

�
�

�q


n; 
n

��
�ðzq � zÞ�ðzÞ (35b)

frnðz; zp; zqÞ ¼
�
U1

�
1

�q�

n; 
n

�
þU1

�
�q

�

n; 
n

��

��ðzp � zÞ�ðz� zqÞ
þ
�
U1

�
1

�q�

n; 
n

�
�U1

�
�

�q


n; 
n

��

��ðzq � zÞ�ðzÞ (35c)

f�nðz; zp; zqÞ ¼
�
�U1

�
1

�q�

n; 
n

�
þU1

�
�q

�

n; 
n

��

��ðzp � zÞ�ðz� zqÞ
þ
�
�U1

�
1

�q�

n; 
n

�
�U1

�
�

�q


n; 
n

��

��ðzq � zÞ�ðzÞ: (35d)

Figure 6 shows the electric flux lines in the wakefield
when zb ¼ 2d in a cavity having a length of d ¼ 3 cm and
a radius of R ¼ 0:5 cm filled with a dielectric of " ¼ 3,
and a 2 nC and 30.7 MeV (� ¼ 61) beam bunch moving
uniformly along the axis. The radius of a beam bunch is
�rb ¼ 0:05 cm. Flux lines of radiation are reflected on the

output boundary. To understand the flux line, we draw and
fold electric field lines as shown in Fig. 7.
Figure 7 shows the electric field line in a cavity filled

with a dielectric. After drawing an electric field line of
Cerenkov and transient with the only boundary of conduct-
ing surface on the input plane, we can understand the
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FIG. 6. Flux lines, axial electric field on the beam axis, and the
lineal surface charge density of the wakefield in the dielectric-
filled cavity when zb ¼ 2d.
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electric field line in a cavity by folding lines on conducting
boundaries. Because Cerenkov radiation is only affected
by the relative location from the charge, the fields induced
by the original charge and anticharge, which have the same
magnitude but opposite sign, cancel out completely. We
now consider the wakefield solution that can be completed
by applying the second boundary condition (i.e., the wake-
field is reflected by the boundary wall of the cavity).

Figures 6 and 7 describe all the same system. The flux
line (Fig. 6) agrees exactly with lines of the electric field
(Fig. 7), therefore one can see that the strong flux line
represents Cerenkov radiation.

Figures 8 and 9 show flux lines drawn with the same
condition as Figs. 6 and 7 except for zb ¼ 5d and zb ¼
10d, respectively. The fields are reflected on input and
output boundaries.

After the beam passes through the cavity, the axial
length of a Cerenkov radiation line � becomes

� ¼ �zq � zq þ d ¼
�
1� 1

"��2

�
d; (36)

where all the variables are independent of time or the
length of the Cerenkov radiation line remains unchanged.
In order to compare this result with the well-known

vacuum solutions [14], we examined the low dielectric-
constant limit of our solution. For that purpose a cavity
filled with a dielectric of " ¼ 1:1 is assumed. Because the
phase velocity of electromagnetic wave in the cavity �p is

0:9535c, a beam bunch with � ¼ 3:4 or �b ¼ 0:9558c,
which is similar to but still faster than the phase velocity,
was chosen for analysis.
Figure 10 shows flux lines when a beam just entered the

cavity (zb ¼ 0:3 cm). The feature that most flux lines are
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FIG. 9. Flux lines, axial electric field on the beam axis, and the
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filled cavity when zb ¼ 10d.

300

300

-300

0

300 0 -300 0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.1
0.2
0.3
0.4
0.5

r 
(c

m
)

z (cm)

Σ 
(n

C
/c

m
)

Σ (nC/cm)

-300

0

E
z

(M
V

/m
)

FIG. 8. (Color) Flux lines, axial electric field on the beam axis,
and the lineal surface charge density of the wakefield in the
dielectric-filled cavity when zb ¼ 5d.
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FIG. 10. Flux lines, axial electric field on the beam axis, and
the lineal surface charge density, just after a beam bunch passed
through the entrance boundary of a cavity filled with dielectric of
" ¼ 1:1.
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FIG. 11. (Color) Flux lines, axial electric field on the beam axis,
and the lineal surface charge density when a beam bunch reaches
the middle of the cavity in Fig. 10.
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concentrated in a thin quasispherical shell containing the
beam, agrees with the vacuum solution.

When a beam bunch moves away from the entrance
boundary, flux lines stretched out to form a quasiplanar
disk as shown in Fig. 11. This feature also agrees well with
the vacuum solution. Some wakefield lines appear behind
the Coulomb field because the wakefield condition, such
that charge moves faster than electromagnetic wave, is still
met.

One can easily find that, by unfolding flux lines as
previously introduced in Fig. 5, flux lines still form a
quasispherical shell. As parameters of cavity and beam
bunch approach a vacuum limit, the limit of "��2 ! 1
more generally, the quenching point gets toward the beam
position. Therefore, near the vacuum limit, Cerenkov ra-
diation does not exist anymore and the wakefield takes the
shape of a spherical shell which is mainly formed by a
transient field. As the beam bunch drifts farther from the
entrance boundary, the radius of the sphere becomes larger
so that flux lines near the beam are shaped like a planar
disk.

When a beam bunch leaves the exit boundary of the
cavity, another transient field originated by antibeam is
added to the wakefield. Therefore, as shown in Fig. 12,
flux lines form two spherical shells. With taking account of
the method of the folding field in a cavity, this feature
corresponds with the wakefield for two infinite parallel
plates in vacuum [14].

IV. MULTIPLE BUNCHES

In a dielectric-lined waveguide, an analytical theory has
been developed for the enhancement of acceleration gra-
dients by Park et al. [17] using a train of beam bunches.
However, it is unrealistic because of the infinite waveguide.

Therefore, we need to study for a dielectric wakefield
accelerator in a more realistic way.
To enhance the acceleration gradient in a dielectric-

filled cavity, the resonance condition must be satisfied:
(1) cavity resonance condition: Cerenkov radiation from
each bunch should be superimposed constructively, and
(2) synchronization condition: quenching points of the
wakefield from all bunches should be identical in the
cavity.
The cavity resonance condition is to match Cerenkov

radiation from each bunch. This condition is

d ¼ n
L

2
; (37)

where n is an integer and L is a distance between peaks of
the electric field of Cerenkov radiation on the z axis such
that

L ¼ 2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
�b

�p

�
2 � 1

s
¼ 2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"��2 � 1

q
: (38)

The synchronization condition means that a following
bunch should enter the cavity on time when the head
quench point of the former bunch reaches the input bound-
ary of the cavity. The time interval T between adjacent
bunches that satisfies this condition is

T ¼ 2d

�q

¼ 2d
"��

c
: (39)

Figure 13(a) shows the acceleration gradient when t ¼
0:15T, the first bunch is in the cavity. All parameters are
the same as those in Figs. 4, 6, 8, and 9 except the length of
the cavity, d, is tuned to 2.828 cm which meets the reso-
nance condition. The period of bunches, T, is 0.566 ns
which satisfies the synchronization condition. One can
easily notice that the plot shows two peaks. The first
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FIG. 12. Flux lines, axial electric field on the beam axis, and
the lineal surface charge density, just after a beam bunch passed
through the exit boundary of a cavity in Figs. 10 and 11.

FIG. 13. (Color) Acceleration gradient when each of (a) 1st
bunch, (b) 2nd bunch, and (c) 3rd bunch is in the cavity.
The field was measured on r ¼ 0:01R because it diverges on
the z axis.
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peak appears near the position of a beam bunch, and the
second peak follows after L ¼ 1:4 cm. Figure 13(b) shows
the acceleration gradient when the first bunch exits and the
second bunch is located at the same position as the first
bunch in Fig. 13(a). We chose the interval between the first
bunch and the second bunch to satisfy the synchronization
condition. In Fig. 13(b), one can notice that the magnitude

of the acceleration gradient is increased. Also, the magni-
tude of the acceleration gradient by the third bunch is
increased because it also satisfies the synchronization con-
dition. Therefore, one can conclude that the wakefields in
the dielectric-filled cavity are enhanced when the cavity
and multibunches satisfy resonance and synchronization
conditions.
Figure 14 is a magnified field plot of Fig. 13 near the two

peaks. As shown in this figure, one can notice that field
patterns of wakefields generated by multibunches maintain
and their amplitudes get enhanced.
Figure 15 is a plot of positive peak values about the

acceleration gradient for a number of bunches. For the first
peak, its value linearly increases and the peak value of the
acceleration gradient for the 10th bunch is �1:3 GV=m.
Also, the peak value of the acceleration gradient for the
second peak becomes over �1:0 GV=m.

V. SUMMARY

An analytical solution to the wakefield from a charge in
a dielectric-filled cavity is derived. We introduced an im-
age method for moving charge and used it to solve a cavity
problem. The cavity wakefield was obtained by properly
mirror reflecting the superimposed wakefields from the
original beam created at the entrance time and the anti-
beam created at the exit time. The flux lines show that
(1) the Cerenkov radiation is dominant in the dielectric-
filled cavity and (2) the length of the Cerenkov radiation is
independent of time. With these observations, we derived a
resonance condition for dimensions of a cavity and a
bunch-to-bunch period that efficiently enhances the wake-
field for multiple bunches.
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