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The influence of linear coupling between the transverse planes on Landau damping of
coherent instabilities is assessed using two typical frequency distributions (Lorentzian,
p(f)exl/(l + u2

), and "elliptical", p( f) ex Vf=U2 where u = (f-fo)/b,.f. A general sta­
bility criterion is derived in both cases that includes the coupling strength and the distance
from the resonance Qh - Qv = integer. It reveals the possibility of sharing the "stabilising"
frequency spreads between the two planes. This can significantly improve the coherent
beam stability, especially in cases where the situation is more critical in one plane. Another
important observation is the fact that the influence of a large imaginary part in the beam­
environment impedance, which normally requires a large frequency spread for Landau
damping, can be compensated (at least in one plane) by a judicious choice of the coupling.
The conjunction of these two features could explain why a machine like the CERN-PS can
be stabilised by tuning close to a coupling resonance and can be used to determine optimum
values for the tune split and the coupling strength.
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1 INTRODUCTION

The energy exchange between the degrees of freedom of a multi­
dimensional oscillator is a widespread phenomenon in physics. Strong
coupling between the transverse planes of a particle beam leads to an
"equi-partition" of the oscillation energy, including the instability
growth rates in the case ofcoherent instability. The purpose ofthis report
is to show that, in the presence of a frequency spread, in addition to the
exchange ofenergy, there can also be a partition of Landau damping for
"optimum" coupling.
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Section 2 is devoted to coasting beams. The results are then extended
to bunched beams in Section 3. The sharing of both Landau damping
and chromaticity is illustrated in the case of head-tail instabilities using
the "hollow-bunch model" and the transfer of damping by feedbacks is
also discussed.

2 COASTING BEAMS

2.1 Equations of Motion

Four types of forces are taken into account in writing the equations of
betatron motion of a test particle (i): 1

(1) the external focusing forces that depend on the horizontal deviation
Xi (the vertical deviation Yi) ofthe particlefrom a fixed reference (e.g.
the centre of the chamber). The corresponding tune is QOx,i (QOy,i);

(2) the coherent space-charge forces that depend on the deviation x(y)

of the beam centre from the centre of the chamber. The correspond­
ing tune shift is LlQcoh,x (LlQcoh,y);

(3) the incoherent space-charge forces that depend on the deviation
Xi - X (Yi - y) of the particle from the beam centre. The corre­
sponding tune shift is LlQinc,x (LlQinc,y);

(4) the coupling forces, represented by the normalised skew gradient
Ki == (e/Pi)(8Bx,i/8xi), that make the vertical (horizontal) deviation
appear in the horizontal (vertical) equation ofmotion ofthe particle.
This yields

d2xi 2 2
dt2 + 0i (QOx,i + 2QOx,iLlQinc,x)Xi

== -20TQox,i(LlQcoh,x - LlQinc,x)X + KiR
20TYi,

d
2
Yi 2( 2 A)dt2 + 0i QOy,i + 2QOy,iU Qinc,y Yi

== -20TQoy,i(LlQcoh,y - LlQinc,y)Y + KiR
20TXi.

(1)

Here, e is the elementary charge,pi the momentum ofthe particle, Bx,i the
horizontal magnetic field at the position of the particle, t the time, Oi
the revolution frequency of the particle and R the average radius of the
machine. The coherent and incoherent Laslett tune shifts are generalised
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here to include wake fields. The first three forces can be treated in the
smooth approximation for simplicity. Using the normalised (Courant­
Snyder) coordinates and angle given by TJi == xiiJ36~~(s), (i == Yi/ J36{~(s)
and cPi == QO;,i JJ3ox

1,i(S) ds ~ QO},i JJ30Y~i(S) ds, where the betatron func­
tions are given by J3ox,i ~ R/QOx,i~ R/Qoxo and J30y,i~ R/QOy,i~ R/Qoyo
in the smooth approximation (with Qoxo and Qoyo the averages of
the incoherent tunes), Eqs. (1) can be written

(2)

Here, s is the azimuthal coordinate, Qx,i == QOx,i + ~Qinc,x and Qy,i ==
QOy,i + ~Qinc,y are the new incoherent tunes, j == yCT is the imaginary
unit, J3 and 1 are the relativistic velocity and mass factors, I is the cir­
culating beam current, rno is the proton rest mass, fj and ( are the nor­
malised coordinates of the beam centre. Furthermore, the revolution
frequency ni has been replaced by its average value no (cPi == not == cP) and
the skew gradient has been supposed to be the same for all the particles,
i.e. Ki == Ko. Finally, the coherent and incoherent tune shifts have been
replaced by the transverse coupling impedances which are given by, e.g.
in the horizontal plane,2

j r27rR
- . 27rRrno1 2

Zx(w)=e(3Itl
x

Jo Fx ds;:::;:- J e(31 20oQoxO(tlQcoh,x - tlQinc,x)(w)'

(3)

where ~xejwt describes the horizontal beam oscillations and Fxejwt is the
average of the horizontal force over the beam cross section.

2.2 Dispersion Relation

In the following, transverse betatron frequency spreads specified by
externally-given beam frequency spectra are assumed. The ensemble of
particles has spectra with the distribution functions Px(Wx,i) and py(wy,D
which are supposed to be uncorrelated and normalised to unity. The
betatron frequencies are given by Wx,i == noQx,i and Wy,i == noQy,i.
Moreover, in a circular machine, linear coupling is periodic in cP with
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period 27r, and thus can be expanded into Fourier series

/=+00

Ko(¢) = L Ko(/)ej/c/J,
/=-00

with

(4)

(5)

Considering only the dominant Fourier component of the coupling (I)
and following the standard procedure of identifying normal mode
frequencies, yields particular solutions of the form

(6)

where Qe is the coherent tune to be determined. Substituting Eqs. (6) into
Eqs. (2) and integrating over the transverse spectra, yields the two­
dimensional dispersion relation in the coherent betatron frequency

wc=OoQe

[(1+
00

pAw~) d~X'i)-I_ux+ jVx]
-00 We WX,l

X [(1+00
py(wy,i)dwy,i )-I_Uy+jVy]

-00 We - 100 - Wy,i
IKo(/)1 2

R40g

4wxowyo
(7)

(8)

making the usual assumptions Wx,i ~ We ~Wxo and Wy,i ~ We -/00 ~ wyo,
where Wxo = OoQxo and wyo = OoQyo are the centres of the distributions.
Here, the dispersion relation coefficients Ux,ya and Vx,y of Laslett et al. 3

have been used. They are related to the coupling impedances by4

. ~ jej3/Zx,y(w)
(Ux,y - JVX,y)(w) ~ 4 R .

7r mO~wxO,yO

One has to remember that the wake field terms must be evaluated at the
local collective frequencies (frequencies seen at fixed locations around
the accelerator), given by

WI ~ (nx + Qxo)Oo, W2 ~ (ny + Qyo)Oo,

where nx,y are the azimuthal mode numbers related by nx = ny - I.

a Sometimes U + V is written in place of U as used here.

(9)
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It is known that the treatment ofLandau damping by non-linearities is
more involved and that, in the plane of coherent motion, the derivative
of the distribution function with respect to the oscillation amplitude
appears in the dispersion integral instead of the distribution function
itself. A fairly straightforward way to get the right answer is to use
the Vlasov equation.3 Using the single particle equation formalism,
Hereward has obtained the same resultS considering "second order" non­
linear terms. This result (Eq. (5.4) ofRef. 5) can also be generalised in the
presence of coupling, and the two-dimensional dispersion relation is
similar to Eq. (7). Indeed, introducing the functions hx(Xi) and hy(Yi) to
describe the distributions of the incoherent betatron amplitudes and
choosing the normalisation

(10)

the two-dimensional dispersion relation reads

(11 )

In the following, Eq. (7) is discussed but the same analysis applies for
Eq. (11).

2.3 Stability Criterion for Lorentzian Spectra

In this case, the distribution function, e.g. in the horizontal plane, from
Ref. 6 is

( ) 8wx [( 2 2 -1
Px Wx i == - Wx i - wxo) + 8wx J ,

, 7f '
(12)

where 8wx is the half width at half maximum of the spectrum. The cor­
responding dispersion integral is given by6

1+00 px(Wx,i) dWx,i 1
-00 We - Wx,i - We - Wxo - j8wx .

(13)
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Substituting Eq. (13), and the similar equation for the vertical plane,
into Eq. (7), the dispersion relation becomes

The dispersion equation has two solutions for We which describe the
two coherent oscillation modes of the coupled system. Coherent
motions of the form eiWcl are considered; therefore, for each solution
We, Re(we) describes the coherent oscillation frequency and -Im(we)

describes the instability growth rate. Thus, to be stable, a coherent
oscillation mode must satisfy Im(we) 2: o.

The imaginary parts of the two coherent oscillation frequencies are
given by

(15)

Here, C(a, 8) is a normalised coupling (or sharing) function given by

with

where

8== OoIQh-Qv-11
18wy - Vy - 8wx + Vxl '

(17)

Qh,v == (wxO,yO + Ux,y)/Oo (18)

are the horizontal and vertical coherent tunes in the presence of wake
fields (Ux,y), but in the absence of coupling.

Three plots of C(a) are represented in Figure 1 for 8 == 1, 8 == 0.25 and
8 == o. Whatever the value of8, the sharing function varies between C == 0
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FIGURE 1 Sharing function C(a) for: (a) {j = 1; (b) {j = 0.25; (c) (j = o.

and C == 1. However, the rate at which C(a) grows increases when 8
decreases. The smaller the tune separation, the easier the sharing. The
sharing ratio can be chosen by adjusting the tune split and/or the
coupling strength.

For C == 0 (no coupling), transverse stability in the horizontal and
vertical planes requires

(19)

For C== 1 (full coupling), by virtue of Eq. (15), these two criteria
reduce into the stability criterion

(20)

Equation (20) shows the beneficial effect ofcoupling. Even in the absence
of a frequency spread in one plane, a coherent instability can be damped
thanks to the other plane: Landau damping is transferred from the stable
to the unstable plane. In the case of full coupling, each plane has the
mean transverse betatron frequency spread (8wx +8wy )/2 to damp the
instability represented by the mean instability growth rate (Vx + Vy )/2.
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When the transverse tune spreads are equal, there is no re-distribution of
Landau damping but there still is a sharing of the growth rates. There­
fore, the beam can be stabilised provided that 8wx == 8wy 2: (Vx + Vy )/2.
The result of coupling is thus a transfer of Landau damping from
the stable to the unstable plane and at the same time a transfer of the
instability growth rate from the unstable to the stable plane up to a
perfect sharing ofboth damping and growth. It can be seen from Eq. (20),
that ifthe two planes are stable without coupling, then they remain stable
with full coupling. In the same way, if both planes are unstable without
coupling, they remain unstable with full coupling.

Consider the interesting case of one unstable transverse plane in the
absence of coupling. If the necessary condition of Eq. (20) is fulfilled,
then it is possible to stabilise the beam in the two planes by choosing a pair
(a, 8) that satisfies Im(wc l,2) 2: 0 (see Eq. (15». The stabilising values of
the modulus of the Fourier coefficient of the skew gradient are given by

The plot of the stability boundary (given by the equal sign in Eq. (21»
is a symmetric curve with respect to the vertical axis (Figure 2). It
exhibits one stability region for the modulus of the Fourier component
of the skew gradient and the tune split Qh - Qv - I.

Stable region

FIGURE 2 Shape of stability boundary in the plane IKo(l) I vs. Qh - Qv -I.
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2.4 Stability Criterion for Elliptical Spectra

267

Due to its infinite tails, the Lorentzian frequency distribution tends to
underestimate two important points. The first is the effect of the real
betatron frequency shift. The importance of V emerges already in the
uncoupled case where, for distributions without long tails, Landau
damping is prevented when the shift IVI is larger than the frequency
spread ~w. This is explained by the large detuning which shifts the
coherent frequency Wo + V to a value outside the spectrum Wo ± ~w.

As a second point, which is in fact closely related to the first, it will be
found that too strong coupling can be detrimental and may shift the
coherent frequency outside the spectrum and thus again prevent Landau
damping. To study these two effects, consider elliptical spectra, knowing
that Lorentzian and elliptical spectra are limiting cases and that realistic
distributions are probably between them.

In this case, the distribution function, e.g. in the horizontal plane, from
Ref. 7 is

( .
.) _ { '} 2 JLlw~ - (Wx,i - WxO)2, IWx,i - wxOl :s; Llwx , (22)

Px wx,z - 1r"UWx
0, IWx,i - wxol > ~wx.

Here, ~wx is the half width at the bottom of the distribution. The cor­
responding dispersion integral is given by7

1+00 Px(Wx,i) dWx,i _ 2 [ .JA 2 ( )2] -1
- We - Wxo - J UWx - We - Wxo ,

-00 We - Wx,i

with

for We > WxO + ~wx,

(23)

(24)
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(25)

Substituting Eq. (23), and the similar equation for the vertical plane, into
Eq. (7), the dispersion relation becomes

{we - WxO - 2Ux - j [JClw~ - (we - wxO)2 - 2Vx ] }

X {we - WyO -/00 - 2Uy - j [JClw~ - (we - WyO -/00 )2 - 2Vy]}

IKo(/) 1

2
R40ri

It seems to be difficult to solve this equation in the general case but an
approximate stability criterion, which can be checked numerically and is
always close to the solution to within a few percent, can be expressed as
follows. Two cases appear depending on whether the transverse coherent
tunes (in the absence of coupling) are "far" from or "near" each other.
These two terms will be explained at the end of this section.

(1) Qh "far" from Qv + I: In this case, the result of coupling is a
sharing of the instability growth rates only. There is no transfer of
Landau damping since the coherent tunes are too far from each other
to share their stabilising spreads. The equation that has to be solved
to obtain the stability criterion can be approximated by Eq. (25) with
~Wx,y == O. The equation that is obtained is the same as Eq. (14) with
bwx,y == O. By analogy with the Lorentzian case, the necessary
condition for stability is (see Eq. (20))

(26)

If Eq. (26) is true then it is possible to stabilise the beam and the
stability criterion is given by Eq. (21) with bwx,y == O.

(2) Qh "near" Qv + I: In this case, in addition to the sharing of the
instability growth rates, there is also a transfer of Landau damping.
Equation (25) is then approximated by8
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where Re() stands for real part, indicating that the square root has to
be omitted if the argument under the root is negative. The necessary
condition for stability is thus

If Eq. (28) is true then it is possible to stabilise the beam and a
condition similar to Eq. (21) for the stabilising values of the coupling
coefficient may be approximated by

IKo(/)/ ~

{-QxoQyO [Re(vI~w~ - 4~)-2Vx ] [Re(vi~w~ - 4~)-2Vy ]} 1/2

R2no
(29)

Equation (28) generalises the one-dimensional stability conditions
which are written as

or equivalently (in the more familiar form, for Vx,y> 0)

~Wx ~ 21Ux - jVxl, ~Wy ~ 21Uy - jVyl. (31)

The result (Eq. (28)) reveals the features mentioned earlier that the
imaginary part (U) of the coupling impedance in the unstable plane
can be "cancelled" by coupling. The frequency spreads are shared
between the two planes and a large tune dispersion becomes effective
also in the plane which, without coupling, has little spread.

Coming back to the terms "far" from and "near" to the coupling
resonance used above and guided by the results ofnumerical solutions of
Eq. (25), it can be concluded that the stability is obtained for coupling
values in a range near the value given by Eq. (29) and that the tune
separation IQh - Qv -II should be smaller than the order ofmagnitude of
(~wx+ ~Wy)/no (which seems to be very small) in order to have the
transfer of Landau damping.
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3 EXTENSION TO BUNCHED BEAMS

3.1 Equations of Motion

In the case of rigid bunched beams,9 the equation of betatron motion of
the ith particle in the bth bunch, e.g. in the horizontal plane and in the
presence of both wake fields and linear coupling between the transverse
planes, is given by1

Here, U1x and Wx are real coefficients proportional to the dispersion
relation coefficients Ux and Vx respectively, and (L:dPx,r/d'19)b is the sum
of the horizontal dipole moments per unit azimuthal angle {) over all the
particles of the bth bunch. The bunch function G takes into account the
contribution ofthe rth particle to the horizontal wake field at the place {) i

and at the time t from all its previous turns. The second summation of
Eq. (32) has to be made over all the particles of the beam. A similar
formula is obtained for the vertical plane by exchanging the roles of the
variables x and yin Eq. (32).

In the case of bunched beams with head-tail modes, 10,11 the equation
of betatron motion of the ith particle of the bunch, e.g. in the horizontal
plane and in the presence ofboth wake fields and linear coupling between
the transverse planes, is given by1

Here, ~x = (dQx,ddpi)(Po/Qxo) is the horizontal chromaticity, with Po the
momentum on the ideal orbit, and TJ = 'Ytr2

- 'Y-2 = -(dni/dpi) (po/no)
is the slippage factor. The time-of-arrival of the ith particle at some
azimuth measured with respect to the time-of-arrival of the synchronous
particle of the bunch is Ti and xr(t - Tr+Ti)Xx(Tr - Ti) is the horizontal
wake force on particle i (divided by its mass) due to particle r. A similar
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formula is obtained for the vertical plane by exchanging the roles of the
variables x and yin Eq. (33).

3.2 Generalised Stability Criteria

It has been shown in Ref. 1 that the two-dimensional dispersion relation
is the same for both coasting and bunched beams (with the two particular
wake fields considered above), introducing "equivalent" dispersion
relation coefficients Ueq and Veq , 1,8 which are the real betatron frequency
shift and instability growth rate respectively, for a given mode, in the
absence ofcoupling and Landau damping. This is perhaps not surprising
because in the three cases (Eqs. (1), (32) and (33)) more or less the same
differential equation has to be solved.

In the case ofcoasting beams, Ueq and Veq are equal to the coefficients
U, V introduced by Laslett et al.3 (see Eq. (8)). In the case of bunched
beams, Ueq and Veq can be deduced from the one-dimensional theory of
transverse bunched beam instabilities that has been described in its most
general form by Sacherer12 who combined and extended the results
obtained for long and short range interactions.9

-
11

,13 The results of
coupled Landau damping of transverse bunched beam instabilities (due
to coupling impedances Zx,y) can be summarised using Sacherer's
general formula for dipole modes, which is as written in Ref. 14

(34)

with

(35)

In Eq. (34), -00 ~ k ~ +00 for a single bunch or several bunches oscil­
lating independently and k = nx,y + k'M with -00 ~ k' ~ +00 for cou­
pled motion of M bunches. Here, m = ... ,-1, 0, 1, ... is the head-tail
mode number, nx,y = 0, 1, ... , M - 1 are the coupled-bunch mode
numbers related by nx = ny - I, I b is the current in one bunch, L is the
bunch length (in meters), Wsis the synchrotron frequency and hm(w) is the
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bunch spectrum of mode m. Moreover, W~x,y == (~x,y/7])QxO,yOnO are the
transverse chromatic frequencies. The relations between the "equiva­
lent" dispersion coefficients and the frequency shifts (for mode m), are

where Im() stands for imaginary part.
With some simplifying assumptions, these results have been verified in

Ref. 15 using the Vlasov equation. Therefore, in the case of bunched
beams, these coefficients are real constants (for the purpose of the dis­
persion relation analysis without taking into account space-charge non­
linearities) that characterise both the accelerator and the beam dynamics.

Using Veq and Veq in the case ofbunched beams, instead of Vand Vin
the case ofcoasting beams, the same two-dimensional dispersion relation
is obtained (see Eq. (7) or (11)) and the above results remain valid
(see Eqs. (20), (21), (26) and (28)).

3.3 Sharing of Both Frequency Spread and Chromaticity

In the case of head- tail instabilities, the transverse betatron frequency
shifts, for a given mode m and in the absence of both coupling and
Landau damping, are given by Sands for the idealised model in which the
wake field of a single particle is zero in front of and constant behind the
particle lO (Xx,y (Tr - TD == Sx,y (positive const.) for T r > Ti in Eq. (33) and
the similar equation for the vertical plane). It yields

V o == - NbSx,y Um 0 !' ~ 0
eq xy 'eq x,y == lor m T ,, 4wxo,yO

(37)

with

(38)

Here, Nb is the number of particles in the bunch and f ois the amplitude
(in time units) of the synchrotron phase oscillations in the "hollow­
bunch model" f i == fOe
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To clearly see the effect of coupling on both Landau damping and
chromaticity, it is interesting to look at the stability criteria for zero and
optimum coupling. 16 In the following, only the most dangerous mode
m == 0 (above transitionb

) is considered. In the absence of coupling, the
Lorentzian stability criteria in the horizontal and vertical planes
respectively, are (see Eqs. (19) and (37))

8wx + W~~x ~ 0, 8wy + W~~y ~ O~ (39)

In the absence of Landau damping, the condition of Sands, ~x,y ~ 0 for
the stability of the head-tail mode m == 0, is recovered (above transition,
17 > 0 and thus W~,y > 0). With full coupling, the two criteria reduce to
(see Eq. (20))

(40)

(41 )

Equation (40) shows the beneficial effect of coupling as concerns both
chromaticity compensation and Landau damping. In the absence of a
frequency spread, the result obtained by Talman,!7 W~~x + W~~y ~ 0,
is recovered. A negative chromaticity can be maintained in one plane,
provided that the other chromaticity is appropriately increased to
compensate. In the presence of Landau damping, it is seen that a less
restrictive criterion is obtained. Elliptical spectra exhibit the same kind
of results. In the absence of coupling, the transverse stability criteria are
(see Eqs. (30))

Re [J~W; - (2U2qx )2] + 2w2~x ::::: 0,

Re [J~w; - (2U2qy)2] + 2W;~y ::::: 0.

With optimum coupling, these two criteria reduce to (see Eq. (28))

Re [J~w~ - (2U2qx)2 + J~w; - (2U2qy)2] + 2(W2~x + W;~y) ::::: 0.

(42)

In the absence of a frequency spread, the result of Talman is recovered.

b The natural chromaticities are (usually) negative and then, to eliminate the most danger­
ous head-tail mode m = 0, chromaticity tuning is only necessary above transition energy.
The higher head-tail modes, with smaller form factors and wake field coefficients, can be
stabilised by Landau damping.
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The resistive-wall wake field gives similar results with the "equivalent"
dispersion relation coefficients given by Eqs. (26) and (27) of Ref. 11.

3.4 Sharing of Damping by Feedbacks

An electronic feedback system is often used to stabilise a beam in one
transverse plane. In the theory of coupled Landau damping, the stabil­
ising effect of a feedback system can be introduced in the general coef­
ficient Veq (see Section 3.2). Its damping effect in one plane can therefore
also be transferred to the other plane using coupling.

4 CONCLUSION

The four parameters (horizontal and vertical tune spreads, linear cou­
pling strength and tune distance from the linear coupling resonance
Qh - Qv == integer) can be used to Landau damp transverse coherent
instabilities, with the minimum amount of external non-linearities. If,
after applying damping via tune spreads from octupoles, a coherent
instability remains in one ofthe two planes, then linear coupling together
with tune separation can transfer Landau damping from the stable to the
unstable plane.

In the case of Lorentzian distributions, if the sum of the spreads 8wx ,y

(half widths at half maximum of the distribution functions) is greater
than the sum of the growth rates Veqx,y (given by Eq. (8) for a coast­
ing beam or Eq. (36) for a bunched beam), then it is possible to stabilise
the beam in the two planes by increasing the skew gradient and/or by
getting closer to the coupling resonance. The necessary condition
8wx + 8wy 2: V eqx + V eqy becomes sufficient for full coupling.

However, in practice the coupling has to be optimised because real­
istic frequency distributions have finite tails. The stability is obtained
for coupling values of a certain range. For elliptical spectra, an
approximate criterion, valid for optimum coupling, can be expressed as

where Re() stands for real part, indicating that the square root has to be
omitted if the argument under the root is negative. Here, ~Wx,y are the



THEORY OF COUPLED LANDAU DAMPING 275

halfwidths at the bottom ofthe distribution functions and Ueqx,y, Veqx,y

are given by Eq. (8) for a coasting beam or Eq. (36) for a bunched beam.
The instability growth rate (which depends on chromaticity for a

bunched beam) and damping by feedbacks are "always" transferred
between the transverse planes in the presence of coupling. Several
parameters could therefore be used to damp transverse coherent
instabilities and fix the best working point.

The theory ofcoupled Landau damping gives a possible explanation of
a phenomenon observed in Ref. 18, where a single-bunch instability of
the head- tail type has been damped by adjusting Qh ~ Qv. Furthermore,
experiments in the CERN-PS have been performed on a 1GeV flat
bottom, varying the distance from the resonance Qh - Qv == 0, and the
excitation of the skew quadrupoles and octupoles lenses, observing
the threshold of a coupled-bunch instability. 19 The results confirm the
general behaviour predicted by the theory, considering a Lorentzian
distribution in the vertical plane.
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