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ABSTRACT

In this thesis, we explored three different implications of scalar fields in warped extra dimension.

e First, scalar fields were employed to dynamically generate singular branes in Randall-
Sundrum (RS)-like models by appropriate profiles — the smooth/thick-branes. In the
context of thick-branes, we constructed four different setups: (i) a smooth generalization
of RS2 where a scalar field dynamically generates a singular brane allowing symmetric
or asymmetric warped geometries on either side of the brane; (i) a double thick-brane
scenario which mimics two positive tension branes and allows to address the hierarchy
problem; (iii) a Zg symmetric triple thick-brane; and (iv) a dilatonic thick-brane scenario.

The stability of background solution is verified in all the above mentioned setups.

e Second, we considered a thick-brane cosmological model with warped fifth-dimension
where dynamics of the 4D universe is driven by time-dependent five-dimensional (5D)
background. Different scenarios were found for which the cosmic scale factor a(¢,y) and

the scalar field ¢(t,y) depend non-trivially on time ¢ and fifth-dimension y.

e Third, we discussed a symmetric 5D model with three D3-branes (IR-UV-IR) where the
Higgs doublet and the other Standard Model (SM) fields are embedded in the bulk. The
Zo geometric symmetry led to the warped KK-parity for all the bulk fields. Within this
setup we investigated the low-energy effective theory for the bulk SM bosonic sector. It
turned out that the zero-mode scalar sector contains an even scalar which mimics the SM
Higgs boson and a second, stable odd scalar particle which is a dark matter candidate.
The model that resulted from the Zs-symmetric background geometry resembles the
Inert Two Higgs Doublet Model. Implications for dark matter were discussed within this

model.
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CHAPTER 1

INTRODUCTION

The Standard Model (SM) of particle physics has been the most successful theory of elementary
particles and their interactions, except gravity. Its predictions have been tested and verified in
many experiments over the last few decades. The last missing piece of the SM was the Higgs
boson, which has been found at the Large Hadron Collider (LHC) by ATLAS [8] and CMS [9]
collaborations in 2012. The properties of the newly found particle — a Higgs boson — are very
similar to that of the SM predictions, hence verifying the SM as the most accurate theory of

elementary particles.

Apart from the enormous success of the SM, it is commonly believed that the SM is not
the complete theory but is an effective theory of a more complete theory, since there are
many unanswered puzzles that cannot be answered within the framework of the SM. Some
of the puzzles are pure theoretical in nature, motivated by naturalness, e.g. gauge hierarchy
problem, fermion mass hierarchy problem etc. and the others are observational in nature, e.g.
dark matter, dark energy etc. There are many models beyond the SM which try to answer
some of these questions, among them the most celebrated are the supersymmetry and eztra
dimensions . In this dissertation we take the road through extra dimensions and see how one

can answer some of these puzzles.

The simplest way to phrase the gauge hierarchy problem is to ask: why gravity is much
weaker than the other fundamental forces of nature? In other words, why the gravity mass
scale (Planck scale) is much bigger than the electroweak mass scale, i.e. Mp; ~ 10 GeV >
mew ~ 103 GeV? The huge hierarchy between the gravity and electroweak mass scales is
“bad” because it prevents fundamental scalars (like SM Higgs) to have small mass 2. The
reason lies in the fact that scalars get large contributions (proportional to the cutoff scale

A) to their masses due to quantum corrections. For example, the main contribution to the

!For reviews on supersymmetry, see for example |10, [[1] and for extra dimensions, see [12} 13} [14} 15 [16} 17, [18].
2The gauge bosons and the fermions masses are protected by the gauge and chiral symmetries, respectively, but
there is no symmetry present in the SM which insures light scalars.
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quantum corrections to the Higgs boson (h) mass, within the SM at the 1-loop level of the
perturbative expansion, comes from the exchanges of the top quark (¢), massive gauge bosons

(W, Z) and Higgs boson (h), as is shown in the following Feynman diagrams:

The quantum corrections within the SM to the tree-level Higgs mass squared are:

Mm? = 371\2 4m? — 2miy, — m% — m2]

8202 t w Z h|>
where v is vacuum expectation value (vev) of the SM, m; are the masses for i = ¢, W, Z, h (top
quark, W, Z and Higgs bosons), and A is the cutoff scale. If the SM is valid up to the Planck
scale then the cutoff scale A ~ Mp;. The above equation implies that the Higgs mass should
be of the order of Planck mass in contradiction with the observed Higgs mass mj ~ 125 GeV.
This is only possible if there is large fine-tuning (cancellation) between the tree-level Higgs
mass and the quantum corrections. To avoid this fine-tuning one must assume that there is
some new physics beyond the SM (BSM) which gives quantum contributions to the Higgs mass
such that it cancels the large quadratically divergent part of the SM. One of the example of

such a BSM theory is supersymmetry, see for reviews [10, [I1].

Arkani-Hamed, Dimopoulos and Dvali [19] 20} 21] proposed an alternative to supersymmetry
for a solution to the hierarchy problem where compact flat extra dimensions were considered to
show that the fundamental gravitational mass scale can be of the order of a few TeV with large
volume of extra dimensions. Hence in such theories with large extra dimensions the hierarchy
problem is alleviated by the virtue of large extra dimensions. In the models with flat extra
dimensions the fine-tuning problem is not fully solved as these models require “large volume” of
the extra dimensions which is another fine-tuning problem by itself. This pathology of the flat
extra dimensions were resolved in the seminal work of Randall and Sundrum (RS) [22] which
provided an elegant solution to the hierarchy problem without the requirement of large volume
of extra dimension. Their proposal involves one extra dimension with a non-trivial warp factor
due to the assumed anti-de Sitter (AdS) geometry along the extra dimension. Moreover, their
model involves two D3-branes localized at the fixed points of an orbifold S1/Zs; a “UV-brane”
at y = 0 and an “IR-brane” at y = L. The solution for the RS geometry is [22] 23],

ds* = e*2k|y|nw,da:“da:” + dy?, (1.1)

where k is the curvature of the AdS space. In RS1 model [22] it was assumed that the
Standard Model (SM) is localized on the IR-brane, whereas the gravity is localized on the
UV-brane and propagates through the bulk to the IR-brane. They famously showed that if



the 5D fundamental theory involves only one mass scale M, — the Planck mass in 5D — then,
due to the presence of non-trivial warping along the extra dimension, the effective mass scale
on the IR-brane is rescaled to my ~ ke ** ~ O( TeV) and hence ameliorates the hierarchy
problem for mild values of kL ~ O(35) with k ~ M,.

Usually the models with extra dimensions are required to be compactified as the gravity at
large distances is almost perfectly described by 4D general relativity. It has been pointed out
by Randall and Sundrum in their second seminal paper [23] that the extra dimension can be
“infinite” and yet it can lead to nearly standard 4D gravity. The main idea in this second
paper (RS2) is that a single D3 brane of positive tension is embedded in a 5D AdS geometry.
They showed that the 4D graviton is localized on the brane and the low energy effective gravity
is nearly 4D general relativity, hence RS2 is an alternative to compactification. However, the

RS2 model having just one D3 brane is not addressing the hierarchy problem.

In spite of a great success of brane-world models in explaining some of the SM puzzles,
a common pathology associated with these models is the presence of singular (Dirac delta)
branes without any dynamical mechanism of generating them. One of the main goal of this
dissertation is to provide smooth generalizations of RS-like models where the singular branes
are dynamically generated. Some of the aspects of this issue were addressed and it was shown
in Refs. [24, 25| 26], that a kink-like background scalar field configuration — the smooth/thick
brane — could mimic a singular brane. Moreover, it was shown by [25] 26] that only a positive
tension brane can be mimicked by a real scalar field configuration and hence the RS2 can be
smoothed by a scalar field configuration. On the other hand RS1 cannot be smoothed by a

scalar field configuration because of mainly two reasons:

e The negative tension brane is not possible to mimic with a real scalar field minimally

coupled to gravity [25].

e Periodic solutions like RS1 are impossible to achieve with a smooth non-trivial scalar
profile [27].

It is important to note that the above two conclusions are made for the case when the scalar
field is minimally coupled to gravity, the generalization is explored in part of this dissertation
with a non-minimal coupled scalar-gravity scenario. In this thesis we employ the scalar field
with different profiles to dynamically generate different brane-world scenarios and provide a
general prescription of modeling branes within warped extra dimensions. Another important
question related to the thick-branes models is the 5D cosmological evolution of such models.
In this dissertation we also explore this question, i.e. the 5D cosmological evolution of the
thick-brane models, where we allow the 5D background to depend not only on fifth-dimension

but also on time and analyze the 4D cosmological evolution.

Another outstanding puzzle of the SM is the lack of a candidate for dark matter (DM) which
constitutes 83% of the observed matter density in the universe [28]. The most popular models
of DM assume that the DM interaction strength is of the same order as that of the electroweak,

hence known as weakly interacting massive particle (WIMP), see for reviews [29, 30] 31 B32].
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In this dissertation we will consider a DM model involving an extra dimension in particular a
warped extra dimension. Since the extra dimensional models have Kaluza-Klein (KK) modes
corresponding to the bulk fields therefore it is natural to ask if the lightest stable KK-particle

can be a candidate for DM.
In what follows we explore three different roles of scalar fields in warped extra dimensions:

e First, we consider smooth generalization of RS models with scalar fields. In the context
of thick-branes, we construct a setup which can potentially solve the hierarchy problem
due to non-trivial warping along the extra dimension, similar to that of RS1 model.
Generalization of RS2 is also considered within thick-brane scenarios and it is shown that
any scalar field profile can mimic the singular branes provided couple of mild properties

are met.

e Second, a cosmological model is presented in the context of thick-branes in 5D warped
extra dimension where dynamics of the 4D universe is driven by time-dependent 5D
background with the bulk scalar field. Different scenarios are found for which the cosmic
scale factor a(t,y) and the scalar field ¢(t,y) depend non-trivially on time ¢ and fifth-

dimension y.

e Third, we consider a bulk scalar (Higgs) field in a Zs symmetric warped geometric setup
which allows the even and odd KK-modes. We explore implications of the bulk Higgs
field in the Zs symmetric warped geometry. In the zero-mode effective theory the even
zero-mode Higgs mimics the SM Higgs boson while the lowest odd KK-mode of the bulk
Higgs field — the dark Higgs — is stable and hence can serve as a candidate for dark

madtter.

1.1. Structure of the dissertation

Chapter [2] of this thesis contains a brief review of RS models and their generalizations with

singular branes. We consider two generalizations of RS-models with singular branes:

1. A Zs-symmetric generalization of RS1, where we extend the RS1-like warped geometry
in such a way that the whole geometric setup becomes symmetric around a fixed point
in the bulk. Two Zs symmetric warped configurations are possible. In the first, two
identical AdS patches are symmetrically glued together at a UV fixed point, while in the
second, two identical AdS patches are symmetrically glued together at an IR fixed point.
Our focus is on the geometric configuration when the two AdS copies are glued together
at the UV fixed point, referred as “IR-UV-IR geometry”.

2. Generalization of RS2 allowing different AdS geometries on either sides of the UV-brane,

hence resulting to an asymmetric geometric setup.

The smooth generalizations of RS models with scalar field configurations are discussed in
Chap. We consider a thick-brane generalization of the RS2 with a single thick-brane such
that a scalar field configuration can give a class of RS2-like models in a certain limit where the

bulk-cosmological constants on each side of the brane can have different values. We present a
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thick-brane model which can address the hierarchy problem, like RS1 but it does not require
compactification, like RS2. We employ a scalar field configuration which has a double kink-like
profile and it mimics two positive tension branes. The distance between the two thick-branes
is adjusted such that if the gravity is localized on one of the thick-branes and the Higgs field
is localized on the other then the hierarchy problem can be addressed. We also consider a Zs
symmetric triple thick-brane model which mimics IR-UV-IR setup in the brane-limit, where
all the branes have positive tension. The stability of the thick-brane background solutions is
also the addressed in this chapter.

The cosmological implications of a thick-brane model are the subject of Chap. We con-
sider a 4D conformal time 7- and fifth-dimension y-dependent scale-factor a(7,y) and the bulk
scalar field ¢(7,y) which constitutes the thick-brane. We discuss different scenarios where
the cosmological evolution of the 5D geometric setup leads to different 4D cosmological solu-
tions. Analytic and numerical analyses are presented for different scenarios for the thick-brane
cosmology.

In Chap. [p| we place all the SM fields, including the Higgs doublet, in the bulk of the IR-UV-
IR geometry. The geometric Zo geometric symmetry (y — —y symmetry) leads to “warped
KK-parity”, i.e. there are towers of even and odd KK-modes corresponding to each bulk field.
We focus on electroweak symmetry breaking (EWSB) induced by the bulk Higgs doublet and
low energy aspects of the 4D effective theory for the even and odd zero-modes assuming the
KK-mass scale is high enough ~ O(few) TeV. In the zero-mode effective theory the even and
odd Higgs doublets mimic a two-Higgs-doublet model (2HDM) scenario with the odd doublet
similar to the inert doublet but without corresponding pseudoscalar and charged scalars — the
“truncated” inert-doublet model. All the parameters of this truncated 2HDM are determined
by the fundamental 5D parameters of the theory and the choice of boundary conditions for
the fields at boundary branes. The symmetric setup yields an odd Higgs zero-mode that is a
natural candidate for dark matter. We compute the one-loop quadratic (in cutoff) corrections
to the two scalar zero modes within the effective theory and discuss their mass splitting. The
dark matter candidate is a WIMP — we calculate its relic abundance in the cold dark matter

paradigm.

Chapter [6] comprises the summary and conclusions. Moreover, we supplement this thesis

with two Appendices:

e The linearized Einstein equations corresponding to a general 5D scalar-gravity warped
geometries are presented in Appendix [A] where we give a general treatment to the lin-
earized scalar, vector and tensor perturbations. The results obtain in this Appendix are
generic and are used in the main text especially to address the issue of localization of
gravity and stability of the background solutions.

e In Appendix we discuss spontaneous symmetry breaking (SSB) of a discrete symmetry
with a real scalar in the bulk of our geometric setup. Many of the results obtained in
this Appendix, especially the wave-functions of scalar fields in AdS geometries and the

mass splitting between different KK-modes, are generic and are used in Chap.
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1.2. Conventions and notations

In this dissertation, we use the mostly plus metric signature, i.e. diag(—, +, 4+, +, +). In our
conventions the capital roman indices represent five-dimensional (5D) objects, i.e. M, N,--- =
0,1,2,3,5, the Greek indices label four-dimensional (4D) objects, i.e. u,v,---=0,1,2,3, and
the lowercase Roman indices 4,7, --- = 1,2,3 represent the 3D spatial coordinates. In our
notation a prime denotes a derivative w.r.t. the 5th coordinate y and an overdot will represent

the derivative w.r.t. time ¢ (or conformal time 7), unless otherwise said.

We use the following most general 4D Poincaré invariant metric ansatz throughout this

thesis, unless otherwise stated:
ds* = eQA(y)ana;“da:” + dy?, (1.2)

where A(y) is a general y-dependent warp-function and in different models it will have different
forms, hence resulting in different geometries. Here and afterwards 7, will represent the 4D
Minkowski metric. For the 5D metric we will use gpsn, which can be read from Eq. (1.2)), i.e.

2AWn ., 0
gMN—< 0 . 1] (1-3)

and the 4D warped metric will be g,, = g, = eQA(y)nW. We use g as the determinant
of the 5D metric gyv and g as the determinant of the 4D metric g,,. The inverse metric
g™V is defined through: gpag?Y = 6%. The definition of a 5D covariant derivative acting
on the contravariant and covariant vectors are V, VN = 9, VN + Ff\\g AVA and Vy/Vy =
oV — Fﬁ ~Va, respectively. The 5D d’Alambertian operator V? is defined as,

o
V=5

The mass dimensionality of different objects in the 5D theory are as follows:

vZ=v, VM = iv—ggMNon. (1.4)

5D Ricci scalar: [R] = 2, 5D scalar field: [®] = g, (1.5)

5D fermion field: [¥] = 2, 5D vector field: [Va] = ; (1.6)

Due to the presence of singular branes in the warped extra dimensions there are discontinuities
in the values of certain functions at the location of singular branes. We define a discontinuity

or jump of a general function f(y) across a singular brane located at y, as:

W), =l [Fa+ ) = fa — )] (L7)
It is also useful to define an average value of a function g(y) across the brane at y, as:
i [9Wa £ 6) +9(Ya —€)
{w)},, =lim [ 5 ] (1.8)



CHAPTER 2

RS MODELS AND THEIR GENERALIZATIONS

In this chapter we provide a brief review of RS models and their generalizations. The chapter
is organized as follow: In Sec. we review background solutions of RS1 — a model with
two D3-branes compactified on S;/Zg orbifold — and show how it can potentially solve the
hierarchy problem. We also briefly review RS2: a single brane model with non-compact extra
dimension. Section contains background solutions of a Zy symmetric generalization of RS1
where three D3-branes are employed. An asymmetric generalization of RS2 is considered in
Sec. Section is dedicated to address the issue of localization of gravity in RS2-like

models with a non-compact extra dimension.

2.1. RS models: a brief review

The idea of extra dimensions offers a possibility of explaining the hierarchy between the Planck
and the electroweak scales, therefore it has received a lot of attention during last decade or so,
for reviews see e.g. [12, [13| 14} 15 16, 17, 1§]. Randall and Sundrum proposed a very elegant
model (RS1) to solve the hierarchy problem [22] and also an attractive alternative (RS2) for a

compactification of the extra dimension [23]. Below we briefly review the two models.

2.1.1. RS1: a solution to the hierarchy problem

Randall-Sundrum model-I (RS1) [22] employs an AdS geometry on an S;/Zy orbifold with
two D3-branes localized at the fixed points of the orbifold, a “UV-brane” at y = 0 and an
“IR-brane” at y = L, where y is the coordinate of the fifth-dimension and L = 7wr., with r,
being the radius of the circle in the fifth-dimension, see Fig. 2.1} The action for RS1 model

can be written as,

Srs1 = /d5$¢j9{2MfR —Ap — Auvd(y) — Aird(y — L)}7 (2.1)

where R is the 5D Ricci scalar, M, is the 5D Planck mass, A g is the bulk cosmological constant
and Ayy (Argr) are the brane tensions at the UV(IR) fixed points. The metric ansatz considered
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ouRIq-Y

Figure 2.1.: Cartoon of RS1 geometry.
by Randall and Sundrum [22, 23] has the following form (1.2)), i.e.,

ds* = ezA(y)an:c“da:" + dy?, (2.2)

where ¢24®)

is so-called warped factor multiplied by the 4D part of the metric. The met-
ric ansatz Eq. (2.2)) has the non-factorizable form and is the most general 5D metric which

preserves the 4D Poincaré invariance.

The Einstein equation resulting from the action (2.1)) is

1 L rsi

where Rjysn is the 5D Ricci tensor and T° A}}‘Jg\} is the energy-momentum tensor corresponding to
the RS1 setup:

TRSL — _ |\ p YTIOV N v gUY sk 6% —|—\/_97]R)\ IRsh 556y —L)|, (2.4
NN BIMN + == Ay g 0 (y) =g MR OnON (y—L) (2.4)

where gy (rr) is the determinant of the 4D induced metric gg,jv IR on the UV (IR) brane.

Following from the above Einstein equation ({2.3]) with the metric ansatz (2.2]), one gets the uv

and 55 components as:

6A% = — 41]\%33, (2.5)
34" +6A"” = 10 (AB + Auvd(y) + Arrd(y — L)). (2.6)

Equation (2.5)) gives the following solution, consistent with the orbifold symmetry S;/Za,

—Ap (2.7)

Aly) = —klyl, where k 2N

which implies that the bulk cosmological constant is negative, i.e. ~ Ap < 0. As the RS
geometry is periodic in y, therefore, the second derivative of warp function A(y) that results

from Eq. as,
A" = =2k(0(y) —6(y — L)). (2.8)
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Now it is straight forward to see that the Einstein equation (2.6) can only be satisfied if the
following relation hold:
\uv = —Arp = 24M3k. (2.9)

A priori Ap, Ayy and Arr are independent parameters but they all are interrelated through
the above relations. These relations are necessary for the 4D Poincaré invariance. This is the

so-called fine-tuning in the RS models.

With the above RS solution we can rewrite the metric (2.2) as
ds? = e Wy, datda” + dy?. (2.10)

The solution to RS1 geometry Eq. (2.10) is a slice of Anti-de Sitter (AdS), where k is the
inverse of the AdS radius. One can obtain the effective 4D theory of gravity by integrating-out
the extra dimension. To calculate the 4D gravitational coupling we just focus on the curvature

term:
L A
Sar D AM?3 / d*x / dye MW\ /—gR,
0
= 2M§1/d4x\/—g}?, (2.11)

where g and R are the determinant and the Ricci scalar corresponding to the 4D metric g, (),

respectively. Above Mp is the 4D Planck mass, given as

M3 _
Mg, = - (1 2kL]. (2.12)

The above result implies that the 4D Planck mass depends weakly on the size of extra dimension
L, i.e. one can get finite 4D effective theory of gravity with very large extra dimension, which

is the main result of RS2 as will be described in the next section.

Below we show how RS1 gives a possible solution to the hierarchy problem. It is important
to note that RS1 assumes the SM is localized on the IR-brane, whereas gravity is localized
on the UV-brane and propagates through the bulk to the IR-brane. To understand how the
hierarchy problem is addressed in RS1, let us consider the action for the SM and in particular

for the Higgs field localized at the IR-brane with the following action:

SHigas = —/d4x\/7—g[R {gygaumayﬂ —m?|H|* + A\H\‘*} , (2.13)
where grg is the determinant of the 4D induced metric on the IR-brane gﬂf = e*Qkan,, with

L = 7r. and r. being the radius of compactification. Above m is the Higgs mass parameter in

the 5D theory. The above brane localized action for the Higgs field can be written as:

SHiggs = — / d*x {e_%Ln’“’aﬂHT&,H —m2e L H |2 + )\e_4kL|H\4} . (2.14)
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Figure 2.2.: The geometric configuration of RS2.

In order to obtain a canonically normalized Higgs field, we rescale, H — e**H, such that,
SHiggs = —/d41: {n””@uHT&,H —mZe L H)? + )\]H|4} ,
= —/d% {n“”(?MHT&VH — W H? + A]H]‘*} , (2.15)

k

where ;1 = me ™" is the effective Higgs mass parameter at the IR-brane. If we assume that the

5D fundamental theory involves only one mass scale M, ~ O(10'%) GeV — the Planck mass in
5D — then, due to the presence of non-trivial warping along the extra dimension, the effective
mass scale on the IR-brane p = me™** ~ O(103) GeV for mild values of kL ~ O(35). This is

the geometric solution to the hierarchy problem due to Randall and Sundrum [22].

2.1.2. RS2: an alternative to compactification

Randall-Sundrum model-2 (RS2) [23] is a special case of the RS1 where the IR-brane is moved
to infinity (r. — oo in RS1), i.e. it is no more present in the set up and the fifth-dimension y
is infinite. In other words RS2 is a non-compact 5D AdS Zo symmetric geometry with single
D3-branes localized at the fixed point of the Zs at y = 0, see Fig. In the RS2 not only
the gravity is localized on the brane at y = 0 as in the RS1 but also it is assumed that the SM

is localized on this brane. The gravitational action for RS2 model can be written as,
Spss = /d5x\/7—g{2MfR —Ap— Aé(y)}, (2.16)

and metric ansatz is the same as in RS1 Eq. (2.2).

The Einstein equation resulting from the action ([2.16) is

1 1
Ryny — =gunR = 7T]\]}§VQ, (2.17)

2 IVE

where TJ\IE\[Q is the energy-momentum tensor corresponding to the RS2 setup:
THY = — |ABgun + g0 0% A ()], (2.18)

where the parameters are defined in the previous subsection. From the above Einstein equation

10



2.2. A Zo symmetric generalization of RS1: the IR-UV-IR model

(2.17) with the metric ansatz (2.2)), one gets:
Ap

A? =~ 2.1
0 4M3’ (2.19)
1
" 2 _
3A" +6A" = N (Ap +A(y)). (2.20)
Equation (2.19) gives the same warp-function solution as in RS1 Eq. (2.7)), i.e.

A(y) = —kly| h k —Ap (2.21)

=— ere =4/ — .

Y Yoo W 2403’

which implies Ag < 0. The above solution is consistent with the geometric Zo symmetry. The
second derivative of warp-function A(y) resulting from Eq. (2.21)) is,

A" = —2k5(y). (2.22)
Now it is easy to see by comparing the Einstein equation ([2.20]) with the above equation that:
A = 24M3k. (2.23)

This is the fine-tuning required in the RS models in order to have zero 4D cosmological constant.

With the above RS solution we can rewrite the explicit form of the RS metric as
ds* = 6_2k|y|nu,,dac“dx” + dy?, (2.24)

which implies that RS2 geometry Eq. is a 5D AdS space with k being its curvature. It
is straight forward to see from Eq. that the 4D Planck mass Mp is (taking r. — oo in
Eq. (2.12)):

M}
A
The above relation manifests that even for a non-compact geometry the 4D effective gravity
can be recovered on the brane at y = 0 with k& ~ M, ~ Mp;. In Sec. we present the

localization of gravity in detail for the RS2 model and its generalization.

M3, = (2.25)

2.2. A 7Z, symmetric generalization of RS1: the IR-UV-IR model

In this section we consider a Zy symmetric generalization of RS1 with three D3-branes [5].
We consider an interval y € [—L, L] in the extra dimension, where on each end of the interval
y = £L there is a D3 brane with negative tension and at the center of the interval, y = 0, we
place a positive tension brane where we assume that gravity is localized. We call the boundary
branes “IR-branes” and the brane at y = 0 we term the “UV-brane”, hence the resulting model
is called IR-UV-IR model. Since the brane tensions of the two IR-branes are the same, this
geometry is Zo symmetric. Note that the end points of the interval at y = L are not the fixed
points of the Zs, the only fixed point of the Zs is at y = 0. This set up is different from the
S1/Zs orbifold where y = 0 and y = L are both fixed points of the Zs. The IR-UV-IR model

11
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QuRIQIA N

ouRIq-Y[

y=0

Figure 2.3.: The geometric configuration for IR-UV-IR setup.
leads to many interesting phenomenological implications which are the subject of Chap.

The 5D gravity action for such a geometry can be written as,

Sa = /d5xv —Q{QMER —Ap = Auvd(y) — Mird(y + L) — Arro(y — L)} + Sem, (2.26)

where R is the Ricci scalar, Ap is the bulk cosmological constant and Ayy (Arg) is the brane
tension of the UV (IR)-brane . In this section the Dirac delta functions at y = +L are defined
in such a way that their integral is 1/2. Since our geometry is compact with boundaries, the

action contains the Gibbons-Hawking boundary term, !

Seu = —2M;} /
0.

d*z/—gK, (2.27)
M

where I is the intrinsic curvature of the surface of the boundary manifold OM, given by
K =—§"Vun, = §*Thnu, (2.28)

with nps being the unit normal vector to the surface of the boundary manifold M and g, is
the induced boundary metric. For the 5D manifold with 4D Poincaré invariance (n® = 1 and

n# = 0), the intrinsic curvature reduces to

1
K = 58" 050- (2.29)

The TR-UV-IR geometry and a pictorial description of such a geometric setup is shown in Fig.
The solution of the Einstein equations resulting from the above action is the RS metric
(2.10]), where the AdS curvature k is related to Ap by

Ap = —24M3k>. (2.30)

Since the above setup is compactified on an interval y € [—L, L], rather than on a circle
as in RS1, one needs to be careful and show that the solution (2.10]) is compatible with the

boundaries and that the effective 4D cosmological constant is zero, see also [33]. We will see

!The Gibbons-Hawking boundary term is needed in order to cancel the variation of the Ricci tensor at the
boundaries so that the RS metric (|1.2)) is indeed a solution of the Einstein equations of motion.

12
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below that we need a fine tuning between the 5D cosmological constant Ag and the brane
tensions Ayy,rgr in order to get zero 4D cosmological constant. One can calculate the effective
4D cosmological constant A from the action ([2.26]) by integrating out the extra dimension,

L
A=— /_ ) dy\/?g{szR—AB—AUm(y)—m[5(y+L)+6(y—L)]}+2M$’¢—7/K‘:, (2.31)

where R = —20A"” — 8A” and A = —24M3 A’ corresponding to the solution ([2.10)). Using
A(y) = —kly| we find,

A= (Apy — 24M32k) + (Mg + 24M2K) e, (2.32)

which can only be zero if
A\v = —Arr = 24M2k. (2.33)

This result explicitly shows that one needs a positive tension brane at y = 0 and two negative
tension branes at y = £L in order to obtain zero 4D cosmological constant. This is the usual
fine tuning which appears in brane world scenarios [22} 34, 25]. Hence the resulting geometry
is a 5D warped geometry (IR-UV-IR) with negative bulk cosmological constant, a positive

tension brane in the middle and two equal negative tension branes at the end of the interval,
see Fig. 2.3

We would like to mention here that we are considering a rigid IR-UV-IR geometry where the
distance L is tuned in order to solve the hierarchy problem. To stabilize the IR-UV-IR setup
one needs to consider a stabilization method like Goldberger-Wise (GW) mechanism [34], 25]
by introducing a bulk scalar field with appropriate brane potentials such that the minimum
of this potential would set the size of the 5D interval and yield a compactification scale that
would solve the hierarchy problem without fine-tuning of the parameters. The GW mechanism

is beyond the scope of this thesis, hence we merely assume that such a mechanism exists.

2.3. Asymmetric generalization of RS2

In this section we generalized the RS2 such that the resulting geometry is asymmetric AdS
space [2], 3L 35]. We consider the following action which is an extension of the Randall-Sundrum
model with a single brane (RS2) [23],

5= / @/ =g{2MER ~ A0y — w0) — A-O(~y + 1) ~ Ay — wn) }. (2.34)

where Ay and A_ are 5D cosmological constants for y > yo and y < yo, respectively, whereas,
Yo is the brane location and A represents the brane tension. In Eq. (2.34) © is the Heaviside

theta function and § is the Dirac delta function. For simplicity we will choose yy = 0.

We are going to look for solutions of the Einstein equations taking the 5D warped metric

ansatz (1.2)), i.e.
ds? = AWy, datda? + dy?. (2.35)

13



2. RS models and their generalizations

Then the Einstein equations following from the action (2.34]) reduce to,

1
2 _ _
647 = s [A+®(y) +A_O( y)}, (2.36)
1
" 2 _ _
3+ 64% = — [A+@(y) +A_O(—y) + Aé(y)}, (2.37)
The solution of Eq. (2.36) is given by,
Aly) = —lylk+ for y 20, (2.38)

where ki = ,/% are the AdS curvatures for y =2 0. Now one can calculate the A" and A”

from the above expression as,
Al(y) = Fky for y =0 and A'(y) = — (ks + k-)d(y). (2.39)

Discontinuity of A’(y) at y = 0 results in the following jump
A
Al = ——n
Ao =102
where [A]y is defined through Eq. (1.7)). From Einstein equations (2.36]) and (2.37)), we have,

A
1203

(2.40)

A'(y) = (y)- (2.41)
Comparing (2.41]) and the second equation of (2.39) yields,

A = /603 [\/—A+ + \/fAf], (2.42)

which is an analogue of the Randall-Sundrum relation between the bulk cosmological constant
and the brane tension, see Sec. It is important to note that the relation is necessary
in order to recover the 4D Poincaré invariance on the brane. Note that for k. = k_, we recover
the standard RS2 results.

It will be important to see if the 4D effective gravity on the brane could be recovered and
also to check if the background solution found above is stable or not. To answer these questions
we will perturb the metric around the background solution and see how do the perturbations,
especially the zero mode of tensor perturbations which corresponds to the 4D graviton, behave

in our generalized RS2 case. This is the subject of next section.

2.4. Localization of gravity

In this section we employ general results from Appendix[A]and show how the gravity is localized
on the brane in the warped extra dimensions. Here we will confine ourselves to only tensor
perturbations as our goal is to investigate the properties of the localization of the gravity on

the brane in warped extra dimension. As shown in the Appendix [A] the tensor perturbation of

14



2.4. Localization of gravity

the warped metric ((1.2)) can be written as

ds* = W (n,, + H,,)dz"dz” + dy?, (2.43)
where, H,,, = Hy,(x,y) is the transverse and traceless tensor fluctuation, i.e.
0" H,y = HY = 0. (2.44)

Following the generic results from Appendix [A]the linearized field equation for the tensor mode

can be written as
(62 + 440 + 72400 B, =0, (2.45)

where 95 = 9/0y and 0@ is the 4D d’Alembertian operator. The zero-mode solution of the
above equation represents the 4D graviton while the non-zero modes are the Kaluza-Klein

(KK) graviton excitations.

In order to gain more intuition and understanding of the tensor mode equation of motion
, it is convenient to change the variables such that we can get rid of the exponential
factor in front of the d’Alembertian and the single derivative term with A’, so that we can
convert the above equation into the standard Schrodinger-like form. We can achieve this in

two steps; first by changing coordinates such that the metric becomes conformally flat:
ds? = *A%) (Nuvdatdz” + sz) , (2.46)

with z defined through the differential equation: dz = e 4®dy. In the new coordinates

Eq. (2.45) takes the form
(83 +34(2)0, + D<4>) H,, =0, (2.47)

where the overdot represents a derivative with respect to z coordinate. Now we can perform
the second step; removing the single derivative term in (2.47) by the following redefinition of

the tensor fluctuation

Hy(z,2) = 4O2H, (2, 2). (2.48)

Hence the Eq. (2.47) will take the form of the Schrédinger equation,

(ag - ZA?@) - gA(z) + D(4)> (i, 2) = 0. (2.49)

We can KK-decompose the H w(x,z) into the x and z dependent parts as:

Hyy(,2) = Hyp () Hy(2), (2.50)

where we consider the 4D plane wave solutions for PAIWV(:I:), ie. Hpu(x) o e'Pn guch that

15



2. RS models and their generalizations

A~

OWH, (z) = m%f]nw(z), with —p2 = m2 being the 4D mass of the tensor KK-modes.
Employing the plan-wave solutions for the 4D KK-modes we get the following equation of the
bulk profiles for the KK-mode H,(y):

— 2+ V(2)|Hy(z) = m2Hy(2), (2.51)

where V(z) is the Schrédinger-like potential,

_9
4

3

V(z) = ~A%(2) + 5A(z). (2.52)

Note that we can rewrite the Schrodinger-like equation (2.51)) in supersymmetric quantum

mechanics form as,

Q1 QM (2) = <—az _ 3/1) (az _ ;’A) Ho(2) = m2 (). (2.53)

The zero mode (m3 = 0) profile, Hy(z), corresponds to the wave-function of the graviton in
the 4D effective theory. The stability with respect to the tensor fluctuations of the background
solution is guaranteed by the positivity of the operator QTQ in the supersymmetric quantum
mechanics version of the equation of motion as it forbids the existence of any tachyonic
mode with negative mass square, m% < 0 2. So, in that case, the perturbation is not growing

in time, hence the background solution is stable.
The zero-mode wave function Hy(z) can be obtained by noticing that
QH, = <az — 221) Hy =0, (2.54)
which implies that,
Ho(z) = 240, (2.55)

For massive KK modes one should solve the Eq. (2.51)) with m2 # 0, which is presented at the

end of this section.

From here on we employ the warp-function A(y) of the generalized RS2 scenario, i.e.
Eq. (2.38)) (the standard RS2 results can be obtained for the special case of generalized RS2
with ky = k_). We use the relation e~4®)dy = dz to obtain A(z) as:

A(z) = Aly(2)] = —In(kg|z| + 1) for z 20, (2.56)

where we used the initial condition: A(0) = 0. Now one can easily evaluate Schrodinger

2Since fdz(QHn)2 + H,QH, |‘_"Z§ =m2 fdszL and the first term fdz(QI:In)2 is definite non-negative, there-
fore in order to guarantee m2 > 0 the boundary term (second term) must vanish or be positive.
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Figure 2.4.: The Schrédinger potential V(z) for different values of k.

potential V(z) (2.52)) as,

z _12 L z L e _§ k-i— k_ .
V= 7 (o e ee?) 2<1+k+\z|+1+k_|z)5((2)’57)

The potential V(z) is plotted in Fig. for different values of k4.

To calculate the 4D Plank mass let us focus on the kinetic term corresponding to the 4D

graviton Ho,,, (z):
So = 2Mf/dzﬁg(z)/d%@aﬁow(x)@aﬁgy(x). (2.58)

Now we are able to identify the 4D Planck mass as a coefficient in front of the kinetic term for

the 4D graviton (which is the standard 4D general relativity normalization of graviton kinetic

term):
_ M3 M3
M2 = M3 | dzHZ(z) = —= - 2.59
Bi= M2 [ @) = g+ 5 (2.50)
where Hy(z) = 1/(kx|z| + 1)%/? satisfies the supersymmetric quantum mechanic equation

(2:53) for m3 = 0. Equation (2.59) implies that M2, is finite (so H,, (z) is normalizable) for
our generalized RS2 model. Therefore we conclude that the 4D General Relativity on the brane
can be recovered, like in the standard RS2 scenario, even if the AdS space is not symmetric

on both sides of the brane.

To complete the discussion of the generalized RS2 case we will discuss some properties
of KK modes. There have been many studies on KK modes within the context of different
non-compact 5D models, see for example [23] 35], 36, 37, 38, 39}, 40, [41].

Before performing any calculations one can make the following comments resulting from the
shape of the Schrodinger-like potential V(2) shown in Fig.

e As V(z) — 0 for |z| — oo, therefore the KK-mass spectrum is continuous without a gap

and it starts from mg = 0.

e The (asymmetric) volcano-like shape of V(z) in Fig. suggests that at large z the wave

function H,(z) should have a plane wave behaviour.
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e The presence of the large barriers near the brane implies that corrections to the Newton’s

law due to continuum spectrum of the KK modes will not be large [23].

For the complete analysis one needs to solve the Schrédinger-like equation (2.51) for m? # 0

along with the following jump condition across the brane at y = 0O:
_ 3__
H,,(0) = —SkHy (0), (2.60)

where we define:

T 1
F= gk + ko), Ak = (ki — ko). (2.61)

The solution of the Schrédinger-like equation (2.51]) can be written as a linear combination of

Bessel functions as follows

(IZI +

k+Ak)1/2J2 (mn(|z, + k+Ak))

z 1/2 m z z
(’Z’Jrk A% J2< (I i Ak:)>
dn(|2] + 250) V2V, (mn(|z| + Ak)) 2<0

where ay,, b,, ¢, and d, are integration constants and they can be fixed by the boundary
(jump) conditions. For instance, we can find a,, in terms of b, adopting (2.60)), for z > 0, the

result reads,

k+ Ak)*A 2(k + AK)2(8k2 4+ 4kAk — AK?
an:< 96(k + Ak) 1AL 32(k + Ak)2(8E2 + 4kAk k:))bn. .

8k 4 5Ak)Tm2 (8k + 5Ak)2mm2

Similarly we can find ¢, in terms of d,, using the boundary condition (2.60|) for z < 0, the

result reads

k— Ak)IA 2(k — Ak)2(8k2 — 4k Ak — A2
Cn:(%(k kYAK  32(k — Ak)2(8K? — 4kAK k))dn_ (260

(8k — bAk)Tmi (8k — 5Ak)2rm2

Now we are left with two unknown constants b, and d,,, one of them can be found in terms of
other using the fact that both branches for z = 0 of the solution H,,(z) must match at z = 0,
that will fix say b, in terms of d,. Using the above relations for a, and ¢, in Eq. and
applying the boundary condition H,(z > 0) = H,(z < 0) at z = 0, one obtains b, in terms of

E— AR\? /8% +5Ak
b, = (= i d,. 2.65
(k:+Ak:) <8k—5Ak:> (2.65)

d,, as follows
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2.4. Localization of gravity
Now we can write Eq. (2.62) as,

( _ 5/2 /-
1 \1/2 (E=Ak 8E+5Ak
(12l + an) / (E—f—Ak) (815—5Ak:) [YQ (m"(|z| + k-i—Alc)) +

( 96(L+AR)AR 32(7@+Ak)2(8l_62+4l_€Ak7Ak2)> 7, (mn(|z k+Ak)>] 550
(

(8k-+5AKk)Tm4 (8k+5AK)2mm2

| — Ak;)l/Q [YQ <’mn(‘z‘ + = Ak)> +

96(k—AKk)* Ak | 32(k—Ak)?(8k2—4kAk—AK?)
( 8k—BAk) 7rm4 + (Bk—5AK)2mm2 ) 2 <m”(‘z‘ = Akz)>:| <0
(2.66)

The normalization constant N, = d, can be obtained by the delta function normalization of

the H,(z). It turns out that the dominant contribution to N, is not sensitive to the splitting
between k4 and k_ with the result

md/2

No~ =5

+ O(AK). (2.67)

For large values of z (2 > 1/k) one can neglect 1/(k + Ak) in the argument of the Bessel

functions and the KK massive modes will indeed asymptote plane waves:

- %5%> sin (ma|z| — ) +
4k2 12k4410k2m2 Ak)
— cos (M |z 7r 2=l
~ N, mir ) cos (malz] = ) ) (268)
Mp | sin mn|z - %W) *
74 2m?2
(e + P4 ) cos (malz] — §7) = <0

where terms O(Ak)? were neglected.

After obtaining the KK modes of the effective theory in 4D, we can now calculate the non-
relativistic gravitational potential between two test masses m; and msy separated by a distance

r at the location of the brane (z = 0) as

mims I & [® mimaoe~ _ 9
V(ir)~G dmy,——|H, (0 2.69
1= G s 3 [ ama M O, (2.69)

where the first term comes from the exchange of zero-mode (the 4D graviton), whereas, the
second term is generated by exchanges of the continuum of massive KK modes. In the above
formula Gy = (2M3,)~! is the 4D Newton’s gravitational constant. The strength of KK
modes at z = 0, H,(0), can be easily calculated since the Bessel function of the first kind
Jo [mn(Jz] + 1/(k + Ak))] — 0 for small arguments, whereas the Bessel function of the second
kind, Y3 [m, (|z| + 1/(k £+ Ak))] for small arguments can be expanded as follows

Yo [ (12| + 1/ & AR))] = —— <| |i = L
T \ 1% kiAk
~ - L NS (2.70)

wm? [(k+ Ak)z|+1]7 7
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Now it is easy to find the approximate value of |H,(0)|?> from Eq. (2.66) as

_ n Ak\?
|H, (0)]2 ~ c% +0 (E) , (2.71)

where O is a constant of the order of unity. Hence, neglecting O(Ak/k)? contributions, we can

estimate the Newton’s gravitational potential as,

Mn

Vi) ~ G mimsa i 1 i/"od mimae~
r) o~ — my, ————————
N 2M§ oyt 0 " T

T mn
—. 2.72
T Ck: (2.72)

Since ), fooo dm,mpe”"™" = 1/r?, therefore the above equation will read as,

mims 1 Cmims
Vir) =Gy r oM3 k3
mi1ms9 C
= GN r (1 + T2k2> ) (273)

where we have used the equation which relates the 4D Planck mass with that of the 5D
and we have adopted the approximation of small Ak. This result shows, that the correction
due to the KK modes is small for distances larger than the AdS curvature 1/k4. Since in our
case k4 is of the order of the Planck mass therefore this implies that for distances above the

Planck length one would effectively reproduce the 4D Newton’s gravitational potential.

2.5. Summary

To summarize this chapter, in Sec. we review the RS models: RS1 provides an elegant
solution to the hierarchy problem, while RS2 gives an alternative to compactification in warped
extra dimension. Section contains a Zo symmetric generalization of RS1 presented in our
paper [5]; see Chap. [5| for detailed phenomenological implications due to this background
geometry. An asymmetric warped geometry is considered in Sec. which is a generalization
of RS2 allowing different AdS geometries on either side of the brane. In the next chapter we
consider a smooth/thick-brane version of this asymmetric warped model, see also [2], 3]. The

issue of localization of gravity on a brane in our asymmetric warped extra dimensional model

is addressed in detail in Sec. 2.4
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CHAPTER 3

— BRANE MODELING IN WARPED EXTRA DIMENSION

RS models and its generalizations discussed in the previous chapter employ the singular D3
branes without any dynamical mechanism. In this chapter our goal is to provide smooth
generalizations of the RS models and their extensions by some dynamical fields. As we have
pointed out in the Introduction that there were many attempts to avoid the presence of singular
branes. It has been shown in Refs. [24] 25 26|, 39, 42] [43], [44] 45] [46], [47, 48] that the positive
tension brane could be smoothed by a background scalar field configuration which we term
here as the smooth- or thick-brane. As shown in the previous chapter the hierarchy problem is
addressed within RS1 scenario which requires two D3-branes of opposite tension and periodicity
due to the S1/Zs orbifold. There is no satisfactory simple strategy to model a negative tension
brane at least for real scalar fields minimally coupled to gravity. For examples of existing
attempts to generate negative tension branes see [49]. Moreover, it has been shown by Gibbons,
Kallosh and Linde [27], periodicity of set-ups like RS1 are generically in conflict with the idea
of a smooth non-trivial scalar profile. To conclude, smoothing the RS1 scenario is severely
limited by mainly two reasons: (7) impossibility of generating a negative tension brane by a
real scalar field configuration and (i) periodicity. Note that this conclusion holds at least
for the case when the scalar field is minimally coupled to gravity, the generalization will be
considered below.

On the other hand, as we discussed in Chap. [2, RS2 model having just one D3 brane is not
sufficient to address the hierarchy problem. In the following the hierarchy problem is one of
the main motivations, therefore we will try to improve the scenario by introducing a second
brane. The main purposes of this chapter:

e First, to see if one can overcome the above mentioned obstacles (periodicity and positivity
of brane tension) to achieve a smooth version of RS1 in modified gravity with the scalar
field non-minimally coupled to the Ricci scalar.

e Second, to verify if one can address the hierarchy problem with two thick-branes (which

in a certain “brane limit” mimic two positive tension singular branes) with non-compact
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3. Brane modeling in warped extra dimension

warped extra dimension.

e Third, to give a smooth generalization of the RS2 which would allow, in the “brane

limit”, different bulk cosmological constants on each side of the positive tension brane.

e Fourth, to consider a Zo symmetric triple brane model which could mimic three positive

tension branes in the brane limit.
e Fifth, to see if a scalar field can be localized on the thick-brane.

As far as the first task is concerned, we will show, by generalizing the Gibbons-Kallosh-Linde
sum rules [27], that it is not possible to achieve the periodicity for scalar field and metric
solutions even with the scalar field non-minimally coupled to the Ricci scalar. The consistency
conditions have been discussed following the strategy of Gibbons et al. [27] in the modified
gravity set-up [50], however the authors consider the scalar field in the bulk with singular
branes, this is exactly what we want to avoid for our set-up, i.e. we wish to have smooth
branes instead of singular branes. Another attempt to overcome the problem of periodicity
was discussed in [51]. Concerning the issue of the positivity of a brane tension generated by
a scalar profile we also find that even with non-minimal scalar couplings there is no way to
generate a negative tension brane. Therefore we turn our attention to models with only positive
tension branes (e.g. the RS2) and non-compact (to avoid restrictions imposed by periodicity

a’la [27]) with real scalar field non-minimally coupled to gravity.

In order to be able to address the hierarchy problem we will propose a model with two thick
(smooth) branes, which, in an appropriately defined limit (so called “brane limit”) approaches
two singular branes. The limiting version of the model was discussed earlier by Lykken and
Randall (LR) in [36]. As we will show, in our set-up of two thick-branes, different possible
solutions for the warped factor can emerge, for instance, we can have the AdS or Minkowski
geometry in different regions along the extra dimension. We will discuss three such config-
urations, (7) the two thick-branes between the AdS vacua so that we have warped geometry
and hierarchy problem could be addressed in this set-up (this is the thick-brane version of the
Lykken-Randall model [36]), (i¢) the case when we can have the Minkowski background in be-
tween the two branes and the AdS geometry to the right and left of both branes and, (i) with
the Minkowski geometry to right or left of both branes and the AdS in the other regions along
the extra dimension, which gives the thick-brane version of the Gregory, Rubakov, Sibiryakov
(GRS) model [37] except that we have the second brane also with positive tension instead of

the negative tension as in the original GRS model with singular branes.

For the third point above, we will give a smooth or thick-brane generalization of the RS2
model which allows departure from the Zs symmetric case by allowing different bulk cosmo-
logical constants on each side of the brane. We are going to prove that under certain mild
assumptions, the relation between the brane tension and the cosmological constants obtained
in the brane limit of the thick-brane scenario does not depend on detailed shape of the scalar
field profile. Hence a class of thick-models can be constructed with a scalar field configuration

with certain generic properties. The fourth point raised above can be addressed by considering
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3.1. Thick brane generalization of RS1 in modified gravity

a scalar field profile like three kinks and we show that the resulting geometry has Zo geometric
symmetry and in the brane limit it mimics IR-UV-IR model with all positive tension branes.
The fifth task of localization of a scalar field on a thick-brane is addressed by allowing the
localized interactions of the scalar field with the field generating the thick-brane..

In all the above mentioned cases we study stability of the background solutions and also
existence and localization of the zero-modes of the scalar, vector and tensor (SVT) per-
turbations of the solutions. The issue of stability and localization of the zero-modes have
been extensively discussed in the past in the context of thin as well as thick-brane scenarios
1251 26], 39, 42, [43], 52, (3], 54 38, (5] 56, 57, (8, 59, 60L 61, 62, [63]. We find that the SVT per-
turbation equations could be transformed into a supersymmetric quantum mechanics form so
that they guarantee stability of these perturbations in all the configurations considered above
and therefore the absence of tachyonic modes. It turns out that the zero-mode of the tensor
perturbation wave function (that corresponds to the 4D gravitons) can be localized on the
desired brane by using certain boundary conditions. on the other hand the zero-modes corre-
sponding to the scalar and vector perturbations are not localized, as they are not normalizable

modes, consequently they do not affect the 4D physics.

3.1. Thick brane generalization of RS1 in modified gravity

Our first goal is to mimic (regularize) D3-branes which appear in various five-dimensional (5D)
scenarios that solve the hierarchy problem by warping the metric along the extra dimension
in the spirit of [22]. The most natural approach is to introduce a 5D scalar field ¢ with a
non-trivial profile (that satisfies equations of motion) that in certain limit could mimic a brane
by approaching a delta-like energy distribution along extra dimension. However, as it was
shown in [27], in the case of compact extra dimensions the idea of a non-trivial scalar profile
(a thick-brane) is severely restricted by the requirement of periodicity. Arguments adopted in
[27] apply for a scalar that is minimally coupled to gravity. Therefore here, we are going to

discuss first a class of models allowing for non-minimal scalar-gravity coupling:

Suc = / da’\/=g {f(¢)R - %gMNquﬁvw - V(¢>} : (3.1)

where f(¢) is a general smooth positive definite function of the scalar field ¢(y) which is
supposed to compose the D3-branes that are present in the RS1 scenario [22]. In other words,
branes would be made of the scalar field while other fields could be dynamically localized in
certain regions of the 5D space, see for instance Sec. and Refs. [64 [65], [66, 67]. Thick branes

in the presence of non-minimally coupled scalar was discussed earlier by [68, [69].

We will look for a solution of the Einstein equations with the 5D warped metric ansatz (1.2]),
ie.
ds* = AWy, dridz” + dy?, (3.2)

where A(y) is a general warp-function. The Einstein’s equation and scalar field equation of
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3. Brane modeling in warped extra dimension

motion resulting from the action (3.1)) are

RMN — %QMNR = f(1¢) {;TMN + VMVNf(¢) - gMNVQf(QS)} ) (3'3)
o AV df
V(b—%-i-R%—O, (3.4)

with the energy-momentum tensor for the scalar field ¢ as
1
i = Vard¥xo — gaew 3067 +V(6)). (35)

From the Einstein equations (3.3 and (3.4), one can get the equations of motion for the metric
ansatz (|1.2) as,

() = {1<¢'>2 — V- 4A'f’} , (3.6)
3”40 = L {17 - gV —sar - 1) (37)
o + 4N — CCZZ‘; _ (8A// + 20(14’)2) ;l!; =0, (3.8)

where it is understood that f and V' are functions of the scalar field ¢(y).

3.1.1. Thick branes with periodic extra dimensions

Here we would like to verify if the scenario with a non-trivial profile of a bulk scalar could
be consistent with periodicity in the case of compact extra dimension. The authors of [27]
derived elegant, simple and powerful sum rules that severely restrict thick-brane scenarios
with periodic extra dimensions. From our perspective the most relevant result obtained there
is the following condition that must be satisfied for periodic extra dimensions with a bulk

scalar ¢ when singular branes are absent:

fdy o ¢ =0, (3.9)

The above result implies that non-trivial scalar profiles are inconsistent with periodicity, the
only allowed configuration is ¢ =const.. The sum rule was obtained assuming minimal
scalar-gravity coupling. In the following we are going to generalize the result for the case of
non-minimal coupling described by the action .

It is easy (subtracting Eqs. (3.6) and (3.7))) to derive an equation of motion that contains
only the warp function A(y) and the input profile ¢(y):

1

=(¢'). (3.10)

3fA/I:f/Al_f//_2

It is useful to rewrite the above equation by the change of variables X (y) = A'(y):

X'(y) = F(y) X (y) + G(y), (3.11)
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3.1. Thick brane generalization of RS1 in modified gravity

where,
F(y) = g}(&)) (3.12)
" 1 2
Gly) = f (y)g}-(;;b (v) (3.13)

We assume that the profile is periodic with a period L:

oy + L) = ¢(y),

then f(¢) and consequently, F'(y) and G(y) are also periodic with the same period L. Since

%dy F(y)=0 (3.14)
it is straightforward to notice that the solution of the homogeneous part of Eq. (3.11])
X(y) = Xoelwo T (3.15)

is periodic as well.

The inhomogeneous equation (3.11)) could be rewritten in the following form

[Z(y)X ()] = Z(y)G(y), (3.16)

Z'(y) = —F(y)Z(y)- (3.17)

Integrating (3.16)) over the period we obtain the following condition:

74 dy G(y)Z(y) =0, (3.18)

which constitutes the proper generalization of the Gibbons-Kallosh-Linde sum rule (3.9)). For
F(y) defined in (3.12) one obtains Z(y) explicitly

1/3
20 = 20) | 1] (3.19)

Then, after integrating by parts, the sum rule (3.18)) reads

41 (f\2 1/ ¢ \?
fav [31’1/3<f> +3(7) ] =Y (3:20)

The above sum rule again implies that even in the presence of non-minimal couplings, f(¢)R,

only the trivial profile, ¢ =const., is consistent with periodicity.

Note that (3.20) holds also for multicomponent scalar fields, therefore even in that case

non-trivial profiles in the absence of singular branes are excluded by periodicity. It is also
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3. Brane modeling in warped extra dimension

worth mentioning that the result (3.20) could be obtained by writing the action (3.1]) in the
Einstein frame where the scalar field is minimally coupled to gravity. In the Einstein frame the
standard GKL sum-rule (3.9) holds, and when the sum rule is rewritten back in the Jordan

frame defined by (3.1)), the result (3.20) is reproduced.

3.1.2. Negative tension brane in modified gravity

In the RS1 set-up one of the two 3-branes must have a negative tension. Therefore in this
subsection we turn to the question weather a negative tension brane can be constructed out
of a real scalar field in the modified gravity scenario when the scalar field is non-minimally
coupled to gravity as in . By the virtue of the result of the previous subsection we discard
the possibility of periodic extra dimensions. Let us assume, without loosing any generality,
that the scalar filed ¢(y) has a kink-like profile,

P(y) = NG tanh(Sy), (3.21)

where (3 is a brane-thickness controlling parameter. For f — oo (the brane limit), as it will be
discussed in details in Sec. the profile ¢(y) generates singular energy density localized at

y = 0 that could mimic a D3-brane.

The action for the kink configuration ([3.21)) can be written as,
1
5=~ [ @av=g |57+ Vo). (3.22)
while the action for a brane localized at y = 0 with a negative tension (A > 0) reads

Svirane = [ 2=g00(0). (3.23)

Using the equations of motion (3.6 and (3.7)) we can rewrite the action (3.22)) as follows
1
— /dy [2@5’)2 + V] = /dy [—(¢)? + 12(A")*f +8A'f']. (3.24)

As it will be clear from the next section, the only interesting set-up is such that the warp
function A(y) reaches its maximum at the brane location (so A’(0) = 0), therefore among the
above terms only the very first one contributes to the brane tension. However, as it is seen from
there is no possibility to reproduce the sign required by the negative tension. Therefore
we conclude that a single kink-like profile can generate only a positive tension brane even in

the case of modified gravity.

3.1.3. Conclusions on thick-brane generalization of the RS1 model

As we have shown in the proceeding subsections there is a conflict between the RS1 scenario

and the idea of branes generated by bulk scalar profiles:
e As shown in Sec even in the presence of the non-minimal scalar-gravity coupling

f(#)R, periodicity in the extra coordinate can not be reconciled with a non-trivial profile.
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3.2. Modeling branes with scalar fields minimally coupled to gravity

e One of the branes in the RS1 scenario must have negative tension, however as we have
shown in Sec3.1.2| even if scalars interact non-minimally with gravity there is no way to

generate a brane with negative tension.

The above observations prompt to give up compactness and therefore to discuss a possibility of
mimicking the RS2 model with non-compact extra dimension. Since we would like to allow for
solution of the hierarchy problem by the virtue of warping the metric along extra dimensions,
we will introduce a scalar field, the profile of which could mimic a scenario with two branes
of positive tension with warped metric in between them. This is what we are going to discuss
in Sec. limiting ourselves to the case of minimal scalar-gravity coupling, however the

analysis could be easily extended to non-minimal scenarios as well.

3.2. Modeling branes with scalar fields minimally coupled to gravity

In this section our goal is to construct thick-brane models with scalar fields minimally coupled
to gravity, which mimic positive tension branes, in a non-compact warped extra dimension.
From now onwards in this chapter we will adopt the following action for a 5D scalar field

minimally coupled to the Einstein-Hilbert gravity

. 1
S = /dx‘r’\/i—g {2M3R — §gMNVM¢VN¢ — V(¢)} . (3.25)
The Einstein’s equation and the equation of motion for ¢, resulting from the action (3.25)) are
R 1 R = LT (3.26)

MN — 5YMN It = IRVE MN, .
dv
2

—— =0 3.27
Vi - S5 =0 (327)

where the energy-momentum tensor Ty, for the scalar field ¢(y) is,
1

From the Egs. (3.26]) and (3.27)), one can get the following equations of motion for the metric
ansatz ((1.2))

UMY = 26~ V(0), (3.29)
12M3A” 4 24M3(A')? = —%(qb')z —V(9), (3.30)
¢+ 4A Y — ‘fl‘; = 0. (3.31)

Superpotential method: In the following we will layout the so-called superpotential method for
solving the above set of coupled scalar-gravity equations [25]. Although the use of this method
is motivated by supersymmetry, no supersymmetry is involved in our set-up. The method is

elegant and very efficient, in particular it applies to the system of second order differential
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3. Brane modeling in warped extra dimension

equations (3.29))-(3.31) and reduces them to a set of first order ordinary differential equations
which are much easier to deal with. It is assumed that the scalar potential V(¢) could be

expressed in terms of the superpotential W (¢) as [25],

1Law(e)\> 1
vio =5 (“) - W (332
where W (¢) satisfies the following relations,
’ 8W(¢) ’r_ 1
¢ = 9 A = —12M§W(¢). (3.33)

It is worth to mention that the standard (and straightforward) application of the superpotential
method is limited to the single scalar-field case since with multi-scalar fields it becomes difficult

to handle analytically. However in Sec. [3.3] we extend the superpotential method to two field.

We are interested in the case where the scalar field ¢(y) is given by kink-like profiles !, i.e.

baly) = > %tanh (Baly — ya)), (3.34)

where 3, are the thickness regulators and k., parameterize tensions of the branes in the so
called brane limit 5, — oo (from here on we will consider S, = 3, i.e. all the branes have
equal thickness, although that could be relaxed). Above a numbers kinks (anti-kinks) which
correspond to the number of thick-branes. As it will be shown in the next subsections the
profile in the brane limit corresponds to 3-branes with brane-tensions given by

_4

Ao = ghe. (3.35)

It is important to note that this set-up implies that only positive brane tensions could be mim-
icked by scalar filed configurations, as was also pointed out by DeWolfe et al. [25]. Therefore

the scalar field can not reproduce the RS1 scenario where the IR brane has a negative tension.

3.2.1. Single asymmetric thick-brane model

In this subsection we will extend the solution found in Sec. for a singular D3-brane to a
thick-brane scenario. The action for a 5D scalar field minimally coupled to the Einstein-Hilbert
gravity is given in Eq. (3.25) and we employ the superpotential method described above to

get the asymmetric thick-brane. For a single thick-brane we consider the scalar field profile as

b1(y) = % tanh(By), (3.36)

where, as mentioned above, § is the thickness regulator and k parameterizes tension of the
brane in the so called brane limit: 8 — oo. We can find the superpotential W (¢7) in such a
way that it allows a solution of the scalar field ¢1(y) as in Eq. (3.36)). This can be obtained

IThe profile of the scalar field could be different from the standard kink but the essential concept holds for any
profile which is monotonic and satisfies equations of motion, see Sec. @ below.
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3.2. Modeling branes with scalar fields minimally coupled to gravity

from Eq. as,
_ OW(d1) _ OWldi(y)] Oy W (y)

N = e T oy 0 ) (3:37)
Yy

Wi = [ (@) dy+ W, (339
Yo

where W is some constant of integration. Deriving the above relation it is assumed that ¢1(y)
is an invertible function of y, therefore superpotential could be explicitly written as a function

of y:

W (y) =k {tanh(ﬁy) — ;tanh3(ﬂy)} + Wp. (3.39)

The integration constant Wy can be fixed by initial conditions imposed upon A’(y), e.g. such
that A’(Yymax) = 0) for a given ymax. The non-zero value of Wy turns out to be essential to
reproduce, in the brane limit, the generalized RS2 model presented in Sec. 2.3] whereas for
Wy = 0 the solution for A(y) is symmetric under y <+ —y and it corresponds to the standard
RS2 in the brane limit, see Sec. It is instructive to write down explicitly the brane-
limit results for the thick-brane scenario in order to determine necessary relations that must
be satisfied to reproduce the RS2 relations in the brane limit. As we will show below
there is a direct relation between Wy # 0 and the fact that Ay # A_, where Ay are the bulk

cosmological constants for y = 0 2.

Let us consider only the scalar field part of the action:

S61 =~ / da’\/=g {;gMNchwm + V(<z>1)}

ol () g

e S I

In the brane limit, i.e. 8 — oo we have,
4
i ()=,
p—oo | cosh®(By) 3
such that the scalar action (3.40]) can be written as,

S0 = [t v=a { o) + 2,00+ A-0(-n)}. (3.41)

2 After our work, presented in this subsection, has appeared in Ref. [3], another interesting study on asymmetric
thick-brane has been publicized in Ref. [70].
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The values of the bulk cosmological constants Ay are

2
Ay = Blirgo{ - 6]\143 [:I:F;g (tanh(ﬁy) — ;tanh?’(ﬁy)) + Wo] },

= L <)\ + WO>2 y=0 (3.42)

6M3 \ 2 ’ ’
and A = 4x2/3 corresponds to the brane tension. Hereafter, we will consider the case —A, >
—A_, that implies Wy > 0. It is also important to note that Eq. implies that the bulk
cosmological constants Ay are negative on either side leading to anti-de Sitter vacua or in the
case with Wy = A/2 corresponding to a Minkowski geometry in that region of space. Equation
implies that in order to reproduce the generalized RS2 scenario defined by a given M,,
A and Ay, the following constraints on the parameters (k, Wp) of the thick-brane model must
hold:

K? = zx, Wo = 1/%M§ (\/—A+ - \/—A_) . (3.43)
For consistency of the above choice for Wy, the following inequality must hold:

A
0< Wy < 3 (3.44)

Therefore, only scenarios with limited splitting between cosmological constants could be real-

ized:

V603 (\/—A+ - \/—A_) <\ (3.45)
Then, for Wy within the limit (3.44)), Eq. (3.42) implies that

A = /603 <\/—A+ v \/—A,) , (3.46)

which is identical as the generalized RS2 relation (2.42). Note that for the Zs symmetric case
(the standard RS2 model) for which Ay = A_ = Ap, we recover the RS2 relation between the

brane tension and bulk cosmological constant, i.e. A = \/—24M3Ap (see Secs. and )

and Wy = 0.

It is straightforward to calculate the warp function A(y) by integrating the second equation
in Eq. (3.33) w.r.t. y. The result reads,

2 W,
Ay) = — 72KJT3,B (tanhz(ﬂy) +1In cosh4(5y)) — 12]\2[3y. (3.47)

*

The integration constant above was fixed by the condition A(0) = 0. As we have shown in
(13.43]) Wy is fixed uniquely to a non-zero value, then as a consequence, in the smooth case
the warp function A(y) will not have maxima on the brane location, i.e. y = 0 but it will be

shifted to a position ymax, for instance for M, = 1, x = 1 and Wy = 0.5M2,

0.6
Ymax ~~ _?~ (3.48)
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Figure 3.1.: This graph shows the behavior of A(y) for different values of 8 showing the location of
maxima for A(y) for Wy = 0.5M2 and M, = k = 1.

It is worth noticing that even though A’(0) # 0, nevertheless the maxima of A(y) approaches

the brane location, i.e. ymax — 0 as 8 — oo, which is manifested from the above equation

and is illustrated in Fig. Note that far away from the thick-brane the warp function

asymptotically approaches the generalized RS2 form as presented in Sec.

A(y) = —k+|yl, ly| = oo, (3.49)

where

1 Wo
At
24 M3 12M3°

ky =

It is also important to note that one obtains the same behavior of A(y - for all values

of y in the brane limit when 8 — oo, i.e.
Aly) = —k+yl, B—oo for y=0.

Since ¢1(y) is invertible therefore we can write the superpotential W (¢1) and the scalar po-
tential V(¢1) as follows:

W(¢1) =K/ Ben (1 - 3,62%) + Wo, (3.50)
/33 2 2 1 63 2\ 2
Vi =gz (4-75) - st (4-35)
3/2
+ 9]\14 s (@? - 32) Wo — G%WOZ' (3.51)

Note that the constant term of superpotential Wy, in Eq. , plays the most crucial role
in producing the asymmetry in the bulk cosmological constants and then in the warp function
A(y) on the left and the right of (thick) brane. In the left panel of Fig. we have shown
y-dependent shapes of A(y) and ¢1(y), while in the right one W(¢1) and V(¢1) are plotted as

functions of ¢;.

3.2.2. Double thick-brane model

In this subsection we consider two kinks corresponding to two thick-branes at locations y = 1

and y = y2. They are supposed to mimic two positive-tension branes in the brane limit, so the
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Figure 3.2.: This left graph shows the behavior of A(y) and ¢;(y) as a function of y, whereas, the right
graph presents the superpotential W (¢) and the potential V(¢1) as a function of the scalar
field ¢;. The solid curves correspond to Wy = 0.5M2 (asymmetric RS2 smooth model),
whereas the dashed curves represent Wy = 0 (standard RS2 smooth model), for § = 2 and
M,=rx=1.

scalar profile ¢2(y) could be chosen as follows,

p2(y) = % tanh (B(y — yl)) + % tanh (B(y - y2))7 (3.52)

where [ is the thickness controlling parameter and k; 2 are the brane tension (strength) pa-
rameters. Using the superpotential method as described above the superpotential W (¢) could

be written as a function of y as follows:

W(y) =r3 <tanh[ﬂ(y —y1)] — étanhg’ [Bly — yl)])

1
3 (renhl3(y - )] - 5 a5y~ )] ) + 7o (353
where in deriving Eq. (3.53) we assume that the cross term is negligible as far as [ is large
and/or the separation “y2 — y1” between the two thick-branes is large such that,

/dy 20K1k2
cosh? (5(2/ - yl)) cosh? (/3(?] - y2))

After obtaining the superpotential W (y) we find from Eq. (3.33),

~0

A = g7z |4 (anh (50 = ) = § tant® (305 - )

+K3 <tanh (Bly —y2)) — %tanhg (Bly — y2))> + WO} : (3.54)

The integration constant Wy can be fixed by the requirement that A(y) has a maximum at
y = yo. The location of maximum with respect to y; 2 will correspond to different 5D geometric
configurations that we will discuss in Sec[3.2.2] Therefore, we choose the integration constant
Wy as,

Wo = — [/{% (tanh (ﬁ(ymax — yl)) - étanh3 (B(ymax - yl))>
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+/~$% (tanh (B(ymaX — yg)) — %tamh3 (ﬁ(ymax - 2/2)))} ) (3.55)

such that A’(ymax) = 0. Now it is straightforward to find the warp factor A(y) by integrating
Eq. (3.54) w.r.t. y. The result reads,

1
CT2M3pB

K1

A(y)

1 4 _
(cosh2 (5(?! - yl)) - Ineosh (ﬂ(y yl))>

— Incosh* (B(y — yg))) Woy + Ao,  (3.56)

1 1
+K3 + 5
? (eosh2 By —12)) 12M3

where Ay is a constant of integration which can be fixed by the requirement such that A(ymax) =
0. Note that far away from the thick-branes the warp function is asymptotically AdS, i.e. of
the RS form [22], 23]

Ay — 00) ~ —£lyl, lyl > ly1 — w2l (3.57)

where k = 24]1\/[3 (%Ii% + %Ii% — Wo). It is easy to see that we get the same behavior, i.e. the

RS form of A(y), for all values of y in the brane limit when 8 — oo, which will be discussed in

detail in the next section.

It should be mentioned that this set-up reduces to the usual single thick-brane discussed in
the previous subsection if we assume that one of the branes is far away from the other brane,
say y1 = 0 and yo — oo such that the second brane can be removed from the set-up and in
3 411\/13 (%Fa%) Unfortunately in the one-brane case the hierarchy problem remains

unsolved, that is why we focus on the two-brane scenario as the hierarchy problem is one of

that case k =

the main motivations of this subsection. In our case the second thick-brane is located in the
AdS space at suitable location y2 such that the hierarchy problem could be addressed as in a

similar way as it was done in the original RS1 set-up [22] or in the LR set-up [36].

Before closing this section it is instructive to discuss the shape of the scalar potential, that is
determined by our requirement of having together with the ansatz as solutions of
the equations of motion. Having the superpotential W determined, one can, using , find
the scalar potential as a function of y. However, since ¢(y) is an invertible function, therefore
it is also possible to plot the potential V' (¢) , as a function of ¢. However, in order to
develop some intuition, let us first consider the presence of just one-kink profile ¢ (y) (3.36))
with parameters x and 5. Then the potential V' (¢;) could be determined analytically since one
can easily solve equations of motion for A(y), from the invertible profile one can find y = y(¢1)
and then adopt it, for instance, in . The results reads from Eq. for Zo-symmetric
case with Wy = 0:

3 2\ 2 1 3 2\ 2
Vo = o (8- %) -~ simaot (235 ) (3.59)

Note that the above form of the potential applies, strictly speaking, only for —x/y/8 < ¢ <
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3. Brane modeling in warped extra dimension

-2 -1 0 1 2

Figure 3.3.: The potential V(¢2) plotted as a function of the scalar field ¢o for different values of the

thickness parameter 8 with the same brane tensions k1 = ko = 1. Hereafter we assume

M, =1, therefore the field strength is expressed in unites of M /2,

k/+/B since the profile that is required to fulfill equations of motion varies in that range. For
small field strengths, ¢ < M / 2, gravitational effects (the second term) are small, so that the
dominant contribution is just the Mexican-hat potential (the first term). In the present case
the scalar profile is a sum of two kinks , therefore its range of variation is roughly a “sum”
of ranges for two separate kinks. In the absence of gravity each kink is a solution of equation
of motion for a Mexican-hat type potential, again if a field strength is small comparing to the
5D Planck mass®/? the dominant contribution to the potential is the Mexican-hat component.
Since kink profiles vary in between field strengths corresponding to the two minima therefore
the shapes which we observe in Fig. are roughly “sums” of inner parts (only the inner part
could be determined) of two Mexican-hat like potentials; one centered around —k1/(2+v/3) and
the other one around +r2/(2v/3). In reality (with gravity) the picture is slightly distorted by
the gravity effects that become relevant around the external ends of region of variation where
o/M* 1.

In the case of double kink it is not possible to find the potential analytically, so V' (¢)
determined numerically is shown for several choices of the parameters g in Fig. [3.3] Since
the strength of the profile field varies between —(k1 + k2)/v/B and +(k1 + k2)/+/B therefore
the potential V(¢2) can also be determined in that region only, which is manifest in Fig. 3.3
Note that in order to trust classical field theory results, the scalar field strength ¢ must be
limited by the 5D Planck mass ME / 2, therefore we conclude that our results are consistent if
Bz k%Q/Mf’ Since in Fig. we assumed K1 = kg = 1 and M = 1 therefore we are limited

by 8 2 1, so those cases were plotted and then the range of variation of ¢o is appropriate.

The brane limit and the hierarchy problem

In this subsection we will consider different possible scenarios that could be realized with two
thick-branes and then we will discuss limiting (the brane limit) solutions corresponding to thin
(singular) branes. To show how scalar field ¢2 is making the two branes, we start by looking
at its action calculated for the profile ,

Sgp = —/dffs\/jg {;QMNVM¢2VN¢2 + V(¢2)} ;
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3.2. Modeling branes with scalar fields minimally coupled to gravity

By —w1)) cosh® (B(y —12))
—6;43 [f@? (tanh (Bly—y) - %tanh?’ (Bly — yl))>

2 2
T / V=g { cosh? (BHI i o

2 1 3 ’
+rK5 <tanh (Bly —y2)) — 3 tanh’ (B(y — yg))> + Wo] . (3.59)

In the brane limit we have,

: p A .
Bh—{go {cosh4 (B(y — y,)) } B 35(3/ vi) for 1=12

such that the scalar action (3.59)) can be written as,

S0 =~ [aotv=a { gt —m) + s - w) +hel)} . 60)

where Ap(y) is a function that generates cosmological constants in various regions of the bulk:

M) = Jim { = b [ (cant (300 = ) = 5 v (50 - )

2
oty (309 — o)) —  tonl® (800 1)) ) + 70|},
2
— g |5t~ ) + sty ) + ] (3.61)

Therefore, depending on the choice of the extremum location ymax, different values of cosmo-

logical constant to the left, in between and to the right of the two branes could be generated.

In what follows we will find analytic solutions for the two positive tension branes in the
brane limit (ﬁ — 00) and numerical results for the corresponding thick-brane scenarios. In the

brane limit, we can write the total action as,
Sgy = /dw5\/—g {2M2R — \6(y —y1) — Xab(y — y2) — An(y) }, (3.62)

where A\ 2 = %”%,2 are the respective brane tensions at each brane located at y = y; and y = y»
and Ap(y) is the bulk cosmological constant, defined in Eq. (3.61). In the brane limit we can
obtain the equations of motion from action (3.62) as,

24M? (A')* = —Ap, (3.63)

12M3 A" + 24M3 (A')? = —Ap — M6(y — v1) — Mad(y — 2), (3.64)

In the brane limit the smooth solution of A’(y) (3.54]) will take the following form,

1 (2 2
“kisgn(y — 1) + =3 sen(y — yo) + Wo . (3.65)

Aly) = ——~
W) =103 |3 3
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3. Brane modeling in warped extra dimension

From Eqs. (3.63)) and (3.64)), one gets (which is also manifested from Eq. (3.65)),
12M2 A" = =Xi6(y — y1) — Xad(y — v2), (3.66)

which implies that A” < 0 as A\j2 > 0, thus allowing for maxima of A(y). Let us denote the
location of the maxima by ymax, that can be chosen anywhere along the extra dimension, such
that,

A (Ymax) = 0. (3.67)

In the brane limit Wy (3.55)) takes the form,

2 2
Wo = — {3/@? 580 (Ymax — Y1) + 543 520 (Ymax — yz)} : (3.68)

Therefore we obtain (in the brane limit) for the bulk cosmological constant, the following result

2

A5(0) = g7z | 302 (5800 = 1) = st = 1)) + 33 (5600 — ) — s~ 1)) | -
(3.69)
It is also important to note that the equation of motion implies that the bulk cosmological
constant is negative leading to anti-de Sitter vacua or, in the case where it is zero, that the

corresponding geometry will be Minkowski in that region of space.

In the following we will consider different cases depending on the location of the extremum

point ymax along the extra dimension.

Case-l: We consider the case when the extremum location is on one of the branes, say at

Ymax = Y1, we get the analytic results for A'(y) as,

m)\l y<u
Al(y) = —m/\l 1 <y <y (3.70)

*ﬁ()\1+2)\2) Y >y

The corresponding bulk cosmological constant Ap, in different regions along the extra dimen-

sion, reads as,

—m)\% y<wn
Ap = —ﬁ)\% <y<yo , (3.71)
—m (M +20)° Yy >

and the values of bulk cosmological constant at the brane locations are Ap(y;) = 0 and
Ap(y2) = —ﬁ (2A3 + A1 )2). Note that 1j implies in the brane limit correlations between

the brane tensions \; and the bulk cosmological constant Ag. It is worth to write down relations

between Ap, the slope of the warp function A’ and the brane tensions )\; in the asymptotic
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3.2. Modeling branes with scalar fields minimally coupled to gravity

max — Y1

Y

Figure 3.4.: The left-graph shows the shape of the scalar field profile, the corresponding energy density
Too and also the localized energy density e?4¢’? for the Case-I with f = 2 and x| =
ko = 1, whereas, the right-graph illustrates the shape of the warped factor e24, the bulk
cosmological constant Ap and the potential V[¢(y)] for the case-I when the maxima of the
warp factor is located on the thick-brane, i.e. ymax = y1-

regions:

A i\ -
B—{ ! Yy e (3.72)

AT A 20 y — +00

In the RS2 (with one brane of positive tension \) the corresponding relation is Ag/k = £,

where k corresponds to +=A’.

Numerical solutions for the thick-branes in the Case I are shown in Fig. This configu-
ration is such that the warping function A(y) is positive (negative) to the left (right) of the
branes, we will see that this scenario will have the normalizable zero-modes of the metric tensor
perturbations (around the background solution) which correspond to the 4D graviton. In the
brane limit this set-up is similar to the two positive D3-brane model considered by Lykken and
Randall in [36].

In order to illustrate how are the branes generated, in Fig. [3.7| (left panel) we show the energy
density Tpo = €4 (qb’ 2/2 + V(gb)) corresponding to the profile. Using equations of motion Ty
could be rewritten as e?4(¢/? — 24M2A’?). This form separates two contributions to Tpo:
62A¢I 2

local (one that ”creates” the branes) and non-local o< €24 A’? (one that generates bulk

cosmological constants).

As it is seen from Fig. [3.7| (right panel) to the left and to the right of the branes the
warp factor is quickly vanishing, that has been already observed in . If the branes are
sufficiently thin (or well separated) then in between them the warping is also nearly exponential
so that the hierarchy problem could be addressed. We will call the brane located at y; and
y2 as UV and IR branes, respectively. To illustrate consequences of the warped background
geometry lets assume that the Higgs field is bounded at the IR brane and its action can be

written as,

S%ﬁ:—/f%ﬁMR@%@M@H—mWN+Mmﬂ, (3.73)
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3. Brane modeling in warped extra dimension

where gﬁz is the 4D metric induced on the IR brane, gé‘é = e 24W) | with A(y2) being the
value of warped factor at the IR brane and m is the 5D Higgs mass parameter (of the order of

5D Planck mass). Now the effective 4D action for the Higgs field can be written as,
SHiggs = — / dia {e2A(y2)n“V8MHT6VH — m2etAW) | g2 4 Ae4A<y2>|H|4} : (3.74)

where we used the fact that, /—grg = ¢*4¥2). In order to obtain canonically normalized Higgs
field, we rescale, H — e~4H, such that,

SHiggs = — /d4x {n“"G#HTOVH - erQA(y?)|H|2 + )\]H|4} ,
_ —/d41: {0, 10, H — y|H + \H|'}. (3.75)

where 1 = meA®¥2) is the effective Higgs mass parameter as viewed on the IR brane. If we
assume that the fundamental mass scale of the 5D theory is the Planck mass then we can
require the value of warped factor at IR brane such that we get the effective 4D Higgs mass
parameter u ~ TeV. From Eq. we have

Aly2) = A1+ A2) y2, (3.76)

L
2403

_1
2403

as it will be shown in Sec. in this scenario (i.e. Ymax = y1) there exits a normalizable

zero-mode which corresponds to the 4D graviton.

therefore if (A1 + A2) y2 ~ 30 then the hierarchy problem could be solved. Furthermore,

It should be emphasized that the scenario of solving the hierarchy problem described above
assumes that the Higgs field H could be localized on the IR brane. The issue of localization
of a generic scalar field on thick-brane will be discussed in Sec. see also e.g. [42] [69, [T,
72, [73), (74, [75].

Case-ll: Lets now consider the case when the extremum position is in between the two thick-
branes such that 1 < ymax < ¥2, in that case corresponding values of A’(y) (3.65)) in the brane

limit are given by,

ﬁ)\l y<un
Ay) =10 1 <y <y2 (3.77)

—ﬁ)\z Yy >Y2
This situation is interesting since the 4D graviton is now normalizable and it is localized in
between the two positive branes. However in this scenario the hierarchy problem can not be

solved since there is no warping in between the two branes which is manifest in Fig. [3.5} (left

panel). The two positive branes set-up is now similar to the single brane RS-2 [23].

Case-lll: Now we consider the scenario with extremum located to the left of the left brane or

to the right of the right brane, so Ymax < Y1 O Ymax > y2. For the case when the extremum
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3.2. Modeling branes with scalar fields minimally coupled to gravity

/'f Y1 < Ymax < Y2 ﬁ\ Ymax < Y1
—_ €2A(y> _ 82A<y
— V]pa(y)] _ V]$a(y)] /\\
- Ap . Ay
\ )
~N
\
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Figure 3.5.: The left-graph shows the warped factor €24, the bulk cosmological constant A and the
potential V[p(y)] for y1 < Ymax < y2 while the right-graph for ymax < y1. Parameters
chosen: f =2 and k1 = ko = 1.

lies to the left of y1, in the brane limit, A’(y) (3.65) is given by,

0 y <y
Ay) =13 —mmh y<y<w
—ﬁ ()\1-1-)\2) Y > Yo

(3.78)

In this case we have Minkowski background to left of the brane located at y; which could
be called the UV brane, however to the right of this brane we have the warped geometry,
so that the hierarchy problem could be approached in the same way as it was discussed for
the case-I1. It is worth mentioning that similar geometrical configuration was considered by
Gregory, Rubakov, Sibiryakov (GRS) [37] with singular branes. The important difference is
that GRS model have one positive and one negative tension D3-brane while in our case the
both branes are made out of scalar field which mimics two positive tension branes in the brane
limit. Numerical results for corresponding thick-branes are shown in Fig. [3.5} (right panel). We
would like to comment here that even though this scenario addresses the hierarchy problem,
it does not have the normalizable 4D graviton, for details see Sec. Similarly the other
possibility could be considered when the extremum position is to the right of the brane located

at yo2, i.e. With Ymax > 92, then in the brane limit the A’(y) is given by,

ﬁ (A1 +A2) Yy <y
Ay) =1 miph n<y<ys (3.79)
0 Y >y

So in this case geometry to the right of the brane at o is Minkowski.

In Table we summarize results for the cosmological constant in the brane limit, the

regions I, IT and IIT are defined as y < y1, y1 < y < y2 and y > yo, respectively.
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3. Brane modeling in warped extra dimension

Location of ymax Region-I Region-I1 Region-II1

Y1 < Ymax < Y2 —sanM 0 VALY
Ymax < Y1 0 —ﬁ/\% —ﬁ (A1 + Xo)?
Ymax > Y2 —ﬁ (A1 + Xo)? —ﬁ)\% 0

Table 3.1.: The bulk cosmological constant Ap when Ymax # ¥1,2-

In all the above cases, in the brane limit, the A’(y) have discontinuities at the brane locations

y =1 and y = yo. The discontinuities (or jump) are as follows

1, 1

[A/]yl = —97]\4_3/4/1 = —m)\l Yy =1y, (380)
1 1
(AT = =gy K== 12073 v (3:81)

A jump in A'(y) implies that A”(y) have delta-like singularity, which is consistent with the
equation of motion ([3.64)), in fact one can also obtain the above jump conditions by integrating
Eq. (3.64) from y; — € to y; + € and then matching the coefficients of delta functions.

3.2.3. Triple Z,-symmetric thick-brane model

In this subsection we consider a scalar field profile such that it corresponds to three Zo sym-
metric thick-branes at locations ¥y = yyy and y = +yrr. They are supposed to mimic three
positive-tension branes in the brane limit and the gravity would be localized at y = yyv,
whereas if we assume that the SM fields in particular Higgs field is localized at y = +y;r such
that the distance is tuned in such a way that one can solve the hierarchy problem as we have
shown in the two thick-brane case. This Zs symmetric thick-brane setup mimics the IR-UV-IR
model presented in Sec. but there are some key differences which we enlist at the end of
this subsection. To construct a triple thick-brane scenario the scalar profile ¢3(y) could be

chosen as,

¢3(y) = KUT; tanh (8(y — yov)) + HITZ tanh (B(y — yrr)) + MT; tanh (8(y + yrr)), (3.82)

where [ is the thickness controlling parameter and kv rr are the brane tension (strength)
parameters. Using the superpotential method as described above the superpotential W (¢)

could be written as a function of y as follows:

Wloao)] = wy (tanh(5ty — wov)) — 3 tan’[5(0 — ) )

e (sanbl0 — )] - st {30y — 1))

+ K (tanh[ﬁ(y +yIr)] — %tanh?’ By + y[R)]) ) (3.83)
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3.2. Modeling branes with scalar fields minimally coupled to gravity
where in deriving Eq. (3.83]) we assume that the cross terms are negligible as far as 3 is large
and/or the separation “L = |yrr — yuy|” between the two thick-branes is large such that,

/ ay 2BKUVKIR ~0
cosh? (B(y — yuv)) cosh? (B(y + yir))

After obtaining the superpotential W (y) we have A’(y) from Eq. (3.33)), i.e.

1

Ay) = 5 Wos(v)] (3.84)

The integration constant is fixed by the requirement that W(yyy) = 0, i.e. A(y) has a
maximum at y = yyy, which implies that the graviton zero-mode is localized at y = yyy. The
warp factor A(y) can be found from the above equation by integrating Eq. (3.84]) w.r.t. y, i.e.

1

1
_ 2

e
+ K2 1
IR\ cosh? (B(y — ym))

+/€%R (COSh2 (5(]2_/ T y[R)) —1In COSh4 (5(3/ + y[R))>] , (385)

— In cosh* (B(y - Z/UV)))

— In cosh* (/B(ZU - yIR)))

where the integration constant is fixed by the requiring that A(yyy) = 0. Note that far away
from the thick-branes the warp function is asymptotically AdS, i.e. like RS form [22] 23]

1 (4
2407 (3
form of A(y), for all values of y in the brane limit when 8 — oo, which discuss below.

where k = k2, 4+ 8k2,). Tt is easy to see that we get the same behavior, i.e. the RS
Uuv T 3MR Y g

To understand how the above scalar field ¢3(y) profile is dynamically generating three pos-

itive tension branes, let us take the brane limit of the scalar field action, i.e.
. 1
Sgs = — Bh_?;o da®/ _Q{QQMNVM¢3VN¢3 + V(¢3)},
== / de\/jg{)\UV(s(y —yuv) + ArO(Y — y1r) + Air(Y + yIR) + AB(Z/)}: (3.87)

where A\pvir = %”2UV 7R are the respective brane tensions at each brane located at y = yyv
and y = yrr and Ap(y) is the bulk cosmological constant given by:

-1

2
Ap(y) = SYIVE [)\UV sgn(y — yov)) + Arrsgn(y — yrr)) + Arrsgn(y + yIR))} . (3.88)

It is worth showing how the thick-branes are generated, in left panel of Fig. [3.6] we have
plotted, scalar field profile ¢3(y), the energy density Too = €24 ((bff /24 V(d))) corresponding to
the profile and the localized energy density e2A¢32. The right panel of Fig. illustrates the
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Figure 3.6.: The left-graph shows the shape of the scalar field profile, the corresponding energy density
Too and also the localized energy density e?4¢4? for the Case-I with f = 2 and x; =
ko = 1, whereas, the right-graph illustrates the shape of the warped factor e24, the bulk
cosmological constant Ap and the potential V{¢ps(y)] for the case-I when the maxima of the
warp factor is located on the thick-brane, i.e. ymax = y1-

shape of the warp factor €24, scalar potential V[¢3(y)] and the shape of bulk energy density

(cosmological constant) Ag(y).

In what follows we will find analytic solutions for the three positive tension branes in the
brane limit (5 — 00) and we take yyy = 0. In the brane limit the smooth solution of A’(y)
(13.84) will take the following form,

1
Aly) = YV [AUV sgn(y) + Arrsgn(y — yrr) + A\rrsgn(y + yir) |,
24M3 | (Apy + 2\1R) sgn(y) ly|>L "’

where L is the distance between the UV and IR branes. The explicit form of the warp function

A(y) in the brane limit:

AW =~ o M. (390
24M | (Awv + 2A1R)|Y| ly| > L

It is important comment here that the above Zo symmetric triple thick-brane model resembles
the IR-UV-IR model presented in Sec. but there are some key differences between the two
scenarios:

e First, the IR-UV-IR model presented in Sec.[2.2]is an interval from —L < y < L, whereas
the Zs symmetric thick-brane has infinite extra dimension, i.e. y — +oo0.

e Second, the IR-UV-IR model presented in Sec. [2.2] has negative tensions branes located
at end points of the interval, whereas in the brane limit the thick-brane model mimics
the positive tension branes.

e Third, the IR-UV-IR model of Sec. has a mass gap as it is compactified, whereas
the thick-brane counterpart presented here has no mass gap so it is not clear how to

construct a viable low energy effective theory in this setup.
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3.2. Modeling branes with scalar fields minimally coupled to gravity

3.2.4. Dilatonic thick-brane

In the previous subsections we have adopted the strategy of constructing a thick-brane model
by considering a particular kink-like profile of the scalar field and then using the superpotential
method to find the warp-function and the scalar potential. In this subsection we will briefly
present an example, which will be relevant for the next chapter in the context of thick-brane
cosmology, where we start with a particular form of the superpotential W (¢) and then using
Eqgs. (3.32) and we find the scalar field profile, warp-function and the scalar potential.
We focus on the following form of dilatonic superpotential W (¢):

W () = Woexp [ ¢}, (3.91)

7
AN %3/2
where Wy and v are constants and, as we will see, the different values of dimensionless constant

~ will correspond to classes of different solutions. The resulting scalar potential V (¢) is,

W2 2 2 _
VO =g (Vs B 3) e |37t (3:92)

The scalar field ¢(y) and the warped function A(y) obtained from Eq. (3.33]) are

4M$’/2 2

o) ==t (1 Wy ) (3.93)
16M3 2

Aly) == 5" In <1+167]\43W0y>. (3.94)

The above result (3.92)-(3.93|) and (3.94) represents a class of solutions parameterized by .
For v = :l:\/g along with 4M2 = 1, we recover our results found in Eqgs. (4.82)-(#.83) and

(4.84) for Wy = 3byg. Whereas, for v = i\/g we recover the linear dilaton solution discussed
by Antoniadis et al. [76]. It is instructive to notice that the metric given by Eq. (11) of Ref.
[76] coincides with (3.94) for a = W.

3.2.5. Generalized thick-branes

In this subsection we consider a general case for the background scalar field. We are going to
show that even without a priori defined shape of the scalar field profile, the thin brane general-
ized RS2 relation between the brane tension A and the bulk cosmological constants A
is reproduced in the brane limit under certain mild assumptions. In other words the relation
is independent of the function adopted to regularize (smooth) a thin brane. For this purpose

we consider the following general form of the scalar background field,

_ %0(By)
N

where  will turn out to be the thickness controlling parameter. We assume that ¢o(By) is

o(y) (3.95)

monotonic, and (\/B%(ﬂy))Q is an integrable function of y 3. We employ the superpotential

3Tt is interesting to notice that this condition is equivalent to the normalizability of one of the two scalar zero
modes (spin zero fluctuations around the background solution (3.34) and (3.56)) related to the shift along the
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3. Brane modeling in warped extra dimension

method described above.

Let us consider the scalar field action

Sy = —/dm5\/fg {;QMNVM¢VN¢ + V(¢)}

Jenia{ ()

=- / d’z\/—g {¢'2 -5 ]\143 ( /0 ’ (¢'(7) dg + WO>2} : (3.96)

where V(¢) and W (¢) are obtained from Egs. (3.32) and (3.33)), respectively. Since W} is an

arbitrary integration constant the lower integration limit could be chosen at § = 0 without

compromising generality. After using equation (3.95)) and changing variables from § — Sy one
gets

2
1 2 1 By \2 4~
So=— [ dav=g{ 5m) - g ([ @)+ w) §. @)
/B 6M>|< 0
From the above scalar field action, one finds that in the brane limit, i.e. § — oc:

e The integrand (gb{)(ﬁy))Q /B converges to zero everywhere except y = 0 (as the function
is integrable) therefore the first term above approaches —Ad(y), with

+oo
A= / (60(3)%d7,

where §(y) is the Dirac delta function.

e The second term converges to a sum of contributions to bulk cosmological constants
—A4O(y) — A_O(—y), where

Ay = —Glm ( /0 " (@) g+ Wo>2 (3.98)
- —Glm (— / io (6(5))%dj + W0>2- (3.99)

Equations (3.98))-(3.99) imply that in order to reproduce the generalized RS2 relation ((2.42))
the following inequality must hold

V603 <\/—A+ - \/—A_> <\ (3.100)

Note that this is the same condition that was limiting the splitting between the cosmological

constants which was obtained in Sec. Therefore we conclude that regardless what is the

choice of the scalars profile, only those thin brane models could be obtained in the brane limit

extra dimension y — y + const., for more details see [I].
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for which (3.100)) is satisfied. It is easy to see that if Wy is chosen as

/ 2 Hoo / 2
GRS T dy), (3.101)

WOZ\/%<\/I—\/I>+;</O

then indeed

A = \/6M3 <\/—A+ + \/—A,) . (3.102)
Thus we recover the result (2.42)) for our generalized RS2 model. It is worth to rephrase the

above result as follows. For any given thin brane model to be reproduced in the brane limit
and any profile of the scalar field ¢o(y) (monotonic with (¢, (y))2 integrable), the Eq. (3.101))
provides the choice of the integration constant Wy which guaranties that the condition ([2.42))
holds.

In the case of the kink-like profile considered in Sec. (¢6(y))2 was an even function
of y therefore Wy reduces to the value adopted in (3.43). Of course, if we limit ourself to the

Zy-symmetric case, Wy must vanish as in order to mimic standard RS2.

3.3. Localization of a scalar field on a thick-brane

As we have seen in the previous section in order to solve the hierarchy problem within thick-
brane scenarios one needs to localized the Higgs field on the thick-brane. In this section we
will investigate the issue of localization of a scalar field £(y) on top of a bulk scalar field
(kink-like profile) ¢(y) which mimics the branes. We consider a scalar field localization on the
thick-brane through the localized interactions with the scalar field which mimics the branes.
Since the scalar field £(y) can also contribute to the background solution so we must take into
account the back reaction of the scalar field £(y). The action for the proposed setup can be

written as,
S = / d®\/—g {2M3R - %f(&)gMNquﬁvw - %gMNvMstf - V(g 5)} . (3.103)

where f(§) is a general function of &, later we will limit ourselves to the particular form this

function. The Einstein’s equations and the equation of motion for ¢ and &, resulting from the

action (3.103)) are

Run — %QMNR = 4]\14§TMN, (3.104)
2 af(f) o ov _
FOV7e+ ng ¢ — 96 0, (3.105)
2, 1 2 0f(§) OV _
ViE=5 (Vo) 5% "o =0 (3.106)

where V? is 5D covariant d’Alambertion operator and the energy-momentum tensor Tysy for
the scalar field ¢(y) is,

Tun = F€VaoVné + Vi€ne — g | 2 (VP + (Ve + V(6.6)| . (310)
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3. Brane modeling in warped extra dimension

From the Einstein equations (3.104)), (3.105) and (3.106f), one can get the following equations
of motion for the metric ansatz (|1.2])

UMY = LES) + (€)= V(6,6), (3.108)

1MEA" £ UMIAY =~ FO@) — (€2 - V(6,0 (3109)

16 (0" +146) + L - 20 o (3.110)
1! !¢ /28f(£) av

¢ 4 4AE — §¢ e~ 9 =" (3.111)

We assume that the scalar potential V (¢, &) could be expressed in terms of the superpotential

1 1 W (6,6\* | 1(OW(,6\* 1 >
where W (¢, §) satisfies the following relations,
r_ 1 0W(9,§) ,_ OW(9,§) P

To see how this superpotential method or the choice of the potential V (¢, ) (3.112)) satisfies
the set of the equations of motion m let us consider these equatlons one by one.
The first equation (3.108)) is just the definition of the potential (3.112)) and to see how the

second equation (3.109)) is satisfied one can subtract the Eq. (3.108) from Eq. (3.109) and get,
12M7 A" = —f(€)(¢')* — (€)% (3.114)

The above equation is identically satisfied by the virtue of Eq. (3.113)). Now to see if the above

potential and superpotential choices can satisfy the equation of motion for the scalar field ¢(y)

(3.110]), we take the partial derivative of the V (¢, &) (3.112)) w.r.t. ¢(y) as

oV 9 (1.1 (aW()\® 1 [/aW($,9\* 1 2
8¢_6¢<2f(§)< ) +3(Tae?) _6Mfw(¢’5)>’
1 OWOPW oW OPW 1 vl
T () 96 097 ¢ dpdE  3MP 05
f(©) .

= f(&) (¢" +4A4¢) + —55 ¢, (3.115)

where in the last line of the above equation we have used constraints that superpotential
W (¢, &) have to satisfy from Eq. (3.113)) and also the fact that,

-4 ().

B [%w aJ (f(lf) o 8)’
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3.3. Localization of a scalar field on a thick-brane

1 PW(e) ,, 1 PW(E, 1 (),
T 0w CTH© o0 T F@ o o (3:110)
such that the first two terms of second line in Eq. are,
1 oW O*W oW 9*W , o Of(§) .,
7€ 06 00 og asoe 10 T Tag (8.117)

Equation ([3.115)) shows that the choice of potential V' (¢, &) (3.112]) and superpotential W (¢, ),
satisfying the constraints in Eq. (3.113)), satisfies the equation of motion for the scalar field ¢.

Similarly below we will repeat the same procedure to show that the potential V' (¢, &) (3.112))
and superpotential W (¢, £) satisfies the equation of motion for the scalar field £(y) (3.111)). To
show that we take the partial derivative of the V (¢, ) (3.112)) w.r.t. {(y) as,

vV o (1 1 [aW(p,6)\° 1 [aW(s,6)\° 1 )
&{‘%<2ﬂ@< 55) *3(MaeY) o)

1 OWRW 1 1 9f(9) (aw>2+awa2w_ 1 oW
O f(€) 99 990 2 f2(¢) 06\ ¢ o6 o0&  3M3 T 0¢

g A — ;32(;) 2, (3.118)

where,

d (i<awwao>

"_ no_ /2 /2 oW (¢,€)
== {w+8J<a¢>’

e
_PW(e,8) , | PW(h,E),,
= —9e0¢ ¢+ a¢2 £,

L oW PW  OW 9*W
f(&) 0p 0¢os 06 0%

such that we get the last line in Eq. (3.118). Hence we have shown that the superpotential
method works elegantly and it solves all the equations of motion as long as the superpotential
W (¢, &) fulfills the conditions defined in Eq. (3.113).

(3.119)

Now we can make an ansatz for the superpotential W (¢, ) such that our scalar field ¢(y)

can have a kink-like solutions. For this purpose we can make the following ansatz for the

W(9,¢),
W(¢,§) = W(9)f(E), (3.120)

where,
B
W(o) = nv/Fo (1= 1750%). (3.121)
For simplicity, we assume that f(§) is quadratic in £ field, such that,

[ =1- %aﬁ (3.122)

where « is a constant « € [0,1]. It is important to note that o = 0 is the case when there is

47



3. Brane modeling in warped extra dimension
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Figure 3.7.: The left graph shows the profiles of the scalar fields ¢(y), £(y), superpotential W (¢, &) and
potential V(¢, ) as a function of y for « = 0 (weak localization), whereas, the right graph
shows the same but for o = 1 (strong localization) with Kk = M, =1 and 8 = 2.

no direct coupling of the scalar field £(y) with the kink ¢(y), where as the a = 1 sets a strong

coupling between the two scalar fields. Hence the superpotential is given by,

= k\/Bo (1 — 2¢2> ( ;oﬁ), (3.123)

Now we can determine the forms of the scalar fields ¢(y) and £(y) from Eq. ( m as:

o(y) = % tanh(By), (3.124)
g(y) _ goe—afdyW(qS) _ goe—a%(lncosh4(,3y)+tanh2(5y))’ (3.125)

where & is the value of £(y) at y = 0. For the superpotential defined in Eq. (3.123) one can
write the explicit form of the warped function A(y) after integrating Eq. (3.123]) (we fixed the
integration constant such that A(0) = 0),
2 2
___k 2 4 1 | %5 (tanh?(8y)+1n cosh? (3y)
Aly) = RCIVER (tanh*(By) + Incosh®(By)) — YR [e 3 (tanh®(By)tnco®(5) _ 1 (3.126)

The profiles of the scalar fields ¢(y) and £(y) and shapes of the superpotential W (¢, &) and
the potential V (¢, ) are plotted as a function of y shown in Fig. for « = 0,1. The form of
potential V (¢, &) for the given superpotential W (¢, ) (3.123) is given by,

B? § 2 L 1045322 22
V(9.6 = W<5—¢) (1—2a§> ¢€(5 ¢)

3 2 2
54L352¢ < 7 ¢2) <1—;a£2> . (3.127)

3.4. Stability of the background solutions

In this section our focus is to show that the scalar, vector and tensor perturbations in the

context of thick-brane models do not lead to destabilization of the setup. We will show that
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3.4. Stability of the background solutions
the 4D effective gravity on the thick-brane could be recovered and the background solutions

found earlier for different thick-brane models are stable. We will adopt most the general results

from Appendix [A]in this section.

3.4.1. Scalar perturbations

The linearized field equations corresponding to the scalar modes of the perturbation are given
by Egs. (A.56), (A.58)) and (A.59), i.e.

1
6A'0,1) + 30,9 = Mgb, L0, (3.128)
- 0%V (¢) oV (9)
2AM(4) " 1 el _
e “O%p+¢" +4A'p 952 o — 60"y —4 96 0, (3.129)
_ 1
"+ 24 — e72A0Wy = 67M$’¢/(pl' (3.130)

One can integrate Eq. (3.128)) over x-coordinates and get the following equation,

1

A/ /:
64V +3¢ = o

¢'p, (3.131)

where we have put the y-dependent integration constant to zero by the requirement that the
perturbations vanish at 4D infinities. It is more convenient to use the conformal frame where
the metric can be written as in Eq. (2.46)), i.e.

ds? = ¢?A() (Muwdatdz” + dz?), (3.132)

with z defined through dz = e=4®)dy. Hence, in the new coordinates our equations of motion

(13.129)-(3.131)) take the following form,

, o’V - ov
OWep + ¢+ 34¢ — 62/‘(%(2@90 — 6 — 462A8f)¢ =0, (3.133)
. 1 .
)+ Ay — Oy = 67]\43@07 (3.134)
. . 1 .
24¢ + 4 = W@Pa (3.135)

*

where the overdot represents derivative w.r.t. z-coordinate. First we solve Eq. (3.135) with

respect to ¢ and calculate ¢ as,

6= 12;\243 [(22&/} 424 + &) b — (2A¢ + zp') g'z;] , (3.136)

and then use it in (3.134)), so that we obtain an equation only for 1,

P+ (3A - 2?2) U+ <4A - 4Az + D(4)> Y =0. (3.137)
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3. Brane modeling in warped extra dimension

To convert this equation into the Schrodinger form it is instructive to remove the first derivative

terms of the perturbation ), to do so we redefine the scalar perturbations as,
Y(x,2) = e 4Oz, 2). (3.138)

Then the linearized field equation for the scalar perturbation v takes the following form,

o | 2420y Aio(2) 2 P =0W. (3.139)
4 2 ¢ ¢ ¢

We can further decompose the ¢ (z,z) into ¢(x, z) = ¥(x)(z), where () = €P* is a z-

independent plane wave such that D(4)7J)(m) = ngZAJ(:v), with —p? = m? being the 4D KK mass

of the fluctuation. So, with this field decomposition Eq. (3.139)) can be written as,

() + %/P - gzi + Az +2 <z> - Z B(2) = m2(2). (3.140)

The properties of this equation has also been explored in the past in the context of stability
and dynamics of radion in [43] [56, 57] and [58]. To develop some intuition concerning this
equations it is convenient to rewrite it in supersymmetric quantum mechanics form. For this
purpose we introduce an auxiliary function «(z) defined by

c2*Gg(2)

a(z) = W (3.141)

Now we can write the potential of the above equation in the following form,

Uy(z) = ZA? _ ;A+A§ +2 (?) _ 2 e ( ! ) —W2(2) —a(z),  (3.142)

o) o “\a(z)

where w(z) = 4(2)  Then we can rewrite the Eq. (3.140) in a supersymmetric quantum me-

— a(?)

chanics form as,

—020 + (W (2) —0(2)) ¥ = m*Y
At A = m%, (3.143)

where the operator A" and A are defined as,
Al = (=0(2) + w(2)), A= (3(2) + w(z)). (3.144)

The above supersymmetric form of the scalar perturbation equation (3.143|) guarantee that
there is no solution for 1) with m? < 0, hence the fluctuation 1) can not destabilize the back-

ground solution. The zero-mode for the scalar perturbation 1(z) can be obtained from (3.143)
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3.4. Stability of the background solutions

’ S S O
T R TS

It is important to note that the zero-mode for the scalar perturbation t(z) is not normal-

(3.145)

izable. As one can easily see from the above expression, v diverges when z — oo (then
$(z) = 0 and also e34() 5 0 for the scenarios considered in Sec. . Hence ¢o(x,z) =
eng(Z)gi}q/;(x)@Zo(z) = ) (2)e34(3) A(2) is not normalizable.

Although our main concern here is to verify the stability, nevertheless it is worth to check
the behavior of the potential at z — +o0o in order to see whether there is a mass gap in the
spectrum of scalar modes. From (3.142)) one can easily find the explicit form of the potential

as a function of z

7 3 ¢// ¢// 2 qb’”
2A[y(z 2
Uy () = 2Al()] —§A” + 1A' + 2A/g +2 <¢, - : (3.146)
y=y(2)
where y as a function of z could be determined from
y /
/ e WAy = 2(y) — 2(Ymax)- (3.147)

Ymax

If we limit ourself to the large y region and the integration constant ym.x is large enough, we
can use the asymptotic behavior of A = A(y) as in (3.57) then we find

1
y(z) ~ p In(kz + const.) (3.148)

where Kk =

ﬁ (%/@% + %H% — Wo). From (3.146]) we find that lim,_, 1o Uy(2) = 0 4, therefore
we conclude that the spectrum is continuous starting at m? = 0.

It is worth to comment on another possible zero mode solution. The theory that we are
discussing here is invariant with respect to a shift along the extra dimension: y — y + ¢,
therefore if a given metric gy n(z,y) and a scalar field ¢(z,y) are solutions of equations of

motion, then so are gyrn(x,y + €) and ¢(x,y + €). Expanding them around € = 0 one obtains

gun(z,y +€) = gun(@,y) + gun (@, y)'e + - - (3.149)

¢<$7y + 6) - ¢(1’,y) + ¢,($7y)6 ey
where ellipsis stand for higher powers in e. Since gyn(z,y + €) and ¢(x,y + €) and also
gun(z,y) and ¢(z,y) satisfy the equations of motion, therefore gy (z,y)" and ¢'(y) satisfy
linearized equations of motion. In our parameterizations of the perturbations, (A.17)-(A.19),

that corresponds to

Pz, y) = —A(y), o(z,y) = ¢'(y) and B=E=x=0 (3.150)

10f course, limy 40 Uy[2(y)] = 0, as well.
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3. Brane modeling in warped extra dimension

As ¢ and ¢ given by ([3.150)) correspond to modifications of the field configuration (that satisfies
the equations of motion) along the symmetry directions therefore it is supposed to be a zero
mode. Indeed, it could be verified explicitly that ¢ and ¢ given by (3.150|) satisfy linearized

Einstein equations (A.55)-(A.57) together with the scalar field equation of motion (A.16)). It
should be emphasized that in this case the relation 0,0, (2 — x) = 0 does not hold by the

virtue of 2¢p — x = 0, but by the fact that ¢(z,y) is xz-independent while y = 0. We will

not consider those modes any more since they do not depend on x and therefore can not be
localized in 4D.

3.4.2. Vector perturbations

The field equation obtained for the transverse vector mode of the perturbation, after integrating

Eq. (A.63)) w.r.t. z-coordinate, is,
o%We, =o, Cl, +24'C, =0, (3.151)

where we have set the integration constant to zero by using the fact that perturbations should
be localized in 4D so that they do vanish far away from sources. It is more intuitive to write
the vector perturbation in the conformal coordinates so that the results can be interpreted
easily. Therefore, in the conformal frame the equations of motion for the vector modes of the

perturbation take the form,
o®We, =o, ¢, +3AC, = 0. (3.152)

One can immediately notice from Eqs. (3.152)) that the vector modes of perturbations are

massless.

Since the Eq. (3.152)) is first order in z-derivatives so it can not be put into an elegant
Schrodinger like form as for the case of tensor and scalar modes. Therefore to see if these
modes are localized or not we have to find canonical normal modes of these perturbations from

the second order perturbation of the action [56], the result reads:
1 ~ ~
28y = / a3 (nﬂ”aucaa,,oa) , (3.153)

where, CN'M = e%ACM corresponds to the canonical normal mode. From Eq. (3.152)), one finds
that Cy(x,2) = C (z)e™34. So the canonical normal zero-mode of the vector perturbation can

be given as,

Cp=e 240, (2), (3.154)

where C’H satisfies the equation D(4)CA'#(x) = 0. As we will show in the next subsection, the

requirement of reproducing the General Relativity at low energies we had

M} = M? / dze3A). (3.155)
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3.4. Stability of the background solutions

Therefore the canonical normal vector modes can not be localized since the integral [ dze 342

must be divergent (as a consequence of the finiteness of the 4D Planck mass). Hence, the vector
modes of the perturbation are not localized and therefore they do not affect issue of stability.

3.4.3. Tensor perturbations and localization of gravity

In order to illustrate stability for tensor modes of our background solutions discussed in the
previous section, we will use most of the general results obtained in Sec. The only difference

will be that here we will use the warp-function A(y) obtained for the thick-brane models.

We employ the tensor perturbations of the form given by Eq. (2.43]) and then after changing
to the conformal coordinates the tensor perturbation follow equation of motion (2.47)), i.e.

(33 +34(2)0, + D<4>) H,(z) = 0. (3.156)

To put the above equation in the Schrodinger equation form we redefine of the tensor fluctuation

as
Ho(z,2) =420, (x, 2), (3.157)

which transforms the Eq. (3.156]) into the form of the Schrédinger equation,

<a§ - %A%z) _ gA(z) + D(4)) (2, 2) = 0. (3.158)

Similarly to Sec. we can KK-decompose the H w (2, 2) into the x and z dependent parts as:

Hyy(2,2) = Hyp () Hn(2), (3.159)

where we consider the 4D plane wave solutions for lﬁInW(x), i.e. Hpu(z) o< eP® such that
OWH,,,(2) = m2 Hyp(2), with —p2 = m2 being the 4D KK mass of the tensor mode.

Recalling the results from Sec. the zero-mode wave-function for tensor perturbation
Hy(z) reads:

Ho(z) = e34G), (3.160)

In Fig. we have plotted the zero-mode wave-function of tensor perturbations (3.160) and
the Schrodinger-like potential V(z) Eq. (2.52)), i.e.

V(z) = %A%z) + ZA(Z). (3.161)

for the single thick-brane (a)symmetric warp-function Afy(z)] Eq. (3.47) for Wy = 0 and
Wy = 0.5M2. Figureshows the plots of the zero-mode wave-function of tensor perturbations
Hy(z) and the Schrédinger-like potential V(z) for the double thick-brane with warp-function

Aly(z)] given by Eq. (3.56|) for different cases of Sec.
For massive KK modes we need to solve Eq. (2.51)) with m? # 0. For large z the potential
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3. Brane modeling in warped extra dimension

1)/\
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Figure 3.8.: The left graph shows the behavior of the zero-mode for tensor perturbations Hy(z) and
the Schrodinger-like potential V(z) as a function of z for the Zy symmetric case Wy = 0,
whereas, the right graph shows the same for asymmetric case with Wy = 0.5M2 for M, = 1,
S =2and k= 3.
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Figure 3.9.: These graphs illustrate the shape of the quantum mechanics potential V(z) in gray for all
the scenarios that we have considered in Sec. and the corresponding shape of the
zero-mode (4D graviton) in black curve. Parameters chosen: 8 =2, k; = 3 and k2 = 1.

U(z) goes to zero for the case (i) and (ii) as shown in Fig.|3.9| (upper left) and (upper right),
so Eq. (2.51)) reduces to one dimensional Klein-Gordon (KG) equation, i.e.

(02 +m2) Hy(z) = 0. (3.162)

Therefore in the large z limit, we expect,

H,(z) = c1 cos(mpz) + casin(mpz), (3.163)

where ¢; and co are constants. Therefore the massive KK modes are plane wave normaliz-
able and we have a continuum spectrum of KK states for the case-I and case-II discussed in

Sec. 3.2.2

One can make the following comments resulting from the profile of the zero-mode for tensor
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3.4. Stability of the background solutions

perturbations Hy(z) and the Schrédinger-like potential V(z) shown in Fig. 3.8

e The zero-mode Hy(z) implies that

/dzHg(z) = /dzeSA(Z) = /dyeQA(y) < 00, (3.164)

therefore Hy(z) is normalizable and it turns out that the effective 4D Planck mass Mgl

is finite, hence the effective 4D gravity can be reproduced for the thick-brane case.

e AsV(z) — 0 as |z| — oo, therefore the KK-mass spectrum is continuous without a gap

and it starts from mg = 0.

e The (asymmetric) volcano-like shape of V(z) in Fig. suggests that at large z the wave

function of massive KK modes should have a plane wave behaviour.

e The presence of the large barriers near the thick-brane (z=0) implies that corrections to

the Newton’s law due to continuum spectrum of the KK modes will not be large [39] [40].

Before closing this subsection we will briefly comment on the effective 4D gravity. We are
going to estimate the effective 4D Plank mass and discuss the localization of the zero-mode
of the perturbation and then corrections to the Newton’s potential due to the massive KK
modes. To calculate the 4D Plank mass it is important to note that Eq. only involves
2nd derivatives of the metric perturbation ]:IW(:L", z). This is related to the fact that in the

action these fluctuations have the following canonical kinetic term
SD Mf/d4xdz8MﬁW(x,z)8MﬁW(x, z), (3.165)

where the indices are contracted with the 5D Minkowski metric npsx. Using the KK-decomposition
of ijm,(a:, z), Eq. (3.159)), the above equation takes the form

S5 MP / d=H2(2) / 0 Elopy ()07 HI™ (2) + - - - (3.166)

where the ellipses represent the non-zero KK-modes. Now we can read out the effective 4D

linearized gravity as,
S5 M2 / 0420 o ()07 HP () + - | (3.167)
where Mp is the effective 4D Planck mass, i.e.
M3, = M3 / dzHZ(2), (3.168)

where Flo(z) satisfies the supersymmetric quantum mechanic equation for m% =0. In
order to reproduce the standard 4D General Relativity, Mf2>1 must be finite, in other words
Hy(z) must be normalizable. It is easy to see from that indeed Ho(z) is normalizable for
different scenarios considered in Sec. for which the warp function A(y) posses the following
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3. Brane modeling in warped extra dimension

asymptotic behavior (see Egs. (3.70]) and (3.79))),

Ally) <0 as y— oo, (3.169)
A(y) >0 as y— —cc. (3.170)

The above implies that

/dzﬁg(z) = /dzeSA(z) = /dyezA(y) < 00, (3.171)

therefore Hy(z) is normalizable [see also Fig. [3.9| (upper left) and (upper right)] and M3, is
finite for the case-I and case-II of Sec.[3.2.2 The situation for the case-III of Sec. 3.2.2] is far
more complicated, as there neither we have the finite 4D effect Planck mass nor we have a
normalizable zero-mode, see Fig. |3.9| (lower left) and (lower right). However, as it was pointed
out for similar singular brane set-up (GRS [37]), the effective 4D gravity on the brane can be
reproduced and we could have the quasi-localized gravity [38, [40, [77, [41].

3.5. Summary

In this chapter we consider the dynamical mechanism of generating singular branes in warped
extra dimensions [1l 2, B, 4]. A possibility of periodic extra dimension is discussed in the
presence of non-minimal scalar-gravity coupling and a generalized Gibbons-Kallosh-Linde sum
rule is found in Sec. In order to avoid constraints imposed by periodicity, a non-compact
spatial extra dimension is considered in Sec. and different thick-brane models have been
constructed with scalar fields. In particular, we considered four scenario: (i) an asymmetric
thick-brane model which mimics generalized RS2 model presented in Sec. in the brane limit
[2, B; (i) a double thick-brane model which allows the possibility to address the hierarchy
problem within the context of thick-branes [I]; (4ii) a Zs symmetric thick-brane setup which,
in the brane limit, mimics three positive tension branes; and (iv) a dilatonic thick-brane [4].
In Sec. an issue of localization of a scalar field on thick-brane is addressed. Stability
of the background solutions was discussed and verified in the presence of the most general
perturbations of the metric and the scalar field in Sec.
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CHAPTER 4

THICK-BRANE COSMOLOGY

The cosmological implications of the extra dimensions, and in particular to that of RS models,
have been studied in detail by many groups [78, [79] 80, 8T, 82, 83], 84} 85, 86]. We will briefly
review the brane-world cosmology within the context of RS models in Sec. The main
purpose of this chapter is to study the cosmology of models where singular branes are replaced
by regularized counterparts, the thick-branes which were discussed in detail in the previous
chapter. Here we will confine ourself to the cosmology of RS2 and its thick-brane version.
There have been only few studies in this direction, where the smooth/thick brane cosmological
implications have been discussed [87, 88, [89]. In Sec. we employ a scalar field, which
constitutes the thick-brane, with and without time-dependence in the presence of 5D gravity

and study the cosmological evolution of the 5D background solutions.

4.1. Brane-world cosmology: a brief review

In this section we review some of the results from brane-world cosmology in particular we focus
on RS2 cosmology [78, [79] 80, 81, 82]. The goal of this section is to show that RS2 model gives

the cosmological evolution of scale factor nearly same as in the standard 4D FRW cosmology.

The most general 5D metric, with 3-spatial dimensions, homogeneous and isotropic can be

written as
ds? = —nQ(t, y)dt2 + a2(t, y)gijdmidxj + b2(t, y)dyQ, (4.1)

where g;; is the 3-dimensional spatial metric. The Einstein equations are given by L

1
Ryn — igMNR =Tun, (4.2)

where Thsn is the energy-momentum tensor, Ry;y is the 5D Ricci tensor and R is the corre-

In this chapter we will use the unit system such that 4M32 = 1.
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4. Thick-brane cosmology

sponding Ricci scalar. The energy momentum tensor can be decomposed into two parts,
T =T + T, (4.3)

where the T]]\\f is the bulk energy-momentum tensor and Tf\\f is the brane localized energy
momentum tensor. The bulk and brane localized energy-momentum tensors in RS2 have the

following forms:

Tn' = — (A, A, A, Ap, Ap), (4.4)
A 0

Above Ap is the bulk cosmological constant, A\ is the brane tension, p is the energy density
due to matter source on the brane and p is the corresponding pressure on the brane due to the
matter source. We consider the equation of state as p = wp, with constant w. Components of
the Einstein equation corresponding to the metric (4.1]) can be written as,

W, Bfafa B\ wpe (e v
' n2lal\a b b2 | a a \a b
! / / i " "
ij { (a ")—b("+2“>+2“+n}
a b\n a a n
1 . . 7 . . . 7
{a<a+2>+b<n—2a>—2a—b}=—AB+5(y)(/\+p), (4.7)
n a b
/17 /- -/
05 - 3 <“b+"a — a) =0, (4.8)
ab na a

3Td (d 0 ¥ (da afa n
: Slafa wy b fa afa w0 4,
5 b2 [a <a+n> nQ{a+a<a n)}] Ap (4.9)

One can recover the effective 4D equation of energy momentum conservation on the brane from

:AB+5(by)()\+p), (4.6)

a
a

the Bianchi identity V MG]\N/[ = 0 and the 05-component of Einstein equation as
: ao
p+3(p+p) =0, (4.10)
0

where ag is the value of a(t,y) at y = 0. Matching the delta functions in the 00 and ij

components of the Einstein equations one gets the following jumps in d'(t,y) and n'(t,y),

EZ)})S N _%(/\er)’ EZ)Z])S = g(/\ﬂ) + (A +p). (4.11)

Now we take the jump of the 55 component of the Einstein equations to get

@], {a }o Lo {1} | L]oda}e _ (4.12)

an 2 ao no 2 no ag
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4.1. Brane-world cosmology: a brief review
After using the values of the jumps from Eq. (4.11]), the above expression gives,
{a'} 1 {rn'}
——0(x =-(A+p—" 4.13
o +p) = 5+ ) (4.13)

By using the fact that there is no energy-momentum flow along the extra dimension, i.e.
Tos = 0, one can get the 00 and 55 components of Einstein equation (4.6) and (4.9)) in the bulk
as (using Gos = 0):

F = 2‘1;&3 70, (4.14)
= 2‘?3 5, (4.15)

where F' is a function of ¢ and y, given by
F(ty) = (@af _ (aa) (4.16)

where T§) = — (A B+ %y)()\ + p)) and TP = —Ap. We can integrate Einstein equation (4.15)

w.r.t. ¢ to get,
4

F(t,y) = _%AB +C(y), (4.17)

where C(y) is constant w.r.t. ¢ but in general it is a function of y. To figure out the exact form
of C(y), we plugin the solution of F(t,y) in Eq. (4.14]) and we get,

24’ a3
C'(y) = — 3 P00W); (4.18)

which implies that C’'(y) = 0 for y # 0, such that C is a constant and at y = 0, C(y) has the

following jump:

CL3
Cy)], = —zbgpo{a’}o, (4.19)

and if we use the fact that the scale factor is Z symmetric then {a’}o = 0, implying that C is
a constant everywhere both w.r.t. ¢ and y. Hence the Eq. (4.17)) can be written explicitly in

more familiar form of the Friedmann type equation,

. 2 I\ 2
a Ap a C
— ] == — ] - —=. 4.20
(na) 6 (ba) at (4.20)
Since we are interested in cosmological evolution of the scale factor on the brane therefore we
take the average of the Friedmann-like equation (4.20) to get,

2 2
a \'_As 1)) (1)) ¢ (4.21)
nopao 6 4\ boag boag at’ .

After using the jump [a’]o from Eq. (4.11) and average value of {a’ (y)}o = 0 (due to Zq
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4. Thick-brane cosmology

symmetry in scale factor) the Friedmann equation (4.21)) on the brane can be written as,

. 2
ag AB 1 2 C
D) ==2B = 4.22
(&) =%+ 50+0 aé (1.22)

Above we set ng = 1 (value of n on the brane) and impose the Zy symmetry, i.e. a(t,y) is
a function of |y|. Now by using the RS2 relation between the bulk cosmological constant Ap
and the brane tension A, i.e. A = /—6Ap, and the fact that p < A, one recovers the usual

behavior of the Hubble parameter H = ag/ap on the brane, i.e.
a\> 1 1 C
DY) - a4+ =2 2 4.23
<a0> 736" T d (423)

Hence the cosmology resulted from the RS2 model is nearly 4D FRW cosmology with small

corrections when the matter energy density p is much smaller than the brane tension .

4.2. Thick brane cosmological solutions
In this section our goal is to study cosmological evolution of the scale-factor and Hubble
parameter with a dynamical background scalar field.

We will consider 5D space-time for which the metric takes the following (4D conformal)
form,

ds* = a*(1,y)gudztdz” + dy?, (4.24)

where x# are 4D coordinates while g,,,, is the 4D metric that we take as the usual Robertson-
Walker metric. The function a(7,y) is a scale factor which depends on the 4D conformal time
7 and 5th dimension y; we will also refer to it as a warp factor because of its y-dependence.

The action for scalar field in the presence of 5D gravity reads,

R 1
5= [arv=g{E - 3 VuoTvo - Vo) | (4.25)
We assume that the scalar field ¢ depends exclusively on conformal time 7 and the extra
coordinate y; V(¢) is the potential for the scalar field.

The Einstein equation and the equation of motion for ¢ resulting from the above action

[23) are

1
Ryn — QQMNR =Twun, (4.26)
av
V2 —— =0 4.27
¢ i , (4.27)

where energy-momentum tensor Ty for the scalar field ¢(7,y) is given by Eq. (3.28)), i.e.

i = VardVxo — guew 3(V67 +V(6)). (4.29
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4.2. Thick brane cosmological solutions

The explicit form of the components of the Einstein equation for the metric ansatz (4.24)) can

be written as,

00 : 3 [;Zi - <°Z + C;j) + (ﬂ = %qﬁ’? + %%dﬁ +V(9), (4.29)

g LB () E L Wi
S

05 : ) ZZ - % = §¢’¢, (4.31)

55 | b r T (T

where kK = 0, =+ 1 denotes the spatial curvature of the 4D homogeneous and isotropic space-
time for Minkowski, de Sitter and anti-de Sitter space, respectively. The scalar field equation

of motion can be written as,

¢+4 ¢—¢—C§(; 0. (4.33)

In the following two subsections we will consider two cases, one with time-independent

(static) scalar field and the other with time-dependent scalar field.

4.2.1. Static thick-brane solutions

In this subsection we will consider a static scalar field scenario, in other words we assume

o(1,y) = ¢(y), but still allow a(7,y) to be time-dependent. In this case the Einstein equations

(4.29)-(4.32)) simplify as follows,

1 a? a’  a k 1
: L (I S L 4.34
00 3[a2a2 (a +a2>+a2] 59 +V(9), (4.34)
1 (.a a® a’  a” Eoo1
i (22 -2 ) -3 =+ — - = ¢ 4.
ij a2( - a2> 3<a + a2> +a2 2(]5 + V(g), (4.35)
/o ]
05 : ra_ 4y, (4.36)
a a a
a? 1la k 1
: I — —— — — | = ¢ — . 4.
55 R Lot |t (it (Y

The equation of motion of the scalar field (4.27) reduces to,

<Z>”+4 <¢> —d‘; 0. (4.38)

Evolution of the scale factor

The assumption that scalar field ¢ is time independent implies that Tys = 0, consequentially
Gos = 0, i.e. Eq. (4.36). This requires 0;0yIna = 0, which implies that a is separable:
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4. Thick-brane cosmology

a(t,y) = a(r)a(y). Using this, the remaining Einstein equations become

1 &2 k dQ a’ &/2 1 o
: _—— —_— = — — — — 4.
00 5t 3[3<a+a2>+2¢ +V(<b)]7 (4.39)
. 1 (.a a2 ko o[ (@’ a?\ 1,
la k a[.a? 1
95 : 2z =+ 23 [662 - §¢/2 + V(¢)] : (4.41)

where the left (right) hand sides depend only on 7 (y). We then obtain the following set of

equations for a(r):

1
1 ( .a a2 k
YR —|2-— = —=C 4.43
1] S ( z &2> + 2 @ (4.43)
la k
55 : 52+t = 0y (4.44)

where C;;, are constants. It is easy to see that in order for the first two equations to be

consistent with the third one it is necessary that

G+ G,
=i

On the other hand, form the right hand sides of (4.39)-(4.41)) one obtains for the y-dependent

functions the following equations

c, (4.45)

00 : C, = ‘;2 [3 (‘;ﬂ + ‘;:) + %¢’2 + V(qzﬁ)] : (4.46)
ij C,=a’ [3 <C;” + Zj) + %gﬁ’? - V(qs)] : (4.47)
55 : C, = ‘_;2 [62/22 — %gs’? + V(qf))] . (4.48)
Then — immediately imply that
C, =3C,, (4.49)

so that all the constants can be expressed in terms Cy, that will be denoted by A:

Cy = A, C. = -A, Cr = =A. (4.50)

As we will see below, the constant A is related to the 4D cosmological constant and its different
values will correspond to the flat, de Sitter or anti-de Sitter space-time and it has non-trivial

consequences on the evolution of the scale factor. Then one finds the following equations that
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4.2. Thick brane cosmological solutions
must be satisfied by a(7):
a
92— k=0 4.51
&2 ) ( )
a*+k=0. (4.52)

As it will be shown below, even though the above equations look independent, solutions that
satisfy both of them do exist for each possible k¥ = 0,4+1. Before we proceed, it is worth
discussing the relations between (4.51)) and (4.52)). First note that Eq. (4.52) can be rewritten

as

Ak

Qﬂ;‘ Q[G

which is a first integral of Eq. (4.51)): a derivative of (4.53) reproduces Eq. (4.51). So, one
can recognize in (4.51)) and (4.52) the analogs of classical equation of motion and energy

conservation, respectively. Therefore the role of Eq. (4.52)) is just to adjust “velocity” at the

initial moment such that “energy” is properly matched.

Note also that (4.52)) is identical with the standard Friedman equation written in terms of

the conformal time, thus one finds that A has the interpretation of 4D cosmological constant.

The solutions of Eq. are
5 sech(T) E=-1 (A <0)
a(r) = \/Q (-7 k=0 (A > 0) (4.54)
sec(7) E=+1 (A >0)

Note that for k£ = 0, 1 the metric is singular at a finite time 7ing = (s + 1/2)7k, where s is an
integer. It is instructive to write the scale factor @ as a function of cosmological time ¢ instead

of the conformal time 7, as
sech [2 arctanh [tan ( @t)]] E=-1 (A <0)

a(t) = \/g exp (\/@) k=0 (A >0) (4.55)
cosh ( @t) k=1 (A >0)

Using Eq. (4.55)), the evolution of the Hubble parameter H = a(t)/a(t) is

_ sec (\/@1&) tanh [2 arctanh [tan ( @t)]] k=-1 (A<0)
H(t)z\/@ 1 k=0 (A>0)  (4.506)

tanh ( |/;\—‘t) k=1 (A>0)

Note that when & = —1, A must be negative, which corresponds to anti-de Sitter geometry; for
k =0,4+1, A must be positive, thus representing de Sitter space-time. As one can notice from
the Eq. (4.55)), for the de Sitter space-time we have exponentially growing scale factor while
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4. Thick-brane cosmology
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Figure 4.1.: The left graph shows the behavior of the 4D conformal scale factor a(t) as a function of ¢,
whereas, the right graph presents the Hubble parameter H (t) as a function of ¢ for different
values of spatial curvature k. We choose the value of constants ag = 0 and a; = V2.

for the case of anti-de Sitter space-time the scale factor has bouncing (oscillatory) behavior. In
Fig. we have plotted the scale factor a(t) and the Hubble parameter H(t) for k =0, +1.

When A = 0 there are no (real) solutions when k = +1. When k = —1, known as the
Milne universe in the conventional cosmology, Egs. — reduce to the standard static
equations considered e.g. in [25] I]. In this case time-dependent part of the scale factor
is determined by Egs. —, whose general solution is a linear combination of the

following functions
a(r) = ageY ~FT, k=—1,0; A=0, (4.57)

or in terms of the cosmological time t the scalar factor can be written as,

a(t) = v—kt + oy, k=—1,0; A=0, (4.58)

where g are some integration constants. Note that the static solution requires k = 0 and

A=0.

In the following section we focus on the y-dependent solutions of Eqs. (4.47) and (4.48]).

Extra-dimensional profiles

In this section we will determine y-dependent part of solutions that are governed by Eqs. (4.47)-
[@-48). For this purpose it is useful to define a(y) = eA®), such that our y-dependent Einstein
equations Eqs. (4.47)-(4.48) and the scalar field equation (4.38) can be written as,

3A" + g]\e—”‘ = —¢?, (4.59)

- 1
6A"% — 3Ne 24 = §¢’2 —V(¢), (4.60)
" +4A' ¢ — i?; =0. (4.61)

The procedure we follow begins by assuming A(y) is a known function, so the above conditions

are to be considered as equations to determine ¢(y) and V(). 2.

2In the literature there are few known analytic de Sitter and anti-de Sitter solutions of the system (&.59)-(.60)),
see for example [43], 90, (911 [92] [93].
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4.2. Thick brane cosmological solutions

Figure 4.2.: The warp function A(y) and its derivatives A’(y) and A”(y) as a function of y for 8 = 1.

Specifically, we will consider the following form of the warp function A(y),
A(y) = —Incosh(By), (4.62)

where [ is a parameter. The above choice is dictated by simplicity and by a desire to have
a warp factor which behaves as ~ exp (—|y|) at large y, so that it mimics RS solutions and
the hierarchy problem can be in principle approached. This choice of A(y) approximates
well the static solution obtained in Sec. see also [25, 1], for a kink profile of the scalar
field. Figure shows the warp function and its derivatives. It is difficult to find an exact
analytical solution for ¢(y) from Eq. , however if one considers separately regions of
small (|y| < B71) and large (Jy| 2 B~ !) y then approximate analytical solutions are easy to
obtain. When £ is large (which is the case of our interest) then for small values of y, one can
ignore 3 the exponential term in Eq. , i.e.

3A" = —¢'%, (y — 0) (4.63)
with the following solution
$s(y) = 2v/3 arctan[tanh(By/2)], (y —0) (4.64)

where ¢s(y) denotes the solution for small y. It is important to note that dropping the
exponential term in Eq. is a reasonable assumption in the vicinity of y = 0 if 3 is
larger than A, as illustrated in Fig. for f =5 and A = —1. On the other hand, for large
values of y, the exponential term dominates in Eq. and we can ignore A”(y), i.e.

g]\e*“ = —¢", (4.65)

with A < 0. The solution of above equation reads
3A1
di(y) =/ 33 sinh(By), (Iyl = o0) (4.66)

5When y — 0 then A(y) — 0 and A” — —B2, therefore in the vicinity of y = 0 the Eq. (4.59) behaves as
3A = —¢2, implying ¢;(y) linear in y. For values of 8 adopted here the A term is negligible.
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Figure 4.3.: These graphs show the exact numerical solution for the scalar field ¢,,(y), the approximate
analytic solution for small (¢;(y)) and large (¢;(y)) values of y as a function of y in units
of ! for =5 and A = —1. The right graph shows the zoomed central region of the left
graph.

where ¢;(y) denotes the solution valid for large values of y.

In Fig. Ewe have plotted the approximate analytic solutions ¢ ;(y) and the exact numerical
one ¢, (y). For large y the quality of the approximation can be easily estimated from the figure;
one finds that for |y| > 587!, ¢, ~ ¢;. For small y the right panel of the figure shows that
for |y| < B, ¢n =~ ¢s. In the intermediate region 7! < |y| < 587! the approximations ¢, s
are less accurate. It is also worth to mention that as 8 grows the region of applicability of ¢,

shrinks, and ¢; converges to the exact numerical solution ¢,.

There is a comment here in order. If, instead of , we had used the solution obtained
in the static case of Sec. then for A = 0 we would reproduce exactly the kink profile for
the scalar field and the corresponding potential as in Sec. In that case (with k = —1), the
time evolution of the scale factor would be governed by while the scalar profile would
preserve its shape. In this special case the time evolution in 4D and source (the scalar field
profile) along the extra dimension fully decouple, so that the scalar profile is retained while

non-trivial time evolution of the scale factor has purely 4D nature.

We then substitute the solutions we obtained for A(y) and ¢(y) in to obtain the
scalar potential V(¢), which we plot as a function of ¢ in Fig. To get approximate
analytic results for the scalar potential V' (¢) corresponding to small and large values of ¢(y),
we use the Einstein equation along with the analytic solutions of scalar field ¢,(y) and
#1(y). For small values of scalar field ¢4(y) the scalar potential is 4,

3 9- 5 3
vio = (302 +58) + (<3 GR) @ ro@). oo e
For large values of scalar field ¢;(y) we can write the potential as,

V(o) = ~5 0+ (<64 GA) 40 (62). (19l o0 (1.68)

Note that the potential is unbounded from below. In fact this is a generic consequence of the

4For A = 0 one would reproduce the standard bottom of a wine bottle potential as in the previous chapter.
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Figure 4.4.: The scalar potential V(¢) as a function of ¢ for different values of # and A = —1.

requirement that the warp function A(y) has a linear dependence on y as |y| — oco. Indeed,

as seen from (£.59)-([1.60), for large y, V(y) ~ 2Ae™24 ~ %/_Xem'y'. Since at large |y, ¢ o e2lY!
we find V(¢) o< —¢?, so the potential is always unbounded from below.

An alternative approach to solve Eqs. (4.59)-(4.60) is to reduce these equations into the
following first order equations by the use of the superpotential method for non-zero 4D cos-

mological constant [25],

1

A= —2y), (4.69)

1 oW
_ 1 oW 4.

P w 06 (470
1 [OW\® 2

Vs (3) 3 )

where 7(y) is defined by,
9 ]\ _2Al) 1/2

The superpotential method reduces the second order non-linear differential equations —
to system of first order nonlinear differential equations —. However, obtaining
the solution are less straightforward when A # 0 (for A = 0 see Sec. and Refs. [25] []).
Unfortunately, for the present case, one can not start with a desired shape for the scalar profile,
our strategy is instead to solve a system of first order nonlinear equations by first choosing
the warp function A(y). Next we solve Eq. algebraically for W(y), and then solve the

following equation for ¢(y)
o W)
¢ (y) = R (4.73)

Then Eq. (4.71) gives the potential V' (y) which can be written as V(¢) after inverting ¢(y) as
y = y(¢). We will not further investigate these solutions for ¢(y), we only note that choosing
A(y) as in (4.62) one would reproduce the result obtained earlier in this subsection.
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4. Thick-brane cosmology

4.2.2. Time-dependent thick-brane solutions

In this subsection we will look for solutions of the Einstein equations (4.29))-(4.32) allowing for

time-dependence of the scalar field.

Boosted solutions

In this subsection we show how the a static solution for the warp factor, a(y) and scalar field
¢(y) can be promoted to a time-dependent solution through a boost along the extra dimension:
y — 9y = y(vt +y), where v = 1//1 — 02 and v is a relative velocity. It proves to be more
convenient first to redefine the fifth coordinate y so that the length element is written
as

ds* = a*(2) (nudztda” + dz?), (4.74)

Let us consider a Lorentz transformation ¢’ = v(t + vz) and 2’ = y(vt 4 z). It is easy to check
that ' (t', 2") = a(t, z), since ¢ is a scalar field ¢'(t', 2") = ¢(¢, z). By general covariance a'(t', 2’)
and ¢'(t',2') are also solutions on the Einstein equations. Therefore we conclude that for any
given stationary solution a(y) and ¢(y), the functions a[y(—vt+z(y))] and ¢[y(—vt+2(y))]
also satisfy the Einstein equations. This strategy could be applied to any stationary solution,
e.g. to the kink solution discussed in Sec. [3.2]

Twisted solutions

In this subsection we return to the fifth dimensional coordinate y. We will to show that one
can obtain a class of interesting solutions assuming that a¢ and ¢ depend on y and t only
through the combination n = 7 + dy ® where ¢ and d are non-zero constants. In the next
subsection we will show that if the superpotential method is used, the 05 component of the

Finstein equations in fact implies such a dependence on n for ¢. With this assumption the

Einstein equations (4.29)-(4.32)) become,

00 : 3522’5 — 3d? (C;H + Zf) + 2—5 = d;¢’2 + ;f;sb’z +V(9), (4.75)
ij : f; <2“a - Z‘;) — 3d° (‘; + ‘;j) + a—k; = d;qﬁ’? - ;f;qba +V(9), (4.76)
05 O (4.77)
55 6l 3G B L 10 v um

Note that in this section a prime denotes a derivative w.r.t. n. If now we add Eqs. (4.76))-(4.78)),
and then the use of Eq. (4.77) gives
a/l a/2 2k

— 4+ —+ —==0. 4.79
a +a2+02 ( )

®Note that this is not a boost of a stationary solution.
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4.2. Thick brane cosmological solutions

On the other hand, subtracting Eqgs. (4.75))-(4.76|) and using (4.79) gives

a? k1,
— + =5 ==¢". 4.80
2T =g? (4.80)

Using the above two relations in Eq. (4.78)), we obtain the following form for the scalar potential
V(9) .
1 6
Vig)=d* | —=¢”+ = |. 4.81
0= (-5 + %) (4.81)
At this point the strategy is clear, one first solves (4.79) for a(n), then ¢ is easily determined
from (4.80). If ¢(n) is an invertible function of 7 then V(¢) can be found from (4.81). In the

following we will find such solutions for each possible value of k.

k = 0: In this case the warp factor a(n) is obtained by integrating Eq. (4.79):
_ 1/2
a(n) = ao (1 + 2bon) '~ (4.82)

where ag and by are integration constants. It is important to note that the above solution is
only valid in the region of the space-time where nn > —1/2by, and we will see below that the
scalar field is singular at n — —1/2by. With this explicit expression for a(n), we use Eq.
to find the scalar field ¢(n):

o(n) = iﬁ In (1 + 2bg7) + G, (4.83)

where ¢ is an integration constant. Then the scalar potential takes the form
8
V($) = —3tge V510, (4.84)

It is noteworthy that the above potential is similar to the dilaton potential Vijjaton = —|AleV 4/3¢
studied in a 5D context in Sec. see also Antoniadis et al. [76]. In our case, however, the

argument of the exponent is 1/8/3 ¢, while in [70] it is 1/ (4/3)¢, see Sec. The left panel
of Fig. shows the behavior of the scalar field ¢(n) and the warp factor a(n) for k = 0 case.

k = 1: In this case the warp factor a(n) found from (4.79) reads

a(n) = agy/cos(2n/c + cp), (4.85)

where ag and ¢y are integration constants. The above solution is applicable in the region
|n + cco/2| < em/4. With this expression for a(n), we use Eq. (4.80) to find the scalar field

¢(n):
/3 N 1+ tan(n/c+ co/2)

where ¢g is an integration constant. Then the scalar potential is given by

V(p) = :;lj [3 — cosh (\/§(¢ - ¢0)>] . (4.87)
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Figure 4.5.: The above graphs shows the behavior of ¢(n) and a(n) as a function of 5 for k =0
(left panel) and k = 1 (right panel) with parameters: ag = by =c=d =1 and ¢9 = ¢ = 0.

It is important to note that these solutions for £ = 1 case have a singularity at n = (£ —
2¢p)c/4. Right panel of Fig. illustrates the behavior of the scalar field ¢(n) and the warp

factor a(n) for k =1 case.

k = —1: In this case (4.79) yields

a(n) = agy/cosh(2n/c + ), (4.88)

where ag and ¢y are integration constants. In this case, however, there are no real solutions

for ¢'(n), so we will not consider this possibility further.

4.2.3. Generalized superpotential method

It is instructive to develop an analogue of the superpotential method for the time dependent

scalar field in 5D warped space-time. We define the following quantities,

W), S=-2H(), (4.89)

where W(¢) and H(¢) are functions of ¢(7,y). In the above equation and in the following,
unless otherwise stated, we return to 7 and y derivatives by a dot and a prime respectively.
With the above definitions we find from the 05 component of the Einstein equations (4.31),

oW (¢)
o
Now, if we re-express the 55 (or 00) component of the Einstein equations in terms of the
superpotential variables W (¢) and H(¢) through Eqs. (4.89) and (4.90) we get the potential
V(¢) as,

2 2
Vi) L <aw(¢>> 2 (1 <6H(¢)> _;H(@Q_Bk)‘ (4.91)

OH(¢)

— 4, 3 = 9. (4.90)

2\ 99 3 a2 \2\ 8¢

The ij components of the Einstein equation (4.30]) then give
1 (OH(O)\* 1.,
|\ ——) —-H —3k=0. 4.92
5 (55) - 3 (4.92)
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4.2. Thick brane cosmological solutions

For the & = 0 case this gives

oH() 1 | [2
78¢ 7H(¢) = 3 (4.93)

with solution .
H(¢) = Hoe V39, (4.94)

where, Hy = H(0) is a constant of integration. It is important to note that the superpotentials
W () and H(¢) are related to each other since from (4.90|) one obtains

0*W(9)
99>

0*H(¢)
99>

¢& = éla ¢/ = ¢/7 (495)
which implies, along with Eq. (4.90)), that,

W (¢) OH ($)  92H(¢) OW (o)
992 9o 99 0¢

(4.96)

Hence,

W(¢) = AoH () + Wo, (4.97)

where Ag and W) are constants on integration.

In order to determine ¢ we use together with to obtain,
¢ = i\/gHoei\/g¢. (4.98)
On the other hand, from and we find,
¢ = i\/onHoei\/g(b- (4.99)
Therefore from Egs. and , we have,

o(r,y) = jown ). (4.100)

which implies that, as claimed previously, ¢ can depend on ¢ and y only through 7 (with
d = Apc). For simplicity, hereafter we choose ¢ = d = 1. Then from Eq. (4.98)) we obtain

dgfl(n) = i\/gHoei\/g(b(n). (4.101)
Ui

with solution
3 2 2
o(n) = JF\EIH (—3Hm7 + e;ﬁm) : (4.102)

where ¢¢ is an integration constant. Note that the above solution is valid only for —%Hon +

2 2
e\/;d)o > 0 and therefore is singular at —%H()?? + e\/;¢0 = 0. Also one can see that for the
choice Hy = —3by and ¢ = 0 the above result for ¢(n) matches the one obtained in (4.83]).
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4. Thick-brane cosmology

In order to determine the warp factor a we use Eq. (4.89):

= —éH(qﬁ) = x\/g(”;? = ¢\/Z<i>, (4.103)

which can be solved to obtain a(r,y) as,

SIS

a(ry) = a(ry, y)e¥V 8 (P60, (4.104)

where a(19,y) and ¢(79,y) are functions of y at the constant time slice 79. a(79,y) can be
found by substituting the above expression for a(7,y) into the first equation in Eq. (4.89); we
then find

a(7o,y) = a(7o, yo)ezF %(¢(Tovy)—¢(707yo))—%Woy’ (4.105)
inserting this in Eq. (4.104]) we find
=V (¢(T y)—d(10 yo))—lWoy
a(t,y) = a(10,y0)e” V" W) T3 oY (4.106)

where a(79,yo) and ¢(70,y0) are constants. Since ¢(7,y) = ¢(n); then, for ¢(10,y0) = ¢o = 0,
Wy = 0 and Hy = —3bg, we recover the result that a(7,y) = a(n) as in Eq. (4.82).

a(n) = ag (1 + 2bgn)"/2 . (4.107)

Since W (¢) has been found we can determine the potential V' (¢) directly from (4.91))
1 2 22
V(e) =3 <A0H0€i\/;¢ + 2W0> + W (4.108)

We recover the result for V(¢) as in Eq. with Hy = —3bg, Ag = 1, Wy = 0 and the
lower sign (minus sign) in the exponent. Similarly one can reproduce all the results obtained in
Sec. adopting the superpotential method for non-zero k values. Hence, we conclude that
the superpotential method is equivalent to the assumption that ¢ and a depend on 7 and y
only through n = ¢r + dy. The advantage of this method this that it reduces the second order

differential equations into to first order equations which are much easier to solve analytically.

4.3. Summary

In this chapter we have presented cosmological solutions of 5D warped extra dimensional mod-
els with smooth/thick-branes. In the case of static thick-brane cosmology, time-independent
scalar field configurations are employed and the evolution of the scale factor is discussed and de-
termined. Whereas for the case of dynamical thick-branes, time-dependent scalar field and the
scale factor are considered and various cosmological solutions are discussed. It is found that for
the case of time-dependent scalar fields ¢(7,y) there exist class of solutions that depend on 4D
conformal time 7 and the 5D coordinate y only through the combination n = c¢r+dy, where ¢, d
are constants. A generalized superpotential method is developed which allows time-dependent

warp factor.
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CHAPTER D

WARPED HIGGS DARK MATTER

As we have reviewed in Chap. [2] the RS1 [22] provides an elegant solution to the hierarchy prob-
lem, soon after the RS proposal, many important improvements to the model were considered.
First, a stabilization mechanism for the RS1 setup was proposed by Goldberger and Wise [34];
it employs a real scalar field in the bulk of AdS geometry with localized potentials on both of
the branes, see also [25]. A second interesting observation, which could potentially solve the
fermion mass hierarchy problem within the SM, was made by many groups [64, 66, 67, 94] 95].
The core idea of these works was to allow all the SM fields to propagate in the RS1 bulk, except
the Higgs field which was kept localized on the IR-brane. In this way, the zero-modes of these
bulk fields correspond to the SM fields and the overlap of y-dependent profiles of fermionic
fields with the Higgs field could generate the required fermion mass hierarchy. To suppress
the EW precision observables, the symmetry of the gauge group was enhanced by introducing
custodial symmetry in Ref. [96]. The common lore, in the RS1 model and its extensions,
was to keep the Higgs field localized on the IR-brane in order to solve the hierarchy problem.
The first attempt to consider the Higgs field in the bulk of RS1 was made by Luty and Okui
[97]. They employed AdS/CFT duality ! to argue that a bulk Higgs scenario can address the
hierarchy problem by making the Higgs mass operator marginal in the dual CFT.

A study of electroweak symmetry breaking (EWSB) within the bulk Higgs scenario was first
performed in the RS1 setup by Davoudiasl et al. [I00]; they showed that the zero-mode of
the bulk Higgs is tachyonic and hence could lead to a vacuum expectation value (vev) at the
TeV scale. Recently there have been many studies where a bulk Higgs scenario was considered
from different perspectives — see for example: a study with custodial symmetry in the Higgs
sector[101]; models with soft wall setup [102]; bulk Higgs mediated flavor changing neutral cur-
rents (FCNCs) [103]; suppression of electroweak precision observables by modifying the warped
metric near the IR-brane [104] [105] 106]; and, a bulk Higgs as the modulus stabilization field
(Higgs—radion unification) [107]. Different phenomenological aspects after the Higgs discovery

'For the phenomenological applications of AdS/CFT with RS1 geometry, see for example [98] [09].
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5. Warped Higgs dark matter

were explored in [108, [109) 110, 111, 112, 113 114]. These phenomenological studies show
that the RS1 model with bulk SM fields and its descendants with modified geometry (RS-like
warped geometries in general) are consistent with the current experimental bounds and EW

precision data.

As we discussed above, RS-like warped geometries, being consistent with the experimental
data, offer an attractive solution to many of the fundamental puzzles of the SM, mostly through
geometric means. In the same spirit, one can ask if RS-like warped extra dimensions can shed
some light on another outstanding puzzle of SM, the lack of a candidate for dark matter (DM)
which constitutes 83% of the observed matter in the universe [28]. It appears that unlike (flat)
universal extra dimensions (UED), where the KK-modes of the bulk fields can be even and odd
under KK-parity (implying that the lowest KK-odd particle (LKP) could be a natural dark
matter candidate [I15] [116]), RS1-like models (involving two branes and warped bulk) are
unable to offer an analogue of KK-parity. The reason lies in the fact that the RS1 geometry is
just a single slice of AdS space and, since warped, cannot be symmetric around any point along
the extra dimension and hence does not allow a KK-parity. As a result it cannot accommodate
a realistic dark matter candidate. To cure this problem in the warped geometries, usually extra
discrete symmetries are introduced such that the SM fields are even while the DM is odd under
such discrete symmetries in order to make it stable [117, 118, 119, 120]. Another way to mend
this problem in warped geometries is to introduce an additional hidden sector with some local
gauge symmetries such that only DM is charged under the hidden sector gauge symmetries
and it couples to the SM very weakly [121], [122], (see also [123]).

An alternative to introducing additional symmetries, is to extend the RS1-like warped ge-
ometry in such a way that the whole geometric setup becomes symmetric around a fixed point
in the bulk. Two Zy symmetric warped configurations are possible. In the first, two identical
AdS patches are symmetrically glued together at a UV fixed point, while in the second two
identical AdS pathes are symmetrically glued together at an IR fixed point. The geometric
configuration when the two AdS copies are glued together at the UV fixed point will be re-
ferred as “IR-UV-IR geometry”, whereas the geometry corresponding to the setup when two
AdS copies are glued at the IR fixed point is called “UV-IR-UV geometry”. We confine our-
selves to the IR-UV-IR geometric setup presented in Sec. — it is straight forward to extend
our analysis to the UV-IR-UV geometries. (A common pathology associated with this latter
type of geometry is the appearance of ghosts.) We are aware of only two earlier attempts
to construct a similar setup. The first [124] treated the lowest odd KK gauge mode as the
DM candidate. The second employed a kink-like UV thick-brane [I125] and the corresponding
dark-matter was the first odd KK-radion [126].

In this chapter, we place all the SM fields, including the Higgs doublet, in the bulk of the
IR-UV-IR geometry. The geometric Zy parity (y — —y symmetry) leads to “warped KK-
parity”, i.e. there are towers of even and odd KK-modes corresponding to each bulk field.
We focus on EWSB induced by the bulk Higgs doublet and low energy aspects of the 4D

effective theory for the even and odd zero-modes assuming the KK-mass scale is high enough
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5.1. Warped KK-parity

~ O(few) TeV. In the effective theory the even and odd Higgs doublets mimic a two-Higgs-
doublet model (2HDM) scenario with the odd doublet similar to the inert doublet but without
corresponding pseudoscalar and charged scalars — the truncated inert-doublet model. All the
parameters of this truncated 2HDM are determined by the fundamental 5D parameters of the
theory and the choice of boundary conditions for the fields at +£L. (Note that the boundary
or “jump” conditions at y = 0 follow from the bulk equations of motion in the case of even
modes, whereas odd modes are required to be zero by symmetry.) There are many possible
alternative choices for the b.c. at £L. We allow the y-derivative of a field to have an arbitrary
value at £L as opposed to requiring that the field value itself be zero, i.e. we employ Neumann
or mixed b.c. rather than Dirichlet b.c. at £L, see also [I127] for general discussion on the
choice of b.c.. Only the former yields a non-trivial theory allowing spontaneous symmetry
breaking (SSB), whereas the latter leads to an explicit symmetry breaking scenario in which
there are no Goldstone modes and the gauge bosons do not acquire mass. With these choices,
the symmetric setup yields an odd Higgs zero-mode that is a natural candidate for dark matter.
We compute the one-loop quadratic (in cutoff) corrections to the two scalar zero modes within
the effective theory and discuss their mass splitting. The dark matter candidate is a WIMP

— we calculate its relic abundance in the cold dark matter paradigm.

This chapter is organized as follows. In Sec. we discuss the manifestation of KK-parity
due the Zs geometric setup presented in Sec. An Abelian Higgs mechanism, with a complex
scalar field and a gauge field, is studied in our background geometry in Sec. In the Abelian
case we lay down the foundation for SSB due to bulk Higgs, which is later useful for the case
of EWSB in the SM. Two apparently different approaches are considered to study SSB in the
Abelian case: (i) SSB by vacuum expectation values of the KK modes; and, (i) SSB via a
vacuum expectation value of the 5D Higgs field. Low energy (zero-mode) 4D effective theories
are obtained within the two approaches and we find that the effective theories are identical up
to corrections of order (’)(mg /m%( K), where mg and mg g are the zero-mode mass and KK-
mass scale, respectively. Section [5.3| contains the main part of our work. There, we focus on
EWSB for the SM gauge sector due to the bulk Higgs doublet in our Zo symmetric geometry
and obtain a low-energy 4D effective theory containing all the SM fields plus a real scalar — a
dark matter candidate — which is odd under the discrete Zs symmetry. In the subsequent two
subsections of Sec. we consider quantum corrections to scalar masses below the KK-scale
~ O(few) TeV and explore possible implications of the dark-matter candidate by calculating
its relic abundance. For a warmup, Appendix [B] discusses SSB of a discrete symmetry with a

real scalar in the bulk of our geometric setup.

5.1. Warped KK-parity

In this section we employ the background solution for the Zs symmetric background (IR-
UV-IR) geometry considered in Sec. and show how KK-parity is manifested within this
geometric setup. The IR-UV-IR geometry of Sec. is Zo-symmetric and we will consider this
symmetry to be exact for our 5D theory. If the 5D theory has this Zo-parity (symmetry) then
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5. Warped Higgs dark matter

the Schrodinger-like potential for all the fields is symmetric, resulting in even (symmetric) and

odd (antisymmetric) eigenmodes under this parity. Thus, a general field ®(z,y) can be KK

z,y) =Y on(@) fuly)

and, due to the Zy geometry, the wave functions f,(y) are either even or odd. As a result:

decomposed,

O(x,y) = H) (z,y), (5.1)
where
<I>(+) (z,y) Z¢ (y) —= vy +‘I>(+)(37 ),
) (z,y) Z¢> )(y) L —0) (2, y).

Due to the geometric Zs symmetry, a single odd KK-mode cannot couple to two even KK-
modes in the 4D effective theory, which will ensure that the lowest odd KK-mode will be stable.

To understand this point better let us consider the following interaction term in the action:
Soda =~ /d% /ﬂ dy/=g® ) (@, )@ (2, y) +
\/E 7L ) )
1 L _ _
——= 3 [ awmat w0 w) [ del@el @el @+
Immn”

=0, (5.2)

where the ellipses denote other possible odd terms with odd number of odd fields. Above in
the second line we used the KK-decomposition and last line follows from the fact that the y

integration of an odd function vanishes, i.e.

+L
/_ DWW A W) = (5.3)

Above we assumed the Zy symmetric background geometry, i.e. the warp-function A(y) is
symmetric. This is the geometric manifestation of warped KK-parity, i.e. any term with odd
number of odd KK-modes must vanish. Hence, the lowest of the odd KK-modes would be a
stable particle. Furthermore, as the geometry is Zs symmetric in y € [—L, L], the continuity
conditions for odd and even modes at y = 0 strongly impact the physics scenario. Our choice
will be that the odd (even) modes satisfy Dirichlet (Neumann or mixed) boundary (jump)
conditions (b.c.) at y = 0, respectively. As for the odd modes, continuity implies that they
must be zero at y = 0, but we could also have demanded the Neumann conditions that their
y derivative be zero at y = 0. We choose not to impose this additional b.c. in this work. As
regards the even modes, one cannot choose Dirichlet b.c. at y = 0 because of the presence of

the UV-brane and associated “jump” conditions following from the equations of motion.
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5.2. SSB in the IR-UV-IR model: the Abelian Higgs mechanism

In this section we will discuss the mechanism of spontaneous symmetry breaking (SSB) for an
Abelian case with the Higgs field (a complex scalar) in the IR-UV-IR geometry of Sec.
The metric is given by Eq. (1.1]), we will neglect the back reaction of the bulk fields on the
geometry. We will borrow most of our results from Appendix [B] and focus here on gauge-

symmetric aspects of the model. We start by specifying the 5D Abelian action,
Sy = —/d5x¢jg{iFMNFMN + |DyH|? + p3H*H
ViR + 1)+ Vo (00) + Vi3 - D) |, (50
where D)y = Oy —igs A with the 5D U(1) coupling constant g5 2 and Fyn = O Ay —On A

We require that the bulk potential and the UV-brane potential have only quadratic terms

whereas the IR-brane potential is allowed to have a quartic term:

Vo (H) = =V H"H, Vig(H) = ——IH"H + ﬁ (H*H)*.  (5.5)

In this way EWSB is mainly triggered by the IR-brane. Above, H is a complex scalar field
and the parametrization is such that mgy and mj;r have mass dimensions while A;r is dimen-

sionless. The gauge transformations can be written as
H(z,y) — H'(v,y) = eV H(z,y), (5.6)
1
An(,y) = Ay () = Au(2,9) + - Ou A, y), (5.7)

where A(x,y) is the gauge parameter.

As one can see from the toy model discussed in Appendix the fields in the IR-UV-IR
setup have even and odd bulk wave functions implied by the geometric Zs symmetry. Hence,
in our Abelian model, it is convenient to decompose the generic Higgs and the gauge field into

fields of definite parity as follows
H(z,y) = HY) H) A = AP A 5.8
(xay) ('Tvy)+ (1‘7y>, M(xay) M (xvy)+ M (xvy)v ( : )

where + denotes the even and odd states. The gauge transformations for the even and odd

parity modes are,

' 1

A (2,) = A (2,y) =AF) (2, y) + g;auA&)(m, V), (5.9)
' 1

AP (@) » A (2,y) =AP (2, y) + g;ag,w (7). (5.10)

HH) H ) AL A HE)
_ 1 7 T1
(H(_)> — <H,(_) =e e JREYE (5.11)

2The 5D coupling constant gs has mass dimension —1/2.
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5. Warped Higgs dark matter

where 1 is a 2 X 2 unit matrix, whereas 7 = (1 0> is the Pauli matrix.

With this decomposition the above action can be written as

1 1
Sap = — / d5x\/fg{4FlSj)F(’f) 51«;55* )F(’f) + Dy HE*DMEE) )2 HE g )

1 1
() ey L (o) b
+ Y 5 Es B

+ Vir(HE)3(y + L) + Vov (HT)d(y) + Vir(HH)d(y — L)}, (5.12)

+ Dy HE*DMES) 4 )3 ) g

where,

F) = 9,40 — 9,409, Fi) = 0,45 — 0540, (5.13)

N v v

The brane localized potentials for the Higgs field, Vv (H) and Vyg(H), can be written in terms

of even and odd parity modes as

Vv (H) :mi{v [HO)P2, (5.14)
Vip(H®)) = — %|H(+)|2 _ %‘H(,)lg + MJ’H(+)|4 + )‘17R|H(*)|4
k k k? k?
+ %WHWH(*)F + Aé—f ((H(+)*H(*))2 + h.c.) : (5.15)
In the above, we have not written H(~) terms in Vi since H(7)(0) = 0. Moreover, we

have not written terms which are odd as they will not contribute after integration over the
y-coordinate. One can easily check that the above brane potentials are invariant under the
gauge transformations defined above. Also note that FL(L;J,E) and Flsgc) are gauge invariant under
the gauge transformations and . In the even/odd basis, the covariant derivatives
D,, and Ds following from Dys = Op — ig5An, take the form
(+
(g (_;> , (5.16)

H) ‘ Al(;r) A/(;)
Pl gy ) = |2t | 40 400
H) (A9 AN ()
Ds (H(_)> [35 —ig5 (Af-f) Aé_) R (5.17)
Under the gauge transformations the covariant derivative transforms as

H) ) H'(H) AT A H)
1 3 T1
DM (H(_)) — DM (H/(_) =e€ (& DM H(_) s (5.18)

i.e. it transforms the same way as complex scalar field transforms (5.11]). It is important to

note that the above action is manifestly gauge invariant under the gauge group U (1)’ x U(1),

where the corresponding gauge functions are A (z,y) and A7) (z,y).

The next two subsections are devoted to two possible strategies for implementing spon-

taneous gauge symmetry breaking for this Abelian U(1) symmetric case. We are going to
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5.2. SSB in the IR-UV-IR model: the Abelian Higgs mechanism

describe and compare: (i) SSB by vacuum expectation values of the KK modes and (i) SSB
by a y-dependent vacuum expectation value of the 5D Higgs field. Readers can either follow
and continue, or, as we would advise, one may consider warming up within a toy model of a real
scalar field and spontaneous symmetry breaking which is discussed in Appendix [B] and then
return to the following subsections. In Appendix [B] we also consider the above two possible

approaches to SSB.

5.2.1. SSB by vacuum expectation values of KK modes

(+)

In this case we will choose the 5D axial gauge, Az = 0. This gauge is realized by choosing

the gauge parameter such that,
A a,g) = g5 [ dpa ) + A9 ), (519)

where A(i)(x) is the integration constant (residual gauge freedom) and only depends on z*.
Note that the /A\(*)(a:), being an odd function of y, must vanish. Consequently, we are left with
only one 4D gauge function, A(t)(z). In this gauge, the Abelian action reduces to,

S /d%' {4 L + 35A(+)85A7 )+ DarHE DM HS) 4 | )
v —) a5 —)x M — 2 —)2
+4F§V>F{)+565Ag AL + Dy H' DM EE) 4 B HO)|
+ Vir(HS)o(y + L) + Vov (HD)d(y) + Vir(HS)d(y — L>}7 (5.20)

where the brane potentials are given by Eqgs. (5.14)) and (5.15)). It is convenient to parameterize
the complex scalar field H (i)(x, y) in the following form,

+) e (e 1y [ )
HU\ g (e 1m0
< ()> = % Moo ) (5.21)

where ®*)(z,y) and 7 (z,y) are real scalar fields. We KK-decompose the scalar fields
dH) (z,y), 7*)(z,y) and the gauge fields Afli)(ac,y) as

Z ) (2) £ (y), (5.22)
- Zﬁn (z)alP (y), (5.23)
=Y AR (@)al (y), (5.24)

where the wave-functions fr(li) (y) satisfy Eq. (B.8) from Appendix (We borrow the results

for the wave-functions f,si)(y) from Appendix |B.1}) We choose gauge wave-functions a&i) (y)

to satisfy

=05 (AW 0505 (y)) =m?, 1) a7 (v)- (5.25)
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The wave-functions a&i) satisfy the following orthonormality conditions,
+L
| v ) @) = b (5.26)
~L

It is worth commenting here that the gauge field A,(f) (z,y) and the scalar field 7™ (z,y)
share the same y-dependent KK-eigen bases a%i)(y), this is a convenient choice. The KK-
modes satisfy D(4)A£$)( )=m (i>A(i) (z). The boundary (jump) conditions for ag,,i)(y) at
y=0and y = +L are,

o), =0, )|, =0 GaP)| =0 (5.27)

We choose the Neumann b.c. for a,(f) (y) at y = 0,£L in order to insure that we get non-zero

even zero-mode gauge profiles. With regard to the odd modes, we have chosen the Neumann
b.c. of 85a,(1_)(j:L) = 0, as the other choice of aff)(iL) = 0 would lead to a trivial theory with

agl_)(y) = 0 everywhere.

With the above KK-decomposition we can write the effective 4D action for the Abelian case,

with the Higgs brane localized potentials, as

1 1 1 1
- _ 4.0 Z ) W n() Iz = (=) v 22 n(—) gH

+ 9,8 2 (+><p<+) 0,0 >+m%( ()2

(o0 0+ o 08 (AL - 0,n) (A o)

+ (9121_721@%)@( )+ gl(flmn ) ( /ﬂrk ) ( a“”l(_))

+ 492, @00 (AL - 8,m,§ )) (a7~ (9”7rl( ) + 6 @ 00l
#0000+ 3G a0 e el (529

where the indices in this action are raised and lowered by Minkowski metric and the coupling

constants are given as

A A ) p(—
)\l(c:ltrzm = eA(0) IRfk f :t)f'rgv,:t)f'r(zi) I Aklmn = D) IRfk f +)f7(n )f7(z ) o (529)
Ghin = 93 / dye*taPaH pH g, g — g2 / e a el HO 70, (5:30)
gizmn—gg/ dye*aiNaf ) £ £ (5.31)

where the superscripts £+ on the coupling constants are just for notational purposes and do

not refer to the parity.
The above action is valid for all KK-modes. Assuming that the KK-scale is high enough, i.e.

mgg ~ O(few) TeV, we can derive effective theory where only the lowest modes (zero-modes
with masses much below mg) are considered. Equation (5.25) along with the b.c. (5.27))
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5.2. SSB in the IR-UV-IR model: the Abelian Higgs mechanism

imply that the odd zero-mode wave-function of the gauge boson is zero, i.e. a7 =0. As a

)

result, in the effective theory the odd zero-mode gauge boson A((]; and odd parity Goldstone

mode 7{ ) are not present. In contrast, the even zero-mode wave-function for the gauge boson
has a constant profile in the bulk, i.e. a(()+) = 1/v/2L, implying that the couplings of the even
zero-mode gauge boson Q(J)romn and g(]+0mn are equal (see Eq. ), which, in turn, implies
géggm = g(()&)m = 940, With g4 = g5/v/2L. The forms of the scalar zero-mode wave functions
féi) (y) are given by Eq. . We can now write down the low-energy effective action for
the zero-modes:

i / d4x{1F0(+>FW + 9,05 0l — p2el? 1 9,08 orel) - p2a) )’

47 T 0(+)
2 ()2 —(H)24(—)2 + ) 2
+ (abisa @8 + it el %) (46 - 9
+ )‘(()330(1)(()+)4 + AS_SO‘PB_“ + 6)\0000<I)8+)2‘1>((]_)2}, (5.32)

where the couplings can be read from Egs. (5.29) and (5.30) and the mass parameter p is
defined as p? = (1 + B)m% x01r, with the parameters defined as

2
m _
(5135ﬁ— (2+5), mix =ke ™ and B = 4+ p% k2 (5.33)
By using the results from Appendix[B] we get the following couplings in terms of the parameters

of the fundamental theory:

+ _
Aodo = Aoooo = A = Arr(1 + B)2, oa00 = Toudo = 94

Our effective theory could also be described by redefining Ag:)(x) = Au(x), 77(()+) (x) = w(x)

and
Hy(z) = 9@ (P (), Hy(z) = 9@ {7 (), (5.35)

in which case the above effective action can be written in a nice gauge covariant form as
S =~ / d%{iFWFW + D, H;D"H, + D, H;D"Hy + V (Hj, H2)}, (5.36)
where the covariant derivative is defined as
D, = 0y — 194 Ay, (5.37)
and the scalar potential can be written as
V(Hy, Ho) = — p°|Hi|* — pi®|Ho|? + A Hi[* + A Ha|* + 6A|H1|?|Ho|*.

Note that the action (5.36) is symmetric under Z, x Zy under which Hy — —H; and Hy — —Ho,

respectively.

It is important to note that, after choosing the gauge As(z,y) = 0, we are left with a
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residual gauge freedom with a single purely 4D gauge parameter A (z) such that the above

Lagrangian is invariant under the U(1) gauge transformation,

Aufe) = A (@) = Aula) + 0,40 @), (5.38)
Hi(z) — Hl(z) = 98 1 (), Hy(z) — Hb(z) = 2 Hy(2). (5.39)

Thus, besides Z), x Zs symmetry, the above potential is invariant under U(1)’ x U(1). One

U(1) has been gauged while the other is a global remnant of unbroken symmetry associated

with the odd gauge transformation (A7) defined in Egs. (5.10)-(5.11).

As illustrated in the toy model Appendix [B.I} we choose the vacuum such that the even
parity Higgs H; acquires a vev, whereas the odd parity Higgs Hs does not. That choice of

vacuum implies values of v; and vy given by,

= — v = 0. (5.40)
Now let us consider fluctuations around our choice of the vacuum,

1 ; 1 ;
Hi(z) = 7 (m + h) e9am(@) Hy(zx) = ﬁxew‘*“(”. (5.41)

We rewrite our effective action (5.36)) only up to the quadratic order in fluctuations as

2 1 » gIv? 2
S¢) — —/d4x{4FWF“ + %(AM - a,m)

1

1
—0,ho"h
—|—2 M —|—2

1 1
mah? + 5 Onx X + 2mix2}. (5.42)

The mixing between A, and 7 in the above action can be removed by an appropriate 4D gauge
choice. Here we will choose the 4D unitary gauge such that 7 = 0 and the gauge field acquires

mass. The remaining scalars are h and y with masses
mi =m?2 = 2u°. (5.43)
Hence, the full effective Abelian action can be written in the 4D unitary gauge as

1 1 1 1 1 1
Si{;f — —/d4x ~F,,F" + fmiAuA“ + Z0,h0"h + fmihQ b 20 + *miX2
4 2 2 2 2 2
1 1
+ )\Ulh(hQ + 3X2) + Z/\}14 + Z)\X4 + g)\hQXQ
1
+ gzvlhAHA" + Egz <h2 + XQ)AHA“}, (5.44)
where
2 2.2 2#2
A =94Vt = gay (5.45)

To summarize, the zero-mode effective theory for the Abelian case has two real scalars with
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5.2. SSB in the IR-UV-IR model: the Abelian Higgs mechanism

equal mass and a massive gauge boson. The above action is invariant under a Zs symmetry:
h— hand y = —x.

5.2.2. SSB by a vacuum expectation value of the 5D Higgs field

In this subsection, we write the complex scalar fields H®) as

H(+) (CE, y) _ 1 igs (7D () 1+7) (2,y) 1) /U(y) + h(+) ($, y)
— e . (5.46)
H ) (z,y)) V2 W (@, y)

As mentioned above, the vev v(y) is only associated with the even Higgs field H (). The fluc-
tuations h(t)(z,y) and 7(+)(x,y) are even, whereas the fluctuations h(=)(z,y) and 7(=)(z,y)
are odd under the warped KK-parity.

We can write the action Eq. (5.12)) up to quadratic order in fields as

S = / d%{iFlgj)F(*)“” + %e“(y) ((QLAé*))Q + (85AGD)2 + g§v2A§j>A<+>u)
n (ezA(m 2o — 9y(e2AW) Aé_)))au AR %ewy) ((@#h(ﬂy n 9§v2(0w(+))2)
+ %e‘m(y) ((a5v + Osh()2 4 g2 <A§‘) - 857T(+)>2 I ACE: h(+>)2>

+ %F;g;m(—wv + %em@ ((aﬂAf.j))2 + (85A0))2 + g§v2A,<;>A<—>M)

+ (62A<y) o) — gy (2AW Agﬂ))au A 4 %ewy) ((@Mh(—>)2 i ggv2<aﬂ<—>)2>

+ %&A(y) ((85h(‘))2 + g2’ (Ag+> - 857T(_)>2 + MBh(—)?) } (5.47)

where the indices are raised and lowered by the Minkowski metric. The bulk equation of

motion for the background Higgs vev corresponding to the above action is

(- %35 (c®5) + % WEe A Yu(y) = 0, (5.48)

and the bulk equations of motion for all the fluctuations are

( _ %e“(y)D(@ - %a5 (e4A<y>a5) + %M%e“‘(y))h(ﬂ (z,y) =0, (5.49)

0@ A + o5 (M385Agi>) ~ M3AD — 9, (aVAgi> + 05(e2AW ALy _ Mfﬁr(i)> — 0, (5.50)
OWAS — o (awﬂﬁ) ~ M2 (Agi) - asw(jF)) —0, (5.51)

0@ — g A — M 20 (Mje“@/) (AP — a5w(i>)> —0, (5.52)

where M3 = g2v? (y)e2A(y). The jump conditions at the UV-brane following from the equations

of motion above are:
OVyv (v)
<35 “ou U(?/)

whereas the odd fields must vanish at y = 0. In addition, we choose the boundary conditions

_ PVov(v)\ | (4
=0, (85 - W) ) (z,y)

0, (5.53)

0+ o+
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at L following the logic of our earlier discussion (see Eq. (5.27) and Appendix (B.2):

OVir(v) B PVir(v)\ () _
<iag, $ ODy )| =0 (s TRy ey —0, (550)
0,457 (2.y) ~ %54 (w.y)| =0, A (@,y) = 057D (@,y)| =0, (555)

In the above action there are mixing terms of auA(i)“ with the scalars 7(+) and Agi), which

can be canceled by adding the following gauge fixing Lagrangian to the above action,

Sep — — / B {25 [a An) _ E(Miw”) o (62A(y) A‘S’_))W
+ 22 [G#A“(‘) y: (ME,WH s (e%(ymgﬂ))] : } (5.56)
One can identify the Goldstone modes from the above two Eqs. and (| -
) (z,y) = M3z®) — 95 (eQA(y)Ag)), (5.57)
along with the two pseudoscalars Aéi) (z,y) given as
Aéi) (z,y) = Agi) — 95T, (5.58)

The resulting four pseudoscalars above along with the two h(¥) scalar fields agrees with the
naive counting before SSB of three even-parity scalars (h{*)(z,), 7(t)(z,y) and Aéﬂ (2,y)
and three odd-parity scalars (h(=) (z, y), 7(7) (z, y) and Aé_) (x,y)). It is seen from the Eq. (|5.47|

that both the even and odd gauge bosons ASE)

(z,y) acquire mass from the Higgs mechanism,

whereas the two Goldstone bosons are eaten up by these gauge bosons.

In order to obtain an effective 4D Lagrangian we need to integrate the above quadratic
Lagrangian over the y-coordinate. The first step to achieve this is to decompose all the fields

in KK-modes. We will use the following decomposition,

ZA z)ai" (y), BB (a,y) = SR FH) (), (5.59)

ZH (y)m, A (@) =" AP @nP (), (5.60)

where &7(?:)( )s ,(f)( ) and fr(Li) (y) are the 5D profiles for the vector fields (the same for the
Goldstone fields), the pseudoscalars and the Higgs bosons, respectively. The e.o.m. for the

Qz

wave-functions ﬁsi)(y), d%i)(y) and n,(li)(y) are

— 05 (W) 9, FE) (1)) + petAW) F () = (E2e240) f2)(y)), (5.61)
—05(e2AW) 85 i) (y)) + M3al) (y) = m§%aH) (y), (5.62)
— 05 (M205 (M3 W) (y)) ) + MR (y) =m0 (v), (5.63)
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5.2. SSB in the IR-UV-IR model: the Abelian Higgs mechanism
where fn%i), rhf:;) and m&t) are KK-masses for h,(f’, AS&)( ) and (b(i)( ). The Higgs profiles
f,ﬁi) (y) are exactly the same as in Appendix since they follow the same e.o.m and b.c.;
thus, we borrow the results here. The normalization conditions for the wave-functions a, (y)

and 7, (y) are

+L L M2e2AW)
dyaly) (y)ai? (y) = dmn, Ay Ay D D () = G (5.64)
_I e CO N COR n
Am M A,
Following the general strategy mentioned in Sec. and Appendix we choose the y = 0
b.c. for the even wave functions as Neumann (or mixed) b.c., whereas all the odd-mode wave
functions satisfy Dirichlet b.c. at y = 0:

sl =0 D] =0 anDw| =0 WPw| =0 66

The b.c. for wave-functions aq(l ) and 7]7(1 ) at y = =L follow from Egs. (5.54)-(5.55),

mig | 3AIR o F() _ = (4) _ () _
(i85 or T g2 (y)> fa (y))iH—O, Os i, (y)‘iL—O, I (y)(iL—O- (5.66)

One can also easily find the KK-decomposition of the fluctuation fields Agi) (z,y) and 7 (z, y)
in terms of Goldstone bosons II(+) and the physical scalars Aéi) from Egs. (5.57))-(5.58):

)
ISICEEDS (H (() Lo y) - ( J\g)zA#)(w)nﬁi)(yO , (5.67)
n mA M 4,
) —2
w<i>(x,y)=2< ’f(i))an (y) - (Mm)z(% (M3 () Aﬁﬁ(m)), (5.68)
n My, may,

Now we consider the low-energy effective theory obtained by assuming the KK-mass scale
is high enough so that we can integrate out all the heavier KK modes and keep only the
zero-modes of the theory. From here on, we choose the unitary gauge such that £ — oo which

implies i () — 0. Moreover, with our choice of boundary conditions for a(()_) (y) and n(()i) (y)

in Egs. (5.65)) and ([5.66) one can see that the corresponding wave-functions for zero-modes are

vanishing, i.e. there will be no zero-modes A(();)(ac) and Agi)(a:) in our effective theory. The

y-dependent vev and zero-mode profiles for even and odd Higgs are (see Appendix [B.2):

v(y) = vafoly), with vy = p/VA, foly) = VE + B)erLe@HARMI=L - (5.69)
B (1)) = VE + B)erLe@HOR=L) {4y = () 7 (), (5.70)

where p? = (1 —|—B)m%<K513 and A = A\;r(1+ 3)2. It is important to comment here that at the
leading order the vev profile and zero-mode profiles are the same. However, there are finite

corrections which are suppressed by O (m% / m%{ K) as given below and also depicted in Fig.
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100
- fl<(y)) 0.015+
50 — f() (?J)
— é_)(y) 0.0101
0 P — )
/ 0.005
501 /
[ 0.000 =
/ _ - -
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-4 -2 0 2 4 —0.4 -0.2 0.0 0.2 0.4
) Y

Figure 5.1.: The left graph shows the profile of the vev f,(y) and the zero-mode profiles féi)(y) as
functions of y with all the fundamental parameters of order one and kL = 5. (We use a
mild value of kL to show the small differences near the IR-brane which will be hard to see
if we use kL ~ 35, this latter value being required (see the main text) to solve the hierarchy
problem.) The right plot is the same as the left but focused near the origin.

5 2 (] _ 2k(lyl-1) )
M - My l—e my,
Follyl) _1+m§(K ( A(1+ B) +O(m§m>>- (5.71)

We can now write down the effective theory for the zero-modes in the unitary gauge:

1 1. 1 1. 1 1.
Seff = —/d4w{4FWF"” + A A + S0uhO"h + 5mth + 50X x + 5mi)ﬁ

1 1
+ Zw + Z)\XA‘ + SWX? -+ )\v4h(h2 + 3x2)

1
+ Glugh A, AP + 55’3 (h2 + X2>AﬂA"}, (5.72)

where we have denoted A(()Z) (z) = Au(x) and we have suppressed the zero-mode subscript ‘0’
for all modes. After some algebra, using the boundary conditions, one can find the masses of
the zero-mode scalars and gauge boson at the leading order:
L
2 ].

g = m? = 2, i~ o ; dyM3 = givi, (5.73)

where 1% = (1+ B8)m% ;0rr, v4 = p/X and Gy = g5/V/2L.

Comparison: In order to facilitate comparison between the two approaches, we collect in-
formation concerning all the low-energy degrees of freedom for both pictures in Table
Comparing the effective theories obtained within EWSB induced by the Higgs KK-mode vev
and by a 5D-Higgs vev in (5.44) and (5.72) one finds that both approaches give exactly the

same zero-mode effective theory up to O(m3/m3 . ~ 1073) corrections. We have checked

that the scalar masses are exactly same to all orders in the expansion parameter m,% / m%( i In
contrast, the gauge boson masses and the couplings can have subleading differences of order
O(m3 /m3% ). Note that we have neglected all the effects due to the non-zero KK-modes, such
effects being suppressed by their masses, i.e. O(m3?/m2). Hence we conclude that the two

approaches to EWSB discussed above give the same low-energy (zero-mode) effective theory
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5.3. SM EWSB by a bulk Higgs doublet

EWSB by KK mode vev EWSB by 5D Higgs vev

5D fields | KK-modes n=>0 n#0 KK-modes n=>0 n#0
ReH ™) P () v v ho () v v
ReH () () v v Xn(2) v v
ImH ) 7$P(z) | X(4D g.c.) v P (z) | X(4D g.c.) | X(4D g.c.)
mHC) | 757() X(b.c.) v 57 (z) | X(4D g.c.) | X(4D g.c.)
AL A (z) | XD gc) | XBD ge.) | AV (@) | X(b.c) v
AL AN (z) | X(5D gc.) | XBD gc.) | AT (@) | X(bec) v
AL A (@) v v AR (@) v v
AS) A (@) | X(be) v A @) | X(be) v

Table 5.1.: Comparison of dynamical d.o.f. between KK-mode-vev and 5D-Higgs-vev EWSB. The b.c.
(boundary condition) and g.c. (gauge choice) show why a given mode is not present in the

corresponding effective theory. Note that I1;;

(+)

is a mixture of ﬂf,i) and Agi), see Eq. (5.57)).

EWSB by KK mode vev EWSB by 5D Higgs vev Comment
foly) ~ k(1 + B)ekLe@HOkI=L) | f(y) ~ \/mekLe(2+ﬁ)k(ly\—L) same
o =% (1-0(%x)) F=2 ad  LO)=he) |o(E)
m%:mi:Q,uQ (1—(’)<mn%i>> fn%zfniz?,u? (1 (’)(mn%i()) same
i~ w =g (1ro()) o)
m2 m2
o= i = % (1-0(z)) o(3%:)
noggo(h) |m-gsa-o(i) |o(s)

Table 5.2.: Comparison of the effective parameters in terms of the fundamental parameters of the 5D
theory, for p? = (1+ B)m% d1r and A = (14 3)? ;. Here we explicitly show the presence
of corrections of order of the expansion parameter, m3 /m% , ~ 1073, and we neglect effects
0(6’25“); the latter ones are extremely small for 5 > 0 and kL ~ 35.

aside from small deviations of order O(m3 /m% ). To make this comparison more transparent

we summarize the parameters of both effective theories in terms of the fundamental parame-
ters of the 5D theory in Table The observed agreement is a non-trivial verification of the

results obtained here.

5.3. SM EWSB by a bulk Higgs doublet

In this section we consider all the SM fields in the bulk and study phenomenological implications

of our symmetric geometry. Note that vev’s of effective 4D scalar fields are of the electroweak

scale which is much smaller than the gravity (Planck mass) scale, therefore their back-reaction

on the background geometry would be negligible, see e.g. [128]. Therefore we employ the

background gravitational solution (|1.1)) throughout the manuscript.

The 5D action for the electroweak sector of the SM can be written as

1 1
S = —/d5wv —9{4FJC\L4NFGMN + ZBMNBMN +|DyH|? + pp| HI?

ViR(H)3(y + L) + Viey (H)3(y) + Vir(H)S(y — L>},

(5.74)
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5. Warped Higgs dark matter

where F'{; and By n are the 5D field strength tensors for SU(2) and U(1)y, respectively with
a numbering generators of SU(2). Above, H is the SU(2) doublet and its brane potentials are

AR

m2 m2
Vv (H) = =2V HP, Vir(H) = —$|H|Q + 00

H|* 5.75
. |H | (5.75)

In our approach, we do not put the Higgs quartic terms in the bulk nor on the UV-brane since
we want EWSB to take place near the IR-brane 3. The covariant derivative Dy, is defined as
follows:
.95 .gé
Dy =0y — ZETGA% — ZEBM, (5.76)

where 7% are Pauli matrices and g5(g§) is the coupling constant for the A%, (Bys) fields.

It is instructive to make the usual redefinition of the gauge fields,

1
Wi = (A}W + uﬁw), (5.77)
1
Iy = ———(g5A3 — 95Bar ), (5.78)
V3 +gé,2( )
1
Ay = ——— (gL A3, + g5Bur ). 5.79
—— (s Aks+ 50 (5.79)

Analogous to the 4D procedure, we define the 5D Weinberg angle 6 as follows:

/
95 sinf= -5 (5.80)

VE+ g2 VG5 + g5

The 5D gauge fields corresponding to the gauge group SU(2) x U(1)y are then

cosf =

SinfA,, + cos20=sin?0 » 1yt
AM<x,y)z< M et A VAT (5.81)
ﬁWM _QCOSHZM

The gauge transformations for the Higgs doublet H(z,y) and gauge fields Ajp; under the gauge
group SU(2) x U(1)y can be written as

H(z,y) = H'(z,y) = U(z,y)H(z,y), (5.82)

AM(xay) - AQ\/I(xvy) = U(m,y)AM(x,y)U_l(x,y) - g:(aMU(CC,y))U_l(I,y), (583)

where U(z, y) is the unitary matrix corresponding to the fundamental representation of SU(2) x

U(1)y gauge transformations.

We will choose the 5D axial gauge analogous to the Abelian case by taking As(z,y) = 0.
Note that we can always find U(x,y) such that the axial gauge is manifest, i.e. As(x,y) = 0.

3The UV Higgs quartic operator, i.e. Viv(H) D Auv/k*|H|* is highly suppressed as Apv/k? ~ O(Mp?).
Whereas, for the IR Higgs quartic operator suppression in the Arr/k? is reduced to ~ O(m;{QK) due to the
non-trivial warp factor at the IR-brane, see also [I11]. Similarly the bulk quartic term would also be suppressed
by some intermediate scale. For simplicity we ignore those options.
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5.3. SM EWSB by a bulk Higgs doublet

We employ an axial gauge choice for the non-Abelian case of the form
U(z,y) = U(x)Pe™i9s J dhsl@y), (5.84)

where U (x) is the residual 4D gauge transformation and P denotes path-ordering of the expo-
nential. Another key point for the later discussion is that this 4D residual gauge transformation
U (z) is independent of y and thus automatically even under the geometric parity. As we have
demonstrated in Sec. due to the symmetric geometry the background fields in the IR-
UV-IR setup separate into even and odd bulk wave functions. Hence, it is straightforward to
generalize the results obtained in Sec. for the Abelian model to the electroweak sector of
the SM. Let us start by decomposing the Higgs doublet and gauge fields into components of

definite parity as follows:
H(z,y) = B (@y) + HO@,y),  Vule,y) = Vi @y + Vi @y, (58

where Vi = (AM,Wﬁ,ZM). We can write the action (5.74) up to quadratic level in the
As(x,y) = 0 gauge as
1 1 1
(2) _ _ 5. /) 2yt —pv + AW L Zz(H) g T (+) 95 71
1

Lot —pv +
WO oW

1 1 1 1
LEE FE L lo A0 g At FO) F L L () gp
+ 4‘7:/w _7:(+) + 28514“ (95A(+) + 4‘7:/w _7.“(7) + 28514“ 0 A(f)
+ Dy HODMHE® 1 )3 HO 2 4 Dy HODM HE) 2 H )2

1 1
S/ H L Zz(—) zH Z9:7(-) g5
”a W(_) + 4ZW Z(_) + 285ZM 0 Z(_)

m2 m2 _
+ UV HORaG) - IR (HOR 4 HOPBO+ D 8- D] f (650)

where we have adopted the following definitions:

Ve =0,V -0,V FiP = 0,40 — 9,45, (5.87)
H®) (AP A H®)

]D),U« <H(_)> = [au - 295 <AL_) A/(j.) H(_) 9 (588)
HE) ' Aé_) Ag'i‘) H)

o()fronl ) () e

where Vu = (Wﬁt, Z,) and Ag\j;) was defined in (5.81)). It is convenient to write the Higgs

doublets in the following form:

H™) — igs (M 14117y H) ’ (5.90)
HO) H(=)
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where H and II are defined as (the parity indices are suppressed)

1 0 cos? Gfsien2 0 Tz LWI—/FV
H(:an) = 7 (h > ) H(a:,y) = < 2C105 - \/51 ) : (591)
2 \Mz,y) BTW ~5cos0 2

We KK-decompose the Higgs doublets H®)(z,y) and the gauge fields Vu(i) (z,y) as

HE (@,y) = > HE (2) £ (), (5.92)
7 (2, y) =Y 7l W, V@ =Y VP @ ),  (5.93)

where the wave-functions f}(Li) (y) and a%) (y) satisty

— 05 (€4A(y)a5f7gﬂ:)(y)) + M2364A(y)f7(1i)(y) _ mi(:l:)QQA(y)ﬂ(l:l:)(y)’ (5.94)
—0s (eQA(y)05a$/f) (y)) = mf/rgi)a%) (), (5.95)

and, for our background geometry, A(y) = —k|y|. The y-dependent wave functions f}(Li) (y)
(+)

and ay; (y) satisfy the following orthonormality conditions:

+L +L I
/ dye? A0 £ () £ () = o, / dyalS (1)alD (y) = . (5.96)
—L —L

The even modes are subject to jump conditions at y = 0 while the odd modes are required to

vanish by continuity at y = 0, resulting in the following boundary conditions:

9 7m(2JV £ )‘ =0, fw| =0, (Jr)() =0 (*)() =0. (5.97)
5 L n Y 0 ) n \Y 0 ’ 5aVn Y ’ aVn Y 0 : ’

The b.c. at y = £L are:

2
_ MR s(3) _ (£) _
(ia:, . )fn W[, =0 x|, o (5.98)

As pointed out in the Abelian case, the choices of b.c. for a£L+) (y) at y = 0, £L are motivated

by the requirement that the even zero-mode profiles for gauge boson be non-zero.

It is worth mentioning here that the choice of writing the Higgs doublets H ) in the form of
Eq. and using the KK decomposition for the pseudoscalars 7T€~/i) as given in Eq.
are both motivated by model-building considerations discussed below. The other possibility
is to choose different KK bases and b.c. for the pseudoscalars 7T‘(~/i) such that after SSB these
pseudoscalars become Nambu-Goldstone bosons (NGB). The even zero-mode gauge bosons
would then acquire masses by eating up the even-parity NGB, whereas the odd-parity NGB
would remain in the spectrum (the odd zero-mode gauge boson fields being zero, see below).
An effective potential for the odd-parity NGB would be generated through their interactions
with gauge bosons, hence making them pseudo-NGB. We don’t follow this approach here but
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5.3. SM EWSB by a bulk Higgs doublet

it is an interesting possibility in which the neutral odd pseudo-NGB would be a composite
dark Higgs in the dual CFT description.*

We assume that the KK-scale is high enough, i.e. mgg ~ O(few) TeV, that we can consider
an effective theory where only the lowest modes (zero-modes with masses much below mgx)
are kept. It is important to note that the odd zero-mode wave functions obey a% )(y) =0, as
can be easily seen from Eq. along with the b.c. and . As a consequence
of ag/g)(y) = 0, the odd zero-mode gauge fields Vo(f)(x) and the odd Goldstone modes wé;)(x)
will not be present in the effective 4D theory. Moreover, the even zero-mode gauge profile is
constant, i.e. a%)(y) = 1/v/2L. Using the results from Sec. we can determine values of
the couplings and mass parameters in the effective 4D theory in terms of the parameters of
the fundamental 5D theory. The result is that we can write down the effective 4D action for
the zero-modes as

5§ =- [aa{iran

1 v 1 —uv + +
47w T 0(+) * ZZS£+)ZS(+) + §WIB(+)W + aMH((J )TauH(() :

0(+)

+ 0,1 oS + md SO+ 2O 1) = igaa, 1S T

+igaHSP ™ML HT 4+ g2 T MM + giH(‘”M;MM%g‘)}, (5.99)
where M, is defined as ‘
— Tt AGH ¢

M, = UFAS)U + at[ﬂautu, (5.100)

with U = e"94ﬁé+) and g4 = g5/v2L. In the above action H(()i) are real doublets defined in Eq.

(5.91)), implying that H(()iﬁ = ’H(()i)T, whereas A(():) and ﬁ(()ﬂ are defined as (below we suppress

the parity indices and zero-mode index):

. 52 —sin? 6 1
i B sinf0A, + 55— Zu ﬁWj )
m .’13) = 1 W— 1 Z 5 (510 )
N T 2cosf K
N cos? §—sin? 6 Ty Lﬂ.+
I(z) = ( 2eost v2tw ) (5.102)
EWW T 2cos8 " Z

It is important to comment here that the above action is manifestly gauge invariant under the

following SU(2) x U(1)y gauge transformation,

MO 5 AP0 - L0001, v Oent (5:10)
4

whereas the Héi) are gauge invariant under the 4D residual gauge transformation U. Equa-
tion ([5.99)) is a non-Abelian analog of the Abelian zero-mode action given by ([5.32]).

We introduce a convenient notion for our effective theory by redefining VO(: )(:c) = Vyu(z),

4At the final stages of the present work, Ref. [129] appeared where the authors considered composite dark
sectors. A similar construction can be naturally realized as a CFT dual to the model considered here.
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5. Warped Higgs dark matter

w9 (@) = mp (2), 17 (@) = Ti(z) and

Hy(z) = e @30 (), Hy(z) = e @3 (). (5.104)

Now the above effective action, including the scalar interaction terms, can be written in a nice

gauge covariant form as®

Sepf = — / d%{i]—'m,}"“” + izwzw + %W;LW"“’
+ (D, H)'D*H, + (D, Hy) 'DFHy + V (Hy, HQ)}, (5.105)
where the scalar potential can be written as
V(Hy, Hy) = — pi?|Hy|? — p?|Ha|? + M Hy|* + N Ho|* + 6\ Hy || Ho | (5.106)
The covariant derivative D,, is defined as
Dy = 0y —igahD, (5.107)

where Au is defined in Eq. (5.101)). In the above scalar potential the mass parameter p is
defined as (see Sec. and Appendix [B.1)),

2

% —mﬁ(i) = (14 B)ym¥ kOrr,

where d;r, mi i and (8 are defined in Eq. .

Concerning the symmetries of the above potential, one can notice that V(Hy, Hy) is invariant
under [SU(2) x U(1)y] x [SU(2) x U(1)y], where one of the blocks has been gauged while
the other one survived as a global symmetry. The zero-modes of the four odd vector bosons
(Wé;)i, Z(();) and A(();)) and the three would-be-Goldstone bosons Héf) have been removed by
appropriate b.c., implying that the corresponding gauge symmetry has been broken explicitly.
What remains is the truncated inert doublet model, that contains Hi 2, and the corresponding
residual SU(2) x U(1)y global symmetry of the action. Symmetry under the above mentioned
U(1) x U(1) implies in particular that V(H;, H2) is also invariant under various Zg’s, for
example Hy - —Hy, Hy - —H> and H; — £ H>.

As explained in the Abelian case, we choose the vacuum such that the even parity Higgs

field H; acquires a vev, whereas the odd parity Higgs field Hs does not, i.e.

v =Vt = vy = 0. (5.108)

Let us now consider fluctuations around the vacuum of our choice

_Lei4ﬁ 0 T :iei4ﬁ 0
Hy(z) = 7 s <v+h>’ Hy(x) 56" (X) (5.109)

®Note that the action of Eq. (5.105) is a non-Abelian version of the Abelian zero-mode action (5.36]).
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5.3. SM EWSB by a bulk Higgs doublet

where 11 (defined in Eq. (5.102)) contains the pseudoscalar Goldstone bosons my+ . We
choose the unitary gauge in which myy+ , are gauged away, that is they are eaten up by the
massive gauge bosons Wf and Z,,. Hence in the unitary gauge our effective action up to the

quadratic order in fluctuations is

@ _ a J1 - 1 1 2 - L
Seff = —/d JU{2W[Z,W m + 1ZMVZ#V + ZFMV‘F“V -f-mWW/j'W K + §mZZMZ”

1 1 1 1
+ iauh(?’“‘h + im%hZ + iaux(?“x + 2mf<x2}, (5.110)

where the masses are,
1 op? 1 12 m?
2 2 2 2 2 2 2, 12 w
m; = msi = 2u°, my = —g5— m:f( )—:7. 5.111

h I w =% 2= 7990 ) = e ( )
It is worth noticing here that the Higgs mass my, and the dark scalar mass m, are degenerate
at the tree level. However, as we demonstrate below, this degeneracy is lifted by the quantum
corrections predicted by the effective theory below the KK-mass scale. The interaction terms
for effective theory can be written as

2
Sint = — /d%{m;h?’ + %f# + 2)(4 + 3 vhx? + gAhQXQ + %ijw—uh

2
g _ 1 1
+ 7;* WIW=H(h? + x°) + Z(gi + 9P )ohZ2,2" + g(gi +98) 2, 2" (h* + xz)}, (5.112)

where we have omitted terms involving gauge interactions alone as they are irrelevant to our

discussion below.

5.3.1. Quantum corrections to scalar masses

In this subsection we will study quantum corrections to the tree-level scalar masses of the

Higgs boson h and the dark matter candidate y.

Before proceeding further, we want to point out here that in this work we have not studied
fermions in our geometric setup since our focus is on the bosonic sector of the SM and EWSB.
For the sake of self-consistency, we mention here three possibilities for fermion localization and
their implications in our geometric setup:

1. In the first scenario, one takes heavy (top) quarks to be localized towards the IR-brane,
while the light quarks and leptons are localized towards the UV-brane. Through this
geometric localization one can address the fermion mass hierarchy problem. In this
scenario the even and odd zero-modes corresponding to the heavy quarks will be almost
degenerate in our symmetric geometry, whereas the odd zero-modes corresponding to the
light quarks could be much heavier than their corresponding even zero-modes [124], [125].

2. In the second scenario, all the fermions have flat zero-mode profiles. This can be achieved
by the choice of appropriate bulk mass parameters for the fermions. As a consequence
of flat profiles the odd fermion zero-modes have to disappear and the even zero-modes

will correspond to the SM fermions (in this case the fermion mass hierarchy problem is
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Figure 5.2.: One-loop diagrams in the unitary gauge contributing to the Higgs boson mass and the DM
scalar mass.

reintroduced).

3. In the third scenario all the fermions are localized towards UV-brane. In this case the
masses of all odd zero-modes of the fermions could be heavier than their corresponding

even zero-modes.

In this study we implicitly limit ourselves to the last two cases in order that the dark Higgs
be the lightest odd particle and all the other odd zero-modes are either not present in our
low-energy effective theory or they are much heavier that the dark Higgs, which will therefore
be the only relevant dark matter candidate. For either of the choices 2. or 3. above, the top
Yukawa coupling y; in the low-energy effective theory will be the same as in the SM and the
top-quark loop correction to the SM Higgs boson mass will be exactly as in the SM up to the
KK cutoff. In case 2., the n # 0 fermion KK-modes are all much heavier than the KK cutoff,
mgk, and will not significantly influence the radiative corrections to the SM Higgs mass. We
leave the study of the complete fermionic sector associated with our geometric setup for future

studies.

The quantum corrections to the Higgs boson (h) mass and the dark-Higgs (x) mass within
our effective theory below the KK-scale are quite essential for breaking the mass degeneracy
of Eq. . For instance, at the 1-loop level of the perturbative expansion, the main
contributions (quadratically divergent) to the masses of the SM Higgs and the dark-Higgs
come from the exchanges of the top quark (¢), massive gauge bosons (W, Z), Higgs boson (h)
and the dark-Higgs (x), see Fig. 6 It is instructive to write the general 1-loop effective

scalar potential Vs ¢(Hy, H) for our effective theory, described in the previous section, as 7

Verr(Hy, Ha) = Vo(Hy, Hz) + Vi(Hy, Ha), (5.113)

where Vy(H1, Hz) is the tree level scalar potential given by Eq. (5.106]) and Vi (H;, Ha) is the
1-loop effective potential, given by (see for example Refs. [130] 131, 132])

2

A
Vi(Hy, Hp) = 39,2

1
[3(92 (8 + gD) + SN) (P + [Hal) — 122 [ HL P |+, (5.114)

S Another scalar which could be potentially present in our effective theory is the radion, which is responsible
for the stabilization of the set-up. The stabilization mechanism is beyond the scope of this thesis, as here we
assume a rigid geometrical background with no fluctuations of the 5D metric. However, we want to comment
here that if the radion were present in our effective theory, because of it bosonic nature it would likely reduce
the fine-tuning much in the manner that the x does.

"Note that in this section we are considering the Higgs doublets Hj o in the unitary gauge, such that Hi(z) =

0 0
1 — 1 3 — —
/2 (Ul h) and H2 (l‘) =5 (’1)2 X), where at tree level our choice was v =0 and Vo2 = 0.
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5.3. SM EWSB by a bulk Higgs doublet

where y; is the top Yukawa coupling, related to top mass through m? = y?v?/2. We use the
momentum cut-off regularization. Also it is important to comment here that Hs is odd under
the geometric Zs parity, implying that it does not couple to the even zero-mode fermions.
Moreover, we consider only the quadratically divergent part of the effective scalar potential

and the ellipses in the above equation represent terms which are not quadratically divergent.

The minimization of the effective potential V.¢;(H1, Ha), i.e.

OVeys _ 1 (o)
OH, Hie(H)) =0, where <Hz> = E ( ) 1=1,2 (5'115)

gives the following set of conditions for the global minimum,

P =p? —op? — 3 3, or w =0, (5.116)
and A2
3
A’U% — M2 _ 5[/62 + gpy? _ 3)\1)%7 or Vy = O7 (5117)
where 62 is given by
3A2 1
ot = s [gi + 5 (g% + gi) + 8X — 4y | (5.118)

Of the four possible global minima of Egs. (5.116)) and (5.117)), we will choose the vacuum such

that Hy acquires the vev, whereas Hy does not:
U1 =, U2 = 07

where v >~ 246 GeV is the vacuum expectation value of the SM Higgs doublet. With this choice

of vacuum, the 1-loop corrected masses for the fluctuations around the vacuum are

0*Vpy(Hy, Ha)
o _ O7Verp(H, 2‘ :(_2 52> 302 = 202 5.119
h OH? Hy=v, H>=0 W) A o (o419
9%V, ;(Hy, Hy) 3 A2
o _ O Verp(Hh, Hy :(_2 2) 24 202
Mx OH? ‘lev,ngo W opT ) + 3 tym
3 A2
=20% + 173 ms. (5.120)

To get mp = 125 GeV, equivalent to v ~ 246 GeV, we need to fine-tune the parameters of
the theory. To quantify the level of fine-tuning, we employ the Barbieri-Giudice fine-tuning
measure A, [133], 131, 132]: ,
Ap, = (LMZ
We plot the fine-tuning measure A,,, as a function of the effective cutoff scale A in Fig.
If one allows fine-tuning of about 10%, i.e. A,,, = 10, then the effective cutoff scale is
A ~ 2 TeV. The most stringent bounds on the KK-scale mgx in RS1 geometry with a bulk

2
_ omy,

2
my

(5.121)

Higgs come from electroweak precision tests (EWPT) by fitting the S, T and U parameters
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Figure 5.3.: The left plot gives the value of the fine-tuning measure A,,, for a Higgs mass of 125

GeV as a function of the cutoff A. The right plot shows the dependence of m, on A for

mp = 125 GeV. In our model A = mgyi. The vertical dashed gray line indicates the

current lower bound on the KK mass scale coming from EWPT.

[111]. The lower bound on the KK mass scale in our model (AdS geometry, i.e. A(y) = —kly|)
is mgr 2 2.5 TeV for f =0 and mgx 2 4.3 TeV for =10 at 95% C.L. [111]. This implies
a tension between fine-tuning (naturalness) and the lower bound on the KK mass scale mxx.
The region within the dashed gray lines in Fig. [5.3] shows the current bounds on the KK
mass scale for our geometry and the associated fine-tuning. It is important to comment here
that a slight modification to the AdS geometry (for example, models with soft wall or thick-
branes) leads to a considerable relaxation of the above mentioned lower bound on KK mass
scale [104] 105] 106]. For instance, a mild modification to the AdS metric in the vicinity of the
IR-brane can relax the KK mass scale to mgx = 1 TeV [104) 105, 106, 114 134]. Needless to
say, the generalization of our model to modified AdS geometries with soft walls or thick-branes

is possible.

The 1-loop quantum corrected dark matter squared mass m?

X 1S:

o o 3N

m, = 77lh + 219;52;577Lt'

2 (5.122)

Hence, m, is raised almost linearly with the large A. This is illustrated in Fig. An
interesting aspect of our model is that dark matter is predicted to be heavier than the SM
Higgs boson. A natural value of the cutoff coincides with the mass of the first KK excitations,
which are experimentally limited [I35] to lie above a few TeV (depending on model details and
KK mode sought). Requiring that the fine-tuning measure A,,, be less than 100 implies that
mxx should be below about 6 TeV. Meanwhile, the strongest version of the EWPT bound
requires mix 2 2.5 TeV, corresponding to m, ~ 500 GeV, for which A,,, is a very modest
~ 18. In short, our model is most consistent for 500 GeV < m, < 1200 GeV.

5.3.2. Dark matter relic abundance

In this subsection we calculate the dark matter relic abundance. The diagrams contributing to

dark matter annihilation are shown in Fig. H The squared amplitudes |M|? corresponding

96



5.3. SM EWSB by a bulk Higgs doublet

X~ - h X~
X~ e h X AN e h \\\ s \\‘ 4 h
\\ // \\ h // I |\\ ,,/
/\ N LT T N X : X : ’>\
Y T “h NS
X - S~ h X -
Figure 5.4.: Dark matter annihilation diagrams.
to the contribution of each final state to dark matter annihilation are:
2 4m4~ 3m2 2 s 2
M %f/f/(: v (1 h 2+ (1- 211, 5.123
‘ (X ) Syvt ( + s—m2 * 2m2 ( )
M A = 18, 5 =AMy 5.124
— = .
|IM(xx — fF)| T P EA (5.124)
IM(xx — hh)[> i 4 gz (L L, 1 2 (5.125)
XX 204 h s—mj t—mi  u—m ’

where V = W, Z and Sy = 1 and Sz = 2 are the symmetry factors accounting for the identical
particles in the final state; IV, refers to the number of “color” degrees of freedom for the given
fermion and s, ¢, u are the Mandelstam variables. Here, we ignore the loop-induced v~ and
Z~ final states, which are strongly suppressed. Note that the first term in the parenthesis in
Eq. and the first term in the square bracket in Eq. arise from the yxVV and
the xxhh contact interactions, respectively. The former channel is present in our model since
X is a component of the (truncated) odd SU(2) doublet.

In the left panel of Fig. [5.5 we plot the annihilation cross-section for the contributing
channels as a function of m,. (Note that the parameter A would only enter if we performed this
calculation at the one-loop level.) As seen from the plot, the total cross section is dominated
by WW and ZZ final states. The main contributions for these final states are those generated
by the contact interactions yxVV. In fact, in our model, the VV final states are additionally
enhanced by a constructive interference of the contact Xxvf/ interaction with the s-channel
Higgs-exchange diagram. In addition, for low m,, there is a comparable contribution from yxx
annihilation into hh. (The dip at m, ~ 210 GeV is caused by cancellation between the contact
interaction and s, ¢, u-channel diagrams.) Fermionic final states are always irrelevant; even
XX — tt production is very small in comparison to xy — VV. Then, adopting the standard
cold dark matter approximation [136], we find the present x abundance Qxh2 shown in the
right panel of Fig. We observe that Qxh2 < 1074 once the EWPT bound of my 2 500 GeV
is imposed. Clearly, some other dark matter component is needed within this model to satisfy
the Planck measurement, Q,h% ~ 0.1 [28].
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Figure 5.5.: The above graphs show the annihilation cross-section o for different final states (left) and
the y abundance Q,h? x 10* (right) as a function of dark matter mass m,.

5.4. Summary

In this chapter we have studied the phenomenological implications of the IR-UV-IR model
presented in Sec. Within this geometric setup we investigate the low-energy effective
theory for the bulk SM bosonic sector. The Zs-even zero-modes correspond to known standard
degrees of freedom, whereas the Zs-odd zero modes might serve as a dark sector. We discuss
two scenarios for spontaneous breaking of the gauge symmetry, one based on expansion of the
bulk Higgs field around an extra dimensional vev with non-trivial profile and the second in
which the symmetry breaking is triggered by a vev of the Kaluza-Klein modes of the bulk
Higgs field. It is shown that they lead to the same low-energy effective theory. The effective
low-energy scalar sector contains a scalar which mimics the Standard Model (SM) Higgs boson
and a second stable scalar particle (dark-Higgs) that is a dark matter candidate; the latter
is a component of the zero-mode of the Zs-odd Higgs doublet. The model that results from
the Zs-symmetric background geometry resembles the Inert Two Higgs Doublet Model. The
effective theory turns out to have an extra residual SU(2) x U(1) global symmetry that is
reminiscent of an underlying 5D gauge transformation for the odd degrees of freedom. At tree
level the SM Higgs and the dark-Higgs have the same mass; however, when leading radiative
corrections are taken into account the dark-Higgs turns out to be heavier than the SM Higgs.
Implications for dark matter are discussed; it is found that the dark-Higgs can provide only a

small fraction of the observed dark matter abundance.
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CHAPTER 0

SUMMARY AND CONCLUSIONS

Five dimensional RS1-like models offer an elegant and simple solution to the hierarchy problem,
whereas RS2-like models give an alternative to the compactification. In Chap. [2| we briefly

reviewed the RS models and presented two generalizations of RS models:

e First scenario is a Zg symmetric generalization of RS1 on an interval y € [—L, L] such
that two identical AdS patches are glued together at y = 0, where y is the coordinate
of the fifth dimension. We considered three D3-branes, one at y = 0 referred to as the
UV-brane where gravity is assumed to be localized and two branes at y = 4L referred
to as the IR-branes — the IR-UV-IR model, see Sec. 2.2

e Second scenario is an asymmetric generalization of RS2 which allows different bulk cos-
mological constants on either sides of the brane such that it leads to asymmetric warp-
function and different AdS geometries on each side of the brane, see Sec.

To understand the issue of localization of gravity in the noncompact RS2-like models we worked
out the 4D effective theory at linearized level in Sec. It is shown that the zero-mode of
tensor perturbation corresponds to the 4D graviton and is localized on the brane in generalized
RS2 model. In the low energy limit it is shown that the corrections to Newton’s gravitational
potential due to non-zero KK-modes of graviton are suppressed by one higher power of the
distance r, than the leading zero-mode contribution. Hence the 4D effective gravity on the
brane is the standard 4D Einstein general relativity with small and calculable corrections due
to non-zero KK-modes of gravitons.

The standard formulation of RS models and their generalizations assume the presence of
infinitesimally thin branes embedded in 5D space-time. In order to avoid infinitesimally thin
branes and instead to model them dynamically by physical objects, we presented a generic
mechanism of smoothing the singular branes by background profiles of scalar fields — the
thick-branes. In RS1 and IR-UV-IR model the IR-branes have negative tension, see Chap.
There is no clear mechanism to generate a negative tension smooth brane by a scalar field

configuration, moreover, it was shown by Gibbons, Kallosh and Linde [27] that periodicity of
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RS1 can not be achieved through a non-trivial scalar field minimally coupled to gravity. We
have shown in Chap. [J| that even in the presence of non-minimal scalar-gravity coupling it is
not possible to mimic a negative tension brane. In an attempt to construct a model that is
periodic in the extra dimension we have derived a generalization of the Gibbons-Kallosh-Linde
sum rule that holds also if the scalar field couples non-canonically to the Ricci scalar. It turns
out that even for the case of non-minimal scalar-gravity coupling, periodicity forbids to have
any non-trivial scalar field profile which could possibly mimic RS1 model. Therefore we have
focused on non-compact extra dimensions to construct thick-brane models in Sec. We

have considered four different models of thick-branes, summarized below.

e First, a thick-brane version of an asymmetric generalization of RS2 in which we employ
different cosmological constants on two sides of the brane. In this scenario coupled
scalar-gravity equations have been solved through the so-called superpotential method and
stability of the solution has been illustrated. The thin brane limit of the model have been
discussed. Properties of the thick-brane solution have been considered in details. It has
been shown that, under mild assumptions, the relation between cosmological constants
and the brane tension of the generalized RS2 could be obtained in the brane limit of
our model by an appropriate choice of an integrating constant (that defines the scalar

potential) independently of particular profile of the scalar field.

e Second, in order to have a chance to address the hierarchy problem, a scalar field is
employed with two kink-like profiles in Sec. This set-up, in the brane limit, corre-
sponds to a model with two thin branes with positive tensions. Various possible cases,
depending on the location of the maximum of the warp function has been considered.
The most attractive option turned out to be the one with the maximum located on top
of one of the thick-branes, which implies that the gravity is localized on that brane and
if one allows the localization of Higgs field on the other brane then one could potentially

address the hierarchy problem within this thick-brane scenario.

e Third, we considered a Zo symmetric triple thick-brane model in Sec. which resem-
bles the IR-UV-IR model in the brane limit. The key differences between the thick-brane
model and the IR-UV-IR model (see Sec. are the fact that the thick-brane model
is non-compact and allows only positive tension brane, whereas the IR-UV-IR model is

compact and it requires IR-branes to be negative.

e Fourth, we consider a class of the thick-brane models where a thick brane is generated
through the dilaton-like scalar fields — the dilatonic thick-brane. It turns out that such

thick-branes naturally appear in the cosmological thick-brane models.

The stability of the thick-brane background solutions has been discussed in details in Sec.
and was verified in the presence of the most general perturbations of the metric and the scalar
fields.

The issue of localization of a scalar field on a thick-brane has been presented in Sec. A

generalized superpotential method has been presented which could solve the coupled two-scalar
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field and gravity equations. The scalar field is localized on the thick-brane though localized
interactions with the thick-brane and we have investigated different properties of localization

in this scenario.

In Chap. [f] we have analyzed a 5D scenario with a scalar field in the presence of gravity
looking for non-stationary solutions. We have found solutions of the Einstein equations for
the case of time-independent scalar field assuming a conformal form of the 4D metric. Both
the evolution of the scale factor, its extra dimensional shape and the profile of scalar field
were discussed and determined for different values of spatial curvature &k = 0, +1. Also for the
time-dependent scalar field ¢(7,y) and 4D conformal metric, analytic solutions were obtained
in certain cases. We have also formulated a superpotential method for ¢- and y-dependent
profiles of the scalar field. For the solution which has been found both the scalar filed ¢ and
the scale factor a depends on the conformal time 7 and y only through n = ¢ + dy, where ¢

and d are constants.

Chapter [o|is dedicated to construct a warped extra dimensional model with singular branes,
with SM fields in the bulk and the possibility of having a dark-matter candidate. The moti-
vation of this work was twofold: (i) to analyze the situation where EWSB is due to the bulk
Higgs in this Zo symmetric geometry; and (i) to discuss the lowest odd KK-mode as a dark
matter candidate. Concerning EWSB, we discussed in detail many important aspects of SSB
due to a bulk Higgs. We first considered an Abelian gauge group and then generalized to the
SM gauge group. In the Abelian case, we followed two apparently different approaches for
SSB. In one approach, the symmetry breaking is triggered by a vev of the KK zero-mode of
the bulk Higgs field. The second approach is based on the expansion of the 5D bulk Higgs
field around an extra dimensional vev with non-trivial y profile. The comparison between the
two Abelian scenarios is summarized in Tables and The (zero-mode) effective theories
obtained from the two approaches are identical and the most intriguing feature of the Abelian
Higgs mechanism is that the even and odd Higgs zero-modes have degenerate mass at tree-level

— a feature that is also present in the SM case.

To achieve SSB, choice of boundary conditions for the fields at £L is critical. In both
the above two approaches to the Abelian case, we allowed y-derivative of a field to have an
arbitrary value at =L as opposed to requiring that the field value itself be zero, i.e. we employed
Neumann or mixed b.c. rather than Dirichlet b.c. at L. The latter choice would have led to
an explicit symmetry breaking scenario in which there are no Goldstone modes and the gauge
bosons do not acquire mass. (Note that the boundary or “jump” conditions at y = 0 follow
from the bulk equations of motion in the case of even modes, whereas odd modes are required
to be zero by symmetry.)

Following this introductory material, we considered EWSB assuming that the SM gauge
group is present in the bulk of our Zo symmetric 5D warped model. The zero-mode effective
theory appropriate at scales below the KK scale, mg g, was obtained. For appropriate Higgs
field potentials in the bulk and localized at the UV and IR-branes, SM-like EWSB is obtained

when only the IR-branes have a quartic potential term. In contrast, quadratic mass-squared

101



6. Summary and conclusions

terms are allowed both on the branes and in the bulk. Of course, to achieve spontaneous EWSB,

we employed the same boundary conditions as delineated above for the Abelian model. The

resulting model has the following features.

102

Due to geometric Zo symmetry all fields develop even and odd towers of KK-modes in
the 4D effective theory.

Assuming that the KK-scale is high enough (mgg ~ O(few) TeV), we derived the low

energy effective theory which includes only zero-modes of the theory.

In the effective theory, the symmetry of the model is [SU(2) x U(1)y] x [SU(2) x
U(1)y], where the unprimed symmetry group is gauged while the other stays as a global
symmetry. The zero-mode odd gauge fields and the corresponding Goldstone modes from
the odd Higgs doublet are eliminated due to the b.c..

In the low energy effective theory, we are left with all the SM fields plus a dark-Higgs —
the odd zero-mode Higgs. This dark-Higgs and the SM Higgs (the even zero-mode) are

degenerate at tree level.

In order to get the SM Higgs mass of 125 GeV, we need to fine-tune the 5D fundamental
parameters of theory to about 1% — 5%, where the upper bound is determined by the

lower bound on the KK scale coming from EWPT requirements.

We computed the one-loop quantum corrections to the tree-level masses of the SM Higgs
and the dark Higgs assuming that the cutoff scale of our effective theory is the KK-scale,
mgr. One finds that the dark-Higgs mass is necessarily larger than the SM Higgs mass,
the difference being quadratically dependent on mg k.

Requiring that the fine-tuning measure A,,, be less than 100 implies that mxx should
be below about 6 TeV. Meanwhile, the strongest version of the EWPT bound requires
mik 2 2.5 TeV, corresponding to m, ~ 500 GeV, for which A,,, is a very modest ~ 18.
In short, our model is most consistent for 500 GeV < m, < 1200 GeV.

We calculated the relic abundance of the dark-Higgs in the cold dark matter approxi-
mation. For m, in the above preferred range, QXh2 < 10~* as compared to the current
experimental value of ~ 0.1. To obtain a more consistent dark matter density, one needs
to either assume another DM particle or perform a more rigorous analysis of our model

by considering the even and odd higher KK-modes in the effective theory.



APPENDIX A

LINEARIZED EINSTEIN EQUATIONS

In this Appendix we consider fluctuations around the background solutions discussed in the
main text. We start by perturbing the 5D metric gy/n(y) defined through Eq. (1.2]) by:

gun(y) = gun(@,y) = gun(y) + hun (2, y), (A1)
where garn(y) is the unperturbed background metric, given as
Juv = 62A7’u1/7 Jus = 0, gs55 = 1. (AQ)

It is convenient to adopt the Einstein equations in the Ricci form as,

1 .
=—_T A3
Run NVE MN, (A.3)
where
. 1 "
Tyun =Tun — ggMNT 4> (A.4)

where Ty is the energy-momentum tensor for scalar field ¢ given in Eq. (3.28)), which leads

to:
Tun = VudVno + %gMNV(qS). (A.5)

The perturbations in the Th;y will correspond to fluctuations of the scalar field o(y) as

¢(z,y) = é(y) + ¢(z,y) and of the metric gun(z,y) = gun(y) + hun(z,y). These per-
turbations can be calculated order by order in perturbation expansion as,
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A. Linearized Einstein equations

where ellipses correspond to the higher order fluctuations in ¢(z,y) and hpsn(z,y). The zeroth
and the first order terms are as follows,

2 - 2 -
T = 3V (9), T ="+ 3V, T =0 (A.6)
3 ov
7 = 2 (0 0o+ Vo ). (A7)
~ , . 20V 2 - , 2
Ti) = 2¢/'/ + 30555) FIhssV(O), TR =0+ ShiaV(9).  (AS)

The explicit forms of components of the Ricci tensor in the zeroth and first order are:
R;(S/) _ e2A (A” + 4A/2) Ty Ré5) ] (A" A/2) 7 R}(L%) =0, (A‘g)
1 1 1
R}(}V) =- 56M8Vh55 + 62Anlw (A” + 4Al2) hss + §€2A7]MVA/ {55 + B (auhf,g) + 8,/hllu5)

1 1
+ A" (Ophys + Oyhys) — 56—2145(4)@” + 56_2‘477”" (8u0phue + 8u0phus — 8,00h )

§h;;u - 7A/77,u,1/77pah:)0 — Alz (2huy - nuunpahpg) + A'nyynp"ﬁph@, (AlO)
1
Rf}; —3° e~ (9 Pyucr auh;w) — e AP (Ophpo — Ouhpo)
1
+ §A’8uh55 — e (DD hys =0 0,0ho5 ) — (A" +4A42) s, (A.11)

1 1
Ré? :ef2A <A/npo'h;o_ + A//npahpo _ 2np0hzo> o 5872‘4[](4)}155 + 2Alh{55 + 672Anpo'aph;5
(A.12)

Having all the components of the Ricci tensor (A.10)-(A.12) and Ty ([A.7)-(A8), one can
write down the equations of motion for the metric fluctuations hysn(z,y):

1 1
() s = 5 0uBuhss + 2 (A" 4+ 4A™) hss + §e2AnWA’h55 + = (a his + Ouhlys)
1 1
+ A" (Ophys + Ouhys) — 56—2@(4)% + 56—“77/” (0u0phe + w0l — 0,00 R po)

1
- ih:iu - §A,77NVnpgh;)a - Al2 (2h,u1/ - nuunpohpa) + A,nuunpgaphUS

L 2( 54  9V(9)
- 5 v h v | Al
1 3
(wb) : 5672A77p0 (aph;w - 8uh:oa) — e 2AAlype (Ophuo = Ouhps) + §A/auh55
1 _ - 1
~5¢ # (D(4)hu5 - 6pauh05) = mﬂy 1P (A.14)
1 1
(55): e <A’77”"h’pa + A" e — gnp”h'pfa> — 5e 2 A0Whgs + 2455 + 72070l
p o 20V(9) 2
= hs A15
i (209 + 35+ Shesv (0 (A15)
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A.1. SVT decomposition of perturbations and gauge choice

Additionally, we also have the equation of motion of the scalar field ¢ (3.27) in the first order
in the fluctuations hpsn(z,y) and p(z,y) as,

0*V(9)

—2A (4
e 2A0Wy o + 44"y — 952

1 1
0+ §¢/ (e—QAh)/_ 5(z)/hg/ _ (¢//+4A/¢/) hg =0, (A.lﬁ)

where h = n/"h,,.
In the remaining part of this Appendix we will derive equations of motion for perturbations
of the metric and the scalar field. We are going to adopt a decomposition of the metric

perturbation hysy into scalar, vector and tensor (SVT) components.

A.1. SVT decomposition of perturbations and gauge choice

In this sub-appendix we review the decomposition of most general symmetric perturbation
hary into scalar, vector and tensor (SVT) modes. The matter of gauge choice in the warped
extra dimension in the presence of a scalar field is also discussed. These issues were studied in
the literature, see for example, [43], 60, [55], 56, 57, 137].

Due to the symmetries (4D Poincére invariance) of the background metric and the energy-

momentum tensor, we can decompose the perturbations hj;n into scalars, vectors and tensors

as follows,
how = € [=2¢m,, — 20,0,E + 0,G, + 8,G,, + H,, (A.17)
hus = 0B + O, (A.18)
hss = 2x, (A.19)

where 9, x, B and E are scalars, whereas, C, and G, are divergenceless vectors and H,,, is

the transverse and traceless tensor, i.e.
o'c, =0"G, =0, O'Hy, = HJ = 0. (A.20)

The perturbation modes are functions of x and y coordinates.

Let us discuss the uniqueness of the above decomposition. It is easy to see that B is

determined by h,5 as follows
OWB = 9 h,s. (A.21)

Therefore shifting B by a solution the homogeneous equation O\ = 0 leads to another
allowed solution of (i 1 In order to specify the solution of O®X = 0 one has to fix
initial conditions, that can be done e.g. by specifying A(¢,Z,y) and O A(t,Z,y) at a given
time. Hereafter we are going to assume that at a certain time ¢t = ¢y that is far enough in
the past both A(¢,Z,y) = 0 and 9:\(¢,Z,y) = 0. That assumption is physically well motivated

as there is no reason to observe any perturbations at the very beginning and implies that the

! Another way of seeing the same freedom in determining B and C,, is to notice that a shift B — B + X can
be compensated by an appropriate change of C,, C,, — Cy — Ju\. Requiring O@WX = 0, guaranties that C,
remains divergenceless.
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A. Linearized Einstein equations

only solution of O™\ = 0 is in fact A = 0. Therefore the decomposition is unique.
Similar strategy could be adopted to show uniqueness of the decomposition of h,, provided
appropriate initial conditions are adopted. We start by determining F as a solution of the
following equation that is implied by :

1 1
OW2E = 3¢ 24 <4D<4>h;; - aﬂthW> : (A.22)
Having E determined (with appropriate initial conditions that ensures uniqueness) one can

find ¢ solving

1 —2A 1 4
= —ge M hf - ZD( E. (A.23)
Then G, is a solution of
OWG, = e 248 hy,, + 20, (v + OWE). (A.24)

Now we can write down the first order Einstein equations in terms of the scalar, vector and

tensor (SVT) components defined in (A.17)-(A.19) as,
1
(:W/) : €2A77/W [2 (A” + 4A,2) Y+ A/X/ +9 (A" + 4 A" + 26_2A|:|(4)) v+ 8A,¢/ + w//]
/ / / (4) 1 ! / /
+ 0,0, B' +24'0,0,B + A'ny, OB + 3 (0.Cy, + 0,C),) + A (8,C, + 8,Cy)
+ (2 (474442 4 0D) 0,0, + 0 ADVE + 440,0,E' + 0,0, 5|
1 1 54
- (A" +4A” 4 QD“)) (G +0,Gp) — 5 [0,G) + 0,G); +44' (0,G), + 0,6,
1 1
+ 9,0, (20 — x) — <A” +4A”% + 2D<4>) H,y —2e**A'H, — 562AHZV

1 2
Ze24 [WVW@ + V(o) (—2¢nu — 20,0,FE + 0,G, + 0,G, + HW)} ,

VER] 9o
(A.25)
1

(u5) 1 30, +3A'0,x — %e_QAD(4)C# + %D@)G; AL (A.26)

(55): 4 (" +24'Y) + 44X — e 0Dy + OW (B + 24'E') + e 2400 B’

1 20V(¢) 4
= |20/ + 2oy = . A2

IRVE: o'+ 3 96 v+ 3V (A.27)

Adopting the background equations of motion the above equations could be simplified as

follows:
() : [2 (A" +4A%) x + A'X + e 2A0Wy + 84 + 4" +e72440WB + A’D(4)E’]

+ 0,0, [Qw X+ B 4 24'B + A (QD(4>E LAAE + E”) ]
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A.1. SVT decomposition of perturbations and gauge choice

1 A A 1 A A
+ 50 [C{, +24'C, — 4 A'G, — € G;’] + 500 [c,g +24'Cy — 4G, — 4G,

1 1 2 oV (¢)
- (4) 2A Al 7/ 2A 171 _ - 2 2A YV iy
5 (D Hyy +4e""A'H), + e HW> 4M§3e Nuw 96 ¥, (A.28)
1 _ 1 1
(M5) . 38//[/), + 3A'8ux — 56 2A|:|(4)C'u + §D(4)G;L = Mgbl //«(70’ (A29)
(55) - (w// + 2A,¢/) + 4A/X/ _ 6_2AD(4)X + 0@ (E// + 2A/E/) + 6—2AD(4)B/
1 20V(¢) 4
= |20/ + 24 = . A.
4M§[¢<P 370 P T3V 0X (A.30)

Now comparing the coefficients of 7,,,, 0,0,, 0, and the tensors on both sides we get from (uv)
components the following equations of motion for the scalar, vector and tensor modes of the

perturbations

9 (A// —|—4A/2) X+A/X/ + e_QAD(A‘)?,/J + 814/10/ +¢// + e—QAA/D(4)B +A/D(4)El

1 20V(9)
0,0, |20 — x + B + 24'B + &2 (QD<4>E F4A'E + E”) } =0, (A.32)
0y [c; +24'C, — 424G, - e2AG4 =0, (A.33)
1
2 (D(4>HW + 4 AH, + eQAHZV) =0. (A.34)
For (u5) and (55) we obtain the following equations:
1
0, <3¢/ +34 — T ¢’¢> — 0, (A.35)
e 240We, - 0Wa), =0, (A.36)
4 (w// + 2Alwl) + 4A/X/ o 6_2AD(4)X + D(4) (E// + QA/E/) + e‘ZAD(“)B’

_ L gy 20V 4

= [qucp +3 36 o+ 3V(¢)X : (A.37)

The above equations of motion for the scalar, vector and tensor modes of perturbations are
applicable for any gauge choice, in the main text we decided to choose the longitudinal gauge
defined by the condition B = E = G/, = 0 as discussed below.

Now we will consider the coordinate/gauge transformations and then we will turn to the
question of choosing the appropriate gauge in order to eliminate artifacts of the freedom of

choosing a reference frame. Lets consider the following coordinate transformation,
M = M M (A.38)

where the ¢V is an infinitesimally small function of space time, i.e. |¢M| << [2M| and ¢M =

(€1, €5) with &* being a 4D vector and £° a scalar change in the 5th coordinate y. In order to

107



A. Linearized Einstein equations

write down corresponding gauge transformations of the decomposed scalars, vector and tensor
modes, it is useful to decompose also the 4D vector £ into the divergenceless vector &/ and

gradient of the scalar ¢, i.e.
¢t =&+ 0., du! = 0. (A.39)
It is easy to show that the change in metric perturbation h,sn corresponding to reads
harn = harn + Shun, with Shyn = Vuén + Véur. (A.40)

The explicit form of the components of dhn are given by,

Shyw = 01y + 0u€1y + 20,08 + 24'e*,, &5, (A.41)
Shyus = 0,85 + augﬂ + €L, — 2461, — 24,8, (A.42)
Shss = 2&5, (A.43)

The above transformations of the metric perturbation hjsy induce corresponding transforma-
tions of the metric perturbation components defined by Eqgs. (A.17)-(A.19) as,

=1 — A€, E=FE-e g, (A.44)
X =x+&, B=B+¢)+& —24%, (A.45)
Cu=Cu+8&,—24¢,, Gu=Gu+e ¢y, (A.46)

whereas, H,, is unaffected by the coordinate transformations. Similarly, the gauge transfor-

mation of the scalar field perturbation ¢ can be easily obtained as,

p=¢+dp=p+¢E. (A.47)

Similarly, the gauge transformations of the energy momentum tensor can be written as,

< (1 = (1 ~(1
v = Tagy + 6130y, (A.48)
where,
STy = Taph VN + TRV ae? + Vel eC. (A.49)

Now we turn our attention towards the issue of choosing a gauge. It proves to be convenient
to adopt the so-called longitudinal or Newtonian gauge defined by the conditions: B = E = 0
in the scalar and éu = 0 in the vector sector. It is important to note that, indeed, one can

always choose the gauge parameters such that the gauge conditions are satisfied, i.e.

§(z,y) = E, (A.50)
E(x,y) = —B - (e7EB), (A51)
Eiu(r,y) = =Gy (A.52)
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A.2. Scalar perturbations

Here one can note that this choice of gauge fixing completely fixes the gauge and so that there

is no residual gauge freedom left.

A.2. Scalar perturbations

Scalar perturbations contribute to the metric as follows
ds? = 2 [(1 — 2¢) m — 20,0, E] da*da” + 9, Bdz"dy + (1 + 2x) dy?, (A.53)

The scalar modes appearing here are not gauge invariant, i.e. their values are affected by the
choice of different coordinates. It is therefore instructive to either work with the gauge invari-
ant quantities or choose a suitable gauge such that the ambiguities related to the coordinate
transformations can be removed. Here we choose the longitudinal gauge such that the gauge
freedom is fixed completely, as discussed in Appendix Therefore, for the scalar modes of

perturbation, we have B = F =0 2.

In the longitudinal gauge the perturbed metric (A.53)) is of the form,
ds® = 2 (1 — 2¢) ndatde” + (1 + 2x) dy?. (A.54)

Adopting the general results from the Appendix we find the following form of the linearized

field equations for the scalar modes,

() : 24 |2 (A7 + 4A) x + A'X + e H0Wy 84y + 1//']
1 o OV(9)
+ a,U«al/ (211} X) = GMEe Nuv 3(1) @, (A55)
1
(u5) - 3A'0,x + 30" = Ve @' Oup, (A.56)
. 1 20V(¢) 4
. 4 (" + 24 AAN — 2AD(4) - |94l L2 x ‘
(55) (" +2479) +4A4X —e X=pE |29 35, et gV O
(A.57)

One can notice from Eq. that the absence of the 0,0, term on the right hand side
implies 0,0, (2¢) — x) = 0 so that x = 29 4 c(y). Where ¢(y) is a y-dependent constant of
integration which can be fixed by the requirement that at 4D infinities x,1 — 0, therefore
c(y) =0.

When x = 2¢ the equation of motion for the scalar field fluctuation simplifies,

0*V(9)

—2A(4
e~ 240 )cp+g0"—i—4A’ f — 962

©— 60" —4(¢" +4A'¢") ¢ = 0. (A.58)

It is important to note that, as usually in such cases, the equations of motions (A.55))-(A.58))

are not independent. Adopting the relation x = 2¢ and the background equations of motion

2We suppress the ~ signs hereafter, as it is clear that we are referring the modes in the new reference frame as

discussed in Appendix
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A. Linearized Einstein equations

one derives the following equation that we will use instead of (A.55)) and (A.57)

_ 1
3" 4+ 64y — 3e2A0Wy = oA . (A.59)

Hence, Egs. (A.56)), (A.58) and (A.59) complete the set of linearized equations for the scalar

modes. In the subsequent section we will use these equations to study stability of scalar field

perturbations.

A.3. Vector perturbations

We can write down the metric for the vector perturbations as,
ds® = ** (N + 0,Gy + 0,G,,) dx'dz” + Cydatdy + dy?, (A.60)

where C), and G, are divergenceless vectors defined in Eqgs. (A.17) and (A.18). Adopting
the general results from the Appendix we find the following form of the linearized field

equations for the vector modes
0, |ClL+2A'C, + —4*1A'Gl — 2AGY | =0, (A.61)
e 40We, —0Wa), =o. (A.62)

Since we are working in the gauge where GG, = 0 so the equations of motion for the vector

modes of the metric perturbations read

OWe, =o, 8, (C, +2A'C,) = 0. (A.63)
A.4. Tensor perturbations
The tensor metric perturbation of metric (1.2)) can be written as,

ds* = e22W(n,, + H,,)dz"dz” + dy?, (A.64)

where, H,,, = H,,(x,y) is the tensor fluctuation as defined in (A.17). Adopting general results
from the Appendix[A-T] we find the following form of the linearized field equations for the tensor

modes
(ag 4A'95 + e—“m<4>) H,, =0. (A.65)

The zero-mode solution (corresponding to OWH w = 0) of the above equation should represent

the 4D graviton while the non-zero modes are the Kaluza-Klein (KK) graviton excitations.
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APPENDIX B

~_SSB IN THE IR-UV-IR MODEL: REAL SCALAR CASE

In this Appendix, in order to gain some intuition concerning properties of models based on IR-
UV-IR Zy-symmetric geometry, we consider a simple setup with a real scalar in the geometry
defined in Sec. The action for this toy model with a real scalar field ®(z,y) is:

1 1
Stoy = —/d5$«/—g{2gMNVM<I>VN<I> + 5u’fgqﬂ
VIR(®)3(y + L) + Vi (9)5(y) + Vir(®)5(y — L)}, (B.1)

where pup is bulk mass parameter and,

2 2
_ My g2 _ Migoo | AR 4
Vov(®) = — =%, Vip(®) = - 4 50 (B.2)

are the scalar field potentials localized on the UV and IR-branes, respectively. The background
metric for the IR-UV-IR geometric setup is given by Eq. . It is important to note that
the above action is invariant under ®(z,y) — —®(z,y). In the following two sub-Appendices
we consider two different strategies for spontaneous breaking (SSB) of the discrete symmetry:
(i) SSB by vacuum expectation values of KK modes, and (i7) SSB by a vacuum expectation
value of the 5D scalar field. Later we will compare the effective theories obtained within the

two approaches.

B.1. SSB by vacuum expectation values of KK modes

Within this approach, we first KK-decompose the scalar field ®(x, y) of the above action (B.1))

as

@(I‘,y) = Z(I)n(x)fn(y)' (B'3)
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B. SSB in the IR-UV-IR model: real scalar case

The wave-functions f,(y) are chosen to satisfy the following equation and orthonormality
condition in the bulk,

05 (A0 1 ) + et f) + MO TV (4)5(0) = m2eAO L), (BA)
+L
| e ) 1) = (5.5)

In the presence of Dirac delta function d(y) (UV-brane) at y = 0 there is a discontinuity (jump)
in the first derivatives of f,,(y). The corresponding jump condition at y = 0 and the boundary

conditions at y = £L are chosen to be:

miry
where 07 = 0+4¢ and L* = L+¢ with ¢ — 0. Equation (B.4) together with the jump-boundary
conditions defines the basis for the KK decomposition. It is easy to see that the choice
of (B.4)) implied by the orthogonality relations (B.5]) eliminates non-diagonal bulk mass terms

(i.e. quadratic in fy,(y)) in the effective 4D action. The first condition in is dictated by
integrating (B.4)) around y = 0 (jump across the UV-brane), while the second one is imposed

—0, <i85 - m’R> Faly )’im —0, (B.6)

o+

in order to eliminate non-diagonal terms o 95 f,,(y) fm(y)|+z+ at the ends of the interval.!
This strategy will be often employed hereafter and in the main text to get rid of non-diagonal

quadratic KK terms.

Since our background geometry is Zo-symmetric under y — —y therefore solutions of the
Eq. (B.4) will have defined (even or odd) parity w.r.t. y. We denote the even and odd wave-
functions as f,gﬂ (y) and f,(f)(y), respectively. It is instructive to write the KK-decomposition

as

O(z,y) = &M (z, y) + <1><*>(x Y),
= Z B () £ (1)) + e(y) 3 85 (@) £ (), (B.7)

n

where €(y) is £1 for y = 0. We rewrite Eq. (B.4) as

2
m
= 05 (M W05 17 (1) + eV [0 (y) + MO (D ()o(y) = mie* W [P (). (B.8)

The jump and boundary conditions for the even and odd profiles follow from Eq. ,

(36 =" ) 90|, =0, oW =0 (8.9)

2
MR
(i&g Min )

!The other choice f,(y)|+r = 0 eliminates all the IR-brane interactions, so it will not be considered.

o+

1Pw)|, . =o. (B.10)
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B.1. SSB by vacuum expectation values of KK modes

We find the following general solutions of Eq. (B.8):

e2kly]

£1yl) = T [T (mi /i) + 69Ys (Dt k)] (B.11)

with féf)(y) = e(y)f,gf)(\yD. Above Jz and Y are the Bessel functions with weight 8 =
\J4+ ,LLQB /k?, which parameterizes the bulk mass. Above ngi) and b%i) are the two integration

constants for each parity mode. ngi) are fixed by the orthogonality condition (B.5)). The

coefficients bﬁf) and bgl_) are implied by the jump conditions at y = 0 for even and odd wave

functions:
m (+) m)
]{72(5[]{/J5 ( 7 ) +km7(1 )Jﬁ+1 ( > ']5 ( % )
bt — ® o 5 b,) =———-%, (B12)
k25U\/Y5 ( ) + kmy, Yg+1 ( ) Yﬁ (m" >
where dyy is the UV-brane dimensionless parameter defined as
2
Suv = —202+ 7). (B.13)

k2
Now the boundary condition at y = +L implies the following equation whose roots determine

the mass spectrum of KK-modes,

ekLm%i) ekLm%i)
Jp+1 (kz + 05V —
WL () (+)
- —%5,,% ljﬁ (6;”"> + By (6:}"” , (B.14)

where m g i and the IR-brane dimensionless parameter d;g are defined in Eq. - We solve

m®)

MKK

the above equation for the KK mass eigenvalues in the approximation kL > 1 and m% ) < k,

(£)

such that one can set by,

(),

zero-mode mass 1

~ 0. With this simplification we get the following equation for the

7 (£)
mé ) :8+1 <mKK) 1

~ ——IR. B.1
MKK 5 (méi)) 2 1 (B-15)
B\ mrx
()

Expanding around m; ’ ~ 0, we find the following mass for the zero-mode,

Sin 207,

218 T 2T AB T

Note that the above zero-mode mass must be negative in order to trigger the spontaneous

me®) ~ + O3] . (B.16)

—(1+ B)ym¥kxbir {

symmetry breaking. Therefore we assume at this point that ;g > 0. The above solution
implies that for ;g ~ O(1) the zero-mode mass is of the order of KK mass scale mgg. In

order to have a light zero-mode (of order of the electroweak scale), we need to fine-tune d;p
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B. SSB in the IR-UV-IR model: real scalar case

such that ]m(()i)| < my which implies that 67z ~ 1073 for myx ~ O(few) TeV (as required

in a more realistic context by the EWPT, see Sec. [5.3.1). For non-zero KK mode masses

(excited KK states with n # 0) we assume that mgi) > mik so that we can use d;p ~ 0.2
(&)

Hence the non-zero KK-mode masses m,, ’ read:

3
miE) ~ <n + g — 4> MK, (B.17)

which implies that masses of even and odd excited KK-modes are degenerate.

Now we can write the 4D effective action for the toy model (B.1]) by using the above KK-

decomposition and integrating over the extra dimension y, as:
1 1 1 1
Stoy - —/d4${2ﬁu@%+)3”(1>1(1+) + 53,1‘1)%7)8”@%7) + §mi(+)¢i(+) + §mi(7)¢2(7)

)\("‘)
+ klmn (I)I(c+) (I)l(+)(1>

A
: (Fp(H) 4 Zhimn o)) () p(~) 1 gAklmnéﬁ)@}*)@g)@(—)}, (B.18)

m n 4 n n
where )\,(jgm and Agmn are quartic couplings given by,

Nt = e4A<L>A,j—ff,ii>f;i>fﬁ>fﬁ> L A = &A(m%l% IO )
The above action is symmetric under Z) x Zs under which <I>7(1+) — —<I>£L+) and <I>£f) —
—@2‘) , respectively. Note that it has been taken into account that the integration of the IR-
brane delta functions will provide a factor of 1/2 instead of 1, as our geometry is an interval,
assuming that there is nothing outside [—L, +L]. The above effective action is valid for all the
KK-modes. In order to obtain the low-energy effective action we limit ourself to zero-modes
only. The low energy (zero-mode) effective action for our toy model is:

1 1 (o) 1 1y o
St = _/d4x{2auq>g+>auq>g+> + 50u® o) — 2 yept) — 2 pta)

toy
(+) (=)
A A 53 -
o+ 20000 g - 200005 1 Zrgno @ g )}’ (B.20)

where )\(%[30 and Agppo are given by Eq. (B.19), whereas p is the zero-mode mass parameter

defined as

—m§? = p? = (1+ B)micorr, (B.21)

In order to get more insight into the above results we find also the wave-function for the

zero-modes féi)(y).3 Following the above mentioned approximation, kL > 1 and m(()i) <k

2For the zero-mode mass this approximation does not hold, as méi)/mKK is of the same order as drr ~ 1073,
30ne can also get the solutions for the zero-mode wave functions f(()i) (y) by solving the Eq. (B.4) for méi) =0.
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B.1. SSB by vacuum expectation values of KK modes

(such that b(()i) ~ 0), the wave-function for zero-modes féi)(y) has the following simple form

2k|y| (&)
(£) ~ ¢ Mo~ klyl
I (\yl)—Néi)Jﬁ< 0 > (B.22)

with fé_)(y) = e(y)fé_)(\yD. The normalization Néi) can be fixed by Eq. (B.5):

2(+) L 2k ”léi) k i e?tr 7”(()i) kL ’
N, =2 Y ——e" ~ . B.2
0 eTydy | eV g € k(1+5)J’B € (B.23)

We get the zero-mode wave-functions fo(i) (y), after expanding the Bessel functions around

(=)
) (ly)) = &L+ B)eLe@rARyI-L), (B.24)

zero (mgy ' =~ 0), as
Hence for féi)(iL) ~ /k(1 + B)e*E | the quartic couplings are:
A = Ao > A, where A= Arp(1+ B)% (B.25)

After calculating all the parameters of the effective action (B.20)) in terms of the fundamental
5D parameters, we can proceed further to find vevs of the scalar fields &) (from hereon in
the Appendix we drop the subscripts 0 from zero-modes). We can write the scalar potentials

for even and odd fields as

1 1 A A 3
V(o) = _§N2q)(+)2 _ §,u2<1>(_)2 + Z(I)(+)4 + Z<I>(—)4 + 5)\@(-5-)2(1)(—)2‘ (B.26)

Note that the above scalar potential has Zf x Zs symmetry as pointed out earlier. One of the
discrete symmetry factors will be spontaneously broken when ®®) develop a non-zero vev. We

find the following conditions for global minima of the potential:

2
'U(+)2 — <li\ — 3U(_)2) , or ’U(+) = 0, (B27>
and
2
o2 _ <A _ 3v(+)2) e ) (B.28)

One can easily see from Fig. that the scalar potential V (&), CD(*)) has four degenerate
global minima at (£v(),0) and (0,+v(7)). One can choose any of these global vacua. We
select the vacuum where the even mode ®(*) acquires a vev, whereas ®(~) has zero vev. In

this case the above minimization condition is,
o = £ ) = 0. (B.29)

This choice of the vacuum breaks Z/, spontaneously. Now we perturb the even and odd modes
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Figure B.1.: This graph illustrates the shape of the scalar potential V(®(#)) as a function of the fields
&) for =1, and A = 1.

around the vacuum of our choice as:
oM (z) = v + ¢(), ) (z) = (). (B.30)
The effective toy action in terms of the even and odd fluctuations can be written as
eff — _ [ el Lo sore + Lo vory + Lm2a? 4 2?4 Dot 4 A4
Stoy /dm{Qauqb@ ¢+20ux8 X+2md> +2mx +4¢ +4X
3
+ ﬁm(& + 3X2) + 2/\¢2x2}, (B.31)

where m? = 2u2. It is important to note that both even and odd fluctuations have the same
mass m and the same quartic coupling A. Moreover, the above action has an unbroken discrete

Zo symmetry, under which the fields transform as ¢ — +¢ and y — —x.

B.2. SSB by a vacuum expectation value of 5D scalar field
In this approach we perturb the 5D scalar field ®(x,y) around a y-dependent vev v(y) as
P(z,y) = v(y) + o(z,y), (B.32)

where v(y) is the background solution for the toy action (B.1)) and ¢(z,y) is a perturbation
around the background. The e.o.m. for v(y) and ¢(z,y) read as:

[ — 05 <e4A(y)85> + M2364A(y)] v(y)

— MW [avgz(v) Sy +L)+ av%z(v) o(y) + 6‘%’:}(”) 5y — L)] , (B.33)
[ — A0 _ g, (1005 + M2B64A(y)] oz 9)

02V, 02V, 02V,
——) [81;;(”)@(;/ + L)+ qua(y) + (;g(%(xy - L)} . (B.34)
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Note that the above e.o.m. for the perturbation ¢(z,y) is obtained by Taylor series
expansion of the brane potentials around the background v(y) and only quadratic terms in
field ¢(x,y) are kept such that the KK-mass matrix for the field ¢(z,y) will be diagonal.
The following jump and boundary conditions for v(y) and ¢(z,y) are implied by the general
strategy adopted in the main text,

2 2

_ Myy _ _Mip | AR o _
(85 ok ) v(y) o T 0, (i(% 2% + 572 ¥ (y)) v(y)‘ﬂﬁ =0, (B.35)
9 _mZUV -0 49 _m%R_’_g)‘IR 2 ‘ _0 .
5= k) Y@ )], =0 s S+ TE ) ) ele,y)| =0 (B36)

Our geometric setup is Zs symmetric under y — —y, therefore we can look for solutions
possessing a definite parity; the even v(*)(y) and the odd v(~)(y). Since our geometric setup
is symmetric, therefore we choose the even vacuum solution v(*)(y) for the scalar field. Note
that the choice of odd vacuum solution could lead to the breaking of geometric Zy symmetry.
As discussed in the main text, the jump (boundary) conditions for the even solutions at y = 0
and y = £L are:

2
_ Mgy ) (+)
<35 o )U (v)

2
_ _Mir | MR o) () _
—0, <i85 R S5 ) v (y)‘iﬁ_o. (B.37)

o+
We find the following solutions for the even background vev v(+)(y):

v (y) = CLeCHARI L Cye2=BklYl —L<y<L, (B.38)

where C and Cy are the integration constants. We apply the jump condition (5.53)) at y =0
and the boundary condition at y = £L (/5.54)) to fix the two integration constants as,

duv
v B.39
2 oy + 48" .
—28kL —3/2
c, - k3 (613 _ Me—ka)e—(HB)kL (1 - eﬁ(sUV) ; (B.40)
AIR ouv +4p duv +46

where dpyv = m, /k* — 2(2 + 8) and ;g is defined in Eq. (5.33). For kL > 1 and 8 > 0,

—2BkL

the terms proportional to e are negligible in the region of interest (near the IR-brane).

Hence the vacuum solution for the scalar field can be written as:

o) (y) = ’fi‘sme(w)kumm = vify(y), (B.41)
\ Arr

where the constant vev vy and the y-dependent vev profile f,(y) are:

m2 . OIR
Arr(1+8)’

'U4:

Fuly) = /RO + BetLe@HOkI-1), (B.42)
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The y-dependent vev profile satisfies the orthonormality condition

L
|yt g2 = 1 (B.43)
L

From the above solution we conclude that for A\;g > 0 (as required by the positivity of the
tree-level potential) one needs d;p > 0, i.e. m%,/k* > 2(2+ ). It is worth mentioning here
that the quartic term in the IR-brane potential is crucial for a non-trivial vev profile v(*)(y).
If the quartic term would have been absent in the Vi, i.e. A;g = 0, then the b.c. and
(5.54) would have implied v(y) = 0. Even though the quartic term is not in the bulk (only
localized at the IR-brane), nevertheless, the b.c. imply the non-zero profile in the bulk.

Next we deal with the fluctuation field ¢(z,y) by KK-decomposing it as

= > dal@)fuly), (B.44)
n
such that the e.o.m. for the wave-function f,(y) that follows from Eq. (B-34) reads

— 0805 Fu(0) + MO o) + MO I (4)5) = 20 (), (Ba5)

while the KK-modes satlsfy 0Wé,,(2) = m2é,(z). Our symmetric Zy geometry implies that
the solutions of the Eq. (B.45)) are even and odd under y — —y. Since the wave functions have

definite parity therefore it is instructive to rewrite the KK-decomposition for the fluctuation

field ¢(z,y) as:
Zqﬁ(” I lyl) + ey Zab( @) £ (y))- (B.46)

The even and odd solutions are subject to different jump conditions at y = 0 that follow from
Eq. (B.36):

(- ) fow =0 FOw) =0 (B.47)
<i8 - Min y Din, 2<y>) iPw),, =0 (B.48)

Now we write the 4D effective action for the toy model (B.1l)) by using the above KK-

decomposition and integrating over the extra dimension y, as

o 1. 1 oy 9=
t({yf — /d4 { ¢(+ M) 4 a ¢ D oHp=) 4 () p2(+) +§mi( ) 2(=)

\V)

R
+ )‘lmngb +)¢ +)¢ +) + 3)\( ) ¢l d)( ¢( kilmn ¢I(€+)¢l(+)¢£’-ll-)¢%+)

A o) (= 3+
o+ St g 6§60 + = Nmnd ol 00 } (B.49)
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where,
5 = A0 ) ) P W P W) (B.50)
- A _ _ _ _
Nion = 32 VR0 AD @I 0 I W), (B.51)
Shimn = S AW ) 4) SO ) FO ) O W) (B.52)

For the warped (AdS) geometry the general solutions for Eq. (B.45) corresponding to the
even and odd f,ﬁi) (y) are the same as in Eq. (B.11). From the b.c. at y = £L we get the

following equation whose roots will determine the mass spectrum of the KK-modes,

= (£) kL, (£) kL, (£)
mn e My (i) e My

kL. () kL, ()
(S ) s (S (359

where mg i and drr are defined in Eq. - Assuming that kL > 1 and m( ) < k, we find
DREN

~ 0. Hence the above mass eigenvalue equation takes the following form for the zero-mode

e
masses m, y
’ ) ) )
0 goi | 2 ) Sy | 0 B.54
MKK o MKK b MKK ( )
()

We expand the above expression around mg ~ ~ 0 to get the following masses for the zero-

modes,

AR N 202,
246 (2+8)B+0)

As explained in the previous sub-Appendix, in order to have the light zero-mode mass ~

O(100) GeV, we need to fine-tune §;g ~ 1073, The above result also implies that the odd

zero-mode is degenerate in the mass with the even zero-mode. For the non-zero modes (excited

(£)

KK-modes) we assume that mn /mKK > drr, hence the m,, ' for the non-zero KK-modes

(n #0) are:

72

~ 2(1 4 B)Ym2 ;01r [1 + (9(5?1{)} . (B.55)

Thgli) ~ (n + g — i) TMKEK, (B.56)

which implies that masses of the even and odd excited KK-modes are the same.

Assuming the KK-scale mg is large enough, we can write down the low-energy effective
action for lowest even and odd modes qbéi) from the action (B.49)) as:

. 1 1. 1 1. ()2 (-
5t] = [[ata] RadkD0mel?) + Lonol ) + Lol L el

< e A MNodo ()4 | 3X _
+ Ao 6™ + BAing o™ @7 4 20000 gy 0000 6 1 SEO 6 >2}, (B.57)
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where couplings take the following values implied by Eqs. (B.50) and (B.52):
Ao = vV, Ao00 = Aoooo = A, (B.58)

with p? = (14 B)m% ;61 and A = A\jg(1+ )%, Simplifying our notation (gbéﬂ = o, (;5[()*) =y
and Mo = m), we can write the above effective action (B.57)) in the following form:

1 1 1 1 A A
_ 4 )1 " 1 " L.og9 L.o9g o Ay Ay
Setf /dx{Qc‘)Md)@ ¢+28uxa x+2m¢ +2mx +4¢ +4x
3
+ \@up(qﬁ + 3X2) n 2)\¢2X2}, (B.59)

where 1 is the mass of the zero-modes given by Eq. (B.55); the leading term is, m3 = 2u2.

Let us conclude this Appendix by comparing the effective theories obtained in the previous
sub-Appendix and here . It is straight forward to see that the low energy (zero-
mode) d.o.f. in the both actions are same. Moreover, the effective theories are identical,
for example, all the masses and coupling constants are same in terms of 5D fundamental
parameters of the theory. This is a non-trivial matching and the core of this matching lies
in the fact that the y-dependent vev v(y) can be written as constat vy times the normalized
y-dependent profile f,(y) such that vy = v; = % and fo(y) ~ fu(y), where v; and fy(y)
are the vev and the zero-mode profile, respectively, obtained in the previous sub-Appendix.
Once this matching is realized then masses and coupling constants in both low-energy effective
theories are exactly identical. In other words, consistently with our expectations, operations
of KK-expansion and the expansion around y-dependent vev do commute (at least for the zero

modes).
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