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A b s t r a c t 
The recent controversy concerning the gauge dependence of the QCD plasma dispersion relations is 
discussed. A set of general Ward identities is used to argue that in a self-consistent perturbative cal­
culation the QCD dispersion relations derived from the ordinary gluon propagator will be gauge fixing 
independent. 

Hadronic ma t t e r at high temperatures and 
pressures is believed to undergo a phase tran­
sition to a deconfmed plasma phase consist­
ing of weakly interacting, deconfmed quarks 
and gluons [1]. There has been a great deal 
of controversy in recent years, however, due 
to the gauge fixing dependence of the gluon 
plasma dispersion relations at the one loop 
level [2]. Much of the controversy has fo-
cussed on the correct definition of dispersion 
relations in hot QCD, and has led several 
groups [3] to propose dispersion relations de­
rived from modified, manifestly gauge fixing 
independent gluon propagators . As well, cal­
culations based on colour electric and mag­
netic correlation functions have been moti­
vated in par t by the apparent gauge fixing de­
pendence of the damping constant [4]. Braaten 
and Pisarski [5], on the other hand, have ar­
gued tha t the gauge dependence results from 
the breakdown of the loop expansion, and have 
shown for the usual gluon propagator in covari-
ant and Coulomb gauges tha t a resummation 
of higher loop graphs leads to gauge indepen­
dent dispersion relations. 

In the following, we will t ry to clarify the is­
sues raised in the above controversy by show­
ing tha t a set of generalized Ward identi­
ties govern the gauge dependence, in a wide 
class of gauges, of the QCD propagator and 
hence of the QCD plasma dispersion relations 
[6]. Given certain additional assumptions, the 
identities imply the gauge fixing independence 

of the p h y s i c a l poles in the gluon propagator. 
In the context of the gluon plasma, the iden­
tities explain the gauge fixing independence of 
the lowest order plasma frequency and imply 
tha t the gauge fixing dependence of the damp­
ing constant found in one loop calculations will 
be absent in a self consistent perturbat ive cal­
culation. 

Consider a Yang-Mills theory with classical 
action 
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where F*v = c^A* - duA% + gfabcAh

uAl. The 
action is invariant under gauge transforma­
tions of the form 8Aa

lL = D;fA 6 , where Df is 
the covariant derivative. To define the quan­
t u m theory, a gauge condition must then be 
chosen; we shall consider such conditions de­
fined by adding a t e rm rjabFa[A]Fh[A] to the 
action (1), where Fa[A] is an arbi t rary func­
tion of the quan tum field. T h e Faddeev-Popov 
ghosts are then included as needed. 

Changing the gauge fixing condition in the 
action will of course affect the calculation of 
the Green functions of the theory. Let us ex­
amine specifically how this change affects the 
gluon propagator . Wi th global colour sym­
metry and translational invariance, we assume 
the propagator can be decomposed as 



In the above, B and D are the components 
of the non-transverse par ts of the bare prop­
agator. Thus , as long as the coefficients of 
T and £ , respectively, on the right hand side 
of the above equations are well behaved in 
the neighbourhood of the solutions, the dis­
persion relations are gauge fixing independent: 

A solution of T(k) = 0 is also a solution of 
(T + AT)(k) = 0, and similarly for solutions 
of £(Jfe) = 0. 

However, not all zeroes in T and C are 
gauge fixing independent . One must exclude 
from this proof such zeroes which coincide with 
poles in AY and A Z , since in this case a 
cancellation in Eq. (5) or Eq. (6) may occur. 
Thus , it is difficult to make general s tatements 
concerning the gauge independence of the ze­
roes in T and C because the pole structure of 
AY and AZ may be complicated. 

In per turbat ion theory, however, one does 
have a handle on the analytic s tructure of 
A y and A Z , and so definite s tatements can 
be made concerning the gauge fixing indepen­
dence of the physical poles in the gluon prop­
agator [6]. Consider, for example, the loop 
expansion of Eq. (5) 

When the loop expansion is consistent, the 
on-shell condition to this order is given by 
X(°) = 0, and therefore Eq. (10) guarantees 
gauge independence of one-loop corrections to 
the self energy of the transverse mode on-shell. 

In cases when the loop expansion is not con­
sistent, as in hot gauge theories where g is 
small but gT ~ 1, these identities can be used 
to explain the gauge dependence found in one-
loop calculations. Consider the high tempera­
ture, long wavelength limit for pure QCD. In 
this case the transverse s t ructure function to 
one loop order is of the form 

T<°> = kl (11) 

where C(a) is a complex, gauge parameter de­
pendent numerical coefficient. The plasma pa­
rameters are obtained by finding solutions to 
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with 

One finds to lowest order A T ' 0 ) = T<°)Ay<°>. 
Since T^°\k) is gauge independent , we have 
A F ' 0 ' = 0. Thus , to one loop order 

projects out the spatially transverse mode. 
Note tha t t he mat r ix n^n» is transverse with 
respect to fcM and is orthogonal to A^. At 
zero tempera ture the above decomposition re­
stricts the gauge condition to depend at most 
on the momen tum four-vector and on one ar­
bitrary, fixed vector n^. At finite tempera ture 
the heat ba th defines a preferred frame n^, so 
tha t the gauge conditions can depend at most 
on rip and derivatives. 

At finite tempera ture , the s t ructure func­
tion 1/C represents the additional collective 
"plasmon" mode which propagates indepen­
dently from the spatially transverse mode 1 / T . 
The zeroes of T and C then determine the 
dispersion relations of the spatially transverse 
(plane-wave) and spatially longitudinal (plas­
mon) collective modes, respectively, of the 
quark-gluon plasma [7,8]. 

One can derive Ward identities tha t re­
flect how the propagator of Eq.(2) changes 
when the gauge fixing condition is changed : 
Fa(A) -* Fa(A) + AFa(A). These identities 
are [6]: 

(4) 
where the functional AX^ involves the 
Faddeev-Popov operator and depends on how 
the gauge fixing condition is changed. Project­
ing Eq. (4) onto the orthogonal matrices A^v 

and n ^ , respectively, yields: 

and 



[2] For a current overview see "Status of 
Per turbat ive Thermal QCD" , eds. K.L. 
Kowalski, N.P. Landsman and Ch.G. van 
Weert, Physica A 1 5 8 (1989) and refer­
ences therein. 

[3] S. Nadkarni, Phys. Rev. Lett . 61, 396 
(1988); T . H. Hansson and I. Zahed, 
Phys . Rev. Lett . 58, 2397 (1987); Nucl. 
Phys . B292, 725 (1987); R. Kobes and 
G. Kunsta t te r , Phys . Rev. Lett . 61, 392 
(1988); U. Kraemmer, M. Kreuzer and 
A. Rebhan, Ann. Phys . (N.Y.) 201, 223 
(1990); H.-Th. Elze, preprint CERN-
TH. 5223/88, 5423/89; S. Catani and E. 
d'Emilio, Phys. Lett . B238, 373 (1990). 

[4] K. Kajantie and J. Kapusta , Ann. Phys. 
(N.Y.) 160, 477 (1985); U. Heinz, K. Ka­
jant ie and T. Toimela, Phys. Lett . B183, 
96 (1987); Ann. Phys . (N.Y.) 176, 218 
(1987); H.-Th. Elze, K. Kajantie and T. 
Toimela, Z. Phys. C37, 601 (1988). 

[5] E. Braaten and R. Pisarski, Phys. Rev. 
Let t . 64, 1338 (1990). 

[6] R. Kobes, G. Kunsta t te r and A. Rebhan, 
Phys . Rev. Lett . 64, 2992 (1990); and in 
preparat ion. 

[7] H.A. Weldon, Phys . Rev. D26, 1394 
(1982). 

[8] R. Kobes, G. Kuns ta t te r and K. Mak, 
Phys . Lett . B223, 433 ; Z. Phys. C 45, 
129 (1989). 

416 

j"(o) + 7 (1 ) = g of the form k0 = u p - 27, where 
7 < < u; p. This yields 

Since ~ {gT)2 ^ 1 on the plasmon mass 
shell, Eq. (10) implies tha t the gauge depen­
dence of the dispersion relations will be of the 
same order as AY^\ and an explicit calcu­
lation shows tha t AY"W ~ g2T. This then 
accounts for the gauge independence to lead­
ing order of the plasmon mass, as well as the 
gauge fixing dependence to order g2T of the 
one loop damping constant. 

For a self-consistent expansion one needs 
7 > + i ) < I n the case of high temper­
ature QCD this means tha t an adequate ex­
pansion is not just in powers bu t only in 
those powers of g in excess of powers of T. In 
such an expansion, 

where it can be shown tha t T = k% — 
^N(gT)2. Thus , to this order there are no 
contributions in excess g from higher orders in 
the loop expansion. In such a self-consistent 
expansion, the plasmon mass shell is defined 
by = 0, and since the Ward identity (10) 
necessarily holds, it follows tha t the leading or­
der damping constant , essentially determined 
by the imaginary par t of will be gauge fix­
ing independent , as long as the corresponding 
AY has no poles at the plasmon mass [6]. This 
gauge independence has in fact been recently 
verified by the calculation of Braaten and Pis-
arski [5] in covariant and Coulomb gauges. 

A c k n o w l e d g e m e n t s : We would like to 
thank R. Pisarski for helpful discussions. This 
research was supported in par t by the Natural 
Sciences and Engineering Research Council of 
Canada 

References 
[1] Larry McLerran, Rev. Mod. Phys. 58 , 

1021 (1986). 



DISCUSSION 

Q. B . Ioffe (ITEP, Moscow): You know, of course, 
tha t in QCD the perturbat ion theory is violated in­
evitably in higher orders by infrared effects. Can you 
say something about the gauge dependence, taking 
into account these effects? 

A. R . K o b e s : One point is tha t we do not know how 
to handle the IR divergences—certainly they arise 
in a loop expansion, but there could be some other 
expansion in which they don't arise (eg., some gen­
eralization of 3rd order summation in the pressure). 
However, the proof we had of gauge independence 
of the pole assumes validity of (some) self-consistent 
expansion. It does not prove that such an expansion 
exists, but it does show tha t the question of one-loop 
gauge dependence and the validity of perturbat ion 
theory are separate questions. 

G. K u n s t a t t e r : It is important to note tha t the main 
point of Dr. Kobes ' talk was to prove, using generalized 
Ward identities, tha t the gauge dependence of the one 
loop damping constant is due to the fact tha t the pure 
one loop calculation is not a self-consistent approxima­
tion. Thus one must , to some extent, separate the ques­
tion of gauge dependence of the damping constant at one 
loop, from the question of the validity of the perturba-
tive QCD vacuum. While Dr. B. Bambah's comment 
presents an interesting approach to regulating infrared 
divergences, the results in no way contradict, or invali­
date the discussion in Dr. Kobes ' talk. 
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