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Scientific abstract

In this dissertation we perform a series of study concerning dualities and integrability properties
underlying the AdS3/CFTy and AdSs/CFT; correspondences. These are particularly interesting
because symmetry do not constrain the dynamics of AdSs and AdSj3 superstrings in the same
way as in the higher dimensional instances of AdS/CFT, allowing for novel phenomena such as
the presence of massless worldsheet modes or non-coset fermions.

We will investigate the self-duality of Green—Schwarz supercoset sigma models on AdSyx S¢x
S? (d = 2,3), whose isometry supergroups are (d — 1) copies of the exceptional Lie supergroup
D(2,1; ). Our main finding is that additional compler T-dualities along one of the spheres S%
are needed to map the superstring action to itself. Importantly, this proves dual superconformal
symmetry of their CFT duals via AdS/CFT.

Dual superconformal symmetry is strictly related to integrability, which we study in depth
for both AdS3 and AdSs superstrings. Indeed, we will derive the exact S-matrix conjectured
to be related to the massive modes of type IIB AdSy x S? x T% superstrings. This S-matrix
is psu,(1]1) invariant and it was found to be in perfect agreement with the tree-level result
following from string perturbation theory.

We also unveil the Yangian algebra ensuring the integrability of the AdSs x S? x T% superstring
in the planar limit, V[psu(1|1).], as well as its secret symmetries. By using the RTT realisation,
we provide two different representations of the Hopf algebra: one is reminiscent of the Yangian
underlying AdS5;/CFTy, but it is not of evaluation type. The other representation, obtained
from co-commutativity, is instead of evaluation type.

We explore two limits of the S-matrix for AdSy/CFT;: one is the classical r-matrix, which
is the first non-trivial order in the 1/g expansion, with g being the effective tension in the
AdSs x S? x TS superstring action. In this limit, corresponding to classical strings, we found
that secret symmetries not only are present, but also essential to formulate the classical r-
matrix in a universal, representation independent form. On the other hand, the limit g — 0,
corresponding to the weakly coupled CFT;, shows that the dual integrable model is described
by an effective theory of free fermions on a periodic spin-chain if ¢ = 0, while one obtains a
non-trivial spin chain of XYZ type if g # 0.

Finally, we investigate Yangian and secret symmetries for AdS3 type IIB superstring back-
grounds, verifying the persistence of such structures in AdS3/CFTs. Especially, we find that
the antipode map, related to crossing symmetry, exchanges in a non-trivial way left and right

generators of )[psu(1]1)?], the Yangian underlying the integrability of AdSs superstrings.
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Introduction

1.1. AdS/CFT Correspondences

1.1.1. AdS5/CFT,

There are more symmetries in a theory than those displayed by its lagrangian. For instance,
this happens in presence of dualities, which map to each other models representing completely
different physical systems. As we will see, dualities indicate the existence of hidden symmetries
providing a dictionary between the dual pair.

A remarkable example of duality is the AdS/CFT Correspondence, proposed by Maldacena
[1] and promptly developed by Gubser, Klebanov, Polyakov [2] and Witten [3]. AdS/CFT
claims that string theory on a d-dimensional Anti-de Sitter (AdS) spacetime is equivalent to a
specific (d — 1)-dimensional conformal field theory (CFT) living on the conformal boundary of
the corresponding AdS (for reviews, the reader is referred to e.g. [4-7]).

This is a holographic duality connecting a gravity theory in the bulk with a gauge theory
on the boundary. Moreover, AdS/CFT is a strong/weak coupling duality: the deeply quantum
regime of the CFT is given by classical strings, and the other way round: an amazing consequence
of this is that we can obtain remarkable insights on quantum gravity by looking at the weakly

coupled phase of the dual gauge theory.

Naturally, the best understood instance of the correspondence is the maximally symmetric
case: type IIB superstrings on AdSs x S° with N units of the self-dual five-form flux through
the S° is equivalent to four dimensional N' = 4 super-Yang-Mills theory (SYM) with SU(N)
gauge group. The action for these superstrings is encoded in a non-linear sigma model based on

the supercoset [8]
PSU(2,2[4)
SO(1,4) x SO(5)

N =4 SYM is the maximally supersymmetric completion of Yang-Mills theory in four dimen-

> AdS; x S°. (1.1)

sions: its field content consists of the gauge bosons A, six massless real scalars, four chiral

1



2 1.1. AdS/CFT Correspondences

and four anti-chiral fermions, all transforming in the adjoint representation of the gauge group
SU(N). Importantly, the beta function of N' =4 SYM vanishes at all loops and the theory is
superconformal at the quantum level. The whole AdS/CFT story was born from the intimate
connection between these two models, triggered by D3-branes. Indeed, the action for a stack of

N D3-branes is made of three pieces:

S = Sbulk + Sbrane + Sinteractions- (1'2)

The open strings ending on the D3s realise a U(/N) gauge theory, while in the bulk there are

closed strings moving in the supergravity background with metric

dmgsN(o/)?

ds* = H™YV2(y) dat dzx,, + HY?(y) (dy® + 2 dQ2),  H(y) =1+ g

(1.3)

with z# being the spacetime coordinates parallel to the branes and y measuring the distance

from the stack. Close to the branes we have y* < 47gsN(a’)? and the metric becomes

2 2

ds® = \/ng?jT(a,)z dzf + Virg.N(a')? dyyg +V/AmgsN ()2 (dy? + y* d23); (1.4)
namely, AdSs x S° with both AdS and the sphere having the same radius Rjids5 = 4mgsN (/)2
Maldacena’s insight was to further take the limit o/ — 0, which kills Sinteractions decoupling the
bulk theory from the worldvolume one. Altogether, in the bulk we have type IIB superstrings
propagating in AdSs x S°; while on the boundary, i.e. on the branes, we have a four dimensional

SU(N) gauge theory! with 16 supersymmetries, which is N' = 4 SYM.
Consistently, the global symmetries of the two models perfectly match: PSU(2,2|4) is either

the isometry supergroup of AdSs x S° or the four dimensional superconformal group?.

Claiming the complete equivalence of the string and the gauge theory is sometimes referred
to as the strong form of the AdS/CFT correspondence, as it is to hold for all values of N
and of g, = g%M. This cannot be checked via perturbative techniques only; on the other
hand, non-perturbative methods such as Localisation [9, 10], Integrability [11,12] and lattice
computations [13,14] have allowed for huge progresses.

Another approach consists in comparing asymptotic and perturbative regions. Indeed, one
can consider the ‘t Hooft coupling of ' = 4 SYM, \ = g%/ ulN = gsNN, and take the limits
N — 00, gs — 0 while keeping A fixed. In Yang-Mills theory, this limit is well defined and yields
a topological genus expansion of the field theory’s Feynman diagrams: in fact, the leading order

of the 1/N expansion contains planar diagrams only. On the AdS side, the string coupling can

!The U(1) factor in U(N) takes into account the collective motion of the branes, which decouples from the
theory living on the worldvolume. The correct gauge group is then SU(N).

2Notice also that both theories are invariant under S-duality.
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be rexpressed in terms of the ‘t Hooft coupling as g; = A/N. Since \ is kept fixed, the ‘t Hooft
limit corresponds to weakly coupled strings. Notice that small gs implies that strings tend not

to split, while the decoupling limit o/ — 0 ensures that the worldsheet cannot oscillate wildly.

1.1.2. AdS;/CFT;

AdS/CFT holds true in lower dimensions. A well-established example is that of type ITA super-
string theory on AdS; x CP3, whose fluxes are the Ramond-Ramond F* ~ N through AdS,
and the Ramond-Ramond F®) ~ k through a CP! ¢ CP3, admits a dual CFT.

This background is obtained by dimensional reduction from the eleven-dimensional maxim-
ally supersymmetric AdS; x S7 supergravity solution representing the near-horizon limit of a
stack of M2-branes. The dimensional reduction is in fact a Hopf projection from S7 down to
CP3 [15,16]. The isometry supergroup of AdS, x S” is OSp(8|4): the projection breaks part
of it, leaving a OSp(6|4) symmetry. The latter consistently reproduces the isometry supergroup
of AdS; x CP3 endowed with 24 supercharges. This type IIA solution possesses four-form and
two-form RR fluxes. Notice that the AdS; x CP? action can be expressed as a non-linear sigma
model based on a supercoset [17, 18]

OSp(6]4)
SO(1,3) x U(3)

However, the coset description does not encode the complete superstring dynamics [19].

> AdSy x CP3. (1.5)

On the gauge theory side, we have ABJM theory, a N/ = 6 superconformal Chern-Simons
matter theory with gauge group U(N) x U(N) on R? and Chern-Simons levels k& and —k. Its
field content is given by two gauge fields A, and Am four complex scalar fields Y4, and four
Weyl-spinors ¥ 4. The matter fields are N x N matrices transforming in the bi-fundamental
representation of the gauge group.

If & > 2, the global symmetry group of ABJM theory is the orthosymplectic supergroup
OSp(6]4) , which is exactly the isometry supergroup of AdS; x CP? [20,21]. The bosonic
components of OSp(6]4) are the R-symmetry group SO(6)r = SU(4)r and the 3d conformal
group Sp(4) = SO(2, 3), while the odd part of OSp(6[4) generates the N’ = 6 supersymmetry
transformations.

Both the string and the gauge theory are controlled by only two parameters, k, N € N.
These parameters determine all other quantities such as coupling constants and the effective
string tension. In ABJM theory, the Chern-Simons level k& plays the role of a coupling constant.
The fields can be rescaled in such a way that all interactions are suppressed by powers of 1/k;
i.e., taking k large leads to the weakly coupled regime.

The planar limit for ABJM consists in

k, N — oo, A=

% = fixed . (1.6)
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On the gravity side, the string coupling constant and effective tension are given by

N\ Y4 )54 R2

where R is the radius of CP? and twice as the radius of AdS,. It is clear to see that the relations
(1.7) mimics those found in the context of the AdS5/CFTy correspondence. In fact, the same way
as N = 4SYM is the worldvolume theory of the D-branes generating the AdSs x S° background
in the near-horizon limit, ABJM is the worldvolume theory of a stack of N M2 branes probing
C*/Zs, [20]. Since M2 branes are involved, the actual gravity dual of ABJM theory shall be
M-theory rather than type IIA superstrings. Indeed, in the case of N = 2, the gauge group is
SU(2) x SU(2) = SO(4), supersymmetry is enhanced to N' = 8 and ABJM coincide with the
Bagger-Lambert-Gustavsson higher gauge theory [22-25].

1.1.3. AdS3/CFT,

The AdS/CFT correspondence for superstrings propagating in AdSs spacetime is much less
understood than its higher dimensional counterparts. In this case, the interesting backgrounds
are of the form AdSz x S3 x M*, with M* being either S® x S, T* or K3. Especially, type IIA
AdS3 x 53 x .83 x St can be obtained via dimensional reduction of the eleven-dimensional AdSs3 x
53 x 83 x T? solution representing the near-horizon geometry of two M5-branes intersecting one
M2-brane [26]; the corresponding type IIB solution being instead an intersection of D1 and
D5 branes [27]. This background, studied e.g. in [28], possesses D(2,1; ) x D(2,1; ) x U(1)
isometry supergroup® with 16 supersymmetries and admits either NSNS or RR three-form flux
(see also [31-33]). The radii of the two three-spheres Ry r and the AdS radius Raqs are not

independent as the supergravity equations impose

1 1 1
=t =5 (1.8)
RL RR RAdS

Indeed, the parameter « into D(2,1; «) is related to the size of the two spheres and AdS via

R? R%
AdSy _ AdS 1 _q. (1.9)
R

If @ = 1/2, the two spheres have equal radii: the exceptional superalgebra (2, 1; o) with o = 1/2,
in fact, coincides with 0sp(4/2). On the other hand, if & = 0,1, the radii of AdS and of one of the
two spheres become equal, while the other sphere blows up to an infinite size: by compactifying
the latter on a T3, one obtains the AdS3 x S3 x T* background. The 9(2,1;a) for o = 0,1, in

turn, reduces to psu(1,1|2): this is sensible as the isometry supergroup of AdSs x S? is indeed

3Please see [29,30] for more details about the exceptional Lie superalgebra D(2, 1; a)
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PSU(1,1|2) x PSU(1,1|2). Therefore, the AdS3 x S3 x §3 x S! background with characteristic
lengths fulfilling (1.8) encompasses the AdSz x S3 x T* case as well.

N = 4 super-Yang-Mills [34] and ABJM theory [20] are essentially different from The CFT
duals of AdS3 superstrings: in the latter cases, indeed, the couplings of the worldvolume the-
ories are dimensionful and the two dimensional CFTs appear as IR fixed points of non-trivial
renormalisation group flows. Furthermore, the field content and the moduli space of these CFTs
are reacher than N' =4 and ABJM’s [35].

Despite the complications, the dictionary between AdSs x S® x T* superstrings and two
dimensional CFTs was established [36-40] and the N' = (4,4) CFT dual of the type IIB theory
was finally identified by studying the IR dynamics of intersecting D1-D5 branes [41,42]. In
particular, it was found that the 't Hooft coupling of the theory is given by A = N./Ny, where
N, is the number of colours (coinciding with the number of D1 branes) while Ny is the number
of flavours (coinciding with the number of D5 branes). Moreover, the moduli space of such a
theory should contain a point described by a symmetric product orbifold CFT, the latter being
dual to the tensionless limit of AdS3 x S3 x T* superstrings [43]; nonetheless, it not yet clear
how the N = (4,4) CFT and the Sym” (T*) orbifold are related to each other. Recently, a
candidate for the CFT dual of type IIB AdS3 x S% x S% x S! superstrings was proposed by

considering a D1-D5-D5 system [44], but the features of this model are still under investigation.

1.1.4. AdS;/CFT,

AdS/CFT should also involve strings propagating in two-dimensional Anti-de Sitter spacetime.
Indeed, one can have type IIB AdS, x S? x T superstrings supported by self-dual RR 5-form
flux: such a background preserves 8 supersymmetries and descends from the near horizon limit
of four intersecting D3-branes [45]. By performing three T-duality transformations along the 7
one obtains the corresponding type IIA background with 4-form and 2-form fluxes, whose brane
configuration is given by the superposition of three D4-branes and one DO-brane. Solutions
linked to more general compact manifolds [46,47] or different brane configurations [48,45] are
possible.

In the type IIB version of AdSy x S% x TS, studied e.g. in [49], the F5 flux has non-zero
components along the T directions, implying that the T¢ part of the background does not
decouple from AdSy x S?, which is elegantly described by a PSU(1,1]2)/SO(1,1) x U(1) super-
coset sigma model. This fact radically distinguishes AdSs superstrings from the backgrounds
discussed previously. In higher dimensions, indeed, kappa-symmetry can be used to either elim-
inate or decouple the non-coset part of the action. In other words, it is not possible to write
down the string action for AdSy superstrings as a sort of “direct sum” of coset and non-coset

part.
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Another remarkable AdSs solution is the type IIA AdSs x 5% x §% x T* background, which
can be obtained via dimensional reduction from the eleven-dimensional supergravity solution
AdSy x S% x 82 x TP, the latter being the near-horizon geometry of two M2 and four M5
intersecting with each other [50]. The corresponding isometry supergroup is D(2,1;a) x U(1)4,
which in the limit o — 0,1 reduces to type IIA AdS; x S% x TY. T-duality along the torus of
either AdSy x 52 x §? x T* or AdSs x S? x T provides the related IIB backgrounds.

The one-dimensional CFT duals of the above backgrounds are the most mysterious ones in
the whole AdS/CFT story. As yet, there is an unsolved debate about the physical interpretation
of these CFTy, which could be superconformal quantum-mechanical systems, as well as chiral
“halves” of underlying two-dimensional CFTs [1,51-54]. No candidates for the duals of either
AdSs x 82 x §% x T* or AdSs x S? x T have still been formulated.

1.2. T-Self-Duality and Dual Superconformal Symmetry

1.2.1. T-duality and Buscher Rules

One of the most remarkable features of string theory is its uniqueness. In fact, only five different
perturbative string theories exist: type I, type ITA, type IIB, heterotic SO(32) and heterotic
Eg x Eg. These are all connected to each other by maps called T-duality and S-duality, see
Figure 1.1. The former will be one of the main topics of this thesis: we introduce T-duality now

by looking at closed free strings moving in flat spacetime.

I 1D SUGRA S'/7, E(8)xE(8)
St T
Type 1A M SO(32)
T S
Type IIB Type |

Figure 1.1: Dualities connect to each other the five possible string theories and eleven-
dimensional supergravity. They are all encompassed by M-theory, the unique mathematical

framework describing the dynamics of strongly coupled membranes.

Let us consider bosonic string theory in 26-dimensional Minkowski spacetime, where one of

the 25 spatial directions has been compactified on a circle of radius R. The spectrum for a
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closed string propagating in this background is

n? w?R?

M2:ﬁ+ +... (1.10)

o2
where the dots stand for terms irrelevant to the present discussion, while n and w are the
Kaluza-Klein and the winding number of the string respectively. In such a case, a T-duality
transformation consists of inverting the radius of the circle by taking R — R = o/2/R. The
important observation here is that (1.10) stays the same provided that the winding number w
and the Kaluza - Klein number n are interchanged. In the instance just examined, the spectrum
of the system is T-duality invariant and the transformation embodies a genuine symmetry of
the model. As for the mode expansion corresponding to the compact coordinate, one finds that

the left-moving coordinates are unchanged whereas the right-movers pick up a minus sign:
X=Xy, Xp=—Xg, (1.11)

with X r,r being the T-dual coordinates.

Two comments are in order. First: T-duality applies also to open strings attached to D-
branes: in this case, the duality transformation maps Neumann boundary conditions to Dirichlet
ones, and the other way around. Especially, T-duality along (respectively, orthogonally to) a
D, brane will mutate the latter into a D,,—1 (respectively, Dp41) brane. Second: when T-duality
acts on superstrings, the transformations (1.11) changes the relative chirality of the fermionic
partners of X; and Xg. This implies that T-duality maps type IIB superstrings onto type ITA
ones, and vice versa. Thus, an even number of T-dualities, is needed to recover the original type

of superstrings.

The Polyakov action for bosonic strings in 26-dimensional Minkowski spacetime can be writ-

ten as the sigma model
S[X]—T/Q/n,de“/\*dX”, w,v=20,...,25, (1.12)
b

with T" being the string tension, ¥ the worldsheet, 7, the Minkowski metric and X#(7,0) the

string coordinates in target space. In such a setting, the T-duality transformations (1.11) read
dX? = %d X%, (1.13)

where we supposed that the direction compactified on a circle is the 25th. The relation (1.13)
is part of Buscher’s procedure for T-duality: its extension to superstrings will be discussed in
Chapter 2, while here we shall continue to discuss how it works for the bosonic sigma model.
Let V#(1,0) be 26 one-forms defined on 3, XH as many Lagrange multipliers and S the
functional
SV, X] = T/Q/EV“/\*VM —2XHdV,. (1.14)
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By varying with respect to X* and assuming that the worldsheet has trivial topology, one

obtains

AV =0 — VH = dXH, (1.15)

giving back (1.12) once (1.15) is substituted into (1.14). From this standpoint, then, (1.14) is
equivalent to (1.12) and the one-forms V# are interpreted as dX*, the differentials of the string

coordinates. On the other hand, the variation with respect to V* provides

VH = xdXH, (1.16)
yielding the dual action functional
Sr[X] = T/2/ dXF A *dX,. (1.17)
pX

Since V* is essentially dX*, we see that (1.13) is a subcase of (1.16) with p = 25. Hence,
Buscher’s rules naturally generalise T-duality to an arbitrary number of directions. Notice
that the latter do not necessarily need to be compact if the theory is defined on a disk. In
fact, Buscher rules allow for performing T-duality on timelike coordinates as well. Timelike
T-Duality is special as it maps type ITA superstrings into type IIB* ones, as well as type IIB
superstrings into type IIA* ones. These type IT* theories are essentially Euclidean counterparts
of ordinary type II superstrings, in the sense that they admit E-branes, which are D-branes with
Dirichlet boundary conditions in time. Similar to instantons, E-branes are localised in time;
furthermore, the gauge theory living on a stack of N E4-branes? in type IIB* superstring theory
is the Euclidean version of N' =4 SYM and is dual to strings propagating in Hs x S°, with Hj
being a 5-dimensional hyperboloid describing de Sitter space. In other words, timelike T-duality
transforms Maldacena’s AdS/CFT correspondence into a dS/ECFT, where ECFT stands for
FEuclidean conformal field theory [55].

The same algorithm straightforwardly applies to the action of strings moving in a curved

spacetime with non-trivial B-field: if the original action is
S[X,G,B]—T/Q/Gw,dX“/\*dX”—I—BWdX“/\dX” (1.18)
b

and both G,, and B,, are independent of, say, X™, one can T-dualise (1.18) along X™.
Buscher’s procedure, therefore, requires one to replace every dX™ with a one-form V and to

add a term containing a Lagrange multiplier xm ensuring the exactness of V:

S[IX,X™—V,X™ G,B] = T/Q/ Gy dX" A %dXY + By, dX* AdX” —2X™dV, (1.19)
%

4E, branes are the timelike T-duals of D,,_1 branes. The worldvolume of a E,-brane is then p-dimensional.
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with y,v =1,...,m,...,26. As before, by integrating X™ out, one recovers the original action
(1.18), while the equations of motion for the auxiliary one-form V' provide GW and BW, the

T-dual metric and B-field respectively:

Gmm = 1/Gmm, By = Gip/Grms @ = @ — (1/2)10g Gm,
ému = Bmu/Gmma Buv = B, + (gmuBmv - Bmquu) /Gmms
G = G + (BB — GpGuw) [Gram, v #m, (1.20)
where the dilaton shift is due to the measure factor coming from the integration over V.
Strings moving in flat space are trivially self-dual under T-duality: (1.12) and (1.17) are
identical. AdS backgrounds are also T-self-dual; but the invariance is not at all trivial there. In
fact, T-self-duality of superstrings on AdSs x S° provides an explanation to the dual conformal

symmetry of N'=4 SYM, as we will see in the next subsection.

1.2.2. Dual superconformal symmetry from T-duality

Scattering amplitudes in N/ = 4 SYM display dual conformal invariance [56-60]. Indeed, such
amplitudes are invariant under the action of two different sets of generators: one is given by
Noether charges generating SO(2,4), the conformal group in four dimensions, which is expected
as N = 4 SYM is a conformal field theory. The other set is made of bi-local charges that do
not close into a Lie algebra and transform in the adjoint of SO(2,4). If we denote by J, the

conformal generators and by Jél) the dual ones, their Poisson brackets read
s I} = fa’ Tey T IV = i TD, {ID, 7MY ¢ span(JD), (1.21)

where f,,¢ are the structure constants of SO(2,4). It was found that this hidden symmetry
enhances to a dual superconformal symmetry [61,62], which is sensible as N' = 4 SYM is a
superconformal field theory invariant under the full PSU(2,2|4) Lie supergroup.

Dual superconformal symmetry is also connected to the Amplitude/Wilson Loop duality,
relating a planar scattering amplitude of n gluons to the expectation value of a polygonal lightlike
Wilson loop with n edges [63-66]. Indeed, the dual generators behave as ordinary conformal
generator when acting on Wilson loops. As we shall see, T-duality is the link between dual and
original superconformal symmetry, as well as between amplitudes and Wilson loops [67,68]. In
fact, both are consequences of the invariance of the tree-level superstring theory on AdSs x S°
under a suitable combination of bosonic and fermionic T-dualities. In a similar way to their
bosonic counterparts, fermionic T-dualities are given by Buscher rules applied to Grassmann
fields, yielding non-local redefinitions of the fermionic coordinates and changing both the dilaton
and the RR fields without modifying the metric. T-duality maps the string sigma model into
itself and, on the gauge side of AdS/CFT, scattering amplitudes into Wilson loops.
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Let us consider AdSy spacetime and write its metric in the Poincare patch:

s> = R? Ty 427 d;:V i dyQ,
Y
with R being the AdS radius. We want to use AdS/CFT to compute gluon scattering

d (1.22)

amplitudes at strong coupling”’. To this end, we place a D3-brane extending along the z*
coordinates at some fixed large value yir of y. The asymptotic states are open strings ending on
this D-brane. We therefore consider the scattering of these open strings, which will embody the
scattering of gluons. The brane at yg is an infrared regulator, which is needed as the scattering
involves massless particles.

The momentum of the strings is kstring = k yir/R, with k being the momentum conjugate
to x. The vector Ksiring plays the role of gauge theory momentum and will be kept fixed as we
take away the IR cut-off, yir — oo. Let us consider a worldsheet with the topology of a disk,
with vertex operator insertions on its boundary, corresponding to the external states. A disk
amplitude with a fixed ordering of the open string vertex operators corresponds to a given color
ordered amplitude in N/ = 4 SYM. The open strings are attached to the D-brane; hence, y = yig
at the boundary.

If we wish to T-dualise along the four dimensional Minkowski boundary, we have to apply

Buscher rules to z#: after the redefinition § = R?/y, the T-dual metric takes the form

ds? = g2

dzt dz¥ + dij?
g2
This metric is equivalent to the original AdSs one, but now the worldsheet boundary is located

(1.23)

at § = R?/ymr, which is very small. In addition, T-duality interchanges Neumann with Dirich-
let boundary conditions and the worldsheet boundary becomes a polygon with lightlike edges
located at § = R?/yr. Notice that the polygon is closed due to momentum conservation.
When we remove the IR cut-off by taking yig — oo, the boundary of the worldsheet moves
towards the boundary of the T-dual metric, which is at § = 0. Computing the area of this
dual worldsheet is equivalent to calculating the strong coupling expectation value of a Wilson
loop whose contour is given by a sequence of light-like segments [70,71], see Figure 1.2. In this
way, AdS/CFT explains the duality between Wilson loops and scattering amplitudes observed
in perturbative computations on the gauge side of the correspondence. This is an astounding
breakthrough not only conceptually, but also technically as T-duality reduces the computation
of scattering amplitudes at strong coupling to the problem of finding minimal surfaces in AdS

spacetime, which is a geometrically clearer and much more manageable task.

In summary, AdS/CFT maps dual superconformal symmetry of ' = 4 SYM to T-self-

duality of AdSs x S° superstrings. In this sense, amplitudes and Wilson loops, as well as dual

®Notice that amplitudes in a similar regime were studied by Gross and Mende in the case of flat spacetime [69].
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planar AdS(5) worldsheet scattering

* b T-duality along JAdSy
£
% *
strong coupling
T
| weak coupling
Di
Alp1, -+ ypn) = (W(p1,- -+ ,pn))
Pi
N=4 SYM planar amplitude polygonal wilson loop

Figure 1.2: At strong coupling, the planar amplitude of five particles scattering among them-
selves in A/ = 4 SYM theory is given by a superstring worldsheet with no handles and five
punctures in AdSs x S°. T-duality along the conformal boundary of AdSs transforms the world-
sheet into the minimal surface providing the strong coupling behaviour of a polygonal Wilson
Loops with five edges in N'=4 SYM.

and original superconformal generators, become T-dual pairs.

Dualities are often hints of hidden unifying frameworks. In the case we are investigating, a
symmetry structure underlying the duality indeed exists: (1.21) are the commutation relations
of the Yangian Y[psu(2,2|4)].

A Yangian over a Lie superalgebra g is normally denoted by Y[g] and coincides with a specific
infinite dimensional extension of g endowed with a Hopf algebra structure. Yangian invariance
ensures an infinite tower of conserved charges in involution and naturally extends the notion of
Liouville integrability to the case of an infinite number of degrees of freedom. Yangians appear
in many different systems such as superstring theories realised by coset sigma models; integrable

spin chains; Wilson loops, amplitudes and correlation functions in supersymmetric QFTs.

1.3. Yangians and Integrability

1.3.1. Drinfeld realisations for Yangians

If g is a Lie superalgebra equipped with a non-degenerate invariant bilinear form k., one first
considers the corresponding loop algebra glu|, which is the algebra of all g-valued polynomials
in the variable u € C. In turn, the Yangian )[g] is constructed by deforming the universal
enveloping algebra of glu|, U[g[u]], and promoting it to a Hopf algebra.

YVl]g] is spanned by an infinite tower of generators J(gm) satisfying the graded commutatators

T 7MY = §,C T mn e N; a,b,e = 1,..., dim(g), (1.24)

a
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as well as the Serre relations

D (7 IO}y A (D D L0, O

(=) Pl [0, [T, HOY = 52 §ag? Gon® B! § J1) JOTE, (1.25)

with A being a deformation parameter®,
X, Y} :=XY — (—)XIVlyx (1.26)

the graded Lie bracket, | X| the grading of X and F,° the structure constants of g. The index

Jé’"’: the zeroth level is the only one closing into a Lie

m labels the level of the generator
superalgebra and coincides with g. Notice that, due to (1.24), the Serre relations actually
constitute an infinite collection of constraints applying to all levels.

The Hopf algebra structure provides the Yangian with a few more maps:
e Product, u: Y[g] ® V[g] — Val; Unit, n: C — Y[g];

e Counit, € : Y[g] — C; Coproduct, A : Y[g] = V[g] ® V|g};

e Antipode, ¥ : V[g] — Vlg].

The operators p,7, €, A, ¥ satisfy a number of conditions’ ensuring the consistency of the Hopf
algebra structure, for instance
po(X®1)oA=noe. (1.27)

Coproduct and antipode have specific physical interpretations. The former naturally en-
codes how Yangian symmetry acts on two-particles states. As for scattering processes, Yangian
symmetry is so constraining that it fixes the S-matrix of a given system up to a scalar pre-factor®.

The coproduct of the Yangian generators has the form
AU =70 01+10J0, AUD) =P e1+10J0 +r5% 10010,  (1.28)

where the higher level coproducts can be obtained by commuting the generators among them-

selves and exploiting the fact that the coproduct is a linear homomorphism fulfilling
A(XY) = A(X)A(Y). (1.29)

On the other hand, the antipode maps particle states into antiparticle states and vice versa.

As far as scattering processes are concerned, the antipode action yields the so-called crossing

STf h — 0, Serre relations reduce to Jacobi identities and Y[g] to the universal enveloping algebra U[g[u]].
"For the complete set of consistency relations, which is quite bulky, we refer the reader to [72,73].

8This scalar pre-factor is the so-called dressing phase and carries information about the analyticity properties
of the S-matrix.
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equations, which determine the aforementioned scalar pre-factor. It is worth stressing that the

antipode is a graded linear anti-homomorphism satisfying

2(XY) = ()X s(v) 2(Xx). (1.30)

The graded commutation relations (1.24), together with the Serre relations (1.25) and the
underlying Hopf algebra structure, constitute Drinfeld’s First Realisation of the Yangian )[g].
Other possible representations are Drinfeld Second Realisation [74] and Faddeev and Takhtajan’s
RTT Realisation [75,76].

Drinfeld’s second realisation is the Yangian counterpart of Chevalley’s basis for finite dimen-
sional Lie algebras; in fact, it is also referred to as the Chevalley-Serre realisation. A Yangian
written in this fashion solves the recursion relation given in (1.24) and makes immediately ac-
cessible all Yangian levels. More concretely, let g be a simple Lie algebra with Cartan matrix

a;j. Then, the Yangian Y[g] is spanned by the generators Tt him, with ¢ = 1,...rank(g), level

1,m’

m € N and commutation relations

iy hjnl =0, [hio,a5,) = Fagas,, (@250 = 6 himin,

(ims1s @5 ) = (i, @] = £ 5 ! 5 @ij {him, @ o

[$;tm+17x;tn] - [x;tm’x;trwrl] *5 1 alj{wz m? jcn

i#7, mij=1+ W = Symyylz Zkl,[ sz,...[ Z,Cm”,:cjfl} =0,
[X,Y]:= XY - YX, {X,Y}:=XY+YX. (1.31)

Setting m = n = 0 in the first line consistently gives back the Chevalley basis for g. Drinfeld’s
first and second realisations are isomorphic: the link between the two realisations of the Yangian
level-1, for instance, is made of maps that are quadratic in the generators, see [74,77,78].

The RTT realisation, instead, provides the Yangian hidden in an integrable model directly
from its scattering matrix. In fact, the RTT realisation of )[g] requires the knowledge of the
corresponding quantum R-matriz: algebraically, this object is an intertwiner between different
tensor product representations, while physically it can be associated with the S-matrix of an

integrable system. We introduce it in what follows.

1.3.2. R-matrix, Integrability and the RTT realisation

R-matrices and Quantum Yang-Baxter equation. A Yangian )|[g] is qualitatively dif-
ferent from its Lie superalgebra g. A crucial difference is a non-trivial tensor product structure,

which naturally leads to the definition of a graded permutation operator acting as

PX®Y):=(—)XMygXx, (1.32)
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Especially, one can combine coproduct and permutation to obtain the operator
AP :=Po A, (1.33)

the opposite coproduct. In a scattering process, the coproduct A acts on in states, whereas the
opposite coproduct AP acts on out states. A priori, the coproduct and its opposite give rise to
different representations. Nonetheless, it can happen that such representations are related by a

similarity transformation encoded in an intertwining operator R:

AP(JIMY R =RAJIM™) ™, Y[g] = span(J™),
R:CxC—Y[gl®YVgl, R invertible. (1.34)

The property reported in (1.34) is called quasi co-commutativity: full co-commutativity happens

when A = A°P, which is true for central elements:
A’(C)R=RA(C)=A(C)R = A°P(C) = A(C), C central in Y[g|. (1.35)
Moreover, R can obey the fusion relations
(A®1)(R) = Riz Raz, (1@ A)(R) = Rig Rao, (1.36)

representing compatibility conditions between the R-matrix and the coproduct, where the sub-
scripts 7,j mean that R;; acts only on the i-th and j-th components of the multiple tensor
product of representations. The R-matrix is compatible with the rest of the Hopf algebra as

well: for instance,

Y(R)=R', 2R YH=R, €R)=1, (1.37)

where the relations involving the antipode X give rise to the crossing equations for the R-matrix.
If R respects both (1.34) and (1.36), it also satisfies the Yang-Baxter equation (YBE)

Ri2 R13 Ra3 = Ro3 R13 Ri2 (1.38)

and the Yangian )[g] is named almost quasi-triangular. The adverb “almost” signals that Y[g]
might not admit a universal R-matrix, that is an R-matrix obeying the YBE (1.38) regardless of
representation. Typically, Yangians do not possess a universal R-matrix, but only representation-
dependent ones. In order for a Yangian )[g] to become a quasi-triangular Hopf algebra, one
would need to show the existence of the corresponding Yangian Double D)Y|g|, the infinite
dimensional completion of Y[g] with a dual Hopf algebra structure allowing for negative Yangian
levels. Yangian double provided, one would then adapt Khoroshkin and Tolstoy’s prescription
[79] to finally write down the universal R-matrix of DY[g]. These objects are very important
as they compactly encode the most intimate features of the model to which they refer. Sadly,

building them is extremely hard, especially for algebras relevant to physics.
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YBE and factorised scattering. The YBE is a hallmark of 141 dimensional integrable
systems. In such a setting, the R-matrix plays the role of the S-matrix” and fulfils (1.38), indic-
ating that the scattering is factorised. This is a consequence of the infinite tower of conserved
charges provided by the underlying Yangian, which almost trivialises the S-matrix'?. We shall
see in a moment how this works: for further details, we refer to the papers [80-82] and the
reviews [83, 84].
Let us consider the wavefunction
W(z) = /OO dp e~ (P=P0)? pip(z—x0) (1.39)
—o0

describing a particle with momentum pg localised at * = zo . If we wanted to translate the

position of this wave packet by a constant &£, we should apply on v (z) the unitary operator

Zi(€) b () = / dp o9 (0—P0)? gin(a—0) D€ (1.40)

—00
Invariance of the system under 77 will correspond to conservation of the total momentum. In

fact, one can define a more general translation operator .7, () acting as

Im(&) > (z) = / dp e~ (P=p0)’ gi(a—i0) =ip™E (1.41)

—o0
By using the stationary phase method on the wave packet (1.41), one finds that 7,,(&) shifts
zo by the momentum-dependent quantity (m pgl—lg) . In a process with aj,ao,... particle
scattering, 7, (&) will translate the position of a; by (m pgi_lé), the position of as by (mpg_lf),
and so forth. Summarising: if m = 1, one has 73 (&), which is the ordinary translation operator
shifting every particle by the same amount £. Instead, if m > 1, 7, (§) will translate particles
with different momenta by different amounts.

Invariance under 7, (£) will be encoded in a higher conserved charge F,,(p), a polynomial of
degree m in p: for instance, Fi(p) coincides with the total momentum of the system. Especially,
considering a 2 — n scattering process, Fy,(p) will commute with the S-matrix leaving unchanged

the corresponding amplitude:

<b1, e ,bn‘ S ]al, az) = (b1, ..., by 'eFm(p) g =it Fm(p) ]al, az)
= (b1,...,bp| Z1(6)S T (€) |ar, az), (1.42)
where {a1,a2} and {by,...,b,} are the sets of incoming and outgoing particles respectively.

Acting with F,,(p) can be used to rearrange initial and final configurations. In particular,

the action of F,,(p) is so powerful that, if {a1,as} meet at the time ¢ = ¢, and {by,...,b,}

9The R-matrix depends on two complex parameters, which physically are interpreted as the rapidities of the
incoming particles.

10 As we will see, Yangians do trivialise the S-matrix of theories living in more than two spacetime dimension.
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leave at t = tout, one can actually make toy < ti,. Macroscopically, it is impossible that in a
scattering process the outgoing particles are generated before the ingoing particles meet: the
amplitude (1.42) must therefore vanish. However, (1.42) might not vanish if there is no particle
production, namely n = 2, and initial and final momenta coincide: in such a case, in fact, the
swap tin, <> tout would be a legitimate symmetry of the theory. Consequently, in a system where

F,,(p) is conserved for any m € N, only n — n processes are allowed.

o NN

Figure 1.3: Imposing invariance under higher order symmetries provides scattering factorisation

(time flows upwards).

Moreover, the fact that 7, () shifts particles with different momenta by different amounts
implies that multiparticle interactions can always be “disentangled” : as a result, any n — n
scattering is factorised into a sequence of 2 — 2 processes. The YBE encodes such a factorisation

in the case of n = 3, see Figure 1.3 and 1.4.

AN /

R23 R12
AN /
R13 p— R13
R12 R23

/ N

Figure 1.4: Graphical representation of the Yang-Baxter equation.

Scattering amplitudes invariant under higher symmetries, such as 7;,(§) or Yangians, are
non-trivial in 141 dimensions only. In more than one spatial dimension, higher conserved charges
can be used to make trajectories miss each other completely, trivialising the corresponding S-

matrix. Notice that this is consistent with the Coleman-Mandula theorem.

We saw that a Yangian naturally yields a (representation dependent) object called R-matrix
that satisfies the YBE, implying that Yangian invariant systems are automatically integrable.
In what follows, we will see that the opposite is also true; namely, that a R-matrix respecting

YBE can generate the related Yangian. Such is the essence of the RTT realisation.
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RTT Realisation. Given a matrix Rj2(u,v), which is a function of two spectral parameters
and satisfies the YBE, one can extract the symmetries of the system using the RTT realisation

of the corresponding Yangian [85,86]:
R12(’LL, U) 713(’&)753(1)) = Eg(v)ﬂg(u) ng(u, U) . (143)

The matrix 7 (u) is called monodromy matriz and plays the role of a generating function for the
Yangian charges, which in turn are symmetries of R. We shall now summarise the main features
of this construction (see [86] for further details). This discussion is tailored to the gl(n|n) case.

Let {e*g} be the standard basis of the gl(n|n) Lie superalgebra. That is the matrices e?p
are such that their only non-vanishing entry is (—)®! in row A and column B. The symbol [A]

stands for the Gramann grading of the index A. 7 (u) can then be written as follows:

T =Y ()P ePiaT ), T:C— V(gl(n|n)) . (1.44)
A,B

Assuming that T4 p(u) is holomorphic in a neighbourhood of u = co, the asymptotic expansion

Tp(u) = Zufl Tl 15 (1.45)
leN

is well defined. At this point, one finds that particular combinations of the ']I‘ﬁ 1p can be

engineered to define Drinfeld’s first realisation of Y(gl(n|n)). In particular, defining
1
UPlsg =T 5, Jo = U Tois Ip = U P - 53640 T65 - (1.46)

Jo and J; span gl(n|n) and the first level of Y (gl(n|n)), respectively. The central element U is the
braiding factor, and encodes a deformation of the co-algebra structure, with U = 1 representing
the undeformed case.

The key observation is that the R-matrix is a particular representation of 7, namely,
R(u,v) = (1 ®m,) T (u), where 7, indicates a representation depending on the spectral para-
meter v. Therefore, the coefficients in the Laurent expansion of R(u,v) can be understood as
'I[‘ﬁ 1 g for the RTT realisation of the underlying symmetry in the representation of interest. This
can then be recast in the form of Drinfeld’s first realisation using (1.46). The (representation-
independent) graded commutation relations for the me p are obtained from those for the ’]I‘fl 1B
by substituting (1.44) and (1.45) into (1.43) and expanding with respect to both u and v.

Finally, the complete Hopf algebra structure of Y (gl(n|n)), in particular, the coproducts and

antipodes, can be recovered from the RTT realisation of the Yangian. First, the fusion relation

A(Tg(u) = T (v) @ T¢5(u) , (1.47)
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descending from the R-matrix fusion relations (1.36), provides the coproducts for the individual

generators via the same expansion: indeed, expanding T4 p(u) in inverse powers of u gives

AD)=UU, ATy =Top@UP + UM @ Ty,
A(Tis) =T o UIBl 1 UM @ T, + T © TS (1.48)

This can be used to derive the coproducts for Jo i:

A =UeU, Al =Jjpo1+UM Pl
A(Jfy) =Tz 01+ U Bl g piy
1 _ 1 B
+ 5@[0} Blpd @ IS5 — 5(_)([AH[C])([B]HC])U[A} 1, @ T (119)

Second, the antipode Y from RTT correctly fulfils
= [T40(w)] TCp(u) = T 0(w)E [Tp(w)] = 6%, T[XY]= ()XY (X] . (1.50)
By expanding:

£ [T45] = U Bls4s,  £[Tis] = ~UMA-1BITgy
% [T4;] = —U- M-8, | y-M4-(B-CT4 76, | (L51)

which in turn can be used to determine the antipodes for Jg 1

SU=U"t, B[R] = -UEAgds
_ 1 _
Y [JfB] = —ulB-Alpd + §U[B] A8, I8s) - (1.52)

As a consequence, the whole Hopf algebra structure can be reconstructed in this way.

1.3.3. Classical r-matrices and secret symmetries

Classical r-matrices An essential ingredient of a Yangian Y[g] is the deformation parameter
h. Indeed, this constant appears on the right hand side of Serre relations and provides the higher
levels coproducts with non-trivial tails, to make two examples. It is then intriguing to see what
happens whenever such a parameter is modified. In particular, one can investigate the limit
h — 0: this is interesting algebraically, as it should smoothly restore the universal enveloping
algebra U[g[u]]; and physically, as h is present in the scattering matrix and, therefore, is related
to the coupling constant of the corresponding integrable system.

The h-expansion of the R-matrix satisfying the YBE reads as follows:

R=1®1 + hr + O(h?). (1.53)
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Thus, at first order in h, R reduces to the sum of the identity with a perturbation encoded by
a matrix r. The latter is called classical r-matrix. It is not difficult to prove that, if R satisfies
the YBE, then r fulfils the so-called classical YBE (CYBE):

(112, 713) + [r12, 23] + [113, 23] = 0, (1.54)

where r;; acts on the i-th and j-th copies of the multiple tensor product of representations.
The classical r-matrix determines Poisson brackets in the inverse scattering method and plays a
major role in Poisson-Lie group theory, see e.g. [87,88]. Especially, one can restrict to solutions
r(u1,us) to (1.54) that are non-degenerate (det (r) # 0) and of difference form, meaning that
they depend on the spectral parameters (ug,ug) only via u = u; — ug. Under this assumptions,
Belavin and Drinfeld’s theorems'! strictly constrain the properties of the underlying symmetry

algebra, which can be a quantum group of elliptic , trigonometric , or rational type'?.

Given a classical r-matrix, there exists a standard method to obtain the related quantum R-
matrix; namely, to go from classical to ordinary YBE. Such a quantum deformation involves the
so-called Manin triples, see for instance [91] and references therein. In the context of integrable
models, this quantum deformation procedure remarkably maps Poisson into Dirac brackets,
which is precisely what in physics is meant by “quantisation” [88]. It is definitely worth to see
in a little more details how classical r-matrices lead to their quantum counterparts. To this aim,
let us take Yang’s r-matrix for a Lie algebra g [92],

Co

, 1.55
p— (1.55)

rT =

with g =span(Js), A=1,...,dimg, and Cy := ) 4, Ja ® J4 being the quadratic Casimir of g.

By utilising the geometric series, we rephrase r as

pm G 2ada®da_ DD Jaul @y =30 Jan®Ja w1, (156)

Us? — U U — U
22— 2 1 A n>0 A n>0

where, for concreteness, we assumed |uj/uz| < 1. The new generators J4, = u"J4 in (1.56)

satisfy

[JA,’WH ']BJL] = ng JC,m+n7 (157)

reproducing Yangian’s commutation relations. However, by computing Serre’s relations for {J4}
one would find a trivial right hand side. Consequently, {J4} do not generate the Yangian )[g];

but, rather, U[g[u]]. This is actually correct because, from a quantum group perspective, we are

" Belavin-Drinfeld theorems involve Lie algebras. The case of graded Lie algebras was studied e.g. in [89,90]

12Quantum groups generalise ordinary Lie groups by allowing for non-linear commutation relations. If g is a Lie
algebra, the corresponding quantum group is denoted by g,. Yangians are particular rational quantum groups.
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considering O(h), whereas Serre relations are O(h?). Nonetheless, it is remarkable that, from

(1.57), one has that
r=> 3 Jr®Jan (1.58)
A n>0

fulfils the CYBE with no reference to any specific representations. The r-matrix (1.58) is
therefore the very universal r-matriz of U[g[u]]. In fact, notice that the sum into (1.58) also
involves generators with negative level: as a result, (1.57) can be regarded as commutation

relations for the classical limit of the Yangian double DY|[g].

A classical r-matrix for AdSs;/ CFT4. As for the AdS5/CFTy S-matrix [93], the deform-

ation parameter A ruling the classical limit is the inverse of the effective string tension g = \/4x:

R:]l®]l+1r+0(12>. (1.59)
g g

Such a classical r-matrix shall therefore provide the string scattering matrix at tree-level [94].
The matrix r in (1.59) is not of difference form; indeed, the light-cone symmetry algebra psu(2|2).
is non-simple, violating a crucial assumption of the Belavin-Drinfeld theorems discussed above.
Nevertheless, the classical r-matrix we are examining presents a simple pole whose residue is

the quadratic Casimir of gl(2|2): somehow, the additional generator
B = diag (1,1, —1, —1) (1.60)

was borrowed from the gl(2|2). The element B, endowed with the trivial coproduct A(B) =B ®
1+1®B, is a symmetry of r, but not of the original psu(2|2).-invariant S-matrix. Furthermore,
the classical r-matrix is invariant under gl(2|2)[u], whereas one might have expected the smaller
psu.(2]2)[u] to be the correct symmetry. The reason for this enhancement is that the full R-
matrix takes into account all orders in h, while O(h?) effects are neglected by the classical
r-matrix. However, the extra generator B confirmed the presence of novel, hidden symmetries

of the full quantum R-matrix [95] and allowed to write down the universal classical r-matrix of
AdS5/CFTy [96,97].

Secret symmetries of the AdS;/ CFT, S-matrix. Is there any quantum partner of the
element B discussed previously. In fact, it was proven that the R-matrix of AdS; x CFTy is

exactly invariant under the so-called secret symmetry [95,97]

AB) =BoL+ 10B+ 5 (700Q) + Q4 0S))

. 9
S(B) = -B + ZH,

g
B = uB, (1.61)
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where u is the spectral parameter giving the evaluation representation of the Yangian Y[psu,(2[2)].
The secret symmetry B is indeed the level-1 counterpart of the B found in the case of the clas-
sical r-matrix. Commuting the secret symmetry with the generators of the psu,.(2]2) provides
the corresponding higher level Yangian charges, under which the S-matrix is invariant . Iterat-
ing the procedure, B generates the whole Yangian YV[psu.(2|2)]. Eventually, one discovers that
all B™ := 4" B are symmetries of the S-matrix as long as n > 0; as a result, the Yangian
underlying the AdS;/CFT, correspondence is the so-called indented Y[gl(2|2)], consisting in
V[gl(2]2)] \ B [95]. The existence of a level-zero secret symmetry is forbidden by the processes
that do not preserve the fermionic number. Drinfeld’s second realization for the psl(2|2). Yangian

has been obtained in [98], via evaluation representation.

1.4. Yangians and Integrability in AdS/CFT

Superstring theories based on coset sigma models are Yangian invariant and, as such, they are
integrable [99]. To be precise, these systems are classically integrable as Yangian symmetry is
realised via Poisson brackets. One would like to have quantum integrability, as the latter would
allow for computing observables exactly and at finite coupling. Contemporary techniques are
insufficient to quantise superstrings in curved spacetime and, unfortunately, actual proofs of

quantum integrability for these models are still missing.

1.4.1. A spin chain/CFT correspondence

In fact, quantum integrability and AdS/CFT first met on the gauge side of the correspondence,
when Minahan and Zarembo realised that the one-loop dilatation operator in the SO(6) sector of
N =4 SYM' precisely coincides with the Hamiltonian of an integrable spin chain [11], see [105]
for a review.

To see what happens, let us consider Z = ¢! + i¢?, with ¢!,i = 1,...6 being the six real
scalars of N' =4 SYM. The field Z has spin zero, bare dimension Ag = 1 and R-charge J =1
under one of the three Cartan generators of SO(6); hence, Ay = J. In turn, one can build
up the gauge invariant single trace operator Op := Tr (ZL)7 where L > 2: this will again
satisfy the condition Ag = J, meaning that Of is a chiral primary operator. Chiral primaries
are BPS operators; that is, they commute with half of the supercharges of the corresponding
superconformal algebra (PSU(2,2|4) in this case). The BPS condition is a strong constraint;
indeed, it implies that supersymmetry protects the relation Ay = J from quantum corrections.

The anomalous dimension -, providing the loop corrections to the bare dimension Ag, will then

3Integrable structures generalising Heisenberg’s XXX spin chain were already noticed in non-supersymmetric
Yang-Mills theory and QCD [100-104].



22 1.4. Yangians and Integrability in AdS/CFT

be exactly zero. On the other hand, in the spin chain picture, v is given by the Hamiltonian
e 1
Hsc = ¢ > <1 —Fijntg Kj,jJrl) , (1.62)
j=1

proper of an integrable SO(6) spin chain. A is the 't Hooft coupling of N' = 4 SYM , while
P; j 41 is the permutation operator swapping the j-th spin of the chain with the (j + 1)-th one
and K ;41 is the trace operator, contracting the flavour indices of the j-th and the (j + 1)-th
spins. Notice that the cyclicity of the trace into operators such as O = tr (XY Z ...) imposes
periodic boundary conditions upon the spin chain, hence the identification (L + 1) = 1. As for
Oy, this is represented by a quantum state |Z ... Z) and fulfils Hgc |Z ... Z) = 0, meaning that
|Z ...Z) do not evolve in time and corresponds to the spin chain ground state. If we restrict to

a SU(2) subsector of SO(6), we find an L-sites XXX Heisenberg spin chain with Hamiltonian

A/l -~
HXXX:W; 7S S ) (1.63)

Here, the Hilbert space is spanned by tensor products of |Z) = |1) and |X) = |]). The operator

S; provides the spin of the i-th site according to

S%Z) =8P 1) = (+1/2) 1), S*|1X) =S"[) = (+1/2) [},
STt ) = (F/2) [Tt ), SELT ) = (=1/2) [T ) (1.64)

and so forth. It is plain to see that (1.63) annihilates |ZZ ... Z) = |11 ... 1), so that the
latter correctly reproduces the spin chain vacuum state. Excited states correspond to non-
BPS operator, e.g. O :=tr(ZZXZXZ ...Z). Since Ag = L+ 2, O is not protected by
supersymmetry and its anomalous dimension will receive quantum corrections. In the spin
chain picture, O is given by an L-sites spin chain with two impurities, also called magnons. A
priori, these impurities can either propagate along the spin chain or scatter with each other. The
system being integrable, the magnon scattering matrix turns out to satisfy the YBE, allowing
to solve for the anomalous dimensions of single trace operators in the CF'T by solving the Bethe
equations [106] of the dual spin chain.

This analysis was finally extended to the other sectors of the gauge theory, to obtain the
complete one-loop dilatation operator for ' = 4 SYM. Higher loops in the 't Hooft coupling
constant were also studied for some sectors of the CFT [107-110]. Similar investigations were
performed for ABJM theory [12].

1.4.2. Spin chain and AdS superstrings

The striking success of integrability in N' = 4 SYM triggered analogous studies on the gravity side
of AdS/CFT. Indeed, Maldacena’s conjecture would imply that type IIB AdSs x S° superstrings
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must also display quantum integrability. As already mentioned, the explicit quantisation of the
full Green-Schwarz superstring action [111, 112] is a chimera due to its highly non-linearity
[8,113,114]. Nevertheless, clues of integrability for quantum AdS superstrings were eventually
unveiled [115-118]: by looking at specific string solutions, the worldsheet modes were found
to exhibit solitonic behaviour; furthermore, their energy was shown to present a dispersion
relation of the type E? = m? + 4h?sin?(p/2), the same associated with the magnons of an
integrable spin chain [119,120]. The ultimate piece of evidence was given by the derivation of
the worldsheet S-matrix for AdS5 x S° superstrings. In fact, by writing the superstring action
in light-cone gauge and decompactifying the worldsheet, one obtains a 141 dimensional theory
whose scattering matrix is invariant under the centrally extended psu,(2|2)? algebra [121], an
S-matrix that perfectly matches the one descending from N = 4 SYM [93,122-124]. Let us

outline how this works by looking at the sigma model for AdS5 x S bosonic strings,

S = —% / //22 do dr 4P 0, X195 X" G (X) (1.65)
where g = V/\/4m = R?/2ma/ is the effective dimensionless string tension proportional to the 't
Hooft coupling A (and connected to the AdS radius R, as well as to /). Moreover, X* = (t, o, xl)
the string coordinates, % = \/Who‘[’) the conformally invariant combination of the worldsheet
metric h*? and G (X) the target space metric. A crucial assumption is that the latter is
independent of ¢, ¢: this is the case for AdSs x S° superstrings, where ¢ is the global time-
coordinate in AdS5 and ¢ an angle that parametrise the equator of S° . The momenta conjugate

to X* read
oS

= o = 971" X" G (X)), (1.66)

Pu

with X# = 9yX* being the derivative of the string coordinates with respect to 7. The string

action can therefore be rephrased in a first-order fashion [113,125]

r/2 ) . ,}/01 1
S = d“o <p X+ —Ci + Cg) , 1.67
—r/2 N R (67
where
C1 = pu X', Co = G"pup, + g* G X' X', (1.68)

where X'# = 9; X" is the derivative of the string coordinates with respect to o. The action
(1.67) is no longer manifestly covariant on the worldsheet. Furthermore, ¥*% plays the role of a

Langrange multiplier imposing the Virasoro constraints

Ci=0, Cy=0. (1.69)
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We are interested in AdSs x S°, whose sigma model is invariant under shifts with respect to the
coordinates t, ¢. As a result, Noether theorem provides the corresponding conserved charges
r/2 r/2
HTS = —/ dUpt, J = / dO’p¢, (1.70)
—r/2 —r/2
where p;, pg are the momenta conjugate to ¢, ¢. The former Noether charge, Hrg, is the target
space hamiltonian; whereas J is the angular momentum along S°. Light-cone coordinates are
obtained out of ¢, ¢ via the linear maps'* [127]

1

T_=¢—t, x+:§(d)+t), (1.71)
and the gauge-fixing condition is given by'®
Ty =T, P+ = 1. (172)

These choice of coordinates implies the light-cone momenta

r/2 r/2
P:/ dop_=J—-E, P+:/ dopy =
—r/2 —r/2

(J+E), (1.73)

DN |

where F and J are the eigenvalues of Hyg and J respectively; namely, the target space energy
and angular momentum. By solving the constraints (1.69) one gets Py o< r, as well as the

relation between the target space and the worldsheet hamiltonian:
Hws = Hpg — J. (1.74)
Notice that, in terms of the superconformal algebra, (1.74) reads
Hws =D — J, (1.75)

where J is one of the Cartan of SO(6), the latter being the isometry group of S°. At this
point, two comments are in order. First: the worldsheet energy has got the same expression
as the anomalous dimension’s, Fws = Ag — J = 7. This is because AdS/CFT maps CFT
operators onto string configurations: for instance, the BPS operator Op = tr(Z Z ... Z) con-
sidered above corresponds to the so-called BMN solution, a point-like string rotating along the
equator of S° [128,129]. Second: the symmetries of the worldsheet theory shall be given by a
subalgebra of the superconformal one, g C PSU(2,2|4). It turns out that the light-cone gauge
breaks PSU(2,2|4) down to g = psu(2]2)2, which becomes the centrally extended g = psu,(22)?

once the decompactification limit Py — oo is taken in order to have proper asymptotic states!®.

1See [114,126] for a more general change of coordinates.
15Tn presence of winding modes, a term linear in ¢ is to be inserted into the expression for x .

16p5uc(2\2)2 is the off-shell symmetry algebra of the system as the central charges vanish on-shell. Indeed,
the central charges are given by C' o (1 — exp (ipws)), where pws is the worldsheet momentum that is zero for
physical states (the worldsheet theory is invariant under o-translations).
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Remarkably, imposing that the worldsheet scattering is integrable, as suggested by perturbat-
ive string theory computations [124], provides an S-matrix satisfying the YBE (and enjoying
Ylpsu,(212)?] symmetry [S6]).

Integrability stands also when compact worldsheets are taken into account. This case was
studied via Liischer’s procedure [130,131], which lead to the exact spectrum for the finite lenght
AdS;5 x S%/N =4 SYM spin chain via the Thermodynamic Bethe Ansatz'” (TBA) [134-140)].

1.5. Outline of the Thesis

As we saw, the AdS/CFT correspondence for AdSs and AdS superstrings is still quite obscure.
This thesis is devoted to filling the such a gap by investigating in depth dualities and integrability
features of such models. Understanding AdS/CFT for strings propagating in low dimensional
Anti-de Sitter space is a fundamental question as it will probe the validity of the AdS/CFT
correspondence, showing how much the duality depends on either the dimensionality of the
spacetime or the amount of supersymmetry. Furthermore, dualities between 3 gravity and two-
dimensional CFTs are particularly remarkable as they identify the central charge of the latter
with the Newton constant of the former [141], making Gy constrained by Zamolodchikov’s c-
theorem [142]. Analogously, supersymmetric quantum mechanics/one-dimensional QFTs are a
fascinating field of investigation: these describe the dynamics of certain classes of black holes [51]

and provide the quantisation of non-lagrangian QFTs [143], to make two examples.

The thesis is organised as follows:

In Chapter 2 we prove the T-self-duality of Green-Schwarz supercoset sigma models on
AdSg x §%x S, described by supercoset sigma models with isometries governed by D(2, 1; a)?~1
exceptional Lie supergroups, with d = 2,3. As we will see, whenever a # 0, 1, the corresponding
isometry supergroups are of type OSp, which will imply that such models require additional

T-dualities along one of the spheres for the superstring action to transform into themselves.

In Chapter 3 we derive the exact S-matrix for the integrable system associated with light-
cone scattering of particular representations of the centrally-extended psu(1]1)? Lie superalgebra,
conjectured to be related to the massive modes of the light-cone gauge string theory on AdSs X
S2 x T6. The S-matrix consists of two copies of a centrally-extended psu(1|1) invariant S-matrix
and is in agreement with the tree-level result following from perturbation theory. Although the
overall factor is left unfixed, the constraints following from crossing symmetry and unitarity are
given. The scattering involves long representations of the symmetry algebra, and the relevant

representation theory is studied in detail.

17 A recent alternative to the TBA is the so-called quantum spectral curve: for further details please see [132,133].
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We also discuss Yangian symmetry in the massless limit. Under the assumption that the
massless modes of the light-cone gauge string theory transform in these limiting representations,
the resulting S-matrices provide the building blocks of the full S-matrix. Finally, some brief

comments are given on the Bethe ansatz.

In Chapter 4 we find the Yangian algebra responsible for the integrability of the AdSs x
S? x T® superstring in the planar limit. We demonstrate the symmetry of the corresponding
exact S-matrix in the massive sector, including the presence of the secret symmetry. We give
two alternative presentations of the Hopf algebra. The first takes the usual canonical form,
which, as the relevant representations are long, leads to a Yangian representation that is not of
evaluation type.

After investigating the relationship between co-commutativity, evaluation representations
and the shortening condition, we find an alternative realisation of the Yangian whose repres-
entation is of evaluation type. Finally we explore two limits of the S-matrix. The first is the
classical r-matrix, where we re-discover the need for a secret symmetry also in this context. The
second is the simplifying zero-coupling limit. In this limit, taking the S-matrix as a generating
R-matrix for the Algebraic Bethe Ansatz, we obtain an effective model of free fermions on a
periodic spin-chain. This limit should provide hints at the one-loop anomalous dimension of the

mysterious superconformal quantum mechanics dual to the superstring theory in this geometry.

Finally, in Chapter 5 we investigate Yangian and secret symmetries for type IIB superstrings
on AdS3 x S3 x T*, verifying the persistence of such symmetries to this instance of the AdS/CFT
correspondence. Specifically, we find two a priori different classes of secret symmetry generators.
One class of generators is more naturally embedded in the algebra governing the integrable
scattering problem. The other class of generators is more elusive, and somewhat closer in its
form to its higher-dimensional AdSs; counterpart. All of these symmetries respect left-right
crossing.

In addition, by considering the interplay between left and right representations, we gain a
new perspective on the AdSs case. We also study the RTT realisation of the Yangian related to
AdS3 superstrings.

Concluding remarks are presented in Chapter 6.
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T-Self-Duality for AdS; and AdS;
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T-Self Duality of AdS, and AdS; Superstrings

As we saw, the AdS/CFT correspondence connects a string theory on a d-dimensional anti-de
Sitter space with a conformal field theory on its (d —1)-dimensional conformal boundary, dAdS,.
This correspondence is a particular instance of the more general concept of holography, linking
d-dimensional gravity theories with (d — 1)-dimensional gauge field theories [144]. In the case
of AdS/CFT, a complete dictionary between AdSs x S° superstrings with N units of RR 5-flux
through S° and N' = 4 SYM with gauge group SU(IN) was established in the large-N limit.
Powerful tools introduced by holographic duality have found intriguing applications not only in

string theory but also in nuclear physics, condensed matter systems and several other fields.

Holographic dualities normally relate a perturbative regime of a theory on one side of the
correspondence to a strongly coupled regime of a theory on the other side and vice versa. This,
in turn, allows one to extract information about the behaviour of theories at strong coupling, to

which the perturbative methods do not normally apply.

Instances of holographic dualities include the AdS;/CFT,;_; correspondences [1] for d =
2,3,4,5. The most investigated example is the AdS;/CFT, correspondence between type 1IB
superstring theory in an AdSs x S® background and the SU(N), N = 4 supersymmetric Yang—
Mills theory on the four-dimensional conformal boundary of AdSs. A striking feature of this
correspondence, based on the 4-dimensional superconformal group PSU(2,2(4), is the integrabil-
ity of both the AdSs x S® superstring theory and the planar limit (N — oo) of the SYM
theory [11,99]. It connects the regime of perturbative gauge theory with the regime of perturb-
ative string theory. Integrability has also been observed in other instances of the AdS/CFT
correspondence.

Integrability manifests itself in various features of the theory. For instance, it is believed to
be at the core of the relation between planar scattering amplitudes and Wilson loops at strong
and weak gauge coupling in the SYM theory, and is related to the existence of a hidden dual

superconformal symmetry of gauge theory scattering amplitudes which acts on the momenta

29
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as ordinary conformal symmetry acts on coordinates and associates each amplitude to a string
worldsheet in a dual AdS space (see [7] for a review and references).

As anticipated in the Introduction, the existence of the dual superconformal symmetry is
attributed on the gravity side of AdS/CFT to the self-duality of the superstring sigma model
under (Buscher-like) T-duality transformations of fermionic and bosonic string modes on the
worldsheet associated with certain (anti-)commuting isometries of the AdSs x S° background
[67,68] (see also [145]). In turn, this self-duality is an immediate consequence of the important
property that the combined bosonic and fermionic T-dualities do not change the values of the
AdSs x S5 background fields, in particular the Ramond-Ramond flux and the dilaton (see [146]
for review and references).

Fermionic T-duality and its relation to the dual superconformal symmetry are pretty well
understood and studied in detail in the case of the AdSs x S superstring and corresponding
dual N' = 4 SYM theory [67,68,146]. However, the manifestation and role in the AdS/CFT
correspondence of the fermionic T-duality of the sigma models describing superstrings in less
supersymmetric integrable! AdS backgrounds which give rise to other examples of AdS;/CFT4_q
correspondence, such as AdSs x S% x M6, AdS3 x S3 x M4 (where M19~2¢ is a compact manifold,
e.g. T1072d or §% x T10-3d) and, especially, in AdSy x CP? are much less understood.

In particular, the AdS; x CP3 background, which preserves 24 out of 32 supersymmet-
ries of the type ITA superstring theory remains the most challenging case, since it seems to
face obstructions in performing the fermionic T-duality of the corresponding superstring sigma
model [152,153] and the supergravity background itself [153-156]. On the other hand, results
in the dual field theory indicate that the AdS; x CP? string model should be self-dual un-
der bosonic and fermionic T-duality transformations. In fact, dual superconformal symmetry
appears in the planar amplitude sector of the ABJM model both at the tree level [157,157]
and at the loop level [158,159], Yangian invariance has been observed at the tree level [160],
and the amplitudes/Wilson loop duality has been found up to two loops [161,162]. In [153]
it was assumed that an obstruction in performing the fermionic T-duality may be caused by
the presence of worldsheet fermionic fields associated with 8 broken supersymmetries [19] in the
complete superstring Lagrangian. Indeed, the role of the ‘broken supersymmetry’ fermions still
needs to be better understood and reconciled with other issues caused by a singularity of the
bosonic and fermionic T-duality transformations along CP? isometries, as observed for example
in [152,156,163].

We will leave aside the AdS; x CP? case, concentrating rather on the study of remaining

issues of the T-duality of superstrings on AdSy x S% x M1972¢ backgrounds, with the hope

IThe classical integrability of the full superstring in these backgrounds has been studied in [28,147,49,148-
150] and recently a general construction for all symmetric space Ramond-Ramond backgrounds preserving some
amount of supersymmetry was given in [151].
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that the better understanding of the latter may also provide new insights into the issues of
AdS4 x CP 3.

So far T-self-duality has been demonstrated for supersymmetric sigma models associated
with strings propagating in AdSg x S? (d = 2,3,5) upon imposing a partial gauge fixing of
the kappa symmetry of the sigma model actions by putting to zero a quarter of the supercoset
fermionic modes [67,68,152]. In [67], the T-self-duality of the AdSs x S® superstring was
demonstrated in the pure spinor formulation, which does not possess kappa symmetry but is
instead BRST invariant. The proof used BRST cohomology arguments to extend the kappa-
gauge fixed result of the Green—Schwarz formulation to the whole set of the fermionic modes of
the pure spinor string. As was mentioned in [67], if the T-dualised Green—Schwarz action could
be written in a kappa-invariant form, in order to directly prove the T-self-duality of the pure
spinor action, one could use the prescription of [164] which relates the Green—Schwarz kappa

symmetry transformations with the pure spinor BRST transformations.

In the cases of the AdS; x S? supercoset models (with d = 2,3) an additional issue arises.
It is related to the fact that the supercoset models describe only particular sectors of the com-
plete superstring theories on the AdSy x S¢ x M1972¢ backgrounds. In the d = 3 case, these
backgrounds preserve 16 of the 32 supersymmetries in ten dimensions, while in the d = 2 case
the number of preserved supersymmetries reduces to 8. Therefore, respectively, only 16 and 8
fermionic modes on the string worldsheet can be associated with the fermionic directions of the
corresponding coset superspace, while the remaining 16 and 24 fermionic modes correspond to
broken supersymmetries. The supercoset sectors of the theory are non-trivially coupled to the

non-supercoset directions M1072¢ via these fermionic modes.

In the d = 3 case, one can use kappa symmetry to put all the 16 off-coset fermions to zero,
but this gauge fixing is not admissible for a wide class of classical string configurations (including
those when the string moves only in AdS3xS2, [165]). Moreover, though the AdS3x S? supercoset
sigma model with 16 fermions possesses kappa symmetry with 8 independent parameters (see
e.g. [152]), this kappa symmetry is broken when the supercoset model is coupled via the Virasoro
constraints to the T sector of the complete superstring action in AdSz x S x 7% [28] in which
the 16 non-supercoset fermions have already been kappa gauge fixed to zero. In other words,
the kappa symmetry of the AdSs x S2 supercoset subsector is part of the kappa symmetry of

the complete 10-dimensional superstring and is lost when the latter is completely gauge fixed.

For certain classical string solutions, the d = 2 case kappa symmetry allows one to remove
only 16 of the 24 non-supersymmetric fermions, so at least 8 non-supercoset fermionic modes
are always present in the AdSy x S? x MY string spectrum (see e.g. [28,49] and references
therein for the discussion of these issues). In these cases the self T-duality of the corresponding

supercoset models has been proved in a partially fixed kappa symmetry gauge where some of
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the fermionic coset coordinates are set to zero [152]. However, when the supercoset models are
used to describe a gauge-fixed sector of the superstring sigma model where kappa symmetry has
already been used to remove part of the non-supersymmetric fermions, one cannot use kappa
symmetry anymore for proving the self T-duality of the corresponding supercoset sectors of the
AdS; x 8% x M19~24 guperstrings.

In view of the above mentioned issues, it is important to demonstrate explicitly the T-self-
duality of superstring theory on the AdSy x S¢ x M'~24 backgrounds without fixing kappa
symmetry and taking into account the non-supercoset fermionic modes. This is the main goal
of the chapter. Specifically, we verify the combined bosonic and fermionic T-self-duality of
Green-Schwarz supercoset sigma models on AdSy x S? x S? backgrounds (d = 2,3) described by
supercoset sigma models with the isometries governed by the exceptional supergroups D(2,1; )
(for d = 2) and D(2,1; ) x D(2, 1; «) (for d = 3). These supercoset models do not possess kappa
symmetry and, in order to map the dualised actions to the original ones, the T-dualisation of d—1
directions in AdS; and of 2(d — 1) fermionic directions should be accompanied by T-dualisation
of complex d — 1 directions of one of the spheres. In [166], the same result was obtained in the

corresponding supergravity setup.

2.1. General setup

In this section, we recall some basic facts about superstring sigma models and their T-dualisation.
The conventional form of the Green—Schwarz action describing the propagation of a super-

string in a generic 10-dimensional type II background is [112]
T A B
S = -5 (xE5NEPNaB + 2KB2) . (2.1)
%

Here, T' denotes the string tension and 3 is a 2-dimensional worldsheet with a curved met-
ric hpq(7,0) of Lorentz signature so that the corresponding worldsheet Hodge duality oper-
ation * squares to one (x> = 1) when acting on oneforms.”? The £4 = £4(X,0) with
A/B,... = 0,...,9 are vector supervielbeins where (X,0) are target space coordinates (10
Grafimann-even (bosonic) coordinates X and 32 Grafimann-odd (fermionic) coordinates ©) and
(nap) = diag(—1,1,...,1) is the 10-dimensional target tangent space Minkowski metric. In
addition to £4 = £4(X, ©), the description of the geometry also involves spinor supervielbeins
£% = £4(X,0) with &,B,...=1,...,32. Furthermore, By(X,0) is the worldsheet pullback
of the Neveu—Schwarz—Neveu—Schwarz 2-form gauge superfield. In the models in which we are

interested, it has vanishing field strength at © = 0, that is, dBs|le—p = 0. Kappa symmetry

invariance requires the coupling constant x to be 1. In what follows, we shall choose x = 1.

. : A, B AcB
*Explicitly, in local coordinates (7,0) on &, x4 A EP = \/—det(h,s) hPIESEY .
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Note that for generic supergravity backgrounds, the action (2.1) is known explicitly up to fourth
order in © [167].

We will be interested in (bosonic) symmetric space backgrounds of the type AdSg x S¢ x
71024 = 23,5 and AdSy x S% x S x T10=34 ¢ = 2.3, As shown in [49] for d = 2 and
in [151] in general, the full type II superspace corresponding to these backgrounds contains a
sub-superspace which is a supercoset space G/H = {gH |g € G}, G being the superisometry
group and H the isotropy subgroup of the background in question. For a background with no
Neveu-Schwarz—Neveu-Schwarz flux, G/H is, in fact, a so-called semi-symmetric superspace
meaning that the Lie algebra of G admits a Zg-automorphism  : G — G whose fixed point
set is H, that is, Q* = 1 and Q(H) = H. Correspondingly, there exists a truncation of the
Green—Schwarz string action to a supercoset sigma model. If the background admits at least 16
supersymmetries, this sigma model can be viewed as a kappa symmetry gauge fixing of the full
superstring (for configurations where this gauge fixing is consistent). Below we give the coset

superspaces relevant for our discussion.

Z4s-graded coset superspaces. For the AdSy x S% x T19~2¢ hackgrounds, we have the fol-

lowing supercosets®
PSU(2,2/4)
SO(1,4) x SO(5)
PSU(1,1|2) x PSU(1,1|2)
SU(1,1) x SU(2)
PSU(1,1|2)
SO(1,1) x U(1)

d=5:

= AdSs x S°  + 32 fermionic directions ,

d=3: = AdS3 x S* 4 16 fermionic directions ,  (2.2a)

d=2: = AdSy x S  + 8 fermionic directions .

while for AdSy x S x §% x T1073¢ e deal with

D(2,1; D(2,1;
d=3: 50(57 ’2)’:)52(3)( >7< ég)(g) = AdS3 x S x 8% 4 16 fermionic directions ,
d=2: D@2,1; ) = AdSs x S?2x S? + 8 fermionic directions ,

SO(1,1) x SO(2) x SO(2)
(2.2b)

where 0 < o < 1. Note that while for d = 5 the coset superspace describes the full su-
perstring theory, for d = 2,3, the listed coset superspaces describe only those subsectors of
the full superstring theories in which the non-supersymmetric fermions have been removed by

truncation/gauge-fixing and the string does not fluctuate along the torus directions.

3Note that since all these coset superspaces are smooth supermanifolds, they naturally fiber over their bosonic
part, that is, they are smooth vector bundles with bosonic base and fermionic fibers.
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Maurer—Cartan form. The Zj-automorphism €2 : G — G induces a corresponding auto-
morphism on the Lie superalgebra g of G, which we shall again denote by 2 : g — g (see e.g. [168]
for a classification). We therefore have a decomposition g C = @fnzo g(m) into the eigenspaces
of Q, that is, Q(Viy)) = i" Vi for Vi) € gm)- In addition, [g(m), 8(m)] € 8(mtn mod 4) and
g(0) is the Lie algebra of H. Furthermore, g comes with a Zs-grading, and the generators of
g(0) and g(z) are bosonic while the generators of g1y and g(3) are fermionic. For various general
properties of the Lie superalgebras associated with the Lie supergroups appearing in (2.2), we
refer the reader to e.g. [30].

Next, we consider maps g : ¥ — G from a 2-dimensional worldsheet Riemann surface ¥ with
an (arbitrarily chosen) Lorentzian metric into G and introduce the (pull-back to ¥ via g of the)
Maurer—Cartan form

J = g ldg. (2.3)

Here, d denotes the exterior derivative on X.* By construction, the g-valued differential 1-form
J is invariant under global left G-transformations g — ggg for go € GG and satisfies the Maurer—
Cartan equation, dJ — J A J = 0. Using the Z4-automorphism {2 : g — g, we may decompose J

into the eigenspaces of ) according to

It is then straightforward to check that under local right H-transformations g — gh for h € H,
the part Jg) behaves as a g(g)-valued connection 1-form, Jig) + hilJ(O)h—i—h*ldh, while the Ji,,ys
for m = 1,2, 3 transform adjointly, Ji,,) — h_lJ(m)h. Since the physical fields will take values in
the coset superspace G/H = {gH | g € G} for (2.2), the corresponding action must be invariant
under such local right H-transformations. This, in turn, implies that the action will involve only
the J,y for m = 1,2, 3. Correspondingly, G/H is parametrised by dj, bosonic local coordinates
X and d¢ fermionic local coordinates 9, where d}, + df := dim(G/H) = dim(G) — dim(H), so
that we will be dealing with maps (X,¥) : ¥ — G/H. Furthermore, J(oy play the role of bosonic

supervielbeins while J(1) and J(3) play the role of fermionic supervielbeins.

Supercoset action. The supercoset string action for a Z4-graded G/H coset superspace is
constructed from the 1-forms Ji,,y for m = 1,2, 3, and it has the following form (see [8,169-171,
17,18,28] and references therein)

T
S = —T/Z ﬁG/H = ) /2 Str(*J(g) VAN J(g) + J(l) A\ J(g)) . (2.5)
where Str denotes the supertrace compatible with the Z4-grading,

Str(Vim)Vim)) = 0 for Vi) € g4y and m+n # 0mod 4, (2.6)

“In our conventions, d acts from the right.
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As in (2.1), in the non-exceptional cases the relative coefficient of the two terms in (2.5) is
fixed by kappa symmetry, while in the exceptional cases the action (2.5) is not kappa symmetry
invariant [172,173]. In the latter cases, the relative coefficient gets fixed by their relation to the
original Green—Schwarz action and/or by integrability of the sigma-models. Clearly, the action
(2.5) is invariant under rigid left G-transformations and local right H-gauge transformations.
The Wess—Zumino term (the second term in this action) was first given in the above form in [171].

Comparison with the Green—Schwarz action (2.1) tells us that By = %Str(J(l) A J3))-

Schematic form of the superconformal algebra. The T-dualisation of the action (2.5)
is performed along certain bosonic and fermionic directions of the G/H supercoset which cor-
respond to an (anti-)commuting (that is, Abelian) subgroup of the isometries of the underlying
coset superspace. To identify these isometries, one chooses a basis of the Lie superalgebra g of
G which is associated with the superconformal group on the Minkowski (conformal) boundary
RYM4=2 of the AdS, space. In this basis, g is described schematically as follows. The bosonic
conformal algebra and the R-symmetry on R“~2 are given by (we only display non-vanishing

commutators)

[P,K] ~ D+ M ,
[D,P| ~ P, [D,K] ~ K, [M,P] ~P, [MK]~ K, (2.7)
[M,M] ~ M, [RR] ~ R,

where P are the (d — 1) translation generators, M are the 3(d —1)(d — 2) Lorentz generators, K
are the (d — 1) conformal boost generators, and D is the dilatation generator. In the AdSy x S¢
case the R-symmetry generators R are associated with the SO(d + 1) isometries of S¢, while in
the case of AdSy x S x S they correspond to the SO(d+ 1) x SO(d + 1) isometries of S% x 9.

The superconformal extension of the algebra (2.7) contains the fermionic generators @, Q,
S, and S which are the complex supersymmetry and superconformal generators related by
Hermitian conjugation (the specific form of the conjugation rules depends on the chosen super-
algebra), each being 2(d — 1)-dimensional. The additional non-vanishing (anti-)commutation

relations have the following schematic form

~

[D’Q] ~ Q, [MvQ] ~ Q, [K’Q] ~ S, [RvQ] ~ Q"‘QQ)

. . (2.8a)
[D,S] ~ S, [M,S] ~ S, [PS] ~Q, [RS ~S+a$,
and similarly for Q and 9, plus
{Qa@} ~ P7 {5751} ~ K7 {Q?S} ~ OéR, {Q,S} ~ aR (2 8b)

{Q,8} ~D+M+R, {QS} ~D+M+R.



36 2.1. General setup

In these relations, « is the parameter appearing in the coset superspaces (2.2b). Note that the
d = 2,3 coset superspaces in (2.2a) are obtained from those in (2.2b) by taking the limit o — 0.
Hence, in the case of the AdSy x S¢ x T19~24 hackgrounds we simply set o = 0.

In summary, the Lie superalgebra g is generated by g = (P, K, D, M, R,Q,Q,S’, 5’> and
described by the (anti-)commutation relations (2.7) and (2.8).

Choice of Z4-grading. As we shall see below, the specific choice of a Z4-grading and its
superconformal splitting onto Abelian sub-isometries are crucial when performing the T-duality
transformations — an inappropriate choice would make the proof of the self-duality of the
complete superstring actions much more complicated if at all possible. Decomposing the R-
symmetry generators R as R = (R(g), R2)) with R(g) € g() and R(9) € g(2), the Zs-grading we

shall be using is formally of the form
90) = <P+K7M7R(O)> B2 = <P_K,D,R(2)> ,
gy = (Q@-5Q-S5), gz = (Q+S5Q+S).

We emphasize that the specific form of the decomposition R = (R, R(2)) will depend on the

(2.9)

particular form of the superconformal algebra, and we shall say a few things about this in the

next paragraph.

Coset representative and associated current. Inthe AdS,;x 5% x T10~24 case, the form of
the superalgebra (2.7) and (2.8) (with a = 0) implies that the (d — 1) generators P and 2(d —1)
complex supercharges () are in involution, and, hence, a maximal Abelian subalgebra of g is
simply (P, Q). Thus, the (anti-)commuting isometries of the G/H Green—Schwarz sigma model
can be associated with (P, Q).

In the AdSy x S% x S% case, the situation is somewhat more complicated, and as we shall
see in Section 2.2., a maximal Abelian subalgebra of g is again generated by P and ) but also
by some of the R-symmetry generators which we denote formally by L. To jump ahead of our
story a bit, we will have one complex generator L = Li for d = 2 and two complex generators
L, = L}f for d = 3. Hence, the (anti-)commuting isometries are associated with (P,Q, L) in
this case. In the following, we shall denote the Hermitian conjugate of L, by L_ and we have
[LY,L1] ~ Ly ~ [L%,L?]. In view of the Zy-grading (2.9), it turns out that L} + L' € g(g),
Li L' ¢ 9(2), Li —12% € 9(0)s Li + 12 € 9(2), and L3 € g(2) will be the appropriate choice.
See Section 2.2. for details.

Motivated by this discussion, to perform the T-dualisation of the action (2.5) along these
isometries, it is convenient to take the supercoset representative g in a form similar to that
of [67,68,173]

g = exP+0Q+\/&)\+L+eBe§S’ eB = eéQ—i—fSw,De—\/a)\ngAa(y)’ (2'10)
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where = are the coordinates of the Minkowski boundary and |y| is associated with the radial
(bulk) direction in AdS4. In the AdSy x S¢ x T19~24 case (o = 0) the coordinates y parametrize
Se whereas in the AdSy x S¢ x S¢ background (a # 0) one S is parametrized by y and the
second one is described by A; and A3. The latter coordinates are assumed to be complex (we
will explain this in more detail in Section 2.2.). Moreover, the specific form of A, = A, (y) will
depend on the chosen background. The set of 2(d — 1) complex conjugate fermionic coordinates
(0, é, &, é ) parametrize the Gramann-odd directions of the coset superspace. In order to achieve
the form (2.10) of the representative, we have employed local right H-transformations, and since
P, @, and L4 are in involution, this choice of the representative ensures that the action (2.5)
will depend on z, 6, and A4 only through their derivatives dz, df, and dA..

So far, the proof of self-duality of supercoset sigma models (2.5) under bosonic and fermionic
T-duality has been performed in a fixed kappa symmetry gauge, the most convenient choice
being £ = 0 [67,68,173]. However, as already explained, if the supercoset model describes
the gauge-fixed version of the corresponding superstring action, the kappa symmetry has been
already used to (partially) gauge away the non-supersymmetric fermions, and cannot be used
once again in the T-dualisation procedure. Moreover, for sigma models based on the exceptional
Lie supergroups (2.2b), the rank of the kappa symmetry is zero [28,172,173] and one cannot
put any of the fermionic coordinates to zero. Therefore, in what follows we are not going to
(partially) fix kappa symmetry to get rid of some of the fermionic coordinates. All the fermionic

coordinates in (2.10) will be taken into account.

In the realization (2.10) of the coset element, the current (2.3) has the following form
J = g ldg = e_fsJ(O)e£S+d£S, (2.11)

where J(©) is the current at £ = 0. Decomposing the currents J and J(® along the generators

as
J = JpP+JkK+ -+ 33+ and JO = JOPL Ok 4. 43+, (212)
Jy being the component of J along J. Accordingly, the components of J ©) are given by
I = [e7B(dzP + d0Q + Vadri Ly)eP],, IO =0,
Jgo) = [e_BdeB]D , J](VOI) = [e_BdeB]
J}(EO) = [e7"de”]

IO = [ PP +d0Q + VadriLy)eP], I =0, JY = [ePde”]

M )

Lz’
0 - 0 B

Jé)) = [e B(dxp+d9Q+\/&d/\+L+)eB}Q, Jéj) = [e BdeB}Q’
0 o) —-B,4.B

JS =0 ) Jg - [6 de ]S ’

(2.13a)
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where [---]p etc. indicates the projection onto the generators P etc., while the components of

J read schematically as

Ip=J8, g =Jy ., o= I,
Jp = JP+Ie, I = I+ IS¢
Jp = Jy v 3¢ g, = I +asde,

0 0 0 0
Jo = I+ T¢Iy = TP +agfle,

Jk = Jé0)§+ajg)+)§2’ I = Oéjg))eran))g?

(2.13b)

Js = dé+ (IS + I + TP +ade + IS .

We note that thanks to the appropriate choice of the coset representative (2.10), the current J
depends on £ at most quadratically. This will drastically simplify the T-dualisation procedure.
Finally, decomposing the current J according to the Z4-grading (2.9), the supercoset sigma

model action (2.5) takes the following schematic form

*(JP_JK (JP_JK)+*JDAJD+*JR(2>AJR(2)+

—

by

&.

-1
+ 2+ + ()T ) A Ty + (2T ) + Ty AL, + (2.14)
1

=
Il

+ (Jo Avdg = Jg Ayl — Js Ayds + g Avdp)] -

Here, v in the last four terms stands for a constant symmetric matrix being part of the G-
invariant bilinear form contracting the spinor indices of the fermionic currents. The form of

this matrix is related to the value of Ramond—Ramond fluxes supporting the corresponding
AdS; x 8% x M19724 hackground.

T-duality procedure. In the @ = 0 case, one performs T-duality upon the action (2.14)
along x and 6, following the discussion of [67,68]. For the a # 0 case, we dualise also along A,
following ideas of [173].

According to the standard procedure [174-176], starting from the action (2.14) we first make
the substitution (dz,df,d\;) — (A, A, A+) and modify it according to

S — Sto. = S[(dz,df,d\;) — (Ap, Ar, AL+ / (#d A, + 0dAs + Vad dAL)  (2.15)
Y

Here, {A}, Af, A} } are auxiliary differential 1-forms and {i,é, 5\+} are Lagrange multipliers.
The latter enforce the constraints dAy, = 0, dAf = 0, and dA4 = 0 or, equivalently, A}, = dz,
Af = df, and A, = d\;. Consequently, upon integrating {z, 0, Sur} out, we recover the original
action (2.14).



2.1. General setup 39

To derive the dualised action S, we instead need to integrate out the differential 1-forms
{4y, A¢, Ay}, Once done, the Lagrange multipliers {:Z",é, 5\+} shall be interpreted as T-dual

coordinates. In order to perform this operation, we make a simplification by noticing that
e (AP + A;Q +Va AL L )e? = AP+ A{Q+Va A, Ly (2.16)

since the Abelian algebra (P, @, L, ) is invariant under conjugation by the group element e®.

Equivalently,
AP + A4Q + Va ALy = eB(A[ P+ AjQ + Va A Ly)e P . (2.17)

Thus, we may consider the field re-definition (Ay, Af, A1) — (A}, Af, A’,). Note that the on-shell
relations dz = Ay, df = Ag, and dA\; = A, together with (2.13) imply the on-shell relations
A{) = JP, A% = JQ, and A,Jr = JL+.
Upon substituting
Ay = [P (AP +AQ+ VoA, Ly)e P],,
A = [P (ALP + A1Q + Va Al Li)e ], (2.18)
Ay = [P(ALP + AQ+ Va A Ly)e ]
into the action (2.15) and integrating out {A}, A%, A’.}, one obtains the dualised action S. The
main goal is to show that the action S (upon certain field re-definitions) is again of the Green—

Schwarz form (2.5), however, in a coordinate system which is associated with a different choice

of the coset representative

§ o= FRTOMTISHVENL-BOFEQ) | (B o QS| DevaNLp () (219)

- )

where M := Str(QS). Note that e” in the representative (2.19) is the same as given in (2.10).
Furthermore, in the AdSs x S° case, F(£) is of the schematic form [166]

F(§) ~ —[¢+€)Q+ [€+£7]s, (2.20)

while for AdSs x $? and AdSy x S? x S%, F(¢) contains only the first linear term in & and for
AdSs3 x S3 and AdSs x 83 x S3 it consists of both linear and cubic terms. Because of the presence
of F(£), the current J = §~'dg arising from the representative (2.19), will, in general, not be
quadratic in the fermionic coordinates £&. However, as we will show, upon further complicated
field re-definitions (X, ®) — (X', ©’), the dual coset element (2.19) can be nevertheless brought

to a form similar to that of (2.10), i.e.

G = o KA M7+ /aN, L B ,~€'Q (2.21)

Let us discuss the T-duality procedure for the superstring sigma models on AdSg x S¢ x S¢
for d = 2, 3.
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Comment on the self-duality at the quantum level. Since the duality transformations
can be performed via a Gauflian path integral, they can be promoted to a duality of the quantum
sigma model. A priori, the path integral measure could change upon integrating out the auxiliary
fields {Ay}, Af, A’ }. However, this is not the case, since the corresponding Berezinian is equal
to one provided one also regularises the bosonic and fermionic determinants in the same way
(e.g. by using heat kernel methods as in [175,177]). Therefore, there will be no shift in the
dilaton and we may thus conclude that the self-duality of the Green—Schwarz sigma models

under consideration also holds at the quantum level.

2.2. Self-duality of AdSy x S x §¢ x T'°~3¢ superstrings

In this section, we will extend the previous discussion to the cases of superstrings on AdS, x S x
Sdx 11034 (4 = 2,3). As their AdSyx S x T'0~2¢ counterparts, these backgrounds preserve 1/4
and 1/2 of the 10-dimensional supersymmetry and can be supported by either Neveu-Schwarz—
Neveu-Schwarz or Ramond-Ramond fluxes [27,26,31-33]. Here we will consider the latter ones.
For instance, a type IIB AdS3 x S x §3 x S! background can be supported by the following F3

flux
1 an b, Baas & 5 o, Radas
F3 = §<5Cbae Ne”Ne” + R, Ega€ Ne Ne + R

where a and @’ are, respectively the tangent space indices of the two three-spheres and R4 are

€C/b/a/€a/ AeY A ecl), (2.22)

their radii.
Upon the T-dualization of the above background along the S' one gets the type IIA AdSs x
53 x 83 x S1 with the Fy-flux

1 R ~ 2 A R ’ ’ ’
Fy = d A 3 <sdmea Aeb A et + }gds €556" N e’ A el + %ac/b/a/ea Ae? Aef ) (2.23)
_l’_ —

Because of the technical complexity, in these cases we will put the off-coset fermionic modes
of the string to zero by fixing a kappa symmetry gauge in the d = 3 case and by hand in the d = 2
case. Modulo Virasoro constraints, the 710~3%_sector decouples and we may concentrate on the
AdSy x 8¢ x S¢ sectors described by supercoset sigma models with the isometries governed by
the exceptional Lie supergroups D(2,1;«a) (for d = 2) and D(2,1;a) x D(2,1;«) (for d = 3). In
particular, we shall show that they are also T-self-dual under combined bosonic and fermionic
T-dualities, provided that T-dualisation involves one of the spheres S¢, the latter causing some

additional technical difficulties.

2.2.1. Self-duality for AdS; x §? x S§2

Supercoset structure. The sigma model on AdSy x S? x S? is based on the supercoset
D(2, ;)

SO(1,1) x SO(2) x SO(2) (2.24)
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To construct the corresponding action and analyse its T-duality properties, let us discuss the Lie
superalgebra 0(2,1; ) of D(2,1;«). For general properties of the exceptional Lie superalgebra
0(2,1; ) see e.g. [30,178]. For the 10-dimensional supergravity solutions under consideration,
the values of the parameter o are restricted to the interval [0,1].° They determine the relation
between the radii of AdSy x Si x 52,

R R?
a = A2dS and 1—a = AQdS . (2.25)
R- R%
In order to avoid confusion between the parameter o and the spinor index «, in what follows
we will set o := cos?(7) := ¢ and 1 — « := sin?(7) := s2, respectively.

Lie superalgebra 0(2,1;c?). The maximal GraBmann-even subalgebra of the Lie superal-
gebra 9(2,1;¢?) is sl(2,R) @ su(2) @ su(2), and we set sl(2,R) := (P, K, D), su(2) := (L),

and su(2) := (R%g), respectively, for a,b,... = 1,2,3 and «, ,... = 1,2. The corresponding
commutation relations are’
[D,P] = P, [D,K|] = -K, [PK] = 2D,
[L.,L_] = —2iLy, |[L3,Ls] = +iLy, Ly = il =+ Lo, (2.26a)

[R3, RY5] = i(073RY — 6°5R73) .
Furthermore, 9(2,1;c?) contains eight fermionic generators which we denote by Q, Qa, Sa,
and Sa, respectively. Letting ai’g’3 be the Pauli matrices’, the remaining non-vanishing (anti-

Jcommutation relations of 9(2, 1;¢?) are given by

{Qa:Qp} = —025P , {Sa,Sp} = —0asK ,
{Qa, 88} = —c®02Ly , {Qa,Ss} = PolgL_,
{Qa, S} = —025(D +ic’Ls) —is’0’ R
{Qa. S}t = 024(D —ic’Ly) +is’02 R75
[P, Sa] =1—Qa, [P, Sa] = 1—%, [K,Qa] = —151“ [K,Qa] = —b;a, (2.26)
[D,Qa] = éQaa [Dan] = 5?(17 [D,Sa] = —§S'a> [D>Sa] = —E‘a;
L3,Qal = 3Qa. [L3,Qal = —5Qa [L3,S2) = —3Sa [Ls,Sal = 5Sa.
[L4,5a] = Say [L-80] = =Sa, [L-,Qa] = Qo [L+,Qa] = —Qa,
[R%3,T,] = —i(aavTﬁ—%aaﬁTw), for Ty, € {Qa»Qa»Su,Sa} -

®For superbackgrounds whose isometries are governed by (2, 1; &) with other values of a see e.g. [179,180].

50One could also start from the 10-dimensional form of the algebra analogous to the psu(2,2|4) case. This
form follows directly from the general construction of the symmetric space superisometry algebras of [151] upon
inserting the form of the fluxes.

"We lower and raise Greek indices using eag = io5 5 and €*” = i0®*# with €*7e, 5 = %3, so that e.g. o' “5 =
1020‘70% = —ig? a”’aiﬁ.
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The bosonic generators P, K, D, and L, are skew-Hermitian while (R'1) = R?; and (R'2)" =
—R?,. The fermionic generators enjoy the reality conditions QJ{ = Qo, Q; = —Ql and SI = —S,,
Sg — §y. It is straightforward to check that the superalgebra (2.26a) is invariant under these
reality conditions. Notice also that in the limit ¢ — 0, we recover the isometry superalgebra of
AdSy x S?, psu(1,1]2), and the generators L+ and Lz decouple. This is consistent with the fact
that AdS, x S? is T-self-dual without performing T-duality along S2.

Furthermore, the non-vanishing components of the invariant form of 9(2, 1;¢?) that is com-

patible with the above choice of the basis are

Str(PK) = 2, Str(DD) =1,

Str(L+L—) - —%, StI’(L3L3) = %’
% . (2.27)
Str(RsRs) = 5(0%075 = 50%507s) ,
SHK(QuS) = —20% . StK(QuS) = 2%

Z4-grading and order-4 automorphism. In order to formulate the supercoset action based
on (2.24), we need to fix a Z4-grading of the superalgebra 9(2, 1; ¢?) ® C = @fn:O O(m)- In view

of (2.9) we choose the following decomposition

g(o) = <P+K,L++L7,U,}/[QR7[3]> N
00 = (Qa—0""055,Qa— ' P08s)
g2 = (P—K,D,Ly —L_,L3,0} R"g),

9i3) = <Qa +o! BaSBa Qa +o! 'Bagﬁ> )

(2.28a)

where brackets (respectively, parentheses) indicate normalised anti-symmetrisation (respectively,
symmetrisation) of the enclosed indices. Notice that we have indeed g(g) = s0(1,1)®s0(2)@s0(2).
The order-4 automorphism €2 : (2, 1;¢2) — 9(2,1;¢?) associated with this Z4-grading is given
explicitly by

QP) = K, QK) = P, QD) = -D,

Q(L3) = —L3, L) = Ly, QUR%) = o' “ohR,
QQa) = —i0'P,Ss, QUQ.) = —ic'P,S5,
Q(Sy) = —io’lﬁaQﬁ, Q(ga) = —ialﬁan.

(2.29)
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Furthermore,
Str[(P+ K)(P+K)|] = +4, Stx(DD) = 1,
4 1
Str[(Ly+ £+ L_)(L+ £ L_)] = Fao Str(LsL3) = R
1
St 1 RV 1 RY — 2 2
S (CHm PN 611)] 527080 > (2.30)
Str[(o,@ B 8) (00 R 5)] = _sﬁ(géﬂa—lyé ~ Tar05 — 0as0rp) »

Str[(Qa + Ul ’YQSW)(Q/B F 0'16/355)] E :F410-i/8 ,
Str[(@a +o! 7t)é*gﬂ/)(é)ﬁ + ol 6/35’5)} = :|:410'é6
which follow from (2.27).

Coset representative and associated current. Next, we need to choose a coset represent-
ative g for the supercoset space (2.24). In view of (2.26b), the generators P, Q,, and L are
in involution® and, consequently, are associated with the directions along which we will perform
T-dualisation. Following our general discussion in Section 2.1., an appropriate form of the coset

representative is”

= TPHQuAN Ly B (S

RO (2.31)
B . oP7QatESa ‘y|Def>\gL3 efpﬁaRO‘B '
Here, we assume that both A and A3 are complex. This is merely a technical assumption which
will facilitate the T-duality transformations below. Hence, we are essentially dealing with the
complexification SL(2,C)/C* of the coset SO(3)/SO(2) = SU(2)/U(1) = S?, and from the
point of view of fermionic T-duality, such a complexification is rather natural (see [67] for a
similar case in AdSs x S°). Note that the resulting line element on SL(2,C)/C* is

1

4c?

Upon performing the change of coordinates (Ay, A3) — (¢, ¥),

(ds)? = [(dX3)? + e* 3 (dA;)?] . (2.32)

2 tan(3) sin(p)
A = - 9 9N
1+ 2itan(¥) cos(p) — tan?(%)
1+ tan?(2) (2.33)
o—ids 2
1+ 2itan(Y) cos(p) — tan?(J)
for ¢, v € C, we find the line element
1
2 2 2 2

(ds)* = 12 [(dz?) + sin“(9) (dy) } , (2.34)

8Note that the maximal Abelian subalgebra of 9(2, 1; ¢?) has two bosonic and two fermionic generators.

9 To obtain the coset representative for AdSs x S? x T2 from the representative (2.31) in the limit ¢ — 0,
one first needs to re-scale the coordinates Ay — cAy, A3 — cAs, and p®5 — sp®4 and then perform the limit.
In this limit, the second sphere S?, whose metric becomes flat, decouples from the AdSy x S? supercoset and
re-compactifies into 72 which is part of T of the backgrounds discussed in Section 5.
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which, upon considering the real slice ¢* = ¢ and ¥* = ¢, becomes the standard line element
on the two-sphere S2.
The Maurer-Cartan form J = g~'dg corresponding to the coset representative (2.31) is of

the form
J = e 850 g0t 5o 4 geog,
i (2.35)
= JO =[S0, JO] + 16207780, [Sp, T ] } + A€ S
where, as before, J(® does not depend on the fermionic coordinate €2 and we have set &2 :=
io? Bfaﬁﬂ . The explicit form of the components of the current J is given in [166].

Using the Zs-grading (2.28a), the coset current .J decomposes according to J = Jig) + J1) +
J(g) + J(g) with

1 1
J(o) = §(JP +Jg)(P+K)+ i(JL+ +J )Ly + L) — JRaﬂo—laﬂyO—(%['yR&ﬁ] )

1 o 1 «a 3 Q
Joy = 5(Jes — o5 J5,)(Qa — OwaSﬁ)i(‘JQa =0 %575,)(Qa = ' %aSp)

1 1 (2.36)
Jop = 5Up = J)(P = K)+JpD+ 5 (Jo, = Jo )Ly — L) + iy Ly — '

lay _1 1
— JRaﬁO' ’YO'(;(VR 5) 5

1 o 1 o A G

S = 5(gu+0"675,)(Qa + 0" aSs) + 5(Jg, +0" 55 )(Qa + 0" aSp) .

Supercoset action. Upon using the Z4-grading (2.28a) together with the invariant form (2.27)

and the currents (2.36), the sigma model action (2.14) becomes

T
S = —2/{—*(JP—JK)/\(JP_JK)+*JD/\JD+
by

1 1

+ 5 * (JL+ —JrL ) A (JL+ —Jr_ )+ f2>I<JL3 AN Jr, +
C C

, (2.37)

+ ?(*JRQB A JRﬂa - O'la,yo'éé*JRaB VAN JR’Y(;) -

. 1
ks N, s, A s, — g, Mg, s, M s,)}

Note that in the AdS; x S? case, the matrix (—o!) can be identified with the matrix 4P
along the AdS, radial direction with P being the projector which singles out eight unbroken

supersymmetries of the background under consideration.

T-dualisation. Now, performing the T-dualisation of the action (2.37) following the general
procedure described in Section 2.1., upon some technically involved algebra, a field re-definition
and using the Maurer—Cartan equations one can check that the resulting dual action has the

same form as the initial one but with the currents constructed with the different coset element

§ = FKIP RSy AL B 01t (2.38)
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B is the same as in (2.31). Therefore, the supercoset sigma model on AdSs x S? x S?

where, e
is self-dual under the combined T-dualities along z, 8¢, and A,.

In the limit ¢ — 0, upon an appropriate re-scaling of the Jz-currents, the action reduces to
the % supercoset sigma model. In this limit, the dualised sphere S? gets ‘decompac-

tified” into a 72 torus which completely decouples from the AdSs x S? and fermionic sector.

2.2.2. Self-duality for AdS3 x S% x S§3

Considering the subsector of the AdSz x 5% x S3 x S! theory in which the string moves only
in AdS3 x S® x S3 while its non-coset fermionic modes are gauge fixed to zero and the S'-
fluctuations decouple from the rest (modulo the Virasoro constraints), the T-dualisation process
is almost identical to the just-presented discussion in the AdS, x S? x S? case and we refrain
from giving any details here.

The supercoset sigma model on AdS3 x S3 x S3 is based on the supercoset

D(2,1;¢%) x D(2,1;¢?)
S0O(1,2) x SO(3) x SO(3) *

The Lie superalgebra d(2, 1; ¢)®0(2, 1; ¢?) (whose 10-dimensional form can be found in [149]) has
{Pn,D,M,K,, LT, R*%;} form = 0,1, a = 1,2,3, and 4,5 = 1,2 as its bosonic generators and
{Qia; Sias Qia, Sm} for o = 1,2 as its fermionic generators, respectively. Here, the LT and R* ij
are the generators of 50(3) ®s0(3) ®s0(3) @ s0(3). Furthermore, the generators { Py, Qia, LT :=

(2.39)

iL?E + L3} are in involution'® so that the coset representative (2.10) will have the left factor
of the form e Pmt0@QiatAL¥+A-L~ 11 The coordinates 2™ parametrize the 2-dimensional
Minkowski boundary of AdSz. Furthermore, as in the AdSs x .S? x S? case, we shall work with the
complexification SO(4,C)/SO(3,C) of SO(4)/SO(3) = [SU(2) x SU(2)]/SU(2) = SU(2) = S3
and consequently, the coordinates A+ are assumed to be complex. The resulting line element on
SO(4,C)/SO(3,C) will be of the form

(ds)? = 4%2 [(dAs)® + @5 (dAy)? + e (dA)?] . (2.40)
Upon choosing an appropriate Z4-grading for (2.39), T-duality is then performed along the
bosonic directions ™ and A+ and the fermionic directions §°® following the same steps as in the
previous subsection. The T-self-duality of the supercoset sigma model on AdS3 x S% x §% then
follows. We have explicitly checked this up to the second order in the four-component fermions
€@ like in the AdSy x S? x S? case. We believe that the invariance holds to the highest (4th-
order) in £, This is supported by the fact that at a = 0, the model reduces to the AdSz x S°

supercoset sigma model times the torus sector, which have proved to be duality invariant.

Note that the maximal Abelian subalgebra of 9(2,1;¢*) @ 9(2,1;¢?) has four bosonic and four fermionic
generators.

HSee also our general discussion given in Section 2.1..
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The AdS, x S? Worldsheet S-matrix

3.1. Symmetries of the massive modes of AdS; x S§? x T®

The BMN light-cone gauge AdSs x S? x T superstring action describes 2 + 2 massive and 6 + 6
massless modes. The algebra underlying the scattering of the massive modes is expected to be
psu(1]1)? x R3, which is found by considering the subalgebra of psu(1,1|2) that is preserved by
the BMN geodesic. We expect two additional central extensions to appear, by analogy with the
AdS5 x S case, in the decompactification limit and relaxing the level-matching condition.

Although a full off-shell analysis, as in [121], would be necessary (and is planned for future
work) to confirm the nature of the central extensions, in this Chapter we construct the massive
S-matrix on the basis of certain assumptions. The first assumption is the analogy with higher
dimensional AdS/CFT integrable systems, and in particular the way the central extensions
manifest themselves. The second crucial assumption is integrability itself. On the one hand,
integrability should work to complete the perturbative results into the structure of classified
representations of superalgebras. On the other hand, it should maintain the tree-level factorized
form of the S-matrix at higher string loops.

With these assumptions in mind, we will nevertheless pursue a broad approach and explore
the most general central extension based on the available kinematical algebra. We denote the
massive boson associated to the transverse direction of S? as y and the corresponding boson for
AdSy as z. The two massive fermions will be represented as two real Grassmann fields ¢ and .

We can then formally define the following tensor product states
(3.1)

where ¢ is bosonic and 9 is fermionic, such that we expect one of the factors of psu(1|1) to act
on each of the two entries. Furthermore, as a consequence of the form of the symmetry algebra

and the integrability of the theory [49,181] we expect that the S-matrix for y, z, ¢ and x can be

49
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constructed as a graded tensor product of an S-matrix for ¢ and v, with each factor S-matrix
invariant under the symmetry psu(1|1) x R3.

In this section we will construct the relevant massive representation of psu(1]1) x R?. This
representation has an obvious massless limit, and, by analogy with the construction for AdSs x
S3 x T* [182], one may expect the massless modes to also transform in representations of
psu(1|1) x R? in the light-cone gauge-fixed theory. The massless limit is discussed in detail in
section 3.4..

Let us also briefly mention that there is an additional U(1) outer automorphism sym-
metry [183] of the S-matrix (3.56), under which the psu(1|1) factors transform in the vector
representation. The origin of this U(1) symmetry is the T¢ compact space that is required for
a consistent 10-d superstring theory. Under this symmetry (¢, x)” also transforms as a vector,
while the bosons are uncharged. It is worth noting that taking the tensor product of two copies
of any S-matrix for ¢ and v preserving the value of (—1)¥, where F is the fermion number oper-
ator, we find that the U(1) symmetry is present so long as a certain quadratic relation between
the parametrizing functions is satisfied (see [184]). In the case of interest, this quadratic iden-
tity turns out to be true just from demanding invariance under the psu(1|1) x R3 symmetry
and satisfaction of the Yang-Baxter equation. The U(1) does not act in a well-defined way on
the individual factor S-matrices and hence for now we will ignore it. We will reconsider it in
section 3.5., where it will play a role in defining a pseudovacuum, an important first step in the

algebraic Bethe ansatz.

3.1.1. The gl(1|1) Lie superalgebra and its representations

Let us start by summarizing the relevant information from [185] regarding the Lie superalgebra
gl(1]1) and its representations. There are two bosonic generators 91 and €, with € central, and

two fermionic generators £ and &. The commutation relations read
[m’ Q] =-9, [m’ 6] =6, {Q7 6} =2C. (32)

The typical (long) irreps are the 2-dimensional Kac modules (C,v), defined by the following

non-zero entries on a boson-fermion (|¢), 1)) pair of states:

Qlp) =), Gl =2Clg) , Ng)=vip) , N =E-1Dl,
C[®) = C|®) v I®) € {l9), lv)y,  CwvelC  C#O. (3-3)

We have summarized the generator action in figure 3.1. As long as C' # 0, this module is

isomorphic to the anti-Kac module (C,v)

Q) =2Cp) ,  Glo) =), Nig)=w-1l¢), N|y)=vld),
¢[®) = C|D) v I®) € {lg), Iy,  CwvelC  C#O. (3-4)
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¢, N @

9 S

6 ¢, N

Figure 3.1: The Kac module (C,v).

However, if C = 0, the two modules are not isomorphic and they are no longer irreducible.
Rather they become reducible but indecomposable.

To elucidate further we introduce the 1-dimensional modules (u), which form the atypical
(short) irreps of gl(1]|1). These irreps are characterized by the vanishing of all generators except
N, which acts with eigenvalue p. We then see that for the Kac module, (0, v), the fermion |¢)

spans a sub-representation (v — 1), and the indecomposable is denoted as
(v—1) «— (v), (3.5)

where the arrow represents module homomorphism and the diagram indicates that (v —1) is an

irreducible sub-representation of the Kac module [186,187]. On the other hand, the anti-Kac

module (0,v) is also reducible but indecomposable and is denoted as
v—1) — (v), (3.6)

with the fermion 1) once again spanning the sub-representation (). This indecomposable is not
isomorphic to (0,v). Let us mention that modding out the indecomposable representations by
their sub-representations one obtains the factor representations, which in this case are isomorphic
to the short 1-dimensional (4) modules and are spanned by the boson |¢).

If we take the tensor product of two typical modules, we get

<Cl,l/1> X <02,V2> = (C1 4+ Co, vy + 19 — 1> D <C1 + Coy, 11 + 1/2> if C14+Cs+#0,
<017V1> ® <_Cl,V2> == P]/1+V2 9 (37)

where P, is the so-called projective module

vy —m v+ l)ov-1) — (v), (3.8)
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on which € acts identically as zero. The rightmost 1-dimensional short sub-module () is known
as the socle of P, and is the only irreducible one-dimensional sub representation of the module.
The multiple arrows indicate that, by taking the quotient with respect to (r), the module is
again reducible.

Since M does not appear on the r.h.s. of the commutation relations, the algebra gl(1|1) has
a non-trivial ideal generated by Q, & and €. This ideal is the superalgebra s[(1|1). Further-
more, this algebra is also not simple, as €, being central, is a non-trivial ideal. Additionally
modding out € gives the algebra psl(1]|1), which is still not simple, as the two remaining anti-
commuting fermionic generators each form a separate ideal. The fact that ps((1]|1) is not simple
sets this algebra outside the classification of the possible central extensions of basic classical Lie

superalgebras.

3.1.2. The centrally-extended psu(1|1) Lie superalgebra

We are now ready to introduce the centrally-extended version of the algebra we discussed above,
which, as anticipated by the discussion at the beginning of section 3.1., we conjecture to be
relevant for the scattering of the massive modes of the AdSs x S? x T superstring. The algebra

psu(1|1) x R? is defined by the commutation relations
{Q, 9} =29, {6, 6} =28, {Q, 6} =2¢. (3.9)
The states |¢) and |¢), introduced in (3.1), then transform in the following representation:

Q|¢) =aly) , Qy) =ble) , Sl¢) =cly) , Sly) =dl¢) ,
¢|o) =C|D) , T|D) = P|D) | R]®) = K |®) . (3.10)

Here a, b, ¢, d, C, P and K are the representation parameters that will eventually be functions
of the energy and momentum of the states. For the supersymmetry algebra to close the following

conditions should be satisfied
ab= P, cd=K , ad + bc = 2C' . (3.11)

This representation corresponds to the typical (long) Kac module (C,v) discussed in the previous
section. We have summarized the generator action in figure 3.2. We will be interested in a

particular real form of the algebra (3.9), which is given by
Qt=6, =g, c=¢. (3.12)
These relations further constrain the representation parameters as follows

a*=d, b* =c, cr=C, P=K. (3.13)
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@ ¢, /P
9,6

@ ¢, 8%

Figure 3.2: The 2-dimensional module of the centrally-extended algebra (several lines are su-

perimposed).

The closure conditions (3.11) imply that

(ad — be)?

2 _
"= 4

+ PK . (3.14)

Unlike the AdSs x S° case, with the larger symmetry algebra psu(2|2)? x R3, here we are
scattering long representations and hence there is no shortening condition — that is, ad — bc is

free to take any value, which we denote
m=ad—bc. (3.15)
The reality conditions (3.13) imply that m is real. From (3.14) we then have
(C+%)(c—%):PK>o, (3.16)
also as a consequence of the reality conditions (3.13) . Motivated by the fact that C' will later
be associated to an energy, we will take it to be positive. However, let us point out that the
algebraic analysis we perform in this Chapter is largely insensitive to this choice, and hence it
does not represent a loss of generality. If we make this positivity assumption, it immediately
follows that both (C'+%) and (C'— %) are also positive. The analogy with the higher dimensional
AdS/CFT cases suggests that we should associate (the absolute value of) m with the mass of

the scattering particle. Later it will be useful to solve the set of equations (3.11) for a, b, ¢ and
d in terms of m, C', P and K

a:ae_%(CjL%)%, b:a_le%(C—i—%)_%P,
c=ae T (C+ %)_%K, d=ateT (C—|—%)% . (3.17)

Here « is a phase parametrizing the normalization of the fermionic states with respect to the

bosonic states and can be a function of the central extensions.
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To define the action of this symmetry on the two-particle states we need to introduce the

coproduct

AQ)=201+UQ, ABG) =61+U 06,
AP =PR1+L20P, AQ)=C21+10¢, AR =R/A1+U 3228, (3.18)

and the opposite coproduct, defined as
A%P(3) =PAQ), (3.19)

where J is an arbitrary abstract generator (prior to considering a representation), and P defines
the graded permutation of the tensor product.

The coproduct differs from the trivial one by the introduction of a new abelian generator i1,
with A(Y) = U ® 4 [188]. This is done according to a Z-grading of the algebra, whereby the
charges —2, —1,1 and 2 are associated to the generators &, &, Q and P respectively, while €

remains uncharged. The action of 4l on the single-particle states is given by

Ulg) =Ulg) , ) =Uly) - (3.20)

This braiding allows for the existence of a non-trivial S-matrix.

One important consequence of the non-trivial braiding (3.18) is that it leads to a constraint
between U and the eigenvalues of the central charges. This follows from the requirement that,
to admit an S-matrix, the coproduct of any central element should be equal to its opposite.’
This implies

Lo (1—u?) Roc (1-U72). (3.21)

We fix the normalization of *J3 relative to K by taking both constants of proportionality to be
equal to %h where the reality conditions (3.13) require that h is real.? The parameter h is a
coupling constant and eventually should be fixed in terms of the string tension, which we will

return to in section 3.2.2.. Acting on the single-particle states then gives us the relations

P:g(l—UQ), K:g(l—U_Q), (3.22)

'f A(c) is central, then
AP()R = RA()=A(0) R,
which, for an invertible R-matrix, necessarily implies A°?(¢) = A(c). This is expressed by saying that the
coproduct of ¢ is co-commutative.
®The reality conditions (3.13) do allow for the introduction of an additional phase into the constants of
proportionality, .e. %hew and %heii“". However, this phase does not appear in the S-matrix and thus we set
p=0.
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where U should satisfy, as a consequence of (3.13) , the following reality condition
Ur=u"". (3.23)

The relation (3.14) in terms of C', U and m is then given by

m2 o h2(U o U—1)2

2 _
o7 = 4

(3.24)

While this is a single equation for three undetermined parameters, we will later still attempt
to interpret it as a dispersion relation with C', U and m defined in terms of just two kinematic
variables, the energy and momentum. These precise definitions are not fixed by symmetry

considerations, and hence should be found from direct string computations.

It is now useful to introduce the Zhukovsky variables 2, in terms of which we will write the

S-matrix, in place of the central extensions, C' and U. These are defined as

Jr
U? = x—_ , 20 +m =ih(z~ —a2™) (3.25)
x
In these variables the dispersion relation (3.24) takes the following familiar form

1 1 2im
+ - _ ) 2
. o+ " x~ h (3:26)

The representation parameters a, b, ¢ and d in (3.17) and (3.32) are then given by

_ _imgfzt /b 1 —imafz” [hoq
a=ae” x_\/;n’ b=ae zt V2 2z
ir o/t [h 7 _1 mda:‘\/ﬂ
¢ a€4\/x_\/;x+’ CETN VT (3:27)

n=+ixm —at). (3.28)

where

Here we clearly see that the advantage of these variables is that the parameters a, b, ¢ and d
do not depend on m and hence, written as a function of ¥ and m, neither will the S-matrix.

Finally, let us note that for the reality conditions (3.13) we have the usual (z¥)* = 2.

We could also eliminate the central extensions, C' and U, in terms of two variables that will

later be identified with the energy and momentum. Motivated by the AdSs x S° case we write

C=3. U=e3P (3.29)

where e is the energy and p is the spatial momentum. While the identification of e with the

energy and p with the spatial momentum is at present only motivated by analogy with the
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AdSs5 x S° case, a posteriori it will be further justified by matching with perturbative results in

section 3.2.2.. Solving for 2 in terms of e and p we find

e+m 2hsin%

i

gt =rUt U=e (3.30)

2h sin § e—m

Using (3.22) and (3.29) we can substitute in for C, P and K in terms of the energy and the

momentum in (3.24) to find the following familiar dispersion relation

2 = m? + 4h? sin? g . (3.31)
It is important to emphasize that here m is algebraically a free parameter. However, for (3.31)
to really be interpreted as a dispersion relation m should be fixed by the spectral analysis of the
theory. In terms of the energy and the momentum the representation parameters a, b, ¢ and d

(3.17) are given by

aet T T o @ L=+ h(1 — e'P)
Q= — e m s - )
V2 V2 e+m
ip_ i ip | im
271 h(l —e P —le=T+7
o= 2° (- d=2°"""foxm. (3.32)

In the AdSs x S° and AdS3 x S® x M* models, the choice of the phase factor a that is
appropriate for the light-cone gauge-fixed string theory is

a=1. (3.33)

As we will see, this is also a natural choice for a in the AdSs x S? theory.

3.1.3. Tensor product of irreps and scattering theory

In this section we consider the tensor product of two of the irreps we discussed in the previous
section, with the aim of constructing the relevant scattering theory. In particular, we want
to investigate the persistence of the phenomenon observed for gl(1|1) modules in section 3.1.1.,
namely complete reducibility of the tensor product of two 2-dimensional irreps, for generic values
of the momenta, into two 2-dimensional irreps of the same type.

Let us proceed by constructing a 4-dimensional representation of the algebra (3.9). To do
this we start with the bosonic state

|wo) - (3.34)

Let us assume that the action of the central elements on this state is given by

(B, &, €)|wo) = (P, K, C)|wo) . (3.35)
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This assumption will be justified by the concrete example we will consider later in our treatment
of the scattering theory. We can then construct two fermionic states by considering the action
of Q and &

lwi) = Qlwo) lw1) = Slwp) . (3.36)

Using the definitions (3.36) and the fact that B, R, € commute with the supercharges, the action

of the central elements on the fermionic states reads
(mvﬁ7 Q:)‘U)1> = (P7K7 C)|’(U1> ) (m7ﬁ7 Q:)|u~]1> = (P7K? C)|1Z)1> . (337)
We can then look at the action of Q and & on |w;) and |w;)

1
Qlwr) =Plwo) . Q) = Clwo) + 519, G][wo)

1 (3.38)
Sluwi) =Kfwo) ,  Slw) = Clwo) — 5[Q, Glfwo) -
Here we see that we have generated one additional new state
1
where we have chosen a normalization depending on
M =2v/C? - PK . (3.40)

Given the real form we are interested in, see eq. (3.12), and the assumption that C? > PK, or
equivalently that M is real and non-zero (we will briefly discuss the case when M vanishes at
the end of this section), the above normalization implies that |wg) has the same norm as |wp).

Therefore, the action of Q and & on |w;) and |w;) is given by

N M,
Q]w1> :P”wo> y Q|'w1> = C|w0> + 7|w0> s
Y (3.41)
6”1j)1> :K|w0> s 6]w1> = C\w0> — 7”1])0> .
Again it is clear that the action of the central elements on |wg) is given by
(B, R, €)|wg) = (P, K,C)|wy) . (3.42)

Finally, using the definitions of |wq), |@Wo), |w1), |w1) and the superalgebra commutation relations,

the action of Q and & on |wy) turns out to be

2P 2C 2K 2C

Do) = — - — Ug) = ——— — |) . 4
Qlwo) = 5 rlwr) — 4 rlwi) . Gldo) 7w+ gl (3.43)
Summarising, we have constructed the following 4-dimensional representation:

(B, ], 9)|®) = (P, K,C)|®) , V |®@) € {|wo), |wi), [W1), [@0o))} ,
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Qlwg) = |wr) , Slwg) = |w1) ,
Qlw1) = Plwo) , Slwr) = Klwo) ,
M M
Qlwr) = Clwo) + = wo) Slw) = Clwo) — —-[wo) ,
2P 2C’ 5 2K 20
Qlig) = 7 —— 1) — ﬁ\wl) : Slg) = — ﬁ!’wﬁ + *\wl) : (3.44)

We have summarized the situation in figure 3.3.

Figure 3.3: The 4-dimensional module of the centrally-extended algebra.

However, using the fact that

M M
QG‘QDQ) = C‘?ﬂo) + 7\100} 5 QG\w0> = C’\w()} + ?”IIJ()> s (3.45)

M M
GQ|1DQ> = C|QZ)Q> — ?\w[)) y GQ\w()) == C\w[)) — ?’11)0> y (346)

we see that defining the linear combinations

[4) = |wo) £ |Wo) , (3.47)
implies
M M
Q6|4) = (C+ 7 )|P+) . 6Q[0s) = (O = ) [0x) . (3.48)
Furthermore,
2C0F M 2P 2C £ M, 2K
Q|(I)i> = ]:'\; |w1> + 7’w1> ) 6|(I)i> = iT|’U)1> + M|w1> . (3.49)
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Using the definition of M (3.40) one can easily see that
QPy) x S|Py) x [Py) , (3.50)

and hence the 4-dimensional representation we constructed is actually reducible and is formed

of two 2-dimensional representations

{[@+), (W)} . (3.51)

To conclude, let us briefly mention orthogonality. Here we will make use of the real form of

the algebra given in eq. (3.12), and the assumption that M is real. We then have
(@©2/04) = (wol(1+ (2.6 - (2.6 - el ey . (352
Using the conjugation relations we find that [Q, 8] = [Q,&]. Furthermore, as [Q,&] = 2¢ —
269 = —2¢ 4 296 we find
(@2]02) = (wof1L + 1 (2€ — 269)(2€ ~ 226)|u) = (g1 — 1 15 (€ P o)

4(C? — PK)
T M

Therefore, the two representations are orthogonal.

(3.53)

= (1 ){wo|wo) =0 .

This construction can then be straightforwardly applied to the 4-dimensional representation
arising as the tensor product of two of the 2-dimensional irreps of section 3.1.2.. Explicit details
of this construction are given in [184] and will be particularly relevant for the scattering theory
discussed in section 3.2.. In particular, it implies that the S-matrix for the scattering of two of
the 2-dimensional irreps is not completely fixed by symmetries up to an overall factor.

Let us finally make the important observation that the arguments of this section cannot be
applied for the M = 0 case (such as, for instance, the scattering of two massless particles with
the momenta taken at the bound-state point®). In this case what we find is the analog of the
projective indecomposable representation of section 3.1.1.. In particular, one can check that, at
M =0, the state \u?(()o)> = [Q, 6]|wp) is such that

ae ) = ealay’) = Clal’),  alay’) « &lay’), (3.54)

where we have used M? = 4(C? — PK) = 0 to derive the last proportionality statement.
However, this is the only state which satisfies these properties, meaning we do not have two
solutions to these conditions (as we did in the M # 0 case above). Therefore, there is only one
irreducible 2-dimensional block, containing the states { \QIJ((]O)>,Q\1D((]O)>}, and the 4-dimensional

representation is reducible but not fully reducible (i.e. it is indecomposable).

3Here by bound-state point we simply mean the value of momenta such that A?(C)—A(P)A(K) = (m1+m2)? =
0, namely £ = 0 or £pq = 0 (see [184] for details). In fact, it is not clear if there is a meaning of bound states for
massless scattering [189].
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3.2. S-matrix for the massive modes of AdS, x S? x T*®

In this section we study the S-matrix for the massive modes of the light-cone gauge Ad.Ss x .S? x T
superstring. As mentioned in section 3.1. from the structure of the symmetry algebra and the
integrability of the theory we expect the S-matrix for the massive fields y, z, ( and x to be
constructed from the graded tensor product of two copies of an S-matrix describing the scattering
of 1 + 1 massive modes, ¢ and 1. The former are defined in terms of the latter in (3.1).

The excitations ¢ and v should transform in the massive representation of psu(1]1) x R?
discussed in section 3.1.2.. Their S-matrix is then fixed by demanding invariance under this
symmetry

A(3)S = SA(J) . (3.55)

Accounting for conservation of the value of (—1)F, where F is the fermion number, the most

general form for the S-matrix is

S|pd") = S1|pd) + Q1 [vy') | S|’y = Sa [y’ + Q2 )
Sley'y =T1|¢y') + Ry |ve') . Slwg') = Ta|ved') + Ra o) | (3.56)

+

where 2%, m are the kinematic variables associated to the first particle and 2/, m’ to the second

particle, that is
1 1 2im 1 1 2im/’
+ 1+ /—
€ - - - a — — X _— = .
+ o o n + T o= o

As a consequence of the discussion in section 3.1.3. this symmetry will only fix the S-matrix

(3.57)

up to two arbitrary functions. One of these functions can be found by requiring the S-matrix
also satisfies the Yang-Baxter equation along with additional physical requirements. There are
four solutions to the Yang-Baxter equation, two of which we ignore as they violate crossing
symmetry. The other two are related by a sign. To fix the sign, we demand that in the BMN
limit (for details see section 3.2.2.) the S-matrix reduces to the identity operator. The functions

parametrizing the exact S-matrix (3.56) are then given by *

Jxta'—a~ —a'T 14 51~ 14 59~
S1 = e E P, Sy = 5 P,

faxl—axt —a2't 14+t ~ ztox” —a' 1419~
= ot —a— 2 Fo = ot —a— 2 o
Q1 i 4zt ! f = o/ « 1 4)/xtal -
Sl ad Q=L T SR =R = 5
oo 2 Vaotay'—at —a/— x— a2/t o o 2 Voot at —af

(3.58)

4Note that here we are choosing the branch so that (f—;)# = (%)_# for # = %, i and similarly for z'*. For

p € [—m,w] this corresponds to taking the branch cut on the negative real axis.
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where
CVEGE =) B - ) R e
f= 1_ ﬁx_;/w/_ ) 51 —mf, 82 = qu (3.59)
L — b 1= se
t1 :ﬁf ; ty = ﬁf . (3.60)

P, is an overall factor that sits outside the matrix structure and is not fixed by symmetries or
the Yang-Baxter equation. Let us emphasize that, as discussed beneath eq. (3.27), when written
in these variables the S-matrix is independent of m and m/, which can take any value. The limits
m — 0 and m’ — 0 are subtle however, and will be discussed in detail in section 3.4.. Let us
also note that if we take a to be given by (3.33), which is the choice suitable for string theory,
then @1 = Q2 and R; = Ry. From now on we will take o to be given by this value.

The S-matrix (3.56) can be thought of as a 4 x 4 block diagonal matrix

S1 @ 0 0
S 0 0
Q: 5 (3.61)
0 0 N R
0 0 Ry Ty
One can then check that each of the two 2 x 2 blocks have equal trace and determinant,
S1+ Sy =T +1T5, 5150 — Q1Qo =T To — R1Rs . (3.62)

The second of these equations is particularly important as it implies the tensor product of two
copies of the S-matrix possesses an additional U(1) symmetry, which will be discussed further
in Section 3.5.

For completeness let us note that the two solutions that violate crossing symmetry are given
by f =0 and f — oo (for the latter one should first rescale 330 by f~! and then take f — o).
As ¢ and v are real and the charge conjugation matrix diagonal, which will be demonstrated in

the next section (cf. (3.77)), the two processes

¢ =y and QY =Yg, (3.63)

should be related by a crossing transformation. However, if f vanishes then so does the amplitude
for the first of these processes, but not for the second. Similarly, if f — oo then the amplitude
for the second process vanishes, but not for the first. Consequently, in both cases the two
processes cannot be related by a crossing transformation and hence there is a violation of crossing
symmetry as claimed.

It is interesting to note that taking f = 0 and f — oo we recover the massive S-matrices of

the AdSs x S3 x T* light-cone gauge superstring [190]. The symmetry is enhanced accordingly
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from psu(1]1) x R? to [u(1) C psu(1|1)?] x u(1) x R3. For the AdS3 x S3 x T* light-cone gauge-
fixed theory there is no issue with crossing symmetry as the fields are complex. Therefore, the
individual S-matrices do not map to themselves under the crossing transformation, rather to
a different S-matrix with the crossed particle replaced by its antiparticle. Finally let us also
point out that the S-matrix relevant for the AdSs x S? x T light-cone gauge superstring, see
eqs. (3.56) and (3.58), is a linear combination, with coefficients depending on % and 2'*, of the
f =0and f — oo S-matrices. It is non-trivial that such a combination exists with unitarity,

crossing symmetry and the Yang-Baxter equation all satisfied.

3.2.1. The overall factor and crossing symmetry

As currently written the factor 330 is neither a phase factor or antisymmetric. Indeed, given
the reality conditions (z%)* = 2T and (2/*)* = 2T, the functions f, s12 and t1 o satisfy the

following relations:

f=rr, ST,2 =821 T,z =ty , (3.64)
fa' ) =—f(a x), s12(2’,x) = sg1(z,2') | t12(2', ) = t1o(w, 2) . (3.65)

Notice that, if we consider the m = m/ case, then on-shell (i.e. when the dispersion relations
(3.57) are satisfied) we have t; = t3. Given the reality conditions, this means in particular that

t1,ts are real.

Based on this, and as a consequence of braiding and QFT unitarity, the overall factor should

satisfy °
~ ~ ~ 4z —2'T) (2t —a'7)
PPr="7P NP (2, x) = =N .
0o (@ )P (@, ) (xt =2 ) (= —2) A +t1)(1 4+ t2) — (xt — ™) (2/t — 2/7) (z,2)
(3.66)
To isolate an antisymmetric phase factor, we can define P, as follows:
S T R
P, = det( 1 G ) = det< b ) = expif(z, ), (3.67)
Q2 52 Ry Tp
where 0(z,2') is an antisymmetric phase shift, i.e. 6(z,y) = —60(y,x), and the second equality

follows from eq. (3.62). We then have that P, is proportional to ’.]Bg, and hence is a natural phase

®Note that the AdSs x S5 S-matrix contains copies of the 2 x 2 block:
277 2Ry
2Ry 215

Taking into account the factor of 2, when t; = 0 (3.66) simplifies to 53033; =P, (z,2")P,(x',2) = 1 so that P, is
an antisymmetric phase factor. This is the familiar AdSs x S® story.

t;=0
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to consider recalling that the full S-matrix for the massive modes is given by the tensor product

of two of the factor S-matrices (3.56). As claimed the unitarity conditions for P, are then

‘JJOiPO>'< = :PO (ﬂf,xl)ﬂjo(l‘/,]}) =1. (368)

Crossing symmetry provides an additional constraint on the overall factor ‘j’o, which takes

the form
P, (', %) = so(z, ") P, (x,2) (3.69)
where the “crossed” Zhukovsky variables Z*+ are, as usual, given by
1
—+
=—, 3.70
= (3.70)
corresponding to € = —e and p = —p. It is useful to note that we have the following identities
s12(2',z) = sl_é(x,a:/) , t12(2',x) = tz_&(a},x/) . (3.71)

Using the braiding unitarity relation (3.66) it is simple to recast (3.69) in the more familiar form

- N(z,a")

P (x, 2P, (z,2") = (3.72)

so(z, ")
This relation then translates to the following rather complicated constraint for the antisymmetric
phase factor P,

N S152—1Q2 Tl — RiRy

P NP (z = = = ! )
o(@, @)%, (@7 S182+ RiRy  ThTr 4+ Q1Q2 fao(@,@) (3:73)

and hence it appears that we either have a simple crossing relation or simple unitarity relations.
Using Hopf algebra arguments, we have checked that crossing symmetry is present for the
representation of interest for any value of m and m’. Denoting the symmetry algebra as A, the

antipode X is found from the defining rule
w(E®1)A=ne, (3.74)

where p is the multiplication map, n : C — A is the unit and € : A — C is the counit, which
annihilates all generators apart from 1 and e (acting on which, it returns 1). The antipode

being a Lie algebra anti-homomorphism, we simply need to derive
N(6) = —e 210,  NQ)=-€26, NA)=1, N(eP)=e P, (3.75)

This map is idempotent and therefore equal to its inverse. We impose

S(3(at)) =6 [3<;i>} St% : (3.76)
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where % is the charge conjugation matrix

10
(). -

and the label ' denotes supertransposition. The fundamental crossing relation for an abstract
R-matrix ® is then given by (cf. [191])

E®1)R=R'=1o2HR, (3.78)
which projects into the representation of interest as
(¢ o 1)S*(z,2)(F@1)S(x,2) =11, (3.79)

and an analogous equation for the second factor. Here ' denotes the supertranspose for factor
i, and we are using the Hopf algebra convention for the S-matrix crossing [191] . The S-
matrix (3.56) with parametrizing functions (3.58) satisfies this relation provided the overall
factor satisfies the crossing equation given in (3.69).

It is important to note that the crossing equations given above are somewhat formal as
we have not specified a path on the rapidity plane. To specify such a path we would need to
know the precise form of the dispersion relation, and hence its uniformization. In particular,
there is still the logical possibility that m and m’ are themselves momentum-dependent functions
(which should be invariant under crossing). This possibility would not alter the analysis we have
performed so far. In the scenario that m and m’ are non-vanishing and constant the dispersion
relation becomes the same as in the AdSs x S° light-cone gauge string theory and the analytic
continuation should be the same as in that case [191-193].

In spite of our lack of knowledge of the complete dispersion relation, one thing we can
investigate is double crossing [191].7 In particular, the left-hand sides of (3.72) and (3.73) are
symmetric under x <+ Z, however the right-hand sides are not. This asymmetry encodes the fact
that the overall factor should not be a meromorphic function of the parameters that uniformize
the dispersion relation (generalized rapidities). Furthermore, as a consistency check, one can

confirm that the following equality holds true:

n_ Pxa) PyEa)  (N@a)\? (s203.0)\? @)
D)= Tz P Gem) - (Gem) fem =1 ew

o (T

This is obtained by comparing the ratio of the right-hand side of (3.72) (squared) to the same
quantity with x — z, against the corresponding ratio for the right-hand side of (3.73). The fact

SFor our purposes, S-matrices will be representations of abstract R-matrices.

"We would like to thank the referee for suggesting the consideration of double crossing.
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that 2 = 1 confirms that 53(2) and P, differ only by a factor that behaves like a rational function

under double crossing, as is expected.

fg(i?,l‘/)
fg(z,x’)
S-matrix factor across branch cuts in the, as yet unknown, rapidity plane. It is of interest to

It is easy to convince oneself that the ratio encodes the discontinuity of the overall
note that this ratio differs from the corresponding one in the AdSs x S° case, suggesting that
the analytic structure of the AdSs x S? light-cone gauge-fixed theories is not the same. To
understand crossing symmetry and the phase in more detail clearly requires a deeper knowledge
of the dispersion relation, which, as it is not entirely fixed by symmetries, we leave for future

investigation.

3.2.2. Comparison with perturbation theory

Defining the effective string tension
R2
h=——, 3.81
2mad! ( )
the tree-level S-matrix for the scattering of massive modes in the light-cone gauge AdSs x S? x T
superstring following from near-BMN perturbation theory can be be found by suitably truncating
the corresponding result for AdSsx S5 or AdS3xS%xT* (various components were also computed

in [183]). This gives

S1=1+ ﬁ [(1—2a)(e'p—ep) + L]+ (’)(%) :
Sy =1+ 4 [(1 = 20)(¢p — epf) ~ 1] + O55)
T = 14 (1= 22)(p — epf) — 1] + O55)
=1+ ﬁ[(l — 2a)(e'p — ep) + I2] +O(%) ;
Q=Qr=5ls+00y),  Ri=Ry=—3 Li+0() (3.82)
where the functions [; are defined as
2 /2 2 /2
Li(p,p') =§ptip, 7 lh(p,p') = ﬁ :
(o) =~ 52 VI~ )~ Ve P ]
(o) = = 52 VI = )+ Ve P 9]

The parameter a is the standard gauge-fixing parameter of the uniform light-cone gauge . In [183]

it was shown that to one-loop the near-BMN dispersion relation is given by

e =1+p* +0(h7?). (3.83)
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The one-loop near-BMN result can be constructed via unitarity methods following [194]. As
expected from unitarity methods, this will certainly give the correct logarithmic terms in the
one-loop S-matrix, and indeed this has already been argued in [183]. However, the prescription
given in [194] is also conjectured to give the correct rational terms for integrable theories. Under

this assumption we find that the one-loop S-matrix takes the following form

S1 = exp {ﬁ(l —2a)(e'p—ep)} oaas, [1+ ﬁh - #] + O(%) ,
S = exp {1 (1= 2)(¢p — )} oaas, [1- 31— 23] + O
Ty = exp {ﬁ(l —2a)(e'p—ep')} oaas, [1— ﬁlz - #] + (9(%) ,
T, = oxp {1 (1~ 2)(¢p )} oaas, [1+ 32— ] +O()
Q1= Q2 =exp {ﬁ(l —2a)(e'p —ep')} gads, [%lg] + O(%) :
Ry = Ry = exp {ﬁ(l —2a)(e'p—ep')} oaas, [— %M] + (9(%) , (3.84)
where the expansion of the phase factor o445, is given by
o Adss = EXD {87:}12 P’ ((e'p — ep’) —(e(;e’_—e]];];;) arsinh[e’p — ep']) N O(%)} 7 (3.85)

while

_ p4 +p/4 + 2p2p/2(€€/ _ pp/)

¢
(e'p —ep')?

: (3.86)

is fixed by the requirement of unitarity. As observed in [183] the one-loop logarithms are
consistent with the one-loop phase being related to the Hernandez-Lopez phase.
We define the near-BMN expansion of the exact result as follows

p
h(ps + peh=t + O(h=2)) ’ (3.87)

e=c¢e, m:p3+p4h71+0(h72)7 p=
h = h(p1 + p2h ™' + O(h™?)) ,

and similarly for ¢/, p’ and m/. Here for generality we have allowed for various rescalings, however,
for simplicity we will assume that the p; are constants.®

Let us remark that in this Chapter we are considering the AdSy x S? x T6 background
supported by Ramond-Ramond fluxes [49], and hence the light-cone gauge-fixed theory should

be parity invariant [181,183]. Therefore, if it were the case that m receives quantum corrections

8To be completely general, one could in principle let e, m and p be arbitrary functions of e and p. However,
naively truncating the classical/tree-level results for AdSs x S5 and AdS3 x S x T, for example [121,182], to the
massive sector of AdSz x S? x T® the ansatz (3.87) seems reasonable. Of course to check this claim one should
construct the light-cone gauge symmetry algebra explicitly.
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depending on the momentum they should respect the corresponding constraint.” This is in
contrast to backgrounds partially (or wholly) supported by Neveu-Schwarz flux, for which m
may have a dependence on p that breaks parity (see, for example, for discussions of the dispersion
relation of the AdS3 x S% x T* light-cone gauge-fixed theory supported by a mix of fluxes). It
is worth noting that the AdSy x S? x T® background can also be supported by a mixture of
Ramond-Ramond and Neveu-Schwarz fluxes and it would be interesting to see how the presence
of the latter affects the representations discussed in this Chapter.

Expanding the exact dispersion relation (3.31) in the near-BMN regime, we recover (3.83) if

we take
ps = p1, p6 = p2 , p3=1, ps=0. (3.88)

Further expanding the exact S-matrix (3.58) in the near-BMN regime, taking « given by (3.33),
a = 1/2 and fixing the overall factor ‘j’o such that any one of the eight amplitudes agrees with

perturbation theory, we find that, so long as
=1, (3.89)

the remaining seven also agree with perturbation theory, (3.82) and (3.84), while ps cancels out

of the equations.

3.3. Yangian symmetry

3.3.1. Massive case

In this section we would like to discuss the issue of Yangian symmetry. The first observation is
that, in the massive case (we can fix m = m’ =1 for the purposes of this section), we could not
apply the same standard Yangian symmetry of the R-matrix which works for the massless case
(see section 3.3.2.). The massive representation is a long one (cf. section 3.1.2.), and a similar
result was found for long representations of psu(2|2) x R? [196]. The long representations studied
in [196] bear a strong resemblance to the ones in this Chapter, up to the different dimensionality.

We proceed by postulating the commutation relations of the standard s[(1|1) Yangian in

Drinfeld’s second realization [74,98] (with central extensions)

{emafn} - _hm—i-n 5 {erm en} = Pm+n {fmvfn} = p:rn—i-n ’ [hm7 ] = [pma ] = [pjnv ] =0.

(3.90)

In section 3.4. we will study the m — 0 limit as a massless regime, with the proviso that if it were the case
that m becomes momentum-dependent at a quantum level, this limit would no longer be relevant for the massless
modes of the superstring. This issue should be addressed through a more detailed study of the off-shell symmetry
algebra of the theory and its representations [121,195].
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One can check that the coproducts obtained from

A(q)=e1®1+eig®e1+boei%®eo,

; (3.91)
Affi)=f1@1+e "2 @f1 +fo®bo,

and their opposites satisfy the defining relations (5.26) and hence provide homomorphisms of

the Yangian. The antipode X can be easily found from (3.91) using the defining property
p(E®1L)A=ne, (3.92)

where e annihilates all level 1 generators. Combined, this defines the Hopf algebra structure of
the standard Yangian.

One can construct a family of representations of the Yangian (3.91) starting from a slightly
simpler level-zero (Lie algebra) representation compared to the one we use in section 3.1.2..
Determining the level 1 generators in this representation, we can obtain all the central elements
up to and including level 2, together with their coproducts and opposite coproducts.' Following
the strategy of [196], one can check whether all the central coproducts are co-commutative, as
this is a necessary condition for the existence of an R-matrix scattering two such representations

(see footnote 1). We found that

A% (p2) # Alp2) (3.93)

for all members of the family of representations. This implies that at least one representation
of the standard Yangian does not admit an R-matrix, excluding the existence of a universal
R-matrix.

However, it is likely that the massive R-matrix may admit a coproduct which is not pre-
cisely the same as for massless representations, but still of the type found in [197]. Moreover,
considerations as in footnote 3 of [196] are likely to apply. We leave this investigation for future

work.

3.3.2. Massless case

The situation is different for the massless limit m = m/ = 0 (see the discussion at the beginning
of section 3.4.). In this case, in the absence of the central extensions (b = ¢ = 0, i.e. considering
again the gl(1]1) algebra), the representation would become one of the reducible but indecom-
posable modules of section 3.1.1.. In fact, in that case the condition m = ad — bc = ad = 0

would force one of the fermionic generators to be identically zero. The indecomposable would

10Ty the absence of non-central Cartan elements, we cannot mechanically generate the level 2 and higher
supercharges and they would have to be guessed. However we do not need them for the sake of this argument.
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then be made up of short 1-dimensional gl(1|1) irreps. This suggests that the Yangian might
now be straightforwardly derived from the standard one.

The fact that m = 0 effectively works as a shortening condition, and the consequence that
this allows for the existence of a Yangian representation, gives us significant encouragement
that m = 0 might be protected against quantum corrections in the full theory. This is also
corroborated by explicit perturbative results, which have not yet found any evidence for a
quantum lift of this condition (see, for instance, [49, 181]). Moreover, the subgroup of SO(6)
controlling the symmetry of the massless sector might allow one to construct a mechanism
protecting the m = 0 condition, analogous to the one described in [195] for AdS3 x S% x T*.

Indeed, this time we construct an evaluation representation of the Yangian (3.91)

h
e=ue = u), fi=ufo=u®, u=-—-, (3.94)

x
starting from the level 0 one we consider in section 3.1.2., specializing to m = 0. Due to
the additional parameters compared to the gl(1]|1) case, the representation remains generically
irreducible. Nevertheless, the obstruction encountered in the massive case is no longer present,
i.e. all central charges we can build are co-commutative and in fact the R-matrix (for m =
m’ = 0) can be shown to be invariant under the standard Yangian. This is reminiscent of the
AdS5 x S% case, where the Yangian for short representations does not directly transfer to long
ones as it stands [197,91].

The crossing symmetry transformation reveals an interesting property, related to what was
observed in [190] for the case of AdS3 x S% x T*, namely the existence of two different Yangian
spectral (evaluation) parameters for the particle and the anti-particle representations. Here, the
difference is superficial, as the massless condition makes the two spectral parameters coincide.

In fact, the antipode obtained from applying (3.92) reads

S(er) = —e 2 (e1 +eobo) .  B(f1) = —€'% (F1 +foho) - (3.95)

This effectively amounts to a shift in the spectral parameter u by one of the central elements.

When plugging this into the relation

S(ji(a®)) =€ [ial (;)rt‘f ; (3.96)

and postulating that the anti-particle representation is also of evaluation type, that is
e'1=u,Q, fH=u,® (3.97)

we see that the conditions (3.96) and (3.95) reduce to the same equation that holds true for the

level 0 charges, i.e. (5.11a), provided that the anti-particle spectral parameter is chosen to be

ug = iha™ . (3.98)
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For massless particles,

U= Ug - (3.99)

3.4. S-matrix for massless modes

In this section we investigate the m — 0 and m’ — 0 limits of the S-matrix constructed in
section 3.2.. From the dispersion relation (3.31) and under the assumption of constant m and
m/, we may consider it natural to interpret these as massless limits.

While in principle these limits are already of interest in their own right, given the Yangian
symmetry discussed in section 3.3.2., the resulting S-matrices may also be relevant for the
scattering of massless modes in the AdS; x S? x T® light-cone gauge string theory. Indeed,
for the AdSs x S3 x T* light-cone gauge-fixed theory the massless modes transformed in the
same type of representations as the massive modes (with vanishing mass and up to a suitable
identification of highest weight states) [195]. Motivated by this, one may conjecture that the
S-matrices constructed below can be used to build the S-matrices describing scattering processes
involving massless modes (under the assumption that they remain massless and m and m’ remain
zero at a quantum level — see the discussion below (3.87) and footnote 9) in the AdSs x S? x T

light-cone gauge superstring.

3.4.1. Derivation from Yangian invariance

The S-matrix describing the scattering of two massless excitations can be directly obtained by
imposing Lie algebra and Yangian invariance for two m = 0 representations of section 3.1.2., or
as an m,m’ — 0 limit of the massive S-matrix. In the latter case, one has to treat various %
limiting expressions, which come from the function f in eq. (3.59).!! Taking care when resolving
these singular limits we find agreement with the result from imposing Yangian invariance. In the

massless limit the dispersion relation in terms of the Zhukovsky variables takes the form [195]2
L1
T =—. (3.100)
In terms of the energy and momenta this translates to

e =4b’sin’ L = e=2h|sin|, (3.101)

" This is somehow reminiscent of the relativistic case [198].

12There is a second solution ¥ = z~, however, this corresponds to p = 0 and therefore is not physically
sensible.
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and hence there are two branches of the dispersion relation depending on the sign of sin § [195]

. p B 1 . p’ . 1
zt=ce'2, T =—, o==1, dt=c0er, 2 =—, o =+1.
x+ :L./—‘,—

(3.102)

In the following we will use the convention that ¢ = +1 corresponds to a particle moving from
left spatial infinity to right spatial infinity, i.e. right-moving, while ¢ = —1 corresponds to a
left-moving particle.

Although the doubly-branched dispersion relation e = 2h|sin §| is non-relativistic, there are
some similarities with the kinematics of massless relativistic scattering. Following [198], in the

relativistic case one has
e= —e*, p=+—e¢e", mg, v € R . (3.103)

A boost sends the rapidity u — u + A, with A € R, hence the two branches can never be

connected by such a transformation. In the non-relativistic case we have the two branches

ie . + 1 . . +

N [x —F} , p=—2ilogz™ € [0,7],

ie = [g;* — i} p = —2ilog(—z™") € [~7,0] (3.104)
h o s ) )

with T a pure phase for real momentum and energy. As the S-matrix is not of difference form
there is a priori no notion of boosts and hence it is not clear if the presence of two branches
represents an obstruction to interpreting the ¢ = ¢’ = +1 scattering. However, as pointed
out in [195], while the small momentum dispersion relation is relativistic, for the exact non-
relativistic dispersion relation, the group velocity v = g—g is a non-trivial function of p and hence

one may hope to give a physical interpretation to the o = ¢/ = 41 scattering.

For 0 = ¢/ = +1, the Yangian invariance fixes the S-matrix up to two undetermined functions

+.
XT,2-
xf*ﬂnlw—p5+x§+vﬁngvﬂng :
4 2 2
x4t sinl(p —-p)—xit \/sinB Usinp—,
2 4 ! 2 2|’

We have checked that the Yangian representation with the coproducts taken in the appropriate

1
512—52:ﬁ
sin ;(p + /)

Th=-Ty=-xi",

1
sin +(p + p’)
R1:R2:X;‘+.

Q1=Q2=

branches — and away from the bound-state point (see footnote 3) — is fully reducible simul-

taneously at level zero and one, which is consistent with the appearance of two undetermined
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functions in the scattering matrix. In order to match the limit from the massive S-matrix, the

functions XT; should be chosen as follows:

p/

sin 2 4/sin & ++ N A

2 2~ f sing(p—p') |~

X3 =- 9gin 1 ~P, Xt =( 2 24 5 5P (3.105)
sin 3 (p + p’) sin 7 (p +p’)

where ™1 is the limit of f. The limit of f is not fixed by the comparison with the Yangian

S-matrix. However, imposing the Yang-Baxter equation

Sia ST3+ S;:;r = S;3+ ST:;F SHA (3.106)

requires that
ffr==+1,0. (3.107)
The Yang-Baxter equation for ¢ = ¢/ = +1 scattering (3.106) does not allow for non-

constant limits of the function f. In particular, the condition it imposes reads (we denote

liHlm,m’%(] f(piv pj) = fi—;—i_)
B AT RS RET -1 =0 (3.108)

If 5757 =1, we immediately get fT+ = £1. If f57 55" # 1, we find

++ 1—i2_3+ — 2—g+
AT Rl R (3.109)
1— fl-iz-))+f2-i:3+

However, the L.h.s. of (3.109) does not depend on ps3, and hence we should impose that the
derivative of the r.h.s. with respect to ps is zero. Doing so, we find that either once again
ftT =4+£1, or, if fTF #£ +1, then

dsfET 1 1—fEr
— e = —— 031 —e 3.110
1—( IJ%+)2 5 U3 0g(1+ 1+3+> ( )

should be independent of p;. Let us call this function w(psz). This implies that

_ 1 - o®)w(ps) S Pg
By +@(pi)@(pz) @) —eXP[—2/ w(ps)dps] - (3.111)

Plugging this expression back into (3.109) we find that either w(p) = 0, in which case fT+ =1
and we are done, or @(p) = @ !(p). Finally, substituting into (3.108) we find that @(p) is
a constant and hence f** = 0. This then demonstrates that the solutions of (3.108) are

= 41,0.
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As in the relativistic case [198], a different situation applies for ¢ = +1, ¢/ = —1. The

Yangian invariance again fixes the S-matrix up to two undetermined functions x5 :

G —g 1 S 1< ,)+.+_\/.p\/ P
=S =—3——+ cos —(p — i sin =4/ —sin —| ,
! ?7 cost Tp+7) X1 g Pp X2 2 2
T1:T2:X1_7
1 1 . _\/. p\/ P
+ / +

= = —a 7 cos —(p — + 1 SIn — 4/ —smn — | ,
Q1= Q2 cos 1o+ 1) X2 4(p p) + ix] 5 5
Ri =Ry =

Again one can check that the Yangian representation with the coproducts taken in the appro-
priate branches — and away from the bound-state point (see footnote 3) — is fully reducible
simultaneously at level zero and one, which is as before consistent with the appearance of two
undetermined functions in the scattering matrix. In order to match the limit from the massive

S-matrix, the functions Xi; should be chosen as follows:

\/sin 2./ — P’
) SIH2 Sln2~+_

+— +—
= —1 ‘j) y =
X2 2cos3(p+p) ° = (

[ cosi(p— p)) _
2 2cos (p+p)" "

(3.112)

where fT is the limit of f. For this mixed case the limit of f is also not fixed by the comparison
with the Yangian S-matrix. Once again, the Yang-Baxter equation fixes this limiting value. In

order to write down the Yang-Baxter equation for the mixed case, we need to first calculate the

S-matrix for ¢ = ¢’ = —1, as schematically it is given by
Sty Sty Sy = So STy Si5 - (3.113)
The Yangian invariance again fixes the ¢ = ¢/ = —1 S-matrix up to two undetermined

functions x; 5 :

1 1 _ . D . p
S1==-8=——F5—"-— sin~(p—p’) — \/—sm\/—sm ,
! 27 ginl (p+p) X1 4(p P) =X 2 2
h=-To=—x; ,

1 1 , \/ . p\/ P

= = |- sin-(p—p') — —sin = 4/—sin— | ,

Q1 = Q2 1o+ ) Xo 1(P—P) =X 5 5
R1:R2:X2

In order to match the limit from the massive S-matrix, the functions x;, have to be chosen as

o \/—sm \/—81n2~_ o

25in 1 (p + ') -oa =

follows:

f~=  sing(p—p) _
5 e 1 (p+p))9>0 . (3.114)
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where f~7 is the limit of f. The Yang-Baxter equation
Si2 S13 Sp3 = So3 Sy Spp - (3.115)
fixes this limiting value to
7T =+1,0. (3.116)

Taking this result into account, the mixed Yang-Baxter equation (3.113) fixes f~ = 41 if one

chooses either f~~ =1or f~~ = —1, or f™~ to any constant if one chooses f~~ = 0.
To exhaust all possibilities, the 0 = —1, ¢/ = +1 S-matrix is given by
S =5 ! L \/ \/
1=98=—F—-+ teos—(p—p)—i —sin = sm— ,
cos 1 (p+p') Xt 4 X2
T1 = T2 = X1_+ 5
1 _ 1 o \/ . D \/ . P
- / -
= = —F | — cos —(p — + 1 —sin—4/sin—| ,
Ql cos L (p_,_p) XQ 4(p p) Xl 9 2
R1 = R2 = X2_

In order to match the limit from the massive S-matrix, the functions Xf; have to be chosen as

follows:

—sinP4/sin & _ -+ =
\/72 2 ,+_(_f n cos 7 (p P') )Pt (3.117)

—+
=1 iP 5 =
X2 2cos1(p+p/) ° = 2 2cos 1(p + ')

where f~7 is the limit of f.
By imposing the Yang-Baxter equation for all possible remaining sequences of scattering
processes we find the following possibilities for the limits of f:
fff=+1,0, [fT=4+1, [fT=+£1, [f~=+10,
f++:07 f+7:/1’17 fﬁ+:M27 f77207 (3118)

where p; and pe are arbitrary constants. Note that we have not included the following two

Yang-Baxter equations:
Sﬁi S;r?j SE:; = Sg?f S1+3Jr Sﬁi ) S12+S 82+37 = Sz+3 Slisi sz ) (3'119)

as they do not correspond to physically realizable scattering processes. If particles 1 and 3 are
both right- or left-moving then they have to scatter with each other before scattering with an
excitation travelling in the opposite direction. If we formally include them then the possibilities

for the limits of f are reduced to

(fH ) e {L L L), (-1, -1, =1, —1), (0, po, —p, 1), (3, p1, —p2,0) 3, (3.120)
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with p any constant for i =0, u = £1 for 1 =1, and p = 1 for g = —1.

The various choices for f™*, f7=, f~, f~ can be further restricted by considering crossing
symmetry. Although in the massless case there is no clear physical interpretation of crossing, see,
for example, [198], one may nevertheless demand that it is still present. Let us recall that the
crossing transformation simultaneously changes the sign of the energy and momentum, therefore
the crossing of a + (—) particle is still a + (—) particle. Consequently in the crossing relation
(5.15) we should consider two massless S-matrices of the same type. Considering the various
possible limits of f, we find that the choices f™" = 0 and f~~ = 0 are incompatible with
crossing. Indeed, before taking the massless limit, the function f satisfies the following crossing
transformation with respect to the first particle:
't

f
which is is clearly problematic for f — 0. We are then left with the following choices for the
limits of f

f— : (3.121)

frt =41, ffr— =41, Tt ==+1, fTT=41. (3.122)

It is worth noting that for the crossing relation to be satisfied for these choices we should not
only consider two massless S-matrices of the same type, but also with the same limit of f.

Now that we are left with the choices in eq. (3.122), let us recall that in the massive case the
sign of f is not determined by symmetry or the Yang-Baxter equation, rather from comparing
with perturbation theory. This is consistent with the residual ambiguity we are finding in this
limit.

If we look at the BMN limit (see section 3.2.2.) for the o = ¢/ = +1 S-matrices, we don’t
necessarily expect to (and indeed we do not) find the identity. This expectation comes from the
fact that the quadratic Lagrangian of the light-cone gauge-fixed theory is relativistic and it is
not clear how one should perform a perturbative computation for the scattering of two massless
relativistic particles on the same branch, or if there should be a perturbative expansion at all.

For the 0 = —0’ = £1 S-matrices one may expect the limit to be better behaved as per-
turbative computations can be carried out. Indeed, assuming that the phase goes like one plus
corrections, then for the 0 = —¢’ = +1 case we find that if fT= = 1 the S-matrix is the identity
at leading order, while for the 0 = —¢’ = —1 case the same is true, but with f~* = —1.

Therefore, we end up with the following choices for the limits of f
=41, ff-=1, ff=-1, =41 (3.123)

We may attribute some physical meaning to this result by considering the group velocities

_ Oe ,  0€¢

= =, 124

v
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Let us remark that our considerations (especially those referring to the ordering of velocities)
will only apply when trying to attach a physical interpretation of real time scattering to these
amplitudes. In general, for a complete analysis, one should also consider the possibility of
analytically continuing the S-matrices as functions of the kinematical variables. With this in
mind, for a physically realizable scattering process with ¢ = —¢’ = +1 the group velocities

"= —1 we have v/ > v. Therefore,

satisfy v > v/, while for a scattering process with ¢ = —¢
we may associate limy, /0 f — 1 with v > v/ and limy, 0 f — —1 with v < v/. This is
consistent with the crossing symmetry discussed above as the group velocity is invariant under
the crossing transformation. Furthermore, one may expect the o = —¢/ = +1and 0 = -0’ = —1
S-matrices to be related upon interchanging the arguments. Indeed, the following equation is

satisfied for real momenta '?

Si:':ab p p ‘f—>j:1 _ ( )[a][b]+[c][d]S:Fidc(p p ‘f_)q:l . (3.125)
The corresponding relation for the o = ¢/ = 1 S-matrices is given by
Siiab p p ‘f_>:t1 _ ( )[a][b]+[c][d]8iid0(p p ‘f_):':l . (3126)

To conclude, let us briefly comment on unitarity. Motivated by the physical interpretation
outlined above, one may expect that braiding unitarity for the massless S-matrix will involve one
S-matrix with f — 1 and one with f — —1, and indeed, one can explicitly check that braiding

unitarity relations can be constructed in this way. They are given by

(_1)[0][d]+[e][f}5:|::tef(p’ / |fﬁ\i18iife(p P |f%$1 x 5255 )

L ) (3.127)
C
|f—>j:1$qE e, p |f—>¢1 X 00 -

(—1)elldl+[e]lf] Si:Fef
These relations can also be found by taking the massless limit of the braiding unitarity relation
for the massive S-matrix. Finally, one can see that by combining (3.125), (3.126) and (3.127),
all the four massless S-matrices are also QFT unitary so long as the overall factors satisfy

appropriate constraints.

3.4.2. Massless limits and symmetry enhancement

Let us now consider taking the various massless limits of the parametrizing functions of the
massive S-matrix, i.e. one massless and one massive or two massive particles. Here we work

+ 2/* as it allows us to consider the four cases of section 3.4.1. at

in terms of the variables x
the same time. For convenience we introduce the following notation for the massless Zhukovsky
variables

1
x=g%=—, X =2t =—. (3.128)

T
'3Here we are defining S|®,®},) = S (p, p’)|®.P}), Po = ¢, 1 = ¢ and [a] = a.
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The parametrizing functions are then given by

+
Massive-Massless f—=a x—_
x
P < (@t =x)+ i—t(x‘—x’)j} G (1—at)+ i—f(l—x‘x’)j}
N i AN A ey a
a1 X x'ny’ - ajxt 1 x'nm’ -
O =@ = i — et ) T R
(3.129)
I+
Massless-Massive f—= =2\ ==
x
G V2 (I —xa'7) + i;; (1 —Xa:“r)j) o T _ (x—a7)+ ﬁﬁl (x— ')
TR 2(x — /) o P2 2(x — /) 0
O iV m ; P A
@Qu=Q2=i P 2(x — )" 07 Fy=fip =~ av’+2(x—3r’_)g>07
(3.130)
Massless-Massless f—+1
g — Vx2 ¥ 1—XX/:|:(X—X/)j) Sil—xx’:t(x—x’)~
T x e 2(1 — xx) 0 2 2(1 — xx) 07
T — X x—x+(1—-xx)~ T_\/XQX—X’:I:(I—XX’)j)
e %2 2(1 —xx/) 0 2T Tk 2(1 — xx/) 0
vxz X' 4 x2 X'ny o - JJx2 X'y -
= =+ — P Ri=Ry=i\| 5—=P, . 3.131
@ =0 X Vx2 Vx22(1 —xx)"°7 ! 27 ke 21 —xx') " ° ( )

Given that @ and % are equal to £1 one can see that the limit of the function f is well-

defined if we just take one of the two masses to zero. In particular, taking m — 0 we have
f— xﬂ/i—f while for m’ — 0 we have f — —x'~ iif

The factors of g and =< in (3.131) are the origin of the various expressions for the

V2
different choices of o and ¢’ in section 3.4.1.. For example, to recover the results of section

3.4.1. we should take @ =1 for 0 = +1 and @ = —1 for 0 = —1, and similarly for x’. For

p € [—m,m], this again corresponds to taking the branch cut on the negative real axis.

We may also consider taking the massless limit of the S-matrices for one massive and one
V2

massless excitation. Following the same set of rules as above, i.e. setting *>~ equal to 1 for

X/

o0 =41 and —1 for ¢ = —1, and similarly for Nk the following table gives the expressions we
find for the limits of f
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Before limit After limit Limit of f
Massive - Massless (0’ = +1)  Massless-Massless (0 = +1, 0/ = +1) ftt =1
Massive - Massless (¢! = +1)  Massless-Massless (0 = —1, 0/ = +1) f~T =-1
Massive - Massless (¢! = —1)  Massless-Massless (0 = +1, 0’ = —1) fT~ =1
Massive - Massless (0! = —1)  Massless-Massless (0 = —1, 0/ = —-1) f~~ =-1
Massless - Massive (0 = +1)  Massless-Massless (o0 = +1, 0’ = +1) fTt=-1
Massless - Massive (0 = +1)  Massless-Massless (¢ = +1, 0’ = —-1) fT~ =1
Massless - Massive (0 = —1)  Massless-Massless (0 = —1, 0’ =+1) [T =-1
Massless - Massive (o0 = —1)  Massless-Massless (o0 = —1,0'=-1) [~ =1

Therefore we find the same set of possible limits of f as found from the analysis in section 3.4.1.,
the result of which is given in eq. (3.123).

Finally, from egs. (3.129)—(3.131) we can see that taking the various massless limits results
in many of the parametrizing functions (or products thereof) coinciding and there will then be
additional U(1) symmetries of the S-matrix acting on both the bosons and fermions. This is
surely required for these S-matrices to describe the scattering of the massless modes of the light-
cone gauge AdSs x S? x TY superstring as they (the bosons and fermions) will transform under
various U(1) symmetries originating from the 7% compact space [183]. The precise construction
of the S-matrices involving massless modes from the building blocks described above requires
the knowledge of the full light-cone gauge symmetry algebra and its action on all the states, as
was done for AdS3 x S2 x T* in [195] and AdSs x S° in [121].

3.5. Bethe Ansatz

As discussed at the beginning of section 3.1. the tensor product of two copies of any S-matrix
of the form (3.56) satisfying (3.62) possesses an additional U(1) symmetry, which does not
have a well-defined action on the individual factor S-matrices. This symmetry is expected from
string theory as a consequence of the additional compact space T required for a consistent 10-d
superstring theory [183].!* Under this symmetry the bosons y and z are uncharged, while the
fermions (¢, x)? form an SO(2) vector. Furthermore (Q2,9Q1)7 and (&3, &1)7 are also charged
as SO(2) vectors under the symmetry.!?

Here we will summarize the relevant details of this symmetry. Explicit details (including the

1 We are grateful to O. Ohlsson Sax and P. Sundin for pointing out to us the existence of this symmetry in the
superstring theory.

5Here the subscripts on the supercharges Q and & refer to the two copies of psu(1|1) in the full symmetry
algebra. In particular the charges with the label 1 act on the first entry in the tensor product (3.1), while the
charges with the label 2 on the second entry.
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expansion of the tensor product) are given in [184]. Defining
1 1 1
V2 V2 V2

and their conjugates, we have the following actions of the U(1) generator, Jvay

10+) = —=(IC) £ilx)) , Bt (Q+i01), G (S +i61),  (3.132)

3U<1)|0:t> = +i]6y) , [JU(U, Bgst] = £i®q et - (3.133)

To proceed with the algebraic Bethe ansatz (ABA) technique one constructs the monodromy

matrix as a string of R-matrices acting on an auxiliary space a and on N physical spaces
(3.134)

where - denotes multiplication in the auxiliary space. A(X), B(\), C(\) and D(\) are operators
on N-particle physical space, while the 2 x 2 matrix acts on the auxiliary space. As a consequence

of the Yang-Baxter equation one has
Ra, a, ()‘1 - /\2) Ta, (/\1) Ta, ()‘1) = Ta, ()‘2) Ta, ()‘1) Ra, a5 ()‘1 - /\2) : (3'135)

Taking the trace try, ® try, on both sides of (3.135), one finds that the transfer matriz T'(\) =
tr To(A) = A(X) + D(\) satisfies:

[T(\), T(N)] =0 . (3.136)

As T'()\) is an Nth order polynomial in A (with the highest-power coefficient chosen equal to 1),
we see that (3.136) implies that T'(\) generates N non-trivial independent commuting operators.

To find the simultaneous eigenvectors of all the commuting charges (which include the
Hamiltonian), one assumes that B(\) is a creation operator acting on a pseudo-vacuum |vac),
which is annihilated by C'(\):

|U(A1, .. Aar)) = B(A1)...B(Ar) Jvac) . (3.137)

The pseudo-vacuum should be a highest-weight T'(A)-eigenstate, whether or not that is the
true ground state of the Hamiltonian. The vectors (3.137) are not immediately eigenstates
of T'(\) because of unwanted terms obtained when acting with 7(A). These unwanted terms
are cancelled by imposing the Bethe equations, providing the quantization condition for the
momenta of excitations.

Let us now give some initial observations on applying the ABA procedure to the S-matrix
for the light-cone gauge AdSs x S? x T superstring. We can immediately remark that a single

copy of the centrally-extended S-matrix does not seem to admit a pseudovacuum on which to
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construct the ABA procedure. However, when we take the tensor product of two copies there is a
pseudovacuum. This is given by a uniform sequence of either all |6,) states or, alternatively, |6_).
In fact, thanks to the conservation of the additional U (1) charge discussed above these states are
the only ones with maximal (minimal) such charge, and therefore have to be eigenvalues of the
transfer matrix. By a similar logic they are also annihilated by some of the lower-corner entries
of the (now 4-dimensional) transfer matrix. This in principle could allow the ABA procedure
to be applied. However, this still remains technically challenging given the complexity of the

parametrizing functions of the S-matrix.
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Yangian Symmetry of AdS, Superstrings

The remarkable impact integrability has had on the solution of string theory in the AdSs x S°
background motivates trying to apply the same strategy to the other less supersymmetric string
backgrounds which are still integrable. One of these is indeed the AdSy x S? x T background
with Ramond-Ramond fluxes in Type II superstring theory, which preserves 8 supersymmetries.
One way to generate this background is by taking the near-horizon limit of various intersecting
brane configurations in Type IIA/B supergravity, related by T-dualities in the T directions.
The dual ”field” theory is thought to be either a superconformal quantum mechanics, or a
chiral two-dimensional CFT [51-53,199]. AdSy holography, and AdS, x S? in particular, is an
interesting open problem that can be approached from several distinct directions. Given the
reduced dimensionality, it would be tempting to regard it as the simplest example where one
can test the AdS/CFT duality, but instead it turns out to be one of the most mysterious.

The AdS; x S? (coset) part of the background is conveniently encoded into a Metsaev-
Tseytlin [8,171] type action , based on the quotient

PSU(1,1]2)
SO(1,1) x SO(2) °

The algebra psu(1,1|2) admits a Z4 automorphism, which is traditionally the key to the super-
coset model being classically integrable. Indeed, this is what happens in the AdSs x S° [99] and
AdS3 x §3 x M* [28] cases. In the AdSs case one can truncate the Green-Schwarz action [200] to
the coset degrees of freedom, however there is no choice of k-symmetry gauge which decouples
the coset from the remaining fermions [49]. The integrability of the Green-Schwarz action for the

full ten-dimensional background has been shown up to quadratic order in fermions [49,148,151].

In the previous Chapter, based on [184], we have used the symmetries of the system and its
conjectured quantum integrability to determine the exact S-matrix for the worldsheet scattering

of magnon excitations, taking the light-cone gauge-fixed AdSs x S? x T action to infinite length.

83
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This S-matrix describes the scattering above the BMN vacuum [128], which is a point-like string
travelling at the speed of light on a great circle of S?. The light-cone gauge-fixed Lagrangian
is highly non-trivial and breaks two-dimensional Lorentz symmetry. Only the quadratic action
preserves the Lorentz group, and describes 2 + 2 (bosons+fermions) massive plus 6 4+ 6 massless
modes. The massive bosonic excitations are associated to the transverse directions in AdSs x S?,

while the massless ones are associated to the T° directions.

By following a procedure which has been successful in AdSs and AdSs, in [184] we fixed
(up to an overall factor) the S-matrix for the excitations transforming under the psu(1]1)? x R
symmetry of the BMN vacuum. In order to do that, we relaxed the level-matching condition and
postulated the presence of two central extensions, while simultaneously deforming the coproduct
in the standard fashion . The resulting massive S-matrix satisfies the Hopf-algebra crossing
relation [191], and is unitarity so long as the overall factor (dressing phase) satisfies a certain
constraint. We also studied the near-BMN expansion under certain assumptions for the dressing

phase, finding consistency with the perturbative computations.

The main difference with the AdSs and AdS3 cases is that the representations which scatter
are long, and there is no shortening condition to be interpreted as the magnon dispersion relation.
Furthermore, because of reducibility of the tensor product representation, the S-matrix depends
on an undetermined function, which we fixed by imposing the Yang-Baxter equation. Similar
features were observed in [196] for long representations in AdSs, and in the Pohlmeyer reduction
of AdSyx S? superstrings. Finally, the S-matrix enjoys an accidental U (1) symmetry under which
only the fermionic excitations are charged, and which is connected to the presence of T°. This
U(1) allows for the existence of a pseudo-vacuum state, and could be instrumental to derive the

Bethe equations conjectured in [49] from our S-matrix.

Although it is not completely clear what representation one should adopt for the massless
modes, in [184] we assumed that the massless representations and the corresponding S-matrix
are the zero-mass / finite h limit of the corresponding massive ones, at least as far as the
psu(1/1)? x R building block is concerned. We obtained in this way the limiting S-matrices for
all the choices of left and right chiralities, and discovered that there exists a canonical Yangian

for the massless sector.

In this Chapter, we obtain several results on the algebraic structure of the exact S-matrix
of the system, therefore deepening our understanding of the associated spectral problem. Our
alm is to explore the Yangian symmetry for the massive sector. The Yangian relevant to the
AdSs S-matrix was found in [197], while for AdSs3 it was found in [190] in separate sectors,
and a larger version encompassing both left and right algebras was discovered in [201]. The

approach we will follow is based on the RTT formulation [85], which was first applied to the
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AdS5 S-matrix in [86], and later to the AdS3 S-matrix in [202].

As discussed above, the crucial new feature in the case of interest is that the representations
are long. As a result the canonical realisation of the Yangian, similar in spirit to those in
[197,190], results in a representation that is not of evaluation type. This is also a feature for
long representations in the AdSs case [196]. After investigating this realisation, we find a new
alternative realisation of the Yangian that does lead to a representation of evaluation type. This
gives more control over the symmetry and its action on one-particle states. Indeed the evaluation
representation is the most natural physical manifestation of Yangians in integrable scattering
problems. Furthermore, this new realisation and the original one are contained within a larger

family of realisations originating from a symmetry of the restricted Yangian algebra.

Besides the Y(su.(2]2)) Yangian, the S-matrix of the AdS; x S° superstring admits an
additional infinite tower of conserved charges, which constitute the so called secret symmetry of
the model [95,97]. Such symmetries are present in several other parts of the correspondence,
for example in the pure spinor sigma model [203], scattering amplitudes [204]. Recently, secret
symmetries were also found for the AdSs superstring [202], providing further evidence of their

universal nature in the AdS/CFT framework.

We will begin in section 4.1. with a brief summary of the key properties of Yangians that
will be necessary for the following exposition. In section 4.2. we use the RTT formulation to
construct the Yangian algebra underlying the integrability of the massive sector, including the
secret symmetry. Two distinct realisations of this symmetry are given, the first of which is close
in spirit to that used in the AdSs and AdSs cases [86,202] and in general leads to a representation
not of evaluation type, while the second is a new realisation leading to a representation that is of
evaluation type. We then discuss the issue of evaluation representations in detail, demonstrating

a relation to shortening (massless) condition.

In section 4.3. we explore the strong- and weak-coupling limits. First, we perform a study of
the classical r-matrix, and discover that the need for the secret symmetry, based on the residue-
analysis at the simple pole in the spectral-parameter plane, is present also in this context.
Second, we study an effective Bethe ansatz in the simplifying limit of zero coupling, in which
the problem reduces to a standard rational spin-chain in each copy of the symmetry algebra. In
this way we obtain the spectrum of free fermions on a periodic chain. This should represent an
entry-point to the leading-order (traditionally dubbed one-loop) anomalous dimension for the
composite operators of the mysterious superconformal quantum mechanics, supposed to be dual

to the superstring theory.
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4.1. Yangians and integrability

We start by reviewing some of the underlying formalism of Yangians and their various realisa-
tions. Here we focus on the details that will be relevant for us when investigating the Yangian

of the massive sector of the AdSy x S? x T superstring.

Yangians and integrable systems. Quantum systems exhibiting Yangian symmetry are
integrable, as a consequence of the fact that the Yangian allows to construct a solution to the
Yang-Baxter equation which controls the inverse scattering problem (and often the S-matrix of
the excitations) [205]. Indeed, let R € A ® A be a scattering matrix, with A = Y(g) being the
Hopf superalgebra whose coproduct A : A —+ A ® A defines the action of the conserved charges

on two-particle states. If A and R are such that

A°P(a) R = RA(a) Vaec A, (quasi co-commutativity),
(A & ]].)(R) = Ri3Ro3, (]]. & A)(R) = Ri3R12 , (quasi—triangularity), (4.1)
where A°? = (0 o A) is the opposite coproduct, o the graded permutation operator and the

subscripts 1,2,3 indicate the copy of A in the triple tensor product, then R obeys the quantum
Yang-Baxter equation (QYBE)

RiaR13R23 = RozR13R12 (4.2)

(the hallmark of integrability) and the crossing symmetry equations. This is the content of a
famous theorem of Drinfeld, proving the crucial role played by quantum groups in producing

solutions to the QYBE with the desired symmetry properties [91].

4.2. RTT realisation for the Y(gl.(1|1)) Yangian

In this section we employ the techniques of [85,86] to construct the RTT realisation for the
Y(gl.(1]1)) Yangian. The starting point is the su.(1/1) R-matrix of [184], which describes the
scattering of one bosonic state |¢) and one fermionic state |1) transforming in a long represent-

ation of the centrally-extended algebra su.(1|1)
{QQ}=2P, ({S§}=2K, {QS}=2H. (4.3)
The explicit form of the representation is given by

Qlp) = aly) , Qly) =bl9) , Sl¢) = cly) , Sly) = d|¢) ,
P|®) = P|®) , K|®) = K|®) , H|®) = H|®) , @) € {l9), [¥)} - (4.4)
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where the eigenvalues of the central elements P, K and H are given by
P=ab, K=cd, 2H = ad + bc (4.5)

as a consequence of the algebra relations (4.3). There are no further conditions on the central
elements for the algebra to close and hence this 2-dimensional representation is long.

For generic values of P, K and H the tensor product of two of these representations gives
a 4-dimensional representation that is fully reducible into two 2-dimensional representations.’
Therefore, the R-matrix acting on the tensor product is fixed up to two functions by demanding

invariance under the symmetry
A°°(J)R=RA(J), J={Q,S,P,K,H} . (4.6)

Here A is the coproduct, while A° is the opposite coproduct defined in (4.1). As usual for
integrable systems arising in the context of the AdS/CFT correspondence the coproduct is

deformed through the introduction of an abelian generator U

AQ=Q®1+U®Q, AS)=S®1+U'®sS, AU)=UQU,
AP)=PR1+U?cP, AK)=K®l+U?eK, AH=Hol+I1xH. (4.7)

To admit an R-matrix the coproducts of the central elements should be co-commutatitve, i.e.
A°P(C) = A(C). This relates the central charges P and K to the braiding factor U:

h h _
IP’:i(l—Uz), K:§(1—IU2), (4.8)

where without loss of generality we have taken the constants of proportionality to be equal. In the
following we will refer to the algebra (4.3) with these relations (4.8) imposed as the restricted
algebra. While the symmetry only constrains the R-matrix up to two functions, demanding
that the QYBE is solved (along with imposing various physical requirements such as crossing
symmetry and a sensible strong coupling limit) fixes the R-matrix up to a single overall factor.

For reference we will quote the necessary details of the su.(1|1) R-matrix from [184]. The

R-matrix in terms of the usual Zhukovsky variables

+ .
x 9 I 1 _ 1 1H I _ 1 1M
- v o+ 0 T T R AT T h (49)
Here
d—b
M="1 > ¢~ VH?-PK, (4.10)

LAt the special (massless) point Hgot — Pt Ktot = 0 the tensor product is still reducible but no longer
decomposable. Here the subscript “tot” indicates that these are the eigenvalues of the central charges acting on
the tensor product state.
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is unconstrained as the representation (4.4) is long. The representation parameters a, b, ¢ and
d are given in terms of the Zhukovsky variables in [184] — we set the parameter « used there,
which controls the normalisation of the bosonic state relative to the fermionic state, to one. The

R-matrix is then given by

R |¢x¢y> = Sl |¢x¢y> + Ql |¢x¢y> s R |7pm'¢y> = 52 |wm¢y> + QQ |¢x¢y> )
R |¢z¢y> = Tl |¢xwy> + Rl |7;Z)oc¢y> ) R |7;Z):c¢y> = T2 |7px¢y> + RQ |¢aﬂ/)y> ) (4-11)

with 2* the kinematic variables associated to the first representation and y* to the second. The

parameterising functions are given by [184]

[ety= 2™ —yT 1+ 5 1+ s9
1 x_y+x+—y_ 2 0> 2 9 0>

— o+ o+ ¥ .- -
Yy~ yT 1+t xtx Yy~ 1+t
T'=\|——F—= R, Ly=\l——F7F—= P ,
yt ot —y 2 r-axt —y 2

{ 4T Y NaxTly f { 4 TTY NxTly
Qi=0Q2=—5{] Po, Ri=Ry=—4 ——— PR, (4.12
! 2 2\ zty= ot —y  xa't 0 ! 2 2\ zytat —y™ 0 ( )

where
T, +, _
i—,(m _Q%Jr)_ ZT(ZJ _y%) 1—ﬁ 1_xly+
f: 1 Py, s1= _ +f7 S2 = ¥ _f7
1*W r -y rt =y
J——— 1 - =
Yy ove— — Vil —g%) b= Y to=—=Y_f . (413
e =Vi(z= —at), my=vilym —y"), h $+_y+f, 2 x,_y,f (4.13)

As discussed above, there is an overall factor Py that is not fixed by the considerations of
symmetry and as such will not be relevant for the following analysis. For concreteness we will
fix Py such that S; = 1 and the R-matrix is normalised as in [86].

Finally, let us observe that the AdS, x S? worldsheet S-matrix underlying the scattering
of the massive modes is built from the tensor product of two copies of this centrally-extended

su(1]1) R-matrix.
4.2.1. The Y(su.(1]1)) and Y(gl.(1]1)) Yangians and their RTT realisation

The centrally extended Y(su.(1|1)) Yangian is defined by the graded commutation relations

{Qma Qn} — 2Pm+n 5 {Sma Sn} = 2Km+n 5 {Qmasn} = 2Hm+n 3 (4'14)

which extend the algebra (4.3). Here, m,n > 0 indicate the level of the corresponding generator,

with Qo, Sp, Po, Ko and Hy playing the role of the original generators in (4.3).
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It is worth noting that, in contrast to ordinary situations, the infinite-dimensional algebra
(4.14) contains infinitely many finite-dimensional su.(1|1) subalgebras. Indeed, the set of gener-
ators Qy,, Si, Py, Koj and Hy;, 44 forms a subalgebra for all m, 7 > 0. This is due to the fact
that the generators on the right-hand side of the relations (4.14) are central.

Another consequence of this, again in contrast to usual, is that for an arbitrary representation
one cannot generate the whole infinite dimensional algebra by (anti) commuting a finite set of

generators. However, considering the natural lift of the 2-dimensional representation (4.4)

@m|¢> - CLm‘Ib) ) @m‘lb) = bm‘¢> ’ Sm‘¢> = cmhp) ) Sm‘w> = dm’¢> )
Pin|®) = Pn|®) ,  Kp|®) = Kn|®), Hn|®) = Hn|®), ) € {l¢), )}, (4.15)

it is relatively easy to see that the relations

2H,, = aody, + bocm = a1dy—1 +b1cm—1, 2P, = apby, + boay, = a1bp—1 + b1am—1 ,

2Hy, = cobm + doam = c1by—1 +dram—1, 2Ky = codm + docm = c1dpm—1 +dicm—1 (4-16)

which follow from the graded commutation relations (4.14), can be used to solve recursively for
the higher-level representation parameters given their values at level 0 and 1.

As we will see, one property that does carry down from the higher-dimensional cases is that
the su.(1|]1) R-matrix (4.11), (4.12), (4.13) exhibits an additional family of symmetries, B,,,
n > 1, known as bonus or secret. These symmetries enhance the Y(su.(1|1)) Yangian to some
indented Yangian-like quantum group we call Y (gl.(1]|1)), which contains all the generators in
(4.14) along with B,, (not including By).

To construct the RTT realisation of the Yangian we introduce a spectral parameter u defined
in terms of 2%, and similarly v for y*. We shall use two different definitions for the spectral

parameter, but in both cases the expansion of 2+ in powers of u~! will take the form
et =u+0(1). (4.17)

Once this expansion has been specified, we expand the R-matrix R(z*,y*) in inverse powers of
one of the two spectral parameters, say u,> and from the resulting Laurent coefficients extract a
series of generators .J,,, whose graded commutation relations reproduce those of the underlying
infinite-dimensional symmetry algebra. We can then define abstract generators J,,, of which J,,

are a representation. At this point we can construct generators satisfying (4.14) along with their

2For definiteness we will assume that M(z*,27) = 2. For the second set of kinematical variables y+, in terms
of which we find the symmetry generators, we will not assume anything and consequently the symmetries we find
hold for any M in (4.10). If we leave M (z™*,2~) unfixed it simply appears as an overall factor in the generators,
for example Q. , S ~ M (z™, x_)%, and hence gives no new information.
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coproducts and antipodes. It should be noted that this construction automatically leads to the
restricted Yangian, for which, in addition to (4.8), the higher-level central charges P,,, and K,,
are defined in terms of lower-level central elements. We refer the reader to [86,202] for a more

complete discussion.

4.2.2. Canonical representation

Let us start by considering the canonical spectral parameter and a Hopf algebra structure that
is close in spirit to that used in the AdSs and AdSs cases [86,202]. The spectral parameter is
given by

1 1 1

such that (assuming M (z*,27) = 2) the expansions of & are
1 1

+ i -3
=ut+t—-——+-—5+4+0 . 4.19
Following the procedure outlined above we then identify the following combinations®

Qo = Vih 1 lexfihﬁl—% (1 +U2) vV=inJl, |

So = vV—ih I}, , S1 = V—ihJiy + % (L+U?)VihI, ,

Ho = % (Jor — J52) Hy = % (J11 = J%) - % (U*-u7?),
Pozg(ﬂ—tu?) : Py =—i(1+U%) Hp,

Ko = g (1-U7?), Ki=i(1+U?) Ho, (4.20)

which satisfy the defining commutation relations (4.14). Evaluated in the representation arising

from the expansion of R-matrix, the level-0 generators coincide with those used in [184].

Coproducts. The level-0 coproducts are given in (4.7), while the level-1 coproducts can be

constructed from (1.49) and read

AQ)=Q:11+UQ

_ %Qo ® Hy + %UHO ® Qo + %UZSO @ Py — %U*Po ® S

AS)=$1®1+U 'S,

+ %SO ® Hy — %U_IHO ® Sp — %U_2QO ® Ko + %UKO ® Qo ,

A =H; ®1+1®H; + %U*QPO 2 Ko + %U2Ko QP , (4.21)

3Here the branch cut is chosen such that /i = e%r and /—1 = 6_%.
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where Py and K are defined in terms of lower-level central elements in (4.20). Indeed inserting
these definitions, the coproduct for H; becomes manifestly co-commutative as expected.

The coproducts for P; and K; can be obtained from the graded commutation relations

AP = F{A@Q). M@}, AK) = 3{AG)AGD} (1.2)

If P; and K; are defined in terms of lower-level central elements as in (4.20) we find that these
coproducts are also co-commutative as required. Moreover, we can compute the coproducts for

the level-2 central charges

A(B) = Z{AQ), M@}, AK) = L{AG),AS)) , AH) = L{AQ), AS)) -

(4.23)
Doing so, we find that for co-commutativity of A(Py) and A(Ks) we require
1
Py = —i (1+U?) H; — TR U?) (HE — PoKo) ,
1
Ky =4 (1+U"%)H; — 57 (- U™?) (H§ — PoKo) , (4.24)

where the normalisation is fixed by matching with the expansion of the R-matrix,* while the
coproduct A(Hp) is automatically co-commutative upon using the definitions of Py ; and Kq;
in (4.20).

With these definitions of the generators, one can show that the representation of the Yangian
arising from the expansion of the R-matrix is in general not evaluation. However, if the eigen-

values of the central elements satisfy
HZ — PyKy =0, (4.25)

which has the interpretation as a (massless) shortening condition, we find that the representation
does become of evaluation type, in agreement with [184]. We will return to this issue in the

following sections.

Crossing. Using the general expression for the antipodes of (1.52) we can derive the antipode

for the generators of interest

2 [Qn) = -U'Qn , Y [Sm] = -USn, ,
¥ [H,] = —H,, , S [Py] =Ko m=0,1, (4.26)

i.e. it is involutive for the generators of Yy 1(su.(1]1)).

Tt is worth recalling that the coproducts for the central charges arising from the RTT realisation of the
Yangian are co-commutative by construction, and hence, up to a normalisation, P2 and K2 have to take this form
when evaluated in the representation arising from the expansion of the R-matrix.
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Secret symmetry. While J(l)l + ,]](2)2 is central, the combination

B, = —% (Ji +3%2) (4.27)
satisfies
B1,Qo] = Q1 +i (1L +T?)Sy, [B1,So) = —S1+i (L+U?)Qy , (4.28)
The coproduct reads
AB) =B ©1+10B; — %U*l@o ® So — %USO 2 Qo , (4.29)

while the antipode for the secret symmetry is

i
S[Bi) = By — - Ho . (4.30)

As in the AdS5 and AdSs case, the antipode is not an involution when acting upon the secret

symmetry.

4.2.3. Co-commutativity and shortening condition

Let us now investigate what happens if we try to impose evaluation representation onto the Hopf
algebra structure described in section (4.2.2.). In particular, we will show that this demonstrates
the existence of representations for which one of the higher-level central charges is not co-
commutative and hence does not admit an R-matrix.

In evaluation representation we have
Jn =u"Jy v Je{Q,S,H P, K}, (4.31)

which manifestly satisfies the algebra relations (4.14). As discussed above, in order to have a

co-commutative coproduct for all the level-0 central charges one can impose

h h
Py=5(1- U?), Ko= S (1= U-?%, (4.32)

where we recall that the constant A is independent on the representation space of the coproduct.
Similarly, for the level-1 central charges for co-commutativity one can impose

P =—i(1+U*Hy, K =i(1+U%H,, (4.33)

It then follows that for a representation of evaluation type the spectral parameter is given by

2i1+ U?



4.2. RTT realisation for the Y(gl.(1]1)) Yangian 93

where we use Hy,, Py, K, and U to denote both the generator in evaluation representation and
its eigenvalue, as it is always clear from context which is meant.

At this point, we compute the coproduct of the level-2 central charge P» using

A(Ps) = {AQ), AQ)) - (4.35)

The expression one obtains is rather lengthy, however it simplifies considerably if one takes the

antisymmetric combination
5Py = (A(Pg) - AOp(P2)> : (4.36)

which is precisely the quantity that determines whether the coproduct is co-commutative or not.

There are two notable contributions to § P», coming from two separate pieces of the coproduct
of P,. The first contribution comes from the part of A(P,) arising when the Sy generators in
A(Q1) meet among themselves in the anti-commutator (4.35). Upon antisymmetrisation these
terms contribute

- %((1 U e (1-U%)(PKi®1-18 PKo) (4.37)

to 6 P». In fact this would be the only surviving term had we set Hy = u = 0 in both representa-
tion spaces. In principle this could already be enough to conclude that there exist representations
with non co-commutative P,. Nevertheless, it is instructive to continue.

The remaining terms reduce to

S (-0 (- V%) (H 9116 H) (4.38)

and, combining all contributions together, we obtain

5Py = %((1 ~ U @ (1-U%)((H; - PoKo) ®1 - 1® (H} — PyKy)) (4.39)

This means that we can achieve co-commutativity if we demand that
H? — PyKy = constant , (4.40)

where the constant does not depend on the representation space. The relation (4.40) is nothing
else than the known shortening condition, which is in this way reinterpreted as the condition
that makes the central charges’ coproduct co-commutative at higher levels (similarly to what

the Serre relations do for the canonical part of the Yangian).

4.2.4. Evaluation representation

The Hopf algebra structure discussed in section 4.2.2., which was motivated by similar con-

structions in the AdSs and AdSj cases, turned out to give a representation of the Yangian that
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was not of evaluation type. It turns out that there is an alternative Hopf algebra structure we
can put on the same infinite-dimensional algebra, such that the representation arising from the
expansion of the R-matrix is evaluation.

To do this we introduce a new spectral parameter

R R iR D, e

such that the expansions of z¥ (again assuming that M (xz,27) = 2) are given by

Ly L owy, (4.42)

+_ b 1,1
TSk (1+4h2)u hu?

h

Let us now define the following (as an alternative to (4.20)) combinations of generators

Qo = Vih I, , Qi = Vih I —iUV=ih g,
So = vV=ihd}; . S1= V=ihIl, + iU Vik I, ,
ih ih ih
HOZ*(Jél—ng) ; Hl:*(Jil—JQ) (U ),
P, g(n_uﬂ), P = — %(HU) Ho ,
h 1 122
Ko 5(IL—IU %), 5(IL+IU ) Ho , (4.43)

which also satisfy the defining commutation relations (4.14). Again, evaluated in the represent-
ation arising from the expansion of R-matrix, the level-0 generators coincide with those used
n [184].

Coproducts. The level-0 coproducts are given in (4.7), while the level-1 coproducts can be
constructed from (1.49) and read
AQ) = e1+UQ;
- %QO@H()—F%UH()@QO‘F’L'US()@(H —U) —i(]l —U)®USO ,
AS))=$191+U'®S;

+2So®Hy — U Hy ® So — iU™'Qo ® (1-UH+i(1-U")eU'Q,

h h
AH) =H; ® 1+ 1®H;
ih
fZ—(U®U Ul'eU ' - (U-U)el-18U-U"). (4.44)

Here A(H,) is written in a manifestly co-commutative form. To check that these coproducts,
along with those in (4.7), obey the graded commutation relations (4.14) one needs to use the
definitions of Py and Ky in (4.43).



4.2. RTT realisation for the Y(gl.(1]1)) Yangian 95

The coproducts for P; and K; can be obtained from the graded commutation relations (4.22).
If P; and K; are defined in terms of lower-level central elements as in (4.43) we find that these
coproducts are also co-commutative as required. Furthermore, we can compute the coproducts
for the level-2 central charges using (4.23). Co-commutativity of A(Py) and A(Ks) then requires
: 1 2\ T2
PQ = —21[UH1 _ (H—U )HO y
2h
1
Ky = 2iU""H; — o7 (- U™?)Hf, (4.45)
where normalisations are fixed by matching with the expansion of the R-matrix, while the
coproduct A(Hy) is automatically co-commutative by the definitions of Py and Ko ; in (4.43).
From (4.43) we find that the representation of the Yangian arising from the R-matrix ex-
pansion is indeed of evaluation type with spectral parameter (4.41)
1 1+U

=————Hy. 4.4
u w1 Ho (4.46)

Crossing. Using the general expression for the antipodes of (1.52) we can derive the antipode

for the generators of interest. These turn out to be the same as for the canonical case, i.e. (4.26).

Secret symmetry. While J}, + J2, is central, the combination

B = —% (It +J32) (4.47)
satisfies
[B1, Qo] = Q1 + % (14+U)*So, [B1,So] = —S1 + % (1+ U—1)2 Qo . (4.48)
The coproduct reads
AB) =B 1+1QB; — %U”(@o ® Sp — %USO ® Qo , (4.49)

while the antipode for the secret symmetry is

i
S[Bi) = By — - Ho . (4.50)

As before, the antipode is not an involution when acting upon the secret symmetry.

It is worth highlighting that the modification of the combinations in (4.43) has altered the

commutation relations involving B;, changing the tail.
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4.2.5. Freedom in the realisation of the Yangian

The two different Hopf algebra structures described in sections 4.2.2. and 4.2.4. are indicative
of a larger possible freedom, which we will now describe. Let us consider the defining graded
commutation relations (4.14), but in particular focus on the restricted form in which P, and
K,, are defined in terms of lower-level central charges.

Motivated by the definitions of Py ; 2 and Ko 2 in (4.20), (4.24), (4.43), (4.45), we postulate

that the following relation is true for all levels:
U 'P, = -UK,, . (4.51)

If we now consider the following redefinitions:

Qo = Qo , So =So , Py =Py , Ko = Ko , Hy = Hy ,

- m—1 R m—1

Qm =Qpn + Z qukafk + qu,kSmfk ) Sm =Sm + Z ysm,kSmfk + Zsm,kafk )
k=0 k=0

Py =P, + 0%, , Ko = Ko + 05 | H,, = H,y, + 0 | m>1, (4.52)

where y, s and 2, are functions of the braiding factor U. We are interested in finding a set of
these functions such that the algebra relations (4.14) and (4.51) are still satisfied by the new

generators. Indeed such a solution exists and is given by
L(m —k —k
ym,k: = me,k = ySm,k = 5 < k’) ((y + Z)m + (y - Z)m ) ’

o . 1(/m m— —
s = 0 2 = U = 3 (1) (049" = =2

m—1 m—1
O = Y Pe iUz, Hy, 65 =Yy, K —iU 'z, Hy,
k=0 k=0
m—1 m—1
5}% = Z Yol + Uz, Ky = Z Yoo HE — iU’lzm,k}P’k . (4.53)
k=0 k=0

Le. the freedom is parameterised by two functions, y and z, of the braiding factor U. For a
representation of evaluation type, its effect is to shift the spectral parameter by y(U).

The redefinitions (4.52) will modify many of the relations underlying the Hopf algebra struc-
ture, including the relations between P,, and K,, and the lower-level central charges, the cop-
roducts of the generators and the commutation relations involving the secret symmetry Bq. If

we demand that the antipode structure (4.26) is preserved, we find
() =yU),  X(2(U)) = 2(U) . (4.54)

These relations are solved by functions symmetric in U and U~*.
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Observing that mapping between the Hopf algebra structures in sections 4.2.2. and 4.2.4.
precisely takes the form given above in (4.52) and (4.53), we investigate what happens if we take

a more general ansatz for the level-1 Yangian supercharges

QO - \ﬂhqﬂgl 5 S[) = \/jlhq]](lm 5
Q1 = Vih I3, +iUz(U) vV=ihJ}, | S1 = V—=ih Ity — iU 2(U) VihJ?, , (4.55)
with
2(U) = 2(U1) (4.56)

to preserve the antipode structure. By anti-commuting Q1 and S; we obtain the central charges

P, = —% (1 — 2Uz(U) + U?) H , Py = 2iUz(U) Hy — h~2 (HZ — h2(1 — 2(U)%)) Py,

K, = % (1-20""2(U)+ U ?)Hpo , Ko = —26U"'2(U)Hy — b2 (H3 — h*(1 — 2(U)?)) Ko ,
ih ih

H, = % (31, - 1%) + % (U-1U) 2(U) . (4.57)

We can now ask for what choices of the function z(U) we can have an evaluation type

representation of the Yangian. In particular, this would imply the following two relations
PyP,=P}, PyH =P H,. (4.58)

Combining (4.57) with the conditions just above reveals that a necessary requirement for an

evaluation type representation is
U%(1 — 2(U)*)(HE — PyKy) =0 . (4.59)
There are two cases solutions of interest to this condition. The first is
HZ — PyKy =0, (4.60)

which can be interpreted as a (massless) shortening conditon. This is indeed consistent with
our findings in section 4.2.2.. If we admit long representations, as in the context of the su.(1|1)

R-matrix (4.11), (4.12), (4.13), a consistent evaluation representation demands
z(U) = £1 . (4.61)

Indeed, the choice z(U) = —1 was the representation analysed in section 4.2.4..

Finally, let us observe that the generator

B, =

h
—% (J11 + %) (4.62)
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now satisfies
B1,Qo] = Q1 + % (1 - 2U2(U) + U2) Sp
[B1,So] = —S1 + % (1-2U0"2(U)+U?) Qo - (4.63)

Choosing ,
A0) =5 (U+U1) (4.64)

we see that P; and K; in (4.57), along with the tails in (4.63) vanish. It is therefore natural to

ask if the existence of this choice (4.64) is related to the existence of the secret symmetry.

4.3. Strong and weak coupling expansions

4.3.1. Strong coupling expansion and the classical r-matrix

As was done in the AdS5 case [206,97] it is instructive to study the so-called classical r-matriz

of the system. This can be obtained by expanding the quantum R-matrix
R=1®1+h'r+0(h7?), (4.65)

at strong coupling. In standard quantum group theory, the knowledge of the classical r-matrix
and of its Lie bi-algebra structure allows one to reconstruct the quantum group underlying the
exact problem. This is still an open problem for AdS superstrings, nevertheless much can be

learnt from this exercise.

4.3.2. Parameterisation and loop algebra

Following [207] we introduce ¢ = h~! and the spectral paramter z

xi=z< 1—( CQI + i41>, (4.66)

-]

where as before we assume M (27,27 ) = 2. Expanding the representations of the generators we
find

U =exp (iCD) = 1 +iD + O(C?)

Py=—-i®+0() , Ky =1i® 4+ O((), Hy = $H0+ 0() ,
Qo= Qo+ O(() , So =& + O(C) ,
Q=("Q+0©Q), S1=¢'61+0Q), Bi=("B1+0(1). (4.67)

The ¢ — 0 limit of the spectral parameter (4.41) is

u:i(1+\/§)2(az‘+a}+):i(1+\/§)2(x++xl_)—>z+z‘l- (4.68)
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In what follows, it is convenient to perform the rescaling

U
— 4.
U — 5 (4.69)

such that the limiting generators J are in the evaluation representation with

1 . —
Im =u"Jo , u= Q—Z(z + 27 = -ino . (4.70)

The non-trivial commutation relations for these J,, read

{meﬂn} = - {Gma 6n} = 2ﬁm+n—1 5 {Qma 6n} = 2~6m+n ’
[%ma Qn] = Qern + 6m+n717 [%ma Gn] = _Gern + Qernfl . (471)

4.3.3. Classical r-matrix for the deformed gI(1|1),, ,,—1

The classical limit of the R-matrix gives the classical r-matrix, whose non-trivial entries are’

[ .2 2
; Z1 z2
1 2121\ z2—1 2129 — 1

T4 =T41 = — ) re3 ="32=—"""T14,
2129 — 1 z1 — 22
i212 (222 — 1) ) (2’12 — 1) 222
T22 = 2 ) ’r‘33 = 2 )
(Zl — 1) (21 — 22)(2122 — 1) (ZQ — 1) (21 — ZQ)(2122 — 1)
(217 (212 = 4) 202 + 22" + 1) + 292
rag = - (z; (= - )it m ) +27) (4.72)
(2’1 — 1) (2’2 — 1) (21 — ZQ)(ZlZQ — 1)
The residue at z9 = 27 is
0 0 0 O
2
B a2 0O 1 -1 0
Rerp,.., =fla)(1et-0 ==, | 0 0 (4.73)
0 0 0 2

where € is the Casimir operator for the gl(1]|1) tensor algebra.
The classical r-matrix admits the following expression in terms of the generators of the
gl(1|1) algebra
1
U — Uy

T =

1 1
(430@60 260 ® Q0 — LBy 50 — 260 @ By
2 2 (75 (51

1+ uf +uj
+ T o ®Y)o> . (4.74)

The same matrix can then be rewritten as an element in the tensor product of two copies of the

loop algebra gl(1[1),, ,-1

T = Tpsu(1|1) — Z <%n+1 RH-pn-2+H1® s%—n — -1 ® f)—n—Z) s (475)

n=0

5In this section we label the spectral parameters with integers, for example z1, z2, z3 and so on.
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where
o0

1 -
Tpsu(1]1) = 5 Z (Qn ®6_p1-6,® Q—n—l) ) Bn =B, — N - (476)

n=0
The peculiarity of (4.75) is that it is representation independent, and can therefore be taken as

a candidate for the universal classical r-matrix in the AdS5 case.

4.3.4. Weak coupling limit and Bethe equations

In this section we study the leading-order weak-coupling (h — 0) term in the R-matrix, ex-
tracting from it a set of Bethe equations. These equations should relate to the leading-order
first-level nested Bethe equations one would in principle obtain from the spin-chain Hamiltonian
of the putative dual superconformal quantum mechanics that is meant to live on the bound-
ary of AdSs. In AdSs parlance, this would be called the one-loop nearest-neighbour spin-chain
Hamiltonian [11].

The advantage of restricting to this limit is that we can avoid one crucial complication
present when dealing with the full R-matrix. To admit a pseudo-vacuum we need to take the
tensor product of two copies of the centrally-extended su(1|1) R-matrix. (This tensor product is
the one relevant for building up the AdSs x S? worldsheet S-matrix [184]). The corresponding
pseudo-vacuum is a specific fermionic linear combination of the states in the two copies, with a
definite charge under a certain U(1) quantum number. The corresponding U(1) symmetry does
not act in a well-defined way on the individual copies. Performing the algebraic Bethe-ansatz
procedure starting from the full pseudo-vacuum is at the moment an open issue.

Dealing with the individual copies, which do not admit a pseudo-vacuum in their own right,
could in principle be approached by adapting alternative methods (such as, for instance, the one
of Baxter operators). However, the limit h — 0 switches off the most unconventional entries of
the R-matrix and allows for the existence of a pseudo-vacuum separately in each copy. Moreover,
it drastically simplifies all the remaining entries, allowing for an almost straightforward treat-

ment.

4.3.5. Weak coupling R-matrix

The R-matrix up to order h has the form

Rio=RY +nRY (4.77)
where
1 0 0 0 0 0 0 Ap
0 Bg Ciz 0 00 0
RY = 12 ~12 7 RY = , (4.78)
0 Ci2 D1 0 0 0
0 0 0 FEp Az 0 0
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with the parameterising functions given by

4i(ur — ug)(ugug — 1)

3
Ay = e~ i(P1—p2)
. )
(L ) (L + ud)(ur — sz — 20)
Ul — u2 _i
Big = —————¢e 2|
up — ug — 21
2 — & (p1—p2)
Cia2 = e 4 ;
up — ug — 21
Uy — U2 i
Dy = ———e2P? |

up — ug — 21

By, = LT + 22.675(101 —p2) (4.79)
Uy — ug — 21

The maps between z*, v and p are
1 sen(B, —4h?) P D
+ . 2
— - 4+ (1 dn(=, —4h , = cot = . 4.
~ o <sn(f —4h2) l) +dn(3, )) U=ty (4.80)

The factors of e in (4.78) and (4.79) are the result of a Drinfeld twist [208]. The presence
of such a twist was already observed in the same scaling limit of the AdSs R-matrix. Indeed,
R19 can be written as

Rip = T21R12T1§1 , (4.81)

where
Tyo = diag(ea(p1+p2), 6—ip2+ﬁ(p1+P2)’ e(ﬁ—i‘)m-ﬁ-(ﬁ—%)m7 e(a+i)P1+(a—i)P2) ’

with o and § arbitrary coefficients. The entries of Ry are given by

4i(u1 — ’UQ)(UlUQ — 1)

A =

BT 0+ )1+ ud)(ug — ug —2i)
By = —2 "%

UL — Uy — 21

~ 2i
Co=—"""78H—+#,

12 ul—uQ—Zi
- Uy — U
Dy = T 7

Uy — U2 — 21
~ up — ug + 21
Fpg ="t 4.82
12 Uy — U2 — 21 ( )
with the same associations of letters to entries as in (4.77) and (4.78).
Taking h = 0, the entries of Rys involving A1 drop out, and we recover the gl(1|1) R-matrix,

written down in its canonical rational form.

4.3.6. Bethe ansatz and twist

As we have seen, at leading order the R-matrix reduces to the canonical rational (Yangian)

R-matrix Rcan of gl(1|1), decorated by a Drinfeld twist. Let us rewrite the twist as

Tiz = tth By ® By; = P HPl B, @ 5 (4.83)
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where Ej; are unit matrices, i.e. 1 in row 4, column j and zero everywhere else, and we denote
by i the numerical coefficient multiplying the momentum in the respective spaces of the Tis

matrix. Similarly, we write the canonical R-matrix as
Reanto = T (pl,pg) Ey @ Ej = T12ZJ Ey; @ Ej (4.84)
such that at leading order the R-matrix reads
Riy = Th1 Rean12 T35 - (4.85)

We are now ready to write down the monodromy matrix. Denoting the auxiliary space with
the label 0, we have

M = Ro1 Roz2 -+ Ron
= T10 Reano1 Tyy' Too Rean02 Tgs' -+ Tivo Reanon Ty - (4.86)

Plugging the explicit expressions (4.83) and (4.84) into (4.86) we obtain

1131 z3k'1 zsk'2 Jii1 k13 kais k1j2 k2ja k3je
M = 7" 5™ 455 - rough rozph ozt - (to1?) T (ks ) T (8g30) !

Ejiky ® Biyjy @ Eigjy @ Eigjg -+ . (4.87)

Now we insert the dependence of the twist on the momentum. Most of the factors appearing in

the auxiliary space cancel, such that we are left with

— Silji—Enlpo silir—j2lp1 ,ilis—jalp2 ilis—jelps Ji1 kiis . kois
M = 'U17ENIPO L™ I2]P1 o13714ID2 oI5 76 “TOLE g T02ka s T03 ks (4.88)

Ejiky ® Eiyjy ® Eigjy @ Eigje -+ .

We can therefore define a new set of states and matrices

Ey=élethrp, la) = €' |a) | (4.89)
such that we still have
Eab Ecd = 5bc ad y Eab |Q> = 5bc |Q> s <Q|Q> = 5ab . (490)

Using these new vectors and unit matrices, the expression for M becomes indistinguishable
from the canonical one. Consequently the Bethe ansatz reduces to the standard one, except
with the vectors |a) now appearing in the wave functions: in particular, the Bethe equations for

M magnons will be

(“k_?)L:(—1ﬂ“%. (4.91)

Uk + 1
In the effective model obtained from this limit, excitations propagate as free fermions on a

periodic one-dimensional lattice.
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4.3.7. Bethe equations via the algebraic Bethe ansatz

To conclude this discussion of the weak coupling limit let us recall how the algebraic Bethe ansatz
procedure works for the standard gl(1|1) rational R-matrix, which, as we have just shown, is

relevant in the A — 0 limit. We define 7 (u) as in [86], namely

T(u) = (-)PePraT(u), (4.92)
AB
with
Alw) =T (u),  B(u)=-T?(u),
C(u) = T (u) , D(u) = T?(u) . (4.93)

The RTT equations determine the commutation relations for A, B, C and D. In particular, we

will need

AN B(p) = f(p, N)B() AN) + g(p, A)BA)A(p)

D(NB() = h(A, ) B(1) D(N) + k(A i) BO)D(1)

BN)B(p) = —q(X, 1) B(1) B(A) (4.94)
where

S A) = Rua(ps A)/Rsz (s A)

9(p, A) = Rog(p, A)/Ras(p, A)

h(A, i) = Raa(A, i)/ Raz(\, p)

k(A 1) = —Raz(A, )/ Raz (A, 1)

a(A, 1) = Raa(A, )/ R3z (A, ) - (4.95)

ANQ =a(N)Q, cNQ=0, DN =5V . (4.96)
This implies that €2 is an eigenstate of the transfer matrix
HA) = (—)IT (u) = A) - D(A) . (4.97)

The Bethe equations arise from requiring that the M-magnon state

M
O(pr, ..o pn) = [ [ Bl) 2, (4.98)
=1
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is an eigenstate of t(\). For instance, for M = 2 one gets

o) hp, pe) k(A ) (4.99)

§(m)  f(po, ) g(pa, A)

Substituting in the entries of the rational (weak coupling) R-matrix, we see that (4.99) is the

same as (4.91). This is the expected result for the gl(1|1) R-matrix® (see for instance [209]).

Let us note that this would actually be true for both the twisted and the untwisted R-matrix.



Yangian Symmetry of AdS; Superstrings

5.1. Secret symmetries and AdS3 Superstrings

5.1.1. Secret symmetries

The integrable structure permeating the AdS/CFT correspondence (see e.g. [7,210] for reviews)
keeps revealing new surprising features that extend our algebraic understanding of scattering
problems and uncover new structures in supersymmetric quantum groups.

For instance, the Hopf superalgebra which controls the AdS;/CFT} integrable system is a
rather unconventional infinite-dimensional Yangian-type symmetry [79,211], whose level-0 Lie
algebra sector is Beisert’s three-fold centrally-extended psu(2|2) superalgebra [93,121]. At level
1, the Yangian generators come each as partners to the level-0 ones, except for the presence of an
additional symmetry [95,97], which has no analog at level 0. This secret generator corresponds
to a hypercharge, and acts as a fermion number on the scattering particles, counting the total
number of fermions. Specific entries in Beisert’s S-matrix [93] of the form |boson) ® |boson)
|fermion) ® |fermion) and vice versa, for example, break the fermion number (—)"®@1+1®(-)F;
here, F' denotes the fermion number operator. This is restored at level 1 by means of the non-
trivial coproduct characteristic of the secret symmetry.

The presence of the hypercharge at level 0 would automatically extend the algebra, which
transforms the scattering excitations, to gl(2|2), but this is not straightforwardly compatible
with the central extension. Nevertheless, recent progress [86] based on the so-called RTT-
formulation of the Yangian has revealed how the secret symmetry is non-trivially embedded in
the algebra. However, it is still a challenge to obtain a translation to Drinfeld’s picture of this
discovery. Moreover, the issue of crossing symmetry is particularly delicate.

It is also not clear how much of this secret symmetry is accidental to AdSs and to the special
features of the Lie superalgebra psu(2|2) [212,196,213]. The fact that a similar effect has been

observed by now in a variety of (a priori unrelated) sectors of the AdS/CFT correspondence

105
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is an indication that this is not an isolated feature of the spectral problem. Nevertheless, all
these other sectors still lie within AdSs or close relatives. To see if this phenomenon is a truly
universal feature of integrability within the AdS/CFT framework, it is crucial to extend the
analysis beyond AdSs to other dimensions. At the same time, the deeper physical nature of the
secret symmetry remains quite mysterious, and we hope that investigating it in other instances
of the AdS/CFT correspondence might shed light on some of its most elusive properties.

This is the direction we wish to pursue in this Chapter. Specifically, we find secret sym-
metries in the AdSs spectral problem and analyse their features. Our present analysis also
yields interesting information about the AdSs case, when looking back in perspective, as we will

explain next.

5.1.2. AdS3 integrable scattering.

Recently, a new example of the AdS/CFT correspondence has become amenable to integrability
methods. This involves type IIB backgrounds with an AdS3 factor in the metric, and the two
most studied examples with 16 supersymmetries are AdSz x S% x T% and AdSs x S x §3 x S*.
The latter background is characterised by a continuum parameter « related to the radii of the
two 3-spheres, and which has a reflection in the appearance of the exceptional Lie superalgebra
D(2,1;) x D(2,1; ) as a superconformal algebra. Notice that in the contracting limit o — 0,
the algebra reduces to psu(1,1|2) x psu(1, 1|2), which, in turn, corresponds to the aforementioned
background with R3 x S!.

Such configurations provide instances of the AdS3/CFTy correspondence. This was trans-
ferred into the framework of integrable systems by [28], in which classical integrability was
demonstrated (see also [149]), a set of semiclassical finite gap equations for the spectrum were
formulated, and a conjecture was put forward for an all-loop quantum Bethe ansatz. The latter
was also fully elaborated into a spin chain picture [214]. The initial focus has been primarily on
the massive BMN modes [128], leaving aside the massless modes that now appear in contrast
with the AdSs case (see however [215,216]). The problem of a fully consistent treatment of
such massless modes has recently been investigated from a world-sheet perspective, paving the
way to incorporate these excitations into the scaffolding of integrability [217,195,218]. Our
motivation for pursuing an analysis of the quantum group symmetry algebra is dictated by the
desire of eventually elucidating the role the massless modes in the full quantum group behind
the scattering problem, building up on the Hopf algebra analysis of [195]. One is interested in
seeing if the algebra can help achieving the full description of the massless modes at the level
of the universal R-matrix. We hope this Chapter’s findings can provide a further step in that
direction.

To this end, we resort to the scattering theory developed in [219,220]. Specifically, the
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authors of [219,220] derived an S-matrix and Bethe ansatz for the AdSz x S% x §3 x S case
from a centrally-extended algebra of the Beisert type [93,121], adapted to a much smaller
residual symmetry transforming the excitations. In a way, the smaller components of the algebra
proliferate into several factors, only transferring the complication of a large single multiplet to
many smaller ones instead. In particular, one has left and right components to worry about in
the present case. We will describe this symmetry at length in the main text of the Chapter.

In [190], both the exact S-matrix and the Bethe ansatz for the AdSz x S x T* case were
constructed. This S-matrix received a series of confirmations from perturbative computations
performed using the string sigma model [165,149,221-223,194,224,225]. Suitable dressing phases
to supplement the S-matrix and making it into a solution of the crossing equation were found
in [226-228]. More studies have followed addressing various aspects of the spectral problem [229].
Furthermore, AdSs x S3 x T theories with mixed R-R and NS-NS flux have been analysed, and
they provide in principle an interesting setup for the study of the conformal limit of a combined
massive-massless integrable structure [230-233],David:2014qta, [234], cf. [198]. As a remark, we
should say that it is quite crucial to test the dressing-phase solutions with new methods, and the
algebraic one—via the universal R-matrix—could be a potential tool, as we will comment upon
in the conclusions. The present treatment may therefore have a bearance on the problem of the
dressing phases as well, as the inclusion of all symmetries of the system is essential to understand
how to formulate the universal R-matrix for the complete centrally-extended algebra.

Our algebraic treatment is general enough to encompass both backgrounds, hence we study
the sphere case from the beginning. In fact, the only difference is that one is dealing with two
copies of the fundamental gl(1|1); x gl(1|1), rather than only one copy, and having a parameter
s € R (s = « for the modes we study in this Chapter) equal to 1 in the torus case (a — 1).
The two copies factorise anyway, and all our formulee just go through for arbitrary s (we will
only need to remember to keep s non-zero to remain inside the massive sector for the current

concern of this Chapter).

5.2. Yangian of gl(1|1); x gl(1|1),

In this section, we first review the features of Hopf superalgebras salient to the description of
integrable scattering problems. For reviews, we refer the reader to [77,91] and references therein.
We then move on and summarise the relevant findings of [190] for the reader’s convenience.

Finally, we provide the details of the secret symmetries.

5.2.1. Hopf superalgebra generalities

One first has to fix an algebra of symmetries of the system which one wishes to describe. In

the superstring case, this turns out to be quite systematically a certain Lie superalgebra g.
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To be able to deal with multiparticle states, one needs two additional maps which turn the
algebra into a bi-superalgebra A. One is the coproduct, A : A — A ® A, that encodes how
the symmetry acts on two-particle states. The other map is the counit, e : A — C. A series of
compatibility relations, most of which of immediate physical intuition, guarantee the consistency
of the mathematical structure.

To go from a bi-superalgebra to a Hopf superalgebra, one equips the former with an antipode
map, . : A — A, which is used to define the antiparticle (conjugated) representation to any
given representation of the Lie superalgebra. The antipode is also subject to compatibility with
the other maps, as we will have a chance to revisit in the main text. For its nature, the antipode
is an anti-morphism, that is, .7 (ab) = (=)llltl.7(b).7(a) for all a,b € A; here |a| denotes the
Grafimann-parity of a € A. Moreover, one can prove that, if a bi-superalgebra has an antipode
then the latter is unique.

To obtain the two-particle S-matrix, one first defines the action of symmetry on in states by
means of the coproduct, as we stated above. On the other hand, the permuted map PoA =: A°P,
with P the graded permutation map, will be declared the action on out states. These two actions
can differ, in general, extending standard textbook quantum mechanics where the Leibniz rule
A(a) =a®1+1®a for all a € A guarantees the cocommutativity of the Hopf superalgebra,
that is, A°? = A. Since, nevertheless, A and A°P generate tensor product representations with
the same dimension, the two may be related by conjugation via an invertible element in the

tensor product algebra, and this is the S-matrix or the R-matrix in mathematical literature:
R e A A with A°(a)R = RA(a) forall a € A. (5.1)

When this happens, the Hopf superalgebra is dubbed quasi-cocommutative, and, if the R-
matrix satisfies an additional property which we will loosely relate to the physical bootstrap
principle [235,83], it is also called quasi-triangular. The S-matrix needs to be compatible with
the antipode, ensuring the physical crossing symmetry. A theorem of Drinfeld’s shows that
quasi-triangularity implies the Yang-Baxter equation and the crossing condition.

Hopf superalgebras provide a particularly suitable framework to formulate integrable scatter-
ing problems. Moreover, they unify the treatment of arbitrary representations of the symmetry
algebra (not only the fundamental particles but also the bound states transforming in higher
irreducible representations) in one single language. The so-called universal R-matrix R (that
is, the abstract solution to the quasi cocommutativity condition) has a special importance and

may sometimes be seen as an alternative to other approaches to the inverse scattering method.

5.2.2. Lie algebra, representations, and R-matrices

Let us begin by writing the action of the symmetry generators on the elementary scattering

excitations, by focusing on one of the two copies of gl(1|1); x gl(1|1),, say the left copy gl(1|1);.



5.2. Yangian of gl(1|1); x gl(1[1), 109

The right copy can be studied in complete analogy [190], and we will connect the two in section
5.3.2.. Each of these copies is further split into left and right representations that are related
by crossing symmetry. The non-vanishing (anti-)commutation relations of the generators of
gl(1]1); := (B, $H,Q, S) read as

(8,9 = —29, [8,6] = 26, and {Q,6} = -5 . (5.2)

Here, B and $ are Grafimann-parity even (bosonic) and 9 and & are Gramann-parity odd
(fermionic), respectively. Moreover, [-, -] denotes the commutator and {-,-} the anti-commutator.
We will directly put ourselves into what was dubbed the most symmetric frame in [190]. The
coproduct is obtained as (cf. [188,236] for the AdSs case)
A(B) = BRL1+1®B and A(H) = HRIL1+1H,
AQ) = Qe T +ei®0 and AG) = Gi+e 06, (5.3)
A(e?) = e?®e? and A(l) 1®1l,

where i := v/—1 and p € R. Due to the centrality of ¢, this coproduct is a Lie superalgebra

homomorphism.

Left representation. The left representation of gl(1]1); is described by a left doublet (¢, )

with symmetry action given by

1 0 h (1 O
B, = 9, = —*= ,
h (0 O h ({0 1
Q, = v 2<1 0>, GL-—V\/;<O 0>,

2is 1 1 ; xt
= iz — 2t = =ty — - - — o= — A4
vy i(z= —at), . x + 2 = and e o (5.4Db)

with 2% € C and s, h € R. Notice that h is a function of the *t Hooft coupling. There is no need

(5.4a)

where

to specify the momentum generator p as being left or right, as it will be common to the two
representations. If &, € C is an overall scalar factor (determined shortly), it can be checked

that the left-left R-matrix denoted by R, and defined by

+

Ty —x] ;¢ )
Ru(p®0) = &, 2—L T g0,

Ty — I

+_ ot o+

To — T i(p1tr) x
Ru(o®Y) = (I)LLz—ifr e P® ¢+¢)LL_72711/}®¢

Ty — Xy Ty, — a7 (5.5)

S +

To — Ty ;P +p ) T
Ru($®¢) = ¢LL%71+ . ¢®¢+(I)LL,7172¢®¢7

T2 T zy —afm

(P2 — m)
R,(Yy @) := &€ P ® Y,
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where the indices 1 and 2 refer to the two scattering particles (first and second factor of the

tensor product), indeed satisfies (5.1), that is,

The subscript in A7} and A;; means taking both factors of the coproduct (5.3) in the left

representation (5.4a).

Right representation. Crossing symmetry relates left and right representations of gl(1|1);.

The action of the right representation on the right doublet of excitations (¢,) is described by

1 0 v hf1 0
%R — (0 _1> 9 ~6R Cha _33+.’L'_§ (O 1)7
Q::_y\/501 6::_7\/E00
" Vatz=V2\o o)’ " Vetz=V2\1 0

with v and h as in (5.4b). The antipode . performing the connection is easily found applying

(5.7)

the defining rule
po(L®@1)oA = noe (5.8)

to the coproduct (5.3); the map p multiplies together two generators of the symmetry algebra,
while € is the counit and 7 the unit map. Both n and € have to satisfy certain Hopf algebra con-
sistency conditions with the multiplication and the coproduct map. In our case, these conditions
amount to

€FJ) =0 forall J € gl(1]1); and €(1) = 1, (5.9)
and the antipode acts simply as
@) = =3 forall J € gl(1]1);, L(e?) = e P, and Z(1) = 1. (5.10)

Hence, the antipode map is idempotent and thus the same as its inverse. It was found in [190]

that the left-right relation for any generator J can be written as
1
y(c&(mi)) = (g—l |:‘~JR <.1'i>:| Cg y (511&)

where % is the matrix of charge conjugation

1 0
¢ = (0 i), (5.11b)

and the apex denotes supertransposition. Charge conjugation allows to convert the left moving

basis states into the right moving ones by means of ¢ — ¢ and ¢ — i1).
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Letting @z, € C be an overall scalar factor (determined shortly), it can be checked that the
right-right R-matrix denoted by Ry and defined by

- .’L’Jr — LE; 31(1?1*172) - -

RRR(€5®¢) = QRR%G T oo,

Lo — Iy
- - IL’;_ —.731’_ i (P1=3p2) — - i’yyyg i (P1—p2) pz) - -
Ran(¢ @) = Ppp—=— e 1 ¢®¢+@RRWG YR, 5.12)
2 I 2 — T .
- - Ty —T] ;6 p1 p2) iviya ei=p2) - -
Ran(d ® @) = ®pp-2—L VO P+ B 2T G
Loy — Ty Lo — Xy

s(p1—p2) — -

RRR('&®'&) = Qppe’ T YPRY

satisfies the right-version of (5.1).

Mixed representations. One can now project the coproduct (5.3) into a mixed combination
of right representation in the first factor and left representation in the second, namely Ay, and

solve the equation for the scattering of a left mover with a right mover:
A??Iz(ﬁ) RRL = RRL ARL(\/}) fOI' all J € g[(l‘l)l . (513)

Letting ®5, € C be an overall scalar factor (determined shortly), the corresponding R-matrix

reads
R (¢—5®¢) — .’L'Q_.’Bi‘r—l (P1+p2)¢ QS—|—(I) ’yl’yg 7111—} Q}Z)
i B 3zl — 1° i (5] — 1)
- ToyT; — 1 ;Gritr) -
Ru(@ @) = &p 24 ——e 1 gap,
Tory — 1 (5.14)
- - (p p )
Ru(p®¢) == Spel 1 9@,
_ e -1 NG ) by
Ru (@) = @, % p1— p2¢®¢+<1>m%el% Qb ,
Tox] —1 x2 ry —1
and satisfies the crossing equation (cf. [191])
1
(€@ 1)R,) ( i,:@)(%@g )R, (z%,2F) = 191 (5.15)
x

1

(; meaning supertransposition in the factor i), provided the scalar factors are related by a specific
condition. Such a condition was the object of the analysis in [227].
The other possible combination of mixed scattering is obtained in [190] by solving the analog

of the coproduct relations (5.6) and (5.13) projected into the appropriate representations, the
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result being

— + .
- Tox7 —1 _.(1+p2) - 1 -
Rin(¢®9) = @y 2= e ™60 ¢+ 0 — 2 Ty @i,
Ty —1 Ty —1
_ . (p1—p2) _
Rin(p @) = Pppel 1 9@,
g . 5.16)
- 7o —1 _.(p1+3p2) - (
RLR(¢®¢) = LR%G_1 N Y ® ¢,
T Ty —1
+ — .
— Tox; — 1 .(1-3p2) - i : -
RLR(¢®1/’) = (I)LR%GI B w®w+¢m#e*‘%¢®¢,
Ty — 1 Ty — 1

where ®,, € C is an overall scalar factor (determined shortly).

The remaining crossing equations analogous to (5.15), and similarly dealt with in [227], read

1
(' © 1) Riy(—5.o5) (6 ©1) Runlat, o) = 191,
1
1
(10 € )R (ot — ) A0 €) Ruef,af) = 101, (5.17)
2
1
(1@%—1)R,§R(mf,§) (1®%)Ru(zt,2f) = 191.
2

Let us notice the the above R-matrices have the following property:

) . (p1—p2) [} . (p1tP2) zixl —1
RRR — Uil 61 2 RLL and RLR — LR € ! 2 27% RRL . (5.18)
(bLL RL CL‘2 :L‘l - 1

Scalar factors. We report for completeness the equations imposed on the scalar factors by
the crossing equations, together with the requirements of unitarity. In what follows, Ro; =
[PoR)] (23, 27) when we deal with R-matrices, while ®9; = ® (3, 27°) when we deal with scalar
factors.

[RLL]12 [RLL]QI =1®1 ’ [RRL]12 [RLR]QI =1®1 )
[RLR]12 [RRL]Ql =1®1 5 [RRR}IQ [RRR]21 =1®1.

(5.19)

We will not describe the solution proposed in [227], since we will not need such a solution for

the present algebraic purposes. The conditions are

+ 1
+ + xry — —
Ty — X 1
% [(I)RL]I = 73_ 1_ ) PQor [(I)RR]I = —F x12 ’
CC2 — .fCl ﬂ?l — F
2
— 1
- Ty — —F 5.20)
To — I 2 + (
q)LL [(I)LR]Q = 71 1, ; (bRL [(I)RR]Q = — wll 5
(I)LL [CI)LL]QI =1 y (I)LR [q)RL]Ql =1 y (I)RR [q)RR]Zl = 1.

In the above, [®]; denotes the antiparticle map in the variable i, namely @3 — 1/25.
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5.2.3. Yangian secret symmetries

In this section, we display the R-matrix Yangian symmetry as found in [190], completing the
information that was missing there regarding the type 9B hypercharge generator at Yangian level
1. We shall focus on the Yangian Y(gl(1]1);) of gl(1]1);.

Secret symmetry I. It can be shown that the left representation of the level-1 Yangian

generators of Y(gl(1]1);)
1, = ULQLa f1, = u, S, hlL = u,$,, and by, = u,B,, (5'213')

with the left spectral parameter
iZat (5.21b)

and the corresponding right representation of the level-1 Yangian generators of Y (gl(1]1);)

w11 0
elR = URQRa flR = uRgR, th = uRﬁR; and blR = ( ) (5223)
w22

0
with
. h . h . h . h
Wil = 1+12x7+_1mi’ Wog = 1—|—12x—Jr7 and wup = 5= (5.22b)

are symmetries of the R-matrices which we displayed in the previous sections; here 2+ and h are
as in (5.4b). The novelty with respect to [190] is the expression for the right level-1 hypercharge.
Notice that the generators of type 9, &, and § form an ideal inside the Yangian, since type
% is never produced by commuting any of the elements of the ideal. In view of this fact, in
principle, one might like to disregard a multiple of the identity added to b;. However, this
would not agree with the crossing symmetry to be described shortly. These generators being
symmetries amounts to saying that by projecting one and the same universal expression for each
level-1 Yangian coproduct A(j;) each time in the appropriate combination of representations,
one satisfies all the relations

A (1) Ry = R Ap(r), (5.23)

with k,1 € {z,r} and j; € {e1,f1,b1,b1}. After defining the level-0 generators simply as
eor = Qr, for = Gr, bop = Hr, and by, = By, (5.24)
the coproducts for the generators of the s[(1|1) ideal, already given in [190], look like

Aler) = ey@e  +e i @e;+elihy®ep,
A(f) = hedi+e T +f@eing, (5.25a)
A1) = h@1+1®@b+ho®bo,
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where we have here made explicit the braiding by the eP-type central element in the frame we
are using. The novelty is that we now have a level-1 canonical coproduct for the hypercharge
given by

Aby) = b1 @1 +1®b; —2fpeli ®egeld + by ® by . (5.25b)

With these formulae, one can prove that the level-0 and level-1 generators (both in the left
and the right representation), as well their coproducts (in all possible combinations of left and

right choices), are compatible with the so-called Drinfeld’s second realisation [74] of the gl(1|1)

Yangian:
[bo,en] = —2¢,, [bo,fn] = 2fn , {emsfn} = —bmin
[bmvbn] =0, [bmv] =0, {em,en} = {fmvfn} =0, (526)
[bm-i-h en] - [bma en—‘rl] + {bTmen} =0, [bm-i-l)fn] - [bmafn—&-l] - {bm’fn} =0

for m,n € Np.

Furthermore, all these symmetries, including the hypercharge generator, satisfy the crossing
symmetry. This proceeds as already described in [190]. Firstly, one derives from the coproduct
the expression for the antipode utilising (5.8) (with e annihilating all level-1 Yangian generators),

obtaining

S (e1) = —e1+egho, Z(f1) = —fi+Tfobho, Z(h1) = —bhi+b5,

) (5.27)
y(bl) = —b;1 —2fgeo+ b .

At this point, one can verify that the equation
. 1. 1
) = 7 i) | 529

indeed holds with the same charge conjugation matrix (5.11b), and for all the generators includ-

ing the hypercharge, that is, for ey, f1, b1, and b;.

Secret symmetry II. In the previous paragraph, we have found a secret symmetry (hy-
percharge generator) which, in contrast with the AdSs case [237,98], is embedded in Drinfeld’s
second realisation of the relevant S-matrix Yangian. In fact, there is a whole class [bq] := b; +s1
for s € R of secret generators preserving all desired relations. The coproduct on equivalence
classes [j| :=j+ sl is consistently defined up to multiples of 1 ® 1. Next, we would like to show
that, in the case of AdSs, there exists another class of secret symmetry generators, not embed-
ded in Drinfeld’s second realisation of the Yangian, and related to the class [b1] by performing

a quadratic Drinfeld map of the form

i = cii+ecanitit . (5.29)
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Here, /)\ is the level-1 Yangian generator in Drinfeld’s first realisation that is associated with jq,
(c,cap) are some constant coefficients, and j64 are the level-0 generators including bg. Such map
is used to switch between Drinfeld’s first and second realisations.

The generator we will now present is a symmetry of the R-matrix in all possible combinations
of left and right representations, and, similarly to the hypercharge in the previous section,
satisfies crossing symmetry. The expression for this alternative secret symmetry (which we call
E) is much closer to its AdS5 analog, and it may be the true AdSs correspondent of that general
phenomenon.

The symmetry is given by

~ -~ 0
b, = 6B, and by = [ , (5.30a)
0 722
where
b b3 1 b3 1
J = —i (" 4+z7), 711 = 14(1‘33+>’ and Ty = 14<$+x> (5.30b)

and z* and h as in (5.4b). Its universal coproduct reads
A(D) = bRL1+1®b+ cpe 't @fpe s + foe'd ®egeld | (5.31)

implying an antipode

Z(b) = —b—ho . (5.32)

Crossing reads the same way as for all the other generators we have in this Chapter, that is,
S(o,(*)) = ¢! [ER<;>] @ (5.33)
where € was given in (5.11b). Finally, the quadratic map (5.29) is given by
6] = —[by] + 3 (eofo — foeo + bobo) - (5.34)

The relation between the parameters s and ¢ in [b;] = by + s1 and [E} = b+ 1 is fixed by the
choice of matrix representation of the generators. Note that we are making explicit use of the
level-0 generator by to establish the relation between the two classes of secret generators. Because
of this, it remains to be seen whether the two secret symmetries can, in fact, be identified. We

emphasise that this is in contrast with the AdSs case where no such embedding exists.

AdS; versus AdS; secret symmetries. Our above analysis in the AdS3 case yields a new
perspective on the AdSs problem. In particular, our analysis provides a re-interpretation of the

observation made in [86] concerning how to incorporate the secret symmetry within crossing



116 5.3. RT T-realisation for the deformed gl(1]1); x gl(1]1), Yangian

(a problem that was observed in [95]). In fact, even in the AdSs case we may accept that
the crossed generator is some sort of right generator, to a left one being the secret symmetry
originally found. Most of the AdS; magnon multiplet is crossing self-dual, apart from the secret
generator, which indeed satifies a formula perfectly analogous to (5.32). Therefore, as noticed

in [86], the secret symmetry respects (5.33) by defining (in the notation of [95])

y
Ir(AdSs) = | —3(AdSs) + —¢ , (5.35)

g xE1/xE

where € is the central charge associated to the magnon energy, and g is the square root of the
AdSs5 't Hooft coupling divided by 4.

5.3. RT T-realisation for the deformed gl(1|1); X gl(1]|1), Yangian

In this section, we construct the RT T-realisation for the Yangian Y(gl(1]1); x gl(1|1),) origin-
ating from the full R-matrix for AdS3 x S2 x M4,

5.3.1. Algebraic formulation and representations

Let us now move on and specialise to the Yangian Y (gl(1]1);). We shall first analyse the algebraic

formulation of the Tg®s and then discuss explicit representations.

Algebraic formalism. Let us first focus on the left representation 7, , and, consequently,
on the left-left R-matrix R, as given in (5.5). In order to be able to derive abstract commutation

relations of the generators T,,g*, we need to set (see (5.4b))

h h h?
up, = izzy = ica] = uL—i—s—%—F(’)(u;?’) ,
2 2 du (5.36)
ho ho h2s _3
vo=igry = gz = v +s5— 102 +0(v,°)
and expand R, for large u,. One finds that
T_g® = 6gAUBl . (5.37)

The RT T-relations involving T_;g* show it is central. This, in turn, implies the centrality of U.
Furthermore, the R7 T -relations involving Top® yield the (anti-)commutation relations of a cer-
tain deformation of the Lie superalgebra gl(1[1);. In fact, to obtain the

(anti-)commutation relations of gl(1]1);, one should re-define the generators and work with

JogA = U-S(AHBIT LA (5.38)
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instead of Top®. Moreover, from level 1 upwards, the RT T -relations neither yield directly the
(anti-)commutation relations of gl(1|1); nor those of its Yangian Y(gl(1]1);). For instance, one

may check that
{T12", To1?} = s(—UTq1" + T12? + 1To2 To1? — 1Tp1%To2?) . (5.39)

Hence, to bring the (anti-)commutation relations into Yangian form we shall follow [86] and, in

addition to (5.38), consider

IipA = U-S0ARBIT, oA 1 )(AHICHBIHC)-(AHBI2AC)T O A (5.40)

The J,,B* we defined are slightly different from those reported in [86] as we want the corres-
ponding coproducts to be in the most symmetric frame.

Since the symmetry of the R-matrix for AdS3 x S x M* is a deformation of the Yangian
Y(gl(1]1); x gl(1]1),), we expect identifications that resemble the AdSs x S° ones. Indeed, a

short calculation shows that the combinations

By = 2(Jo1' +Jo2?) , By = 1(Ju1' + J12%) + Jor" + 5 (QoSo — SoQo) + $BoBy |
Ho = —Joi' +Jo2>,  Hi = —Ju' +Ji2® + §HoHo + §Ho ,
Qo = %3012 ; Q = ﬁJMQ + 2QoHo + 5Qo ,
So = —ﬁJml s S = —ﬁﬂml + 3SoHo + 5So,
(5.41)

for the left copy gl(1]1); in terms of the Jog® and J;g* as given in (5.38) and (5.40) obey
(m,n=0,1)

[BOaQn] = -2 Qn ; [BOaSn] = 2Sn ) {Qm;sn} - _Hm—i-n )
[Bmvﬁn] - 07 [Hma] = 07 {QmaBn} = {Smasn} = 0,
[Bm+l7Qn] - [Bma@n+1] + {Bman} =0 ) [Bm+1asn] - [BM7Sn+1] - {Bmasn} = 0.

(5.42)
The (anti-)commutation relations coincide precisely with (5.26). Here, B; corresponds the first
secret generator embedded in the Yangian we have found in the first part of the Chapter: see
(5.21a) and (5.22a).

We would like to emphasise that the above (anti-)commutation relations are inherited from
the RTT-relations: consequently, they are truly universal. Indeed, the generators given in
(5.4a) and (5.21a) are simply representations (by means of 7, ,, ) of these abstract ones, as we
will demonstrate shortly.

The coproducts for the generators (5.41) correctly match the expected ones (see e.g. (5.25a)

and (5.25b)). To verify this, one needs to make use of the identity

A (Tg?(u)) = Te®(u) ® Tc™(u) (5.43)
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induced by the R-matrix fusion relations.

The coproduct and commutation rules for
B = —1(Jn' +J12%) = Jor’ (5.44)

are the same as those for the second secret generator, however, the representations m, ,, (8) and

1., (b) do not coincide. On the other hand,
by = LI+ 1% - Tt - 41 (5.45)

gives the correct representation, but not the right coproduct. The key to resolving this issue is
to consider equivalence classes of generators as in (5.29). This enables us to reproduce all the

results from Section 5.2.3..

Representations. By projecting the second leg of the R-matrix we obtain a representation for
the abstract generators we found in the previous section. In particular, upon Laurent-expanding
the left-left R-matrix (5.5) in the spectral parameter u, around infinity, we obtain immediately
the following expressions for T}, g (v,) for m = —1,0:
TL—lll(UL) =1 s TL—122(UL) = U(UL)]l ,
) . (5.46a)
T, -11 (UL) =0 ="T,-12 (UL)

and

Too1l(vy) = %72(%)]1 + i(Ell +E22) , Tngl(vL) = ’y(vL)\/%sU(vL) Byt
TL 012(UL) — ’Y('UL) % S U('UL) E127 TL 022(UL) — U(UL) [ - %72(UL):H. + i(Ell + EQZ)]

(5.46b)
with
.le+
Uvy) == (/=% and ~(vy) = +/i(zy —xF) (5.46¢)
)

All higher level generators can be found in the same spirit. By using (5.41), this precisely
reproduces the representation of the first part of the Chapter, with the level-1 Yangian generators
indeed given in the evaluation representation with spectral parameter v;, that is, J,1a® =

v, 3.,0aB. Here, 3, 071AB denotes the left representation of the generators in (5.41).

5.3.2. Central Extensions

Finally, we would like to comment on central extensions. We can show that, if now we take the
right-left R-matrix (5.14) and proceed with the R7T-formalism in that case, we are actually
capable of reproducing the right copy gl(1|1), of the algebra gl(1]|1); x gl(1|1),. This means that

the Laurent expansion of the right-left R-matrix (5.14) in ug around zero yields the appropriate
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TrwmB™(v,) generators for the right copy of the factor algebra. We choose an expansion around
ur = 0 as this is the point at which the right-left R-matrix becomes almost the identity needed to
eventually get the Yangian charges. Let us notice that either large u, or small u; correspond to
large uaqg, as utilised in [86]. The explicit calculation confirms that, as anticipated, they behave
as their left partner. For the right copy gl(1|1),, we shall use the very same combinations (5.41)
apart from B; and ,5’ which we re-define as By — By — Hy + 1 and B — B+ Hy. This (central)
shift is necessary to match the evaluation representation for the right copy. We therefore refrain
from repeating the whole procedure. Instead, we shall rather derive the central extensions of

the algebra by means of the R7 T-relations via the expansion of Rgy.:

{Qi0,Qro} = Py, {Qn,Qro} = Pp1, {Qu,Qr1} = Py,
{Si0,Sr0} = Ko, {Si,Sr0} = Kp1, {Si0,Sr1} = Kp1,

(5.47a)

with
Py = Ko = i2(U-U") and Py = K1 = 12UH, . (5.47b)

In summary, the RT T-formulation not only gives back the whole deformed Yangian but also
puts left and right algebras on the same footing.
Finally, we wish to emphasise that one should be capable of deriving these relations from

the universal R-matrix R of the full algebra by means of
T(u) = EAP@Tp*(u) = EA®® Y u T 18*() = (m@L)R. (5.48)
m=0

Here, m, denotes the suitable spectral-parameter-dependent representation onto End(V'). Turn-
ing the argument around, our treatment can give important insight into the issue of formulating

a universal R-matrix for the current problem.
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Conclusions and Qutlook

6.1. T-self-duality of AdS, and AdS3 Superstrings

In Chapter 2, we have proved the self-duality of the supercoset sigma models describing strings
in AdSy x S x S (d = 2,3) under a combined T-duality along Abelian bosonic and fermionic
isometries of these backgrounds without gauge-fixing kappa symmetry of the sigma model ac-
tions. The main finding of our investigation is that T-duality along complex directions along

one of the spheres S is needed in order to map the original superstring action onto itself.

When d = 2 and d = 3, the corresponding sigma models describe only subsectors of the
complete superstring theories in AdSy x S¢ x M1°~2¢ backgrounds which also include 8(5 — d)
non-supercoset fermionic modes associated with the 10-dimensional supersymmetries that are
broken in these backgrounds. In the d = 3 case, the 16 non-supercoset fermions can be put to
zero by gauge fixing kappa symmetry, though this gauge is not admissible for all classical string
configurations. In the d = 2 case, there are not enough kappa symmetries to remove all the
24 non-supercoset fermions. Thus, one should prove the invariance of the AdS; x S¢ x M10-2d
superstring actions under the bosonic and fermionic T-dualities in the presence of the non-

supercoset fermions v.

It would be of interest to see whether and how the presence of these modes determine the
combined bosonic-fermionic T-dualisation of the AdS; x CP? background and corresponding

string sigma model. In particular, whether T-duality along complex CP? directions is required.

It would also be important to address an important problem of the combined fermionic and
bosonic T-duality of AdSy x S x M1'0~2¢ backgrounds for d = 2,3 in the presence of Neveu-
Schwarz—Neveu—Schwarz flux, as well as to find a manifestation of this T-duality on the CFT
sides of the correspondences for the Ramond-Ramond (and Neveu-Schwarz-Neveu-Schwarz)
d = 2,3 backgrounds.
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6.2. The AdS, X S? Worldsheet S-matrix

In Chapter 3 we have constructed the S-matrix describing the scattering of particular repres-
entations of the centrally-extended psu,(1|1)? Lie superalgebra, conjectured to be related to the
massive modes of the AdSy x S2 x T light-cone gauge superstring. A significant difference with
the AdS5 x S° and AdS3 x S3 x T* light-cone gauge superstrings is that the massive excitations
are taken to transform in long representations of the symmetry algebra psu(1]1)? x R3. Con-
sequently, under these assumptions there is no shortening condition and the dispersion relation
is not entirely fixed by symmetry. Furthermore, the symmetry only fixes the S-matrix up to
an overall phase, for which we have given the crossing and unitarity relations, which appear to
be more complicated than those in the AdSs x S° case. The exact form of both the dispersion
relation and the phase remain to be determined.

We have identified a natural way to take the massless limit on these representations, and
have analyzed in detail the limits (one massive and one massless or two massless particles) of
the massive S-matrix. The resulting expressions should play the role of building blocks for the
S-matrices of the massless modes of the AdSs x S? x T superstring. As for the AdS3 x S x T4
case the precise nature of this construction requires the knowledge of how all the states transform
under the full light-cone gauge symmetry algebra including any additional bosonic symmetries
originating from the 7% compact directions.

In the massless limit the light-cone gauge symmetry psu(1]1)? x R? can be extended to
a Yangian of the standard form. However this does not generalize in an obvious way to the
massive S-matrix. It would be interesting to see if there exists a non-standard Yangian in this
case. We are also currently investigating the presence of the secret symmetry [95,97] and the
RTT realization of the symmetry algebra [86,202]. Finally, we gave some initial considerations
to the Bethe ansatz for the massive S-matrix, in particular highlighting the existence of a
pseudovacuum. Due to the complexity of the parametrizing functions of the S-matrix and the
fact that we are considering long representations of the symmetry algebra the completion of the

algebraic Bethe ansatz remains an open problem.

6.3. Yangian Symmetry of AdS,; Superstrings

In Chapter 4 we performed a series of studies on the conjectured exact S-matrix for the massive
excitations of the AdSy x S? x T superstring. This S-matrix encodes the integrability of the
quantum problem, and is supposed to be the first step towards the complete solution of the
theory in the “planar” limit (no joining or splitting of strings). This in turn is expected to
provide information on the spectrum of the elusive superconformal quantum mechanics, which

should be holographically related to the superstring in this background.
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By employing the technique of the RT'T realisation, we have found the presence of Yangian
symmetry for the massive sector, and given two alternative presentations — both in the spirit
of Drinfeld’s second realisation [74] — along with the map relating them. We have studied the
Yangian coproduct, and found the conditions under which we can have a consistent evaluation
representation. In order to ascertain these requirements, we studied the co-commutativity of
the higher central charges, which is a necessary condition for the existence of an R-matrix. We
discovered that shortening is one way to have a consistent evaluation representation, exactly as
it was noticed in AdSs [196]. However, we demonstrated explicitly that there is a second route,
which crucially for the AdSs x S? superstring holds for long representations.

We also found, as in the higher dimensional cases, a secret symmetry, which is present only
at level 1 of the Yangian and at higher levels. This confirms the ubiquitous presence of this
symmetry in all the known manifestations of integrability in AdS/CFT.

We have studied the classical r-matrix of the problem, and rediscovered from its analytic
structure the need for the extra gl type (secret) generator. This is also similar to the situation
in the AdSs case.

We have taken the first steps towards a derivation of the Bethe equations starting from our S-
matrix (inverse scattering method). At zero coupling, we discovered that our S-matrix becomes
(up to a twist which is easily dealt with) two copies of the standard rational gi(1]|1) R-matrix.
This allows one to define a pseudo-vacuum in each copy individually, and enormously simplifies
the problem. Taking the zero-coupling limit of the S-matrix as a generating R-matrix for the
Algebraic Bethe Ansatz, we obtain an effective model of free fermions on a periodic spin-chain.
Let us note that this should be related to the would-be one-loop result of the first nested level in
the Bethe ansatz of the putative spin-chain, describing the superconformal quantum mechanics

dual to the superstring.

It seems that we are re-discovering many of the features of the AdSs (and, to a certain
extent, the AdS3) Yangian. In the AdS, case, however, the algebra is small enough that we are
able to say more, especially in terms of alternative presentations. This means that we may hope
to find the complete Drinfeld second realisation and derive the universal R-matrix through a
suitable ansatz. This would also help us to understand the higher dimensional cases. In turn,
we would then be able to finally construct the much sought after exotic quantum group, which
should quantise the classical r-matrix algebra, and would prove the algebraic integrability of the
system.

The most urgent challenge is probably to derive the full set of Bethe (Beisert-Staudacher)
equations for the spectral problem. They encode the information of the planar anomalous
dimensions in the dual theory, and would hence provide decisive information regarding the

nature of the holographic dual to the AdSs superstring theory. The simplifying assumption of
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zero coupling of course eliminates those entries which are responsible for the full pseudo-vacuum
being a mixed state in the two copies. Therefore, a more sophisticated technique, rather than
the simple algebraic Bethe ansatz computation we have performed here, might be required. This
should tie in with a thorough off-shell worldsheet analysis in the spirit of [121,195].

Further directions include studying D-branes in this background, and performing a boundary
integrability analysis as recently done in [238]. Also, it would be illuminating to continue the
perturbative and unitarity analyses of [181,239,94,194], obtaining further information on the

dressing phase and the dispersion relation.

6.4. Yangian Symmetry of AdS; Superstrings

In Chapter 5, we found a complete realisation of the secret Yangian symmetries for AdSs back-
grounds, including their crossing symmetry condition. We obtained two different classes of secret
generators: one is embedded in the gl(1|1) Yangian; while the other, more reminiscent of its
higher-dimensional AdSs analog, is not . Due to this embedding we are able to relate these
two classes abstractly by a quadratic map in the generators. Because of their Yangian-like
coproducts with the typical quadratic tail, a quadratic map is the most one would be allowed
to have, to map not only the generators to each other but their coproducts as well. For the
embedded level-1 secret symmetry, an interpretation within the superconformal algebra of the
theory (before the symmetry-breaking implemented by the choice of the spin-chain vacuum)
is likely to occur in the 7% case, where the level zero counterpart preserves the vacuum [190].
This is, however, not the case for the secret generator. By discussing the crossing symmetry
relation of the latter, we gain a new perspective that might be useful in interpreting a recent
observation of [86]. The secret symmetry was accommodated within crossing by allowing a shift
in the multiplying parameter. Our results seem to suggest that even in the AdSs case one might
find it useful to think of the crossed secret generator as a right generator, to a left one being
the secret symmetry originally found.

We also found an incarnation of the R7 T -construction of Beisert and de Leeuw’s [86] in the
AdSs3 case. We checked that it is possible to reproduce the Yangian from the R-matrix via the
RTT-construction, both for the left and the right scattering problem, extending the validity of

their framework to the lower-dimensional case at hand.

Let us point out a few open problems deserving further investigation and serving as future
directions for research.

Firstly, all our conclusions are extrapolated from specific representations. Therefore, one
should study general representations to assess the universality of our results.

Secondly, the universal R-matrix for the complete centrally-extended algebra is still unknown.

The same problem still plagues the AdSs case, although the recent result of [86] opened up the
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problem to a new promising approach. It also became clear that a significant re-interpretation of
the Khoroshkin—Tolstoy formula has to occur for superalgebras with vanishing Killing form [240],
and we hope that our analysis will provide further input to tackle the problem.

Finally, a world-sheet realisation of the secret symmetry in terms of non-local charges is still
missing in any dimension, and we believe it is absolutely crucial to close this gap. This would
be particularly important in view of the off-shell symmetry algebra approach of [121,217]. We

leave this fascinating problem to future investigations.
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