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Abstract

Heavy flavor observables provide valuable information on the properties of the hot and

dense Quark-Gluon Plasma (QGP) created in ultra-relativistic heavy-ion collisions. Previ-

ous study has made significant progress regarding the heavy quark in-medium interaction,

energy loss and collective behaviors. Various theoretical models are developed to describe

the evolution of heavy quarks in heavy-ion collisions, but also show limited performance

as they experience challenges to simultaneously describe all the experimental data.

In this thesis, I present a state-of-the-art Bayesian model-to-data analysis to calibrate

a heavy quark evolution model on the experimental data at different collision systems and

different energies: the heavy quark evolution model incorporates an improved Langevin

dynamics for heavy quarks with an event-by-event viscous hydrodynamical model for the

expanding QGP medium, and considers both heavy quark collisional and radiative energy

loss. By applying the Bayesian analysis to such modularized framework, the heavy quark

evolution model is able to describe the heavy flavor observables in multiple collision sys-

tem and make prediction of unseen observables. In addition, the estimated heavy quark

diffusion coefficient shows a strong positive temperature dependence and strong interac-

tion around the critical temperature.

Finally, by comparing the transport coefficients estimated by various theoretical ap-

proaches, I have quantitatively evaluated the contribution from different sources of devi-

ation, which can provide a reference for the theoretical uncertainties regarding the heavy

quark transport coefficients.
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Chapter 1

Introduction

The first few microseconds after the Big Bang, the temperature and energy density of our

Universe was so high that hadrons — bound states of quarks and anti-quarks — could not

form. Instead deconfined quarks, anti-quarks, and gluons existed in a thermalized state

known as Quark-Gluon Plasma (QGP). Only when the critical temperature of the Universe

dropped below a critical value Tc ' 154 ± 9 MeV, colored degrees of freedom confined

into color singlet objects and the first hadron formed. The QGP medium, which is perhaps

the simplest system of strongly interacting particles that exists in the context of Quantum

Chromodynamics (QCD), provides us a unique opportunity to study the theory of the strong

force and the phase diagrams of the QCD.

1.1 Quantum chromodynamics – QCD

Quantum Chromodynamics (QCD), being the theory of the strong force, is one important

piece of the Standard Model. The fundamental degrees of freedom in theory are quarks

and gluons, often referred to as partons, which carry color charge and cannot be directly

seen in nature due to color confinement. Elementary quarks and gluons form composites,

hadrons, which are particles that can be detected in nature. Mesons are bound states made

of one quark and one anti-quark 1, while baryons are made of three quarks.

1valence quark, different from sea quarks which come virtual quark-antiquark pair

1



1.1.1 QCD Langrangian

Many similarities exist between QCD and quantum electrodynamics (QED), which is the

theory to describe the electromagnetic force. QED has two degrees of freedom (positive

and negative electric charges) while QCD has three degrees of freedom (red, blue, and

green color charges). In both QCD and QED, the forces between the like charges are

repulsive while the forces between different charges are attractive. The interaction between

electrons is transmitted by photons in QED, analogous to the gluons transmitting force

between quarks in QCD.

We refer QED belonging to the U(1) group due to one type of photon forming the

generator of the group. QCD belongs to the SU(3) group with eight types of gluons being

the generators. In a simplified representation, we can write the QCD Lagrangian in a similar

way as QED one:[1]:

LQCD = Ψ̄(iγµDµ −m)Ψ− 1
4F

a
µνF

µν
a . (1.1)

Ψ is the 4NcNf -dimensional spinor of the quark field with Nc = 3 colors and Nf flavor

system, γµ are the Dirac matrices and m is the quark mass matrix. The covariant derivative

is defined as:

Dµ ≡ ∂µ − igTaAaµ, (1.2)

where g =
√

4παs characterizes the strong coupling strength, Aaµ is the gluon field and Ta

is the generator of the local SU(Nc) symmetry2. The gluon field strength tensor is defined

as

F a
µν = (∂µAaν − ∂νAaµ + gfabcA

b
µA

c
ν). (1.3)

The first term on the right hand side Eqn. 1.1 describes the dynamics of quarks and their

2In this case, Nc = 3 is the number of color charges.

2



interaction with gluons, and the second term describes the dynamics of gluons. Different

from QED where photons do not interact with each other, the gluons carry color charges

and therefore can couple to themselves. This non-Abelian feature of QCD renders itself to

be much more complicated than QED, as in an Abelian theory the elements commute with

each other and it is not the case in QCD.

In principle, every phenomenon in QCD is describable by the Lagrangian. However, in

practice, only the perturbative regime with small coupling strength is theoretically accessi-

ble. In the study of the strong force, we must rely on lattice calculation or phenomenolog-

ical modeling to understand the non-perturbative effects and explore the properties of the

QCD matter. Before we move on to the phenomenological model related to the strongly

interacting QCD matter, let us review two critical features of the QCD.

1.1.2 Two characters of QCD

Figure 1.1: [Left]: experimental results of the effective QED coupling from e+e− colli-
sion, measured by VENUS collaboration. Here t0 represent a typical momentum transfer
scale ans choose as |t0| = (10GeV)2. [Right]: summary of measurements of αs as a
function of energy scale Q. The respective degree of QCD perturbation theory used in the
extraction of αs is indicated in the brackets as next-to-leading order and next-to-next-to-
leading order approximation [2].

• Asymptotic freedom[3, 4]
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One of the most remarkable properties of the QCD is the fact that the strong cou-

pling constant becomes small for processes involving large momentum transfer Q2

– “hard processes”. To better demonstrate its consequence, recall what happens in

QED. In QED, the electron-positron pairs polarize the surrounding vacuum, result-

ing a stronger electric interaction at shorter distance/larger energy. In the momentum

space, the dependence of the effective coupling αem with respect to the momentum

transfer carried by photon is given by:

αem = αem(0)
1− αem(0)

3π log
(
Q2

m2
e

) , (1.4)

where αem(0) = 1/137 and the expression diverges when Qmax ∼ 10280 MeV (Lau-

dau pole), far beyond any particle accelerator energies we can achieve so far.

In QCD the situation is different. The self-interaction of gluons adds an additional

contribution to the one-loop correction, resulting in a change of sign for the β func-

tion. The coupling constant becomes small at shorter distance and large at large

distance. It is referred to as the anti-screening. The formula for the one-loop running

coupling constant in QCD is:

αs(Q2) = αs(Q2
0)

1 + αs(Q2
0)

12π (11Nc − 2Nf ) log
(
Q2

Q2
0

) . (1.5)

Figure. 1.1 confirms the experimental verification of this prediction. The left panel

shows the results for QED coupling while the right panel shows the running coupling

for the strong interaction. Note that αs is large compared to the electromagnetic

coupling αem ∼ 1/137; the running of the strong coupling is also strong, comparing

to a few percents of increase for a large momentum transfer in QED.

The equation1.5 can be further simplified when we define a QCD scale parameter
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ΛQCD as 1
αs(Q2) ≡

11Nc−2Nf
12π log(Q2/Λ2), now we have:

αs(Q2) = 12π

(11Nc − 2Nf ) log
(

Q2

Λ2
QCD

) . (1.6)

The QCD scale ΛQCD is approximately 0.2 GeV. When the momentum transfer Q2

falls below Λ2
QCD, the coupling constant becomes large and perturbative QCD, which

relies on the small number expansion, breaks down.

• Color confinement

The asymptotic freedom allows us to probe the interaction among quarks and gluons

at a short distance where the coupling is small. To the contrary, the growth of the

coupling at large distance leading to the binding of quarks and gluons into confined

colorless hadrons of size ∼ 1fm. Confinement is also the consequence of gluon

carrying color charge and coupling to each other. To model the confinement in a

phenomenological way, we can express the quark-antiquark potential in terms of a

Cornell potential:

V (r) = −4
3
αs(r)
r

+ σr, (1.7)

where αs is the strong coupling constant, σ is the tension coefficient, and r is the

distance between quark pairs. The first term on the right hand side of Eqn. 1.7 is

analogous to the Coulomb potential, but with the strong coupling constant. The sec-

ond term is unique to QCD and increases with increasing distance. When the quark

separation is small, the Coulomb part dominates, and the theory almost becomes

identical to QED but with a larger coupling. However, for a large separation dis-

tance, the linear part dominates, preventing two quarks from becoming completely

free.

At finite temperature, various properties of QCD become sensitive to confinement.
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Figure 1.2: [Left]: lattice QCD calculation of the pressure, energy density and entropy
density as a function of temperature, calculated by Hot QCD collaboration in a (2+1)-flavor
QCD [7]. The dark lines show the prediction for the (Hadron Resonance Gas) HRG model.
The horizontal lines in the upper right corresponds to the idea gas limit for the energy
density e/T 4, and the yellow vertical band marks the crossover region Tc = (154±9)MeV.
[Right]: Semi-quantitative sketch of the phase diagram in the plane of temperature T and
baryon chemical potential µB.

In particular, QCD predicts a phase transition from ordinary confined nuclear matter

to a deconfined new state of quarks and gluons at extremely high temperature and/or

density[5]. Understanding the structure of the QCD phase diagram is one of the keys

to our fundamental description of nature [6].

1.1.3 Lattice QCD and the QCD phase diagram

Lattice QCD is an exact method to solve the QCD Lagrangian and compute the thermody-

namic properties of QCD matter and its Equation of State (EoS). In lattice QCD calcula-

tions, one directly computes the grand partition function Z by discretizing the space-time

on a lattice (V × 1/T ) and extrapolating to the continuum limit:

Z(T, V, µ) =
∫
DΨ̄DΨAνa exp

[∫
(LQCD + µN )

]
. (1.8)

where µ is the quark chemical potential associated with quark number conservation. From

the grand partition function, one can derive other thermodynamic quantities, such as pres-
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sure (p), entropy (s), number density (n) and so on:

p(T, µ) = T
∂ lnZ
∂V

, s = ∂p

∂T
|µ, n = ∂p

∂µ
|T . (1.9)

The left panel of Fig. 1.2 shows the lattice QCD calculation of the normalized pressure

p, energy density ε and entropy density s as a function of temperature T . The solid lines

are a hadron resonance gas (HRG) estimation, which shows a reasonable agreement with

the lattice QCD calculation at lower temperature T < 150 MeV. The vertical yellow

band marks the cross-over region, where the QCD matter experiences the transition from

ordinary nuclear matter (a hadronic gas) to a deconfined state of quarks and gluons – Quark-

Gluon Plasma (QGP). The increase of normalized energy density ε/T 4 and entropy density

3s/4T 3 with respect to temperature is a direct manifestation of the cross-over, as the QGP

matter has more thermodynamic degrees of freedom due to the color deconfinement.

The lattice calculation shown in the EoS is done with µB = 0, corresponding to the

vertical y-axis region on the right panel of Fig. 1.2, which illustrates a sketch of our current

understanding of the QCD phase diagram in a plane of temperature T and baryon chemical

potential µB. The phase space is separated into three regions, where at the low temper-

ature and low chemical potential region, the QCD matter is in the hadronic phase. The

nuclear matter can experience the transition into a slow compression resulting in the cold

matter at very high baryon density; and a rapid compression leading to strong heating at

high temperature [8]. The former compression is not achievable yet in a laboratory but is

believed to exist in the interior of a neutron star. Under such condition, one would expect

that the neutrons undergo the first order phase transition, which dissolve and condensate

into a color superconductor at low temperature. More reviews on this phase can be found

on [8–10].

The second type of compression has been achieved in a heavy-ion collision. During the
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collision, two nuclei collide with each other with speed close to the speed of light, and melt

the overlap region, resulting in a phase transition from hadronic state to the deconfined

QGP. Such an extra-ordinary state is also believed to be the state of our early Universe

right after the Big Bang. The phase transition at zero or low baryon chemical potential

has been studied by lattice QCD calculation, which shows not a first order phase transition

but a smooth cross-over at the temperature around Tc = (154 ± 9)MeV. At larger baryon

chemical potential, due to the sign problem [11] one has to rely on phenomenological

models and comparison with experiment to explore this region.

The first order phase transition at low temperature, large baryon chemical potential and

a cross-over at high temperature, low baryon chemical potential imply that there might be

a critical point somewhere in between. In the laboratory, the only experiments which can

help us to find the critical points and explore the phase transition to QGP matter are ultra-

relativistic heavy-ion collisions. The two heavy-ion colliders currently operating are the

Large Hadron Collider (LHC) at CERN (Conseil Europeen pour la Recherche Nucleaire,

Geneva, Switzerland) and the Relativistic Heavy-ion Collider (RHIC) at BNL (Brookhaven

National Laboratory, New York, USA). In the next section, we will review a few key ex-

perimental discoveries in heavy-ion collisions.

1.2 Ultra-relativistic heavy-ion collisions

The search for the QGP medium under laboratory condition started in the late 1980s[12].

In 2000, CERN announced circumstantial evidence for the creation of the new state of

matter in Pb-Pb collisions at the SPS (Super Proton Synchrotron) accelerator. It is not until

2005, when BNL presented the results of their first five years of measurements of Au-Au

collisions at
√
sNN = 200 GeV at RHIC, that the QGP matter revealed its creation in a

laboratory. Since then, experiments at different collision systems and collision energies
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Figure 1.3: Schematic picture of a heavy-ion collision.

have been conducted and the heavy-ion community has been exploring the QCD phase

diagram and studying the properties of the QGP medium.

In ultra-relativistic heavy-ion collisions, two nuclei are accelerated to nearly the speed

of light. The two Lorentz-contracted pancakes of nuclei then collide with each other and

deposit energy in a compact overlap region. The energy density of the overlap region is so

high that the nuclear matter “melts” into a deconfined state of quarks and gluons. After a

short time, the system reaches a thermal equilibrium state known as Quark-Gluon Plasma

(QGP). The QGP medium then expands, cools down and hadronizes into final state hadrons,

which will be detected and relevant observables are measured.

Figure. 1.3 depicts a schematic picture of the different stages in heavy-ion collisions.

The timescale for the QGP phase evolution is in the order of < 20 fm/c (in a Pb-Pb colli-

sion). After the system cools down below a critical temperature Tc, the system undergoes

“hadronization” to colorless hadrons, “chemical freezeout”3, “thermal freezeout” 4. Exper-

3Here the chemical freezeout is referred to as when inelastic processes that change the hadronic species
and abundance stop. However, I should mention the separation of hadronization and chemical freezeout,
the concept of chemical freezeout, as well as the phase transition temperature and chemical freezeout
temperature are still under debate. In this thesis, we follow the philosophy of Ref. [13, 14] where chemical
freezeout is a process within the hadronic phase. For an alternative philosophy, where chemical freezeout
is interpreted as a statistical process associated with a phase transition, please refer to Ref. [15].

4Thermal freezeout is referred to when elastic and inelastic processes cease and the momentum of hadrons
stop changing.
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imentally, only the time-integrated quantities, such as the momentum spectra of the final

state hadrons (d3N/d3p), the particle multiplicity and yields (N) etc. can be measured.

Two of the most profound discoveries in heavy-ion collisions are: the QGP matter is a

hot and dense plasma which behaves like a near perfect liquid with small viscosity and ex-

hibits a collective flow; high energetic partons interact strongly with the medium, resulting

in a significant energy loss and strong suppression of the particle spectra comparing with

proton-proton collisions, also is referred to as jet-quenching.

1.2.1 Collective flow

Prior to the discoveries of RHIC and the LHC, the QGP was expected to be a gas-like state

due to the asymptotic freedom and color Debye screening. However, the collective behav-

ior, especially elliptic flow seen in RHIC Au-Au collision data, showed the quantitative

agreement with the prediction from a ideal fluid dynamics for the first time[21, 22]. This

led to the assumption that the quark-gluon plasma behaves like a “perfect fluid”, with a

small viscosity over entropy density ratio (η/s).

Collective behavior means that the emitted particles exhibit some common pattern, such

as a collective motion in the beam direction (longitudinal flow), a common motion of par-

ticles with respect to the spherical symmetry (radial flow), and azimuthal angle (trans-

verse/azimuthal flow). It is one of the most compelling evidence for whether or not a QGP

is created and whether the thermal equilibrium is achieved during ultra-relativistic heavy-

ion collisions. Investigation of such behavior provides us with insight into the fundamental

properties of the QCD system, such as details of the Equation of state, initial state fluctua-

tions, and the viscosity of the QGP medium.

We will focus on azimuthal anisotropic flow, which corresponds to particle emission

with respect to the azimuthal angle in the transverse plane. The origin of the anisotropic
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Figure 1.4: Schematic view of the time evolution in heavy-ion collision and the develop-
ment of the collective flow. Left, the time evolution of the collision reaction in the reaction
plane, Right: a sketch of the transverse plane at mid-rapidity, several phases of a typical
reaction can be identified.
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Figure 1.5: [Left]: Anisotropic flow integrated over 0.2 < pT < 5 GeV for two-particle
and multi-particle correlation as a function of centrality for Pb-Pb collisions at 2.76 and
5.02 TeV. Comparing the hydrodynamical model prediction [16, 17] (lines and bands) with
ALICE measurements[18] (error bars and dots). The two lower panels show the ratio be-
tween beam energies and the corresponding model predictions. Figure from [19] [Right]:
eccentricity-scaled elliptic flow v2/ε2 with respect to charge particle density per unit over-
lap area 1/SdNch/dy. The markers are constructed using the experimental measured el-
liptic flow 〈v2〉 and two-particle cumulant v2{2}, along with the charged-particle density
dNch/dy. The colored lines are the results calculated by hydrodynamical models with sev-
eral specific shear viscosity η/s = 0., 0.08, 0.16, 0.24. The eccentricity ε2 is obtained from
the MC-KLN initial condition model [20].
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flow generally is believed to be the anisotropy of the initial geometry. Figure 1.4 depicts a

simplified sketch of a heavy-ion collision event. When initially two nuclei approach each

other in the beam direction (z-direction), their orientation in space and the initial beam

direction defines the reaction plane xy. The distance between two centers of the nuclei is

referred to as impact parameter b. After they overlap, the energy of the original longitudinal

motion is converted into the internal degrees of freedom in the reaction, new particles are

created and thermalization occurs. After a short time, the energy density starts to relax, the

system undergoes expansion, the temperature and density reduces along with the expansion

till the hadronization.

In a non-central collision where the impact parameter b > 0, the overlapping region

has an elliptical almond shape which results in a steeper pressure gradient along the x-

axis compared to the y-axis. The difference of the pressure gradient drives the medium

expansion preferably in the x-direction. After the medium hadronizes into hadrons, the

azimuthal distribution of the final state particles shows the anisotropy, where the averaged

px component is larger than py component. Thus the initial spatial anisotropy is converted

to a momentum anisotropy.

To express the momentum anisotropy mathematically, we can expand the final-state

particle azimuthal distribution as a Fourier series:

E
d3N

d3p
= d3N

pTdpTdydφ
(pT , y, φ) = 1

2π
d2N

pTdpTdy

[
1 +

∞∑
n=1

2vn(pT , y) cos[n(φ−ΨRP
n )]

]
,

(1.10)

where E, pT , y, φ are the energy, transverse momentum, rapidity, and azimuthal angle of

the particle, ΨRP is the reaction plane angle associated with the initial density distribution.

The Fourier coefficients vn(pT , y), among which the first three are named as direct(v1),

elliptic(v2) and triangular(v3) flow according to their geometric origin, characterize the
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anisotropy of the system, they are given by:

vne
inΨEP

n =
∫
pTdpTdydφe

inφ dN
dypT dpT dφ∫

pTdpTdydφ
dN

dypT dpT dφ

=
〈
einφ

〉
, (1.11)

the angular bracket denote the average over particles of interest in all selected events, ΨEP
n

is the event-plane angle that points to the direction where the nth harmonic coefficient is

the largest5.

The initial spatial anisotropy, although is not accessible in experimental measurements,

is of great interest from the theoretical point of view. It can be characterized by the initial

harmonic eccentricity coefficients:

εne
inΨRP

n ≡
∫
rdrdφrneinφe(r, φ)∫
rdrdφrne(r, φ) = {r

neinφ}
{rn}

, (1.12)

where e(r, φ) is the initial energy density distribution in the transverse plane, and the curly

bracket denotes average over the initial energy density.

Without considering the initial state fluctuation, we expect a near-linear dependence of

the flow coefficients vn on the spatial eccentricity coefficient εn, at least for lower order har-

monics v2, v3. The conversion efficiency from εn to vn depends on the details of the EoS,

the properties of the system such as the shear and bulk viscosity (η, ζ) and other unknown

factors. By measuring the flow anisotropies, we can, in principle, determine the properties

of the medium experimentally. Figure. 1.5 shows the centrality dependence of the inte-

grated flow v2 in Pb-Pb collisions at 2.76 and 5.02 TeV, and compares the calculation from

a hydrodynamical model with experimental measurements by ALICE collaboration. The

elliptic flow v2 shows a strong dependence on centrality up to 50% due to the correlation

of the increasing impact parameter with the initial-state anisotropy. For higher centrality,

5The reaction plane angle related to the initial condition, which is un-measurable. In experiment, we use the
event-plane angle to approximate the reaction-plane angle. Without the interference between different or-
ders, we expect ΨRP and ΨEP point to the same direction on average and up to event-by-event-fluctuations.
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the QGP medium does not survive long enough for the flow to fully develop even though

the anisotropy is large in those collisions. Meanwhile, the triangular and quadrangular flow

v3, v4 have weaker dependence in centrality since they are mostly driven by the initial-state

fluctuation.

The right panel of Fig. 1.5 shows the eccentricity-scaled elliptic flow v2/ε2 with respect

to the charged particle density per unit overlap area 1/SdNch/dy for Au-Au collisions at
√
sNN = 200 GeV. The symbols are calculations using the experimental measurements

of elliptic flow v2 and charged particle density dNch/dy, while the colored lines are the

hydro calculation with different shear viscosity values. The ratio between v2/ε2 is strongly

dependent on the specific shear viscosity η/s, which can be used as the criterion to calibrate

the hydrodynamical model. In the case of the initial condition being generated from an

MC-KLN model, the optimal value for η/s is around 0.26.

1.2.2 Jet quenching

“A jet is a narrow cone of hadrons and other particles produced by the hadronization of a

quark or gluon with large transverse momentum in a particle physics or heavy-ion exper-

iment” [24]. “Jet-quenching” is one of the “smoking guns” for the creation of the QGP

medium, described as the suppression of the high pT (pT � ΛQCD) hadron spectra in

heavy-ion collisions compared to the corresponding observables in proton-proton colli-

sions.

One important assumption in QCD is that we can separate the short and long distance

processes and thus the production of a hadron h with large transverse momentum pT can

6I should remind that the extraction of the shear viscosity is a complex process and requires systematic
investigation. The extraction is highly correlated with different components such as the initial conditions,
the bulk viscosity implementation, the hadronic state interaction and so on.
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Figure 1.6: Experimental measurements of nuclear modification factor RAA of neutral
pions π0, charged hadrons h± and charged particle at Pb-Pb collisions at 17.3 GeV, Pb-
Pb collisions at 2.76 TeV and Au-Au collisions at 200 GeV, as a function of transverse
momentum pT , compared with several theoretical models. Th error bars on the points are
statistical uncertainties, and the yellow boxes around the CMS points are the systematic
uncertainties. Figure is taken from [23].

be factorized as:

σA+B→h ∼ fAa (xq, Q2)
⊗

fBb (x2, Q
2)
⊗

σa+b→c+x(x1, x2, zpT , Q
2)
⊗

Dk→h(z,Q2).

(1.13)

σa+b→c+x is the cross section of short-distance process of parton a, b scatter and produce

final state parton c, which can be computed perturbatively up to some order of αs above

a lower pT limit. The two terms fAa (x,Q2), fBb (x,Q2) describe the parton distribution

function (PDF) of a parton (a/b) inside the collision object (protons, nuclei) A/B. The

fragmentation function Dk→h(z,Q2) describes the process of a parton c propagating and

hadronizing into a hadron h. The long-distance processes, in this case, the parton distribu-

tion functions and hadronization processes are non-perturbative yet assumed to be univer-

sal, therefore we can reply on experimental measurements to determine the fragmentation
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function.

In ultra-relativistic heavy-ion collisions, due to the existence of the QGP medium, the

high pT parton interacts with the medium and its propagation is modified:

Dk→h(z,Q2)→ D′k→h(z,Q2). (1.14)

We can quantitatively measure the modification by comparing the cross section/spectra of

the hadron h in a nucleus-nucleus collision with that in a proton-proton collision:

Rh
AA(pT ) = dNh

AA/dpT
〈Ncoll〉 dσhpp/dpT

, (1.15)

where 〈Ncoll〉 is the average number of binary nucleon-nucleon collisions in AA collisions.

This is called the nuclear modification factor and is one of the most important observables

in heavy-ion collisions. For a nucleus-nucleus collision that is assumed to be a superpo-

sition of 〈Ncoll〉 independent nucleon-nucleon collisions, the nuclear modification factor

approximately equals to unity if there is no medium modification, which is indeed the

case for gauge bosons such as photons, W and Z bosons that do not strongly interact with

the medium [25, 26]. However, the experimental data of the light particles reveals a very

different behavior. Figure 1.6 shows the RAA of charged hadrons and identified particles

(h±, π) in the central collisions from three different collision systems: Pb-Pb collisions at
√
sNN = 17.3 GeV, Pb-Pb collisions at 2.76 TeV and Au-Au collisions at 200 GeV, and

compares the experimental measurements with a few theoretical model calculations. It is

seen that the high-momentum particles are strongly suppressed at RHIC and LHC. More-

over, for collisions with higher center-of-mass energy(2.76 TeV vs. 200 GeV), the medium

created in the collision has a higher temperature and this leads to more energy loss for

the parton, results in the slightly larger suppression in the LHC energies. Finally, the rise

of RAA at LHC energies for very high momentum pT suggests that the energy loss of the
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high momentum jet decrease with their energy, as one would expect from the asymptotic

freedom.

In addition to the in-medium interaction - which is called the hot nuclear matter effect

or final state effect, the value of RAA also depends on cold nuclear matter effects, i.e. the

parton distribution function of a parton a inside a nucleus A – nPDF fAa (xq, Q2) – can be

different from a parton distribution function in proton – PDF fpa (xq, Q2). The former can

be factorized as parametrization of the latter one – fAa (xq, Q2) = RA
a (xq, Q2)fAa (xq, Q2).

An up-to-date parametrization of this effect, including the nuclear shadowing effect and

the Cronin effect [27, 28] is essential for properly separating the contributions of different

aspects of the collision dynamics in order to describe the experimental results.

One of the theoretical tools to understand parton energy loss in the QGP medium, is

the introduction of a set of transport coefficients q̂, ê, ηD, κL, κT , Ds2πT as quantitative

variables relevant to the parton energy loss and in-medium interactions. These transport

coefficients – among which q̂ = 2κT is defined as the parton transverse momentum broad-

ening, κL is defined as the parton longitudinal momentum variance, ê is defined as the

parton energy loss, ηD is defined as the drag coefficients, Ds2πT is defined as the spatial

diffusion coefficient – are properties of the medium, but also depend on the momentum

of the parton. The estimation of those transport coefficients provides us insights into the

quasi-particle nature of the QGP medium, as well as the interaction mechanisms in the

QCD system. The typical estimates for those coefficients show sizable uncertainties and

vary significantly among different models. How to systematically estimate these coeffi-

cients and evaluate them among different models will be the main focus of this thesis work.
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Figure 1.7: Comparison of RAA and v2 between pions and electrons from heavy flavor de-
cays in Au-Au collisions at

√
sNN = 200 GeV [29, 14, 30–32]. The errorbars corresponds

to statistical uncertainty while the vertical boxes and bands correspond to systematic errors.
[Upper]: at low pT , the RAA of electrons is consistent with unity, in agreement with the
observed scaling of the total charm yield with the number of binary collisions. For higher
pT a strong suppression of heavy flavor decayed electrons is observed and comparable with
light hadrons. Figure from [33]. [Lower]: Considerable anisotropic flow of heavy-flavor
electrons vHF

2 with π v2 in minimum-bias Au-Au collisions.
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1.2.3 Open heavy flavor as hard probes

Heavy quarks – charm and bottom – like jets, are considered as one of the important hard

probes of the QGP medium. Their masses (mc ∼ 1.3− 1.5 GeV, mb ∼ 4.2− 4.5 GeV), as

implied by the name, are much larger than the typical temperature of the QGP medium and

the QCD scale (ΛQCD = 0.2 GeV). This has several implications:

• Heavy quarks are produced via partonic hard scatterings at the beginning of the colli-

sion. Their large masses act as a long-distance cutoff and therefore the partonic hard

scattering can be calculated in the perturbative approach, even for the production of

low momentum heavy quarks.

• Heavy quarks are produced during a very short times before the QGP thermaliza-

tion. They propagate through the medium and experience the whole evolution of the

system. During the propagation, heavy quarks interact with the medium and their

spectra are modified and therefore sensitive to the interactions between heavy quarks

and the medium, which provide valuable information on the QGP properties.

• Low pT heavy quarks participate in the collective expansion of the system through

the interaction with the medium. The thermalization time of heavy quarks is much

longer than the light quarks by a factor of MQ/T ∼ 5− 15. It is possible that heavy

quarks are not fully thermalized in the medium and their spectra can be significantly

modified but still retain memories of their interaction history.

• Furthermore, heavy flavor hadrons can be easily tagged due to flavor conservation.

Experimentally, theD-mesons (D+(cd̄),D−(c̄d),D0(cū), D̄0(c̄u),D+
s (cs̄),D−s (c̄s))

can be reconstructed through their decay products — the hadronic decay channel to

pions(π) and kaons(κ), or semi-leptonic decay channel to electrons(e) and muons(µ).

Before the measurements of heavy flavor observables, it was expected that the dominant
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energy loss mechanism of heavy quarks would be gluon radiation, just like for jets. Since

the gluon bremsstrahlung radiation of an accelerated heavy quark is suppressed within an

angular cone of size θ < MQ/E (dead cone effect), one would expect that the heavy quarks

will lose less energy in the medium compared to light quarks and gluons. The nuclear

modification factor would show a pattern of a gradually increasing with the increase of

mass Rh
AA < Rc

AA < Rb
AA.

However, the experimental measurements of electrons from semi-leptonic decay of

open heavy flavor hadrons have shown two striking results: 1) a small RAA of eHF com-

parable with that of light hadrons at high pT ; 2) large vHF
2 at low pT comparable with that

of light hadrons, as shown in fig. 1.7. Both the strong suppression and the simultaneous

participation in the collective expansion indicate that heavy flavor quarks interact strongly

with the QGP medium and lose a large amount of energy.

The left panel of Fig. 1.8 compares RAA and v2 of D-meson, B-meson and charged

hadron in Pb-Pb collisions at 5.02 TeV in minimum-bias events. The D-meson RAA shows

a maximum suppression at a pT range of 6-10 GeV/c, and a significant smaller suppression

for high pT . Additionally, the D-meson v2 is consistent with the charged particles v2. For

non-central collisions, large and positive values of D-meson v2 are observed at both RHIC

and the LHC, as shown in the right panel of Fig. 1.8 where the ALICE measurements of

the D-meson v2 and pion v2 are compared, indicating a strong collective flow. At high pT

(>10 GeV/c), the non-zero v2 of heavy mesons is also measured. It should be noted that in

this kinetic region, v2 is no longer sensitive to collective phenomena but is most sensitive

to the in-medium energy loss.

One possible explanation for the strong suppression of heavy flavor observables is the

collisional energy loss mechanism, which has been pointed out to be comparable with

radiative energy loss over a wide range of momenta, and is important for heavy quark

interactions in the medium. The contribution from collisional energy loss mechanisms has
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Figure 1.8: [Left]: Nuclear modification factor of charged particles, D0 meson, non-
prompt J/Ψ and B∗ mesons performed by CMS at Pb-Pb collisions at 5.02 TeV. Experi-
ment data are taken from [34–36]. [Right]:Average of D0, D+, D∗+ v2 as a function of
pT at Pb-Pb collisions at

√
sNN = 5.02 TeV (black errorbars), compared with the same

measurement at
√
sNN = 2.76 TeV (blue errorbars) and to the π± v2 measurements (red

errobars).

been included in many theoretical frameworks that describe the heavy flavor evolution in

the QGP medium, and has shown its ability to describe part of the observations.

The relevant question to be addressed are:

• What is the variance of energy loss mechanisms and the kinematic range to separate

between collisional and radiative energy loss mechanisms?

• What are the heavy quark transport coefficients, and how to interpret those coeffi-

cients?

• What are the properties of the QGP medium, and how would the interaction between

heavy quarks and the medium reflect the nature of this QCD system?

To answer those questions, a variety of theoretical models are developed, and through a

comparison of the theoretical calculation with the experimental measurements, one could

in principle, differentiate the different interaction mechanisms, constrain the transport co-

efficients and understand the underlying nature of the QGP system.
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1.2.4 Outline of the dissertation

The thesis is organized as follows:

In chapter 2 I will briefly introduce the “standard model” of heavy-ion collisions, which

is a phenomenological model of the QGP medium based on a relativistic viscous hydrody-

namical framework. The standard model incorporates with a heavy quark evolution model,

which together describe a consistent full space-time evolution of the heavy quarks inside a

heavy-ion collision from the initial production to the final measurements.

In chapter 3 I will focus on heavy quark in-medium propagation, where the partonic

scattering cross section of heavy quarks with light partons are calculated, and the transport

coefficients of heavy quarks are evaluated via a leading-order perturbative QCD approach.

Then I will implement a linearized Boltzmann approach, reduce it to a Langevin dynamics

and improve the Langevin dynamics with an additional contribution for radiative processes.

The results of heavy meson observables are calculated using the default set-up, without

further tuning of the parameters and calibration to experimental measurements.

Chapter 4 will be devoted to introducing a Bayesian model-to-data analysis framework.

The Bayesian framework is a state-of-the-art statistical analysis which is applied in our

analysis to calibrate the heavy quark transport model to experimental measurements of

D-meson observables. The advantages of such a framework are that it provides us with an

opportunity to conduct a systematic and rigorous evaluation of the theoretical model, which

optimizes the model to its best performance and takes into consideration of the theoretical

and experimental uncertainties.

In chapter 5 I will apply the Bayesian analysis framework to the heavy quark trans-

port model in heavy-ion collisions, and present the results of such an analysis: an opti-

mized transport model that is able to describe the heavy flavor experimental observables; a

systematic estimation of the charm quark transport coefficients. Such application demon-
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strates that such Bayesian optimization and parameter estimation can succeed in heavy-ion

physics, even for rare probes.

In chapter 6 I will compare the heavy flavor transport coefficients estimated by different

theoretical models. It shows that the part of the current theoretical uncertainties regarding

the heavy flavor transport coefficients come from the details of framework implementation.

In order to make a precise estimation of the heavy flavor transport coefficients and to un-

derstand the properties of the QGP system, one should look towards a universal framework

that could eliminate the implementation difference.

Finally, a summary of the thesis will be given at Chapter 7.
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Chapter 2

Standard model of Heavy-ion Collisions

Over the past two decades, significant progress has been made regarding the study of hot

and dense nuclear matter – the Quark-Gluon Plasma (QGP) – that is created in ultra-

relativistic heavy-ion collisions. It is now widely accepted that the QGP is a strongly-

correlated fluid, rather than a weakly-coupled gas. Extensive and precise experimental

measurements coupled with theoretical developments have revealed a multi-stage dynami-

cal picture of heavy-ion collisions events, as visualized in Fig. 2.1.

This picture has been called “standard model of heavy-ion collisions”. It contains the

key elements of the underlying physics for heavy-ion collisions at different stages. In subse-

quence chapters, I will incorporate the evolution of open heavy flavors into this framework

in order to describe the evolution of heavy quarks in heavy-ion collisions, and estimate

properties of the QGP medium – mainly the heavy quark transport properties.

The “standard model of heavy-ion collisions” can be separated into sequential stages:

• Initial conditions: the initial conditions describe the energy/entropy density distri-

bution of the system right after the collision. It fluctuates event-by-event, and such

fluctuations contribute to the final state anisotropy. Different models have been devel-

oped in order to generate the initial condition for heavy-ion collisions: the geometric

initial condition Glauber model [37, 20], a color glass condensate(CGC) inspired

Monte Carlo KLN model [38, 39], and classical Yang-Mills dynamics of gluon fields

combined with CGC-based saturation scale model IP-Glasma [40, 41]. In this

work, we use TRENTo [42], a parameteric initial condition generator which maps

the nuclear overlap density into an initial entropy density distribution.
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Figure 2.1: Left: space-time picture of a heavy-ion collision event, where the color in-
dicates the temperature of the system. Right: snapshots of a central Pb-Pb collision at√
sNN = 2.76 TeV at different timesteps.

• QGP phase evolution – relativistic viscous hydrodynamics: one of the key compo-

nents of the “standard model of heavy-ion collision” is that the evolution of the QGP

medium can be simulated by an effective field theory model – relativistic viscous

hydrodynamics model. In this work we use an event-by-event (2+1)-dimensional

viscous hydrodynamical model – VISHNU [43, 44] – to describe the evolution of the

QGP medium in this stage.

• Particlization and hadronization: the hydrodynamical model describes the long-wavelength

evolution where the system is dense and strongly coupled. As the QGP medium

expands and cools down, the macroscopic description breaks down and we should

(smoothly) switch to a microscopic model that is based on kinetic theory and better

suited to describe the system. Such a change of the system’s degrees of freedom is

referred to as “particlization”. Furthermore, the switching of the description is re-

lated to ( but not equal to ) a more fundamental physical phase transition process

– “hadronization”, during which the deconfined quarks and gluons hadronize into

confined hadrons. One would expect that the switching temperature Tswitch should

be close to the critical temperature Tc of the QCD Equation of State. In this work,
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we are using particle samplers iSS and frzout to sample hadron species from the

momentum distribution of the soft medium.

• Hadronic stage: after the system hadronizes into a hadron resonance gas, the hadrons

keep interaction with each other (scattering and decaying) until reaching the kinetic

freeze-out. The particles then fly into detectors and experimental measurements are

made. The dynamics of the hadronic system from the switching temperature Tswitch

to kinetic freeze-out can be described by a microscopic transport model based on a

Boltzmann equation - UrQMD [45, 46].

The framework listed above provides a reliable description of the QGP medium evo-

lution in heavy-ion collisions, from which we can calculate observables of the soft sector

which are comparable to experimental measurements such as charged particle/identified

particle spectra, multiplicity, mean transverse momentum, mean energy, momentum anisotropy

etc., and estimate the intrinsic properties of the system, such as the shear and bulk viscosity,

as well as the correlation between initial fluctuation and system anisotropy.

To gain more insight into the system, especially the behavior of particles at high mo-

mentum region (where the perturbation QCD is applicable), one has to look at other probes

– hard probes, including but not limited to heavy quarks, jets, photons etc. This thesis work

focuses on the evolution of heavy quarks in heavy-ion collisions. In order to integrate heavy

quark dynamics into the “standard model of heavy-ion collisions”, we exploit a transport

framework, where the dynamics of heavy quarks are described by transport equations – ei-

ther a Boltzmann equation or a Langevin equation. The interaction between heavy quarks

and the medium is described correspondingly as scattering between partons (Boltzmann) or

random kicks from the medium constituents(Langevin). In addition to the in-medium dy-

namics, one has to generate an initial condition for heavy quarks that is consistent with the

soft medium, adapt the hadronization process as well as the later stage interactions among
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hadrons.

• Initial conditions: the initial conditions for heavy quarks contain two parts: 1) An

initial momentum distribution of heavy quarks that are produced via hard scattering.

It is calculated using a pQCD calculation of the fixed-order plus next-to-leading log

formula (FONLL) [47, 48]. In addition, we adopt to EPS09 next-to-leading-order

parametrization to describe the nuclear PDF [28, 49]. 2) The other part of the initial

condition is the initial position distribution for heavy quarks. It is generated con-

sistently with the initial energy/entropy density distribution for the event-by-event

hydrodynamical evolution by the parametric initial condition model TRENTo. The

heavy quark production vertices are based on the binary collision distribution as de-

termined by the thickness function T̂AB.

• In-medium evolution: After their production, the heavy quarks propagate through

the QGP medium. During their propagation through the QGP medium, they interact

with the medium and lose energy. In a quasi-particle picture of the QGP medium, the

space-time evolution of the heavy quarks can be described by the Boltzmann trans-

port equation. With a small momentum transfer assumption, it can also be described

by the Langevin equation.

• Hadronization – a hybrid model of fragmentation and recombination: When the tem-

perature of the QGP medium drops below the critical temperature Tc = 154 MeV,

the medium undergoes a transition from a deconfined QGP to a confined hadron

gas. Meanwhile, the heavy quarks hadronize into heavy flavor hadrons (meson and

baryon). The hadronization of heavy quarks is described by a hybrid model of frag-

mentation and recombination, where the former one is simulated by PYTHIA[50]

and the latter is described by the Wigner function with the harmonic oscillators over-

lapping.
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• Hadronic stage: hadronic interactions are simulated in the same UrQMD framework

as all other hadron-hadron interactions. Elastic scattering between D-meson and

π, ρ,K are considered. The rescattering and decay of heavy mesons in this stage has

been found to further contribute to the suppression of its pT spectra and momentum

anisotropy.

The full space-time evolution model for heavy quarks in heavy-ion collisions is sketched

in Fig. 2.2, where the workflow of the computational modeling maps to the evolution of the

system at each stage. I should mention that there are other frameworks to model the evo-

lution of the QGP medium instead of an effective hydrodynamical model. For instance, a

kinetic-based partonic transport model – BAMPS (Boltzmann Approach for Multi-parton

scattering)[51, 52], with the medium consisting of partons and the interactions within

medium being described by collisional and radiative scatterings; or a quasi-particle trans-

port model – PHSD[53, 54] (parton hadron string dynamics), which describes the QGP

evolution as an interplay between partons, strings and hadrons. Those model explore dif-

ferent assumption of the QGP medium and are able to describe a variety of observables, as

well as estimate the properties of the system. We do not intend to compare the alternatives

here but utilize the hydrodynamical-based framework, which is the most natural choice for

the integration with the heavy quark evolution framework.

The heavy quark in-medium transport model will be explained in great detail in the next

chapter 3. For this chapter, we will briefly introduce the medium evolution framework as

a background for heavy quark evolution, as well as other components regarding the heavy

quark production, hadronization and hadronic stage scattering in the framework.
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Figure 2.2: A summary of the modulized description of heavy quark space-time evolution
in heavy-ion collisions.

2.1 Initial condition

In heavy-ion collisions, initial partons production occurs via the initial soft and hard pro-

cesses. Hard processes, which involve large momentum transfer, can be calculated by per-

turbative QCD. Unfortunately, soft processes involving non-perturbative physics are rather

difficult to calculate. If one only requires an initial input for the hydrodynamical models

, it is reasonable to choose a top-down phenomenological model, which generates the ini-

tial condition and later can be compared with experimental data rather than studying the

underlying physics of parton production or the initial entropy deposition mechanism.
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2.1.1 Trento – reduced thickness event-by-event nuclear topology

In our framework, I use TRENTo, a parametric initial condition model developed at Duke,

to generate a realistic initial entropy/energy profile from proton-proton, proton-nucleus,

nucleus-nucleus collisions. TRENTo does not assume a particular physical mechanism for

the energy deposition in heavy-ion collisions, but constructs a static initial profile in the

transverse plane by mapping the nuclear density overlap function to the initial density via

an effective function at a proper time τ :

ds

dy
|τ = f(TA(x, y), TB(x, y), (2.1)

where ds/dy is the entropy density s with respect to the rapidity y at mid-rapidity (a boost-

invariance simplification). TA(x, y) is the nuclear thickness function as an integration of

participant nuclear matter density ρpart
A along with the beam direction z:

TA/B(x, y) ∝
∫
dzρpart

A/B(x, y, z). (2.2)

The effective function f , does not arise from first principle calculation, but is proposed

in the form of a general mean with the dimensionless free parameter p:

f(TA, TB) ≡
(
T pA + T pB

2

)1/p

. (2.3)

By varying p, one can change the mapping of the entropy/energy density distribution from

the initial nuclear thickness function, as shown in Fig. 2.3. With p = 1 the general mean

f = (TA + TB)/2 is equivalent to a Monte Carlo wounded nucleon model that deposits the

entropy blob for each nucleon, while with p = 0, the model deposit a single blob at the

midpoint of the collision. The value of p is constraint by a data-driven comparison over
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Figure 2.3: Cross section of the reduced thickness function for a pair of nucleon partic-
ipant. The black dashed lines are one-dimensional participant nucleon thickness function
TA, TB, where colored line are the general mean f taking the value of p = −1, 0, 1.

experimental measurements of soft observables. It was found that taking p = 0, when the

effective function reduce to a geometric mean of the two nucleus thickness function f ∝
√
TATB, the model is optimized to describe the soft observables in p-Pb, Pb-Pb collisions

at different collision energies [44, 55].

2.1.2 From proton-proton to nucleus-nucleus collision

Starting with a proton-proton collision, the collision probability between two protons i, j

with impact parameter b along with z direction follows:

P coll
coll (b) = 1− exp

[
−σgg

∫
dxdy

∫
dzρi(x+ b/2, y, z)

∫
dzρj(x− b/2, y, z)

]
, (2.4)
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where σgg is an effective parton-parton cross section, which is tuned so that the nucleon-

nucleon cross section is same as the total inelastic cross section measured by experiments:

σinel
NN =

∫
2πbdbPcoll(b). (2.5)

dzρi/j(x, y, z) corresponds to the nuclear density integrated along the beam direction z,

and is chosen to be a Gaussian distribution with an effective nucleon width ω.

Ti/j(x, y) =
∫
dzρ(x, y, z) = 1

2πw2 exp
(
−x

2 + y2

2w2

)
. (2.6)

Therefore the thickness function for a nucleus A can be read as the sum of all participant

nucleons i:

TA/B =
Npart∑
i=0

γi
1

2πw2 exp
(
−x

2 + y2

2w2

)
, (2.7)

The “participants” indicates that the nucleons collide at least once. The proton-nucleus(p-

A) and nucleus-nucleus(A-B) collision can be read as the superposition of nucleon-nucleon(p-

p) collisions.

With the definition of the “thickness function”, Eqn. 3.23, which asserts the probability

of two nucleon i,j (inside nucleus A, B) colliding inelastically equals:

P coll
ij (b) = σinel

NN
AB

∫
d2xTA(x⊥)TB(x⊥ − b) = σinel

NN TAB(b)
AB

, (2.8)

where TAB(b) =
∫
dxTA(x⊥)TB(x⊥ − b) is known as the nuclear thickness function.

The initial transverse entropy/energy density is then calculated by the effective function

which takes the inputs of nucleon thickness function:

ds

dy
|τ = norm× f(TA(x, y),TB(x, y)) ∝ TAB ∝

(
Tp

A + Tp
B

2

)1/p

. (2.9)
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Figure 2.4: Examples of initial energy density generated by Trento for a single collision
in: Pb-Pb, p-Pb, p-p at

√
sNN = 5.02 TeV. The energy density profile is projected in the

transverse plane.

In Fig. 2.4 I present the initial energy density in the transverse plane that are generated by

TRENTo for three different collision systems at the same collision energy (per nucleuon):

Pb-Pb, p-Pb, pp at
√
sNN = 5.02 TeV. One can clearly see the initial geometric anisotropy

in a non-central Pb-Pb collision. However, for the initial anisotropy in p-Pb and even

p-p collisions, one has to include more details in the initial condition model, such as sub-

nucleon structure. An updated version of TRENTo has incooperated such features, see [55]

for more details.

2.1.3 Heavy quark initial condition

Due to their large masses, the heavy quarks are produced prominently at the early stage of

heavy-ion collisions via hard scatterings. In this work, the initial position distribution of

heavy quarks is generated consistently with the initial energy density for the event-by-event

hydrodynamical evolution.

Initial condition in position space

In previous section, we calculated the probability of nucleon-nucleon collisions within a

nucleus-nucleus collision:

P coll
ij (b) = σinel

NNTAB(b)
AB

, (2.10)
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The probability of observing n such pairwise collisions can be described by a binomial

distribution:

P (n, b) =

AB
b


σinelTAB(b)

NN
AB

n [1− σinel
NNTAB(b)
AB

]AB−n
. (2.11)

The average number of collisions is then given by:

〈Ncoll(b)〉 =
AB∑
n=1

nP (n, b) = σinel
NNTAB(b). (2.12)

This is called the binary collision number. The number of heavy quarks produced in the

initial hard scattering of each nucleus nucleus collision then can be evaluated as:

NQ = Ncoll
σNN→Q

σinel
NN

. (2.13)

In this work, the nuclear thickness function related to the binary collisions is generated

by the TRENTo model. Heavy quarks are then oversampled (in order to achieve statistical

significance in the calculation of observables), but each event is reweighted with the binary

collision number. Figure. 2.5 present three random initial conditions for heavy quark pro-

duction in Pb-Pb collisions at 5.02 TeV but with different impact parameters. The black

dots are the sampled1 heavy quark initial position while the colormap corresponds to the

initial energy density profile.

Initial condition in momentum space

The initial momentum distribution of heavy quarks, on the other hand, can be calculated

using the perturbative QCD. The leading order process to produce the heavy quark-anti-

1In the actual running of the model, heavy quarks are oversampled and then re-weighted in order to achieve
the statistical significance.
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Figure 2.5: Examples of initial energy density and heavy quark position generated by
trento. Corresponding to three different impact parameters b in Pb-Pb collisions at 5.02
TeV.

quark pairs are the gluon fusion and quark-anti-quark annihilation. The related matrix

elements for those processes are:

∑
|Mqq̄→QQ̄|2 = 64

9 π
2α2

s(MT )(M2 − t)2 + (M2 − u)2 + sM2s

s2 , (2.14)

∑
|Mgg→QQ̄|2 =π2α2

s(MT )
[12
s2 (M2 − t)(M2 − u)

+ 8
3

(M2 − t)(M2 − u)− 2M2(M2 + t)
(M2 − t)2

+ 8
3

(M2 − t)(M2 − u)− 2M2(M2 + u)
(M2 − u)2

− 2
3

M2(s− 4M2)
(M2 − t)(M2 − u)

− 6(M2 − t)(M2 − u) +M2(u− t)
s(M2 − t)

−6(M2 − t)(M2 − u) +M2(t− u)
s(M2 − u)

]

(2.15)

where αs is the strong coupling constant, M is the mass of heavy quarks, MT =√
M2 + p2

T is the transverse mass and s, u, t are the Mandelstam variables whose defi-
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nition can refer to Appendix A.0.2. In this work, we adopt the fixed-order plus next-to-

leading log formula (FONLL) to calculate the heavy quark initial momentum distribution,

which conveniently allows one to switch between different parton distribution function

parametrization. We employ the CTEC6 parametrization for the PDF.

While the CTEC6 PDF parametrizes the parton distribution function inside a nucleon

fa/A(Q2), one has to modify those nucleon PDFs when applied in the parton distribution

function inside a nucleus. Such modification is often referred to as the “nuclear shadow-

ing effect” or “cold nuclear matter effect”. We use the EPS09 NLO parametrization for

the nuclear shadowing effect in this work. Figure. 2.6 displays the initial heavy quark

transverse momentum distribution in both proton-proton(without shadowing) and nucleus-

nucleus (including shadowing, and rescaled by the binary collision number) for Au-Au

collisions at 200 GeV and Pb-Pb collisions at 2.76 and 5.02 TeV. The ratio between those

two – RIS
AA

2 – is the nuclear modification due to the cold nuclear matter effect. One can see

that the influence of cold nuclear matter effect, which reduced the production rate of charm

quarks in low pT , and such suppression is more profound at the LHC than RHIC. On the

contrary, for the production of bottom quarks at low pT , the shadowing effect reduces the

yields at the LHC energies but slightly enhances at RHIC.

2.2 Realistic viscous hydrodynamics

The realistic viscous hydrodynamics is one of the most successful models to simulate the

evolution of the strongly-coupled QGP medium in heavy-ion collisions, and is also one of

the key components of the “standard model of heavy-ion collisions”. It is a macroscopic

2Here I use a subscript as IS to show that this is the ratio of the heavy flavor momentum spectra between a
nucleus-nucleus collision and a normalized proton-proton collision. The deviation from unity is due to the
initial state effects.
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model based on the conversation of energy, momentum, and charge current:

∂µT
µν = 0, ∂µNµ = 0, (2.16)

where T µν = (e+ p)uµuν − pgµν + πµν − (gµν − uµuν)Π is the energy momentum tensor,

Nµ = nuµ + V µ is the net baryon charge current in the Laudau frame, e and p are the

energy density and pressure in the local fluid rest frame, uν is the local fluid velocity, and

V µ is the baryon flow. The higher order term πµν and Π are the first order shear and bulk

viscous corrections. In relativistic Navier-Stokes theory, the viscous terms can be further

decomposed as[]

πµν = 2η∆µναβ∂αuβ,Π = −ζ∂µuµ, (2.17)

where

∆µναβ = 1
2(∆µα∆νβ + ∆να∆µβ)− 1

3∆µν∆αβ,∆µν = gµν − uµuν (2.18)

is the projection operator orthogonal to uµ. η, ζ are the shear and bulk viscosities which

describes the fluid dissipative corrections at the leading order. They are the key properties

of the QGP medium and determining their values with high precision is one of the primary

goals for heavy-ion physics.

To model the dynamics of the QGP fluid, one solves the above 5 equation for 6 un-

known variables (energy density e, pressure p, net baryon density n, and three independent

components in the fluid four-velocity uµ). With an additional relation, the Equation of

State (EoS) p = p(n, e), the equations are closed and can be solved numerically given

proper initial conditions. We use a modern QCD EoS based on continuum extrapolated

lattice calculations at zero baryon density calculated by the HotQCD collaboration [7] and

blended into a hadron resonance gas EoS in the interval temperature 110 ≤ T ≤ 130 MeV
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Figure 2.7: Temperature dependence of the specific shear and bulk viscosity η/s(T ) =
a+b ·(T−Tc) ·(T/Tc)γ [left] and ζ/s(T ) = c/(1+(T−d

w
)2) [right]. Lines are the posterior

median value results from the Bayesian model-to-data analysis; colored area are the 90%
credible region. The horizontal line in the shear viscosity plot indicates the conjectured
lower bound 1/(4π). Figure from [57].

using a smooth step interpolation function [56].

For our framework, we use VISHNU(2+1) [43], which is an extensively tested im-

plementation of the boost variant (2+1)-dimensional viscous hydrodynamics that has been

updated to handle fluctuating event-by-event initial conditions [58]. It also includes both

the shear and bulk viscosity corrections through the second-order Israel-Stewart equation

in the 14-momentum approximation [59]. Refer Appendix A.0.3 for more details. The

values of the shear and bulk viscosities are ad hoc parameters of hydrodynamics and they

have been determined through a state-of-the-art model-to-data Bayesian comparison [44].

In Fig. 2.7 we plot the ratio of shear and bulk viscosities to entropy that is estimated by

such a Bayesian analysis. For our calculation, the maximum likelihood value from Tab.III

of Ref.[44]3 and Tab.5.9 of Ref. [57]4 are used.

In order to start the hydrodynamical evolution, an initial condition is required. The

3In the scenario of without pre-equilibrium dynamics.
4In the scenario of pre-equilibrium dynamics is modeled as free-streaming process.
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Figure 2.8: The energy density profile for one hydrodynamical evolution of a Pb-Pb col-
lision at 5.02 TeV with impact parameter b = 13 fm.

initial condition model provides the state of the heavy-ion collisions at the hydrodynami-

cal thermalization time τ0, approximately τ0 < 1 fm/c. The pre-equilibrium stage is the

least understood phase of the heavy-ion collisions. As mentioned before, although one

can explicitly augment pre-equilibrium dynamics into the hydrodynamical model, starting

from the collision time 0+ and conduct a full initial state calculation, one can also initial-

ize the medium at τ0. In our studies, I explore both scenarios, and compare the effect of

pre-equilibrium stage evolution to our estimation of the heavy quark transport coefficients.

Figure 2.8 visualizes the evolution of the medium energy density (multiplied by τ ) in a Pb-

Pb collision at 5.02 TeV (with impact parameter b = 13 fm), starting from τ0 = 0.6 fm/c.

The matter distribution features hot spots in the transverse plane, reflecting the fluctuating

initial energy density. As the time increase, the bumps in the energy density spread and

gradually dissolve as the medium expands.
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2.3 Particlization and hadronization

The hydrodynamical model used in heavy-ion collisions is based on two assumptions: local

equilibrium and long-range interaction. Once the system expands and cools down, the

long-range interaction assumption breaks down, and the hydrodynamical model would fail

to describe the dynamics of the system. In principle, there is a temperature window near the

cross-over region, where both macroscopic and microscopic models are applicable, while

at a lower-temperature region, a microscopic approach is superior. Hence, it is reasonable

to switch from a macroscopic model that describes a continuous fluid to a microscopic

model that is consistent with discrete particles. This switch in the modeling, referred to

as particlization, is a modeling artifact and should be distinct from physical process such

as hadronization, as the latter one refers to the phase transition process when the degrees

of freedom of the system change from quarks and gluons to hadrons. Nevertheless, the

switching temperature Tswitch is very close to the QCD critical temperature Tc.

2.3.1 Particlization

The particlization is performed on a space-time hypersurface with a constant temperature

Tswitch. A common approach is applying the Cooper-Frye formula on the particlization

hypersuface Σ:

E
dNi

d3p
(xµ, pµ) = gi

(2π)3

∫
Σ
fi(xµ, p)pµd3σµ, (2.19)

in which gi is the spin degeneracy of species i, dσµ = (cosh ηs,−∂τ
∂x
, ∂τ
∂y
,− sinh ηs)τdxdydηs

is the infinitesimal surface element on the hypersurface with longitudinal boost-invariance.

fi(xµ, p), which represents the phase space distribution of the species i, consists of two

parts: a local thermal equilibrium distribution part f0(xµ, p) (Bose-Einstein distribution for

bosons, and Fermi-Dirac distribution for fermions), and the deviation from local thermal

distribution due to viscous effects δf(xµ, pµ) = δfshear + δfbulk.
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In this thesis work, we use frzout sampler5 which takes a simple form for the viscous

correction of the particle distribution as an expansion over the thermal distribution :

δf(xµ, pµ) = f0(1± f0) τ

ET

[
1
2ηp

ipjπij + 1
ξ

(p
2

3 − c
2
sE

2)Π
]
, (2.20)

where πij is the shear tensor, τ is the shear and bulk relaxation time. It has several advan-

tages compared with our previous implementation (using the iSS sampler):

• For formed hadrons, the resonance widths are included rather than assigning a con-

stant pole mass to every resonance;

• The bulk viscosity correction component fbulk is taken into consideration, which has

an effect on the final state particle multiplicity.

2.3.2 Hadronization

On the one hand, the particlization describes the artificial conversion process when a de-

scription of a hadronic system changes from a macroscopic model whose constituents are

fluid cells, to a microscopic model whose constituents are hadrons. On the other hand,

hadronization is a physical process, which describes a phase transition from the QGP phase

to a hadronic resonance gas (HRG) phase. For the soft medium described by a hydro-

dynamical model, although the hadronization isn’t described explicitly, it occurs as the

system’s Equation of State changes from the QGP EoS to HRG EoS around the critical

temperature Tc = 154MeV , (as shown in Fig. 1.2), which happens prior to particlization

at Tswitch = 144 MeV.

For the partons at higher transverse momentum (larger than a few GeV/c), the model-

ing of their hadronization process is more complicated. In proton-proton collisions where

5The computational particlization model is available at https://github.com/Duke-QCD/frzout
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no QGP medium is created, hadrons are created by the fragmentation of the energetic par-

tons. This parton-hadron transition process is non-perturbative but assumed to be universal.

Therefore we can reply on experimental measurements, such as e+e− → hX to parame-

terize a fragmentation function for different hadronization processes. If this were still the

case in heavy-ion collisions, the probability for an energetic parton to fragment into mesons

should be much larger than to fragment into baryons, as a larger mass and a non-zero

baryon number are required to form the baryon. However, in Au-Au collisions at 200 GeV

at RHIC, it is found that baryons and mesons are created in nearly equal proportions — the

so-called “baryon puzzle”. In addition, in the same pT region, the elliptic anisotropy v2 of

the baryons is nearly 50% larger than that of the mesons. Those observations support the

recombination model, i.e., in an environment of high density of partons, two/three partons

recombine with each other to form a hadron.

Therefore the hadronization of the heavy quarks in this work is described by a hy-

brid model of fragmentation and recombination at the critical temperature Tc = 154 MeV.

Lower pT heavy quarks tend to recombine with light partons to form a hadron, while the

higher pT heavy quarks fragment into hadronic bound states.

Heavy quark fragmentation

In the fragmentation picture, a single parton i’s spectrum is convoluted into a hadron h

which carries a fraction z = ph/pi < 1 of the parton momentum with the probability

Dh
i (z, µ2). This is the parton fragmentation function whose actual form is parametrized

and later tuned globally by calibrating on the experimental data in e+e− collisions.

Heavy flavor hadrons retain a large fraction of the heavy quark momentum, therefore

the fragmentation function is much harder than that of a light hadrons, i.e., peaks at a larger

value of z. Some of the popular parametrization of the heavy flavor fragmentation functions

are [2]:
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Figure 2.9: The fragmentation functions (Peterson parametrization) for charm/bottom
fragment into D/B-mesons.

• Lund symmetric (default in PYTHIA): Dnp(z) ∝ 1
z
zaα

(
1−z
z

)aβ exp
(
− bm2

⊥
z

)

• Peterson: Dnp(z) ∝ 1
z

(
1− 1

z
− ε

1−z

)−2

• Kartvelishvili: Dnp(z) ∝ zα(1− z)

• Bowler: Dnp(z) ∝ z−(1+bm2
h,⊥)(1− z)a exp

(
− bm2

h,⊥
z

)

• Collins&Spiller: Dnp(z) ∝
(

1−z
z

+ (2−z)ε
1−z

)
× (1 + z2)(1− 1

z
− ε

1−z )−2

• Boweler: Dnp(z) ∝ z
−(1+bm2

h,⊥)(1−z)a exp
(
−
bm2

h,⊥
z

)
.

In this framework, we use PYTHIA6 to implement the fragmentation of the heavy quarks

into heavy flavor hadrons. The Peterson parametrization [60] is chosen, whose dependence

on the fraction z is shown in Fig 2.9 for both charm and bottom quarks, with the norminal

values of the fragmentation parameter ε = 0.06 for charm quarks and ε = 0.006 for bottom

quarks.
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Recombination

In the recombination picture, a quark-antiquark pair or three quarks populated from a dense

medium can form a meson or baryon correspondingly. The probability of recombination is

determined by the overlapping between the initial and final state wavefunctions.

In the case of two quarks (one heavy quark and one light quark forming a meson M ),

the recombination probability is the integration over the Wigner function fWM ( ~Q,~k):

| < M |~p1, ~x1; ~p2, ~x2 > | =
∫
dr1

∫
d3r2

1√
V
e−

~k1×~r1 1
sqrtV

e−i
~k2×~r2 1√

V
φ∗Me

i ~K×~R

=
∫
d3r

1√
V
e−i

~k×~rφ∗M(~r), | < M |~p1, ~x1; ~p2, ~x2 > |2

=
∫
d3r

∫
d3r′

1
V
φ∗M(~r)φM(~r′′)e−i~k×~re−i~k×~r′′

Q= r+r′
2 ,s=r−r′

→
∫
dQ

∫
d3s

1
V
φ∗M( ~Q+ ~s/2)φM( ~Q− ~s/2)e−i~k×~s

=
∫
dQ

∫ 1
V
fwM( ~Q,~k).

In addition, we use a simple harmonic oscillator function to approximate the meson

wave function at its rest frame φM(~r):

φM(~r) =
(
µω

π

)3/4
e−

1
2µω

2
, (2.21)

where µ = m1m2
m1+m2

is the reduced mass, and ω is a pre-defined angular frequency of the
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harmonic oscillator. Substitute Eqn. 2.21 into Eqn. 2.21, one get the Wigner function as:

fWM (~r,~k) = gM

∫
dse−i

~k·~s(µω
π

)3/2e−
1
2µω(~r+~s/2)2− 1

2µω(~r−~s/2)2

= 2πgM
∫ 1

−1
d(cos θ)

∫ ∞
0

s2ds(µω
π

)3/2e−µωr
2
e−µωs

2/4e−ks cos θ

= 2πgM(µω
π

)3/2e−µω
2
∫ ∞

0
s2dse−µωs

2/4 1
−iks

(e−iks − eiks)

= 2πgM(µω
π

)3/2e−µωr
2 1
ik
e−

1
µω
k2
∫ ∞

0
dss

[
e−

1
4µω(s− 2i

µω
k)2
− e−

1
4µω(s+ 2i

µω
k)2]

= 8gMe−µωr
2
e−

k2
µω .

gM is the degeneracy factor which takes into consideration of the spin-color degrees of

freedom – gM = 1/(2× 3× 2× 3) for D-meson ground state, and gM = 3/(2× 3× 2× 3)

for the first excited state of D-meson. For three quarks recombining into a baryon, the

Wigner function can be extended as two particles first recombine with each other and then

the two particle system recombines with a third quark to form a baryon.

We can use the Wigner function 2.22 to calculate the probability of a heavy quark

recombining with a light quark from QGP medium to form a heavy meson at Tc. The overall

normalization factor is determined by the assumption that the recombination probability

equals to 1 for zero-momentum heavy quarks6.

Figure. 2.10 shows the recombination probability with respect to the heavy quark mo-

mentum at critical temperature Tc = 154 MeV, where the solid lines correspond to the

probability to recombine into all the heavy flavor hadrons and the dashed lines correspond

to recombine into heavy mesons. The probability for a heavy quark to recombine with

another quark decreases with its increasing momentum. In addition, comparing between

the charm and bottom quark, with the same momentum pT , bottom quarks have a larger

recombination probability due to their larger mass.

6The recombination probability sums over all the possible heavy flavor meson and baryon channels, in our
study, including both the ground state and first excite state of D-meson, ΛD,ΣD,ΞD and ΩD.
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Figure 2.10: Recombination probability for charm and bottom quarks as a function of
heavy quark momentum.

Hybrid model of fragmentation plus recombination

With the recombination probability calculated as a function of heavy quark momentum ~p

shown in Fig. 2.10, and the fragmentation function implemented with PYTHIA, one can

simulate the process of heavy flavor hadronizing into heavy flavor hadrons. The algorithm
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for the implementation in the hybrid model is summarized as follows:

Algorithm 1: Heavy flavor hadronization
Input: Heavy quark energy momentum (E, p) after propagating through the QGP

medium

Output: Heavy flavor hadron

First, generate a random number ξ between 0 and 1 to determine if a heavy quark

hadronizes into hadrons via mechanism;

if ξ > the probability PHQ→hadron then

Heavy quark hadronizes via fragmentation through PYTHIA;

else

Heavy quark hadronizes via recombination;

while No meson.baryon is formed or max tries has reached do
A u or d quark is sampled from a thermal distribution in the local rest

frame of the cell;

Boost back to the lab frame to combine with the given quarks according to

Eqn 2.22;

end

end

2.3.3 Hadronic stage interaction

After the QGP medium undergoes the phase transition and hadronizes into a hadron res-

onance gas, the hadrons will keep decaying and scattering with each other until kinetic

freezeout. The dynamics of the hadronic system during this stage can be simulated by a

microscopic transport model by solving the Boltzmann equation:

dfi(x, p)
dt

= Ci(x, p), (2.22)
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Figure 2.11: Total cross section for the heavy meson scattering with light hadron π, ρ
as a function of energy. Due to the finite size effect of hadrons, form factors are needed
at interaction vertices. The solid black lines are the cross section without form factor,
where the cutoff parameter Λ = ∞. Taking into consideration of the form factor, which
suppresses modestly (by a factor of two) of the total cross section, the magnitude of the
cross section decreases with decreasing cutoff parameter.

which states that the time evolution of phase space distribution fi(x, p) of species i is

determined by the collision terms (C), including binary collisions, 2→ n inelastic process,

annihilation, resonance formation and decays.

The Ultra-relativistic Quantum Molecule Dynamics model (UrQMD) is one of the most

widely used models to simulate such processes in the hadronic stage. It solves the Boltz-

mann equation by sampling the collision term stochastically and propagating the particles

along a straight-line trajectory. The inputs for the UrQMD model are the cross section σtot

between different species, which depend on the particle species and collision energies, and

are tabulated from experimental data or parametrized according to the analytic calculations.

In the semi-classical criterion, the cross section between a pair of particles is approximated

as σtot(
√
s) = πd2

0, which means that if the relative distance between the two particles

dtrans < d0, the collision would happen.
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For the heavy flavor hadrons scattering with light hadrons, we implement the interaction

of theD-meson with pions and rho mesons (π, ρ) whose cross section is calculated in [61].

8 different processes are included in the calculation πD ↔ ρD∗, πD∗ ↔ ρD, πD →

πD, πD∗ → πD∗, ρD → ρD, ρD∗ → ρD∗, and the total cross sections as function of the

scattering energy are plotted in Fig. 2.11. After hadrons cease interacting and reach kinetic

freeze-out, the energy and momentum of light and heavy hadrons are collected to construct

the final observables.

2.4 Experimental observables

Two particle accelerators are currently performing ultra-relativistic heavy-ion collisions:

the Relativistic Heavy-ion Collider (RHIC) at Brookhaven National Lab, NY, and the Large

Hadron Collider (LHC) in Geneva Switzerland. RHIC has been conducting the heavy-ion

collision experiments since 2000, colliding nucleus including gold (Au), uranium (U), cop-

per (Cu), proton (p), deuteron (d) and helium-3 (He) at center-of-mass energies
√
sNN

range from 7.7 to 200 GeV per nucleon-nucleon pair. The LHC turned on in 2009, collid-

ing proton-proton (p-p), proton-lead (p-Pb), lead-lead(Pb-Pb) and Xe-Xe at a much higher

center-of-mass energy (with the p-p collisions at 14 TeV, while for Pb-Pb collisions at 2.76

and 5.02 TeV). Although the LHC reaches higher collision energy, RHIC experiments can

cover more collision systems over a wider energy range, which is crucial for exploring the

QCD critical point.

2.4.1 Multiplicity and centrality

The most straightforward observables in heavy-ion collision experiments are the multiplicity

– number of produced particles, and produced energy. The particle multiplicity per unit
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Figure 2.12: [Left]: values of 2
〈Npart〉 〈dNch/dη〉 for central Pb-Pb, Au-Au, and p-p colli-

sions as a function of
√
sNN. lines represent a fit with s0.155

NN and s0.103
NN , both describes the

scaling for AA and pp collisions very well. [Right]: 2
〈Npart〉 〈dNch/dη〉 for Pb-Pb collisions

at
√
sNN = 5.02 TeV in centrality range 0-80% as a function of 〈Npart〉.Data from lower

energy (2.76 TeV) Pb-Pb and p-p collisions scaled by a factor of 1.2 and 1.13 respectively
for comparison. Figure from [62].

pseudo-rapidity7 in the central rapidity region dNch/dη||η<0.5| is directly related to the col-

lision energy and the number of participant nucleons Npart
8.

The left panel of Fig. 2.12 plots the charged particle multiplicity at midrapidity per

participant pair 2
〈Npart〉 〈dNch/dη〉 as a function of collision energy in different collision

systems. It has shown a fairly good fit with an energy scaled as s0.155
NN and s0.103

NN for AA and

pp collisions respectively, with little dependence on the species of the nucleus.

The right panel shows the charged particle multiplicity at midrapidity per participant

pair as a function of number of participants. More central collisions – those with small

impact parameter and more overlap – have more participants, and therefore produce more

7For the definition of all the kinetic quantities that are commonly used in high energy particle and heavy-ion
physics, please refers to the Appendix A.0.1.

8A “participant” is the nucleon who has undergone at least one inelastic collision in nucleus-nucleus colli-
sions. It is generally smaller than the number of binary collisions Ncoll as one “participant” can participate
in multiple binary collisions.
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Figure 2.13: Cartoon example of the correlation of the centrality with final observables
Nch and other quantities such as 〈Npart〉 impact parameter b. Figure from [20].

particles. In the most central collisions, Npart ∼ 400, around 10 charged particles are

produced per participant pair in the mid-rapidity region of
√
sNN = 5.02 TeV. In addition,

the shape of the multiplicity- Npart is almost identical at both 2.76 and 5.02 TeV collisions.

In heavy-ion collisions, the collision events are categorized into different centrality

classes, which is based on the final-state observables that quantify the matter produced in

the collision, such as the charged particle multiplicity Nch, production energy ET . For ex-

ample, the 0-5% centrality corresponds to the most central collisions that produce the most

particles. One can relate the final state observables to initial condition quantities such as

the number participants 〈Npart〉 or impact parameter b, as shown in Fig. 2.13. However,

those are often theoretical treatment. In our calculation, we follow the same procedure like

experimental measurements to bin minimum bias events into different centralities accord-

ing to the final state charged particle multiplicity at mid-rapidity. By doing so, we try to be

consistent with experimental measurements and eliminate any unwanted deviation due to
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the choice of computing method.

In addition to the multiplicity, the identified particle yields (such as the pion, kaon,

proton multiplicity per unit rapidity) are also often reported as important observables. Such

identified particle yields give us some insight on the chemical freeze-out of the system, as

if one assumes that if the QGP medium is thermalized during the QGP phase, the identified

particle yields will be controlled by their Boltzmann factor e−m/T and spin degeneracy. A

simple statistical hadronization model based on such assumptions has been very successful

in the description of the identified particle yields in heavy-ion collisions [63].

2.4.2 Transverse momentum distribution and collective flow

Another standard measurement in heavy-ion collisions is the pT spectra – distributions

of the particle yield as a function of the transverse momentum. As shown in Fig. 2.14,

the pT distributions of the identified particles are almost thermal in the hydrodynamically

applicable region (pT ≤ 3 GeV), with an peak at low pT and an exponential tail. In heavy-

ion collisions, a majority of particles are produced in the low momentum region. The slope

of each curve corresponds to the kinetic freeze-out temperature Tkin, which decreases with

centrality. While the height of the curve corresponds to the particle yield, while follows the

mass hierarchy.

event-plane

Multiple particle correlations, especially the collective flow are among the most compelling

evidence that a strongly-interacting quark-gluon plasma has been created in heavy-ion col-

lisions.

In Section 1.2.1 I have introduced the collective flow coefficients as the quantity to

characterize the momentum anisotropy for final state particles. Mathematically, it is the
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Figure 2.14: Spectra of identified particles (pion [left], kaon [middle], protonright) as
function of pT for different centrality classes in Pb-Pb collisions at

√
sNN = 5.02 TeV.

Figure from [64].

n-th harmonics in the Fourier expansion of the final state particle azimuthal distribution:

dN

dφ
∝ 1 +

∞∑
n=1

2vn cos
[
n(φ−ΨRP

n )
]
, (2.23)

ΨRP is the reaction plane angle that is associated with the initial density distribution. In

experiment, the initial condition is un-measurable therefore the reaction plane angle is ap-

proximated by the event-plane angle ΨEP, which is defined according to the final state

particle azimuthal distribution in which direction the n-th harmonic is the largest. The

event-plane method to calculate the flow coefficients is then:

vn =
〈
cos

[
n(φ−ΨEP

n )
]〉
. (2.24)

cumulants

Other than the event-plane method, the flow coefficients vn can also be estimated via multi-

particle azimuthal correlations – cumulants [65–67]. One can construct the Q-vectors,
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defined as:

Qn =
M∑
i=1

einφi , (2.25)

which sum over all the particle of interest i. M is the total number of particle of interest.

The squares of Qn is equivalent to the sum over pairs:

|Qn|2 =
M∑
i,j=1

expin(φi−φj) = M +
M∑
i 6=j

ein(φi−φj). (2.26)

On the other hand, the two particle correlation in a single events is:

〈2〉 =
〈
expin(φi−φj)

〉
= 1
M(M − 1)

M∑
i 6=j

ein(φi−φj), (2.27)

comparing with Eqn. 2.26 one get:

〈2〉 = |Qn|2 −M
M(M − 1) . (2.28)

For multiple collisions in a single centrality bins, one could average over the single events

two particle correlation, and the n-order cumulant from two particle correlation can be

specified:

cn{2} = 〈〈2〉〉 =
〈〈

expin(φi−φj)
〉〉

=
∑nevents
i Mi(Mi − 1) 〈2〉∑nevents
i Mi(Mi − 1) . (2.29)

The flow coefficients vn estimated from the cumulant equals to:

vn{2} =
√
cn{2}. (2.30)

I should emphasize though, the difference between v2(EP) and v2{2} is very subtle.

Figure. 2.15 compares the v2 calculated with different methods in Pb-Pb collisions at 2.76
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Figure 2.15: v2 as a function of pT in Pb-Pb collision for different Noffline
trk ranges. Com-

parison among different method to v2 calculation method. Figure from [68]

TeV. The red squares are the result from event-plane method while the empty circles are

the cumulant flow v2. One can see little difference between those two.

2.4.3 Heavy flavor observables: nuclear modification factor and collective flow

When it comes to the heavy flavor observables, the two most important observables are the

nuclear modification factor RAA and elliptic flow v2.

The nuclear modification factor RAA is defined as the particle yield in nucleus-nuclues

(AA) collisions divided by the scaled yield in the proton-proton (pp) collisions:

RAA(pT ) = d2NAA/dpTdy

〈Ncolld2Npp/dpTdy〉
. (2.31)

When one simulates the heavy quark evolution in heavy-ion collisions and calculates

the heavy mesonRAA, it is generally useful to calculate the heavy meson spectra dN/dpTdy

in pp collisions in the same framework – with the initial momentum spectra calculated

using a nucleon parton distribution function and without medium modification. In addition,

heavy quarks hadronize into heavy flavor hadrons via fragmentation using PYHTIA. This

could eliminate some degree of theoretical uncertainty. In Fig. 2.16 the D-meson spectrum

calculated from our framework is compared with the experimental measurements of the p-p
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collisions at 2.76 TeV, which shows a consistency within the experimental uncertainties.

In Fig. 2.17 we present the experimental measurements of D-meson RAA as function

of pT or 〈Npart〉 at RHIC and the LHC. At both energies, heavy meson production at high

pT has experienced significant suppression compared to that in pp collisions.
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Figure 2.16: D-meson reference spectrum in pp collisions at 5.02 TeV. The errorbars are
experimental measurements by ALICE for different D-meson species, while the red line is
the calculation by FONLL + PYTHIA.

Regarding the calculation of the heavy meson elliptic flow, various approaches are de-

veloped. One can use the event-plane method:

vn =
〈
cos

[
2(φ−ΨEP

n )
]〉

=
〈
p2
y − p2

x

p2
x − p2

y

〉
, (2.32)

where 〈〉 indicates an average over all the selected D-meson in all selected events. The two

particle cumulant method can also be used to calculate the D-meson elliptic flow, which
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Figure 2.17: [Left]: D0 meson nuclear modification factor RAA as a function of pT in
Au-Au collisions at

√
sNN = 200 GeV for different centralities measured by STAR col-

laboration [69]. Note that in the most bottom panel, the experimental measurements are
compared with theoretical calculation. [Right]: D-meson pT integrated RAA as a function
of number of participant 〈Npart〉 in Pb-Pb collisions at 2.76 TeV measured by ALICE col-
laboration [70]. Comparing between open heavy flavor meson and the light hadron π, both
experience similar expression in the collisions.

correlates the D-mesons with the light hadrons via:

v2{2} =

〈
~u · ~Q

N

〉
√

~Qa
Na

~Qb
Nb

. (2.33)

The vector ~u = ∑MQ

i=1 expinφi is the Q-vector for D-mesons, ~Q, ~Qa, ~Qb are the Q-vectors

for charged particles correspondingly9.

2.5 Summary

In this chapter, I have summarized the “standard model of heavy-ion collisions”, which

describes the evolution of the QGP medium as multi-stage evolving processes based on

9 ~Q includes all the selected charged particles as reference particle, ~Qa refers to the sum of charged particles
whose rapidity y < 0 while ~Qb refers to sum of charged particles with y > 0.
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the relativistic viscous hydrodynamical framework. In addition, I introduced the heavy

quark evolution framework that coupled with the “standard model”, which modularizes the

heavy quark evolution as: a) initial condition generation; b) in-medium propagation; c)

hadronization; d) hadronic stage rescattering. The experimental observables regarding the

soft matter and the heavy flavor are reviewed.

Next chapter, I will describe the heavy quark in-medium propagation, where I would

like to investigate the energy loss mechanism of heavy quarks and estimate the transport

properties of heavy quark inside the QGP medium.
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Chapter 3

Transport framework for heavy quark evolution

In the last chapter, we established a consistent space-time evolution picture for both heavy

quarks and the QGP medium in heavy-ion collisions. This chapter will be dedicated to

studying the key ingredient of this framework: the heavy quark in-medium propagation.

3.1 Summary of various heavy quark in-medium propagation models

During their propagation through the QGP medium, heavy quarks interact with the medium

constituents and lose energy. The interaction between heavy quarks and the medium de-

pends on the medium temperature T , local flow ~β, and the assumption of the medium

degrees of the freedom. Therefore the dynamics of the heavy quarks are sensitive to the

medium properties and heavy quarks can be considered as valuable probes of the medium.

Various approaches have been developed to describe the propagation of heavy quarks

through the QGP medium. Table 3.1 briefly summarizes some of the heavy quark evolution

models on the market. Those models are separated into three different categories according

to the different assumptions made regarding the medium and the different interaction mech-

anisms. The transport coefficient based model employs Langevin dynamics, which ignores

the medium constituents but focuses on macroscopic properties of the medium, such as the

temperature evolution and transport coefficients. The cross-section based model assumes a

quasi-particle picture of the QGP medium and describes the heavy quark dynamics with a

Boltzmann equation. Heavy quarks typically interact with the medium by scattering. Fur-

ther separation of different models can be made, for example, based on the energy loss

mechanisms: collisional vs. radiative vs. both.
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A more comprehensive overview of the heavy flavor evolution models can be found

in [71], here I will only highlight a few typical models:

• Duke Langevin [72, 73]: The Duke Langevin model describes the propagation

of the heavy quarks in the QGP medium following an improved Langevin model. The

advantages of the Langevin approach is that it makes no assumption on the medium

degrees of freedom, but characterizes the medium evolution by its local temperature

and flow velocity, which can be obtained from a hydrodynamical model. The Langevin

model is improved by including a recoil force which accounts for radiative energy loss

of heavy quarks in the medium. In addition, it takes advantage of modern Bayesian

model-to-data comparison analysis technique, and estimates the transport coefficients

by calibrating on experimental data of D-meson RAA, v2 in different collision systems.

• Duke Lido [74]: The Duke Lido model studies the heavy quark in-medium propa-

gation by solving a linearized Boltzmann equation, where heavy quarks lose and gain en-

ergy by scattering with the medium constituents (massless light quarks and gluons). The

interaction strength between heavy quarks and the light partons are encoded as scattering

rates, and the light partons are sampled from a thermal distribution with a temperature

given by a viscous hydrodynamical model. The elastic scattering rates are calculated

with a running coupling constant and regulated by a Debye screening mass, while the in-

elastic scattering rates are calculated using the Gunion-Bertsche approximation and also

include the LPM effects. Moreover, this framework includes a diffusion component,

which models non-perturbative small momentum transfer processes.

• PHSD transport approach [75, 76]: The Parton-Hadron-String dynamics (PHSD) trans-

port approach is a microscopic covariant dynamical model which simulates the strongly

interacting QGP medium based on Kadanoff-Baym equations. Therefore, PHSD em-

ploys a non-equilibrium dynamics of the QGP evolution instead of a local thermal equi-
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librium evolution like hydro. The QGP medium consists of light partons whose mass and

width are determined by fitting the lattice Equation of State (EoS). Heavy quarks interact

with the off-shell quasi-particle elastically, with the running coupling that is scaled by

the local temperature.

• AMPT [77]: A multi-phase transport model (AMPT) is a microscopic parton cascade

model. It starts from an initial condition generated from a multiple mini-jets model

(HIJING[78]), and describes the dynamics of the QGP medium as a parton cascade

with only two-body scatterings. The partonic cross sections are obtained from pQCD

with screening masses. The heavy quark interaction with the medium is modeled as

elastic partonic scatterings with the medium constituents.

• MC@sHQ [79–81]: A pQCD inspired “Monte Carlo at heavy quark approach” MC@sHQ

describes the heavy quark interacting with the medium by solving the linearized Boltz-

mann equation. Being a cross-section based transport model, it shares the same as-

sumption with the Duke Lido model but differs at: a) the matrix elements (instead

of the Debye screening propagator, it adopts an effective scalar propagator with a self-

consistent Debye screening mass); 2) both collisional and radiative energy losses are

considered but the MC@sHQ does not consider the gluon absorption 3 → 2 process to

maintain the detailed balance. With an overall K-factor (which is induced in order to ac-

count for any contributions from higher order processes or non-perturbative effects), the

model is able to describe the heavy meson RAA and v2 with both the collisional energy

loss only and collisional + radiative energy loss processes.

• AdS/CFT [82, 83] in a static fireball: The anti-de-Sitter/conformal field theory (AdS/CFT)

connects a field theory in n-dimensions and string theory in n + 1 dimensions, which is

most well understood between N = 4 super Yang-Mills (SYM) field theory and Type

IIB string theory, as those two theories are considered as duals to each other. Although
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no one has yet found an exact dual string theory close to QCD, the AdS/CFT model

connects the parameters of the QCD to those of SYM, and therefore can estimate the

properties of a QCD medium with string theory. In AdS/CFT, the heavy quarks are

modeled as strings who lose energy to the thermal plasma via the momentum flowing

down. The main assumption for applying AdS/CFT correspondence is the strong cou-

pling, which therefore provides us an upper limit for the heavy quarks suppression in the

heavy-ion collisions (strong coupling limit).

• Catania-QPM [84, 85]: Catania-QPM is a full space-time microscopic transport

model that describes both heavy quark and the massless light quark and gluon evolution

by solving a full relativistic Boltzmann equation. The Boltzmann equation is solved nu-

merically with a test-particle method. Heavy quarks interact with the bulk constituents

elastically, whose scattering cross section is calculated via a leading-order pQCD ap-

proach. The matrix element employs a temperature dependent running coupling αs(T )

and a leading order Debye screening mass.

• BAMPS [86–89]: Similar to Catania-QPM, BAMPS is also a full space-time transport

models that solves the full Boltzmann equations for both heavy quarks and massless

light partons. Different from the Catania-QPM model, BAMPS also includes the ra-

diative process and the reverse 3 → 2 process. The inelastic scattering between heavy

quarks and the light partons are described by the scattering rate, which is calculated by

integrating over the Gunion-Bertsche matrix elements. The LPM effects are taken into

consideration as is a temperature dependent running coupling αs(T ) and a leading order

Debye screening mass.

• WHDG [90, 91]: WHDG calculates heavy quark radiative processes within the DGLV

opacity expansion from pQCD based matrix elements. The radiative energy loss of

heavy quarks includes all orders in opacity, finite gluon mass effect, and the Landau-
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Pomeranchuk-Migdal (LPM) effect by the coherent re-summation of multiple gluon

emission. Rather than utilizing a dynamically evolved QGP medium, the medium is

supplied by a geometric picture, whose initial condition are constraint through fitting

to the pion Rπ
AA at RHIC energies, however, the same parametrization slightly under-

estimates the charged hadrons RAA at the LHC energies. This model can describe the

D-meson RAA at both RHIC and the LHC energies fairly well. Due to the lack of flow

in the medium implementation, the elliptic flow of heavy flavor hadrons is negligible.

• T-matrix [92–94]: The T-matrix model describes the heavy quark dynamics in the

QGP medium following a traditional Langevin equation. Being a transport coefficient

based model, it shares a common spirit with the Duke Langevin model as making

no assumption on the medium constituents but focuses on heavy quark transport coef-

ficients. However, it differs from the Duke Langevin model in: 1) The T-matrix

does not consider the radiative energy loss of heavy quark; 2) The transport coefficients

are calculated with a T-matrix approach, where the heavy quarks interact with the

medium through a potential, which is obtained from Lattice QCD calculation. Due to

the lack of radiative energy loss, the model underestimates the suppression of heavy

quarks in the high pT region, where the energy loss of the heavy quarks is dominated by

radiative energy loss.
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3.2 Boltzmann Dynamics

Two of the most popular transport models to describe the heavy quark in-medium propaga-

tion are: transport coefficient based Langevin model, and the cross-section based Boltz-

mann equation model. Comparing these two approaches, the Langevin model can be

viewed as an approximation of the Boltzmann transport equation with multiple small mo-

mentum transfer assumption. It results in a significant simplification of the heavy quark

in-medium dynamics. Another advantage for the Langevin approach is that it makes no

assumption on the microscopic interaction mechanism, therefore it is more suitable for a

data-driven study that focuses on the macroscopic properties of the QGP medium — the

transport coefficients. On the other hand, the Boltzmann dynamics make an assumption on

the underlying interaction mechanism (for example, a pQCD 2− → n scattering), and the

distribution of the medium constituents, which provides us insight into the quasi-particle

nature of the QGP medium and the applicability of perturbative QCD. Although it has been

discussed recently that the relaxation from Boltzmann dynamics to Langevin dynamics

may not be valid for charm quarks [95], here I shall compare the two approaches and show

that both are phenomenologically applicable to heavy-ion collisions so far, and that there

is currently insufficient evidence to rule either one out.

3.2.1 Boltzmann equation

The evolution of the heavy quark phase-space distribution can be described by the Boltz-

mann equation: (
∂

∂t
+ ~p

E

∂

∂~x

)
fQ(t, ~x, ~p) = C[fQ], (3.1)
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where fQ(t, ~x, ~p) is the heavy quark distribution in the full space-time. C[fQ] represents the

collision integral, which can be written as the difference between the gain and loss terms:

C[fQ(~p)] =
∫
d3k[ω( ~p+ k,~k)fQ(~p+ ~k)− ω(~p,~k)fQ(~p)]. (3.2)

In Eqn. 3.2, ω(~p,~k) denotes the collision rate per unit momentum phase space for a heavy

quark changing momentum from ~p to ~p− ~k. Therefore the first term on the right hand side

represents the gain term while the second term represents the loss term. In a microscopic

picture where the QGP medium consists of light quarks and gluons, heavy quarks interact

with the medium and change momentum by scattering with the light partons. For example,

in an elastic two body scattering process 1(Q) + 2(q/g) → 3(Q′) + 4(q′/g′), where we

have:

p1 = (E1, ~p),

p3 = (E3, ~p3) = (E3, ~p+ ~k),

p2 = (E2, ~p2),

p4 = (E4, ~p4) = (E4, ~p2 − ~k),

the collision rate can be written in terms of the cross section σ12→34:

ω(~p,~k) = dq/g

∫ d3p2

(2π)3f2(p2)vrel
dσ12→34

dΩ

= 1
dQ

1
2E1

∫ d3p2

(2π)32E2

d3p3

(2π)32E3

d3p4

(2π)32E4
f2(~p2)

∑
|M|212→34(2π)4δ(4)(p1 + p2 − p3 − p4),

di is the spin-color degeneracy factor (dq = 2 × 3 for quarks, dg = 2 × 8 for gluons.)
∑

indicates the summation over all the different scattering channels, andM12→34 represents

the matrix element for the scattering process 12 → 34. By substituting Eqn. 3.3 into
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Eqn. 3.2, we get:

C12→34(~p) = 1
dQ

1
2E1

∫ d3p2

(2π)32E2

d3p3

(2π)32E3

d3p4

(2π)32E4

∑
|M|212→34 [f3f4 − f1f2]

× (2π)4δ(4)(p1 + p2 − p3 − p4).

Therefore, in order to determine the time evolution of the heavy quarks, one would require

two additional pieces of information:

• Momentum distribution fi(pi) for parton i. We make the assumption that the scatter-

ing partner q/g — which is part of the QGP medium — follows a thermal distribu-

tion. The distribution depends the local temperature T and the local flow velocity u

and can be denoted as fi(pi · u, T ). For the light quarks, it follows the Fermi-Dirac

distribution fFD = dq(1−e−p2·u/T )−1, and for the gluons, it follows the Bose-Einstein

distribution FBE = dg(1 + e−p2·u/T )−1. To be more precise, one should include the

Bose enhancement and Pauli blocking factors 1 ± f(p, T ) for the final state thermal

particles, but those are ignored in this study due to the small correction compared to

other uncertainties in the model. The medium temperature and flow information T, u

are obtained from a hydrodynamical evolution model.

• Matrix element M12→34, which is calculated by using the perturbative QCD and

counting all the possible Feynman diagrams. In the following, I will summarize the

leading order Feynman diagrams for heavy quarks scattering with the light partons.

3.2.2 Partonic cross section

The partonic cross sections for heavy quark scattering with light partons are calculated in

perturbative QCD approach with matrix elements regulated by a Debye screening mass.

In the pQCD expansion of the cross section, in orders of the coupling constant αs, the
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Figure 3.1: Center of mass frame for a 2→ 2 process.

elastic 2 → 2 scatterings are the lowest order contribution. They play an important role

in heavy quark propagation in the QGP medium, especially at small momentum transfers.

It should be noted that the lowest order contribution in terms of the cross section does not

necessarily imply the leading order in terms of energy loss. It is generally believed that the

radiative processes contribute significantly in the high momentum region.

in vacuum

In a microscopic description, heavy quarks interact with the QGP medium via elastic scat-

tering with light partons:

Q+ g → Q+ g, (3.3)

Q+ q → Q+ q. (3.4)

In the center-of-mass frame, illustrated schematically in Fig. 3.1, the differential cross sec-

tion is given by:
dσ

dt
= 1

16π
√
s|p1|

1
2E12E2vrel

|M12→34|2 , (3.5)
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QQ

g g

QQ

g g
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Figure 3.2: Leading order pQCD Feynman diagrams for heavy quark elastic scattering
with gluons Q+ g → Q+ g — represents t, s, u channels from left to right. Time line goes
from left to right.

where we introduce the Mandelstam variables as:

s = (p1 + p2)2 = (p3 + p4)2,

t = (p1 − p3)2 = (p2 − p4)2,

u = (p1 − p4)2 = (p2 − p3)2.

vrel is the relative velocity of the two incoming particles and is given by:

vrel =

√
(pµ1p2µ)2 −m2

1m
2
2

E1E2
. (3.6)

M12→34 is the matrix elements for 2 → 2 scattering processes. As shown in the Feynman

diagrams which are plotted in Fig. 3.2 and 3.3, one can construct the matrix elements

following Feynmann rules.

In the case of one heavy quark scattering with one massless light parton (m1 = M,m2 =

0), the differential cross section is explicitly given by:

dσ

dt
= |M12→34|2

16π(s−M2)2 . (3.7)
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q q

Q

Q

Figure 3.3: Leading order pQCD Feynman diagrams for heavy quark elastic scattering
with light quarks Q + q → Q + q — only t channel survives. Time line goes from left to
right.

For the Q + g → Q + g processes, the matrix element expressed in terms of Madelstrem

variables reads:

|MQg→Qg|2 =π2α2
s

[
32(s−M2)(M2 − u)

t2
+ 64

9
(s−M2)(M2 − u) + 2M2(s+M2)

(s−M2)2

+ 64
9

(s−M2)(M2 − u) + 2M2(u+M2)
(M2 − u)2 + 16

9
M2(4M2 − t)

(s−M2)(M2 − u)

+16(s−M2)(M2 − u) +M2(s− u)
t(s−M2) − 16(s−M2)(M2 − u)−M2(s− u)

t(M2 − u)

]
,

where the first term on the right hand side of the equation corresponds to the t channel

(the most left diagram on Fig. 3.2). This is the dominant contribution. For a heavy quark

scattering with a light quark Q+ q → Q+ q, its matrix element reads:

|MQq→Qq|2 = 64
9 π

2α2
s

(M2 − u)2 + (s−M2)2 + 2M2t

t2
. (3.8)

The total cross section can be obtained by integrating the differential cross section of
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Eqn. 3.5 over the variable t,

σ12→34(s) =
∫ tmax

tmin

dσ

dt
dt, (3.9)

where the integration boundary for the variable t goes from tmax = 0 (forward scatter-

ing) and tmin = − (s−M2)2

s
(backward scattering). It is clear that the upper boundary —

tmax = 0 — leads to a (infrared) divergence in the cross section due to the singularity in

the t scattering channel. To regularize this infrared divergence, one can introduce a cut-

off scale to exclude the small momentum transfer processes. In a medium, however, the

gluon propagator acquires an effective mass (Debye screening mass), which can cure the

divergence.

in medium

Before discussing the matrix element for the 2 → 2 process in a QGP medium, I should

briefly review the concept of a screening mass. In a thermodynamic description of a

charged system, the charges are distributed in a continuous medium. Beyond the Debye

length scale (the inverse of Debye mass), the equilibrium plasma is undisturbed by a static

source. The net effect of being undisturbed is that the propagator is modified by adding

a screening mass µt = κtm
2
D that is proportional to the Debye mass, and all the small

momentum transfer processes with t < µt are limited,

1
t
→ 1

t− µt
. (3.10)

The Debye mass for the gluon can be calculated as [51]:

m2
D = παsdg

∫ d3p

(2π)3
∂

∂p
(Ncfg + nffq), (3.11)
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and for light quarks

m2
q = 4παs

(
N2
c − 1
2Nc

)∫ d3p

(2π)3
1
|p|

(fg + fq), (3.12)

where Nc = 3 is the number of color charges, dg = 2 · 8 = 16 is the degeneracy factor

for gluons, nf is the number of flavors, and fi represents the distribution for gluons and

quarks. Assuming the local equilibrium and a classical Boltzmann statistics for gluons and

quarks — fi = exp [−E/T ] — the Debye mass for quarks and gluons can be integrated as:

m2
D = 8αs

π
(Nc + nf )T 2. (3.13)

coupling constant

The strong coupling constant αs is dependent on the re-normalization scale Q2, which is

determined by the virtuality of each channels, i.e. Q2 = t, Q2 = s −M2, Q2 = u −M2

correspondingly for t, s, u channels. Taking the form Eqn. 1.6, the strong coupling constant

is defined as:

αs(Q2) = α0

log(Q2/Λ2) , (3.14)

where the Λ = 0.2 GeV is the QCD scale. Taking Q2 → 0, the matrix element will be

divergent, and the coupling constant αs(Q2) will diverge as well. Therefore in this study, I

have regulated the coupling constant with an additional screening scale, which depends on

the medium temperature and is defined as µπT 1 The regulated running coupling constant is

plotted in Fig. 3.4, where on the left it shows the dependence of the running coupling with

respect to different temperatures while on the right it shows the dependence with respect to

the ad hoc parameter µ.

1One should distinguish between the screening scale and minimum momentum transfer. The screening scale
sets the maximum value for the coupling constant, but it does not imply that the minimum momentum
transfer equals µπT , although those two may result in the same value for the coupling constant.
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Figure 3.4: [Left]: strong coupling constant as a function of the momentum scale for
different temperature, with an fixed renormalization scale µ = 1; [Right]: strong coupling
constant for different renormalization scale µ at fixed temperature.

Moreover, one can also use a fixed strong coupling constant αs, denoted as an effective

coupling constant in the medium. It is particularly useful when there is no dynamical

process involved.

Combining the Debye screening with the coupling constant, the matrix elements for
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heavy quark scattering with the light partons in the medium is updated as:

|MQg→Qg|2 = π2
[
32α2

s(t)
(s−M2)(M2 − u)
(t−m2

D)(t− Λ2)

+ 64
9 α

2
s(s−M2)(s−M2)(M2 − u) + 2M2(s+M2)

(s−M2 +m2
D)2

+ 64
9 α

2
s(u−M2)(s−M2)(M2 − u) + 2M2(u+M2)

(M2 − u+m2
D)2

+ 16
9 αs(s−M

2)αs(u−M2) M2(4M2 − t)
(s−M2 +m2

D)(M2 − u+m2
D)

+ 16αs(t)αs(u−M2)(s−M2)(M2 − u) +M2(s− u)
(t−m2

D)(s−M2 +m2
D)

−16αs(t)αs(u−M2)(s−M2)(M2 − u)−M2(s− u)
(t−m2

D)(M2 − u+m2
D)

]
,

(3.15)

|MQq→Qq|2 = 64
9 π

2α2
s(t)

(M2 − u)2 + (s−M2)2 + 2M2t

(t−m2
D)(t− Λ) . (3.16)

We can, therefore, integrate the cross section for the heavy quark elastic scattering pro-

cesses. Figure. 3.5 shows the cross section of a charm quark (M = 1.3 GeV) scattering with

the light partons in a QGP medium and compared between a running coupling constant —

whose value is defined by Eqn. 3.14 — and a fixed coupling constant — (αs = 0.45). One

can see that those two calculation deviate from each other significantly in low temperature

region. σQg→Qg is approximately twice as large as σQq→Qq. It is due to the ratio between

the different color prefactors which yields |MQg→Qg|2 ' 9
4 |MQq→Qq|2.
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Figure 3.5: Charm quark (M = 1.3 GeV) cross section of 12→ 34 elastic scatterings with
respect to center of mass energy

√
s [left] and temperature [right]. Compared between a

running coupling constant result — where the coupling constant is defined by Eqn. 3.14,
and a fixed coupling constant.

3.2.3 Monte Carlo implementation

Scattering rate

The linearized Boltzmann equation 3.2, which describes the evolution of the heavy quark

phase-space distribution due to the collisional integral reads:

(
∂

∂t
+ ~p

E

∂

∂~x

)
fQ(t, ~x, ~p) = C2→2

Q + C2→3
Q + C3→2

Q + ... (3.17)

where the leading order collisional integral C2→2(~p) can be expressed with matrix elements

as:

C2→2(~p) = 1
dQ

1
2E1

∫ d3p2

(2π)32E2

d3p3

(2π)32E3

d3p4

(2π)32E4

∑
|M|212→34 [f3f4 − f1f2]

× (2π)4δ(4)(p1 + p2 − p3 − p4).

(3.18)
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For a Monte Carlo implementation to solve the linearized Boltzmann equation, the

distribution of heavy quarks fQ(~p) is represented as an ensemble of independent particles

that scatter with the medium constituents (light quarks and gluons). When a heavy quark

with energy-momentum p1 = (E1, ~p1) propagates in a thermal medium with temperature T ,

it scatters multiple times with thermal particles — whose energy momentum p2 = (E2, ~p2)

follows the momentum distribution of an equilibrium medium f2(p2 · u, T ).2 In a time

interval ∆t, the average number of scattering for a 12→ 34 process is Γ(E1, T )∆t, where

Γ(E1, T ) is the scattering rate and reads3:

Γ12→34(E1, T ) = 1
2E1

∫ d3p2

(2π)32E2

d3p3

(2π)32E3

d3p4

(2π)32E4
f1(E2, T )

∑
|M|212→34

× (2π)4δ(4)(p1 + p2 − p3 − p4)

=
∫ d3p2

(2π)3f2(E2, T )Θ(s ≥ 2m2) 2s
2E12E2

σ12→34(s, T ).

(3.19)

The total scattering rate Γ(E1, T ) then sums over all the possible channels with all types of

collision partners (for a particular heavy quark p1 = (E1, ~p1)):

Γ1(E1, T ) =
∑
2,3,4

Γ12→34(E1, T ). (3.20)

The energy and temperature dependence of the scattering rate is plotted in Fig. 3.6,

where I have compared different scattering channels: solid blue line represent the scattering

rate with light quarks while green dashed line represents the scattering rate with gluons.

2In the local rest frame of the cell, the momentum distribution f(E2, T ) follows a Fermi-Dirac distribution
fFD = dq(1 − e−E2/T )−1 for light quarks and an Einstein-Bose distribution fBE = dg(1 + e−E2/T )−1

for gluons. In addition, one should also take into account of the Bose enhancement and Pauli blocking
factors 1± f(E, T ) for the final state thermal particles. However, those are small corrections compared to
other uncertainties in this study. Instead, we use the classical Boltzmann distribution for both quarks and
gluons.

3The scattering rate depends on the frame. In our implementation, the scattering rate is always calculated
in the local rest frame of the cell. To calculate the scattering rate in the lab frame, one should use the flow
velocity information to determine the light parton momentum distribution.
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Although the cross section for heavy quark scattering with a gluon is larger than that with

light quark — σQg→Qg ' 9
4σQq→Qq — after summing over all the degeneracy, that is dg =

2 ·8 (spin-color) for gluons, and dq+q̄ = 2 ·3 ·3 ·2 (spin, color, flavor, particle-anti-particle),

the total scattering rates of those two are comparable to each other.

In addition, I compared the scattering rate calculated from a running coupling constant

(solid red line) with a fixed one (red dashed line), where the latter shows a stronger pos-

itive temperature dependence for the total scattering rate. Considering only the t channel

scattering we can understand this behavior in the following way, in the high energy limit

where E1, s� m2, T 2,

dσ

dt
∝ α2

s

t2
⇒ σ ∝ α2

s(
1
m2
D

− 1
s−m2 ) ∝ α2

s

1
m2
D

,

Γ ∝
∫
p2

2dp2e
−p2/T

s

E1E2
σ ∝ α2

sT
3

m2
D

,

m2
D ∝ αsT

2 ⇒ Γ ∝ αsT.

(3.21)

Although the scattering rate αsT shows a positive temperature dependence, the running

coupling constant however, as shown in Fig. 3.4, has a negative temperature dependence.

Therefore the overall effect leads to a stronger temperature dependence for a fixed coupling

constant. A 3D projection of the scattering rate is also presented in Fig. 3.7.

Numerical implementation for a Boltzmann dynamics

When heavy quark propagates in the medium, the average number of scatterings it ex-

periences in a time interval ∆t equals to 〈ns〉 = Γ∆t. The scattering process is a rare

event which follows a Poisson distribution, therefore the probability of ns collisions in ∆t

follows:

P (ns ≥ 1) = e−Γ∆t (Γ∆t)ns

ns!
, (3.22)
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Figure 3.6: Total scattering rate Γ12→34 with respect to heavy quark energy [left], and
medium temperature [right]. Running and fixed coupling constant are varied.

and the probability for no collisions in the time interval ∆t is:

P (ns = 0) = 1−
∞∑

ns=1
P(ns) = e−Γ∆t. (3.23)

To determine whether a scattering process happens in a time period ti ∼ ti + ∆t, a random

number between 0 and 1 is generated and compared with the probability P (Γ(E1, T )). If

the random number is smaller than the probability, a specific scattering channel is chosen

according to their individual scattering probability, and the final state particle momenta are

sampled according to the differential cross section, e.g., dσ/dt for the 12→ 34 processes.

The outgoing heavy quark (E3, ~p3) then propagates to the next time step ti + ∆t with the

new energy and momentum ~pnew = ~p3. If no scattering happens, the heavy quark keeps the

original energy and momentum p1 and propagates to the next time step.

I should mention a few more details regarding the numerical implement action of the

scattering process: first, while heavy quark propagates in the QGP medium, a few different

reference frame transformation needs to be taken care of between: lab frame, local rest
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Figure 3.7: 3D projection of the total scattering rate Γ12→34 with respect to heavy quark
energy [left], and medium temperature [right].

frame of the cell, and the center of mass frame (CMS) of the scattering partners. While

heavy quarks propagate in the QGP medium with respect to the lab frame, the scattering

rate Γ(E1, T ), however, is calculated in the local rest frame of the fluid cell, where the

light parton distribution can be written as a simple Fermi-Direc/Bose-Einstein/Boltzmann

distribution. Therefore at each time step one should boost the time step difference ∆t (lab

frame) into the local rest frame of the cell — ∆tlab → ∆t = ∆tlab
γ

, where γ = 1
1−|β|2 , and

the heavy quarks energy momentum should be boosted from the lab frame to the local rest

frame (E1,lab, ~p1,lab) → (E1, ~p1). The light quark (E2, ~p2) is then sampled from a thermal

medium T following a classical Boltzmann distribution f2(p2) = exp [−p2/T ].

Secondly, in practice the cross section σ is calculated in the CMS frame of the two

scattering partners, and it is most convenient to sample the final state outgoing particle

(E3, ~p3) in the CMS frame. In the local rest frame, the CMS has velocity ~vCMS = ~p1+~p2
E1+E2

,

the energy momentum of two initial particles in the CMS frame then yields:

E ′ = γ(E − ~vCMS · ~p),

~p′ = p+ γCMS~vCMS

(
γCMS

γCMS + 1~p · ~vCMS − E
)
.

(3.24)
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where γCMS = 1√
1−v2

CMS
is the Lorentz factor for transforming from the local rest frame of

the fluid to the CMS frame. To further simplify the calculation, we can rotate the system

by (p∗1)µ = Rµν(p′1)ν so that ~p∗1 = (0, 0, p∗1) lies in the z-axis. The required rotation matrix

Rµν is:

Rµν =



1 0 0 0

0 cosψ cosφ cosψ sinφ − sinψ

0 − sinφ cosφ 0

0 sinψ cosφ sinψ sinφ cosψ


. (3.25)

To sample the final state particles, the Mandelstam variable t = (p∗1 − p∗3)2 is sampled

according to the differential cross section dσ/dt, from which we can calculate the final

state particle energy momentum in the CMS frame. The rotation-boost to the lab frame

is performed by an inversion rotation R−1 followed by two reverse boosts (CMS frame to

local rest frame of the cell, and the local rest frame to lab frame).

R−1 =



1 0 0 0

0 cosψ cosφ − sinφ sinψ cosφ

0 cosψ sinφ cosφ sinψ sinφ

0 − sinψ 0 cosψ


. (3.26)

E = γ(E ′ + ~vCMS · ~p),

~p = ~p′ + γ~vCMS

(
γ

γ + 1~p
′ · ~vCMS + E ′

)
.

(3.27)

To summarize, Algorithm 2 illustrates the propagation of heavy quarks in the medium
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following linearized Boltzmann dynamics:

Algorithm 2: Boltzmann dynamics
Input: 1. An ensemble of heavy quarks (~x, ~p); 2. the medium evolution profile

(T, ~β)

Output: An ensemble of final state heavy quarks (~x, ~p) propagate through the

medium, where the surrounding temperature T > Tc.

t = t0;

foreach heavy quark (~x, ~p) do

while T (t, ~x) > Tc do
Interpolate temperature T and flow velocity uµ = (γ, γ · ~β) of the local cell

at position (t, ~x) = (τ, x, y, η) ;

Boost heavy quark p to the local rest frame of the cell p1 ;

Compute the collision probability P for time period ∆t according to

Eqn. 3.23 ;

Generate random number x ∈ [0, 1) ;

if x < P then

Choose a scattering channel and sample the scattering partner p2 ;

Boost and rotate heavy quark and light parton to the center of mass

frame of the scattering ;

Sample new final state outgoing particles with momentum p3 ;

Reverse rotation and boost from local rest frame to lab frame p3 → p′ ;

Update the heavy quark momentum with p′ ;

end

t = t+ ∆t ;

Propagate heavy quark to time t, update position ~x.

end

end
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Static medium evolution
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Figure 3.8: Evolution of energy distribution for charm quarks evolve in a static medium
(constant temperature T = 0.3 GeV). Starting from initial energy as E0 = 30 GeV, charm
quarks lose energy and reach thermal equilibrium (black line) at sufficient time.

Figure 3.8 shows the evolution of the charm quark (M = 1.3 GeV) distribution starting

from an initial energy of E0 = 30 GeV while propagating in an infinite static medium

with a constant temperature T = 0.3 GeV. With sufficient time (e.g τ = 200 fm/c), the

distribution of charm quarks reaches equilibrium (plotted in black solid line).

3.2.4 Transport coefficients

One of the goals of the relativistic heavy-ion program in the next 5-10 years is: “the

quantitative determination of the transport coefficients in the Quark Gluon Plasma, such

as the temperature-dependent shear-viscosity to entropy-density ratio η/s(T ), and the en-

ergy loss transport coefficients ê and q̂.” [96]. The reduction of the interaction within the

QGP medium to a few transport coefficients has multiple advantages. On one side, for dif-

ferent approaches that model the interaction between quarks, gluons and the medium, the

transport coefficients provide an opportunity for comparison among various approaches

which take different assumptions to describe the in-medium interactions. On the other
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side, it allows for a constraint of the value and functional form of the interaction strength

by comparing the theoretical calculation with the experimental data.

In a scattering picture, the average of a quantity X in a medium at temperature T can

be computed using the scattering cross sections:

〈X〉 ≡
∫ d3p2

(2π)3f2(E2, T )Θ(s ≥ 2m2) 2s
2E12E2

σ(s, T )12→34 ·X. (3.28)

In particular, we have the scattering rate Γ ≡< 1 >.

The energy loss rate ê is defined as the average of energy loss per unit time ê =
d
dt
〈E − E3〉. Similarly, the momentum broadening rate (momentum transport coefficient)

q̂ is defined as:

q̂ = 〈~p3 − ~p1 · ~p3/|p1|〉 . (3.29)

For a heavy quark moving in z direction, the momentum transport coefficient q̂ can be

decomposed into the transverse and longitudinal components4:

κT = 1
2
d

dt

〈
(∆px)2 + (∆py)2

〉
,

κL = d

dt

〈
(∆pz)2

〉
.

In addition, the drag coefficient, which is related to the momentum change in z direction

can be defined as:

ηD = −1
p

d

dt
〈pz〉 . (3.30)

Figure 3.9 shows the heavy quark transport coefficients (ηD, κL, κT ) with respect to

heavy quark energy at different temperature [left] and with respect to temperature [right]

at different energies. The coupling constant is chosen as the running one with αs(µ = 1).

4It is common to express the momentum transport coefficients as κt, κL, where κT = 1
2 q̂⊥ as the momentum

variance in the transverse direction, and κL = q̂// as the momentum variance in longitudinal direction.
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As shown in the figure, the drag coefficient ηD has a positive temperature dependence

while negative momentum dependence. The longitudinal momentum transport coefficient

κL increases almost linearly with increasing momentum, while the transverse momentum

transport coefficients κT saturates at higher momenta.

Large-angle scattering

For heavy quark scattering with light quarks, only t channel survives. The differential cross

section Eqn. 3.16 can be rewritten as:

dσ

dt
= 128

9
πα2

s

16(s−M2)2

(
(s−M2)2

t2
+ s

t
+ 1

2

)
. (3.31)

In the large-angle scattering limit, where the momentum transfer t ⇒ (gT )2, one could

estimate the transport coefficients as:

dσ

dt
∝ α2

s

t2
,

κT ∝
∫
p2

2dp2e
−p2/T

s

E1E2
dt
α2
s

t2
· t

∝ T 3α2
s log t|sm2

D
,

(3.32)

With s = 2E1E2(1 + cos12) ∼ 6E1T , we can obtain the momentum diffusion coefficient

as:

κT ∝ T 3α2
s log

(
E1T

m2
D

)
. (3.33)

Soft diffusion

Consider a heavy quark with M � T propagates in the QGP medium and interacts with

a thermal parton E2 ∼ T , the typical momentum transfer is q ∼ T and it takes a large

number of collisions n > M/q to significantly change the heavy quark momentum. It is
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Figure 3.9: Transport coefficients ηD, κL, κT calculated from elastic 2 → 2 scatterings,
with fixed coupling constant αs(µ = 1). [Left] energy dependence; [Right] temperature
dependence.
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reasonable to assume that heavy quarks interact with the medium by experiencing multiple

uncorrelated momentum kicks, i.e. diffusion process. To calculate these small momentum

transfer processes, one can use a re-summation scheme known as the Hard Thermal Loop

(HTL) effective theory [97, 98], where the momentum exchange between heavy quarks

and the medium happens through a soft gauge-boson — gluon. It has shown that [99] at

leading order, the HTL corrections can be reduced to a simple Debye screening 1/Q2 =

1/q2 → 1/(q2 + m2
D). Summing over color, spin of the incoming thermal partons, and all

the quantum numbers of the final state particles, the matrix element squared can be written

as [100]:

|MQq→Qq|2 = CQα
2
s

4π 16M2E2
2(1 + cos θ24)

(
1

q2 +m2
D

)2

,

|MQq→Qq|2 = NcCQα
2
s

4π 16M2E2
2(1 + cos θ24)

(
1

q2 +m2
D

)2

,

(3.34)

CQ denotes the color Casimir of heavy quark and an extra factor of 2 for quark to account

for the anti-quarks.

The total momentum diffusion coefficient then equals to [100]:

3κ = CHg
4T 3

6π

[
Nc

(
log 2T

mD

+ 1
2 − γE + ξ′(2)

ξ(2)

)
+ Nf

2

(
log 4T

mD

+ 1
2 − γE + ξ′(2)

ξ

)]
.

(3.35)

3.3 Langevin Dynamics

3.3.1 From Boltzmann to Fokker-Planck

With the assumption that the momentum transfer during heavy quark - light parton interac-

tion is small (k � p), one can Taylor expand the right hand side of Eqn. 3.2 with respect
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to k:

ω(p + k)fQ(p + k) ≈ ω(p)fQ(p) + ki
∂

∂pi
[ω(p)fQ(p)] + 1

2kikj
∂

∂pi∂pj
[ω(p,k)fQ(p)].

(3.36)

The Boltzmann equation 3.1 can then reduced to the Fokker-Planck equation:

∂

∂t
fQ(t,p) = ∂

∂pi
{Ai(p)fQ(t,p) + ∂

∂pj
[Bij(p)fQ(t,p)]}, (3.37)

where we define the drag and diffusion terms as:

Ai(p) =
∫
d3kω(p,k)ki = 〈p− p′〉i (3.38)

Bij(p) = 1
2

∫
d3kω(p,k)kikj = 1

2 〈(p− p
′)i(p− p′)j〉 (3.39)

〈X〉 stands for integration ofX in phase space, whose functional form is defined in Eqn. 3.28.

We can further simplify the equation considering the rotational symmetry in the local

rest frame of the cell, in which case the direction of Ai and Bij only depends on p:

Ai(p) = A(p)pi,

Bij(p) = B0(p)P //
ij (p) +B1(p)P⊥ij (p),

where the projection operators in the transverse and longitudinal directions are defined as:

P
//
ij (p) ≡ pjpj

p2 ,

P⊥ij (p) ≡ δij −
pipj
p2 .
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and satisfy the relations:

P⊥ij ≡ δij −
pipj
p2 , P

//
ij ≡

pipj
p2 ,

P
//
ij P

ij
// = 1, P⊥ij P

ij
⊥ = 2, P //

ij P
ij
⊥ = 0.

3.3.2 Langevin Equation: stochastic realization of the Fokker-Planck equation

The Fokker-Planck equation describes the time evolution of the phase space distribution

fQ(t,p) with interactions encoded as drag and diffusion coefficients. It is the exact equiv-

alent of the Langevin equation when the noise term in the latter is Gaussian white noise.

The Langevin equation describes the motion of a Brownian particle that experiences con-

secutive kicks while propagating in a medium and reads:

dxi
dt

= pi
E
,

dpi
dt

= −ηDpi + ξi(t).
(3.40)

Here ηD is the momentum drag coefficient, and ξi(t) describes the uncorrelated random

momentum kicks (Gaussian white noise) which satisfies:

〈ξi(t)〉 = 0,

〈ξi(t)ξj(t′)〉 =
(
κL
pipj
p2 + κT (δij −

pipj
p2 )

)
δ(t− t′),

Therefore ηDp is the momentum loss per unit time, κL, κT are the variance of the longitu-

dinal and transverse momentum transfer per unit time.

One way to show the equivalence between the Fokker-Planck and the Langevin equa-
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tion is to covert the Langevin equation to a path integral expression and recognize the

Fokker-Planck equation as an Euclidean Schrodinger equation, which also has a path inte-

gral representation. Another way is first to derive the equation of motion for the probability

distribution ρ(x,p, t) and find the Brownian particles in the interval (x, x+dx), (p, p+dp)

at time t for one realization of the random kick ξ(t), then average ρ(x,p, t) over many

realization of the random force. A detailed deviation can be found in Appendix A.0.4.

While discretizing the time step and realizing the Langevin equation, it remains am-

biguous at which momentum the drag and random noise ηD, ξi are evaluated. Therefore we

can define a general momentum evaluation form:

ξij = ξ(p + Cdp), (3.41)

with C ∈ [0, 1]. For The pre-point/Ito updating scenario, C = 0, ξi = ξ(p), and the

momentum update is evaluated as:

pt+∆t
i − pti = Aito

i (pti)∆t+ ξi(pti)∆t, (3.42)

with the coefficients:

Aito
i (p) ≡ −ηD(p)pi,

Bij(p) ≡ κL(p)pipj
p2 + κT (p)(δij −

pipj
p2 ).

The realization of the Fokker-Planck equation in the pre-point scenario takes the form:

∂fQ(t,p)
∂t

+ ∂

∂pi

(
Aito
i (pfQ(t,p))

)
− 1

2
∂2

∂pi∂pj
(Bij(p)fQ(t,p)) = 0 (3.43)

The other choice of the discretization which has C > 0, (C = 1/2 refers to the mid-

91



poin/Stratonovich discretization, C = 1 refers to the post-point/Hanggi-Klimontovich), the

momentum update is evaluated as:

pt+∆t
i − pti = Aother

i (p̄i)∆t+ ξi(p̄i)∆t, (3.44)

where p̄ = (1− C)pt+∆t + Cpt, with the coefficients:

Aother
i (p) ≡ −ηD(p)pi − C∂Bij(p)

∂pj
,

Bij(p) ≡ κL(p)pipj
p2 + κT (p)(δij −

pipj
p2 ).

(3.45)

The corresponding Fokker-Planck equation takes the form:

∂fQ(t,p)
∂t

+ ∂

∂pi

(
Aother
i (pfQ(t,p))

)
− 1

2
∂

∂pi

(
Bij(p) ∂

∂pj
fQ(t,p)

)
= 0. (3.46)

3.3.3 Einstein relationship and transport coefficients

In an infinite medium in thermal equilibrium, the particle distribution after evolving for a

sufficient amount of time should reach thermal equilibrium — f(p, t → ∞) ∼ e−E/T ,

where T is the temperature of the medium. Applying this equilibrium distribution to the

Fokker-Planck equation, and with the relation:

∂Bij

∂pj
= ∂

∂pj
[B//p̂ip̂j +B⊥(δij − p̂ip̂j)] = ∂

∂p2B
// · 2pi + B// −B⊥

dp2 · 2pi,

∂

∂pj
(Bij · f) = (∂B

//

dp2 · 2pi + B// −B⊥

p2 · 2pi −B// pi
ET

)f,
(3.47)

we obtain the following relationship between the drag and diffusion coefficients:

A− B//

2ET + ∂B//

∂p2 + B// −B⊥

p2 = 0. (3.48)
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It is referred to as the Einstein relationship, also known as fluctuation dissipation relation.

It is the criterion for particles that experience interaction with the medium to reach thermal

equilibrium in the infinite time. This relation, in terms of η, κL, κT can be expressed as

C = 0 :ηD = κL
2ET −

κL − κT
p2 − ∂κL

∂p2 ,

C = 1 :ηD = κL
2ET −

(√κL −
√
κT )2

p2 .

(3.49)

In addition to the drag coefficient ηD and momentum transfer coefficient κL, κT , the

spatial diffusion coefficient is also commonly used to characterize the interaction strength

between the heavy quarks and the medium. The spatial diffusion coefficient Ds, can be

calculated by initializing a particle at x(t = 0) and evaluating the variance of its position

at a later time x(t):

〈xi(t)xj(t)〉 = 2Dstδij, (3.50)

Given

xi(t) =
∫ t

0
dt′
pi(t′)
M

,

pi(t) =
∫ t

−∞
dt′eηD(t′−t)ξi(t′),

(3.51)

where the first equation is the update for heavy quark position, and the second equation

is solution for the differential equation 3.40, we have

〈xi(t)xi(t)〉 =
∫ t

0
dt1

∫ t

0
dt2

1
M2 〈pi(t1)pj(t2)〉

= κii
M2η2

D

[
t− 1

ηD
(1− e−ηDt)

]
.

(3.52)

Taking the large t limit, we obtain the spatial diffusion coefficient:

Ds = κT
2M2η2

D

, (3.53)

93



for a particle with momentum p = 0, ηD(p = 0) = κT
2MT

, therefore the spatial diffusion

coefficient is related to the momentum transfer coefficient as:

Ds(p = 0) = T 2

κT
. (3.54)

3.3.4 Monte Carlo implementation

In the Monte Carlo implementation of the transport coefficient based Langevin framework,

the inputs are the initial ensemble of heavy quarks, the medium information, as well as the

external values for the transport coefficients. During the propagation of the heavy quarks
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through the medium, they constantly experience drag and thermal forces.

Algorithm 3: Langevin dynamics realized with two-step post-point update
Input: 1. An ensemble of heavy quarks (~x, ~p); 2. the medium evolution profile

(T, ~β); 3. the interaction strength between heavy quarks and the medium

ηD, κL, κT

Output: An ensemble of final state heavy quarks (~x, ~p) that propagated through

the medium, where the surrounding temperature T < Tc.

t = t0;

foreach heavy quark (~x, ~p) do

while T (t, ~x) > Tc do
Interpolate temperature T and flow velocity ~β of the local cell at position

(t, ~x) = (τ, x, y, η) ;

Boost heavy quark p to the local rest frame of the cell p1 ;

Rotate the heavy quarks to align the momentum in z direction

p = (0, 0, pz);

repeat
Interpolate/compute the drag and momentum transfer coefficient

ηD(p, T ), κL(p, T ), κT (p, T ) ;

Generate the thermal force with an Gaussain white noise distribution ρ;

Update the momentum p = (0, 0, pz) with the drag and thermal random

forces to a temporal momentum as

p = (
√
κT∆tρx,

√
κT∆tρy, pz · (1− ηD∆t) +

√
κL∆tρz)

until 2 iterations;

t = t+ ∆t ;

Propagate heavy quark to time t, update position ~x.

end

end
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Figure 3.10: Comparison between the charm quark distributions following the Langevin
dynamics [left] and the linearized Boltzmann dynamics[right]. The upper panels are the
energy distribution while the lower panel are the transverse momentum distribution.
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Figure 3.11: Comparison between different implementation of Einstein relationship in
an infinite static medium with temperature T = 0.3 GeV. The charm quarks are initialized
with the same momentum as ~p = (0, 0, 30) GeV and propagate in the medium for 200 fm/c.

We can use the drag and momentum transport coefficients calculated from perturbative

QCD in Section. 3.2.4 to characterize the interaction strength between heavy quarks and

the medium. Starting from the same initial energy E0 = 30 GeV, an ensemble of charm

quarks propagates in an infinite QGP medium (constant temperature T = 0.3 GeV) and

gradually loses energy. Figure. 3.10 shows the evolution of the energy distribution for

heavy quarks following a Langevin dynamics on the left panel and the evolution of energy

distribution following a linearized Boltzmann dynamics on the right panel. One can see

that: following the Langevin dynamics, charm quark distribution is driven to the final state

more rapidly than the one following the linearized Boltzmann dynamics. For the transverse

momentum distribution on the lower panel, the two are comparable with each other though

small differences can be found.

When heavy quarks propagate in the medium following Boltzmann dynamics, the H-

theorem guarantees that the system approaches equilibrium after sufficient enough time.

However, directly feeding the drag and momentum transport coefficients from a pQCD
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calculation to a Langevin calculation does not fulfill the equilibrium requirements. One has

to apply the Einstein relationship between the transport coefficients ηD, κL, κT to ensure the

proper equilibrium state. We are therefore facing an ambiguity when imposing the Einstein

relationship, as only two(one) variables out of three are required by Eqn. 3.49. Figure 3.11

compares the results from different implementation of the Einstein relationship in a static

medium. The charm quarks, the same as before, are initialized with an identical initial

energy E0 = 30 GeV and then propagate in an infinite static medium for 200 fm/c. As

shown in the left panel of Fig. 3.11, which compares the evolution of the averaged energy

for different implementations of the Einstein relationship. Without using the longitudinal

momentum transport coefficient κL in the relationship (namely the purple and cyan dashed

lines), the heavy quarks lose energy in a similar fashion following either Boltzmann and

Langevin dynamics.

We should note that the coincidence that the implementation of ηD = ER(κT ), κT =

κL = ER(ηD) is similar to the linearized Boltzmann result is, as a matter of fact, model-

dependent. In the leading-order pQCD calculation, where the t-channel is the main con-

tribution to the cross section, the relationship between the drag ηD and the transverse mo-

mentum coefficients κT is approximately close to the Einstein relationship κT ≈ 2ETηD,

which results in the overlap between the red dashed curve (linearized Boltzmann evolution)

and the green curve (Langevin evolution). However, considering higher-order contributions

and different regulators, such a relationship is not guaranteed. The right panel of Fig. 3.11

shows an extreme scenario, where I only include the s-channel elastic scattering — just

for the purpose of demonstration — the average energy approach to equilibrium shows

significant deviation between the ηD = ER(κT ) and κT = ER(ηD) implementations.

Figure 3.12 compares the evolution of the energy distribution for charm quarks with

or without the implementation of the Einstein relationship propagating in a static medium

(constant temperature T = 0.3 GeV) for 200 fm/c. One can see that even though the evo-
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Figure 3.12: Comparison between the charm quark energy distribution without [left] or
with [right] the implementation of the Einstein relationship propagating in a static medium
with constant temperature T = 0.3 GeV. Heavy quarks are initialized with an identical
initial energy ~p = (0, 0, 30) GeV and propagate in the medium for 200 fm/c.

lution of the average energy is similar to each other (blue line and green line in Fig. 3.11),

the one without the Einstein relationship has a broader distribution than the one with the

Einstein relationship. Both show a Gaussian shape but with different width. It implies that

a comparison with experimental data, using a differential observable could provide some

insight into the intrinsic dynamics of thermaliszation inside the plasma.

3.4 Improved Langevin: Langevin with additional radiative energy
loss

In the previous two sections, I have shown the dynamics of heavy quarks inside a QGP

medium while considering only collisional energy loss: elastic scattering with the medium

partons in the linearized Boltzmann picture, and diffusion in the Langevin picture. How-

ever, for a heavy quark with sufficiently large momentum, a different kind of energy loss

— medium-induced gluon radiation — also plays a significant role during its propagation

in the medium.
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Figure 3.13: Next to leading order pQCD Feynman diagram (t channel) for heavy quark
inelastical scattering with gluons Q + g → Q + g + g and radiation of a gluon. Time line
goes from left to right.

3.4.1 Partonic inelastic scattering

The next order correction for heavy quark radiative energy loss is the 2→ 3 scattering with

an additional gluon in the final state:

Q+ q → Q+ q + g,

Q+ g → Q+ g + g.

(3.55)

For the process Q+g → Q+g+g there are 16 Feynman diagrams due to the self coupling

of the gluon. However, the t-channel dominates the total cross section in the approximation

of small momentum transfer — where t is small. Therefore while studying the radiative
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Figure 3.14: Next to leading order pQCD Feynman diagrams for heavy quark inelastically
scattering with light quarks Q+ q → Q+ q + g. Time line goes from left to right.

energy loss from partonic scattering point of view, I will focus on t channel scattering,

whose Feynman diagrams are shown in Fig. 3.13. The process Qq → Qq is similar to that

of Qg → Qg but without the diagram 6 in Fig. 3.13.

We inherit the notation from elastic scattering, where the initial heavy quark and its

scattering partner are denoted as (p1, p2), and the final state heavy quark and light parton

are denoted as (p3, p4). In addition, the radiated gluon is denoted as k (with gluon energy

as ω) while the momentum transfer (i.e. the internal gluon propagator) is denoted as q.

A commonly used approximation for the 2 → 3 scattering is the Gunion-Bertsch matrix

element derived in 1981 [101] for light quark scattering qq′ → qq′g and later re-derived for

heavy quarks in [102–104]. Here I will only list the matrix element for the gluon radiation

process Qq → Qqg in the light-cone gauge5:

|MQq→Qqg|2 '
α2

4π |MQq→Qq|2(1− x̄)2
[

k⊥
k2
⊥ + x2M2 + q⊥ − k⊥

(q⊥ − k⊥)2 + x2M2

]2

, (3.56)

where x̄ = k⊥√
s
e|y| is the fraction of the momentum carried away by the radiated gluon. The

simplification from the full matrix element to the Gunion-Bertsch matrix element requires

two assumptions: high-energy limit; the radiated gluon and momentum transfer are soft:

k⊥ �
√
s, q⊥ �

√
s, xq⊥ � k⊥. (3.57)

5A more detailed derivation can be found in the corresponding reference
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If one further assumes that the radiated gluon k is much softer than the transferred momen-

tum (k⊥ � q⊥, which implies x̄→ 0), the Gunion-Bertsch matrix element can be reduced

to a gauge invariant form6:

|MQq→Qqg|2 '
12α2

s

4π |MQq→Qq|2
[

k⊥
k2
⊥ + x2M2

]2

, (3.58)

Two effects need extra attention while we investigate the heavy quark radiative energy

loss in the QGP medium:

dead cone effect

The dead cone effect [105] refers to the fact that the gluon bremsstrahlung off a heavy quark

is suppressed at the angle smaller than the dead cone angle θD = M/E. Therefore for

heavy quarks with low energy, the collisional energy loss is considered to be the dominant

mechanism as the radiative process is suppressed.

The dead cone effect is also present in the Gunion-Bertsch matrix element shown in

Eqn. 3.58, as for small angle θ radiation, the momentum of the emitted gluon can be ap-

proximated as k⊥ = ω sin θ ' ωθ and x = k⊥e
|y|
√
s
' 2ω√

s
' 2ω

2E '
k⊥
θE

, Eqn. 3.58 is then

simplified as:

|MQq→Qqg|2 ' 12α
2
s

4π |MQq→Qq|2
k2
⊥

(k2
⊥ + x2M2)2

' 12α
2
s

4π |MQq→Qq|2
1
|k2
⊥|

1
(1 + θ2

D

θ2 )2
,

(3.59)

where θD = M/E is the dead cone angle, and D = (1 + θ2
D

θ2 )−2 < 1 is referred as the dead

6A matrix element should be gauge invaraint if there is no assumption being made. However, using approx-
imation as in Gunion-Bertsch matrix element breaks the gauge invariant, or at least restricts the region of
validity. It is shown in Ref. [89] that both the calculation of the matrix elements in Feynman gauge and
light cone gauge agree within their approximation, and by comparing with the exact matrix element, the
employed approximation are reasonable.
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Figure 3.15: Heavy quark radiates a gluon 1→ 2 process.

cone factor, which results in the reduction of the total gluon radiation emitted by the heavy

quark.

Laudau-Pomeranchuk-Migdal effect

The Laudau-Pomeranchuk-Migdal (LPM) effect describes another type of suppression of

the gluon radiation process. The gluon radiated from a heavy quark scattering with the

medium is a quantum process which does not happen instantaneously. According to the

principle of uncertainty, the gluon formation time τf and its virtual energy ∆E of the

radiation process satisfy:

τf∆E ' 1. (3.60)

A fast-moving heavy quark in the lab frame emits gluon at small angle when boosted to the

lab frame even though the radiation angle is large in the CMS frame. Considering a heavy

quark with energy-momentum pinit = (
√
M2 + p2

z, 0, pz) emits a gluon that has the energy

momentum of (
√
z2p2

z + k⊥, k⊥, zpz), where z = kz/pz is the longitudinal fraction of the

emitted gluon. The virtuality of this process is:

∆E = Efinal
HQ + ω − Einitial

HQ

=
√

(1− x)2p2
z + k2

⊥ +M2 +
√
x2p2

z + k2
⊥ −

√
p2
⊥ +M2.
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In a soft gluon radiation process z � 1, for a fast moving heavy quark pz �M , the gluon

formation time in the lab frame can then be approximated as:

τf '
1

∆E '
2ω

k2
⊥ + z2M2 . (3.61)

When a heavy quark propagates in the medium, the radiation processes are induced

by the medium. If the formation time of the radiated gluon is large compared to the time

interval between heavy quark interaction with the medium (a.k.a heavy quark mean free

path τf < λ), an inference effect takes place and suppresses the radiation process.

However, the implementation of the LPM effect in a Monte Carlo scattering picture

such as the linearized Boltzmann framework is rather difficult, as in such a scattering pic-

ture, all the interactions are point-like, requiring an iterative evaluation of the mean free

path λ in space-time. One solution for mimic the LPM effect is to restrict the phase space

interval of the radiation process with a coherence factor:

d3k

(2π)22k →
d3k

(2π)22k4 sin2
(
t− t0
2τf

)
, (3.62)

where (t−t0) is time interval since the last gluon emission at time t0. With such a coherence

factor, the emission of gluon at time (t− t0) < τf are suppressed.

3.4.2 Multi-scattering radiative energy loss formalism

High energy jet in-medium radiation is one of the most important topics in heavy-ion

physics and more sophisticated treatments have been considered in great detail. Four major

phenomenological schemes that have been developed and widely used are:

• Higher Twist [106–110]: Higher Twist describes the multiple scattering of

a parton as power corrections to the leading twist cross section, where the correc-
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tions are enhanced by the medium length L and suppressed by the power of hard

scale Q2. The underlying concept applies the factorization theorem, which states the

hadron production in nuclear collision process is divided into: the non-perturbative

parton distribution function, the perturbative partonic scattering cross sections and

the non-perturbative fragmentation function. We can therefore formulate the final

cross section for producing a hadron h as a convolution of initial nuclear distribution

fA/i(x,Q2), the hard partonic cross section to produce a parton σij/c and a medium

modified fragmentation function for the final hadron Dc→h(x, µ2
F ):

dσA+B→h+X =
∑
ij

fA/i(xi, Q2)fB/j(xj, Q2)⊗dσij→c(x1, x2, αs(µ2))⊗Dc→h(x, µ2
F ),

(3.63)

The medium modification is encoded into the fragmentation function, which is sep-

arated as a medium-dependent additive contribution added to the leading-order vac-

uum contribution:Di→h
med = Di→h

vac + ∆Di→h
med . The medium-dependent contribution

∆Di→h
med contains twist-4 parton matrix elements and describes the additional scat-

tering of the hard parton with another nucleon inside the nucleus. 7 The Higher

Twist formalism involves one free parameter — the jet transport coefficient q̂ —

and needs to be fixed by a fitting to experimental measurements.

• Path integral formalism of re-scattering summation on multiple static centers (BDMPS-Z/ASW) [111–

113]: The BDMPS-Z/ASW formalism computes the radiated gluon energy distribu-

tion ωdI/dω as a function of the transport coefficient q̂ by taking into account of the

n static rescattering centers and modifies the gluon radiation energy k⊥. In a study

of a finite size medium with length L, the radiative energy loss shows a quadratic

path length dependence: ∆Erad ∝ L2, which is different from collisional energy

7In the deep inelastic scattering, the photon-photon scattering can be expanded as a product of particle
current operations, which is ordered by the difference of the dimension and the spin, or twist, of the
operators.
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loss as the latter shows a linear dependence: ∆Ecol ∝ L. The BDMPS-Z/ASW

approach assumes a static medium, which weakens its predictive power in a dynam-

ically evolved QGP medium that is created in heavy-ion collisions. In a Bjorken

expansion of the QGP medium [114], where the system is expanding into the longi-

tudinal z-direction and cools down as a function of proper time τ according to the

scaling law ταT 3 = τα0 T
3
0 , the energy loss is found to be six times larger than the one

in a static medium.

• Opacity expansion (GLV) [115–119]: The GLV formalism calculates the parton en-

ergy loss in a dense deconfined medium consisting of almost static scattering centers

which produce a screened Yukawa potential. Different from the BDMPS formalism,

which assumes multiple soft scatterings for the hard parton (Nsc � 1), the GLV for-

malism starts from a single hard radiation off the hard parton (Nsc ∼ 1), and then

expands to multiple scatterings via a recursive diagrammatic procedure — “opacity

expansion”. By construction, given the single and double scattering combination at

order n, one can build the gluon distribution at order n+ 1 in opacity. It is found that

the first-order of opacity is dominating therefore it is enough to assume only a few

scatterings. The radiative heavy quark energy loss approaches the incoherent(linear)

limit in path length dependence.

• Finite temperature field theory approach (AMY) [120–123]: the AMY formulates a

leading-order perturbative QCD hard thermal loop effective field theory to treat the

energy loss of a hard parton in a weakly coupled medium. The main difference

between AMY and BDMPS-Z/ASW/GLV approaches is that the latter assume the

medium as a collections of static scattering centers, while the former one assume the

medium consists of light quarks and gluons, forming an equilibrium QCD medium

at temperature T . The weak coupling assumption implies the hierarchy T � gT �
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g2T , and the hard parton scattering off other medium constituents experiences a mo-

mentum transfer of order O(gT ). These scatterings are split into two parts: a 2→ 2

scattering which is calculated in leading order pQCD and with the HTL self-energy

contribution; a medium-induced 1 → 2 (a → bc) splitting, whose splitting rates

dPa(p)
dt

=
∫
dk
∑
b,c

[
Pb(p+ k)dΓbac(p+k,p)

dkdt
− Pa(p)dΓabc(p,k)

dkdt

]
are calculated and used to

evolve the hard parton distribution.

The four energy loss schemes can be roughly divided into two groups — those that

determine the radiative gluon spectrum by the initial parton (GLV/BMSPS-Z/ASW), and

those that calculate the change of the final distribution of the hard parton (AMY/HT) energy

directly. The differences among those schemes lie in the different assumptions of: the na-

ture of the medium, the virtuality of the energetic parton, and the kinetic approximations of

the parton-medium interactions. Further detailed comparisons among those approaches can

be found in Ref. [124, 125]. In [124] those schemes are implemented in a uniform medium

with fixed length and fixed temperature where the quantitative differences are found due

to specific approximations. In addition, all those approaches can be reduced to a version

which contains only one free tunable parameter q̂g, which is the momentum transport coef-

ficient of gluons and can be extracted from a comparison with experimental measurements.

In [125] those schemes are implemented with a 3-dimensional hydrodynamic approach,

where the hard parton nuclear modification factorRAA is compared with experimental data.

Although a quantitative consistency of the momentum transport coefficients q̂ is observed,

it still differs by a factor of 3, as listed in Tab 3.2. Additional constraints on q̂, such as the

reproduction of the azimuthal anisotropy, are required in order to reduce the uncertainty.

Comparison between HT and GB matrix elements

In this thesis work, we adopted the Higher Twist formalism for heavy quark radiative

energy loss in the QGP medium. Under the assumption of collinear (ω � kT ) and soft
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q̂(~r, τ) scaled as ASW q̂0 HT q̂0 AMY q̂0

T (~r, τ) 10 GeV2/fm 2.3 GeV2/fm 4.1 GeV2/fm
ε3/4(~r, τ) 18.5 GeV2/fm 4.5 GeV2/fm —
s(~r, τ) — 4.3 GeV2/fm —

Table 3.2: Value of q̂ at τ0 = 0.6 fm/c in the cell at ~r=0 of the 0-5% centrality hydro
events, in different energy loss schemes. Also presented is the varition of q̂ with different
choices of scaling of q̂(~r, τ) with different local intensive properties of the medium. T (~r, τ)
is the temperature, ε(~r, τ) is the energy density and s(~r, τ) is the entropy density at location
(~r, τ)

(ω � E) radiation , the medium-induced gluon spectrum can be expressed as:

dN

dxdk⊥dt
= 2αsP (x)q̂g

πk4
⊥

sin2
(
t− ti
2τf

)(
k2
⊥

k2
⊥ + x2M2

)4

, (3.64)

where k⊥ is the transverse momentum of the emitted gluon. P (x) represents the medium-

modified splitting function for a parton radiating a gluon which carries a momentum frac-

tion of x,

P (x) = (1− x)(2− 2x+ x2)
x

. (3.65)

τf is the formation time of the radiated gluon and is defined as:

τf = 2Ex(1− x)
(k2
⊥ + x2M2) . (3.66)

The gluon emission spectrum depends on the gluon momentum transport coefficient q̂g. In

our implementation, it is connected to the quark transport coefficient by the color factors

as q̂g = CA/CF q̂, the later is obtained from elastic scattering. In addition, it also has a

time dependence, where (t− ti) represents the time interval since the last gluon emission.

Therefore under this construction, the radiative energy loss of heavy quarks depends only

on the momentum transport coefficient q̂.

When integrating for the averaged emitted gluon number, a lower bound xE ≥ πT is
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Figure 3.16: Averaged gluon radiation number as a function of time for heavy quark
propagating in a static medium. [Left]: varying the temperature of the medium; [Right]:
varying the energy of the heavy quark.

imposed for two reasons: firstly, it avoids the infrared divergence at x→ 0 limit; secondly

without the proper reverse process (gluon absorption), heavy quarks will continue to lose

energy if no lower limit cut-off is applied. With such a cut-off, the heavy quark distribution

in a thermal medium reaches a near-thermal equilibrium distribution, with an effective

temperature slightly shifted to a lower value (about 5% in a static medium with a constant

temperature of 0.3 GeV) [72].

Figure 3.16 shows the integrated emitted gluon number 〈Ng〉 as a function of time for

different medium temperatures and heavy quark energies. As shown in the figure, the av-

erage gluon radiation increases with increasing temperature and momentum, it also shows

a positive time dependence with a saturation trend for lower energy heavy quarks.

The Higher Twist formalism shares some similarity with the Gunion-Bertsche for-

malism when specific assumptions are made. The Gunion-Bertsche assumes that k � q →
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x ' 0 in addition to the soft and collinear approximation, therefore the matrix element is:

|MQq→Qqg|2 '
α2

4π |MQq→Qq|2(1− x̄)2
[

k⊥
k2
⊥ + x2M2 + q⊥ − k⊥

(q⊥ − k⊥)2 + x2M2

]2

'x→0
α2

4π |MQq→Qq|2
[

k⊥
k2
⊥ + x2M2 + (q⊥ − k⊥)

(q⊥ − k⊥)

]2

'x→0
α2

4π |MQq→Qq|2
1
k4
⊥
.

(3.67)

Note that the dependence on 1
k4

⊥
, and compare with what is shown in Higher Twist

formalism.

3.4.3 Recoil force induced by gluon radiation

In order to incorporate the heavy quark radiative energy loss to a Langevin framework, we

introduce a recoil force that results from the heavy quark radiating a gluon and formulate it

as the momentum change of the emitted gluon [72]:

f gluon
i = −dp

gluon
i

dt
, (3.68)

The improved Langevin equation is then updated as:

dpi
dt

= −ηDpi + ξi(t) + f gluon
i , (3.69)

The number of emitted gluon in a time interval 〈Ng〉 may not be always smaller than 1,

therefore it cannot be treated as the gluon emission probability. We therefore allow multiple

gluon emissions to happen in a time interval ∆t. It follows a Poisson distribution:

P (n) = 〈Ng〉n

n! e−〈Ng〉, (3.70)

110



We can obtain the total probability for the gluon radiation process (n > 0) as:

Prad = 1− e−〈Ng〉. (3.71)

The average number of emitted gluons 〈Ng〉is first calculated by integration of the spectrum

and then tabulated. The probability of gluon emission process is determined by Eqn. 3.71.

If the radiation process happens, the number of emitted gluon is sampled according to the

Poisson distribution and the momentum of the emitted gluon is sampled according to the

gluon spectrum. Algorithm 4 summarizes the gluon emission process for heavy quarks

propagating in the medium.

Algorithm 4: Gluon radiation process
Input: Heavy quark energy E, medium temperature T , time interval since last

gluon emission t− ti

Output: Emitted gluon momentum if the radiation process happens; otherwise

return 0

Interpolate/Calculate the momentum transport coefficient q̂, the average number of

emitted gluon 〈Ng〉 ;

Calculate the probability for the radiative process Prad according to Eqn. 3.71 ;

Generate a random number x ∈ [0, 1) ;

if (x < Prad) then
Sample the number of emitted gluons according to the poison distribution

Eqn. 3.70 ;

Sample the gluon momentum (ω, k⊥) according to the gluon emission

spectrum Eqn. 3.64 using multi-variate rejection sampling.

end
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3.5 A full space-time evolution of heavy quarks in heavy-ion collisions

So far I have explained the full space-time evolution heavy quarks in heavy-ion collisions,

which is based on a transport model — that describes the heavy quark in-medium prop-

agation, incorporating a relativistic viscous hydrodynamical model — that simulates the

evolution of the QGP medium until a switching temperature Tswitch < Tc. After the QGP

system hadronizes into a hadron resonance gas, the hadron-hadron interactions are simu-

lated by UrQMD model.

Three different collision systems at RHIC and the LHC are explored — Au-Au colli-

sions at 200 GeV, Pb-Pb collisions at 2.76 TeV and at 5.02 TeV. In each calculation, 5000

minimum bias events8 are generated and run through the event-by-event viscous hydrody-

namical model. Each hydro event simulates the soft medium evolution from the formation

of the medium until the QGP medium hadronizes into a hadron resonance gas, and the

UrQMD model takes over to allow for hadron rescattering until kinetic freezeout. The QGP

medium evolution profile (the medium temperature and flow T (τ, x, y, η), ~u(τ, x, y, η)) are

stored as the background for heavy quark propagation in the QGP phase. For each hydro

events, heavy quarks are oversampled — 600,000 heavy quarks are initialized with the po-

sition distribution consistent with the corresponding initial entropy density — and evolve

until heavy mesons are formed and undergo hadronic rescattering and decaying. The en-

ergy and momentum of heavy mesons and light hadrons are collected to calculate the final

state observables using the following scheme:

• Minimum bias events are first binned into different centrality classes according to the

final state charged hadron multiplicity Nch at mid-rapidity;

• Heavy meson selection is based on the corresponding experimental kinematic cut for

8Mimimum bias events refer to the unbiased subsample events drawn from the whole population of the
collision events from the most central to the most peripheral with equal probabilities.
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specific ranges in rapidity, centrality and transverse momentum;

• The nuclear modification factor RAA is calculated by comparing the ratio between

the heavy meson spectrum in heavy-ion collisions with the reference heavy meson

spectrum in the proton-proton collisions. The reference spectrum is calculated us-

ing a heavy quark FONLL distribution followed by a fragmentation process that is

performed by PYTHIA. The D-meson yields are compared to experimental mea-

surements in Fig. 2.16;

• The heavy meson elliptic flow is calculated consistent with the experimental method.

For example, in Au-Au collisions and Pb-Pb collisions at 2.76 TeV, an event-plane

method is used, while for the Pb-Pb collisions at 5.02 TeV, the two-particle cumu-

lant method is used, although little difference has been noticed for the two different

methods.

3.5.1 Soft medium observables

The soft matter evolution depends on the free-streaming time, initial renormalization scale,

the mapping function from the nuclear parton distribution function to initial entropy den-

sity, the shear and bulk viscosity to entropy density ratio in the QGP phase, and the switch-

ing temperature from a hydrodynamical description to a microscopic Boltzmann descrip-

tion. All the parameters, either ad hoc artificial parameters that are model-dependent, or

physical properties of the QGP medium, are calibrated on experimental measurements of

the soft medium observables by an independent Bayesian model-to-data analysis [44].

For the soft matter observables, the charged-particle yield dNch/dη, identified-particle

yields dN/dy for pion, kaon and proton (π,K, p), identified particle mean pT and two-

particle flow cumulants vn{2} are calculated for different centrality bins. Fig. 3.17 shows

the calculated soft medium observables compared to data to demonstrate the ability of the
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Figure 3.17: Event-by-event viscous hydrodynamical model calculation (color lines)
of the soft medium observables for Pb-Pb collisions at 2.76 TeV [upper] and 5.02
TeV[lower]. All the parameters regarding the soft medium evolution are calibrated to ex-
perimental measurements and this results is calculated taking the MAP parameters from
Table 5.5 of [57].
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model to describe the evolution of the QGP medium.

3.5.2 Heavy flavor observables

Nuclear modification factor RAA and v2

The two main heavy quark observables are the nuclear modification factor RAA for heavy

mesons, which is defined as the particle yield in nucleus-nucleus (AA) collisions divided by

the scaled yield in proton-proton (pp) collisions, and the heavy meson elliptic flow, which

is defined as the second order harmonics of the momentum azimuthal distribution.

From charm quark to D-meson

In an improved Langevin framework, the interaction between heavy quarks and the medium

is implemented as a diffusion process, which is determined by the transport coefficients

ηD(E, T ), κL(E, T ), κ(E, T ), Ds2πT etc. They serve as the input for the improved Langevin

model, whose values are estimated either from the first principle, or parametrized and later

determined from a comparison between the model’s calculation and experimental measure-

ments.

For now in this section, I will focus on the former scenario: that is the transport coeffi-

cients fed into the improved Langevin framework are calculated via a leading-order pQCD

approach, which is explained in Sec. 3.2.4. The temperature and momentum dependence

is plotted in Fig. 3.6 and 3.7.

The upper panel of Fig. 3.19 presents a calculation of the mid-rapidity nuclear modi-

fication factor RAA as a function of transverse momentum pT for different centralities for

charm quarks (green dashed line), D-meson before the hadronic stage rescattering (solid

green line) andD-meson after the hadronic stage rescattering (solid blue line) in Pb-Pb col-

lisions at 5.02 TeV. The lower panel shows the charm quark and D-meson elliptic flow as a
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Figure 3.18: [Upper]: Charm quark/D-meson RAA as a function of pT for different cen-
tralities in Pb-Pb collision at

√
sNN = 5.02 TeV; [Lower]: Charm quark/D-meson elliptic

flow as a function of pT for different centralities. The experimental measurements are taken
from ALICE [126] and CMS [127].
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function of pT . The renormalization factor µ which determines the running coupling con-

stant scale is chosen as µ = 1. Comparing with experimental measurements (errorbars and

boxes), without further tunning for the transport coefficients, the improved Langevin frame-

work is able to quantitatively describe the experimental observables, especially the energy

loss related nuclear modification factorRAA. For central collisions (0−10%) heavy quarks

experience a hotter medium, lose more energy and exhibit a larger suppression. For the el-

liptic flow v2, the calculations from the improved Langevin model also show a general trend

of small anisotropy in the most central collisions, and larger anisotropy in mid-centrality

collisions. However, this calculation significantly underestimates the elliptic flow in mid-

central collisions.

The comparison between charm quarks (green dashed lines) and the D-meson right

after the hadronization (solid green lines) implies that:

• A heavy quark with a light anti-quark,D-meson gains significant anisotropy from the

light quark at lower momentum region. It is not achievable from a pure fragmentation

hadronization mechanism;

• D-mesons at higher momentum hadronizes from heavy quark fragmentation as no

significant increase of the anisotropy;

• Recombination with a light quark results in a peak for the RAA around pT ∈ [2, 5]

GeV.

Furthermore, comparing the calculation for D-mesons right after hadronization (green

solid lines) with D-meson after hadronic interaction (solid blue lines), one can see that:

• The hadronic interaction further increases the anisotropy of D-mesons in the lower

momentum region of v2;

• Rescattering with light hadrons only marginally changes the energy of theD-mesons;
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Figure 3.19: [Upper]: D-meson RAA as a function of pT in different centralities in Pb-
Pb collision at

√
sNN = 5.02 TeV; [Lower]: D-meson elliptic flow as a function of pT in

different centralities. Comparison between the calculation from different transport model
(Langevin vs. improved Langevin vs. linearized Boltzmann(col) vs. linearized Boltzmann
(col+rad)). The experimental measurements are taken from ALICE [126] and CMS collab-
oration [127].

• The consistently smaller value for RAA at higher momentum results from the decay

of D-meson in the hadronic stage.

From linearized Boltzmann to improved Langevin dynamics

With a Langevin approach, one can ignore the microscopic details of the interactions but

instead focus on the macroscopic transport coefficients, while with a linearized Boltzmann,

one can obtain more insights of the intrinsic quasi-particle nature of the QGP medium and

the detailed interaction mechanisms.

The idea of viewing the Langevin evolution as a small momentum transfer approxima-
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tion has been widely used while studying the heavy quark evolution in QGP medium, since

the typical momentum transfer from the thermal medium is at the scale of temperature T ,

which is much smaller than the energy of heavy quarks — with a heavy mass M > T .

However, such an assumption has been questioned recently, especially for charm quarks.

In Ref. [95] , the authors argue that when modeling the charm quark propagation in a static

QGP medium, the suppression seen in the intermediate momentum region as calculated

by the Langevin approach can deviate from the full Boltzmann transport from 10-15% to

40-50%, depending on the choice of the Debye screening mass.

A direct comparison between those two models can help us understand the underly-

ing model uncertainty when one estimates the global coefficients from a model-to-data

comparison9 In Fig. 3.12 and 3.11 I compare the evolution of the heavy quark distribution

following either a Langevin or a linearized Boltzmann evolution in a static medium, with

only the collisional energy loss is enabled. The comparison shows that while following a

Langevin dynamics, the heavy quarks tend to lose energy faster than when they follow a

linearized Boltzmann dynamics.

While propagating in a QGP medium, however, the differences between the Langevin

dynamics and the linearized Boltzmann dynamics needs to be investigated with caution. In

Fig. 3.19 I plot the results of heavy flavor observables in Pb-Pb collisions at 5.02 TeV, with

different in-medium interactions:

• Langevin dynamics (collisional energy loss only): blue dashed lines

• improved Langevin dynamics (collisional + radiative energy loss): blue solid lines

• linearized Boltzmann dynamics (collisional energy loss only): green dashed lines

• linearized Boltzmann dynamics (collisional + radiative energy loss): green dashed

9I should remind that I do not intend to rule one model out, as the current experimental data does not enable
us to draw a definitive conclusion.
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lines

One finds that:

• Comparing between the collisional only and collisional + radiative energy loss cases,

the radiative processes contribute significantly to heavy quark energy loss at high

momenta as well as to the development of momentum anisotropy in the intermediate

pT range.

• Comparing the two collisional only evolution calculations, both linearized Boltz-

mann and Langevin dynamics achieve similar suppression (similar RAA values),

while heavy quarks evolving with linearized Boltzmann dynamics typically gener-

ate more anisotropic flow.

• For the energy loss involving both collisional and radiative processes, the current

setup results in a stronger suppression for the improved Langevin equation, and con-

trarily, a smaller anisotropic flow. The difference between the suppression can be

explained by the different radiative energy loss scheme that two models implement

— as the improved Langevin model utilizes a Higher Twist formalism while the

linearized Boltzmann dynamics explores the Gunion-Bertsche matrix elements. A

more interesting observation is the smaller value of v2 showing in the calculation

with the improved Langevin models, which implies a more efficient anisotropy de-

velopment in a matrix-element based linearized Boltzmann dynamics, mainly due to

the anisotropic cross section for the radiative process.

Varying parameters

Finally, I would like to talk about the limitations of transport coefficients calculated in

pQCD and the possibility of tuning the model parameters. In a Langevin approach, the
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Figure 3.20: Charm quark transport coefficients κT as a function of momentum [left] and
as a function of temperature [right]. Varying with different renormalization scale µ.

interaction strength between heavy quarks and the medium depends on the transport coef-

ficients that are determined externally. One can compute the transport coefficients from the

first principles, for example, via a lattice QCD approach. However, such an approach cur-

rently suffers from enormous computational requirements and currently only the diffusion

coefficients at zero momentum are evaluated. Even with a leading order pQCD calculation,

one would expect that the transport coefficients depend on the choice of the strong coupling

constant αs. This actually provides us with an opportunity to adjust the coupling constant

such that the model’s calculation fulfills the experimental observations.

A general procedure for such a model-to-data calibration can be set up as follows: we

have a system with some final state observables that can be measured by experiment, and

some properties of the system that characterize the behaviors of the system need to be

estimated. One can use a computational/theoretical model to describe the evolution of the

system, encode the properties of the system with some ad hoc parameters, and calculate the

final observables. By varying the ad hoc parameters such that the computational/theoretical
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model is able to describe the experimental measurements, one can estimate the intrinsic

properties of the system.
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Figure 3.21: [Upper]: D-meson RAA as a function of pT in different centralities in Pb-Pb
collision at

√
sNN = 5.02 TeV; [Lower]: D-meson elliptic flow as a function of pT in differ-

ent centralities. Comparison between different values of the renormalization value µ. The
experimental measurements are taken from ALICE [126] and CMS collaboration [127].

In the case of calculating the transport coefficients with a leading order pQCD approach

and a running coupling constant, the ad hoc parameter of the model is the renormalization

scale µ. As shown in Fig. 3.20 by varying the value µ from 0.5 to 2.0, the transverse

transport coefficients differ by a factor of 2. The corresponding output for the heavy flavor

observables are present in Fig. 3.21, where each color corresponds to one full run of the

heavy quark evolution in heavy-ion collisions taking different renormalization scale value

µ. One can see that, with the decreasing value of renormalization scale, which results in

a higher value for the transport coefficients, the interaction between heavy quarks and the
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medium gets stronger, leading to a stronger suppression and a larger elliptic flow.

Of course, one can also directly use a fixed coupling constant αs and change its value, as

the medium modified coupling constant at leading-order pQCD is quite ambiguous and one

may use the effective averaged coupling constant to characterize the interaction strength

between heavy quarks and the medium. Another common practice is to go beyond the

leading-order assumption and multiply with a global scaling factor K, in order to account

for higher order and non-perturbative contributions.

With only one or two parameters, one may be able to adjust the parameters by a tra-

ditional tuning procedure: by comparing the heavy flavor observables (such as the nuclear

modification factor RAA and the elliptic flow v2) between theoretical calculation and the

experimental data, those values can be tuned by eye or by “χ-square” fitting — i.e. mini-

mizing the standard error scaled by the experimental uncertainties χ2 = ∑N
i=1

(ymodel−yexp)2

2σ2
exp

.

However, such a procedure becomes exceedingly difficult if multiple parameters need to

be varied simultaneously or one has to compare a large selection of experimental measure-

ments, as all the parameters are interdependent and affect multiple observables at once.

Furthermore, it is not easy to take all the uncertainties consistently into consideration. A

more sophisticated and systematic model-to-data comparison is required. The Bayesian

model-to-data comparison framework fits perfectly in such a task. First of all, it rigorously

treats experimental and theoretical uncertainties, which can be formulated as the covari-

ance matrices. Secondly, the Markov chain Monte Carlo random walk is able to perform a

thorough exploration of the parameter space completely within a proper prior range. Last

but not least, the result of a Bayesian comparison is the posterior distribution of the pa-

rameters, which not only provides the “best-fit” values, but also provides the uncertainties

(credibility region) of the estimation.
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3.6 Summary

In this section, I reviewed in detail the two heavy quark in-medium models: the Langevin

approach and the linearized Boltzmann approach. Utilizing perturbative QCD approach, I

first calculated the partonic cross sections between heavy quarks and the light partons, and

evaluated the scattering rate as well as macroscopic properties of the QGP medium: the

heavy quark transport coefficients.

In addition to incorporate the radiative energy loss for heavy quarks with higher mo-

mentum, the Higher Twist formalism is adopted and a recoil force from the emitted

gluon is induced in the Langevin framework. Both the collisional and radiative energy

losses depend on the transport coefficients (or the coupling constant). Therefore one may

estimate the transport coefficients through a comparison between the model’s calculation

and experimental measurements of the final state observables.

Finally, I pointed out the limitation of optimizing the transport model via a traditional

“χ-square” fitting procedure. In the next chapter, I will review a modern Bayesian model-

to-data framework, which is a more rigorous and complete framework that is suitable for

our task.
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Chapter 4

Bayesian methodology

So far I have introduced a full space-time heavy quark evolution model for heavy-ion col-

lisions, which incorporates a heavy quark transport model to describe its in-medium prop-

agation, with a relativistic viscous hydrodynamic model to simulate the QGP medium evo-

lution. The calculation of heavy flavor observables depends on the properties of the QGP

medium and the interaction strength between heavy quarks and the medium. In contrast

to the soft medium properties, the transport coefficients related to the medium interaction

with the hard probes (jets and heavy quarks), such as q̂, ê, Ds, κT , κL, ηD are not yet un-

derstood in a similarly quantitative level. This is in part due to the experimental difficulty

in measuring “rare process”, but also due to the complexity of modeling the dynamics of

these hard probes interacting with the QGP medium, Nevertheless, significant process has

been made in recent years: a number of transport models on the market are now able to

describe a selection of heavy quark observables and perform qualitative estimates of the

diffusion coefficients[91, 128, 81, 86, 93, 72, 129–131, 92, 85, 132, 79, 133, 134].

In this chapter, I will introduce a rigorous and complete approach to optimize the

transport model and determine the parameters using a Bayesian model-to-data compari-

son framework, which determines the desired distribution of parameters by performing a

random walk in parameter space and calibrating on the experimental data. This type of

model-to-data comparison using Bayesian statistics has been applied with great success

in the soft sector of heavy-ion physics: for example to constrain of the Equation of the

State in QCD matter purely from the experimental measurements [135, 136], and for the

extraction of the temperature dependence of the specific shear and bulk viscosities of the

QGP [44, 137, 55]. Beyond heavy-ion physics, this type of analysis has been widely used in
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nuclear and astrophysics, as well as other fundamental research: for example an estimation

of the photometric redshift[138], a global fit of the CKM matrix [139], and an estimation of

the properties of the Binary Black Hole Merger[140]. In this thesis work, this framework

is applied in estimation the heavy flavor transport coefficients in the QGP medium.

However, before the applying of the Bayesian analysis to our heavy quark transport

model, I will review some of the basis for the Bayesian methodology in this chapter. The

workflow for the Bayesian analysis is laid out in Fig. 4.1. In such an analysis, the computa-

tionally expensive physical model is first evaluated at a small number of points in parameter

space. The Gaussian Process emulators are then trained and utilized as fast surrogates to the

model to interpolate the parameter space and provide model prediction for arbitrary values

of the input parameters. Thus one can perform a Markov chain Monte Carlo exploration

of the complete parameter space and obtain the results of such analysis — the posterior

distribution of the varying parameters that optimally describe the experimental data. This

chapter is not intended to be a thorough explanation of the whole framework, for which

purpose I refer the reader to [141–143].

4.1 Bayesian inference

“Bayesian inference is a method of statistical inference in which Bayes’ theorem is used

to update the probability of the hypothesis as more evidence and information becomes

available. [144]”. It is usually carried out in the following way:

1 Choose a probability distribution p(x) — as the prior distribution, which expresses

our belief about the parameter x before any observation;

2 Choose a statistical model L(D|x) — as the likelihood function, which reflects our

belief about the output y given a specific parameter x;
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Model parameters
Ds2πT(αs, α, β, γ), ξ

Physics model
HQ transport + hydrodynamics

Gussian process emulator
Non-parametric interpolation
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-LHC + RHIC: RAA, v2
Bayes’ Theorem

posterior ∝ likelihood× prior

Posterior distribution
probability distribution
of each parameter

Latin hypercube

After equilibrium

Figure 4.1: Workflow for the Bayesian model-to-data comparison framework.

Figure 4.2: A sketch of the Bayes’ theorem.
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3 After observation D = {y1, ..., yn}, we update our beliefs and calculate the posterior

distribution p(x|D).

4.1.1 Bayes’ theorem

According to the Bayes’ theorem, given the observation D = {y1, y2, ..., yn}, the posterior

distribution of the parameter x is proportional to the multiplication of the likelihood L(y|x)

and the prior distribution p(x), as shown in Fig. 4.2:

P (x|D) = L(D|x)p(x)∫
L(D|x)dx ∝ L(D|x)P (x), (4.1)

where
∫
L(D|x)dx is the normalization constant, which is also called the evidence.

Prior distribution p(x)

The prior distribution p(x) contains our belief for the parameters x based on our current

experience. A good choice of the prior distribution can generally accelerate the calculation

of the posterior distribution. For example, one can construct a conjugate prior distribution,

in which case the prior and posterior distribution are in the same distribution family 1. The

advantage of a conjugate prior is that it can give a closed-form expression for the posterior,

otherwise numerical integration is necessary for solving the posterior distribution.

In this thesis work, we choose an uniform distribution for the prior by assigning a finite

range for each parameter. This prior distribution is then a constrained hyper-cube in a

1For example, Gaussian family is conjugate to itself while considering a Gaussian likelihood; the beta
distribution is conjugate to itself while considering a Bernoulli likelihood function
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multi-dimensional space:

p(x) =


1 min(xi) ≤ xi ≤ max(xi)

0 else
. (4.2)

Likelihood L(D|x)

The likelihood function L(D|x) is the probability of having an observation as D given a

specific parameter x. For a physical process with the observationD = {yobs(pT )}— where

pT is used as a representation of different observation conditions in a heavy-ion collision

experiment, such as the collision energy
√
sNN, momentum range pT , collision system,

rapidity etc.— we can use a computational model to simulate this physical process, whose

output y is dependent on some ad hoc parameters (input) x as well as the experimental

condition pT :

y = f(x; pT ) + εM , (4.3)

where εM is the model’s uncertainty. Here we can assume a normal distribution for the

models’ statistical uncertainty εM ∼ N (0, σ2
M). Then the likelihood that the model’s cal-

culation matches the experimental measurements — which is expressed as the sum of true

events added by the measurement error yobs = η(pT ) + σexp, follows a Gaussian distribu-

tion:

L(yexp|x) = 1√
2πσ2

exp
[
−1

2
(f(x)− yexp)2

σ2
M + σ2

exp

]
. (4.4)

Now assuming there exists a true value of the parameter x = µ, with which the com-

putational model is able to describe the experimental observables yobs = f(µ; pT ) + εM +

σexp, then the values of µ from a frequentist point of view, can be obtained by optimiz-

129



ing(maximizing) the likelihood function, which is also referred as the maximum likelihood estimation (MLE):

max
x=µ
L(yexp|x). (4.5)

In the case of multi-variate output y, the likelihood function for the multi-variate output

is expressed as:

L(yobs|x) = 1√
(2π)mdetΣ

exp
[
−1

2[f(x)− yobs]TΣ−1[f(x)− yobs]
]
, (4.6)

where m is the dimension of the output y, Σ = ΣM + Σexp are the uncertainty covariance

matrices, which contains both statistical and systematic uncertainties:

Σstats =


σ2

11 · · · 0
... σ2

ii

...

0 · · · σ2
mm

 ,Σsys =


σ2

11 · · · σ2
1m

... . . . ...

σ2
m1 · · · σ2

mm

 (4.7)

Posterior distribution p(x|D)

The posterior distribution P (x|D) can be evaluated following Bayes’ theorem. It contains

information from both prior knowledge and experimental observation. The optimal values

for the true parameter µ in this case are obtained by maximizing the posterior distribution

(Bayesian point of view), which is also referred to as Maximum A Posteriori (MAP)2:

max
x=µ

P (x|D). (4.8)

2Generally the MAP estimation result is different from the maximum likelihood estimation (MLE), the
latter one is, based on its name, optimized from maximize the likelihood and often compared with the “χ-
squared fit”, if no model’s uncertainties are considered. However, in this work, since the prior distribution
is uniform, the MAP estimation is the same as MLE values.
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4.1.2 Bayesian calibration

Analytic solution

There are various ways to evaluate Eqn. 4.1 and calculate the posterior distribution of the

parameters. In some cases, one can directly perform the multiplication and obtain an ana-

lytic form. For example, considering a set of observation over eventsD = {(p1, y1), (p2, y2), ..., (pN , pN)},

each (pi, yi) represents an observation yi at the different experimental condition pi. For ev-

ery observation yi, the measurements uncertainties follow a Gaussian distribution: yi(pi) =

η(pi) + σi, i.e. a white noise with respect to the true reality η(xi). Now considering a

computational model to describe the physical process, which has a linear relationship as

mathematical form:

f(p) = mp+ b. (4.9)

In this case the input parameter x = (m, b) are the slope and intercept of the linear func-

tion. Give the parameter (m, b), the likelihood that the computational model describes the

observation yi at each condition pi is:

L(yi|xi, σi,m, b) = 1√
2πσ2

yi

exp
[
−(yi −mpi − b)2

2σ2
i

]
, (4.10)

the total likelihood is the product of the conditional probabilitiesL = ΠN
i=1L(yi|xi, σyi,m, b),

taking the logarithmic form:

lnL = const−
N∑

i=1

(yi −mxi − b)2

2σ2
yi

. (4.11)

We assign a uniformly distributed prior distribution:

P (x) = U(a, b), (4.12)
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The log-posterior distribution shares the same form as the log-likelihood:

P (x|yi) = const−
N∑

i=1

(yi −mxi − b)2

2σ2
yi

. (4.13)

We construct the matrices:

Y =



y1

y2

...

yN


,P =



1 p1

1 p2

· · · · · ·

1 pN


,Σ =



σ2
1 0 · · · 0

0 σ2
2 · · · 0

... · · · σ2
i · · ·

0 0 · · · σ2
N


, (4.14)

The best-fit values for the parameter m and b are the components of a column vector X

which is solved by:

X =

 b
m

 = [P TΣ−1P ]−1[P TΣ−1Y ]. (4.15)

This is actually equivalent to the solution of minimizing the χ-squared value, which is the

total squared error scaled by the uncertainties.

However, in practice, the analytic solution is often intractable. One challenge is to spec-

ify a suitable mathematical form that can properly map from the parameter space x to the

output space y. When modeling a complex physical process, one often has to make use of

a computational model which can not be reduced into a closed-form. The second challenge

comes from a suitable prior distribution, which should spread out the probability over the

parameter space and avoid zero or small probabilities for possible events. Moreover, one

has to handle carefully the model’s uncertainties as well as the experimental uncertainties.

All these challenges have motivated us to utilize a more sophisticated and robust method.
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Markov Chain Monta Carlo method

One alternative choice is the Markov chain Monte Carlo (MCMC) method to estimate the

posterior distribution of the parameters. It utilizes Markov chains to approximate the poste-

rior distribution via randomly drawing samples from the posterior probability distribution.

There are several variants of the MCMC method —- Metropolis-Hasting, Gibbs, Hamil-

tonian, etc. [145]. A general iterative algorithm is constructed as the following:

1 Given the current state as xt, propose a new position as x′. The new position can be

sampled randomly from a distribution q(x)

2 Accept or reject the new position x′ with the probabilities based on the ratio between

the two posterior probability, which is also called acceptance rate:

a(xt,x′) = min
(

1, L(x′|y)q(x′)
L(xt|y)q(xt)

)
(4.16)

3 Update the state to position xt+1 = x′ if accepted, otherwise xt+1 = xt. Repeat

this process for many steps, the resulting samples {x1,x2, ...,xN} approximate the

posterior distribution of L(x|y). Generally it is helpful to discard the early samples,

and only keep the samples after equilibrium is revealed (which means the sample

distribution has converged to the posterior distribution).

In this thesis work, I use emcee, an affine invariant MCMC ensemble sampler to per-

form the random walk in the parameter space. A more detailed explanation of the mathe-

matical derivation and implementation can be found in [146, 147]. Here I will only sum-

marize a few practical considerations.

• The walkers are the sampler to the Markov chain which will update their states based

on the proposed positions. In emcee, the next position of the walkers are not only
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dependent on the current state, but that also dependent on other walkers. Regarding

the number of walkers, the more the better, but also takes more time. Typically

O(103) walkers are constructed.

• Burn-in: it is generally a good idea to run a few “burn-in” steps (typically 1000 steps)

to let the walkers explore the parameter space and finally converge into the maximum

posterior probability density region. In this work, a two-stages burn-in method is

used: randomly generate the walkers and run n1 burn-in steps, then resample the

walkers according to the distribution from the first half random walkers, and performs

the rest n− n1 burn-in steps.

• Acceptance rate: One way to test if the random walk performs well is to plot the

histogram of the walkers’ positions that have generated so far. Another way is to

check the mean acceptance rate 〈a(xt,x′)〉. If the acceptance rate is very low, it

means that the walkers are stuck; and if the acceptance rate is very large, it means

that the sampling is performed completely randomly. Typically the acceptance rate

should range between 0.2 ∼ 0.5 if everything works as planned.

A one-dimensional example

Now I have explained the procedure to estimate the posterior distribution of the parameter

x, in the following, I will apply the procedure on an example using a 1-dimensional dataset.

For a set of observation under different conditions —D = {(p1, y1), (p2, y2), ..., (pn, yn)},

whose relation are plotted in Fig. 4.3 as the black errorbars. For every observation yi, the

measurements uncertainties follow a Gaussian distribution: yi(pi) = η(pi) + σi. The true

process — plotted as the black solid line — follows a linear relationship:

η(p) = mp+ b, (4.17)
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Figure 4.3: The observation of 50 events of D = {(pi, yi)} with the underlying truth as a
linear relation and plotted as the black solid line. The observation uncertainties follows a
Gaussian distribution with the variance σi ∼ N (0, κyi + ε).

with

mtrue = −1, btrue = 4.5, (4.18)

and the observation uncertainties follow a distribution as:

σi ∼ N (0, 0.5yi + ε), ε ∼ N (0.1, 0.5). (4.19)

According to Eqn. 4.15, one can calculate one set of “best-fit” parameters, that mini-

mize the “χ-squared”. The result is (m, b) = (−0.989, 4.422), which is plotted as the blue

dashed line.

One can also use the MCMC method to calculate the posterior distribution of the pa-

rameters. Following the process mentioned above, we have:

1 A prior distribution for parameters to be estimated: m ∈ [−5, 5], b ∈ [0, 10], and a

computational model with f(p) = mp+ b. Initially we sample N random walkers in
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the parameter space.

2 At each parameter point, we evaluate the likelihood L(D|m, b; p). In practice we

use the log likelihood as: lnL(D|m, b, σi; p) = −1
2
∑
N

[
− (yi−mpi−b)2

σ2
i

+ ln(2πσ2
i )
]
,

where the uncertainty σ2
i = ε2

i + κ2y2
i is the Gaussian variance underestimated by

some fraction κ. The parameters are updated to the next states based on the affine

invariant method which is performed by the sampler emcee.

3 After sufficient time, the distribution of the samples will be approximately equal to

the posterior distribution, which is shown in Fig. 4.4. We can now choose parameter

values sampled from the posterior distribution, and the estimated model using 20

random samples drawn from the posterior distribution is plotted as the green curves

in Fig. 4.3.
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Figure 4.4: The posterior distribution of the parameters estimated by the MCMC method.

The result of the Bayesian analysis is the posterior distribution of the parameters given

the information of the experimental observation and our prior assumptions. The marginal

distribution, which is the distribution that integrates all the other parameters out are shown
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in the diagonal of Fig. 4.4. One can estimate the mean and the median of individual param-

eters. In this case, we can evaluate the values for the parameters as:

mmean = −1.004, bmean = 4.610;

mmedian = −1.002, bmedian = 4.598.
(4.20)

Moreover, the more profound benefit of the Bayesian approach goes beyond the estima-

tion the “best-fit” parameters, is that it properly facilitates the uncertainties and estimates

the credible region (CR) as the degree of uncertainty about the estimated values. Typically

we can use 95% of the CR, which corresponds to 2 σ deviation from the median value3.

Regarding our examples, the 95% CR estimation for the parameter is:

m = −1.002+0.131
−0.138, b = 4.498+0.657

−0.639, (4.21)

which isn’t bad given the true values as: m = −1.0, b = 4.5.

4.2 Gaussian Process emulator

So far we have discussed the general steps to perform a Bayesian analysis to estimate the

posterior distribution of the parameters. In order to calibrate the computational model to the

experimental observation, the walkers randomly explore the parameter space, where each

step is accepted or rejected according to the acceptance rate. Therefore the likelihood at

each parameter point is evaluated, which leads to the evaluation of the model’s calculation.

Taking a random walk throughout a 3-dimensional space often requires O(1000 × 100)

steps and the number increase exponentially if we try to include more parameters.

3The concept of credible region to a Bayesianist is very similar to the concept fo confidence interval to a
frequentist, even though these two are numerically equivalent in a lot of cases, their interpretation is very
different
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For the event-by-event heavy quark evolution model in heavy-ion collisions, O(104)

minimum bias events are often generated in order to get sufficient statistics and compare

with experimental measurements. Given the amount of CPU hours required, it is unfeasible

to utilize the complex computational model to calculate the output y while performing the

random walk. A Gaussian Process emulator is therefore used as a fast surrogate model

that predicts the computational model’s output f(x; p) at any arbitrary point x in parameter

space. From the parameter-space point of view, the Gaussian Process can be thought as a

projection from the parameter space x to the output space y with a mapping function φ(x).

Another interpretation of the Gaussian Process comes from the output space point of view,

where “A Gaussian Process is a collection of random variables, as any finite number of

which have a joint Gaussian distribution.” [143]. A Gaussian Process emulator has several

advantages:

• It is a non-parametric regression model: the Gaussian Process emulator does not

assume a specific form for the mapping from x to y, therefore it is flexible enough to

fit the complex mapping functions;

• A Gaussian Process emulator predicts the distribution of the output y: that is to say,

not only the mean of the prediction is provided, but also uncertainty associated with

the prediction. This is important in our quantitative estimation in the high precision

era.

4.2.1 1-dimensional constrained Gaussian Process

A Gaussian Process is completely determined by its mean and covariance function, for any

function f(x) it can be decomposed as:

f(x) ∼ GP(µ(x), σ(x,x′)), (4.22)
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where µ(x) = E [f(x)] is the mean function and σ(x,x′) = E [(f(x)− µ(x))(f(x′)− µ(x′))]

is the covariance. The assumption (y1, y2) ∼ N (µ,Σ) directly leads to the requirement that

y1 ∼ N (µ1,Σ11), where Σ11 is the submatrix of the covariance matrix Σ.

Now consider a training dataset with n observations4. A computational model simulates

a physical process (e.g. our heavy quark transport model that simulates the evolution of the

heavy quarks in heavy-ion collisions). The model’s output y is dependent on the input

parameter x and it has been evaluated at n different input points X̃ = (x1,x2, ...,xn)T .

The corresponding model’s output yi = f(xi) yields a n-dimensional output vector 5:

X̃ =


x11 · · · x1p

... . . . ...

xn1 · · · xnp

⇒ Ỹ =


y1

...

yn

 . (4.23)

Then by definition, the output Ỹ can be re-formulated as a conditional Gaussian Process

which is a collection of normal distribution:

Ỹ = GP(X̃) ∼ N (µ(X̃), KX̃,X̃), (4.24)

where µ(X̃) is the mean vector of each input x and it is often assumed to be normal (or

you can standardize the training data by subtracting the mean) , and

KX̃,X̃ =


σ(x1,x2) · · · σ(x1,xn)

... . . . ...

σ(xn,x1) · · · σ(xn,xn)

 (4.25)

4Please note here the different meaning of observations. In previous session, we have one set of fixed
parameter set and make N observation at different experimental conditions pT . Here we have n different
sets of parameters, and at each set of the parameter, we make an observation.

5Gaussian process is essentially a mapping from p-dimensional parameter space to 1-dimensional output
space. For now let us consider there is only one output for each input.
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is the covariance matrix that is constructed by the the covariance function σ(x,x′) and

characterizes the correlation between inputs.

Noise free prediction

In the simple case where the observations are without noise, at any arbitrary input x∗6, the

model output y∗ = f(x∗) has the joint multivariate normal distribution with the training

dataset D = ∑N
i=1{xi, yi} = (X̃, Ỹ ):

y∗
Ỹ

 ∼ N

µ(x∗)

µ(Ỹ )

 ,
K∗,∗ K∗,X̃

KX̃,∗ KX̃,X̃


 , (4.26)

whereK∗,∗, KX̃,∗ have the same form as Eqn. 4.25 but with respect to different x. Therefore

we can estimate the distribution of a predicted output y∗ as:

y∗|x∗, X̃, Ỹ ∼ N (µ,K), (4.27)

where

µ = µ(x∗) +K∗,X̃K
−1
X̃,X̃

(Ỹ − µ(X̃)),

K = K∗,∗ −K∗,X̃K−1
X̃,X̃

KX̃,∗.

(4.28)

The inference of the Gaussian Process is determined by the covariance function σ(x,x′).

Various choice can be made for the covariance function based on our knowledge and as-

sumptions of the inputs. Typically it has some free parameters, for example, a commonly

used squared-exponential covariance function in the m-dimensional parameter space has

6The star symbol here are used to represent the output predicted from the GP emulators.
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the form:

σ(x,x′) = σ2
GP exp

[
−

m∑
k=1

(xk − x′k)2

2l2k

]
. (4.29)

has (hyper-)parameters (lk, σGP).

This covariance function is infinitely differentiable, therefore the Gaussian Process em-

ulator is very smooth. In addition, inputs that are close to each other in the parameter

space are highly correlated, whilst those far way are uncorrelated. The correlation strength

between pairs of inputs is controlled by the hyperparameters (κl, σGP). Varying the hyper-

parameters, one could in principle obtain different correlations between observables. There

are various ways to optimize the hyperparameters. In this study, we optimize the hyperpa-

rameters during the fitting process by maximizing the log-marginal likelihood (LML):

log p(Ỹ |X̃) = −1
2 Ỹ

TK−1Ỹ − 1
2 log |K| − n

2 log 2π, (4.30)

in which we define K ≡ KX̃,X̃ .

0 1 2 3 4 5
x

3

2

1

0

1

2

3

co
nd

iti
on

al
 G

P:
 y

(xi, xj) = 2exp
[

(xi xj)2

l2

]
0 1 2 3 4 5

x

3

2

1

0

1

2

3

(xi, xj) = 2exp
[

2sin(p
(xi xj)2

l2 )
]

Figure 4.5: Implementation of Gaussian Process emulator with different covariance func-
tion: [Left]: exponential squared kernel ; [Right]: exponential sin kernel.
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A practical implementation of the Gaussian Process emulator is shown in Fig. 4.5,

where the 10 red points are the observations D = {(xi, yi)}. A Gaussian Process emula-

tor is trained to fit the observation points. One can choose different covariance functions

to represent the correlation between different inputs ci. In Fig. 4.5, I plot the predicted y

distribution with the Gaussian Process emulator taking different forms of the covariance

function. One can clearly see its effect on the final estimation. In both panels, the black

lines are the mean fo the prediction, while the blue lines are a few random samples gener-

ated from the estimated distribution (according to Eqn. 4.27). The shadow area represents

the 95% confidence intervals.

Predictions with noise

In a more realistic scenario that the model’s calculation has uncertainties associated with it.

While evaluating the input parameter this can now be written as y = f(x) + ε. Assuming

the additional uncertainies ε follow independent Gaussian noise with variance σ2
model, the

covariance function then becomes:

cov(yi, yj) = σ(xi,xj) + σ2
nδij,

KX,X ⇒ KX,X + σ2
modelI,

(4.31)

The joint multi-variant normal distribution Eqn. 4.26 becomes:

y∗
Ỹ

 ∼ N

µ(x∗)

µ(Ỹ )

 ,
K∗,∗ + σ2

nI K∗,X̃

KX̃,∗ KX̃,X̃


 , (4.32)
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The conditional GP distribution corresponding to Eqn. 4.27 is then updated as:

y∗|x∗, X̃, Ỹ ∼ N (µ,K),

µ = µ(x∗) +K∗,X̃
[
KX̃,X̃ + σ2

nI
]−1

(Ỹ − µ(X̃)),

K = K∗,∗ −K∗,X̃
[
KX̃,X̃ + σ2

nI
]−1

KX̃,∗.

4.2.2 Multi-variate predictions: principal component analysis

A Gaussian Process is as a matter of fact, a mapping from the p-dimensional input param-

eter space x to a scalar output space y. In the case of multi-variate output y ⇒ y, where y

is a m-dimensional vector:

X̃ =


x11 · · · x1p

... . . . ...

xn1 · · · xnp

⇒ Ỹ =


y11 · · · y1m

... . . . ...

yn1 · · · ynm

 . (4.33)

One can, of course, construct a Gaussian Process emulator for each of the observ-

ables. However, as the variables in the output are highly correlated, it is often suffering

from a “multi-collinear” problem, as a few variables are collinearly related to each other,

and without proper treatment, we get redundant information from the output and end up

with the wrong interpretation of the final estimation. It is therefore useful to reduce a

high dimensional and correlated output to a lower dimensional and orthogonal output of

principal components (PCs), which are linear combinations of the original output observ-

ables, and preserve the important information of the training dataset.

In practice, the outputs from the training datasets Ỹ are standardized (by subtracting

the mean and dividing by the standard deviation of each observables), and decomposed via
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the singular value decomposition (SVD) method:

Ym×n = Um×nSn×nV
T
n×n. (4.34)

The columns of U(V T ) are the left(right)-singular vector of Y, which are sets of orthogonal

eigen-vectors of Y Y T (Y TY ). The output matrix Y can then be transformed into principal

component space:

Z =
√
nY V. (4.35)

And S is the diagonal matrix whose elements λi(i=1,...,n) are the squared root of the eigen-

values of Y TY = (USV T )TUSV T = V S2V T . The eigenvalues λi are proportional to the

variance that contributes the i-th PC, and are sorted into descending order. The cumulative

variance explained by the first m′-PCs (m′ ≤ m) then equals to:

CV (m′) =
∑m′

i=1 λi∑m
i=1 λi

. (4.36)

This can be used as the criterion to measure how much information (mainly variance) has

been preserved in the principal component space.

If the variables in the physical observable space are highly linearly/collinearly corre-

lated with each other — which is often the case for the multi-variate output in a physical

system, by decomposition, the first few principal components in the PC space are not only

orthogonal with each other, but also are able to explain most of the variance in the training

dataset. We can therefore only select the firstm′ elements in the principal component space,

and use the new training dataset D′ = {(xi, zi)} to train m′ Gaussian Process emulators,

and make predictions of z∗ at each arbitrary parameter x. For each element in the principal

component space zi, a Gaussian process emulator is constructed and makes prediction for

any arbitrary input parameter x∗ independently. Once the output z∗ are predicted by the
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GP emulators, one would perform a transformation to predict the output y∗.

y∗ = 1√
n

z∗V. (4.37)

In our later Bayesian analysis with the heavy quark evolution model, one can evaluate

the model’s performance — y = (RAA, v2) at different values of transport coefficients —

x = Ds. Figure. 4.6 shows a typical principal component analysis (PCA) using our training

dataset: PCA transformation from the physical observable space into the principal space,

where the former one shows a strong linear/collinear relation between variables. After

PCA, the principal components are rotated and orthogonal to each other.

Figure. 4.7 shows the linear combination coefficients in front of the principal compo-

nents with regard to the original physical space observables, i.e., the columns of V . Each

point is an evaluation of D-meson RAA or v2 at different pT and centrality bins. The first

PC, which explains about 80% of the training dataset variance, accounts for a negative

correlation with all RAAs (negative value) and positive correlation with elliptic flow v2s

(positive value). In addition, all the physical observables have a similar value of the co-

efficients, implied that they contribute nearly equally in terms of the variance (as we have

standardized the training dataset).

The right panel of Fig. 4.7 plots the cumulative variance explained by the first m′-th

principal component. As shown in the figure, the first few PCs can explain most of the

variance from the model’s outputs. In this study, I choose 8 PCs in the analysis, which are

sufficient to explain more than 99% of the model’s variance. It is a significant reduction

from the original physical space, the latter typically has a dimension in the order of tens. It

will help with the acceleration of calibration via MCMC method as well.
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Figure 4.6: SVD transformation of the physical observable space to principal component
space. The original physical space observables show a strong negative linear (between two
RAA evaluated at different pT ) and collinear (between RAA and v2) relation. The RAA and
v2 are evaluated as D-meson observables in Pb-Pb collisions at 5.02 TeV with different
choice of transport coefficients. After transformation, the PCs are uncorrelated with each
other.
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meson observables — RAA, v2. [Left]: linear combination coefficients in front of the top
3 principal components with concerning of different physical observables. Each point rep-
resent an evaluation at different pT and centrality bins. [Right]: cumulative explained
variance fraction for the top 10 principal components.

transformation of the uncertainty

While the Gaussian Process emulators make prediction of the m′ principal components,

in addition to the mean value z̄, it also provides the uncertainties associated with the pre-

dictions. Since all the principal components are orthogonal to each other, the uncertainty

matrix ΣPC is a diagonal matrix whose elements are the standard deviation for each princi-

pal component:

ΣPC =


σ2

1 · · · 0
... σ2

i

...

0 · · · σ2
m′

 . (4.38)

The uncertainty in the PC space also needs to be transformed into the original physical

space in order to account for the uncertainties coming from the (emulator) model’s uncer-

tainty, In addition, one should also consider the uncertainties coming from the remaining

neglected PCs.

For the case of linear combinations, where the output y in the physical space is a linear

combination of z in the PC space — y = 1√
n
zV , the transformation/propagation of the
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variables uncertainties is given by:

Σphysical
ij = 1

n

m′∑
k

m′∑
k

VikΣPC
kl Vjl, (4.39)

or in matrix notation:

Σphysical = 1
n
V ΣPCV T . (4.40)

For the uncertainties coming from the remaining neglected PCs, I used a truncated

covariance matrix to take the lastm−m′ elements to represents the remaining uncertainties:

Σtrunc = 1
n

(V TV )[m′ : m,m′ : m]. (4.41)

The overall uncertainties coming from the Gaussian Process emulator then can be ex-

pressed as:

ΣGP = Σphyiscal + Σtrunc. (4.42)

4.2.3 Application and validation of GP emulator

Gaussian Process kernel

As shown in Fig. 4.5, while utilizing the Gaussian Process emulator to interpolate and pre-

dict the results from arbitrary inputs x, one needs to specify the covariance function, which

demonstrates the correlation between the input parameters. Different covariance functions,

or kernels, impose different strength of the correlation, which can lead to different pre-

diction of the mean values as well as uncertainty estimations. In this work, I choose a

commonly used squared exponential kernel, as one would expect that inputs in the input in

the parameter space that are closer to each other have higher correlation, in addition to a
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Figure 4.8: [Left]: Comparison between GP emulators’ prediction of output ypred against
the heavy quark evolution model calculation ymodel; [Right]: histogram of the predicted
residual.

noise kernel. The overall covariance function for the output z taking different x is:

cov(z1, z2) = σ(x1,x2) = −
m∑
k=1

σ2
k exp

[
|x1 − x2|2

2l2k

]
+ σ2

nδ(x1 − x2). (4.43)

The correlation strength between pairs of inputs is controlled by the hyperparameters (σk, lk, σn),

the last one allows for some small deviation between the GP emulator prediction and the

training points. The GP emulators are trained in a manner of “maximum likelihood estima-

tion” using the scikit-learn — a python library specializing in statistics and machine

learning. For more information regarding the hyperparameter tuning please refer to the

scikit-learn user manual.

validation of the GP emulators

The performance of GP emulators directly affects the prediction result, and therefore affects

our estimation of the posterior distribution of the parameters. In order to test the emula-
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tors’ ability to predict the physical model’s output faithfully, I generate another 15 sets of

validation inputs and evaluate the corresponding outputs using the full heavy quark evolu-

tion model. The validation dataset is independent of the training dataset and (in principle)

should have a similar distribution of the population of prior design points. By compar-

ing the physical model’s outputs with the GP emulators’ prediction, as shown in Fig. 4.8,

where we have plotted the model’s calculation of observables against its corresponding pre-

dictions, the GP emulators perform reasonably well, with the y = x black line indicating

that the GP emulators’ prediction is equal to the model’s calculation.

To quantify the emulators’ performance, one could also plot the distribution of the resid-

ual. The GP emulators do not predict the models’ output exactly, but give the prediction

ypred, and the uncertainty σpred. One would expect that the normalized residual follows the

normal distribution:

residual ≡ ypred − ytarget

σpred
∼ N (0, 1), (4.44)

The right panel of Fig. 4.8 reveals the distribution of the residual, thus we have shown that

our GP emulators indeed are able to make valid predictions.

4.3 Calibration

With the trained GP emulators, the experimental observation of the physical observables

yexp, along with the experimental uncertainties Σexp, we are now able to apply Bayes’

theorem and estimate the posterior distribution of the model parameters:

P (x|D,yexp) ∝ P (D,yexp|x)P (x). (4.45)
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4.3.1 Likelihood and uncertainties

While one uses the MCMC method to explore the parameter space and estimate the poste-

rior distribution of the parameters, at each step the proposed state x′ is accepted or rejected

according to the relative likelihood, or acceptance rate, which is a function that depends on

the output y and its deviation from the experimental observations — yexp

P (D,yexp|x) = 1
(2π)m|Σ| exp

[
−1

2(yexp − y)Σ−1(yexp − y)−1
]
, (4.46)

where Σ = Σmodel(x) + Σexp is the total covariance matrix that accounts for all the known

uncertainties during the GP emulator prediction, physical model prediction, and the exper-

imental measurements.

The model uncertainty includes only the uncertainty results from the Gaussian Process

emulator prediction:

Σmodel = ΣGP, (4.47)

the experimental covariance matrix Σexp can be separated into a statistical contribution and

a systematic contribution:

Σexp = Σstat
exp + Σsys

exp, (4.48)

where the statistical uncertainties in Σstat are uncorrelated and has the form:

Σstat
exp = diag

[
(σstat

y1 )2, (σstat
y2 )2, · · · , (σstat

ym )2
]
, (4.49)

The systematic uncertainties Σsys
exp, however, are correlated among different observables and

non-diagonal. Without detailed information on the experimental measurements, one might

find it difficult to construct the systematic covariance function. Therefore I propose to use
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Figure 4.9: Correlation matrices for the experimental statistical uncertainties [left], ex-
perimental systematic uncertainties [middle] and the model uncertainties, in current setup
only uncertainties from GP emulators prediction are considered Σmodel = ΣGP.

a Pearson correlation form only among observables in the same classes7:

Σsys
exp = 1

σiσj
exp

[
−1

2

(
pT i − pTj

l

)2
]
, (4.50)

where σi, σj is the standard deviation of observable yi, yj correspondingly. The hyper-

parameter l are chosen as the pT range of the measurements, it is set as l = 10 currently8.

Figure4.9 visualizes the correlation matrices9, and from left to right displays: experimental

statistical uncertainties, experimental systematic uncertainties, model uncertainties.

4.4 Summary

So far I have talked about Bayes’ Theorem, the choice of the prior distribution, the Bayesian

calibration process, the Gaussian Process emulators which deal with the challenge of the

7What do we mean by observables in the same class: for example, the D-meson RAA(pT ) as a function
of pT in the same centrality bins are referred as the observables in the same classes. Those observables
are correlated with each other but not necessary for the RAA in other centralities or v2(pT ) results in any
centrality.

8It should also be remembered that the strength of the correlation are controlled by the value of l. In
principle, the larger l, the more correlation between different pT bins, the less information that are provided
by the measurements, results in a weaker constraint.

9The correlation matrix is the normalized covariance matrix:corr(yi, yj) = cov(yi, yj)/σiσj . It is plotted
here for better visualization.
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computational expensive model, and principal components analysis that deals with the

high-dimensional output issue. Figure 4.1 summaries the practical workflow for the state-

of-the-art Bayesian model-to-data comparison framework that is utilized in this thesis work:

Algorithm 5: Bayesian calibration
Input: Prior distribution of parameters P (x), training datasets D = {(xi,yi)},

experimental observation and experimental uncertainties yexp,Σexp

Output: posterior distribution of parameters p(x|D)

Standardize output matrix Ỹ and decompose it into principal space Z̃;

Train Gaussian Process emulator on training dataset D′ = {X̃, Z̃}, such that the

emulator can function as a fast surrogate model of the heavy quark evolution

model, and make prediction of the output z at every arbitrary input parameter x;

transform the output z from the principal component space to physical process y;

Initialize the input parameter x;

while Walkers not in equilibrium do

perform the MCMC random walk in the parameter space;

generate candidates for new state;

if accept (as a function of loglikelihood) then

update the walker to the new state;

else

stay in current state;

end

record the position of the parameter;

end

The final distribution of the random walkers approximates the posterior

distribution of the parameters P (x|D).

In the next chapter, I will apply this framework to heavy quark transport models in

heavy-ion collisions. By calibrating the model’s parameters on the experimental measure-
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ments, one can optimize the model’s performance, and more important, obtain the posterior

distribution of the parameters and estimate the desired properties of the system — in this

case, the heavy quark transport coefficients.
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Chapter 5

Bayesian model to data comparison

In this chapter, I will apply the state-of-the-art Bayesian model-to-data comparison frame-

work to the heavy quark evolution model and estimate the heavy quark transport coeffi-

cients. Starting from an improved Langevin model, we will discuss with the parametriza-

tion of the diffusion coefficient, followed by the prior distribution of the parameters, con-

struction of the training dataset, Gaussian Process Emulators training, and finally the Markov

chain Monte Carlo random walk to estimate the posterior distribution of the parameters,

from which we can reconstruct and estimate the transport coefficients. In the end, we will

use the estimated transport coefficients to calculate the observables that are not in the train-

ing dataset, to verify the applicability of the improved Langevin model in describing the

heavy quark evolution in heavy-ion collisions.

5.1 Parameter design

5.1.1 Parametrization of the transport coefficients

When constructing the heavy flavor transport coefficients, one has to keep in mind that, at

sufficiently high temperature and high momenta, the interaction between heavy quarks and

the medium in the strongly interacting QGP medium can be described via the perturbative

QCD. On the other hand, in the low momentum and low temperature region, where the

convergence of the perturbative term is rather poor [131, 148], significant contributions

come from non-perturbative effects.

Therefore in this study, I used a generalized parametrization for the spatial diffusion co-

efficient Ds – the diffusion coefficient is the only transport coefficient we will parametrize
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Figure 5.1: An example of the spatial diffusion coefficient parametrization with respect
to γ. The soft component takes the form as (Ds2πT )soft = α · (1 + β(T/Tc − 1)), with
(α, β) = (2.0, 1.5) here and is plotted as short dashed black line. The pQCD component
Ds2πT pQCDis calculated by summing the leading order 2 → 2 elastic scattering channels
and taking a constant strong coupling as αs = 0.3. It is plotted as black dashed line.

in this study, whilst the others can be determined with the Einstein relationship. It is

parametrized as a combination of a soft component and a pQCD component:

Ds2πT (α, β, γ;T, p) = 1
1 + (γ2p)2 (Ds2πT )soft + (γ2p)2

1 + (γ2p)2 (Ds2πT )pQCD , (5.1)

in which the soft component (Ds2πT )soft is parametrized as being linearly dependent on

temperature:

(Ds2πT )soft = α · (1 + β(T/Tc − 1)). (5.2)

The parametrization accounts for non-perturbative effects, and is also the diffusion coeffi-

cient in the p = 0 GeV/c limit. One can compare its value with the lattice QCD calculation

of the spatial diffusion coefficient at zero momentum. The parameter α represents the

spatial diffusion coefficient at zero momentum near Tc, and the parameter β is the slope

of Ds2πT (p = 0) above Tc. The linear temperature-dependent relation is inspired by

the approximate linear temperature dependence of the shear viscosity to entropy density
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ratio[44].

The pQCD component (Ds2πT )pQCD is the contribution from the perturbative pro-

cesses, and is related to q̂pQCD via (Ds2πT )pQCD = 8π/(q̂pQCD/T 3). The value of the

pQCD component is dependent on the coupling constant, where I choose a fixed coupling

constant αs = 0.3. It is calculated by summing over all the leading order 2→ 2 scatterings

between heavy quarks and thermal partons (light quarks and gluons) as stated in Sec. 4 and

the temperature and momentum dependence is shown in Fig. 3.9.

The parameter γ controls the ratio between the soft component and the pQCD compo-

nent. For p < 1/γ2, the soft component dominates while for p > 1/γ2 pQCD component

dominants. The momentum dependence of the diffusion coefficient varies through differ-

ent values of γ. Figure. 5.1 shows the combined diffusion coefficient for different values

of γ as a function of temperature at fixed momentum [left] and as a function of momentum

at fixed temperature [right]. The short dashed line is the soft component Ds2πT soft taking

(α, β) = (2.0, 1.5) , while the long dashed black line is the pQCD component Ds2πT pQCD

taking the coupling constant αs = 0.3. The value of γ changes from 0 to 1 while the line

color changes from violet to red in the reversed rainbow color scheme. As shown in the

figure, a small value of γ (the violet lines) indicates that non-perturbative processes affect

the heavy quark dynamics into very high momentum region, while a large value of γ (the

red lines) indicates a quick conversion to the pQCD dominated region.

Therefore, the heavy quark transport coefficients are encoded by the parameters:

• α, β: the interception and slope of soft component (Ds2πT )soft;

• γ: the parameter which controls the contribution from (Ds2πT )soft and (Ds2πT )pQCD.
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Figure 5.2: [LEFT]: Input parameters from the training dataset, which are sampled from
the prior distribution. [Right]: The prior range for the spatial diffusion coefficient with
respect to temperature at fixed momentum p = 10 GeV.

5.2 Preparing the training dataset D

Once we have constructed the parametrization of the heavy flavor transport coefficients,

one can apply the Bayesian model-to-data comparison framework to calibrate the heavy

flavor evolution model to experimental data, and obtain the posterior distribution of the

parameters. However, in practice for a computationally expensive model, a surrogate model

is often used to effectively predict the model’s output at any arbitrary parameter point. Thus

we choose Gaussian Process Emulators to function as the fast surrogate model to the heavy

flavor evolution model.

5.2.1 Design points X̃

The training of Gaussian Process Emulator requires a construction of the training dataset:

n sets of input parameters X̃ = {x1,x2, ...,xn} are chosen, the heavy flavor observables

yi are evaluated by the heavy quark transport model taking each input parameter xi. This

is our training dataset D = {xi, yi}. A poor choice of the input parameters could result in
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Table 5.1: Prior range and description for the parameters that determines the diffusion
coefficient

Parameter Description Range
α Ds2πT at Tc 0.1 - 7
β slope of Ds2πT soft above Tc 0 - 5.0
γ ratio between Ds2πT soft and Ds2πT pQCD 0 - 0.6

significant bias to the Gaussian Process Emulator training, and increase the computational

time. When one designs the input parameters, there are a few comments in practice:

1 First of all, one should specify a proper range for the parameter space since we have

assumed that the probability of parameters taking the value outside of the parame-

ter space is zero. This range should therefore be sufficiently large to cover all the

possibilities but not too large as it will increase the computational time and random

exploration difficulty.

2 Secondly, distributing the parameter points in the parameter space varies among dif-

ferent algorithms. For a grid uniform distribution in a p-dimensional space – that is

evenly distributing k different values of parameters in every dimension – it requires

O(kp) total points, that’s too many parameter sets in a high-dimensional space. In

this study, we use an advanced Latin hypercube algorithm, which semi-randomly

generates the design points in the p-dimensional parameter space. The Latin hyper-

cube algorithm aims at spreading the samples evenly across the parameter space by

maximizing the distance among parameters, and therefore a small amount of samples

O(10p) is sufficient enough to train the Gaussian Process Emulator to interpolate the

p-dimensional parameter space effectively.

Table. 5.1 lists the parameter ranges for the corresponding parameters in the heavy fla-

vor evolution model. A uniform distribution of the design points is sampled and displayed

in the left panel of Fig. 5.2, which visualizes a joint distribution of 60 design points pro-
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Table 5.2: D-meson variables to be compared between model calculation and experimen-
tal measurements

Experiment variables kinematic cut centrality
AuAu@200 GeV RAA(pT ) 2 ≤ pT ≤ 8 GeV/c, |y| < 1 0-10

v2(EP)(pT ) 1 ≤ pT ≤ 7 GeV/c,|y| < 1 0-80
v2(EP)(pT ) 1 ≤ pT ≤ 7 GeV/c,|y| < 1 10-40

PbPb@2.76 TeV RAA(npart) 5 ≤ pT ≤ 8 GeV/c, |y| < 0.5 0-10, 10-20,..., 50-80
RAA(npart) 8 ≤ pT ≤ 16 GeV/c, |y| < 0.5 0-10, 10-20,..., 50-80
v2(EP )(pT ) 2 ≤ pT ≤ 16 GeV/c, |y| < 0.8 30-50

PbPb@5.02 TeV RAA(pT ) 3 ≤ pT ≤ 36 GeV/c, |y| < 0.5 30-50
v2{2}(pT ) 1 ≤ pT ≤ 40 GeV/c, |y| < 1 10-30
v2{2}(pT ) 8 1 ≤ pT ≤ 40 GeV/c, |y| < 1 30-50

jected in the (α, β) plane. This represents the prior distributions of the parameters. The

diffusion coefficient, taking the value of the design points, is plotted in the right figure of

Fig. 5.2, as a function of temperature at fixed momentum p = 10 GeV. The prior range for

the diffusion coefficient is sufficiently large, spanning from a very strong interaction with

Ds2πT close to zero to a weaker interaction with a large Ds2πT . It is designed to cover

the optimal value in order to describe the experimental measurements.

5.2.2 Model’s output Ỹ

At each of the design point x̃1, 5000 minimum bias hydro events are simulated and heavy

quarks are oversampled in order to calculate the final observables ỹ = (RAA, v2). Table. 5.2

summarizes the D-meson observables and corresponding kinetic cut for different collision

systems.

In Fig. 5.3 I compare 60 sets of the model’s calculation (the colored lines) with the

experimental data (black dots with error-bars) for the heavy quark evolution in Au-Au

collisions at 200 GeV, Pb-Pb collisions at 2.76 and 5.02 TeV. We can see that with the

1Here the tilde simple x̃, ỹ represents the training datasets, whose outputs are calculated from the heavy
quark evolution model. It is used to distinguish the predicted dataset, which is later obtained from the GP
Emulators and labeled with the star symbol x∗,y∗.
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Figure 5.3: Improved Langevin model calculation of D-meson observables, compared
to experimental data spanning over the full range of explored parameter space (i.e. the
“prior”). Each frame contains 60 results from the calculations, corresponding to 60 design
points of the analysis. From top to bottom: [top] Au-Au collisions at 200 GeV: D-meson
pT differential RAA in 0-10% centrality, v2(pT ) in 0-80%, 10-40% centralities; [middle]
Pb-Pb collisions at 2.76 TeV: D-meson RAA as function of participant number npart at
high momentum range 5 ≤ pT ≤ 8 GeV and 8 ≤ pT ≤ 16 GeV, pT differential v2(pT )
in 30-50% centrality; [bottom] Pb-Pb collisions at 5.02 TeV: D-meson RAA in 30-50%
centrality and v2(pT ) in 30-50% and 10-30% centralities. Experimental data are measured
by STAR[69], ALICE[149, 18, 150, 19], and CMS[36, 127] collaborations.

161



unconstrained prior parameter sets, the model’s output spans a wide range in the physical

observable space. The training dataset D = (X̃, Ỹ ) is used to training the Gaussian Pro-

cess Emulators. The details regarding the construction of the Gaussian Process kernel, the

principal component analysis transformation can be found in Sec. 4.

Once the Gaussian Process Emulators are ready, one can perform the MCMC random

walk to calibrate the heavy quark evolution model to the experimental measurements.

5.3 Results

5.3.1 A closure test: calibration to pseudo-experimental data

Before I apply the Bayesian model-to-data analysis framework to calibration the heavy

quark evolution model to the experimental measurements yexp, it is not a bad idea to con-

duct a closure test calibrate the heavy flavor evolution model to a pseudo-experiment result

in order to verify its validity.

The pseudo-experiment result is proposed as follows: I generate one set of “pseudo pa-

rameters”: xpseudo = (α, β, γ) = (1.55, 2.59, 0.28), which are treated as the “true” values

for the parameters in the heavy quark evolution model. Taking the “true” values, the im-

proved Langevin model calculates the heavy flavor observables ypseudo, which are plotted as

the red dots in Fig. 5.4 for Pb-Pb collisions at 5.02 TeV. The central values are the model’s

calculation of D-meson pT differential RAA at 30-50% centrality, v2 at 10-30%, 30-50%

centralities , and the errorbars are inherited from the ALICE measurements[150, 19] for

corresponding pT .

The goal for such an experiment is to apply the Bayesian framework to calibrate the

heavy quark evolution model to the pseudo-experiment results, and compare the posterior

distributions of the parameters. One would expect:
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Figure 5.4: [Upper] Improved Langevin model calculation ofD-meson observables in Pb-
Pb collisions at 5.02 TeV taking the input parameters from the prior distribution; [Lower]:
Calculation from Gaussian Process Emulators taking the parameters from the posterior
distribution.
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• After the calibration, the heavy quark evolution model is able to describe the results

of the pseudo-experiment ypseudo;

• The posterior distributions of the parameters should able to recover with the values

of “pseudo parameters”.

The results of the calibration are shown in Fig. 5.4 and Fig. 5.5. From the lower panel of

Fig. 5.4 one can see that with the calibration, the heavy quark evolution model indeed is

able to describe the experimental data. In Fig. 5.5 I show the posterior distributions of the

parameters (α, β, γ), where the diagonal panels show the marginal distribution for a single

parameter with all the other parameters integrated out, and the off-diagonal panels show the

correlation between pairs of the parameters. The green colors correspond to the calibration

to the “pseudo experiment” with the current experimental uncertainties, while the red colors

correspond to the calibration to the “pseudo experiment” with the reduced experimental

uncertainties (re-scaled by a factor of 0.2). The evaluated median value and the standard

deviation are labeled as x̄+σ
−σ. One can see that with sufficient precise measurements, the

Bayesian analysis is able to recover the “true” values of the parameters. The remaining

deviation mainly comes from the uncertainty resulting from applying the Gaussian Process

Emulator during the MCMC exploration. Our closure test has passed.

5.3.2 Calibration to experimental measurements

In this section, I will apply the Bayesian framework to real experimental measurements.

In Fig. 5.3 I have already presented the calculation of the heavy quark evolution model

taking the parameters from the prior distribution. The large spread visualizes the range

of initial parameter values, which reflects the prior distribution of the parameters. After

calibration to experimental data, the corresponding observables are visualized in Fig. 5.6,

which are the Emulators’ prediction of 50 randomly selected parameters from the posterior
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165



distribution. They have been constrained with small variance. We find that after calibration,

the improved Langevin approach is capable of describing the experimental data reasonably

well. The biggest deviation is found for the RAA points at very peripheral centrality and

low pT : peripheral collisions are not well described by our hydrodynamical background.

Also the modeling of hadronization in the low pT region is challenging due to significant

non-perturbative effects.

posterior distribution P (x|D,yexp)

The main results of the Bayesian analysis are the posterior probability distribution of the

input parameters (α, β, γ), which are displayed in Fig. 5.7. There are four different colors

corresponding to four different Bayesian analyses calibrating on four different subsets of

experimental measurements. For example, the orange color corresponds to the calibration

to the experimental measurements for heavy quark observables in Au-Au collisions at 200

GeV, and the red one corresponds to the calibration to all the experimental observables

regarding heavy flavors in three different collision systems: Au-Au collision at 200 GeV,

Pb-Pb collision at 2.76 and 5.02 TeV. In principle, for a physical system that shares the

universal properties, the more information and more precise measurements we have, the

better constraints we will achieve for the posterior distribution estimation. Therefore for

the estimation over different datasets, we would expect a distribution centering around

similar values but spreading with different width. The width of the posterior distribution

is affected by the uncertainties we have applied in the analysis. It explains that for the

analysis (red distribution) using all the experimental observations we find the most narrow

distribution.

Taking a closer look at the posterior distribution, each marginal distribution is annotated

with the median value plus/minus 1 standard deviation (x̄+σ
−σ), which corresponding to the

(16%, 50%, 84%) percentile values in the posterior distribution. We have observed that:
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Figure 5.6: Gaussian Process Emulator prediction for 50 random parameter sets sampled
from the posterior distribution. This figure is similar to Fig. 5.3 but with the input parame-
ters chosen from the posterior distribution, and the outputs are predicted from the Gaussian
Process Emulators.
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• The parameter α is well constrained with a peak value around (1.5 ∼ 2.0) for all

four analyses. This parameter determines the spatial diffusion coefficient Ds2πT at

0 momentum near Tc.

• The parameter γ controls the ratio between the soft component (Ds2πT )soft and the

pQCD component (Ds2πT )pQCD. It has a distribution which peaks around (0.25 ∼

0.35). It implies that the contribution from soft component is comparable with the

one from (Ds2πT )pQCD even at a sufficient large momentum range (pT ' 10 GeV).

As γ2p = 1 is the momentum region where the (Ds2πT )soft and (Ds2πT )pQCD

contribute equally.

• Although the slope parameter β is poorly constraint, it shows a negative correlation

with the parameter α.

heavy quark transport coefficients

Having established the posterior distribution of the parameters, one can now estimate the

heavy quark transport coefficients according to Eqn.5.1. Figure. 5.8 displays the estimation

of the posterior range for the charm quark diffusion coefficient. The gray area represents

the prior range explored by the parametrization, and the red band is this posterior estimation

with 90% credible region, with the solid red line being its median2.

On the upper panel of Fig. 5.8, the diffusion coefficient is displayed with respect to

temperature for fixed momentum: for the zero momentum limit (p = 0 GeV), the com-

bined diffusion coefficient is solely determined by the soft component (Ds2πT )soft, with

Ds2πT (p = 1) ∼ 1 − 3 around Tc. For our finite temperature region, its temperature

dependence is not far from a simple linear relationship with a positive slope.

2Here the posterior distribution from the analysis over all the datasets are used, however, I should mention
that the estimated posterior range for transport coefficientsDs2πT do not differ much between the analysis
over different datasets.
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In addition, we observe that the 90% credible region suffers the least uncertainties in

a temperature region around T ∼ 0.2 − 0.25 GeV, which we argue it is the approximate

average temperature that heavy quarks experience during their propagation through the

medium. At higher temperature, the posterior range of the spatial diffusion coefficient

broadens. A likely reason for this trend is – in addition to the larger deviation between the

two (Ds2πT )soft and (Ds2πT )pQCD components – the short amount of time that the QGP

medium retains this high temperature. As the system expands quickly, it rapidly cools

down, leaving only a short period of time for the heavy quark to interact with the medium

at such a high temperature, and therefore less information can be obtained.

On the lower panel of Fig. 5.8 we explore the momentum dependence of the charm

quark diffusion coefficient at fixed temperatures. As the heavy quark momentum increases,

the uncertainties of the posterior range decrease, and at sufficiently high momentum, the

behavior of the combined transport coefficient converges to the pQCD-like: in our case, it is

calculated by summing the leading order 2→ 2 scattering processes. The only freedom left

in the parametrization is the pre-factor (γ2p)2/(1 + (γ2p)2), which varies merely for high

momenta. In the low momentum region, the diffusion coefficient shows completely dif-

ferent behavior from the pQCD calculation, which can be only the result of non-negligible

contributions from non-perturbative effects. Such a contribution is clearly needed in or-

der to obtain a realistic description of heavy quark observables at low and intermediate

momentum region.

5.4 A more flexible parametrization

So far we have discussed the heavy quark evolution model based on an improved Langevin

model, which takes a parametrized diffusion coefficient as input. With an improved compu-

tational model, more parameters, and additional observables, the Bayesian analysis would

171



obtain more constraints on the properties of the QGP medium.

One significant change to the heavy quark evolution model is the addition of the pre-

equilibrium stages for the soft medium, i.e., we now use a free-streaming evolution to simu-

late the dynamics of the collision system before the thermalization of the QGP medium, and

correspondingly an energy loss stage for heavy quarks during the pre-equilibrium stage.

A second change is the relaxation of the fixed coupling constant for the (Ds2πT )pQCD

component, now we allow the coupling constant to be tuned from a range of αs ∈ (0.1, 0.6).

This relaxation would not increase our constraint over the heavy flavor transport coeffi-

cients. On the contrary, it will significantly enlarge the parameter space, but leads to a

more rigorous and complete exploration.

A third improvement is the consideration of the deviation between the theoretical model

and true physics, which results in an additional uncertainty taken into account while one

construct the likelihood during the MCMC random walk exploration.

5.4.1 Pre-equilibrium dynamics

It is generally assumed that after the two nuclei collide with each other, the system takes

a time of τ0 fm/c to reach the local thermal equilibrium (rapidly), and the hydrodynamical

model is valid to simulate the evolution of the QGP medium after that time. Computation-

ally, pre-equilibrium dynamics is not required for our framework based on the relativistic

viscous hydrodynamics model, as the key initial condition for the hydrodynamical model

is the initial energy/entropy density, which can be generated by a parametric model (such

as TRENTo) or other non-dynamical initial condition models. Since they map the nuclear

thickness function to an energy/entropy deposition at any finite time τ , one can choose

to initialize the system directly at the hydro start time τ0 instead of 0+. In this way one

does not need to consider the pre-equilibrium stage evolution. Such simplification of the
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QGP evolution is commonly adopted in practice, and somehow does not prevent a good

description of the experimental data in the soft section.

With a pure hydrodynamical approach, which ignores the details for how the system

approaches equilibrium, the observed large momentum anisotropy can only be explained

by the fact that the thermalization of the medium happens rapidity, within the first fm/c.

Moreover, the static initialization of the QGP medium has to compensate in some way

for the lack of initial flow, coming from the pre-equilibrium dynamics. A net effect is a

decrease of the radial flow for the system, which eventually results in an underestimation

of the mean pT for identified particles [44].

Regarding the heavy quarks evolution, it has been argued that pre-equilibrium phase

evolution could impact the heavy meson RAA by about 20-25% if one applies a Boltz-

mann transport equation to the momentum evolution of the heavy quarks in heavy-ion

collisions [151] 3.

The most simple pre-equilibrium dynamics mode is free-streaming, where the system

is treated as a massless parton gas which expands without interaction. Such a treatment

can be considered as the extreme limit of a weakly interacting system. At a time τ0, the

system undergoes an instantaneous thermalization and starts the hydrodynamical evolution.

Freestreaming considered as an opposite limit of strongly interacting system4.

During the pre-equilibrium stage, the heavy quarks already start to interact with the

medium and lose energy. However, since the system at this stage is still off-equilibrium,

both kinetically and chemically, the local temperature is undefined. We, therefore, use

the Landau matching to obtain the flow velocity ~β and energy density ε from the energy-

3Of course I should point out that one can, still, mimic the impact of the pre-equilibrium evolution using an
early thermalized QGP medium.

4The sudden transition from a weakly interacting limit to a strongly interacting limit is a bit crucial. One
would expect a much more smooth transition, which can be simulated by a dedicated weakly coupled
effective kinetic model that gradually connects those two. For such kinetic modeling of the pre-equilibrium
dynamics, please refer to [152, 153]. Other theoretical studies, including IP-Glasma model which describes
the system evolution by solving the classical Yang-Mills equations, and strong coupling approaches.
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Figure 5.9: A septic to demonstrate the pre-equilibrium interaction

momentum tensor T µν in the pre-equilibrium stages, and convert it to an effective temper-

ature using the QCD Equation of State (EoS) 5.

Heavy quarks are allowed to choose at which time they start to interact with the medium

and lose energy by assigning a time parameter τf . For τ < τf , heavy quarks experience

free-streaming with the medium partons; for τf < τ < τ0, heavy quarks start to lose energy

while the medium continues to expand freely and take its path to equilibrium; for τ > τ0,

the system thermalizes and starts hydro evolution, meanwhile, the heavy quarks propagate

through the thermal QGP medium. A smaller value of τf corresponds to a faster generation

of color degrees of the freedom that can interact with the heavy quarks, and a larger value

of τf corresponds to a turn-off of the pre-equilibrium energy loss for heavy quarks.

5.4.2 More inputs parameters

The value of the diffusion coefficient depends on the interaction strength between the heavy

quarks and the medium, therefore by varying the value of the coupling constant, one would

expect a different temperature and momentum dependence for the heavy quark transport

coefficients. Figure. 5.10 present the (Ds2πT )pQCD calculated in leading order pQCD with

5The energy momentum tensor Tµν can be calculated by summing over all the particle components pµ, pν .
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Figure 5.10: Heavy quark special diffusion coefficient as a function of temperature [left]
and as a function of momentum [right] calculated via a leading order pQCD approach.

different values of αs from 0.1 ∼ 0.6. With a small coupling constant, for example the

black lines correspond to αs = 0.1, the interactions between heavy quarks and the medium

are weak, results to a large value for the diffusion coefficient.

We can relax the value of the coupling constant αs and treat it as another tunable pa-

rameter. The diffusion coefficient parametrization is then updated as:

Ds2πT (αs, α, β, γ;T, p) = 1
1 + (γ2p)2 (Ds2πT )soft + (γ2p)2

1 + (γ2p)2 (Ds2πT )pQCD (αs),

(5.3)

and the new prior range for the diffusion coefficient is plotted in Fig. 5.11 for different

temperature/momentum values. Each black line represents one sample randomly drawn

from the prior distribution and they are spanning over a much wider range – particularly

in the low temperature and low momentum region, comparing to the previous prior range

shown as the gray area in Fig. 5.8.

With the pre-equilibrium stage evolution, and the additional parameter as coupling con-
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Figure 5.11: Prior range of the charm quark diffusion coefficient Ds2πT use the new
parametrization of (αs, α, β, γ).
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Figure 5.12: Improved Langevin model calculation of D-meson observables in Pb-Pb
collisions at 5.02 TeV spanning over the full range of the parameter space and compared
to experimental measurements (black errorbars). Each frame contains the calculation for
evaluating 150 parameters sets.
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Parameter Description Range
αs strong coupling constant 0.1 - 0.6
α Ds2πT at Tc 0.1 - 7
β slope of Ds2πT soft above Tc 0 - 5.0
γ ratio between Ds2πT soft and Ds2πT pQCD 0 - 0.6
τf free-streaming time 0.1 - 1

Table 5.3: Prior range and description for the parameters that determines the diffusion
coefficient

stant αs, now we have an updated list of parameters in the heavy quark evolution model

listed in Tab. 5.3.

Additional parameters enlarge the parameter space, and require more design points,

which increase the computational time. For this new calibration, I generate 150 sets of

parameters X̃ = {x1, · · · ,xn}, and at each parameter point, the heavy flavor observables

Ỹ = {y1, · · · ,yn}– D-meson RAA and v2 at different centralities in Pb-Pb collisions at

5.02 TeV, plotted in Fig. 5.12 – are evaluated with the improved Langevin model. This is

our training dataset D = {X̃, Ỹ } for training the Gaussian Process Emulators. A MCMC

random walk exploration of the parameter space will follow up and calculate the posterior

distribution of the parameters as one calibrate the model to the experimental measurements.

5.4.3 Posterior results

The posterior distributions of the parameters with the new parametrization is plotted in

Fig. 5.13, where again the diagonal frames display the marginal distribution of each indi-

vidual parameters with all the others integrated out, and the off-diagonal frames visualize

the joint distribution between each pair of parameters.

Comparing to the results from previous calibration shown in Fig. 5.8, one finds:

• The coupling constant has a fairly narrow distribution with a peak around αs = 0.29

and one standard deviation as ±0.07. It is a nice coincidence that the peak value is
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not far away from the fixed coupling constant that we have been used in previous

studies as αs = 0.3.

• The parameter α has a remarkable narrow distribution, with the estimated value

around α = 1.47. Recall that this value represents the charm quark diffusion co-

efficient at zero momentum limit near Tc, it indicates a strong interaction between

heavy quarks and the medium in the low temperature region.

• The distribution of the slope parameter for the soft component β is quite broad, but

has a trend to prefer a larger value. This implies a clear strong temperature-dependent

soft component contribution. However, isolating the two parameters α and β sepa-

rately leads to an incomplete picture of the soft component (Ds2πT )soft. The joint

distribution between those two shows a clear negative correlation, similar to the pre-

vious analysis. Such a negative correlation implies a small value for α and a large

value for β or vice versa, but both cannot be large or small at the same time. A better

way to visualize the posterior distribution is shown in the most left upper panel of

Fig. 5.14, where the soft component:

(Ds2πT )soft = α · (1 + β(T/Tc − 1)). (5.4)

above the critical temperature Tc are plotted.

• The ratio parameter γ also shows a clear narrow distribution, with an estimated

peak around γ = 0.17+0.04
−0.03. The momentum region where the (Ds2πT )pQCD and

(Ds2πT )soft contribute equally is around p ∼ 1/γ2 = 30 GeV. Comparing to the

previous analysis based on the model without free-streaming stage evolution and

fixed coupling constant, where we have the transition line around p ∼ 10 − 20, this

value has shifted to a larger pT range. One reason could be the effects of the addi-
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tional free-streaming stage evolution. However, I should note that, as displayed in

the lower panel of Fig. 5.14, the charm quark diffusion coefficient turns out to have a

mild momentum dependence, which means the change from pT ∼ 20 GeV does not

cause much difference from pT = 30 GeV. Therefore these two estimations are still

consistent with each other.

• The free-streaming time parameter ξ, meanwhile, does not have a clear preference

throughout the parameter range. It still excludes a very small value near zero, but

there seems no effect on what time the heavy quark starts to interact with the medium.

• Finally, we have an additional parameter σmodel regarding the systematic uncertainty

of the model’s calculation. So far we have assumed that the model is able to describe

the reality, given proper parameter design. And the uncertainty regarding the model’s

prediction comes from the fact we have used a surrogate model – Gaussian Process

Emulator – to predict the model’s output σGP.

However, it is possible that the theoretical model is able to describe the true physical

process, but with some discrepancy:

yexp = ymodel + σstat
exp + σsys

exp + σGP + δ, (5.5)

where σstat
exp , σ

sys
exp are the experimental uncertainties, and δ is the discrepancy term.

Since there is no information ever for what the discrepancy looks like, we use a

simple gamma distribution for δ:

p(δ) ∼ δ2 exp−δ/l, (5.6)

where we choose l = 0.05. The larger l, the more discrepancy we are allowed.

This discrepancy will be marginalized with the posterior distribution of the model’s
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output.

In our analysis, the discrepancy has a preferred peak near δ = σmodel = 0.04+0.02
−0.02.

It is defined as the relative uncertainty to the overall variance of the model, which

indicates the model has a systematic uncertainty equal to 5% of its total variance.

In addition, this posterior distribution of σmodel is highly correlated with the prior

distribution. As the values of σmodel increases, the distributions of other parameters

get wider. It means that with large systematic uncertainty, the constraining power of

all the parameters becomes negligible, and the specific value for the parameters does

not matter anymore.

posterior range for the transport coefficient Ds2πT

With the posterior distribution for the parameters (αs, α, β, γ), one can construct the pos-

terior range of the diffusion coefficient, which is plotted in Fig. 5.14 as a function of tem-

perature in the upper panel and as a function of momentum dependence in the lower panel.

The gray area is the prior range that the random walkers explored during the calibration.

Instead of displaying the 90% credible region, here I show the result from the individual

parameter set in order to better demonstrate the temperature and momentum dependence

of the diffusion coefficient. Each blue line corresponds to one random sample drawn from

the posterior distribution of the parameters (excluding the double side tails below 5% per-

centile).

First of all, the diffusion coefficient shows a clear strong positive dependence on tem-

perature, as the higher the temperature, the larger the diffusion coefficient and the smaller

interaction strength between heavy quarks and the medium. Such strong temperature de-

pendence behavior is distinctly different from the behavior from the pQCD result – where

the latter displays a mild temperature dependence as shown in Fig. 5.10. Such behavior can

only come from the non-perturbative contribution.
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Secondly, the momentum dependence of the diffusion coefficient is not significant, even

for the lower momentum region, whereas for the pQCD calculation, starting from the lower

momentum region, there is a rapid decrease of the diffusion coefficient. It indicates that

even for a heavy quark propagating in the QGP medium with slow momentum, the inter-

action between heavy quarks and the medium is still comparable with fast-moving heavy

quarks, regarding of the collisional energy loss contribution.

Thirdly, recall that the total energy loss for heavy quark propagating in the medium

includes both the collisional energy loss and the radiative energy loss.

dE

dx
= dE

dx
|col + dE

dx
|rad (5.7)

Therefore in order to faithfully evaluate the interaction between heavy quarks and the

medium, we should also consider the radiative contribution. We investigate this schemati-

cally by propagating heavy quarks in a static medium for 1 fm/c, and dynamically evaluate

the total (averaged) transport coefficients during their propagation. Due to the compu-

tational expense, I only select one set of parameters and the purpose of this dynamical

calculation is just to illustrate the contribution from radiative energy loss. The comparison

is shown in Fig 5.15, where for the particular set of diffusion coefficient, the green dash

line represents the contribution from the collisional energy loss while the solid line with

marker represents the total diffusion coefficient including both collisional and radiative en-

ergy loss. The difference between those two is the contribution from radiative energy loss.

One can see that the radiative energy loss has a visible contribution for high temperature

and high momentum region.
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maximum probability parameters

Final verification of the Bayesian calibration framework is to check the performance of

the physical model by using parameters values that are drawn from the posterior distribu-

tions. Therefore I randomly selected 10 sets of parameters from the posterior distributions,

at each of these parameter sets the heavy flavor observables are evaluated by the improved

Langevin model and compared with the experimental measurements in Fig. 5.16. Although

each parameter set imposes a different temperature/momentum dependence, the improved

Langevin model is still able to reproduce the experimental measurements for all the poste-

rior samples. There is quite a large uncertainty at the high momentum region pT > 50 GeV

due to the lack of measurements at that region. With future LHC upgrade plan, one hope

that more observables with higher precision can help us to constrain the model’s uncertain-

ties.

Moreover, if the improved Langevin model does capture some of the reality, one would

expect that it can also describe other observables that are not included in the training

dataset. Therefore I computed several other observables, including the higher-order mo-

mentum anisotropy: the pT differential triangle flow v3(pT ), which is defined as the third
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Figure 5.16: Improved Langevin calculation of the D-meson RAA and v2 in Pb-Pb colli-
sions at 5.02 TeV, taking the parameters randomly drawn from the posterior distributions.
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coefficient in the FOURIER decomposition of the final state particle azimuthal distribution:

d2N

dφdpT
= dN

2πdpT

[
1 + 2

∞∑
n=1

vn(pT ) cosn(φ− Φn)
]
, (5.8)

where Φn is the initial state spatial plane of the symmetry for the n-th hadronic. Here I use

the two-particle cumulant method to calculate the triangle flow:

v3{2} ≡

〈
~u · ~Q

N

〉
√

~Qa
Na
· ~Qb
Nb

, (5.9)

where the ~Q-vector is defined as azimuthal distribution for the particle of reference (charged

hadrons):

~Q =
∑
i

exp(3φi), (5.10)

that sums over all the charged particles i, φi is the azimuthal angle andN is the multiplicity

of charged particles. ~Qa is a segment of charged particles with 0 < η < 0.8 while ~Qb is the

segment −0.8 < η < 0. ~u is the cumulant for the particle of interest, in this case, the D-

mesons with the specific kinetic and centrality cut. The results of the model’s calculation

of v3 is compared with the experimental measurements in Fig. 5.17. Although due to the

large experimental uncertainty, one can hardly make any conclusive statement, the model’s

calculation is comparable with experimental measurements.

Finally, I introduce a calculation using the Event Shape Engineering (ESE) technique [150],

which is based on the observation of the large event-by-event vn variance at fixed collision

centrality and can be used to further investigate the dynamics of the heavy quarks in the

medium. Instead of selecting D-mesons based on different centralities (which are binned

according to the light hadron multiplicity), it measures the D-meson v2 in classes of events

in a given centrality interval but also with different magnitude of average event flow. The
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underlying reason for separating collision events based on the event flow is that the hydro-

dynamic calculation has shown a nearly linear correlation between the final state elliptic

flow v2 and corresponding spatial eccentricity ε2 for the initial state energy density distri-

bution (with a small value of η/s). Therefore in addition to the centrality cut, heavy-ion

collision events can be selected with different initial geometrical shape via a selection of fi-

nal state light hadrons. Therefore one can investigate the interplay between the anisotropic

flow of D-meson and that of the soft matter. In addition, it provides more insights on

how the initial geometry of the system affects the path-length-dependent energy loss that is

experienced by the heavy quarks while they propagate in the QGP medium.

During the calculation, the minimum bias events are first binned into different central-

ities according to the light hadron multiplicity with |η| < 0.8, 0.2 < pT < 5 – the same

kinetic cut as the ALICE measurement. The events in each centrality bins are then further

divided into different classes according to the magnitude of the second-order harmonic

reduced flow vector q2, which is defined as:

q2 = | ~Q2|/
√
M, (5.11)

the ~Q2 is the second order flow cumulants that is defined as:

~Q2 =
∑
i

exp(2φ2). (5.12)

The D-meson flow is then calculated with the event-plane method as demonstrated in

Sec.2.4.3 for different classes.

In Fig. 5.18 where I plot the event by event correlation among initial spatial eccen-

tricity ε2, charged particles cumulants 〈2〉charged and D-meson cumulants 〈2〉D for 30-50%

centrality of Pb-Pb collisions at 5.02 TeV. The left panel plots the correlation between the
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Figure 5.19: Improved Langevin calculation of the D-meson v3 in Pb-Pb collisions at
5.02 TeV, taking the parameters randomly drawn from posterior distributions.Each points
corresponds to the variable in a single heavy-ion collision event.

initial spatial eccentricity ε2 and the charged hadron cumulant ~Q2(charged) for a fixed cen-

trality 30-50%. Large variance is observed for the charged hadron cumulants, and it is the

same case for D-meson cumulants. Regarding the correlation between charged hadrons

and D-mesons, one finds different strength of the correlation for D-meson for different

momentum ranges, as the slope of correlation is different from each other, which could

imply different degrees of energy loss for heavy quarks propagating in the medium6.

The results of Event Shape Engineering D-meson flow is shown in Fig. 5.19, where the

flow ofD-meson in the 30-50% collision centrality are segmented into two classes: the one

in which the charged hadron cumulants q2 are the 20% largest, and the one in which q2 are

the 60% smallest. First of all, one can clearly see the separation due to the initial geometry,

and the model’s calculation is, although the experimental uncertainty is significantly large,

consistent with experimental measurements. They both show a peak around pT = 5 GeV.

6I should still note that, for the calculation in heavy quark flow observables, thousands of heavy quarks are
oversampled with the same initial geometric condition. Therefore it is doubtful in a real heavy-ion collision
event, where only a few dozens of heavy quarks are produced, that much correlation can be observed from
the comparison between heavy quarks and charged hadrons.
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5.5 Summary

In this chapter, I applied the Bayesian model-to-data analysis to a heavy quark evolution

model in heavy-ion collisions. This analysis has proved its applicability in heavy flavor

studies by simultaneously calibrating the theoretical model on experimental data in differ-

ent collision systems, constraining and estimating the heavy flavor diffusion coefficient in

the QGP medium, and predicting other observables that are not in the calibration dataset.

There are a few directions to further improve the framework:

• A more realistic description of the physical process will certainly decrease the sys-

tematic uncertainty from the computational model: for example one can use a kinetic

model to describe the pre-equilibrium stage interaction among the collision system

and the interaction between heavy quarks and the medium.

• More observables with higher precision will increase our constraining power of the

transport coefficients: moving away from the mid-rapidity towards the forward and

backward rapidity region, especially in an unsymmetrical system such as pA colli-

sions, one could bias towards different temperature regions and explore the energy

loss of heavy quarks in detail.

• Other transport models and data: one of the difficulties in the current comparison

of the heavy quark transport coefficients among different theoretical model is that is

it is hard to quantify the performance of each model. The Bayesian framework is

not specific to this model or data in this work and can be utilized to calibrate other

models and conduct a systematic estimation of the transport coefficients, therefore

we can make a fair comparison among different theoretical approaches.
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Chapter 6

Comparison among different models

Heavy quarks, as one of the important probes of the QGP medium, provide us with an in-

sight of both parton energy loss and development of collective flow in heavy-ion collisions.

There exist a variety of different dynamical models – based on different assumptions of:

the formation of the QGP matter, the nature of the medium degrees of freedom, the dy-

namical evolution within the medium and many other details – that have been developed.

Each model also estimates the heavy quarks transport coefficients, with which the model

is able to describe some of, if not all, the experimental measurements of the heavy flavor

observables in heavy-ion collisions.

In Fig. 6.1 I compare our estimate of the diffusion coefficient between two sets of dif-

ferent calibration and among different theoretical approaches. The left panel shows the

temperature dependence of the spatial diffusion coefficient at zero momentum for two dif-

ferent Bayesian calibrations: one with pre-equilibrium dynamics and one without. With ad-

ditional pre-equilibrium dynamics, the estimation of Ds2πT (p = 0) does not differ much

from the previous calibration. The right panel compares between different models. All

the models’ estimations are qualitatively consistent with each other: all of them shows a

small value of Ds2πT near Tc – indicating a strong interaction with the medium, and pos-

itive temperature dependence, one can still find a factor of 4-5 difference among different

models.

Some of the differences come from the different assumptions made regarding the heavy

quark-medium interaction by each model, some, however, come from other components of

the heavy-ion collisions. For example, the initial conditions, the description of the QGP

medium, the hadronization models, whether or not the hadronic stage rescattering is in-
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Figure 6.1: Heavy quark diffusion coefficient comparison between different theoretical
model’s estimation.

cluded. It is therefore important to understand how sensitive the heavy flavor observables

are to those assumptions, to which degree it will affect the estimation of the heavy quark

transport coefficients, and what kind of strategy one should pursue in order to ascertain the

actual physical nature of the hot and dense QCD system.

In this chapter, I will try to investigate the differences between several of these com-

ponents during the multi-stage heavy-ion collision evolution. Starting from a comparison

between two descriptions of the QGP medium, I will demonstrate the importance of the

pre-equilibrium flow in terms of calculating the momentum anisotropy of the medium.

Later I will apply the control variable method to isolate different components and quantify

the variance on the heavy quark observables caused by the different theoretical modeling

assumption of each of the components.
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6.1 QGP medium evolution

So far in this thesis, I have described the evolution of the QGP medium based on a rel-

ativistic viscous hydrodynamical framework, where the space-time evolution of the QGP

medium is calculated by the hydrodynamical equations:

∂µT
µν = 0, (6.1)

and the assumption of local equilibrium. To utilize the hydrodynamical framework to de-

scribe the evolution of the system, one would specify the medium with an initial condition

model, and close the equations of motion using the QCD Equation of State (EoS). The

initial condition model generates the outcome of the collision at the hydrodynamical ther-

malization time, (approximately of 1 fm/c), either through a dynamical evolution model or

a static mapping function.

On the other hand, there are some dynamical models that relax the local equilibrium

assumption, and describe the QGP medium evolution through a non-equilibrium transport

approach. The non-equilibrium effects are considered to be the strongest during the early

phase of the collision (pre-equilibrium stage) and may significantly impact the properties of

QGP probes that are produced at early times. Moreover, the traces of the non-equilibrium

effect could also be retained within some bulk observables, such as the correlation func-

tions and the higher-order anisotropy coefficients[154–156]. One such non-equilibrium

transport model is the Parton-Hadron-String-Dynamics (PHSD), which explores the micro-

scopic interaction of the QGP medium based on the Kadanoff-Baym equations[157, 158]

for Green’s function representation in phase-space.

In this section, I would like to compare prominent models for the evolution of the QGP

medium: a non-equilibrium transport approach – PHSD, and a (2+1)-dimensional viscous

hydrodynamical model –VISHNU. In particular, I will focus on the interpretation of the
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medium anisotropy during the QGP phase of the medium evolution, and show that despite

large event-by-event fluctuations in PHSD, the ensemble average is close to that the in

hydrodynamical limit.

6.1.1 Description of the models

PHSD transport approach

The PHSD transport approach is a microscopic covariant dynamical model that describes

the full evolution of a heavy-ion collision from the initial hard scatterings and string for-

mation, through the dynamical deconfinement phase transition to the strongly-interacting

QGP towards the hadronization and the subsequent interactions in the expanding hadronic

phase. The interaction between the quarks and gluons in PHSD is based on the Dynamical

Quasi-Particle Model (DQPM) where the parton interactions are constructed to reproduce

the lattice QCD result for the QGP EoS in the thermodynamical equilibrium[159]. The

effective parton propagators incorporate finite masses for the gluon and quarks, as well as

a finite width Γi(T, µq) that describes the medium dependent interaction rate. However,

PHSD differs from the conventional Boltzmann approach in:

• The PHSD model incorporates dynamical quasi-particles with finite width of the

spectral functions (imaginary part of the propagators); it is based on a realistic Equa-

tion of State from lattice QCD and thus describes the speed of sound cs(T ) reliably;

• It involves scalar mean-fields that substantially drive the collective flow in the par-

tonic phase. The effective partonic cross sections are not given by pQCD but are

self-consistently determined within the DQPM and probed by the transport coeffi-

cients (correlators) in thermodynamic equilibrium;

• The hadronization is described by the fusion of off-shell partons to off-shell hadronic

194



states (resonances or strings) and does not violate the second law of thermodynam-

ics; all conservation laws (energy-momentum, flavor currents) are fulfilled in the

hadronization contrary to coalescence models.

2D+1 viscous hydrodynamics

In chapter 2, I have briefly introuduced the hydrodynamical framework, which calculates

the space-time evolution of the QGP medium via the conservation equations:

∂µT
µν = 0 (6.2)

for the energy-momentum tensor

T µν = euµuν −∆µν(P + Π) + πµ3. (6.3)

In order to start the hydrodynamical calculation, one needs to specify an initial condi-

tion. We initialize the hydrodynamical calculation with an initial condition extracted from

the PHSD evolution, so that we have a common starting configuration for both models.

non-equilibrium initial conditions

The PHSD model starts its calculation of a heavy-ion collision events ab inito with two

colliding nuclei and makes no equilibrium assumptions regarding the nature of the hot and

dense system during its evolution from initial nuclear overlap to final hadronic freeze-out.

In order to generate an initial condition for the hydrodynamical evolution – initial energy

density e0, initial flow ~β0 – we select the earliest possible time during the PHSD evolution

where the system is in a state in which a hydrodynamical evolution is feasible (i.e. the

viscous corrections are already small enough). At time τ0, the energy-momentum tensor
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Figure 6.2: Shear and bulk viscosity η/s, ζ/s versus scaled temperature T/Tc. [Left]:
the symbols indicate the PHSD results of η/s from Ref. [160], calculated using different
methods: the relaxation-time approximation (red line + diamonds) and the Kubo formalism
(blue line + dots); the black line corresponds to the parametrization of the PHSD results for
η/s. The orange short dashed line demonstrates the Kovtun-Son-Starinets bound [161, 162]
– (η/s)KSS = 1/(4π). For comparison, the results from the virial expansion approach
(green line) [163] are shown as a function of temperature too. The orange dashed line
is the η/s of VISHNU hydrodynamical model that has been recently determined by the
Bayesian analysis; [Right]: ζ/s from PHSD simulation from Ref. [160] and the ζ/s that is
adapted in our hydrodynamical simulations.

T µν(~x) can calculated by summing all the particles in the corresponding coarse grid V~x in

the computational frame:

T µν(~x) =
∑
i

∫ ∞
0

d3pi
(2π)3fi(Ei)

pµi p
ν
i

Ei
. (6.4)

The local energy density e is identified as the eigenvalue of T µν (Laudau matching) and

the corresponding time-like eigenvector is defined as the 4-velocity uν :

T µνuν = euµ = (egµν)uν . (6.5)

In addition the parallel ensemble algorithm is used for the test particle method, which

has an impact on the fluctuating initial conditions. For a large number of parallel ensembles

(NUM), the energy density profile is smoother since it is calculated on the mean-field level
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Figure 6.3: Initial condition for hydrodynamics: the energy density profile from a single
PHSD event [left] and averaged over 100 PHSD events [right] , taken at t = 0.6 fm/c for a
peripheral (b = 6 fm) Au-Au collision at

√
sNN = 200 GeV.

by averaging over all ensembles. Figure 6.3 show the initial condition at time t = 0.6 fm/c

which is extracted from a single PHSD event averaged over (NUM = 30) parallel events

on the left panel and averaged on (NUM = 100) on the right panel. In our comparison

NUM = 30 is chosen to provides the same level of the smoothing of the initial energy

density as in a typical PHSD simulation. And even though the initial profiles are averaged

over NUM = 30 parallel events, the energy density distribution still captures the feature of

event-by-event initial state fluctuations.

6.1.2 Space-time evolution of the QGP medium: PHSD vs. hydrodynamics

Starting with the same initial condition, the evolution of the QGP medium is now simu-

lated by the two different models: the non-equilibrium dynamics model — PHSD, and the

hydrodynamics – (2+1)-dimensional VISHNU. The upper panel of Fig. 6.4 shows the time

evolution of the local energy density e(x, y, z = 0) in the transverse plane from a single

PHSD event (NUM = 30) at different proper time for a Au-Au collision at
√
sNN = 200

GeV, while the lower panel shows the same evolution from a hydrodynamical simulation

starting from the same initial conditions as the PHSD event above. In both simulations, the
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Figure 6.4: [Upper]: Contour plots of the local energy density e in the transverse plane
from the PHSD simulation of one event, for a peripheral Au-Au collision (b = 6 fm) at√
sNN = 200 GeV. [Lower]: same as upper panels but for the single event from the hydro-

dynamical simulation.
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Figure 6.5: [Upper]: components of the 3-velocity (βx, βy, βz) in the transverse plane for
a single PHSD event (NUM=30) at different proper time for a peripheral Au-Au collision
at
√
sNN. βz is scaled differently from βx, βy for better visualization. [Lower]: similar to

upper panels but for a single hydrodynamical event (taking the same initial condition as the
PHSD event above).
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energy density decreases rapidly as the medium expands in the transverse and longitudinal

directions. On the other hand, distinct differences are already seen in the energy density

evolution: in the PHSD description, the energy density retains many small hot spots during

its evolution due to its spatial non-uniformly. In hydrodynamics, the initial hot spots of

energy density quickly dissolve and the medium becomes much smoother with increasing

time. Moreover, due to the initial spatial anisotropy, the pressure gradient in the x-direction

is larger than that in y-direction, leading to a slightly faster expansion in the x-direction.

We attribute these differences directly to the non-equilibrium nature of the PHSD evolution.

In Fig. 6.5 I show the time evolution of the flow velocity ~β = (βx, βy, βz) in the trans-

verse plane for the same PHSD initial condition evolved through PHSD and hydrodynamics

correspondingly. The longitudinal velocity βz shown in PHSD remains approximately 0 on

average, and much smaller than the transverse flow since we only consider a narrow interval

in z-direction. At τ0 = 0.6 fm/c, the transverse flow has already developed and can reach

values of 0.5 at the edge of the profile. Even though the velocity increases with time in both

PHSD and hydrodynamical evolution, it is clearly seen that the development of flow in a

hydrodynamical event is much faster than in a PHSD event. In addition, local fluctuations

in a single event are more visible in the PHSD event. The velocity in x-direction is slightly

larger than the one in the y-direction in both events, while the initial spatial anisotropy is

converted into momentum anisotropy.

In order to quantify the in-homogeneity of the medium, we transform the energy density

via a FOURIER transform:

ẽ(kx, ky) = 1
m

1
n

m−1∑
x=0

n−1∑
y=0

e(x, y) exp2πi(xkx
m

+ yky
n

) . (6.6)

The zero mode ẽkx=0,ky=0 is the total sum of the energy density, while higher order coef-

ficients contain information about the correlations of the local energy density on different
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Figure 6.6: Radial distribution of the Fourier modes of the energy density for different
proper time in both PHSD and hydrodynamical events. The red line corresponds to the
PHSD simulation and the black line corresponds to VISHNU simulation.

length scales. For a medium with long-wavelength structures, the higher order coefficients

should be suppressed and the typical global shape of the event should become dominant.

The differences of the FOURIER modes in the two models can be seen in Fig. 6.6,

where I plot the distribution of the FOURIER coefficients
〈
ẽ
√
k2
x + k2

y

〉
. For the lower

order Fourier modes, which carries the information of the global event scale, the micro-

scopically evolving medium and the hydrodynamical medium are identical. However, for

the higher-order coefficients, which corresponds to the shorter wavelength modes of the

medium evolution, they decrease rapidly at the beginning of the hydrodynamical evolution

while still retains a finite value for the PHSD evolution.

spatial and momentum anisotropy

During the medium evolution, the initial spatial gradient is transformed into momentum

anisotropies by the medium pressure. While experimentally only the final state parti-

cle spectra are measured, one can compare the evolution of the spatial and momentum
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anisotropy between theoretical models which simulate the full space-time evolution of the

QGP medium.

For our comparison in this section, since we want to compare the evolution of the

medium during the QGP phase without involving the specific hadronization mechanisms —

which will add another variance in our comparison – we will compare the spatial ellipticity

and the momentum ellipticity in both media: The spatial ellipticity quantifies the spatial

anisotropy and is defined as:

ε2 exp(i2Φn) = −
∫
rdrdφr2 exp(inφ)e(r, φ)∫

rdrdφr2e(r, φ) , . (6.7)

where e(r, φ) is the local energy density in the transverse plane. It is the origin of the elliptic

flow v2. The momentum ellipticity quantifies the momentum anisotropy. It is directly

related to the integrated elliptic flow v2 and is determined from the energy-momentum

tensor as:

εp =
∫
dxdy(T xx − T yy)∫
dxdy(T xx + T yy) . (6.8)

Figure. 6.7 shows the time evolution of the ellipticity 〈ε2〉 for both PHSD and hydro-

dynamical medium. For the PHSD simulation, we observe large oscillations at the begging

of the evolution due to the initial geometry and different collision times between nucle-

ons. After sufficient overlap of the colliding nuclei at initial time τ0, the average 〈ε2〉 is

stabilized in PHSD.

In contrast, in a single hydrodynamical event ε2 deviates from the average, but re-

mains a smooth function of time. Due to the faster expansion in x-direction, the spatial

anisotropy decreases during the evolution for both medium descriptions, although the spa-

tial anisotropy decreases faster when the initial pre-equilibrium flow βi (extracted from the

early PHSD evolution) is included in the hydrodynamical evolution. In this case, the time

evolution of the event-by-event averaged spatial anisotropy is very similar in PHSD and in
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Figure 6.7: Event-by-event averaged spatial eccentricity ε2 of 100 PHSD events and 100
VISHNU events with respect to proper time, for a peripheral Au-Au collision (b = 6 fm)
at
√
sNN = 200 GeV. The green dots show the distribution of each of the 100 PHSD events

used in this analysis. The solid red line is the average over the green dots. The blue, yellow
and black lines correspond to hydrodynamical evolution taking different initial condition
scenario.

hydrodynamics. Initializing with the shear-stress tensor πµνi may also have slight effects on

the spatial eccentricity but not large enough to be visible.

Similar features are also seen in the evolution of momentum ellipticity. The left panel

of Fig. 6.8 shows the time evolution of the event-by-event averaged 〈ε(p)〉 for the hydro-

dynamical medium description with and without pre-equilibrium flow for initializing the

medium. One can see that including the initial flow leads to a finite momentum anisotropy

at τ0, which subsequently increases as the pressure transforms the spatial anisotropy in col-

lective flow. Consequently, the εp is larger than that of the scenario without initial flow

throughout the entire evolution. Given the unresolved question of the bulk viscosity in

heavy-ion collisions, we investigate the effect of tuning the bulk viscosity ζhydro in the hy-

drodynamical model from the standard value to four times that value, which comes closer

to the bulk viscosity ζquasi found in different quasi-particle calculations [164, 165]. We

see that with an enhanced bulk viscosity around Tc, the momentum anisotropy develops a

bump at later times, which is more pronounced for larger bulk viscosity.

In the right panel, the hydrodynamical simulation is compared to the results from PHSD,
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Figure 6.8: Event-by-event averaged total momentum anisotropy of 100 PHSD events and
100 VISHNU events with respect to proper time for a peripheral Au-Au collision at

√
sAA =

200 GeV with impact parameter b = 6 fm. [Left]: the total momentum eccentricity of
hydrodynamical evolution for different initial scenarios as well as different bulk viscosity
adapted in the hydrodynamical simulation. [Right]: comparison of the total momentum
eccentricity from PHSD events compared with the standard hydrodynamical events. The
green dots show the distribution of each of the 100 PHSD events used in this analysis. The
solid red line is an average over the green dots. The blue line corresponds to the standard
hydrodynamical evolution taking the 100 initial conditions which are generated from PHSD
events.

where the event-by-event averaged quantities and the event-by-event fluctuations are indi-

cated by the spread of the cloud. It can be observed that before τ0 the averaged momentum

anisotropy in PHSD develops continuously during the initial stage, before it reaches the

value which is provided in the initial condition for hydrodynamics. Despite the seemingly

large bulk viscosity that’s encoded in the quasi-particle evolution picture, the momentum

anisotropy in PHSD does not show any hint of a bump like in the hydrodynamical calcu-

lation. The response to intrinsic bulk viscosity in a microscopic transport model does not

seem to be as strong as in hydrodynamics.

6.2 Heavy quark evolution in the QGP medium

Ideally, one would derive the heavy quark transport coefficients through a first principle

calculation and confront them directly with experimental data. However, most of the mi-
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croscopic transport models that are utilized to estimate the heavy quark transport coeffi-

cients have approached the problem more or less in a data-driven way: by introducing and

tuning some parameters that are related to the properties of system, the model reproduces

the experimental data and thus in return, probes the medium properties.

In Fig. 6.1 where we compare the estimation of the heavy flavor diffusion coefficient

reported by different models using the criterion that each model is able to describe the

D-meson RAA and v2 in Au-Au collisions and/or Pb-Pb collisions at RHIC and LHC, we

have observed a persistent deviation between the models. Those are often referred to as the

theoretical uncertainties in the estimation of the heavy quark transport coefficients.

Clearly, part of the difference stems from the different intrinsic interaction mechanism

that is considered when the model is implemented, such as Langevin dynamics and Boltz-

mann dynamics. Yet part of the discrepancy also comes from different choices of other

components, such as the initial conditions, the hadronization process, the medium evolu-

tion and so on, as shown in Fig. 6.9. All of those can have non-negligible effects on the

final output, and thus, in turn, affect the estimation of the transport coefficients in the QGP
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phase.

It is, therefore, necessary to isolate those components and investigate the origin of the

deviation by controlling variables. During the past, much theoretical effort has been made

to compare among different calculations, such as a systematic comparison of different

charm quark transport coefficients in a static medium contributed by the JET-HQ collabo-

ration [166], and a broad investigation on the heavy quark evolution modeling components

conducted by the EMMI framework [167]. In this chapter, I continue the investigation by

quantifying how different model assumptions other than heavy quark medium interaction

contribute to the observed variability in the extracted heavy quark transport coefficients.

I will evaluate the response of the charm quark evolution inside a realistic QGP medium

using different sets of transport coefficients – which are estimated by different microscopic

transport models – in a standard Langevin evolution framework. The six sets of transport

coefficients to be compared are estimated from the following microscopic transport models:

PHSD, Catania-QPM, Catania-pQCD, Nantes, CCNU-LBT, Duke-Langevin,

whose key components and assumptions are briefly summarized at the beginning of chapter

3.

6.2.1 Transport coefficients

Figure. 6.10 compares the total drag and momentum transport coefficients from different

models. For models consider only the collisional energy loss, i.e. PHSD, Catania-QPM,

Catania-pQCD, Nantes1, they are calculated from the collisional energy loss pro-

cess. However, for models incorporating both collisional and radiative energy loss, i.e.

Duke, CCNU-LBT, the inelastic process contribution may be significant and the drag and

momentum transport coefficients consider both contributions. The drag and momentum

1I should mention that the Nantes model can have both collisional only and collisional + radiative energy
loss evolution. Here in this comparison, we choose the collisional energy loss only version.
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Figure 6.10: Total charm quark transport coefficients with radiative process considered if
necessary. The values are estimated by propagating charm quarks inside a static medium
for 1 fm/c. The solid lines represent the total transport coefficients, while the dashed lines
represent the contribution from collisional only process. The difference between those two
is the contribution from higher order radiative process.
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transport coefficients are separated into two groups, where the PHSD, Catania-QPM,

Catania-pQCD and Nantes (collisional) models employ only the collisional energy

loss, and the Duke, CCNU-LBT models employ both collisional and radiative energy

loss for heavy quarks.

For the drag coefficient ηD, all the models show a monotonously rising temperature

dependence and a decrease for increasing momentum. The Nantes coefficients have the

largest gradient in the high temperature and low momentum region, which is due to a

momentum dependent coupling constant.

Both the momentum transport coefficients κL, κT show a strong positive momentum

dependence and a mild temperature dependence, except for the Duke-Langevin co-

efficients, which feature an isotropy assumption unlike the others and have the small-

est absolute value. The PHSD coefficients are consistently smaller but still compatible

with the Catania-QPM coefficients, while some interplay appears in the low momen-

tum region when one compares between Nantes and Catania-pQCD coefficients. The

non-trivial peak for the CCNU-LBT coefficients in the low momentum region is due to

the non-constant K-factor introduced in the model, which is included in order to pro-

vide a satisfactory description of experimental data, and its parametrization reads as K =

1 +Kp exp(−p2/2σ2
p).

Finally, comparing between the overall coefficients (solid lines) and the contribution

from elastic processes (dashed lines for those models who has radiative contribution), the

difference between these two is the additional contributions from inelastic processes. We

can already see that for the Duke and CCNU-LBT models the gluon radiation contributes

effectively at higher momenta and at temperatures which we observe at the beginning of

the QGP expansion. The existence of the radiative processes can partially explain why

the transport coefficients estimated by Duke and CCNU-LBT models are comparatively

smaller than those in models containing solely the elastic interactions, when one only in-
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cludes the elastic components in the analysis.

Here in this section, I will implement the charm quark propagation inside a QGP

medium using the Langevin dynamics coupled to a realistic description of the QGP medium

in Au-Au collisions at
√
sNN = 200 GeV. I will test the impact of several model compo-

nents – initial condition, QGP medium evolution, heavy quark transport – and compare

the charm quark energy loss at the end of the QGP phase. The two observables evaluated

are, again, the nuclear modification factor RAA, here defined as the ratio between the fi-

nal state spectra and the initial state spectra RAA = dNfinal
dpT dy

/dNinitial
dpT dy

, and the elliptic flow

v2 =
〈
p2
y−p2

x

p2
y+p2

x

〉
2.

initial conditions

Th two different initial condition to be compared are the PHSD and trento. Although the

initial event-by-event fluctuations are generally regarded as an important feature in model-

ing the collision and have been shown to have a considerable impact on flow observables,

here for the sake of simplicity, I will use the averaged trento initial conditions which are

obtained using 50 single trento events.

Figure 6.11 shows a PHSD initial condition, a single trento event and an averaged

trento initial condition for Au-Au collisions at 200 GeV with a impact parameter b =

6 fm at the hydro starting time τ0 = 0.6 fm/c. The upper panels are the initial energy

density for the soft medium, while the lower panels are the histograms of initial heavy quark

positions for the same corresponding events. The (averaged) trento initial condition is

constructed by averaging over 50 independent trento events, which are selected to have

a similar spatial ellipticity ε2 as the PHSD initial condition. Those initial conditions are

then used as input for the (2+1)-dimensional hydrodynamical model, starting from τ0.

2I shall emphasis again that I do not intend to compare the different hadronization mechanisms, which are
among the least understood processes yet have investigated in [167].
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Figure 6.11: Initial conditions at τ0 = 0.6 fm/c for Au-Au collisions at 200 GeV with
impact parameter b = 6 fm. The initial conditions are generated from [left]: PHSD initial
conditions; [middle]: trento average initial condition, which is averaged by 50 trento
events who share the similar spatial eccentricity as in PHSD initial condition ; [right]: one
example of a single trento event.
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Figure 6.12: Time evolution of the spatial and momentum anisotropy of the QGP medium
that is simulated by a (2+1)-D hydrodynamical model – VISHNU. The medium starts from
two different initial conditions: PHSD initial condition, and averaged trento initial con-
dition.

Figure. 6.12 shows the time evolution of the spatial and momentum ellipticity of the

medium, which displays the well-known behavior of decreasing ε2 and increasing ε2(p)

as the system expands. The momentum ellipticity can be interpreted as the response of

the system to the initial spatial eccentricity. The hydrodynamic medium evolution with the

PHSD initial condition shows a more rapidly increasing momentum anisotropy at earlier

times of the evolution (due to the initial flow ~β introduced in the system) and slowing down

after the first few fm/c. The final momentum anisotropy however, is comparable to the one

with an averaged trento initial condition.

With these initial conditions and the sequential medium evolution, we then propagate

charm quarks in the QGP medium till the end of the QGP phase (where the local tempera-

ture as Tc = 0.154 GeV) using the Duke-Langevin transport coefficients. The left panel

of Fig. 6.13 shows the time evolution of the elliptic flow of charm quarks. A significant

fraction of the elliptic flow is generated at the later times during the heavy quark evolution,

when the medium itself has a larger momentum anisotropy. A consistent difference of the

charm quark v2 generated by those two different initial conditions is observed. This implies
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Figure 6.13: [Left]: development of charm quark elliptic flow inside a (2+1)-D hydrody-
namical medium during the QGP phase. [Right]: charm quarks v2(pT ) evaluated at the
end of the QGP phase. The charm quarks interact with the medium following an improved
Langevin dynamics with the Duke coefficients applied.

that the charm quarks can actually not only retain information about the initial condition,

but also keep a record of the QGP medium expanding history, particularly, the later stages

of the evolution. At the end of the QGP phase, charm quarks starting from an averaged

trento initial condition have picked up a larger v2 than the ones from the PHSD initial

conditions, as shown on the right panel of Fig. 6.13.

QGP medium evolution

The interaction between heavy quarks and the medium depends on the local temperature

and flow velocity of the medium. Moreover, it also depends on the medium degrees of free-

dom. The comparison between a hydrodynamical model and an expanding fireball model

already reveals some significant differences regarding the charm quark v2 at the end of the

QGP phase due to the different development of radial and elliptic flow in those two mod-

els [168, 169]. In this section, I will compare the charm quark propagation through the
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Figure 6.14: Charm quark RAA as a function of rapidity y[left] and pT [middle], elliptic
flow v2 as a function of pT [right] at the end of the QGP phase. The charm quarks are
following a Langevin dynamics with two sets of transport coefficients applied: PHSD(red)
and Duke-Langevin(green).

medium described by the hydrodynamical model – the (2+1)-dimensional hydrodynamical

vHLLE medium and (3+1)-dimensional hydrodynamical VISHNU medium – and the non-

equilibrium microscopic PHSD model. Starting from the same initial conditions that are

generated by the PHSD model, the QGP media are simulated with different assumptions.

The charm quarks then propagate through the three media using our standard Langevin dy-

namics, where two sets of the transport coefficients are chosen as examples: the collisional

only PHSD coefficients, and the collisional + radiative Duke-Langevin coefficients.

In Fig. 6.14 I evaluate the charm quark RAA(y), RAA(pT ) and v2 at the end of the

QGP phase. The evolution of the charm quarks inside hydrodynamical models — (2+1)-D

VISHNU and (3+1)-D vHLLE — are quite similar to each other. For the RAA with re-

spect to rapidity y, discrepancies among the three media appear at large rapidity, and the

low pT charm quarks are most suppressed in a PHSD medium around |y| ' 2. High pT

charm quarks propagating inside a hydrodynamical medium (solid and solid dots lines)

show a larger suppression than in the PHSD medium (dots lines), and develop a larger el-

liptic flow v2. While RAA(y) and RAA(pT ) are almost identical for (2+1)-D and (3+1)-D

hydrodynamical calculations, the values of v2 differ by about 15%. This is understandable
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as the medium anisotropy is weaker in a (3+1)-dimensional simulation but also reveals the

limitation of the predictive power of (2+1)-D hydrodynamical calculations. The difference

between charm quark propagating in a hydrodynamical medium and a PHSDmedium, how-

ever, is more significant. A factor of 2 difference in the momentum differential flow v2 is

observed in the high momentum region.

It has already been shown that although the shear(bulk) implemented in the hydrody-

namical medium are compatible(much smaller) than what is embedded in the PHSD model,

the latter has a weaker response to the bulk pressure, resulting in a slightly smaller momen-

tum eccentricity for the bulk section at later times of the evolution in the PHSD model.

Note that charm quarks develop a significant part of their flow at later evolution times. The

substantial discrepancy between the charm quark evolution inside the two different media,

shows that charm quarks are more susceptible to the different bulk pressures of the me-

dia, compared to the bulk matter itself. One of the caveats is that different combinations

of the transport coefficients and the medium expansions can lead to very similar results

in one observable – for example, the charm quark v2 results of the PHSD(coefficients)-

Hydro3D(medium) combination and the Duke-Langevin(coefficients)-PHSD(medium), the

results are rather different. This reveals that multiple additional observables are necessary

to uniquely determine the transport coefficients and the medium expansion even if all the

other ingredients, like the initial conditions, are known.

heavy quark transport coefficients

The interaction strength between the heavy quarks and the medium are encoded into trans-

port coefficients, which have a non-trivial temperature and momentum dependence.

In the following, I will implement different sets of charm quark transport coefficients

into the Langevin dynamics coupled to the same (2+1)-D hydrodynamical medium, evolved

from the same PHSD initial condition. This setup will not only provide us with a direct

214



3 2 1 0 1 2 3
y

0.5

1.0

1.5

R A
A

(y
)

3 2 1 0 1 2 3
y

0.9

1.0

1.1

R A
A

(y
)/
〈 R A

A
(y

)〉

0 5 10 15
pT [GeV]

0.0

0.5

1.0

1.5

R A
A

(p
T),

|y
|<

1

AuAu 200 GeV
b=6 fm
Hydro2D

PHSD
Catania-pQCD

Catania-QPM
Nantes-1d5

LBT
Duke

0 5 10
pT [GeV]

0.00

0.02

0.04

0.06

0.08

0.10

v 2
,|y

|<
1

Hydro2D

3 2 1 0 1 2 3
y

0.5

1.0

1.5

R A
A

(y
)

3 2 1 0 1 2 3
y

0.9

1.0

1.1

R A
A

(y
)/
〈 R A

A
(y

)〉

0 5 10 15
pT [GeV]

0.0

0.5

1.0

1.5

R A
A

(p
T),

|y
|<

1

AuAu 200 GeV
b=2 fm
Hydro2D

0 5 10
pT [GeV]

0.00

0.02

0.04

0.06

0.08

0.10

v 2
,|y

|<
1

Hydro2D

Figure 6.15: Charm quark RAA as a function of rapidity y [left], and pT [middle], elliptic
flow v2 as a function of pT [right] at the end of the QGP phase. The charm quarks are
propagating in a hydrodynamical medium simulation for Au-Au collisions at 200 GeV
with impact parameter b = 6 fm [upper] and b = 2 fm [lower].
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comparison between the response of the charm quark observables (RAA and v2) to the

transport coefficients, but also give us some insight into the difference of the interaction

mechanism employed by each model, in particular, a Langevin dynamics versus other mi-

croscopic transport dynamics.

The result of charm quark RAA and v2 at the end of the QGP phase are plotted in

Fig. 6.15. At intermediate and higher pT (> 5GeV), notable differences appear among

different sets of coefficients. The PHSD and Catania-QPM models have very similar

transport coefficients, and therefore their RAA and v2 are comparable to each other. Both

generate the least suppression and smallest momentum anisotropy. The RAA also levels up

at higher pT due to the lack of radiative energy loss.

The Duke and CCNU-LBT coefficients result in moderate suppression and flow among

the six, although the Duke coefficients are the smallest of all. This is the consequence of

including the radiative energy loss in the improved Langevin equation, which significantly

strengthens the interaction between heavy quarks and the medium. The Nantes coef-

ficients result in the strongest suppression and the largest flow, even though the Nantes

(κL, κT ) are not the largest. In fact, when one examines the Nantes and the Catania-pQCD

coefficients, these two are comparable with each other yet the RAA and v2 are substantially

different. This could be the consequence of the stronger momentum dependence of the

drag coefficient ηD, which could result in a greater energy loss in a dynamical medium.

The RAA with respect to rapidity, which is dominantly driven by the low pT charm

quarks, has less differentiating power in terms of different transport coefficients. However,

the rapidity dependence of heavy charm observables may still be useful for distinguishing

features in the medium evolution, as shown in Fig. 6.14.
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6.3 Summary

In this chapter, I have investigated a number of components in the modeling of the heavy

quark evolution in heavy-ion collisions in order to evaluate their possible contribution to

the determination of the heavy quark transport coefficients in the QGP medium. A few key

observations are found:

• Heavy quarks are sensitive to the history of the QGP medium evolution. Due to their

incomplete thermalization, heavy quarks preserve information on the entire evolution

from the initial condition till the late stage of the collision;

• Different initial conditions could cause up to 20% of the discrepancy for the final

observable v2;

• The results of the v2 observable depend on the medium which heavy quarks prop-

agate. If the expanding medium fulfills local equilibrium we obtain higher values

for v2 compared the non-equilibrium PHSD approach, given the same initial condi-

tions. In addition, a 15% of the difference in v2 has been observed for heavy quark

propagating in a 2+1-dimensional hydrodynamical medium compared with a 3+1-

dimensional hydrodynamical medium;

• The inclusion of radiative energy loss has a large effect on the estimation the lead-

ing order transport coefficients, particularly for the determination of q̂, which omits

higher order radiative processes. In order to make a fair comparison, one should

include all contributions.
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Chapter 7

Conclusions

Ultra-relativistic heavy-ion collisions produce one of the most extraordinary forms of mat-

ter — the Quark-Gluon Plasma (QGP), which is a system of quarks and gluons describable

by Quantum Chromodynamics (QCD). The QGP behaves like a nearly perfect fluid whose

evolution can be modeled by the relativistic viscous hydrodynamical model. Investigating

this strongly coupled system provides us insights into the fundamental laws of QCD, as

well as into the evolution of our early Universe after the Big Bang. Heavy quarks expe-

rience the full evolution history of heavy-ion collisions from the initial hard scattering to

the end of the hadronic interaction. During their propagation in the QGP medium, heavy

quarks interact with the medium, lose energy and participate in the buildup of the collec-

tive flow. Studying the interactions between heavy quarks and the medium provides us

unique opportunities to understand the parton energy loss mechanisms and the underlying

properties of the QGP medium.

Due to its short lifetime (approximately ∼ 20 fm/c), the QGP medium cannot be di-

rectly measured. Instead, we infer its properties by matching the calculation of a theoretical

model to the corresponding experimental observations. In this thesis, I incorporate the evo-

lution of heavy quarks into a viscous hydrodynamical framework in order to describe the

evolution of the heavy quarks in heavy-ion collisions: a) With a parametric initial condi-

tion model, one generates a consistent picture of an event-by-event initial energy density

profile for the soft medium and an initial position distribution for heavy quarks in posi-

tion space. The initial momentum distribution is calculated using a pQCD calculation of

the fixed-order plus next-to-leading log formula (FONLL). In addition, cold nuclear matter

effects such as nuclear shadowing are considered. b) The heavy quark in-medium propaga-
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tion is described by a heavy quark transport model — an improved Langevin model — that

incorporates both collisional and radiative energy loss of heavy quarks and is compared to

linearized Boltzmann dynamics. c) After hadronization into heavy hadrons, the hadron-

hadron interactions in the hadronic resonance gas state are described by a microscopic

transport model — UrQMD based on the Boltzmann equation. By encoding the related

physical properties – specifically the heavy quark transport coefficients – as the inputs of

the model and tuning the parameters, we can therefore describe the experimental data and

estimate the fundamental properties of the QGP medium.

Such model-to-data comparisons have been utilized in heavy-ion collisions before but

with limited execution. Previous studies focus only on one or two model parameter(s) and

a subset of the experimental observables, and the evaluation of the model’s ability to de-

scribe the experimental data done by “eye-ball fitting” or “χ-squared fitting” which lacks

meaningful treatment of uncertainties. In this thesis, I adopted a state-of-the-art Bayesian

model-to-data comparison framework — which has been successfully applied in the soft

sector of the heavy-ion collisions — to calibrate a dynamical evolution model of heavy

quarks to simultaneously describe various experimental data and estimate the relevant

transport properties with quantitative uncertainties: a) The heavy quark spatial diffusion

coefficient is parametrized as a general formula which explores a wide range of possibil-

ities; 2) By performing Markov chain Monte Carlo random walk through the parameter

space, the likelihood of different parameters to describe the experimental data are evalu-

ated and the posterior distributions of the parameters are estimated; 3) After calibration, the

heavy quark transport model is not only able to describe the calibrated experimental data,

but also to predict additional observables. Moreover, using the posterior distribution of the

parameters for the diffusion coefficient parametrization, we have estimated a posterior 90%

credibility region for the diffusion coefficient. The width of the uncertainties is sensitive

to the performance of the theoretical model and the precision of the experimental measure-
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ments. The estimation of the heavy quark diffusion coefficient shows a minimum value

Ds2πT ∼ 1.8+0.98
−0.76 around Tc = 154 MeV, and a strong positive temperature dependence

above Tc.

Furthermore, I have compared the different heavy flavor transport coefficients estimated

by various heavy flavor theoretical models. A number of different modeling components

— such as the initial condition generators, the soft medium descriptions — have been in-

vestigated in order to evaluate their possible contributions to the determination of the heavy

quark transport coefficients. One finds that the different sources of uncertainties, produce

a variability on the same order of magnitude as the variability resulting from the different

sets of transport coefficients. To ensure a fair comparison among different estimation in the

future, one has to reduce the uncertainties laid out in our studies either through theoretical

improvements or by adding new observables into the comparison.

Finally, the launch of new detectors at RHIC (sPHENIX) and the more measurements

scheduled at the LHC (run 3) will certainly bring the heavy-ion physics into a new era of

high precision. Heavy quarks, being one of the valuable probes of the QGP medium, have

been studied extensively and our understanding of their interaction and evolution inside the

QGP medium has been improved greatly. Now it is believed that heavy quarks experience

both significant collisional and radiative energy loss of the QGP medium, participate in the

collective flow with the soft sector, and hadronize into hadrons through both fragmentation

and recombination. A future study regarding the heavy quarks should focus on but not limit

to: the heavy flavor dynamics in the intermediate transverse momentum region where the

different interaction terms compete with each other; the heavy flavor partonic interaction

in the pre-equilibrium stages before the thermal medium formation; a sophisticated model

to describe the heavy flavor hadronization processes into different heavy flavor hadrons;

application of the Bayesian framework to different heavy flavor evolution models and a

meaningful evaluation of their performance.
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Appendix A

Appendix

A.0.1 Relativistic kinematics

In relativistic nucleus-nucleus collisions, it is convenient to present particles in terms of

rapidity and pseudo-rapidity variables y, η, as they take the simple form under Lorentz

transformation.

A particle is presented by its 4-momentum: pµ = (E,p), which is related to the rest

mass m as:

E2 = |p|2 +m2 = p2
x + p2

y + p2
z +m2. (A.1)

The rapidity of a particle is defined as:

y = 1
2 ln

(
E + pz
E − pz

)
. (A.2)

whose difference is invariant with respect to Lorentz boosts along the z-axis:

y′1 − y′2 = y1 − y2. (A.3)

Pseudo-rapidity η, which describes the angle of a particle relative to the beam axis, is

defined as:

η ≡ 1
2 ln

(
|p|+ pz
|p| − pz

)
= − ln tan θ2 . (A.4)

where θ is the angle made by the particle trajectory with the beam pipe pz/p = cos θ. For

high relativistic particles — p � m — y ' η. The pseudo-rapidity is more accessible

since it only depends on the polar angle of the momentum vector.
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A.0.2 Mandelstam variables

The Mandelstam variables are useful to express the matrix element since they are invariant

in different frame of reference.

For a 2→ 2 process, they are defined as:

s = (p1 + p2)2 = (p3 + p4)2, (A.5)

t = (p1 − p3)2 = (p2 + p4)2,

u = (p1 − p4)2 = (p2 − p3)2,

where p1, p2 are the incoming and p3, p4 are the outgoing momenta. s is also referred as the

squared center-of-mass energy.

They are related to the masses of the particles via:

s+ t+ u =
4∑
i=1

m2
i . (A.6)

A.0.3 Hydrodynamics equations

Relativistic hydrodynamical models calculate the space-time evolution of the QGP medium

via the conservation equations:

∂µT
µν = 0. (A.7)

for the energy-momentum tensor

T µν = euµuν −∆µν(P + Π) + πµν . (A.8)

The particular implementation of viscous hydrodynamics calculates the time evolution

of the viscous corrections through the second-order Israel-Stewart equations in the 14-
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momentum approximation, which yields a set of relaxation-type equations:

τΠΠ̇ + Π = −ξθ − δΠΠθ + φ1Π2 + λΠππ
µνσµν + φ3π

µνπµν , (A.9)

τππ̇
<µν> + πµν =2ησµν + 2π<µα wν>α − δπππµνθ

+ φ7π
<µ
α πν>α − τπππ<µα σν>α

+ λπΠΠσµν + φ6Ππµν .

(A.10)

Here η and ξ are the shear and bulk viscosities. For the remaining transport coefficients,

we use analytic results derived for a gas of classical particles in the limit of small but finite

masses.

A.0.4 Derive Fokker Planck equation from Langevin equation

One way to show the equivalence between Fokker-Planck and Langevin equation is to con-

vert the Langevin equation to a path interval expression and to recognize the Fokker-Planck

equation is a Euclidean Schrodinger equation which also has the path interval representa-

tion [170]. Another way to derive the Fokker-Planck equation is first derive the equation

of motion for the probability distribution ρ(x,p, t) to find the Brownian particles in the

interval (x, x+ dx), (p, p+ dp) at time t for one realization of the random kicks ξ(t). Then

average ρ(x,p, t) over many realization of the random force. The phase space distribution

f(t,x,p) is the macroscopic probability

f(t,x,p) = 〈ρ(x,p, t)〉ξ . (A.11)

Probability density ρ(x,p, t)

The probability density ρ(x,p, t)dxdp describes the probability that the Brownian particle

is located in the infinitesimal area dxdp. ẋρ is the current density. In the phase space, we
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have: ∫ ∞
−∞

dx
∫ ∞
−∞

dpρ(x,p, t) = 1. (A.12)

And the continuity equation in the phase space states:

∂

∂t
ρ(x,p, t) = −∇ · (ẋρ(x,p, t)) = − ∂

∂xi
(ẋiρ(x,p, t))− ∂

∂pi
(ṗiρ(x,p, t)) (A.13)

Brownian particles

For a particle moving in the medium follows the Langevin equation, insert Eqn. 3.40 into

Eqn. A.13 gives:

∂

∂t
ρ(x,p, t) = − ∂

∂xi
(ẋi · ρ(x,p, t))− ∂

∂pi
(ṗiρ(x,p, t))

= − ∂

∂xi

(
pi
E
· ρ(x,p, t)

)
− ∂

∂pi
((−ηDpi + ξi)) · ρ(x,p, t))

=
(
−pi
E

∂

∂xi
+ pi

∂

∂pi
ηDpi

)
ρ(x,p, t)− ξi(t)

∂

∂pi
ρ(x,p, t)

= −L0ρ(x,p, t)− L1(t)ρ(x,p, t).

(A.14)

The differential operation L0 and L1(t) are defined as:

L0 = pi
E

∂

∂xi
− ∂

∂pi
ηDpi,

L1 = ξi(t)
∂

∂pi
.

(A.15)

L0 = pi
E

∂

∂xi
− ηD − pi

∂

∂pi
ηD,

L1 = ξi(t)
∂

∂pi
.

(A.16)
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Let ρ(x,p, t) = e−L0tσ(x,p, t), Eqn. A.14 is then simplified as:

∂

∂t
σ(x,p, t) = −eL0tL1(t)e−L0tσ(x,p, t) = −V (t)σ(x,p, t), (A.17)

and has the solution:

σ(t) = exp
[
−
∫ t

0
dt′V (t′)

]
σ(0) (A.18)

Taking the average 〈...〉ξ over the Gaussian noise ξ(t), 〈σ(t)〉ξ is the characteristic func-

tion of the Gaussian random variable X(t) = i
∫ t

0 dtiV (t1), which also satisfies:

〈X(t)〉ξ = 0,
〈
(X(t))2

〉
= 1

2

∫ t

0
dt1

∫ t

0
dt2 〈V (t1)V (t2)〉 . (A.19)

We find:

〈σ(t)〉ξ = exp
[1
2

∫ t

0
dt1

∫ t

0
dt2 〈V (t1)V (t2)〉ξ

]
σ(0). (A.20)

And the integral in Eqn. A.20 can be calculated as:

1
2

∫ t

0
dt1

∫ t

0
dt2 〈V (t1)V (t2)〉ξ = 1

2

∫ t

0
dt1

∫ t

0
dt2

〈
eL0t1L1(t1)e−L0t1eL0t2L1(t1)e−L0t1

〉
= 1

2

∫ t

0
dt1

∫ t

0
dt2

〈
eL0t1ξi(t1) ∂

∂pi
e−L0t1eL0t2ξj(t2) ∂

∂pj
e−L0t1

〉

= 1
2

∫ t

0
dt1

∫ t

0
dt2

〈
eL0t1

∂

∂pi
e−L0(t1−t2)ξi(t1)ξj(t2) ∂

∂pj
e−L0t1

〉

= 1
2

∫ t

0
dt1e

L0t1
∂

∂pi
κij

∂

∂pj
e−L0t1 .

Then:
∂

∂t
〈σ(t)〉ξ = 1

2e
L0t

∂

∂pi
κij

∂

∂pj
〈σ(t)〉ξ , (A.21)
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Substitute σ(t) = eL0tρ(t), one gets the equation for averaged probability 〈ρ(t)〉ξ:

∂

∂t
〈ρ(x,p, t)〉ξ = −L0 〈ρ(x,p, t)〉ξ + 1

2
∂

∂pi
κij

∂

∂pj
〈ρ(x,p, t)〉ξ , (A.22)

and the equation for the probability distribution in the phase space as:

∂

∂t
P (x,p, t) =− L0P (x,p, x) + 1

2
∂

∂pi
κij

∂

∂pj
P (x,p, t)

=− pi
E

∂

∂xi
P (x,p, t)− ∂

∂pi
(ηDpiP (x,p, t)) + 1

2
∂

∂pi
κij

∂

∂pj
P (x,p, t),

(A.23)

which is the Fokker-Planck equation for the full phase distribution P (x,p, t). Integrate

over position phase space, and compare with Eqn. 3.37, one can find the corresponding

relationship between the drag term Ai(p) and the momentum transport terms:

Ai(p) = −ηDpi,

Bij(p) = κij = κL
pipj
p2 + κL(δij −

pipj
p2 ).

(A.24)
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