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We discuss neutron 3P2 phases in the core of neutron stars in strong magnetic field (magnetars).
The neutron 3P2 pairing provides a wide variety of condensates, such as the uniaxial nematic and
(D2 and D4) biaxial nematic, with different symmetries stemming from the combinations of spin
and momentum. Based on the spin-orbital angular momentum coupling and the spin-magnetic field
coupling of the neutrons, we derive the Ginzburg-Landau equation containing higher order terms of
the magnetic field. We investigate the phase diagram of the neutron 3P2 superfluidity, and find that
the D2 biaxial nematic phase is extended by the higher order terms of the magnetic field. We also
discuss the thermodynamic properties, the heat capacity and the spin susceptibility.
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1. Introduction

Neutron stars are interesting astrophysical objects to study high density state of the strong inter-
action (see e.g. Ref. [1]). As for the inner structures in the neutron stars, it has been discussed that
the neutron gas forms the 3P2 superfluidity (see e.g. Refs. [2]). It is known from the high-energy
experiments that the attraction in the 3P2 channel is provided by the LS potential at the energy scales
relevant to the densities higher than the normal nuclear matter [3]. In the 3P2 channel, there is a wide
variety of types of the condensates which cannot be seen in normal S -wave superfluidity: the nematic
phase [4–6], the cyclic phase and the ferromagnetic phase and so on. The nematic phase is further
classified to the uniaxial nematic (UN) phase with U(1) symmetry, and the biaxial nematic (BN)
phase with D2 or D4 symmetry. Interestingly, it has been shown that the neutron 3P2 superfluidity has
topological properties [5–8]. They provide various thermodynamic properties which should give an
impact on the astrophysical observations of the neutron stars.

The purpose in the presentation is to investigate the phase diagram of the neutron 3P2 superflu-
idity in the neutron stars with the strong magnetic field (magnetars). The magnetars have very strong
magnetic field around 1015 G (or 1011 T) at the surface, which is about hundred times larger than
that in normal neutron stars. The strong magnetic field can affect the neutron 3P2 superfluidity, be-
cause the neutron can couple to the magnetic field through the spin-magnetic field interaction. The
fundamental equation of the neutron 3P2 superfluidity is the Bogoliubov-de Gennes (BdG) equation
(see [7] for a recent work). In the literature, the GL equation has been often used as an effective theory
of the neutron 3P2 pairing around the transition region from the normal state to the superfluid state.
So far, however, the expansion about the magnetic field was limited only in the lowest order, and it
was not clear how the GL equation is applicable in the strong magnetic field (see e.g. [5]). In the
present study, we extend the previous GL equation to include the higher order terms of the magnetic
field, and investigate the change of the phase diagram of the neutron 3P2 superfluidity [9].
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2. Ginzburg-Landau equation

Considering the microscopic view that two neutrons are interacting attractively in the 3P2 channel
by the LS potential, we give the Lagrangian of the neutron (φ) as

L[φ] = φ(t, x⃗)†
(
i∂t −

∇⃗2

2m
− µ + µ⃗n ·B⃗

)
φ(t, x⃗) +G

∑
a,b

T ab(t, x⃗)†T ab(t, x⃗), (1)

where m = 939 MeV is a neutron mass and µ is the chemical potential of the neutron gas, and
−µ⃗n · B⃗ is the interaction term for the magnetic moment of a neutron µ⃗n = γnσ⃗/2 (γn = 1.2 × 10−13

MeV/T the gyromagnetic ratio in natural units, ℏ = c = 1) and the magnetic field B⃗ [3, 5, 6, 8, 9].
The second term in the right-hand-side denotes the neutron-neutron interaction with the coupling
constant G > 0 (attraction), which is expressed by a symmetric and traceless tensor operator defined
by T ab(t, x⃗) = 1

2

(
ϕab(t, x⃗) + ϕba(t, x⃗)

)
− 1

3δ
ab∑

c ϕ
cc(t, x⃗) (a, b = 1, 2, 3; spin and space directions).

Here ϕab(t, x⃗) is the pairing function defined by ϕab(t, x⃗) = −φ(t, x⃗)tΣa†(∇b
xφ(t, x⃗)

)
with Σa = iσaσ2

and ∇b
x = ∂/∂x

b. We adopt the bosonization technique for the neutron 3P2 pairing by introducing
the condensate Aab as the mean-field −G

⟨
T ab(t, x⃗)

⟩
for the tensor operator. Applying the one-loop

approximation and the quasi-classical approximation in the momentum integrals for the neutrons, we
obtain the free energy density [9]:

f [A] = f0 + f (0)
6 [A] + f (≤4)

2 [A] + f (≤2)
4 [A] + O(BmAn)m+n≥7. (2)

Here f0 is the term irrelevant to the condensate. The following terms are:

f (0)
6 [A] = K(0)

(
∇xiAba∗∇xiAab + ∇xiAia∗∇x jAa j + ∇xiA ja∗∇x jAai

)
+α(0)tr

(
A∗A
)
+ β(0)

(
tr
(
A∗A
)
tr
(
A∗A
) − tr

(
A∗A∗AA

))
+γ(0)

(
−3 tr
(
AA∗
)

tr
(
AA
)

tr
(
A∗A∗

)
+ 4 tr

(
AA∗
)

tr
(
AA∗
)

tr
(
AA∗
)

+6 tr
(
A∗A
)

tr
(
A∗A∗AA

)
+ 12 tr

(
A∗A
)

tr
(
A∗AA∗A

)
−6 tr
(
A∗A∗

)
tr
(
A∗AAA

) − 6 tr
(
AA
)

tr
(
A∗A∗A∗A

)
−12 tr

(
A∗A∗A∗AAA

)
+ 12 tr

(
A∗A∗AAA∗A

)
+ 8 tr

(
A∗AA∗AA∗A

))
, (3)

f (≤4)
2 [A] = β(2)B⃗tAA∗B⃗ + β(4)|B⃗|2B⃗tAA∗B⃗, (4)

f (≤2)
4 [A] = γ(2)

(
−2 |B⃗|2 tr

(
AA
)

tr
(
A∗A∗

) − 4 |B⃗|2 tr
(
AA∗
)

tr
(
AA∗
)
+ 4 |B⃗|2 tr

(
AA∗AA∗

)
+8 |B⃗|2 tr

(
AAA∗A∗

)
+ B⃗tAAB⃗ tr

(
A∗A∗

) − 8 B⃗tAA∗B⃗ tr
(
AA∗
)
+ B⃗tA∗A∗B⃗ tr

(
AA
)

+2 B⃗tAA∗A∗AB⃗ + 2 B⃗tA∗AAA∗B⃗ − 8 B⃗tAA∗AA∗B⃗ − 8 B⃗tAAA∗A∗B⃗
)
. (5)

The concrete expressions of the coefficients (K(0), α(0), . . . ) are found in Ref. [9]. In the above equa-
tions, the terms with β(4) and γ(2) are the new terms stemming from the higher order of the magnetic
field. We use the parameter setting: the critical temperature Tc0 = 0.2 MeV, the nuclear matter density
n = 0.17 fm−3 (the Fermi momentum pF = 338 MeV), the Landau parameter Fa

0 = −0.75 [6, 8, 9].

3. Numerical results

For the nematic phase in the neutron 3P2 superfluidity, we parametrize the condensate Aab as
the diagonal form, A(t, x⃗) = A0 diag

(
r,−1 − r, 1

)
, with two real numbers A0 and r whose ranges are

restricted to A0 ≥ 0 and −1 ≤ r ≤ −1/2 [4]. This restriction does not loose the generality. We assume
the uniform system, and hence suppose that A0 and r are independent of space and time. Having this
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Fig. 1. The phase diagram on the T -B plane. The left two panels (up-left and bottom-left) are the results up
to O(B2A2) in Ref. [5] (setting β(4) = γ(2) = 0 in Eq. (2)), and the right two panels (up-right and bottom-right)
are the results up to O(B4A2) + O(B2A4) in the present study [9].

parametrization, we obtain several different phases: the UN phase for r = −1/2, the D2-BN phase
for −1 < r < −1/2 and the D4-BN phase for r = −1. The phase realized in the ground state is
determined by minimization of the free energy (2). We show the phase diagrams on the T -B plane by
the temperature (T ) and the magnetic field (B) in Fig. 1. The magnetic field is switched on along the
y-axis: B⃗ = (0, B, 0). We notice that the magnetic field in the magnetar is around γnB/(πTc0) ≃ 0.02.
Thus the magnetar can cover the UN, D2-BN and D4-BN phases. We compare our result with the
previous one in which only the leading term of the magnetic field was considered (β(4) = γ(2) = 0 in
Eq. (2)) [5]. We find that the region of the D2-BN phase is extended by the higher order terms of β(4)

and γ(2). Notice that the order parameter in the D4-BN phase is not affected by the magnetic field. This
should be expected reasonably, because the neutron pairing in the D4-BN phase is the superposition
state of the spin ↑↑ pairing and the spin ↓↓ pairing with equal fractions, and thus the energy shifts by
the magnetic field should be canceled in the quasi-classical approximation.

Form Eq. (2), we obtain the thermodynamic quantities, the heat capacity C(T, B) and the spin
susceptibility χi(T, B) for the spatial direction i = 1, 2, 3 [9]. They show the discontinuities at the
phase boundaries, indicating the second order phase transitions, which is consistent with the result
from the BdG equation [7]. It is interesting that χi(T, B)’s exhibit anisotropies due to the symmetries
of the UN, D2-BN, and D4-BN phases, such as χ1(T, B) = χ2(T, B) , χ3(T, B) in the UN phase and
χ1(T, B) , χ2(T, B) = χ3(T, B) in the D4-BN phase. In D2-BN phase, all χi(T, B)’s are different each
other. Such property may be useful to study the internal structure of neutron stars.

4. Conclusion and discussions

We have discussed the phase of neutron 3P2 superfluidity under the strong magnetic field. Starting
from the LS potential between two neutrons, we have derived the Ginzburg-Landau equation around
the transition temperature. In the present study, we have calculated the higher order terms of the
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magnetic field which were not considered so far. We have investigated the nematic phases on the
T -B plane, and found that the higher order terms of the magnetic field extends the D2-BN phase. We
have calculated also the thermodynamic quantities, i.e. the heat capacity and the spin susceptibility.
Those information will be useful to research the interiors of neutron stars. As future studies, it will be
interesting to ask how the neutron 3P2 superfluidity is faced with the other phases, such as a neutron
1S 0-wave superfluidity and a hyperon matter. The connection to a quark matter is an interesting
problem, because both phases share the topological properties, such as quantum vortices [10, 11],
gapless fermions [7, 12], and so on. Applications to higher spin systems will be also interesting [13].
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