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ABSTRACT

.

Modern cosmological theories imply the existence of a univer-
sal degenerate Fermi sea of neutrinos. The fact that the Fermi
energy Kf varies from theory to theory could in principle be used
to help decide which universe we live in.

We show that a parity violating term is introduced into Maxwell's
equations as a result of the neutrino sea. In particular we study
whether a new, meaningful limit on the Fermi energy can be estab-
lished by studying the propagation of light and the character of mag-
netic fields in such a neutrino sea. Unfortunately, the solutions to
these equations show that the effect of the neutrino sea on electro-

magnetism is too small to be observed.
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B. Derivation of the Modified Maxwell Equations

As stated in the introduction, the first derivation of the neutrino-sea-depen-
dent term in Maxwell's equations is rather heuristic. This derivation is moti~
vated by the desire to add a parity violating term to Maxwell's equations con-
sistent with the usual requirements of Lorentz ‘covariance and differential
current conservation.

We assume that the neutrino sea is completely filled at an absglute temper-~
ature of T = 0°and thus characterized only by the Fermi energy KF' We define
a 4-vector K" so that it has components KO = KF,_I—E = 0 in the rest frame of the
neutrino sea; i.e., the frame in which k-space is filled symmetrically about
the origin. K" then characterizes the neutrino sea in an arbitrary frame.4 We
assume for simplicity that the extra term depends linearly on K" and the electro-
magnetic field tensor. We also exclude the possibility of derivative terms. The
motivation to search for an extra term with parity opposite from the rest of the
equation is based on the hope that the parity violating effects can be more

easily observed than those which do not violate parity.

For reference,we write Maxwell's equations:

au PP = gng¥ 0

B L8y _ .
eaﬁsya F 0 . (2)

With the preceding remarks in mind, we see that the two possible candidates for

extra terms are the 4-vectors

a o L5y
KF,, = K" F €rasy

- 50 -



Thus the modified Maxwell equations which include parity violating terms areS

% F'Y = 4r g’ + o eV ady K, Fsy , (3)
€apsy aB o = CZK6 Foz8 : )

The co-cfficients Cl and C2 are assumed to be constant,which corresponds to
assuming a constant spacial density of neutrinos in the universe.6 We can
prove that C,= Oas follows. Contract Eq. (4) with 3%. The left side of the
equation vanishes identically and we have C ZKS ¢ Foz 5= 0. Substitution of

X Fab‘ from Eq. (1) into this expression yields
835 =
4m C, KI5 =0

Since Jg is arbitrary, this implies 02 = 0.

The modified equations now assume the form

vu _ v vagdy
auF =47 J + Cl € KaFS)’ (5)

cupsy O F =0 (6

These equations are consistent with current conservation,which can be seen by
contracting Eq. (5) with 3" . The constant C1 will be determined in the micro-

scopic derivation.

By writing this out in the more familiar vector notation,

V'E:47Tp v‘ﬁ:o

-~ JF

= _=_ OB - = =
V xE=-—% V xB=4nJ +2C, B+-5-

we see that the neutrino sea introduces a parity violating term in the induction

law.
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The microscopic derivation is based on elementary particle formalism.

The object of the calculation is to determine the first-order weak correction to
the photon propagator produced by the neutrino sea. Feynman graphs for this
process are shown in Fig. 1. The photon propagator is altered because of the
interaction of the virtual e e pair with the neutrino sea. The formalism is
developed and the detailed calculation carried out in the appendix. The method
of calculation is first to determine the modification of the electron propagator,
and then to use the modified electron propagator in the usual calculation of the
photon polarization tensor. The result of the calculation is that the polarization

tensor is modified by the finite term

: 3
iwuu(q) - e2 <GKF> 14 eOuuoz qa+ O(qz/Mz)
9

V2 /o

where we have evaluated K in the rest frame of the sea.
In order to compare this with the first derivation and to determine the con-
stant Cl’ we use the fact that the exact photon propagator satifies

D@ = D) (@ + b (@ b, (@

or

® ™y, = (@74,

The determinant of (D .1)L1v =<(DO)'121 - nuvthen gives the dispersion relations
: v

for the electromagnetic field.

If we now find the dispersion relations for the modified Maxwell equations,
they must be the same as the dispersion relations derived from the microscopic
picture. This is carried out in the appendix and we see that the dispersion

F

constant C1 and shows that the two derivations lead to consistent results.

relations are identical if we set C1 = % K2e2/18 7r4 . This determines the
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'C. Discussion of the Modified Maxwell Equations.

The modified Maxwell equations are

<|
=
i
KN
=
R
<l
t)
It
<

xE= -$F . VxB=41J -KB+

|

ot

where we have set

)

3
o Bp o 2 (8

u _ - _ € .
= (KF, 0) and K= 10 KF (KF in eV)

vz 91r4

Now we proceed as in any elementary text and solve these equations in every
possible way. Looking at the static equations first, we see that it is only the

magneto-static equations which are affected by the anomolous term. These
equations are

Vx B+KB=4r3 V-B=

The solution is readily found by making the substitution B=Vx A - KA . The

equation for A is —VZA - K2A = 473 with the condition ¥ A= 0. The solution is
- 3 cosKIX -X| = =
n =
AxY) /dX in]% - X| J (x)

The solution for B , to first order in G is then

=VxA0—KA
' 4 x J(x)
O(X) f4'r‘<—‘~<|
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This solution presents the interesting result that the magnetic field from a
localized static current should have a term which drops off as 1/r instead of
the usual 1/1'2 . To estimate the distance from the source where such a term
would be observable we simply assume that the first term in B goes like 1/r2
and the second like K/r.. When the terms are equal r=1/K. To discuss the
feasibility of doing this experiment, we take a conservative value (compared to
Weinberg's estimates) of Kf = leV . This gives a result of r = 101211‘: yr. An
experiment based on this would be out of the question since the age of the uni-
verse is believed to be only about 1010 years.

Another possibility which suggests itself is that of setting up an experiment
in which the two parts of B, namely V x KO and KKO are perpendicular to
each other. For example, one might set up a current in a wire along the z-axis,
as in Fig. 2. Then K.O will be in the z-direction and VY XKO in the (x,y)
plane. The fact that { x KO and KA o @re perpendicular might allow one to
measure KKO . Unfortunately, this is again impossible as is seen by comparing

the two terms

_22 1
K|Al=10"* cm \AO\

40|

I v x A0|= L )
where L is some laboratory-sized dimension, say L =1 cm. Thus

|A0]/L

So we would be required to measure fields which are 10-22 times smaller

o~ 10—22

than laboratory fields.
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Another interesting case is provided by the propagation of light in a source-

free region. The appropriate equations are

V-E=0 V -8B =0
VxE -- <8 V=L x5

A solution is easily obtained by assuming a wave {o be propagating in the z-
direction with frequency  and wave number p.  The divergence equations

insure that E and B are in the x-y plane. The curl equations yield the following
results. There are two non-degenerate eigensolutions, namely the left- and right-
handed polarization modes. The usual degeneracy is destroyed by the parity vio-
lating term in the modified Maxwell's equations, so that each mode has its own

dispersion relation.

Ep=a e + iéy] ei(pz_th) Bp=- i_wp” Ep
w]?{: P2 + Kp

Boall o) o o1 5,-2 %
WyT p2 - Kp

Illustrated in Fig. 3 are the dispersion relations for the two propagation modes.

We see that w1, is imaginary for p <K and so the L.H. polarization mode cannot
propagate for p<XK. This cutoff wavelengthwith Kfz levis }‘c~ %~%{ ~1012 1t yr.
Any attempt to put meaningful limits on K ¢ by observing the above dispersion

relations would require measurements of wavelengths the same order of magneture

as )\c and thus seems to be out of the question.
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The fact that the two rotational modes have different dispersion relations
leads to the suggestion that one may be able to observe the rotation of linear
polarization. For example, if we polarize a beam along the x-direction at t=0,

its subsequent behavior will be

—

_a [ HURS SO S t £
E=A [excos (wR—wL) 5 +ey sm(wR—wL) 2] cos [(wR+wL)2 pz}

™
After a time T= —— , the polarization vector will be in the y-~direction.

WRTYL
For measurable wavelengths we have K<« p so

%{=IﬂiKPﬁpiKﬂ
R \/

K and T ~ /K ~1012 years.

Therefore,
“RTYLT
Again, we haven't the time to wait.

The solution for the time-dependent Green's function is presented in the
appendix. The extra term in Maxwell's equations effects the low frequencies in
the propagator through the same dispersion relation found in source-free propa-
gation. Thus, radiation from the low frequencies in the source might exhibit
properties differing from the propagation with the usual dispersion relation
wz = p2 . However, the problem is,as before, that of detecting such low fre-
quency radiation,

Up to this poi_nt we have been concerned with the photon or electron propa-
gating through a stable Fermi gas of neutrinos; i.e., ]F)m = IF >0ut . We
would now like to consider the scattering of the photon off of the sea. We will
have an initial "in" state

+
T kaAlF?
in
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consisting of a photon and the "vacuum' and a final "out" state

+ + +
b5y pys, VRN e
out out out

which consists of a photon, a neutrino, a hole, and the ""vacuum." This is just
the physical process of a photon knocking a neutrino out of the Fermi sea. We
can calculate a lifetime for the photon this way by calculating the total cross
section to see how long it takes the photon to scatter completely out of the initial
beam. The relevant Feynman diagram is presented in Fig. 4.

Using the formalism developed in the appendix, the calculation is
straightforward, if tedious. The expression for the total transi-

tion rate out of the initial state for low frequencies w « m, , is

K4 Gze4
A= _F
w4 (324)

37
For visible light with K_= 1 ev, the lifetime is T = 1/A=10"" years.

f
If we assume the lifetime to be 1010 years, which corresponds to the most

distant light sources observed, we get an upper limit on KF .

7
KF <10 eV

Unfortunately, this limit doesn't tell us anything since much better limits
have been established.

D. Summary

We started with the assumption that the universe is filled with a degenerate

Fermi gas of neutrinos at zero temperature. We have derived in two different
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ways a neutrino-sea-dependent term which modifies Maxwell's equations.
The solutions which we studied lead to the conclusion that the neutrino-sea-
dependent terms are too small to be observed. Any limit on Kf which follows

from these solutions is much higher than limits already established.
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APPENDIX I: EXPLANATION AND ILLUSTRATION OF THE FORMALISM

In Appendix I we explain the formalism and use it to derive contributions
to the electron self-energy and to the photon polarization tensor.
A. TFormalism
The only difference in the following formalism and the usual formalism is thatwe
assume that all neutrino states with energy less than KF arefilled. Thesefilled states |

are just the neutrinos which comprise the neutrino sea. We then define a new "'vacuum'

+ _ _
lF> =a1]17K<KF st |0> lFin>” lFout> |F>
all s

+ s . . .
where st is the creation operator for a neutrino of momentum K spin s.
We use the usual minimal electromagnetic interaction and the current-
current form of the weak interaction. Although the weak interaction is CP, T,
and CPT invariant, our vacuum is not,because the neutrinos turn into anti-
s . -+ .
neutrinos. This asymmetry allows effects such as an e -e mass difference.

The neutrino field operator is

Z Jm/E [U e Xy Ly eip'xd+}
ps * 'ps ps

For convenience in calculation, we make a canonical transformation to neutrinos

and holes as follows.7 We define two new operators.

aps_=_ bps P> KF
+
Cps™ bps P < KF

These new operators obey the usual fermion commutation rules and have

the virtue of destroying the vacuum.

aS,F>= cpSIF>=0
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+ . + + .
a creates neutrinos and ¢ creates holes. d__ as usual creates anti-
ps ps ps
neutrinos. In terms of these new operators, the neutrino field operator be-
comes

A 3 ia. _in.
l//y = ; /(%71)23 vm/E [Ups e P X 205 e(p—KF) + Upse p-x c;s 9(KF—p)

+V d+ eip-x]
Ps ps

Using the above formalism we calculate the neutrino propagator.

18g, (x-x1) = <FIT Y, P, &) IFD

e-ip- (x-x" d4p e—ip- (x-x"

d4
=i f &2_ s 5
(2m) 0

(27r)4 P - m+i€

@+m) 0K D) 2750 -E,)

B. Electron Self-Energy

The weak interaction current-current Hamiltonian is

H (%) = G//2 U, ® Y- YUy Py, () Y- Y)Y, (3 + h.c.

The first order weak correction to the electron propagator is

iS'F‘(x'—x) = —i/d4y (F[T l/;e(x') _‘/’—e(x) Hw(y) l F)
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Using Wick's theorem, we find that to first order in the weak interaction, the

self-energy is

3

The Feynman diagram for this process is shown in Fig. 5. This self-energy
produces an electron-positron mass difference which is seen as follows. We
take the expectation value of the modified electron Hamiltonian between electron

states and between positron states at rest.
H' =a-p + fm+ B2(D)
(eT|Bm|eD=m+AE

(e+IH'[ e-sz -m+ AE

So
= (m + AE) + (-m + AE) = 2AE
where 3
Kp 10728 3
AE = G/f— ——2— o~ 377-2 KF KF in eV

This result is not surprising in view of the asymmetry in our boundary con-
ditions which means that TCP is not a good symmetry.
C. Photon Polarization Tensor

To calculate the photon polarization tensor we will use the modified electron
propagator in place of the usual electron propagator. This procedure can be justi-

fied by using Wick's theorem and perturbation theory. We will keep terms
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which are first-order in the weak interaction. The diagrams which contribute

to the first order weak correction are shown in Fig. 1.

4
im @ =-e f de TR[y Sp Y% S (@ p>]

(2m)
where : 3
isS () = L Ry Y.l - y)) ——
F) F-m Pg-m \/2*371,2 0 Y, P-m

If we plug in iS(;‘ (p) and keep only first-order weak terms,

4

iﬂllw(qz)=‘c (2;)) TR [up(m |2 g 91 m )’0(1 }’5)BT‘

1 1 1
tRFom %) Frm W m]

where

_ .2 3 2
C=e" G/A/2 KL /3m
We can use the charge conjugation operator to simplify this to

p

4
~ 1
UT (q )= 2(3/;977)4 TR rYu P-m+ie m+1€ Y 0% B m+ i€ W E—ﬁ—m%—ie]

Using the identity

F‘—m+i€

<0
2 2.
= - i(p’+m)f dz 2@ - 16
0
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Z
to elevate the denominators and making the substitution £=p - -—23— q which

completes the square in the exponent, we have

t © 050 460 qa
. . uyva
ir. () = 2iC ff dz, dz, dz <__—————
uy 17273 1671'2 22
0 0
. 2 2 2
’1[223" (21”2)] m°(2zgtzytag) Q4 zg (EyFEY
, + +
2 3
Z Z Z
(z,4+Z2,)z
i{-———-—-——-———l P 2 3 q2 - Z(mz—ie)

X e

where z=2z,+z,+2
1 2 3

We can subtract 0 from this expression in the form

o .
q -i[224- (2+2,)] e—iz(mz—ie)

< R 46Ouuoz
0 =2iC dz, dz, dz
/ fJ 1 23 167T2 Z2 ‘zz
0 O

e
Now introduce 1= f %% 5(1-z/A) under the integrand and scale all the z's
0

by the substitution zi—+Azi . Then we do the A integral.

. OO o0 [=e]
i = R SI q®
uy 27],2 Qupa f dz, d22 dz, s - 2)
-0 0 0

2 2 2
2 -7, - .
{m (_423+zl+22) +q zg(zl-{-zz)] (2.23 zq zz) (m2_16)
x 2 3 * : log —5— 5
1[m —16—23 (Zl+Zz) q ] i (m —16—23(zl+22)q )
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To zeroth order in qz/mz, we have

. 2 G 3 1 o
‘ =
lﬂuv(q) © J2 KF 9ﬂ.4 eOuvozq

To first order, this result is independent of the electron mass and is the same as

the result for the muon in a mu-neutrino sea.
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- APPENDIX II: SOLUTION FOR THE TIME-DEPENDENT GREEN'S FUNC-
TION OF THE MODIFIED MAXWELL'S EQUATIONS

Solution for the time-dependent Green's function of the modified Maxwell's
equations is explained in Appendix II.
We start with the equations

ovafB F W

va _ 14
3 F7 = 4n3¥ -(K/2)€ op

B-SY _
‘a,saya FO7 = 0 ()

Equation (2) permits us to introduce a vector potential Al , Where

FWW= 9%aY - 3"AY | Equation (1) becomes

u,y v w o vV _ ovap _
aua AT =) (auA‘) = 47rd (K/z)e {aﬁAQ aaAB]
Now we choose to solve this in the Lorentz gauge auAu = 0. The equations
are then

V=0 _ auauAO = 473 (3)

v=1,23 3, A = 4nT-~ K (VxA) (4)

These equations are solved by Fourier transforming the equations and inverting
the operators.
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The solution of Eq. (3) is well known

Ayl = 47r/:i4x' G(x - x1) T, (<)

4 -ik: x
G<x)=—f- B
(2m) P

The solution of Eq. (4) is a little more laborious. If we assume the solution is

where

of the form

A9 = 47 f a0 Gy - x) 3y )

then Gij(x) satisfies

4
(343" B35+ K €50 iWyn) G = 88 ®

or
2 . _
(-p" 8+ IK € P ) Gy ) = €
Now we must invert (- p2 513' + iK eimj pm) considered as a matrix in ij.
2 . . .
-p —1K,p3 + 1Kp2
m,, = + iK - p? - iK
i . 2
- 1Kp2 + 1Kp1 -Pp
i
2 . 2
6@ Y, = — o " M€ imyPm P
ij ij 2.2 21— 2 2 2)2 2)= 2
CREEE Y p[(p —K[pl]
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and

4 -
N d'p -ip-x

(27r)4
So
X(x') _ 471/‘d4p dix_ o~iP - (X'-X) —pzi‘(x) - iK pxJ(x) . k2P D, T (%)
em® e P E (PSR Y
and

4 -ip- (x'-¥)
d e
Ay () = 4nf : 34
0 em?* () 0

We can make this a little simpler by making a gauge transformation.

_ip . (X' __X)

_ . x2e= J(x) e
AE) =+ K"V, f
X +P2[(p2)2—K2lp~—'2]

A =A® + VAR

AL =AgE) - AG)

Then

T Ul — A dp4dx4 -ip* (x'-Xx) ~p2—5(x)—iKEx:f(x)
Al =4m [ =—p— e LT
@m) 9" -K|p|

2

Ab (x") = 4

f_p d4x e—ip - (x'-X) - K2 ~P
4 2 21—12
(2m) (pz) -K !p |
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APPENDIX Il: EQUIVALENCE OF THE TWO DERIVATIONS OF THE
MODIFIED MAXWELL'S EQUATIONS

Appendix IIT shows the equivalence of the two derivations of the modified
Maxwell Equations.

We will show the equivalence of the two derivations by showing that they
both have the same dispersion relation. From Appendix II we have the dispersion

relation for the first derivation,

2 2.2 _2)1-|2
p [@) —Klp|}=0
To find the dispersion relation for the second derivation we must find the poles

of the modified photon propagator. We use the fact that

1 1

(D gy = Og V™ 7'y

-1
The dispersion relation is given by the determinant of the matrix (D, )W-Tr'

uy
p2 0 0 0
2 . :
0 -p ~iKp 3 iKp 9
Det =0
. 2 crr
0 iKp 3 -p ~iKp 1
0 -iK iK] 2
2, 2.2 _2]—|2
= p Lp) —Klle=0

which is identical to the dispersion relation obtained in the first derivation.
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LU v vadyY Vo
auF =4nJ + C1 € KQF&, + D1K8 F

B0V 5y

_ B..8Y
F7O =CKUF ot Dy e psy K'F
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FIG. 1--Polarization of the photon propagator by the neutrino sea.
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FIG. 2--Proposed experimental setup where the two parts of B are
perpendicular to each other.

- 70 -



FIG. 4--Light scattering off of the neutrino sea.

FIG. 5--Contribution to the electrons self-energy from the neutrino sea.
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