
Physics Letters B 792 (2019) 290–297
Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

N -extended Maxwell supergravities as Chern-Simons theories in three 

spacetime dimensions

Patrick Concha

Instituto de Física, Pontificia Universidad Católica de Valparaíso, Casilla 4059, Valparaiso-Chile

a r t i c l e i n f o a b s t r a c t

Article history:
Received 15 March 2019
Received in revised form 26 March 2019
Accepted 28 March 2019
Available online 2 April 2019
Editor: M. Cvetič

We present a new class of three-dimensional N -extended supergravity theories based on the N -extended 
Maxwell superalgebra with central charges and so(N ) internal symmetry generators. The presence 
of so(N ) generators is required in order to define a non-degenerate invariant inner product. Such 
symmetry allows us to construct an alternative supergravity action without cosmological constant term. 
Interestingly, the new theories can be obtained as a flat limit of a N -extended AdS-Lorentz supergravity 
theories enlarged with so(N ) gauge fields.
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1. Introduction

It is well assumed that a three-dimensional (super)gravity the-
ory can be described by a Chern-Simons (CS) action as a gauge 
theory offering us an interesting toy model to approach higher-
dimensional theories [1–11]. There has been a growing interest to 
go beyond Poincaré and AdS (super)groups to describe (super)grav-
ity theories in order to study new models with different physical 
content [12–26]. In a previous work [27], we presented a new class 
of three-dimensional supergravity theories based on the Maxwell 
and AdS-Lorentz superalgebras.

At the bosonic level, the Maxwell symmetry has been initially 
introduced in [28–30] in order to describe a Minkowski space in 
presence of a constant classical electromagnetic field background. 
Its generalization has been useful to recover General Relativity 
from CS and Born-Infeld (BI) gravity actions [31–33]. Recently, 
there has been a particular interest in exploring CS gravity model 
invariant under the Maxwell algebra [34–37]. In particular, the 
presence of the additional gauge field influences the vacuum en-
ergy and the vacuum angular momentum of the stationary config-
uration [37].

On the other hand, the AdS-Lorentz symmetry was first intro-
duced in [13,38] and can be seen as a semi-simple enlargement of 
the Poincaré symmetry. Recently, the AdS-Lorentz algebra and its 
generalizations have been used to recover diverse (pure)Lovelock 
Lagrangian from CS and BI ones [39–41]. More recently, it has been 
showed that the asymptotic symmetry of a three-dimensional CS 
gravity action invariant under the AdS-Lorentz group is given by a 
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semi-simple enlargement of the bms3 symmetry which is isomor-
phic to three copies of the Virasoro algebra [25].

At the supersymmetric level, the Maxwell superalgebra has 
been introduced to describe the presence of a constant abelian 
supersymmetric gauge field background in a four-dimensional su-
perspace [42]. Interestingly, a pure supergravity action in four di-
mensions can be constructed based on the Maxwell superalgebra 
using a geometric procedure [43,44]. Recently it has been shown 
in [45] that the bosonic extra field and the additional Majorana 
gauge field, appearing in the Maxwell superalgebra, are crucial to 
recover supersymmetry invariance of flat supergravity on a man-
ifold with non-trivial boundary. Extensions and generalizations of 
the supersymmetric version of the Maxwell symmetries have been 
extensively studied by diverse authors [46–56].

In this paper we extend the results of [27] and present a new 
class of N -extended CS supergravity theories in three spacetime 
dimensions based on the central N -extended Maxwell superalge-
bra. We show that the Maxwell superalgebra has to be enlarged 
with so (N ) generators in order to have non-degenerate invariant 
inner product. Interestingly, the Maxwell superalgebra allows us to 
define an alternative supergravity model in absence of cosmolog-
ical constant term. The introduction of the cosmological constant 
term is done by considering an enlarged superalgebra which cor-
responds to a N -extended AdS-Lorentz superalgebra. In order to 
establish a well-defined Maxwell limit we extend the superalgebra 
with so (N ) internal symmetry algebra.

This work is organized as follows: In Section 2, we give a brief 
review of the three-dimensional minimal Maxwell CS supergravity 
theory. The section 3 is devoted to the construction of the CS su-
pergravity action invariant under the N = 2 Maxwell superalgebra. 
In section 4, we present a new class of N -extended supergrav-
under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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ity models expressed as CS action for the N -extended Maxwell 
superalgebra. The obtention of the N -extended Maxwell super-
gravity action through a Maxwell limit is explored in Section 5. 
In Section 6, we give a brief discussion about future possible de-
velopments.

2. Minimal Maxwell Chern-Simons supergravity

In this section, following [27], we give a brief review of 
the minimal Maxwell supergravity theory based on the CS for-
malism. The minimal supersymmetric extension of the Maxwell 
algebra in three spacetime dimensions is spanned by the set 
{ Ja, Pa, Za, Q a,�α} whose generators satisfy the following non-
vanishing (anti-)commutation relations:

[ Ja, Jb] = εabc J c , [ Ja, Pb] = εabc P c ,

[ Ja, Zb] = εabc Z c , [Pa, Pb] = εabc Z c ,

[ Ja, Q α] = 1

2
(�a)

β
α Q β ,

[ Ja,�α] = 1

2
(�a)

β
α �β , (2.1)

[Pa, Q α] = 1

2
(�a)

β
α �β ,

{
Q α, Q β

} = −1

2

(
C�a)

αβ
Pa ,

{
Q α,�β

} = −1

2

(
C�a)

αβ
Za ,

where the Lorentz indices a, b, · · · = 0, 1, 2 are lowered and raised 
with the Minkowski metric ηab . Here, C is the charge conjugation 
matrix,

Cαβ = Cαβ =
(

0 −1
1 0

)
, (2.2)

and satisfies C T = −C and C�a = (
C�a

)T
where �a are the Dirac 

matrices in three spacetime dimensions.
Such Maxwell superalgebra has been first introduced in [42] in 

four spacetime dimensions and subsequently in three dimensions 
[47]. Although the supersymmetrization of the Maxwell symmetry 
is not unique [12,48,51,52], this is the minimal supersymmetric 
extension providing us a consistent three-dimensional CS super-
gravity action [27]. Their (anti-)commutators differ from those of 
the super Poincaré ones in the presence of the abelian genera-
tors Za and the additional Majorana spinor generators �α . On the 
other hand, the introduction of a second abelian spinors charges 
has been first considered in the context of D = 11 supergravity 
[57] and superstring theory [58]. Here, the second spinorial gener-
ator assure that the Jacobi identities hold.

A CS action,

IC S = k

4π

∫
M

〈
AdA + 2

3
A3

〉
, (2.3)

invariant under the Maxwell superalgebra has been explicitly con-
structed in [27] using the gauge connection one-form A = Aμdxμ

and the corresponding invariant tensor. In particular, the connec-
tion one-form is given by

A = ωa Ja + ea Pa + σ a Za + ψ̄ Q + ξ̄� , (2.4)

where ωa corresponds to the spin connection, ea is the vielbein, 
σ a is the so-called gravitational Maxwell gauge field [37] while ψ
and ξ are the respective fermionic gauge fields.
In order to construct the CS supergravity action we shall require 
the following non-vanishing components of the invariant tensor 
[27],

〈 Ja Jb〉 = α0ηab , 〈Pa Pb〉 = α2ηab ,

〈 Ja Pb〉 = α1ηab ,
〈
Q α Q β

〉 = α1Cαβ , (2.5)

〈 Ja Zb〉 = α2ηab ,
〈
Q α�β

〉 = α2Cαβ ,

where α0 , α1 and α2 are arbitrary constants. Then, using the con-
nection one-form (2.4) and the non-vanishing components of the 
invariant tensor (2.5), the explicit form of the CS supergravity ac-
tion reads,

I = k

4π

∫
α0

(
ωadωa + 1

3
εabcω

aωbωc
)

+α1
(
2ea Ra − ψ̄∇ψ

) + α2
(
2Raσa + ea Ta − ψ̄∇ξ − ξ̄∇ψ

)
,

(2.6)

where the Lorentz curvature Ra , the torsion T a and the fermionic 
curvatures are respectively given by

Ra = dωa + 1

2
εabcωbωc ,

T a = dea + εabcωbec ,

∇ψ = dψ + 1

2
ωa�aψ , (2.7)

∇ξ = dξ + 1

2
ωa�aξ + 1

2
ea�aψ .

The Maxwell gravitational field σ a and the additional Majorana 
spinor field ξ have only contribution on the exotic part (α2) of the 
CS action. This is due to the presence of the non-vanishing com-
ponent 〈 Ja Zb〉, 〈Pa Pb〉 and 

〈
Q α�β

〉
of the invariant tensor which 

do not appear for the Poincaré superalgebra. Interestingly, as was 
noticed at the bosonic level in [37], the vacuum energy and the 
vacuum angular momentum of the stationary configuration are in-
fluenced by the presence of the gravitational Maxwell field σ a . 
Here one can see that, for α2 �= 0, the field equations reduce to 
the vanishing of the curvature two-forms,

Ra = 0, T a = 0, Fa = 0,

∇ψ = 0, ∇ξ = 0,
(2.8)

where

T a = T a + 1

4
ψ̄�aψ , (2.9)

Fa = dσ a + εabcωbσc + 1

2
εabcebec + 1

2
ψ̄�aξ . (2.10)

The N -extension of generalized Maxwell superalgebras have 
been already presented in [59,60]. Such N -extended superalgebras 
contain not only internal symmetry generators but also require the 
presence of additional bosonic generators different to the Maxwell 
one. However, as we shall see in the next sections, the construc-
tion of a proper CS supergravity action based on a N -extended 
Maxwell superalgebra will only require to introduce so (N ) gener-
ators.

3. Chern-Simons formulation of N = 2 Maxwell supergravity

The N = 2 supersymmetric extension of the Maxwell algebra 
is not unique and can be subdivided into two inequivalent cases: 
the (1,1) and the (2,0) cases. Here we shall refer to the N = 2
Maxwell theory as (2,0) Maxwell supergravity theory.
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The extension to N ≥ 2 of the Maxwell superalgebra al-
lows us to include a central charge Z to the usual Maxwell 
generators 

{
Ja, Pa, Za, Q i

}
with i = 1, . . . , N . In particular the 

(anti)-commutation relations of the N = 2 centrally extended 
Maxwell superalgebra are given by

[ Ja, Jb] = εabc J c , [ Ja, Pb] = εabc P c ,

[ Ja, Zb] = εabc Z c , [Pa, Pb] = εabc Z c ,[
Ja, Q i

α

]
= 1

2
(�a)

β
α Q i

β ,
[

Ja,�
i
α

]
= 1

2
(�a)

β
α �i

β , (3.1)

[
Pa, Q i

α

]
= 1

2
(�a)

β
α �i

β ,

{
Q i

α, Q j
β

}
= −1

2
δi j (C�a)

αβ
Pa ,

{
Q i

α,�
j
β

}
= −1

2
δi j (C�a)

αβ
Za + Cαβε i j Z .

Nevertheless, such central extension of the N = 2 Maxwell super-
algebra cannot reproduce a N = 2 CS supergravity action in three 
spacetime dimensions. The (2,0) Maxwell superalgebra (3.1) does 
not have an invariant non-degenerate inner product. Indeed the 
central charge Z is orthogonal to the super Maxwell generators 
and to itself. In order to have a non-degenerate invariant inner 
product, it is necessary to enlarge the Maxwell superalgebra by 
introducing so (2) internal symmetry generators. In particular, we 
consider two internal symmetry generators T and B such that they 
satisfy the following non-trivial commutation relations:[

Q i
α, T

]
= ε i j Q j

α ,[
Q i

α, B
]

= ε i j�
j
α , (3.2)[

�i
α, T

]
= ε i j�

j
α .

Furthermore, one can see that the Jacobi identity requires that the 
anticommutator of the Majorana spinor generators Q i has the fol-
lowing form,

{
Q i

α, Q j
β

}
= −1

2
δi j (C�a)

αβ
Pa + Cαβε i j B . (3.3)

Remarkably, the N = 2 Maxwell superalgebra endowed with a 
central charge Z and two additional bosonic so (2) generators ad-
mits the following non-vanishing components of the invariant ten-
sor,

〈 Ja Jb〉 = α0ηab , 〈Pa Pb〉 = α2ηab ,

〈 Ja Pb〉 = α1ηab ,
〈
Q i

α Q j
β

〉
= α1Cαβδi j ,

〈 Ja Zb〉 = α2ηab ,
〈
Q i

α�
j
β

〉
= α2Cαβδi j , (3.4)

〈T B〉 = −α1 , 〈T Z〉 = −α2 ,

where α0, α1 and α2 are real constants. Well-defined invariant ten-
sor for a N = 2 Maxwell superalgebra has also been presented in 
[52]. Nevertheless, the bosonic field content is larger than our case 
since the N = 2 super Maxwell considered in [52] corresponds to 
a supersymmetric extension of a generalized Maxwell algebra. In-
deed, such generalization contains an extra bosonic gauge field Z̃ab
in addition to the usual Maxwell gauge fields.

The gauge connection one-form for the N = 2 super Maxwell 
reads

A = ωa Ja + ea Pa + σ a Za + ψ̄ i Q i + ξ̄ i�i + aT + bB + c Z , (3.5)
which, in addition to the usual Maxwell fields and N = 2 gravitini, 
contains three additional gauge fields given by a, b and c, respec-
tively.

The curvature two form F = dA + A2 is given by

F = Ra Ja + T a Pa +Fa Za + ∇ψ̄ i Q i + ∇ ξ̄ i�i + F (a) T

+F (b) B + F (c) Z , (3.6)

with

Ra = dωa + 1

2
εabcωbωc ,

T a = dea + εabcωbec + 1

4
ψ̄ i�aψ i ,

Fa = dσ a + εabcωbσc + 1

2
εabcebec + 1

2
ψ̄ i�aξ i , (3.7)

∇ψ i = dψ i + 1

2
ωa�aψ

i + aε i jψ j ,

∇ξ i = dξ i + 1

2
ωa�aξ

i + 1

2
ea�aψ

i + aε i jξ j + bε i jψ j ,

and

F (a) = da,

F (b) = db − ε i jψiψ j , (3.8)

F (c) = dc − 2ε i jψiξ j .

The CS supergravity form for the connection (3.5) constructed 
with the invariant tensor (3.4) defines a gauge-invariant supergrav-
ity action for the N = 2 Maxwell superalgebra which is given by

I = k

4π

∫
α0

(
ωadωa + 1

3
εabcω

aωbωc
)

+α1

(
2ea Ra − ψ̄ i∇ψ i − 2adb

)

+α2

(
2Raσa + ea Ta − ψ̄ i∇ξ i − ξ̄ i∇ψ i − 2adc

)
, (3.9)

up to a boundary term. Here, T a = dea + εabcωbec is the usual 
torsion two-form. Let us note that the term proportional to α1 co-
incides with the N = 2 Poincaré supergravity Lagrangian of [9]. 
The Maxwell gravitational field σ a and the additional Majorana 
spinor field ξ appear only in the exotic term proportional to α2. 
Thus, the N = 2 supergravity action (3.9) can be seen as a Maxwell 
extension of the N = 2 Poincaré supergravity action considered in 
[9].

4. N -extended Maxwell Chern-Simons supergravity

In this section we present the three-dimensional N -extended 
Maxwell supergravity theory based on the CS formulation. In par-
ticular, we shall focus on the generic N = (N ,0) case. Neverthe-
less, our approach can be extended to the N = (p,q) case.

A centrally N -extended Maxwell superalgebra can be ob-
tained by considering N spinor generators Q i

α and �i
α , with 

i = 1, . . . , N , in addition to the usual Maxwell bosonic genera-
tors { Ja, Pa, Za} and the N (N − 1) /2 central charges Z ij = −Z ji . 
Then, an N -extended supersymmetric central extension of the 
Maxwell algebra is given by the following non-vanishing (anti-
)commutation relations

[ Ja, Jb] = εabc J c , [ Ja, Pb] = εabc P c ,

[ Ja, Zb] = εabc Z c , [Pa, Pb] = εabc Z c ,
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[
Ja, Q i

α

]
= 1

2
(�a)

β
α Q i

β ,

[
Ja,�

i
α

]
= 1

2
(�a)

β
α �i

β , (4.1)

[
Pa, Q i

α

]
= 1

2
(�a)

β
α �i

β ,

{
Q i

α, Q j
β

}
= −1

2
δi j (C�a)

αβ
Pa ,

{
Q i

α,�
j
β

}
= −1

2
δi j (

C�a)
αβ

Za + Cαβ Z ij .

Although such supersymmetrization is well-defined, it does not 
allow to construct a CS supergravity action. Indeed, the superalge-
bra (4.1) does not have a non-degenerate invariant inner product. 
This can be seen by noting that the Z ij generator is orthogonal to 
all generators of the N -extended Maxwell superalgebra and to it-
self. As in the N = 2 super Maxwell case, we have to enlarge the 
N -extended Maxwell superalgebra by adding so (N) generators. In 
particular, we have to include the new generators T ij = −T ji and 
Bij = −B ji which satisfy the following non-trivial commutation re-
lations:[

T ij, T kl
]

= δ jk T il − δik T jl − δ jl T ik + δil T jk ,[
T ij, Bkl

]
= δ jk Bil − δik B jl − δ jl Bik + δil B jk ,[

Bij, Bkl
]

= δ jk Z il − δik Z jl − δ jl Z ik + δil Z jk ,[
T ij, Zkl

]
= δ jk Z il − δik Z jl − δ jl Z ik + δil Z jk , (4.2)[

T ij, Q k
α

]
=

(
δ jk Q i

α − δik Q j
α

)
,[

Bij, Q k
α

]
=

(
δ jk�i

α − δik�
j
α

)
,[

T ij,�k
α

]
=

(
δ jk�i

α − δik�
j
α

)
.

Additionally, the anticommutator of the Majorana spinors Q i
α is 

modified as{
Q i

α, Q j
β

}
= −1

2
δi j (C�a)

αβ
Pa + Cαβ Bij . (4.3)

Let us note that such central N -extension of the Maxwell super-
algebra endowed with so (N ) internal symmetry algebra is the 
three-dimensional version of the D = 4 N -extended Maxwell su-
peralgebras obtained in [59,60], without additional bosonic charges {

Z̄μν, Zμ

}
. In particular, the present superalgebra can be seen as 

a deformation and enlargement of the N -extended Poincaré su-
peralgebra discussed in [9]. Interestingly, the N -extended Maxwell 
superalgebra with central charge and so (N ) internal symmetry 
algebra can be alternatively obtained as a semigroup expansion 
[61] of a N -extended Lorentz superalgebra following the proce-
dure used in [27].

The central N -extension of the Maxwell superalgebra en-
dowed with bosonic so (N ) generators admits the following non-
vanishing components of the invariant tensor,

〈 Ja Jb〉 = α0ηab , 〈Pa Pb〉 = α2ηab ,

〈 Ja Pb〉 = α1ηab ,
〈
Q i

α Q j
β

〉
= α1Cαβδi j ,

〈 Ja Zb〉 = α2ηab ,
〈
Q i

α�
j
β

〉
= α2Cαβδi j ,〈

T ij T kl
〉
= α0

(
δikδl j − δilδkj

)
, (4.4)〈

Bij T kl
〉
= α1

(
δikδl j − δilδkj

)
,

〈
Z ij T kl

〉
= α2

(
δikδl j − δilδkj

)
,〈

Bij Bkl
〉
= α2

(
δikδl j − δilδkj

)
,

where α0, α1 and α2 are real constants. Let us note that the central 
charges Z ij are orthogonal to the generators of the N -extended 
Maxwell superalgebra. The presence of internal symmetries gen-
erators allows to achieve appropriately a non-degenerate invariant 
inner product.

The other crucial ingredient for the construction of a CS action 
is the connection one-form which, for our case, reads

A = ωa Ja + ea Pa + σ a Za + ψ̄ i Q i + ξ̄ i�i + 1

2
aij T i j + 1

2
bij Bi j

+1

2
ci j Zi j , (4.5)

where the coefficients in front of the generators are the gauge po-
tential one-forms. In particular, the theory contains N gravitini.

The corresponding curvature two-form is given by

F = Ra Ja + T a Pa +Fa Za + ∇ψ̄ i Q i + ∇ ξ̄ i�i + 1

2
F ij (a) Tij

+1

2
F ij (b) Bij + 1

2
F ij (c) Zij , (4.6)

where

Ra = dωa + 1

2
εabcωbωc ,

T a = dea + εabcωbec + 1

4
ψ̄ i�aψ i , (4.7)

are the Lorentz and supertorsion curvature, respectively. On the 
other hand, we have

Fa = dσ a + εabcωbσc + 1

2
εabcebec + 1

2
ψ̄ i�aξ i ,

∇ψ i = dψ i + 1

2
ωa�aψ

i + aijψ j ,

∇ξ i = dξ i + 1

2
ωa�aξ

i + 1

2
ea�aψ

i + aijξ j + bij ψ j,

F ij (a) = daij + aikakj , (4.8)

F ij (b) = dbij + aikbkj + bikakj − ψ̄ iψ j ,

F ij (c) = dcij + aikckj + cikakj + bikbkj − 2ψ̄ iξ j .

Then, using the non-vanishing components of the invariant tensor 
(4.4) and the connection one-form (4.5) in the explicit form of the 
CS action (2.3) we find,

I = k

4π

∫
α0

[
ωadωa + 1

3
εabcω

aωbωc

−1

2

(
aijda ji + 2

3
aikakja ji

)]

+α1

[
2ea Ra − ψ̄ i∇ψ i + b ji F i j (a)

]
(4.9)

+α2

[
2Raσa + ea Ta − ψ̄ i∇ξ i − ξ̄ i∇ψ i + c ji F i j (a)

+ b ji f i j (b)
]

,

where

f i j (b) = dbij + aikbkj + bikakj . (4.10)

It is interesting to note that the CS terms proportional to α0

and α1 is analogous to the centrally N -extended Poincaré super-
gravity Lagrangian. A subtle difference appears in the nature of 
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the bij field which in the Poincaré case is related to the central 
charge meanwhile here bij is a so (N ) gauge field. The gravita-
tional Maxwell gauge field σa and the additional Majorana spinor 
charge ξ i appear on the exotic sector α2. This is quite different 
to the minimal four-dimensional Maxwell supergravity theory in 
which the extra fields σa and ξ appear only on the boundary term 
without modifying the dynamics of flat supergravity [45]. As was 
discussed in [45], such extra field were crucial to restore super-
symmetry of the theory on a manifold with boundary. Here, the 
supergravity action (4.9) is invariant under the following super-
symmetry transformation laws

δωa = 0 ,

δea = 1

2
ζ̄ i�aψ i ,

δσ a = 1

2
ζ̄ i�aξ i + 1

2
�̄i�aψ i ,

δψ i = dζ i + 1

2
ωa�aζ

i + aijζ j, (4.11)

δξ i = d�i + 1

2
ωa�a�

i + aij� j + 1

2
ea�aζ

i + bijζ j

δaij = 0 ,

δbij = −2ψ̄ [i ζ j] ,

δci j = −2
(
ψ̄ [i � j] + ξ̄ [i ζ j]

)
,

where ζ i and �i are the fermionic gauge parameters related to Q i

and �i , respectively.
The equations of motion derived from the supergravity action 

(4.9) reduce to the vanishing of the curvatures, for α2 �= 0,

Ra = 0 , T a = 0 , Fa = 0 ,

∇ψ i = 0 , ∇ξ i = 0 , F ij (a) = 0 ,

F ij (b) = 0 , F ij (c) = 0 .

(4.12)

It is interesting to note that the vanishing of Fa is analogue to 
the constancy of an abelian SUSY field strength background. Al-
though σ a appears only on the exotic part, one could expect that 
its presence would influence the boundary dynamics. In particu-
lar, one could argue that the asymptotic symmetries of the N = 2
Maxwell supergravity are spanned by a deformation and enlarge-
ment of the N = 2 super bms3 algebra presented in [62,63] as 
occurs in the bosonic sector [37,64].

The centrally N -extended Maxwell supergravity enlarged with 
so (N ) gauge fields allows us to define an alternative supergravity 
model. It is interesting to note that we do not introduce a cosmo-
logical constant term although we have enlarged the field content. 
Similarly to the minimal case [27], one could recover our result as 
a flat limit of a particular supergravity theory. Indeed, as we shall 
see, one can add a length scale by modifying the superalgebra and 
the supergravity action from which a Maxwell limit can be prop-
erly applied.

5. N -extended Maxwell supergravity theory as a flat limit

The incorporation of a cosmological constant term in a N > 2
supergravity theory can be done by considering an extension of 
the (p,q) AdS supergravity by an so (p) ⊕ so (q) automorphism al-
gebra allowing a well-defined flat limit [9]. Here we propose an 
alternative approach to incorporate a cosmological constant to a 
N -extended supergravity by considering an enlarged superalgebra 
such that the flat limit leads us to the N -extended Maxwell the-
ory.
A length parameter � can be introduced to the set of generators {
Ja, Pa, Za, Q i,�i, T ij, Bij, Z ij

}
by considering a supersymmetric 

N -extension of the AdS-Lorentz symmetry. Such generators satisfy 
not only the non-vanishing (anti-)commutators of the N -extended 
Maxwell superalgebra (4.1)-(4.3) but also

[Za, Zb] = 1

�2
εabc Z c ,

[Pa, Zb] = 1

�2
εabc P c ,

[
Za, Q i

α

]
= 1

2�2 (�a)
β
α Q i

β ,

[
Pa,�

i
α

]
= 1

2�2 (�a)
β
α Q i

β , (5.1)

[
Za,�

i
α

]
= 1

2�2 (�a)
β
α �i

β ,

{
�i

α,�
j
β

}
= − 1

2�2
δi j (C�a)

αβ
Pa + 1

�2
Cαβ Bij .

[
Bij, Zkl

]
= 1

�2

(
δ jk Bil − δik B jl − δ jl Bik + δil Z B jk

)
,

[
Z ij, Zkl

]
= 1

�2

(
δ jk Z il − δik Z jl − δ jl Z ik + δil Z jk

)
,

[
Bij,�k

α

]
= 1

�2

(
δ jk Q i

α − δik Q j
α

)
, (5.2)

[
Z ij, Q k

α

]
= 1

�2

(
δ jk Q i

α − δik Q j
α

)
,

[
Z ij,�k

α

]
= 1

�2

(
δ jk�i

α − δik�
j
α

)
.

The superalgebra given by (4.1)-(4.3) and (5.1)-(5.2) corresponds 
to a supersymmetric extension of the so called AdS-Lorentz algebra 
enlarged with so (N ) generators. Although its supersymmetriza-
tion is not unique and have been explored with different purposes 
[24,65–67], this is the smallest one with 2N spinor charges. Let us 
note that the so (N ) generators, which satisfy (5.2), are required in 
order to relate the N -extended AdS-Lorentz superalgebra with the 
centrally N -extended Maxwell algebra endowed with so (N ) inter-
nal symmetry. Naurally, the Maxwell limit � → ∞ can be applied 
properly leading to the N -extended Maxwell superalgebra with 
central charge and so (N ) algebra. It is interesting to point out 
that the Z ij generator becomes a central charge after the flat limit. 
As we shall see, such enlargement allows us to relate the non-
degenerate invariant inner product to the Maxwell ones through 
the Maxwell limit.

The N -extended AdS-Lorentz superalgebra with so (N ) genera-
tors admits the following non-vanishing components of the invari-
ant tensor,

〈 Ja Jb〉 = α0ηab , 〈Pa Pb〉 = α2ηab ,
〈
Q i

α Q j
β

〉
= α1Cαβδi j ,

〈 Ja Pb〉 = α1ηab , 〈Pa Zb〉 = α1

�2
ηab ,

〈
Q i

α�
j
β

〉
= α2Cαβδi j ,

〈 Ja Zb〉 = α2ηab , 〈Za Zb〉 = α2

�2
ηab ,

〈
�i

α�
j
β

〉
= α1

�2
Cαβδi j ,

(5.3)〈
T ij T kl

〉
= α0

(
δikδl j − δilδkj

)
,

〈
Bij T kl

〉
= α1

(
δikδl j − δilδkj

)
,〈

Z ij T kl
〉
= α2

(
δikδl j − δilδkj

)
,

〈
Bij Bkl

〉
= α2

(
δikδl j − δilδkj

)
,

〈
Bij Zkl

〉
= α1

�2

(
δikδl j − δilδkj

)
,

〈
Z ij Zkl

〉
= α2

�2

(
δikδl j − δilδkj

)
.

(5.4)
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One can see that the limit � → ∞ reproduces the invariant tensor 
of the N -extended Maxwell superalgebra with central charges and 
so (N ) generators.

Although the connection one-form A is analogous to the 
Maxwell one,

A = ωa Ja + ea Pa + σ a Za + ψ̄ i Q i + ξ̄ i�i + 1

2
aij T i j + 1

2
bij Bi j

+1

2
ci j Zi j , (5.5)

the corresponding curvature two-form is subtle different due to 
the new commutators. Indeed, we have

F = Ra Ja + T a Pa +Fa Za + ∇ψ̄ i Q i + ∇ ξ̄ i�i + 1

2
F ij (a) Tij

+1

2
F ij (b) Bij + 1

2
F ij (c) Zij , (5.6)

where

Ra = dωa + 1

2
εabcωbωc ,

T a = dea + εabcωbec + 1

�2
εabcσbec + 1

4
ψ̄ i�aψ i ,

Fa = dσ a + εabcωbσc + 1

2�2
εabcσbσc + 1

2
εabcebec

+1

2
ψ̄ i�aξ i ,

F ij (a) = daij + aikakj , (5.7)

F ij (b) = dbij + aikbkj + bikakj + 1

�2

(
bikckj + cikbkj

)
− ψ̄ iψ j

− 1

�2
ξ̄ iξ j ,

F ij (c) = dcij + aikckj + cikakj + bikbkj + 1

�2
cikckj − 2ψ̄ iξ j .

Here the covariant derivative acting on spinors read

∇ψ i = dψ i + 1

2
ωa�aψ

i + aijψ j + 1

�2

(
bijξ j + ci jψ j

)
,

∇ξ i = dξ i + 1

2
ωa�aξ

i + 1

2
ea�aψ

i + aijξ j + bij ψ j + 1

�2
ci jξ j .

(5.8)

The CS supergravity action based on the N -extended AdS-
Lorentz superalgebra with so (N ) generators and the invariant ten-
sor (5.3)-(5.4) reads, up to boundary terms

I = k

4π

∫
α0

[
ωadωa + 1

3
εabcω

aωbωc

−1

2

(
aijda ji + 2

3
aikakja ji

)]

+α1

[
2ea Ra + 1

3�2
eaebec + 2

�2
ea Fa − ψ̄ i∇ψ i − 1

�2
ξ̄ i∇ξ i

+b ji F i j (a) + 1

�2
b ji f i j (c)

]
(5.9)

+α2

[
2Raσa + ea Ta + 2

�2
F aσa + 1

�2
εabceaσ bec − ψ̄ i∇ξ i

−ξ̄ i∇ψ i + c ji F i j (a) + b ji f i j (b) + 1

�2
c ji f i j (c)

]
,

where we have defined
F a = dσ a + εabcωbσc + 1

2�2
εabcσbσc ,

f i j (b) = dbij + aikbkj + bikakj + 1

�2

(
bikckj + cikbkj

)
, (5.10)

f i j (c) = dcij + aikckj + cikakj + bikbkj + 1

�2
cikckj .

The N -extended AdS-Lorentz symmetry offer us an alternative 
procedure to introduce a cosmological constant term to a three-
dimensional CS supergravity action. In particular, the inclusion of 
so (N ) gauge fields allows to establish a well-defined flat limit 
� → ∞ leading to the central N -extension Maxwell supergravity 
action enlarged with so (N ) CS terms. A particular difference with 
the Maxwell theory is the explicit presence of the σ a and ξ i field 
on the term proportional to α1. Such presence allows us to recover 
the vanishing of the AdS-Lorentz curvature two forms (5.7) as field 
equations when α2 �= 0. Naturally, the Maxwell limit applied to the 
equations of motions reproduces the field equations (4.12) of the 
N -extended Maxwell supergravity theory with central charges and 
so (N ) gauge fields.

6. Discussion

We have presented a new class of three-dimensional N -ex-
tended CS supergravity theories based on the centrally N -extended 
Maxwell superalgebra enlarged with so(N ) internal symmetry 
algebra. The construction of the supergravity action requires to in-
troduce so(N ) generators which are essential to the obtention of 
non-degenerate invariant inner product. The new theories corre-
spond to a N -extension of the minimal Maxwell supergravity the-
ory presented in [27] and can be seen as alternative N -extended 
supergravity theories without cosmological constant. Let us note 
that the CS supergravity action is characterized by three coupling 
constants α0, α1 and α2. Interestingly, the term proportional to 
α0 and α1 is the usual N -extended Poincaré action with so (N )

gauge fields. On the other hand, the gravitational Maxwell field σa

and the additional Majorana spinor field ξ appear only on the α2
sector.

The introduction of a cosmological constant term to our model 
is achieved by considering the N -extended AdS-Lorentz superal-
gebra enlarged with so(N ) generators. The presence of the so(N )

generators allows us to have a well-defined Maxwell limit � → ∞
in which the N -extended AdS-Lorentz theory reduces properly to 
the N -extended Maxwell one.

A proper characteristic of the Maxwell symmetries is the pres-
ence of the gravitational Maxwell gauge field σa which is related 
to the abelian generator Za . Such generator modifies the asymp-
totic bms3 symmetry of standard Einstein gravity to a deformed 
and enlarged bms3 symmetry [37]. It would then be interesting 
to extend the results of [37] to the minimal Maxwell supergrav-
ity presented in [27] and to the N -extended Maxwell supergravity 
theories presented here [work in progress].

On the other hand, it was recently shown that the deformed 
and enlarged bms3 algebra can be obtained as a flat limit of three 
copies of the Virasoro algebra [64]. Such asymptotic symmetry re-
sults to be the asymptotic structure of the AdS-Lorentz CS gravity 
[25]. It would be interesting to study these relations at the super-
symmetric level.
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