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ABSTRACT

The Hamiltonian of the massive Thirring model is explicitly diagonalized by
formulating a Bethe ansatz for the eigenstates. The physical states are described
by many-body wave functions representing the vacuum as a filled Fermi-Dirac sea
and particle states as excitations built upon it. The spectrum of states is
determined by imposing periodic boundary conditions on the wave functions.
Energies are calculated by reducing the periodic boundary conditions to linear
integral equations. For fermion-antifermion bound states the Dashen-Hasslacher-
Neveu spectrum is obtained. It is shown that the solution to the massive Thirring
model can be understood as the critical limit of Baxter's solution of the eight-

vertex model.
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L INTRODUCTION1

The massive Thirring model is the theory of a self-coupled fermion field Y in

two dimensions described by the Lagrangian

T - - Y|
- P (iZ m }’zg]uj (1.1)
where ju = }ﬁ[ﬁ,yulbl . The massless model’ (mo = 0) has been extensively
analyzed. It is exactly soluble, and possesses a conserved axial vector current juj

in addition to the conserved vector current. This is an important ingredient in the
construction of the solution. In addition, the massless model is scale invariant with
anomalous dimensions. Thus, the bare mass appearing in Eq. 1.1l is related to the
physical mass by some power of a cutoff,

The massive Thirring model does not have a conserved axial current and
cannot be solved by the same techniques used in the solution of the massless model.
Recently, however, considerable evidence has gathered to support the belief that
the massive model is also exactly soluble. This evidence comes from two major
approaches to the theory. These are the equivalence of the massive Thirring model
to the quantized sine-Gordon equation,3 and the equivalence of a lattice version of
the model to the XYZ Heisenberg spin chain.*-®

The sine~-Gordon theory is exactly integrable at the classical tevel.” Within
the classical theory it is possible to construct an infinite family of conserved
c:urrents.8 It has been shown that these currents can be consistently defined in the
quantum theory.9 They have been used to construct the exact S-matrix for the
the:ory.10 In the context of a simpler theory, the non-linear Schrodinger equation,
it has been argued that the existence of such a family of conserved currents in the

quantum theory is intimately related to the success of a Bethe ansatz as a means of
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diagonalizing the Hamiltonian. In addition, Dashen, Hasslacher, and Neveu
(DHN) have used semiclassical methods to compute the mass spectrum of the sine-
Gordon theory, and these results are found to be exact.

The second approach suggesting that the massive Thirring model is exactly

4-6

soluble is the study of the XYZ spin chain. This is a one-dimensional model

described by the Hamiltonian

—

py
E [x n n+l ¥ y noﬁ+1 +Jzonﬂ?Hl] ’ (.

where the o's are Pauli matrices. In a pioneering work, Raxter” succeeded in
computing the ground state energy of the system. Johnson, Krinsky, and McCoy5
then computed the exact excitation spectrum. Lutht—:-r6 pointed out that via a
Jordan Wigner transformation, the XYZ Hamiltonian could be regarded as a lattice
version of the massive Thirring model. He showed that in an appropriate limit, the
excitation spectrum computed by Johnson, Krinsky, and McCoy (JKM) reduced to
the DHN spectrum. The elegant methods of Baxter and Johnson, Krinsky, and
McCoy can be described as a generalization of Bethe's ansatz.

Bethe's ansatz was first usa:-ed13 to solve the isotropic Heisenberg chain
(IIx = Jy = JZ). Bethe found that the eigenstates of the Hamiltonian could be
described in terms of interacting spin waves. The only effect of the interaction
was to cause the spin waves to scatter elastically, with a nontrivial phase shift. He
wrote down exact eigenstates with an arbitrary number of spin waves labeled by
momenta ki. To construct the ground state, it was necessary to fill all negative

14

energy modes, ' using periodic boundary conditions to determine the density of

states. Since then, the Bethe ansatz has been used in various forms to solve the

15 16

quantum nonlinear Schrodinger equation, ~ several ice models, ~ and the XYZ spin

.17
chain™’ (3, = jy: JZ ).

~—r
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In section II of this paper, we will demonstrate the diagonalization of the
massive Thirring model Hamiltonian via a Bethe ansatz. This will be accomplished
on the "unfilled" Dirac sea. In section Ill, we discuss implications of the periodic
boundary conditions for all states, and in particular, excited states. The spectrum
of the massive Thirring model will be computed in section IV. Finally, in section V,
we discuss the relationship between our methods and the techniques of Baxter and

Johnson, Krinsky, and McCoy in their analysis of the lattice theory.

Ii. DIAGONALIZATION OF THE HAMILTONIAN

The diagonalization of the Hamiltonian will be accomplished in an unphysical
Hilbert space built on a reference state | 0>  This state is defined by
Y0 [0> = 4,(x) |0>=0. Of course, this Hilbert space is very far from the
physical one. Even in free field theory, it has an unbounded negative energy
spectrum. We will see that this feature persists in the interacting theory. The
physical vacuum is formally constructed from the reference state by filling all
negative energy modes, i.e. filling the Dirac sea. It is in this phase of our
Investigation that we deal with the non-trivial renormalization properties I<nown2
to be present in the Thirring model (mass renormalization and anomalous
dimensions for operators). The spectrum of the Hamiltonian on the filled Dirac sea
(true vacuum)} is profoundly different from the spectrum in the unphysical Hilbert
space, unlike the free field theory case where the only spectral effect is to
eliminate negative energy states and replace them by antiparticle states. By
taking careful account of the nature of the interacting Dirac sea, we will be able to

compute the physical spectrum of H.

We choose a basis in which y 5 is diagonal. The Hamiltonian is

i +2 f f £ 4

—
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We have actually dropped a term proportional to the operator
N =[xy

This operator commutes with H, and can be used to classify superselection sectors
of the theory. Motivated by the character of Bethe's ansatz, we want to find
modes which are preserved by the interaction, suffering only a phase shift. We will
accomplish this in two steps.

Consider first the free Hamiltonian (g0 = 0). We introduce the momentum

space operators

_ dx _-ikx
alk = f m e Lpl(X) (2-2)
and find
t t t t
H, = [ dk g k (alkaik 'aZkazk) +m, (alkaZk +32kalk) E ' (2.3)

Since Ho is quadratic in the a's, we can diagonalize it by a canonical

transformation,

Alk = cos6 K3kt sin Sk sy

Ay = -sin By apy + €os By a,. . (2.4)

If tan 20, = (mO/k), the Hamiltonian is diagonal in the A's, becoming
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t +
Hy = [ dkE, (AlkAlk‘ AZkAZk)

= ¥ kz + m02 . (2.5)

Ey

From Equations (2.2), (2.4) and the definition of [0>it follows that
A l0> = Ay 10>=0 . (2.6)

Then, from Eq. (2.5), we see that the spectrum of H in a Hilbert space built on |0>

has two types of excitations. There are "{" particles with a dispersion relation

v’k2+m02, and "2" particles with E v’kz +m 2. Eigenstates are

k=t 2k = o

constructed by applying creation operators to the state |0>

E

Fooom ot
Ay HAp. |G>

|kl, e K 3Py e P> = o
ij=1 i

==

1

The energies of "1" and "2" excitations are positive and negative, respectively,

H Ky e K5 Py one P> = ( g B, § Epj

)|kl,... Ko Ps e Py - (2.7)
The full Hamiltonian is diagonalized by a generalization of this procedure.
The remaining step is to include phase shifts in the wavefunctions. A two-body
phase shift appears for each pair of occupied modes in the eigenstate, It is
simplest to demonstrate the procedure for the sector N = 2. The construction for

any N is presented in the Appendix. Consider a state with two "l" particles. In

free field theory, we could write it as
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-]-.

+ _ + t
] Alkz 10> = [ dxjdx; x(x;, k) ¥ (x), kDY (xy k) [0>

1

¥(x, k) = cos B ¥ (%) +sin 8, \z)z(x) . (2.8)

where x = exp ik x| + kyx,)} for free fermions. We find that by including a factor
(1+ i)\&:(xl - X5)) in Eq. (2.8) {where €(x) is a step function), an eigenstate of H is
obtained. A is determined in the course of the calculation. We proceed by applying
Ho to |k1k2> and commuting \bi‘s to the right until they annihilate |0> The
derivatives of the kinetic Hamiltonian are then integrated by parts to act on

iklxl ikzx2
x=e e

(1 + i)\e(xl—xz)). We have

H [kk,> = [ dx,dx {(-i 2—~ ¥)cos 8, + m_x sin 8 }lJJ+(X)

ol¥1%27 = 19%2 3x] X 1 MoX k' Y1
- (i )sin §, -m_x cos 6,} qﬁ(x} ‘l’f(x ko) + (x,,ky ++ x5,ks) } [0> . (2.9)

ax, X 1~ MeX 1 Y2 22 %2 1%} 22 L R

If A=0, we have (-i—%x) = kix. Then, using tan 2ek = mo/k, it is easy to show
i

k cos Gk + m_sin Bk = EI< cos ek

k sin Gk -mgcos &, = -E, sin 6 . (2.10)

These substitutions in (2.9) yield (2.7). Of course, X £0, and we have an additional

contribution. By taking §(x)e(x) = 0, we have

(-iﬁalx-l-x) , (kl L 226(x, -xz))x . (2.11)

The first term in (2.11) can be substituted into (2.9) to get the free field result

again. The second term gives
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[R>= & [ dxy(x,x)sin 6 | +6 ) 1pf(X)Lp;(X) 0> . (2.12a)

By applying Hi=H-Hj to |k,k2 >, we obtain

A%

[R> = -2g_ | dxx(x,x)sin (8 - 8.,) 4 GIyb (o) 0> (2.12b)

Taking

sinf6, -8, )
Ak, k) = % Uk g, (2.13)
1? %2/ = 728, sin(ek +6k "
1 2)

we see that |R >+ |R%> =0, and hence
H Jkky >= (Ek +E, ) [k ky > (2.14)
1 2

completing the demonstration.

In deriving Eq. (2.14), the symmetric choice &(x)e(x) = 0 has been made.
Since H and the number operator N commute, we might regard the diagonalization
problem as a many-body Dirac equation for x. The interaction induces a delta
function potential in the eigenvalue problem for y, and by integrating across the
boundary X| = Xq, We obtain the result that the scattering introduces a phase shift.
Eq. (2.13) is that phase shift, since the relative phase of x between the regions

X| >xyand x) < X is just
L+ix  1dkyko)
e

sin {9 -0
(kl sz)

1
Hkyy ky) = 2 tan” g sin(ek N )
1K

(2.15a)
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It is possible to modify all free Hamiltonian eigenstates in this manner (see

Appendix A) obtaining new states Kok s PeeP > With
H lkl-o-kn, plnu-pm> - ( ZEk‘ - E Ep') |kllc-kn, pl-.qpm>
1 ]
P Ikl“'kn’ PPy = (Zky+ 2 pj) |k1...kn; PP > (2.16)

where P is the momentum operator of the theory. [t is important to realize that
the k's and p's no longer have the simple meaning they had for free field theory.
Including a function of (x, - X,) in Eq. {2.8) destroys the relationship of k in AT{ to k
labeling a state. The k's in the state are now to be regarded only as labels. [ k 1Ko>
contains Fock space components with arbitrarily high momentum.

For free field theory, the physical vacuum is the state with all "2" particle
modes filled. By quantizing the theory in a box of length L and imposing periodic

boundary conditions, these modes become denumerable. We have

@ = Al jo>, Kk - 2m (2.17)
n n

where n = integer. The spectrum of states in this vacuum is manifestly positive. It

1k :/k2+m02, and holes with energy

Ehole K= +,/k2 + moz, (all energies relative to the vacuum). We shall fill the Dirac

consists of "I" particles with E

sea in the same manner for the interacting theory. All "2" modes are filled in the
physical vacuum. It is more difficult to do this for the full theory. Periodic
boundary conditions (PBC's}, trivial for free field theory, are an infinite set of
coupled transcendental equations when g o # 0. Fortunately, similar problems occur

in other models solved by Bethe's ansatz and have been successfully treated by
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converting the PBC's to linear integral equations.5’15’16’l7

We will analyze the
periodic boundary conditions for the massive Thirring model in Section HL It is the
non-trivial nature of the PBC's that prevents us from concluding that Eq. (2.16)
implies the spectrum of the interacting theory is identical to the free theory.

It is convenient to take advantage of the Lorentz invariance of the

Hamiltonian by introducing rapidity variables. For a "1" mode, let

tanh 8 = k/E . (2.18)

In terms of 2, we have

$(8,8,) = +2 tan™ {cot y tanh BB, -3,) ) (2.15b)

where we have set cot p = -Vzgo for reasons which will become apparent. The
spectrum is most elegantly presented in terms of the couplingu . Note that
0 <y < 7w covers the range - w<g, <o, Free field theory is u = /2. For u< n/2
(g0< 0), particles and holes repel. For u > 1/2 (go > 0), and particles and holes
attract. Here we find bound states. There is an alternative form for the phase
shift, emphasizing the naturalness of the coupling u. It is

L sinh %(8 - 2ip)
o(8) = -iln § - ERe s Zi) ' 2-15¢)

The precise branch structure of this will be examined in detail later.
Finally, we note that 8+ im -8 takes a "I" particle to a "2" particle of the

same momentum. We have
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E = m,cosh8 - mocosh(in-B) = -m, cosh B

P = mosinhB T omy sinh (im - B) = +mosinh8 .

This substitution can be systematically applied to all results, in particular the phase
shift. We may obtain phase shifts between "!" and "2" particles, or two "2"
particles in this manner. With the introduction of complex rapidity, the filled
Dirac sea may be considered as occupying the line ImB = 7 in the rapidity plane
(see Fig. 1). The notion of complex rapidity will be extremely useful in
developing the structure of the theory. In terms of rapidities, we can construct a
general eigenstate of the Hamiltonian., It is |8 |=++B> where real B's correspond to
"1" particles and Im B = im corresponds to "2" particles. The general wavefunction
is
im_Zx;sinh 8,

x(xl, xn) = e E (1 + iA(Bi, B.) (-:(xi - x.)) (2.19)
l<i<j<n J J

and the eigenvalue equation is

n
H |Bl'“Bn> = (E m_ cosh Bi)l BB . (2.20)
1=

|
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iIll. PERIODIC BOUNDARY CONDITIONS
In order to define the process of filling the Dirac sea, we put the theory in a
box of length L and impose periodic boundary conditions {PBC's) on the states. For
free field theory (= 7/2), this simply restricts allowed momenta to integral
multiples of (2n/L). When u# w2, the phase shifts among modes are non-vanishing,
and the imposition of PBC's is more involved.

We demand that X(xl,...,xn) be periodic in each argument x;» This gives the

boundary condition
x(x;=0) = x(x=L) . (3.1)

Comparing x at the boundaries of the X variable and using Eq. (A.3), we find

im Lsinh 8, -i§ ¢(Bi'Bj) . (3.2)
e = e

This set of equations must be satisfied for |BI”“’Bn> to be a physically admissible

state. Taking the logarithm of Eq. (3.2}, we find

21n.
) 11
mosmh Bi = = L -t }z ¢(Bl = B]) (3.3)

where &R} is given in Eq. (2.15b). The n; in Eq. (3.3) are integers specifying the
branch of the logarithm of Eq. (3.2) to be taken., We always choose
—n/2 <tan"Ix < /2 for the phase shifts in (3.3).

In free field theory, the phase shift ¢ = 0, so the PBC's require ki = Znni/L.
The vacuum is the state with no holes, that is to say n-n_| = 1. As pvaries from

1/2, the position of each B8 shifts, but the ground state distribution remains without
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noles. Figure 1 represents a section of the vacuum distribution of modes for free
field theory and for u> n/2 and . <7/2. In Section IV, we shall show how to get
exact information about the spectral properties of the theory from the PBC's.

We can now discuss excitations built upon the vacuum. Since a term in H
proportional to N, the number of filled modes, was dropped in Eq. (2.1), we will
always remain in the neutral sector. Thus, an excitation will be constructed by
removing a certain number of modes from the filled vacuum line ImB =1 and
placing them in configurations which satisfy the PBC's.

The simplest excitation possible is obtained by removing a mode from
B =im+ @, and placing it at B =a ::>’ where a, and a:) are real. In free field theory,
this particle-hole pair is a state with a fermion and an antifermion. The
antifermion (hole} has energy -m

cosh (i + ao) = +m_ cosh %, and the fermion

a 0

has energy tmg cosh a(;. For u < 1 /2, such a state persists, but for u> n /2, only a
particle hole pair with o, =ao' is allowed. To see this, we consider first a simpler
problem. Given a filled mode at 8 = 0, we can ask which modes along the line
ImB =1 can be filled while satisfying the PBC's. For a state with a mode at

8 =im+ a (a real) Eq. (3.3) becomes
m L sinh o) = 2mn + 2 tan™! cot u coth %a . (3.4)

When p < m/2, cot y > 0, and for any n, we have a solution to Eq. (3.4), as shown in
Fig. 2a. For n=0, we have, in fact, 2 solutions. One is positive and one is
negative. The discontinuity introduced in the PBC's by the presence of a particle
at o= 0 has provided an extra place on the Im a = in line for a mode.

For u> n/2, coty <0, and, for n=0, Eq. (3.4) has no solutions. This is
depicted in Fig. 2b. Of course, solutions exist for In | > 6. As y increases past

m/2, we go from having two solutions to the PBC's with n = 0 to having none. In

—
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this discussion, we have ignored the effects of other particles along the line
Im a = in. These will be discussed shortly.

There are other possible excitations in the interacting theory. The modes can
be restricted, without loss of generality, to the strip - 7 <Im g < 7. Ingeneral, we
must be careful to place modes along the lines ImB =0 or 7 to insure that
k= m, sinh B is real. An imaginary k introduces the possibility of an exponentially
growing wavefunction in some direction. In the interacting theory, it turns out that
very special configurations of modes off the lines Im B =0 or T are permitted.
They are called n—string5.5 Although they have imaginary momentum labels, the
coefficient of the exponentially growing term in the wavefunction vanishes. They
will be found to represent bound states for a certain range of the coupling 1, and
unbound pairs for another range.

For simplicity, we will first construct an n-string in the absence of the Dirac

sea. Consider a state with n modes {Bi} filled. All B, have the same real part, a..
imyx sinh 8,

The wavefunction x contains plane wave factors e . If0<Im B, <m,
then Im sinh Bi >0, so as X;* - the wavefunction will blow up unless we can
arrange for the relevant coefficients to vanish. In the limit X, > -, we can replace

s:(xi - xj) by (-1) , and require

o (1-1xe;8)) = o . (3.5)
]

From this it is found that the B's must be distributed symmetrically about the real
axis (so that the total momentum of the n-string is real), and that the factors in
(3.5) connecting adjacent B's must vanish. This leads to the requirement

l+cotptank A= 0, or
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A= 2w - p) (3.6)

where A is the spacing between adjacentPf's. Thus, an n-string consists of n 8's
spaced 2(m -p) apart in the imaginary direction, all with the same real part. This
is shown in Fig. 3. If n such points cannot be fit within -m < Im B £ w, the n-
string is not allowed by the PBC's. An n-string may exist for (g—j)ﬂ <u<T,

In order to discuss the excitations available for a given value of the coupling
parameter u, we divide the domain (0, 7) into intervals Ir where r is an integer.
u e Ir will denote a value in the range (TET) <y < (%21—) n. Thus, for
e Ir’ n strings for n< r + 2 are permitted. We shall see, however, that in the
presence of the Dirac sea, the character of the r + 2 and r + | string is different
from the character of the n <r string. For u € Ir’ the largest two n-strings
(namely n =r +2, r + 1) require {n - 2) holes at a, +im while all other n-strings
(namely n <r) require n holes at a +1m. Anr+2 (or r + 1) string state has 3 free
parameters. They are A, the location of the string, and the location of the 2 holes
in the Dirac sea which were not forced to be at @ . +iT. An n-string for n< r has
only | free parameter, namely o, since all n holes are in this case required to be at
o +im. We will find that the two longest string states correspond to an unbound
fermion-antifermion pair, while the smaller strings correspond to bound states.

The restriction on the placement of holes in n-string states described above
will now be shown to follow directly from the PBC's. The first step in this
demonstration is to compute the phase shift suffered by a vacuum particle labeled

by B =im+ a (@ real) due to an n-string at a. This will be called ¢ @, ). We

define

F (a) = 2 tan'l{cot.'%— tanh % B} (3.6"
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so that FZ(B) is the phase shift. As always, we choose the principle branch for
tan_l. The sum of phase shifts is computed using the form of ¢{3) given in Eq.
(2.15c). When we add the phase shifts due to each mode in the n-string, the sum

telescopes,with the result (for n > 1)

$ n(a, as) = le(‘m + Q- as)+ Fn_l(in+a —as)-Ae(u-as) {n odd)

¢ leya)d = F o (a-a)+F @ -a)-Ac(a-a) (neven) . (3.7

Here the A's are the constant multiples of T needed to match the branches of the
left and right-hand sides of the equations. They can be determined by examining
the equations in the limit Re g+ t o, From Eq. (2.15b), we see
¢n(a, aS) + n( 7~ 2y) in this limit. By computing the limits of the F_, we find for
H € [, A= (n-2)m for the r + 2 and r + | strings, A = n7 for even n strings with
n <r,and A = (n~2) 7 for odd n-strings with n < r. This specifies the phase shifts to
be used in the PBC's.

As we saw from the analysis of the l-string (Eq. 3.4), the discontinuity of
<bn(ao, as) at o = e is of central importance in determining the proper
placement of modes along the ir line. This discontinuity is readily computed from
Eqg. (3.7) and the knowledge of A. For even strings, the F's are continuous, and the
sole source of the discontinuity is the e{a) in Eq. (3.7). Thus, the discontinuity is
—2mn — 2) for the longest even n-string. For the smaller even n-strings, the jump is
~2mh. Odd n-strings have an additional discontinuity due to the fact that the F's
are discontinuous (containing coth (o -as)) with total discontinuity 27. For the
longest odd n-string, the discontinuities of le and F__, cancel, leaving a total

discontinuity of -2 nn - 2). For the others, the discontinuities add, leaving a total
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discontinuity -Zwn. Thus, for p € Ir’ the n=r+2 and r + ! strings have a

discontinuity in q’n of -2m(n - 2), and the others have a discontinuity of -2rn. This

is also valid for the | string.
We can now analyze the PBC's for vacuum modes in the presence of an n-
string. First, consider the filled Dirac sea. This has no holes (ni -0,y = 1), and the

rapidities of the vacuum modes at B1 =17 +a; satisfy

. 2y
m, sinh o = T *L § cl:(ui - al.) . (3.8a)
Suppose we put an n-string between o and . (e.g. @< ag <o s see Fig.
4).  The rapidity gap between these modes is O(1/L). The new PBC's are
-2y - =1 = =
mysinho; = —=+7 ] (g, - @)+ ¢ (oo ) . (3.8b)

We can construct an approximate solution to these equations by setting Ei =0,
because the extra term ¢, is a sum of a finite number of terms each O(1/L). We
must, however, change ﬁi by introducing an appropriate number of holes, i.e.,
L R L I {where Gy < < am+1)‘ This can be seen by subtracting the i = m

Eq. (3.8b) from the i = m + 1 equation, and using Eq. {3.8a) this gives
m sinh a_ , - m_sinh _2_11_(5 -n )+ lEdJ(OI -Ol)-isz(d -Ot):l
o n+l o % F LT 'mel " m L ; m+1 i L m j
+i{a (o a)-0 (a_,a)
L nom+l' s nom? s
~H_)++ Disc (0)
m’ L n

Since the vacuum distribution has Nl =N = 1, we conclude

—
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~

Ah = Z%Disc(@ﬂh-l . (3.9)

n -
m

m+l
Eq. (3.9} leads to the hole counting described above. For u € I, the (r + 2)- and
(r + 1)-strings have discontinuities -2w(n - 2}, or, according to Eq. (3.9), (n - 2) holes
(nn+l -n, =1 means no holes). The n strings with n <r have discontinuities of
—21n, or, according to Eq. (3.9), require n holes at im +a ¢ for their construction.

In particular, for p € I0 (i.e. 0<u < 7/2), a | string has {-1) holes. This is
precisely the situation found in Eq. (3.4), namely, there were two solutions to the
periodic boundary condition equation for the vacuum distribution over the 1 string.
As Y increases towards m/2, these solutions approach one another. When W is
slightly greater than w/2 (u € I}), we know a 3-string is allowed. It has modes at
Ima=0and Ima = ti(n- 2¢) where u=(n/2) +e. We can add 27i to the mode at
-i(m - 2 €) bringing it to i{ w+ 2€). In this way, the two new modes might be thought
of as the two solutions to the vacuum PBC's which were approaching each other for
Y <7 /2. Instead of colliding (and causing ]al...anl... > to vanish) they move aside
(see Fig. 3) causing the | string with -1 holes {part of an unbound fermion-
antifermion state) to evolve into a 3-string with | hole (part of the unbound
fermion-antifermion state in the region Il). A similar picture may be constructed
for the evolution of this fermion-antifermion state into the region IZ’ and so on.

One can also be constructed for even strings.
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IV. THE SPECTRUM
Now that we understand the character of the states allowed by the periodic
boundary conditions, we can use the PBC's to compute energies and momenta.
First, consider the ground state. As L+ =, the modes along ImB8 =T approach a
continuous distribution. Expecting 0., 2o, - o; | to be O{1/L), we define

p(a) = ﬁm . (4.1)

If the modes filled for the vacuum are {i7 + ai} , they satisfy

2,
1

L

=t

m _sinh &, = +
onhL

1 ¢lo;-a j) . (3.8a)
!

Subtracting the th equation (3.8a) from the (i - 1)st, we get
2
(rno cosh Oti)(AOLI)= 'T-II‘ +l‘L Jz [¢(0‘.1 - G]) - ¢(ai-l - j) ]

l ]
mocosh a = 2np@a) + ; AOl]- (m*]') a—ai'¢(ui—uj)
A

m,cosh a = 2mpla) + [ da'pla?) Bi pla~a . (4.2)
-A a

Here a rapidity cutoff A has been introduced. The Dirac sea is filled up to

rapidities of * A. This equation can be solved in the limit A >, yielding

pla) = my (2%%—‘;) -V o ya (4.3)

where vy satisfies
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sin(r-2Wy
sin Ty -7

Possible values of y are %, n—TI—p’ etc. In free field theory, we know

po(o.) = m cosh & The only choice for Y yielding this in the limit W= /2 is

Y = g-rﬁ . This choice does not cross any other choice for 1> /3, In particular, it

is the only value of v that develops continuously from the free field value for

u >7/2, the region of interest for the study of bound states. At W =7/3, the

solution y =7 /2p crosses the choice nT:

For y < n/3, the simple cutoff used in
(4.2) must be modified. This problem is best understood by comparison with the
eight-vertex model (see Sec. V). For the remainder of this Section we will assume
u >mu/3.

The bare mass, m, appears multiplied by a cutoff dependent factor e(l'Y)A.
In the remainder of this section we will study the excitation spectrum and find that
the combination moe(l'Y)A is finite and proportional to the physical mass in the
limit A -, Thus, o) is completely cutoff independent, and, in fact, of the same
form as p (o) (w=7/2). The only differences are the appearance of a
renormalized mass and a rapidity rescaling {a > ya ).

We now turn to computing the spectral properties of n-strings. The vacuum
distribution will be affected by the presence of an n string. First of all, we must
include the holes an n string requires. Recall that in the neutral charge sector with
u € Ir’ n strings withn=r+2orr+ 1 needn-2holesatinm Qg and two others
somewhere in the vacuum distribution. The n-strings with n <r need n holes at
iTt+0:s. In addition to introducing holes along the iw line, the presence of an n
string shifts the remaining a, of the vacuum distribution. This results from the

fact that the new Dirac sea satisfies PBC's with extra phase shifts from the n-

string. The addition of a finite number of terms each O(1/L} is expected to shift
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the o;'s of the undisturbed Dirac sea by O(1/L). Since the number of modes in the
sea is O(L), this gives a contribution to the energy which is finite as L +o, We wiil
refer to this effect as the "backflow" of the Dirac sea. It must be taken into
account if we are to compute the energies of states properly.

Consder an n-string whose real coordinate is a. The perturbed Dirac sea has
modes at {iTr+'o_ti }, where Ei are real. There are n holes at B(ih) =im+ Qy,
S(Zh)ziw+ Qo and th):... =8;h)=11r+ o For n <r, =0y = Ao The
undisturbed vacuum has particles of rapidity {im + @ % The PBC's for the sea
modes in an n string state are

2mn,

T i 1 = =\ 1 .(s)
mosinh & = ~1— +T JZ ﬁai-aj)wf_ ¢ Gi’ as) (4.3)

{s)

where dln

is given by Eq. (3.7). An integral equation describing the backflow is
obtained by subtracting the PBC's for the undisturbed Dirac sea from those of the
excited state, Eq. (4.3). If ﬁi' = n;, we subtract the (i')JCh Eq. (4.3) from the Ak Eq.

(3.8a). This is shown in Fig. 6. Let m{ai) = (Ei'- a)L. (Ei' - a;) is expected to be

O(1/L), so w(a) should have a {inite limit. Then,

wio.) wlo.) w.)
(moc°5h O‘i) - ct § [a‘%}"t’(“i'“j)][ T - T :]

v o lap a1 (-l - o) -1 ola; - a) - 16 a; - ay)

(mgcosha) wle = J da'pla) fwle) - oled] 5 oo - ) ve (@09
-(n-z)da—as)- olo-ay)- e - as)

Using Eq. (4.2), we finally obtain
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27F(a) = 9 (a, ag-(n-2)oa - ag - ola - a)) - ¢la- ay)
- [ do'Fla) é@& ola - o) . (4.4)
Here, the limits of integration can be extended to infinity since the integral is

found to be convergent. Now we have a simple convolution equation which can be

solved via Fourier transformation. Letting
Fly) = [ da e F(q) (4.5)

we find that

Ky; A @)y a 2)

Fly) = — — (4.6)
2n(1 + Kly))
where
Mos a0y, 0)) = ¢ (a,0)-(-2)60 -a)-dla-a,)-¢(a- as) (4.7)
and ‘f(y; Qo 50 2) is its Fourier transform. Also,
9 _ 1 -iay 9 _ sinh (m - 2ply
Kiy) = 27 [ dae an $l) = sinhTy ' (4.8)

F(a) can be found by inverting the Fourier transform (4.6). Using this result, we
can compute the energy and momentum En and P of an n-string state relative to
the ground state. The energy is obtained by subtracting eigenvalues of the form

(2.20), giving
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) h
E, = } m, cosh E,(is - ) m cosh Bi() + 7l m

cosh 8, - m, cosh §; ]
string holes sea

o]

(s)

=m_ ) cosh B;

. +m_ [ (n - 2)cosh ag + cosh o) + cosh a1 +B_ (4.9a)
string

where 5.1(5) and Bi(h) are the positions of the n-string modes and holes respectively,

i.e. B;S) =ag+ in-yw) with 2=(-1), ([-=-3).,(n- 1), B(lh) =im+ ap
85 = im+ 0y 8 = =g ™ain 4 o with @, =, 0, if 0 <r. Similarly, the

momentum of an excitation is

. (s) . (h)
Pn = X m, sinh Bi - z m, sinh Bi
string holes

+ 3 [ m sinh 8 -m

sinh B ] . (4.9b)
sea ° 1

The first two terms in (4.9a) will be called the "bare" energy of the n-string and

holes. The last term constitutes the backflow energy of the Dirac sea. For L + w

it can be written

B = m_ ] [ cosh B; - cosh 8,1
sea

= -mg jA daF(a)sinh o (4.10)
-A
where we have used Bi =im+ Oy & real. The backflow momentum may also be
written as an integral over F(a). Note that these integrals require a cutoff, which
will ultimately be absorbed into a renormalized mass. As in the ground state
integral equation, a sharp cutoff in rapidity is suggested by comparison with the 8-

vertex model (see Section V).
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To compute the backflow integrals, we will use Eq. (4.6) directly by
introducing the Fourier transform F(y) into (4.10) and doing the a integral first.

The Fourier transforms of @n and ¢ which appear in Eq. (4.6} are given by

iy

» 2m S 1 . . ,
tbn(y, o,-,s) =5 e SR Ty I:smh [(h-Dm-(n+ Duly+sinh{n-1{n-uly {&.11a)
—(n-2)sinhny] n=r+l, r+2
2 iasy 1
RPN - [sinh (n + 1)}(w - ply + sinh (n - 1}{w - p)y - nsinhny | n <r
ol sinh my 4.11b)
~ o Y
oly, ) = e Sk Ty sinh (m - 2p)y . (4.11c)

Now the backilow energy can be written as the difference of two terms

A ta
B, = - = [ doae %F(a)

m A o iy T(y; gy Oty az)

e =
-A — 2m(1 + Kiy))

m . .
__ o Ay dy iy 1 sinhTy  Ky)
=T~ 7Z7°¢ . 37 ¢ 1+iy 2sinh(m-ply cosh py 2n

(4.12)

There is also a term proportional to e'A which vanishes in the limit A + «. The y
integral may now be done by contour integration, closing the contour in the upper
half plane. For u> w/3, the leading poles areaty =iandy =-% . Other poles give

contributions which are down by positive powers of e"A. It is found that the
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contribution of the y =i pole {and y = -i pole from B ) exactly cancels the bare
energy. The exact expression for the energy comes entirely from the y :ié—?—l poles.

The y = #i poles contribute to the total backflow energy

Bn(y:ti) = -m_| cosh a sin n(m - y)

o = sy + (n - 2}cosh o + cosh o+ coshaz:l. (4.13)

Eq. (4.13) holds for all n-strings. It is not hard to add the energies of the modes of

an n string. The bare energy thus obtained is

o z cosh 8 -(s) _ sin n(m - p)
i

= m . cosh & . (4.14)
string ° Sin U S

From (4.13), (4.14), and (4.9a) it is seen that the y = *i poles exactly cancel the
bare energy of the n-string and holes. One may obtain similar results for the

momentum. Now we compute the contribution to the backflow energy from the

poles aty = té—"; 2 %iY. A straightforward evaluation yields, forn=r+ l orr + 2,
m, & MI-v)
B{y = *iy) = e tanmy [ cosh yo | + cosh Yoy ]

Now define the renormalized mass

tan eﬂ(l-Y)

M= My -1

(4.15)

(Note that m > 0 since we have assumed u > 1/3.) The energy of an n-string with

n=r+2orr + 1, and holes at im + Ay and iT +a, is then given by

E = m(cosh Y& + cosh yo 2) . (4.16a)
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It is worth remarking that this expression is independent of x o We interpret
(4.16a} as the energy of an unbound fermion-antifermion pair. A similar
computation shows

P = m(sinh yo; + sinh yo ) (4.16b)

Forn <r, weknow o) =a, = @ .. From (4.11b) we obtain

E = m coshya s{sin [{r + 1(m - w)y] sin [(n - 1Xm - )yl - }

sin Ty sin my

sin [n{1 - Wyl cos {m-p)yl }

= m cosh yo s{ sin my

which gives

. f 7
E = msin [’12-11\ :—I - 1) cosh Yo (4.173a)
J
. nmim ] .
P = m sin [r_x?\ 0- l) sinh ya . (4.17b)
g

This is precisely the bound state spectrum of the sine-Gordon theory computed in
the WKB approximation by Dashen, Hasslacher and Neveu.12 The parameter y is

related to the g used in Ref. 3 by

_ T {2z +7
In general terms, the effect of the Dirac sea has again been to renormalize the
mass and rescale the rapidity. The renormalized mass in Eq. (4.15) has precisely
the cutoff dependence found in the coefficient of the vacuum density of states
Eq. (4.3). Furthermore, the rapidity for these excitations is rescaled by the same

quantity as the rapidity for the distribution of the Dirac sea.
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V. THE MASSIVE THIRRING MODEL AND THE EIGHT-VERTEX
LATTICE NEAR THE CRITICAL POINT

In the preceding sections we have described an exact field theoretic
treatment of the massive Thirring model. The method begins with a diagonali-
zation of the Hamiltonian {2.1) in an unphysical Hilbert space built upon the state
| 0> defined by wl(x) lo>= diz(x) |0>=0. The physical vacuum is then described by
a Bethe wave function with all negative energy modes filled. A consistent
formulation of this step requires the introduction of a rapidity cutoif A. The
structure of the excitation spectrum is delineated by the periodic boundary
conditions, which also serve as the essential tool for computing physical quantities
such as the energy and momentum of an excitation. To gain a broader perspective
on these results, it is of great interest to explore the connection originally

discussed by Luther®

which relates the massive Thirring model to a continuum limit
of the XYZ spin chain and thus to the critical behavior of the Baxter 8-vertex
lattice. In fact, Luther's analysis and the lattice techniques of Baxter’ and of
Johnsen, Krinsky and 1’\/Ic:Coy5 provided much of the inspiration for the methods
described in this paper. A comparison of these models provides an instructive
example of the relationship between lattice statistics and quantum field theory and
also allays possible suspicions about the legitimacy of the rapidity cutoff procedure
used in section IV to regularize the divergence associated with mass renormali-
zation. The rapidity cutoff parameter A is found to be closely related to the
elliptic modulus which measures the temperature interval (T - T C) in Baxter's
parametrization of the 8-vertex model. The limit A+ « in the field theory can
then be associated with the approach to the critical point in the lattice problem.
The main intent of this section is to relate the periodic boundary conditions

for the massive Thirring model, eq. (3.3), and the subsequent spectral calculations

to the developments which follow from Baxter's fundamental equation for the
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eigenvalues of the &-vertex model transfer matrix. We begin with a brief
discussion of methods and results for the 8-vertex model and XYZ spin chain,
emphasizing only those aspects which relate directly to the massive Thirring model.
The 8-vertex model is formulated on a square lattice with toroidal boundary
conditions and horizontal and vertical bonds connecting adjacent lattice sites
(vertices). An arrow is placed on each bond, with the only allowed configurations
having an even number of arrows pointing into each vertex. This limits the allowed
vertex configurations to the eight shown in Fig. 7. Associating energies Ej’
j = 1,...,8 with these vertices, the symmetric 8-vertex model is defined by the four

vertex weights

wlzmzza w3:w4:b

w5=m6=c w-?:wg:d
where

= 8 Ej
Ujj = @ . (5.2)

Particularly useful combinations of these weights are

W o= h(c + d) W, = Hfc-d)

W3 = Vz(a - b) Wq = ;é(a + b) . (5-3)

By standard manipulations, the problem of calculating the partition function

can be reduced to that of finding the largest eigenvalue of the transfer matrix T.

-—

(5.1)
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For a lattice with N sites per row, T is a 2N>< 2N matrix labeled by the
configurations of two adjacent rows of vertical arrows. It is given by the product
of vertex weights in a row summed over horizontal arrow configurations,

specifically

T

o * Tr { Rle), @ IR@, 2,0 Rlay, aN')} . (5.4)

Here R(o,a") is a 2x2 matrix representing an elementary vertex. It is

I 2 3

conveniently written by introducing the Pauli matricesg *, 6%, g, and the unit

. 4
matrixg |,

=

f T Tan . (5.5)

(5.6)

where M is the number of rows. The partition function has important symmetry
properties which may be derived from the expressions (5.4)-(5.6). Considering Z as

a function of the four w's, one finds the following symmetries:
Z(wl, Way W3, wq) = Z(iwi, iwj, W) th) (5.7)

where 1,j,k, & is any permutation of 1,2,3,4. Included in (5.7) is the self-duality
property which relates eight-vertex models below Tc to eight-vertex models above
TC. This is the generalization of the famous Kramers-Wannier symmetry of the

two-dimensional Ising model.
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The method devised by Baxter for obtaining the eigenvalues of T is facilitated
by parametrizing the vertex weights in terms of elliptic functions. This introduces

parametersn, v, and k which determine the relative size of the vertex weights by
a:b:c:d = snlvenk) : sn(v-nyk) : sn(2n,k) : k sn{2n,k)sn(v-n,k)sn(vn,k) . (5.8)

For discussing phase transitions it is also convenient to use a related set of

parameters r, V, and g, given by

V=-i(l+k)v (5.9a)
Z = -i(l +kn (5.9b)
L = i;t (5.9¢)

Using the properties of elliptic functions under the change of modulus (5.9c),18 the

ratios of w's may be obtained from (5.3) and (5.8), giving

en(V, &) | dn(V, 2) . sn(V, 2)

Wy twytwaiw, = e © ¢ At 1 :m . (5.10)

Baxter showed that the parameter V plays a special role. Any two transfer
matrices T(V) and T(V") with the same ¢ and £ will commute for arbitrary values of
V and V'. This means that for fixed ¢ and &, the matrix T(V) is diagonalized by a
set of eigenvectors which are independent of V. In a related development, Baxter
obtained a precise relationship between the eight-vertex model transfer matrix and

the Hamiltonian of the XYZ spin chain. The latter is given by
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N
X L1 2_2 3 3
A = -»an_zl 136000 00 + 300 0 + 30700, ) (5.11)

where UJN+1 =q 1’. if the constants Jx, Jy, and J, are parametrized in terms of ¢

and 2 by

J +3.:3 = en(2g,8) :dn(2g :8) s I

SR NER ) (5.12)

then the Hamiitonian (5.11) is obtained from the transfer matrix (5.4) by the

formula

H= - 3, sn(2z, 4) %ln T(V) lv . - BN[en(2g, 2) + dn(28, ) - 11/sn(2z, 2) ¢, (5.13)

In order to restrict the range of parameters we wish to consider, let us recall
the relationship between the Hamiltonian (5.11) and that of the massive Thirring
model.® The essential connection is established by converting spin operators
g = lr’z(cr1 iicz) into fermion creation and annihilation operators via a Jordan-
Wigner transformation. Under this transformation, the J, and Jy terms in (5.11)
produce the kinetic energy and mass terms for the fermion Hamiltonian, while the
Jz term becomes a four-fermion interaction. In order for this particular
identification of spin and fermion operators to lead to a sensible quantum field
theory, JZ must be smaller in magnitude than Jx and Jy, with Jx and Jy becoming

equal in the continuum (scaling) limit. This can be accomplished in Eq. (5.12) by

choosing ¢ to be pure imaginary. Defining

C' = —lg (5-lq‘a)

g o= (1 - g (5.14b)
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and using identities involving elliptic functions of imaginary argume‘:nt,19 (5.12) can
be rewritten
Jx:Jy:JZ = Lidn(27, 8" : cen(27, %Y . (5.12"
If we choose 'real and Q< &' <1, we find
Ie> 3, > [ 3,1 (5.15)

with Jx/Jy + las ' Q.
By similar manipulations, the ratio of w's in the corresponding eight vertex

model becomes

dn(V', &' cn(Vy, 2" | sV, 1Y)

Wl :W2 H WB H Wf* =1 :d_n(m H cn(;‘,ﬂ, |) : Sﬁ(i;', 91‘) (5.10')
where V' = -iV. The massive Thirring model is associated with an eight-vertex

model near the critical point, If we restrict our consideration to V', ' real and in

the region

V[ < g < K (5.16)

with

0 < & <1 R

then we find
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Wy 2w, 2w > ]w#l . (5.17)

For any arrangement of w's, a phase transition takes place when, and only when,
the middle two w's cross.q' Thus, in the region (5.16), the critical point is
approached when w,+ w,, Le. L'+ 0. The region (5.17) differs from the
"fundamental region" considered in Refs. # and 5. They are related by a dual
transformation which interchanges W) and Wi.

The fundamental equation upon which eight-vertex model calculations are
based is Baxter's’ relation for the eigenvalues T(v) of the transfer matrix. These

eigenvalues are found to satisfy the equation

TVQW) = ¢p{v+nQv-2n) + ¢lv-nQlv+2n) (5.18)
where20
o) = [pHWIN (5.19)
n
Qlv) = I H(V—Vj) (5.19b)
j=1

and H(v) is a Jacobi eta function of modulus £'. Here the vj’s may be associated
with the set of occupied modes in a particular eigenstate. p is a normalization
constant which depends on the elliptic modulus but not on n or v. It need not be
specified further for the purposes of cur discussion.

The calculation of an eigenvalue T(v) from Eq. (5.18) proceeds in two stages.
The first step is to determine the allowed values of vj. To do this note that
H(0) = 0 and hence Q{v,} = 0, i = L,...,n. Evaluating (5.18) at each v;, the left-hand

side vanishes and we obtain a set of n equations for the vi's,



~34- FERMILAB-Pub-78/84-THY

H(Vi +T1) N n H(vi-vj+2r1)
Avom | ° jfl v, v, =2 . (5.20)

It will be shown that, in the appropriate limit, Eq. (5.20) reduces to the periodic
boundary conditions for the massive Thirring model, Eq. {(3.2). The second step in
computing T(v) is to evaluate (5.19b) using the vj's determined from (5.20) and then
obtain T(v) from (5.18), The corresponding eigenvalue of the XYZ Hamiltonian is
given by (5.13). This will reduce to a mode sum identical to those which arise as
eigenvalues of the massive Thirring model Hamiltonian.

To understand the connection between (5.20) and the periodic boundary

conditions of the Thirring model, we must study the function

F () = In [H (5.21)

where the H's are of modulus 2'. Since we are interested in the behavior of F m(v)

as &' + 0, it is convenient to consider its expansion in powers of the nome q, where
q = exp {-nKQ /K 2'} . (5.22)

Note that as &' + 0, Kg'* /2, Ky * In(4/2') + =, and hence

[\8]

I
q—— & > 0 (5.23)
£'+0
. . 19
Equation (5.21) can be expanded in powers of qs
F_(v) = In [51“(; + ron) w4 § o sin 2n¥ sin 2nmy (5.24a)
m' sin{v - m7) nel 1 - q2n n )

where
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~ TV .
V= Ry (5.24b)
IR oy : (5.240)

The right-hand side of Eq. (5.20) reduces straightforwardly to the exponenti-
ated sum of phase shifts on the right-hand side of Eq. (3.2). The eight-vertex
model parameters v and n are related to rapidity and coupling constant

(respectively) in the massive Thirring model. Making the replacement
i .
(Vi -V ]) - 'i (Bl - B]) (5.253)
n o+ Blm-p) (5.25b)

and using (5.23) we find, as ' + 0,

sinh Vz(Bi -B. - 2iy)
- — (5.26)
sinh Vz(Bi - Bj + 2iy)

Fz(vi - vj) + In

which is precisely the two-body phase shift of the massive Thirring model, Eq.
(2.15¢)

The reduction of the left-hand side of (5.20) to the corresponding Thirring
model expression is somewhat more delicate. This results from the fact that the
appropriate limit not only takes &'+ 0, but simultaneouslyvi + o, We will find

that the proper replacement is

v. > -% B + IK, (5.27)
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with B; = rapidity remaining finite in the continuum limit. (Note that Kg + ® as
L'+ 0.) Using (5.27), the desired result follows by keeping both the logarithmic
term and the n = | term in the sum in Eq. (5.2%a), which reduces to

2 -2iv

2y sin 2n + 2ig“e sin 2n

Filv) > -i(m-u)- 2e
igr
+ -i{m-u)- ¢ sinu sinh 8, . (5.28)

The first term in (5.28) represents an overall shift in the origin of momentum space
associated with the fact that the "Fermi surface" of the occupied modes in the
ground state is at (5 - p). The second term reproduces the Thirring model exponent

on the left-hand side of Eq, {3.2), specifically,

NFl(Vi) * -iL(kF + mosinh Bi) . (5.29)
Here,
kp = (m-u)/a (5.30a)
g2
m, = gz Sin u , (5.30b)

where a = L/N is the lattice spacing. This dependence of the bare mass on the
vanishing elliptic modulus and on the lattice spacing may also be obtained directly
from the XYZ Hamiltonian.® The constant term kF in (5.29) has no effect on the

integral equations, which are derived by considering differences of PBC's.
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Using the prescription {5.27) we can also consider the contribution of an
occupied mode to the energy of a spin chain in the continuum limit. It can be

4,5

shown that,”™ when 0 < Imv < VzK'k , the first term on the right-hand side of {5.18)

dominates the second term exponentially for large N. Thus, after determining the

vj's, we may compute the eigenvalue of the transfer matrix from

TW) = o+ )2 (5.31)

in the limit N+ «. The energy E of the corresponding spin chain state is found

from (5.13). Changing to real parameters, this gives

E = %1+ 9T sn(22, 2" %adv In [L(VQ:(VZSH:”

where (const.) includes those terms which are independent of the eigenstate being

+ {const.) (5.32)
v=n

considered. From (5.32) and (5.19b) it is seen that the energy can be written as a

sum over occupied modes, where the contribution of mode j is given by

1 L] d
ej = =%l +£)stn(2¢ ,R.)I:a; Fl(v-vj -n )]v:n . (5.33)

Using (5.29) and letting

I = Zasim m ? (5.34)

Eq. (5.33) becomes, in the limit &' + 0,

Ej = m cosh Bi . (5.35)
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The choice {5.34), which fixes the overall normalization of the spin chain
Hamiltonian, may be better understood by considering two special cases, the XY
chain (:lZ =0, free fermions) and the XXZ(JX = Jy, massless Thirring model). For

the XY case, the energy of a single mode ‘1521

2]
€ = = NG (1 —Yz)cosz(ka + 1/2)] % (3.36)

XY l+v
where v = (CIy - Jx) and the momentum k is measured from the Fermi surface at
r/2a. In the continuum limit y+0,a~+ 0, Y/a = m fixed, this becomes
2] Y2

2
Exy 2aJx[k +m (5.37)

The proper relation between energy and momentum leads to the choice J <= 1/(2a).

This is just (5.34) for u = 7/2, In the XXZ chain, the mode energy is17

&xz = -23x[cosu +rcosika + 7 -uY

(again measuring momentum from the Fermi surface at (% - u)/a). The continuum

limit in this case is just a + 0, whereupon
exxz * (2alsin W) x k . (5.38)

Again we are led to the choice (5.34) by requiring the proper energy-momentum
relationship for a massless particle. Finally, we note that, as £'+ 0,
1

I, = cn(2 ;',E')Jx + 35 cotH (5.39)
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which accounts for our choice Vzgo = -cot y In the continuum theory, Eq. (2.15b).
Having established the connection between the eight-vertex model formalism
near the critical point and the corresponding results for the massive Thirring
model, we can now gain a better perspective on the rapidity cutoff procedure used
in Section IV.  The limits * A on rapidity integrations (mode sums) which were
imposed somewhat artificially in the massive Thirring model arise naturally in the
lattice theory as Brillouin zone boundaries. To see this, we first note that the

quasiperiodicity of the Jacobi eta function of modulus g,

H(v+2iK,) = - q! exp (- imv /K JHOY) : (5.40)
implies that the functions defined by (5.21) have the property

F_(v+2iK 2') = ~(2immn/K g+ F () . (5.41)

If we now consider the mode energy (5.33) as a function of the rapidity B which is

related to v by (5.27), it is seen to be periodic

e(® -ZKR) = eB +2K2) . (5.42)

The ground state of the XYZ chain is obtained by filling all modes within a single

period along the line 8= + iw, which we can choose to be

2Ky < a < 2K, ) (5.43)

Thus, the rapidity cutoff is related to the elliptic modulus by A ++2K T
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The difficulties which were encountered in the continuum theory for u< /3
can be understood in the lattice formalism as resulting from an illegitimate
interchange between the ¢'+ 0 limit and a mode summation. For example,
consider the integrand in the expressions for the backflow energy, eq. (4.12). In
addition to f(y), there is a factor [1 + T((y)] -1 and a factor coming from the cutoff
Fourier transform of sinh . The difficulty for p <7m/3 stems from the fact that
the poles in I/sinh{{7~ u)y] cross the y = in/2u pole of [coshuy]'l and become
the dominant singularities. In the lattice theory this does not happen. Instead of a
Fourier transform of sinh @, the integrand in this case contains a Fourier transform
of the full Fl function (c.f. eq. (5.29)). This introduces a factor
sinh (7 — w)y/sinh Ty which cancels the [ sinh(T — u)y] L Asa result, the pole at
y = in/2u always dominates. It seems that the continuum rapidity cutoff procedure
used in Sec. IV is inadequate for the range of coupling 0 < u < /3 {(which
corresponds to —7/2 <g < — /4 in the notation of Ref. 3). For this range a more
sophisitcated cutoff (such as putting the theory on a lattice) is required. It may be
that, by paying closer attention to the infinite set of conserved currents in the
massive Thirring model, a consistent cutoff scheme could be devised for W< T/3
without resort to a lattice. Since for p < /3, certain anomalous dimensions
become large (for instance, y =(3/2) at u = W/3), there may be other operators
which must be included in the Hamiltonian in order to render the A + o limit
physically acceptable. It is likely that a careful analysis of the criticial limit of
the operators of the lattice theory would show the presence of such effects.
Indeed, such effects are known to be present in this model.22 We believe that a
thorough resolution of this problem requires the calculation of Green's functions.
For this, an operator formulation of Bethe's ansatz would be desirable. In any case

it is worth re-emphasizing that, for a broad range of coupling /3 <p <



~41- FERMILAB-Pub-78/84-THY

{(~m/t <g <+w), the continuum methods presented in Secs. I-IV provide a
consistent and exact treatment of the theory which agrees with the appropriate
limit of the lattice theory and with other known results for the massive Thirring
model. This encourages the application of such methods to other theories which
are known or suspected to have an infinite number of conservation laws but for

which a soluble lattice theory is not available.
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APPENDIX
In section II, we demonstrated that a certain Bethe ansatz state in the N = 2
sector was an eigenstate of H. In this appendix, we will carry out the
demonstration for a general state labeled by rapidities. Dealing with rapidity
rather than momentum allows us to consolidate all possible cases of "I" and "2"

particles. In terms of rapidity, we have
¥{x,q) = ( e}&aﬂu‘ I(x) + e_% a‘q’Jz(X) ) . (A.1)

This is obtained from Egq. (2.8), tan 20, = (mo/k), and the definition of rapidity.

The eigenstate is then

n
|a o> = [ dX jeeedx ¥ (Xqeex ) Hl ‘P-r(xi, a;)| 0> (A.2)
I=
with
im0 z xisinh a;
x(xl...xn) = e i g ( 1+ i;\(ai, aj)e(xi - X-)) {A.3)
I <i<j<n )
and
)\(ai, aj) = - kg, tanh Vz(ai - Otj) . (A.4)

First, we apply the kinetic term in the Hamiltonian, commuting ¢+iv xpi

through the product of \{,'f' 's to |0> The result after integrating by parts is
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r L t e,
H, ]al...an> = ) dxjaedx izl(-l‘? 0 [‘i’ (xlon PP ( e i (x;) -

=ha.
e lw;(xi))... ‘P.{-(xnan)] 0> : (A.5)

The mass term gives
o,

H T [ By
o e > = Idxl...dxnx(x) 1:21 Vlxpapdele TR+

bLao
(A.6)

e ! wg(xi)) ‘i’T(xnan):, jo>

At A=0, we have —ivix = (mosinh ai)x, so we combine appropriate terms in (A.5)

and (A.6) via

m [sinha (ey2 a\p‘{' - e'%aq;g ) + ( e'yza¢1i + ey2 amg ):]

= m_ cosh a ¥ (x, o (A.7)

As in the two-body case, we take €x)8(x) =0 to compute the derivative of X

Then, we obtain

n
VX = [mosinhmi +2 E )\(ai , O'.i)tS(xi - xi)r] X
o} o i=l o o
1:910

Putting this in (A.5) and (A.6) and using (A.7), we obtain

Z mgcosh & Jo..a >« [R> (A.8)

(He + Hyd |aoea > = !

where
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‘ Ty ¥
IR> = 2 [dxpudx x(x) L ) Aa,a )6 -x)]| ¥ o
ToogAa P
ha. -0,
+ i
(e lnp.{(xi) -e 11};2(xi)) v ¥ (xnan)] 0>
=4 ] dx x| X (%) ) Mo, Otj)é(xi - xj)(-)i-j+l e(j-icosh (o, -aj)

i jA

qf{(xi) q;;(xi) [¥'s except for i,j] |0>
The interaction term gives

Hg Ial...a.2> = 2g, I dxl...dxnx(x) 21 Z LS(xi - xj)e(j_i)(_)i-j+151nh e, - aj)

jhi :
U + .
by 0w, (x)) [¥'s except i,jl|0>

Since X is given by Eq. (A.4), this cancels | R >, and thus

Hla.a > = (Zl mccoshai) oty ar > . (A.9)
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FIGURE CAPTIONS
Filled modes in the Dirac sea for a range of couplings.
Graphical solution of periodic boundary conditions in the
presence of a mode at a = 0.

Allowed n-strings for 27 < W< 2q.

3 4

Dirac sea in the presence of a 7-string.

(a) Dirac sea with a l-string for u<m/2; note that twoa's are
labeled by N

(b) Dirac sea with a l-string for u >n /2; note that the former
1-string is now a 3-string with one hole.

Scheme for subtracting ground state from excited state mode
sums. Dashed lines indicate which ground state modes are to
be subtracted from sea modes in the excited state. Far from

the string, the x's and dots line up.

Allowed vertices in the eight-vertex model.
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