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ABSTRACT: We set up precision holography for the non-conformal branes preserving 16
supersymmetries. The near-horizon limit of all such p-brane solutions with p < 4, including
the case of fundamental string solutions, is conformal to AdS),;2 x S8P with a linear
dilaton. We develop holographic renormalization for all these cases. In particular, we obtain
the most general asymptotic solutions with appropriate Dirichlet boundary conditions,
find the corresponding counterterms and compute the holographic 1-point functions, all
in complete generality and at the full non-linear level. The result for the stress energy
tensor properly defines the notion of mass for backgrounds with such asymptotics. The
analysis is done both in the original formulation of the method and also using a radial
Hamiltonian analysis. The latter formulation exhibits most clearly the existence of an
underlying generalized conformal structure. In the cases of Dp-branes, the corresponding
dual boundary theory, the maximally supersymmetric Yang-Mills theory SYM,,;1, indeed
exhibits the generalized conformal structure found at strong coupling. We compute the
holographic 2-point functions of the stress energy tensor and gluon operator and show they
satisfy the expected Ward identities and the constraints of generalized conformal structure.
The holographic results are also manifestly compatible with the M-theory uplift, with the
asymptotic solutions, counterterms, one and two point functions etc. of the ITA F1 and D4
appropriately descending from those of M2 and M5 branes, respectively. We present a few
applications including the computation of condensates in Witten’s model of holographic
YMy theory.
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1. Introduction

The AdS/CFT correspondence [[l] is one of the most far reaching and important ideas to
emerge in recent years. On the one hand it opens a window into the strong coupling dy-
namics of gauge theories, whilst on the other hand it provides a qualitatively new paradigm
for gravitational physics: spacetime is emergent, reconstructed from gauge theory data. A
key ingredient in using gravity /gauge theory duality in such a way is the holographic dic-
tionary. One needs to know the precise relationship between bulk and boundary physics
before one can use the weakly coupled description on one side to compute quantities in
the other. In the case of asymptotically AdS x X backgrounds (with X compact) the un-
derlying principles of the correspondence were laid out in the foundational papers on the
subject [, B: for every bulk field ® there is a corresponding gauge invariant operator Og
in the boundary theory, and the bulk partition function with given boundary conditions
for ® acts as the generating functional for correlation functions of this operator.

To promote the bulk/boundary correspondence from a formal relation to a framework
in which one can calculate, one needs to specify how divergences on both sides are treated.
In the boundary theory, these are the UV divergences, which are dealt with by standard
techniques of renormalization. In the bulk, the divergences are due to the infinite volume,
and are thus IR divergences, which need to be dealt with by holographic renormalization,
the precise dual of standard QFT renormalization [{]-f, L1, [[2]; for a review see [[L0]. The
procedure of holographic renormalization in asymptotically AdS spacetimes allows one to
extract the renormalized one point functions for local gauge invariant operators from the
asymptotics of the spacetime; these can then be functionally differentiated in the standard
way to obtain higher correlation functions.

By now there are many other conjectured examples of gravity/gauge theory dualities
in string theory, which involve backgrounds with different asymptotics. The case of interest
for us is the dualities involving non-conformal branes [[[3] [[4] which follow from decoupling
limits, and are thus believed to hold, although rather few quantitative checks of the dualities
have been carried out. It is important to develop our understanding of these dualities for
a number of reasons. First of all, a primary question in quantum gravity is whether the
theory is holographic. Examples such as AdS/CFT indicate that the theory is indeed
holographic for certain spacetime asymptotics, but one wants to know whether this holds
more generally. Exploring cases where the asymptotics are different but one has a proposal
for the dual field theory is a first step to addressing this question.



Secondly, the cases mentioned are interesting in their own right and have many useful
applications. For example, one of the major aims of work in gravity /gauge dualities is to
find holographic models which capture features of QCD. A simple model which includes
confinement and chiral symmetry breaking can be obtained from the decoupling limit of a
D4-brane background, with D8-branes added to include flavor, the Witten-Sakai-Sugimoto
model [[§—[[7. This model has been used extensively to extract strong coupling behavior
as a model for that in QCD. More generally, non-conformal p-brane backgrounds with
p = 0,1,2 may have interesting unexploited applications to condensed matter physics;
the conformal backgrounds have proved useful in modeling strong coupling behavior of
transport properties and the non-conformal examples may be equally useful.

The non-conformal brane dualities have not been extensively tested, although some
checks of the duality can be found in [[[§-P1] whilst the papers [3-P4] discuss the under-
lying symmetry structure on both sides of the correspondence. Recently, there has been
progress in using lattice methods to extract field theory quantities, particularly for the
DO-branes [25]. Comparing these results to the holographic predictions serves both to test
the duality, and conversely to test lattice techniques (if one assumes the duality holds).

Given the increasing interest in these gravity/gauge theory dualities, one would like
to develop precision holography for the non-conformal branes, following the same steps
as in AdS: one wants to know exactly how quantum field theory data is encoded in the
asymptotics of the spacetime. Precision holography has not previously been extensively
developed for non-conformal branes (see however [2§-B0]), although as we will see the
analysis is very close to the analysis of the Asymptotically AdS case. The reason is that
the non-conformal branes admit a generalized conformal symmetry [P3—P4]: there is an
underlying conformal symmetry structure of the theory, provided that the string coupling
(or in the gauge theory, the Yang-Mills coupling) is transformed as a background field of
appropriate dimension under conformal transformations. Whilst this is not a symmetry in
the strict sense of the word, the underlying structure can be used to derive Ward identities
and perhaps even prove non-renormalization theorems.

In this paper we develop in detail how quantum field theory data can be extracted from
the asymptotics of non-conformal brane backgrounds. We begin in section | by recalling
the correspondence between non-conformal brane backgrounds and quantum field theories.
We also introduce the dual frame, in which the near horizon metric is AdSpi2 x S87P. In
section [| we give the field equations in the dual frame for both D-brane and fundamental
string solutions.

In the near horizon region of the supergravity solutions conformal symmetry is broken
only by the dilaton profile. This means that the background admits a generalized conformal
structure: it is invariant under generalized conformal transformations in which the string
coupling is also transformed. This generalized conformal structure and its implications are
discussed in section [{.

Next we proceed to set up precision holography. The basic idea is to obtain the most
general asymptotic solutions of the field equations with appropriate Dirichlet boundary
conditions. Given such solutions, one can identify the divergences of the onshell action,
find the corresponding counterterms and compute the holographic 1-point functions, in



complete generality and at the non-linear level. This is carried out in section [f. In partic-
ular, we give renormalized one point functions for the stress energy tensor and the gluon
operator, in the presence of general sources, for all cases.

In section [] we proceed to develop a radial Hamiltonian formulation for the holo-
graphic renormalization. As in the asymptotically AdS case, the Hamiltonian formulation
is more elegant and exhibits clearly the underlying generalized conformal structure. In the
following sections, [] and f, we give a number of applications of the holographic formulae.
In particular, in section [] we compute two point functions and in section § we compute
condensates in Witten’s model of holographic QCD and the renormalized action, mass etc
in a non-extremal D1-brane background.

In section [J we give conclusions and a summary of our results. The appendices [A, [B,
and [D] contain a number of useful formulae and technical details. Appendix [A] summarizes
useful formulae for the expansion of the curvature whilst appendix [B discusses the holo-
graphic computation of the stress energy tensor for asymptotically AdSp.1, with D = 4, 6;
in the latter the derivation is streamlined, relative to earlier discussions, and the previ-
ously unknown traceless, covariantly constant contributions to the stress energy tensor in
six dimensions are determined. Appendix [J contains the detailed relationship between the
Mb5-brane and D4-brane holographic analysis whilst appendix [D] gives explicit expressions
for the asymptotic expansion of momenta.

The results of this work have been reported at a number of recent conferences [BI]. As
this paper was finalized we received [BZ] which contains related results.

2. Non-conformal branes and the dual frame

Let us begin by recalling the brane solutions of supergravity, see for example [BJ for a
review. The relevant part of the supergravity action in the string frame is

1 1 1
S=—v— [ d¥% =g |e 2| R+4(0¢)> — —H2 ) — ———F2 ,|. 2.1
(2m) 7o/t / r—g [e + 4(9¢) 12113 2+ 21 P (2.1)
The Dp-brane solutions can be written in the form:
ds® = (H™?ds*(EPY) + HY?ds®(E7P)); (2.2)

e® — gSH(3—P)/4;
Co...p = gs_l(H_1 -1) or Fy_, = gs_l *g_p dH,

where the latter depends on whether the brane couples electrically or magnetically to the
field strength. Here g5 is the string coupling constant. We are interested in the simplest
supersymmetric solutions, for which the defining function H is harmonic on the flat space
E%7P transverse to the brane. Choosing a single-centered harmonic function

Qp

H:1+7‘7—_p7

(2.3)
then the parameter @, for the brane solutions of interest is given by Q, = d,N gslz_p with
the constant d, equal to d, = (2ﬁ)5_pf(72;p), whilst 2 = o/ and N denotes the integral
quantized charge.



Soon after the AdS/CFT duality was proposed [, it was suggested that an analogous
correspondence exists between the near-horizon limits of non-conformal D-brane back-
grounds and (non-conformal) quantum field theories [[[3]. More precisely, one considers
the field theory (or decoupling) limit to be:

r
/

/

gs — 0, o — 0, U= — = fixed, g2N = fixed, (2.4)

a

where gfl is the Yang-Mills coupling, related to the string coupling by
g3 = gs2m)P 3 (/) P72, (2.5)

Note that N can be arbitrary for p < 3 but (R.4) requires that N — oo when p > 3. The
decoupling limit implies that the constant part in the harmonic function is negligible:

D,g>N 1 D,g>N

H=1+ Q2UT-p o2 UT-p

(2.6)

where D, = d,(27)*>7P.

The corresponding dual (p+1)-dimensional quantum field theory is obtained by taking
the low energy limit of the (p + 1)-dimensional worldvolume theory on N branes. In the
case of the Dp-branes this theory is the dimensional reduction of ' = 1 SYM in ten
dimensions. Recall that the action of ten-dimensional SYM is given by

1
4g %0

SlO = /dlolﬂ\/__gTr ( anan + %&Fm[Dmdl/)]) ’ (27)

with D,,, = 0, —i4,,. The dimensional reduction to d dimensions gives the bosonic terms
d 1 i 1 i 93 2
Sqa = [ dz/—gTr —4—2F,~jFJ—§D,~XDX+Z[X,X] (2.8)
9a

where i = 0,---(d — 1) and there are (9 — p) scalars X. The fermionic part of the action
will not play a role here. Note that the Yang-Mills coupling in d = (p + 1) dimensions, gfl,
has (length) dimension (p — 3), and thus the theory is not renormalizable for p > 3. Since
the coupling constant is dimensionful, the effective dimensionless coupling constant ggﬁ(E)
is

G&(E) = ANEP, (2.9)

at a given energy scale F.

This discussion of the decoupling limit applies to D-branes, but we will also be in-
terested in fundamental strings. The fundamental string solutions can be written in the
form:

ds* = (H'ds*(EMY) + ds*(E®)); (2.10)

e’ = gsH_l/2§
By = (H_l — 1),



where the harmonic function H = 1+ Q1 / r® with Qp1 = 1N gzl6 For completeness, let
us also mention that the NS5-brane solutions can be written in the form:

ds® = (dsz(El’S) + Hd82(E4)); (2.11)
€¢ = 95H1/2;
Hy = %qdH,

where the harmonic function H =1 + QNS5/T’2 with Qngs = ng.

Whilst the fundamental string solutions have a near string region which is conformal
to AdS3 x S with a linear dilaton, they do not appear to admit a decoupling limit like the
one in (R.4) which decouples the asymptotically flat region of the geometry and has a clear
meaning from the worldsheet point of view. Nonetheless one can discuss holography for
such conformally AdSs x S” linear dilaton backgrounds, using S duality and the relation
to M2-branes: IIB fundamental strings can be included in the discussion by applying S
duality to the D1 brane case, and IIA fundamental strings by using the fact they are related
to M2 branes wrapped on the M-theory circle.

In the cases of Dp-branes the decoupled region is conformal to AdS)y2 x S8~P and there
is a non-vanishing dilaton. The same holds for the near string region of the fundamental
string solutions. This implies that there is a Weyl transformation such that the metric is
exactly AdSpi2 x S®7P. This Weyl transformation brings the string frame metric g to the
so-called dual frame metric gqua [[4 and is given by

dsﬁual = (Ne(z))cdsgtv (212)

with 5
c=— Dp. 2.13
(7-p) (2.13)

In this frame the action is
1)(p—4) 1

= 104, /= g(N 4(— L — 2.14
5= @ 70/4 /d v 7B+ T 9~ ot ) (219

with 7 = 2(p — 3)/(7 — p). The terminology dual frame has the following origin. Each
p-brane couples naturally to a (p + 1) potential. The corresponding (Hodge) dual field
strength is an (8 — p) form. In the dual frame this field strength and the graviton couple
to the dilaton in the same way. For example the dual frame of the NS5 branes is the string
frame: the dual (8 — p) form is H3 and the metric and Hs couple the same way to the
dilaton in the string frame, as can be seen from (R.1]).!

!The dual frame was originally introduced in @] and the rational behind its introduction was the
following. If one has a formulation where the fundamental degrees of freedom are p-branes that couple
electrically to a p form, then one expects there to exist non-singular magnetic solitonic solutions. Let
us exemplify this for the case of perturbative strings, where the elementary objects are strings. The
corresponding magnetic objects, the NS5 branes, indeed appear as solitonic objects. Moreover, the target
space metric and the B field couple to the coupling constant of the theory, the dilaton, in the same way, so
the low energy effective action is in the string frame. Suppose now that there is a formulation where the



The D5-brane behaves qualitatively differently, as the solution in the dual frame is a
linear dilaton background with metric E>' x R x §3:

d 2
ds3, = ds*(E>Y) +Q <T—T2 + ng) ; (2.15)
e¢ = L Fg = Qng

Nk

Holography for both D5 and NS5 branes involves such linear dilaton background geometries,
and will not be discussed further in this paper.

Here we will interested in precision holography for the cases where the geometry is
conformal to AdSy,i2 x S8~P; this encompasses Dp-branes with p = 0,1,2,3,4,6. In all
such cases the dual frame solution takes the form

2 dU2
ds? g = a'dS™" (D;l(gﬁN)_lUE’_pdf(Ep’l) + o7 T dag_p> ; (2.16)
1 _ _ _3\(7-p)/4
e¢ — N(Qﬂ-)2 pDI()?) p)/4 ((ggN)Up 3)( p)/ ’
with the field strength being
Fs_p = (7= p)d,N(a) TP/ 240 . (2.17)

Note that the factors of o/ cancel in the effective supergravity action, with only dependence
on the dimensionful 't Hooft coupling and N remaining. It is convenient to express the
field strength magnetically; for p < 3 this should be interpreted as Fj,;o = *F3_,, with the
Hodge dual being taken in the dual frame metric.

Changing the variable,

2
uw? = R™3(DpgiN)'UP, R= 5 (2.18)
brings the AdS metric into the standard form
= du?
dsgua = /dj " [R2 <? + u2d32(Ep’1)> - daé_p] : (2.19)

(p—3)(p—7)

¢ 1 2—p( 2 VA 30 (2, 2y e

e? = N(27r) (93N)26-r D, (RPu?) '@
with the field strength being (.I7). Note that by rescaling the metric, dilaton and field
strength as

2 (3—p)

_2 (7—p) IR ~
ds? . =a'd) " ds’; Ne® = (2%)2_p(g§N)72(5*7;) D" Fy o, =d,N(a) PR,

elementary degrees of freedom are p-branes. Then one would anticipate that there exist smooth solitonic
(6 — p)-brane solutions of the theory of the effective action in the p-frame, which is precisely the dual
frame. Indeed, the spacetime metric of Dp branes when expressed in the dual frame is non-singular. We
should note though that there is currently no formulation of string theory where p branes appear to be the
elementary degrees of freedom. Other special properties of the dual frame solutions are discussed in @,



the factors of D), N and the 't Hooft coupling can be absorbed into the overall normaliza-
tion of the action.

It has been argued in [[4] that the dual frame is the holographic frame in the sense
that the radial direction u in this frame is identified with the energy scale of the boundary
theory,

u~E. (2.20)

More properly, as we will discuss later, the dilatations of the boundary theory are identified
with rescaling of the u coordinate. Using (.20) and (R.9) the dilaton in (R.I9) and for the
case of D-branes becomes
6 1 ) Tep 2—p = P )
e = e (92 (u)) 3G, cqg = (2m)*"PD," VR G- (2.21)

The validity of the various approximations was discussed in [[3, B7, [[4]. In particular, we
consider the large IV limit, keeping fixed the effective coupling constant ggﬂ, so the dilaton
is small in all cases (recall that the decoupling limit when p > 3 requires N — o0). If
ggﬂ‘ < 1 then the perturbative SYM description is valid, whereas in the opposite limit
ggff > 1 the supergravity approximation is valid.

As a consistency check, one can also derive (R.21]) using the open string description.
The low energy description in the string frame is given by

1 ol ik jl
Set = — 2m)P—2 (o) P32 /deiEv —gst€ ¢Zﬁ(Fiijl)gst Gor + s (2.22)

where we indicate explicitly that the metric involved is the string frame metric. In the
case of flat target spacetime, g is the Minkowski metric and e? = g, and we recover (BH)
by identifying the overall prefactor of TrF? with 1/(4¢3). In our case, transforming to the
dual frame and using the form of the metric in (.19) we get

(p=3)
RP3dy" [ 2(p-5) 1
Sy R &\ 7=p) p—3\Z 2 .
T /d 2(Ne?) T (NuP ™) 2 (T F?) + (2.23)

Sdual = -

where now the Lorentz index contractions in TrF? are with the Minkowski metric. Identi-
fying now the overall prefactor of TrF? with 1/(4g3) is indeed equivalent to (R.21)).

As mentioned above, we will also include fundamental strings in our analysis, exploiting
the relation to D1-branes and M2-branes. In this case we focus on the near string geometry,
dropping the constant term in the harmonic function, and introduce a dual frame metric
ds? .1 = (Ne?)¢ds? with

2

=—c F1 2.24
c 3 ’ ( )

with the dual frame metric being AdSs x S7. The detailed form of the effective action in
the dual frame will be given in the next section.

The aim of this paper will be to consider solutions which asymptote to the decou-
pled non-conformal brane backgrounds and show how renormalized quantum field theory
information can be extracted from the geometry. It may be useful to recall first how the



conformal case of p = 3 works. Given the AdSs x S° background, the spectrum of su-
pergravity fluctuations about this background corresponds to the spectrum of single trace
gauge invariant chiral primary operators in the dual ' = 4 SYM theory. The spectrum
includes stringy modes and D-branes, which correspond to other non primary, high dimen-
sion and non-local operators in the dual N' =4 SYM theory. Encoded in the asymptotics
of any asymptotically AdSs x S® supergravity background are one point functions of the
chiral primary operators. These allow one to extract the vacuum structure of the dual
theory (its vevs and deformation parameters), and if one switches on sources one can also
extract higher correlation functions.

The sphere in this background has a radius which is of the same order as the AdS radius,
so the higher KK modes are not suppressed relative to the zero modes and one cannot
ignore them. It is nevertheless possible to only keep a subset of modes when the equations
of motion admit solutions with all modes except the ones kept set equal to zero, i.e. there
exist consistent truncations. The existence of such truncations signify the existence of a
subset of operators of the dual theory that are closed under OPEs. The resulting theory
is a (d + 1)-dimensional gauged supergravity and such gauged supergravity theories have
been the starting point for many investigations in AdS/CFT. Gauged supergravity retains
only the duals to low dimension chiral primaries in SYM, those in the same multiplet as
the stress energy tensor. More recently, the method of Kaluza-Klein holography [B6] has
been developed to extract systematically one point functions of all other single trace chiral
operators.

The goal here is to take the first step in holographic renormalization for non-conformal
branes. We will consistently truncate the bulk theory to just the (p + 2)-dimensional
graviton and the dilaton, and compute renormalized correlation functions in this sector.
Unlike the p = 3 case one must retain the dilaton as it is running: the gauge coupling of
the dual theory is dimensionful and runs. Such a truncation was considered already in [[[4]
and we will recall the resulting (p + 2)-dimensional action in the next section. Given an
understanding of holographic renormalization in this truncated sector, it is straightforward
to generalize this setup to include fields dual to other gauge theory operators.

3. Lower dimensional field equations

The supergravity solutions for Dp-branes and fundamental strings in the decoupling limit
can be best analyzed by going to the dual frame reviewed in the previous section, (R.13)
and (R.24). The dual frame is defined as ds?_,; = (Ne?)°ds?, with ¢ = —2/(7 — p) for
Dp-branes and ¢ = —2/3 for fundamental strings. The Weyl transformation to the dual
frame in ten dimensions results in the following action:

N? 1
S=———— [d"° N7 |R 0¢)? — ————— | Fs_,| 3.1
oyt | ACEVANER Rt 500 — sl (3.1)
where the constants (3,7) are given below in (B.5) for Dp-branes and (B.§) for fundamental
strings respectively. Note that it is convenient to express the field strength magnetically;
for p < 3 this should be interpreted as Fj, 4o = *F3_,. From here onwards we will also work
in Euclidean signature.



For p # 5, the field equations in this frame admit AdS,;2 X 58P solutions with linear
dilaton. Ome can reduce the field equations over the sphere, truncating to the (p + 2)-
dimensional graviton g,, and scalar ¢. For the Dp-branes the reduction ansatz is

dsia = /' d, (R* Gy () datda” + dQZ_,); (3.2)

Fyp = (7= p)g; " QpdQs—p;
e? = gy(r2R2)P=T-P)/4(5-p) S

with 75 7 = Q, and R = 2/(5 — p). The ten-dimensional metric is in the dual frame and
prefactors are chosen to absorb the radius and overall metric and dilaton prefactors of the
AdS), 12 solution. For the fundamental string one reduces the near horizon geometry as:

ds}ua = o/ (A N"HY3(R2G,, (2P )dzt dz” + dO2); (3.3)
H7; = 6Qp1dQd7;
€¢ = gs(roR)3/2e¢7

where H; = *Hs, 18 = Qp; and R = 2/(5—p). It is then straightforward to show that the
equations of motion for the lower-dimensional fields for both Dp-branes and fundamental
strings follow from an action of the form:

S=—L / A2\ /G [R + B(04)? + C]. (3.4)

Here d = p + 1 and the constants (L, 3,7,C) depend on the case of interest; since from
here onwards we are interested only in (d + 1)-dimensional fields we suppress their tilde
labeling. For Dp-branes the constants are given by

_2(p—3) _ A=D1 -4
V= g TP
2 1
R=s— C=30-p)(7-pR? 3.5
5—p 59 =) (7= )R, (3.5)
L Qs_prg7—p)2/(5—p)R(Q—p)/(5—p) _ (de)(7—p)/(5—p)g§(p—3)/(5—p)R(g_p)/(5_p)
(2m)7a 647 (5+)/2(27) (P=3)(p-2)/(G-p) [ (252)

For the fundamental string one gets instead:

2
v = 3’ B =0, C =6, (3.6)
Q7T9 gsN3/2(a’)1/2

o

A@m)Tg2 ()t ev2 ]

This expression is related to that for the D1-brane background by gs — 1/gs with o/ — o/gs,

L =

as one would expect from S duality. The truncation is consistent, as one can show that
any solution of the lower-dimensional equations of motion also solves the ten-dimensional
equations of motion, using the reduction given in (B.J). Note that more general reductions
of type II theories on spheres to give gauged supergravity theories were discussed in [BY].

— 10 —



These reductions would be relevant if one wants to include additional operators in the
boundary theory, beyond the stress energy tensor and scalar operator.
In both cases the equations of motion admit an AdS4y1 solution

dp®  dxidx’
2 iaL”
e? = p°,

where i = 1---d. Note that p is related to the radial coordinate u used earlier by p = 1/u?.
The constant « again depends on the case of interest:

_ =73,
3

Note that for computational convenience the metric and dilaton have been rescaled relative
to [[[4] to set the AdS radius to one and to pull all factors of N and g, into an overall
normalization factor. The radial variable p then has length dimension 2 and e has length
dimension 2c.

For arbitrary d, 8 and =, the field equations for the metric and scalar field following

from (B.4) are?

_R,uz/ + (72 - ﬁ)a,ugbaugb + 'VV,uaV(JS + %QMV[R + (ﬁ - 272)(a¢)2 - 2’7V2¢ + C] = 0’
YR — 37(99)* + Cy = 28V?¢ = 0. (3.9)

These equations admit an AdS solution with linear dilaton provided that o and C satisfy

e 1 o= d0? =B +7)d(* = B) +5) (3.10)

207~ B) RO

We can thus treat both Dp-brane and fundamental string cases simultaneously, by process-

ing the field equations for arbitrary (d,3,7) and writing (a, C') in terms of these parame-
ters. It might be interesting to consider whether other choices of (d, 3,7) admit interesting
physical interpretations.

By taking the trace of the first equation in (B.9) and combining it with the second one
can obtain the more convenient three equations

2 2
+d(y? —
_R;w + (72 - 6)8;1(2581/(25 + ’Yvuau(b - %Quu = 07 (3'11)

d(y* — B) +1°)

V2¢+,Ya¢2_7( :07
OO = =y

(d(v* = B) +7*)(d(* — B) — B)

R+ B(0¢)” + =0,
(©0) (7? = B)?
where the last line follows from the first two.
2Qur conventions for the Riemann and Ricci tensor are R% ., = =200, — 20w o B = R pow.
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The type IIA fundamental strings and D4-branes are related to the M theory M2-branes
and Mb5-branes respectively under dimensional reduction along a worldvolume direction.
The M brane theories fall within the framework of AdS/CFT, with the correspondence
being between AdS; x ST and AdS; x S* geometries, respectively, and the still poorly
understood conformal worldvolume theories. Reducing on the spheres gives four and seven
dimensional gauged supergravity, respectively, which can be truncated to Einstein gravity
with negative cosmological constant. That is, the effective actions are simply

Sar = —Lus / 420G (R(G) + d(d + 1)), (3.12)

where d = 2 for the M2-brane and d = 5 for the M5-brane. The normalization constant is
V2N3/2 . N3

Lyog= — = . 1
M2= o4 M5 ™ 373 (3:13)
and the action clearly admits an AdSg;o-dimensional space with unit radius as a solution:
dp* 1 .
ds? = 4—/’;2 + - (dwida’ + diy?), (3.14)

where i =1,--- ,d.

Now consider a diagonal dimensional reduction of the (d+ 2)-dimensional solution over
1y, i.e. let the metric be

ds? = g, ()dz*dz” + A2@)/3 4y 2. (3.15)

Substituting into the (d 4 2)-dimensional field equations gives precisely the field equations
following from the action (B.4); note that v = 2/3, 3 = 0 for both the fundamental string
and D4-branes. It may be useful to recall here that the standard dimensional reduction of
an M theory metric to a (string frame) type IIA metric gy is

dst, = e_zd’/ggMNddexN + e4¢/3dy%1. (3.16)

The relation between dual frame and string frame metrics given in (2.13) leads to (B.17).
Note that
L = Ly(27Ry) = 2mgsls Ly, (3.17)

where we use the standard relation for the radius of the M theory circle.

The other Dp-branes of type ITA are of course also related to M theory objects: the DO-
brane background uplifts to a gravitational wave background, the D6-brane background
uplifts to a Kaluza-Klein monopole background whilst the D2-branes are related to the
reduction of M2-branes transverse to the worldvolume. These connections will not play
a role in this paper. The uplifts reviewed above are useful here as holographic renor-
malization for the conformal branes is well understood, but holography for gravitational
wave backgrounds and Kaluza-Klein monopoles is less well understood than that for the
non-conformal branes.

One could use a different reduction and truncation of the theory in the AdS; x S7
background to obtain the action (B.4) for D2-branes. In this case one would embed the M
theory circle into the S”, and then truncate to only the four-dimensional graviton, along
with the scalar field associated with this M theory circle. This reduction will not however
be used here.
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4. Generalized conformal structure

In this section we will discuss the underlying generalized conformal structure of the non-
conformal brane dualities. Recall that the corresponding worldvolume theory is SYM, .
We will be interesting in computing correlation functions of gauge invariant operators in
this theory. Recall that gauge/gravity duality maps bulk fields to boundary operators. In
our discussion in the previous section we truncated the bulk theory to gravity coupled to a
scalar field in (d + 1) dimensions. The bulk metric corresponds to the stress energy tensor
as usual, while as we will see the scalar field corresponds to a scalar operator of dimension
four. As usual the fields that parametrize their boundary conditions are identified with
sources that couple to gauge invariant operators.
Consider the following (p + 1)-dimensional (Euclidean) action,

Salgyij (z), @0y (z)] = — / "z /90) <—<1>(0)3TrFijFij + lTr <X <D2 - 4((‘;__21)) R> X>

4(1)( )Tr[X , X] > (4.1)
where g(g);; is a background metric ® () is a scalar background field. Setting
1
90y =%, )= 3 (4.2)
94

the action (JL.]) becomes equal to the action of the SYM, ;1 given in (R.§) (here and it what
follows we suppress the fermionic terms). The action (|.1)) is invariant under the following
Weyl transformations

g(o) - 6209(0), X — 6(1_%)0)( A - Ai, (I)(O) - 6_(d_4)0<1>( 0) (43)

Note that the combination P, = D? — 4(d 1)

which transforms under Weyl transformations as P, — e —(d/ 2+1)"Ple(d/ 2-1)o

R, is the conformal Laplacian in d dimensions,

Let us now define,

2 55y o_ 1 0

- 7 = 35 (4.4)
V9(0) 09 V9(0) 0% (0)
They are given by
2
Ty =T (q)(O)Fiijk +DiXD;X + (d 1 (X2Rzy DiDjX2 + Q(O)ijDzXz)
1 1 (d—2)
—9(0)ij <1‘1’(0>F2 + §(DX)2 3@ 1)RX2 4<I><0) (X, X] >> (4.5)

O="Tr (iﬂ e (X, X] > (4.6)

Using standard manipulations, see for example [§, ], we obtain the standard diffeo-
morphism and trace Ward identities,

VJ< ZJ>J —|— ((9>J82<I>(0) = 0, (47)
(T) g+ (d— )Py (0); =0,
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where (B); denotes an expectation value of B in the presence of sources J. One can verify
that these relations are satisfied at the classical level, i.e. by using ([.§) and the equations of
motion that follow from ([L1]). Setting 90)ij = 9ij> P(0) = g;2 one recovers the conservation
of the energy momentum tensor of the SYM, theory and the fact that conformal invariance
is broken by the dimensionful coupling constant. Note that the kinetic part of the scalar
field does not contribute to the breaking of conformal invariance because this part of the
action is conformally invariant in any dimension (using the conformal Laplacian). This also
dictates the position of the coupling constant in (R.§). In a flat background one can change
the position of the coupling constant by rescaling the fields. For example, by rescaling
X — X/gq the coupling constant becomes an overall constant. This is the normalization
one gets from worldvolume D-brane theory in the string frame. This action however does
not generalize naturally to a Weyl invariant action. Instead it is (R.§) (with the coupling
constant promoted to a background field) that naturally couples to a metric in a Weyl
invariant way.

The Ward identities ([L7) lead to an infinite number of relations for correlation func-
tions obtained by differentiating with respect to the sources and setting the sources to
9(0)yij = Mij» where n;; is the Minkowski metric and @) = 1/ gfl. The first non-trivial
relations are at the level of 2-point functions (z # 0).

1 (T;j(x)Tiy (0)) = 0,
& (T;5(x)0(0)) = 0 (4.9)

(T} ()T (0)) + (p — 3)%(0(3;)%(0» =0

(T (2)O0)) + (p — 3)%«9(9@)@(0» o

The Ward identities ([L.]) were derived by formal path integral manipulations and
one should examine whether they really hold at the quantum level. Firstly, for the case
of the D4 brane the worldvolume theory is non-renormalizable, so one might question
whether the correlators themselves are meaningful. At weak coupling, renormalizing the
correlators would require introducing new higher dimension operators in the action, as
well as counterterms that depend on the background fields. This process should preserve
diffeomorphism and supersymmetry, but it may break the Weyl invariance. Introducing
a new source CID{O) for every new higher dimension operator O; added in the process of
renormalization would then modify the trace Ward identity as

(1) = 3 (d— ) (0) = A, (4.10)

Jj=>0
where A; is the dimension of the operator O; (with @?0) = ®((),00 = 0,A¢ = 4). Due
to supersymmetry one would anticipate that A; are protected. One would also anticipate
that these operators are dual to the KK modes of the reduction over the sphere S®~P.
As discussed in the previous section, one can consistently truncate these modes at strong
coupling, so the gravitational computation should lead to Ward identities of the form ([L.§),
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up to a possible quantum anomaly A. A originates from the counterterms that depend on
the background fields only (g(p), ®(0),---)- In general, A would be restricted by the Wess-
Zumino consistency and therefore should be built from generalized conformal invariants.
We will show the extracted holographic Ward identities, (p.78), indeed agree with ({4.7)-
{-3)) with a quantum anomaly only for p = 4.
In a (p + 1)-dimensional conformal field theory, the entropy S at finite temperature
Ty necessarily scales as
S = C(Q%’MNv Nv)VEDTIZ} (4.11)

where V), is the spatial volume, gy is the coupling, IV is the rank of the gauge group, g%,MN
is the 't Hooft coupling constant and the ellipses denote additional dimensionless parame-
ters. c(g%,MN ,N,---) denotes an arbitrary function of these dimensionless parameters. In
the cases of interest here, scaling indicates that the entropy behaves as

S = (g2 (Ter). N, - )V, T, (4.12)

where ¢%(Tu) = g°N TI’}_B is the effective coupling constant and E((ggNTI’}_?’),N,---)
denotes a generic function of the dimensionless parameters.

Next let us consider correlation functions, in particular of the gluon operator O =
—ITr(F%+---). In a theory which is conformally invariant the two point function of any
operator of dimension A behaves as

1

(O(2)0(y)) = f(g&mN, N, - - )m,

(4.13)

where f (g%MN ,N,---) denotes an arbitrary function of the dimensionless parameters. Now
consider the constraints on a two point function in a theory with generalized conformal
invariance; these are far less restrictive, with the correlator constrained to be of the form:

(O@)0(0)) = F(ge(x), N, - )ﬁ. (4.14)

where g2;(z) = g2N|2z[>=? and f(g%¢(x), N,---) is an arbitrary function of these (dimen-
sionless) variables. Note that the scaling dimension of the gluon operator as defined above
is 4. Both ({.13) and ({.14) are over-simplified as even in a conformal field theory the
renormalized correlators can depend on the renormalization group scale u. For example,
for p = 3 the renormalized two point function of the dimension four gluon operator is

1
(O()O(0)) = f(GN, N)TP (W log(u2x2)> , (4.15)
where note that the renormalized version R# of ﬁ is given by:

R <ﬁ> = —3%53 (# log(,uzaj2)> : (4.16)

R(#) and ﬁ are equal when x # 0 but they differ by infinite renormalization at x = 0. In

particular, it is only R# that has a well defined Fourier transform, given by p* log(p?/u?),
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which may be obtained using the identity
o1 472
4 . ipx 2 2\ 2 2
/d xe'? e log(p“z®) = Lz log(p*/1*). (4.17)

(see appendix A, [E(]). Thus the correlator in a theory with generalized conformal invari-
ance is

(O()00) =R (f (e (@), pla N, ) ﬁ) (4.18)

Note that this is of the same form as a two point function of an operator with definite
scaling dimension in any quantum field theory; the generalized conformal structure does
not restrict it further, although as discussed above the underlying structure does relate two
point functions via Ward identities.

The general form of the two point function (4.1§) is compatible with the holographic
results discussed later. One can also compute the two point function to leading (one loop)
order in perturbation theory, giving:

4

w@wm»zcﬂwm@:ﬂme»NRCﬁgv, (4.19)
which is also compatible with the general form. (Note that although the complete operator
includes in addition other bosonic and fermionic terms the latter do not contribute to the
two point function at one loop, whilst the former contribute only to the overall normaliza-
tion.) One shows this result as follows. The gauge field propagator for SU(N) in Feynman
gauge in momentum space is

a c . a SC 1 a SC 77 v
( b,u(k) a(—k)) = chzz <5d5b - N5b5d> ﬁa (4.20)

where (a,b) are color indices. Then the one loop contribution to the correlation function
in momentum space reduces (at large N) to

o ~ 2 o 4 d ;
(O(R)O(—F)) ~ N*(d nmy/dqwmk_ﬂ? (4.21)
Using the integral
[ 1
= /d TaPTk = g 422
_ Do+ P~ d/2)0/2 = /2 =) s e
L(a)T(B)I(d —a — ) ’
one finds that
(ORO(R)) ~ N () (d — i LE=YDLE/2 = DF (4.23)

I'(d—2)
This is finite for d odd, as expected given the general result that odd loops are finite in
odd dimensions; dimensional regularization when d is even results in a two point function
of the form N2g3|k|¢log(|k?|). Fourier transforming back to position space results in

4

(O()0(0)) ~ R (”—”) , (4.24)

|z ®
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where again in even dimensions the renormalized expression is of the type given in (4.14).
This is manifestly consistent with the form (4.1§).

The structure that we find at weak coupling is also visible at strong coupling. The
gravitational solution is the linear dilaton AdSz;; solutions in (B.]) and conformal sym-
metry is broken only by the dilaton profile. Therefore the background is invariant under
generalized conformal transformations in which one also transforms the string coupling g,
appropriately. This generalized conformal structure was discussed in [RJ-PR4], particularly
in the context of DO-branes.

5. Holographic renormalization

In this section we will determine how gauge theory data is extracted from the asymptotics
of the decoupled non-conformal brane backgrounds, following the same steps as in the
asymptotically AdS case. In particular, one first fixes the non-normalizable part of the
asymptotics: we will consider solutions which asymptote to a linear dilaton asymptotically
locally AdS background. Next one needs to analyze the field equations in the asymptotic
region, to understand the asymptotic structure of these backgrounds near the boundary.

Given this analysis, one is ready to proceed with holographic renormalization. Recall
that the aim of holographic renormalization is to render well-defined the definition of the
correspondence: the onshell bulk action with given boundary values ® ) for the bulk fields
acts as the generating functional for the dual quantum field theory in the presence of sources
® o) for operators 0. The asymptotic analysis allows one to isolate the volume divergences
of the onshell action, which can then be removed with local covariant counterterms, leading
to a renormalized action. The latter allows one to extract renormalized correlators for the
quantum field theory.

5.1 Asymptotic expansion

In determining how gauge theory data is encoded in the asymptotics of the non-conformal
brane backgrounds the first step is to understand the asymptotic structure of these back-
grounds in the asymptotic region near p = 0 where the solution becomes a linear dilaton
locally AdS background. Let us expand the metric and dilaton as:

dp?  gij(z, p)dxtda’

ds? = 2Py 9L, p)OT T 1

Sy + P : (5.1)
K(z,

¢($,p) = alogp—l— %7

where we expand g(zx, p) and k(z, p) in powers of p:

9(z,p) = g(o)(x) + pg(2)(z) + - (5.2)
K(x, p) = k(o) (x) + pre) () + -

For p = 3 we should instead expand the scalar field as

¢(x,p) = k() () + pre) () + -+ (5.3)
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since « = v = 0. Note that by allowing (g(o),n(o)) to be generic the spacetime is only
asymptotically locally AdS.

Consider first the case of p = 3, so that the action is Einstein gravity in the presence
of a negative cosmological constant, and a massless scalar. The latter couples to the
dimension four operator Tr(F?). The metric is expanded in the Fefferman-Graham form,
with the scalar field expanded accordingly. By the standard rules of AdS/CFT g acts as
the source for the stress energy tensor and r(g) acts as the source for the dimension four
operator, i.e. it corresponds to the Yang-Mills coupling. The vevs of these operators are
captured by subleading terms in the asymptotic expansion.

For general p an analogous relationship should hold: g() sources the stress energy

tensor and the scalar field determines the (dimensionful) gauge coupling. More precisely,
the bulk field that is dual to the operator O in ([.5) is

(x,p) = exp (xo(x,p)) = p 2073 (Bgy(x) + pB gy (x) + ) (5.4)
P g)(x) = exp (— EZ — Z;K(O) (!17)> (5.5)

The @) appearing here is identified with @) in (E3)). It will be convenient however to
work on the gravitational side with ¢(x, p) instead of ®(x, p).

In the asymptotic expansion we fix the non-normalizable part of the asymptotics, and
the vevs should be captured by subleading terms. One now needs to show that such an
expansion is consistent with the equations of motion, and what terms occur in the expansion
for given (a, 3,7).

Substituting the scalar and the metric given in (p.1) into the field equations (B.I1])
gives

1 12, Lo g 2
TP T e (1= )2 =0 o)
1, 1 1 B Lk

—§V g+ §Vj(Trg J)+ (1 - ?>ajm€’ + ;K — Eg; Ok =0, (5.7)
[~Ric(g)—(d—2~2a7)g' ~Tr(g™ "¢ )g+p(29" —29'g™ g +Tx(g™"9")g)] ;; +
+V,0,k + (1 — %)E?majn —2(gij — pgi;)k' =0, (5.8)

dp(" + (K)?) + (8ay +2(2 — d))K' + V26 + (0K)* + 2Tr(g7 ¢ ) (ay + p') = 0,  (5.9)

where differentiation with respect to p is denoted with a prime, V; is the covariant derivative
constructed from the metric g and d = p + 1 is the dimension of the space orthogonal to
p. Note that coefficients in these equations are polynomials in p implying that this system
of equations admits solutions with g(x, p) and k(zx, p) being regular functions of p and this
justifies (5.9). To solve these equations one may successively differentiate the equations
w.r.t. p and then set p = 0.

Let us first recall how these equations are solved in the pure gravity, asymptotically
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locally AdSg4y1 case, i.e. when the scalar is trivial. Then the equations become

1 1
=7 Tr(g7'g)* + 5 Teg 9" = 0;

1, 1 B
—iv g+ §Vj(Trg 1Y)y =0 (5.10)

[~Ric(g) — (d—2)g' = Tr(97 ¢ )g + p(29" —2¢'9™"'9' + Tx(g"¢")d)],, = O,

The structure of the expansions depends on whether d is even or odd. For d odd, the
expansion is of the form

g(x, p) = g0y (@) + pgeay (@) + -+ + p7 gy (z) + -+ . (5.11)

Terms with integral powers of p in the expansion are determined locally in terms of g(o)
but g4 (x) is not determined by 9(0), except for its trace and divergence, i.e. gzé) 9(ayi; and
V'g(a)ij, which are forced by the field equations to vanish. In this case g4 () determines
the vev of the dual stress energy tensor, whose trace must vanish as the theory is conformal
and there is no conformal anomaly in odd dimensions. The fact that g(4) is divergenceless
leads to the conservation of the stress energy tensor.

For d even, the structure is rather different:

9(@,p) = gi0)(x) + pg2y (@) + - + p7(g(ay () + hiay(x) log p) + -+ . (5.12)

In this case one needs to include a logarithmic term to satisfy the field equations; the
coefficient of this term is determined by g(o) whilst only the trace and divergence of g(4) ()
are determined by g(). This structure reflects the fact that the trace of the stress energy
tensor of an even-dimensional conformal field theory on a curved background is non-zero
and picks up an anomaly determined in terms of g(g); the explicit expression for the stress
energy tensor in terms of (g(p),g(q)) is rather more complicated than in the other case but
it is such that the divergence of g(4) leads again to conservation of the stress energy tensor.

Let us return now to the cases of interest. As mentioned above, the field equations
are solved by successively differentiating the equations w.r.t. p and then setting p to zero.
This procedure leads to equations of the form

c(n, d)genyi; = f(9r)ijs K2k))s k<n (5.13)

where the right hand side depends on the lower order coefficients and c¢(n, d) is a numerical
coefficient that depends on n and d. If this coefficient is non-zero, one can solve this
equation to determine g(;,);;. However, in some cases this coefficient is zero and one has to
include a logarithmic term at this order for the equations to have a solution. An example
of this is the case of pure gravity with d even, where ¢(d/2,d) = 0. Furthermore, note that
since in (p.§) -(b.9) only integral powers of p enter, likewise only integral powers in (p.9)
will depend on g(p) and k(g). In general however non-integral powers can also appear at
some order and one must determine these terms separately. An example of this is the case
of pure gravity with d odd reviewed above, where a half integral power of p appears at

order p?/2.
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Let us first consider when one needs to include non-integral powers in the expansion.
Let us assume that p? is the lowest non-integral power that appears in the asymptotic
expansion
K(T,p) = Koy + pr) + -+ p K@) + (5.14)
95 (@, p) = gyij + PY(2)ij + -+ P 90y +
Differentiating the scalar equation (f.9) [o] times, where [0] is the integer part of o, and
taking p — 0 after multiplying with p'*?J=7 one obtains
(20 +day — d)k(2s) + aYTrge) = 0, (5.15)
Similarly, equation (f.§) yields,
(20 — d+ 2a7)9(20)ij — (Trg20) + 2620))9(0)ij = 0- (5.16)
which upon taking the trace becomes
—dk(20) + (0 — d + ay)Trguy) =0, (5.17)
If the determinant of the coefficients of the system of equation (p.15)—(p-17) is non-zero,
D= (20+4ay—d)(c —d+ay)+ayd #0 (5.18)
the only solution of these equations is
Trg2e) = K20) =0 (5.19)
which then using (p.14) implies

920)ij = 0 (5.20)

i.e. in these cases no non-integral power appears in the expansion.
On the other hand, when D = 0 equations (5.17)-(F.15) admit a non-trivial solution.
The two solution of D = 0 are 01 = d/2 — ary and 09 = 2(d/2 — ay). Clearly, o9 > 07 and

when o9 in non-integer so is o1, so a non-integer power first appears at:

d
o=z -ay (5.21)

When this holds equations (5.17)-(f.15) reduce to
Tl“g(go) + 2/4(20) =0. (5.22)

and the coefficient of g(4);; in (b.16) vanishes, so apart from its trace, these equations leave
9(20)i; undetermined. The remaining Einstein equation (F-1) also imposes a constraint on
the divergence of the terms occurring at this order, as will be discussed later. To summarize,
the expansion contains a non-integer power of p? in the following cases

-7
o=

=05 D0:0o=17/5; D1,Fl:0=3/2; D2:0=15/3, (5.23)
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and the coefficient multiplying this power in only partly constrained. As we will see, this
category is the analogue of even dimensional asymptotically AdS backgrounds, which are
dual to odd dimensional boundary theories.

The second case to discuss is the case of only integral powers. In this case the unde-
termined term occurs at an integral power p° with

o=P=T . D3.g—2% Dioc=3 (5.24)

p—25

and logarithmic terms need to be included in the expansions. In these cases the com-
bination (Trg(g(,) + 2k (24)) is determined by gy and k(). This category is analogous
to odd-dimensional asymptotically AdS backgrounds, which are dual to even-dimensional
boundary theories. The remaining Einstein equation (5.7) also imposes a constraint on the
divergence of the terms occurring at this order.

Actually one can see on rather general grounds why the undetermined terms occur at
these powers: the undetermined terms will relate to the vev of the stress energy tensor,
which is of dimension (p + 1) for a (p + 1)-dimensional field theory. However, the overall

(p—3)2/(5—p)

normalization of the action behaves as [ , and therefore on dimensional grounds

the vev should sit in the g(y5)p” term where

a2 (p—
a:(p+1)+(é_?;)) :g_g, (5.25)

which agrees with the discussion above. Put differently we can compare the power of the

first undetermined term to pure AdS and notice that it is shifted by —ay = —é’(’;_g; (for

both Dp-branes and the fundamental string). This is just what is needed to offset the

background value of the ¢?® term multiplying the Einstein-Hilbert action in (B-4), in order
to ensure that all divergent terms in the action are still determined by the asymptotic field
equations.

One should note here that the case of p = 6 is outside the computational framework
discussed above. In this case the prefactor in the action is of positive mass dimension nine,
whilst the stress energy tensor in the dual seven-dimensional theory must be of dimension
seven. Therefore one finds a (meaningless) negative value for o, indicating that one is not
making the correct asymptotic expansion. In other words, one finds that the “subleading
terms” are more singular than the leading term.

5.2 Explicit expressions for expansion coefficients

In all cases of interest 20 > 2 and thus there are gy and r (o) terms. Evaluating (F-9)
and (5.§) at p = 0 gives in the case of § = 0 and 2ay = —1 (relevant for D1-branes,
fundamental strings and D4-branes):

L (o2 ij 1
K(2) = %4 <V K(o) + g(é)ailﬁ(o)ajli(o) + mR(O)), (5.26)
1 1
9@is = 71 < = Royij + 55 R0)90)i + (Vidjk) o) + 8{1'“(0)@}“(@)
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Here the parentheses in a quantity Ay, denote the traceless symmetric tensor and V; is
the covariant derivative in the metric g(gy;;-
If 8 #£ 0, as for p = 0, 2, the expressions are slightly more involved:

1 20[ﬁ id
K(2) = v (20[’7R(0) — 2(d - 1)V2/€(0) + <T —2d + 2> (g(é)ai/ﬂ(o)ajli(o))> R

1 B
92yij = 7{1 ~ay—2 <—R(0)ij + Viajli(o) + <1 — ¥>8,-/<;(0)8j/<;(0) (527)
2
v =0 2 B ij
—2 —2(1- 5 it5(0) :
02— pa T 500 (Rm) VZh ) < 272>(9(o>5 £(0)935(0))
M = 1603 — 2(d — 1)(8ay + 4 — 2d) = %.
-p

The final equality, expressing the coefficient M in terms of p, holds for the Dp-branes of
interest here.

5.2.1 Category 1: undetermined terms at non-integral order

Let us first consider the case where the undetermined terms occur at non-integral order.
In the cases of p = 0,1,2 the terms given above in (§.27) are the only determined
terms. The underdetermined terms appear at order p®~7/(P=5 and satisfy the constraints

-7
Vv g(QU)ij - 2<1 - ? 8]'/{(0)/{(20) + g(ga)ija ’{(0) = 0. (5.29)

We will see that the trace and divergent constraints translate into conformal and diffeo-
morphism Ward identities respectively.
5.2.2 Category 2: undetermined terms at integral order

Let us next consider the case where the undetermined terms occur at integral order: this
includes the D3 and D4 branes. Explicit expressions for the conformal cases, including the
case of D3-branes, are given in [E] For the D4-branes, the equations at next order can be

solved to determine r 4y and g(4);;

1 1
Ay = 3 ((v%)@) + 6Ky + (OK)(y) + §Trg(22) + 2/{(2)Trg(2)>, (5.30)
1 1
I = 3 [<2H?2) t §Trg(22)>9(0)ij — Ra)ij — 2(9%2))ij + (VidjK) () + 20k 2)Djk g | -

where we introduce the notation

Alg(z,p), k(x, p)] = Aoy (@) + pAg) () + p* Ay(z) + - (5.31)

for composite quantities A[g, ] of g(z,p) and k(z, p). For (5.30) we need the coefficients
of A= {V?k, (dr)?, Ri;}. The explicit expression for these coefficients can be worked out
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straightforwardly using the asymptotic expansion of ¢g(z, p) and x(z, p) and we give these
expressions for the Christoffel connections and curvature coefficients in appendix [A]. Note
also that we use the compact notation

(9%))is = (9290)9@)is  Tr(g(n)) = Tr(g,0)9izm))- (5.32)

Proceeding to the next order, one finds that the expansion coefficients k) and g(g);;
cannot be determined independently in terms of lower order coefficients because after
further differentiating the highest derivative terms in (5.§) and (5.9) both vanish. Only the
combination (2 ()+Trg)) is fixed, along with a constraint on the divergence. Furthermore
one has to introduce logarithmic terms in (f.3) for the equations to be satisfied, namely

9(z,p) = g(0)(x) + pggay (@) + P9y (@) + pPg(6)(x) + p*log(p)hey(x) + -+ (5.33)
Kz, p) = Ko) (@) + pr) (x) + PPy (2) + p°K(s) (x) + p° log(p) s (z) + - -

For the logarithmic terms one finds

1

- 1
R(g) = T |:(V2/{)(4) + (6/4)%4) + 20/4(2)/{(4) — §T1“g?2) + Tl“g(g)g(4) (5.34)

+2H(2)(—Trg(22) + 2Trg(4)) + 4/4(4)Trg(2) 5

1
h)ij = { — 2R(ayi; + (=Trgly) + 2Trg(a)9(a) + 8k2)k(a))9(0yis + 2Trg(2) 945

12
—8(9(4)9(2))i7 — 8(9(2)9(a))ij + 49(nyi; + 2(Vi0jR) () + 2(0ikDi) 4y + 45 (2)9(ai5 | »

Note that these coefficients satisfy the following identities

' Trhg) + 2k) = 0, (5.35)
900y (V)i + ey Orrico)) — 20jk(0)fe) = 0. (5.36)

Furthermore, £ ), Trg) and Vig(ﬁ)ij are constrained by the following equations,

1
25(6) + Trg(ﬁ) = —6(—4Trg(2)g(4) + Trgé) + 8%(2),‘1(4)), (5.37)

Vigeyii — 201Kk + 96)i59 R o) = Tj, (5.38)

where T is locally determined in terms of (g(2n), K(2n)) With n < 2,

. 9 .
T, = VZA,'j — 28]'/1(0) (A — g/ii()’z) — QH(Q)H(4)> + Aijazﬂ(o) (5.39)

1 2
5T Vige) + 5 (k) + K205 @)
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with

1
Aij =3 ((29(2)9(4) + 9w 92)is — (92))is (5.40)
1
+§(T1"(9(22)) — Trg(a) (Trg2) + 4K(2)))9(2)ij
1

—(Trg(z) + 2/{(2))(9(4)27' - 5(9%2))@)
1 , 1 s 1. 4 1
- gTrg(Q)Trg(z) - ﬂ(Trg@)) - aTrg(g) + §T1°9(2)9(4) 9(0)ij
1 4
" <1“<2>((Tr9<2>)2 = Trgy) = 3G 2H<2>H<4>> 9<0>ij>
1 1 , 1 L B |
A= G ( - (gﬁg(mﬁg(g) - ﬂ(ﬁ9(2)> - ETFQ(Q) + §Tf9(2)9(4))
32

_3’{?2) = br2)h) — "‘%2)Tf9(2) - 2"@(4)T1"9(2)> .

We would now like to integrate the equations (5.37) and (f.3§). Following the steps
in , it is convenient to express g(g);; and K(6) as

1
96y = Aij = 5% + tigs (5.41)
1
K@) = A— ﬁS 2/4:(2)/1(4) W) + @,

where (S;;, S) are local functions of gy, k),
Sij = (V2 + 8m/€(0)vm)fij — 26mm(0)8(i/1(0)1j)m + 48i/1(0)6j/@(0)1 (5.42)
+2Rpi; 1™ — 41(Vi0;50) + Oiki(0)0j0)) + 4(9(2)9(1) — 90)9(2))is

1 m
+1—0(V,~8jB — g(o)ij(vz +0 H(O)am)B)

—i—%B + 9(0)ij < — gTrgé) — %(Trg@))?’ + gTrg(Q)Trg(Qz)
—g’f?z) - 2“(2) (Trg())* — gﬁ%z)ﬁg(z) + gfi(z)ﬁgé)>,
S = (V2 + 0" k0)Om) 1 + Dir(0) D) I — 2(0k) 7 I (5.43)
—(ViOik(o) + ak/-i(o)am(o))lkl - ZLO(V2 + 0"k (0)Om) B
+§B/{(2) - gm‘é) - %fi(z) (Tl"g(z))2 — %m%z)Trg@) + gﬁ(g)ﬁg(2)27

1 1 1
lLij = <9(4) - 59(22) + 190 (Trge) + 25(2))) tg90ub,
ij
1 1 B
I = 5(4) + 5%%2) + ZH(Q)TI“Q@) + E’
B = Trgé) — Trg(2)(Trg(2) + 4/45(2)).
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Note that these definitions imply the following identities

V'Sij = 20ik(0)S + Sij0' ko) = —4(Tr(ga)V;92) + 45y + Kin))0jk(2));  (5.44)
TI"(SZ']') + 25 = —8T1“(g(2)g(4) — 32/@(2)(%%2) + I{(4)).

Now, these definitions imply that ¢;; defined in (5.4]]) is a symmetric tensor: A;;
contains an antisymmetric part but this is canceled by a corresponding antisymmetric part
in S;;. Inserting (5.41]) in (5.37) one finds that the quantities (¢;;, ¢) satisfy the following

divergence and trace constraints:

Vitij = 28]'/4:(0)(,0 - tijailﬁi(o); (545)
1/1 5 3 SN
Trt + 2p = —3 g(Trg(Q)) — gTrg(g)Trg@) + §Trg(2) — Trg(2)9(a)

3
—15(2)(Trg(22) - (Tl‘g(z))Q) — dr(2)ka) 2’%?2)> ‘

We will find that the one point functions are expressed in terms of (¢;;,¢) and these
constraints translate into the conformal and diffeomorphism Ward identities.

5.3 Reduction of M-branes

The D4-brane and type ITA fundamental string solutions are obtained from the reduc-
tion along a worldvolume direction of the M5 and M2 brane solutions respectively. The
boundary conditions for the supergravity solutions also descend directly from dimensional
reduction: diagonal reduction on a circle of an asymptotically (locally) AdSgi2 spacetime
results in an asymptotically (locally) AdSg4.+1 spacetime with linear dilaton. Therefore the
rather complicated results for the asymptotic expansions in the D4 and fundamental string
cases should follow directly from the previously derived results for AdS; and AdSy given
in [, and we show that this is indeed the case in this subsection.

As discussed in section [], solutions of the field equations of (B.1J) are related to
solutions of the field equations of the action (B.4) via the reduction formula (B.1§). In
the cases of F1 and D4 brane this means in particular

/3 = 162“, (5.46)

p
where in comparing with (F.1]) one should note that o = —3/4,v = 2/3 for both F1 and
D4. This implies that the (d+2) solution is automatically in the Fefferman-Graham gauge:

dp?

dsiys = 12

1 o
+ —(gijda’dz? + e* dy?). (5.47)
P
Recall that for an asymptotically AdS;.2 Einstein manifold, the asymptotic expansion
in the Fefferman-Graham gauge is

dp?> 1
dsdyy = é + ;Gabda:“dxb (5.48)
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wherea =1,--- ,(d+ 1) and
G = G o)(2)+pG 2y (x)++ -+ p TG 1) jo (@) +p T 2 log () Hg1y o (x)++ -, (5.49)

with the logarithmic term present only when (d + 1) is even. The explicit expression for

G(2)(z) in terms of G g (x) is®
1 1
G(2)ab = 1 —Rgp + 2_dRG(O)ab : (5.50)
where the Ry, is the Ricci tensor of G g, ete.
Comparing (p.47) with (p.4§) one obtains
Gij = Gij; ny = 62’i. (5.51)
In particular G (g)y;; = g(0)ij and G(g)yyy = e2r ) | 50
R[G(O)]ij = R(O)ij - Vﬁjn(o) - 8m(0)8jn(0); (5.52)

R[G(O)]yy = 62“(0>(—Vi8m(0) - ai/i(o)ai/{(o)),
with R[G(g)]y: = 0. Substituting into (£.50) gives
1 1
Geij = 77 <—R(0>ij + 57905 T (Vidjs)e) + a{z’f(m@j}'f(m) » (5:53)
1 1
2K 2 2
Gy = €O <m3(o) + (V7o) + (9K () )>,

with G2y, = 0. We thus find exact agreement between G/(2);; and g(2);; in (p.26). Now
using
Gyy = €% = eZrO 2R +) = ¢2F0) (1 4 2prg) + -+ +) (5.54)

one determines k() to be exactly the expression given in (p.26).

Now restrict to the asymptotically AdSy case; the next coefficient in the asymptotic
expansion occurs at order p*/2, in G (3)ab, and is undetermined except for the vanishing of
its trace and divergence:

G5 G)ab = 0; DG 3y = 0. (5.55)
Reducing these constraints leads immediately to
9093y + 26(3) = 0; (5.56)
V9@ — 205k 0)k(3) + 9319 k) = 0,
in agreement with (f.2§) and (5.29).

Similarly if one considers the asymptotically AdS; case, the determined coefficients

G4y and H ) reduce to give (g(4), k(1)) and (h(), 7 (6)) respectively. Furthermore, the trace
of G ) fixes the combination (2r ) +Trg)). One can show that all explicit formulae agree
precisely with the dimensional reduction of the formulae in [ff]; the details are discussed in
appendix [d.

3Note that the conventions for the curvature used here differ by an overall sign from those in [ﬂ]
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5.4 Renormalization of the action

Having derived the general form of the asymptotic expansion one can now proceed to holo-
graphic renormalization, following the discussion in [[j]. In this method one substitutes the
asymptotic expansions back into the regulated action and then introduces local covariant
counterterms to cancel the divergences and renormalise the action. Whilst this method is
conceptually very simple, in practice it is rather cumbersome for explicit computations. A
more efficient method based on a radial Hamiltonian formalism [[d], [J] will be discussed
in the next section.

Let us choose an illustrative yet simple example to demonstrate this method of holo-
graphic renormalization: we will work out the renormalised on-shell action and compute
the one-point function of the energy-momentum tensor and the operator O for the case
p = 1, both fundamental strings and D1-branes.

Since in this case 8 = 0, d = €7? behaves like a Lagrange multiplier and the bulk
part of the action vanishes on-shell. The only non-trivial contribution comes then from the
Gibbons-Hawking boundary term:

Sboundary = _L/ d2l‘\/ﬁ2i>K, (5'57)

p=¢

where h;; is the induced metric on the boundary and K is the trace of the extrinsic
curvature. Since (5.57) is divergent we regularise the action by evaluating it at p = e.

We would like now to find counterterms to remove the divergences in (b.57). From the

discussion in section p.J we know the asymptotic expansion for ® and h;;(z, p) = g;(z, p)/p:

e’ 0)

(i) — > (1 +PH(2) +p3/2"i(3) -+ .. .)7 (558)

1
h = ;(9(0) +pg) + 029 + ),

where r(3) and g(3) are the lowest undetermined coefficients. Note that the expansions are
the same for both fundamental strings and D1-branes, since in both cases ay = —1/2.
Inserting the expansion (5.5§) in (5.57) we find for the divergent part

Sury = —4L / et ® [go (€2 + W2y, (5.59)
p=¢

using the formula
K=d—-pTr(g~tg) (5.60)

for the trace of the extrinsic curvature in the asymptotically AdSyy1 background. The
trace term here cancels against the one in the expansion of the determinant.
From (p.5§) and (p.24) we find

V90) = P\/ﬁ<1 + ﬁﬂﬂ); (5.61)

which allows us to write the counterterms in a gauge-invariant form:

et = —Suw =1L |

p=e

d>zvVhd (1 + iR[h]). (5.62)
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The renormalised action is then
Sren [g(o), 5(0)] = lg% Ssub [h(x, 6), (iJ(x, 6)); 6] (563)
where

Ssub = Sbulk + Sboundary + Sct
= —L[/ Bz /gd(R + C) +/ PavVhd(2K — 4 — R[h))|. (5.64)
p>e

p=€
This allows us to compute the renormalised vevs of the operator dual to ® and the stress-
energy tensor. For the former, only the boundary part contributes, since R + C' = 0 from
the equation of motion for ®. It can be easily checked that the divergent parts cancel and
we obtain the finite result

= ,fgl(m gisg - _%egﬁ(o) o <63/21\/E 5?2”0) - ge%«n LTrg(g) = =3¢ Lii(y).

(5.65)
where we used (F4) and the definition of ®. The vev of the stress-energy tensor (T};) =
lim_,o Tj;[h] gets a contribution from the bulk term as well. We can split it into the
contribution of the regularised action and the counterterms

Tijlh] = T;® + T3, (5.66)
where
Tii8[h) = 2L[@(Khi; — Kij) — 2p0,®hyj], (5.67)

1

T [h] = 2L [(i) <Rij - §ha’j - 2hij> + V20hyy = Vi0; 0|

One can again check that the divergent terms cancel and obtain the finite contribution
2 0Sien
Vh Oht

Note that the expressions for the vevs take the same form for both D1-brane and funda-

(Ty) = lim <

e—0

mental string cases. The one point functions satisfy the following Ward identities:

(T}) — 28 () (0) = 0. (5.69)
0

To derive these one needs the trace and divergence identities given in (p.2§) and (p.29) and
the relation @) = e~ 20 (see (F4)). These Ward identities indeed agree exactly with
what we derived on the QFT side, (.7)-(E.§).

The first variation of the renormalized action yields the relation between the 1-point
functions and non-linear combinations of the asymptotic coefficients. The one point func-
tions are obtained in the presence of sources, so higher point functions can be obtained by
further functional differentiation with respect to sources.
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One should note here that the local boundary counterterms are required, irrespectively
of the issue of finiteness, by the more fundamental requirement of the well-posedness of
the appropriate variational problem [[]. The conformal boundary of asymptotically AdS
spacetimes has a well-defined conformal class of metric rather than an induced metric. This
means that the appropriate variational problem involves keeping fixed a conformal class
and not an induced metric as in the usual Dirichlet problem for gravity in a spacetime with
a boundary. The new variational problem requires the addition of further boundary terms,
on top of the Gibbons-Hawking term. In the context of asymptotically AdS spacetimes
(with no linear dilaton) these turn out to be precisely the boundary counterterms, see [[]]
for the details and a discussion of the subtleties related to conformal anomalies.

5.5 Relation to M2 theory

In the case of fundamental strings these formulae again follow directly from dimensional
reduction of the AdSy case, since for the latter the renormalized stress energy tensor is

(Tap) = 3Ln G (3)ap- (5.70)
Recalling the dimensional reduction formula (.51]), and noting that
Ly = Le™™, (5.71)

one finds immediately that

(Tij) = 3Le™ g(3)ij, (5.72)
in agreement with (p.6§). Noting that Gy, = e*/3p = $2p one finds
(Tyy) = 6Le* kK 5) = —2(0), (5.73)

in agreement with (p.65). The first Ward identity in (p.69) is thus an immediate conse-
quence of the conformal Ward identity of the M2 brane theory, i.e. the tracelessness of
the stress energy tensor. The second Ward identity in (5.69) similarly follows from the
vanishing divergence of the stress energy tensor in the M2-brane theory.

5.6 Formulae for other Dp-branes

It is straightforward to derive analogous formulae for the other Dp-branes. Note that in
general there is also a bulk contribution to the on-shell action

4aB(d — 2
Son—shell = LM / d iz /ge? + L / d?zvVhe 2K (5.74)
p=>e p=¢

where h;; is the induced metric on the boundary, K is the trace of the extrinsic curvature
and the action is regularised at p = €. Focusing first on the cases p < 3 the divergent
terms are:

4 4 -2
Sdiv = —L/ d g(o)eﬁ(o)e—d/2+a~/ <2d — iﬁ + ( — M + 2d> PE(2)
p=€

v Y(d —2ay -2
2a6(d — 2ary)
- —2)pTr .
+< ’y(d—2a’y—2)+d plrge) |, (5.75)
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which can be removed with the counterterm action

S =L [ davhe'? <2d — # + Cr(R[R] + 6(8@)2)) (5.76)
p=€
1 atavieod (20D 2R g o)
p=¢€
CR = 72 _ ﬁ = D~ p.

dy?—d3—+*+23 4

Again for convenience we give the formulae both in terms of (a, 3,v) and for the specific
cases of interest here, the Dp-branes. The renormalised vevs of the operator? Oy dual to
¢ and the stress-energy tensor can now be computed giving:

1
(Op) = QULEH(O)E"‘(%), (5.77)
(Ti5) = 20Le™® g(g5)i5-

Using (f.28) and (f.29) one obtains

0= (T}) +20(0g) = (T}) + (p — 3)®(0) {O) (5.78)
0= VYT;) - %@'ﬁ(o)(@w = Vi(Tij) + 0;9()(0), (5.79)

where in the second equality we use the relation between r) and @) in (b.4) which
implies in particular that (Og) = x®()(O). These are the anticipated dilatation and
diffeomorphism Ward identities.

Next let us consider the case of D4-branes, for which one needs more counterterms:

Sy =1L / d°xvVhe?? <1o + %R[h] + %(R[h}ij — (V06 + 0;09;0))> (5.80)
p=€

L% 1 (0102

32

— 555 (BilH] = 29(V? + (8:6)*))* + ag) log )

where the coefficient of the logarithmic term a) is given by
a(G) = 6T1“h(6);
1 3 3 2 Lo 3
= g(Tl“g(z)) — s T Trg) + 5T — Trge) 9 (5.81)
3 3
_Z/{(g)Tl“gé) + Zli(g)(ﬁg(2))2 — 4/4(2)16(4) — 2/4?2).

Note that in cases such as the D4-brane, where one needs to compute many counterterms,
it is rather more convenient to use the Hamiltonian formalism, which will be discussed in
the next section. We will also discuss the structure of this anomaly further in the following
section.

“Note that (Og) = x®(0)(O). This is obtained using (@) and the chain rule.
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The renormalised vevs of the operator dual to ¢ and the stress-energy tensor can now
be computed giving;:

44
<O¢>> — _Leli(o) <8(‘0 —+ ?g((j))’ (582)
<Tz‘j> = LeF (Gtij + 11h(6)ij)7

where (t;7, ) are defined in (p.41]). Note that the contributions proportional to K (6) I6)ij
are scheme dependent; one can remove these contributions by adding finite local boundary
terms.

The dilatation Ward identity is

(T) + @(0)(0) = —2Le"©ag), (5:83)
whilst the diffeomorphism Ward identity is
v (Ti;) + 8]'(I>(O)<O> =0. (5.84)

The terms involving (hg);, K(s)) drop out of the Ward identities because of the trace and
divergence identities given in (p.39).

These formulae are as expected consistent with the reduction of the M5 brane formulae
given in [f]. This computation of the renormalized stress energy tensor for the M5-brane
case is reviewed in appendix . In fact in [[] the renormalized stress energy tensor for the
AdS7 case was given only up to scheme dependent traceless, covariantly constant terms,
proportional to the coefficient Hg)q; of the logarithmic term in the asymptotic expansion.
In appendix H we determine these contributions to the stress energy tensor, with the
resulting stress energy tensor being (B.9):

3

N
(Taw) = 3?(6%17 + 11H (6)ab)- (5.85)

The streamlined method of derivation of the renormalized stress energy tensor given in
appendix [B|is also useful in the explicit derivation of the D4-brane formulae given in ()
Dimensional reduction of the t4;, term in the stress energy tensor results in the (¢;;, ¢) terms
in the D4-brane operator vevs, whilst reduction of the H ()4 term gives the terms involving
(h(ﬁ)ij, /%(6)). The details of this dimensional reduction are discussed in appendix [J.

6. Hamiltonian formulation

In the previous section we showed how correlation functions can be computed using the
basic holographic dictionary that relates the on-shell gravitational action to the generating
functional of correlators, and we renormalized the action with counterterms to obtain finite
expressions. This method of holographic renormalization is conceptually very simple but
does not exploit all the structure of the theory.

The underlying structure of the correlators is best exhibited in the radial Hamiltonian
formalism, which is a Hamiltonian formulation with the radius playing the role of time.
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The Hamilton-Jacobi theory, introduced in this context in [, relates the variation of
the on-shell action w.r.t. boundary conditions, thus the holographic 1-point functions, to
radial canonical momenta. It follows that one can bypass the on-shell action and directly
compute renormalized correlators using radial canonical momenta 7, as was developed for
asymptotically AdS spacetimes in [[[1], [J].

A fundamental property of asymptotically (locally) AdS spacetimes is that dilatations
are part of their asymptotic symmetries. This implies that all covariant quantities can
be decomposed into a sum of terms each of which has definite scaling. These coefficients
are in 1-1 correspondence with the asymptotic coefficients in (p.1]) with the exact relation
being in general non-linear. The advantage of working with dilatation eigenvalues rather
than with asymptotic coefficients is that the former are manifestly covariant while the
latter in general are not: the asymptotic expansion (.1) singles out one coordinate so it
is not covariant. Holographic 1-point functions can be expressed most compactly in terms
of eigenfunctions of the dilatation operator, and this explains the non-linearities found in
explicit computations of 1-point functions.

6.1 Hamiltonian method for non-conformal branes

We now develop a Hamiltonian version of the holographic renormalization of these back-
grounds following closely the steps of [, [[3]. We consider the action (B.4) with the
Gibbons-Hawking boundary term added to ensure that the action depends only on first
radial derivatives (as we will see shortly), so a radial Hamiltonian formalism can be set up:

S=-L / d™x,/ge"? R + B(8¢)* + O] — 2L / d?zvVhe K. (6.1)
AdSgi1 OAdS 41

Note that we are again working in Euclidean signature. Next we introduce a radial Hamil-
tonian formulation. In the usual Hamiltonian formulation of gravity in the ADM formalism
one foliates spacetime by hypersurfaces of constant time. Here analogously we introduce a
family of hypersurfaces X, of constant radius r near the boundary and denote by n* their
unit normal. For asymptotically locally AdS manifolds there always exists a radial function
normal to the boundary which can be used to foliate the space in such radial slices, at least
in a neighborhood of the boundary.

In order to give a Hamiltonian description of the dynamics, one needs to express the
action (B.4) in terms of quantities on . In particular, this means that the Ricci scalar
in the action (B.4) should be expressed in terms of expressions which only contain first
derivatives in the radial variable. The induced metric on the hypersurface ¥, can be
expressed as Ny = Gop — Moy, With A = g7 h,y,. Now let us define the radial flow vector
field # by the relation r#J,r = 1, such that the components of r* tangent and normal to
3 define shift and lapse functions respectively:

TﬁL = hiyr? = N*; rfl = Nn*. (6.2)
Thus the metric is decomposed as

ds* = (N? + N,N*)dr* + 2N, datdr + hy,da*dz”, (6.3)
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analogously to the usual ADM decomposition.
A useful tool in our analysis is the extrinsic curvature K, of the hypersurface given
by the covariant derivative of the unit normal

K/W = ho(HV”n,,). (64)

The geometric Gauss-Codazzi equations (in the contracted form of [[1], [[J]) can be used to
express the curvature of the embedding space in terms of extrinsic and intrinsic curvatures
on the hypersurface:®

K? - K,, K" = R+ 2G,,n"n", (6.5)
VKt —0,K = G,phtn®,
EnKy + KKy = 2K[ Ky, = R;w — hhy Rpo,

where G, is the Einstein tensor in the embeddlng spacetime, K is the trace of the extrinsic
curvature, R/w is the intrinsic curvature and V is the covariant derivative on the hyper-
surface. Note that these equations become completely equivalent to Einstein’s equations,
on gauge fixing the lapse and the shift.

Combining the first equation in (6.5) with the Ricci identity R ,ntn’ = n*(V,V, —
V., V)n? the Ricci scalar can be expressed as

R=K?- K, K" + R—2V,(n*V,n") 4+ 2V, (n"V ,n"), (6.6)

Inserting this expression into the action (B.4), the last two terms cancel the Gibbons-
Hawking boundary term in (B.4) after partial integration and the remaining term is

S=-L / Az /g [R+ K* — K, K" + 3(06)* + C (6.7)
+270,n*'V,n" — 270, ¢n"'V n"].

Note that the extrinsic curvature can be expressed as

1 ~ ~
W(arh/u/ - VMNV - VVNM)7 (68)

K, =
and thus the action can be expressed entirely in terms of the fields (h,,, N#, N) and the
scalar field ¢, and their derivatives. The canonical momenta conjugate to these fields are

given by
oL oL
T = -, T = —, (69)
0hy 110,
where f = 9, f and the momenta conjugate to the lapse and shift functions vanish iden-
tically. The corresponding equations of motion in the canonical formalism become con-
straints, which are precisely those obtained from the first two equations in (f.§) and are

the Hamiltonian and momentum constraints respectively.

5 . . . . . .
°The Lie derivative in our conventions is defined as £, K, = n° Kuv,o — 2n",(uKl,)U.
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The diffeomorphism gauge is most naturally fixed by choosing Gaussian normal coor-
dinates (N* =0 and N = 1), such that

o 1.
ds* = dr® + h;(r,z)dz'da?, K;; = §hij (6.10)
nt = o, vVt =K, 'V, n" =0,

where the dot denotes differentiation with respect to r. The action becomes
S=-L / A evVhe R+ K2 — Kij K + B(6% + (8i¢)?) + C + 279 K]. (6.11)

and the canonical momenta are given by

Ty = 2B (B¢ +vK), B=—Le"Vh. (6.12)
7 = B(KhY — KY +~¢h"),

The Gauss-Codazzi identities in this gauge become:

K? - KK = R+ 2G,,, (6.13)
DK} — D;K = Gy,
K;+ KK; = R, — R},

Now consider the regulated manifold M, defined as the submanifold of M bounded by
the hypersurface ¥,,. The values of the induced fields on ¥,, become boundary conditions
for the action, and therefore the momenta on the regulating surface can be obtained from
variations of the on-shell action with respect to the boundary values of the induced fields.
The Hamilton-Jacobi identities thus allow the momenta (p.19) on the regulating surface to
be expressed in terms of the on-shell action by

_ 5Son—shell
dp(ro,z)

Since the choice of the regulator rg is arbitrary, the equations (p.17) and (6.14]) can be used
not just to compute the on-shell action and momentum on the regulating surface ,, but

o 0Son—shell

ij — _Zon—shell
7 (1o, ) Sl (ro, ) (6.14)

7T¢(7’0, x)

on any radial surface ;.
Now to calculate the regulated on-shell action one uses the first of the Gauss-Codazzi
identities, together with the field equations (B.11)):

Son—shell = —2L/ dd+1l‘\/ﬁey¢[é + ﬁ(@(ﬁ)z +C]. (6.15)
Mg

However, since the field equations follow from the variation of the bulk part of the action,
the radial derivative of the on-shell action can be expressed as a purely as a boundary term,

&WmﬂzaLL d®zvVhe?[R + 5(9;6)? + C). (6.16)

0
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From this expression follows that the regulated on-shell action can itself also be written as
a d-dimensional integral by introducing a covariant variable A,

Son—shett = —2L dd:E heﬁ/gb [K - )‘]7 (617)
S

where ) satisfies the equation

A+ AK +79) + E =0, (6.18)
p_ 0P HdP -8 2p- - -7)
(’72 - 6)2 (p _ 5)2 )

and the trace of the third equation in (.13) is used, along with the field equations (B.17).
Note that since X, is compact A is defined only up to a total divergence.
The Hamilton-Jacobi identities then imply that:

798hi; + T30 = —2LS[Vhe (K — \)], (6.19)

up to a total derivative. One can always use the total divergence ambiguity in A to en-
sure that this expression holds without integrating it over X,. First one chooses any A
satisfying (f.19), and then one calculates the variation 6[v/he?®(K — \)]. This variation
necessarily gives the left hand side of (p.19), up to total derivative terms, which can be
absorbed into the definition of A. (Strictly speaking, this argument applies only to the
local terms in A; the finite part of A as r — oo is actually non-local in the sources, and
only the integrated identity holds for this part.)

6.2 Holographic renormalization

We next turn to the formulation of a Hamiltonian method of holographic renormalization.
In the earlier sections, we discussed holographic renormalization by solving asymptotically
the field equations, as a function of sources. Here we will instead use the equations of
motion to determine the asymptotic form of the momenta as functionals of induced fields.
Such a procedure is manifestly covariant at all stages, with the Ward identities being
manifest and the one point functions of dual operators being naturally expressed in terms
of the momenta.

An important tool in the Hamiltonian method is the dilatation operator, whose eigen-
functions are covariant expressions on the hypersurface X, and which asymptotically be-
haves like the radial derivative. The radial derivative acting on the on-shell action and
on the momenta can be represented as a functional derivative, since by means of the field
equations the on-shell action and the momenta are given as functionals of h;; and ¢:

_ [ NN A
0.~ [ x<2Kw[h, g+ 6lh 0l ¢) (6.20)

where we used (6.10). Now, recall that the dilatation operator for a d-dimensional theory
on a curved background containing sources for operators of dimension A is given by

op = /dd:p (2%% + (A - d)@(s%) (6.21)

ij
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2(p—5)
(7—p)

In our case, the field ® = exp ¢ couples to O which has dimension 4. Using the chain

rule we obtain

Sp = /ddx <2hij% — 204%) =0, + O(e™"), (6.22)
ij

so indeed the radial derivative can be asymptotically identified with the dilatation operator
since asymptotically $ — —2a and h,] — 2hyj.

The next key observation is that the momenta and on-shell action can be expanded
asymptotically in terms of eigenfunctions of the dilatation operator §p. The structure one
expects in these expansions of K]’:, X and ¢ in terms of weights of the dilatation operator is
similar to the radial expansions (f.9), except that every term in the expansion also contains

terms subleading in e~
Kjh,é] = K, + K@)+ + K(a-say) + K(d—zm); loge™™", (6.23)
Alh, @] = Aoy + @)+ + Ad—2ay) + ANd—20) loge ™",
¢[h7 ¢] = p((z)()) + p((bg) +eee p((bd_gafy) + p¢(d—2o¢’y) IOg 6_2T'

(We will see that the logarithmic terms appear only if (d — 2ary) is an even integer, i.e. for
p = 3,4.) The transformation properties of these terms under the dilatation operator are:

oKy = —nKej |
5DK(d—2a~/);' = _(d - ZQV)K(d—Z:w);'a (624)
6DK(d—2a~/); = _(d - 2a7)K(d—2a7); - 2K(d—2a~/);’7

and similarly for A\; and pﬁ. Thus terms with weight n < (d — 2ary) transform homoge-
neously, whilst terms with weight n = (d — 2ay) transform inhomogeneously, indicating
that these terms depend non-locally on the induced fields. As we will see below, the terms
with weight n < d—2ary are algebraically (locally) determined in terms of the asymptotics,
while the weight (d — 2ary) terms are undetermined up to some constraints. The latter will
be identified with the renormalized one point functions and the on-shell action, which are
non-local functionals of the sources. Given a solution from which one wishes to extract
the 1-point function dual to a given field, one simply subtracts the lower weight terms in
the dilatation expansion of the corresponding momentum. We will show below how these
lower weight terms can be determined recursively in terms of the asymptotic data.

Although it is as mentioned above not necessary to compute the renormalised action
to obtain renormalised 1-point functions, the Hamiltonian method is more efficient at
determining the counterterms. The divergences in the on-shell action can be expressed in
terms of the terms in the expansions which are divergent as ro — oo. These divergences
can be removed by a counterterm action which consists of these divergent terms in the
expansions, namely:

I, =2L \/ﬁe“@( Z (K(n) — )\(n)) + (K(n) — S\(n)) log 6_2T0>. (6.25)
Xy 0<n<d—2ary
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This counterterm action also leads through the Hamilton-Jacobi relations to the covariant
counterterms of the momenta. The renormalised action is then given by the terms of
appropriate weight in the on-shell action (.17):

Lien = —2L /Z d*zVhe"? K (4-20m) — Md—20)]- (6.26)
70
The gravity /gauge theory prescription identifies this with the generating functional in the
dual field theory, and so, in particular, the first derivatives of this actions with respect
to the sources correspond to the one point functions of the dual operators. Since the
Hamilton-Jacobi relations identify these first derivatives with the non-local terms in the
expansions of the momenta one obtains immediately the relations:

<,Tz> = T(d—2ary)ij> <Od>> = (7T¢)(d—2a'y)' (627)
From (p.12) one sees that the one-point functions are given by:
<O¢> = —2Leﬁf¢(ﬂp¢(d_2a7) + ’YK(d_gaﬁ/)), (6.28)

(Tij) = 2L ((K (a—20) + Y0° (4207 )1ij — K (d-207)ij)-

Thus to obtain both the counterterms and the one-point functions one needs to solve for
the terms in the dilatation expansions.

6.3 Ward identities

The diffeomorphism Ward identity can be derived from the momentum constraint, the
second Gauss-Codazzi equation in (p.13):

ViK; =V, K = Gjp = (v = B)0j6¢ +19;0 — 7K} 06 (6.29)

Using (6.19) this can easily be expressed in terms of momenta:

v(%) = iﬁajwd). (6.30)

Expressing this identity at weight (d—2ary) in terms of one-point functions yields the Ward
identity

ﬁi <Tij> — ’y_l (O¢>ajl€(0) =0. (6.31)
which becomes of the standard QFT form ([L.7) upon expressing this identity in terms of
(O) and @ ). To determine the dilatation Ward identity one computes the infinitesimal
Weyl transformation of the renormalised action (f.20)

olren = AL | dzVR(Ne?)'[K (4-207) — Md—2a7)]00, (6.32)
=y
where one uses the non-diagonal behaviour of K (g_24,) and A(g_24) under the dilatation

operator exhibited in (f.24). However, this infinitesimal Weyl transformation is also given
by the renormalised version of the Hamilton-Jacobi relations (B.14) given by®

(5J[ren = —/ ddx\/ﬁpﬂ'(d_ga.y);: - 2047Td>(d—2ory)]60'- (633)

SWe define e.g. Ty (4—2a+) to be the weight (d — 2ary) part of 7/ v/h.
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Since these identities hold for arbitrary do we can infer the conformal Ward identity
(T}) +20({0y) = A, (6.34)
where the anomaly is given by
A= —4L[K (4_20) — MNd—20)]- (6.35)

The anomaly for the D4-brane will be computed below. Again this becomes the standard
Ward identity ([.§) (with an anomaly) upon replacing (Og) by x®)(O) (see footnote [).

6.4 Evaluation of terms in the dilatation expansion

Let us now discuss how to evaluate the local terms in the dilatation expansion. In the
previous section we have derived a number of identities which can be solved recursively
to determine terms in the expansions. In particular, applying the Hamilton-Jacobi iden-
tity (6.19) to dilatations gives

(140p)K — (d —2ay + dp)A — (dy — 2a8)¢ = 0. (6.36)

The Hamilton-Jacobi relations (6.14) and (p.13) also imply expressions for the extrinsic
curvature and scalar field momenta:

R R Ry g G U R VI (5
ij J S,
1 9

(B +K) = dlaVhe (K — \).

evh % Trg

Next one has the Einstein equations, rewritten as the Gauss-Codazzi equations (§.13).
Note that the Hamiltonian constraint in (.13) can be written as

K? — KiKY = R— 8¢” + (8 — 29°)(8:¢)* — 29V — 27K ¢ + C, (6.38)

where the field equations (B.11]) are used on the right hand side, and the double radial
derivative terms ¢ are eliminated using the scalar equation of motion. One can also use
the scalar equation of motion (the second equation in (B.11)), which in Gaussian normal
coordinates reads

. , , 2 _ 2
¢+ V3 + K+ ++(0i¢)° — ’Y(d(zﬁ _Bﬂ))—; ) _ 0. (6.39)

as well as the differential equation for A (b.1§). Not all of these identities are necessary in
order to recursively determine the lower terms in the dilatation expansion.

In practice it is convenient to first use the Hamilton-Jacobi identity (.36) to express
the local coefficients of X\ in terms of those in K and ¢:

(1= 2n)K 3y — (dy — 2a0)p? (20
d—2avy —2n )

A@n) = (6.40)
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Thus this identity ensures that all counterterms are expressed in terms of the momenta.

Next one needs to solve for the momenta, using the Hamilton-Jacobi relations, Gauss-
Codazzi relations and the scalar equation of motion. Consider first the Hamilton con-
straint (6.3§); this equation can be expanded into terms of given dilatation weight, and
solving at each weight yields a recursion relation for terms in the expansion of K;; and .
At dilatation weight zero this constraint yields merely a check of the background solution.
Noting that Ky = Kg);; K (ig) = d the zero weight constraint is

d(d—1) = —B(p(y))* — 2vdp o) + C, (6.41)
which is satisfied given that p¢(0) = —2a and the definition of « in terms of (3,d,C).

At higher dilatation weight one obtains a recursion relation for a linear combination
for K 9,y and p¢(2n) at a given weight 2n:

1 - A
K%m-%7p¢@>=:5@;:7§;;:33U%+«ﬁ-—272x6m®2——2yvﬂ¢L (6.42)
1 n—1
K on) + 0% 2n) = Nd—2a7-1) [

m=1

(K @m) K (2n—2my! — K (20m) K (21—2m))

1
> (B0 2m)P® 2n—2m) + 27K 2m)P? (20—2m)) | -

m=1

Note that if (d — 2ary) is not an even integer one immediately finds the relation

K(d—2a'y) + 7p¢(d—2ay) =0, (643)

since no terms on the right hand side can contribute at this weight. This relation precisely
corresponds to (p.29) in the old formalism, in the case where the undetermined term appears
at a non-integral power of p.

Consider next the scalar equation of motion; to express this in terms of terms of given
dilatation weight, it is necessary to expand ¢ in terms of eigenfunctions of the dilatation
operator. (Note that eliminating 6 using the other field equations does not give an identity
which is independent of (.3§).) The additional radial derivative in ¢ can be expressed
in terms of the dilatation operator by keeping higher terms in the expansion of the radial

derivative:
) .8
= [ da( 2K — + o— 44
0 /dw( 595 (6.44)
) 0
=Jdp + Z/ddx <2K(2n)ijW +p¢(2n)%> =dp + Z d(2n)-
n>1 ) n>1

Given the transformation properties (5.24) of the expansion coefficients of the momenta, the
subleading terms in the expansion of d, must satisfy the commutation relation [6p, §(2,)] =
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Solving the scalar field equation at weight zero, (6.39) is automatically satisfied given
the leading asymptotic behavior. At higher weights 2n with n > 1 a recursion relation for
a distinct linear combination of K (5, and p‘i’(gn) is obtained:

(d—2—4ay)p® o) — 20K 5 = —=V?¢ — 7(0:i¢)*, (6.45)
n—1
(d —2n — 407)p° 2n) — 20K 20) = = > _ (02m)P” 2r—2m) T K 2m)P” 201—2m))-
m=1

In the case that (d—2ay) is not an even integer, the relevant term in the recursion relation
becomes

_2a(K(d—2a’y) + /7p¢(d—2o¢'y)) =0, (646)

since no terms on the right hand side can contribute at this weight, and thus reproduces
the trace constraint (.43).

The Hamiltonian constraint (p.43) together with the scalar equation (.45) thus consti-
tutes a linear system of equations which allows one to express K (5, and p¢(2n) in terms of
lower order coefficients. One can then determine A3, from () and use the Hamilton-
Jacobi relations (6.37) to determine the extrinsic curvature K (2n)j- This is all information
needed to proceed in the recursion.

It is useful to recall here the equation (p.1§) for the variable A, which determines the
on-shell action. Here again the radial derivative can be expressed in terms of the dilatation
operator, giving:

d/2—ory
<5D + Z 5(2n)> A+ MK+ ’7(}5) + E =0. (6.47)
n=1
Note that in the case of £ = 0, i.e. for F1,D1 and D4 branes A = 0 solves the differential
equation, and thus the coefficients A(,,) consist only of total derivative terms which are

determined by (p.40).

6.4.1 Category 1: Undetermined terms at non-integral order

Let us consider first the case where the undetermined terms occur at non-integral order,
namely p < 3, and obtain the counterterms and one point functions.

The Hamiltonian constraint (f.49) together with the scalar equation (p.45) can be
solved at first order to give:

1
2(d — 2ay — 1)(d — 2ay — 2) (6.48)

x ((d—2—4ay)(R + B(8¢)%) + 2(1 + 2@7)6_7¢V2(67¢)> ;

'
)
(

P = v(d = 2ay — 1)(d — 2ay — 2)
% (va(R+ B(99)%) = (d = DeT V(7))
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Next note that the counterterms Ay, follow from (§.40), and are given by

203
Ny = 20, 6.49
(0) 5 (6.49)
R K (9) + (dvy — 2a83)p? )
@ = (d—2ay —2) '

For the cases p < 3 one only needs to solve up to this order to obtain all counterterms,
with the counterterm action being:

« 2_ N
Iy = L/E Vhe® <2d— 475 s 1):12 +g(2 5 (R+ﬁ(6¢)2)> (6.50)

d
—L Vh———V%(??).
s, (d—2ay—2) (™)

T0

This coincides with the counterterm action found earlier in (5.7(), up to the (irrelevant)
total derivative term in the second line.

Next consider the one point functions. To apply the general formula (5.2§), one needs
to relate the momentum coefficients with terms in the asymptotic expansion of the metric
and the scalar field. In the case that (d—2ay) is not an even integer, this identification turns
out to be very simple. Recall that in the original method of holographic renormalization

one expanded the induced metric asymptotically in the radial coordinate p = e™2" as

1 1(d—20
hij = E(g(o)ij + Pyt p2 R

1q_
9(d—2a)ij + pQ(d 207) In ph(d—2ory)ij +e )7 (651)
where the logarithmic term is included when (d — 2ary) is an even integer. Differentiating
with respect to r gives
Ki; = §hij

1 1 d—20m— 1
= 90y ~ P9+ p2ld=2072) <<1 —5ld- 2av)>g<d_zm)ij - h(d—2a'y)ij>

1
+pald-207-2) lnp<1 —5d- 207)) h(a—2amyij + -+ (6.52)

However, each term in the covariant expansion of the extrinsic curvature is a functional of
h;j and can be expanded as:

1 1(d—20
Koyij[h] = hij = P (g(O)ij + P9y + -+ P2 glasayis
1 —
p2(d=207) In ph(g—20-)ij + - > :
0K (95
K2)i5lh = K2)i59(0)] +P/dd$g(2)kz @8 4. (6.53)
09 (0)kt
(0)
1 (d—2ay—
K(a-20)ijlh] = p2 2K g o0 iilgo)] + 5
K(a-samijlh] = p2 92D K (g anmyiilgo) + -
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Inserting these expressions into the expansion and comparing with (6.59) implies:

K0)ijl90)] = 9(0)is3 (6.54)
K)ijl90)) = —92)ij;
1
K(a—2a-)ijl90)] = —§(d = 207)9(d-2a)ij — P(d—20y)ij T
~ 1
K(d-2ar)ijl9(0)) = —§(d = 207) h(d—20)ij -

Here the ellipses denote terms involving functional derivatives with respect to g(gy;; of lower
order coefficients g(2y)i;(9(0)]-

The formulae are thus simplified in the case where (d — 2ary) is not an even integer,
since no lower weight terms can contribute and we obtain K (j_54+)ij = —(% — )9 (d—20)ij -
Similarly treating the scalar field expansion, one finds that

7p¢(d—2a’y) = _(d - 20‘7)”(6[—2&7)7 (655)

which yields for the one point functions:

(©0) = (@~ 200) (7= ) L0 Tagia_say, (6.50)

(Tij) = (d — 2a7)Le"® g(4_2a)ij;

where we used the constraint (6.43) in the last equation. Note that the mixing of K and
<;5 in the momenta conspires to ensure that the expectation value of the energy-momentum
tensor is proportional to just g(g_say)ij, Without involving Trgg_sq,). These formulas
exactly agree with the ones in (b.77) we derived earlier (upon use of (p.21)) and (B.10)).

The D4-branes are the only case under consideration where (d—2a-y) is an even integer;
here the lower weight terms do contribute and the expressions for the vevs are considerably
more complicated. We thus turn next to the evaluation of the momentum coefficients in
this case.

6.4.2 Category 2: The D4-brane

In this section we will consider the case of the D4-branes, where (d—2ay) is an even integer,
and derive the counterterms; the anomaly term A in the dilatation Ward identity (6.34)
and the one point functions. Note that the anomaly appears only if (d — 2ary) is an even
integer, since only then do we need nonzero coefficients K (d—2a~) and ﬁd’(d_gm) of the
logarithmic terms in (6.23) to fulfill the field equations. For the branes of interest, only
the cases of p = 3 and p = 4 have anomalies, and the coefficients can be calculated from
the counterterms. The case p = 3 was discussed already in [, fland will not be discussed
further here.

The counterterms and the anomaly are found by recursively computing the momen-
tum coefficients. The Hamiltonian constraint (p.42) along with the scalar equation ([6.49)
provides a system of equations to determine K ,) and p¢(2n), whilst the uncontracted
Hamilton-Jacobi identity (.37) can be used to obtain K (gn)§-. Recall that in this case
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EF = 0, and thus A is zero, up to total derivatives. This means in particular that the
dilatation equation (p.40) can always be written as

(1= 2n)K (30) — dydan) = (d — 20y = 2n)A(an) = D7 ViYy,, (6.57)

where ® = ¢, As \is zero, up to these total derivatives, the only counterterms needed are
the K (o,), along with the logarithmic counterterm K (6)- Explicit expressions for the mo-
menta found by solving the recursion relations are given in appendix [0, with the terms K @)
and K4 agreeing with the (non-logarithmic) counterterms found previously, see (5.80).

At weight (d — 2ay) = 6 the dilatation equation (.40) breaks down and only a lin-
ear combination of K ) and p‘i’(ﬁ) can thus be determined. This however is sufficient to
determine the anomaly

o 3
(T7) = 5(0) = A, (6.58)

which is given by
A= —4LK ¢ = 2Ld(K ) + 7% ), (6.59)

where the right hand side is the combination of K ) and p‘i’(ﬁ) which is determined by ([5.43)
in terms of lower counterterms. The anomaly in terms of the momentum coefficients is
therefore:

A = 10L(K ) + 77%(6)) (6.60)
= 2L(K ;K 1] = KK 1) = K@’y — K@y’ 2):

Explicit expressions for each of these terms are given in appendix [J; the total anomaly
can then be written as

N°® jki H— 5 ]
A== 50s(a o )2 — RUMR, R, — 2072V2V,0;0RY (6.61)
1 . R o 1 R .
+§R(Rij7z” + d72(V20)?) — 5—30723 + 5vazaﬂ7z + %R(VQ + 71900, R

1 . . y . . N
—§Rij[(v2 + 19OV RY — 20 729,00 ORI — 26739 D V2]
1. R
+§q>—1v2<1>[ (V2 + &719'09,) (07 1V2D) + 20720,00;dRY + 20720,09'dV2d] |,
where V is the covariant derivative in the five-dimensional metric and
R = R—2671V29, (6.62)
Rij = Rij — é_lviaj(i).

Here the anomaly has been expressed in such a way to demonstrate that it agrees with the
dimensional reduction of the anomaly of the M5-brane theory found in [f], [fj. The latter
is given in terms of the six-dimensional curvature Rgp.q(G) of the six-dimensional metric
Gap by
(T%) = N7 <R“bRCdR bed — —RR“I’R + 3R (6.63)
N 9673 ane 50

1

ab ab

- D,DyR — = UR,, — R[] .
+5R v R 2R Rb—|—20R R)
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In particular, the anomaly vanishes for a Ricci flat manifold (more generally it vanishes for
conformally Einstein manifolds). Now recall that on diagonal reduction the six-dimensional
Ricci tensor R(G)qp can be written as:

R(G)ij = Rij — 7'V,0,®;  R(G),, = —0'V?d. (6.64)

Clearly,
Rij = V,0;® =0, (6.65)

in the reduced theory implies that the six dimensional manifold is Ricci flat. Comparing
with (6.61)) one sees that indeed the anomaly vanishes under these conditions.

The anomaly of the six-dimensional theory can be expressed in terms of conformal
invariants, such that it is of the form

A= aN*(Eg) + L) + DaJfy)), (6.66)

where a is an appropriate constant, E(g) is proportional to the six-dimensional Euler density
(type A anomaly), I() is a conformal invariant (type B anomaly) and the DaJ(‘%) terms
are scheme dependent, as they can always be canceled by adding finite counterterms.

The D4 anomaly can necessarily be expressed in terms of invariants of the general-
ized conformal structure: dimensional reduction of each of the six-dimensional conformal
invariants gives a generalized conformal invariant. Note however that the reduction of the
six-dimensional Euler density will give an invariant which is not topological with respect to
the five-dimensional background. It is also not clear that the basis of generalized conformal
invariants obtained by dimensional reduction would be irreducible; it would be interesting
to explore this issue further.

The general one point functions in this case are given by evaluating the expressions:

(Op) = —2L"* (VK (4_2a-)); (6.67)
(Tij) = 2Le™ <(K (d-20) + V{0 is — K (d—zcw)ij) :

The resulting expressions are as found before, see (5.82):
44
<O¢> = —Le"O <8<,0 + 3/%(6)>, <Tm> = Le™O (Gtij + 11h(6)ij)7 (668)
where (i, ;) are given in (5.41)).

7. Two-point functions

In this section we will discuss the computation of 2-point functions for backgrounds with the
asymptotics of the non-conformal branes. Transforming to the dual frame, these become
Asymptotically locally AdS backgrounds with a linear dilaton and this implies that their
analysis is essentially the same as the analysis of the more familiar holographic RG flows
with conformal asymptotics [E, o, . In the next subsection we briefly review the basic
principles of the computation of 2-point functions, mostly following the discussion in [g].
Then we compute the 2-point functions for the D-branes in subsection and finally we

will discuss the computation for the general case in subsection [.3.
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7.1 Generalities

Let us start by recalling the basic formula relating bulk and boundary quantities:

{exp(=SqFTl9(0): P(0)])) = exp(—Ssclg(0): P(0)))- (7.1)

The left hand side denotes the functional integration involving the field theory action SqpT
coupled to background metric g and sources @ that couple to composite operators.
For the case of Dp-branes the action Sqpr is given in (f.1). On the right hand side
Ssa [g(o), <I>(0)] is the bulk supergravity action evaluated on classical solutions with boundary
date g(g), P (). For the cases at hand this action is given in (B4). As discussed extensively
in previous sections, this relation needs to be renormalized and we have determined the
renormalized action Syen for all cases. By definition the variation of the renormalized action
is given by

0Sren[9(0): P (0)] /dd“l‘\/ < Ti)93 <(9>5<1><o)>- (7.2)

Higher point functions are determined by further differentiation of the 1-point functions,
e.g. for the case of Dp-branes

1 5(0(x))

(O@)0(y)) =~ V) 6% (0) (v)

(7.3)

9(0)ij=0ij ,q’(o):g;Q

As we have shown in earlier sections, the 1-point functions in the presence of sources are
expressed in terms of the asymptotic coefficients in the near-boundary expansion of the bulk
solution. In particular, they depend on the coefficients that the asymptotic analysis does
not determine. To obtain those we need exact regular solutions with prescribed boundary
conditions. On general grounds, regularity in the interior should fix the relation between the
asymptotically undetermined coefficients and the boundary data. Having obtained such
relations one can then proceed to compute the holographic n-point functions. To date,
this program has only been possible to carry out perturbatively around given solutions.
In particular, linearized solutions determine 2-point functions, second order perturbations
determine 3-point functions etc. Here we will discuss the 2-point functions involving the
stress energy tensor Tj; and the scalar operator O.

Let us decompose the metric perturbation as,

59(0)@')’( ) = 5}1(0) + V( 5h( 0)] ) 9(0 )”d 5f(0 VZ'V]'5H(0) (7.4)
where
i, T _ T i __ ip L __

All covariant derivatives are that of g). Then the different components source different
irreducible components of the stress energy tensor,

1 1 .
d 1 T 4 7
35ren[9(0): P(0)] = /d /g < 102(0) — 5{T; )8R — m(Ti>5f(0)

+vi<Tij>5h(LO)j + V'VI <nj>5H(0)> (7.6)
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Now, recall that in the cases we discuss here we have already established that the holo-
graphic Ward identities,

V(L) s +{0)10;% () = 0, (7.7)
(T g+ (d—4)®()(0) s = A,

where there is an anomaly only for p = 4. These and the fact that @) in the background
solution is a constant imply that the second line in ([7.) does not contribute to 2-point
functions. Note also that the source for the trace of stress energy tensor is — f(p)/(2(d—1)).

We will be interested in cases with g(g);; = d;; (or somewhat more generally the cases
with g(y) being conformally flat). The two-point functions of T;; and O have the following
standard representation in momentum space,

(Tj ()T (—q)) = I A(¢) + mijmuB(q%)

O(-q)) = D(¢*) (7.9)
where A, B,C, D are functions of ¢? and

]

Tij =0~ "3 (7.10)
ShIT . 1 1
0
i = —ﬁ = o (TikTj + Tamje) = = Tij T

(0)

are transverse and transverse traceless projectors, respectively. The trace Ward identity
implies

(T TE(—q)) = ——(d — )Ty (@)O(~q))

9a
(T} ()O(~q)) = —%(d —4)(0(¢)O0(—q)) (7.11)
which then leads to the relations,
o 1(d-4) (1 (d-4)\?
B) =~ ) = (5= ) Dl (7.12)

Furthermore, the coefficient D(g?) is also constrained by the generalized conformal invari-
ance as discussed in section [
7.2 Holographic 2-point functions for the brane backgrounds

We next discuss the computation of the 2-point functions in the backgrounds of the non-
conformal branes. Earlier discussions of the 2-point functions in the DO-brane background
can be found in [P7] and for Dp-brane backgrounds they were discussed in [I§, [9, BJ].
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We need to solve for small fluctuations around the background solution given in (B.7).
We thus consider a solution of the form

dp®  gij(x, p)da’da

2
_ dp” 1
ds 17 + p , (7.13)
k(x,
d(z,p) = alog p+ ¢(x, p), o(x, p) = (,Yp),
with
gij(x, p) = 8ij + vij(z, p). (7.14)

and ¢, 7;; considered infinitesimal. The background metric is translationally invariant, so
it is convenient to Fourier transform. The fluctuation ~;;(g, p) can be decomposed into
irreducible pieces as

d 1 qiq; 44
vii(q, p) = eij(q, p) + ——= <E(5ij — q—;) flg,p) + q2] S(q,p), (7.15)

d—1

Let us also express the transverse traceless part as e;;(q, p) = h%)ij(q)h(q, p), where h(q, p)
is normalized to go to 1 as p — 0. The field theory sources h%)ij(q),f(o) (@), S(0)(q) are
the leading p independent parts of e;;(q, p), f(g, p), S(g,7). Relative to the discussion in
the previous subsection, we have gauged away the longitudinal vector perturbation hiL and
traded H for S = d;flf + p*H.

The linearized equations are now obtained by inserting (.14)—(F.15) into (5.6)-(5.9)
and treating &, h, f, S as infinitesimal variables. This leads to the following equations:

1
55” + K" = 0; (7.16)

1
5f’ + K = 0; (7.17)

1

200" — (d — 2 — 2ay)h — 5q2h = 0; (7.18)
205" 4 (2ay + 2 — 2d)S’ — 2dk' — ¢*(k + f) = 0; (7.19)
4pK" + (8ary + 4 — 2d)K' + 205’ — ¢*r = 0, (7.20)

where the equations are listed in the same order as in (.6)-(F.9) with (7.I§) and (7.19)
being the transverse traceless and trace part of (5.§). Equation ([7.I§) is already diagonal.
The remaining equations can be diagonalized by elementary manipulations leading to the
following expressions,

K(q, p) = 2ayv0(q) +v1(9)x (g, p) (7.21)
f(q,p) = —2(d — 1)vo(q) — 2v1(q)x(q, p),
S(q,p) = v2(q) + pg*vo(q) — 2v1(q)x(g. p)

where vy, v1, V2 are integration constants, which can be expressed in terms of the sources as

_ 299 + fo) _ (d=1)v¢) + avfio) B
Vo = W, v = 2% — 1 s Vo = S(O) + 2U1, (722)
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where 0 = d/2—ay = (p—7)/(p—5) and ¢(g) = k(g)/y With x () the p independent part of
k(q, p). x(g,r) is normalized to go to 1 as p — 0 and satisfies the same differential equation
as the transverse traceless mode, namely

1
2px" =200 = X' = 5*x =0 (7.23)

The solution of this equation that is regular in the interior is given in terms of the modified
Bessel function of the second kind,

-7
Xo (g, p) = c(0)x? Ky (z), z =\ q¢p, o= 5%5, (7.24)

where the normalization coefficient ¢(o) is chosen such that x(q, p) approaches 1 as p — 0.
In our case, o = {7/5,3/2,5/3,3} for p={0,1,2,4}.

7.2.1 Non-integral cases

The asymptotic expansion for non-integer values of o is

Xo(q,p) =1+ qup + + X@o)(@)p” + -+ (v non—integer) (7.25)
where r( )
~ — 0 p
X(0)(q) = —m(qz) - (7.26)

One can verify that the leading order terms in the exact linearized solution indeed agree
with the linearization of the asymptotic coefficients derived earlier and furthermore one
can obtain the coefficient that the asymptotic analysis left undetermined. Combining the
previous formulas we obtain,

K20y = V(@)X (20)(@%) (7.27)
2
_ (T - 2
9(20)ij — (h(o)ij(q) - (d— 1)U1(Q)7Tij> X(za)(q )

which indeed satisfy the linearization of (5.2§)-(5.29). Thus the 1-point functions (5.77)
to linear order in the sources are then given by

(Op) = % <¢(0) — 2« <—%>> X0y (@), (7.28)

(Tyj) = 20L (h@)ij - % <¢(0) ~ 24 <_2(§(3> 1))) mj> Kooy (@) (7.29)

It follows that the 2-point functions are given by

2
(T35(@) T (—0)) = TTE, (40 LR 0y (62)) + iy (—(d%) (©o(@)O0(~0))
(T (@)Os(~0) = 7 (—(d%) (Ool)O(~1) (7.30)
OO~} = -2 )
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These relations are of the form ([.9) with the coefficients B, C' related to the D coefficient
as dictated by the trace Ward identity (with the relation becoming ([.1J) once we pass
from Oy to O). Thus we only need discuss the transverse traceless part of the 2-point
function of T;; and the scalar 2-point function.

We now Fourier transform to position space using

i r'd/2—-o0) 1
d iqr (, 2\o d/206d+20
/d qe ™11 (¢%)7 = q/294+ (o) 2o (7.31)

which is valid when o # —(d/2 + k), where k is an integer. Let us first discuss the case of
Dp-branes. The scalar two function becomes

2 _19_
(04 (2)04(0)) = CyNT—)/G=0) (g2) =3/ (5=1) |3 55" (7.32)
9 (P:3)
_ o (gog () G~
= CyN B

where Cy is a positive numerical constant (obtained by collecting all numerical constants
in previous formulas). Note that the characteristic scale in this case is « and therefore the
effective coupling constant is g% (z) = g2N|z[>7P. The g4 and x dependence is consistent
with the constraints of generalized conformal invariance discussed in section [|. Recall also
that the operator Oy at weak coupling has dimension d (and O has dimension 4). So
going from weak to strong coupling we find that the dimension is protected but the 2-point
function itself gets corrections. The overall factor of N? reflects the fact that this is a tree
level computation. Similarly, the transverse traceless part of the 2-point function of the
stress energy tensor is given by
p—3)

(
N2(g? 5=p)
(T3 (@) Ta(0))rr = Crll (gef;ﬁfg) (7.33)

with Cr a positive constant. In this case the dimension is protected because T;; is con-
served. We can trust these results provided

g(@)>1 = |z > (¢3N)V/EP (7.34)

For the fundamental string background we obtain

1
(Op(2)04(0)) ~ Ng/zgs(a/)l/zw, (7.35)
1
(T35(x) T (0))rr ~ zv?’/?gs(0/)1/2112.Tﬁ;lW (7.36)

In the IIB case S-duality relates the fundamental string solution to the D1 brane solution.
Indeed, the 2-point function ([7.3§) becomes equal the p = 1 case in ([.33) under S-duality,
gs — 1/gs,a’ — a'gs.

In the ITA case the fundamental string lifts to the M2 brane. As discussed in section .3,
the source for the stress energy tensor of the M2 theory is simply related to the sources for
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the stress energy tensor of the string and the operator Oy, see (b.51). Taking into account
that the worldvolume theories are related by reduction over the M-theory circle and so
their actions are related by the factor of Ry1, the radius of the M-theory circle, we find (up
to numerical constants)

T ~ R Ty, Ty? ~ Ry Oy (7.37)
Using R11 = gsls we get
(I (0))= (02 Op(0)) ~ (739
vy vy = R?, ¢ ¢ Ryt |z[? :

with similar results for the other correlators. The stress energy tensor of the M2 theory
has dimension 3, so one expects the correlator to scale as |z|~%. However, one of the
worldvolume directions is compactified with radius R1;. Smearing out over the compactified
direction indeed results in the fall off in ([7.3§). Finally the N scaling is the well-known
N3/2 scaling of the M2 theory.

7.2.2 The D4 case

For the ¢ = 3 case corresponding to D4 branes we have

1 5 1
x3(q,p) =1— §q2p +o <X(6)(<J) + ﬁqﬁ logp> + (7.39)
where
N 1 1 11
X(0)(@) = 3574" <§ log ¢*> —log2 +~ — ﬁ> (7.40)

and -y is the Euler constant (not to be confused with the - used in other parts of this paper).
The terms without log ¢® are scheme dependent and will be omitted in what follows. The
one point functions and two point functions are then given by (7.29), ([.29) and (7.30)
respectively. In particular,

(04(0)00(~0)) = 15" Ind’. (1)

Fourier transforming back to position space, the scalar two function becomes

(04()04(0)) = CoN*R (“"f;ﬁ?) , (7.42)
where Cy is a positive numerical constant (obtained by collecting all numerical constants)
and as in section [ R(1/|x|*) denotes the renormalised version of (1/|x|*). The effective
coupling constant is g% (z) = g>N/|z|, and the g; and = dependence is consistent with the
constraints of generalized conformal invariance discussed in section fi.

This result is also consistent with the uplift to the M5-brane results. The source for the
stress energy tensor of the M5 theory is simply related to the sources for the stress energy
tensor of the D4-brane and the operator O4. Taking into account that the worldvolume
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theories are related by reduction over M-theory circle and so their actions are related by
the factor of Rj1, the radius of the M-theory circle, we find (up to numerical constants)

7}]]\'45 ~ R1_11Tij, Tngs ~ R1_110¢ (7.43)

Using R11 = gsls we then get

N3
(Tj‘j5(x)TZj‘y45(0)>:R%l((’)(ﬁ(a:)od,(o» ~ R <ﬁ> (7.44)

with similar results for the other correlators. The stress energy tensor of the M5 theory has
dimension six, and the correlator of the six-dimensional theory behaves as R|z|~12. Here
one of the worldvolume directions is compactified with radius R1; and smearing out over
the compactified direction indeed results in the fall off in ([.44). Note that the N scaling
is the well-known N? scaling of the M5-brane theory.

7.3 General case

In the simple case discussed above, it was straightforward to solve the equations for lin-
ear perturbations, but in more general backgrounds the diagonalisation of the fluctuation
equations is more involved. To treat the general case, it is convenient to use the anal-
ysis [, B, [[J] of linear fluctuations around background solutions of a single scalar field
coupled to gravity; in these paper the fluctuation equations were diagonalised for a general
domain wall scalar system.

In this section we will explain a general method for computing the two point functions
which exploits this analysis. As discussed in section [7.]] we need to determine the one point
functions to linear order in the sources and in the Hamiltonian method this corresponds to
determining the momenta to linear order in the sources. So, as in the previous section, let
us begin by considering linear fluctuations around the background of interest in the dual
frame:

hz’j - hg(T) + ’y,-j(r,x) = €2A(T)5ij + ’y,-j(r,x), (745)
¢ = ¢p(r) + o(r,z).

Note that the metric fluctuation has already been put into axial gauge. Next we will
express the canonical momenta in terms of these fluctuations. To do this, first note that
the extrinsic curvature of constant r hypersurfaces can be expressed as:

i sy L

where S]i- = h%“’ykj. S; can be decomposed into irreducible components as

i, d (1, 9 9'0;
sj_ej+d_1<d5j v2B>f+v2Bs, (7.47)

where E?iez- = el =0, S = 5! indices are raised with the inverse background metric e=244§%
and V2B = e 2AV2 = ¢ 245U 0;0;. Here the diffeomorphism invariance of the transverse
space can be used to set the vector component to zero.
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The momenta (p.12) up to linear order in the fluctuations are then given by

Ty = 2B(B0,¢ +7K) = 7 + B(280r¢ +70,.5), (7.48)
) . 1 . . 1 )

= 7TZZ~’B - §B(d —1)0,.S + Bdy0,p, T = Wz-’gT - 53&63,

B

Z’B and ﬁ;’?T are the background values, in the absence of fluctuations, and TT

where 72, 7
stands for transverse and traceless. The one point functions are obtained by extracting the
components of appropriate dilatation weight from these momenta. So we need to determine
Orp, 0,5, (‘Le?-.

To obtain these momenta, however, we would need to diagonalise the equations of
motion for the linear fluctuations, and solve for 0,¢ etc. Diagonalising such fluctuation
equations is in general rather difficult, and thus it is convenient to exploit the analysis
of [B, [J], where the fluctuation equations were diagonalised for a generic domain wall
dilaton background. In the latter work, however, an Einstein frame bulk action was used,
so we will first need to transform our backgrounds to the Einstein frame, and then map
our fluctuation equations to the set of equations which were diagonalised in full generality
in [{ 3.

The analysis of [}, [[J] begins with an Einstein frame bulk action:

S—— / i1y GE< L pp— %(8&5)2 _ V(gE)). (7.49)

22
and then one considers domain wall solutions of the form
ds% = di? + A0 da;dat, b = ¢p(7), (7.50)

which preserve Poincaré symmetry in the transverse directions. Here the subscript B
denotes that this is the background solution around which linear fluctuation equations will
be solved.

Substituting the ansatz (.50) into the field equations gives:

19 H2 22 ~

A” - W(QSB —2V(¢B)) = 0, (7.51)
. 19 2/{2 ~ B
A+ ddt+ Zv(Gp) =0,

(ZB + dA(ZLﬁB ~V'(¢5) = 0,

where the dot denotes differentiation with respect to 7 and the prime denotes differentiation
with respect to ¢. In explicitly solving these equations one can use the fact that these second
order equations are solved by any solution of the first order flow equations [[[4, i]:

A=——"—W(op), (7.52)

o = W' (dB),
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with the potential expressed in terms of a superpotential W as:

2
V(bp) = %[WQ - %Wﬂ. (7.53)
Conversely, given an explicit solution of ([.51), which may not be asymptotically AdS
but qEB should have at most isolated zeros, one can use () to define a superpotential
W(¢np) [Bd).
Now let us consider the backgrounds of interest here, which are asymptotic to Dp-
brane backgrounds. In these cases, the action (B.4) in the dual frame can be transformed
to the Einstein frame using the transformation g = exp(27¢/(d — 1))gdual, giving

S=-L / da/Gg [RE — %(0&)2 + ce-W/V(d—U]. (7.54)

Here the scalar has been rescaled as

~ 2
b=vh, v= 2<ddjl—ﬁ>, (7.55)

so that <;~5 is canonically normalized. The metric and dilaton for the decoupled Dp-brane
background can then be written in Einstein frame as

ds?, = di? 4 ()2 D/ dgda,
~ 2av -
¢ = —7 log (), (7.56)
e o 20
[ n’ d—1 p(5-p)

From this solution one can extract the parameters and functions abstractly defined

in ([.50), (7.53) and (F.53):

W2 = 1 A(F) = ,u: 1 log(ur), o5 = \/2('u i 113((1 —U log(pu7)

~ / 2/ -
Viop) = —C’exp(— m@bB),

Wids) = —2d =D+ Dexp (= zmia—sin).

Given a more general solution in the dual frame, which asymptotes to an AdS linear

dilaton background, one can similarly transform it into Einstein frame and extract the
corresponding superpotential etc.
Suppose the fluctuations in the Einstein frame are given by:

9Euw = gijw + ’?uu? (5 = &B + ¢, (757)
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where S]i- = h%&kj is:

Sj—€j+m<aéj— V2B>f+ VzB S, (758)

Then these fluctuations in Einstein frame are related to those in the dual frame defined

in ([r.49) via:

i = €5 f=2vo+ (7.59)
~ 2vd . . 2vd

Note in particular that the Weyl transformation to the Einstein frame takes the fluctuations

14

outside axial gauge: 7, # 0.
Using [B, [2], one can write down the diagonalised equations of motion for the linear
fluctuations in Einstein frame:

(02 + dAd; — e A ¢?)el = 0, (7.60)

(02 + [dA + 2VV(9§~5 log W10 — e 24 ¢*)w = 0,

_Q # —2A 2 F 2/9._7 IR 721 = ~ ~
05 = 1z (e PF + 262 (0:p0rp — V' (d5)@ v(@)%)),
where
w1
w=gmetgal (7.61)

and we have Fourier transformed to momentum space, with ¢ being the momentum.

To derive the two point functions we will need to obtain the functional dependence
of the one-point functions on the sources. The one-point functions are given in terms of
the canonical momenta, with the parts dependent on the fluctuations being given by linear
combinations of radial derivatives of fluctuations. Hence we write the radial derivatives of
the fluctuations éé- and w as functionals of the background fields A and ¢p:

9:es = B(A,¢p)el,  Omw = Q(A, ¢p)w. (7.62)
The first two equations in (f.60) then become first order equations for £ and :
E+ E? + dAE — e7?4¢* = 0, (7.63)
Q4+ Q%+ [dA + 21/[/835 log W] — e 242 = 0.

Note that in the case of the Dp-brane backgrounds these equations actually coincide since
835 logW = 0. Given the solutions for F and {2 and omitting terms that contribute to
contact terms one can obtain the required expressions for the radial derivatives of other

fluctuations:
Or¢; = Eéj, (7.64)
1 W .
(d p = Qp — 3
Orp Pt 53Ty !
- 1 W/ 2 6_2A o] = W/ B
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This completes the diagonalisation of the fluctuation equations in the Einstein frame. Next
one can rewrite these relations in terms of the fluctuations and radial derivative in the dual

frame as:
aré; = e’Yd’B/(d—l)Ee;_7 (7.65)
! !
5 _ 1on/d-1) (2 o w v W
vo,p = e <1/ Q<1+yﬁ2W>¢+2m2WQf )
~ 1[/wWh? e24
— oy¢/@-1) [ _ = [ 2
05— e (LMY 520,

W’ y W’ 2 v 6_2A
22| —=+—|—= Q+ 5 —¢ .
V[(W 1//42<W T Y
Using (7.59) in (F.48), and applying (6.28) one finds that the expressions for the one point
functions to linear order in the fluctuations are:

(0g) = (Op)B — B(vd,@ — 70,5)(20), (7.66)
(T}) = (T})g — B(d — 1)(9:5) (20)
(T} rr) = (T} pr) B + B(0rE5) (209,

where X(9,) denotes the term of dilatation weight 20 = (d — 2ay) in X.

To explicitly evaluate these one point functions with linear sources we now need to
determine exact regular solutions for £ and €). Up to this point, we have given completely
general expressions, applicable for all solutions asymptotic to the Dp-brane backgrounds.
The actual background determines the defining differential equations for £ and 2. Next we
will solve these equations for the specific case of the decoupled Dp-brane background; as
mentioned before, the equations for E and §2 become identical in this case since 83; logW =
0. The only equation to be solved is thus:

ur

The solution which is regular in the interior, ¥ — 0, is given by

w(7) = (uf) " Kpe (W)

1
e = §(d— 2ay) = o,

e "Ky(qe™"), (7.68)

where K is the modified Bessel function of the second kind; these are exactly the same
functions found in the previous section. The solution for €2 is then

Q= 8:In ((uf)‘CKHC<W>> = ¢ "9, In(xo (g, e~ 2")), (7.69)

where X, (q,p) was given in ([:24), and is normalized to approach one as p = e~

— 0.
The terms appearing in the one point functions ([.6d) follow from taking the projections
onto appropriate dilatation weight:

(67¢B/(d_1)9)(20) = (GHTQ)(QO') = —20‘)2(20_) (q) (770)
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where we have used the expansions of x,(q, p) given in ([.24) and the terms of appropriate
dilatation weight, X (2(¢), in these asymptotic expansions, see (7.26) and (7.40).
Using ([7.60) one obtains the renormalised one point functions to linear order in the

sources:

2’y2 2
(0s(0)) = Loy (a)(d — 207) (—W(Q) - (r.1)

+/(q) [V(dfy_ 1) 1/3(6217—3 1)2D

. 3 2
(T3@) = 20(d ~ 200 0) | = L4 o | el + = /@)

(TH(@))rr = L(d — 207)X 20 (0)€5(q),

where we have used W//W = —v/v(d — 1) and x* = 1/2. The first two expressions can be

rewritten as:

(0s(0)) = Lwa(éd_‘fj“’;i,y)m<q> ((d = Do) (a) + o) (@) (7.72)
(130) = 2173 5K @) (4= Dot @) + 0o @)

where we have renamed the sources as ¢(q) = ¢(o)(q) and f(q) = f()(g) to demonstrate
agreement with the expressions obtained previously in (7.2§) and ([.29). The two point
functions are given as before by ([.30).

8. Applications
In this section we will present a number of applications of the holographic methods.

8.1 Non-extremal D1 branes

Let us first consider non-extremal D1-branes, and derive the renormalized vevs and onshell
action. The ten-dimensional solution for non-extremal D1-branes is:

2
ds? = H'V2(— fdt* + da®) + H'/? <d% + r%m%); (8.1)
6¢ = 95H1/2; o = gs_lar <1 - %H_1>7

with

r8 = 1% sinh a cosh a. (8.2)

6-h2 6
=y s f:<1_ﬂ_>; 0

r6

The extremal limit is reached by taking y — 0 and a — oo with p3sinh« fixed. In the
near extremal limit, for which u < 1, the decoupled dual frame metric is

r 4 dr?
ds3ua = (gsN)71/3 <<—> (—fdt* +da®) + 12 <W + d93>> : (8.3)

To
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Applying the reduction formulae (B.3) gives an asymptotically AdSs solution of the three-
dimensional action:
dp?
dp* f
1 8ub
ee/3 — 1 f= <1 _ Lgp3/2> '
P r

o

ds® =

+ %(—fdtz + dz?); (8.4)

The inverse Hawking temperature Sy and the area of the horizon A are respectively
given by
2717"5" e 8TRut

: (8.5)

where the z direction is taken to be periodic with period 27 R,.
Next one can read off the vevs for the stress energy tensor and scalar operator by
bringing the metric into Fefferman-Graham form:

dz2 1 1648 88
2 _ 2 3/2 2 3/2 .
ds* = 5+ - (dt( 39 />+dx<1+3rgz/>>,

1 1 4
—20/3 = ___ ok — 1 232 ). .
‘ \/Ee \/5< +32 > (85)

Then applying (5.6) and (5.6§) (analytically continued back to the Lorentzian) the vevs
of the stress energy tensor are:

6 6
0 1 0
(Ty) = 16LT—9; (Tyy) = SLT—Q; (0) = —4L—;, (8.7)

P ro

with the conformal Ward identity (5.69) manifestly satisfied. Note that the mass is given by
32
M = / da(Ty) = 7”‘ (8.8)

The renormalized onshell (Euclidean) action I is given by

Ip = —L[ d*x\/g®(R+ C) — /_ PzvVh®(2K — 4 — R[h))|. (8.9)

p=e

Evaluating this action on the solution gives

8 6
Tp = —2nfy Ro L=, (8.10)
TO
whilst the entropy is
2 2 4
S =d4rLA = L%, (8.11)
TO
and thus the expected relation
Ip =06gM — S (8.12)

— 57 —



is satisfied. Note that M/TyS = 2/3. This result is in agreement with the results found
in [f7] for the entropy of non-extremal Dp-branes. The entropy can be rewritten as
94,55/2 N2
S=———+—WVTn), 8.13
33 Geft (TH) ( ) ( )
where V) = 2w Ry is the spatial volume of the D1 brane and ggff =giN TI§2 is the dimen-
sionless effective coupling (with g3 = gs/(27’) the dimensionful Yang-Mills coupling con-
stant). This is indeed of the form ([L.19) dictated from the generalized conformal structure.
The overall N? is due to the fact that the bulk computation is a tree-level computation.

8.2 The Witten model of holographic Y M, theory

As the next application of the formalism let us discuss Witten’s holographic model for four
dimensional Yang-Mills theory [[§]. In this model one considers D4 branes wrapping a
circle of size L, with anti-periodic boundary conditions for the fermions, which breaks the
supersymmetry. This system at low energies looks like a four-dimensional SU(N) gauge
theory, with Yang-Mills coupling g7 = ¢g2/L.. In the limit that \y = g?N > 1 there is
an effective supergravity description given by the D4 brane soliton solution, which (in the

string frame) is 15, fg:

3/2 82 / dp?
2 _ (I a8 2 To r 2 102
ds?, = <T> [apda®da?® + f(r)dr?] + (T> <f(r) +r dQ4>,

3/4
T

€¢ = Js <_> )
To

Fy = 3g; 1 r3dy, (8.14)
3
_ KK
f(T) - 7,3 )

where df4 is the volume form of the S* and r, was defined below (@) Then rkgik is the
minimum value of the radial coordinate and the circle direction 7 must have periodicity
L, = 4mrd/? / (37"11{;) to prevent a conical singularity.

By wrapping D8-branes around the S*, and along the four flat directions, one can
model chiral flavors in the gauge theory [1d, [[7] and the resulting Witten-Sakai-Sugimoto
model has attracted considerable attention as a simple holographic model for a non-
supersymmetric four-dimensional gauge theory. The methods developed in this paper
immediately allow one to extract holographic data from this background, and to quan-
tify the features of QCD which are well or poorly modeled.

Starting from the ten-dimensional string frame solution, one can move to the dual
frame dsgual = (N e¢)_2/ 3ds? in which the metric becomes asymptotically AdSg x S*:

_ dp? Nagdr®dz® + f(p)dr?
alszua = (Ne? 2/?’alsg = 72/3a/ <4[ y lof +d0? ),
duat = (Ve) i 4p*f(p) p !

P

flp) =1——=—=f(r), (8.15)

3
PKK
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with changed variable p = 4r3 /r. Comparing with the reduction given in (B.3), one obtains
the following six-dimensional background:

dp? Napdr®dz® + f(p)dr?

ds® = + ; 8.16
4p?f(p) P (8.16)
1
¢ _
€ = —7
p3/4

which is asymptotically AdSg with a linear dilaton.
The gauge theory operators dual to the metric and the scalar field are the five-
dimensional stress energy tensor T;; and the gluon operator O respectively, which satisfy

the dilatation Ward identity (see (5.83) or (.34)):
(T} + = (0) = 0. (8.17)

(There is no anomaly in this case, as both 9g(o) and k(g) are constant.) This Ward identity
can be rewritten in terms of operators in the four-dimensional theory obtained via reduction
over the circle: the four-dimensional stress energy tensor Tég) = LT, and the scalar
operator O, = L;T,,. This gives

(T9) +(0,) + —(0) = 0. (8.18)

94

Consider the dimensional reduction of the stress energy tensor and gluon operator defined
in () from five to four dimensions. When the reduction over the circle preserves super-
symmetry, the operator O, coincides with —5(9 and the four-dimensional stress energy
tensor is traceless. With non- Supersymmetrlc boundary conditions, this is not the case
anymore, since as we will see shortly the vacuum expectation value of the trace of the
stress energy tensor is not zero and the vevs of the two operators are different. With the
proper identification of the relation between O, and O, the trace Ward identity would lead
to the identification of the beta function.

Next one can extract the one point functions for the stress energy tensor and gluon
operators from the coefficients in the asymptotic expansion of this solution near the bound-
ary. To apply the formulae for the holographic vevs, the metric should first be brought
into Fefferman-Graham form by changing the radial variable:

3
p= <1+ pg >p+0(p5), (8.19)
6px
dp® P’ - 5p°
ds® = +p 1<1+— Napdx® dz? 11— dr* 4 -
47 6ok ) 6pikk
Using (.2§) the one-point function of the scalar operator is thus:
2L
(Op) = —12LyK) = — 55— (8.20)
3PkK
with the vev of the stress energy tensor being:
L L
(Tap) = —5—"ap; (Irr) = —5—5—. (8.21)
PKK Pk
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The gluon condensate can be reexpressed as:

2672 A

O4) = ———N?22 8.22

() = - N3, (3.22)
where recall that Ay = g2N is the four-dimensional 't Hooft coupling and L, is the radius
of the circle. In terms of the dimension four operator O the condensate is

25712 )2

(0) = =+N7r (8.23)
In comparing results for this holographic model with those of QCD, it would be natural to
match the condensate values, and thus fix L.

9. Discussion

In this paper we have developed precision holography for the non-conformal branes. We
found that all holographic results that were developed earlier in the context of holography
for the conformal branes can be extended to this more general setup. All branes under
consideration have a near-horizon limit with non-vanishing dilaton and a metric that (in
the string frame) is conformal to AdS),12 X S8~P. This implies that there is a frame, the
dual frame, where the metric is exactly AdSp12x.S¥7P (one can cancel the overall conformal
factor by multiplying the metric with the appropriate power of the dilaton).

There are a number of reasons why this frame is distinguished. Firstly, it is manifest in
this frame that there is an effective (p 4 1)-dimensional gravitational description, obtained
by reducing over S®7P, as required by holography. Secondly, the setup becomes the same
as that of holographic RG flows studied earlier. Actually the bulk solutions do describe an
RG flow, albeit a trivial one driven by the dimension of the coupling constant. Recall that
in the holographic RG flows studied in the past the bulk solution asymptotically becomes
AdS, corresponding to the fact that the dual QFT approaches a fixed point in the UV. The
scalar fields vanish asymptotically, and from the asymptotic fall off one can infer whether
the bulk solution corresponds to a deformation of the UV Lagrangian by the addition of
the operator dual to the corresponding field or the conformal theory in a non-trivial state
characterized (in part) by the vev of the dual operator. The coefficients in the asymptotic
expansion of the solution determine the coupling constant multiplying the dual operator in
the case of deformations, or the vev of the dual operator in the case of non-trivial states.

The non-conformal branes are analogous to the case of deformations: the asymptotic
value of the dilaton determines the value of the coupling constant, which is the (dimen-
sionful) Yang-Mills coupling constant in the case of Dp branes. The main difference is that
in the current context the theory does not flow in the UV to a (p + 1)-dimensional fixed
point. Rather in the regime where the various approximations are valid, the theory runs
trivially due to the dimensionality of the coupling constant.

In some cases however we know that a new dimension, the M-theory dimension, opens
up at strong coupling and the theory flows to a (p + 2)-dimensional fixed point. This is
the case for the ITA fundamental string and the D4 brane which uplift to the M2 and M5
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brane theories, respectively. Here is another instance that illustrates the preferred status
of the dual frame: the general solution in the dual frame

dp? 1 o
ds? = 4—52 + ;gijdx’dx] (9.1)
/3 = 162”, (9.2)
p
lifts to
2 dp? 1 QG 2K 2
dsii = 17 + ;(gijd:r dx’! + e*Fdy”). (9.3)

In other words, the dual frame metric in the Fefferman-Graham gauge in d-dimensions is
equal to the d-dimensional part of the metric in (d+1) dimensions in the Fefferman-Graham
gauge, with the dilaton providing the additional dimension. It was already observed in [[[4]
that the radial coordinate in the dual frame is identified with the energy of the dual theory
via the UV-IR connection and here we see a more precise formulation of this statement.
The radial direction of the M5 and M2 branes is also the radial direction in the dual
frame of the D4 and F1 branes, respectively. In more covariant language, the dilatation
operator of the boundary theory is to leading order equal to the radial derivative of the
dual frame metric.

Working in the dual frame, we have systematically developed holographic renormal-
ization for all non-conformal branes. In particular, we obtained the general solutions of
the field equations with the appropriate Dirichlet boundary conditions. This allowed us to
identify the volume divergences of the action, and then remove these divergences with local
covariant counterterms. Having defined the renormalized action, we then proceeded to cal-
culate the holographic one-point functions which, by further functional differentiation wrt
sources, yield the higher point functions. The counterterm actions can be found in (b.7¢)
and (B.80]), whilst the holographic one point functions are given in (5.77) and (p.89). Note
that the result for the stress energy tensor properly defines the notion of mass for back-
grounds with these asymptotics.

We developed holographic renormalization both in the original formulation, described
in the previous paragraph, and in the radial Hamiltonian formalism (in section [f]). In the
latter, Hamilton-Jacobi theory relates the variation of the on-shell action w.r.t. boundary
conditions, thus the holographic 1-point functions, to radial canonical momenta. It follows
that one can bypass the onshell action and directly compute renormalized correlators using
radial canonical momenta 7, as was developed for asymptotically AdS spacetimes in [[[], [9].
For explicit calculations, the Hamiltonian method is more efficient and powerful, as it
exploits to the full the underlying symmetry structure.

Throughout the existence of an underlying generalized conformal structure plays a
crucial role. As we discussed in section ] SYM in d dimensions admits a generalized
conformal structure, in which the action is invariant under Weyl transformations provided
that the coupling constant is also promoted to a background field @) which transforms
appropriately. This background field can be thought of as a source for a gauge invariant
operator (0. Then diffeomorphism and Weyl invariance imply Ward identities for the
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correlators of the stress energy tensor and the operator 0. This generalized conformal
structure is preserved at strong coupling, and governs the holographic Ward identities. In
particular, the Dirichlet boundary conditions for the dilaton are determined by the field
theory source @ ).

In the cases of the type IIA fundamental string and D4-branes, all the holographic
results we find are manifestly compatible with the M theory uplift. In particular, we
showed in detail how the asymptotic solutions, counterterms, one point functions and
anomalies descend from those of M2 and M5 branes. The generalized conformal structure
is also inherited from the higher dimensional conformal symmetry in these cases. This is
exactly analogous to the case of the more familiar holographic RG flows, which also have
a similar generalized conformal structure inherited from the UV fixed point.

Having set up the formalism in full generality, we then proceeded to discuss a number
of examples and applications. In section [ we calculated two point functions of the stress
energy tensor and gluon operator. We computed these two point functions for the super-
symmetric backgrounds, and showed that the results were consistent with the underlying
generalized conformal structure. In section [.J we developed a general method for comput-
ing two point functions in any background which asymptotes to the non-conformal brane
background.

In section § we gave several more applications. One was the explicit evaluation of the
mass and action in a non-extremal brane background. The second was Witten’s model
for a non-supersymmetric four-dimensional gauge theory: we computed the dimension four
condensates in this model. One would anticipate that there are many further interesting
applications of the formalism developed here, to be explored in future work.
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A. Useful formulae

In this appendix we collect some useful formulae for the asymptotic expansions. Given the
expansion of the d-dimensional metric g;; as

9ij = 9(0yij T PY2)i; T 029(4)ij + (A.1)
the inverse metric is given by
-1 -1 -1 -1 2, —1 -1 -1 -1 -1
9 = Y0) ~ PY0)9290) +p (9(0)9(2)9(0) 92)Y0) — 9(0)9(4)9(0)) +oee (A.2)
Next we compute the expansion of the Christoffel connection,

i _ i i 21i
Lij = Lioyij + P2y + 7 Liayij + -+ (A.3)
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Here T

(0)i is the Christoffel connection of the metric g(g) and

. 1.
Loy = 5926)(Vj9(2)k1 + Vg — Vig2)jk) (A.4)

. 1, .
Ly = 3 (925)(Vj9(4)k1 + Vigwji — Viguyk) — g(lz)(ng(z)kz + Vig2)i — vlg(2)jk)) ,

where V is the covariant derivative in the metric g().
From here we then compute the expansion of the associated curvature

Rij = Royij + pReayij + P Rayij + - (A.5)
with Rgy;; the Ricci tensor of gy and

1 7 m
Ryij = 5 (vkng@)ik — V'V, Tr(92)) + Rooykijid(s) + Royim9(5);

2
—V2g@ij + Vivk9(2)jk> ; (A.6)
1/1 m m
R(4)ij = ) <§VIT1"9(2)Vl9(2)z’j + g?é)(Rkimjg(g)l + Rkimlg(2)j) (A7)

1 m
+9(3) (Rijmig(3y + Brjmig(sy:) + 900 VaVigyij + §ng(2)lmvlg(2)i
1 m m m
—59?21) (ViVrg@ji + ViVig@ya) — 2Rimi g5y + Rimd(h); + Rimg(h
1 1 1 "
+Zgé2)jvivlTrg(2) + 19%2)2-VjV1T1‘(9(2)) + §vig(2)lmvlg(2)j

1 m m m
—V29ayi; — §Vig(2)zmng€2) — Ving@aV'93); — Vmg@aV gfzy) :

B. The energy momentum tensor in the conformal cases

In this section we streamline the derivation of the vev of the energy-momentum tensor
in terms of the asymptotic coefficients for the conformal cases D = 4 and D = 6 given
in [f]. The starting point is the expression of the stress energy tensor as sum of two
contributions, one originating from the bulk action and the other from the counterterms,
eqn (3.5)-(3.6)-(3.7) of [{:

. 1

Tw|G] = T + TS,

a

TIE = Gy, — Gy TG0 — %aab,

Ty = _$Gab + ﬁ <R(G)ab - %R(G)Gab>
= 4)/()1) —2)2 [DR (@ + 2R(G)acsa F(G)™ - %DanR(G)
_Z(DD_ 1)R(G)R(G)ab - %Gab(R(G)CdR(G)Cd — ﬁR(GP

1 1,
— 1] —T991
b5 ORIG)| + 5T o,
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where Lpyq = m with G p41 the Newton constant and T égg is the stress energy tensor

of the action given by the conformal anomaly.” Note that for D = 2 only the first term in

T¢l applies; for D = 4 only the first line applies plus the logarithmic terms, whilst for D = 6

all terms listed are needed and for D > 6 one would need to include additional terms.
For D = 2 one immediately obtains the answer

(Tap) = 2Lp11 (G20 — G(0)an TrG(2)) (B.2)

For D > 2 one can simplify the evaluation of (B.I]) by using the equation of motions (.1()
to obtain

Rap — 5RCa = —(D —2)Cy + (D~ 2)TH(E )Gy (B3)
+p [2(:” —2G'G7IG + (G AN

+< ~ Tr(G'G") + Te(G71G)? — %(ﬁG‘lG’)2> G}

ab

Using this identity in (BZ]) we see that T.;® cancels the first line of T up to the terms
proportional to p in (B.), so T,4[G] is manifestly linear in p. It follows that we only need
to set p = 0 in the remaining terms to obtain the vev for D = 4:

1
(Tap) = 2Lp41 <2G(4)ab — G(2)[21b + §TI‘G(2)G(2)&1, (B.4)
1 -1 2 -1 2
+160a(Tr(GTGp)” = (TrG™G(2))") + 3H gya | -

For D = 6 one can check straightforwardly that order p terms in T, [G] cancel, so there
is indeed a finite limit. To obtain the vev one needs to extract the order p? terms. To
simplify this computation we differentiate the field equations (p.1() to obtain a formula for
the radial derivative of the Ricci tensor,

1
w = R(,Ghye — RacbaG" + D, D°Gyy, — 5DG;b + D9y TrG’ (B.5)
1 s D=2 1 1
= — — ac c 7DaD _D al |:| a
D—Q[ RocvaR +4(D—1) bR+2 Rb+4(D—l) RGy
- - D-—2
c c cd
+RoRpe — p [4R(0)(a0b)c — 4R 0)acbaC™" — 101 D,opB

~ 1
—20Cu — mG(o)ab” +0(p?),

1 1
Cab = <G(4) - §G(2)2 + ZG(Q)TI‘G(Q)) b,

B = TI‘G(Q)2 - (TI‘G(Q))z.
Then we note that the terms involving the Riemann tensor and covariant derivatives enter

with the same relative factors as in T, so we can use (BJ) to express T in terms of

"The factor of 1/2 in front of Tigg corrects a typo in [ﬂ]

— 64 —



R, = R(2)ab + 2pR4yap + - -+, which is easier to relate to higher expansion coefficients.
Indeed, as is discussed in the next appendix, the coefficient R(9)ap, R(4)ab can be expressed
in terms of G(2)ab7 G(4)ab and H(6)ab'

Combining these results and setting D = 6 we obtain

1 11
(Tap) = 2L7 <3G(6)ab — 34()ab + g5 + ?H(6)ab> ; (B.6)

where A)ap and Sy are given by [f]

Sab = OCa + 2RacbaC* + 4(G )G 1) — G(0yG(2))ab (B.7)
1 2
+(DaDyB = GioyOB) + =Gy B

2 4 3
+G(0)ab< - gﬁG?Q) — B(ﬁG(2))3 + 5TI'G(2)TI'G%2)>,

1 1
Agyap = 3 <(2G(2)G(4) + G(4)G(2))ab — G?2)ab + g[TrG%z) — (TrG(z))Q]G(Q)ab

1 2 1 2 1 3
—TI“G(Q) |:G(4)ab — §G(2)ab:| — |:§TI'G(2)TI'G(2) - ﬂ(TrG@))
1

1 3
—g Gy + ng(G(z)G@))} G(O)ab> ,

1., 5, 1
Cap = <G<4> —5Ge ZG@)TI"G@))

B = TrGs)® — (TrG(y))*.

1
+ gG(O)abBa
b

a

Noting that L7 = N3/(37%) and introducing the combination

1
tap = G(G) ab — A(G)ab + ﬁsab (B8)

the stress energy tensor may be expressed as

N3
(Taw) = 3?(6%17 + 11H (6)ab)- (B.9)
This result includes the term in H g, which was not given in [ff].

C. Reduction of M5 to D4

The expansion coefficients for an asymptotically local AdSp.; metric were given in [f.
We will be interested in the case where D = d+ 1, for which the first expansion coefficients
are:
1 1 '
Gyab = -1 —Ryap + ﬁR(O)G(O)ab ; (C.1)
1

1
— 2 2
G(4)ab = 2(d — 3) <_R(2)ab - 2(G(2))ab + §Tr(G(2))G(O)ab> .
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Using the explicit form of G(3)4; and the D-dimensional analogue of (A.6) we obtain:

1 d—1

_ c cd
Ryap = AT <2R(O)acR(0)b = 2R (0)caas B{) — —57~ DaDyRyq) (C.2)

1
2 2
+D"Rgyab — ﬁD R(O)G(O)ab> ;

1 1
Cawa = =773 <_8_dD“DbR+ Ad—1)
1 . 1
8d(d — 1)D0D BG @ + 2(d—1)

D.D°Ry

RCd Racbd

-3
_mRaRcb - RR,
(d+1)

1 cd 2
5 R Rch(O)ab + 3mR G(O)ab> )

d(d—1)2

S 4(d—1)

where D, is the covariant derivative in the metric Gg). Note that Ry = 0, and thus

TrG 4y = %Tr(G%z)). (C.3)
At next order one finds that the trace and the divergence of G 4 are determined via
TH(Gl) = 2 Tr(GayCa) — TG (C.4)
DG (gyap = D" Agyap + %TT(GM)DbG@));
Agyap = % ((2G(2)G(4) + GG 2)ap — (Gly))av + %[TI‘G%z) — (TrG(2))*1G 2yab
~TrGe [G<4>ab - %(Gé))ab] - ETfG?mTrG@) - 51 (TiGy)?
_éﬁaﬁz) v %T‘r(G(g)G@))} G(O)ab> . (C.5)
The logarithmic term in the expansion Hg, is given by
Hgyap = %(3(4)@ + < —Tr(G)Gu) + %TF(G?Q))> G (0)ab) (C.6)

1 1 2
_ETr(G(2))G(4)ab - g(G?z))ab + g(G(Q)G(4) + GG 2))ab-

Note that Hg is traceless and divergence free.
For the dimensional reduction it is useful to note that the non-vanishing components
of the Riemann tensor can be expressed as

R(G)iji = Rijwis (C.7)
R(G)yiyj = —e2”(Vi6j/< + (ai/i)(ajli)),

and similarly the non-vanishing components of the Ricci tensor are
R(G)w = Rij - Viajli - 8¢I{aj/€; (CS)
R(G)yy = *(=V'0;k — 0;r0'K).
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Let furthermore S be a scalar and Cy;, a symmetric tensor with C;, = 0. Then the Laplacian
reduces as

D?S = (V% 4 9'kd;)S8, (C.9)
D*Cij = (V2 + 0'6V1)Cij — 201k0;KC} + 20,10;KCY,
D?CY = (V? + 0'k0;)CY + 20;k0;KCY — 20,50 kCY.
Letting G(g)ij = 9(0)i; and G(g),, = €**© one finds that
R(G)0)ij = Royij — ViOjk(o) — 9ik(0)9ik(0); (C.10)
R(G)(0)yyy = €O (=V' 0t (0) — Diki(0)0'K(0));
with R(G)(g),; = 0. Substituting into (5.50) gives®

1 1
Goyij = 77 (—R(om + 57 B9 + (Vidjs)e) + 5{z’f<o>3j}'f<o>)> ; (C11)
1

o 1
G(2)yy — 2R(0) <72d(d Y R(O) + E(V2H(O) + (8/1(0))2)> ,
with G gy = 0. Now using
Gyy = € = eZFOT2R@ ) = 250 (1 4 2prg) + ) (C.12)

one determines k() to be exactly the expression given in (§.26).
One next shows that G(4) in (C1) reduces as

Gayij = 9(ayis; Glayyy = e2n(o)(2/{%2) + 2K (4)), (C.13)

with g4y;; and £ 4 given in (b-30). This follows from the expansion of the six-dimensional
curvatures at second order:

R(G)(g)ij = R(g)ij - (Viaj/i)(g) — (ailiaj/i)(g); (C.14)
R(G)(g)yy = —2r (Viam + 6i/€ai/{)(2) - €2H(0)2/€(2) (Viai/{ + ai/{ai/{)(o).

Reducing (C.4) gives

4
Tr(G(G)) = Tr(ge)) + 2K + 3 ?2) + 4K )k () (C.15)
2 4 1
= ng"(g(z)g(z;)) + §K(2)(/€?2) + 2k(4)) — gTr(ggz)),
and thus gives
2 4 1

A6 = Tr(g(6)) + 2“(6) = gﬁ(9(2)9(4)) - §5(2)5(4) - ETT(QQ))- (C.16)

The reduction of (IC.6) gives
Hgyij = hoyizi Hgyy = €27 o), (C.17)

8Round brackets (i7) denote symmetrisation and curly brackets {ij} traceless symmetrisation of indices.
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1

heyij = —15 [ — 2Ryij + (=Trgly + 2Trg(2)ga) + 8r2ka)g0yis + 2(Trg(2))9(ais

—8(9(4)9(2))i7 — 8(9(2)9(a))ij + 4(ayi; + 2(Vidjr) () + 2(0ik0ir) (4 + 4k(2) 943

i 1 1
Re) = 15 [(V2%)(4> + (0R)(y) + Trg 9y — 5 Trgly (C.18)

—/i(g)Trgé) + 4/<;(4)Trg(2) — 4:‘%?2) + 12/4,(2),‘%(4) s

which agree with the expressions (5.34). In reducing the curvature term R(G)(4),, one
should use the identities:

~((V?K) + (09))0) = ~10() — Trgeay: (C.19)

1
—((V*K) + (0K)*) () = —8k(a) + OKy) + 2r(2) Trg(a) + §Trg(22).

D. Explicit expressions for momentum coefficients

In the following we give explicit expressions for the terms in the expansions of the momenta
in eigenfunctions of the dilatation operator. The expressions given below are applicable
for # = 0 in (B.4) and d > 3, although in this paper we will use only the case of d = 5
(the D4-branes). Here we give K (o,i; and p¢(2n) up to n = 2; note that & = €. These
expressions are needed to compute the anomaly and one point functions for the D4-brane
in the Hamiltonian formalism in section [6.4.2:"

1 1 A o
7p¢(2) = -5 [7R+ <I>_1V2<I>},

d|2(d—1)
1
Koy —
@ 2(d—1)R’
1 1 L _1¢ 21
1 o 3(d+1) 3 A e N
¢, — _3R..RY 2 _ V2R —3(0 V.04 D)2
VP (1) Qd(d—l)z(d—3)|: 3R;;RY + R dVR 3( V{Zaj} )

—2(d — 3)(®1V,(RY9;®) — %é—lw(mﬁ) + %@—1@2(@3))

1 g
= — R..RY
Ko =~ | e

d+1 5 1le, 2 1@ 212
SR VIR = ($71V 0, )

26 IVIVIV, Vb + 4$_1Vi(i>_15ji>@{ﬁj}@} ’

9Round brackets (i7) denote symmetrisation and curly brackets {ij} traceless symmetrisation of indices.
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d+1
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Y Ap® ij _
Kw™ =" wh” = g 2m =3

[— 2R*RI, +
L &iag &2 pij 2-1¢ yijl
—=(V'@R+V2RY) + & leJ],

X = oV (PRFYRY + 2V (SR — VDRV
AN @R — WOV (BR)] + 28 9100000 D — Tl b0l
AR e [hl%aﬂ}z + e mn - V(@RY)

_.I_

V2B VIRI _ g2 4 hl@'wwﬂ .

Note that the terms K (9) and K (4) correspond to the (non-logarithmic) counterterms in
the action.
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