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Abstract. The application of statistical thermal models to a description of particles
production in heavy ion collisions is discussed. A relation of the equation of state obtained
form the phenomenological analysis of particle multiplicities in heavy ion collisions with a recent
findings in Monte Carlo simulation of Lattice Gauge Theory at finite temperature and chemical
potential is discussed. A connection of chemical freezeout with a critical condition in heavy ion
collisions is indicated.

1. Introduction
The main objective of the experiments with ultrarelativistic heavy ion collisions is to study
properties of strongly interacting medium at high energy density [1]. If such a medium is
of thermal origin then some of its properties could be possibly studied in terms of statistical
thermodynamics [2, 3]. However, in heavy ion collisions, an additional complication arise that
strongly interacting medium produced in the initial state is not a static object but it undergoes
expansion. A detailed analysis of experimental data at AGS, SPS and RHIC energies shows that
such an expansion can be well described by an ideal hydrodynamics [4, 5]. This is particularly
evident when considering dynamical observables like e.g. ecliptic or transverse flow. The total
particle multiplicity, on the other hand, is only rather weekly influenced by the collective motion
[6] and at freezeout can be well described as being originating from a static thermal fireball [2].
The thermodynamical properties of such fireball are in general characterized by the temperature
T , the baryon chemical potential µB and the volume of the system. The temperature is the
measure of thermal excitation, whereas µB describes the net baryonic density of QCD medium.
These thermal parameters also determined densities of different particle species. The overall
volume of the fireball is needed to describe the particle yields at fixed densities.

In this paper we summarized some recent results for multiplicities of different particle species
obtained in heavy ion collisions in a very broad energy range from SIS, AGS, SPS up to RHIC.
The results will be presented for central Au–Au or Pb–Pb collisions and compared with the
predictions of thermal models.

One of the essential predictions of statistical QCD is deconfinement and chiral symmetry
restoration. Thus, in the T–µB plane one expects a boundary line that separates the state where
quarks and gluons are confined within hadrons and the chiral symmetry is spontaneously broken
from quark–gluon plasma phase where color is deconfined and chiral symmetry is approximately
restored. The position of such a boundary line is in general calculable within statistical QCD
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on the lattice [7, 8, 9, 10]. On the other hand, the chemical freezeout conditions [2, 11] imposed
empirical constraints on the position of the phase boundary line in (T–µB)–plane. In this paper
we will discuss the relation between the chemical freezeout conditions obtained from thermal
analysis of particle production in nucleus–nucleus collisions and recent lattice results at finite
baryon density. In particular we show that when extrapolating present lattice results to chiral
limit the critical conditions for deconfinement coincide approximately with chemical freezeout
in heavy ion collisions in the energy range from SPS up to RHIC.

2. Thermodynamics of collision fireball
In a thermal model the basic quantity that is required to calculate thermal composition of
particle yields measured in heavy ion collisions is the partition function Z(T, V ). In the grand
canonical ensemble,

Z(T, V, �µQ) = Tr[e−β(H−
∑

i
µQi

Qi)], (1)

where H is the Hamiltonian of the system, Qi are the conserved charges and µQi are the chemical
potentials that guarantee that the charges Qi are conserved on the average in the whole system.
Finally β = 1/T is the inverse temperature.

Figure 1. The ratio of the total density
of positively charged pions that includes all
resonance contributions to the density of
thermal pions. The calculations are done in
the hadron resonance gas model for µB =250,
550 MeV and for different temperatures.

The phenomenological partition function used to describe particle productions in heavy
ion collisions was, following Hagedorn, constructed as non–interacting hadronic gas which is
composed of all hadrons and resonances. In this approach the interactions between hadrons are
included to the extent that the thermodynamics of an interacting system of elementary hadrons
is effectively approximated by that of mixture of ideal gases of stable particles and resonances.
The hadron resonance gas HRG–partition function 1 can be written then as a sum of partition
functions lnZi of all hadrons and resonances

lnZ(T, V, �µ) =
∑

i

lnZi(T, V, �µ), (2)

where �µ = (µB, µS , µQ) with the chemical potentials µi related to the baryon number,
strangeness and electric charge, respectively. For particle i of strangeness Si, baryon number
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Bi, electric charge Qi and spin–isospin degeneracy factor gi, the fugacity

λi(T, �µ) = exp(
BiµB + SiµS + QiµQ

T
) (3)

and the single particle contribution

lnZi(T, V, �µ) =
V Tgi

2π2

∞∑
k=1

(±1)k+1

k2
λk

i m
2
i K2(

kmi

T
), (4)

where K2 is the modified Bessel function and the upper sign is for bosons and the lower one
for fermions. The first term in equation 4 corresponds to the Boltzmann approximation. The
density of particle i is obtained from equation 4 as

ni(T, �µ) =
〈Ni〉
V

=
Tgi

2π2

∞∑
k=1

(±1)k+1

k
λk

i m
2
i K2(

kmi

T
). (5)

The partition function 2 is sufficient to describe the equation of the system composed of
hadrons and resonances being in thermal and chemical equilibrium. However, the equation 5
is still not sufficient to describe different particle yields in heavy ion collisions as it contains
only a thermal particle component. In the phenomenological application of statistical model
for particle production of particular importance is to account for resonance decays into lighter
particles. The average number 〈Ni〉 of particle i in volume V and temperature T , that carries
strangeness Si, baryon number Bi, and electric charge Qi, is obtained from

〈Ni〉(T, �µ) = 〈Ni〉th(T, �µ) +
∑

j
Γj→i〈Nj〉th,R(T, �µ), (6)

where the first term describes the thermal average number of particles of species i and the second
term describes overall resonance contributions to particle multiplicity of species i. This term
is taken as a sum of all resonances that decay into particle i. The Γj→i is the corresponding
decay branching ratio of j → i. The corresponding multiplicities in equation 6 are obtained
from equation 5. The importance of the resonance contribution to the total particle yield in
equation 6 is illustrated in figure 1 as the ratio of total to thermal number of positively charged
pions. From this figure it is clear that at high temperature (or density) the overall multiplicity
of light hadrons is indeed dominated by resonance decays.

At lower temperature for T < 100 MeV, the widths of the resonances have to be included [12]
in equation 5. This is because the number of light particles coming from the decay of resonances
is increased by the finite resonance width. Thus, the approximation of the resonance width by
delta function is not justified. For the Boltzmann statistics one replaces the partition function
in equation 4 by:

lnZi(T, V, �µ) = N
V dR

2π2
T exp[(BRµB + QRµQ + SRµS)/T ]

∫ smax

smin

ds sK2(
√

s/T )
1
π

mRΓR

(s − m2
R)2 + m2

RΓ2
R

, (7)

where smin is chosen to be the threshold value for the resonance decay and
√

smax ∼ mR +2ΓR.
The normalization constant N is adjusted in such a way that the integral over the Breit-Wigner
factor gives 1.

The statistical model, outlined above, was used [2, 13, 14, 15, 16] to describe particle yields
in heavy ion collisions. The model was compared with all available experimental data obtained
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in the energy range from AGS up to RHIC. Hadron multiplicities ranging from pions to omega
baryons and their ratios were used to verify that there is a set of thermal parameters (T, µB)
which simultaneously reproduces all measured yields. These two parameters together with the
fireball volume1 at chemical freezeout are sufficient to determine all particle yields. In heavy ion
collisions the values of strange µS and charge µQ chemical potentials are fixed from the initial
conditions. The strangeness neutrality and initial charge conservation determine the relation
between µS , µQ with temperature and baryon chemical potential.

Figure 2. Comparison between thermal model predictions and experimental particle ratios
for Pb–Pb collisions at 40 GeV/nucleon. The thermal model calculations are obtained with
T = 148 MeV and µB = 400 MeV [2].

Figure 3. Comparison between thermal model predictions and experimental particle ratios
for Pb–Pb collisions at 158 GeV/nucleon. The thermal model calculations are obtained with
T = 170 MeV and µB = 255 MeV [2].

Figures 2 and 3 show the comparison of thermal model with recent results of measured particle
ratios for central Pb-Pb collisions at SPS energies (40 and 158 GeV/nucleon). An important issue
in relating the model and data is whether to use data at mid-rapidity or data integrated over the
full phase space. While it is clear that full 4π yields should be used at low beam energies, this is
not appropriate any more as soon as fragmentation and central regions can be distinguished. In
that case the aim is to identify a boost-invariant region near mid-rapidity and to choose a slice
in rapidity within that region. For RHIC energies this implies that an appropriate choice, given

1 The volume of the fireball can be possibly connected with HBT source size [17, 1].
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the available data, is a rapidity interval of width ∆y = 1 centered at midrapidity. The anti-
proton/proton ratio stays essentially constant within that interval, but drops rather strongly
for larger rapidities. Similar results are observed [18] for other ratios. Furthermore at RHIC,
the rapidity distribution exhibits a boost-invariant plateau near mid-rapidity [19]. As has been
demonstrated in references [6, 20], effects of hydrodynamic flow cancel out in particle ratios
under such conditions. At SPS energies a boost-invariant plateau is not fully developed but
stopping is not complete, either. In addition, the proton and anti-proton rapidity distributions
differ rather drastically, especially near the fragmentation regions, implying that particle ratios
depend on rapidity. Under those circumstances we show in figures 2 and 3 the model comparison
with available data in a slice of ±1 unit of rapidity centered at mid-rapidity. However, we have
to be aware that choosing a restricted particle phase space could violate strangeness and charge
conservation. In addition the resonances can be possibly distributed in larger rapidity windows.
Thus, in application of statistical model to particle production in heavy ion collisions the values
of thermal parameters contain some systematic errors. It is worth mentioning that at SPS
energy the difference between chemical freezeout parameters extracted from experimental data
at midrapidity and full phase space are consistent within statistical errors.

In comparison of the thermal model [2] with experimental data obtained in Pb-Pb collisions
at 40 GeV/nucleon 11 particle ratios were included while the number was 24 at 158 GeV/nucleon
as seen in figure 2 and 3. To get the best description of measured ratios the values for (T,µB) of
(148±5, 400±10) and (170±5, 255±10) were obtained respectively with reduced χ2 values of 1.1
and 2.0. Obviously the fits are quite good. A possible exception is the φ/(π+ +π−) ratio at top
SPS energy, where there are conflicting data from NA49 and NA50. This is already discussed
in detail in reference [15] and can be clarified within the recent measurements of φ yield by
NA60 and CERES Collaborations. In addition, the yields of Λ(1520) resonance do not follow
statistical model systematics. Also the recent results of NA49 for kaon production show 20%
deviations from the model. This will be disused in the next section.
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Figure 4. Comparison of the experimental data on different particle multiplicity ratios obtained
at RHIC at

√
sNN = 130 and 200 GeV with thermal model calculations. The thermal model

analysis is from reference [13].

A comparison of thermal model with RHIC data in Au–Au collision at
√

snn = 130 and
with part of the data obtained at

√
snn = 200 are shown in figure 4. A more complete thermal

description of particle production at the top RHIC energy can be found in reference [21]. Figure
4 illustrates that thermal composition of particle yields is even more transparent than already
seen at SPS energies. The goodness of the fit corresponds in this case to the value χ2 < 1. It is
interesting to note that the yields of very rarely produced strange particles like Ω and even the
yield of short lived resonance like K∗(820) is well described by the model.
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Recently, the STAR collaboration has provided [22] first data, with about 30 - 50 % accuracy,
on the ratios involving ρ0, f0(980), Λ(1520) and K∗0 resonances. The results were obtained
for f0/π− and ρ0/π− in semi-central Au-Au collisions as well as for Λ(1520)/Λ and K∗0/K
ratios for different centralities. The yield of ρ0 has been reconstructed for the first time in
heavy ion collisions. From a perspective of thermal model the above ratios are interesting since
resonances are essential degrees of freedom in the model. A large difference by a factor of four
in the Λ(1520)/Λ and a factor of two in K∗0/K ratios from p–p to central Au–Au collisions
is unexpected. In a thermal model the temperature in p–p and Au–Au collisions is similar
in the first approximation. In addition, the chemical potential dependence is week in both
ratios. Thus, only a small variation with centrality of these observables could be expected. The
Λ(1520)/Λ ∼ 5% in thermal model agrees with the experimental result in peripheral Au–Au
collisions but is obviously larger from that obtained in central collisions where Λ(1520)/Λ ∼ 2%.
On the other hand in thermal model the K∗0/K � 32% that differs from the mean experimental
value of ∼ 40% in p–p and ∼ 20% in the most central Au–Au collisions.

The experimental results for Λ(1520)/Λ and K∗0/K ratios required lower freezeout
temperature than that obtained from the analysis of stable particle ratios. Actually the lower
freezeout temperature is obtained in a thermal model proposed in reference [3] where the authors
assumed that at chemical freezeout the thermal particle phase–space is out of equilibrium.
Deviations from equilibrium were effectively parameterized by the fugacity parameters for
different quark flavors. At RHIC the above off equilibrium model reproduces stable particle
multiplicities as well and in addition due to lower freezeout temperature shows statistically better
agreement with the measured Λ(1520)/Λ and K∗0/K ratios in most central Au-Au collisions.
Nevertheless, this model overestimate the experimental results too.

Interesting properties were also seen in STAR data for ρ0 and f0 yields. These mesons
have been reconstructed in STAR via their decay channel in 2 charged pions. Comparing
the preliminary results from STAR with statistical thermal model prediction reveals that the
measured ratios exceed the calculated values by about a factor of 2. This is quite surprising,
especially considering that a chemical freeze-out temperature of 177 MeV was used for the
calculation, while one might expect these wide resonances to be formed near to thermal freeze-
out, i.e. at a temperature of about 120 MeV. At this temperature, the equilibrium value for the
ρ0/π ratio is about 4 ·10−4, while it is 0.11 at 177 MeV. Even with a chemical potential for pions
being close to the pion mass and taking into account the apparent (downwards) mass shift of 60
- 70 MeV for the ρ0 it seems difficult [23] to explain the experimentally observed value of about
0.18 [22]. The same is also seen in f0/π− ratio which in peripheral collisions reaches the value
of ∼ 5% whereas the equilibrium statistical model predicts this ratio to be smaller than ∼ 1%.
The off equilibrium model [3] provides the values for f0/π− and ρ0/π to be even lower than that
in equilibrium approach, thus shows even stronger deviations from experimental results.

The actual data of STAR Collaboration for short lived resonances obtained in Au–Au
collisions at 200 GeV seem to be inconsistent with thermal models. It is rather unlikely that any
modification of this model e.g. through off equilibrium effects or modifications of particle masses
could be capable of describing the yields of the above resonances and their centrality dependence.
The observed deviations are most likely of dynamical origin and as such can not be handled
in the effective thermal description. Until now however, there is no consistent quantitative
understanding of the above data in terms of any dynamical or transport model [22]. We have to
stress, however, that the actual failure of statistical approach in quantitative description of the
yields of some short lived resonances does not invalidate the model nor the general concept of
thermalization in heavy ion collisions. It should be rather considered as an indication that the
assumption of chemical particle composition being preserved during the evolution from chemical
towards kinetic freezeout does not necessarily hold for a short lived resonances. These particles
are very sensitive to rescatterings [24] and collective medium effects [41] on the way from chemical
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to thermal freezeout which could influence their measured multiplicities.
The equilibrium model discussed above was also applied to AGS data collected in reference

[14]. The best fit of thermal parameters, obtained for Au–Au collisions at 14 AGeV yields T =
125 (+3-6) MeV and µB = 540 ±7 MeV.

Comparing the values of thermal parameters extracted from heavy ion data at different
collision energies it is clear that with increasing energy there is a change of temperature and
chemical potential at freezeout. However, at each collision energy there is only one set of thermal
parameters that is required to reproduce experimental data for different particle multiplicity
ratios.

3. From particle multiplicities to chemical freezeout conditions
Already the first analysis [11] of the chemical freezeout parameters obtained in central Pb–Pb
or Au–Au collisions at top AGS, SPS and SIS energy have indicated that there is an interesting
systematics in energy dependence of these parameters.

Figure 5. Chemical freezeout in heavy ion collisions. The full line represents the condition of
fixed energy/particle � 1.0 GeV from reference [11]. The points are the average values of T and
µB obtained from the analysis of particle yields in heavy ion collisions at the SIS, AGS, SPS
and RHIC energy.

Figure 5 shows the compilation of all presently known freeze–out parameters that are required
to reproduce the measured particle yields in central Au-Au or Pb–Pb collisions at SIS, AGS,
SPS and RHIC energy. The GSI/SIS results have the lowest freeze–out temperature and the
highest baryon chemical potential. As the beam energy increases, a clear shift towards higher
T and lower µB occurs. There is a common feature to all these points, namely that the average
energy 〈E〉 per average number of hadrons 〈N〉 is approximately 1 GeV. A chemical freeze–out
in A–A collisions is thus reached [11] when the energy per particle 〈E〉/〈N〉 drops below 1 GeV
at all collision energies. The physical origin of the above freezeout condition requires dynamical
justification. Recently, this point has been investigated in central Pb–Pb collisions at the SPS in
terms of the Ultrarelativistic Quantum Molecular Dynamics model (UrQMD) [25]. A detailed
study has shown that there is a clear correlation between the chemical break–up in terms of
inelastic scattering rates and the rapid decrease in energy per particle. If 〈E〉/〈N〉 approaches the
value of 1 GeV the inelastic scattering rates drop substantially and the further evolution is due
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to elastic and pseudo-elastic collisions that approximately preserved the chemical composition of
the collision fireball. Following these UrQMD results one could consider the phenomenological
chemical freeze–out of 〈E〉/〈N〉 � 1 GeV as the condition of inelasticity in heavy ion collisions.

The chemical freeze–out in heavy ion collisions was also proposed to be determined [26] by
the condition of fixed density of the total number of baryons plus antibaryons F ≡ (nB +nB̄) �
0.12/fm3. Also recently this condition was formulated through fixed entropy density S per T 3

with S/T 3 � 7 [27]. Within statistical uncertainties of phenomenological values of the freeze–out
parameters the above conditions provide a good description of experimental data from the AGS
up to RHIC energy. However, at the low SIS energy they both show deviations from presently
established freezeout conditions. In Au–Au collisions at 1 AGeV the temperature T ∼ 50 MeV
and µB ∼ 820 MeV are required to get a consistent description of almost all data including
kaons [12].2 Taking the value of F ∼ 0.05/fm3 obtained at SIS energy and using the freezeout
condition of FSIS = fixed leads eg. at RHIC to freezeout temperature of ∼150 MeV, the
value which is lower than that obtained from the particle yield ratios as seen in figure 5). At
µB = 0 the 〈E〉/〈N〉 condition converge to Tf � 170 MeV. On the other hand at SIS the S/T 3

is calculated to be 12 instead of 7. Fixing S/T 3 ∼ 10− 12 and calculating the freezeout line one
ends up with T ∼ 190 − 200 MeV the value that exceeds the freezeout temperature at RHIC.
The proposed chemical freezeout conditions of F = fixed or S/T 3 = fixed can not be apriori
excluded. However, the presently known position of chemical freezeout at SIS energy favors the
first phenomenological findings [11] that chemical freezeout appears at fixed energy/particle.

Figure 6. Left–hand figure: energy dependence of Λ/π+ ratio. Right–hand figure: energy
dependence of φ/K− ratio. The lines are the hadron resonance gas model results obtained along
unified freezeout line from figure 5. The points are the experimental data.

The phenomenological condition of chemical freezeout [11] turns out to be very powerful in
predictions of particle production yields in heavy ion collisions. Applying the requirement of
fixed E/N � 1 GeV together with one experimental observable like e.g. the total number pions
per participant allowed to establish the relation of freezeout temperature and chemical potential
with collisions energy [29]. Consequently, predictions of thermal model for different particle
excitation functions and other observables were established [29]. In figure 6 an example of such
predictions is illustrated for Λ/π+ [29] and φ/K ratios. The thermal model has predicted a
rather sharp peak in Λ/π+ ratio which is in good agreement with recent NA49 data. Also the
surprising result of very flat dependence of the φ/K ratio between AGS and RHIC was recently
confirmed by the data. On the other hand in the thermal model the K+/π+ ratio should exhibit
a steep rise at low energies and subsequent flattening off with a mild maximum at

√
s � 10GeV.

2 Strangeness description at SIS energy required, however the canonical formulation of the conservation laws [12].
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The recent results of NA49 Collaboration shows a rather sharp peak in K+/π+ ratio which can
not be explained by the thermal model [28].
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Figure 7. Left–hand figure: temperature dependence of ∆P/(χqT
2) ratio for two different

values of µq/T . The 2–flavor lattice results (points) are from [36, 38, 39]. The lines are the hadron
resonance gas model values with (broken–line) and without (full–line) the Taylor expansion of
cosh(µB/T ) [34, 38, 39]. The right–hand side shows the temperature dependence of the ratios
of the second, fourth and sixth order coefficients in the Taylor expansion of thermodynamic
pressure. The lines are the hadron resonance gas model results [34, 38, 39].

From the analysis of the energy dependence of freezeout parameters along the line of
E/N � 1GeV the position of chemical freezeout in Au–Au collisions at 40 and 80 GeV/nucleon,
had been found [30] a few years before the data were taken. A detailed analysis of recent results
of NA49 Collaborations shows that these predictions are in excellent agreement with the values
obtained [31] from a direct fit of the model to experimental data . This shows that the thermal
model has a predictive power to describe a bulk properties of different particle multiplicities and
their energy dependence.

4. From chemical to critical conditions in heavy ion collisions
At SPS and RHIC the freeze-out parameters, the temperature Tf and the energy density εf ,
predicted by the presently used thermal model of hadron resonance gas, agree well [2, 32, 33, 34]
with the values of the corresponding parameters required for deconfinement in LGT calculations
[35, 36]. The above quantitative agreement of freeze-out and critical parameters suggests that at
SPS and RHIC the chemical freeze-out appears in the near vicinity of the phase boundary [37].
If this is indeed the case, then the phenomenological statistical operator of hadron resonance gas
should also provide, consistent with LGT, a description of QCD thermodynamics in confined,
hadronic phase of QCD [32, 33, 38, 39]. The basic qualitative properties of the partition function
2 resulting from its T and µB dependence are indeed present in the recent lattice results obtained
in two flavor QCD at the finite chemical potential. In addition with the hadron resonance gas
partition function one can also describe [32] the quark mass and the number of flavor dependence
of the lattice critical temperature at µB = 0 and the position of the phase boundary in the
(T, µB)–plane at small µB [34].

The net baryonic pressure ∆P = P (T, µB) − P (T, µB = 0) has been recently obtained [36]
on the lattice in two flavor QCD as the Taylor series in µq/T

∆p(T, µq)
T 4

�
n=3∑
n=1

c2n(T )
(

µq

T

)2n

(8)
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up to O(µ6
q) order from which the baryon density nB and the baryon number susceptibility χq

are obtained as the first and second order derivatives with respect to µq, respectively

nq

T 3
=

∂ ∆P (T, µq)/T 4

∂ µq/T
� 2 c2(T )

(
µq

T

)
+ 4 c4(T )

(
µq

T

)3

+ 6 c6(T )
(

µq

T

)5

χq

T 2
=

∂2 ∆p(T, µq)/T 4

∂ (µq/T )2
� 2 c2(T ) + 12 c4(T )

(
µq

T

)2

+ 30 c6(T )
(

µq

T

)4

. (9)

The coefficients ci(T ) in the Taylor expansion in equations 8 and 9 were calculated through the
Monte–Carlo simulations of 2–flavor QCD [36].

Figure 8. Lattice results [7, 36] on the phase boundary curve (line with errors) together with
phenomenological freeze-out values of T and µB (points) obtained from the analysis of particle
production in heavy ion collisions [2]. Short-dashed and dashed–dotted lines are the statistical
model results [34] obtained under the condition of fixed ε � 0.6 GeV/fm3 with mπ � 0.77
GeV and mπ � 0.14 GeV respectively. Also shown (full–line) is the phenomenological freeze-out
curve of fixed energy/particle� 1GeV from [11].

The lattice results shown in equations 8-9 restricted to the confined phase of QCD can be
directly compared with the predictions of the hadron resonance gas model. From equation 2 it is
clear that in the Boltzmann approximation the hadron resonance gas provides the factorization
of T and (µ/T ) dependence of the net baryonic pressure

∆P

T 4
� F (T )(cosh(

µB

T
− 1) with F (T ) �

∑
i

(
m

T
)2K2(

m

T
) (10)

as well as the baryonic density and its fluctuations. Consequently, in the resonance gas model
any ratios of nq, χq and ∆P calculated at fixed quark chemical potential (µq/T ) = fixed, should
be independent from temperature [32, 33, 38]. In figure 7–left we show as an example the ratio
of ∆P/∆(χqT

2) for two different values of µq/T as function of T . It is clear from figure 7–left
that for T < Tc the factorization predicted by hadron resonance gas model in equation 10 is also
seen in LGT results.
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The (µq/T )–dependence in the HRG–model is described by the (cosh)–function. Thus,
performing the Taylor expansion of the pressure 10 in (µq/T ) one gets the predictions on the
values of the Taylor coefficients ci in equation 8 from the phenomenological hadron resonance
gas model

c2(T ) =
9
2
F (T ) , c4 =

81
4!

F (T ) , c6 =
36

6!
F (T ). (11)

Figure 7–right shows the ratios c4/c2 and c6/c4 obtained on the lattice in 2–flavour QCD and
the corresponding results of the HRG–model from equation 11. The temperature dependence
of the Taylor coefficients in equation 11 is controlled by a common function for all ci. Thus, in
HRG–model, the ratios of different ci are independent of T . The lattice results for T < Tc are,
within statistical errors, consistent with this prediction. The values of c6/c4 and c4/c2 obtained
recently on the lattice [36, 38, 39] are also seen in figure 7–right to coincide with HRG–model.
At temperature T � Tc, however, the lattice results deviate from the resonance gas values. This
is to be expected as at the critical temperature, deconfinement releases the color degrees of
freedom3 which are obviously not there in the statistical operator of the hadron resonance gas.
The partition function 2 is not sensitive to the phase transition thus, could be at most applicable
below deconfinement.

The pressure calculated on the lattice increases abruptly when approaching deconfinement
transition from the hadronic side [36, 38]. If the phenomenological statistical operator of
hadron resonance gas is of physical significance then this increase could be due to the resonance
formation. Indeed, a detailed comparison of the model with the lattice results has shown that
the copious production of resonances provides a remarkable good description of temperature
dependence of baryonic pressure and other observables [32, 33, 38, 39]. This indicates that
phenomenological partition function of hadron resonance gas is a good approximation of QCD
partition function in the confined phase.

The recent lattice results on QCD thermodynamics show that at vanishing µ deconfinement
occurs at similar values of the energy density independently from the number of quark flavors
and the quark mass [35]. Thus, the condition of fixed energy density could be considered as
the criterium for deconfinement. This feature can also be seen at finite but small µ. Figure 8
shows recent lattice results on the position of the phase boundary line in 2–flavor QCD obtained
within the Taylor approximation and with the pion mass mπ � 770 MeV. The line of fixed
energy density ε � 0.6 GeV/fm3 with ε calculated in the HRG–model with the modified mass
spectrum is seen to coincide with lattice results. Decreasing the pion mass to its physical value
and including a complete set of resonances expected in (2+1)–flavor QCD results in the shift
of the position of the phase boundary line towards a phenomenological freeze-out condition of
fixed energy/particle� 1GeV. The splitting of freeze-out and phase boundary line appears most
likely when the ratio of meson/baryon multiplicities reaches the unity [34].

The dashed–dotted line in figure 8 could be a physical boundary line separating the hadronic
from the quark–gluon plasma phase. However, in the baryon dominating medium one expects a
very efficient meson baryon scattering [41]. Consequently, the particle dispersion relations and
spectral functions can be modified in a medium. Thus, it is not clear if the extrapolation of the
dashed–dotted line in figure 8 towards larger µB > 500MeV is adequate where the yields ratio
(meson/baryon)< 1.

5. Summary
We have discussed some aspects of application of the statistical thermal model to the description
of particle production in heavy ion collisions in a very broad energy range from SIS up RHIC. We
3 These color degrees of freedom could be also possibly described as resonance bound states [40].
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have shown that the hadron resonance gas partition function provides a satisfactory description
of the bulk properties of the experimental data. The unified freezeout condition of fixed
energy/particle being equal to 1 GeV turns out to be successful in predictions of particle
excitation functions and freezeout parameters for different energies.

At present, there are, however, experimental findings which do not coincide with the statistical
model predictions. The most serious deviations are seen on the level of short lived resonances
measured at RHIC energy. In addition a sharp peak in the K+/π+ excitation function at SPS,
obtained by the NA49 Collaboration, is not reproduced by the model. These deviations could
be of dynamical origin and, at the moment, can not be handled within the statistical model
approach.

We have shown that the phenomenological partition function of hadron resonance gas
used in heavy ion phenomenology is also quite successful in describing recent LGT results
on thermodynamics in confined phase at finite temperature and chemical potential. This
indicates that the hadron resonance gas partition function is a good approximation of QCD
thermodynamics in the hadronic phase. Applying the above partition function together with
the condition of a fixed energy density we have discussed a possible position of the QCD critical
curve in the temperature–chemical potential plane. As it turns out at SPS and RHIC the
chemical freezeout appears close to deconfinement. However, at lower collision energies there is
a splitting of critical and freezeout curve that, most likely, appears when the system passes from
mesonic to baryonic dominating medium.
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