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Abstract

This thesis has two main themes: on the one hand, in Chapters 3 and 5 we study some
effects of the presence of timelike boundaries on linear classical and quantum field the-
ories; the second theme is the analysis of technical issues with the 1991 paper [KW91],
which is carried out in parts of Chapter 2 and in Chapter 4. Chapter 2 contains a novel
result on the characteristic initial value problem on globally hyperbolic spacetimes. In
Chapter 3, we conjecture that (when the notion of a Hadamard state is suitably adapted
to spacetimes with timelike boundaries) there is no isometry-invariant Hadamard state
for the Klein—-Gordon equation defined on the region of the Kruskal spacetime ‘to the
left of’ a surface of constant Schwarzschild radius in the right Schwarzschild wedge, if
Dirichlet boundary conditions are imposed there. We also prove that, under a suitable
notion for ‘boost-invariant Hadamard state’ which also takes into account the special
infra-red pathology of massless fields in 1+1 dimensions, there is no such state for the
massless 141 wave equation on the region of Minkowski space to the left of an eter-
nally uniformly accelerating mirror — with Dirichlet boundary conditions at the mirror.
Chapter 5 collects and extends results of Solis [Sol06] about the causal structure of
spacetimes with timelike boundaries, and deals with algebraic aspects of the interplay
between Green hyperbolicity and boundary conditions in classical field theory. It also
outlines a plan for generalizing the established work on wave-like equations from glob-
ally hyperbolic spacetimes to ‘globally hyperbolic spacetimes-with-timelike-boundaries’.
Appendix B contains a non-existence result for boost-invariant Hadamard states of a

massless scalar field in (141)-dimensional Minkowski spacetime.
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Chapter 1

Introduction and Motivation

Modern fundamental physics can be confidently said to rest on the two building blocks of
Einstein’s general relativity (GR) and quantum (field) theory [Q(F)T], in the sense that
both theories have by now been extensively tested, and vindicated, on their respective
domains of applicability.

To wit, GR makes correct (so far) predictions about the large scale structure of the
universe, and in particular on the medium-to-long-range interactions of its constituents
due to gravity. When complemented with suitable assumptions,' it also provides a sat-
isfactory understanding of the universe’s past state of affairs, provided at least that one
does not attempt to reconstruct the latter’s very early history. GR interprets gravity
geometrically by positing that gravitational interactions are compound effects of the
local curvature of spacetime (i.e., of the universe including its past and future history).
By means of Einstein’s field equations, it describes and constrains where, when and how
geometry is curved in relation to where, when and how matter is localised. Thus, geom-
etry in GR is a dynamical entity which cannot be prescribed a priori: in the words of J.
A. Wheeler, “Spacetime tells matter how to move; matter tells spacetime how to curve”.
It is perhaps curious that a theory with such spectacular predictions of large-scale phe-
nomena should be mathematically formulated in terms of the infinitesimal (differential)
properties of a continuum. In analogy with the example of fluid mechanics, it is tempt-
ing to conclude that the existence of a successful continuum description is just a ‘lucky’
coincidence, and that one should perhaps be willing to accept that a more complete
theory, in which GR would be embedded, may well describe the universe in different
terms. One does not, in fact, need to leave the realm of GR to obtain indications that
this expectation is well-founded: rigorous singularity theorems in cosmology prove that
GR leads to the occurrence of spacetime singularities — i.e. of ‘places’ at which relevant

physical quantities blow-up preventing further predictability — in a generic way [HP70].

'For instance, with initial conditions as the ones used in the Lambda-CDM model [EMM12, Plal6].
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Introduction and Motivation 14

Ordinary Q(F)T, on the other hand, describes matter and its non-gravitational interac-
tions in regimes in which gravity can be safely ignored and in terms of the behaviour
of its fundamental, microscopic, constituents. The strong and weak nuclear forces, as
well as the electromagnetic force, can all be described? in terms of appropriate quantum
(field) theories. Furthermore, QET fully and unproblematically embraces the principles
of Einstein’s Special Relativity, so that processes involving relative speeds close to the
speed of light also fit in the theoretical framework. No experimental disagreements with
the predictions of the Standard Model of particle physics, which is based on QFT, have
so far been identified. Now, any quantum-mechanical theory radically departs from the
classical point of view on physics according to which natural phenomena should admit
a deterministic description — that is, one in which the only limitations to our ability to
predict the future, given the present, have their origin in the practical impossibility to
attain complete knowledge of the present itself. In quantum mechanics, the evolution
of physical entities is governed by probabilistic laws whose status is that of fundamen-
tal axioms and not simply of ‘effective’ descriptions. By contrast, the mathematical

formalism of GR is that of a classical, deterministic theory.

Now suppose that an ultimate theory of physics can in principle be found which is valid
in all possible regimes and is able to reproduce the already established predictions of
GR and QFT. It is hardly believable that, in such a theory, gravitational phenomena
and the geometry of space-time would still be described by deterministic laws while
non-gravitational ones would remain fundamentally probabilistic, if the evolution of
spacetime (geometry) is to be inextricably linked to the evolution of matter. Since, of the
two building blocks we described, only Q(F)T makes any claim about the character of
microscopic phenomena, the most conservative approach towards obtaining the ultimate
theory seems to be to reformulate GR in a quantum mechanical language — that is, to
obtain a quantum theory of gravity (and presumably, if one of the fundamental tenets of
GR is to be kept, of geometry). Aside from technical difficulties which arise in naively
trying to do so [GS86], there is then another issue: Although QFT makes probabilistic
statements about nature’s constituents, its probabilistic laws are formulated in terms
of a known spacetime ‘stage’ which, traditionally, is modelled by a continuum. So
if the geometric spacetime stage is to be replaced, in a theory of quantum gravity,
by something entirely different, then the rules governing the behaviour of the matter
‘actors’ will require substantial modification as a result. Currently, experiments provide

no obvious hints as to how to proceed.

The quest for a full theory of quantum gravity thus remains open. But it is possible
and fruitful to seek a mathematical formulation of, and to then extract physical pre-

dictions from, an intermediate model of the interaction between gravitation/geometry

2Sometimes, e.g. in the case of the electroweak model, in a unified manner.
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and the quantum mechanical matter fields. The starting point is the observation that
the geometric setup of Special Relativity (the Minkowski spacetime), in which ordi-
nary QFT is formulated, is just a particular instance of the class of geometries which
can be described by GR. In this intermediate model, commonly referred to as QFT on
curved spacetime, one views spacetime as a fixed background, classically described in
the language of GR, and formulates a suitable generalisation of the laws of propagation
of quantum matter fields from Minkowski spacetime to more general, possibly curved,
geometries. No attempt is made to quantize gravity/geometry itself or even to account
for the back-reaction of quantum matter fields on the geometric fabric of spacetime, i.e.
quantum fields are treated as ‘test’ objects and only the first half of Wheeler’s slogan is

implemented, replacing ‘matter’ by ‘quantum matter’.

In the absence of a unified quantum treatment of gravity together with matter, one of
course ought to ask the question of what the expected range of applicability of this hybrid
approximate theory might be. We certainly should not expect QF'T on curved spacetimes
to produce accurate predictions when the spacetime curvature approaches Planck scales,
i.e. when it is of the order of /; 2~ 10% m~2. This presumed range of validity is, however,
sufficiently large not to preclude meaningful applications of the theory to many relevant
cosmological and astrophysical phenomena. In this context, a basic physical prediction
of QFT on curved spacetimes is that strong gravitational fields (i.e., in GR, the metric
of the spacetime under consideration) can ‘polarize’ the vacuum of a quantum matter
field in a way analogous to the way in which the vacuum of the electron-positron field is
polarised under an external time-dependent electromagnetic field in conventional QFT.
A related prediction is that, when the gravitational field is time-dependent in a precise
sense, the theory predicts pair creation of particles associated to the quantum field.
As a result, QFT on popular cosmological models such as the Friedman—Lemaitre—
Robertson—Walker (FLRW) spacetime was quickly recognised [TU57, Par68] to predict

particle creation as a result of the expansion of the universe.

The most surprising prediction of QFT on curved spacetimes to this date, however, is
undoubtedly the Hawking effect [Haw75], according to which a classical black hole of
mass M arising from gravitational collapse will emit thermal radiation at the Hawking
temperature given (in units in which G, ¢, h and Boltzmann’s constant kg are all taken

to be 1), for a spherically symmetric (Schwarzschild) black hole, by

1 1 1
" 81M 4R iz A

Tu

where R = 2M is the Schwarzschild radius of the black hole, and A = 47 R? is the surface
area of the black hole’s event horizon. The existence of such a counterintuitive prediction

already at this level of approximation thus provides a strong reason for studying related
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effects in QFT on curved spacetimes in idealised situations. Surprises arise as a result
of doing so, such as the famous discovery by Unruh (the Unruh effect [Unr76], but see
also the previous related work by Fulling and Davies [Ful73, Dav75]) that a uniformly
accelerated detector in Minkowski space will detect a thermal spectrum of particles when

the global state of the quantum field is the Minkowski vacuum.?

The discovery of the Hawking and Unruh effects catalysed research in the field, leading
to a vast number of research programs. The work in this thesis is related to, and sheds

some light on, at least three such programs, which we now recall.

Black hole thermodynamics. Hawking’s discovery that black holes behave exactly like
thermodynamic objects possessing a temperature related in a simple way to their mass,
and therefore also to their geometry, was of course tantalising. Prior to Hawking’s
derivation, Bekenstein [Bek73] had already argued, on general grounds not specifically
tied to QFT on curved spacetimes, that black holes should possess an entropy and that
this entropy ought in fact to be proportional to the area of the event horizon. Hawking’s
result shed light on the origin of this entropy in the context of simple quantum-field-
theoretic models, and revealed the exact value of the constant of proportionality. The

Bekenstein-Hawking entropy of a Schwarzschild black hole (in units as above) is
1 2 2
SBHZEA:ZLWM =7R".

Further clarifying the origin of this entropy naturally led to investigating idealised sit-
uations in which Schwarzschild black holes are imagined to be placed in a spherical
container — a ‘box’ — situated beyond the event horizon [Haw76]. In these models, black
holes are surrounded by black-body radiation — a so-called ‘thermal atmosphere’ — at the
Hawking temperature, with which the black hole (viewed as a gravitational object) is in
thermal equilibrium [GP76, Haw76, GH93|. A natural question is whether a black hole
in equilibrium in such a box* has a semi-classical description in terms of a fixed classical
spacetime together with a suitable state of a quantum field defined on it — with equi-
librium between the two systems being modelled by both the classical spacetime metric
and the quantum state being invariant under the appropriate groups of transformations

describing time-invariance.

Curved spacetime generalisations of the Unruh effect; QF T on spacetimes with bifurcate

Killing horizons. Analogs of the Unruh effect were soon recognised to occur on more

3The Unruh effect is actually a result in ordinary Minkowski spacetime QFT. That it was discovered
as a result of an effort to better understand the Hawking effect for black holes is, we believe, an indication
that the challenge to generalise Minkowski spacetime QF T to the curved spacetime scenario can actually
help to clarify which physical notions and mathematical structures are really important in QFT and
which are merely convenient assumptions.

“Here we leave aside the issue that a Schwarzschild black hole in equilibrium in a box is believed to
be thermodynamically unstable [Haw76].
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complicated geometries than the Minkowski spacetime. Notable examples were: (i) the
maximal extension of the Schwarzschild spacetime (i.e. the Kruskal spacetime), with
the role of the Minkowski vacuum played by the Hartle-Hawking—Israel state [HH76,
Isr76]; (ii) the de Sitter spacetime modelling an isotropic, homogeneous, closed and
expanding universe, with the role of the Minkowski vacuum played by a quantum state
first constructed by Chernikov and Tagirov in [CT68] (but nowadays known as the
Bunch—Davies vacuum after [BD78]), as discussed e.g. in [Isr76, GH77]. It was soon
understood, thanks both to the aforementioned explicit investigations and to general
abstract reasoning involving conventional (axiomatic) QFT [Sew82|, that the core of
the argument leading to the Unruh effect both on Minkowski spacetime and on such
other geometries lay in the fact that in all cases there exists a one-parameter group of
metric-preserving transformations (i.e. of isometries), acting as ‘time’ translations® on
a double-wedge portion of the spacetime [Kay85]. The culmination of this program, in
the case of linear spin-0 quantum fields, was a seminal 1991 paper by Kay and Wald
[KW91] — but see also [Kay93] for some technical refinements — in which, amongst other

major achievements:

e [t was shown that a double-wedge structure naturally arises on a large class of
spacetimes comprising many of the spacetimes of interest in quantum field theory
on curved spacetimes, including in particular the Minkowski, Kruskal and de Sitter
spacetimes on which the Unruh effect was already known to occur. Spacetimes in
this class are required to enjoy ‘good’ causal properties (specifically global hyper-
bolicity), and to admit a one-parameter family of isometries yielding a bifurcate
Killing horizon structure (most of Chapter 2 in this work will be concerned with

reviewing this geometric background).

* Under some technical caveats, it was ‘proved’ that quantized (real, spin-0) linear
fields on such spacetimes admit a unique state which is both invariant under the
spacetime isometries and exhibits unpathological short-distance behaviour (respec-

tively, the state is isometry-invariant and Hadamard).

e It was shown that, when restricted to either one of the two ‘wedge regions’, this
unique state is necessarily a thermal state (technically, a KMS state) with respect
to the isometries restricted to that wedge, and at a temperature which, in the
case of the Kruskal spacetime and when the isometries are rescaled ‘at infinity’ in
a natural way, coincides with the Hawking temperature Tx. In the case of more
general spacetimes with a bifurcate Killing horizon structure, this temperature is

obtained by replacing the area A of the event horizon in Hawking’s formula by

5‘Time’ here is meant in a sense which generalises the usual global time translation of Minkowski
spacetime. In more mathematical language, the requirement is that the flow resulting from the isometries
occurs in a timelike direction.



Introduction and Motivation 18

the quantity /2, where  is a constant of geometric origin, determined solely by
the bifurcate Killing horizon structure and called the surface gravity. That is, this
general temperature is given in terms of k by the simple formula
T= o

* For some notable cases, such as appropriate portions of the maximal extensions of
the Kerr spacetime (which models an isolated, electrically neutral, rotating black
hole in an open universe) and of the Schwarzschild-de Sitter spacetime (which
models a nonrotating, electrically neutral black hole in an otherwise de Sitter uni-
verse), the authors claimed to provide rigorous proofs that there is no such state.
As a result, in particular, analogs of the Unruh effect for linear, real, spin-0 quan-
tum fields cannot exist on such spacetimes. In the case of the Kerr spacetime,
the argument for non-existence was based on the fact that some of the rotational
kinetic energy of a rotating black hole can be extracted by scattering into it waves
of sufficiently low frequency and high angular momentum [Zel72] — a phenomenon
called superradiance. For Schwarzschild—de Sitter, one argument for the no-go
result was based on the fact that, should such a state exist, it would simultane-
ously have two different Hawking temperatures, one associated with the black hole
horizon and the other with the de Sitter cosmological horizon. Another argument
relied on what, in quantum information theory, is now known as ‘monogamy’ of

entanglement (although this notion had not yet been coined at the time).

Quantization in the presence of moving mirrors. As a result of yet another struggle
to capture the essence of Hawking’s original argument for particle creation by black
holes [Haw75], by separating it from the technical clutter associated with curvature and
four-dimensionality, and by reducing the prominence of global considerations, some au-
thors (see [DF77] and references therein) studied radiation processes for quantum fields
in simplified models which, they argued, simulate most of the important features of
spherically symmetric gravitational collapse models as the ones considered by Hawking.
Specifically, in these models the quantum fields were linear, massless and of spin 0, and
the kind of backwards-in-time wave scattering which, in the case of four-dimensional
collapse models, was at the heart of Hawking’s derivation via a somewhat mysterious
application of the geometric optics approrimation, was achieved in the context of a flat

and two-dimensional spacetime by introducing a spatial boundary and reflecting condi-

tions for the field at that boundary — that is, by introducing a mirror. What was an
overall effect of non-trivial ‘bulk’ geometry in Hawking’s derivation was now the result
of a disturbance concentrated along the trajectory of the mirror.

Aside from the motivation coming from the Hawking effect in the manner just recalled,

these low-dimensional mirror scenarios were extensively studied as worthwhile models
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in their own right. For instance, the discovery of the Casimir effect [Cas48] had already
shown that the presence of reflecting mirrors can produce non-zero and physically sig-
nificant energy density and pressure associated with the vacuum state. In [FD76, DF77]
(see also [BD84, Sec. 4.4 and Sec. 7.1] for an overview), it was pointed out that a mir-
ror which starts out inertial — with the state of the field the initial vacuum state —
and later undergoes uniform acceleration does not radiate during the period of uniform

acceleration.

1.1 Relation with previous work and main results

The work in this thesis was initially motivated by the first of the three research programs
described above. Specifically, we sought an answer to the already mentioned natural
question of whether or not regular quantum field theory on curved spacetimes might
reasonably ‘simulate’ black holes in boxes when these are supposed to be in thermal
equilibrium with a thermal atmosphere described by ordinary quantum-field—theoretic
matter. Insofar as such systems can ever have a semi-classical description in which the
geometry is described by an ordinary general-relativistic spacetime with a boundary

describing the ‘box’, what might this spacetime look like?

As far as the treatment of the matter quantum fields is concerned, it seemed natural to
begin our investigation with quantized, linear, spin-0 fields (i.e., Klein-Gordon fields)
and to model their being ‘confined’ to a box by prescribing boundary conditions at
the classical level — i.e., before quantization. The choice of boundary conditions must
be, ultimately, physically motivated. And there must be an understanding that ‘sharp’
boundary conditions are perhaps never too physical — for instance, while the effect of
some real physical devices (e.g., mirrors) on fields may be described very well by a ‘sharp’
boundary condition if the incident fields carry low energy, this description typically fails
to be an accurate one at very high energies (e.g., in the case of mirrors, absorption
inevitably begins to occur then). We will not touch on this inherent limiting aspect of
our model any further in this thesis. We opted for Dirichlet boundary conditions as
they are elementary to treat, but with a view towards allowing more general boundary

conditions (and, concurrently, more general fields) in future research.

In this context, the work of B. S. Kay in [Kayl5] suggested that, in the case of a
Schwarzschild black hole, a description of such thermal equilibrium in which the ge-
ometry is modelled by the Kruskal spacetime with portions of the two exterior regions
(symmetrically) removed, as in the Penrose diagram of Figure 1.1, runs into serious

difficulties.
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FIGURE 1.1: Penrose diagram for the region of the Kruskal spacetime considered in
[Kay15]. See also Figure 3.3.

We therefore decided to examine the viability of another possible geometry, obtained by
‘cutting off’ the maximally extended Kruskal spacetime only in the right wedge. More
precisely, as in [Kay15] we remove a portion of the spacetime in which the Schwarzschild
radial coordinate exceeds some fiducial value larger than the Schwarzschild radius. But
this time we only do so on the right exterior wedge, leaving the left one intact. The
result is a spacetime which possesses a timelike boundary defining the surface of the

imagined ‘confining box’ — see Section 3.1.

Unlike in the case of globally hyperbolic spacetimes without boundaries, a general, math-
ematically rigorous, theory of classical and quantum fields in spacetimes with timelike
boundaries, and in the presence of boundary conditions, is still missing. In order to
be able to produce physical arguments despite the lack of such a theory, we initially
proceeded under the assumption that a certain minimal set of desiderata for classical
fields still hold true in the context of certain spacetimes with timelike boundaries, and
in particular in the context of our portion of the Kruskal spacetime. These requirements
are minimal in the sense that they are analogous versions of properties which are known
to hold for physically relevant fields on globally hyperbolic spacetimes and which are

essential ingredients for carrying out rigorous quantization procedures there.

Making these assumptions allowed us to argue for and thus conjecture a non-existence
result for regular (i.e. of ‘Hadamard’ type in a sense which we will clarify) quantum states
which are additionally invariant under the isometries of our spacetime. Supporting
evidence for the validity of our conjecture is provided by means of a no-go theorem,
Theorem 3.4.7, which we are able to rigorously establish, for an analog toy model in

141 dimensions. This latter theorem is interesting in its own right as it sheds some
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further light on the analysis of quantization in the presence of moving mirrors, see our

brief review on p. 18.

The content of the above paragraph, and a discussion of the physical significance of the
conjectures and results there, is the topic of Chapter 3. Both our no-go conjecture and
our no-go theorem may be regarded as non-existence results in the style of those proved
by Kay and Wald in [KW91] — see the last item in the list beginning on p. 17. Yet
another non-existence result in that style — for the wave equation on (1+1)-dimensional

Minkowski spacetime — is proved in Appendix B.

In view of the close connection of our work with the setup and techniques in [KW91], we
decided to clarify some technical aspects of the analysis in [KW91]. Chapter 2, as well
as introducing necessary mathematical background, provides some such clarifications.
Specifically: in Section 2.2 we deal with purely Lorentzian-geometric aspects, while in
Section 2.5 we rigorously prove some significant results in hyperbolic PDE theory which

were assumed true, without proof, in [KW91].

Another, more severe, issue with the analysis in [KW91] was also discovered in the
process of tackling the problems in Chapter 3. Namely, an important gap was discovered
which affected in particular the arguments for the items labelled ‘x’ in the list beginning
on p. 17. We attempted, achieving partial success, to fill this gap and thus repair the
affected arguments in [KW91]. Chapter 4 presents the results of our investigation and

highlights the situations in which we were not able to fill the gap.

Finally, in Chapter 5 we initiate the treatment in earnest of the classical theory of fields
and boundary-value problems on spacetimes possessing timelike boundaries, with a view
to eventually establishing, as rigorous results in PDE theory, the desiderata mentioned
five paragraphs above the current one. Some preliminary results are obtained, and a

suggested road map for a complete resolution is provided in Section 5.4.






Chapter 2

Mathematical Background and

Preliminaries

2.1 Review of relevant Lorentzian geometry

2.1.1 Differential topology generalities

Our main reference for definitions and results in differential topology is [Leel3]. In par-
ticular, the underlying topological space of a smooth or topological manifold will always
be required to be Hausdorff and second-countable. However, unlike that reference, we
will use the notation T,¢ : T,M — T,N for the differential (or ‘tangent map’) of a map
¢ : M — N at a point p € M; the bundle map resulting from the collection {T},¢}pem
will be denoted by T'¢ : TM — T'N. For brevity, from now on we will often simply write
‘manifold’ to mean ‘smooth manifold’. In general, we adopt the convention that terms
such as ‘map (of manifolds)’, ‘chart’, ‘immersion’, ‘submersion’, ‘embedding’, ‘subman-
ifold’, ‘metric’, ‘vector/covector/tensor field’, ‘(vector) (sub)bundle (map/morphism)’,

‘local/global trivialisation’, ‘section’, ‘local/global basis’ etc., if used without further

qualifiers, will refer to their smooth versions. One notable exception to this practice will

be the fact that the word ‘curve’, if unqualified, will simply refer to what is sometimes
called a ‘continuous parametrised curve’ or a ‘path’; i.e. a continuous function v : J — M

where J C R is an interval with non-empty interior.

We will write A = BW C to mean that A = BUC and BN C = (. N will denote
the non-zero natural numbers, while Ny := N U {0}. The topological closure, interior
and boundary of a subset A of a topological space X will be denoted by A, Aand A
respectively, while for a smooth manifold with boundary M we reserve the notations M

and Int M to the boundary and interior of M in the sense of manifolds with boundary.

23



Mathematical Background and Preliminaries 24

Throughout, if M is a manifold then C*(M) for k € NgU{oo} will denote the space of k
times continuously differentiable real-valued functions on M — with ‘0 times continuously
differentiable’ meaning continuous. If N is another manifold, C*(M; N) will denote the
space of k times continuously differentiable functions from M to N. If £ — M is
a smooth fiber bundle, then T*(E) for k € Ny U {oo} will denote the space of k times
continuously differentiable sections of E — M, so that in particular C*(M) = I'*(M xR)
where M x R — M is the trivial vector bundle. We may occasionally use the notation
X(M) for the set I'>°(T'M) of smooth vector fields on M. If M and N are real analytic
manifolds and £ — M is a real analytic fiber bundle, then we can define C* (M),
C¥(M;N) and I'Y(E) as above, with ‘w times continuously differentiable’ meaning real
analytic. Finally, if £ — M is a vector bundle then T'5(E) denotes the subspace of
I'*(E) consisting of sections ¢ : M — E whose support, defined by

supp ¢ = {x € M | ¢(x) # 0} C M,

is compact. Thus, in particular, C[’)“(M ) is the space of k times differentiable real-valued
functions on M with compact support. Appendix C reviews some other notable function

spaces which will be of use to us.

Since the technical distinction between immersed and embedded submanifolds will be-

come important later, we recall these definitions below.

Definition 2.1.1 ([Topological| immersions and embeddings). Let P and M be manifolds,
and ¢ : P — M be amap. Then i is an immersion if all its differentials are injective linear
maps; it is an embedding if it is an immersion and also a topological embedding, i.e. a
homeomorphism onto its image i(P) C M in the subspace topology. It P and M are just
topological spaces, then ¢ : P — M is a topological embedding if it is a homeomorphism
onto its image equipped with the subspace topology, and a topological immersion if every

x € P has a neighbourhood U such that ¢[;; is a topological embedding.

Definition 2.1.2 (Immersed and embedded [topological] submanifolds). (i) We say that
a subset S C M can be given the structure of an immersed submanifold of M if there
exists an injective immersion i : P — M whose image is S. There exists then a unique
choice of topology and smooth structure on .S, depending on ¢, turning S into a manifold
and ¢ : P — S into a diffeomorphism. However, if an ¢ exists such that i : P — S is
also a homeomorphism when S is equipped with the subspace topology, then all choices
of injective immersion yield the same topology (i.e. the subspace topology) and smooth
structure, relative to which the inclusion map of S into M is an embedding [Leel3, Thm.
5.31]. We then say that S is an embedded submanifold of M. (ii) Stripping M of its
smooth structure and viewing M as a topological manifold, we say that .S can be given

the structure of an immersed topological submanifold if there is a topology on S (not
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necessarily the subspace topology) which makes it into a topological manifold such that
the inclusion is a topological immersion. If the inclusion map is a topological embedding

then S is an embedded topological submanifold of M.

Definition 2.1.3. Throughout this thesis, by a hypersurface in a manifold M we will
mean a codimension-1 embedded submanifold of M according to Definition 2.1.2. A
codimension-1 embedded topological submanifold of M will be called a topological hy-

persurface.

2.1.2 Lorentzian manifolds and elements of causal theory

We set the scene for semi-Riemannian and, in particular, Lorentzian geometry. Our
principal reference is [O’N83]. Doing this will allow us to give the general definition of

a spacetime (without boundary) which will be adhered to throughout this thesis.

Definition 2.1.4. Let V be a finite-dimensional real vector space, and b : V x V — R
be a symmetric bilinear form. We call the index of b the largest integer which is the

dimension of a subspace W C V on which b[y;, is positive definite.

Definition 2.1.5 (Semi-Riemannian and Lorentzian manifolds). Given a manifold M, a
metric tensor — or simply a ‘metric’ — is a smooth tensor field of type (0,2) — that is,
an element of I'>°(T*M ® T*M) — which is everywhere symmetric and non-degenerate
and has constant index throughout M. By a semi-Riemannian manifold we mean a pair
(M, g) where M is a manifold and g is a metric tensor. If, in addition, dim M > 2 and

g has index equal to 1 then (M, g) is a Lorentzian manifold.

Whenever convenient, we will adopt the standard summation convention and abstract
index notation for tensor indices. As is customary, we will denote the covariant derivative
arising from g by V and, for any smooth function f, the vector field V¢ f by grad f. Our

convention for the Riemann curvature tensor is
d
(vaVb — vaa)vc = Rabdc'U 5

the Ricci tensor is Ry = R¢ and the Ricci scalar curvature is R := R%,. For us, a

ach’
geodesic is always what some authors refer to as an ‘affinely parametrised geodesic’; i.e.,
a (necessarily smooth) curve v : I — M satisfying the geodesic equation V4% = 0. We

will instead refer to curves v : I — M parametrised so that V5% o< 4 as pregeodesics.

Definition 2.1.6 (Types of submanifolds of Lorentzian manifolds). If (M, g) is a Lorentzian
manifold, P is a manifold, and i : P — M is an injective immersion, the resulting im-

mersed submanifold S = i(P) is called spacelike (resp. timelike) if the pullback i*g
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defines a Riemannian (resp. Lorentzian) metric on P. If i*g is everywhere degenerate

then S is said to be null.

Definition 2.1.7 (Normal bundle of a submanifold). Given an arbitrary embedded sub-
manifold S <» M of a Lorentzian manifold (M, g), the normal bundle of S, denoted by
NS, is the vector subbundle of the pullback bundle T'M|g = *T M consisting of vectors

normal to S using the metric g. lL.e., as a set and viewing T'S as a subset of T'M,

NS={neTM|s|g(n,X)=0V X €TS}.

The standard Riemannian exponential map will be used in the sequel. For a proof of
its smoothness on the maximal domain D defined below, we refer to [Lee97, Prop. 5.7].
Here and throughout this thesis, given V' € T'M we will denote by 7y the (unique)
mazimally extended geodesic with initial tangent vector V — whose domain of definition

is then necessarily an open interval containing 0 € R and depending on V.

Proposition 2.1.8. Let (M, g) be a semi-Riemannian manifold, and let
D :={V € TM : the mazimal geodesic yy is defined on an interval containing [0,1]}.

Then D is an open subset of TM and the exponential map of (M,g), exp : D — M
defined by exp(V) = vy (1), is smooth. [

Note that, if f : (My,91) = (Ma,g2) is a local isometry, then T'f(D;) C Dy where D
(resp. D3) denotes the domain of the exponential map on (M, g1) [resp. (Mz, g2)]. This
will be used in the proof of Theorem 2.2.6. If S is an embedded submanifold then the
normal exponential map expfg is defined as the restriction of exp to the normal bundle
N S; it immediately follows that eprS- is defined and smooth on an open submanifold

D¢ of NS. The following stronger result is Lemma 7.25 in [O’N83].

Proposition 2.1.9. If (M, g) is a semi-Riemannian manifold and S is an embedded sub-
manifold such that the pullback of g to S is everywhere non-degenerate, then S has a
normal neighbourhood U in M. This means that there exists an open neighbourhood VW
of the set of zero vectors in NS, with W C D&, such that exp§ carries W diffeomorphi-
cally onto U. [

If S = {p} is a one-point subset, then NS is just 7,M and Proposition 2.1.9 adapts
in the following sense. Letting exp, := exp [Tp MAD, & normal neighbourhood of p is, by
definition, an open neighbourhood ¢ > p such that there exists an open neighbourhood
W C T, M, starshaped about the zero vector in T),M, such that exp, : W — U is a
diffeomorphism. With these definitions, any point in a semi-Riemannian manifold has
a normal neighbourhood. Indeed, more is true. We call a neighbourhood of p convez or

geodesically convez if it is a normal neighbourhood of each of its points.

Lemma 2.1.10 (Existence of convex neighbourhoods). A semi-Riemannian manifold has

arbitrarily small convex neighbourhoods of any of its points. [
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We now review some aspects of the causal theory of Lorentzian manifolds. That is,
we concern ourselves with relations between points in Lorentzian manifolds which arise

from the causal character of vectors and curves there.

Definition 2.1.11 (Causal character of vectors). The causal character of a vector X €
T,M in a Lorentzian manifold (M, g) is defined as follows: X is called timelike if
gp(X, X) > 0, spacelike if X = 0 or g,(X,X) < 0, null or lightlike if g,(X,X) =0

but X # 0, and causal (or nonspacelike) if either timelike or null.

If (M, g) is a Lorentzian manifold and p € M, the subset of T,,M consisting of timelike
vectors forms an open cone in 1), M ! with two connected components. The same is true
— minus the openness property — of the subset consisting of null vectors, and of the one
consisting of causal vectors. In all these cases, a timelike vector X at p selects one of the
two connected components by intersecting with the set {Y € T,M | g,(X,Y) >0} —in
particular, in the timelike or causal case, X is contained in this connected component —
and any other timelike vector in the same connected component would select the same
connected component. Therefore, any (everywhere) timelike vector field on M, even a
discontinuous one, induces a global assignment, to each point in M, of one of the two

connected components of the set of timelike/null/causal vectors at that point.

Definition 2.1.12 (Time-orientability). A Lorentzian manifold (M, g) for which there
exists a global continuous (but see the remark below) timelike vector field is called time-
orientable?, and the resulting global choice of connected components of the sets of causal
vectors is called a time orientation. If a choice of time orientation is made, a causal vector
at p € M belonging to the connected component selected at p is called future-directed,

while one belonging to the remaining connected component is called past-directed.

Remark. Some authors would impose, in Definition 2.1.12, the seemingly stricter re-
quirement that there exist a global smooth timelike vector field. It is perhaps rarely
explicitly pointed out that this is in fact not a restriction at all in the following sense:
If a continuous timelike vector field Ty on M exists then there exists a smooth timelike
vector field T" which is everywhere future-directed according to Ty. The proof is simple
using a fact which can be easily extracted from much more general results given in e.g.
[Hir76] [see in particular Exercise 3(b) on p. 56 there]: If M, N are smooth manifolds,
p: N — M is a submersion, and there exists a continuous fyo : M — N such that
po fo =idys, then there exists a smooth f: M — N with po f =id;;. Our claim then
follows by applying this fact to our Lorentzian manifold M, defining

N:={X eTM|g(X,X)>0}n{Y e TM | g(Tp,Y) > 0},

LA cone in a vector space is a set invariant under multiplication by positive real numbers.
2We also say that ¢ is a time-orientable metric for M.
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which is an open subset of T'M, and letting p : N — M be the restriction to N of the
standard bundle projection TM — M. Incidentally, these considerations also apply if g

is merely a continuous metric.

Definition 2.1.13 (Spacetime). By a spacetime we mean a triple .# = (M, g,t), in which
(M, g) is a connected® and time-orientable Lorentzian manifold, and t is a choice of time

orientation.

Definition 2.1.14 (Causal character of curves). A C' curve v : I — M in a Lorentzian
manifold is called timelike if all its tangent vectors are timelike, null if all its tangent
vectors are null, and spacelike if they are all spacelike. Finally, it is called causal or
sometimes nonspacelike® if all its tangent vectors are causal. If the Lorentzian manifold
is given a time orientation, then ~ is said to be future/past-directed if all its tangent
vectors are future/past-directed in the chosen time orientation. A timelike/null/causal
curve 7 : [a,b] — M with —oo < @ < b < 400 such that v(a) = p and ~(b) = ¢ is called

a (timelike/null/causal curve) curve from p to q.

We can easily extend Definition 2.1.14 to curves which are merely piecewise-C'' provided
that the following holds: at any break point of the curve, the left-sided and right-sided
tangents to the curve at that point belong to the same connected component of the set of
causal vectors. We can even extend it to continuous curves which are only differentiable
on a dense subset of their interval of definition I C R, provided that the Lorentzian
manifold is time-orientable: in that case, the tangent vectors to the curve, whenever
they exist, are required to be either always future-directed or always past-directed once

a choice of time orientation is made. This will become important below.

Definition 2.1.15 (Causal relations between points in a spacetime). Let .# = (M, g,t)
be a time-oriented Lorentzian manifold, and p,q € M. (1) We say that p chronologically
precedes q in .# [equivalently, that ¢ chronologically follows p in .#], and write p < 4 ¢
[equivalently, g > , p|, if there exists a future-directed and piecewise-smooth timelike
curve from p to ¢ [equivalently, a past-directed and piecewise-smooth timelike curve from
q to p]. We then call
I (p)={ge M |p<nq} and, for an arbitrary AC M, I},(A):= U I{;/(p)
peA

the chronological future of p and A, respectively. The chronological past of p or of A,
denoted by I',(p) and I ,(A) respectively, can be defined dually by using >> 4 instead
of < 4. (2) We say that p causally precedes ¢ in .# [equivalently, that ¢ causally
follows p in ], and write p < 4 q [equivalently, ¢ > 4 pl, if either p = ¢ or there

31t is well-known [Ger68, Mar72] that if a locally Euclidean, connected, Hausdorff topological space
equipped with a smooth structure admits a (smooth) Lorentzian metric, then it is automatically para-
compact. By connectedness, it is then also second-countable.

4In particular, under this convention the constant curves are always spacelike.

SBut we will prefer the word ‘causal’ as we find it less ambiguous.
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exists a future-directed and piecewise-smooth causal curve from p to ¢ [equivalently, a

past-directed and piecewise-smooth causal curve from g to p]. We then call

J,p)={qeM|p<,q} and, for an arbitrary A C M, J},(A) = U J%, ()
peEA

the causal future of p and A, respectively, and use >_, instead of < , to define the

causal past of p or of A, denoted by J,(p) and J ,(A) respectively. Finally, for A C M,
we write

Ju(A) =J}(A)uJ,(A).
Remark. We will often drop references to .# in e.g. the subscripts in Definition 2.1.15

whenever this is unlikely to cause confusion.

It is well-known that, for any p € M, Ij/(p) is an open set, and thus that so is Ii;/(A)
for any A C M. In Chapter 5, we will explicitly prove a generalisation of this result in

the case in which M is allowed to be a manifold with (smooth) boundary.

The reader will have noticed that we used curves which were piecewise-smooth, and not
just (piecewise-)C?, in Definition 2.1.15. One naturally wonders if the resulting relations
and sets would change upon using piecewise-C'! curves instead. Fortunately, this is not
the case and, actually, it is well-known that more is true, as we now explain. Recall
that, if (X7,d;1) and (X2, d3) are metric spaces, then a function f : X7 — X is called
locally Lipschitz if for every compact subset K of X; there exists a constant Cx > 0
such that

do(f(x), f(y)) < Ckdi(z,y) Va,ye K.

If we are given two connected Riemannian manifolds (M, k) and (Ma, ha) we can
therefore speak of a locally Lipschitz map between them, meaning one which is locally
Lipschitz with respect to the associated distance functions dp, and dj,. Then, we have
the important theorem of Rademacher, which states that (amongst other things, see
e.g. [Chrll, Thm. 2.3.2] and references therein) any such map has a classical derivative
almost everywhere with respect to the Lebesgue measure in local coordinates on M; —

in particular, it has a classical derivative on a dense subset of Mj.

Rademacher’s theorem allows us to considerably extend the class of curves which might
deserve to be called timelike/causal/null, whenever the underlying Lorentzian manifold
is time-orientable. After a preliminary result, which is stated and proved as Proposition

2.3.1 in [Chrl1], we will be able to provide this extended definition.

Proposition 2.1.16. Let hy and hy be two complete Riemannian metrics on M. Then a
curve v : I — M —with I C R equipped with the standard Fuclidean distance — is locally
Lipschitz with respect to hy if and only if it is locally Lipschitz with respect to ho. [
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Definition 2.1.17 (Locally Lipschitz causal curves). Let (M,g,t) be a time-oriented
Lorentzian manifold. Then a curve v : I — M which is locally Lipschitz with respect
to one (and therefore any other) complete Riemannian metric is called future-directed
causal [resp. past-directed causal] if, whenever it exists, 74 is a causal and future-directed
[resp. past-directed] vector. Replacing ‘causal’ with ‘timelike’ or ‘null’ yields the notion

of future- or past-directed timelike or null locally Lipschitz curves.

Thus, at least in the case of time-oriented Lorentzian manifolds, a much wider class of
causal/timelike/null curves is potentially available than that defined by requiring either
piecewise-C'! or piecewise-C'™ regularity. The main reason for practitioners in Lorentzian
geometry to require enlargements of the notion of causal and timelike curves, such as
this one or the one reviewed below, is that piecewise-C! or piecewise-C'> curves do not
form a class which is ‘closed’ under limiting procedures which often arise in applications,
see Subsection 2.1.3. It is however useful to know that such enlargements do not also
enlarge the causal relations and sets introduced in Definition 2.1.15. The following result
is (itself a corollary of) Corollary 2.4.11 in [Chr11] — we refer also to [KSSV14, Cor. 3.10]

for an even stronger statement.

Theorem 2.1.18. Let .# = (M, g,t) be a time-oriented Lorentzian manifold, and suppose
that the expression ‘locally Lipschitz” were to be used everywhere in Definition 2.1.15 in
place of ‘piecewise-smooth’. Then the ‘new’ resulting causal relations < 4z and < 4 are
the same as the original ones. Therefore, the sets I;(A) and J}}(A) do not change.
More concretely: if there exists a locally Lipschitz future-directed timelike [resp. causal]
curve from p to q then there exists a piecewise-smooth future-directed timelike [resp.

causal] curve from p to q. O

The rather weak notion of timelike and causal curve we just described is not universally
used in the literature on Lorentzian geometry; an example of a remarkable application
of this definition is the work in [FS12, Fat15]. An alternative way to extend the notion
of causal curve dates back at least to the monograph [HET73, p. 184] and has been
extensively used since. One obtains an enlargement of the class of piecewise-C! causal
curves which, as we shall see, is strictly contained in the locally Lipschitz enlargement

which we reviewed above.

Definition 2.1.19 (Continuous causal curves). Let (M, g) be a Lorentzian manifold. A
curve v : I — M is a continuous causal curve if it is continuous and, for every convex
set U and any two t1,ty € I with ¢t < to and v[t1,ta] C U, it is the case that there
is a piecewise-C'! causal curve® from 7(t1) to y(t2) which is entirely contained in U. If
(M, g,t) is time-oriented, then we can define future- or past-directed continuous causal

curves in the obvious way.

SBut, of course, piecewise-smooth would do just as well!
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As was already noted in [Pen72, Rk. 2.26] and [BEE96, Eq. (3.14)], the local chart
expressions of continuous causal curves must satisfy local Lipschitz conditions. The topic
of the exact degree of regularity of continuous causal curves according to the definition
above is discussed in [CFS08, App. A, particularly Rk. A.4], and some of the results
there are generalised in [Minl5b, Thm. 7]. In particular, it holds that every future-
directed [resp. past-directed] continuous causal curve v : I — M, when reparametrised
with respect to the arc-length of an arbitrary Riemannian metric on M, becomes a

future-directed locally Lipschitz causal curve. It follows at once from Theorem 2.1.18

that the causal precedence relation < and notion of causal future/past of a set is not

changed by using continuous causal curves instead of piecewise-smooth ones.

We shall therefore not have to worry, in what follows, about exactly what (extended)
notion of causal or timelike curve is used. But it is healthy to keep in mind that most of
the literature which we will cite adopts the notion in Definition 2.1.19 for causal curves.
The following result, which is Corollary 14.1 in [O’N83] and which can be established

rigorously using variational methods [O’N83, Prop. 10.46], is of the utmost importance.

Lemma 2.1.20 (‘Push-up Lemma’). If either t < y < z orx <y < z, then ¢ < z. As
a result, IT(JT(A)) = It(A) for any subset A C M. [

An important consequence of this lemma will be used at various point in this thesis. It
may also be proved by different methods, as done for instance in [BEE96, Cor. 4.14].
O’Neill’s version of this result [O’N83, Cor. 14.5] also contains a statement about con-

jugate points which we will omit here.

Corollary 2.1.21. Let (M, g,t) be a time-oriented Lorentzian manifold, and A C M
be an arbitrary subset. If v is a future-pointing causal curve from A to a point q €

JT(A)\ IT(A), then, up to reparametrisation, v is a (smooth) null geodesic entirely
contained in JT(A)\ IT(A). A similar statement holds for J=(A) and I~ (A). O

With the setup of Corollary 2.1.21, since imvy C J*(A) then I (imv) C IT(JT(A4)) =
I't(A). But then imy NIt (imv) C im~ N I*(A) which is empty. That is, im~ is an
achronal (sub)set as in the following definition.

Definition 2.1.22 (Achronal sets). A subset A C M is achronal if, equivalently, A N
ItT(A)=0or ANI~(A)=0. That is, there are no timelike curves from A to itself.

There is an obvious modification of this definition which uses J* instead of I*. The

result is the notion of an acausal (sub)set.

Definition 2.1.23 (Acausal sets). A subset A C M is acausal if, equivalently, ANJT(A) =
) or ANJ~(A) = . That is, there are no causal curves from A to itself.
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We would now like to review some of the most notable conditions in the causal hierarchy
of spacetimes [MS08], the strongest of which (‘global hyperbolicity’) will play a pivotal

role throughout this thesis. Only one preliminary definition is still required.

Definition 2.1.24 (Causally convex subsets). Let (M, g) be a Lorentzian manifold and
U,V be open subsets of M with U C V. U is said to be causally conver in V if any
causal curve between two points in U is entirely contained in V' if and only if it is entirely

contained in U. When V = M we just say that U is causally convex.

The first is a mild condition which prevents ‘back in time travel’ via causal curves.

Definition 2.1.25 (Causality). A spacetime is said to be causal if it admits no closed

causal loops. Equivalently, if J*(p) N J~(p) = {p} for any point p.

Further up on the ‘causal ladder’, a (strictly) stronger condition also rules out the

existence of ‘almost closed’ causal loops.

Definition 2.1.26 (Strong causality). A spacetime is said to be strongly causal if any of
its points has an arbitrarily small causally convex neighbourhood.
Remark. Lemma 3.21 in [MS08] provides an equivalent definition of strong causality not

explicitly phrased in terms of causally convex sets.

The definitions so far come with no guarantees as to whether they still hold if the
spacetime metric is perturbed, even very slightly, in such a way as to ‘widen’ the cones
of causal vectors in some places. The notion of ‘stable causality’ is (strictly) stronger
than the previous two and enjoys this stability property. We let Con(M) be the set of
conformal equivalence classes of Lorentzian metrics on M: two Lorentzian metrics g1
and go on M are conformally equivalent if there exists a smooth 2 : M — (0, +00) such
that go = Qg1. We denote the conformal equivalence class of g by g. Then the partial

ordering
g < ¢ if and only if all the causal vectors for g are timelike for ¢’

descends to a partial ordering on Con(M) which we still denote by <. We can then
define stable causality in a number of equivalent ways — the equivalence between some
of these definitions being a major recent achievement — we refer to [MS08] for further
details. In fact, we will omit another definition given in terms of a topology on Con(M)
(the quotient C° or interval topology) which can be characterised in a several natural
ways [MS08, pp. 334-335].

Definition 2.1.27 (Stable causality). A spacetime (M, g,t) is said to be stably causal if,
equivalently:

(i) there exists a g’ € Con(M) such that g < g’ and g’ is causal;
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(ii) it admits a continuous function ¢ : M — R which is strictly increasing along any
future-directed (continuous, locally Lipschitz) causal curve;
(iii) it admits a smooth function ¢ : M — R whose gradient is future-directed and

timelike.

Definition 2.1.28 (Time and temporal functions). Given a spacetime, a time function
is one with the properties described in item (ii) of Definition 2.1.27, while a temporal
function is one with the properties described in item (iii) of Definition 2.1.27.

Remark. Note that a smooth time function need not be a temporal function, while a
temporal function is necessarily a time function. Since a spacetime is connected, the
image of a time function is an interval in R, and since we can always travel slightly to the
causal future or past of any point, this interval must be open in R. By composing with
an orientation-preserving diffeomorphism onto R, given a time or temporal function we

can obtain another one whose image is R.

Definition 2.1.29 (Causal simplicity). A spacetime (M, g,t) is said to be causally simple
if it is causal and if any of the following equivalent properties [MS08, Lem. 3.67] holds:
(i) J*(p) is closed for every p € M;
(ii) J*(K) is closed for every compact set K.

Causal simplicity is stronger than stable causality in the category of spacetimes — which
have no manifold boundary — which we are going to deal with in this chapter. We
finally give the strongest causal condition of all — which is also the most useful one for

applications to quantum field theory on curved spacetimes (see Section 2.4).

Definition 2.1.30 (Global hyperbolicity). A spacetime (M, g, t) is globally hyperbolic if it
is causal and, for any two p,q € M, the causal diamond J*(p) N J~(q) is compact.

Remark. Until recently, strong causality was used in place of causality in this definition.
It is a recent observation [BS07] that, since causality and compactness of the causal
diamonds implies strong causality, one in fact obtains the same notion by using the
definition given above. Clearly then, we could also have used stable (!) causality instead
of just causality; while this would make no sense in the current context, it is often what
needs to be done when attempting to generalise the notion of global hyperbolicity to
make it an attribute of structures generalising the field of causal cones on a Lorentzian

manifold, as was done in [FS12, Fat15].

One of the main reasons for the usefulness of global hyperbolicity is its equivalence with

the existence of a Cauchy surface.

Definition 2.1.31 (Inextendible curves). Let M be a topological space and I C R be an
interval with extremes a and b, —co < a < b < 400. Let v: I — M be a continuous

curve. Then p € M is a left endpoint of +y if lim;_,, y(t) = p, and a right endpoint of ~ if
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limy_p, y(t) = p. 7 is right-inextendible if it has no right endpoint, and left-inextendible if
it has no left endpoint. If (M, g, t) is a time-oriented Lorentzian manifold and v : I — M
is a future-directed causal curve, then a right (resp. left) endpoint of -+ is called a future
(resp. past) endpoint of -y, and ~ is said to be future (resp. past) inextendible if it has no
future future (resp. past) endpoint. A curve which is both future and past inextendible
is simply called inextendible.”

Remark. Another notion of (in)extendibility is that of geodesic (in)extendibility. A
geodesic ¢ : (a,b) — M is right (resp. left) geodesically inextendible if it has no extension
to a geodesic ¢ : (¢,d) — M with (¢,d) D (a,b) and d > b (resp. ¢ < a). One can prove
[O’N83, Lem. 5.8] that c is right (resp. left) geodesically inextendible if and only if it is

right (resp. left) inextendible as a continuous curve.

Definition 2.1.32 (Cauchy [hyper|surfaces). If (M, g,t) is a spacetime then a subset ¢’ C
M is a Cauchy surface if any inextendible (continuous, locally Lipschitz) timelike curve

intersects % exactly once.

Proposition 2.1.33 (Some properties of Cauchy surfaces). The following hold for a Cauchy
surfaces € of a spacetime (M, g,t), whenever it exists:
(i) € is achronal, closed and an embedded topological hypersurface in M ;
(ii) JE(K)NE is compact whenever K C M is compact;
(i) M =1 (€)WECWIT(€);
(iv) any inextendible (continuous, locally Lipschitz) causal curve intersects € ;

(v) if € is a C' spacelike submanifold, then it is acausal. [J

Definition 2.1.34 (Cauchy [time or temporal] functions). A function ¢ : M — R is called a
Cauchy function if all its level sets are Cauchy surfaces. A time (resp. temporal) function

(see Definition 2.1.28) which is Cauchy is called a Cauchy time (resp. temporal) function.

Theorem 2.1.35 (Global hyperbolicity in terms of Cauchy surfaces and Cauchy func-
tions). For a spacetime M = (M, g,t), the following are equivalent:

(a) A is globally hyperbolic according to Definition 2.1.30;
(b) A admits a Cauchy surface € ;
(¢) A admits a Cauchy time function;
(d) A admits a smooth and spacelike Cauchy surface (g,
(e

) A admits a Cauchy temporal function T onto R. [J

In case (b), it also follows that any other Cauchy surface is homeomorphic to € and
that M is homeomorphic to R x €. In case (d), it also follows that any other smooth
Cauchy surface (spacelike or not) is diffeomorphic® to (57, and that there exists a Cauchy

temporal function such that % is one of its level sets. In case (e), it also follows that,

"The word ‘endless’ is sometimes used in the literature in place of ‘inextendible’.
81f the spacetime is orientable, even oriented-diffeomorphic.
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with the notation €; = T_l{t} V t € R, there exists an isometry ¢g : R X 69 — M such
that T := 1o ¢ : R x 6y — R is just the natural projection, and the pullback metric has
the form

(QZ)O)*Q = dT2 —gr

where B : R x 6y — R is a positive smooth function, and g, is a smooth symmetric
(0,2)-tensor field on R x 6y whose radical at each point is precisely the span of Oy at
that point, and whose pullback under each inclusion T~1{t} — R x €y is a Riemannian
metric on T Ht} = ¢~ 1(61). O

Causal completeness and past/future compactness

We shall make use of the following notion of (future/past) causal completeness of a

subset, formally introduced in [Gal86].

Definition 2.1.36. A subset A C M in a time-oriented Lorentzian manifold (M, g,t) is
called future causally complete if, for each ¢ € JT(A), the closure of J (¢) N A in A
is compact. We define past causal completeness by exchanging the roles of + and —.
A subset that is both future and past causally complete will simply be called causally

complete.

Remark. The subtly different notion of future/past compactness of a subset A was first
introduced by Leray in [Ler53], and used extensively in subsequent work, e.g. in [Fri75,
BGP07]. Namely, A C M is future [resp. past] compact if J*(p) N A [resp. J (p) N
A] is compact for all p € M. A is temporally compact if it is both future and past
compact. In general, future [resp. past] causal completeness as per Definition 2.1.36 is a
weaker condition than past [resp. future] compactness. However, if (M, g,t) is globally
hyperbolic, a set is future [resp. past] causally complete if and only if it is past [resp.

future] compact, and thus is causally complete if and only if it is temporally compact.

Clearly, the union and intersection of two future (resp. past) causally complete subsets
is future (resp. past) causally complete. Compact sets are always causally complete.
More interestingly, as already remarked in [Gal86], Cauchy surfaces (when they exist)
are also causally complete [Trell, p. 114], and thus so are their closed subsets. For
future reference, we also record some useful results the (simple) proofs of which can be
found in [GV14, Sec. 3.1] or in [Bérl5, Sec. 1.2]. In all three statements, (M, g,t) is a

time-oriented Lorentzian manifold.
Lemma 2.1.37. If A C M is either past or future causally complete, then it is closed. [J

Lemma 2.1.38. Suppose that (M, g,t) is globally hyperbolic. If A C M is future causally
complete, then Jt(A) is closed and thus J*(A) = IT(A). Furthermore, JT(A) too is
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future causally complete (and so is any of its closed subsets). Analogous statements hold

for J=(A) if A is past causally complete. [

If (M, g,t) is globally hyperbolic, we can describe the future/past causal completeness
of closed sets using Cauchy surfaces. A subset A C M is said to be future [resp. past]
bounded if there exists a Cauchy surface € [resp. ¢ ~| such that A C J~(€™") [resp.
ACJH(E)).

Lemma 2.1.39. Suppose that (M, g,t) is globally hyperbolic, and that A C M is closed.
Then A is future (resp. past) causally complete if and only if it is past (resp. future)
bounded. ]

Having introduced future and past causally complete subsets of a generic time-oriented
Lorentzian manifold (M, g,t), given a vector bundle F' — M we may define subspaces
of I°°(F), or even of the space I'"°(F) = [I'°(F™*)]" of distributional sections of F
(denoted Z'(M, F) in [BGPO07, Bérl5]), with causally restricted supports.

Definition 2.1.40. If (M, g,t) is a time-oriented Lorentzian manifold and F' — M is a
vector bundle, we call
FOO

ret

(F) == {ueT>®F) ‘ suppu C J*(K) for a compact K C M}
the space of smooth sections with retarded support,

ow(F) = {ueT>®(F) | suppu C J(K) for a compact K C M}

adv

the space of smooth sections with advanced support,

I (F) ={ueI'(F) |suppu C J(K) for a compact K C M} D I'ng, (F) UT'oq, (F)

ret adv

the space of smooth sections with spatially compact support,
e (F) == {u € T°°(F) | suppu is future causally complete}
the space of smooth sections with future causally complete support,

I0(F) == {u € T°°(F) | supp u is past causally complete}

pcc

the space of smooth sections with past causally complete support,

I (F) :=={u e I'°(F) | suppu is causally complete} = 't (F) N5

pec(F)

the space of smooth sections with causally complete support. We define and denote cor-
responding subspaces of distributional sections (cf. Appendix C) analogously. If (M, g, t)
is globally hyperbolic we may say that sections in I'f;. (F') /T'32.(F)/Tee (F') have past/fu-

ture/temporally compact support, and use the alternative notations I'pe(F)/Ig2 (F) /T'ge (F).

Corollary 2.1.41. The following hold in the presence of global hyperbolicity:

(i) i (F) N IR, (F) = Ig°(F);
(i) I7ee(F) C TRe(F) and T35, (F) € Tie (F). O
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2.1.3 Limit curve theorems

We now wish to record a general result, commonly referred to as the Limit Curve Lemma,
which is an essential analytical tool of Lorentzian geometry. A corollary thereof (Corol-
lary 2.1.46), which holds in the presence of global hyperbolicity, will be used in the
proof of Theorem 2.2.9. Although several different versions of the Limit Curve Lemma
exist in the literature, we will recall the formulation given in [Gal86] (see also [BEE9G6,
Lem. 14.2] and the recent review [Min08al), which best suits our purposes. We first
define the notion of h-uniform convergence (on compact subsets) for sequences of curves
in a Riemannian manifold (M,h) [Min08a, Def. 2.1], as it plays a central role in the
statement of our version of the Limit Curve Lemma. Then, we will recall a certain ‘se-
quential closedness’ property of the space of continuous causal curves under this notion
of convergence [Min08a, Lem. 2.7]. This will be enough background to state our version

of the Limit Curve Lemma, i.e. Theorem 2.1.44.

Definition 2.1.42. Let (M, h) be a Riemannian manifold and d" : M x M — R be the
associated Riemannian distance function. Let I; and Iy be intervals in R; given two

curves v1 : I1 — M and vy : I» — M, we write

dl (1, 72) = sup{d" (71 (), 72(t)) | t € Iy N I}

Given a sequence of intervals I, C R, we write I,, — I to mean that the boundary points
of the I,, converge to the boundary points of I.

Let 7, : I, = R be a sequence of curves. We say that the sequence converges h-uniformly
to the curve v : I — R if I, — I and lim, 00 d” (7,,7) = 0. We say that the sequence
converges h-uniformly on compact subsets to the curve v : I — R if for every compact
interval J C I there exist intervals J, C I,, such that the sequence given by the curves

Ynlj, converges h-uniformly to v[ ;.

Since, when a time-oriented Lorentzian manifold (M, g, t) is equipped with an arbitrary
Riemannian metric h, any continuous causal curve can be shown to satisfy a local Lip-
schitz condition with respect to the resulting distance function d" [BEE96, Eq. (3.14)],
it straightforwardly follows that any continuous causal curve admits an h—arc-length

reparametrisation.

Lemma 2.1.43. Let (M, g,t) be a time-oriented Lorentzian manifold and let h be a Rie-
mannian metric on M. In the following, I,,I C R are intervals with non-empty interior.
If vn : I, = M is a sequence of continuous causal curves parametrised with respect to
h—arc-length, which converges h-uniformly on compact subsets to v : I — M, then 7 is

a continuous causal curve. [
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A judicious application of the Arzela-Ascoli Theorem, together with Lemma 2.1.43, lead

to our version of the Limit Curve Lemma.

Theorem 2.1.44 (Limit Curve Lemma). Let (M, g,t) be a time-oriented Lorentzian man-
ifold of arbitrary dimension, and h be a complete Riemannian metric on M with asso-
ciated distance function d® : M x M — R. Further let v, : R — M be a sequence of
continuous causal curves, parametrised with respect to h—arc-length. If p € M is an accu-
mulation point of the sequence v, (0), then there is a continuous causal curve v : R — M
(not necessarily parametrised with respect to h—arc-length) such that v(0) = p, and a

subsequence 7y, which converges h-uniformly on compact subsets to . [

As shown in [Min08a, Thm. 3.1], although Theorem 2.1.44 is stated only for sequences
parametrised (with respect to h-arc-length) over the entire real line,” it is in fact pos-
sible to generalise the Limit Curve Lemma to obtain analogous statements concerning
sequences of causal curves parametrised (with respect to h—arc-length) over generic in-

tervals, even allowing for up to countably many limit points.
In proving Theorem 2.2.9 in the next section, we will be faced with the following issue:

Issue. For a generic time-oriented Lorentzian manifold (M, g,t), a complete Riemannian
metric h, and a sequence 7, : [0,b,] — R of h—arc-length—parametrised, continuous,
future-directed, causal curves with future and past endpoints, if v,,(0) — p € M and
Yn(bn) — g € M then, in the instance where the sequence does not collapse to the single
point p = ¢,'% there exist two continuous, future-directed, causal curves which (in a
sense made precise in statement (2) of Theorem 3.1 in [Min0O8al) deserve to be called
‘limit curves’ for our sequence. There are two possibilities: (a) both curves have future
and past endpoints p and ¢ respectively, in which case they are reparametrisations of
each other; (b) one curve has past endpoint at p but no future endpoint, while the other

has future endpoint at ¢ but no past endpoint.

Only by providing additional assumptions can possibility (b) be ruled out. One such
assumption can be given straightforwardly, and was indeed provided in [Min08a, Thm.
3.1 (2)]: Suppose that (M, g,t) is nontotally (future and past) imprisoning: l.e. that
given any compact set K C M and any continuous future-directed causal curvey : I — R
with no future (resp. past) endpoint, if () € K for some ¢ € I then there exist ¢’ € I
with ¢/ > ¢ (resp. t' < t) such that v(¢') ¢ K. Then, clearly, possibility (b) is ruled
out if it is also known that the curves -, are contained in a common compact set. The

following Lemma demonstrates a situation in which this is guaranteed to be the case.

9n particular, since h is assumed complete, these curves are necessarily past and future inextendible,
i.e. they don’t have future or past endpoints [Min08a, Lem. 2.6].
100\ fore precisely, if there exists a subsequence of curves whose h—arc-lengths tend to a positive number.



Mathematical Background and Preliminaries 39

Lemma 2.1.45. Let (M,g,t) be a time-oriented Lorentzian manifold such that, for all
p,q € M, the causal diamonds J*(p) N J~(q) are (empty or) compact. Further let
there be sequences p, — p and qn — q. Then ,en[J T (pn) N T~ (qn)] (is empty or) has

compact closure.

Proof. Pick p’ € I"(p) and ¢’ € I'*(¢q). Then I (p’) is an open neighbourhood of p, so
it contains all but a finite number of the p,. Therefore, J*(p,) C IT(p') for all but
finitely many p,,. Similarly, I~ (¢’) is an open neighbourhood of ¢, and contains all but
a finite number of the ¢,, so that J~(g,) C I~ (p’) for all but finitely many ¢,. Hence
there exists N € N such that

Ut @) nd (@) < J ) NI (@)U @) NI ()]
neN n<N

C UMW @) n I (@)U [T @) NI (d)],

n<N

and the result follows since the last line is the union of finitely many compact sets. [J

Hence, if a time-orientable Lorentzian manifold is nontotally imprisoning and has com-
pact causal diamonds, we can rule out possibility (b) in our Issue above. Now, the prop-
erty of being nontotally imprisoning trivially implies causality since any closed causal
path can be periodically extended, thus yielding an inextendible causal curve which
lies entirely on a compact set (for further discussion, see [Min08b]). Since causality
together with compactness of the causal diamonds implies global hyperbolicity [BS07],
any Lorentzian manifold as described in the first sentence of this paragraph is therefore
necessarily globally hyperbolic. Conversely, global hyperbolicity is a stronger condition
than being nontotally imprisoning — and of course has compactness of the causal dia-
monds as part of its definition. Therefore, this resolution of our Issue is tantamount to
requiring global hyperbolicity. We record this conclusion for future reference, and note
that this result was previously stated and proved (in a more direct way without relying
on the results in [Min08a|) as Theorem 3.2.11 in [Trell].

Corollary 2.1.46. Let (M, g,t) be a globally hyperbolic Lorentzian manifold and h a com-
plete Riemannian metric on M. Lety, : [0,b,] — M be a sequence of continuous, future-
directed, causal curves parametrised with respect to h—arc-length. If v,(0) — p € M and
Yn(bn) = q € M and the sequence of curves does not collapse to the point p = q, there
exists b € (0,00) and a subsequence vy, which converges h-uniformly to a future-directed
causal curve 7 : [0,b] — M from p to q. An analogous statement holds for past-directed

causal curves. [
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2.2 Spacetimes with bifurcate Killing horizons

The geometry of embedded, two-dimensional, orientable and spacelike submanifolds of
a given (orientable) spacetime will play a special role in this section. A starting point is

provided by the following (well-known) fact.

Proposition 2.2.1. Let X < M be an embedded, codimension-2, orientable, spacelike
submanifold of an orientable spacetime M4 = (M, g,t,0). Then the normal bundle NX

is (smoothly) trivial and admits a global basis {l,n} of future-directed null vectors.

Proof. Since Y has codimension 2, NY is a rank-2 vector bundle; since 3 is spacelike, the
fiberwise restrictions of g to NX define a (symmetric and non-degenerate) vector bundle
metric on NX, which we will denote by g. Since both M and ¥ are orientable, NX
is orientable [O’N83, p. 214]|. Therefore, there exists a nowhere vanishing section w of
the line bundle A> N¥* = [[, .5 A* NoX*. On the other hand, time-orientability of M
implies that there exists a global future directed and timelike vector field © € T'(T'M).
For all x € 3, the metric g allows us to project each vector ©|, to N,X. Since © is never
tangent to 3, the result is a non-vanishing global section O of N such that each (:)\ z 1S

future-directed and timelike. Using the musical isomorphism b N¥* — NX provided

by g, we can define another global nowhere vanishing section of N¥ by

Ely = [st(é‘xa )]b = §2(E]e, é’m) = wz(0]4,0];) = 0.

It follows that {©,Z} is a global basis of NX, and that each Z|, is a spacelike vector.

Letting X X
l::AAGA —A_:H and n::AA@A —i—AjH
§(6,0) 9(E=5) §(©,0) 4(E,5)
yields the desired global null basis of N3. O

The null basis in Proposition 2.2.1 is not unique: it can be partially fixed by the re-
quirement that g(I,n) = f for a specified smooth f : S — (0, 4+00),!! leaving a residual

freedom consisting of the transformations [ + FI, n +— F~'n where F € C*®°(S,R").

Specialising further, we now assume that (A1) .# possesses a non-trivial Killing vector
field & whose set of zeros contains a spacelike, two-dimensional embedded submanifold
> C M. It follows that each point of X is a fixed point under the maximal flow generated
by &€. Below, we will discuss in depth how this setup, together with some additional mild
assumptions, gives rise to a ‘bifurcate Killing horizon’ structure around the set X.

Remark. 1t is well-known that, if a four-dimensional spacetime possesses a non-trivial
Killing vector field, then any connected component of the set of zeros of the field is either

a singleton set or a closed, embedded, 2-codimensional and totally geodesic submanifold

A typical choice, with our metric convention, would be f = 2.
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of M with normals everywhere of the same causal type. See e.g. [Kob58], [Boy69],
[Hal90, Sec. III C] or [Hal04, Sec. 10.3]; see also [KN63, Ex. 8.1] for a result in a more

general context.

Henceforth, we will also assume that (A2) the surface ¥ is orientable, and that (A3) the
Killing field £ is complete, so that it generates a global one-parameter group of isometries
which we denote by 3, (7 € R). Let [ and n be null, future directed vector fields along
>, and normal to X, constructed as explained above. For every x € ¥, the isometries
Br leave x fixed. Thus, the respective tangent maps 1,3, are Lorentz transformations
of T, M, and leave N,X C T, M invariant. Since they are continuously connected to the
identity via the group parameter 7, they are actually proper and orthochronous. It then
immediately follows that T3, acts on the line generated by [, as a scaling by u(z, ),
and on the line generated by n, as a scaling by p(x,7)~1, where u(z, ) is positive and
smoothly varying in « and 7. In fact, we can say more: by the group properties of
{Br}trer, (x,0) =1 and p(x, 7 + 72) = p(x, 7)p(z,72) ¥V 11,72 € R. Le., for any x € X
w(z,-) is a homomorphism from the additive group R to the multiplicative group R*.

Since it is continuous, it must equal e*(*)™ for some x(z) € R smoothly varying in ; i.e.
(TwB:)ly = @7 and (TyBr)ng = e F@)Ty (2.1)

As a result of this scaling property, the images of the maximally extended geodesics 7,
and 7,, with initial tangent vectors [, and n, respectively (see the paragraph above
Proposition 2.1.8) must be invariant under each ;. This in turn implies that ¢ is
everywhere tangent to 7, and ~,,. That is, denoting by I;, (resp. I,,,) the interval of
definition of ;, (resp. vy, ), there exist functions f;, € C*°(1;,) and g, € C*(I,,) such
that

§ov, = fi,v, and £oYn, = Gn,Vn,- (2.2)

The dot denotes differentiation with respect to the affine parameter chosen so that
M, (0) = n, (0) = z, and therefore also 4;, (0) = Iz, 4n, (0) = ng, and fi, (0) = gn, (0) = 0.
Our notation for the functions f;, and g,, may appear heavy-handed: we keep the
subscripts to emphasise that different choices of the vectors [, and n, lead to different
functions. The effect of making a new choice of vectors is, however, a simple one to
describe: if I}, = ¢l, for some ¢ > 0, then fy (U) = ¢~ f;, (cU), whence f};(U) = f1.(cU).
The functions g,, behave analogously under scalings of n,. In particular, the values of
1. (0) and g, (0) are independent of the choices of I, and n,. This is also true of the
value of x(x) in Equation (2.1), and the following Lemma illustrates that this is not a

coincidence.
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Lemma 2.2.2. Assume that A1, A2 and A3 hold. Then the map K : ¥ — R in (2.1) and
the functions fi, and gn, in (2.2) are related by

k() = f1,(0) = —gn, (0).

Proof. Let x € X. We pick a basis (e,) of T, M such that ey = [, and use it to
construct a geodesic normal coordinate chart (U, x*) centred at z. In these coordinates,
the Christoffel symbols of the metric g vanish at x, and the geodesic with the initial
condition v = a*e, is expressed by x#(t) = a’t [KN63, Prop. 8.3]. Applied to v = I,
and indicating v;, simply by ~, this readily implies that

0

A(s) = 5,0 for small enough s,

()
which in turn, by (2.2), also yields

0

0
i = €055

=f(s)50

for small enough s.

v(s) v(s)

The ODE system describing the integral curve of £ starting at an arbitrary point v(s) € U

reduces in these coordinates to the single differential equation

0y (s)

7) = f(O,s (T for small enough s and T,
d v(s)
.

together with the initial condition 6.5 (0) = 2°(7(s)) = s. Using (2.1), and interchang-

ing 7 and s derivatives as is certainly allowed by the joint smoothness of the flow of &

a
ds|,

[

[Leel3, Ch. 9], we can now compute

d

K(2)ly = ar T:O[(TBT)Z o =

JCE V0

09%5) (T)] } L

<o>>} l

X
o

and the result follows. The second equality in the statement of the Lemma follows by

exchanging the roles of the vectors I, and n,, and using Equation (2.1). O

The following is a simple but important corollary of the equations in (2.2).
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Lemma 2.2.3. Denoting by U € I;, the affine parameter of v;,, and by Dy the covariant

derivative along vy, defined to act on vector fields along v, ,
Dy(€om,) = Vs, €= fi, %, (2.3)

In particular, Vi€ = fi, (0)l, = k(x)l,. Furthermore,

1 .
= 5 81adg(§,8) by, ) = Ve€ b, ) = f1.(U) €y, - (2.4)

Analogous results hold in the case of vy, .

Proof. We give the proof in the case of 7;,. The geodesic equation is Dy, = 0. By
(2.2) and the Leibniz rule then

Dy(&om,) = Du(fi.) = fi. + fi. Do, = fu .,

giving (2.3). The second equality in (2.4) then follows by multiplying the second equality
in (2.3) by f;, and making use of (2.2) again, while the first equality there follows by a
well-known and straightforward property of Killing fields: namely,

Va(€6) = V& + &V ot?
= 26"V,
= 2"V,

and the result follows by index raising. O

Killing’s equation V(,&,) = 0 implies that at each p € M the endomorphism (V?&),
of T,M is represented, in an orthonormal basis of T, M, by an antisymmetric matrix.
Therefore, its kernel has even codimension. Since £ vanishes identically on ¥ which has
codimension 2, and since a non-trivial Killing vector field in a (connected) spacetime
may never vanish together with its first (covariant) derivative, it follows that, at any
x € X, ker(V%), = TpX. As [ and n are linearly independent and transverse to X,
0 # (V)b = —1°V,€® and 0 # (V)n? = —nbV€® everywhere on ¥. By Lemma
2.2.3 and Lemma 2.2.2, it follows that

0 # f1,(0) = k(z) = —g5, (0). (2.5)

Thus, at least locally around any x € ¥, £ cannot vanish along either v;, or v, except at
x, and the functions f, and g, in Equation (2.2) change sign at 0. A more careful analysis
of the eigenvector-eigenvalue problem for the tensor V%¢, actually shows that under our
assumptions — and in particular since 3 is spacelike — if f, is positive immediately after 0

(i.e., if £ is future-directed along ~;, immediately to the future of x) then g, is negative



Mathematical Background and Preliminaries 44

there, and vice-versa. Details can be found in the references [Boy69, Hal90, Hal04]
already given in the remark above. In fact, the conclusion that £ is non-zero locally
along 7, and 7,, is also an immediate corollary of the results mentioned in that Remark.
This is not a real surprise, since we have in effect reproduced some of the arguments

entering the proofs of those results.

We now turn to global considerations. Specifically, we will show that the geodesics 7,
and vy, (for any z € X) are future/past geodesically complete (Proposition 2.2.5). We
will also establish that the sets

Ha = U im~y,, and Hp:= U im -y, (2.6)
€Y €Y

are always codimension-1 null immersed submanifolds of M under the minimal require-
ments Al, A2 and A3 (Theorem 2.2.6). Later, we will provide a reasonable set of
additional topological and causal requirements on M and ¥ under which we are able
to rigorously prove that these sets are actually embedded submanifolds of M, i.e. null
hypersurfaces in M (Theorem 2.2.9).'2 Under these more restrictive hypotheses, it will
follow that H4 and Hp are even achronal; this observation will be of crucial impor-
tance in view of our applications to the characteristic initial value problem for linear
hyperbolic PDEs in Section 2.5.

We begin by returning to (2.4). All the following arguments apply with obvious small
modifications to the case of the geodesics 7, . To stress this, and to simplify notation, we
drop all subscript [, from the calculations below. We may act on (2.4) with the derivative
(bundle) maps T'3; : TM — TM (for each 7 € R). Since f3; is an isometry, and using
the fact that any vector field is invariant under its own flow, 8-.Ve€ = Vg ¢(8r:8) =
V¢& where, for any diffeomorphism F', F, denotes the pushforward operator on vector
fields, related to TF by F,X = TF o X o F71V X € T'(TM). Recalling further that

im~ is invariant under 8,, we conclude that for any U € I and any U € I such that

B-(v(U)) =~(U),
TB: (Ve€ lhwy) = Vet ls. (v = Ve€ly@y = FO) €l @

where (2.4) was used in the last step. On the other hand,

18 (FU) ehan) = FU)EL o)

12Note that, while all of the hypotheses in Theorem 2.2.9 make an appearance in [KW91], some of
our global arguments were left implicit there, or claimed without proof. We leave open the question of
whether the hypotheses in our Theorem 2.2.9 can in fact be weakened.
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by linearity. Combining this with the previous line, and observing that 8, may not map
a point at which & # 0 to one at which & = 0, it follows that f(U) = f(U) whenever
U € J\ {0} with J a suitable interval — which always exists as shown above — such
that & o y[ oy never vanishes. Clearly then, f is locally constant on J \ {0} and, by
smoothness, it is actually constant on J. We record the (obvious) global version of this

result, and its immediate consequences, below.

Lemma 2.2.4. Assume that Al, A2 and A3 hold. Let x € ¥ and define

Uy =sup{U > 0| U e, v, (U)#0Y U e (0,U.)}
and U_ =inf{U <0|U €1, &, (U))#0VUe€ (U-,0)}.

Then fi, is constant and equal to k(z) on (U_,Uy), so that fi,(U) = k(z)U ¥ U €
(U-,U4). Furthermore,

Dy(§om,) = Vs, &= k), (2.7)

1
—581adg(&, ) by, ) = Ve |y, ) = £(2) €|y, ) (2.8)

Analogous statements hold for the geodesics vy, -

Proof. That the constant value of f;, must equal k(z) follows from Lemma 2.2.2. (2.7)
and (2.8) then follow immediately from (2.3) and (2.4). O

Now suppose that v — which is future and past geodesically inextendible by assumption
— is future or past geodesically incomplete. Then ~ is not periodic, and by Equation
(2.2) it may only intersect itself at points where the Killing field £ vanishes. It follows
that v[(_ . ) is a regular injective curve, with either Uy or U_ finite. Without loss of
generality, assume Uy < co. We may pull back £ along [ ¢, ) to define a vector field

€ on (0,U,), with
0 0

3= H(SU)U@

E(U) = f(U)
by Lemma 2.2.4. The completeness assumption A3 on £ implies that f too is complete.
Thus, picking a Uy € (0,U.), the unique integral curve 6y of f through Uy is defined on

all R:

0o : R — (0,Uy) solving %970(7) = &Y(00(7)) = k(x)0o(7)

with 90(0) =Up.

The solution is
Oo(7) = Upe" @)™ V 7 e R,
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whose image [since x(x) # 0] is (0, 4+00), contradicting the assumed finiteness of U;. A
similar argument shows that U_ cannot be finite. Furthermore, obvious modifications
extend these results to the geodesics emanating from ¥ in the direction of the vectors

n,;. We thus conclude:

Proposition 2.2.5. Assume that Al, A2 and A3 hold. For all x € X, the mazimal
geodesics 7y, and 7y, are future and past geodesically complete. The Killing field £ never
vanishes along these geodesics, except on ¥. Fach geodesic never intersects itself, nor
does it intersect any other geodesic in the collection {~,,Vn, }zex, except possibly at zero

affine parameter. [

By Proposition 2.2.5, for any « € ¥ the one-dimensional subspaces () and (n;) of N, X,
generated by [, and n, respectively, are contained in the maximal domain D§ of the

normal exponential map exp%. The total spaces of the line bundles

0y =@ and (n):=]] () (2.9)

TEN TEX

are therefore embedded submanifolds of Dy It is clear that expsy: (1) = H 4 and exps (n) =
Hp, with H4 and Hp defined as in (2.6). Similarly, we let (I,)+ = {pl, | p = 0},
(ng)+ = {pnz | p 2 0},

(I)y = H<ZI>:|: and (n)g = H(nx>i

L)) €Y

Then (I)4+ and (n)+ are also embedded submanifolds of D, and we define
Hi/L = expy(l)+ and ’Hé/R = expy (n)+. (2.10)

Clearly, Ha = HE WX WHE and Hp = HEw X WHE. We are now in a position to study
the submanifold properties of # 4 and Hp, as anticipated in the paragraph below (2.6).

In what follows, if ¢ is a smooth curve in M whose parameter is denoted by o, then D,
will denote the operator of covariant differentiation along ¢ acting on arbitrary tensor

fields along ¢, and acting on c itself as D,c = ¢ = Tec.
Theorem 2.2.6. Assume that Al, A2 and A3 hold.
(a) The restrictions of expy: to the line bundles (I) and (n) defined in (2.9) provide

Ha and Hp (respectively) with the structure of immersed, codimension-1 and null
submanifolds of M.

(b) All of the subsets HE/L, Hé/R, HA\Z, Hp\2, and (HAUHEB)\X, are embedded,

null, codimension-1 submanifolds of M, i.e. null hypersurfaces in M.
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Proof of Theorem 2.2.6. (a) Let exp 4 and expp denote the (clearly, smooth) restrictions
of exps to (I) and (n) respectively. By Proposition 2.2.5, they are also injective. It
therefore remains to show that they are immersions. To this end, note first that, since
is spacelike, Proposition 2.1.9 may be applied to our situation, yielding an open subset
W of N containing the image of the zero section, and an open subset U of M, such that
expé lw: W — U is a diffeomorphism. In particular, it follows by the inverse function
theorem that the differentials of exp% at any point in WV are isomorphisms. This already
tells us that exp, and expp are immersions at points (i.e. vectors) sufficiently close to
the zero section of N¥. We now use the isometries to ‘transport’ the result that exp§
is a local diffeomorphism to all other vectors in (I) and (n). Namely, since the one-
parameter group elements 5, are isometries, they ‘commute’ with the exponential map
in the sense that

expol B, = fBroexp on D.

(Indeed, an analogous equation holds true in the context of more general affine maps
of manifolds equipped with linear connections [KN63, Ch. 6].) Restricting to Ds:, using
the fact that each T'5, maps NX (diffeomorphically) to itself, and taking differentials,
it follows that

[Trs. vy exps] o [Ty (T8; 1p )] = [Texpv)Br] © [Ty exps] ¥V € Dy

Since T'5, rD§ : D% — N3 is a diffeomorphism onto its image, its differentials Ty (T3, [ 5 §)
are isomorphisms for any V € D%. Hence, for all 7 € R, Ty exp% is an isomorphism
if and only if Trg_(v) expy is. By Equation (2.1) and the fact that x : ¥ — R never
vanishes, for any V € (I) or (n) it is possible to find a 7 € R such that T5.(V) is
arbitrarily close to the zero vector, and in particular such that T5.(V) € W. This
completes the proof that exp, and expg give Ha and Hp (respectively) the structure
of immersed submanifolds of M. We next show that these immersed submanifolds are
null, considering for definiteness and without loss of generality the case of H4. The
argument is a straightforward and well-known extension of the methods used in e.g. the
proof of Proposition 8.6 in [O’N83]. Any p € H 4 is of the form p = 7 (s) = exp4(siz)
for some x € ¥ and s € R. If p € Hy \ X then, by rescaling I, and/or changing the
time orientation if necessary, we can assume without loss of generality that s = 1. By
continuity, it suffices to prove that (exp4)*g is degenerate at all such points. We will do
so by showing that the preimage X, under Tj, exp 4, of 4;, (1) € T,H 4 is orthogonal to

every vector in the tangent space T (l). I.e. we aim to show that, for any Y € T;_(l),

lexp 4" g](X,Y) = g(Ti, exp (X)), Ti, expa(Y)) = g(, (1), T, expu (V) = 0. (2.11)
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Let I C R be an open interval around 0 and a: [ 3 z — «a(z) € () be a smooth curve

with a(0) =, and D,a(0) =Y. Then the two-parameter map
[0,1] x I 3 (t,2) — x(t, 2) = expy(ta(z))

is a variation through null geodesics, i.e. each x(-, z) : [0,1] — M is a null geodesic. It

follows that the vector field T along v, [[o 1) defined by
Y(t) = D,x(t,0)

is a Jacobi vector field [O’N83, Ch. 8]. The reason for introducing these objects is given
by the fact that
T(1) = D.x(1,2) |,

_o = [Dz(expy 0)](0) = (Ti, expy 0D-)(0) = Ti, exp4(Y).

To wit, we will show that Y(¢) is orthogonal to 7, for all ¢ € [0, 1], so that, in particular,
(2.11) holds. Letting 7 : (I) — ¥ denote the bundle projection, Y(0) = T'm o a,(0) is
tangent to X, and thus normal to ;.. By [O’N83, Prop. 4.44], covariant derivatives

commute when acting on two-parameter maps such as . Therefore,

where T'(z) = Dyx(0, z) defines a vector field along the curve 7o« on . For all z, T'(z)
is null as it is tangent to the null curve ¢ — exp4(ta(z)). In particular, T'(0) = 4;_(0).
It follows that

=0. (2.12)

9(31(0), DyY(0)) = g(T(0), D:Y(0)) = g(T'(0), D-T(0)) = %ng(T, 7).

So far we have shown that both Y(0) and D;Y(0) are orthogonal to the geodesic .

Consider the function
h(t) = g(%,(t), Y(t)).

Then h(0) = 0 and, since A(t) = g(51,(t), D:Y(t)) by the geodesic equation, we also
know that h(0) = 0. But for Jacobi vector fields along geodesics, as argued in [O’N83,
Lem. 8.7], it also holds that h(t) = 0 V . So it follows that h(t) = 0 V ¢ € [0,1], and
(2.11) is proved.

(b) The proof of this part is identical for any of the subsets given, so let S denote any
one of these subsets. It is clear that analogous arguments as the ones used to prove
(a) show that suitable restrictions of eXpJE' provide S with the structure of an immersed,
codimension-1 and null submanifold of M. To prove that S is actually embedded we will

show that any p € S has an open neighbourhood I/ in M such that /NS = h=1{0}, where
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h:U — R is smooth and 0 is a regular value of h. Recall that any immersion is locally
an embedding [Leel3, Prop. 4.25]: this implies that there is a subset 7" of S, containing
p, which is an embedded submanifold of M. We pick a slice chart (V,p = (a*)) for T
around p, such that 7/ == T NV = (z°)~1{0}, and the coordinate vector field 9/9z° is
transverse to T”. Without loss of generality, we may assume that 7" is connected. Now

define f : ¥V — R to be the pseudo-norm of the Killing field, i.e.

F(@) = 94(Elg:€lg) VeV

¢ is null on S, so f vanishes on T”. Since £ is non-zero everywhere on S, (2.4) implies
that df is non-zero and parallel to & = g(&,-) on T'. As we saw in in the proof of
part (a) of this theorem, £ is (co)normal to S. Therefore, df(X) # 0 for any vector X
transverse to T'. Applying this to X = 9/92°, we see that

df< 0 )z of #0 onT.

920 ) 920

Since T’ was assumed connected, actually either 9f/02° > 0 or 9f/02° < 0 everywhere
on T'. We will assume for definiteness that the first of these options occurs — the other

one can be treated similarly. We now let
af
o
V' {qEV‘ axo(q)>0}.

Then V' is open and 7" C V'. By the flowout theorem [Leel3, Thm. 9.20] applied to the
manifold V', codimension-1 embedded submanifold 77 and vector field V = 9/02°],,
the maximal flow domain of V' can be used to define an open submanifold U of V'
containing 7" and with the property that each point in I can be reached from 7" by
following an integral curve of V. In particular, on U, f — that is, the pseudo-norm of
the Killing field ¢ — can only vanish on 7. It follows that &/ NS = T’. Thus, letting
h = fly, h is defined on an open neighbourhood U of p in M, it is smooth, has 0 as a
regular value, and satisfies i/ NS = h=1{0}. This completes the proof of (b). O

In passing, we present a remarkable result which was already proved in [KW91] (see
also [Heu96]). When ¥ is connected, it implies that x : ¥ — R is actually a non-zero
constant, in which case it is called the surface gravity of the structure (#,£,%). We
provide a (to the best of our knowledge) new, direct proof of this result. Our proof
avoids, in particular, the need to first obtain an explicit expression for k2 — as is done

e.g. in the literature just mentioned.

Theorem 2.2.7. Assume that A1, A2 and A3 hold. Then k : 3 — R is locally constant,

and so constant on each connected component of 3.
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Proof. We begin by observing that, taking covariant derivatives of (2.8) (omitting [,

subscripts for simplicity), and using (2.7), one obtains

Dy(Ve& o) = w(a)Du(§ o) = r(x)?5. (2.13)

As explained in the remark on p. 40, ¥ is totally geodesic, and thus is autoparallel —
meaning that parallel transport along curves in 3 preserves tangency to ¥ [KNG69, Sec.
VIL.8]. Together with the fact that, for any curve § : I — M contained in ¥ and with
§(0) = =, the parallel transport maps °P¢ : T,M — Ts(-yM are linear isometries, it
follows that the vector field along § defined by parallely translating [, along ¢, viz.

[(z) =P (Ls),
always lies in (I). By construction, it satisfies
Dl =0. (2.14)
We can now define a two-parameter map y by

y(t,z) = 7[(Z)(t)a (t,z) €[0,1] x I,

where Viez) : [0,1] — M is (a portion of) the unique geodesic with initial tangent vector

I(z). In terms of y and its variables (¢, z), and letting % := k o 8, (2.13) becomes
Dy[Ve€oy(t,z) = &(2)°Dyy(t, 2). (2.15)

We first examine the right-hand side of Equation (2.15). Upon evaluating at ¢ = 0, it
is clearly equal to &(2)2(z). Further taking z-covariant derivatives, and using Equation
(2.14), we obtain

D, (#1) = (D&} + #*D,l = (D,&2)I. (2.16)

We now turn to the left-hand side of Equation (2.15). First we observe that, using the
fact that Killing vector fields satisfy the ‘integrability condition’ V,V£¢ = Rbcadfd (see
e.g. [O’N83, p. 259]), one calculates

Va(EVeE) = (Vabo)(Vel?) + £V Vet = (Vat®)(Vel?) + E°RL 1 y€?
= VeVa(€VLE") = (VeVa€)(Vel?) 4+ (Val) (Ve Vel?) + Rl (Ve + (Vet)E)
+ (VeRa)6e¢?
= RS ca(Ve”) + R eq(Vab)] + RLl(Ve£)E! + (Ve£h)E]
+ (VR )€€
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This result, in particular, implies that whenever £ vanishes, so must the second covariant
derivative of V¢£. But then, using the identity [VxVy Z]¢ = XYV, V,Z¢— [Vy,y Z]®
for vector fields X,Y, Z, and Equation (2.14) again, we have

do

D.D/[Ve€ 0 y)(0,-) = [

dz} 1" VaVi(Ve€) — Vp {(Ve) = 0.

Combining this result with Equation (2.16) yields that D,&> = 0. Since z € ¥ and the

curve § were arbitrary, the claim that & is locally constant on X follows. O
The proof of Theorem 2.2.9 below will make use of the following result (which is ele-
mentary, but to which we were unable to find a reference in the existing literature).

Lemma 2.2.8. Let M be a manifold and Sy,...,Sn be embedded submanifolds of codi-
mension m in M. Let S =N, S;. If

S\S;nNS;=0 VvVi=1,...,N (2.17)

then S is an embedded submanifold of codimension m in M.

Proof. Recall that an arbitrary subset NV of a manifold M is an embedded submanifold
of codimension m in M if and only if it satisfies the following local slice condition [Leel3,
Thm. 5.8]: each point in N is contained in the domain U of a coordinate map ¢ = (a*)

for M such that, for some constants *,...,¢™ ! € R,
NnU={pecu|2®(p)=c'....a" p) ="}

We call the pair (U, ¢) a slice chart for N (in M) around p. It follows that each .S;
(i =1,...,N) in the statement of this lemma satisfies the local slice condition. Pick
ap € S; then p € S; for some i, and there is a slice chart (U;, ;) for S; around p.
Now, Equation (2.17) guarantees that there exists an open neighbourhood V of p such
that SNV = 5; N V. To see why, suppose instead that this were not the case. Then,
by constructing a sequence (Vy,)nen of open neighbourhoods of p with (>~ V,, = {p},
we would be able to find a sequence (py)nen of points in S\ S; which converges to p.
Thus p would simultaneously belong to the closure of S'\ S; and to S;, contradicting our
hypothesis. The proof of the lemma is complete since if V; := U; NV then SNV; = S;NV;
and thus (V;, ily,) is a slice chart for S around p. O

Theorem 2.2.9. Assume that A1, A2 and A3 hold. Further assume that .# is globally
hyperbolic and that ¥ is acausal and causally complete (Definition 2.1.36). Then Ha
and Hp are embedded null submanifolds of M, i.e. null hypersurfaces.

Proof. We prove this statement in the case of H 4, the arguments for H g being analogous.

Let W be the open subset of N3 used in the proof of part (a), and W4 := WnN(l). Then
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the image of W, under exp§ is an embedded submanifold of M containing >, which we
denote by Hi. It is clear that

Ha=HEUHE UHE.

In virtue of part (b) of Theorem 2.2.6, this expresses H4 as a union of embedded,

codimension-1 submanifolds. We now show that, under our hypotheses,

0 =Ha\H;NHS (2.18)
=Ha\ HENHE (2.19)
=Ha\ HINHS. (2.20)

By Lemma 2.2.8, it will then follow that H 4 is a hypersurface. The arguments proving

Equation (2.18) and Equation (2.19) are identical up to a change in time orientation, so

we will focus on Equations (2.19) and (2.20). We will make use of the fact that, since ¥

is causally complete, it is closed by Lemma 2.1.37.

(2.19)

Ha\ HE =HL WY so that, since ¥ is closed, Ha \ HE = @U 3, and we need
only check that
HENHE =0.

Since ”Hi” and ’Hﬁ are disjoint subsets of H 4 \ ¥ which are open in the subspace
topology of H 4 \ ¥, this follows immediately from the following general fact: If
M is a manifold, .S is an embedded submanifold of codimension at least 1, and
S1, 59 C S are disjoint and open in the subspace topology of S, then there exist
disjoint open sets U; and Uy in M containing S; and Ss respectively. (Proof:
By the tubular neighbourhood theorem [Hir76, Sec. 4.5], there exists a vector
bundle £ 5 S, and an embedding f : E — M, such that (i) f composed with
the zero section of E is the inclusion of S into M, and (ii) f(E) is open in
M. Then the sets Uy = flr~1(S1)] and Uy := flr~1(S2)] have the properties

required.)

We prove this in two parts, by first showing that (a) H4 \ H% is disjoint from
#H% \ ¥, and then that (b) 4\ H% N = 0. Global hyperbolicity of .# and
the causal assumptions on ¥ will only be used in proving (b).

(a) For an arbitrary subset T" of a topological space X, the following holds:
if (pp)neny € T converges to p € T with respect to the topology of X, then
it does so also with respect to the subspace topology of T. So suppose that
(Pn)nen C Ha \ H% converges to p € H% \ ¥ in the topology of M. Letting
X =M and T := H4\ X, we are in the general situation just described, so that
(pn)nen converges with respect to the subspace topology of H 4 \ X, to a point



Mathematical Background and Preliminaries 53

assumed to be in % \ ¥. But this contradicts the fact that (clearly) H% \ ¥ is
an open subset of H 4 \ X in the subspace topology of the latter.

(b) Suppose that (p,)neny C Ha \ H% tends to p € X. By passing to a subse-
quence if necessary, we may additionally assume that (py)nen is entirely con-
tained in either HG \ H% or HE \ H%. We illustrate the first of these cases,
as the second can be treated very similarly. Each p,, is the future endpoint of
a future-directed null geodesic segment starting at a point z,, € . We pick a
complete Riemannian metric h on M, whose distance function we denote by
d", and let 7, : [0,b,] — M denote the h-arc-length reparametrisation of this
null geodesic segment. Let p’ € I (p), then I~ (p’) is a neighbourhood of p
and we can assume without loss of generality that it contains all of the p,,
and thus also that z,, € J~ (p,) € I~ (p). Hence z,, € J~(p') N X which, by
our hypotheses on ¥ and by the global hyperbolicity of .# (see the remark
under Definition 2.1.36), is a compact set. We can therefore extract a sub-
sequence!® x;, which converges to a point € X. Associated with it is the
subsequence 7y : [0, bg] — M, which now has the property that v, (0) — x € X
and ~y(by) — p € X. Since our Lorentzian manifold is assumed to be globally
hyperbolic, according to Corollary 2.1.46 it follows that, unless the curves
collapse, we can obtain a future-directed causal curve v which connects two
points of ¥. This contradicts the assumed acausality of . Therefore, the
proof is complete if we can argue that the curves v do not collapse. Indeed, a
(slightly) stronger property is already true of the original sequence ~,,. Namely,
the h—arc-lengths b, of the 7, are bounded from below and away from zero.
Indeed, if this were not the case, then we could find a subsequence ~; such that

the respective h—arc-lengths b; tend to zero. We would then have
dh(l‘i,pi) < bl —0asi— o0

which in particular, by the triangle inequality, would imply that x; — p and
thus that K = {x; | i € N}U{p} is a compact subset of X. But this cannot be
the case due to the way in which ’H% was defined: Indeed, denoting by fyl}; (for
any = € X) the reparametrisation by h—arc-length of ;, [[0,400)» it is clear that,
for any compact subset K of 3, there is a uniform strictly positive lower bound
to the h—arc-lengths of the portions of the ’y{; which remain entirely inside ’Hi.

More precisely, it holds that

inf sup{¢ | V(t) e HE YV ¢ €[0,4} > 0.

13 Abusing notation, passage to a subsequence of a sequence y,, will be denoted here and below simply
by yx and not by the more correct yn, .
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Thus we have demonstrated that b, > ¢ > 0 for some ¢, ruling out collapse of

the (sub)sequence 7, above.

This completes the demonstration that H 4 and Hp are hypersurfaces under the hy-

potheses of the Theorem. We already proved that they are null in Theorem 2.2.6. [

Kay and Wald prove [KW91, pp. 60-61] that, under all the assumptions in Theorem
2.2.9, HEUS UHL = JH(D), and similarly HE UX UHE = J= (). Since both of these
sets are achronal boundaries, if one could show that there can be no timelike curve from
HL to HE then it would immediately follow that H4 is achronal. Similar reasoning is
of course applicable to Hp. But that this is the case is proved in detail in [KW91] — the
proof begins in the last paragraph of p. 60 there and we shall not repeat it here.

Finally, one can see that H4 and Hp are closed subsets of M. Indeed, since J*(X) U
J ~(X) is closed, this reduces to checking that sequences in ’Hf} U ’Hf‘ cannot have limit
points in ’Hg U?—[é (and vice-versa). But this holds by essentially the same arguments in
the proof of statement (b) in Theorem 2.2.6: sufficiently near HI:;]LB,
the Killing vector is null must belong to Hi?é. Summarising, here and above we have

any point at which

shown:

Theorem 2.2.10. Assume the hypotheses of Theorem 2.2.9 hold. Then H4 and Hp are

achronal and closed. [J

This completes our detailed study of the geometric setup introduced by Kay and Wald.
Actually, for various technical reasons those authors ended up needing to make some
further assumptions on the Killing vector. We now give the full definition of a bifurcate
Killing horizon structure as it appeared in [KW91], which will be adhered to in the rest
of this thesis.

Definition 2.2.11. By spacetime with a bifurcate Killing horizon in the sense of [KW91]
we will mean the data (., ¢, ), satisfying

o ./ = (M,qg,t,0)is an oriented, time-oriented four-dimensional globally hyperbolic

spacetime;
e ¢ is a non-trivial (smooth and) complete Killing vector field on M;

e > C M is a closed, orientable two-dimensional (possibly disconnected) embedded
submanifold of M on which & = 0;

e there exists a smooth spacelike Cauchy surface ¢ for .# such that ¥ C ¥ and &
is timelike on ¢\ X.

The submanifold ¥ in Definition 2.2.11 is referred to as the bifurcation surface. The

reason for this name is of course the fact that, as we have seen in this section, X
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generates in a natural way the two transverse hypersurfaces H 4 and Hp, which we will
henceforth refer to as the A-horizon and B-horizon respectively, and whose intersection

is precisely X.

2.3 Null hypersurfaces and Gaussian null coordinates

As was shown in Section 2.2, null hypersurfaces occur naturally in the context of space-
times with a bifurcate Killing horizon (Definition 2.2.11). Following [KW91], in view
of applications to quantum field theory, we will later be concerned with solving initial
value problems for linear (normally) hyperbolic partial differential equations when initial
data is prescribed on the null hypersurfaces H4 and Hp. As we will show, actually not
all the properties enjoyed by these hypersurfaces will be relevant in deriving the basic
PDE existence and uniqueness results needed. Indeed, we will be able to derive such
results quite generically, if the ambient Lorentzian manifold is globally hyperbolic, for
any hypersurface which is, null, achronal, and satisfies a certain completeness condition

on the null geodesics tangent to it. This will be the topic of Section 2.5.

2.3.1 General properties of null hypersurfaces

It is therefore appropriate, at this stage, to collect a relevant selection of general facts
about null hypersurfaces in Lorentzian manifolds. We follow the discussion in Kupeli
[Kup87], which actually covers the more general case of null embedded submanifolds of
any codimension. Unlike that reference, we don’t require our submanifolds or hypersur-

faces to be connected.

Let .4 be a null hypersurface in a Lorentzian manifold (M,g). Then [O’N83, Lem.
5.28], for any p € 4" a vector in the tangent space T),.4" is either spacelike or null, and
the orthogonal (with respect to g) space T, A4 L c T,M is actually a one-dimensional
null subspace of T,,.4" containing all null vectors in T},.#". There is therefore a canonical
line bundle on A7, i.e. the null line bundle K 4 of A, viz.

K,y = H TpJVJ‘LJV.
peEN
From now on in this section, we assume that (M, g) is time-orientable, and let the
global timelike vector field T define a time orientation t. View the metric as a map
g :TM xp TM — R (where x,; denotes fiber product), and define § : Ky — R
by 0(n) = g(n,T|zn)). Then 6 is smooth, and #(n) = 0 <= n € 0 where 0 denotes
the image of the zero section of K 4. Clearly, 6 has no critical points on K 4 \ O.
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Therefore, for any o € R\ 0, the preimage §~'{a} C K 4 is an embedded codimension-1
submanifold of K 4 and the bundle projection 7 : K 4 — 4 restricts to an injective
smooth map onto .4". By e.g. expressing # in a local trivialization of K 4, it is also easy
to see that m[g-144) : 6='{a} — 4 is an immersion, and therefore a diffeomorphism.
Its inverse defines a global nowhere-vanishing section of K 4. Choosing « to be positive,

we have proved the following result.

Proposition 2.3.1 ([Kup87, Prop. 4]). Let (M,g,t) be a time-oriented Lorentzian mani-
fold, and A a null hypersurface. There exists a global future-directed section of the null
line bundle K 4 of A . Any two such sections n, n’ are related by n' = fn where f is a

smooth positive function on A . In particular, K 4 is orientable as a vector bundle. [

Remark. In fact, generalising the notion of null line bundle to null submanifolds of
any codimension, so that the null line bundle consists of (the zero vectors and) null
vectors both tangent and normal to the submanifold, it can easily be shown [Kup87]
that Proposition 2.3.1 holds true werbatim if ‘hypersurface’ is replaced by ‘embedded

submanifold’.

Corollary 2.3.2 ([Kup87, Cor. 5]). Any null hypersurface A" in an orientable and time-

orientable Lorentzian manifold (M, g) is orientable.

Proof. Choose a global timelike vector field T on M. Let w be a global nowhere-vanishing
volume form on M. Since T is transverse to .4, the contraction tpw defines a nowhere-

vanishing top-degree form on .4". O

Definition 2.3.3. Let (M, g,t) be a time-oriented Lorentzian manifold, and .4” be a null
hypersurface with global future-directed tangent null vector field n as per Proposition

2.3.1. Any maximally extended integral curve of n is called a null generator of A .

Lemma 2.3.4. Let (M, g) be a Lorentzian manifold, and A" be a null hypersurface. Then,
if n is a (local) tangent null vector field on N, Vxn € T, N for any X € T, N .

Proof. Since n is also normal to .4, it suffices to show that g(n,Vxn) = 0. Since
Vg=0, .
o(n, ¥ xm) = 5 X (g(n,m))

and, since n is null, the result follows. O

Proposition 2.3.5. Let (M,g) be a Lorentzian manifold, and A" be a null hypersurface
with (local or global) tangent null vector field n. Then, on the subset of A on which
n is defined, there exists a smooth real-valued function f such that Von = fn. That
is, the integral curves of n are null pregeodesics. In particular, the null generators of a
null hypersurface in a time-oriented Lorentzian manifold are null pregeodesics and can

be reparametrised to null geodesics.
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Proof. Since n is normal to .4 it suffices to show that, for any p in the domain of n,
and any X € 1,4, g(Vyn,X) = 0. Extend X to a local vector field X defined in an
M-neighbourhood of p and tangent to .4". Similarly extend n to a local vector field n
on M (defined w.l.o.g. on the same neighbourhood). Then the commutator vector field
[X, 7] is also tangent to .4". We thus calculate (omitting evaluations at p for notational

simplicity)

9(Van, X) = g(Vii, X)

=i(g(i, X)) — g(7, Vi X) (Vg=0)
= —g(n, Vi X) (n is normal and tangent to .4")
= —g(n,V¢n) — g(n, [n, X)) (V is torsion-free)
=0 (Lemma 2.3.4, and [p, X] € T.A).

It is standard and a matter of simple verification that, if ¢: I — M is an integral curve
of a vector field n satisfying V,n « n, ¢ may be reparametrised to a curve ¢ : J — M
satisfying Déé =0. O
We remark that something which Proposition 2.3.5 does not imply is that any global
future-directed null vector field n tangent to an arbitrary null hypersurface can be glob-
ally rescaled to yield a geodesic vector field 7, i.e. one satisfying V7 = 0. An obvious
obstruction arises if one of the null generators is a closed curve, and any of (and there-
fore all) its null geodesic reparametrisations returns to the same point with a different
velocity. So it is clear that, to ensure that no such obstructions occur, it is necessary
to inject some additional causal assumptions. While in [Kup87, Sec. 4] a number of
different sufficient conditions were derived, we will only focus on one of them as it is the

only one relevant for our purposes.

Definition 2.3.6. Let (M, g, t) be a time-oriented Lorentzian manifold, .4 be a null hyper-
surface and .% be an embedded submanifold of .4” which is spacelike and of codimension
1in 4. Then we say that .7 is a cross-section of'* .4 if there exists a diffeomorphism
P A = R x . such that the following hold:

o () ={0} x.7;

e denoting by 9/0U the vector field on R x . induced from the standard d/d¢
vector field on R by the identification T'(R x ) 2 TR x T.%, *(9/0U) is a null,
future-directed, vector field tangent to .4#". Equivalently, for any x € .% the curve
Y=L, x) : R — 4 is a null generator of 4.

“Kupeli [Kup87, Def. 16] prefers to say that .4 is causally separated by .7 .
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We now show that a submanifold is a cross-section for a null hypersurface in the abstract
sense of Definition 2.3.6 if and only if any null generator ‘registers’ on it once and never

returns to it.

Lemma 2.3.7 ([Kup87, Lem. 17]). Let A" be a null hypersurface in a time-oriented
Lorentzian manifold (M, g,t), and n be an arbitrary null, future-directed, vector field
tangent to A". Then a spacelike, codimension-1 embedded submanifold .# of N is a
cross-section of A according to Definition 2.3.6 if and only if any mazximal integral

curve of n intersects . at precisely one parameter value.

Proof. We begin by noting that, since .# is spacelike, n is transverse to ..

(<) We can assume that n is complete. Indeed, if not then, picking a complete Rieman-
nian metric e on A", n/||n|, is complete and still satisfies all our requirements. By the
flowout theorem [Leel3, Thm. 9.20], the maximal flow of n, 6 : R x A" — A/, restricts
to a diffeomorphism ® : R x . — 4. Then, ¢ := ®~! has the properties required by
Definition 2.3.6.

(=) This is obvious for the vector field ¢*(9/0U) in Definition 2.3.6 by combining the
two defining properties of 1 there. But then it is also true for any positive rescaling of

this field, such as n. O

The Lemma above allows to find a sufficient condition for the rescalability of a null

vector field, tangent to a null hypersurface, to a geodesic one.

Proposition 2.3.8 ([Kup87, Thm. 18]). Let A" be a null hypersurface in a time-oriented
Lorentzian manifold (M, g,t), and n be a global future-directed null vector field on A .
If N/ admits a cross-section . then n can be globally rescaled to yield a future-directed

null vector field n on A satisfying Vzn = 0.

Proof. Without loss of generality, assume that n is complete — since we can always
rescale it as explained in the proof of Lemma 2.3.7 to obtain a complete vector field.
By Proposition 2.3.5, there exists a smooth function f : .4 — R such that V,,n = fn.
Let @ be the flow of n when restricted to .%, as in the proof of Lemma 2.3.7, let fp :=
fo®:Rx.#Z — R, and let mg, s denote the compositions of 1) = &1 : 4 - R x .¥
with the projections onto the first and second factor in R x . (respectively). We verify
that the (clearly, smooth) vector field

7R (P)
n|p == exp {—/0 fo(U',me(p)) dU’} nlp (2.21)

is geodesic. Indeed, since @ is the (restricted) flow of n, letting P : .4/~ — R denote

minus the exponent in Equation (2.21), it follows from the Fundamental Theorem of
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Calculus that n(P) = f, so that
Vit =e TV, (e Pn)=e2P'Vn+e PnleP)n=efn—e?Pn(P)n=0.

Hence, n is geodesic and its integral curves are null geodesics contained in 4. O

If A admits a geodesic, future-directed, null, global tangent vector field n then we call
the maximally extended (in ./") integral curves of n the null geodesic generators of A" .
Viewed as geodesics in the ambient manifold M, these may of course fail to be future

or past inextendible.

Proposition 2.3.9. Let (M, g,t) be globally hyperbolic. Then any null hypersurface N

whose null generators, when reparametrised as null geodesics entirely contained in N,

are future and past inextendible as geodesics in (M, g), admits a cross-section.

Proof. Let € be a smooth spacelike Cauchy surface for (M,g,t). Then % and A
intersect transversely. Since % is a spacelike Cauchy surface, it is intersected precisely
once by any future and past inextendible causal curve in M. In particular, by our
hypothesis on the null generators of .47, it is intersected exactly once by each null
generator of .#. Therefore, .¥ = ¥ N .4 is non-empty, and thus it is a spacelike,
codimension-1 embedded submanifold of .4 intersected at precisely one parameter value

by each null generator of .4”. The result follows from Lemma 2.3.7. O

2.3.2 Gaussian null coordinates

We now wish to demonstrate the existence of coordinates adapted to a null hypersur-
face and defined in a way both natural and useful (Corollaries 2.3.13 and 2.3.14) for
our applications to hyperbolic PDE theory and field theory. The proof of this result,
i.e. Theorem 2.3.11 below, will require the following preliminary observation. We have
already recalled the definition of the normal exponential map expfg : NS — M for a
submanifold S of a Lorentzian (or even semi-Riemannian) manifold (M, g), and we have
already recalled (Proposition 2.1.9 here, and Proposition 7.26 in [O’N83]) the important
existence result for normal neighbourhoods of S in the case where the induced met-
ric on S is non-degenerate. That normal neighbourhoods cannot exist in the sense of
Proposition 2.1.9 if the submanifold is null is clear by dimensional considerations alone,
since in that case the dimension of NS is strictly smaller than the dimension of M,
and no open subsets of the two can be diffeomorphic (via exp§ or otherwise). However,
by examining the proofs of Lemma 25 and Proposition 7.26 in [O’N83], it is clear that
the only property of NS entering the arguments there is that NS is a complementary
vector subbundle to T'S in TM|s. — i.e., that T,M = N, S & TS for all ¢ € S. Thus,

Proposition 2.1.9 has the following generalisation.
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Proposition 2.3.10. Let (M, g) be a semi-Riemannian manifold and S be an embedded
submanifold of codimension greater than or equal to 1 in M. Let L =5 S be a com-
plementary vector subbundle to T'S in TM|g. Then there exists an open neighbourhood
Z of the set of zero vectors in L such that exp [z is a diffeomorphism onto an open

neighbourhood of S in M. [

Remark. Restricting Z if necessary, we may in fact assume that each Z, := Z N Wzl{q}

is star-shaped with respect to the zero vector.

While the first treatment of the coordinates described in the theorem below is often
attributed to Moncrief and Isenberg [MI83] (see also [LR12, Sec. III}), they made earlier
appearances in e.g. [Pen72, p. 60] and in the proof of Theorem 3.3.2 in [Fri75].

Theorem 2.3.11 (Gaussian null coordinates). Let (M, g,t) be a time-oriented Lorentzian
manifold and A be a null hypersurface which admits a cross-section. Then, if I C A
is the image of a null geodesic generator of N, there exists a coordinate neighbourhood
U for M, containing T, and coordinates (v,u,z?) on U, such that U N A = {v = 0}

and the metric in these coordinates takes the form
qg= vgpduQ + 2dudv + 2v(y dz? du + haB da? daP

for smooth functions ¢, Ca, hap.

Proof. Let .7 be a cross-section for .4, and let n be a future-directed (geodesic or not)
tangent null vector field on .4". Use .% and the flow of n to construct a diffeomorphism
® : D — 4 where D is an open subset of R x . containing {0} x . (unlike in
the proof of Lemma 2.3.7, since n may be incomplete it is no longer guaranteed that
D =R x .). Then, since . is a cross-section, there exists a x € .% such that, letting
D, = DN (R x {z}), " in the statement of the theorem is equal to ®(D;). Now, let
(W, (z)) be a coordinate chart for .# around z. Then, letting

V=dDnNRxW)) and x = (u,z?) = [idg x ()] 0o &1y,

(V, x) is a coordinate chart for .#” whose domain contains I' together with the images
of all other null geodesic generators of .4~ which intersect . in W. By construction,

d/0u = nl,,, while the vectors 9/0x4 are spacelike and normal to 9/0u, i.e.

9 oN_ (0 9\ _,
INowou) 9 \ouwoz4) ~
Next, let | be a null vector field along V), smooth as a section of the pullback bundle

TM]|y, and satisfying

g(l,n)=a and g (l, 3;2,4) =0, (2.22)
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for a strictly positive o € C*°(V). That such an [ exists (for any «), and is in fact
uniquely determined by these requirements, follows by a reasoning analogous to the
one used in the paragraph above Proposition 2.3.1. We will actually take for simplicity
a = 1. It follows that [ is (future-directed and) transverse to V, and thus generates
a complementary rank-1 vector subbundle L to the tangent bundle TV in TM|y. By
Proposition 2.3.10, there is an open neighbourhood Z in L of the set of zero vectors, and
an open neighbourhood U of V in M, such that exp [z : Z — U is a diffeomorphism.
Let ¢ : L — R x V denote the global trivialization of L induced by the global basis {l}.
Then exp o¢~! [¢(2) is a diffeomorphism from an open set in R x V containing {0} x V

onto U. Its inverse 1) : U — ¢(Z) can be then composed with idg x x to yield a chart

(U, (Uv X)) = (Z/{, (U>U7mA))'

By construction, d/0v is a geodesic vector field on & which is null (as it is equal to [)

on V C U; it follows then that it is null everywhere on U, i.e. that in this coordinate

_ (9 9N\,
gUU_g 81}’8'[} — Y

On the other hand, we already knew that g, = gua = goa = guw—1=00onV C 4. In

system

particular, since V is given, in this coordinate chart, by {v = 0}, there exist functions
©,Ca € C*°(U) such that

Guu = VP and guA:’UCA.

Finally, let the index a indicate either a u-component or an z*

-component. We calculate
(using Vg = 0 in the first step, and the torsion-free condition together with Vg, 9, = 0

in the second)

811(91}(1) =0y (g(am aa)) = Q(Vayav, 8{1) + g(ava Vavaa) = g(ava Vaaav)

— %aa(g(&),&,)) = 0.

Together with the initial condition g,4 = gy, —1 = 0 on V, and by the remark following

Proposition 2.3.10, we conclude that actually g,4 = 0 and g,,, = 1 throughout &/. The

claimed form of the metric follows. O

Definition 2.3.12. We call the coordinate chart (¢, (v, u,z*)) in Theorem 2.3.11 a Gaus-

stan null coordinate chart for A around T.

The reason for us defining Gaussian null coordinates for null hypersurfaces lies in the fact
that wave and wave-like equations in these coordinates take a special form, in which no

repeated derivatives in directions transverse to the hypersurface occur at the location of
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the hypersurface. Namely, let 00 : C>°(M) — C*°(M) be the d’Alembert operator given

in abstract index notation and in a choice of local coordinates (respectively) by

1
—|gl

Then, a straightforward calculation leads to the following important result.

O¢ =V, V% = Ou(V/—919"" 0v ). (2.23)

Corollary 2.3.13. Let (M,g) be a four-dimensional Lorentzian manifold. If there is a
coordinate chart for M such that g takes the form in Equation (2.22), then |g| = |h| =

det hap and there is a smooth function ¥ such that

. (v haa[G1]* = 2012616 + hu[G)?) ) 0*

Al ov?
gy P12261 — h12Go ” oy 1162 — M12Gy 8
|h| Ov Ozt |h| Ov Oz?
0? 0
* 28u ov * \II%
+ terms in Oy1, Oy2, 021, 0%, 021 2.

In the lower or higher dimensional cases, it still holds that there are no 0y, 02, 812MA
terms, that the coefficients in front of 02 and OSIA vanish when v = 0, that the coefficient

in front of 92, is equal to 2, and that the coefficient in front of 8, is a smooth function.
O

Corollary 2.3.14. Let (M, g,t) be a time-oriented Lorentzian manifold and A be a null
hypersurface which admits a cross-section. Let (U, (v,u,xz?)) be a Gaussian null coordi-
nate chart for A as in Theorem 2.8.11. Then, for any vector field X on M and any two
q,F € C*°(M), the equation (O + X + q)¢ = F, when evaluated on A NU = {v = 0},
takes the form

o¢

>+ (U +X°) 22 = F+ Do (2.24)

ou \ Ov

0 (0¢
oy ( ov

where ¥ € C*(U) is as in Corollary 2.3.13, and D(()l) is a linear second-order differential
operator involving u- and z—derivatives only, with coefficients independent of ¢. In

general, letting

ny . 0"¢
¢7(J ) = %U/mu,

the differential consequence obtained by taking the n-th order (n > 1) v-derivative of
(04 X +q)p = F, evaluated on N NU, takes the form

0 IF )
9 (n)| L mgpmn) — L2 D™ $(@) 2.2
ou |:¢v :| + ¢'u Oum + ; 7 ¢v ( 5)
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where Q) e O (U) is independent of ¢ and each Dgn) s a linear differential operator
of order at most 2 involving u- and x*-derivatives only, with coefficients independent of
¢. O

2.4 Generalities on Green hyperbolic and normally hyperbolic

differential operators

This section will quickly review some key results in the theory of a special class of second
order, linear, partial differential operators with smooth coefficients acting on section of
vector bundles over Lorentzian manifolds. The normally hyperbolic operators — also
sometimes called wave operators'® — which comprise this class, when acting on sections
of vector bundles over globally hyperbolic spacetimes, admit a well-posed initial value
formulation on (smooth) spacelike Cauchy surfaces. This means that, in considering the
equation

Pu=f, (2.26)

where P : I'°(F}) — I'°(F3) is the differential operator in question and f is a given

(sufficiently regular, e.g. smooth) section of F» — M, given such a Cauchy surface €

and a pair ug,u; of (sufficiently regular, e.g. smooth) sections of Fi|s — called Cauchy
data — on such a Cauchy surface ¢, there exists a unique solution u of Equation (2.26)
whose restriction to & equals ug, and whose first (covariant) derivative in the direction
given by the global unit normal vector field along % equals u;. Notice that since € is
assumed spacelike, this vector is everywhere transverse to ¥ — and indeed we could have
chosen any other smooth vector field along 4 and transverse to it. The regularity of
the solution w to this Cauchy problem depends on the regularity of u;, us and of the
‘inhomogeneity’ f, but (i) u is smooth if they all are, and (ii) it depends continuously
on them if they are allowed to vary within appropriately topologized spaces of sections

with given regularity.

2.4.1 Green hyperbolicity

Normally hyperbolic operators (to be defined formally below), which are always of second
order, when acting on sections of vector bundles over globally hyperbolic spacetimes
belong to the wider class of Green hyperbolic partial differential operators on Lorentzian
manifolds, which were studied in detail in [BG12, Khal4, Béarl5] and which may be of
any order. Indeed, the fact that they are Green hyperbolic is often all that is needed to

15Not to be confused with the Hilbert space linear operators arising in scattering theory — the Mgller
operators — sometimes indicated by the same name.
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construct well-behaved (particularly relative to the requirement of Einstein causality)
quantum field theories based on the classical ones which they define. Such operators
are axiomatically defined by the requirement that they (and their formal adjoints, see
Definition 2.4.2) admit advanced and retarded Green operators — often referred to as
advanced and retarded propagators of Green’s functions, particularly in the physics
literature. As we will see in the definition below, the latter are particular kinds of
‘inverses’ of the differential operator with special support properties relative to the causal

structure defined by the underlying Lorentzian metric.

Definition 2.4.1. Let .# = (M, g,t) be a spacetime and P : I'*(F}) — I'*°(Fy) be
a linear differential operator (with smooth coefficients). A retarded (+) or advanced

(—) Green operator for P — relative to the causal structure on .# — is a linear map
E* :T(Fy) — T'°°(F}) such that

(1) E= o Plrgm) = idrg )
(i) PoE*Irep) = idrge(my);

(iii) supp(E*g) C J*(suppg) for all g € T°(F).

Definition 2.4.2. Let (M, g) be a Lorentzian manifold and dsuy be the associated volume
density. Let P : I'™°(F}) — I'*°(Fy) be a differential operator between vector bundles
over a common field K. The formal adjoint or formally dual operator P* of P (with

respect to dpug) is the differential operator P* : I'*°(Fy) — I'*°(FY}') uniquely defined by

/ Y(Py) dug = / [P*)] () dpg
M M

for all ¢ € I'*°(Fy) and ¢ € I'™°(F}) such that supp ¢y Nsupp ¢ is compact. If F} = F; =
F and we have a preferred vector bundle isomorphism F — F* covering the identity,
then P* can be regarded as an operator I'°(F') — I'*°(F'), and P is formally self-adjoint
relative to this identification if P = P*. If the isomorphism F — F™ is realised by a
smooth, fiberwise non-degenerate bilinear pairing (-, -) : F Xy F' — K, then P is formally

self-adjoint if and only if
[ P dug = [ (Poe) duy
M M
for all ¢, p € I'*°(F) such that supp N supp ¢ is compact.

P* allows one to linearly extend the action of P to distributional sections. Recall (see also
Appendix C) that, in the presence of a preferred smooth volume density, I'"°°(F;) (for
i =1,2) can be defined as the continuous dual space of I'g°(F}"). Then, P : I'"*°(F;) —
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['°°(Fy) is defined by
[PTl(¢) =7(P*p) Ve l'g(Fy),

and is continuous in the standard (weak-*) topology on distributional sections. We
can thus speak of distributional solutions of P, meaning elements in the kernel of this

extension of P.

Definition 2.4.3 (Green hyperbolic operators). If (M,g,t) is a spacetime and P :
'*°(Fy) — I'°°(F3) is a linear differential operator (with smooth coefficients) such that
both P and P* have advanced and retarded Green operators, then P is said to be Green

hyperbolic. In particular, P is Green hyperbolic if and only if P* is.

If P is a Green hyperbolic operator on a globally hyperbolic spacetime, we may use
its retarded Green operators to solve a ‘Cauchy problem’ of sorts in which, given an
inhomogeneity g € I'J°(F2), we seek a solution u to Pu = g which vanishes to infinite
order on a spacelike Cauchy surface ¢~ such that suppg C J*(¢ 7). Clearly, u := ETg
does the job. Similarly, £~ g solves the analogous ‘homogeneous Cauchy problem’ posed

on a spacelike Cauchy surface € with suppg C J~(€™).

Recall now the subspaces of (distributional) sections defined according to their support
properties in Definition 2.1.40. Recall that a differential operator is always support non-
increasing. The following theorem collects results proved in [Bérl5], and we also refer

to that paper for careful definitions of all topologies involved.

Theorem 2.4.4. If P : T'°(F}) — T'°(Fy) is a Green hyperbolic operator on a globally
hyperbolic spacetime, then it is bijective as a map U2 (F1) — Tpo(Fa) and as a map

D(F1) — I'P(Fa). The resulting unique inverses are extensions, denoted by E=, of
E*, which still enjoy the support property supp(EXg) C J*(suppg) V g € FIC;Z/fC(FQ).
In particular, the original Green operators of P as in Definition 2.4.1 are unique. By

duality, similar statements hold when P acts on distributional sections. The original

Green operators and all such extensions are continuous. [

We denote the extended Green operators on distributional sections by ET Lo (Fe) —
F;COO(Fl) and £~ : Pf;OO(FQ) — Ff_coo(Fl).

If P is Green hyperbolic and the spacetime is globally hyperbolic then we can use
its (unique by Theorem 2.4.4) advanced and retarded Green operators to define the
important causal Green operator — also variously called causal propagator or (somewhat
improperly) causal Green’s function. If P is self-adjoint, the causal Green operator will
allow us to define a symplectic structure on the space of spatially compact solutions

S = ker Plre (), and this is important for quantization.
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Definition 2.4.5. Let (M, g,t) be a spacetime and P : I'*°(Fy) — I'*°(Fy) be a Green
hyperbolic operator. The causal propagator E : I'f°(Fy) — I'*°(F}) is defined by

E=E —Et

and clearly satisfies E[I'6°(F3)] C I'e0(F1). If the spacetime is also globally hyperbolic,

using the extended Green operators E+ we may also define
E:=E- —Et:Tg(F) - I®(F),

which is an extension of E.

If P is a Green hyperbolic operator on a globally hyperbolic spacetime, the (extended)

Green operators E< : ng/fc(Fg) — ek

P* which we will denote by G* : F;‘C’/fc(Ff) — F;‘C’/fc(F;), are in duality in the following

sense. Note that the roles of ‘advanced’ and ‘retarded’ get interchanged.

(F1) for P, and (extended) Green operators for

Proposition 2.4.6 (Duality between Green operators [Béarl5, Lem. 3.21] and [Khal4]). Let
(M, g,t) be globally hyperbolic and P : T'°(Fy) — I'*°(F3) be a linear Green hyperbolic

operator. Then, with the notation in the paragraph above,

/M [CFa] (8) dyy = /M o(E=5) dug

for all o € T3A(FY) and B € T (F2) such that supp(GFa) N supp(E—B) is compact.

Simalarly,

| 6 a3y = [ a(E5)an,

for all o € TE(FY) and B € T53(F2) such that supp(G—a) N supp(ETB) is compact.
In particular, if F1 = Fy = F and P is formally self-adjoint with respect to a fiberwise

non-degenerate bilinear pairing (-,-) : F xyr F — K, then GE = EE and the above

| (FFee)an = [ (5.5 au,

whenever 1 € Fg‘é/fc(F) and ¢ € Ffoco/pc(F) are such that supp(EE) N supp(EFyp) is

compact. In particular, in this latter case we have

implies that

/M (EY, p) dpg = — /M (v, Ep) dug

for all , o e TP (F). O

It is evident that E maps test sections to spatially compact solutions of Pu = 0, and
that supp(Fg) C J(supp g) for all g € I'§°(F3) — justifying the terminology. Actually, in
the presence of global hyperbolicity one can prove further statements about E which,
together with the ones just made, can be conveniently summarised by means of an exact

sequence as was done in [BGP07, Thm. 3.4.7] for normally hyperbolic operators, and
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generalised to Green operators and distributional sections in [Bar15, Thm. 3.22 & Thm.
4.3]. The last surjection in each sequence in Theorem 2.4.7 below was not explicitly
included in [B&rl5], or even in [BGP07] in the special normally hyperbolic case. In the
case of normally hyperbolic operators, it is a result of Corollary 5 in [Gin09], while in
the case of general Green operators the (simple) proof is in [Khal4, Lem. 2.1 & Prop.

2.1], but we will repeat it below in the interest of being self-contained.

Theorem 2.4.7. If (M, g,t) is globally hyperbolic and P is a Green hyperbolic operator

then the sequence of vector spaces
{0} —TIFEF) 5 TR(F) = TX(F) > IX(F) — {0} (2.27)

is ezact, implying in particular that E is onto S := ker Plpeo(p,y, that ker E = P[I'g°(F1)]
and therefore also that S = T'{°(Fy)/PIL'P(F1)]. With E=FE —Et: Ly>(F) —
[.°°(Fy), the sequence

[0} — 0po(F) 2 1) D v L 1oe(m) — {0} (2.28)

18 also exact. [

Proof. We prove the last surjection. The argument is identical in the smooth and dis-
tributional case, but we show it in the smooth case for definiteness. Pick two Cauchy
surfaces ¥~ and €+ with €* C I*(¢F). Then {IT(¢~),I~(¢*)} is an open cover
of M, and we can pick a partition of unity {x4,x—} subordinate to this cover. Let
¢ € T2 (F3) so there is a compact set K such that supp ¢ C J(K). It follows that

supp(x+¢) C J(K)NJH(€7) = [JT(K)NJ (€T U[J(K)NJTT(€7)]
C JT(K)UJH(J-(K)nJHE))
= JH (KU (K)NJH(%)7).

Since €~ is a Cauchy surface and K is compact, the set in the last line is the causal

00
ret

X_¢ € I'®_(Fy). Therefore, E*(x+¢) also belongs to I'>® (Fy), the sum E+ (x4 ¢) +

adv ret/adv
E~(x_¢) is in T(F}), and the claim follows from

future of a compact set, therefore x ;¢ belongs to I'SS, (F5). In a similar way one sees that

¢ =x16+X-0=PE"(x10) + PE~(x-¢) = P[E*(x10) + E~(x-¢)]. O
Finally, the results in Proposition 2.4.6 and the exactness of the sequence in Theorem
2.4.7 can be combined to equip the space of smooth, spatially compact solutions to a

Green hyperbolic operator with a symplectic structure, in the formally self-adjoint case.

Theorem 2.4.8 (Symplectic structure on spatially compact solutions of formally self-ad-
joint operators, [BG12, Prop. 3.4]). Let (M, g,t) be globally hyperbolic and let F' — M
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be a vector bundle over a field K, endowed with a non-degenerate fiberwise inner product
(-,-). If P is formally self-adjoint relative to this inner product then the antisymmetric
K-bilinear map I'°(F) x T'§(F) — K given by

(¥, ) = /M (¥, Ep) dug

descends to a symplectic form on S = ker Prec () = I'§°(F)/P[T5°(F)].

It is well-known that, in the smaller class of normally hyperbolic operators (see the next
subsection), the expression for the symplectic product between two spatially compact
solutions can be expressed as an integral over any smooth Cauchy surface involving the
value of the sections and of their (first, covariant relative to a ‘ P-compatible’ connection)
normal derivatives on that Cauchy surface, see for instance [BGP07, Lem. 3.22 & Lem.
4.7.7). Tt is perhaps less well-known that a generalisation of this result still holds true
in the Green hyperbolic case, but this time the ‘differential data’ of the two solutions
to be integrated along the Cauchy surface may contain higher-order derivatives. This is
because a general linear differential operator P : I'™°(F}) — I'*°(Fy) and its formal ad-
joint P* : T'°(Fy) — I'°°(FY) satisfy a relation which, assuming spacetime orientability

for simplicity, takes the form
[a(Py) — (P*a)(p)] voly = dG[a, ¢, (2:29)

where, with dim M =n+1, G : I'°(F5) x I'*°(F) — Q"(M;K) is a bilinear, bidifferen-
tial, form-valued operator. Equation (2.29) is the Green—Vinogradov formula, introduced
in a local sense in [Vin84a, Vin84b], and see Theorem 6.2 in [AB02] for a proof of the
global existence of such a G. The pullback of G[a, ] to an arbitrary smooth Cauchy
surface ¥ can be integrated and the remarkable result is that, if the Cauchy surface is
given the appropriate ‘future orientation’ and whenever a and ¢ are spatially compact

solutions of P* and P respectively, the resulting integral,

/L*g[oz,gp}, is always equal to / B(p) volg:/ a(y) voly
3 M M

for any 8 € I'§°(F}) such that GB = o and any ¢ € I'§°(F3) such that EY = ¢. In
particular, the integral in Theorem 2.4.8 defining the linear symplectic structure on S in
the formally self-adjoint case may be always re-expressed as an integral over a smooth
Cauchy surface involving only the values and derivatives of the solutions themselves —
and no test functions. We refer to Section 2.5 in [Khal4], and specifically to Lemma 2.5
there, for further details, and to the rest of that paper for a study of the ramifications

of this in the context of Lagrangian field theories.
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2.4.2 Normal hyperbolicity

As we already mentioned above, normally hyperbolic operators on Lorentzian manifolds
are particular kinds of second-order linear partial differential operators with smooth
coefficients which, when acting on sections of vector bundles over globally hyperbolic
spacetimes, are automatically Green hyperbolic. As a matter of fact, that this is the case
is a deep result the proof of which was a major achievement starting with the seminal
work of Leray [Ler53] (in which the notion of global hyperbolicity was first introduced),
and continuing with Lichnerowicz’ and Choquet-Bruhat’s contributions [Lic61, CB67]
and with Friedlander’s book [Fri75] in which local results are achieved by a different
method. The more recent textbooks [BGPO7] and [Rin09] fill gaps in these earlier

presentations and give complete accounts of these results in a modern language.

A normally hyperbolic operator is, roughly speaking, a second-order differential operator
whose highest order coefficients in any choice of coordinates are the components of the
inverse metric tensor g~! € I®°(TM®TM). A more formal definition requires the notion
of the principal symbol of a general linear differential operator L : T'°(F}) — I'°(F3),
which we now give. For further details, and coordinate-free definitions, see e.g. [Nic07,
Ch. 10].

Definition 2.4.9 (Principal symbol). Let M be a smooth manifold of dimension d, let
Fy — M and Fy, — M be vector bundles of rank Ny and Ny respectively and over the
same field K, and let L be a linear differential operator with smooth coefficients and of

order k € Ng. The principal symbol of L is the map
oy, - "M — HOHI]K(Fl,FQ)

whose action we will now describe in terms of a local coordinate chart (U,x = (z#) :
U — V) for M and local trivializations of F; and F, adapted to these coordinates.
Given such choices, there exists a unique collection of smooth, (N2 x Nj)-matrix—valued
functions A, defined on U and such that the following holds: If s is an arbitrary local
section of F; — M on U and we denote by §: V — V x R its expression in terms of the
chosen coordinates and of the trivialization of F, and also denote by £ : V — V x RM
the analogous expression of any local section of Fy — M on U, then
Ls= Y (Aqoa™') 0%
lo| <k
The principal symbol is then defined on any covector § = ,dz* € T;U to be the element
of Homg (F1, F») represented in the chosen trivializations by the matrix
TL(&) =D £ Au(p)
laf=k

where £* 1= £ - €5
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Remark. It follows immediately that the principal symbol of L is homogeneous of degree

k, i.e. that o (A) = N (&) for any covector € and any A € K.

Definition 2.4.10 (Normally hyperbolic operators). Let (M, g) be a Lorentzian manifold
and F' — M be a vector bundle. A second-order linear differential operator P : '*°(F) —

I'*°(F) is said to be normally hyperbolic if

op(&) =g &, €)idp  for all £ € T*M.

Although normally hyperbolic operators form a wide class, the only example which
we will treat with any detail in this thesis is the most general normally hyperbolic
operator acting on smooth real-valued functions, i.e. on sections of the trivial line bundle
F = M x R. This takes the form

P=0+X+gq (2.30)

where [0 is the d’Alembert operator defined in Equation (2.23), X is a smooth vector
field, and ¢ is a smooth real-valued function. When X vanishes and ¢ is a constant, P

is called a Klein—Gordon operator.

Lemma 2.4.11. If (M, g) is a Lorentzian manifold and P : C*°(M) — C>*(M) is of the
form in Equation (2.30), then P is formally self-adjoint relative to the obvious iden-
tification of F' = M x R with its dual bundle F* if, and only if, the vector field X
vanishes.

Proof. 1t is well-known and a straightforward exercise using the divergence theorem
that O : C°(M) — C*°(M) is self-adjoint in the sense stated. It is obvious that
the multiplication operator ¢ too is formally self-adjoint. Since the operation of taking
formal adjoints is linear, the ‘if” direction is clear. For the ‘only if’ direction, by a similar

reasoning it follows that we must have X = X*. This means that

/M VX pdug = /M(Xﬂ))so dpg

for all ¢, € C3°(M). But v X¢ = X (1) — (X¢)p by the Leibniz rule, and thus

/M $Xpdig = — /M<Xw>so iy

by integration by parts since the functions have compact support and the manifold is
assumed without boundary. Thus, X¢ vanishes for all ¢ € C3°(M) in the sense of
distributions and, since it is actually smooth, it must vanish in the sense of functions.

Then X must be zero as a differential operator, and thus as a vector field. ]
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2.4.3 Characteristic initial value problems

Quite generically, the characteristic set of a linear partial differential operator P, denoted
by Char P, is the subset of 7" M\ 0 on which o p fails to be an injective linear map [Tre80,
p. 80]. In particular, in the scalar case P : C°(M) — C*(M),

CharP={£€T*M | £ #0and op(§) =0}.

A characteristic hypersurface for P is then a hypersurface .4 whose conormal bundle is

entirely contained in Char P.

Characteristic hypersurfaces are problematic for the following reason: Let P be of order
k. Then, in local coordinates adapted to a characteristic hypersurface — i.e. such that the
hypersurface is locally defined by the vanishing of one of the coordinate functions — we
cannot rewrite the equation Pu = f in such a way as to express the k-th order transverse
derivatives of u in terms of the value of u and of its other derivatives up to order k. On the
other hand, Pu = f, when evaluated on .4, reduces to compatibility conditions between
ul 4, its derivatives along .4", and derivatives along .4 of the transverse derivatives of
u up to order k — 1. Thus we cannot freely specify the value of u and of its transverse
derivatives up to order k — 1 and expect to obtain a solution in a neighbourhood of a

point in .#". This is completely unlike the situation in the standard Cauchy problem.

The characteristic initial value problem, also called Goursat problem, is the problem of
finding solutions to a (linear) partial differential equation with prescribed values on a

characteristic hypersurface:
Pu=f with ul, =uo

for some function g defined on .#". Existence and/or uniqueness of solutions are not
guaranteed, and one can only hope to establish them on a case-by-case basis. Our work

in the next section will be an example of one such endeavour.

2.5 The global characteristic initial value problem on achronal

hypersurfaces and the definition of S4 and Sp in [KW91]

The purpose of this section is to sketch the proof of existence and uniqueness results
pertaining characteristic initial value problems for linear wave-like equations on globally
hyperbolic Lorentzian manifolds, posed on null hypersurfaces with favourable causal
properties. While the precise statements of these results are, to the best of our knowl-

edge, novel, in essence they and their proofs are adaptations of ideas first presented by
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A. D. Rendall in the much more general context of quasilinear wave equations in an
influential 1990 paper [Ren90]. The nonlinear nature of such equations meant that Ren-
dall’s results were local in nature. Our main contribution will be to provide a geometric
framework in which Rendall’s arguments can be globalised in the linear case. A more
superficial difference with Rendall’s results is given by the fact that the characteristic
initial value surfaces in [Ren90] consist of two intersecting smooth null hypersurfaces;
morally speaking, the initial value surfaces which, in our work, play the role of Rendall’s
intersecting hypersurfaces are achronal boundaries of the form I*(S) and I=(S), for S
a subset of a null hypersurface with the causal properties discussed in Subsections 2.5.3
and 2.5.4.

2.5.1 Whitney’s Extension Theorem

At the heart of Rendall’s argument is an application of a version of the classical Whitney
extension theorem of differential topology [Whi34, Gla58, Mal66, Ste70, Tou72], see also
[H6r90a, Thm. 2.3.6]. Given an open set 2 C R", the latter deals with the problem of
extending, to a function in C" () (with m finite or even infinite), a function originally
defined, together with its ‘derivative data’, only on a closed subset X of 2. The col-
lection given by the function and its derivative data on X is required to satisfy certain
compatibility conditions which are described completely in terms of X and arise natu-
rally as necessary conditions that any suitable extension would have to satisfy by virtue
of Taylor’s formula. Then, the classical Whitney extension theorem states that smooth-
ness on X C € in the sense of Whitney is equivalent to the existence of an extension to

Q that is C™ in the usual sense. To wit, call Whitney data on X a collection
{f* X >R |a] <m} (2.31)

of continuous functions f%, where o denotes a multi-index and possibly m = oco. If m
is finite then this data is said to be C™-smooth in the sense of Whitney — or to define a
C™-Whitney field — if, for each multi-index o with |a| < m,

a+
f‘“(x)—ﬂl;_ |fﬁ!(y)(m—y)6 is o (lle -yl ) (2.32)

uniformly on compact subsets of X as ||z —y[| — 0. If m = oo then the data is said to
be C*-smooth in the sense of Whitney — or to define a C°°-Whitney field — if, for any
integer k, the subcollection {f} 4 <k is C*-smooth in the sense of Whitney. It is clear
that, for any m € NgU{oo} and any closed subset X, the Whitney data collection on X

all of whose members equal the zero function on X defines a C™-Whitney field on X.
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Theorem 2.5.1 (Classical Whitney Extension Theorem). Let X C Q C R" be as above,
and {f*}a)<m be Whitney data as in (2.31), with possibly m = oo. There exists f €
C™(Q) such that Df|x = f* V |a| < m if and only if the data is C™-smooth in the
sense of Whitney. [J

Jets and the global Whitney extension theorem

This deep result generalises easily to the case where the function is valued in a Euclidean
space R%. Tt also generalises to the case where R™ is replaced by a smooth manifold
M, Q = M and X C M is a closed subset; although this came as no surprise to
experts in differential topology, to the best of our knowledge such a generalisation was
first explicitly stated and proved in the published literature rather recently, namely
in Appendix A to the paper [BCFT07]. The idea of the proof of this generalisation,
which we will henceforth refer to as the global Whitney extension theorem and whose
statement we will reproduce below, is a standard game in differential topology: suppose
that, using the classical Whitney extension theorem on coordinate charts or otherwise,
one is able to obtain local Whitney extensions on sufficiently small neighbourhoods in
M ; a partition of unity argument then yields a global extension by gluing together these
local extensions. We will specialise our statement to the case of real-valued functions

for simplicity.

The jet bundle language provides arguably the most concise and elegant formulation of
the global Whitney extension theorem. The details of the jet bundle formalism are not
essential here, and can be found in several references ([Mic80, Sau89, KMS93] to mention
only a few). Suffice to say that, given two smooth manifolds M and N and m € Ny,

we can define the set J™(M; N) of m-jets of maps from M to N as follows: an element

of J™(M;N) is an equivalence classes of pairs (f,x), where z € M and f is a smooth
map from an open set in M containing z to N, and two such pairs (f,x) and (f/, )
are considered equivalent iff z = 2/, f(z) = f/(«'), and f and f’ have equal partial
derivatives up to order m in one (and hence any other) coordinate chart for M and N
around z and f(z) respectively. That is, the local expressions for f and f’ have equal
Taylor developments up to order m. J™(M;N) can be given the structure of a finite-
dimensional smooth manifold and even of a fiber bundle over M x N, and one can define
the infinite jet space J°°(M; N) as a certain projective limit built from the J"(M; N)
[Mic80, Ch. 4]. As a set, J>°(M; N) may also be defined as a set of equivalence classes
of (local) maps from M to N just as above, with m replaced by oco. What’s more,
J°(M; N) can be given the structure of an infinite-dimensional manifold modelled on

a locally convex topological vector space [Mic80, p. 88]. For any m € Ny U {oc}, any
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smooth map f: M — N gives rise to a smooth map
j"f M — J"(M;N), where j™f(x) := the equivalence class of (f,z) in J™(M; N)

called the (m-jet) prolongation or extension of f. Now, specialising to the case N = RY,
of course a smooth map M — RY may be viewed as a smooth section of the trivial vector
bundle (M x R¥, pry, M,RY). More generally, given a vector bundle 7 := (F, 7, M, V)
and m € Ny, we can define J™(7r) to be the set of equivalence classes of smooth sections
of 7 in just the same way as above. Therefore, under our notation, in general J™(mw) C
J™(M; F). J"(m) too is a finite-dimensional smooth manifold, and also the total space
of a vector bundle over M, called the m-jet bundle of w. Again by a projective limit
procedure, we may define the infinite jet bundle of w, J°°(7), and equip it with the
structure of an infinite-dimensional Fréchet manifold [Sau89, Ch. 7]. Prolongation of
a smooth section ¢ of 7 gives rise to a smooth section j™¢ of J"(w) — M, for any
m € NgU{oo}. We note that, if 7 is the trivial line bundle (M xR, pr;, M, R) then there
is a canonical vector bundle isomorphism (covering the identity map on M) between
JY(m) and (T*M x R, 7p«pr o pry, M, REm M+1)

Theorem 2.5.2 (Global Whitney Extension Theorem, Thm. A.1 in [BCFTO7]). Let M be
a smooth manifold, X C M be a closed set, and m € NoU{oo}. Let f: X — J™(M;R)
be a section of J™(M;R) = M along X, i.e. T o f =idx. Assume that f has local

C™ extensions, in the sense that for each x € X there exist:
(1) open neighbourhoods V, and U, of x in M such that V, CV, C Uy;
(2) a compact subset K C X such that X NV, = K, NV, and K, C Uy;
(3) a Fy € C"™(Uy; R) such that [j™Fy|(y) = f(y) for each y € K.

Then, there exists a F' € C"™(M;R) such that [j™F](z) = f(x) for all x € X. That is,

f admits a global C™ extension. [

As pointed out in [BCFT07], the result actually extends in a straightforward way to
mappings M — RY and thereby directly even to sections of arbitrary vector bundles

over M.

Borel’s Lemma

An important corollary of the Whitney extension theorem is a generalised version
([GGT3, Lem. 2.5], [H6r90a, Thm. 1.2.6 & Cor. 1.3.4]), which we will now enunciate, of

the classical Borel Lemma [Bor95].
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Corollary 2.5.3 (n-dimensional Borel’s Lemma). Let A C R"™ be open and let ( fo, f1,-..)
be a sequence of functions in C°° (). Then, for any open interval I C R such that0 € I,
k

F
there exists an F' € C*°(I x A) such that 867(0, ) = f for all k > 0.

Proof. While this result can be easily proved without recourse to Whitney’s extension
theorem, it is of interest to see that this is what the latter reduces to in the case of the
(closed) hyperplane X := {0} x A in the open subset  := I x A of R*""!. We must
prescribe complete Whitney data on X which extends the sequence (fi)r>0 of already
given ‘transverse derivatives’, and verify that just knowing that each fi is smooth suffices
to establish the estimates given by (2.32). To wit: Since we are looking for a smooth
extension having fj as the k-th order transverse derivative, for any multi-index p in Nj

we are forced to prescribe the Whitney data functions as
FE0,)=0°f, Yk >0. (2.33)

Now consider two arbitrary points z = (0,2) and y = (0,w) belonging to X. If
B = (i,7) € NI is a multi-index then

(=97 =(0-0)(z—w)".

Therefore, this quantity vanishes unless ¢ = 0. The difference in (2.32) then becomes

If a = (k, p) with k € Ny and p € N then, using Equation (2.33), this reads

(k:p+7) (0. w
0 fu(2)— Z w(z_w)v

Iv|<m—k—|p|

—op) - Y TRy

lylsm—k—|p|

Since 07 f; is smooth on A, by Taylor’s theorem this quantity is o(||z — w]||™*~lel)

uniformly on compact subsets of A as ||z — w||*~1°l — 0. The result follows. O

Remark. As is usual in differential topology, the above result is the essential local ingre-
dient (via a partition of unity argument) in proving a yet more general version of Borel’s
Lemma. Namely, we can replace €2 with a smooth manifold of dimension n+ 1, A C
with a closed codimension-1 embedded submanifold, and 0/0t with a smooth vector
field on a neighbourhood of A which, on A, is everywhere (non-zero and) transverse to
A. There exists then a F' € C*(Q) such that T*(F)[, is equal, for any k > 0, to a
prescribed f € C*°(A).
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‘Gluing’ Whitney fields and regularly separated sets

A natural problem often arises when trying to make use of Whitney’s extension theorem
in applications, and it will affect our discussion in the following subsections.!® The
problem — which has counterparts in the case of finite differentiability but which we will

only formulate in the C*° case — is the following:

‘Gluing problem’ for C°°-Whitney fields. Let X, Y be two closed subsets of
R™. Let F, G be arbitrary C*°-Whitney fields on X and Y respectively, which
agree on X NY. Under what conditions on X and Y does there always exist
a C*-Whitney field on X UY whose restrictions to X and Y coincide with F

and G respectively?

This problem has a definite resolution, given as Theorem 5.5 in [Mal66] and recalled
below as Theorem 2.5.5. The latter relies on a fundamental definition first given in
a 1959 paper by Lojasiewicz [Loj59]. The exact variant which we present below as
Definition 2.5.4 is as in the paper [RSZ12, Prop. 4.3.6]. Recall that for a point p € R”
and any A C R™, d(p, A) denotes the standard metric space distance between p and A.

Definition 2.5.4 (After [Loj59, pp. 91-92]). Two subsets X, Y of R" are said to be
regularly separated (or ‘regularly situated’ in [Mal66]) if either X N'Y = ) or one of the

following equivalent conditions is fulfilled:
i) for all zp € X NY, there exists a neighbourhood U of 2y and constants C' > 0,
A > 0, such that
d(z,X) +d(z,Y) > Cd(z, X NY)* for all z € U;
ii) for all zg € X NY, there exists a neighbourhood U of zy and constant, C’ > 0,
A > 0, such that
d(z,Y) > C'd(x, X N Y)* for all z € X N U;
iii) condition ii) holds when the roles of X and Y are interchanged.

If, in either case, A can be chosen to be equal to 1, then we say that X and Y are simply

separated.

The resolution of the ‘gluing problem’ above can now be stated.

Theorem 2.5.5. Let X, Y be two closed subsets of R™. Then the following are equivalent:
e the gluing problem for C°°-Whitney fields can be answered in the affirmative for
X and Y;

o X andY are regularly separated.

16That this problem requires attention when trying to solve the characteristic initial value problem
for hyperbolic equations in Rendall’s approach was already implicitly recognised in [Ren90].
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In Subsection 2.5.4, we will require a more practical criterion to establish the regular
separateness of two sets. We recall below one which will suit our purposes and which
can be found in the existing literature, see e.g. Lemma 6 and its Corollary in [Paw(2]
(but the germ of the idea can already be found in [L0j59, Lem. 1 & Lem. 2]). In the
statement, if f: X — Y then I'(f) C X x Y denotes the graph of f.

Lemma 2.5.6. Let Q C R¥ be non-empty and open, and 6 :  — R™ be a locally Lipschitz
map. Then T(0) and any subset S of RFT™\ (Q x R™) are simply separated.

Sketch of proof. We first prove the claim for S = R*¥+™\ (Q x R™). Without loss of
generality, we may assume that 6 is globally Lipschitz with Lipschitz constant L. Denote
the continuous extension of § to Q (which is Lipschitz with the same Lipschitz constant)
by 0. Given a € Q, let b € Q be such that |la — b||ge = dgr(a, ). Then

dgien ((a,0(a)), S) = dgs(a,2) = la— bl .
Now use
(@ 8(a)) = (5,000)) [ s = lla = blIFs + [[0(a) = B(0) |2 < (1+ L?) lla — b3

to obtain the desired inequality.

1 _ _
dgrim((a,6(a)), S) > NS [(a,8(a)) = (b, 0(0)| g

> \/ﬂ%dmmm((a,e(a»,rwm S).

The result then extends to any other subset (closed or not) of RF¥™\ (2 x R™) by an
application of Proposition 2 in [Paw02]. ]

2.5.2 An illustrative example of Rendall’s method

Let M = R? and ¢ € R, and consider the homogeneous Klein-Gordon equation

2 2
C0(t.0) = (33— 50z ) 900:0) = d9(0.0).7

In double null coordinates ©w =t — x, v = t + x, and denoting the expression for ¢ in

these coordinates by 1, this equation reads as

2
aau ;/}U(u, v) = ;i (gi)) (u,v) = q(u,v) (2.34)

"Normally, ¢’ here would be —m? for some mass m > 0. Avoiding minus signs in the right-hand side
of this equation will simplify our calculations.
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with ¢ = ¢’/4. The (u,v) coordinate system is in fact a very simple example of a
Gaussian null coordinate system for the null hypersurface (in this case, the null line)
N = A{(t,x) e M |v(t,z) =t+x =0}. Assume it be known that ¢ is a solution of
Equation (2.34) with given data on N o= {(u, v) € R? ‘ v= O} of compact support, i.e.

¥(u,0) = f(u), [fe€CFR)."® (2.35)

Then it follows directly from Equation (2.34), and by taking its v-derivatives, that

o (oY B B o (0™ oy
o (o) (w0 =avtu0) =aft) and 5 (G4 000 a5 w0
: (n) "y . . .
Defining ¢,/ (u) = Son (u,0) for all n > 0, these equations together with Equation
v

(2.35) are equivalent to the iterative system of ODEs

(0)
Yo' = f
w o (2.36)
0 = e for n > 1.

Of course, initial conditions are required to uniquely solve this system. We impose
the following: let umi, = infsupp f; then we supplement system (2.36) with the initial
conditions wq(,n) (umin) = 0V n > 0, which are actually easily seen to be equivalent
to wf,n)(u) =0V u < Upn ¥V n > 0. Geometrically, thinking of M = R? as being
equipped with the standard Minkowski metric dt? — da?, this is saying that the original
function ¢ and all of its v-derivatives, restricted to .4, have support to the causal future
of supp f (the latter being identified here with the obvious subset of .4). Then, the
unique solution to system (2.36) is easily seen to be given by the sequence of smooth

functions .
P = I where [Zg] (u) = / g(u')du'. (2.37)

—00

Conversely, let 1, € C°°(R?) be such that

9" Yapp

Do (1,0) = ¥V (u) = ¢" [I"f)(u) Y u € R.

Then t,pp solves Equation (2.34), and all its differential consequences, on N (i.e. it is an
‘approximate’ solution). That such a function exists is a result of the generalised Borel’s

Lemma, Corollary 2.5.3. Therefore, the Whitney data collection {wo‘}aeNg, given by

(i.d) diy At L
Y (u,0) = e (u) = qu [Z7f] () Vi,j €N, (2.38)

18Tn what follows, we will occasionally abuse notation and freely identify f with the corresponding
smooth function defined on the submanifold .4 of M.
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defines a C'°°-Whitney field on any subset of A which is closed in R2. In particular,
the restriction ¥y = {¢® {’/71} of this field to the closed set A{ = [tmin, +00) X {0} is a
C°°-Whitney field on J/; which vanishes at the point (umin,0).

Now, consider a second closed subset of R2, specifically 5 = {Umin} X [0, 4+00). This
choice is geometrically motivated since then, upon changing back to (¢,z) coordinates,
J;{v U ,//1}2/ is mapped to the topological boundary of the causal future of the point (¢,z) €
M with (u(t,z),v(t,x)) = (Umin,0) — that is, p = (t,2) = (Umin/2, —Umin/2). The
key observation at this point is that f/I/lv and ,/I/; are regularly separated — in fact,

simply separated — in R?, see Definition 2.5.4. Indeed, their intersection JE/T N J; =

{(%min,0)}, and the claimed property follows here simply from the fact that the sets
intersect orthogonally.'® It follows from Theorem 2.5.5, and by the observation directly
above the statement of Theorem 2.5.1, that the Whitney data {\IIO‘}QGN(QJ on M U J/‘;
defined by

R 1
0 on ,/E

v =
defines a C*°-Whitney field on Jz U Jg

2.5.2.1 Reduction to the Cauchy problem in this example

Returning to our original motivation coming from wanting to solve the Klein—-Gordon
equation [‘in (¢, z)-coordinates’] with data prescribed on the null hypersurface .47, it
follows from the Whitney extension theorem that there exists a @app € C°°(R?) which,

by construction:

(a) solves the Klein-Gordon equation and all its differential consequences on J7(p),

with p = (Umin/2, —Umin/2) as above;
(b) attains the zeroth-order values on .4 given by f € C§°(A);
(¢) vanishes to infinite order on J*(p) \ A"

Of course, ¢,pp may not yet solve the Klein-Gordon equation on any open set in M. We
must therefore remove from it the ‘error’ preventing it from achieving this. This seems
like a delicate procedure as we do not want to spoil the fact that ¢app does, at least,

solve the initial conditions on .#". Thinking heuristically, assume such an error exists

19But notice that, by the cosine rule, the property would still hold if, say, /172/ were to be rotated
around .41 N 4% so as to intersect .41 at any other angle between 0 and .
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and is smooth, and denote it by ¢e;r. Then it must satisfy at the very least

Gerr =0 on N
P(qbapp — Gerr) = 0 <= Poerr = Papp on some open set in M,

where P = - ¢’ is the Klein—Gordon differential operator. Now, observe that it follows

from (a) that P¢,pp vanishes to infinite order on J*(p). Therefore, letting

1 on J™(p)

+ .
Xp = XJ+(p) =
’ "o ond\ (),

the function
+ .+
f T Xp : P¢app

is smooth on R? and supported in J¥(p). But we can solve

d)err =0 on JV (239)
Ppoe = f7  on M. (2.40)

Indeed, fT is smooth and with retarded support; thus, as explained in Section 2.4, the
unique smooth solution, with retarded support, to the second equation alone is obtained

by acting on f* with the retarded Green operator E™:
Gerr = ETfT solves Equation (2.40).

It then follows at once that Equation (2.39) is automatically satisfied. We can now

define
¢+ ‘= Qapp — Perr = Papp — E+f+ = Qapp — E+[X;2L ' P%PP]’

and the construction is such that:
(i) ¢7 € C(M);
(i) P¢T =0 on J*(p) [which contains the open set I (p)];
(iii) ¢ 4y = Papp| 4 1s equal to the prescribed function f € C§°(A).

The procedure described in this section is the core of Rendall’s argument in [Ren90],
as applied to the linear Klein-Gordon equation on R2. As already pointed out, our
conclusions are global, while Rendall’s — being however applicable to vastly more general

PDE systems — were local.
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A completely analogous construction, which we will not repeat and amounts to a change
in time orientation, would yield a ¢~ € C*°(M) also attaining the values prescribed by
fon A but with P¢~ =0 on J~(p) instead.

2.5.3 Our general geometric setup

While we have just illustrated all the main ideas of our adaptation of Rendall’s method,
by working out in full detail the example of the Klein-Gordon equation on M = RZ?,
we now wish to seek the most general setup to which the same ideas can carry over.
The (141)-dimensional Minkowski spacetime, and the null hypersurface (which was
just a line) considered in the example above, clearly enjoy several favourable local and
global geometric properties. As we will illustrate in this and the next subsection, the
most important ones which allow the arguments to survive generalisation are the global

hyperbolicity of the spacetime and the achronality of 4.

Proposition 2.5.7. Let (M,g,t) be a time-oriented Lorentzian manifold, A be an
achronal null hypersurface in M, and S be a subset of A . Define*

ST :={pe N |Tqec S st p=q orp comes after q along the null generator through ¢}
[resp. define S~ by replacing ‘after’ with ‘before’].

(a) It holds that ST C N NIT(S) [resp. S~ C A NI~ (S)].

Suppose in addition that the null generators of A, when reparametrised as null geodesics

entirely contained in A, are future [resp. past] inextendible as geodesics in (M, g,t).
(b) JE(MNIT(AN) =N [resp. T (AN)N\IT(N) =]

(c) In either case (‘future’ or ‘past’) JT(A)NJ~(A) = A and therefore J*(A) N
J7(A) C A forany AC N,

Finally, assume also, in addition to the above, that (M, g,t) is globally hyperbolic.

(d) If S is future [resp. past] causally complete in M then ST = 4N It(S) =N
JH(S) =4 NJH(S) [resp. ST =N NI (S)= A4 NJ(S)= A4 NJT(9)]

(e) With S as in (c), if A is also closed then ST is closed in M [resp. S~ is closed
in M].
Proof. We illustrate the arguments for (a) in the case of ST and I7(S), since the state-
ments involving the corresponding objects with + replaced by — then follow simply by
a change in time orientation. Similarly, we will prove (b), (c), (d) and (e) in the case

where the assumption on .4 holds with the word ‘future’.

20Recall that, according to our Definition 2.3.3, a null (geodesic) generator of a null hypersurface is
always future-directed and maximally extended.
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The generic inclusion ST C .4 N I7(S) in (a) follows from the fact that, on the one
hand, ST C JT(S) C I+(S) by construction and, on the other hand, ST NI+ (S) =0
because .4 is achronal and S, S* C 4. Hence S* C A4 N[IT(S)\I*(S)] = A NI*(S).
Let us now prove (b). Since .4 is achronal, the inclusion A4~ C J*(A)\ IT(A) is obvi-
ous and we only need to show that J*(A)\IT(A4) C A" Solet p,z € M be such that
p € A and: (i) there exists a future-directed causal curve y; from p to x; (ii) there do
not exist future-directed timelike curves from any point in 4" — in particular, from p — to
x. Then we want to argue that x € 4. By Corollary 2.1.21, 1 can be reparametrised to
be a smooth null (and achronal) geodesic, so without loss of generality we assume that
it already had that parametrisation. Denote by v : I — .4 a reparametrisation, as a
null geodesic with v(0) = p, of the generator of 4" through p. Concatenating v[~(_o g
with 71, we obtain a causal curve 7 connecting points in .4 to x. By construction,
there seems to be the possibility of v being a broken null geodesic. However, if v were
not actually everywhere smooth, again by Corollary 2.1.21 there would exist a timelike
curve from any of the points in v(I N (—00,0)) C A to p, contradicting our assumption
that ¢ I (.#"). The initial portion of v is, by construction, a portion of the smooth
null geodesic v; hence, by geodesic uniqueness this must also be the case for the entirety
of ¥[[0,4-00)» Unless the latter is a proper extension of V[ 1) But since v 4o 8
future inextendible by hypothesis, this cannot be the case. In particular, x belongs to
the image of a generator of .4#” and is therefore in .#" as we wanted to show. (c) then
follows easily by the achronality of .4~ and again by the general fact that if p <z < ¢
then p < ¢:

THAY AT () = TN O T (W)Y U{THA)N (A NI (N)) =4
=0

Let us now turn to (d). One inclusion was already proved in (a), so one only needs to
prove that .4 NI*(S) C ST under the additional assumption of global hyperbolicity of
(M, g,t) and of future causal completeness of S. By Lemma 2.1.38, in this case JT(95)
is equal to the closure of IT(S), whence I1(S) = I+(S)\ IT(S) = JT(S) \ IT(S). It
follows that the points in A N T T(S) are precisely those points on .4 which cannot be
reached from S by following a future-directed timelike curve, but can be reached from S
by following a future-directed causal curve. That any such causal curve must be a null
geodesic entirely contained in .4, and thus that such points must belong to ST, then
follows from an argument analogous to the one used in the above proof of part (b); we
omit the details. That 4 N IT(S) = 4 NJ*(S) is a result of the fact that, for any
subset V of an arbitrary time-oriented Lorentzian manifold, the interior of J* (V) equals
I#(V). Finally, # N J+(S) = 4 N JH(S) in this case follows from the closedness of
J*(S) together with the achronality of 4.



Mathematical Background and Preliminaries 83

(e) then follows immediately since I7(S) is closed. O

2.5.4 Main result on the global characteristic initial value problem; solutions

‘falling entirely through’ a null hypersurface; Kay and Wald’s S4 and Sp

The material in this subsection is the culmination of much of the preparatory work done
in this chapter. We will draw on the discussion and general results from this and the
previous two sections in order to formulate general (and novel in the precise form we will
give) existence and uniqueness results concerning hyperbolic PDEs on manifolds with
initial values posed on suitable characteristic hypersurfaces. Finally, we will specialise
these results to the setting of spacetimes with bifurcate Killing horizons described in
Section 2.2. This will allow us to justify some claims, made without proof in [KW91]
and in the literature referencing that paper, whose validity is essential to the analysis

carried out there.

Let (M, g, t) be a globally hyperbolic Lorentzian manifold, and .4” be a null hypersurface
whose null generators, when reparametrised as null geodesics entirely contained in .4,
are future and past inextendible in (M, g). We proved in Proposition 2.3.9 that in this
case 4 admits a cross-section .. In turn, by Theorem 2.3.11 we can find a Gaussian
null coordinate chart (U, (v, u,z4)) for A4 around the image of any of its null geodesic
generators. Let P be a normally hyperbolic, scalar differential operator of the form in
Equation (2.30). In Corollary 2.3.14, we obtained the form, in the chosen Gaussian null

coordinate system, of the sequence of restrictions to .4 NU of
Pp=F for FeC*M),

and of all its differential consequences obtained by taking derivatives of all orders with re-
spect to the coordinate vector transverse to .4 —namely, 9/0v in the notation used there
and also adopted in what follows.?! Generalising what we did in the low-dimensional
example covered in Subsection 2.5.2, we now notice that this sequence is actually equiv-
alent to a sequence of linear, first-order, inhomogeneous, ordinary differential equations
smoothly depending on parameters, with coefficients and inhomogeneities determined,
for each n > 1, by X, q, F, ¢5,”‘1) and by smooth functions coming from the geometry
of (M, g). More precisely:

21 Albeit not written out explicitly, these are referred to as ‘propagation equations’ in [Ren90].
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e for any given n > 1 and each fixed value of the tuple of z-coordinates in the
chosen Gaussian null coordinate system, we have a linear, first-order ODE in the
A).22

)

variable u, for the function u (;55)”) (u,

e the coefficients and inhomogeneities of the resulting families of ODEs, regarded as
being parametrised by (z4), depend smoothly on (z4).
We would like to solve this infinite tower of ODEs depending on parameters recursively,

augmenting it with and starting from the n = 0 case

¢1()0) - frl/{ﬂ/i/v

for a given f € C°°(.4). Again as in Subsection 2.5.2, a corresponding sequence of (-

parametrised) initial conditions is also needed to single out unique sequences of (acA—
parametrised) solutions. We will restrict attention to two types of initial conditions,
which arise naturally and are related by a change in time orientation of the ambient
Lorentzian manifold. To motivate their definitions, we first observe that, if supp f and
supp F' are both causally complete subsets of M as we assume from now on, then we
can pick smooth spacelike Cauchy surfaces ¢ F such that supp f Usupp F' C I*(€T),
in which case J*(supp f Usupp F) C I (€T) too. By construction and by the simple
recursive structure of our tower of equations, the following is then true of any sequence
( q(jn))zozo of zA-parametrised solutions when seen as functions on .4 NU, if we use the
notation introduced in Proposition 2.5.7 but denote (supp F'N.4)* more compactly by

(supp F)j[:23

o ¢ =0on (A NU)\supp f D (A NU) \ [(supp f)* U (supp F)*);

e for any n > 1, if ¢1()n71) =0on (A NU)\ [(supp f)T U (supp F)*] then the same
is true of ¢>5,”) if it is also the case that gb&m =0on €T N(A NU).

We say that the sequence of z-parametrised initial conditions, given by ¢1()n) =0 on
E~N(ANU) for all n > 1, is of type +; similarly, the sequence of z-parametrised initial
conditions, given by (ﬁq(,n) =0on €T N(A NU) for all n > 1, will be referred to as being
of type —. It is clear that any two distinct Cauchy surfaces ¢}, €, with the properties
above yield the same sequence of z”-parametrised solutions if initial conditions of type
+ are imposed in both cases; similarly for two distinct €, %; and initial conditions
of type —. Therefore, the notion just introduced is actually independent of the choice
of Cauchy surface(s); indeed, by virtue of what was noticed above we may characterise

the two types in more succinct and geometrical terms as follows:

22Here we are, of course, using the same notation for the coordinate-invariant object d)ﬁ,m € C=(ANNU)
and for its coordinate expression in (u, z*)-coordinates.
23Note: with this convention, in general (supp F)i is larger than (supp[F| W])i.
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(+) qbq(,n) =0on (A4 NU)\ [(supp f)" U (supp F)*] for all n > 1;
(—) & =0 on (A NU)\ [(supp f)~ U (supp F)~] for all n > 1.

Trivially, initial conditions belonging to either type depend smoothly on (z4). Standard
results on the smooth dependence of solutions of ODEs on parameters and initial con-
ditions (see e.g. [CL55, Sec. 1.7])%* then guarantee that, if ¢>§,”’1) is jointly smooth in
u and the z4-parameters, so is qﬁq(]n) as determined by the n-th z4-parametrised family
of ODEs together with initial conditions of either type (+) or type (—). Therefore,

corresponding to either type of initial conditions, we obtain:

[e.9]

(+) a sequence (¢1(17,14)r)n:o of functions in C*° (A" NU) with supp qﬁgn}r contained in the

closure in A NU of U N [(supp f)T U (supp F)T];

(—) a sequence (gb(nl)fzo of functions in C*° (A" NU) with supp ngnZ contained in the

v,

closure in A NU of U N [(supp f)~ U (supp F)~].

Since either sequence is uniquely determined by the functions F' and f (provided their
supports are causally complete), we call it the (F, f)-sequence of transverse derivatives
of type + [resp. —] with respect to the chosen Gaussian null coordinate neighbourhood
U. By Borel’s Lemma, since A4 NU = {v = 0} is closed in U, we can find a function
4 € C>=(U) whose sequence of v-derivatives restricted to .4 NU equals the the (F, f)-
sequence of transverse derivatives of type &. The infinite-order jet j°¢4 of any such
function is uniquely determined, at any point in .4 NU, by the pair (f, F) — and
is obtained by differentiating the elements of (gzﬁq(fj)c)zozo

generalising what was done in (2.38) in Subsection 2.5.2. In particular, we obtain a

in directions tangent to .4,

continuous section of J>°(M,R) — M along .#" NU, which admits an extension to a
function in C>(U).

The procedure just described can be repeated for all members of an open cover {U;} of
A by Gaussian null coordinate charts, yielding for each ¢ a continuous section ®; 1 :
N NU; — J*(M;R) which admits an extension to a function in C*(A4 NY;). The
differential operator P, the and the notion of initial condition of type &, are defined in

coordinate-independent and geometric terms. It follows that, if i # j,
(I)i,:l: = q)jyi on N ﬁui mUj.
Therefore, we can patch together all such sections to obtain a global continuous section

O, N — J®(M;R) (2.41)

24These results are only local in the case of non-linear ODEs, but become global if the ODEs are
linear.
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which admits local C'*° extensions. If we now also assume that .4 is achronal and closed,
by Proposition 2.5.7 part (e), and the global Whitney extension theorem, Theorem 2.5.2,
we can obtain a global C*° extension of @4 to an element of C*°(M), i.e. Py is a C>-

Whitney field on 4. By construction then, under all the assumptions made so far:
i) supp -  (supp f)* U (supp F)™;
ii) the ‘zeroth-order part’ of &4 equals f;
iii) any smooth extension ¢,pp of ®4+ has P¢,p, — F vanishing to infinite order on .4,

Now, by part (d) of Proposition 2.5.7, under all the assumptions made so far
JE(supp f U [supp F N A]) N A" = (supp f U [supp F N A])* = (supp f)* U (supp F)*.

Unburdening the notation somewhat by denoting the first of the two sets on the leftmost
side by J(j]E ) We can define the following two subsets of M:
. JE
Xe = Jipp)
Yy = J5 o) \ X = I3y \ [(supp f)F U (supp F)*].

N A = (supp f)* U (supp F)*,

X4+ and Y4 are closed and, since J(jji P) is closed, X4+ UY4 = J(if F) and we may regard
the closures in the definition of Yy as being taken in J (? F) with the relative topology.
Then, denoting the set-theoretic operator of closure in a subset A of M equipped with
the relative topology as cl4, and similarly the topological boundary operator in A as
bda,

XiNYy =Xy ﬂClj(jJEF) [J(iﬁF) \Xi]

= CIJ(j;,F)Xi N CIJ(jJ:{F) [J(f,F) \ Xi}
= bd ; X 2.42
J(j?F) + ( )

(the fact that .4 is closed was used in obtaining the second equality). We now put to
use the fact that both .4 and J(if F) are embedded topological submanifolds. This is

also a good time to recapitulate the assumptions made in the course of the discussion

so far.

Lemma 2.5.8. Let (M,g,t) be a globally hyperbolic Lorentzian manifold, and A be
a closed, achronal hypersurface whose null generators, when reparametrised as null

geodesics entirely contained in A, are future [resp. past] inextendible as geodesics in

(M,g). Further, let f € C®(A) and F € C*®°(M) be such that supp f and supp F' are



Mathematical Background and Preliminaries 87

causally complete. Then, with X4, Y1 defined as above,

XiNYe Cely [\ Xy].
Proof. Let dim M = n + 1. By Equation (2.42), we need to show that bdj(j;’F)Xi -
cly [\ X+]. We proceed by contradiction, assuming instead that we can find p ¢
cly [\ X4] such that p € bdj(l;’F)Xi. Since p € A"\ cl 4 [\ X4] which equals the
interior of X4 in .4, p belongs to a subset U, open in .4, which is entirely contained
in X4 and thus also in J*

(f.F
set % in M such that U = % N 4. Since 4 is an embedded hypersurface, without

) Since .4 has the subspace topology, there exists an open

loss of generality we may assume that there is a homeomorphism
¢ :U — ¢(U) open in R",

where U has the subspace topology inherited from, equivalently, M, .4 or J. (jji F)- But, by

well-known results [O’N83, Prop. 14.25], J(fe P

actually locally Lipschitz) hypersurface of M. It follows that there is an open set ¥ in

is too an embedded topological (indeed,

M, containing p, and a homeomorphism

YV N J(j]iF) =V = ¢(V) open in R",
where V has the subspace topology inherited from, equivalently, M or J(j]i F)’ Now, since
=
U S Jiry

unv=u0nv

and is therefore open in U. It follows that (U NV') is open in R™, and the composition

o ownv

R" 2 p(UNV) Z—2, vy 2oy, @ n vy CRY,

where the topology of the set in the middle is the subspace topology inherited from
P+
T(t.ry
and this composition is a homeomorphism. This proves that U NV is an open subset of

is an injective continuous map. By invariance of domain, /(U N'V') is open in R™

J (? Py entirely contained in Xy . Therefore it cannot belong to the boundary bd J'(:t )X 4,
b f7F

and the claim is proved. O

The reason why Lemma 2.5.8 is relevant to the discussion that preceded it is that it
allows to formulate a natural ‘gluing problem’ as follows. By Property i) on p. 86
and by the definition of X4, the continuous section ®4 defined in (2.41) has support

contained in Xy. Therefore, it vanishes on .4\ X1 and, by continuity, it must actually
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vanish on cl y [4"\ X4]. By Lemma 2.5.8 then,
. =0 on XiNYi. (2.43)

We have a natural gluing problem for C°°-Whitney fields on manifolds, generalising
the situation we already encountered in Subsection 2.5.2: ¢4, and the zero section Oy,
of J*(M,R) — M along Yy, are C°°-Whitney fields on the closed sets X1 and Yy
respectively, and by Equation (2.43) they agree on X1 NYy. Now, around any point in
JE
(f7F) .

n+1— to an open set in ' x R where ' C R" is open, such that the image of WN J(if F)

we can find a diffeomorphism from an open set W in M — which has dimension

under this diffeomorphism is the graph I'(f") of a Lipschitz function ' : Q' — R. Then,
Lemma 2.5.6 may be applied around any point in X+ NYy with the following assignments:
Q is the graph projection of T'(¢) \ X4, where X denotes the diffeomorphic image of
WNXg; 0:Q— Ris 0g; the set S is T'(0'[o\o) = X=. Globalising, we have proven:

Proposition 2.5.9. Under the same assumptions as in Lemma 2.5.8, X+ and Y4 are

simply separated. There exists a C°°-Whitney field @?; Fy N XL UYL = J(if ) which

equals ®+ on X4 and zero on Y4, and therefore there exists a function qb;tpp € C®(M)
‘ HE , +

whose Whitney data on J(f,F) s the one given by <I>(f7F). O

We have terminated all the hard work needed to generalise the procedure described in
2.5.2.1. The remainder of the construction carries through in the same way, and as
in 2.5.2.1 we specialise to the homogeneous case F' = 0, so that J(l} F) = Ji(supp f).

Namely, let gbécpp be as in Proposition 2.5.9. Then:

e P¢E  vanishes to infinite order on J*(supp f) by construction, so x TE(

app supp f)
Pgbécpp is smooth and has support in J*=(supp f) which is past/future compact.

o Ef[y T (supp f) -P¢;tpp] is smooth and has support still in J*(supp f). In particular,

it vanishes to infinite order on J*(supp f).

. (j)]f = gi);cpp — E* (X% (supp ) ° Pgbgcpp] is smooth on M, equals f on .4, vanishes to
infinite order on J*(supp f) \ .4, and

PQZ)]% = quz:xtpp — XJ%(supp f) ° P¢z:1tpp =0 on J:t(supp f)
Now consider the function ¢; : M — R defined as follows:

gb}r(az) if z € J*(supp f)
¢f(x) = ¢5 (x) if x € J(supp f) (2.44)
0 if z ¢ J(supp f) = J" (supp f) U J~ (supp f).
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Part (c) of Proposition 2.5.7 guarantees that this is well-defined, since both d)}“ and
(b; equal f on 4. Together with the fact that gb}[ vanishes (to infinite order) on
JE(supp f) \ 4, this guarantees that ¢ ¢ is globally continuous. However, it may fail to

be globally C? and therefore it may not be a classical solution in general.
There remain at least three natural questions about our construction so far:
Q1 Is ¢y thus constructed at least a solution in a weak sense of the equation P¢y = 07

Q2 Given f, is ¢ unique in some natural sense? Clearly, the auxiliary functions qb;tpp

used in constructing ¢y were not uniquely determined.

Q3 If Q2 can be answered in the affirmative, is the resulting (well-defined) assignment

f > ¢y linear?

Q4 Is the assignment f — ¢ continuous in some natural choice of function spaces

and topologies?

We will not touch on Q4 in this work, but we now proceed to address the other questions.

Answering Q1: Distributional solution property

Recall (see also Appendix C) that we can view (real-valued) functions on M which are
locally integrable with respect to the measure defined by dy, as distributions in a natural

way: if ¢ is such a function then the assignment
C (M) 3 0 [ oy

defines a (real) distribution.

Definition 2.5.10. Let (M, g,7) be a time-oriented Lorentzian manifold, and P be a
normally hyperbolic differential operator with smooth coefficients acting on real-valued
functions, i.e. an operator of the form given in Equation (2.30). Given a closed null
hypersurface 4 and f € C®°(.A4), we will refer to a continuous function 7 on M with

the following properties:
(a) 7 is a distributional solution of P,
(b) 7y =1,
(c) supp C I(supp f) = I*(supp f) U I~ (supp f),

as a solution which falls entirely through A with data f.
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With these definitions in place, Q1 is the question of whether or not ¢; as defined in
Equation (2.44) is a solution falling entirely through .4~ with data f. The following
simple resolution was suggested to us by A. Strohmaier. It is based on a well-known
divergence identity, proved e.g. in [BGP07, Lem. 3.2.1] in greater generality, and which

we will also use in answering Q2.

Proposition 2.5.11. Let (M,g) be a Lorentzian manifold, and P be an operator of the
form given in Equation (2.30). Then, for every u,v € C*(M),

uPv — [P ulv = —div (j[u, v]) (2.45)
where jlu,v] is a Ct vector field uniquely defined by
g(jlu,v], Z) = [Vzulv —u[Vzv| V Z e X(M),
i.e., in abstract index notation, by jlu,v], = [Vaulv — u[Vav]. O

We now need to couple Proposition 2.5.11 with a version of the divergence theorem
[also known as the Gauss—Green(-Ostrogradsky) theorem] of differential calculus which
is sufficiently general for our purposes. A well-known elementary version in the context

of oriented Riemannian manifolds with smooth boundary is usually obtained from Stokes

Theorem, which states that
/ dw = / w (2.46)
M oM

if w is a differential form of degree equal to dim M — 1, sufficiently regular (say, C'!) and
with compact support on M. In the case of Lorentzian manifolds with smooth boundary
it is often explained how to use Equation (2.46) to again obtain a simple version of the
divergence theorem which applies whenever M is everywhere non-degenerate for the

metric g — that is, whenever OM is everywhere either spacelike or timelike.

We will however require a generalisation of the divergence theorem which accommodates
for both the possibility that the boundary of the integration region may be rougher than
C™ or even than C', and for the fact that portions of it may be null. Not requiring
orientability of the manifold would also be a bonus. We now briefly discuss how such a

generalisation can be extracted from the existing literature.

The discipline of geometric measure theory [Whi57, Fed69, Har93] allows to extend tools
from the classical differential geometry of smooth manifolds to a larger class of geometric
objects that are not necessarily smooth, in such a way that integration on these objects
retains a geometric significance. In particular, it allows for far-reaching and natural
generalisations of precisely the sort of theorems of differential calculus which we are now

discussing — such as Stokes’ Theorem and the divergence theorem. We will in fact not
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need anywhere near the full power of the results in modern geometric measure theory
here, but it is good to bear in mind that they are there, should one desire to further
sharpen the procedure we are outlining. We first recall how the divergence theorem can
be obtained independently of Stokes’ theorem, since it is really a statement involving
densities and not forms. In particular, no orientability assumptions are needed. We
follow [LS90, Secs. 10.5 & 10.6].

Namely, let M be a smooth manifold, with or without boundary, p be a smooth section
of the bundle |[AM| — M of (n+1) densities on M, and Y be a C* vector field on M.
Then we may define the divergence of T relative to p to be the density

div,T = Lyp

where £ denotes the Lie derivative. Now, in the case in which 9M = () we wish to define

a special class of domains in M.

Definition 2.5.12. If M is a smooth manifold of dimension n 4+ 1 without boundary, an
open set D C M is called a domain with regular boundary in M if, for every p € M,
there is a chart (U, ¢) about p such that one of the following three possibilities holds:

i) UnD = 0
ii) U C D;
iii) p(UND)=eU)N{ ™) € R™ |y > 0}.

If D is a domain with regular boundary, then as discussed in [LS90, p. 420], we may
give the topological boundary D of D the structure of a smooth manifold of dimension
n which is in particular an embedded hypersurface in the ambient manifold M. Now,
given any point p € D, a vector & € T, P M\ T, pD has the property that any differentiable
curve ¢ : I — M with ¢(0) = £ is either entirely contained in D or entirely contained in
M \ D for sufficiently small positive ¢. In the first [resp. second] case, we say that £ is
inward [resp. outward] pointing with respect to D, or that it points towards [resp. away

from| D.

The final ingredient before we are able to state a preliminary version of the divergence
theorem comes from the following observation: let i be the embedding D — M. Then

the pointwise interior product of Y with p at each point p € D, defined by
ep(Xo, -5 Xn) = p(Tpi(Xo), ., Tpi(Xn), Y(p)) V Xo,...,X, € T,D,  (2.47)

just as in the case of differential forms, defines a smooth density on D. We are now

ready to state the classical divergence theorem for densities, Theorem 6.1 in [LS90].
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Theorem 2.5.13. Let M be a smooth manifold (without boundary), T be a C vector field
with compact support on M and D be a domain with reqular boundary in M. Defining

the function ex on D by

1 if Y(x) points away from D
ex(z) = ¢ =1 if Y(x) points away from D
0  if T(x) is tangent to D

/diva:/ diva:/ €Y - LY p- ]
D D D

Now, if (M, g) is a semi-Riemannian manifold, V is the Levi-Civita connection associated

Then

to g, and dpyg is the volume density arising from g, it is standard that
divg,, T = div Y dpg = Tr(VY) dpy = (Vo T) dpg,
so that by Theorem 2.5.13 we have

/ div Y dp, = / ey - tydpyg. (2.48)
D D

The important observation at this point is that although we stated Theorem 2.5.13 for
domains with reqular boundary in the sense of Definition 2.5.12; this is an unnecessary
restriction. Indeed, the fact that Theorem 2.5.13 extends in a natural way to domains
with much rougher boundaries — and to vector fields of regularity lower than C' — is one
of the great achievements of geometric measure theory. We will not attempt to lower
the regularity of our vector fields here.?> However, as shown in Appendix I in [Tay06]
(see also [EG15, Thm. 5.16]), Theorem 2.5.13 holds almost verbatim if D is merely an
open domain whose topological boundary can be locally represented as the graph of a
Lipschitz function — in other words, if D is an embedded locally Lipschitz hypersurface
in M. In that case, the integrand ey - typ is not defined everywhere on D, but is still
defined almost everywhere on D since, by Rademacher’s theorem on Lipschitz functions

(see p. 29), D has a tangent space at almost all of its points.

We now make some further pointwise considerations on the integrand ey - tydpuy in
Equation (2.48). Locally around any point p € D (at which D is differentiable), M

is orientable and the metric volume density dug, and metric volume form vol, — both

2In [BW15], for instance, a version of the divergence theorem involving vector fields which were
merely in the Sobolev space H' — and for boundaries which were locally Lipschitz — was needed. Then,
the integrand in the integral over D is intended in the sense of the trace theorem for Sobolev spaces (see
e.g. [Alt16, A8.8] or [Tiel5, Thm. 1.7.2]).
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restricted to a suitable open set around p — are related at p by dug = |voly|, no matter
what local choice of orientation is made. It follows that, at any p € D, tydpy defined in

Equation (2.47), and the more customary interior product tyvoly, are related by
tydpg = |i*[eyvolg]|. (2.49)

Now, let 0 # m € T, M be a (co)normal to D at p, i.e. a covector such that m(T,D) =
{0}.26 The relation
mA o = vol, (2.50)

can be inverted to obtain a uniquely defined n-covector o at p (where n = dim M — 1).
We calculate, using the fact that the interior product for forms is a derivation, and the

fact that i*m = 0 for any conormal:

i*[iyvoly] = i* [ty (m A 0)] = i*[(tLym) Ao + (=1)98™ m A (1y0)]
=m(Y)i*o —i*m A i*(1yo)
= m(

T)i*o at p. (2.51)

Now suppose that, at a differentiability point p of TpD, the tangent space TpD is null
with respect to the Lorentzian metric g. This means that, for any choice of conormal m
at p, the vector mf € T,M obtained by index raising is null and belongs to TpD. Let T
be the vector field j[u,v] defined in Proposition 2.5.11. Then

m(Y) = [V pulv — u[V,,1v] (2.52)
and, by Equations (2.49) and (2.51),
ev - trdpg = ex - [[Vsulv — u[V,10]| - |i*0| (2.53)

for any conormal m at p if o is given by Equation (2.50). We are now ready to give our

resolution to Q1.
Theorem 2.5.14. Let ¢ ¢ be defined as in Equation (2.44). Then Py = 0 distributionally,
and thus ¢5 is a solution which falls entirely through A"

Proof. We need to check that ¢;[P*)] = 0 for all yp € C§°(M). To unburden the
notation, we denote the smooth functions qﬁj{ and ¢; in Equation (2.44) simply by ¢

26We may say that m is inward pointing if m(Y") > 0 for all vectors Y € T, M \ T}, D which are inward
pointing with respect to D, and outward pointing if m(Y") < 0 for all such vectors. But this distinction
will not be needed here.
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and ¢~ (respectively). Since supp ¢y C J*(supp f) U J~ (supp f), we have

b5 [Py) = /M 0P by = [

J+(supp f)
-/ o Py + [ b~ Py,
I*(supp f) I~ (supp f)

We may use Proposition 2.5.11 to convert the integrands in the last line to

0P+ [ o,
J~(supp f)

{[Po*)0 + div(j[v, 67]) } dpsg-

But on IE(supp f), P¢T = 0. We are left with
0Pl =Y [ a6 dy,
T JI*(supp f)

Since ¢ € C°(M) and ¢* € C°(M), the vector field T = j[1), ¢*] is actually smooth
and compactly supported on M. Furthermore, I*(supp f) is open in M and, as we al-
ready discussed, 1= (supp f) = J*(supp f) is an embedded locally Lipschitz hypersurface
in M. We may thus apply the divergence theorem to each integral and obtain

* +
#11Pl = g /Ji (supp f) Glp.ot] " Lilv.st) g

But since ¢* vanishes to infinite order on J* (supp f) \ -/, we have in fact

o] Ll die = Z/

(supp f)

GFlP P =)

“Lirg pE1d g
+ /Ji(suppf)ﬁﬂ + J[¢¢i i[v,0+] AHg

(2.54)
The first crucial observation is now that, whenever p belongs to (supp f)* [resp.
(supp f)~] and is a point at which J* (supp f) [resp. J~(supp f)] is differentiable, then
ij+(supp f) = TN [resp. T/pJ'* (supp f) = Tp4#'] when both are regarded as sub-
spaces of T,M. Therefore, by the discussion preceding the statement of this theorem,
for any covector m € T; M which is (co)normal to J*(supp f) [resp. J~(supp f)] at p,
mt e T,/ and

m (i, ¢%]) = [V,s)]¢™ — Y[V, 6] = V] f — ¥ m*(f), (2.55)

the last equality following from the fact that both ¢ and ¢~ are identically equal to f on
A, by construction. In particular, this quantity vanishes outside supp f and Equation
(2.54) becomes

op[P* Y] = Z / 6ﬁ¢,¢i] “Lilp,et]dig
+ Jsupp f

where the integrand on the right-hand side is defined almost everywhere. The second
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observation is that, whenever p belongs to (supp f)* N (supp f)~ 2 supp f, then any
vector in TyM which is outward pointing with respect to I (supp f) is inward pointing
with respect to I~ (supp f) (and vice-versa). Let m now be a field of covectors defined
at each point of supp f and everywhere normal to .4 — but otherwise unrestricted and
in particular not necessarily continuous. Define the corresponding field of n-covectors o

by demanding that Equation (2.50) be satisfied at each point, i.e. that

m(p) A o(p) = voly(p) VY p € supp f.

Then, by Equation (2.53), if i* is the embedding of J*(supp f) into M,

¢y P Y] = zi:/suppfef[w’qbi] NV st — u[ V0] - |(5) .
But clearly, when viewed as forms on tangent spaces to .4, (i*)*o and (i~)*o are
equal. Therefore, we can prove that ¢f[P*)] = P¢¢[y] = 0 if we can argue that

6;_[¢a¢+] = —€1p, -] O SUPD f. But this follows from Equation (2.55), which implies that

m(p) (i, ¢7]) = m(p) (i, ¢7));

this, in turn, readily implies that if j[¢), ] is tangent to ij+(supp f) then ji, 7] is
tangent to ij ~(supp f), and that if j[¢), "] is inward pointing relative to I (supp f)
then j[v, ¢~ | is outward pointing relative to I~ (supp f) (and vice-versa). But this

vot] = Sl
theorem. O

is precisely the statement that e;r[ This concludes the proof of the

Answering Q2 & Q3: Uniqueness and Linear Dependence

Equation (2.55) is also at the heart of the argument for uniqueness, which is very simple,
provided we are more precise as to what exactly we mean by ‘uniqueness’. The following
Lemma will show us the way. In fact, a stronger version of the Lemma below was proved
as Theorem 23 in [BW15] for functions with lower regularity than we will prescribe, but
we do not go into the details of such a strengthening in the interest of keeping the

discussion concise.

Lemma 2.5.15. Let (M, g,t) be a time-oriented and globally hyperbolic Lorentzian man-
ifold. Let A be a closed, achronal and null hypersurface whose null generators, when
reparametrised as null geodesics entirely contained in A, are future and past inextendible
in (M,g). Let P be a differential operator of the form given in Equation (2.30). Let S
be a future [resp. past] causally complete subset of A, and ( be a continuous real-valued

function with the following properties:
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o (is C% on IT(S) [resp. on I=(S)];

® (lr+(s) [resp. Cli-(s)/ can be extended to a function ¢t [resp. (™ ] defined and C?
in a neighbourhood of J*(S) [resp. J~(S)];

o ¢t [resp. (] vanishes to first order on JT(S)\ A [resp. J7(S)\ A J;
o PC=0 on IT(S) [resp. on I~(S)];

i QJ'+(S) =0 [resp. Qj—(s) =0].
Then, ¢ =0 on J*(S) [resp. on J=(S)].
Proof. Viewing ( as a distribution, and considering the case in which S is future causally

complete, we need to show that fM ¢ dpg = 0 for all test functions ¢ € C§°(M) with
supp v C JT(S). For such test functions, actually

/M ¢t sy = /J R

where (7T is the extension assumed to exist in the statement of the Lemma. Now, the
adjoint operator P* is also normally hyperbolic on M, and thus admits causal Green
operators which we will denote by G*, while E* will denote the causal Green operators

for P. Therefore, for such a test function 1, and using Proposition 2.5.11,

/ Cripdpy = / PG dpy = / {[Gw]PC++div(j[Gw7€+])}dﬂg
M JH(S) J*(S)

- / div (G, ¢*]) dpg.
JH(S)

As was done in the proof of Theorem 2.5.14, we use the divergence theorem — which can
be done since G~ and ¢t may be ‘cut off” outside JT(S) in such a way that (using the
same letters to denote the result of this cutting off) supp j[G ™, ("] is compact — and
re-express the integrand of the resulting integral over J *(S) pointwise using an analog
of Equation (2.55). Since ¢* vanishes to first order on J*(S)\ .4 and it is C?, it does
so also on the closure of this set and we need only worry about the contribution coming
from J*+(S)\J+(S) \ .4, which is an open subset of J*(S) contained in .#". But, in this
portion, the tangent spaces to J T(S) are null, and thus contain their normal vectors,
almost everywhere. Since (T vanishes identically on J.JF(S), so too do its directional
derivatives in directions tangent to J*(S) (when the latter are available), in particular
on this portion. It follows that the boundary integrand vanishes pointwise on this

portion, and we have proved that ¢ vanishes as a distribution on J*(S). O

Remark. There is a sense that we could have asked less of (T in the hypotheses of Lemma

2.5.15, while still being able to draw the same conclusion. In particular, although we
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have not attempted to prove this, one might expect that, with S C 4" future [resp.
past] causally complete, J(S) [resp. J= (S )] should have null tangent spaces whenever
they exist — i.e. it should be a characteristic locally Lipschitz hypersurface for P. If that
were the case, then assuming that (T [resp. ¢~] vanishes everywhere on J*(S) [resp. on
J~(S)] would be sufficient without the additional assumption, which we have made in
the statement of the lemma to keep ourselves on the side of care, that it does so also
to first order on J+(S)\ A4 [resp. on J~(S)\ A]. It is often stated without proof that
(specialising w.l.o.g to the ‘future’ case), in the case of a singleton S = {p}, J*(S) does
have the property we seek, but we are not aware of a location in the literature where
this is proven carefully. While it is obviously true that through any point in J*(p)\ {p}
there is a null geodesic v : I — M with fy(Io) C J*(p)\ {p}, this in itself is not sufficient
to prove that any tangent space to Jt(p) \ {p} must be null - indeed, one may regard
several timelike hypersurfaces as being ‘ruled’ by null geodesics in a similar fashion! The
other assumption which must be used is the achronality of J*(p)\ {p}. If we knew that
Jt(p) \ {p} is C!, we could (as is done in [Kup87, Thm. 1]) prove that any tangent space
to it cannot contain timelike vectors — and thus really must be null — by arguing that
any C' curve contained in J*(p) \ {p}, with an initial timelike tangent vector, would
have derivatives which, by continuity, would have to remain initially timelike. And this
would contradict the achronality of J*(p)\ {p}. But if we only knew that J*(p)\ {p} is
locally Lipschitz then we would run into difficulties. We could easily construct a locally
Lipschitz curve starting at a point of differentiability of J*(p) \ {p}, entirely contained
in J*(p) \ {p} and with initially timelike tangent vector in the sense of Rademacher’s
theorem. But it would not be immediately guaranteed that the derivatives would vary
continuously on their dense subset of definition (in the subspace topology inherited
from the interval of definition of the curve) at the initial point. It seems to us that
one has to dig into the finer differentiability properties of J *(p). We now sketch our
proposed resolution for the interested reader: Jt(p)\ {p} is a locally achronal, closed,
past null geodesically ruled topological hypersurface in M.?” Now, Chrusciel et al. have
shown ([CDGHO1, Thm. 2.2], but we refer also to [Minlbal) that any such subsets are
better than just locally Lipschitz — they are semi-convexr. This property implies that
they are almost everywhere twice-differentiable in the ‘Alexandrov’ sense (see [CDGHO1,
Prop. 2.1]) — and they are so on the same set of full measure on which they are once-
differentiable. It seems to us that this would yield the desired continuity property of the
almost-everywhere—defined derivatives of our curve above, and the same argument as in
the C! case would then carry through. If this strategy works in the case of a point, we
believe that it will also work for a more general future causally complete subset S C 4.
We will leave the careful verification of these claims to future work. For a related result,
see also [Chr98].

2"We are grateful to E. Minguzzi for clarifying a point to this effect made tacitly in [CGM16].
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We are now ready for our uniqueness theorem, which follows immediately from the

previous lemma and which could also be easily strengthened using Sobolev spaces as is
done in [BW15].

Theorem 2.5.16. Let (M, g,t) be a time-oriented and globally hyperbolic Lorentzian man-
ifold. Let A be a closed, achronal and null hypersurface whose null generators, when
reparametrised as null geodesics entirely contained in A, are future and past inextendible
in (M, g). Let P be a differential operator of the form given in Equation (2.30). Finally,
let f € C®(A) have causally complete support. Then, the corresponding solution ¢
falling entirely through A with data f, given by Equation (2.44), is unique among all

real-valued functions ¢ on M with the following properties:
e ¢ is C? on It (supp f) U I~ (supp f);

® Ol (supp f) Can be extended to a function defined and C? in a neighbourhood of
J*(supp f);

e Pp=0 on I (supp f) U I (supp f);
L ¢b1/:f;

e supp ¢ C J(supp f). O
With the hypotheses and notation of Theorem 2.5.16, let
Sy = {¢s| f€C®(A) and supp f is causally complete} C C°(M) Nker P. (2.56)
We can use our uniqueness result, which shows that the assignment
C™(AN) — C°(M)Nker P, given by f— ¢y,

is well-defined (i.e. independent of all choices made in defining ¢¢), to also argue that
this assignment is linear, and hence that S 4 is a linear subspace of C°(M)Nker P. This

will answer Q3 in the affirmative.

Proposition 2.5.17. Under the hypotheses of Theorem 2.5.16, for any o, 8 € R and any
two f1, fa € C°(AN") with causally compact support,

Pafi+8f = @p, + By,

Proof. With f = a¢y, + Boy,, clearly both ¢ and a¢y + B¢y, restrict to f on A

agy + Boy, has support contained in J(supp f1) U J(supp f2) = J(supp f1 U supp f2).
On the other hand, supp f C supp fi Usupp fo and thus supp ¢ € J(supp f1 Usupp f2).
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Therefore, ¢y and ag¢y, + B¢y, must be equal by uniqueness in the sense of Theorem
2.5.16. O

2.5.5 Bifurcate Killing horizons and spaces of solutions S4 and Sp

Our original motivation for the work done in Section 2.3 and in this section, which
eventually culminated in the general existence and uniqueness theorems just proved for
characteristic initial value problems on globally hyperbolic manifolds, was to put on more
rigorous grounds some claims and constructions made without proof by the authors of
[KW91].

In the presence of a bifurcate Killing horizon structure, we saw in Section 2.2 that two
null, closed and achronal hypersurfaces naturally arise, namely the two ‘horizons’ de-
noted by H4 and Hp there and in [KW91]. We also showed in detail how the assumed
completeness of the Killing field translated into the property that both H 4 and Hp con-
tain all their maximally extended null generators. It follows that, if .#Z = (M, g,t,0,¢)
is a spacetime with a bifurcate Killing horizon in the sense of Definition 2.2.11, then
(M, g,t), together with either H 4 or Hp, satisfy all of the hypotheses of our existence
and uniqueness theorems concerning characteristic initial value problems for (scalar)
normally hyperbolic differential operators, i.e. all of the hypotheses listed in Theorem

2.5.16. Therefore, we may define spaces
St4, Sy € CO(M) Nker P

of distributional solutions, falling entirely through H 4 and H p respectively, according to
Equation (2.56). If f in Equation (2.56) is further restricted to have compact support,
then we obtain further linear subspaces which we denote by S4 and Sp. It is precisely
the existence of these subspaces (and the fact that they indeed consist of distributional
solutions!) that the authors of [KW91] claimed without proof. But our analysis in this
section has remedied the problem. Therefore, the discussion on this point in [KW91]
does not require any modification. This is unlike some other problematic aspects of the

analysis in [KW91] which we will analyse in detail in Chapter 4.

2.6 Summary

The first four sections in this chapter introduced mathematical background on, broadly
speaking, the following topics: general Lorentzian geometry; the theory of spacetimes
with a bifurcate Killing horizon; the geometry of null hypersurfaces and the existence

of useful coordinate systems adapted to them (the ‘Gaussian null coordinate systems’
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of Theorem 2.3.11); the well-established theory of wave-like equations on globally hy-
perbolic Lorentzian manifolds. Sections 2.1 and 2.4 contained no original work. On the
other hand, some technical gaps were filled in the available treatments of the topic dealt
with in Section 2.2. In particular, we faced head-on the problem of determining under
what conditions the two ‘horizons’; naturally arising if a Killing horizon is present which
vanishes on a spacelike submanifold of a given spacetime, are well-behaved hypersur-
faces of the spacetime. To the best of our knowledge, detailed proofs as some of the ones
given in that section were not previously available. As an aside, we presented a new
proof of the constancy of the ‘surface gravity’ of a bifurcate Killing horizon (Theorem
2.2.7). Section 2.3 was heavily based, in the first instance, on work of Kupeli [Kup87],
with a minor addition being given by Proposition 2.3.9. We then reviewed the Gaussian
null coordinate systems which are vastly used when dealing with null hypersurfaces. In
doing so, we aimed to obtain an existence result which were as sharp as possible. This
was because such a result would then be of crucial importance in the arguments given

in Section 2.5.

Section 2.5 contains mostly original work, which was however heavily inspired by work
carried out by Rendall in [Ren90]. We expect that our final global existence and unique-
ness results, summarised in Theorem 2.5.16, can in fact also be obtained by different
methods — for example, by globalising some of the results in [Fri75], or by using ap-
proaches closer in spirit to the ones adopted in [MzH90] or in [H6r90b]. From the point
of view of the interplay with the rest of the work in this thesis, the general results in
Section 2.5, when specialised to the context of spacetimes with a bifurcate Killing hori-
zon, allowed us to fully vindicate some important claims made without proof in [KW91].
Since these claims were among the essential ingredients of the entire analysis carried out
there, and since our work in Chapters 3 and 4 will build on parts of that analysis, it was

important to reassure ourselves that these specific claims held true.



Chapter 3

Quantum no-go results

3.1 Introduction

Thanks to a number of results obtained in the 1990’s, it is known that (leaving aside some
technicalities) if one quantizes a linear scalar field on a globally hyperbolic spacetime
with a one-parameter group of isometries possessing a bifurcate Killing horizon, then
there is at most one! state which is invariant under those isometries and which is (locally)
Hadamard.? Furthermore, for some notable cases, such as Kerr and Schwarzschild-de
Sitter, it was proved in [KW91] that there is no such state.> For Kerr, this was a
consequence of superradiance; for Schwarzschild—de Sitter, one argument for the no-go
result was based on the fact that, should such a state exist, the Hawking temperatures
associated with the black hole horizon and the cosmological horizon would be different.
Another argument relied on what, in quantum information theory, is now known as

monogamy (although this notion had not yet been coined at the time).

n fact, such a uniqueness result was proven in [KW91] under the restriction that the state in question
be quasi-free (with vanishing one-point function) [KW91, Haa96, BR97] and with the local Hadamard
condition replaced by a certain global Hadamard condition (see next footnote). However, in [Kay93] a
general result was obtained which enabled one to drop the quasi-free restriction while, as conjectured
in [Kay88, GK89] and proved in [RV96, Rad96, Rad92] on any globally hyperbolic spacetime, locally
Hadamard states are necessarily globally Hadamard. See also Footnote 19 and Chapter 4.

2A (locally or globally) Hadamard state for a linear quantum field theory is a state whose two-point
function has the (local or global) Hadamard property — local Hadamard meaning roughly that its short
distance singularity should be the appropriate generalisation to a curved spacetime of the short-distance
singularity of the two-point function of the vacuum state and of other physically relevant states in
Minkowski space, while the global Hadamard condition on a globally hyperbolic spacetime also rules out
the possibility of singularities for spacelike separated pairs of points. For full definitions, see e.g. [KW91]
or the recent review [KM14]. See also the important microlocal reformulation of the global Hadamard
condition in [Rad96] and see [Mor03] for spacetime dimensions other than 1 + 3.

3We remark that, as pointed out in [KW91], to prove such a no-go result, it suffices to prove that
there is no such quasi-free state, since if there was such a state at all, the quasi-free state with the same
two-point function (and zero one-point function) — i.e. the ‘liberation’ in the sense of [Kay93] — would
also be such a state.

101
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FiGure 3.1: This is a dual purpose figure. In one interpretation, it represents the
Kruskal spacetime bounded by a single box in the right wedge (region I) at r = R
(with r the Schwarzschild coordinate and each point representing a two-sphere). In
another interpretation, it represents (1+4n)-dimensional Minkowski space to the left of
a hypersurface (referred to in the text as a ‘mirror’) at some constant Rindler spatial
coordinate r in the right Rindler wedge (in this case each point represents an (n-1)-
plane). The dotted lines are only relevant to the Kruskal interpretation, in which case
they portray the future and past singularities at r = 0.

In this chapter we conjecture, and give heuristic arguments for, a further such non-
existence result which concerns a massless or massive linear scalar field on a spacetime
which one might think would represent a spherically symmetric maximally extended
black hole in equilibrium in a spherical box. Namely, the region of the Kruskal spacetime
to the left of a stationary hypersurface at some fixed value R of the Schwarzschild radial
coordinate r, represented by the hyperbola in Figure 3.1 (where, as usual, each point
represents a two-sphere).* Le. we argue that, completing the specification of the system
by imposing (say) Dirichlet boundary conditions at the box, there is no Schwarzschild-
isometry invariant Hadamard state on this spacetime (when the notion of ‘Hadamard’,
usually applied to globally-hyperbolic spacetimes, is suitably adapted to the presence of

a timelike boundary).

The basic plausible expectations about the space of classical solutions, from which we

will argue for this no-go conjecture in the next section, are that, on the one hand,

(a) the reflection at the box in the right wedge will cause solutions which ‘fall entirely
through’ (see Section 3.2) the right A-horizon (Hf in the Penrose diagram, Figure
3.2) to coincide with solutions which ‘fall entirely through’ the right B-horizon
(HE in Figure 3.2).

4Our no-go conjecture for Kruskal in a box applies equally to the part of the globally-hyperbolic
region of non-extremal Reissner-Nordstrom spacetime to the left of a similar stationary hypersurface at
fixed Schwarzschild radial coordinate r but, for simplicity we shall only refer to the Kruskal case in the
main text.
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FIGURE 3.2: Penrose diagram for the region of the Kruskal spacetime bounded by a
single box, cf. Figure 3.1. ¥ is an initial-value surface on which the Cauchy-Dirichlet
problem for the Klein—Gordon equation is well-posed. The shaded area represents the
support of the solution ¢ discussed in Sections 3.1 and 3.2.

On the other hand,

(b) there exist solutions (one such suffices for our argument) which are non-vanishing

on the left B-horizon but which vanish on the entire A-horizon.

The plausibility of Property (b) is particularly easy to see for the massless case since,
in fact, any solution, ¢, with non-zero Cauchy data on .#~ (see the Penrose diagram,
Figure 3.2) and zero Cauchy data on H 4 would be expected to have a non-zero value on
‘Hp expressing the fact that not all the solution would be reflected back out to infinity,
but rather, some of it will fall through H% into the black hole. (Whether or not this
property holds obviously doesn’t depend on whether or not the spacetime is cut off at a
box-wall in the right wedge.) For massless and massive fields, one can rely, instead, e.g.
on the existence of wave operators, Q(jf and Qiﬁ‘r’ for the scattering theory on exterior
Schwarzschild demonstrated in [DK87, DK86] together with the expectation that the
S-matrix component (Qf)*QO_ will not be zero. In fact this is now rigorously established
in the massless case in Theorem 10 of [DRSR14].5

We remark that if there is also an image box in the left wedge (located at the wedge-
reflected set of spacetime points to those occupied by the right-wedge box — below we
shall refer to this as the case of two boxes) we expect that there will exist an isometry-

invariant Hadamard state on the region between the two boxes. Indeed, we expect the

5Q§ maps solutions of the Klein—-Gordon equation on Minkowski space into solutions on exterior
Schwarzschild (identified here with our Kruskal left wedge) which resemble them at late/early times
and Qf maps solutions of the massless ‘wave equation’ in 1+1 Minkowski space times the bifurcation
2-sphere into solutions on exterior Schwarzschild and (as explained in [DK87]) effectively solves the
characteristic initial-value problem for data on the future/past horizon.

SWe thank Mihalis Dafermos for drawing this to our attention.
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latter to be a counterpart to the Hartle-Hawking-Israel state [HH76, Isr76, Sanl5] in
maximally extended Kruskal. Thus our no-go conjecture is reliant upon there being just

one box rather than two.

Geometrically, this setup appears analogous to Minkowski spacetime (of any dimension)
to the left of a hypersurface at some constant Rindler spatial coordinate in the right
wedge (see Figure 3.1), i.e. to the left of a uniformly accelerating mirror (assumed to be
‘planar’ and infinitely extended in the spatial dimensions suppressed in Figure 3.1). Here,
Schwarzschild-isometry invariance is replaced by boost invariance. One might therefore
think that a similar non-existence result would hold for boost-invariant Hadamard states
for Klein—Gordon fields on such spacetimes. And, in the absence of a rigorous proof of
our conjecture for Kruskal, it would obviously be of interest if one could more easily
give a rigorous proof of the non-existence of boost-invariant Hadamard states for some
such Minkowskian system. However, Property (b) above only holds for scalar fields
in Minkowski space when those fields are massless and the Minkowski space is 1+1
dimensional. This is because, except in this special case, a solution to the Klein—Gordon
equation in Minkowski space (say with compact support on spacelike Cauchy surfaces)
which vanishes on a single null plane, vanishes everywhere. This is proven for the case
of massless fields and spacetime dimension greater than 2 in e.g. [Wal94, pp. 109-110],
whereas in the case of massive fields in any spacetime dimension Ullrich [Ull07, Thm. 3]

proved an even more general result using Fourier analytic methods.”

In view of the above, and aside from making our above conjecture for the Kruskal case,
the main purpose of the present thesis is to prove a rigorous version of such a non-
existence result for this latter 1+1 massless system with Dirichlet boundary conditions.
Even for this much simpler problem, it will turn out that we have to deal with a number
of complications which arise from the well-known special infra-red pathology [Sch63,
Wig67, SW70, Kay85, FR87, DMO06] of the 141 massless Klein—Gordon field as well as
with complications due to the presence of a boundary. In fact, even in the absence of
boundaries, because of that special infra-red pathology, there are several inequivalent
mathematical notions which could be regarded as making the phrase ‘boost-invariant
Hadamard state’ precise for the massless scalar field in 1+1 Minkowski space. What we
succeed in doing (with Theorem 3.4.7 in Section 3.4.3) is to prove that, with a particular
such notion, when suitably adapted to the presence of a single mirror — namely what
we call the ‘strongly boost-invariant globally-Hadamard’ property of Definition 3.4.6 in

Section 3.4.3 — then (in the presence of a single mirror) there is no state which has this

property.

"However, we point out that we believe that a more geometrically-flavoured argument can also be
produced by exploiting the fact that massive fields in Minkowski time exhibit dispersion, i.e. they decay
in time according to some well-known estimates.
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We believe this no-go theorem deserves to be regarded as a suitable counterpart to the
no-go result we conjecture for Kruskal because, as we will also point out in Section
3.4.3, there does exist a strongly boost-invariant globally-Hadamard state both in full
141 Minkowski space and in the case where there is a second mirror located at the
wedge-reflected set of spacetime points to those occupied by the right-wedge mirror
(which we shall call the case of two mirrors) — the boost-invariant Hadamard state in
the absence of mirrors being a suitably defined version of the usual Minkowski vacuum
state, while the state for two mirrors was constructed in [Kay15]. Also, we think that
the method of proof of this result should provide useful lessons towards a proof of our
conjecture about the Kruskal case. Note that our notion of ‘strongly boost-invariant
globally-Hadamard’ makes precise the notion of ‘boost-invariant global Hadamard state’
since, for reasons we will explain in Section 3.4.2, it is not obvious that a local-to-global

result (see Footnote 2) applies in the 141 massless case.

Our conjecture in the Kruskal case has an obvious application to understanding the
nature of the idealised black holes in boxes which play a basic role in black hole ther-
modynamics [Haw76, GH93]. A natural question is whether a black hole in equilibrium
in a box® has a semiclassical description in terms of a fixed Lorentzian classical space-
time together with a Hadamard state of a quantum field defined on it — where both
the classical spacetime and the Hadamard state are isometry-invariant. Amongst the
various possibilities one can imagine for the background spacetime, and ignoring back
reaction, one might consider the following three: (A) the region of Kruskal to the left
of a single box as in Figures 3.1 and 3.2; (B) the region of Kruskal between two boxes
as in Figure 3.3; (C) the region of exterior Schwarzschild alone to the left of a single
box (i.e. the right wedge of any of the figures 3.1, 3.2 or 3.3). An earlier paper [Kay15]
argued that both (A) and (B) should be ruled out due to the existence of classical
and/or quantum small perturbations such that, as a consequence of reflection at the
box, their (renormalized) stress-energy grows arbitrarily large near the future horizon(s)
and/or near the bifurcation surface and argued in favour of (C) with the proviso that
the region near the horizon be considered to be essentially quantum-gravitational and
non-classically describable rather as envisaged in ‘t Hooft’s ‘brick wall’ model [tH85].
However the arguments against (A) in [Kayl5] were less strong than the arguments
against (B). Our conjectured no-go theorem, if true, tells us that, on the background
(A), no isometry-invariant Hadamard state is possible and this reinforces our reasons

for rejecting (A).

It is also of interest to compare our no-go result for the massless scalar field in 141

Minkowski with claims made in the literature (see e.g. [FD76, DF77, BD84]) concerning

8Here we leave aside the issue that a Schwarzschild black hole in equilibrium in a box is believed to
be thermodynamically unstable [Haw76].
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FI1GURE 3.3: Penrose diagram for the region of the Kruskal spacetime bounded by two
boxes, possibility (B) in Section 3.1. We conjecture that a ‘Hartle-Hawking—Israel-like’
state exists for the Klein—Gordon field on this spacetime when Dirichlet conditions are
imposed at the boundary.

radiation by accelerating mirrors in 141 dimensions. As pointed out in that work, a
mirror which starts out inertial — with the state of the field the initial vacuum state —
and later undergoes uniform acceleration doesn’t radiate during the period of uniform
acceleration. This might seem to suggest that there would be a quantum state of the
field such that an eternally accelerating mirror wouldn’t radiate at all and that might,
in its turn, seem to suggest that there would exist a boost-invariant Hadamard quantum
state. And one might think that there would in fact exist a strongly boost-invariant
globally-Hadamard state in the sense of the present thesis. But we prove that there
isn’t one; for there to be such a boost-invariant Hadamard state, it would seem to be
required for there to be a symmetrically placed uniformly decelerating image mirror in

the left wedge.

3.2 Basic idea of our argument for the no-go theorem

We next wish to explain the basic idea behind both our no-go conjecture for (massive
or massless) Klein—Gordon on Kruskal and our proof of our analogous no-go result for

the massless 1+1 Minkowski one-mirror system. In Kruskal we take our equation to be
P¢ = (0, +m?*)¢ =0 (3.1)

where m is a non-negative mass. (Note that the often considered {R term will anyway

vanish in Kruskal.) In our 141 Minkowskian theorem we insist that m be zero.
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In both cases, we rely on the well-posedness of the Cauchy problem for (3.1) when
supplemented by Dirichlet boundary conditions at the box/mirror. Of course, neither
the region of Kruskal to the left of our box, nor the region of 1+1 Minkowski space to the
left of our mirror are globally hyperbolic and thus neither have Cauchy surfaces in the
strict sense. However, with our boundary conditions on the box/mirror, one expects the
Cauchy problem to be well posed, at least in the sense of uniqueness, for data on initial-
value surfaces which are the restrictions, to the region to the left of the box/mirror, of
Cauchy surfaces for the whole of Kruskal/Minkowski. Indeed, this can easily be verified
in the 1+1 Minkowski case; for the Kruskal case we expect a suitable extension of known
results on the mixed Cauchy-Dirichlet problem (see e.g. Theorem 24.1.1 in [H6r94] or
the monograph [GV96]) to apply. And it will still to be possible to talk, in each case,
about the space S of smooth (real-valued) solutions of this mixed Cauchy—Dirichlet
problem whose restriction to all such initial-value surfaces” has compact support, along
the lines of that discussed in [KW91]. And this space will be equipped with a manifestly
antisymmetric bilinear form o defined, in terms of an arbitrary (possibly partially null)

smooth initial-value surface €, by

o(¢1, 92) izxgnaja[%?%]ml% (3.2)

where j*[¢1, P2] == P1 VP2 —p2 V%1, € is given the induced orientation as the boundary
of J=(%),'° and the forms n and volg are such that, on &, n A volg equals the volume
form vol, induced by the spacetime metric. The independence of the right-hand side of
Equation (3.2) from the initial-value surface ¢ is a consequence, using Gauss’ theorem,
of the fact that V,j%[¢1, p2] = 0 whenever ¢, and ¢9 are solutions to Equation (3.1),
together with the fact that, due to the Dirichlet boundary conditions, no boundary
terms arise from integrating along the spacetime boundary. One expects that, once a
full characterisation for the allowed initial data for solutions in S is available, it will be

possible to show that o is in fact non-degenerate on .S, and therefore a symplectic form.

Similarly to in [KW91] — and proceeding, in the Kruskal-like variant, under the same
fiction explained in the Note Added in Proof at the end of [KW91] (see the discussion
at the end of this section) — an important role will be played by ‘subspaces’, S4 and
Sp, of S which we assume are nontrivial in the case of Kruskal, and which in both cases
consist of solutions of Equation (3.1) satisfying the Dirichlet boundary condition on M
and which ‘fall entirely through’ the A- and B-horizons H4 and Hp respectively, in the

sense of our Definition 2.5.10 when adapted to the context of a spacetime with a smooth

9These initial-value surfaces should be understood to contain the relevant boundary points and there-
fore not as being entirely contained in the interior of the spacetime.
107 e. the boundary orientation for which Stokes’ Theorem applies.
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boundary (see Section 5.1) and to the fact that we are imposing (Dirichlet) boundary

conditions. More precisely:

Definition 3.2.1. In both the Kruskal-like and Minkowski-like spacetimes-with-
boundaries which we are considering, ¢ will belong to S, if it is at least continuous,
it is a distributional solution of Equation (3.1) in Int M and even a C? one on an open
neighbourhood of M, it vanishes identically on OM, ¢4, is a smooth function on H 4
whose support K := supp(¢[4,) is compact, and supp¢ C J(K) = JT(K) U J (K).
We define Sp analogously.

For a massless scalar field in 141 Minkowski space without any mirrors, Sp would consist
of right-moving solutions and S4 of left-moving solutions. When we have our mirror
in the right wedge, we can also fully characterise both spaces: Sp consists of solutions
which are right-moving to the causal past of the B-horizon , and S4 consists of solutions
which are left-moving to the causal future of the A-horizon. This is explained in more
detail in Section 3.4.1. On the other hand, we do not yet have a full characterisation of
S4 and Sp, or even a rigorous proof of their non-triviality, in the Kruskal-like setting
for any value of the mass. Nonetheless, we proceed under the assumption that, in the
Kruskal-like case, S4 and Sp are large enough for our purposes. We will also need to
define appropriate subspaces of S4 and Sp in both settings, and again proceed under

the assumption that they are large enough for our purposes in the Kruskal-like setting.

Definition 3.2.2. In both cases, S f‘ is to denote the subspace of S4 consisting of solutions
whose restrictions to H 4 are compactly supported to the causal future of, and strictly
away from, the bifurcation surface. The ‘R’ superscript stands for ‘right’ as this is the
portion of H 4 to the right of the bifurcation surface in Figure 3.1. We define Sf‘, Sg

and Sé similarly with obvious changes.

In Appendix A, we will recall the general theory of the quantization of linear Bose sys-
tems via the so-called Weyl-algebra approach. In particular, we will review the standard
definitions for the notions of state, quasifree state and one-particle structures. In Section
3.3, we will recall how this theory is applied to the case of Klein—Gordon fields on gen-
eral globally hyperbolic spacetimes, where the class of Hadamard states plays a special
role, and we will sketch a strategy for adapting this theory to situations with timelike
boundaries so as to properly define the notion of ‘Hadamard state’ and, thereby, to be
able to formulate in a precise way our conjecture that there is no isometry invariant
Hadamard state on Kruskal in a box. Then Section 3.4 will show how to implement this
strategy for massless fields on 141 Minkowski with a mirror in a way which also copes
with the special infra-red pathology, thereby enabling us both to properly formulate and

prove our no-go theorem. For us to explain the basic idea behind our conjecture and
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theorem in the present section, however, all that we shall rely on are the following two

facts:

e First, just as in the globally hyperbolic case mentioned in Footnote 3, to show
that there is no isometry-invariant Hadamard state, it suffices to show there is no
isometry-invariant quasi-free Hadamard state (with zero one-point function), see

Appendix A.

e Second, as explained in Appendix A, to every quasi-free state of the theory there
corresponds a one-particle structure, (K, 7). That is a, Hilbert space (the one-
particle Hilbert space), 7, and a real-linear map, K : S — 7, such that KS+iKS

is dense in ., which is symplectic in the sense that

2Im <K¢1 ’ K¢2> = O’(¢1, ¢2) (33)
for all pairs of classical solutions, ¢1,¢2 € S.

Furthermore, and similarly to Kruskal without a box or (143)-dimensional Minkowski
without a mirror, we expect that the existence of an isometry-invariant Hadamard state
for Kruskal with our box implies, by similar arguments to those given in [KW91] the

following explicit formula for <K (15}3 | K ¢QB> for any qﬁ}g, QSQB € Sp:

fl(ul,S)f2(U2,3)

5 duydusd?s, (3.4)

1
Ko¢p | K¢%) = —= lim
(Ko } O1) T e—0+ (ug — ug — i€)
where fi is the restriction of d)}g and fy the restriction of ‘7523 to the B-horizon, and this
is coordinatized in the usual way by affine parameter, u,!! and the usual set of ‘angular’
variables, denoted by s, and the integration can be thought of as over two copies of the

real line and one copy of the bifurcation sphere.

For our massless scalar field in 1+1 Minkowski with a mirror, it turns out that the
existence of an isometry-invariant state which is Hadamard in the precise sense we will
define (i.e. the ‘strongly boost-invariant globally-Hadamard’ property of Definition 3.4.6
in Section 3.4.3) entails a similar formula, with the dependence on s and the integration
over s removed. And of course there will be a similar formula, for gbh and gbl%‘ and the

A-horizon.

As discussed in [KW91] (cf. Equation (1.1) there; we refer also to Observation 6.1 and
Proposition 7.2 in [DK87]), Equation (3.4) tells us that the restriction of the two-point
function for the u derivative of the field to the B-horizon can be identified (up to a trivial

dependence on s) with the restriction of the two-point function for the u derivative of a

1 Aside from having the opposite signature convention to [KW91], we differ from [KW91] by denoting
affine parameter on our horizons by u and v, rather than U and V.
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free massless real scalar field in 141 Minkowski space (without a mirror) to the null line
t = —x, where u is now identified with ¢ — x, and where ¢ and x are the usual Minkowski
coordinates. In view of this (or directly from the formula) one can conclude (see again

[KW91]) the following crucial facts!?

(A) KS4 and KSp are dense in complex-linear subspaces %) and 3 of 7 (respec-
tively). As explained in Appendix A of [KW91], and reproduced in Appendix A to
the present thesis as Proposition A.0.4, this is equivalent to the fact that the state
restricted to fields ‘symplectically smeared’ with solutions in either S4 or Sp is a
pure state. In the special case of 141 Minkowski (without a mirror) it corresponds
to the fact that the Minkowski vacuum is a pure state when restricted to either

the left or right-moving sector.

(B) KSE+iKS% is dense in 5% and K SE +iKSE is dense in /. This corresponds
to the fact that the (massless) 1+1 Minkowski vacuum, restricted to sums of
products of (derivatives of) fields restricted to a single null line has the Reeh—
Schlieder property [SW00] for fields localised on a half null-line. Cf. Proposition
A.0.5 in Appendix A.

We are now in a position to explain the basic idea behind both our hoped-for proof of
our no-go conjecture for Kruskal in a box and our proof of our no-go theorem for our

massless field in 14+1 Minkowski with a mirror.

First we point out that, for the 141 Minkowski case, the ‘basic plausible expectations
about the space of classical solutions’ discussed in Section 3.1 may be reformulated in

terms of our subspaces of solutions as follows:
(a) S =Sk

(b) There exists a ¢ € S such that o(¢,¢%) # 0 for some ¢& € S, but for which
O’((Z), ¢A) =0 for all p4 € S4.

Combining the (purely classical) statements in (a) and (b) with (A) and (B) above
quickly leads to a contradiction, as we will now explain. By the first part of (b) and
Equation (3.3), K¢ cannot be orthogonal (with orthogonality here and throughout this
this paragraph meant in the sense of the Hilbert space %) to K S’é and hence, a fortiori
it cannot be orthogonal to KSp — so, by (A), it cannot be orthogonal to 5. On
the other hand, Equation (3.3) and the last part of (b), together with (A), imply that

K¢ is orthogonal to 4. To see this, we will use the following general observation: If

12 Actually in our proof of our no-go theorem, i.e. of Theorem 3.4.7 in Section 3.4.3, facts (A) and
(B) about the one-particle structure (K,.¢) are arrived at by directly relating it to the one-particle
structure (K, #41) associated to the vacuum state, wy, on the ‘physical’ Weyl algebra for the massless
wave equation in (1+1)-Minkowski space by a somewhat different version of the argument which doesn’t
(need to) refer to the formula (3.4).
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F is a complex Hilbert space, and J# C 7 is a real-linear subspace whose closure is
complez-linear, then, for any ® € 7, (® | %) = {0} if and only if Im (® | .#") = {0} if
and only if Re (® | #) = {0}. [Proof of first ‘if’: Suppose that Im (® | 2#") = {0}. Note
that Re (® | #) = Im (® | i.#). Under the assumptions on ¥, i.#  C ¢, whereupon
a simple limit argument shows that Im (® | %) = {0} = Im(® |i.#") = {0} and we
are done. The proof of the second ‘if’ is analogous.] By (B), to say that K¢ L KSj4 is
tantamount to saying that it is orthogonal to KS§+Z'KSE. But, by (a), this is the same
thing as saying that it is orthogonal to KSIB?’—l—iKSR, which, by (B), has the same closure
as KSp, namely J¢5. Thus, on the assumption that there exists a stationary Hadamard

state, K¢ is both not orthogonal to 5 and orthogonal to 5 — a contradiction.

For Kruskal in a box, Property (a) above cannot strictly hold since we would expect a
solution which falls entirely through the right B-horizon to have a restriction to the right
A-horizon which fails to be supported away from the bifurcation point and moreover we
would expect it to fail to be compactly supported, but rather to have a tail at large v.
However, we conjecture that the closure in 7 of K Sf will equal the closure in 7 of
KS g (or rather an appropriate substitute for this statement will hold when one removes
the fiction we referred to above and discuss further below). It is easy to see that this

‘closure conjecture’ would immediately lead to the same contradiction.

The fiction we referred to above concerns an error in the original version of [KW91]
which we have also (knowingly) made above. As was pointed out in the Note Added
in Proof in that paper, the notion of ‘C*° solutions which fall entirely through one of
the horizons’, as in the apparent ‘definitions’ of S4 etc. in that paper and above in the
Kruskal case, is problematic since a solution which actually falls entirely through one of
the horizons in the sense explained above cannot be C>° — smoothness failing when one
crosses from one side of the horizon to the other. The Note Added in Proof of [KW91]
showed how one can repair this error while maintaining the spirit of the basic arguments
there by working with a certain class of solutions (which are everywhere C?) and end
up with rigorous results with essentially the same physical content as those originally
announced. In particular the no-go results in that paper continue to hold with thus-
corrected arguments. A new, improved way to deal with some of the technical issues in
the Note Added in Proof in [KW91] will be described in Chapter 4 of this thesis.

Clearly, in the case of Kruskal, what we have written above, while we find it highly plau-
sible, falls considerably short of being a rigorously stated theorem and proof. To have a
rigorously stated theorem one would need to show that the expectations mentioned in
Section 3.3.2 below hold so that the strategy we sketch there for defining what is meant

by a Hadamard state can be implemented. And then to turn the above-explained idea
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for a proof into a rigorous proof one would need to remove the above fiction, presum-
ably with similar methods to those introduced in the Note Added in Proof in [KW91],
prove the above ‘closure conjecture’ or some effective replacement for it, and justify in
detail the various statements made above which were described as ‘expectations’. As we
anticipated in the Introduction, in the absence of all that, what we can and do provide,
in Section 3.4, is a rigorous formulation and proof of our no-go result for a massless field

in 1+1 Minkowski with a mirror.

3.3 Quantization of Klein—Gordon quantum fields

3.3.1 Globally hyperbolic case

Let (M, g,t) be a time-oriented, globally hyperbolic spacetime of dimension 1+ n. We
adopt the ‘mostly minus’ signature convention for the metric, as we did throughout
Chapter 2. In Section 2.4, we recalled that the Klein—-Gordon operator in Equation
(3.1) is Green hyperbolic (actually, even normally hyperbolic) and self-adjoint. We will
denote, as we did there, by S the space of ‘regular’ real-valued classical solutions to the

Klein—Gordon equation, i.e. of smooth and spatially compact functions in ker P.

As we also saw in greater generality in Section 2.4, S is naturally equipped with a linear
symplectic structure. Explicitly, the symplectic product of any two ¢1, ¢2 € S is known
to be given by Equation (3.2), where % is any smooth Cauchy surface. Equivalently, it

is given by the ‘covariant’ expression

0(¢1,¢2) = /M F1¢2 d,ug = /M Fl(EFQ) d,ug = E(Fl,FQ), (35)

where E .= E~ — E1 : C§°(M) — S is the causal propagator of P, and Fy, F» € C§°(M)
are such that EF} = ¢1 and EFy = ¢s.

The Weyl algebra recipe for quantization of general linear systems outlined in Appendix
A can now be straightforwardly applied to (S, o), thus yielding a Weyl algebra of canon-
ical commutation relations &7 = #/(S,0). In view of the existence of the causal propa-
gator E relating test functions to solutions, if w is a C? state on .27, then its two-point
function Ay (see Appendix A) induces a bidistribution'® on M defined for all test func-
tions Fi, Fy by

A(Fy, Fy) = Xo(EFy, EF). (3.6)

13Henceforth, for a manifold (without boundary) N, we use the word ‘bidistribution on N’ to simply
indicate a bilinear functional C§°(N) x C5°(N) — C, without any continuity requirements.
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We will henceforth refer to A2 as the ‘symplectically smeared two-point function’ and
to A as the ‘spacetime smeared two-point function’. In view of the general properties
of C? states listed in Appendix A, of the sequence (2.27) and of Equation (3.5), A will
satisfy for all F, Fy € C§°(M):

1. (Commutation relations) 2t Im[A(Fy, F3)] = A(F1, Fy) — A(Fa, Fy)| = iE(Fy, Fy);

2. (Positivity) ReA has analogous symmetry and positivity properties to (i)—(ii) in
Appendix A (with o, @1, @y replaced by E, Fy, F» respectively);

3. (Distributional bisolution property) A(PFy, Fy) = A(Fy, PFy) = 0.

For a state on &/ to be physically relevant, of course, not only must its spacetime
smeared two-point function, Equation (3.6), exist, but it must also satisfy the (local or
global) Hadamard condition. For general globally hyperbolic spacetimes, we refer to
the discussion and references in Footnote 2. In the present thesis, the only case we will
discuss in detail is the (1+1)-dimensional massless case, the correct formulation of which

will, in fact, be the focus of the next section.

3.3.2 Case of spacetimes with timelike boundaries

We would next like to sketch how we expect the quantization procedure for Klein—
Gordon fields outlined above could be adapted to the case of ‘spacetimes with boundary’
(M, g), where M is now a manifold with boundary whose boundary is timelike and
(Int M, gl1ne as) — where Int M denotes the interior of M — is extendible to a globally
hyperbolic spacetime. This class of course includes our Kruskal-in-a-box or Minkowski-

with-a-mirror spacetimes.

First, we expect that methods akin to those in [H6r94, GV96] will show that, with the
addition of suitable homogeneous boundary conditions on the timelike boundary, the
Cauchy problem is well-posed for suitable initial data on suitable initial-value surfaces,
as already discussed at the start of Section 3.2 for the case of Dirichlet boundary con-
ditions. In particular, such suitable initial data, when smooth and of compact support
(where it is to be understood that the support could include points on the timelike
boundary), should be in one-to-one correspondence with smooth spatially compact'4
solutions to this mixed problem, and (once the class of ‘suitable’ initial-value surfaces
has been precisely identified) these should in turn be equivalently characterised as being
the smooth solutions whose restriction to all suitable initial-value surfaces has compact

support. Defining S as the space of spatially compact smooth solutions to this mixed

M Just as in the globally hyperbolic case, a spatially compact function ¢ on M is one such that
supp ¢ C J(K) for a compact set K, however in this case we allow K to contain points on the timelike
boundary.
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problem, we then expect, as discussed in Section 3.2, that Equation (3.2) will define a

symplectic form o on S.

Furthermore, we expect that one will be able to construct retarded and advanced Green’s
operators E* which, in addition to satisfying the same requirements as the analogous
objects in the globally hyperbolic case — listed as (i)—(ii) in the previous section — are
such that EiFfaM satisfies the given boundary conditions. The domain of ET here
should at least include F' € C5°(Int M). In the next section we will explicitly construct
such objects in the case of the massless wave equation in the region of (1+1)-dimensional
Minkowski spacetime to the left of a uniformly accelerating mirror. As we will observe
in that case, in general the analogous sequence to (2.27) will no longer be exact since
the kernel of £ = E~ — ET will be strictly larger than the image of P. Furthermore,

both in that case and in the general case one doesn’t expect that E will be onto 5.

Assuming that the expectations in the previous paragraphs are fulfilled, we propose that
a state on the Weyl algebra #(S, o) be called Hadamard if its symplectically smeared
two-point function exists and if its spacetime smeared two-point function, defined at

least on C§°(Int M) x C5°(Int M) by Equation (3.6), satisfies the following condition:

Definition 3.3.1. A bidistribution on Int M will be said to be globally Hadamard if, for
any causally convex open subset O of Int M which, when equipped with the restriction
of the metric to Int M, is a globally hyperbolic spacetime in its own right, the restriction
of A to smearings with test functions supported inside O is globally Hadamard in the

standard sense.

Here we recall that a subset U of a spacetime (IV, g) is called causally convez if, whenever
two points z,y € U can be connected by a causal curve « in N, then the portion of
between x and y is entirely contained in U. Notice that, if O is a causally convex
globally hyperbolic subset of Int M, then denoting by Eg 1 Cg°(0) — C*®(0) the
unique retarded/advanced Green operators for the Klein—Gordon equation on O, it is

easy to verify that, for all F' € C§°(0O), we will have
[E*F)|o = ESF. (3.7)

Indeed, that this will be the case follows since, as it is easy to check, E* followed by
restriction to O will have, as an operator on C§°(Q), the support properties and left /right
inverse properties which uniquely determine the retarded/advanced Green operators on

0.

151t is an interesting open question (as far as we know) — again both in the general case and in the
(1+1)-dimensional example we will study — whether the domains of E* can be suitably extended in such
a way that the resulting advanced-minus-retarded propagator is onto S.
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The above proposal would seem to fit nicely with the paradigm of locally covariant
(quantum) field theory proposed by Brunetti, Fredenhagen and Verch [BFV03] and in-
deed allow an extension of that paradigm to include spacetimes with (timelike) bound-
aries. Physically, since a spacetime boundary can only be detected by sending a signal to
it and receiving one in return, our requirement corresponds to saying that, if we localize
the quantum state by only performing measurements within globally hyperbolic regions
O which do not ‘causally intercommunicate’ with the boundary — i.e. such that there are
no future-directed piecewise smooth causal curves which begin in O, hit the boundary
and then return to O — we should not be able to tell whether our universe possesses a
real boundary, or whether we are witnessing an ‘unusual’ state on a different, unbounded
spacetime. A similar ideology was already contained in [Kay79|, where it was pointed
out that such a view is necessary in order to clarify the conceptual issues underlying
the Casimir effect. It also appeared in [FOPO07] in the context of the investigation of

quantum energy conditions for spacetimes with boundaries.

3.4 No-go result for massless fields in 14+1-dimensions with a mir-

ror

3.4.1 Classical theory

In this section we consider in detail the classical theory of a massless real scalar field on
the spacetime with boundary, (M, n), consisting of the portion M of (1+1)-dimensional
Minkowski spacetime ‘to the left of’ (and including) the worldline of a point-like mirror
on a timelike trajectory of uniform and eternal acceleration. Without loss of generality
we assume that the Minkowskian pseudo-norm of the 2-acceleration is always equal to
—1 (clearly our no-go result does not depend on the numerical value of this quantity).
Picking a global inertial frame (¢, x) such that, when the proper time 7 along the mirror’s
worldline equals 0, the mirror is located at (¢ = 0,z = 1) and dt/d7|,—o = 1, we represent
(M,n) by M =R?*\ {(t,z) | 2> —t* > 1, 2 > 0} and n = dt* — dz?. The manifold M
is depicted in Figure 3.1, with (R = 1 and) the vertical (respectively horizontal) axis

representing the t-axis (respectively x-axis).

As already pointed out, this spacetime is not globally hyperbolic due to the presence
of the timelike boundary given by the mirror’s trajectory. It possesses a one-parameter

group 3, of isometries given by the flow of the Killing vector field k = 20/t + t0/0z'°

SExplicitly, in global inertial coordinates, 8, (t,z) = (cosh(7)t + sinh(7)z, sinh(7)t + cosh(7)z) or, in
terms of the null coordinates (u,v) introduced below, 3-(u,v) = (e "u,e"v)
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describing homogeneous Lorentz boosts in the z-direction. k has a bifurcate Killing

horizon given by H4 U Hp, where Ha = {(t,z) |t =z} and Hp = {(t,z) | t = —x}.

We immediately note that any real-valued, smooth solution ¢ on M to

Lo =0, lon =0, (3.8)

can be written globally as a sum ¢(t,z) = f(t — z) + g(t + =) for two smooth functions
f and g with g(v) = —f(—1/v) for all v > 0. This can be checked e.g. by writing
the above equation in the null coordinates u(t,z) = t — z and v(t,z) = t +x. It
is also easy to check that for any such solution ¢ which, in addition, has spatially
compact support (see Section 3.3), the functions f and g must have the additional
property that there exist ug and vy such that, for some a € R, f(u) = a V u > wug
and g(v) = —a V v < vg. Thus we have complete knowledge of the vector space S of
spatially compact, smooth (and real-valued) solutions discussed in Section 3.3.2. And,
again as envisaged in that section and in Section 3.2, Equation (3.2) defines a manifestly
antisymmetric bilinear form o : S x S — R, independent of the initial-value surface ¥
as explained in Section 3.2. Since it is easy to check that the Cauchy-Dirichlet problem
is well-posed (in the sense of both existence and uniqueness) for initial data of compact
support in the interior of the particular initial-value surface ¢ = {(t,x) |t =0} N M,
one could prove the non-degeneracy of ¢ directly by picking, for any ¢; € S, which
will have some initial data (¢1,71) € C§°(%) ® C5°(€),!7 ¢2 to be the solution with
initial data (p2,m2) € C(Int€) & C3°(Int €¢) where (p2,m2) approximate (—m1,¢1)
(respectively) ‘sufficiently well” for o(¢1, p2) to be greater than 0. This can always be
done by picking 3 = —t¢m and m = P¢p; where ¢ € C°(Int€) C C§°(¥) is such
that 0 < ¥ < 1 and ¥ = 1 everywhere but on a small enough neighbourhood of the
boundary point (t = 0,2 = 1) of €. Indeed, we expect a generalisation of this strategy
to apply to the more general setup described in Section 3.3.2. We will also provide

another, independent, proof of the non-degeneracy of ¢ later in this section.

Thus we have endowed S with the structure of a symplectic vector space (S, ). A simple
calculation, which e.g. starts with the expression for ¢ in terms of the ¢ = 0 initial-value

surface mentioned above and then involves a change of variables, shows that, for any

"Note that, since % is a manifold with boundary, functions in C§°(%) — which are by definition
smooth functions with compact support on € — need not be supported away from the boundary; indeed,
they needn’t even vanish at the boundary (although for this specific choice of €, both pieces of Cauchy
data will have to vanish at the boundary because of the Dirichlet boundary condition).
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1,02 € 5,
—+00 0
o(61,62) = 2 / 1 (u) f () s+ 2 / 01(0)gh(v) dv (3.9)
oo o
=2 [ fi ) du2 | awgw. (3.10)

where, f1,91, f2, g2 are any smooth functions such that ¢(¢t,x) = f1(t — z) + ¢g1(t + z)
and ¢o(t, ) = fo(t —x) + g2(t + ). These explicit expressions will be important in the

next paragraph.

Let S4 and Sp denote the linear subspaces of S consisting of those solutions which ‘fall
entirely through’ H4 and Hp respectively. A geometric definition of these was already
given in the third paragraph of Section 3.2. However, a more explicit characterisation is
also available here: ¢ € Sp (respectively ¢ € Sy) if and only if ¢(t,x) = f(t—z)+g(t+2x)
with the ‘right mover’ f belonging to C§°(R) and the ‘left mover’, g(v), being equal to
zero for all v < 0, and to — f(—1/v) for all v > 0 (respectively the ‘left mover’ g belonging
to C§°(R) and the ‘right mover’, f(u), being equal to zero for all u > 0, and to —g(—1/u)
for all u < 0). Thus, solutions in Sp (respectively S4) are uniquely determined by their
restriction to Hp (respectively H 4). And indeed, the initial value problem is well-posed
on Cauchy surfaces which include portions of Hp (respectively H ), for data supported
on those portions. For any pair ¢1, ¢ of Sp-solutions (respectively S4-solutions), the
second (respectively first) summand on the right-hand side of Equation (3.9) (respec-
tively Equation (3.10)) vanishes, and thus o(¢1,¢2) can be interpreted as twice the
integral along Hp (respectively H ) of ¢10,¢2 (respectively ¢10,¢p2). Moreover, let
(Sm, om) denote the symplectic vector space of spatially compact, smooth, real-valued
solutions to the massless wave equation on (R2,7), and let Simey and Spmoy denote
the vector subspaces of Sy consisting of right-moving and left moving (respectively)
solutions. Then, as is well known (or easy to show), (Srmov,om) and (Simov, om)'® are
symplectic vector spaces in their own right and one has the following important result,

whose proof is immediate.

Proposition 3.4.1. The map T : Sp — Simov, defined by sending ¢ € Sp to the
unique Minkowski-space right-moving solution with the same data as ¢ on Hp, is a
presymplectic isomorphism between (Sg, o) and (Sy-mov,om). Thus in particular (Sg, o)
is a symplectic space and the map is a symplectic isomorphism. (And similarly, with B

replaced by A and r-mov replaced by 1-mov.)

¥ Throughout the text we adopt the convention that, if (S, o) is a symplectic vector space and T is a
vector subspace of S, then the presymplectic vector space (T, 0|, 1) is written simply as (T, 0).
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We can now also define a proper linear subspace Sy of S by Sy :== S4+4Sp, and subspaces
Sf, Sﬁ C Sa, Sg, Sg C Sp just as explained in Section 3.2, that is e.g.

i/ = {6 € sa | supp(oln,) c 1Y}

with ’Hﬁ and Hf} the ‘left’ and ‘right’ portions of the A-horizon, i.e. ’Hﬁ = Ha N
{(t,x) | < 0} and HE = HaN{(t,z) | > 0} (and similarly with Sé/R and ”Hé/R).
It is clear that (S4,0), (SB,0), (Sj/R,U), (Sg/R,O') are all symplectic spaces (indeed,
for (Sa,0), (Sp,0o) this was already established in Proposition 3.4.1). It is also clear
that Tg restricts to a symplectic isomorphism between (S]g/ R, o) and (Sﬁ{nﬁv, om ), where
(SrL_I/nI?)V, oy ) is the symplectic subspace of (Symov, om) consisting of purely right-moving
solutions in Sy whose data on Hp is supported strictly to the left/right of the origin

(and similarly, with B replaced by A and r-mov replaced by l-mov).

We wish next to show that the presymplectic space (Sp, o) is also actually a symplectic
space.!? In fact we will prove a stronger result. Note first that the formula on the
right-hand side of Equation (3.2) is still well-defined and antisymmetric when only one
of the solutions is spatially compact, and Equations (3.9)—(3.10) are still valid in that
case.

Proposition 3.4.2. Suppose ¢ is any (not necessarily spatially compact) smooth solution
to (3.8) on M which is symplectically orthogonal to both S4 and Sp, i.e. o(da,p) =0 =
o(pp,®) for all 4 € Sa and ¢p € Sp. Then ¢ = 0.

Proof. Let f, g be smooth functions such that ¢(t,x) = f(t —x) + g(t + x). Solutions in
Sp have the form ¢p(t,z) = h(t — z) + k(t + «) where h is any function in C§°(R) and
k(v) = —9(v)h(—1/v). Therefore, if ¢ is symplectically orthogonal to Sp then Equation
(3.9) implies that

+o0
/_ h(u) £ (1) du = 0

for all h € C§°(R). This implies that f’ is identically zero and thus that f equals a
constant. A similar argument shows that g equals a constant. Thus ¢ is also constant.

But then it must be zero since it is assumed to vanish on 9M. O

As already anticipated in the Introduction, two further important observations for the
purposes of this thesis are that, with the above definitions and using Equations (3.9)—
(3.10), it is clearly the case that

19While we were proving Proposition 3.4.2 we noticed that there seems to be a gap in the arguments
on a corresponding issue in [KW91]: While it was clear that the (Sa,0) and (Sp, o) of that paper are
symplectic spaces (and the same is also true for the spaces called (gA,&) and (S’B,&)7 as we show in
Chapter 4) it was also tacitly assumed that (with our fiction) the space called (So, o) and (without our
fiction) the space called (S'o, &) are symplectic spaces. However this was never established there. The
entirety of Chapter 4 is dedicated to tackling this problem and describing possible ways of filling the
gap in some cases of physical interest.
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. St =Sk,

. Sé is symplectically orthogonal to S4. Similarly, Sf; is symplectically orthogonal
to Sp.

As final ‘classical’ ingredients necessary to formulate and then to prove our no-go result
in the remainder of this section, we need to construct retarded/advanced Green operators
E* appropriate to our Cauchy-Dirichlet problem on M, as discussed in Section 3.3.2.
Namely, E* should be such that, for all F' € C§°(Int M),

OE*F = E*OF = F, (3.11)
E*Fly, =0, (3.12)
supp(E*F) C J*(supp F). (3.13)

The resulting causal propagator E = E~ — E™ : C§°(Int M) — C°°(M) will then clearly
map to S.

We will now argue that E* with the above properties can indeed be constructed. In
what follows, for each p € M we denote by m4(p) [resp. m_(p)] the set of all future
[resp. past] endpoints on OM of (smoothly) inextendible null geodesics passing through
p. Equivalently, m4(p) is the intersection between OM and the topological boundary
(in M) of J*(p) = J=({p}). In particular, m4(p) is either empty or a singleton, and
m4+(p) = {p} if p € OM. See Figure 3.4.

It is well-known and easy to verify that the unique advanced and retarded Green opera-
tors for the scalar wave equation in full (1+1)-dimensional Minkowski spacetime, which

we denote by El\jfﬂ, are given by

1
[EEF](p) = - / Fdp,,
2 JiEw)

where p € R%, F € C§°(R?), Jii(p) is the causal past/future of p in the full Minkowski
space, and dy,, denotes the metric volume element. Consequently, the causal propagator

Fjyy is given by

ki) = ;{ /Jﬁ(p) - /JM(p) }Fdﬂn - ;{ /V(p) - /U(p) }Fdﬂn (344

where we have defined the sets V(p) := {p’ : v(p/) > v(p)}, U(p) := {0’ : u(p) < u(p)},
with u and v the global null coordinates defined above. The first term in the rightmost
expression is a function of the v-coordinate of p only, while the second is a function of
the u-coordinate only. Thus one retrieves the expression of the solution as a sum of a

left mover and a right mover, which we denote by gny(v) and fyr(u) respectively.
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SN\

FIGURE 3.4: Tllustration of the definition of the retarded propagator E* given in
Theorem 3.4.4. Integrating one half times the source F' over the shaded region gives
[ETF](p). The definition of E~ can, of course, be illustrated similarly.

We next make a definition before finally being able to state the result on existence of

advanced and retarded Green operators in the presence of our mirror.

Definition 3.4.3. For any open subset X C R?, we denote the space of compactly sup-
ported smooth functions on X with vanishing integral with respect to the Minkowski

metric measure by Cg5(X). That is,
CE9(X) 1= {F € Coo(X) ‘ / Fdu, = o}.
b's

Note that in what follows we will sometimes identify test functions defined on an open
subset X with test functions on the whole of Minkowski space (by extending them to
be zero outside of X). It is easy to see from Equation (3.14) that, in the full Minkowski
space theory, Ey[C5S(IR?)] consists of all solutions (to the massless wave equation) of
the form f(t — ) + g(t + ) with f,g € C3°(R). That is, defining the subspaces S4 m,
Spm and Som := Sam+ Spm of Sm, in a manner analogous to the way we defined Sy,
Sp and Sop = S4 + Sp, one has Som = EM[C’SS(RQ)].
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Theorem 3.4.4. The linear operators E* : C§°(Int M) — C°°(M) defined, for all F' €
Ce(Int M) and p € M, by

1
[EiF](p)=2{/ - }qun
J¥(p) JF(mx(p))
1

— (B -5 [ P, (315)
JF(m=(p))

(see Figure 3.4) satisfy Equations (3.11)-(3.13). Furthermore, Sy = E[Cg§(Int M)].
Remark. The second summand on the right-hand side of Equation (3.15) equals zero
(for any test function) at any point p for which m+(p) = () [whereupon the integration
domain JT(m=(p)) is also empty]. When m+(p) consists of the point p, it equals
(B F ().

Proof. That each E*F is smooth is obvious since our test functions have compact sup-
port. The boundary condition, Equation (3.12), and the support property, Equation
(3.13), also hold trivially.

We now turn to the equations in (3.11), i.e. to the two-sided inverse property, on the
domain C§°(Int M), of E* with respect to the d’Alembert operator (). We carry out the
proof explicitly in the case of E; the arguments for E~ are analogous. In view of the
fact that the corresponding object EN'Z[ on full Minkowski space is already known to sat-
isfy the analogous two-sided inverse property for all test functions (and thus in particular
for those supported in Int M), we need to check that the operator DT = E* —EIQ,E, whose
action is defined by the second summand on the right-hand side of Equation (3.15), is
such that DTOF = 0 = OD™ F whenever F € C§°(Int M). Using the remark above and,
again, the left-inverse property for Ej, it is easy to see that the first of these identities
holds because any F' € C§°(Int M) vanishes on OM. To verify the second identity, we
first express DT F in terms of the null coordinates u and v. For any p € M, m_(p) is
empty if v(p) < 0, and contains only the point with null coordinates u— = —1/v(p) and
v— = v(p) if v(p) > 0. Therefore, one has

[DVF)(u,v) = —19(4”) / o F(/ o) du dv, (3.16)

where the tilde indicates that one is dealing with the coordinate expression of a function
in the (u,v) coordinate system, and ¥ denotes the Heaviside step function. The right-
hand side of Equation (3.16) is clearly annihilated by d/du, and thus in particular by
0 = 40%/0udv. This completes the proof of the right-inverse property for E+.

In order to prove the second statement in the theorem, we first point out that it is

straightforward to check that, for any F' € C5°(Int M),

[EF)(u,v) = fua(w) + gua(v) — 9(—w)gua(—1/u) = 9(v) fa(—1/v), (3.17)
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where fyr and gy denote the right- and left-moving parts of EyF' obtained in the manner

described in the discussion under Equation (3.14). That is,

fu(u) = 1 F(u/, ") du'dv' and gy(v) = 1/ F(u',v)du' dv'.  (3.18)
4 Jw<u 4 J >y

Since fy and gy have compact support when F € Cg5(Int M), it follows that
E[C55(Int M)] € Sp. To prove the reverse inclusion, it clearly suffices to show that
Sa and Sp are individually contained in E[Cgg(Int M)]. We give the argument for Sp,
the one for S4 being entirely analogous. If ¢ € Sp then ¢(u,v) = h(u) + k(v) where
h € C°(R) and k(v) = —9(v)h(—1/v). In view of Equation (3.17), it therefore suffices
to find an F' € C§(Int M) such that fiy and gy in Equation (3.18) equal h and 0 re-
spectively (i.e. F' needs to integrate to zero, be supported in Int M and generate the
pure right-mover — in the full Minkowski space theory — described by h). This can be
done as follows: Pick any x € C§°(R) with the properties that supp xy C (—o0,0) and
Jg X() dz = 1. Then, the function F' defined by

F(u,v) = —4h'(u)x(v) (3.19)

clearly fulfills the required properties. O

To make contact with the general discussion in Section 3.3.2, we remark that we have
not proved that E : C3°(Int M) — C°°(M) is onto S. Indeed, as pointed out there,
we don’t expect this to be the case. Nor, as also anticipated there, is the kernel of the
causal propagator constructed in Theorem 3.4.4 equal to O[C§°(Int M)], as one can see
from Equation (3.17). Indeed, one need only pick a test function F' € C§°(Int M) which,
on the entire Minkowski space, would propagate to a non-zero solution with right- and
left-moving parts fyr and gy respectively (obtained again in the manner described in
the discussion under Equation (3.14)), which are such that fy(u) = 9(—u)gm(—1/u)
and gy (v) = 9(v) fm(—1/v) for all u,v € R. Then EF = 0 but F cannot equal (G for
any G € C§°(Int M) since EyF # 0 in full Minkowski space. See Figure 3.5. In Section
5.2.1, we will tackle the general problem of deriving exact sequences analogous to (2.27)
for hyperbolic boundary-value problems. Those results suggest that to obtain an exact
sequence one should seek enlargements of the advanced and retarded Green operators
to include test functions which do not necessarily vanish at the boundary of M, and
also seek smooth functions with the properties enjoyed by xy_ and yx_ in the statement
of Theorem 5.2.3. While we believe this to be possible (see the discussion following the

proof of Theorem 5.2.3), we will not pursue it in detail in this section.

As another side remark, we note that, equipped with the above results, one can straight-

forwardly imitate an argument which is standard in the globally hyperbolic setup (see
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N " supp Fy

FIGURE 3.5: Illustration of the failure of ker E to be equal to O[C5°(Int M)]. The F
in the discussion in the main text (which in this illustration has disconnected support)
is to be identified with Fy; — F». Then EFF = 0 but F cannot equal G for any
G € C§°(Int M) since EyF # 0 in full Minkowski space.

e.g. [BGP07, Lemma 3.2.2]) to show that, for any F' € C§°(Int M) and ¢ € S,

/ Fodu, = o(EF, ). (3.20)
M

Equation (3.20) provides the alternative way, promised above, to show the non-
degeneracy of . Indeed, for any given ¢ € S it is clearly possible to find a test function
F € C§°(Int M), not in the kernel of E (i.e. not generating the zero solution) and such
that [, F¢du, # 0 — any F which is everywhere non-zero and is sufficiently localised

around a point where ¢ attains a non-zero value will do.

We conclude this section by briefly discussing the action of Lorentz boost isometries on
elements of S. The one-parameter group (8;)rcr of Lorentz-boost isometries yields a
one-parameter abelian group of linear symplectomorphisms 7; : S — S via pullback by
the inverse maps, i.e. ;¢ = ¢ o f_.. Explicitly, if ¢(t,x) = f(t — z) + g(t + x) then
[Z6](t,2) = fo(t — @) + go(t + ) where f,(u) = f(e"u) and g;(v) = gle70).

3.4.2 The infra-red pathology and the Hadamard notion

We now wish to discuss the prospects for identifying an appropriate framework for the
quantization of the massless field on (M, n). We first recall some of the issues arising in

the quantization of massless fields in full (141)-dimensional Minkowski spacetime.
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As we mentioned in the Introduction and in Section 3.2, in attempting to define a ground
state representation there, one is faced with an infra-red pathology which has been
extensively discussed in the literature, starting from the foundational work in [Sch63]
and in [Wig67, pp. 204-215] (further aspects were discussed in e.g. [SW70, Kay85, FR87,
DMO06]). To recall the issue: One might attempt to define the quantum field as a genuine
operator-valued distribution?® by proceeding in the usual way involving creation and
annihilation operators on the standard bosonic Fock space .F = @5, L?(R)®". One
would then demand that the Fock vacuum vector €2 belong to a common invariant (and
dense) domain for all thus defined field operators. However, in general the resulting
one-particle vectors (ﬁ(F )2 — generated by acting on the vacuum with the candidate
quantum field smeared with an arbitrary test function F' on spacetime — might not be
square integrable. In fact, if F/(k) is the Fourier transform, (1/v/27) Jg2 F(z)e~ e d%x
of F, the vacuum belongs to the domain of ¢(F) if and only if F(0) = 0. This problem

starkly manifests itself at the level of the tentative ‘two-point function’, which is formally

<Q

Indeed, the above clearly diverges (logarithmically) unless one of F(0) or G(0) equals

given by . 1
~ ~ — ~ _ ~ _ p
PG = [ il ~p)G(-lplp) !

oo Pl

(3.21)

zZero.

Thus the usual quantization procedure fails to produce, via Equation (3.21), a bidistri-
bution, A, on R? representing two-point correlators, because one can’t allow for generic
test functions. If, however, one restricts to smearings with elements of the linear sub-
space C§5(R?) of Definition 3.4.3, then both this ‘two-point functional’ exists and (by
construction via creation and annihilation operators) satisfies the positivity properties
A(F,F) >0, BEy(F,G)? < 4A(F, F)A(G, G)* required for a probabilistic interpretation.

In the Weyl-algebraic approach to quantization which we adopt in this thesis (see Ap-
pendix A), what is problematic is the attempt to define a ground state with respect to
time translations on the Weyl algebra o/ = # (Sy, om) generated by the symplectic
space (Sy, on) defined in Section 3.4.1. But we observe that, if we restrict to the Weyl
subalgebra % v = # (Som = Em[CSS(R?)], o) then there s an unproblematic ground
state with respect to time translations, namely the state whose spacetime smeared two-
point function is precisely the ‘two-point functional’ of the previous paragraph. In
Section 3.4.3 we will refer to this state on 2%y — which, we remark in passing, is a

quasi-free state — as wy, and to its symplectically smeared two-point function as Ay;. In

20Tt is irrelevant to this discussion whether the quantum field is to be smeared with test functions in
C§°(R?) or, say, test functions in Schwartz space .(R* R). But we will work with the former space
because it’s technically more appropriate for our needs in this section.

21f we let Z0(R?) denote the complexification of C§5(R?) then these positivity conditions can be
succinctly expressed as AC(F,F) > 0V F € Zy(R?), where A® denotes the extension by complex
bilinearity of A to a bilinear form on Z(R?).
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view of this, from now on we adopt the view (essentially what in [FR87] is termed the
‘liberal” approach to dealing with the infra-red pathology) that our ‘physical algebra’ is
this Weyl subalgebra 2%y and ‘physical states’ are to be sought amongst positive linear

functionals on %% .

A price to pay for working in this framework is that the spacetime smeared two-point
functions of our thus-defined physical states are only defined as bilinear functionals
C5S(R?) x CS8(R?) — C, and therefore do not define true bidistributions on R%. As a
result, what one might mean by a globally (or even locally!) ‘Hadamard’ state becomes
problematic. We propose to overcome this by declaring that a state on 2% m be called
globally Hadamard if its spacetime smeared two-point function A : C§S(R?) x C§5 (R?) —
C (exists and) admits an extension A®* : C§°(R?) x C§°(R?) — C which is globally
Hadamard (on R?). Note that this extension need not satisfy any positivity property
beyond positivity (in the above sense) when restricted to smearings in C§S(R?). The
(14-1)-dimensional version of the global Hadamard condition for bidistributions was writ-
ten down in [Mor03] (along with versions appropriate to all other spacetime dimensions).
For a massless theory in any globally hyperbolic open subset O of (1+1)-dimensional

Minkowski space, it simply amounts to the following.

Definition 3.4.5 (Global Hadamard condition on O, massless case). A bidistribution A on
O satisfies the global Hadamard condition if there exists a Cauchy surface € for (O, n),
a causal normal neighbourhood N/ C O of €, a ‘smoothing function’ y € C°(N xN), a
global temporal function 7 on O increasing towards the future,?? and a smooth function
Hyr on N x N such that, for all F,G € C5°(N),

MEG) =t [ (—X<j7;y> n 2D | y>) F(2)G(y) dpin() dpin(y):

In the above, for all € > 0,

ser(2,y) = s(a,y) — 2ie(T(z) - T(y)) - €7,

with s(x,%) = (z —%)? and the branch-cut of the logarithm chosen to lie on the negative
real axis. Finally, A is a length scale introduced for dimensional reasons, but clearly the

property being defined does not depend on it.

Clearly, the ground state on the physical algebra <% is a globally Hadamard state
in this sense. To prepare the ground for our discussion on the case of the spacetime
(M,n) we're interested in, where the Lorentz boosts are the only continuous isometries,
we notice that actually more is true about this state on % n, namely that one can find

an extension of its spacetime smeared two-point function which, on its larger domain

22We refer to [KW91, Rad96] for complete definitions of A, x and T.
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C§°(R?) x C§°(R?), is still boost-invariant, a weak bisolution of the wave equation, and

satisfies the canonical commutation relations. Indeed, Ay defined by

Aw(F,G) = —4i lim [ log[—(z — y)* +ie(z” — y°)|F(2)G(y) dpn(x) duy(y) (3.22)

T e—0t

gives such an extension (and so does ‘Ay(z,y) + ¢ for any ¢ € C). It can be seen
that, indeed, no such extension can satisfy the necessary positivity conditions for all

test functions.

The arguments we made above in favour of taking the ‘physical algebra’ to be @ m
privileged the role of the usual Minkowski ground state (i.e. the Poincaré invariant vac-
uum). One might nevertheless still want to explore what could be said about (globally)
Hadamard states on the ‘full’ Weyl algebra <. Within the (technically inequivalent) ap-
proach to quantization based on the ‘full’ Borchers—Uhlmann algebra, Schubert [Sch13]
has recently shown that there are no time-translation—invariant Hadamard states; it
seems reasonable to expect that a similar result will hold within our Weyl-algebra frame-
work. And, as we prove in Appendix B, there is no C? state on .24 which is globally
Hadamard and boost-invariant, either. This is another reason to take the view that the

‘physical algebra’ is 2 m.

3.4.3 The non-existence theorem

Having carefully set up the classical theory for massless fields on our one-mirror space-
time (M, n), and having clarified our perspective on both the appropriate strategy to
deal with spacetimes with boundaries (in Section 3.3.2), and the status of the infra-
red pathology for massless fields on full (141)-dimensional Minkowski spacetime, we
now turn to the theory obtained by quantizing the classical system analysed in Section
3.4.1. For this theory, we are now in a position to rigorously define an appropriate
class of quantum states for which we are able to prove a non-existence theorem (Theo-
rem 3.4.7) which, arguably (see however Footnote 24) is analogous to the non-existence
result which we conjecture for Kruskal. Namely, the class of ‘strongly boost-invariant
globally-Hadamard’ states of Definition 3.4.6 below. Indeed, we will show that once our
definitions are in place, the strategy outlined in Section 3.2 becomes a rigorous proof of

this theorem once Equation (3.4) is established.

In the previous section we have argued that the ‘physical algebra’ for massless fields on
full (1+1)-dimensional Minkowski space is the Weyl subalgebra .o v of .4 generated
by Minkowski-space solutions in Sp . Similarly, here we regard the ‘physical algebra’

for massless fields on (M, n), satisfying Dirichlet boundary conditions on 9M, to be not
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of = W (S,0), but rather its subalgebra o7 = #'(Sp,0) generated by solutions in Sy
[cf. Section 3.4.1 for definitions of the symplectic vector spaces (S, o) and (Sp,0)].

Definition 3.4.6. A strongly boost-invariant globally-Hadamard state on <7 is a boost-
invariant state on 2 whose spacetime smeared two-point function A exists and admits
an extension A®** to a bidistribution on Int M which is (i) globally Hadamard in the
sense of Definition 3.3.1, (ii) boost-invariant and (iii) a weak bisolution of the wave

equation.?3

We remark that one could contemplate replacing the word ‘global’ in this definition
by the word ‘local’ and thereby define a notion of ‘strongly boost-invariant locally-
Hadamard’. However, in view of the fact that no assumption of positivity is made for
the extension of the spacetime smeared two-point function, the local-to-global theorem
of Radzikowski [RV96, Rad92] will presumably not be available to conclude that the two
notions are equivalent and it is not clear whether we would be able to prove that there

is no state satisfying the local version of the definition.

We point out that, with Int M replaced by R? and o7 replaced by /M in the above
definition, there obviously is a strongly boost-invariant globally-Hadamard state on
@lym — namely wy as we in fact pointed out at the end of the previous section. And
most importantly, with the obvious replacements, in the case with two mirrors (see the
Introduction) there is a strongly boost-invariant globally-Hadamard state, namely the
‘Hartle-Hawking-Israel-like state’ constructed in [Kay15] with two-point function given

by Equation (5) in that paper — as one may verify by inspection of that formula.

In contrast, however. ..

Theorem 3.4.7. There is no strongly boost-invariant globally-Hadamard state on ofy.%*

We first record and prove a preliminary lemma.

Lemma 3.4.8. For any two solutions ¢1,¢2 in Sp one can find a causally convexr and
globally hyperbolic open subregion O of Int M, a pair of test functions Fy, Fy € C§5(O)

and a Cauchy surface € for O containing a portion of Hp, such that

e the Cauchy data for ¢1 and ¢a on € vanish outside € N Hp;

231t is not assumed that this extension still satisfies the canonical commutation relations for all test
functions, i.e. that A*(F,G) — A®"(G,F) = iE(F,G) for all F,G € C§°(Int M) [of course these are
satisfied for pairs of test functions belonging to the subspace Cgj (Int M)].

24This theorem of course implies that there are no boost-invariant states on the ‘full’ Weyl algebra
o/ with globally Hadamard spacetime smeared two-point function (in the sense of Definitions 3.3.1
and 3.4.5), since the restriction to % of any such state would obviously be a strongly boost-invariant
globally-Hadamard state on . However, it does not imply that there is no state on .4 which is
boost-invariant and whose spacetime smeared two-point (exists and) admits an extension to a globally
Hadamard bidistribution on Int M, i.e. one satisfying (i) but not (ii) and/or (iii) in Definition 3.4.6.
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Ficure 3.6: Illustration of the set O, Cauchy surface ¥ and test functions Fi, Fy
constructed in Lemma 3.4.8 and used in the proof of Theorem 3.4.7.

o [y and Fy have support in I,(Hp N O)NI,(€), EF| = ¢1 and EFy = ¢3 (here
IéE(S) denotes the chronological future/past of a subset S in O);

o EnFy is the full Minkowski space solution which is purely right-moving and with
restriction to Hp equal to ¢1ly,, i-e. EnFy = Tpp1 where T is the linear sym-

plectomorphism of Proposition 3.4.1 (and a similar statement with Fy <> Fy, and

P1 <> ¢2).

Moreover, O can be taken to be geodesically convex, and therefore a causal normal neigh-
bourhood of any of its Cauchy surfaces. All the above holds equally with Hp <> Ha and
T <+ Ty.

Proof. Since ¢; € Sp (i = 1,2), there exists a unique function f; € C§°(R) such that
bi(u,v) = fi(u) —9() fi(—=1/v) ¥ u,v. Pick um < 0 with supp fi Usupp fo C (um, +00).
Then O = {(t,z) | u(t,x) > um, v(t,x) < —1/um} is clearly a causally and geodesically
convex, globally hyperbolic open subregion of Int M, and for |uy,| sufficiently large it
is clear that a Cauchy surface € for O can be found satisfying the requirements in the
statement of the Lemma, see Figure 3.6.

In order to prove the statements about Fj, F5 one proceeds just as in the proof of
Theorem 3.4.4 (cf. in particular Equations (3.17)—(3.18) and the discussion following
these), namely picking any x € C§°(R) such that supp x C (—00,0) and [ x(z)dz = 1,
and then defining Fj(u,v) = —4x(v) f'(u).2° O

*Note that, defining 1(s) = [*__ x(s')ds’ and & (t,z) = —(v(t, z))p:(t, x), this amounts to setting
F = D&
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Proof of Theorem 3.4.7. As already outlined in the Introduction and in Section 3.2, one
need only prove that there are no quasi-free strongly boost-invariant globally-Hadamard
states. Thus, suppose such a quasi-free state w exists with spacetime smeared two-point
function A : C§5(Int M) x C§5(Int M) — C, and let A" be an extension of A satisfying
(i), (ii) and (iii) in Definition 3.4.6. Let ¢1, ¢2 € Sp and pick a causally and geodesically
convex, open, globally hyperbolic subset O of Int M, a Cauchy surface € for O and a
pair of test functions Fy, Fy € C§5(0O), as in the statement and proof of Lemma 3.4.8.
Since A®™* is a globally Hadamard bidistribution on O, results on the propagation of the
global Hadamard form contained in [FSW78, KW91] guarantee that we are free to choose
N =0, x =1and T(t,z) = t as the causal normal neighbourhood, ‘smoothing function’
and ‘global time function’ in Definition 3.4.5. In terms of these, the global Hadamard
condition for A®* simply reduces to the existence of a function Hp € C®°(O x O) such
that

A (EG) - Mu(F.G) = [ Holwy)F@)G(@)duyla) dun(y) (329

Ox0O

for all F,G € C§°(O), where Ay is as defined in Equation (3.22). We remark that, since
At and Ay are both weak bisolutions of the wave equation, then Hp is a (smooth)
bisolution of the wave equation. Also, since both A®X! [cee(0)xcge(0) (by assumption) and
Am ez (0)xcge(0) are invariant under the (local) one-parameter group of Lorentz boosts
applied to the two copies of C°(O) simultaneously, it follows that Hp is annihilated
by the formal adjoint X* of the infinitesimal generator X = X; @& Xo = (210/0t1 +
t10/0x1) ® (x20/0ty + t20/0x2) (where, for i = 1,2, t; and x; are inertial coordinates
on the i-th copy of O). Since X* = —X, it follows that Hp is constant on the integral
curves of X on OxO. Together with global smoothness (and in particular smoothness at
the point (0,0;0,0)), this clearly implies that Hep is constant on the portion of Hp x Hp
contained within O x O.
Now recall that the test functions F} and Fy were chosen to both have support in
I5(HpNO)NI,H(E) (see again Figure 3.6). Let a € C*°(O) and F be any test function
supported in I, (). Then, proceeding similarly to Equations (B.12)-(B.13) in Appendix
B of [KW91], and noting that O = V*V,,

/aFd,u,]: / al duy,

© Io(?)
= / oOESF du,
15(%)
_ / (Do ELF dp, + / VoV ESF] dp,

1o(%) 1o(%)
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Q g

= / [Da]EéFd,unqL/na[a?aEgF] dpg

I5(%) “
= / [Oa)EYF duy — / na[a?aEF] dug, (3.24)
I5 (%) ¢

where Eé: denotes the retarded/advanced Green operator for [J on O, in the fourth step
Gauss’ law has been applied, and in the final step we used the fact that £~ F vanishes
on a neighbourhood of €, together with Equation (3.7).

Recalling the fact that Ho € C*°(O x O) is a bisolution of the wave equation, and
applying Equation (3.24) twice, with first « interpreted as [, Ho(:, z2)Fa(z2) dpy(22)
and F interpreted as Fp, and then with « interpreted as Hp(z1,-) for arbitrary fixed
x1 € O and F interpreted as Fy, yields

| Holar,aw)Fa(on) Falaz) diny(ar) g a2)
Ox0O

= / Ho(x1,22) V1N 261 (21) 80 () na (2105 (w2) dptg (1) dpr (2)

ECXE
= 4/ VIV Ho (21, 32)]d1(21) d2(22) na (1) n0(22) dpgey, (1) d iz (22)
(s xHp)N(OXO)
= 0.

In the second step, we have used the fact that the Cauchy data for ¢; and ¢- are
supported in € N Hp and performed two integrations by parts. The final equality is
a consequence of the constancy of Hp on (Hp x Hp) N (O x O). This proves that
A(Fy, Fy) = Ay(FY, F2). In terms of the symplectically smeared two-point function Ay

of our state w, this means that

Xo(01, 02) = Am(EmFr, EvFy),

where we recall that Ay denotes the symplectically smeared two-point function of the
(1+1)-dimensional Minkowski vacuum state wy on <% v discussed in Section 3.4.2. But
since F; and Fy were chosen so that EyFy = Tp¢1 and EyFy = Tpeoo, and since

¢1, P2 € Sp are arbitrary, we conclude that in fact

X2 (01, 02) = Au(TBo1, Tpo2) (3.25)

for all ¢1,¢p2 € Sp. Next, let (K, 7) be the one-particle structure associated to w, and

let (K, #441) be the one-particle structure associated to wyy (see Proposition A.0.2 in



Quantum no-go results 131
Appendix A), then Equation (3.25) implies that

(K¢1 | K¢2) yp = (KmTpo1 | KmTB¢2) 5, (3.26)

(and similarly for ¢1,¢2 € S4 and Ty4). Now it is known (cf. pages 89-90 in [KW91])
that

(Ap) KmSrmov and KpypSimov are dense in complex-linear subspaces 7 moy and J4 mov

of 4y (respectively);

(Bm) KwuSE, oy + iKuSE

. R . .
r-mov + ZKMSI_ is dense in
%—mov-

mov

is dense in J&_nov and KMS’II_%

mov

But Equation (3.26) implies that the obvious corresponding properties, i.e. (A) and
(B) of Section 3.2, are inherited by (K,.#). In detail: define the complex Hilbert
spaces ¢, and % by 4 = KySrmov + i1KMSr-mov With the restriction of the inner
product in &y, and % = KSp + iKSp with the restriction of the inner product in
J; define also the real-linear subspaces M7 := KySy-mov € J4 and My := KSp C 5.

Then, clearly, M; + iM; is dense in 4 and My + iMs is dense in J%. We recall that

both K : Sy — 5 and Ky : Som — J%a are symplectic maps of real symplectic
vector spaces (the symplectic forms on the respective codomains being given by twice
the imaginary part of the inner product), and therefore are injective. It follows that

(Kwm [Spmov)_l : My — Simov exists, and that the map

m:M; — My definedby m=KoTgo (Kylg )7}

r—mov)

is real-linear and bijective. In addition, Equation (3.26) entails precisely that m pre-
serves inner products. By Lemma A.0.3, m then extends uniquely to a complex-linear
isomorphism, which we call Up, from J# to J%. That is, we have a unique Hilbert

space isomorphism

Up : KyviSr-mov + 1Ky Sr-mov — K S +i1KSp.

restricting to m : KySi-mov — K Sp. Therefore, any subset of the Hilbert space on the
right-hand side which corresponds, under Ug 1 to a dense subset of the Hilbert space
on the left-hand side, must itself be dense. Since Ugl(KSB) =m Y KSB) = KnMSr-mov

and we know [see (Apr) above] that KpSimov is dense in KnyiSymov + (KM Srmov, it

follows that K Sp is dense, i.e. we have proved property (A) of Section 3.2. The proof
with A <+ B, and the proof of property (B), are completely analogous.

The arguments leading to the final contradiction were already given in Section 3.2. [
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We remark that the connection between the above proof and the heuristic discussion in
Section 3.2 is made clearer if we note that, for any pair ¢1, ¢2 € Simov,
1 / fi(w1) fa(uz)
(

(Kmér | KM¢2>,;fM - €l_i>f(§l+ wr — Uy — i2)? duidus,

where ¢ (t,x) = fi(t—x) and ¢o(t,x) = fa(t — ) (see e.g. Observation 6.1 and Proposi-
tion 7.2 in [DK8T7]). Equivalently, fi, fo can be thought of geometrically as the restric-
tions of ¢1 and ¢y (respectively) to Hp.

3.5 Conclusions and future directions

In this chapter, we proved that there is no ‘strongly boost-invariant globally-Hadamard’
state — a notion which we have introduced in Definition 3.4.6 — for the massless wave
equation to the left of an eternally uniformly accelerating mirror (with vanishing bound-
ary conditions on the mirror) in 14+1 Minkowski spacetime. This, we argued, lends sup-
port to our conjecture that there is no isometry-invariant Hadamard state (in the sense
which we have introduced in Section 3.3.2) for the Klein-Gordon equation defined on
the region of Kruskal to the left of a surface of constant Schwarzschild radial coordinate

in the right wedge (with vanishing boundary conditions on that box).

As was already suggested by Kay in [Kayl5], the conjecture, if true, would suggest
that there may be fundamental difficulties in attempting to provide a semi-classical
description of a black hole confined to a spherical static box — a scenario which, as we
recalled in Chapter 1, is of basic importance in discussions of black hole thermodynamics
— by basing it on a portion of the Kruskal spacetime which includes the Killing horizons.
Indeed, the paper [Kayl5] pointed out a number of senses in which the right wedge
horizons become (both classically and quantum mechanically) unstable for the our 141
model system with an accelerating mirror, and argued for a similar problem for our
Klein—Gordon Kruskal system confined to a box. The tentative conclusion there was
that any semi-classical description in the right wedge must break down at the right-
wedge horizons — and it was suggested that it makes no sense to consider the spacetime

as continuing to have any existence beyond these horizons.

One possible way around such a conclusion might be if there were one or more non-
stationary Hadamard states on the region of Kruskal to the left of the box which are
nevertheless stationary when restricted to the region of the right wedge to the left of the
box. If this could be shown to also be impossible it would strengthen the above conclusion
further, whereas if it would turn out to be possible it would perhaps undermine it. But it

would still be strange if an equilibrium state of a black hole in a box were to be modelled
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mathematically by a state whose domain of definition includes the left wedge but which
is not stationary when restricted to that left wedge. It would obviously be of interest to
try to settle this question — or the obvious counterpart question for the wave equation

in 141 Minkowski space to the left of an eternally uniformly accelerating mirror.

Converting our arguments in favour of the Kruskal conjecture into a rigorous proof would
be of considerable interest and we now comment on the main challenges which lie ahead.
First, one would need to gain full control over the relevant PDE theory in the presence
of Dirichlet (and possibly of even more general) boundary conditions — this will be more
thoroughly discussed in Section 5.4. Then, the validity of Property (b) on p. 103 and
of its ‘symplectic translation’ on p. 110 would need to be rigorously assessed. Finally,
the ‘closure conjecture’ on p. 111 would also need to be more precisely formulated and

proved.

On a more technical level, it would be of interest to determine whether the notion of
‘strongly boost-invariant globally-Hadamard’ state can be relaxed while maintaining in-
tact the conclusion of Theorem 3.4.7, particularly by dropping either of the requirements

(ii) and (iii) in Definition 3.4.6 — see our comments in Footnote 24.

A topic which, although we have not highlighted this so far, is related to our investiga-
tions in this chapter, is that of deciding on a more stringent notion of what it might mean
for a state to be (globally) Hadamard in quantised systems with boundary conditions.
Definition 3.3.1 avoided dealing with the timelike boundary and did not prescribe how
exactly the singularities of the two-point function ought to behave upon reaching the
boundary. To find a Hadamard notion which, given a boundary condition, appropriately
includes such a prescription, is an interesting and open problem. An investigation into

this issue was recently initiated in [DF16].






Chapter 4

Filling a gap in [KW91]

4.1 Introducing the problem

This chapter is dedicated to precisely pointing out, and attempting to fill, a technical
gap in some of the arguments of the paper [KW91]. We should stress that, while it
was consideration of Theorem 3.4.2 which naturally led us to notice this gap (see also
the Author’s Declaration and Footnote 19), the discussion in this chapter is logically
separate from the rest of the thesis — although it may well be that the methods used
here will turn out to be useful in the attempt to rigorously prove our no-go conjecture

of Sections 3.1 and 3.2 for Kruskal-in-a-box.

Our work in Chapter 2 (see in particular Section 2.5.5) has demonstrated that the spaces
called S4 and Sp by Kay and Wald are quite large [indeed, as large as C§°(Ha) and
C3°(H ) respectively| and their elements do indeed have the properties claimed in that
paper. In particular, it follows that linear symplectic forms o4 and op may be defined
on S4 and on Sp (respectively), by using Equation (3.2) with & replaced by H 4 and
Hp respectively, cf. Equation (4.4) in [KW91]. Given this, one would also like for it to
be the case that Equation (3.2), with € an arbitrary smooth Cauchy surface, defines an
extension og of both o4 and op to the space Sy = S4 + Sp. This extension would be

bilinear and antisymmetric.

Assuming for a moment that this can be done, the gap to be filled in [KW91] is that
the authors of that paper do not prove that the a priori pre-symplectic space (Sy =
Sa+ Sp,00) is actually symplectic, i.e. it is not proven there that o (assumed defined
on Sp) is non-degenerate. This gap needs to be filled, in particular, since the proof of
Theorem 4.2 in [KW91] (which, we recall, establishes certain important uniqueness and
KMS properties) relied on the presumed non-degeneracy of oy on Sp, in the presence of

which Lemma 4.1 in the same paper could be applied to yield the desired results.

135
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As a matter of fact, Kay and Wald remarked, in the Note Added in Proof in [KW91] (cf.
the discussion in Section 3.2), that while (S4,04) and (Sp,op) are indeed, individually,
well-defined linear symplectic spaces, elements of Sy may not be regular enough for
the extension oy above to be easily definable by Equation (3.2). Indeed, we saw in
great detail in Section 2.5.4 of this thesis that, while the elements of S4 and of Sp
(respectively) are continuous, solve the Klein—-Gordon equation in a weak sense, and are
spatially compact, they are not guaranteed to be globally once differentiable as they
can exhibit jump discontinuities in their derivatives in directions transverse to H4 and
‘Hp (respectively). This creates awkwardness in defining og on Sy by integration over
Cauchy surfaces and, even more crucially, means that S4, Sp and Sy are not subspaces
of the space S of smooth spatially compact solutions. As explained in that Note Added
in Proof, the way to address this issue and its implications on the analysis in the main
body of [KW91] — which incorrectly assumed the inclusions S4,Sg,So C S — is to
embed (S, 0) into a ‘suitably larger’ linear symplectic space (5”, &), while simultaneously
restricting attention to better behaved, but ‘large’ enough, proper subspaces S A, Sp of

S and Sp (respectively) such that S4, Sp and Sy := Sa + Sp are contained in S.

In view of these observations, the gap that’s really to be filled is an analogous one to
the one mentioned above: Is (50,6) a symplectic subspace of (S’, )7 Actually, Kay
and Wald do not give explicit arguments that even (S4,8) and (Sp, ) are symplectic
(sub)spaces — but once all definitions are in place this is not difficult to establish and, in
Section 4.2, we will give a simple argument, which holds on the entire class of spacetimes

considered in [KW91], that (S4,6) and (Sp,d) are indeed symplectic.

Concerning the ramifications onto the (linear, spin-0) quantum theory considered in
[KW91], filling this gap in full generality would allow to complete the proof of a certain
modification of Theorem 4.2 given in the Note Added in Proof in [KW91]. As argued
there, this modified theorem retains the physical significance of the (mathematically
incorrect) original statement, while still allowing to carry out proofs of the (unchanged)
uniqueness and non-existence theorems which are among the main achievements of that
work (see p. 17 in this thesis). The modified theorem in question involves the ‘nat-
ural extension’ to the Weyl algebra (see Appendix A) o over (S,&), of a quasifree,
isometry-invariant Hadamard state on the Weyl algebra o/ over (S, ). Indeed, the ex-
istence of such a natural extension procedure is a requirement on any candidate choice

of symplectic extension of S, as we will illustrate in this chapter.

We will give two different lines of argument (the first of which applies to the mass-
less Klein—Gordon equation, the second to more general Klein-Gordon equations with
isometry-invariant potentials) each of which establishes that (5’0,&) is symplectic for

certain spacetimes with bifurcate Killing horizons, including the notable cases of the
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Minkowski and Kruskal spacetime. As explained in the next paragraph but one, both
lines of arguments rely in particular — but not only! — on the existence of isometry-
invariant Hadamard states for the Klein—Gordon field and spacetime under considera-

tion.

As we mentioned in the introduction to this thesis, and recalled two paragraphs above
the current one, it is argued in [KW91, Ch. 6] that, on the globally hyperbolic patches of
Schwarzschild—-de Sitter (with non-zero Schwarzschild mass) and of sub-extremal Kerr,
there can be no isometry-invariant Hadamard state. The non-existence arguments there
use the ‘modified Theorem 4.2’ mentioned above and thus assume that the relevant
(5’0,&) are symplectic spaces. The situation is curious: on the one hand, these non-
existence proofs have gaps because it was not shown that (5‘0, &) is symplectic in those
spacetimes; on the other hand, the two strategies known to us for establishing this rely on
the existence of precisely the kind of quantum states which we are trying (with [KW91])
to prove do not exist! It is of course still possible to repair the non-existence proofs
in [KW91], which were reductiones ad absurdum, under these circumstances: Assuming
instead that isometry-invariant Hadamard states did exist for those spacetimes, if their
existence can be shown to imply that (5’0, &) must be symplectic, then one would arrive
at the same contradictions as Kay and Wald did. For the Klein—Gordon equation on
both Kerr and of Schwarzschild—de Sitter (even allowing for isometry-invariant, but
sufficiently regular, potential terms in place of a constant m? term), we will succeed in

proving that the implication
A : “There exists an isometry-invariant Hadamard state” = B : “(Sp, &) is symplectic”

is true, and as just explained this leads to establishing that statement A is, in fact, false,
but we will not be able to establish the truth value of statement B. When we refer,
below, to ‘filling the gap’ in the case of Kerr and Schwarzschild—de Sitter, it needs to be

borne in mind that this is the sense we intend.

The common starting point for both lines of argument is that, as we will show in Theorem
4.2.5 in Section 4.2, if

(i) there exists an isometry-invariant Hadamard state on 7, and

(ii) the entire spacetime coincides with the ‘domain of C*~3-determinacy’ (with integer
k > 5) of the bifurcate Killing horizon H 4 U Hp (this notion will be introduced
in Definition 4.2.3),

then degenerate elements® of (Sp, &) are necessarily ‘zero modes’, i.e. are invariant under

the isometries. Once this is established, it immediately follows that (S’o, &) is symplectic

IThat is, elements whose pre-symplectic product with all other elements is zero.
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for all those choices of spacetime (with bifurcate Killing horizon) and of Klein—Gordon
operator such that (a) Conditions (i) and (ii) above are satisfied, and (b) there do not
exist non-zero isometry-invariant solutions in the resulting Sp.2 Notice that, as will also
be explained in Section 4.2, our definitions of the spaces S ., S, and Sp (and therefore
also 5'0) will be slightly different from (and, morally speaking, more general than) the
ones originally presented in the Note Added in Proof in [KW91].

Sections 4.3 and 4.4 will present our two different lines of argument which allow to
establish the absence of ‘zero modes’ in the cases of interest listed above. We remark
that (a) our methods actually allow to prove a stronger statement, namely the absence
of zero modes amongst solutions of sufficient regularity and not just amongst solutions
in Sp,® and that (b) since neither of our lines of argument will require that Conditions (i)
and (ii) hold, the ‘cases of interest’ include Schwarzschild—de Sitter and Kerr. However,
we have not succeeded in ascertaining whether or not there are zero modes in Sy in the

case of the de Sitter spacetime.

4.2 Preliminaries and the common starting point

We begin by reviewing the definitions of the ‘enlarged’ symplectic space (S’, &) and of its
subspaces S4,Sp C S. Actually, the definition of (g, &) given in [KW91] is not entirely
satisfactory: S is defined there to be the set of real-valued solutions to the Klein-Gordon
equation with 005 data on a Cauchy surface, ¥, which contains the entire bifurcation
surface . It seems not totally clear whether, in this definition, ¥ is a fixed Cauchy
surface, chosen once and for all, or whether it is allowed to depend on the solution.
FEither way there would appear to be serious difficulties: If the Cauchy surface is allowed
to depend on the solution, then there is no reason why S should be a vector space. If it
is assumed to be fixed once and for all, then at least all solutions in the resulting S are
C? on spacetime and have spatially compact support, so that a symplectic form & on S

can be defined in the obvious way — extending the symplectic form o on S. However — a

21f one were to adopt the fiction explained in Section 3.2 that S4, Sp and therefore So = Sa + SB
are subspaces of S then there is a simple (though of course false) argument showing that solutions ¢
in S which are symplectically orthogonal to the whole of Sy are isometry invariant — and therefore,
apparently, also that (So,o) is a symplectic space if there do not exist non-zero isometry-invariant
solutions in Sp. This argument does not need to appeal to the existence of any particular quantum
state, and therefore Condition (ii) above is not needed. Namely, as explained on page 91 of [KW91]
in the paragraph preceding Lemma 4.1, and under Condition (i) above, in a first step one easily shows
that such a ¢ must be constant on each null generator of each horizon (we note that, in that passage of
[KW91], it is stated erroneously that such a solution must be constant on each horizon, but presumably
what was intended is what we wrote above). Then, in virtue of the fact that the isometries map solutions
to solutions, and by the very definition of the domain of determinacy, one can conclude that the solution
will be isometry-invariant.

3The term ‘regularity’ is here used informally to indicate conditions on both the differentiability and
the asymptotic behaviour of the solution. We will not attempt to precisely identify ‘minimal’ regularity
assumptions which are sufficient for ruling out zero modes.
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statement to the contrary in [KW91, p. 133] notwithstanding — there is no reason why
the action of the isometries on (S, o) will extend to an action on (S, ). This is because
the pullback by the isometries of a solution in the thus defined S may fail to have C°
Cauchy data on the chosen Cauchy surface %.

In order to overcome these difficulties we now give what we consider to be an improved
definition for (S,4). It will also turn out that the resulting framework will allow us to
tackle the main problem dealt with in this chapter in a clean and precise fashion. We
begin by pointing out that the authors of [KW91] already suggested that an enlarged
symplectic space of solutions S could alternatively be defined by using Cauchy data on
% belonging to appropriate Sobolev spaces. In order to turn this idea into a rigorous
recipe we will draw upon constructions and results as presented in a recent paper [BW15]
by Bar and Wafo concerning the Cauchy and characteristic initial value problems for an
arbitrary second-order normally hyperbolic operator P acting on distributional sections
of a vector bundle over a globally hyperbolic spacetime. We refer to Section 2.4 of this
thesis for a review of the notion of normal hyperbolicity, and to Appendix C for a review

of Sobolev spaces on manifolds.

To wit, for any choice of foliation of the spacetime by smooth spacelike Cauchy surfaces,
Bar and Wafo define spaces of spatially compact solutions to the homogeneous ‘wave
equation’ which have ‘finite k-energy’ (k € R) along the foliation, and then show that
these spaces do not actually depend on the choice of foliation. More precisely, given a
choice of (smooth) Cauchy temporal function ¢ : M — R for the spacetime M, one can
first define, for each k € R, spaces C*(t(M), HF

loc

entiable sections of the bundle {Hﬁc(‘fs)}set(M), where H}

loc

(%)) of ¢-times continuously differ-
(65) is the space of locally
Sobolev sections of the restriction of the original vector bundle to the Cauchy surface
€s =t 1{s}. As explained in [BW15], these spaces can then be straightforwardly em-
bedded as subspaces of distributional sections of the original vector bundle over M. It is
(%)) which
correspond to distributional sections with spatially compact support on M; this way,
one obtains the spaces denoted by C¢.(t(M), H*(%,)) in [BW15]. The space of finite
k-energy sections (with respect to t) is then defined by

therefore legitimate to further restrict attention to elements of C*(+(M), HE

FE (1) = Cou(t(M), H*(%4)) N CL(t(M), H* (%))

(this is Definition 1 in [BW15], though we have suppressed some of the notation there).
The main result (which is Corollary 18 in [BW15]) for the purposes of the present chapter

is the fact that, for any two Cauchy temporal functions ¢,#',

FEX (1) Nker P = .ZE% (') Nker P (4.1)
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(having omitted an embedding into the space of distributional sections from both sides
in the interest of notational clarity). One can thus unambiguously speak of a space
FEX (ker P) of finite k-energy solutions of the ‘homogeneous wave equation’ for P —
with the property that .Z&% (ker P) = .Z&*% (t) Nker P for all Cauchy temporal functions
t. Topologizing .Z&" (ker P) in the manner discussed in Section 2.7.6 of [BW15], one
has that the spatially compact smooth solutions of Pu = 0 form a dense subset of
FE ];c(ker P). Furthermore, in a four-dimensional spacetime, by Corollary 20 in [BW15]
and the Sobolev embedding theorem, if N 3 k > 5 then .Z&%,(ker P) € CF=3(M) C
C?(M).

In view of the above (and returning to the specific framework of [KW91]) we give our
alternative definition of the space S as one of the spaces S¥ = .Z&* (ker P), with N 3
k > 5 to be determined later. It is then to be understood that, unless stated otherwise,
any statement involving ‘S*’ (and the later defined ‘S”jl’, ‘ ~g’ and ‘5'6“) in the remainder
of this chapter will hold for any choice of N 5 k > 5. In the next Proposition we prove
that the ‘obvious’ antisymmetric bilinear form & (which we refrain from denoting instead
by the more cumbersome ‘6*’) on Sk is indeed non-degenerate and thus a symplectic

form.4

Proposition 4.2.1. For any N 3 k > 5, the antisymmetric bilinear form o : S¥ x S — R
defined, for any smooth spacelike Cauchy surface € with future-directed unit normal

vector field v, by
3(6.0) = [ (0¥, v9,0)due (4.2

(where dugy denotes the volume density on € coming from the pullback of the metric g
to € ) is non-degenerate. That is, (Sk,c}) is a (real) symplectic vector space.

Proof. We will actually prove the stronger statement that, for any N > k > 5, every
¢ € S¥ such that 6(¢, ) = 0 for all ¢ in S = C°(M) Nker P C S*, must be identically
zero. Namely, suppose such a ¢ exists. Let ¢ be a smooth Cauchy temporal function
adapted to % in the sense that € is one of its level sets, say ¢ =t~ {7} for some 7 € R.

We recall the isomorphism of topological vector spaces
Sk~ HM%) @ HF (%) (4.3)

given by u — (uly, (V,u)ly) and proven as Corollary 14 in [BW15]. Under this isomor-
phism, the dense subspace S of S* is identified with the dense subspace CS°(€)®CS° (%)
of H¥(%¢) @ H¥1(%), and the form defined by Equation (4.2) can be written as

#(6.0) = [ (1 =pr) due (4.4)

4We remark that, presumably, a similar argument to the one we will make was implicitly assumed in
[KW91].
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where (f,p) and (f',p) are the images of ¢ and 1) (respectively) under the isomorphism
(4.3). In turn, we may (and will) view the right-hand side of Equation (4.4) as

(Fl1o)e =] )y (4.5)

where (- | )., denotes the standard inner product on LZ(%,duy) (though we could
equally well use, instead, the inner product on the corresponding L? space of real-valued
functions). The original assumption about ¢ corresponds to the assumption that the
object in (4.5) vanishes for all f’,p’ € C§°(%). Since the latter space is dense in
L4(%,dug), there exist sequences (f,), and (pn), which tend to —p and f in the L?
sense (respectively), and such that each f,, p, € C§°(%¢). Denoting by 1, the element
of S corresponding to the pair (fy,,pn), we have

6(hp,hn) =0 VneN

and at the same time

5(d.n) = {f | prde — (0 | fu)e — Iflle +lpl%  asn — oo

Together, these two facts clearly imply that f and p vanish identically, and therefore
that so does ¢. O

The ‘awkwardness’ mentioned above in naturally defining an action on S by the group
of isometries disappears when we use the thus defined Sk Indeed, this follows from
Equation (4.1) together with the fact that the composition of a Cauchy temporal func-
tion with an isometry preserving the time orientation yields another Cauchy temporal
function. Finally a quasi-free Hadamard state on the Weyl algebra <7 over (S, o) will
possess a natural quasi-free extension to the Weyl algebra % over (gk ,0) by the same

reasoning as in [KW91]. Namely, one has the following result.

Proposition 4.2.2. Let w be a quasi-free, globally’ Hadamard state on o/ = W (S, o).

5The reader might wonder why we insist on adding the word ‘global’ at this point, in view of
Radzikowski’s resolution of Kay’s conjecture. This is because Radzikowski’s local-to-global theorem
for Hadamard stated of the Klein-Gordon field, Theorem 9.2 in [RV96], resolves Kay’s conjecture when-
ever it is also known that the spacetime smeared two-point function of the state defines a continuous
(bi)distribution (the adjective ‘continuous’ here and elsewhere is perhaps a pleonasm when referred to
a (bi)distribution, but we keep it for emphasis). However, we are working in the original framework
of [KW91] where no such continuity assumption was made. We are at present unaware of any explicit
result in the literature proving that the two-point functions of a globally Hadamard state, with ‘globally
Hadamard’ taken in the strict sense of [KW91], always defines a continuous bidistribution. Equation
(4.6) in the main text suggests a strategy for arriving at such a result: Namely, the two-point function
of a globally Hadamard state is given by a composition

Co° (M) x Cg°(M) - S x 8 —C

where the first arrow is given by applying the causal propagator E to each slot and the second arrow
is defined by the right-hand side of Equation (4.6). By virtue of the Schwartz kernel theorem (see e.g.
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Let (K, ) be its associated one-particle structure. Then, for any sequence (¢n)n in S
which tends to ¢ € S* (for k > 5) in the latter’s topology, the sequence (K ¢y)n has a

limit which depends only on (]5 We denote the resulting map
SE s #, ¢ lim Ko,
n—oo

by K, so that the statement above is simply that K s sequentially continuous. Fi-
nally, (f(, H) is the one-particle structure associated to a quasi-free state & on k=
W (S*,6), which (following [KW91]) we call the natural extension of w from < to o/*.

Proof. (Sketch) It was proved in [BW15] (Corollary 20) that there is a continuous em-
bedding
Sk — HE (M)

into the Fréchet space of locally Sobolev functions on M. Therefore, any sequence
(én)n in S which tends to ® € S* in the topology of S* does so also in the topology
of Hf (M). Using the isomorphism (4.3) for any smooth spacelike Cauchy surface ¢,
and since the spaces Hg(%) are defined as strict inductive limits of spaces of Sobolev
functions supported in compact sets of %, it follows® that the Cauchy data for the ¢,
have support contained in a common compact set K C € and therefore, by finite speed
of propagation for the Cauchy problem, that supp ¢, C J(K) for all n. Therefore, the

intersections

supp(¢n) V61 and  supp(¢n) N 62

are all contained in compact sets K1, Ko of ¥ and %> respectively. We now pick two
relatively compact open neighbourhoods A;, Az (in M) of K; and Ky (respectively),

and two smooth, compactly supported bump functions x1, x2 with 1 = 1 on A4; and

Theorem 5.2 in [H6r90a]), the two-point function (i.e, this composition) is representable by a (unique)
continuous bidistribution if and only if it is a separately continuous bilinear form. In turn (see e.g.
Theorem 2.1.4 in [Hor90a]), one need only check sequential continuity at zero of the maps given, for
fixed ¢ € S, by the composition

Co°(M)> F — (EF,$) — (KEF | K¢) ,, € C

(notice that by the canonical commutation relations one does not need to also check continuity ‘in the
other slot’). By Definition 3.4.6 and Proposition 3.4.8 in [BGP07], if a sequence (F,), of test functions
converges to zero in the standard topology of C§° (M), then the sequence (EF,), converges to the zero
function in the standard Frechét space topology of C°°(M) and there exists a compact set K C M such
that each supp(EF,) C J(K). Thus if one can prove that, for any compact set K and sequence (¢n)n in
Cse (M) such that supp(en) C J(K) and (on)n — 0 in C*° (M), the right-hand side of Equation (4.6),
with ¢, instead of ¢1, tends to zero for any ¢2 € S, then indeed one has the result that there are no
globally Hadamard distributions in the Kay—Wald sense which do not define continuous bidistributions.
However, we shall not attempt to turn this strategy into a rigorous proof in this thesis.

SIf X is the strict inductive limit of an sequence of spaces {X,} with X,, closed in X, 11 for each n,
then a sequence (z;)i;eny C X converges in X if and only there is an n so that (2;)ien C X and (z;)ien
converges in X,



Filling a gap in [KW91] 143
X2 = 1 on As. Then the convergence of (¢n), in HE (M) implies that, for i = 1,2,

(Xi®n)n = xi¢ in H*(supp(x;)).

By using a doubling procedure as described for instance in Section 2.6.2 of [BW15] (or
otherwise), one can satisfy the hypotheses of (a version of) the Sobolev embedding theo-
rem. Indeed, the doubling produces a compact Riemannian manifold without boundary
M; = (M;, e;) and a continuous embedding of H*(supp(x;)) into the standard Sobolev
space H*(.#;). Since we work in four spacetime dimensions and we are taking k > 5,
it follows that the sequence (x;¢n)n converges in the Banach space C?(.#;). Thus in
particular ¢, and its derivatives up to order 2 converge uniformly — to dg and its corre-

sponding derivatives — on the compact sets K1 C %1 and K5 C %5.

The remainder of this proof (which will be more sketchy) is borrowed from [KW91], cf.
the last full paragraph in p. 133 there. Namely, as it was proved there (see p. 85 in
[KW91)), for w, K, .7 as in the statement of the Theorem,

(K1 | K)o = €l_i>r(1]1+ s AL (a1, 962)?1(1?21@1 (z1)p2(2) dS§ dSS (4.6)
where ¢1, ¢po € S, €1, > are smooth spacelike Cauchy surfaces one of which lies entirely
in the chronological future of the other, and the kernel A" (zy,z5) (with T a time
function and n € N) is defined on a causal normal neighbourhood .4 of %) such that
%> C N. By an integration by parts argument presented in the first full paragraph under
Equation (B.11) in [KW91], the right-hand side of Equation (4.6) can be rewritten as an
integral over 61 x %5 of a sum of terms each involving a product of a locally integrable
function of 1 and x9 times ¢; and ¢o or their derivatives of order at most 2. By using
ém — ¢n instead of ¢1 and ¢o, we see that the fact that (¢y,), is Cauchy in C2 norm, as

proved above, readily implies that

1K (6m — 80P < C llém — dullcaiieyy l16m — Snlloziy) (4.7)

for some C' > 0. Therefore, (K ¢y,), is Cauchy and thus has a limit in .77, as we wished
to prove. Independence of the limit from the choice of sequence (¢,,), is easily seen by
consideration of the fact that if (), is another sequence which tends to ¢ then, if K
and K/ are the compact sets of 1 and %2 corresponding to K7 and K» above, then we
have ||¢, — ¢’nHCQ(KiuKZ{) — 0 as n — oo for i = 1,2, which by a similar inequality to
(4.7) shows that K (¢, — ¢),) — 0 as n — oo.

It is a very easy verification that (K , ) satisfies the requirements of a one-particle

structure over (5% 4). Finally, the natural extension & is defined by &[W (@) =
exp (=3[ KJlI%). =
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Just as in [KW91], in the case of a Klein-Gordon equation with isometry-invariant
potential, spaces of solutions Sff‘ and 5% can now be defined in such a way that they are
at the same time ‘large’ subspaces of S4 and Sp (respectively) and suitable subspaces of
Sk. Notice that our §3 and S% coincide with the S4 and Sp in [KW91] (respectively).
The key observation is that any function in S4 whose restriction to the A-horizon is of
the form 0% (U*q)/OU*, for some compactly supported and smooth function g on the
A-horizon, has C’(I)’C data on any Cauchy surface % containing the bifurcation surface. A
similar statement (with U replaced by V') holds for functions in Sp. Denoting the linear
spaces of such solutions by 5’2 and gg, this means that, for £ > 5, gﬁ,gg c SF as
desired. We also let gg = 5’551 + S’g

To show that the restriction of & to S’ffl is non-degenerate, recall that any solution in
S'ffl is smooth and of compact support when restricted to the A-horizon. Suppose ¢ is
a degenerate element in (S’ﬁ,&), i.e. suppose that (¢, 9) = 0 for all ¥ € 5'1’2 Denote
by f the restriction of ¢ to the A-horizon. Starting from Equation (4.4) in [KW91] and
integrating by parts k 4+ 1 times one readily sees that U¥ % = 0. Therefore, since
f is smooth, % = 0 everywhere on the horizon. So f is a polynomial of degree at
most k in the affine parameter U, whose coefficients are (compactly supported, smooth)
functions of the coordinates on the bifurcation surface. But no such polynomial can
have compact support on the A-horizon unless it’s zero. Thus there are no non-zero
degenerate elements and (5’ ffl, ) is a symplectic space. (5' k. ) is also a symplectic space

by a similar argument.

We now turn to what we already called the ‘common starting point’ for both our strate-
gies: That is, we aim to show that, under Conditions (i)—(ii) above, any degenerate
element of (S[’f, &) is necessarily isometry-invariant. Before giving a proof of this fact,
we must introduce the notion of domain of C™-determinacy (with respect to the Klein—
Gordon operator) of a subset U C M, with n € NU {oo} U {w}, which appears in the

formulation of our Condition (ii).

Definition 4.2.3. The ‘domain of C"-determinacy’ 2(™[U] (with respect to the Klein—
Gordon operator) of U C M is the set of points p € M such that every C™ solution
which vanishes on U must vanish at p.

Remark. Kay and Wald’s ‘domain of determinacy’ (cf. pages 64-65 in [KW91]) coincides
with what we would call the ‘domain of C°°-determinacy.” It is also clear that the
inclusions 2W[U] € 2™ [U] hold for I < m.

The following Lemma will be used in the proof of the ‘common starting point’, Theorem
4.2.5 below.

Lemma 4.2.4. Let k € N with k > 5, and let w be a quasi-free Hadamard state on <7 , with

associated one-particle structure (K, ). Let K : Sk — # be the ‘natural’ extension
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of K : S — J according to Proposition 4.2.2. Then the one-parameter unitary group

7

U(t) on the one-particle Hilbert space A for w which implements the ‘time translations

F(t): S — S also implements the ‘time translations’ 7 (t) : S — ¥, i.e.

U)K = KJ(t). (4.8)
Proof. For any 1& e Sk , by definition

Ko = lim K, (4.9)

where (¢, )nen is a sequence of solutions in S which converges to zﬁ in the topology for
Sk = Z&* (ker P) given in [BW15] [and any such sequence yields the same limit on the
right-hand-side of Equation (4.9)]. Since U(t) is bounded,

UKD = U(t) | lim K|
= lim U(6)[K]

= lim K[7(t)¢y).

n—o0

The claim then follows since it is clear that (.7 (¢)1y,)nen is a sequence in S which tends
to j(t)?[) in the topology of S*. O

We can now give the statement and proof of the ‘common starting point’ mentioned on

p. 137.7
Theorem 4.2.5. Let k € N with k > 5, and supposed the following conditions hold:

(i) there exists an isometry-invariant Hadamard state on <, and
(ii) the entire spacetime coincides with the domain of C*~=3-determinacy of the bifurcate
Killing horizon Ha U Hp according to Definition 4.2.3.
Then any solution in S’g which is symplectically orthogonal to 5‘5 s 1sometry-invariant.
Proof. A proof was given in [KW91, p. 135] (under the unnecessary extra assumption

that k£ = 5) that if Condition (i) above holds and Condition (ii) is replaced by

(ii’) the entire spacetime coincides with the domain of C*°-determinacy of the bifurcate

Killing horizon H 4 U Hp,

then any solution ¢ in S with the property that &(¢,¢9) = 0V ¢9 € Sy must be

isometry-invariant on the entire spacetime. We now describe how those arguments can

"Note that it was perhaps suggested in [KW91] that an even stronger result than Theorem 4.2.5
should hold, namely that (under the same hypotheses) any solution in S (rather than just So) which is
symplectically orthogonal to Sy is isometry-invariant. However, the integration by parts argument used
in the proof of Theorem 4.2.5 does not straightforwardly adapt in that case, due to the fact that the
restrictions of elements in S* to either horizon are in general only in C*73.
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be adapted for our purposes. Let vy € S’(If be such that (¢, ¢0) = 0V ¢ € 5’(])“
Then, in particular, ¢y is symplectically orthogonal to the whole of S’f’f‘ and to the
whole of 5’%. We would like to apply an integration by parts argument similar to the
one used above in the proof that (S ", 0) and (S’]’%,&) are symplectic to conclude that
the restrictions of ¢y to H4 and Hp are polynomials of degree at most k£ in U and V
respectively, whose coefficients in both cases are functions on the bifurcation surface.
However, the restriction of 1) to either horizon, while in C*, may fail to be C**! at the
bifurcation surface. To overcome this difficulty one can apply our integration by parts
argument separately, first to symplectic products of 1y with solutions in S’jk and then
to symplectic products of ¥y with solutions in gﬁ”’k, where

k(Uk

9"(U"g) ng)with ge e (Hf,/ R)}

¢’s data on H 4 is of the form i

sme - oy

and we also define the spaces S*é/ B in a similar fashion. Since the restrictions of o
to HL and to HE are smooth, it indeed follows that each of them is a polynomial in U
of degree at most k whose coefficients are smooth functions on the bifurcation surface.
(The fact that 1) is C* across the bifurcation surface will imply that the first & of these
coefficients agree.) Analogous results clearly hold with A replaced by B and U replaced
by V. Now let T (t) denote the time translation operator on 5’(’)“ We define a generalised
version of the operator Q(¢) in Equation (N.4) in [KW91], namely

k
") = T] 17 — e : S§ — S§.
I=—k

Just as in [KW91] one sees that since, for any j with 0 < j < k, U7 is annihilated
by [7 (t) — /%], ¥Q(t)1)o vanishes on H 4. Similarly, for any j with 0 < j < k, V7 is
annihilated by [ (t) — e 75|, which implies that *Q(t)yo vanishes on Hp. Therefore
Q(t)o = 0 on Ha U Hp. Now, if 1y were smooth — as is ¢ in the corresponding
arguments in [KW91] — the very definition of the domain of (C*°-)determinacy of a set
would immediately imply that, under condition (ii’) above, *Q(t)1o = 0 throughout
the spacetime. However, while 1y is certainly everywhere C*~3, it could fail to be
everywhere smooth. Thus one cannot conclude that *Q(t)y = 0 if Condition (ii’) alone
holds. However, under the stronger Condition (ii) — namely under the assumption that
the entire spacetime coincides with the domain of C*~3 determinacy of the bifurcate
Killing horizon — the vanishing of *Q(t)yy on Ha UHp does imply that *Q(t)yy = 0 on
the entire spacetime.

At this point, again just as in [KW91], we invoke Condition (i), i.e. the existence of an

isometry-invariant Hadamard state on the Weyl algebra 7 over (S,c). Without loss
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of generality, we can assume this state to be quasi-free and denote its associated one-
particle Hilbert space structure by (K, .7). Let K : 8% — # be the ‘natural extension’
of K : S — . By Lemma 4.2.4, an equation analogous to Equation (N.6) in [KW91]
holds. Namely:

FP(t) K1y =0 (4.10)

where
k

"Pit) = JT 0@ - ™.

I=—k
The desired result that 1 is isometry-invariant then follows by straightforwardly adapt-
ing the arguments given in the first paragraph on page 136 in [KW91] — in particular,
using in the final step the fact that K : S¥ — J# is injective, which in turn follows
from the property 21m<f(1[1|f(qz§> = &(12},(25) V 1,6 € S*¥ and the nondegeneracy of &
established in Proposition 4.2.1. O

Corollary 4.2.6. For any N > k > 5, (SE, &) is a symplectic space if Conditions (i)~ (ii)

are satisfied and there are no non-zero isometry-invariant solutions in S(’)“. O

We end this section by discussing for which cases of physical interest our Conditions
(i) and (ii) are known to hold. First of all, it is not hard to see that, for any Klein—
Gordon equation with isometry-invariant potential, there is no difficulty in adapting the
arguments given on pages 64-65 of [KW91] — which are based on the characteristic initial
value formulations for the sets J i(E) and on an application of Holmgren’s uniqueness
theorem — to our 2" [H 4 UHg] for any n > 2 instead of Kay and Wald’s Z[H 4 UHp]. It
follows that, for any k£ > 5, Condition (ii) holds, for example, on Minkowski spacetime,
on the Kruskal spacetime, on de Sitter spacetime, and on the globally hyperbolic patches
of Kerr and Schwarzschild-de Sitter considered in [KW91]. As for Condition (i), it is
known that isometry-invariant Hadamard states exist for the massive or massless Klein—
Gordon field on both Minkowski spacetime and [Sanl5] Kruskal spacetime, and for
the massive or massless conformally coupled Klein—Gordon field on de Sitter spacetime
[CT68, BD78].8 On the other hand, the paper [KW91] contains proofs that no such

8The case of the massless minimally coupled Klein-Gordon field on de Sitter seems more subtle. While
it was proved in [All85] that no fully de Sitter invariant state (Hadamard or not) exists, Hadamard states
do exist [All85, AF87] which are invariant under the subgroups E(3) and O(4) of the de Sitter group
(and it is presumed [AF87] that O(1,3)-invariant Hadamard states also exist). However, none of these
subgroups contain the ‘de Sitter boost’ isometries to which our analysis applies and we conjecture that
there is no boost-invariant Hadamard state. Our grounds for this conjecture are that, were there to
exist such a state, then it is plausible that its restriction to the ‘right-wedge’ (which is of course a static
spacetime when the time evolution is taken to be the restriction of the de Sitter boost isometries) would
be a KMS state. But it is known [Pol90] that (for reasons of bad infra-red behaviour) on the right-wedge,
no ground state exists for this time evolution. Also by Lemma 6.2 in [KW91], we know quite generally
that if a stationary linear Bose dynamical system admits a KMS state then it also admits a ground
state, and thus there would be a contradiction. There are a number of obstacles, however, to making
this argument rigorous: Even under the fiction explained in Section 3.2 we would only be able to rely on
Theorem 4.2 of [KW91] to prove the KMS property on the subalgebra of the Weyl algebra for the right
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states can exist in Kerr or Schwarzschild-de Sitter, although, as we explained in the
fourth paragraph of this Appendix, these proofs have a gap that needs filling and that
we will fill below by showing that (5’0, ) is symplectic under the (for these spacetimes,

counter-factual) assumption that an isometry invariant Hadamard state exists.

4.3 ‘Decay along the horizons’ strategy

Let us now present our first line of argument for showing the non-existence of isometry-
invariant solutions in S’gf The idea is as follows: suppose (M, g) is a globally hyperbolic
spacetime with a bifurcate Killing horizon H4 U Hp and bifurcation surface ¥, and
suppose that there exists a Cauchy surface € for M which contains ¥ and such that
C =YXU(ENL)U(ENA), where £ and Z are the left and right wedge regions
(respectively) defined in Section 2 of [KW91]. Then, clearly (recall that the Killing
field is assumed to be complete), an isometry-invariant solution ¢ € S’(’f is identically
zero on M if and only if, for all p € L UZ, ¢(1e(p)) — 0 as t — 4o00. Thus, in the
presence of appropriate ‘pointwise decay’ results for (sufficiently regular) solutions of

the Klein—-Gordon equation in question, the result follows.

In the case of the massless wave equation, recent papers by Dafermos, Rodnianski and
Shlapentokh-Rothman [DR09, DRSR16, DRO7] contain pointwise decay results which
are sufficient for our purposes in the case of Kruskal and of the globally hyperbolic
patches of Kerr and Schwarzschild-de Sitter considered in [KW91], provided that we
pick £ > 5 in the definition of S”[’f large enough for the ‘higher order weighted energies’
defined in those papers to be finite. That this can always be done can be seen by
inspection of the relevant formulae in those papers: in the case of Kruskal, we refer to
the estimate (1.8) in Theorem 1.1 in [DR09]; for Kerr, we refer to the pointwise estimates
in Corollary 3.1 in [DRSR16]; for Schwarzschild—de Sitter, see Theorem 1.1 in [DR07].”

wedge corresponding to classical solutions in the subspace of solutions S = S% + SE and, of course, we
don’t even know if that theorem is applicable since we don’t know if our symplectic form on S restricts
to a symplectic form on this subspace. We also mention, in passing, that since the massless minimally
coupled Klein—Gordon field on de Sitter has a classical zero mode (namely the constant solution) the
strengthened uniqueness theorem, Theorem 5.1 in Chapter 5 of [KW91], is also inapplicable for the
reasons explained in the introductory remarks in that Chapter. We are grateful to Atsushi Higuchi for
helpful conversation on the topic of this footnote.

9We also notice that, in the somewhat analogous case of our Proposition 3.4.2, it is the Dirichlet
boundary condition which provides the relevant ‘decay’ for our purposes there.
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4.4 Strategy based on analytic elliptic regularity

An alternative approach to showing the non-existence of ‘zero modes’ in 5’5 in a number
of important cases, which requires less heavy machinery and is also more easily gener-
alised to the case where suitable potentials (including e.g. a mass term) are included,
is based on an application of analytic elliptic reqularity [Joh55].19 Therefore, we must

assume the spacetime manifold and metric to be analytic in what follows.
First, we look at the case where the following two conditions hold:

(a) the restriction of the spacetime (M, g) and of the one-parameter group of isome-
tries to either the left or the right wedge is analytically isometric to a (globally
hyperbolic) standard static spacetime (see Section 3.2 of [Sanl3] and references
therein) of form (R x C, adt? —3g) where a (the lapse function) is a positive func-
tion on C' and 3¢ is a Riemannian metric on the connected manifold C (with C, a
and 3¢ analytic);

(b) for any compact set K C M, the open set M \ J(K) has non-empty intersection
both with the right and with the left wedge.

It is easy to see that the following spacetimes satisfy the above conditions: Minkowski
spacetime with Lorentz boosts as isometries; the Kruskal spacetime with standard ‘time
translation isometries’; suitable globally hyperbolic patches of the subextremal Reissner—
Nordstrom spacetime and of the Schwarzschild—de Sitter spacetime (with non-zero black
hole mass), again with their respective standard ‘time translation isometries’. Impor-
tantly, the case of de Sitter spacetime will not be covered by this strategy due to the

failure of condition (b) above.

Under condition (a), on (say) the right wedge, the Klein-Gordon equation with an an-
alytic potential term V will take the form <a_1g—; —-D+ V) ¢ = 0 where D is the
Laplace-Beltrami operator for 3g. For an isometry-invariant solution, % will be identi-
cally zero, and therefore so will be % and ¢ will satisfy the manifestly elliptic equation
with analytic coefficients

(—orl% —D+V)¢:O

(and we notice that the operator —a ! g—;+D is of course nothing but minus the Laplace-

Beltrami operator for the Riemannian metric adt + 3g). Therefore, by analytic elliptic
regularity, ¢ must be an analytic function on the right wedge. But, since ¢ € Sy C S
has Cauchy data — on a Cauchy surface % for the full spacetime which contains the

bifurcation 2-sphere 3, see [KW91] — of compact support, by finite propagation speed

10We would like to thank Robert Wald for suggesting this approach to us and for providing some
guidance on how to deal with the case of Kerr, see below.
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results it must vanish on M \ J(K') where K = supp(¢|y) Usupp(Va¢[y) and n denotes
the vector field of unit normals to ¥’. Under condition (b) above, it must then vanish
in an open subset of the right wedge. By analyticity and connectedness, it must vanish
identically on the entire right wedge. A similar argument shows that it must vanish
identically on the left wedge. Finally, ¢ must vanish on the entire spacetime by continuity
at 2.

An obvious local-to-global version of this argument also shows that the same conclu-
sion holds if we only require, in condition (a) above, that the spacetime in the left
and right wedges be simply static (with respect to the one-parameter group of isome-
tries) rather than ‘standard’ static. However, outside these circumstances the argument
won’t straightforwardly apply. Nonetheless, under some mild restrictions on the pos-
sible potential terms which we shall state, one can also fill the gap for the case of the
globally hyperbolic patch of (subextremal, maximally extended) Kerr defined on page
66 of [KW91] and denoted by .# there, with Killing vector field £ = 9/0t + Q10/0¢
in Boyer-Lindquist coordinates (¢,r,0,¢). Here, denoting the black hole’s angular mo-
mentum by a and its mass by M, Q4 = a/(r? + a?) is the angular velocity of the black
hole/Killing horizon situated at » = r;, = M + /M2 — a2 and we recall that there is
a cosmological horizon ‘at’ r = r_ = M — /M2 —a2. In the right wedge where the
Boyer-Lindquist coordinates are regular, the Laplace-Beltrami operator associated with
the Kerr metric is

(a®>+7r%)2%] 02  a® 0* 2a[r?+a® - A(r)] 0? 0

0= |a2sin?0 — o _ g
@S0 = R0y | e AR a2 A oot ' or

0157 |+,

where A(r) = (r —r4)(r —r—) (so that A(r) > 0 everywhere in the right wedge) and
Age = ﬁ% (sin 0%) + ﬁa‘a—; is the Laplacian on the two-dimensional unit sphere.
Now, let u be a C? function on .# which is invariant under the isometries generated by
&+. Then, everywhere in the right wedge,

au 1 8U 82

2
=-0""— and —u:Q_Qa u

o ot o2 T o (4.11)

Thus, if u is an isometry-invariant solution to Cu = 0 on .#, belonging to Sy, then we

can use the equations in (4.11) to ‘trade’ ¢-derivatives for t-derivatives and obtain

02 0 d 1 of. 0
{F(T’G)W+87“ [A(T)ar] +m% [Sln@ae]}u—o (4.12)
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where F'(r,0) is an analytic function for (r,0) € (r4,00) x (0,7). Clearly, the same

equation will be satisfied by the Fourier coefficients
21 )
U (t, 7, 0) = / u(t,r,0,p)e”"™?dp, m e Z.
0

However, a simple calculation shows that, in virtue of the first equation in (4.11),

0?1y,

ot?

Olp,
ot

= im{ U, and, consequently, = —mQQiﬂm

for all m € Z. Pick a positive constant K and set G(r,0) = —m?Q2 [F(r,0) — K]; then
U, solves P, = 0 where

0? 0? 0> dA, 0

9
P AP L0 dA O 9 _
gz T A GE g t g (Mg, T ootlgy + G0 0)

P is a differential operator with analytic coefficients. An inspection of the highest order
terms shows that it is elliptic on R x (r4,00) x (0,7). Therefore, by analytic elliptic
regularity, 4., is analytic. But 4, must vanish in an open set because of the support

' Therefore 1, = 0 for all m € Z. By the Fourier inversion

properties of u € Sj.
formula, this in turn implies that « = 0 in the right wedge. Similar reasoning shows
that v must vanish in the left wedge. Again, by continuity at the bifurcation surface
this means that w must vanish on .#. For ease of presentation, we only showed the
proof explicitly in the case of the massless wave equation. However, it is clear that an
analytic potential term can be added with no change in the arguments, provided it is
independent of the coordinate ¢ — as would of course be the case for a constant mass

term or for a constant multiple of the Ricci scalar.

4.5 Conclusions and future directions

To conclude, the two lines of argument presented in this chapter have enabled us to
fill the gap in [KW91] in many cases of interest (however, see our discussion in the
introductory section of this Appendix for the meaning of ‘filling the gap’ in the cases of
Schwarzschild—-de Sitter and Kerr).

"To quickly see this, the reader may wish to consider a projection diagram, in the sense of [COS12]
(see also Chapter 3 of [Chr15]), for the region of Kerr under consideration and denoted by .# above. The
projection diagram in Fig. 3 of [COS12] appears to closely resemble the more commonly seen conformal
diagram for the submanifold corresponding to the axis of symmetry (6 = 0 or 8 = 7) of the Kerr solution.
However, unlike the latter, the former captures causal properties of the entire spacetime (in a precise
way discussed in Section 3 of [COS12]). In particular, since u above has spacelike compact support on
M , it follows that the projection of its support onto the (1+1)-dimensional diagram is spacelike compact
with respect to the (14+1)-dimensional Minkowski metric. The claimed result then easily follows upon
observing that the projection diagram is obtained by projecting out the Boyer-Lindquist coordinates 6
and .
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In the case of de Sitter spacetime, it is not obvious to us that there can be no non-
zero solutions in Sy which are invariant under the one-parameter group of isometries
generating the bifurcate Killing horizon. Clearly, for massless minimally coupled fields,
there are non-zero solutions in S O Sy which are invariant: namely, the constant (non-
zero) solutions. Therefore, in particular, one would need to show that no non-zero

constant solution can lie in Sp. But this would still not suffice to fill the gap.

Another direction for extending our results is to decide whether or not (5’0, &) is symplec-
tic in the cases of Schwarzschild—de Sitter and Kerr. While the answer to this question
would have no impact on the quantum theory, any proof would presumably require con-
siderably different arguments to the ones, based on the existence of invariant Hadamard
states, which we have been using. And one may learn valuable lessons in trying to find
an alternative way to decide on the ‘symplecticity’ of (So, &) in general spacetimes with

bifurcate Killing horizons.



Chapter 5

Notes towards a theory of spacetimes
with timelike boundaries and

boundary value problems

5.1 Elements of causal theory in the presence of timelike bound-

aries

Motivated by our study of the quantum theory of fields on curved spacetimes possessing
boundaries, we would like to put on firmer ground the causal theory of such spacetimes.
We assume that the reader has familiarised herself with the contents of Section 2.1 in
this thesis, where general Lorentzian geometry and some elements of causal theory are

reviewed in the context of ordinary open spacetimes.

5.1.1 STTOs

Definition 5.1.1. Let M be a (Hausdorff, second countable) non-empty smooth manifold
with (possibly empty) boundary and with dimM = n + 1 > 2. If M is endowed
with a metric g of Lorentzian signature and with a time orientation t determined by
a global smooth timelike vector field, then .# := (M, g,t) will be called a spacetime-
with-boundary. Letting =1 € T(TM ® TM) denote the inverse metric to g, we will say
that .# is a spacetime-with-timelike-boundary (STTQ) if the restriction of g=! to the
conormal bundle of M is negative-definite; equivalently, if the pullback of g under the
inclusion ¢ : 0M — M defines a metric of Lorentzian signature on 0M. In this case, t
induces a time orientation on (9M,*g), thus yielding a spacetime (without boundary)
which we denote by 0.4 .

153
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For clarity, we fix some nomenclature. A continuous, piecewise-smooth regular (i.e. its
velocity vectors never vanish, including at break points) curve v : I — M with finitely
many break points is said to be causal (resp. timelike) if its velocity vectors are timelike
or null (resp. timelike) and either all future-pointing or all past-pointing. Notice that,
with this definition, the constant curves are not causal. We write p < ¢ (resp. p < q)
in ./ if either p = ¢ or there exists a future-directed causal (resp. timelike) curve in
A from p to q. Replacing ‘future-directed’ with ‘past-directed’ in the previous sentence
similarly defines the relation > (resp. >). The causal future (+) and past (—) of a point
pin A is
Ty={alp<a}

and the chronological future (+) and past (—) are

I, ={q|p<dq}.

Finally, for an arbitrary subset S C M, we define JZ(S) = Upes Jj;/(p), Ij;[(S) =
Upes I;—;[(p) and J 4(S) = J7,(S)UJ,(S). In the context of spacetimes-with-timelike-
boundaries, the theorem below was proved as Proposition 3.5 in [Sol06]. We give an
alternative proof which is valid on any spacetime-with-boundary (and, in particular, on

one whose boundary is not everywhere timelike, or on one with empty boundary!).

Proposition 5.1.2. In a spacetime-with-boundary ., the chronological relation < is
open. That is, if p <€ q in A then there are neighbourhoods X and Y of p and g
respectively, such that p' < ¢ for allp’ € X and ¢ € Y. A similar statement holds for

the chronological relation >>.

Proof. Let v:[0,1] — M be a timelike curve from p to ¢. Pick a chart (U,p: U — V)
around p, with V' C R4 or V' C H%*! depending on whether p is an interior or boundary

point (respectively).!

Without loss of generality we can assume that V = ¢(U) is a
convex subset of R¥! or of H*!'. Denote ¢(p) € V by z. Since v is timelike and
piecewise smooth, it is a smooth immersion when restricted to the interval [0, a], where
a > 0 is the location of the first break point of . In particular, it is an embedding locally
around 0 [Leel3, Thm. 4.25], and, for small enough ¢ > 0, it is injective on Iy := [0,¢)
and (o) C U. We now consider the curve ¥ = @ o[y : Ip — V. Equipping V' with
the pushforward metric § = ¢,¢ and pushforward time orientation t = ¢.t, so that
(U, gy, t) and (V, g, 1) are time-oriented isometric, we will argue in the next paragraph
that there exists a 7 € Ip\ {0} for which a 6 > 0 can be found such that (a) the open ball
(in either R or H*+1) Bs(z) is entirely contained in V, and (b) straight line segments
in V between any y € Bs(z) and §(7) are everywhere timelike and future-directed with

respect to the geometry of (V,g). A completely analogous result will also hold, mutatis

"Here, H?*! denotes the standard closed half space in R4*.
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mutandis, for the final endpoint g. Finally, the claim in the statement of the theorem
clearly follows by pulling back these results to (M, g).

Suppose, instead, that no such 7 can be found. Let (7;,), be a sequence in I\ {0} with
Tn, — 0 as n — oo. Denoting x,, = 7(7,), for each n we can find a §, > 0 such that

dn < ||xn, — z|| and such that, for all y € Bs, (x), the unit norm vectors

T —Y

n(y) = =Y
W) =Tz =l

are at Euclidean distance less than 1/n from the unit norm vector

Tp — X
lp=——.
|2n — |

[This just follows from the continuity of y + 1, (y) on the complement of the point ]
We then automatically also have §,, — 0 as n — oco. Since we are rejecting the claim,
for each n we obtain a pair (yn, z,) with y, € Bs, (x), z, belonging to the straight line
segment between y,, and x,, and the vector ¢,, = (2, l,(y»)) — which is of course tangent

to the straight line segment between y,, and x,, — not both timelike and future-directed.

It is clear that 2z, — x as n — oo. We show below that
7'(0)
17 (0)

so that the sequence (t,), in the tangent bundle of V' (trivialized as V' x R%*!) tends

In(yn) =

as n — 00 (5.1)

to a tangent vector at x which is timelike and future directed by assumption. But since
the subset C' of TV consisting of timelike and future directed tangent vectors is open,
any limit point of TV \ C' must belong to TV \ C, and we get a contradiction.

The following steps are a proof of (5.1):

S Hln(yn) - ln“ +
1
n

In(Yn) — HZ:EEJ);HH

“H
O

Ty — X

~ 7(0)
[zn =2l [13(0)]

as is elementary to check, the right-hand side of the last expression tends to zero as

n — oo, and the claim is established. ]

Consequently, for any S C M, the sets ILZ(S) are always open. Note that, while in a
general spacetime-with-boundary .# the sets I f//(p) are always non-empty when p is an
interior point, this might not be the case if p is a boundary point. On a spacetime-with-
timelike-boundary, on the other hand, if p € OM we have I;—;/(p) D Iajf s(0) #£0. Ttis
also obvious that, for any point p, Ij;[ (p) NU # 0 for any neighbourhood U of p.
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The following key results were established by Solis (Proposition 3.6 and Proposition 3.7
in [Sol06]).

Proposition 5.1.3. On any STTO .# = (M, g,1t):
(i) fp<g<rorp<qg<rthenp<r;

(ii) Jj/;/(S) C T;(S) for any S C M (where the overline indicates the topological

closure of the corresponding set). [

We supplement them with an easy corollary which will be useful later.

Corollary 5.1.4. On a STTO # = (M,g,t), and for any S C M, it holds that (a)
T5(8) = TH(S), (b) JE(S) = [£,(S), and (c) JE,(S) = TE,(S) (where the dots and
circles indicate topological boundaries and interiors of the corresponding sets, respec-

tively).

Proof. Equality (a) follows from item (ii) of Proposition 5.1.3 and the fact that J 2(5’ )2
Ij/(S ). We can prove the left-to-right inclusion in Equality (b) in the following way:

JE(S) = T (S)\ J%(S) = T (S)\ J%(S) € Ty (5) \ I%,(5) = 1%,(5),

having used equality (a) and Jo/i//(S) 2 f Z(S’) We now prove the other inclusion in
(b), considering the ‘4’ case for simplicity and without loss of generality. Consider an
arbitrary point p € IJ/;/(S) Then, since I7,(S) is open, p € M \ I,(S). Since p is
automatically in jj/[(S), in order to conclude that p € J */(S) it suffices to show that
p ¢ JO;/(S) Suppose, instead, that p is an interior point of J;;[(S) Then there is an
open neighbourhood U 3 p entirely contained in JJ/;/(S) Picking ¢ € I ,(p)NU, we then
have z < ¢ < p for some z € S, and thus p € I;/(z) - I;/(S) by item (i) in Proposition
5.1.3. Since this contradicts our hypothesis, we conclude that I;[(S ) C Jj/[(S ). Finally,

equality (c) straightforwardly follows from the previous two. O

A simple application of Proposition 5.1.3(i) yields the additional results below where,
just as in the case of spacetimes without boundary, an open subset X is defined to be
causally convex if any causal curve between any two of its points is entirely contained
in X.

Corollary 5.1.5. Let A, B C M be arbitrary subsets in a STTO .# = (M,g,t). Then

I;/(A) and I7,(A) NI ,(B) are causally convex subsets. Whenever open, so are the
subsets M \ J}}(A) and M\ J 4(A). O

The theory of continuous causal and timelike curves was also studied in detail by Solis
(Chapter 3.1.3 in [Sol06]). One defines continuous timelike or causal curves, and their

future and past-inextendibility, in the same way as for spacetimes with empty boundary.
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Using continuous timelike or causal curves instead of piecewise smooth ones does not

enlarge the chronological (<) or causal (<) relations.

5.1.2 Global hyperbolicity and Cauchy surfaces

Definition 5.1.6. Let .# = (M, g,t) be a STTO. Then:

(a) A topological hypersurface ¥ will be said to be a Cauchy surface for A if every

future and past inextendible (continuous) timelike curve meets ¢ precisely once.

(b) A C! function t : M — R is said to be a temporal function if dt is timelike
and future-directed (with respect to g~'), and a Cauchy temporal function if in
addition all its level sets are Cauchy surfaces (which are then necessarily C-

embedded spacelike submanifolds).

(¢) # will be said to be globally hyperbolic if it is strongly causal and if for all p,q € M
the sets J 7, (p) N J,(q) are compact.

Note that, if .# = (M,g,t) is a STTO with Cauchy surface ¢, then just as in the
case of spacetimes without boundary, we have M = I,(¢) &€ w I (%), implying in
particular that % is closed. Making use of Proposition 5.1.3(i), one similarly sees that
M = Jj;/(%) W I, (¢). Thus Jj;/(%) is closed and its boundary [which, by virtue of
Corollary 5.1.4, is also the boundary of its interior Ij/;/(%)] is €.

The results in the next Proposition are due to Solis (Proposition 3.17 and Proposition
3.18 in [So0l06], see also Section 2.2 in [CGS09)]).

Proposition 5.1.7. Let .# = (M, g,t) be a globally hyperbolic STTO. Let A,B C M be

compact. Then:

i) J5(A) is closed, and thus also J&,(A) = To,(A) (in particular, any globally hy-
perbolic STTO is causally simple);

(it) J',(A)NJ,(B) is compact;
(1ii) if € is a Cauchy surface for A then J;(A)ﬂjz(%) and J;,(A)ﬂ‘g are compact.
O

Just as in the case of spacetimes without boundaries, it is clear that any causally convex
subset of a globally hyperbolic STTQ inherits the structure of a STTO which is itself
globally hyperbolic. The following result then follows immediately from Corollary 5.1.5.

Corollary 5.1.8. Let A,B C M be arbitrary subsets in a globally hyperbolic STTO
M = (M,g,t). Then I/i/[(A) and I}(A) N1 ,(B) always yield causally convexr globally
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hyperbolic sub-spacetimes of A . If A is compact, then so do M\Jj;/(A) and M\ J 4(A).
O

We conclude this section with a technical lemma which will be useful in the next section.

Lemma 5.1.9. Let # = (M,g,t) be a globally hyperbolic STTO with Cauchy surface
€, and A be a compact set (e.g. a one-point set). Then the interior of the closed set
D=J,(A)NnJ},(€)isI,(A)NI,(€). Furthermore, we have

o .

D=DU[J,(ANE]=DUli,(A)n%F] (5.2)

Proof. The interior of the intersection of finitely many subsets of a topological space
always equals the intersection of the interiors. Together with the results collected so far
about the sets J,(A) (when A is compact) and J,(%), this immediately gives the first
part. For the second part notice that since D is closed and contains the closed subset
J;/[(A) N €, the only non-trivial inclusion is D C DU [J;/(A) N %]. We have

D=J,(A)NnJ}, (%)
= [[,(A)UJ,(A]N[LH,(%)U7]
= (L (A) N I, ()] U [T (A NI (€)] UL, (A) N €U, (4) N ).

The result then follows since, as a moment’s reflection reveals, each of the first three
sets is contained in D. Notice that the second equality in Equation (5.2) is simply an
application of the fact that the union of the closures of finitely many sets always equals

the closure of the union of those sets. O

5.2 Miscellaneous results on Green hyperbolic boundary value

problems

5.2.1 A ‘black-box’ exact sequence for general Green hyperbolic boundary

value problems

In this section we consider special kinds of linear differential operators acting on sections
of field bundles (i.e. vector bundles) over a manifold with boundary M. Namely, we look
at differential operators P : °°(F) — I'°(F) where F' — M is the densitized dual bundle
to F — M, ie. F := F* @y N'(T*M) with the obvious bundle projection. We do so
with a view to variational problems in which such operators arise naturally, as explained
e.g. in [Khal4]. What we have in mind is the following: we would like to generalise the

notion of Green hyperbolicity given in Section 2.4.1 to the context of globally hyperbolic
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STT0s, accommodating for the possibility that boundary conditions may be imposed at
the boundary and under the assumption that the structural theorems on the existence
of smooth spacelike Cauchy surfaces and Cauchy temporal functions, which are well-
established in the boundaryless context, hold also in this category. A (homogeneous)
boundary condition will be tantamount to the selection of a particular linear subspace of
I" — the subspace of sections satisfying the so far unspecified boundary condition. Then,
assuming that an operator is Green hyperbolic compatibly with the chosen boundary
condition in some sense, we would like to investigate whether or not a sequence of vector

spaces akin to that of Theorem 2.4.7 can be exact.

Let .# be a STTJ. Abbreviating I'*°(F') and I'g°(F) by I' and T'y respectively [and
similarly abbreviating T°°(F) and T'§°(F) by T and T respectively], we note that the
causal structure coming from the metric and time orientation of .#Z allows one to intro-
duce some subspaces of I" distinguished by their support properties just as was done (in

the case of spacetimes without boundaries) in Definition 2.1.40. Namely:
Iy = {¢ el ! supp ¢ C JE(K) for some compact K} ,
IFse :={¢ €T |supp¢ C J(K) for some compact K},
and corresponding subspaces I'y and Ty, of I are defined similarly. Notice that Iy

corresponds to what would have been denoted by I'7¢ /4, (F) in Definition 2.1.40.

Now let 'y C I be a linear subspace of I', and define
Fpo=ToNTy, I'tp =11 Ny, Dsco =Tsc NTs.
Definition 5.2.1. The linear differential operator P : I' — T'is a Green hyperbolic operator
with respect to the causal structure of .# and the domain I'y C T"if:
(a) there exists a unique ¢+ € I'y 5 solving P¢+ = a4 for any a4 € [y:
(b) this solution satisfies supp ¢+ C J*(supp @ ).

More succinctly, in that case we will speak of a differential operator which is Green
hyperbolic with respect to (.#,Ty). The resulting linear maps G4 : Ty — T +.0 (given by
sending @+ to ¢4 above) are called the retarded (+) and advanced (—) Green operators
for the triple (.#, P,Ty), and their difference G = Gy — G_ : Lo — [sc,p is termed the
causal propagator [for the triple (.Z, P,T'y)].

Remark. Notice that we are not imposing that similar properties hold for the adjoint
operator to P, contrary to what was done in Section 2.4. This is because the existence
of retarded /advanced Green operators for the adjoint operator will not be needed in the

proofs of the statements in this subsection.

The following result follows easily from Definition 5.2.1.
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Proposition 5.2.2. If P is Green hyperbolic with respect to (.#,T), then G4 : T+ — I'io

s an inverse to PJ Tyrog =Ty, de

I'to

PoGy =ids, (5.3)
G+ onFi’a =idr, ,- (5.4)
Consequently,

PoG=0, (5.5)
GoPlp,, =0. (5.6)
O

Now consider the sequence
{0} y Tog —— g —9— Ty —— Dy {0}. (5.7)

By Proposition 5.2.2, this sequence is a complex. We thus turn to the following question:
what are sufficient conditions for (5.7) to be ezact? A possible answer is given in the

following theorem.

Theorem 5.2.3. Suppose there exists a pair x = {x+,x-} of functions in C*°(M) with

the following properties:
* X+ tXx-=1
o multiplication by x+ maps Fee > Iy, Do = Iy, Fsco > T1p and s 9 — o5
o P[x+%] — x+ P[] € Ty whenever 1 € Ty .

Then (5.7) is an exact sequence with witnessing contracting homotopy

{0} ——Tys LN To G, | LN [ee {0}
a iid J‘d 7 (5.8)
L  xG vl P 1 i Gx ~

{0} —— T 5 Iy o Lsco 5 T {0}

The cochain homotopy maps G, Py and Gy, are defined in terms of x = {x+,x-} by

«Glo] = x+G-[a] + x-G+[a] (5.9)
P[] = Plx4y] — x+ PlY] = —P[x-v] + x- P[] (5.10)
Gyla] = G4 [x+0o] + G-[x-qa] (5.11)
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Proof. 1t is clear that the requirements on x = {x4, x— } ensure that the cochain homo-

topy maps are well-defined. The contracting homotopy identities are:

Vi eTlos (GoP)Y] =x+G_[PY]+ x-Gi[PY]
= (x4 +x-)¥
=1,

which holds by virtue of Equation (5.4);

VaeTy (Po,G+ P, oG)al=Px+G_a]+ Plx_Gia]
— Plx-Ga] + x-P|Ga]
= P[x4+G-a] 4+ P[x-G+0]
— Plx-Gra] + P[x-G-0]
= P[(x+ + x-)G-q]
= P[G_q]

= 057
where Equation (5.5) was used in the second step, and Equation (5.3) in the final step;

Vi elwo (GoPy+GyoP)Y] =Gy [Pt] - G- [Py]
+ G [x4+-PY] + G-[x- P
= G4 [Px+¥] — x4+ PY] — G_[-P[x-¢] + x-PY]
+ G [x+PY] + G-[x-PY]
= G[Px+¥]] + G- [P[x-]]
= X+ + x-¢
=9,

where the assumptions made on x = {x+, x—} were used at various points and Equation
(5.4) was used in the second to last step;
Vaele (PoGy)la]=P[Gi[xra]] + PIG-[x-a]
= (X4 + x-)ov

:a’

which again holds simply in virtue of Equation (5.3) together with the assumption that
X+ sends Iee — Iy ]

The significance of Theorem 5.2.3 is as follows: although we have not explicitly described,
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so far, the nature of the choice of domain I'y, in practice what we have in mind here
is that this be determined by a choice of boundary conditions to be satisfied by the
field variables on the (non-empty) boundary of M. Now assume that .# is a globally
hyperbolic STTO and that it admits two smooth spacelike Cauchy surfaces %1, %> with
%, C IT(%1). Then let x4 € C®°(M) be equal to 1 on JT (%) and equal to 0 on
J(%1). With x_ = 1 — x4, the pair x = {x4,x-} will automatically satisfy all
the hypotheses of Theorem 5.2.3, save possibly for the requirements that I'sc 5 — '+ o
and 't 5 — I'pp under multiplication by x+. In the case of a Dirichlet boundary
condition for a scalar field, i.e. I'y = {¢p € C°(M) | ¢[53; = 0}, then actually the latter
requirements are also automatically satisfied. However, the situation is different already
in the still very simple case of the Neumann boundary condition for a scalar field, i.e.
Ig={pecC®M)|(V,0)lon = 0} where v is the unit normal vector field along 9M.
There, we see that x4 needs to satisfy the additional requirement (V,x4)lsys = O.
Proving the existence of a x4 satisfying this requirement while also being identically
equal to 1 on J7(%3) and to 0 on %) seems to us to be a typical Whitney-type extension
problem (see Section 2.5.1). We leave its definitive resolution, and also the consideration

of more general boundary conditions, to future investigation.

5.2.2 A few words on adjoints

Definition 5.2.4. Two differential operators P, Pt : T — T are mutually adjoint if there
exists a bilinear bidifferential operator G : I' x I' — Q™ (M), which we call a Green form,
such that

[Py — [PT)o = dG(o,9) ¥V ¢, €T (5.12)

It can be shown that for any P there is a unique P' such that P and P! are mutually
adjoint. This is the Green—Vinogradov formula, as explained at the end of Section 2.4.1.
However, the form-valued operator G is not uniquely determined: it is only determined

up to the addition of a locally exact bilinear form.

Notice there is a bilinear pairing (-, )+ between I'+ and I's 5, defined by
@d)= [ ap  aels el
M

If the pairing is weakly non-degenerate then we can use it to embed 'y and '+ 5 into

*

the algebraic dual spaces (I )* and (I'+)* respectively.

Now let P and P be mutually adjoint differential operators, and assume both of them
to be Green hyperbolic with respect to (the same causal structure and) the same domain

I's. Denote the advanced (—) and retarded (4) Green operators of P and P by G4
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and Gl respectively. Consider G4 : Ty — I'y p. Its transpose (G+)* is naturally a map
Tro) — (T+)*. For a € T+ and § € T4, one has

(G215 = (.G = [ aGup

M

_ /M[PTGiFa]Giﬂ
:/M[pGiB]GiFa—/Mdg(GiB,GiFa)

- /MBGIFa— /8 | 6(G16.GLo)

= (8,GLa)s — /aM G(G1B,GLa) (5.13)

where, in the second to last step, both Stokes’ Theorem and Equation (5.12) — with
¢ = G1f and ¢ = GTjFa — were used. A similar result relates (GL)* with G4 and

contributions coming from boundary integrals.

5.3 Initial value problems for wave equations on globally hyper-
bolic STTOs with Dirichlet boundary conditions

In this section, P : C°(M) — C°°(M) is a second order normally hyperbolic (see Section
2.4.2) partial differential operator with smooth coefficients on the STTO .#Z = (M, g, t).
That is,

Pu=0u+ X[u] + Vu

where [, = g™V ,V}, is the d’Alembert operator associated with the metric, X is a

smooth vector field, and V is a smooth function.

Lemma 5.3.1. Let N be a smooth manifold with or without boundary and F = N be a
real or complex vector bundle. Suppose f and h are continuous real or complex-valued
functions on F which restrict to homogeneous functions of degree 2 (for example, but not
necessarily, to quadratic forms) on each fiber of F =+ N. Suppose h is positive-definite

on each fiber and let X C N be compact. Then there exists a constant C' > 0 such that
1f(2)] < C'h(Z)

for all Z € 71X If f is also positive-definite then there exists another constant C' > 0
such that
f(2) =z Ch(Z)

forall Z e 71 X.
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Proof. This is a standard type of argument, notably used to prove that any two Rieman-
nian metrics on a compact manifold are Lipschitz equivalent. Pick a smooth fiberwise

Riemannian or Hermitian metric g on F' and let
UF={Z€F:9(Z7Z)=1}.

Consider the function k : UF — R defined by k(Z) = |f(Z)|/h(Z). Restricted to the
compact subspace 7 !X NUF, k is a continuous function (as h never vanishes there),
strictly positive if f is positive-definite. Therefore, it is bounded from above. If f is

positive-definite then & is also bounded from below by a positive constant. The result
follows. O

The following theorem is essentially an adaptation of Lemma 12.28 in [Rin09], aided by
considerations (specifically, the choice of vector field in the final part the proof) made
in [H6r94, p. 419]. The experienced PDE theorist would immediately recognise that,
aside from the (very important) Lorentzian-geometric aspects of the proof, the core of
the argument relies on obtaining an energy identity which, if coupled with a judicious
choice of vector field, can be used to obtain useful estimates on domains ‘swept out’
appropriately by spacelike hypersurfaces. The use of such energy estimates in solving
both linear and nonlinear hyperbolic PDEs has a very long and illustrious history, and
we refer to [Gar98] for a beautifully written review. The theorem we will prove is a local
uniqueness result for solutions of the mixed Cauchy—Dirichlet problem, which relies on
the existence of temporal functions with specific properties locally around a Cauchy
surface in a globally hyperbolic STTd. More precisely: assuming the existence of such
temporal functions, the theorem establishes a precise domain of dependence property
which establishes the precise finite speed of propagation of solutions satisfying Dirichlet
boundary conditions. By ‘precise’ here, following [JMRO05, Rau05], we mean that the
speed of propagation of the initial data is not only finite, but is further constrained by
the Lorentzian causal structure. This is of course well-known in the case of normally
hyperbolic operators on globally hyperbolic spacetimes without boundaries, and it is
the fundamental ingredient in proving that such operators are always Green hyperbolic.
Our initial motivation for seeking a result such as Theorem 5.3.2 came from wanting
to prove that normally hyperbolic differential operators are still Green hyperbolic —
in the sense of Section 5.2.1 — when a timelike boundary is present, provided that
the resulting spacetime is a globally hyperbolic STTO and that a variety of suitable
boundary conditions are imposed. Theorem 5.3.2 below is the only preliminary result
in this direction which we will prove here, and considers the case of Dirichlet boundary
conditions. We show that the latter conditions are (unsurprisingly!) ‘suitable’ for Green

hyperbolicity in the large, at least in principle.
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Unfortunately, we will not be able to fully complete the program just described, even
in the case of Dirichlet conditions. In the concluding section of this chapter, we will
illustrate what we believe to be the main (and, in fact, probably also the only) details
still to be worked out. In particular, we have not constructed temporal functions of the
kind we will assume exist in the statement of Theorem 5.3.2, or even abstractly proved

their existence, despite finding the latter very plausible.

Theorem 5.3.2 (Local uniqueness for wave equations on globally hyperbolic STT0s with
Dirichlet boundary conditions). Let .# = (M,g,t) be an (n+1)-dimensional globally
hyperbolic STTO with a smooth spacelike Cauchy hypersurface €. Let M = (M,Q,E)
be an extension of A to a spacetime without boundary, so that there is an isometric
time-orientation—preserving embedding i : M — M such that i(M) is closed in M.
Assume that p € Ij//((f) s such that there is a real-valued function t defined on an open
neighbourhood W of I,(p) N J,(€) and satisfying the following properties:

1. t is smooth and temporal on W ;

2. letting D = J ,(p)NJ (%) so that D = I ,(p)NI7,(%), if t(D) = (t1,t2)? (where

we allow to = 00) then, for each T € (t1,t2) the level sets
S =t"Hr}

are contained in I ,(p);

3. there exists a t € (t1,t2) such that, for all T € (,t3), the sets
Ly =T ,(%)NIT,(%)CD,

viewed as embedded submanifolds with boundary of the extended spacetime M, have
e (compact) closure entirely contained in I ,(p) N J},(€);

e locally Lipschitz topological boundary which is the union of a set of zero mea-
sure with the following disjoint embedded hypersurfaces in M: (a) a portion
B, of OM C M; (b) a portion 77 of J,(p) € NInt M; (c) a portion .7} of
S NI, (€)NInt M.

Furthermore let V. 2 J,(p) N J},(€) be open. If u € C*(V) satisfies Pu = 0 on
I,(p)NI,(€) withu=0 ondM NV, then u and du vanish on J ,(p) N J ', (€) iff
they vanish on J ,(p) N'E.

Proof. Of course the ‘only if’ statement is automatic, and we proceed to prove the other

implication. In virtue of Lemma 5.1.9, and since v and du are continuous on V 2 D

2Notice that, under the previous assumptions, t(ﬁ) C R is necessarily an open interval bounded from
below.
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and vanish on J ,(p) "% 2 J (p) M€ by hypothesis, we only need to prove that u and
du vanish in the interior D =1, (p) NI*,(¥).
As preparation we prove that, under the hypotheses of the theorem, for any ¢ € D and

any future-directed timelike curve v : [0,1] — M from ¢ to p, we have

(toy)[0,1) = [t(q), t2). (5.14)

Since t is temporal on D and ~[0,1) is entirely contained in lo), it follows that toylp,) is
non-decreasing. Now let ¢(¢) < 7 < t2 and pick a point r € D such that ¢(r) = 7. Then
it is possible to find a neighbourhood U of p such that for any point z in U NI ,(p)
there is a future-directed timelike curve p from r to z. In particular, we can pick z to
be () for A sufficiently close to 1. Since ¢ is non-decreasing along p, we conclude that
T =1(r) < t(z) = t(y(\)). Thus we have found that (to)[0,1) 2 [t(q), 7] Vt(q) < T < ta,
which readily implies Equation (5.14).

We now argue, using Equation (5.14), that

D=\JL., (5.15)
n

where (7,), is any sequence such that ¢; < 7, < t2 and 7, — t2 as n — oco. The inclusion
D is automatic. So let ¢ € D. Then t1 < t(q) < tg so there exists an integer n such that
t(q) < 7p; but by Equation (5.14), there exists a future-directed timelike curve from ¢
to a point z, with t(z,) = 7, i.e. to a point 2z, € ./, . So q € L,,, which completes the
proof of Equation (5.15).
In particular, we can without loss of generality assume that the sequence (7,,), in Equa-
tion (5.15) has the property that ¢ < 7, < ta ¥ n, with £ as in the hypothesis of the
theorem. Then to prove the theorem it suffices to show that, for any 7 with ¢ < 7 < to,
u and du vanish on L. The idea behind the proof of this fact is to construct a suitable
vector field out of u and du, to integrate its divergence over L., and to use the diver-
gence theorem together with the assumptions made on the structure of the topological
boundary of L, as a subset of the extended manifold (without boundary) M. Define

the first-order, tensor-valued bilinear bidifferential operator
S| L
Tu,v] =T u,jv) =du®dv — 599 (du, dv).

[We refer to Section 2.5.1 for notions of jet bundles and jet extensions of sections; in
particular, we are using here the isomorphism J!(M x R) =2 T*M x R mentioned there.]
It holds that, for any point p and any two future-directed timelike vectors X,Y at p,
the quadratic form

TiM 3w T(w,w)apXY? = wX)w(Y) - %g(X,Y)gfl(w,w) (5.16)
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is positive-definite. I.e. we are defining 7, to be the stress-energy tensor of the massless
scalar field, and the positive-definiteness of (5.16) is simply a statement of the well-
known dominant energy condition which is enjoyed by this quantity, even ‘off-shell’. A

simple calculation shows that
VT [u, ulgp = (Ogu)(du)p

so that, if Y is a vector field, then

VYT, ulpY?) = Y (w)Ogu + Tu, up VY.
Now let £[u]® = e MT[u, u]%,Y?® where A > 0 is a constant. Then

div £[u] = e {Y[U]Dgu + Tlu, W]y VOY? — AT[u, ] Vo Yb} .

Letting also n[u] = e Mu?Y we have

div nu] = e~ {-AY[tJu® + 2uY [u] + div Yu?}
from which we obtain

div(€[u] + nfu]) + Ae {T[u, uay VY + Y[t]zﬂ}
= e MY [u]Oyu + e {T[u, u]VOY? + (divY)u? + 2uY[u]} (5.17)
and, in turn,
()
div(&[u] + nlu]) + Ae M{T[u, u] VY + Y[tju?}

= —e MY [u]Pu+ e M Tu, u) VY + (div Y)u? + Y[u](X[u] + Vu +2u)}. (5.18)

(I

The exact forms of the terms (/) and (II) above are not essential. What matters for

the analysis which will follow is that:

e If Y and Vit are defined, continuous and future-directed timelike everywhere on
an open set U C V, and if additionally Y[t] = g, Y *V’¢ is strictly positive on U,
then (I) on U defines a pointwise positive-definite quadratic form in u and its first
derivatives, i.e. it is a pointwise positive-definite quadratic form on the first-order

jet bundle J'E — U of the trivial line bundle E =U x R — U.

e (II) is too a (not necessarily positive definite or even semi-definite) quadratic form

on JIE — U.
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We now wish to use Lemma 5.3.1, with the vector bundle J'E — U playing the role
of F 5 N, the quadratic forms defined by either of the differential expressions (I) and
(II) playing the role of f, h being any auxiliary fiberwise positive-definite quadratic
form on J'E, and the closure of L, in U playing the role of the subset X. If U is an
open neighbourhood of I ,(p) N J*,(¢) then we know (by hypothesis) that this closure
is indeed contained in U. In particular, we may choose U to be the neighbourhood
W c I,(p)NJ},(€) on which t is known to be temporal. As far as the application
of Lemma 5.3.1 is concerned, it suffices to choose the vector field Y to be any other
future-directed timelike vector field on W — for then Y[t] = gu, Y *V?t is strictly positive
on W. However, the rest of the proof our theorem will dictate a more stringent choice
for Y, which will arise naturally below. For now, we conclude that there exist constants
C1, Cy > 0 such that, on L,

(I) > C1h(j'u) and (IT) < Cyh(j'u) (5.19)
and thus Equation (5.18) leads to the inequality
div(&[u] + nu]) < —e MY [u]Pu — [ACy — Cole Mh(j1u). (5.20)

on L, and for all A > 0. In particular, we may pick A large enough so that A\C; — Cy =

C3 > 0. Now if Pu = 0 throughout L,, as we are assuming, then this further reduces to
div(€[u] + n[u]) < —Cse Mh(5tu). (5.21)

The function on the right-hand side is continuous on L, is either negative or zero, and
vanishes only at those points at which u and du are equal to zero, because h was chosen

positive-definite. Therefore,
/ div(&[u] + nfu])duy <0 with equality iff u and du are identically zero on L.

We now show, and it is at this point that we use the hypothesis that v and du vanish
on J ,(p) % and that v vanishes on OM ;3 that if Y is chosen appropriately then we

must also have

[ vt + o) dgy > 0 (5.2

Namely, let Y be a vector field with the property that it is everywhere future-directed
and timelike, and that additionally, on M, it is either tangent to M or points towards
M when the latter is regarded as a submanifold of M. Below, we will discuss how

one such vector field may be globally constructed, but for now we assume one is given.

3But not the fact that Pu = 0!
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Using the assumptions on the regularity of the boundary made in the statement of the
theorem, by the generalisation of Theorem 2.5.13 involving locally Lipschitz boundaries

we see that if it is the case that the vector field
Elu] + nlu] = e M (T, u]%Y" + u?Y®)

is either outward pointing or tangent to each smooth portion %, .#; and .7/, then

Inequality (5.22) follows.
(B;) On OM NV 2 AB;, u vanishes. Therefore, on AB;, du = pn where ¢ is real-valued

and n is an outward-directed conormal field along %,. There, we have as a result

€l + olul = e {nV ) = g )y | (5.23)

and, since n(n*) = g~1(n,n), we see that

67)\7&()02

2

n(lu] +nlu]) = g (n,n)n(Y).

Now, n(Y) < 0 because n was assumed outward directed and Y tangent or inward
pointing, and g~!(n,n) < 0 because n is conormal to a timelike hypersurface. It
follows then that n(&[u] + nlu]) > 0, i.e. that &[u] + n[u] is outward directed along
A, or tangent to A,.

(&) This is clear, since u and du are both assumed to vanish on J ,(p) "¢ 2 ;.
(#7) Since .77 is part of a level set of ¢ and since d¢ never vanishes, (dt)[ 5, is conormal

to .. Since gradt is future-directed timelike and ¢ increases strictly along future-
T g y g

directed causal curves, it is actually an outward conormal. Then,
dt(&[u] + nlu]) = e_)‘t{T[u, u]ab(V“t)Yb + u%g(gradt, Y)}

and all terms are positive due to the properties of T" and to the fact that both

gradt and Y are future-directed and timelike.

We conclude by proving the global existence of Y with the properties claimed above.
Let © be a global, timelike, future-directed vector field on M — which exists since M is
time-orientable. Let f : M — R be a boundary-defining function for M [Leel3, p. 118],
assumed w.l.o.g. such that df is inward pointing on 0M, and consider the open (in M)

set
0= {p eM ‘ g ' (df(p),df(p)) < 0}'
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Then OM C O since OM is timelike. Now, consider the vector field = defined on O by

_ V. f
2=0%— ————V°f.
S L
We calculate
cam  pap o (©7V4f)? (0°Vef)? . P CA Tk
== =002 Gan v T mane Y Ve =00 Gapw, >

so = is also timelike. Furthermore,

09V, f)?

290, = 090, — i
(V) (Vaf)

—_—
=Z2"E, >0,

so = is future-directed. = is tangent to OM since

V. f

df(E) = Eavaf = @avaf - W

(VEN(Vaf) = 0.
Consider the open cover of M given by {Int M, O}. Pick a (non-negative) partition of

unity {x1, x2} subordinate to this cover, and let
Y = x10 + x2E € %(M)

Then Y is future-directed timelike since it is the sum of two future-directed timelike
vector fields, and it is tangent to OM since it equals = there. We can even tweak this
construction to obtain a future-directed timelike vector field which is inward pointing

on OM, by defining Y instead as
Y =x10 + x2&

with x1, x2,© as above, and
E/a — Ea _ 6vaf

for any § € C*°(O) positive and such that

a=
8 < — -

(Ve (Vaf)

With these definitions, it is easy to check that =® is future-directed and timelike on O,

and it is additionally inward pointing on dM. The claim on Y follows. O
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5.4 Discussion and outlook

Suppose we could prove that any globally hyperbolic STTO .# = (M, g,t) admits a
(surjective, smooth) Cauchy temporal function ¢ : M — R, in which case let €, =
t~1{r}. What’s more, suppose that we could prove that, given any smooth spacelike
Cauchy surface %, there exists a Cauchy temporal function for which % is a level set.
Consider the notation of Section 5.2.1 and assume that I'g is determined by homogeneous
boundary conditions, so that for any open subset O of M we can consider the smooth
sections of the field bundle restricted to O and satisfying the same boundary conditions,
and denote them by I g — and the zero section of F'|p always belongs to Fg. Finally,
suppose that we could prove following PDE result (to compare with Theorem 24.4.1 in
[Hor94]):

‘Theorema demonstrandum’. For any f € T, there exists a unique solution uy € I'y of
Pu = f such that uy [resp. u_] vanishes on t~!(—o0, 7] [resp. on t~![r, +00)] whenever

7 € R is such that supp f C I (%) [resp. supp f C I~ (%;)].

Remark. Notice that, under the other assumptions made in the first paragraph of this
section, it would then automatically follow that supp us+ C J‘ﬂ/;/ (supp f) by the following

argument:

My = (My =M\ JZ, D f), 90, thar,)

is also a globally hyperbolic STTO (by Corollary 5.1.8), and % is entirely contained in
M [resp. in M_] whenever 7 € R is such that supp f C I;/(‘KT) [resp. supp f C I ,(%;)]
— since this implies that J 7, (supp f) C J,(I,(¢;)) = I,(€;). Hence, €, is a Cauchy
surface for .#; [resp. for .#_]. Under the assumptions in the first paragraph of this
section, we can then find a Cauchy temporal function ¢ [resp. ¢t_] for .#, [resp. for
M) such that €, = t7'{r} [resp. such that ¢, = tZ'{r}]. The zero section of the
field bundle restricted to My [resp. to M_] clearly solves Pu = 0 on M, [resp. on
M_], belongs to Fém’ [resp. to FQL], and vanishes on ;! (—o0, 7] [resp. on ¢t [r, +00)],
and it is the unique such section. But u[,,, also satisfies those requirements (since

JTa, = 0). This immediately yields the claim on supp u..

Assuming that our ‘Theorema demonstrandum’ holds as stated, i.e. for inhomogeneities
f with compact support, then we expect that actually, owing to global hyperbolicity, one
may extend it, and correspondingly also the statement on supports made in the Remark
above, to inhomogeneities with more general causally restricted supports. E.g. it should
be possible to adapt the proof of Theorem 3.8 in [Bér15] (see also the end of the proof of
Theorem 12.17 in [Rin09], or the proof of Corollary 5 in [Gin09]) to show that f can be
allowed to have retarded/advanced support, or even past/future compact support. So

at the very least, one could define retarded/advanced Green operators Gy : Iy — I'ts



Notes towards a theory of spacetimes with timelike boundaries and boundary value
problems 172

in the sense of Definition 5.2.1, by setting
Gif=uq forall fe r..

These will be the inverses to P : 'y 5 — Ty by Proposition 5.2.2. This in turn demon-
strates that using a different Cauchy temporal function in the original statement of our

‘Theorema demonstrandum’ must yield the same solution 4.

With G4 as just constructed, one can then establish the exactness of sequence (5.7) as
was done in the proof of Theorem 5.2.3, provided the boundary conditions are such that
cutoff functions y+ can be found as required by the statement of that theorem — see
the discussion on this point at the end of Section 5.2.1. In turn, this would prepare the

ground for the rigorous quantization of linear systems with boundary conditions.

In view of these considerations, given a linear differential operator P on a globally
hyperbolic STTO and a choice of homogeneous boundary conditions, Green hyperbolicity

relative to the boundary conditions can be established if:

1.) Lorentzian-geometric results which are well-known in the boundaryless scenario
can be extended to globally hyperbolic STTJs: at least, the existence of (smooth)
Cauchy temporal functions and additionally the existence of such functions

adapted to any smooth spacelike Cauchy surface;

2.) a ‘Theorema demonstrandum’ can be proved for the given choice of boundary

condition.

While we have separated the two issues for convenience, there is overlap as we now wish
to explain. Let us now specialise to the case of normally hyperbolic operators. One
approach for proving existence and uniqueness in the Cauchy problem in that case is
constructive, and essentially dates back to the work of M. Riesz [Rie49] (whose arguments
in turn built on Hadamard’s pioneering work [Had23]) in which explicit expressions
were given for the advanced and retarded fundamental solutions of the wave equation
in Minkowski spacetime. This approach was then extended to local regions in a curved
spacetime by Friedlander [Fri75] using geodesic normal coordinates. No energy identities
or inequalities need to be used at any step in this approach. Finally, global advanced
and retarded fundamental solutions on globally hyperbolic manifolds can be found by
patching up local ones (regardless of how the latter were found in the first place), as was
already sketched in [CB67] and was proved in full detail in [BGP07].

It seems to us that attempting to adapt Friedlander’s local constructions to the case with
timelike boundaries and boundary conditions would meet with important difficulties re-

lated to the unwieldy interplay between geodesics and boundaries. On the other hand,
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the approach to solving the Cauchy problem based on energy methods (see p. 164) seems
more promising. It would also, presumably, extend to other kinds of ‘hyperbolic’ PDEs,
and in particular to symmetric hyperbolic systems [Ger96]. In the boundaryless glob-
ally hyperbolic case, and for normally hyperbolic operators, Chapter 12 of Ringstrom’s
book [Rin09] presents a complete and rigorous account of how a global existence and
uniqueness result, which includes our ‘Theorema demonstrandum’ as a special case, can

be proved using energy methods. A rough outline of how this is achieved is as follows:

(a) Prove that, around any point p on a smooth spacelike Cauchy surface %, there is an
open neighbourhood U in M such that for any point in U N J T (%) the hypotheses
of the equivalent of our local uniqueness/sharp finite speed of propagation result,
Theorem 5.3.2, are satisfied. In particular, the required temporal functions exist
[Rin09, Lem. 12.7 & Lem. 12.8].

(b) Use a Cauchy temporal function adapted to % and a connectedness argument to
promote the local finite speed of propagation result in (a) to a global result stating
that if the Cauchy data for the homogeneous problem has support in K C %, then
the support of any solution to the future of 4’ is supported in J T (K) — dually, if the
Cauchy data vanishes on 2 C % then any solution to the homogeneous problem

vanishes on the future Cauchy development of € [Rin09, Cor. 12.12].

(c) Prove a global existence result for linear wave equations on R"*! with initial data
on on {0} x R™ [Rin09, Thm. 8.6].

(d) Prove global existence to the future of ¢ by constructing local solutions in small
neighbourhoods of each point, using (b) and compactness arguments to argue that
the local solutions agree on overlaps and that any solution defined up to a given
finite Cauchy time can be extended to one defined up to a strictly later Cauchy
time [Rin09, Thm. 12.17].

(e) Similarly prove global existence to the past of .

Our view is that what will require the most attention in generalising the above steps to

the case with boundary conditions are, in addition to point 1.) above, items (a) and
(d).

Actually, as we saw in the proof of Theorem 5.3.2, the Dirichlet boundary condition
is such that a vector field Y may be chosen to yield the necessary estimates when
the ‘energy form’ T'[u,u] defined there is employed. Any other boundary condition to
be deemed suitable must share the same property, although possibly with respect to a
different choice of energy form. To the best of our understanding, this point is not always

tackled explicitly in the literature on hyperbolic mixed problems. Exceptions which we
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are aware of are the claimed characterisation of suitable oblique derivative conditions in
[Gar77] (see also [MS82, Sec. 6]), and the discussion on domain of dependence properties
in [Sak82, Sec. 3.6] for the class of boundary conditions considered there (see below).
We would therefore deem it a worthwhile future endeavour to revisit this literature and

to translate their results into appropriate analogs of Theorem 5.3.2.

Concerning (d), there already is, at this stage, a large literature on hyperbolic mixed
problems from which it should be possible to draw adequate local existence results
for a variety of boundary conditions. For example: [H6r94, Lem. 24.1.6] for the case of
Dirichlet boundary conditions, the aforementioned work in [Gar77] for oblique derivative
problems, [Kre75] for first-order systems, and [Sak82, GV96] for hyperbolic problems

satisfying the uniform Lopatinsky condition.

It remains therefore to discuss the purely Lorentzian-geometric issues, namely 1.) on p.
172 and (a) above. Concerning the latter, in [Rin09, Lem. 12.8] it is geodesic normal
coordinates which provide the desired temporal function on a neighbourhood of I~ (¢q) N
JT(€) whenever q is sufficiently close to 4. The required temporal function there is the
Lorentz norm of the displacement vector from ¢, which is defined on I~ (q) NV where
V is a geodesic normal coordinate neighbourhood such that J=(¢) N JH (%) C V. If a
timelike boundary is present, this strategy would appear to be inadequate. While we

have not yet found an adequate substitute, a possibility may be as follows:

Since 17 (q) is a globally hyperbolic sub-STTO of .#, if 1.) can be solved in
full generality then a Cauchy temporal function for I~ (q) may do the job of
satisfying the hypotheses of Theorem 5.3.2, at least when ¢ is close enough to
the Cauchy surface % .

Since this strategy is strictly speaking not yet known to work even in the boundaryless
case, it would be of interest first to verify it there. At any rate, our reason for claiming
that there is overlap between the resolution of issues 1.) and 2.) on p. 172 should now
be clear: in the absence of convenient constructions such as geodesic normal coordinates
(at least when the point of interest lies on the boundary), we need more general ways of
‘sweeping out’ domains of the form I~ (p)NJT (%), and tentatively propose that Cauchy

temporal functions may provide one such way.

It then appears to be of paramount importance, if one is to make progress in this
research project, to succeed in extending the purely Lorentz-geometric results on the
existence of Cauchy temporal functions (adapted to Cauchy surfaces) to the case of
globally hyperbolic STTds. Unfortunately, many of the available proofs, for instance the
ones in [BS05] or in [CGM16], seem to again rely on the fine properties of the exponential
map on Lorentzian manifolds without boundary! What we believe is needed is a family of

arguments based on more widely applicable methods of analysis or differential topology.
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Recently, Fathi and Siconolfi [FS12] (see also [Fat15]) have provided a proof of the ex-
istence of Cauchy temporal functions for general globally hyperbolic cone structures
on manifolds, using techniques imported from weak Kolmogorov—Arnold—Moser (KAM)
theory. We believe that, in principle, their proof has great potential to be adapted with
minimal modifications to the case of globally hyperbolic STTJs. There are, however,
some subtleties: In the special case (which is what we’re interested in) of cone struc-
tures arising from the field of future-directed causal (or zero) vectors on a time-oriented
Lorentzian manifold, the definition of global hyperbolicity in [FS12] consists of stable
causality together with the requirement that the images of all causal curves connecting
two given points lie in a compact (possibly empty) subset. Additionally, those authors
define causal curves using the ‘locally Lipschitz’ view, i.e. according to an analog of
Definition 2.1.17. As we saw in Section 2.1.2 (see also [HET73, Prop. 6.6.2] or [FS12,
Lem. 4.4]), in the case of spacetimes without boundaries this definition of global hyper-
bolicity is no different from the one using (strong) causality together with compactness
of all causal diamonds, and similarly it makes no difference to adopt continuous or even
piecewise-smooth curves to define causal pasts and futures instead. But in the case of
STTOs, all of this remains to be rigorously established. In particular, as we saw in
Section 5.1.1, Solis [Sol06] — and we with him — set up the causal theory of STT0s using
continuous causal curves and not locally Lipschitz ones. This may not eventually be
a serious restriction to prove the existence of Cauchy temporal functions, but it would
still be of interest to provide an explicit proof that including all locally Lipschitz causal
curves does not in fact change causal futures and pasts of points, i.e. to prove an analog

of Theorem 2.1.18.%

Perhaps more seriously, stable causality plays a crucial role in the methods used in
[FS12], so it would need to be shown that Solis’ and our notion of global hyperbolicity
of STT0Os implies their stable causality. Should this not be the case, there may be an
argument that global hyperbolicity of STTQ in the sense introduced by Solis is not the

appropriate notion, after all!

“Note that proving an analog of Theorem 2.1.18 when the spacetime has no boundary but the metric

is only assumed to be continuous is to this date an open problem in Lorentzian geometry, see [S&m16,
Sec. 7).






Appendix A

Weyl quantization of linear systems,
quasi-free states and one-particle

structures

We give here a brief overview of the standard Weyl-algebra approach to the quantization
of (real, bosonic) linear systems [Seg63, BR97]. The starting point is the realization that
the phase space of the classical theory is a (real) symplectic vector space (S,0). The
first step is to construct the Weyl algebra [Sla72] over (S, o), denoted here by #/(S, o).
This is the C*-algebra generated by a unit element 1 and by Weyl operators W (®) (for
all ® € 9) satisfying the relations

W (D)W (®3) = e W @LP)2W (&) + By),  W(D)* = W(—9),
which are to be regarded as exponentiated versions of the standard canonical commuta-
tion relations (and in particular imply that each W (®) is unitary and that W (0) = 1).

The Weyl algebra construction is functorial in the sense that for any two linear symplectic
spaces (S1,01) and (S2, 02) and for any linear symplectic map 7" : S; — S, one defines in
a natural way a *-homomorphism « : #/(S1,01) — #(S2, 02) between the corresponding

Weyl algebras by setting
Oz(Wl(‘I))) = WQ(T(I)) RONS Sl (Al)

(and extending by linearity and continuity). If a one-parameter subgroup (7;)rcr
of linear symplectomorphisms of (S,0) is available, then, from the ‘linear dynami-

cal system’ (S, 0,.7;), one obtains, via Weyl algebra quantization, the ‘C* dynamical

177
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system’ (&7, a;) where o = #(S,0) and (a;),cr is the one-parameter group of *-

automorphisms of &7 induced from (.7} ),cr in the manner described by Equation (A.1).

We recall that a state on the Weyl algebra o7 is a positive linear functional w such that
w(l) = 1. It is called pure if it cannot be expressed as a convex combination of any other
two states, and mized otherwise. Finally, w is said to be stationary or invariant with
respect to a one-parameter group (o );cr of *-automorphisms of 7 if, for all 7 € R,

W o a; = w.

Correlation functions can be defined for sufficiently regular states; that is, one may

define the one- and two-point functions

M (®) = %w[W(th)] (A.2)
t=0
2 .
Ao (P, Do) = —888tw[W(s<I>1 + 1Dy)]e Pt (P1®2)/2 , (A.3)

s,t=0

and similarly define higher n-point correlation functions A, if the state is regular enough
for the relevant derivatives to exist. Note that all correlation functions are multilinear

in their arguments.

Two-point functions play a special role in quantum field theory. For now, note that if a
state is C? (see e.g. [Kay93] for a definition), so that the one- and two-point functions
exist, one may verify that Ao automatically satisfies the following properties for all
D, P9 € 5

(1) Im[A2(®P1, P2)] = (D1, P2)/2;

(ii) ReAy =: p is a symmetric, real-bilinear form on S satisfying

M((I)h@l) > 07 U(qu)?)? < 4M<¢)17¢1)ﬂ(¢)27¢2)- (A4)

Condition (i) encodes the canonical commutation relations, and Condition (ii) results

from positivity of the state.

The set of Ay : § x S — C satisfying Conditions (i) and (ii) is in one-to-one correspon-
dence with the set of equivalence classes of one-particle structures over (S,c), whose

definition appeared already in Section 3.2, but which we repeat here for convenience.

Definition A.0.1 (One-particle structures). These are pairs (K, ), with J# a complex
Hilbert space and K : S — 5 a real-linear map, such that for all ®;,P, € S,

1. KS+i¢KS is dense in J7;
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2. Im (K& | K®y) ,, = o(P1, D) /2.

Any two such pairs (K, ) and (K', ") are said to be equivalent if there exists an
isomorphism U: 7 — ' of Hilbert spaces such that UK = K.

The correspondence works as follows. On the one hand, any one-particle struc-
ture (K, ) over (S,0) clearly yields a Ay satisfying Conditions (i) and (ii), namely
Ao(P1, P2) = (K Py | K®2) . Somewhat less trivially, the converse also holds.

Proposition A.0.2. Given a Ay : S x S — C satisfying Conditions (i) and (ii), there
exists a one-particle structure (K,.7) which is associated to Ao in the sense that
(K®1 | K®2) ,p = Xo(P1, P2) for all &1, Py € S. Furthermore, any two such one-particle

structures are equivalent in the sense of Definition A.0.1.

The result above is proved in Appendix A of [KW91]. There, and in the discussion
following Proposition 3.1 in Section 3.2, it was also pointed out that one may use this
result to prove that, for any Ay : S x .S — C satisfying Conditions (i) and (ii) above, the
prescription

w[W(®)] = exp[—A2(P,P)/2] VPeS (A.5)

(and extension by linearity and continuity) defines a state on /. Indeed, one may
realize the right-hand side of Equation (A.5) as the expectation value in the Fock space
vacuum, of the operator W (K®) = explaf(K®) — (af(K®))*] on the Fock space over
. Since W(®) s W7 (K®) defines a *-representation of the Weyl algebra, the result

follows. One may then easily verify that w has a two-point function and that this equals

A2. Indeed, w also has the following additional properties: (a) it is analytic (see e.g.
[BRI7], p. 38) so that, in particular, it is C™ for all m and all correlation functions
exist; (b) the one-point function vanishes; (c) the ‘truncated’ n-point functions (see e.g.
[Haa96, BR97]) vanish for n > 2 (in particular, all odd correlation functions vanish).
Throughout the present thesis, and just as in [KW91], we will refer to states having
Properties (a)—(c) as ‘quasi-free’, but remark that more properly they should be referred
to as ‘quasi-free states with vanishing one-point function’. Since analytic states with the
same collections of n-point functions are identical, this also proves that any quasi-free
state on the Weyl algebra is in the form of Equation (A.5), for some Ay satisfying
Conditions (i) and (ii).

We recall a technical lemma of Hilbert space analysis which is used in the proof of the
statement of uniqueness up to equivalence in Proposition A.0.2, and which we also invoke

in the proof of our no-go Theorem 3.4.7.

Lemma A.0.3. Let 77, 5% be complex Hilbert spaces and let My C 64, My C 4 be
real-linear subspaces such that My + iMy is dense in J and My + iMs is dense in F65.
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Let m : My — Mz be a bijective real-linear map such that (x| y) ,» = (mz | Mmy) 4, .

Then m extends uniquely to a complez-linear isomorphism from 4 to 6. [

So one concludes that quasi-free states over the Weyl algebra &7 are also in one-to-one
correspondence with equivalence classes of one-particle structures over (S, o), and thus
we can freely speak of the (equivalence class of) one-particle structure(s) ‘associated
with’ a given quasi-free state. What’s more, a number of important properties which
could be possessed by a quasi-free state have a ‘translation’ at the level of the corre-
sponding one-particle structure(s). These ‘one-particle versions’ are often technically
convenient to work with, and indeed are what allowed us to conjecture/prove the results
in Chapter 3. We record below two such translations (for proofs, see Appendix A of
[KW91] and [Kay85]), which are invoked in Section 3.2.

Proposition A.0.4. A state w is pure if and only if its associated one-particle structure
(Kw, 7,) is such that K,S alone is dense in J€,.

Proposition A.0.5. Let o denote the Weyl algebra over the symplectic vector space (g, o)
and w be a state on o/ with associated one-particle structure (K, ). Then the C*-
subalgebra 7 ofszf~ generated by the subspace R of S has the Reeh-Schlieder property"
for (szf,w) iff KoR+ 1K, R is dense in J2,.

Let w be a state on a C*-algebra o7 with GNS-triple [BR87] (p, H, Q). Then the C*-subalgebra %
of &/ is said to have the Reeh-Schiieder property for (o7, w) if p(#)Q is dense in H.



Appendix B

More on the infrared pathology of

massless fields in 14+1 dimensions

The purpose of this appendix is to show how the infrared pathology afflicting massless
fields in (1+1)-dimensional Minkowski spacetime, which was discussed in detail in Sec-
tion 3.4.2, manifests itself when considering the interplay between the global Hadamard
condition for such fields and invariance under Lorentz boosts. Namely, we will prove
the precise result stated below (where we recall that the notation C§°(M), for M an
arbitrary manifold, refers for us to the space of real-valued test functions on M). It is
worth noting that our proof of this result will use several techniques pioneered in [KW91]
—and indeed that the result itself may be morally regarded as complementing the list of
non-existence theorems proved in that paper (but recall that the analysis [KW91] was

restricted to models in four dimensions).

Theorem B.0.1. Let (Sy, om) be the real symplectic vector space of spatially compact
solutions to the massless wave equation O¢ = 0 on R%  Let ahy = W (Sw,om) be
the associated Weyl algebra of canonical commutation relations. Then there is no C?
state w on @y which is invariant under the automorphisms of <y induced by the one-
parameter group of Lorentz boost isometries, and whose spacetime smeared two-point
function A : C§°(R?) x C$°(R?) — C has the ‘global Hadamard form’ in the sense that

H=A-Ay (B.1)

is representable by a function h € C*°(R? x R?).

Proof. Let us collect some easy facts about the bilinear functional H : C§°(R?) x

C§°(R?) — C defined by Equation (B.1). Aside from the representability by a smooth

181
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function h, i.e.

H(F,G) = /RQ h(z,y)F(z)G(y)d*zd®y V F,G € C°(R?),

we have that

(a) H(ZF, 7;G) = H(F,G) V F,G € C°(R?), where (7;),cR is the one-parameter
group of linear transformations on C§°(R?) given by pullback by (the inverse of)

the Lorentz boost isometries;

(b) h is a classical bisolution to the wave equation, i.e. [O.h](z,y) = [Oyh)(z,y) =
0V z,y € R?%

(c) since A and Ay individually satisfy the canonical commutation relations in the

sense that

1 00

it follows that

H(F,G) - H(G,F) = [A(F,G) — Au(F, G)] = [AMG, F) — Aw(G, F)
=0 VFGeCFR?Y,

i.e. h(z,y) = h(y,z) V z,y € R

Without loss of generality, we may assume from now on that the state w is quasi-free,
since the existence of a merely C? state on &% which is Lorentz-boost-invariant and
whose two-point function satisfies the hypotheses of the Theorem immediately implies
the existence of a quasi-free one with the same properties — i.e. the unique quasi-free
state (with vanishing one-point function) whose two-point function is the same as the

two-point function of the original state.

In a first step, we argue that w must coincide with the ‘usual’ vacuum state wy; on the
Weyl subalgebra .2/ v of %A generated by the subspace Som = Sr-mov + S1-mov consisting
of sums of compactly supported left movers and compactly supported right movers. This
fact is proved by the following chain of reasoning: (1) by methods completely analogous
(and actually considerably simpler thanks to the absence of boundaries) to the methods
used by us in the proof of Theorem 3.4.7 (which are in turn based on methods presented
in Appendix B of [KW91]), one sees that the ‘symplectically smeared’ two-point function
A Sy X Sv — C of w, restricted to either Sy oy X Si-mov OF Simov X Slmov, €quals the

restriction to the same sets of the ‘symplectically smeared’ two-point function Ayg of the
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state wyr; (b) this implies in particular that the restriction of w to the Weyl subalgebras
Hymov and A oy generated by Simoy and Spmey (respectively) equals the restriction to
the same subalgebras of the ‘usual’ vacuum state wyy; (c) since these restrictions are pure
and quasifree, by Lemma 4.1 in [KW91] it follows that the w| o 18 PUre and uniquely
determined; (d) finally, since wy is pure and quasi-free, this implies the sought-after

result that w(, == wwm.

Since Som = Em[CS5(R?)], the result in the above paragraph implies that
H(F,G)=0 VY F, GecCs(R? (B.2)

(we recall that C5§(R?) = {1 € C°(R?) | [pe ¥(x)d?z =0}). So we now pick a x €
C§°(R?) with [po x(x) d?z = 1. Then for any F' € C5°(R?) one has F—( [ F)x € Cg5(R?)
(where we have abbreviated [ F/(x)d?z with [ F since no confusion should arise from

doing this), and therefore

RSTENSTED
_H(FG) - (/F) Hix,G) — (/G) H(F,x) + (/F) (/G) Hivuy) (B.3)

for all F, G € C§°(R?). Now consider the last term in Equation (B.3) as a bilinear
map C§°(R?) x C§°(R?) — C: this is simply the bidistribution defined by the constant
kernel ¢; = H(x, x), which is obviously a bisolution of the wave equation and is boost-
invariant since Lorentz boosts are measure-preserving. Let us define 7 € C°°(R?;C)
by 7(y) = [ge M(z,y)x(x) d*z, so that T is the smooth kernel of the distribution ¥
H(x, V). Clearly 7 is a solution to the wave equation. By the symmetry of h together
with Equation (B.3) we have

h(z,y) +c1=7(x)+7(y) Vaz,yeR2 (B.4)

Since the left-hand-side of Equation (B.4) is boost-invariant, so must be the right-hand
side (seen as a function of both z and y). But then, by setting = y, we see that this
implies that 7 is boost-invariant. Since it is also a solution of the wave equation (and is

smooth), it must be equal to a constant ca. Thus we conclude that
h(z,y) =2c2 — c1 =: ¢, (B.5)

i.e. h equals a complex constant. This in turn implies that A = Ay + ¢. Since, as
proved in [Wig67, p. 204], for no choice of constant ¢ can this quantity satisfy the
positivity properties of the (spacetime smeared) two-point function of a state, we reach

a contradiction. This completes the proof. O






Appendix C

Sobolev Spaces on Manifolds

The purpose of this appendix is to introduce Sobolev spaces on smooth manifolds, and
in particular spaces of locally Sobolev sections of vector bundles. We follow [Hor90a,
Sec. 7.9], [Hor94, App. B], [Rin09, Ch. 5] and [BW15].

We begin by considering the case of the Euclidean space R™ and scalar functions/dis-
tributions. Throughout, § = S(R™) denotes the space of complex-valued Schwartz
functions on R, and &' = §'(R™) denotes its continuous dual, the space of Schwartz
distributions. Recall that a Lebesgue measurable, complex-valued function w is said to
be locally L', or to belong to LL (R™), if u- xx € L*(R") for any compact set K C R".
The space L%OC(Q), of locally L' functions on an open set 2 C R”, is defined analogously.
Locally L' functions with values in R and in any other finite-dimensional real or complex
vector space are defined by demanding that all components in a basis (and therefore in

any other basis) be locally L.

Definition C.0.1. Let £ € Ny and 2 C R™ be open. Then a function u € Llloc(Q) is said
to be k times weakly differentiable if for every multi-index o with || < k there is a

locally L! function u, on € such that the following equation holds for any 1 € C§°(Q):

/Qua%pdx: (—1)“'/Quaq/1da:.

If that is the case, the u,, are referred to as the weak derivatives of u. A locally integrable

vector-valued function is said to be k times weakly differentiable if its components are.

Definition C.0.2. Let £ € Ny, 1 < p < oo, 2 € R" be open, and V be a finite-dimensional
real or complex vector space with norm and inner product denoted by |- | and (-,-)
respectively. Then W¥*P(Q; V) denotes the set of k times weakly differentiable functions

(valued in V') such that all the weak derivatives are also in LP(€2; V). Let now

WEP(Q V) = WFP(Q; V) ~  where uy ~ uy < up = ug a.e.
185
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(with respect to the Lebesgue measure). Then W#P(; V) is a Banach space with the

following (well-defined) norm

1/p

Il = Z/wa P dz Yu e WhP(Q; V).

la| <k

The special case p = 2 yields a Hilbert space denoted by H*(Q; V) = Wk2(Q; V), with

inner product

([ur] | [wa]) e = Z / Uy, 0%p) dz Y ug,up € WR2(Q; V).

la|<k

Clearly, W9?(Q; V) = LP(Q; V) so that in particular H°(Q; V) = L?(Q; V). The special
cases with V' = C are denoted simply by W*?(Q) and H*(Q).

Definition C.0.3. Let s € R. Then H)(R") denotes the space of all u € S such
that the Fourier transform 4 € &’ is (representable by) a measurable function and

@w(€)(1+]1€)%)*/? is square-integrable. H 4 (R™) is a Hilbert space with the inner product

(w1 |2y = gy [ @) (1 + €1)

and corresponding norm denoted by ||-[|,). We can define Hs)(R"; V) for any finite-

dimensional real or complex vector space V by demanding that components be in
Hg)(R™).

Proposition C.0.4. Under the standard embedding L . (R™) < &', we have H,)(R™) =
HE(R™) for all k € No. The norms on H ) (R™) and on H*(R™) are equivalent. ]

Recall that, for any open subset 2 C R™, the space Z(12) is the locally convex topological
vector space of complex-valued functions which are defined, smooth, and with compact
support on . In other words, 2(Q2) = C5°(;C) as a set; its standard inductive
limit (more precisely, LF-space) topology is defined e.g. in [Tre67, Ch. 13], and can be
equivalently characterised by using the seminorms in Theorem 2.1.5 in [H6r90al. Its
continuous dual space is the space of distributions 2’(£2). We now define local versions
of the spaces in Definition C.0.3 (local versions of the spaces in Definition C.0.2 may
also be defined, but we will not do so here). This will allow us to further extend the

definition to arbitrary smooth manifolds.

Definition C.0.5. Let s € R and 2 C R™ be open. Then H%O)C(Q) denotes the space of all

u € 2'(Q) such that u € H,)(R") for every ¢ € C§°(%2). H%‘;f(Q V') can similarly be

defined when V is a real or complex vector space.
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If M is a smooth manifold, while there is only one possible definition of the space of
(scalar) test functions, i.e. Z(M) = C§°(M;C), there are at least two natural ways in
which one might wish to define a space of distributions 2'(M). A choice between the
two is determined to a large extent by whether what is cherished is the presence of a
canonically defined embedding from functions on M [say, from C°(M;C)] to 2'(M),
or the convenience of defining spaces directly by duality. Namely, in the first approach

(used e.g. by Hérmander), one defines 2'(M) as
7'(M) =I5 (|AM| ®r C)]',

where C' denotes the bundle M x C — M and |AM]| denotes the bundle of densities on

M, so that |[AM|®r C may be viewed as the bundle of complez-valued densities on M.

1

oc(M)] gives rise to a linear

A function in C°(M;C) [indeed, more generally one in L
form on I'Y® (|JAM| ®r C) defined by

)\'—>/ faecC,
M

since f is then a continuous [or locally L'] complex-valued density on M with compact

support, which can be integrated.

In the second approach, one directly defines

i.e. as the continuous dual of Z(M). If a smooth density du € I'*°(|AM]) is given, then
functions on M can still be linearly embedded in the thus defined space of distributions,

since the assignment

D (M) BipH/MfwduEC
belongs to [Z(M)]'.

In other words: every du € I'>°(JAM|) defines a linear isomorphism (indeed, a topological
vector space isomorphism) between the two versions of 2/(M) we have just defined.
We adopt the second approach in most of this thesis, since we will always be dealing
with smooth manifolds with a semi-Riemannian metric g and the latter yields a smooth
volume density duy. However, for the purposes of this Appendix, and in particular of the
following definition, it is in fact more convenient to temporarily use the first definition
of 2'(M) we gave here.

Definition C.0.6 (Spaces of locally Sobolev functions on manifolds). Let M be a smooth

n-dimensional manifold and s € R. Then H, %‘;f(M ), denoted also by Hy (M), is defined

to be the vector space of all u € 2'(M) such that, for every smooth chart (U,x: U — V)



Sobolev Spaces on Manifolds 188

for M,
Uy, = (ﬁ_l)*u € Hé;’f(V)

where (k71)*u € 2/(V) is defined by

(5™ ul(e) = ul(x™ (e dN)] V€ 2(V).

In turn, d\ above denotes the restriction of the standard smooth Lebesgue density on
R"™ to V, and the pushforward (/fl)*(dj\) of a compactly supported smooth density d\
on V is the compactly supported smooth density on M defined by

(). () = £*(dX)  on k™ !(suppd))

0 otherwise.

Definition C.0.7 (Topology on Hj} (M)). H;:

loc

(M) is equipped with the locally convex
topology defined by the semi-norms

ull,, = llpunll s

where k : U — V is an arbitrary smooth coordinate system on M, and ¢ is an arbitrary
element of C3°(V'). In fact [H6r94, p. 475], the same topology is generated by any
}nen with the property that {k, : U, — V,,} is an atlas
(M) is a

countable subfamily {||- Hnn,eon

for M, ¢, € C§°(Va), and U,en {7 € Vi | @n(x) # 0} = M. Therefore, Hy

loc

Fréchet space.

Recall that &’(M) denotes the subspace of 2'(M) consisting of distributions with com-
pact support, while for a closed subset K of M, &' (K) == {u € 2'(M) | suppu C K}.

Definition C.0.8 (Spaces of locally Sobolev functions with fixed or arbitrary compact
support). Let M be a smooth manifold and Hj (M) be defined as above. Then, for any
compact subset K of M, we define the space of locally Sobolev functions supported on
K, Hy (M), by

Hj. (M) = H{ (M)N&'(K).

Finally, we define the space of locally Sobolev functions with compact support, H: (M),
by
HS(M) = H . (M)N&'(M).

Both spaces are equipped with the subspace topology inherited from Hy (M).

In giving definitions C.0.6, C.0.7 and C.0.8, we followed the route given in [H6r90a,
Sec. 7.9] and [Hor94, App. B]. Bar and Wafo [BW15] take a different but equivalent

path to those definitions (generalised to sections of arbitrary vector bundles). Their
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approach has the virtue of coordinate independence, but is perhaps less elementary.
Since their work plays an important role in Chapter 4, let us make some contact with
their viewpoint these definitions, when specialised to the scalar case. Essentially, we first
gave the definition of the largest of the spaces above, i.e. of H (M), in a concrete way
by using the existence of the very large space of distributions on M; then, we regarded
the other spaces as subspaces equipped with the relative topology. On the other hand,
Béar and Wafo begin by defining the smallest space, Hj (M) for a compact K, as a
Banach space by an abstract metric space completion procedure from C3(M;C) =
{¢p € C®°(M;C) | supp¢ C K}. Then, H:(M) is defined as the direct limit

H)(M):= ) Hik(M)

KCM
K compact

of the direct system given by {Hj},(M)}k and the inclusion maps, equipped with the
strict inductive limit topology. Finally, they notice that the thus abstractly defined
spaces Hj (M) and HZ(M) embed into 2’'(M). This allows them to define H{ (M) by

Hi (M) :={uecZ'(M)|xuecH;(M)VY xeCq*(M)}

and equip it with a Fréchet space topology which is given by a countable family of

seminorms defined in terms of the Banach space norms on Hj, (M) mentioned above.
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