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Abstract Modified gravity is one of the most favorable candidates for explaining
the current accelerating expansion of the Universe. In this regard, we study the via-
bility of an alternative gravitational theory, namely f(R, G), by imposing energy
conditions. We consider two forms of f (R, G), commonly discussed in the literature,
which account for the stability of cosmological solutions. We construct the inequalities
obtained by energy conditions and specifically apply the weak energy condition using
the recent estimated values of the Hubble, deceleration, jerk and snap parameters to
probe the viability of the above-mentioned forms of f(R, G).

Keywords Energy conditions - (R, G) modified gravity - Cosmological parameters
1 Introduction

As is well known in general relativity, the energy conditions are often required in the
proofs of various important theorems about black holes, such as no hair theorem or laws
of black hole thermodynamics [1]. The energy conditions are systematically obtained
when one refers to the Raychaudhuri equation, in which the attractive character of
gravity is reflected through the positivity condition R, ,k*k" > 0, where R, is the
Ricci tensor and k* is any null vector. In general relativity, through the Einstein field
equation, this condition on geometry is translated to a corresponding condition on
matter, namely null energy condition 7,,,k*k" > 0, where T}, is the stress energy
tensor. In particular, the weak energy condition (WEC) assumes that the local energy
density is positive and states that 7,,,U*U" > 0, for all timelike vectors U*. For
instance, in the case of a perfect fluid
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Ty = (:0+I7)UMUV+pg/wv (1)

we have p > 0 and p + p > 0. By continuity, the WEC implies the null energy
condition (NEC), T},,k*k" > 0 [1].

The energy conditions have been widely studied in in the context of modified grav-
ity, such as f(R), f(G), f(R,T) and f(T) gravity [2-16]. The motivation for the
study of modified theories of gravity is clear and strong. As we know, Einstein’s theory
of general relativity (GR) can not explain the late-time accelerated expansion of the
Universe, unless an unknown dark energy element is introduced in the field equations
[17-23]. In the context of GR, the attempts to explain the observed speed-up of the
Universe, have introduced some modifications of Einstein-Hilbert action by adopting
a general function of the scalar curvature in the gravitational Lagrangian density as
f(R) [24-39]. The motivation for this procedure consists of the analysis of strong
gravitational fields near the curvature singularities and considering the consistent can-
didates of a fundamental theory of quantum gravity. Indeed, string/M-theory predicts
that scalar field couplings with the Gauss—Bonnet invariant G are important in the
appearance of non-singular early time cosmologies. These motivations may also be
considered in the context of late-time acceleration of the Universe [40—43].

Recently, a new generalized modified Gauss—Bonnet gravity, whose action contains
ageneral function of R and G as f (R, G), has attracted considerable attention [44—60].
Besides its stability, this attention is due to its ability to describe the present acceleration
of the universe as well as the phantom divide line crossing and transition from acceler-
ation to deceleration phases. Two specific models of f (R, G) gravity were constructed
to account for the late-time cosmic acceleration [61], and the respective constraints of
the parameters of the models were also analyzed in [61]. So, in order to proceed along
with the interests of these models, in the present work we shall consider two forms of
f(R, G) introduced in [61]. In Ref. [61] the authors have studied the stability of de
Sitter and power-law solutions in f (R, G) gravity and have shown that gravitational
action plays a very important role in the stability of the solutions both of which depend-
ing on the form of the f(R, G) theory and the parameters of the model. In this con-
text, we further consider the constraints imposed by the energy conditions and verify
whether the parameter range of the proposed models considered in [61] are consistent
with the energy conditions. More specifically, we define generalized energy conditions
for f (R, G) modified theories of gravity, and consider their realization for flat Fried-
mann cosmological models. In particular, we analyze whether the weak energy condi-
tion is satisfied by particular choices of f (R, G) which were advocated in Ref. [61].

In Sect. 2, we introduce the gravitational field equations for the f (R, G) gravity. In
Sect. 3, we obtain the inequalities corresponding to the energy conditions. In Sect. 4,
we consider two specific forms of f (R, G), and analyze the constraints resulting from
the energy conditions. The paper ends with a brief conclusions in Sect. 5. We use the
unitsc = Gy = 1.

2 Field equations of f (R, G) modified gravity

Let us start by writing the most general action for modified Gauss—Bonnet gravity
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1
S = i/d“x«/—gf(R, G) + Su (8", ¥), )

where Sy (g"", ) is the matter action, and f (R, G) is a function of the Ricci scalar
and Gauss—Bonnet invariant defined by

G = R* — 4R,y R"’ + Ryyap R*P. 3)

Variation of the action (2) with respect to the metric provides the following gravita-
tional field equation

1
Ry = S8R =k T 4+ 2,0, (4)

where X, is defined by

Y = ViV fr — g;waR + 2RVMV])fG - Zg;wRDfG - 4R;L)kavvf6
_4RVAVAvaG + 4R/w|:|fG + 4guuRaﬁvavﬂfG + 4RuaﬂvvavﬁfG

1 1
—5 8wV + (1= fr) (R;,w - EgWR) . (5)

Note that

_ af (R, G) fo= If (R, G)

Sr o G %

(6)

V= frR+ fcG — f(R,G), and T,ﬂ?at) is the stress energy tensor describing the
ordinary matter.
Now, we consider the flat FRW metric

ds® = —dt* + a*(t)dx>, (7

where a(t) is the scale factor. In the FRW background with a perfect fluid equation of
state for ordinary matter, the field equations for f (R, G) gravity are given by

. P 1 . . : -~ g =
frH = =2 (p™ +p™) + Z(H fr = fr +4H’ f — 8HH f6 — 4H" fc),

frH? = S £ L(foR =~ 6H i + Gfo — 2483 fo). ®)
3 6

where p and p are the energy density and pressure of ordinary matter, respectively,
and the overdot denotes a derivative with respect to the time coordinate, . Moreover,
we have

R=6(2H+1H), ©)

G = 24H> (H2 + H) (10)
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and the gravitational field equations may be rewritten in the following form

3 2 1 . 2
pett = ~H™. per = —— (2H +3H?), an

where perr and pegr are the effective energy density and pressure, respectively, defined
by

1 . .
Peff = [p(”’) + 3 JrRR = f —6H fr + Gfc — 24H3fc)} 12)

1
fr
1, 1 C . Ny . .
peffzﬁ P +;(2HfR+fR+8H fc +8HH fc +4H" f¢
1
—E(RfR-i-GfG—f))]- (13)

Combining the above equations, we obtain the following useful relationship

1 m , m, 1 . 34 x . g 5
Peff + Peft = T l? +p (—HfR —4H" fc+ fr+8HH fc +4H fG) ,
which will be used throughout the paper.

3 Energy conditions

In general, the energy conditions arise when one considers the Raychaudhuri equation
given by

Z—f = —% 0% — 0,00 + Wy’ — Ry kP kY, (14)
where 6, 0" and w,,, are the expansion, shear and rotation, respectively, associated
with the congruences defined by the null vector field k*.

From Raychaudhury equation it is seen that for spatial shear tensor with o> =
0,0 *Y > 0, and for any hypersurface orthogonal congruences, which imposes w,, =
0, the condition for attractive gravity, namely df /dt < Oreduces to R, ,k*k" > 0.In
general relativity, using the Einstein field equations one can rewrite the above condition
in terms of the stress-energy tensor given by T,,k*k" > 0. However, in any other
theory of gravity such as f (R, G), one should know how to replace R, in terms of
T, using the corresponding field equations.

Equation (4) may be written in the following effective form

— _ l _ eff
Guv = Ruv = 3R guv = T (15)

where the effective stress-energy tensor is given by

Tol = kT + 5. (16)
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The positivity condition R,,k*k” > 0, through the modified gravitational field
Eq. (15), provides the following form for the null energy condition

T k'K > 0. (17

Moreover, it is plausible to impose the condition T&Tat)k“k” > 0 for ordinary matter,
because it implies that the energy density of ordinary matter is positive in all local
frames of references.

To deduce the energy conditions in the context of f (R, G) modified gravity, we use
the modified (effective) gravitational field equations and obtain the energy conditions
as follows

NEC <= peft + peft = 0, (18)
WEC <= peft > 0 and pefr + pett > 0, (19)
SEC <= peff + 3pefr = 0 and pefr + petr > 0, (20)
DEC <= peff > 0 and peff + peft > 0, (21

where the notation NEC, WEC, SEC and DEC stand for the null, weak, strong and
dominant energy conditions, respectively.
In cosmological context, in addition to the Hubble parameter H = a/a, it is appro-
priate to define the deceleration, jerk, and snap parameters as
1 a ) 1 a 1 a 9
1="wa T wa ™M Twa @2

respectively; in terms of which, we may consider the following definitions

H=—-H>(1+9q), (23)
H=Hj+3q+2), (24)
H=H*s—-2j—5q—3), (25)

respectively. By using (23)—(25) one may rewrite Eqs. (12) and (13) in the explicit
forms, as follows

1 (m) 1 4 8 . 2
per = 2| P 5 (2486 — ST6H" foc (7 + 247 +34)

— 1728HS for (j Y4 4q— 1) —36H* frr(j —q —2)
+6H2(1 - q) fr — f)} (26)
1 1 2
_ (m) - 2 . 2 10
Peft = T [P + - [576 (2q +3q + J) (4fGGGH + fGGR) H
+24(-2) (g +2) — q24(q +6) +5) +5 +3) (4focH + for) H°
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+144(j —q —2) (24° + 3¢ + j ) (8cor H + 2 frra ) H°
+36(j —q = 2)? (4frraH* + frrr) H°

+24 (2% +3q + j) (8o H = 8(q + 1) for H* +2 for H ) H’
+6 (44> + 159 +2) +5 +9) (4foc H + frr) H*

+6( =g —2) (=8(g + D for H* + 8 for H* + 2 fr H ) H’

1
+5 (2afoH" =601 - q) fat + f)ﬂ @7)

where p™ and p™ are the matter energy density and pressure, respectively. To derive
the above equations we have replaced for fg, fG, f¢ and fr in Egs. (12) and (13),
for example as

fr(R,G) = frrR + frcG = 6(AHH + H) frr
+ (96H>H + 48HH? + 24H*H) fr¢. (28)

Using these definitions, the energy conditions (18)—(21) take on the following
respective forms

NEC :
1
petit pett = p™+p" + = [24H%(-2j (3 +2) — q(q +6) +5) +5 +3)
x(4H2 oo+ for ) +24H(j+q2q+3)) (8H? foc —2H for (4H2(q+1D~1))
—288H" foa(j+q(2q+3) +6H* (2j+4q%+15q +5 +9) (4H? foc + fix)
+576H'(j + 92 +3)* (4H* foce + faor)
+288H°(j —q — 2/ + (24 +3)) (447 focr + frro)
—864H° for (j +47 +q — 1) = 12 — g = 2) (41 for — Hfwr)
—I8H* frr(j — g = 2) + 36H (] +q +2* (41 frre + frrr) | 2 0. 29)
WEC :
(m) 1 4 8 : 2
peit = p") + 5 |~ f (R G) = 24H"qfg = 5T6H" foc (j +247 +3q)
—242HO for (J + >+ — 1) = 36H* frr(j — g —2) + 6H*(1 — ) f] = 0,

Peft + pett > 0, (30)
SEC :

1
Peft + 3pett = p"™ +3p™ + ;[3(0.5(24H4qfe +6H*(q — 1) fr+ f)

+24H%(—2j(3q +2) — q(2q(q +6) + 5) + 5 + 3)(4H? fo + for)
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+24H(j +qQ2q + 3)BH? fog — 2H for(4H?* (g + 1) — 1))
+6H*Q2j +q(4g +15) +5 +9)(4H? fo6 + fRRr)
+576H'(j + q(2q + 3))*(4H? fo6G + foar)
+288H(j — g —2)(j +q(2q + 3))(4H? foor + frrG)
—12H*(j— g— 2)(4H?qfor— fRr)+36HO (= j+q+ 2)2(4H? frrG + fRRR))
+%(6H2(—4H2qu —96HS fo6(j +q(2q +3)) — 288H* for(j +¢*> +q — 1)
+6H? fRr(—j +q+2) — (@ — DfR) = H1=0, petr + peir = 0, 31)
DEC :
peft — pett = p™ — p™ — % [24H4qfc —24H%(-2j(3q +2)
~4(29(q +6)+5) +5 +3) (4H? foc + for)
“24H5(j +q(2q +3)) (8H3fcc —2Hfar (4H2(q +1)— 1))
— 288H" fo6(j+4(2q+3) —6H" 2j+q(4g+15) +5 +9) (412 fo6 + frx)
~ 576H"(j +q2q +3)* (4H? foca + focr )
— 288H°(j = q —2)(j +4(2q +3)) (41> foor + frxa)
—~864H" for (J + 07 +q = 1) + 12H*( — g = 2) (414 for — fre)
+18H" frr(—j + ¢ +2) —6H*(g — 1) fx

—36H"(~j+q+2)* (4H? frra+ frwr) = £ | 2 0, perr+perr = 0, pesr = 0.
(32)

4 Constraints on f (R, G) gravity

In this section, we consider the viable f(R, G) modified theories of gravity which
were used in [61] to study the stability of cosmological solutions. Stability of power-
law solutions for f (R, G) models were given by expressions (33) and (34), bellow.
In the cases where no fluids are considered (vacuum) it is seen that stability of the
cosmological solutions can be achieved by appropriate choices of the parameters space
[61]. However, in this section we consider the constraints imposed by the energy
conditions and verify the consistency between the parameters ranges of the models
considered in [61] and the energy conditions in f (R, G) flat Friedman cosmological
models obtained here as (29)—(32).
In this regard, we consider two classes of viable f (R, G) given by [61]

fi(R, G) = uRPG?, (33)
f(R,G) =kiR+ kR"G™, (34)
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where k1, kp, i, n, m, B, and y are constants and n, 8 are assumed to be positive. The
Ricci scalar and Gauss—Bonnet invariant, defined in Egs. (9) and (10) in terms of the
Hubble and deceleration parameters, can also be expressed as

R =6H*(1—q), (35)
G = —24H%q, (36)

respectively.

Since the inequalities (29)—(32) imposed by the energy conditions in f(R, G)
gravity are so lengthly, for simplicity we only consider the WEC in the following
analysis. Moreover, we take the following observed values for the deceleration, jerk and
snap parameters [62,63]: go = —0.81 £0.14, jo = 2.1670 3%, and 5o = —0.227015.

4.1 fi(R,G) = uRPGY

To impose energy conditions on f(R, G) gravity, for simplicity we consider the

vacuum, i.e., p™ = p™ = 0. Hence, the WEC constraints for the vacuum, pé?f) >0

(v) (v)

and pg + pe = 0, are given respectively by

(@—172
12 (42 -1 ' -
(@*+q+J )yﬁ+ﬁ_(1+q(2q+3))(y I)Vﬂ,_quzo,

213 (Cpg — 1) (—HYq) [(—j +4+2)(B - DB

(g — g q°
37)
2B+3y=33B+y—1 (—Hz(q — 1))ﬁ (—H4q)y
y [_403 —DB@B+y =2 —y)(—j+q+2)°
(g — D3¢
12B-DB(=j+q+2) 8B(B—qyr+y—D(=j+q+2)
(g —1)? (g —1)?
+8(j +qQ2q+3))By(—y +qB+y -2+ D(—j+q+2)
H(q — 1)*q*
M44(?+q+j-1)By 12 +92¢+3)(y — Dy
(g — g q*
8(+4qQ2q+3)y (¢ (4 @+ D =) —y+1)+y 1)
(g — Dg?
LQi+alg+15+5+9) ((y = Dy(g — )* +4H?*q*(B — 1)B)
H2(q — 1)*q?
4G +9Qq+3))*(y = Dy(=y +q9(B+y =2 +2)
(g — g®
43 69+4+9(29(g+6) +5) —s =y (=y+q(B+y =D+ 1)
(g — Dq?

] n=0. (38)
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Fig. 1 Plots of the weak energy condition for the specific form of f1(R, G) = pLRﬁ G7 . The left and right

plots correspond respectively to pé}}f) > (0 and ,oé?f) + pélff) > 0. The positivity requirement of the weak

energy condition is satisfied in the plots for the parameter range considered

The exact analytical expressions for the parameter ranges of the constants 8 and y
can not be explicitly obtained because the constraints provided by the inequalities (37)—
(38) are so complex, so we consider specific values for some of the parameters. In [61]
the authors have shown that the vacuum solutions are stable for § > 1 and y < %(5 —
4). To verify this result from the energy condition’s point of view, we plot the WEC
as a function of B and y, as is depicted in Fig. 1. It is seen that in the left (right) figure,
the weak energy condition pézf) >0 (,ogf) + pégf) > 0) is satisfied for the parameter
ranges B > 1 and y < 0, in the specific form of f1(R, G) gravity by Eq. (33).

In order to compare with the particular case f(R), weputy = 0in Eq. (33). We find
that Eq. (33) can be reduced to f1(R) = /,LR/S, which is a class of f(R)-gravity. The
energy conditions of such theories have been studied in [13—16]. Therefore, consider-
ing y = 0in the current model the WEC constraints, i.e., pé}’f) > 0and pé;}f) + pgf) > 0,
are given respectively by

1

s
(q— 1) [2ﬁ_l3ﬁ (~#a@ =) B=1 (@ -0+ j+a+ 2)/3)] >0,
(39)
! B
Tq—13 [6'3_1 (—Hz(q - 1)) (B—Dp ((ﬂ ~2)j2+3(g+3)j

20 +2)Bj+s5s—qgRqRq+T)+s+3)+qlg+HB+4B8+3)]>0. (40)

For more understanding the above relations, we have plotted them in terms of 8.
Obviously Fig. 2 shows that the WEC is valuable for § > 1, and this is in agreement
with result obtained in [13-16].

42 f(R,G) =k R + kyR"G™

In this case, as in the previous one, we consider the vacuum, i.e., ,0(’") = p(”’) = 0.
This modified gravity model accounts for the stability of the cosmological solutions
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WEC WEC
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Fig. 2 The plots depict the weak energy condition for the specific form of f1(R) = /LRﬂ . The left plot

(v)

corresponds to Lot = 0; the right plot corresponds to ,oeff + pgf) >0

for late-time cosmic acceleration, and the stability of solutions depends on the values

1152 3/2

of the coupling constants k1 and k. In fact, for k1 > 2 k> the perturbations

grow exponentially, and the de Sitter solution becomes unstable. For other values
of k1 and k, than mentioned above, the perturbations behave as damped oscillations
decaying to zero, hence the solution becomes stable. To verify whether the parameter
range of the stability of solutions are consistent with the energy conditions, we again
consider the weak energy condition.

For the form of f>2(R, G) considered by Eq. (34), the WEC constraints, i.e., pgf) >0

and ,oe(ff) + peff > 0, are given by

) () (a1
+m((120 = Dg + (g = 1) + (0 = Dng®) +q (m*Cq +3)(g = 1)?

+3m (=g2+4n (¢ +g-1)+1) @=D— =g (=D +n(g+2))))] = 0,

(41)
23m+n733m+n71(_H2(q _ 1))”(—H4q)mk2
y [_4<n — Dn(m +n—2)g —m)(—j +q +2)°
(@ — Dq
Smn( m+m+n—-2g+1D(+929+3)(—j+q+2)
H(g — 1)?q?
12(n=Dn(=j+q+2)  40m — Dm(=m+(m+n —2)g+2)(j+q(2¢+3))*
(@ — 1)? (¢—Dg?
LB —g =2 (gmtmen—1) 144mn(q> + g+ j — 1)
(@ — 1)? (g — Dq
_120n = Dm(j +4(2q +3))
qz
_8m(j +qQ2q+3)(—gm+m+q+nqg@H> @+ 1) - 1) —1)
(g — Dg?
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7T
LT 77 At i)
27 S

1.40

Fig. 3 The plots depict the weak energy condition for the specific form of f»(R, G) = kj R + kp R"G™.

The left plot corresponds to pégf) > 0; the right plot corresponds to pgf) + pélf? >0

_4m(—m+(m+n —Dg+1)(j6g +4)+q2q(@+6)+5) —s—3)

(g — Dg?
+(m2(q — 12 —m(g — D?>+4H?*(n — Dng®)(2j+q(4g+15) + s+9) ~0
H?(q — 1)’q? -

(42)

respectively.

It is seen that the weak energy condition dose not depend on k. Therefore, it turns
out that WEC do not interfere with the stability conditions. As in the previous example,
considering the complex constraints provided by the inequalities (41)—(42), finding
exact analytical expressions for the parameter ranges of the constants m and n is not an
easy task. Hence, we consider specific values for the parameters to find WEC condition
as a function of the parameters m and n. It is seen in the left (right) Fig. 3 that the

weak energy condition p{y > 0 (o{% 4 p'& > 0) is satisfied for the parameter ranges

n > 1and m < 0, in the specific form of f>(R, G) gravity by Eq. (34).

Again, in order to compare with the particular case f(R) we putm = 01in Eq. (34)
to obtain f2(R) = kiR + kaR". The energy conditions of such theories have been
studied in [13—16]. Thus, considering m = 0 in our model, the WEC constraints, i.e.,

pgf) > 0and p} + p¥ > 0, are given respectively by

(213 =1 (-HG - 1) (@ - 1 +n-j+g+2)] 20,
43)
6" 2= (12 =D)" ((1=2)2 + Blg +3) - 2n(q +2))]

(g — 1)?

IR
(g—1)3
+n(q+2)2+s—q(2q(2q+7)+s+3)+3)] > 0. (44)

We have plotted Eqgs. (43) and (44) in terms of S. Figure 4 shows that the WEC is
valuable for n > 1, and this is in agreement with the results obtained in [13-16].
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150000

200000 100000
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. . . Con . . . Con
125 130 135 1.40 125 130 135 1.40

Fig. 4 The plots depict the weak energy condition for the specific form of f>(R) = k| R + ko R". The left

plot corresponds to pé?f) > 0; the right plot corresponds to pé})f) + pélf)f) >0

14000010

Fig. 5 The plots depict the strong and dominant energy conditions for the specific form of fi(R, G) =
uRﬁ G . The left plot corresponds to SEC; the right plot corresponds to DEC

Fig. 6 The plots depict the strong and dominant energy conditions for the specific form of f,(R, G) =
k1R + ky R"G™. The left plot corresponds to SEC; the right plot corresponds to DEC

To complete our discussions, we have plotted SEC and DEC in the Figs. 5 and 6
for two suggested f(R, G) models (33) and (34). From these figurers it can be seen
that in both models SEC holds but DEC does not. This is in agreement with the results
obtained previously in the study of energy conditions in f(R) gravity [13—-16].

Note that for simplicity, we have examined the vacuum case p™ = p™ = 0. If
we add regular matter to our models, the general results of the paper will not change,
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because with no loss of generality we may always add a positive energy density or pres-
sure of matter satisfying the WEC to the vacuum case such that per > 0, peft+ pefr > 0.

5 Conclusions

In this paper, we have studied the viability of an interesting alternative gravitational
theory, namely, f (R, G) gravity. We have considered two realistic forms of f (R, G),
analyzed in the literature, accounting for the late-time cosmic acceleration and the
stability of the cosmological solutions [61]. The general inequalities imposed by the
energy conditions are obtained. To be specific and for simplicity, we have focused
on the weak energy condition and used the recent estimated values of the Hubble,
deceleration, jerk and snap parameters. We have shown the consistency of the above-
mentioned forms of f(R, G) with the weak energy condition.

We have just examined the vacuum case for which p™ = p = 0. Actually
this is not a physically relevant case bearing in mind that the universe contains matter.
This simplification, however, does not change the general results of the paper, if we
add matter to our models. This is because we can add a positive energy density or
pressure of regular matter satisfying the WEC (p™ > 0 and p™ + p™ > 0) to the
vacuum case (0™ > 0 and p™ + p™ > 0) such that pegr > 0, peit + peft > 0, where
pett = p" + p and pegr = p™ + p.
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