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ABSTRACT
 

A radio-frequency method of inflecting particles (supplied from a 

given injector) into orbits suitable for subsequent acceleration in a cyclic 

particle accelerator is studied theoretically and experimentally. The 

particles circulating in the accelerator are subjected to an "RF bump": a 

transverse radio-frequency electric field over a small length of the orbit, 

tuned to the frequency of the radial betatron oscillations. It is shown that, 

in the absence of nonlinear effects and with no septum (inactive injector 

extremity), the number of particles made available for acceleration can 

be as large as the limit set by Liouville's theorem (1000;0 filling efficiency). 

In achieving this limit not less than 75% of the injected charge is wasted 

(250;0 charge efficiency). Nonlinear effects decrease both the charge and 

filling efficiencies. 
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1. 1N'IRODOCTION 

Early in 1960, B.C. Cook, working with the MURA FFAG spiral 

sector electron accelerator l , studied exper imentally a method for ex­

tracting beam from a cyclic particle accelerator. This method in_ 

valved the application of a radio-frequency electric field to a coast­

ing beam. 2 •3 Cook found4 ,5 among other results, that an RF field of 

proper frequency could affect the amount of useful beam injected into 

the machine. Prior to this, other investigators (Ohkawa, Terwilliger) 

had noted this "RF knock in" injection mechanism. COok's work is 

unique in that he measured its efficiency, finding it to be, under 

proper conditions. about one-half the upper limit set by Liouville's 

theorem and the knawn machine parameters. This work was not pur.ued 

further until K. R. Symon suggested to the present writer that an analy_ 

sis of the Ilechanism be made. The interest in the mechanism stells froll 

its high efficiency and also from the fact that conditions under which 

Cook made his measurement parallel those that would exist in a large 

FFAG accelerator employing beam stacking. Here injection would occur 

at these times when little or no energy is being added to the beam by 

the various devices normally used to accelerate the beam. 

This thesis deals with a partiCUlar method for increasing the 

useful beam injected into a cyclic accelerator in which injection and 

acceleration ••cur at separate tilles. There are several other methods. 

Kerst has pointed out that space charge and inductance effects can aid 

6 7 8 9injection. ' • , That guide field inhomogeneitieslO,ll can lead t. 
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"resonant" damping of the radial betatron motion has been considered 

by Bardenl2 and more extensively by Judd8 • Teng has treated the case 

of time dependent impulses which (1) are in resonance with the radial 

oscillation and which (2) depend on the radial coordinate and which (3) 

13act on a bunched beam only at certain accelerator azimuths. A time 

dependent distortion of the equilibrium orbit aiding injection has been 

. . d b K ill d M . 1,,14l.nvestl.gate y erst, M s, an orl.n. 

The explanation for Cook's observation rests on properties of 

the forced har.nic oscillator. This explanation and its illplications 

form the core of the present thesis. The theoreticalll>del of an ac­

celerator used here is rather idealized, the basic assumption being 

that the radial betatron motion is simple harmonic. Because the angu. 

lar frequency GJ RF of the, RF elect:ric field perturbing a particle is 

set equal to the particle's angular frequency of radial oscillation 

the mechanism under study will be referred to as Resonant RF Inflection 

(RRFI). In what follows this RF electric field is called the "IF bUWlp" 

because it is an irregularity localized around some azimuth in the 

machine. 

An electron's rad ial oscillation ampl itude ax is usually al­

tered each time the electron traverses the region over which the RF bump 

acts. The injector and RF are presumably turned off together. At this 

turn off those electrons with sufficiently small Qx centinue to circu­

• 
late (revolution frequency f o ). They do not coll ide with the injector. 

It is such electrons which are available for acceleration. This group ... 
is the useful beam injected into the accelerator. It will be shown 

that, if non-linear effects are sufficiently small and if the injector 

has a septum of zero thickness, then RRFI ma~es a number of electrons 
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available for acceleration equal to the upper limit given by Liouville's 

theore.. The term filling efficiency denotes the degree to which this 

limit is realized. 

For RRFI to realize 100% filling efficiency mere charge must be 

injected than becomes available for acceleration. Here the ratio of the 

latter to the former is called charge efficiency_ It is shown that RRFI 

exhibits a charge efficiency ~ 1/4. A charge efficiency of about liS 

usually obtains. 

The angular frequency of radial oscillation wI' and the circula... 

tion frequency f o actually do depend somewhat on the radial oscilla­

tion amplitude ax. and any appreciable dependence of either one de­

creases the effectiveness of RRFI. The experimental test reported here 

was conducted in such a way as to minimize these non-linear effectl. 

The experiment for the most part agrees with theory. In any leiS 

idealized application of RRFI the inhibitory effects of non-linearity 

will have to receive closer attention. A step in this direction is 

-taken in Appendix 7. The paragraphs which follow indicate the order 

in which topics related to the above points will be discussed. 

Section II begins by considering differences between the 

accelerator used in the experiment of Section VI and its idealized 

representation used in the theory of Sections III. IV. and V. The 

change in an electron's motion in making a single pas. through the RF 

bump is discussed. An idealized model of this bump is devel.ped. 

Finally. the injection problem of interest here is stated in terms of 

these ideal izations. 

Section III considers those aspects of Resonant RF Inflection 

which can b. treated without recourse to high-speed automatic 
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computation. The approach used has applicability out8ide the realm of 

RRFl. Section IV uses it to illustrate the method of Stochastic In­

ISflection. Section V contains computational re8ults which extend the 

conclu8ions of Section III. Three of the computer programs used here, 

i.e., SHO-16, SHD-lB, and SHO-20, are described, respectively, in ap­

pendices 4, 5, and 6. Each of the latter begins with a short general 

description which is followed by a detailed con8ideration of the actual 

Fortran program. The program which analyzes the experimental data of 

Section VI is SHO-14. Its detailed description is given in Appendix 3 

but its physical description occurs in Section 6.6. Since higher 

numbered programs are generally described in terms of how they differ 

from those of lower number, the reader may find it advantageous to skip 

consideration of programs used in Section V until after he has met the 

contents of Section 6.6 and Appendix 3. 

The conclusion to the experiment of Section VI appears in 

Section 6.9. The thea is conclus ion, Section VII, enumerates basic 

properties of RRFl• 

~, 
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II.	 IDEALIZED MooEL OF ACCELERATOR 

AND BlIfil 

The accelerator of Figure 1 is used in the experiment of Section 

VI. In considering this accelerator, as well as the idealized represen­

tation of it met later, it is convenient to introduce cylindrical coor­

dinates (t'le,~). The radial coordinate f lies in the plane of the 

paper. The center of the accelerator corresponds to p = O. The azimuth 

of the electron gun or injector (arrow A) is taken as e =O. Since elec.. 

trons leaving the gun circulate in a clockwise manner, 9 is taken to in_ 

crease in the clockwise direction. The vertical or pos itive '} axis has 

its or igin at p = 0, is orthogonal to the plane of the paper, and points 

away from the reader. Specifying the magnetic field t on the median 

plane <, = 0) automatically determines it for ,* O. In a conventional 

cyclotron the median plane field is 

Bp : 0 

B. 02 

-1<.71<0 

An electron injected under proper conditions into this guide field will 

not only circulate about the origin but also oscillate about a 

unique path lying in the median plane. This path, known as an equili ­

brium orbit, is the one trajectory associated with an electron of energy 
.. 

Eo (speed 1lIO) which connects smoothly with iteelf each revolution. In 

the cyclotron it is just a circle of radius po. 
The oscillation separates into two modes: one radial, the other 

vertical. Since the guide field is independent of time, VX B =O. 
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SOlving for the field 8 off the median plane in linear approximatioh 

yields 

nB :: 7'/ .3­p B,(~)(J 

B. = 0
 

13" = B{~)n
 

The equations of motion for an electron of charge -e and relativistic 

mass m in this field are 

711 (f-Fe") =
 

m (pe+ ~f&)
 

'0
m3 

The dots denote derivatives with respect to time. For an electron whose 

trajectory is its equilibrium orbit, f =f: e= 0 • When such is the case 

• 12 
the first Eljuation gives 9 = .!t a,lb) :: w. =il'h'~ • • where f o is the elec.. 

m ~p, 

tron revolution frequency. Since electron speed No equals ~.p•• elec­

tron energy Eo increases with increasing p.. Upon linearizing the equa­

tions of motion about the equil ibr ium orbit us ing the substitutions f: f .... ~ 

and it: W o '" A9
o 

one obtains 

'7 = 
.. 

69 :. 

.. 
3 = 

The solutions are 

': a~ ~ (w~~ ~ e. ) 

: Q 3 4Am. ("'3* + BQ ) 

= YI ~ "t'l ' W o 

:: -v::n Wo 

. 
e . W o ( I - ;0) 



The quantities (1) I,t and )- , (2) 0" and aa • (3) 13, and O• • and (4) W 
IC 

and "'3 are, respectively, (1) the electron's radial and vertical dis­

placements from its equilibrium orbit. (2) the electron's radial and 

vertical amplitudes of oscillation about this orbit, (3) the phase angles 

of the radial and vertical oscillations at t'. 0, and (4) the angular 

frequencies of the radial and vertical oscillations. 

It is sometimes convenient to cons ider e as the independent 

variable rather than the time. If in the 0[' iginal equations of motion p 
is replaced bYL~)e and p by d~ I/'+ U e etc •. then the linearized 

dOll. de 

equations of motion fo r /1. and 3 become 

da ')I: :: -(n+,)'% 
d Sa 

da~ _ (-"n) , 
d'Qi 

:: 

It is convenient to introduce the radial and vertical "tunes" ~JC and ", 

where V.. = 'fi+1i' and where "3. y::-;:i". From a practical po int of view 

~ Lais the ~ where L is the number of complete radial (ver­
..... ao 

tical) oscillations executed by an electron in going around the accelerator 

N times. The solutions to the preceding equations are 

11- : Q.. ~ ( 'l7t. e + B, ) 

3 = A., 4oV"\ ( "a Q + B:l) 

It is sometimes des irable to express them as 
r .i.~)( 9 

I'f- : ..Q. 

:: ± .i. "1 e 
~3 

~ 

Two points are worth noting. First. both VIC and -V, are inde_ 

pendent of aoo hence of electron energy E For certain values offo o· 

'111 (",) unavoidable imperfections in the guide field cause an electron's 

0.. (.Q3) to increase until the electron is lost from the beam. The quan­

tity 1t is chosen such tha t V.. (v,) is as far as possible from those 

values (the "resonant value sn) which cause trouble. 
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Unavoidable variation of n over the allowed range of Po also occurs. 

This variation must never be great enough to shift 'w""("'I) onto are... 

sonant value. The second point is that electron revolution frequency ~o 

is independent of oscillation amplitude in linear appro¥Unation. The 

time average of 9 = W o (, - !i:.) , i.e., e , is jus t w. since x = O. 
po 

Hence J electrons of the s arne energy Eo exhibit the same f in 1 inearo 

approximation. 

To add energy to electrons injected into its guide field. a con. 

ventional cyclotron employs a radio..frequency acceleration scheme. The 

RF voltage is applied across two electrodes between which the circulating 

electrons pass repetitively. The ir direction of motion is parallel to 

the lines of force between these electrodes. The frequency of the RF 

"Dltage is constant in time and is set equal to the revolution fre­

quency of the injected electrons. As long as synchronism between the 

RF and f o prevails, some electrons receive energy. As their energy in­

creases so does their Po • At these larger po two factors operate to 

destroy synchronism and thereby 1 imit the energy attainable. (1) Con_ 

1'1 

sider the expression for eN. met previously, i.e. t CU. = a1f.c:o • .J. 6,IP_\"" y;: 
where m is the relativistic electron mass. Since "l~n<O, f o decreases 

with increasing po. This decrease can be minimized by using the largest 

feasible n. (2) As electron velocity approaches the speed of light. m 

begins to incraase. This also lowers f o _ 

The loss of synchronism noted above can be circumvented by varying 

the RF frequency with time so as to follow the f o of a single group of 

nearly monoenergetic electrons all the way from injection out to the 

largest p. for which the guide field has the proper form~ When this 

group reaches the target the RF frequency is returned to its initial 

value and the process repeated. The price paid for higher energy is 

twofold. First, economic difficulties are encountered in constructing 



and exciting the larger electromagnet required to contain the higher 

energy electrons. Second. pulsed operation tends to lower the average 

nlllllber of electrons reaching the target per second. 

The economic difficulties noted above can, in some measure, be 

overcome. In the expression mill,: e 6"p. the electron speed IV. can be 

replaced by the speed of light c when dealing with relativistic elec­

trons. Multiplication of the resulting expression by c gives the total 

electron energy. Once the electron energy an aecelerator is to yield 

has been specified, the maximum value of 13, p. which mus t obtain is also 

known. Choos ing the maximum feasible B., , i.e •• 6_6 " ,fixes the 

maanet pole radius f""'u. Nothing one can do will decrease this d imen­

s ion. However, if n were allowed to be greater than zero, say ten or 

twenty. then it would be possible to cut out the central region of the 

1t 
magnet pole. The field on the remaining annulus would be B,= e, (~) • 

The annulus would extend from f. to f ..... o.. where P_o.J1. - e, « \. Here B"",." 
P?no.1C 

and 6,« B"'..... Electrons ~uld be injected at low energy 

onto an equilibrium orbit of radius p, and aC!celerated out to (J-ox. 

From previous considerations we know, however. that with 7t> 0 ~'I = t='ft' 
r j" "'., G) 

is imaginary and the'} motion, JL • unstable. It is possible, 

however, to stabilize it by introducing a suitable azimuthal dependence 

into the guide field. The spiral sector accelerator of Figure 1 is an 

example of a machine with n')O which uses azimuthal dependence of a time 

invariant guide field to stabilize the , motion.~ 

The fact that pulsed operation lowers the average number of elec­

trons reaching the target per second motivates the present thesis. One 

desires to maximize the number of electrons accelerated per pulse. The 

properties of the injector, e.g •• current emitted by it. etc., enter into 

the problem rot are not of primary concern here. The question here is 

what can be done to electrons between the time they leave the injector and 
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the time the injector is turned off such that after injector turn off as 

"
" 

, --:I, many as possible are available for acceleration. For reasons which are 

not given here, RF acceleration, as it would be used in a full scale 

version of the accelerator of Figure I, restricts one to methods of en­

.. 
hancing this number which conserve electron energy. The particular 

method considered in this thesis (RRFI) was tested experimentally in the 
" 

accelerator of Figure 1. In developing an idealized representation of 

this accelerator \ole begin by noting ways in lOb ich the azimuths 11y depen­

dent guide field makes the electron motion differ from that in the cyclo­

tron previously cons iliered. 

The guide field on the median plane in the accelerator of Figure 1 

is approximately 

The quantity 83 is a phase angle which depends on j; An equil ibr ium• 

orbit in this field is roughly hexagonal. An equilibrium orbit of higber 

energy is a photographic enlargement of the preceding one coupled with a 

clockwise rotation sufficient to keep each of its "rounded vertices" at 

the middle of a magnet. Electron 0 sciUation about the equUibriUUl orbit 

is described in terms of new var iables (;) 
I

J ~ and 3.
I 

These var iable•• 

which are never very different from their cognates 8, IY. and 3 • are de­

fined as follows. Let 8~ be the circumference of an equilibrium orbit 

and (35 ' path length along this orbit measured in a clockwiae direction 

from a reference point on the orbit where f happens to be orthogonal to 

the orbit. The quantity 9' equals ~1r ~. Next, draw a line bet\oleen an 
B.. 

electron's projection on the median plane and the nearest point on the 

equilibrium orbit. This projection is assumed close enough to the orbit 

so that there is only one such nearest po into The length of the 1 ine just 

drawn is l~/\ where x' is negative if the projection, lies within the 



"
 

e:-,. 

.11. 

, 
equilibrium orbit and positive if outside. The quantity '3 equals,. 

The solutions to the linearized equations of motion for the 

accelerator of Figure 1 are 
,

± ~ 'I. e 
Ij( ~ ..Q. of t '-9')
 

,
 
t ..l. '" e
, 

0<. .e. q("e')~ 
where 

00 
+ c..... )f (be') ': + b 0"" 4Vt'l <.",e 

11" I 

oD 

~ ( "s') : + L, d,., ~ (-n"e' + h n ) 

." ~ .
 
The nature of the guide field fixes the constants b"" d..,. and h",.cll • 

As in the cyclotron, Vx and "3 are indepenient of electron energy. 

, " and.,Suppose an observer at 8, records the' ~ of an electron 

as it passes 8,'. He then jumps ahead to 8': 8,'+ a'tr/" and waits until he 
, 

sees the electron pass this point whereupon he again records its I'Jl and 
, ,
 

'3 • Jumping ahead to 9 =8, ... ~ta:)he repeats the process, etc. Since
 

the observer jumps ~ each time and since of'''''') aId q«(,e') are periodic 

" with period !1! • the observer finds that the simplest assumption which 

" will allow him to analyze his data is that electron motion is simple har­

monic between observat ion, points t i.e .. that for all 8 

rt.'ot. Jl. % ~ "" e' . , 
'3 I oc. -Il. i: 4 "3 e 

The ideal ized representation of the accelerator of Figure, 1 which 
, 

we use throughout this thesis is as follows. We choose e, to be the point 

on the equilibrium orbit corresponding to the injector azimuth in Figure 

Like tbe observer above. we assume the /)t and '3 

motion to be simple harmonic at all points between the six azimuths e': e 

: 0 I ~ 4'lf ... 10'1\". Exper imentall y (Section vI) this assumption gives no 
~ I ~I IT 

trouble as we, like the observer, restrict ourselves to observing and in_ 

fluencing the beam at azimuths e which are integral multiples of • 

We also assume the equilibrium orbit to be circular (radius po ), i.e•• 
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we neglect any discrepancy between x' and x at these six azimuths. 

Hence, the idealized representation of the accelerator of Figure 1 which 

we use here is bas ically the 1 inearized cyclotron mode 1 previously con.. 

s idered. We, however, disregard the theoretical predic tions for ~.. and 

\?3 made on the basis of this cyclotron model am replace them with any 

values we happen to be interested in. 

The dashed circle of Figure 2 represents an equilibrium orbit while 

the line crossing it a projection onto the median plane of one possible 

electron orbi t. Here ~.. : ~ • The electron orbit originates at e = 0, 
~ 

the injector being represented by a line segment at e =0, extending from 

the inner vacuum tank wall to some less negative but still negative x. 

The backside or nega.tive 9 side of the injector is a sink. Any electron 

colliding with it is absorbed. The injector is assumed to be of suf_ 

ficient vertical extent so that an electron's vertical displacement 3 is 

I2 ver suff icient to allow it to hop over or under the injector when a 

projection of its orbit onto the median plane intersects the injector. 

An electron's '3 motion is not considered further in the theoretical 

work of this thesis. It is sufficient to work with the projection of an 

electron's orbit on the median plane rather than the orbit itself. Never .. 

theless. it is convenient to talk of electrons so in what follows we 

assume that all electrons travel in the median plane, i.e., that their 

vertical osc ilIa tion amp 1 itudes are zero. 

The positive side of the injector emits electrons 

only over some sma 11 segment near its right hand extremity. Segment DE 

of Figure 3 is known as the septum. It is an unavo idable region of zero 

emission. To its left is the active segment CD each point of which emits 

elec trons over some angular range about the forward dir ection. An 

arrow's origin represents the radial displacement of an electron ,at the 

instant of its emission while its orientation, the electron's direction 



The angle c<. measures the inclination of an arrow to theof emission. , 

forward direction. It 
v

'¥iB positive for arrows inclined toward the equi­

librium orbit. An electron's radial component of momentum at the time 

of its emission is P'J.:?nN'o~~. After emission its -p.... is given by 

po.. '= m-% :: 1'n 0.. W" <:.06 (w ..* + 13,) • 

Instead of working directly with an electron's p. it is helpful 

to replace p. by a number y, proportional to it. having dimension of 

length. 

~ -=...eL 
111 w. 

As an electron travels around the accelerator (Figure 2) it is informative 

to view the motion of its representative point (x,y) in phase space. By 

phase space we simply mean a plane on which a rectangular cODrdinate 

system is inscribed t the horizontal axis of this sys tem measuring x and 

its vertical axis measuring y. It is convenient to imagine this phase 

plane as set perpendicular to the equilibrium orbit at the azimuth e at 

which the electron happens to be. The equilibrium orbit passes through 

the point (0,0). We agree to view only that side of the phase plan. 

which faces in the direction of increasing 9. The phase plane's nega­

tive x axis coincides with the negative x axis in real space at this same 

azimuth. We also view the plane in such a way that an electron exhibiting 

a negative x lies to the left of the vertical line x = O. The positive y 

axis points upward. For now we take this phase plane as traveling around 

the accelerator with angular veloc ity WO so that the electron under con_ 

sideration always lies in the plane. Later we shall fix the phase plane 

at some azimuth e and simply record the phase points (x,y) of electrons 

passing through it. 

The motion of an electron's representative point (x.y) in phase 

space is given by 
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~ 

~-" ~ Q.,. ~ <. v" 9 + 19.) 

'j = 0.1' t.04 l "'lC e + S,)
 

9 :: W.:t
 

The point (x.y) travels around a circle of radius 0.. =~/J(.~~ 'jI'with angular 

veloci ty W"" v.. W o • Vector notation is helpful in expressing these 

results. The electron 's (~)a t 9~ 0 is obtained from the (~) it had at 

e = 0,: . by rotating the latter clockwise ~B radians. 

The injector is assumed to emit electrons of only one energy Eo • 

The phase space representation of the current emanating from the injector 

will prove a useful device. More generally one desires the phase space 

representation of the beam current at any azimuth e. Set the phase 

plane at the des ired e. I.e t F (IJ'. ~, e,:t) dec:l.ltd'j be the number of elec.. 

trons of charge -e bet~en 9 and e+de having x's between x and x+dx 

and y's between y and y+dy at time t. Let i(x.y.~t)dxdy be the rate 

at which charge having XIS between x and x+dx and y's bet~en y and 

y..dy crosses this plane at time t. The increment of charge passing 

through dxdy in time dt divided by dt is 

j,(~,':t,e,t)d~d'j -:: -eo F(~.':I!e,t) deci~d~ 

d:t 

d:l:: de)Therefore Wo 

:: -~ FC.I)/.,":',9,:t} d9d",d~ 

(~J 
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?,,-. 
In what follows, i(x,1,6, t)Rence • ..(,V",'~L9,;t) = -ec.Jo FtlJ',':t,9,:I:) 

will be replaced by the sY1l1bol i(x.y). It will sometimes be referr.d to 

a8 the current per unit area of phase space. The par ticular 9 and t 

associated with i(x~y) will be mentioned in each case. The symbol 

io(x,y) denotes the current per unit area of phase space over the injec­

tor. It app I ies only ate := 0+ over (x,y) to the left of a vertical 1 in. 

through E in Figures 4 and 5, i.e., for 1% <. I)r;~ <. 0 • Figure 3 shows x, 

to be the displacement of the right hand extrellity of the injector. 

If one draws lines of constant i (<<,1) on the phase plane at o 

e = 0+, contours like those of Figure 4 are expected. The current 

j (x)dx emitted by the injector between x and x + dx is 
o 

[ )A·i •t1',q) dq ] d?,: 

-All 

Here A~ is an upper bound on oscillation amplitudes ~k of electrons 

leaving the injector. The current density jo(x) associated with the in­

jector has dimens ions of current per unit length. One talks of io(x,y) 

and jo(x) only at e = 0+ and for x<.x • At 6 = 0+, i(x,y) ·and j{x) in_ 
£ 

clude iA(x,y) and j (x) respectively. In much of the theoretical work 
.., 0 , 

which follows i <x,y) is assumed to be a nonzero constant function of x 
o 

and y over a region of finite area and to be zero outstde this region. 

When such is the case its nonzero constant value is designated ).0. 

Suppose at time t • 0 the injector whose phase plane representa­

tLon is given by Figure 4 is turned on. In physical space one see8 a 

pencil of charge emanate from the injector and snake around the ac­

celerator. When its head reaches 6",~'I(any charge lying to the left of 

~:~, collides with the injector. That portion not colliding snakes 

around again, etc. Eventually equilibriulD is achieved, i.e., the current 
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colliding with the injector equals the current emanating from it. 

It is informative to view this approach to equilibrium on a phase 

~~ be 1/3 It takes a time ~: '/r. for anplane set at e =. e 1e t T~. T° W 

electron to travel once around the accelerator. With the injector turned 

Figure 4 applies at 6 = 0+ for O<';:<~ For 'l"<.t~ ~,.. aon at t = 0, 

second beam manifests itself in phase space at the one o·clock position. 

A third beam makes its presence felt at the five o'clock position when 

a""(:t.<'31". For:.t~3'l"a fourth beam is not realized as electrons associated 

with it collide with the back side of the injector. (For an electron at 

8 = 0. to subsequently collide with the injector its radial displacement I)'. 

mus t be ~ ¢£ .) Figur e 5 gives i(x,y) for :f "7.3')- appropr iate to B in 

the neighborhood of 8- 0. For t,.3"t the number 0 f e Ie c tro ns c ircu­

lating is constant. Just as many are being emitted by the injector's 

forward surface as are colliding with its back side. 

Figure 5 also applies when -V_ = 4/3, 7/3, 10/3, . . . • The 

transforma tion M('I.a'lr) rela ting t~ (~) of an ele ctron to its value one 

revolution later is independent of any integral portion of 'P)( • 
on'~ 

When (1) it is permissible to deal"with the non-integral portion of ~Jl, 

and when (2) it is advantageous to consider only rational then the 

radial tune will be written as "" = LIN rather than as 'Vw. • Here L ani 

N are integers and O<L<N. Restricting 'VI< to be rational allows one to 

investigate certain properties of RRFI more easily. When it is advan­

tageous to remove this restriction we shall do so. 

Specializing to a 't'" of 1.400, i.e., 'l_ = LIN = a/5 ) we view a 

phase plane set at 9 = 0. It is assumed that the septum thickne ss DE of 

Figure 3 is zero and that the gun emits an i (x.~P of i,. 0 only over (x,y)
o 0� 

lying both within a circle of radius A", and to the Ie f t of x =� -� The quantity A... will be taken several times larger than \x.l. The lined 

portion of Figure 6a corresponds to such an injection region. Supposing 
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emission to begin at t = 0. Figure 6 gives i(x.y) in the neighborhood of 

,~,	 9 = 0 for t >0. Since i(x.y) at 9 = 0+ is not always the same as i(x,y) 

at e =0-, the following device is used to distinguish differences. An 

unl ined region indicates that an i(x,y) of zero is seen at both 6. 0.. and . 
9 = 0+. A singly shaded region as in Figure 6a indicates an i(x.y) of 40 

at 8 = 0+ ani an i(x,y) of zero at 8 =0-. A region w~re the vertical 

I ines are twice as dense as those in 6a indicates an i(x,y) of i. at bo th 

" = 0+ am e = 0-. Hence 
J 

doubly shaded regions as well as white !"egiolr.~ 

indicate continuity in i(x,y) across e = 0 while singly shaded regions ~ 

discontinuity. Discontinuity occurs only over the injector extent and for 

times t less than or equal to the equilibrium time 5~ 

A "I. of 1.400 is seen to yield an empty pentagon surroun:led by! ~. 

filled band for :* ~ 5"" If Yw. were 4/3, an empty equila teral tr 

would result for :t: ?: 3'1:' With ~x =LIN an N-sided equilateral p~RW~~~• 

is real ized for t !: N'l"' (N ') ~). Once such equilibrium has been @w\(;.'!<jlc,= 

1 ished a 1 ike polygon \olOuld also be seen at other az imuths e except )Erg,::: 

its being rotated clockwise by 'Jae rad ians. For .impl icity, the pha~® 

plane will usuall~ be set in the neighborhood 0 f e • O. As N becomes lalr~®;r 

the associated polygon looks mOre and more 1 ike the circle it circumser i.b~(§l .. 

This circle of radius Y". will be called the beam circle. Its interior will 

be called the area of usable beam. The radius of a general circle in phase 

space centered at (0.0) will be denoted by y • 

In the previous example where io(x,y) is set equal to ioonly two 

values of i(x,y) are ever realized, i.e., i and zero. There can never o 

be doubling up or overlapping of filled regions of phase space. Our 

present purpose is to illustrate this fact more vividly.. Suppose that 

the injector has been turned on and equilibrium achieved. At some time 

-�



t, momentarily stop the beam and break it into a large number of seg­

ments each of azimuthal extent de. The revolution frequency of each· 

segment is ~o. Each segment maintains the same position with respect 

to all other segments for all time. Set a single phase plane in the 

middle of one segment and let it travel around the accelerator with the 

segment. We plot the representative points (x,y) of all electrons in 

the segment on this plane. The point density on the plane is F(x,y,8,t)de 

where 9 is the azimuth the segment happens to be at time t. Each point 

on the phase plane rotates clockwise about (0,0) with angular velocity 

WK= '1"wo • Rotation does not change the relative positions of repre. 

senta tive points so that doubl ing up or thinning out of the point den­

sity can not take place except, perhaps, when the ..~t passes the in. 

jector. However. wren the latter occurs all electrons in the segment 

whose representative points lie to the left of x = x collide with the 
ll 

injector. In other words the region of phase plane to the left of x II xl. 

is completely evacuated just before new points are added to any portion 

of it. Hence, there can never be a doubling up in the density of the re­

pre.entative points. An observer viewing a phase plane fixed at any 

azimuth & can see only one of two values of i(x,y) near any (x,y) at 

time t,: :.2., either i or zero.o 

The problem with which this thesis deals can now be seen more 

clearly. As before let io(x,y) = i ' 'V'/., = LIN, am .t~~"r. An elec­o 

tron leaving the injector circulates about the accelerator from one to N 

times depending on the particular (x,y) = (i%o,'1.) it had at its instant 

V '1 ,Iof emission. Its oscillation amplitude is always Q.~ = '%0 +-~. • If 

the injector is now turned off, all electrons collide with the injector 

within N1" seconds after this turn off. In such a case there is no beam 

left to accelerate. The general problem then is to apply some kind of 

energy-conserving perturbation to the cirCUlating electrons while the 
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injector is on. which leaves. at the time the injector is turned off. as 

many electrons as possible with o.,,'s less than Yo • The perturbation 

is presumably turned off at or before injector turn off. Electrons re­

maining (0.. (V'.) continue to circulate without obstruction. It is this 

beam which is available for aeceleration. The particular perturbation 

considered in this thesis is a I·bump" of radial electric field oscil. 

1a t ~ng " a t an RF f requency f R•• The azimuthal extent of this electric 

field is much less than a'lt. The azimuth e at which the bump is set 

turns out to be immaterial. The frequency fRf= is usually set at or near 

the radial oscillation frequency \'1&+0 • 

In the experiment of Section VI an eledtrode consisting of a 1" by 

In square plate is set 0.32 .. to the left of the equilibrium orbit at 

(Figures I and 25). We neglect electrodynamic effects. If 

the potential on the plate does not change signif icantly in the time it 

takes an electron to pass by the plate. then the problem reduces to that 

of an electron IlIOving through an electrostatic field. An electron ini... 

tially in a region of zero po tential passes through a region of nonzell:'~ 

potential and on into a region of zero potential again. Though the @R~~= 

tron t s kinetic energy may vary in the ne ighborhood of the bump it Ls 

conserved when the comple te pas s is co ns idered. Our present purpose Jim 

to understand the effect such an electric field bump has on an electron 

making a single pass of tne bump. 

It is assumed that all electrons travel in the median plane. The V 

feel no vertical component of electric field. Imagine another 1" by 1" ' 

I)', set opposite and charged opposite to the one of Figure 25. 

Consider an electron passing between these plates. Suppose the displace­

ment x of the orbit is negative for e ( 2"" , zero for e,. 3.1! • and 
~- . " positive for 8) 9 Suppose also tha tat the time the electron• 

" 
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h 
o d the electric field between the plates exertsPa,.i'e•. through t ~s con enser 

a fdrce on it in the positive x direction. Since work done by the field on 

° F"'-, ;s positive, the radial field in the neigh-the electron. ~.e.. Il .,. .L 

On the9 = n tends to increase the electron's kinetic energy.borhood of 

" other hand, the electron loses energy as it does work agains t the azimuthal 

component of the fringe field at eitb:lr end of the condenser. In both 

cases this az.imuthal component is such as to slow the electron down. Hence, 

the electron first experiences a lowering of its kinetic energy. followed 

by an increase. which in turn is followea by another lowering. The resul­

tant energy change is zero when tb:l overall pass is cons idered. 

We ideal ize such a bump by replacing it with two del ta fune tion 
(J '" ~'lr/" 

kicks: one radial. the other azimuthal. Both are situated at"and act 81­

mul taneous lyon any electron pass ing this azimuth. We guess that the azi­

muthal impulse influences electron motion but 1 ittle. The only reason for 

including it:is to allow one to simulate the energy conserving property of 

the actual bump. The radial electron motion is simple harmonic. The radial . 
impulse given to an electron by the bump is F" ll.,," = ht1. Af. Here Fill is 

the radial electric force acting on an electron for a time 41". If we view 

an electron's representative point in phase space as the electron passes the 

bump, we expect to see its x coordinate remain invar iant but its y coordinate 

jump by an amount A~ = FI! all": Ai!- Since the square of the electron Os-
m Cd" OJ )( 

c illa tion amp 1 itude, before application of the bump is I):~~"o ., • 
we expect that afterwards it will be The change in this• 

quantity across the bump is A(Q.~):: aYb'j+ 6~~ It is next shown that 

this result is nearly correct. 

The equations of motion for an electron in our idealized accelerator 

1'1are 
-m{P- f9 :l) ,. .- e. p e B I l~.l 

• n 
~(,o9+llp&) '" e p B I ("¥.) 
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equilibrium orbit, ".For an electron whose orbit is its 
1'1 ,Letting CI(. representand p: po , e:W o : ~ B, (b.) • 

m ('. 

these equations of motion become 

.. . ~ 
::.P - fe 
:fii +~Fe 

The first integrals of these equations are 

l II a"'+~dl . a ': Wlfa.::. C 0'\'\ -,;"" Q:n t ~ ::.P + Cf 9) • o 0 a' 1'0 

p'a e - at f '"+~ COTl,tQ"ft t ~== 
,,+~ 

The first equation states that electron energy is conserved. That the 

second is true is seen by d Hferent iating it with respec t to time "I dividing 

by f' ., 0 • and compar ing the result with the second equation of motion. The se 

two first integrals allow one to find the amplitudes of radial oscillation 

in terms of the two consta'1ts of th~~ motion, foand £. • When an electron 

exhibits its maximum or minimum value of f I its f• 
is zero. Whe n such is 

. "'. I
the case, the first equation yiet.ds e::. 0( f.!.- which upon substitution into 

p
the second gives 

If one plots the left side of this equation as a function of f? O. the posi. 

tive linear term predominates at small f <''''''0) j~ t la rger p the 

negative term predominates. The function realizes its maximum at (J -: po • 

A plot of the right .,.i; e of this equ1.tion is just a horizontal li.1e of or. 

dinate ~ • The abscissas at which this I ine intersects the otrer curve are 

the maximum and minimum p exhibited by an oscillating electron whose con­

stants of the motion are ('0 and <J!... • 

The left side of this equation resembles a parabola in the neigh. 

borhood of its vertex, the resemblance being more perfect the smaller the 
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interval on either side of fo one restricts oneself to. When the two 

values of f which satisfy the previous equation lie within such an interval, 

s imp1e harmon ic • We replace pthe electron oscillation :i.s 

in the previous equation by f "" a." and solve for the lowest power of 0."o 

whic h occur s • 

"11+;\
'11'" I 

(fa + all) oc. fo - 0( t po"" ax) = '£ 
'71+~ 

~+a [ ) 'l1'l'';'
0(. po I o.Il - ...L ( I + ~ "J ~ ="" (Jo 11+it fJo oJ 

-n+~ [
rA fo I 

",-p."'.' [ I 
J 

"'n+;t 
Q.~" :. .a. .L I d. n+ ! ­

(Jo~ [ fo ~Jc( '71+ I 71+a 

a.
We desire the change in (1. i. . wh ich occurs when the)'; 

constants of the motion ,~. and'" cha~ge '" Y because f the bump...... "'"l'la-htl 0""t:> 

ac ting on the electron. Later we shall restrict ourselves to the case of 

a bump wh ich concerves energy. i.e., one in which ~f. = O. 

-1"t -I,J (a:) :. ~ ( -n ) po [ol 1'\+ I ""'+~ ;f]do. :;;:;-;- - foc'" po 11+~ 

;:t "nO+- I-+ --L i fol. t71~I) 1- - fo 
~ 7\., \ po"'" l. J 

::: 11 Q.~ -:. ~po 
fo 

A. _.!.- I= -, :: 
II{ 1'1+ I f:' 
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l Af'O - !!.. Q~ ) Ofo 
po 

A bUmp which increases an electron's energy increases its 1'- • 

The ordinate of the parabola vertex becomes greater for greater p. so that 

with other things remaining constant one expects Q.~ to increase. The quan­

tity ').foAfJo measures this increase. As fo increases, however, the para.. 

bola becomes more po inted in the neighborhood of its vertex. The damp ing 

of the electron oscillation which results is accounted for by the term 

~ 

- .!l 0.. bfo. The change in the ordinate £. of the horizontal line inter­
po Q.: duesecting the parabola is A~. The change in to this shift is -.1. .A- 4'1.. 

wo .,..,." 
ao "'+A 

Though (l. = f 9 - d..~ is not proportional to an electron's angular mo­
?1+ a. 

mentum, b~: fa. 49 is proportional to its change in angular momentum due 

. 
to the bump. The quantity p is continuous across the bump while e is 

not. In wha t follows {)9 and bf represent the discontinuous change in an 

. 
electron's e and p due to the bump. 

The damping term can be neglected relative to the vertex term. 

In the experiment of Section VI the ratio of the former to the latter is 

-4about 10- ~ , i.e., -rr 0.= /~ fo = !! ( ~)~ ~ I 2.:J )(o.~ ") a= \.5 )(\0
(' 0 :t Pll \ A ,~ .. 

Restricting ourselves to a bump which conserves energy makes ar. : 0 • 

Hence,� 

A (Cl.: ) = -3.. ...L 6~
 
WO 11-t-I 

Since electron energy before collision must equal that after,� 

p'\cpe)a.: If+ bp)7,.+pl(9J,.1>&)a or 'it,o {)p + 6{> a. ... fa. (a e08 + lie·) :: 0� 

The quantity f can be small so that it is not valid to neglect (A,.o)~
 
• a ~ . 

relative to 2~ f1f. We can, however, ne glee t be re lat ive to a e A e • 
~ 

We estimate the error involved. Let {Jft ': ~f 
..A.p +({)f) 

.
,. Then 
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• a 
(A9) + 2 eae + 18" :: 0-pa 

_ Be. • ( I . . .oe -t 19" += 14pae3t"f- S� 

=fo ( I + ~ ) e ~ W o t I - !!. )�
po po . . 

=..L :. .f!. 
W,., Wit 

we have that 

= 

In the experiment of Section VI the maximum ~ and A,:, are, respe"ctively, 

0.25" and 0.010". Since Y" = 1.3" and since Do~ 12", is of the"'" r ~~',a­
-4 

order 10 We neglect ~ relative to unity in the expression for• . JI pa e" 
~e above. Hence. 

= 

= -('AeAp+{Ap)?) 

~wo ( , - ~l 

so that 

aA (a... ) ': = 

= 

This result differs from the guess made previously by the factor 

a . 
This factor comes in because the change A't. ~ fJ AS in an elec­

tron's angular momentum produced by a given ~zimuthal impulse depends on the 

rad ius fJ at wh ich the elec tron happens to be when th is impUlse is applied 
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o.'as " _' In what follows weIn the exper imen t 0 f Sec t ion VI l!!.ls. -~1'0 l'a II ~8 

neglect the factor (l+!l'.) so that 6lQ:\
p. 

Hence. the conclusion as regards the effect of an energy conserving bump on 

an electron is that even though the azimuthal impulse enters into the 

theoretical picture its presence can be neglected from a practical point 

of view. An electron's (x,y) gets changed to (1l.,~+AJ) in cross ing 

the bump. It is satisfactory to compute 6'j from the radial impulse F.4"', 

i.e., A':J:= FI'A'l" • 
1?1 (.UK 

In what follows the radial force exerted by the bump on an elec­

tron passing the bump, ~ •• , ){ 'I , is a ssumed independent of x. This 

means that all· electrons pass ing the bump at the same time rece ive the sane 

In Section VI it is shown that Resonant RF Inflection is relatively 

insens itive to dependence of F~ on x. 

Before cons idering the propertie s of Resonant RF Inflection it is 

of interest to note properties of the acce lerator-bump combination wh ich are 

independent of the particular time dependence exhibited by the bump. 

. . 
As before choose ".("',';5) = ;. 0 over the 1 ined region of Figure 

6a. We do not require ~. to be rational nor shall we wait a certain length 

of time after turning on the injector before viewing the beam. Before 

turning on the injector divide the "beam" into segments. Each is of 

azimuthal extent de and each travels around the accelerator once every 

'l'-" I/~o seconds. Set a phase plane in the middle of anyone of these seg­

ments and let it travel with the segment. Though, no electrons are in the 

segment, imagine the entire phase plane to be covered with points. the ir 



. of d equal to the nonzero value of F(x.y.e.t)de metdensity be~ng un~ arm an 

previously. These points rotate about (0,0) with angular velocity 

• All po ints rece ive the same displacement 6~ as the segmen t 

passes the bump. Neither rotation nor the bump change the relative posi­

tions of these points. Also, as the segment passes the injector the posi­

tions of these points are not disturbed. After the injector has been 

turned on each point mayor may not have a single electronic charge -e 

attached to it, if a charge -e is attached, the point is said to be filled; 

if not, empty. If points covering an area of the phase plane are filled 

then there are electrons in the segment whose representative points also 

cover this same acea to the same uniform density. If points covering an 

area are empty. then there are no electrons in the segment whose represen. 

tative points cover this area. In what follows attention is focused on this 

hypothetical set of empty and filled points rather than on the actual 

representative points of electrons in the segment. 

(1) Turn on the injector. Consider anyone of the segments at 

the time it makes its initial pass of the injector after the injector has 

been turned on. At e = o-all points are empty. In c.ossing 8=0 empty 

points are converted into filled points provided they lie within the lined 

region of Figure 6a. Empty points lying outside this region remain empty. 

Subsequent rotation or displacement b~ does not alter the occupation of any 

of the s e po in ts • 

(2) Cons ider any segment making its second pass of the injector 

after the injector has been turned on. The previous paragraph tells what 

happens to regions of empty points. Regions of filled points remain filled 

provided they 1 ie within either the 1 ined region of Fisure 6a or to the 

right of x = xli. In the first instance charge associated with filled 

points gets replaced with new charge. In the second, the same charge 

associated with filled points at e = 0- is also associated with these 



. 9 0 F1'lled points are converted into empty points pro­po 1nts at = +.� 

vided they lie both to the left of x =x.and outside the lined region� 

of Figure 6a. The phase space representation of the injector s ink ex..� 

tends over the half plane to the left of x = x.· 

(3) Consider any segment making its third pass of e = 0 after 

the injector has been turned on. At e = 0- all points on this segment's 

phase plane are either empty or filled. paragraph (1) above tells what 

happens to empty points. Paragraph (2) above tell s what happens to 

filled points. The net result is that all points are still either singly 

filled or empty when the segment finds itself at e = 0+. 

(4) Paragraph (3) above is adequate to treat a segtrent making its 

fourth or higher pass of ~ = O. 

The pr eceding considerations ind icate that no matter wha t time de­

pendence A'j<t) has and no matter how many titre s the segment passes the 

bump, the best one can hope to do is to have the interior of the beam 

circle of the segment under consideration completely covered with singly 

f HIed points. When all segments are considered the best one can hope to 

do is to have the beam circle interior of every segment completely 

covered with filled points. This limit also corresponds to seeing on a 

phase plane fixed at any azimuth 9 an i(x.y) of i o over the complete in... 

terior of the beam circle for a period of time '}-. If this limit were 

achieved. the filling efficiency would be 100%; too charge available for 

acceleration would be .l.o"lr '('o~ 1" These conclus ions also fo llow from• 

Liouville's theorem. 

Since an upper limit on filling is known, the degree to which any 

bump 6\;1<'*) allows filling to approach this ideal can ,in principle, be 

found. We turn our attention to evaluating the filling efficiency fJI 

the particular type of bump used by Cook, i.e., ~'j(:t\ ~Jq .AA.hl(CURFT .. ~), 

In what follows we refer to the injector as infinite if the region in 



phase space at e = 0+ over which i (x,y) = i o is 1 ike that in Figure 68. o

Here All is several tilres larger than r o • When the region over which 

i. (x,y) = i. is as small as poss ible without decreas ing the fill ing eff i. 

ciency achieved with an infinite injector, we shall refer to the injector 

as being finite. With a finite injector the region of (x,y) at e = 0+ 

over which io(x.y) = i o will be called the required injection area. 
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III. RESOOANT RF INFLECTION (RRFI) 

3.1 INFINITE INJECTCR AND NO SEPTUM 

We wish to know how much char ge RRFI can trap rela tive to the 

theoretical limit set by Liouville~s theorem. The terminology used 

below is defined in the last paragraphs of Section II. We assume an 

infinite injector having a septum of zero thickness. It tu~n8 out to 

be immaterial at what azimuth the bump is placed. FOr simplicity we set 

it at 6 = O. The bump has the form A';I.:: Je~~~.. "t"'_} where the RF 

frequency +,,~ is set equal to the electrons ~ rad ial oscillation frequency 

In finding the filling efficiency given by such a bump we do a• 

rough treatment of the probl em fir st. fo llowing th is with a more exact 

treatment. The latter method is used in Section 3.2 where one works with 

a finite injector and in Section 3.3 where one estimates the effect of 

including a septum of nonzero thickness. 

Choose '1,,= L/N with N very large; let io(x,y) equal i o over the 

1 ined region of Figur e 6a i turn on the injector bu t not the bump. After 

waiting at least N'l- seconds consider a phase plane fixed at any azimuth B • 

One finds that Figure 6f illustrates What is seen provided the pentagon 

in this figure is replaced by an N_sided polygon rotated clockwise ~K9 

radians from its orientation at e = O. Because N is large, this polygon 

looks like the beam circle Yo. Next, turn the injector off but imagine 

at this instant of turn off that the injector somehow becomes transparent 

to electrons. Figure 6f, as modified above, still applies at all azimuths 

e and all times t. Break the beam into segments and set a phase plane in 

one of them le tting it travel around the accelerator wi th the segment. 



ofTurn on the RF bump. All points on the phase plane, irrespective 1

whether they are empty or full, rotate clockwise with angular v~'locity 

Each receives the same displacement A,,£ when the segment p~sses the
UJ" • 

We define the time t to be zero when the seglnen t under cq~sidera-bump. I 

don makes its first pass of the btlDp after the RF has been turned on. 

When other segments are cons idered, t = 0 will be similarly defihed. In 

each case +will be the RF phase angle exis ting a t a segment's t = O. This 

angle varies from one se~'1Ilent to the next. 

The segment under cons ideration passes a = 0 at :J:: 0 'I"'! a"t" •••
J Ii J 

The bump is thought of as being a uniform radial e lectr ic field 

~lwlt.. j; + tS)
Eo " of azimuthal extent 1: l! about 8 = O. Let /Jft be the time it takes 

a 
an electron to cross the bump. In terms of time the bump extends ± ~ 

A 

seeonds to either side of those times when the segment is at ,,= O. 

The electric foree acting on electrons in the segment is the product of 

-eo Eo ~tw,,~* +~} and a periodic square wave of unit height and 

period 'l'" extending 1: ~ seconds to either side of :C: 0 1" ~rr- ...a J I I 

Figure 11 illustrates one cycle of this square wave. Expanding it in 

a Fourier ser i.e s about t = 0 on the interval - 2: <. :t: <. ".. yieldsa - 2 

for the time dependent electrical force felt by points in the segment. 
00 

- e £0 ~ ( (AI ~F t ... ,) L, 0." eM. ( ~11 '1l ;. ) 

"'= 0 
We neglect all terms but the f it st. The cons tant Q o is just thE! average 

height of the square wave over a period ~,. i.e •• 

(This approximation corresponds to, not a bump, but an RF electrii.c 

field uniformly distributed around the machine. Its interest is ,that 

it gives the right answer for the actual problem involving the bUmp). 

The equation of motion for a point on the phase t>lane is 

~.. 
./ 

This is the equation for a forced harmonic oscillator. 



forcing frequency wa~ equal to w ll • It proves convenient to express 

• t. A't- . f k The rad ial ;rrmuls.e 1='. ~'l' anthe constant - __ ln terms 0 • --r' 

""""," 

electron receives in passing the bump is - e £'0 ...l)AM((u~:.t+~J A't" 

Since A~: .Jrl~(e.u,,*+~) = ~ .a.:m(eua t.+9iJ t we have 
'?PI WII 

The equation of motion becomes 

;;. + w~ ~ ~ JQ Wx .4VY\ <"WIt *+~)
 
'l-�

The solution for the inhomogeneous portion is� 

It -= - £.'» ~ (WAX +,s)
1"'~ 

The complete solution a 
IJ.: ~8-;'1.e40~J~c.u·x + fA+ *~~;,J ~ eu.-: 

where A and B are constants. Differentiating x with respec t to time 

. 
and dividing x by w. yields y. 

We drop the last term realizing this introduces an error into y which 

is never greater than kIlO. It will become apparent tha t th is error is 

of no practical s ignif icance. Here -V.,. '> 1 and k«r o. 

We ha ve found tha t 

(~) =� 

To visulaize this resul tit is helpful to go into a coord ina te sys tem 

rotating with the points on the phase plane. Letting (x', y') repre­

sent the coordinates of a point in this new system we have for the 

transformat ion between sys tems 
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Coupling this with the above result we have 

:*; Jq t.04 t/J 
"t ~ 

: 

Po. + ;. 1 .oVn t/>e) (B ) 
I 

0.+ " 0Since (~I ) ~ (~) : (::) *
:t .k (-::)(::) = (::) 

+ 
')- "2 

.. . (-CM;) n:i heThe or l.en ta tl.on of the unl.t vector \. ~_ depe s only on t 

RF phase angle, at t = O. The scalar.f t multiplies this vector. 

Every point on the phase plane. therefore, moves away from its or igi­

nal pos it ion (xo.Yo) with constant velocity J.! along a straight line 
~~ 

whose orientation is the same for every point. The empty circular 

region gets pulled away from the bean cir cle, a region of filled points 

be ing pushed into the beam circle. The region of filled points lying 

ins ide \"S Yo at this stage is crescent.shaped. Wl'en~ J! equals ~yo, the 
1":t 

empty region lies outside the beam circle. At this time the interior 

of the beam circle is completely covered with filled points (A K > 3 yo ). 

We turn off the bump. 

Switching from the (x',y') system to the (x.y) system one sees 

an empty circular region lying outside y",y. which rotates clockwise 

about (0,0) with angular velocity "'lC. The beam circle itself still 

appears f HIed. Since covering of the beam circle occurs for any 1> ' 

we conclude that similar covering would be seen on the phase plane of 

any segment. If the injector, which is off, is now imagined to switch 
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from its transparent state to its normal or opaque state, all filled 

points external to the beam circle become empty points wi thin N'" se.. 

conds after this switch. This result also holds for all segments. 

We conclude that Resonant RF Inflection, under the assumptions 

. ...
made above, achieves the Liouville limit; it traps a charge A.o'ltV'o'l'" 

One questions whether turning off the injector and assuming it to be 

transparent alters the conclusions from those that would prevail if this 

had not been done. It does not. With an infinite opaque injector which 

is continually operating, filled points have no possibility of being con_ 

verted into EIIIpty ones as long as their a f S are less than Ax. This fact 
"" 

follows from the rules considered near the end 0 f Section II. We note 

that all filled points occupying the beam circle at the time the RF is 

turned off have always had amplitudes less than A". 

The previous example does differ from what takes place with an 

opaque injector in operation throughout in that no empty circular region 

lying outside the beam circle is realized. Empty points outside Y:\"o 

but within r = Ax tend to be converted into filled points. Any region of 

empty points finding itself wi thin the I ined region of Figure 6a when 

the segment passes the injector becomes a filled region. The details of 

this process are of no interest to us here as once an empty point has 

been pushed outside the beam circle it remains outside. By choos ing A> 3 Y". 
)( 

and by turning off the RF when & ~ equals ~V'o we have been able to insure,..a. 
that only filled po ints enter the beam c irch ~ 

The abil ity of RRFI in conjunc t ion with an infinite injector having 

a septum of zero thickness to realize the Liouville limit will row be 

illustrated by an alternative method. This approach includes the effect 

of all terms of the Fourier series met previously rather than just the 



first. Exact algebraic transformations are used rather than an ap­

proximate differential equation. Nevertheless, basic results given by 

these two approaches agree. Besides paralleling the actual problem more 

closely the second approach can answer questions about RRFI other 

than the one we are presently concerned with. 

Choose ~~ = L/N; let io(x,y) equal i o over the lined region of 

Figure 6a; turn on the injector but not the bump. After waiting N1-se­

conds one inserts a phase plane at 9 =0 and finds that Figure 6f ap_ 

plies provided the pentagon in this figure is replaced by an N-sided 

polygon. Break the beam into segments and set a phase plane in one of 

them letting it travel around the accelerator with the segment. Pre­

viously we allowed ourselves to view this plane at any azimuth. Here we 

restrict ourselves to viewing points on this plane only when the segment 

is at 9 = o. 

The bump A';1 ': .k~(WtlFt+~) is set at 9 = 0+. Here it is 

thought of as being produced by a very intense uniform radial elec. 

tric field Eo ~ (Wltlft ... ;) extending over a very small azimuth. 

Turn on the bump. We define the time t to be zero when the segment 

makes its first pass of B = 0 after the bump is on. When other seg­

ments are considered, zero time will be similarly defined. In each case 

f; will be the RF phase angle appropriate to a segment's t = O. This 

angle varies from one segment to the next. When the seJrnent under con­

sideration passes 9 = 0+ at time t, every point on its phase plane re­

ceives a vertical displacement A'j:: Ae.4olm("-'llfl:t 't"4S}. We agree not to 

view the effect of this displacement until the segment appears at e = 0 

one revolution la ter. 
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We denote the A'i1 a point receives at t = 0+ by A':\o; that at *=1'-+ 

r by etc. Consider a general point (xo 'Yo) on the phase plane at
A~d 

Since we v i.ew the segmentt =O. At t =0+ (:~~et8 added to (~:).
 
only at e =0 we do rot see the effect of this displacement until t =0+
 

(/1..).1.S (~I) ~ ~("'.) ....,. M to)at which time the resul tant vector u, ... , 
';J ~, ~o .~~ 

'Ihe ve c tor s (~: )appropr ia te to *;: """", n =0, 1, 2. • •••••• , are given 

in Table 1. A simpler express ion for t~:) obtains 1f one fur ther re... 

stricts viewing times to be integral multiples of N"l", i.e. I ~ -::. IN"l" 

where I = I, 2, 3, . The details of this simplification are• 

given i.n Appendix 1. The result is 

The first method gave 

( ~: ')' :: (~~ ).., + 
~ 'j", 

Here (x; y) is a point ontt~e! segment's phase plane viewed from a 

coordinate system rotating with the points on this plane. When Mis 

subs tituted for t, the resu It is ident ical to tha t found with the second 

method" One notes that when t = INtthe x' -~' axes coincide with x-y 

axes at & :: o. 

Figure 1 is a plot of (~:~1for I = 0, I, 2, 3, 4, and 5. Here 

; is 'trIa • iitr.1!Jitrary values have been assigned to Xl:;8Y•• and N~ • 
~ 

A sequence of evenly spaced points l}Ting on a straight 1 ine is real bed. 

A 1 iT2 between two ad;acent p') ints directed from the po int of lower 

to the Cine of higher I corresponds to Nl {-: ~;:\. The vectors (~:) 
(~.N)and also appear in Figure 7. As I increases, the region of filled 

'1 ~" 
po ints ( Y., Y" <. A.. Q:+ t: 0) is displaced across the beam circle eventually 

cover ing it (A l\ » Yo ) At the time the beam circle interior becomes 

I 



covered. the RF is turned off. This covering takes place no matter 

what orientation the In what followsvector w~ l-':::) has. N~ (-.::) 

is c aIled the N-turn displacement vector. Points init ially res iding 

within the beam circle tend to be converted into filled points as they 
,. 

move through the region between Y': Yo and y:. Ax. Filled points tOOving 

into the region outside 'r: '''' eventually become empty points. 

From study of the first approach 'We know that an arbitrary seg­

ment which appears filled at one azimuth will appear filled at all a~i-

muths. Hence, upon turning off the injector the charge which remains 

. ,
trapped is A. 0 '" V"o 'l" • 

Though RRFI has been able to realize 100% filling efficiency it 

is. in another sense, quite inefficient. The r.tt6 of the trapped charge 

to the charge emitted by the injector is small. When A.. >') Vo the area 

of the 1 ined region in Figure 6a is approximately l. 'lr A~ Mul ti. 
a. 

-plying tnis area by i o gives the injector current. In the x '-,y' system 

a point must be displaced ~yo before the beam circle interior is com­

pletely covered with filled points. Since its displacement velocity is 

A ,the minimum time the injector must be on is nearly aro =~. 
~ (~~ k 
The total charge injected is the product of the injector current and this 

, aa,
time, i.e., ..e.. ~~~K t 4~'l'-) The charge efficiency is the ratio of 

the trapped char ge to the injected char ge t i.e., ~o'tr V": 1-/ (~.~? ~V"o'l-):. 
~ .At 

.!. (!.!\~ ( .iI.) • Since !!,(4, I and since ~ ~~, the char ge efficiency here 
~ All I YO.' Ib ...... 

is very low. In Section 3.2 a less pessimistic result is obtained by 

replacing the area of the lined region in Figure 6a with the required 

injection area. 

3.2. FIN ITE INJECTOR AND NO SEPTUM 

The charge efficiencY' of RRFI in conjunction with a finite in... 

jector having a septum of zero thickness depends on the required 
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injection area. Study of the case where \7~ = 1/3 leads t.o an expre ssion 

for this area applicable to any tune \),.. = LIN provided k of A~:: Jt...m(CAo\Irt+_) 

is sufficiently small. 

When "V'f,. ~ I../ ~ '/3 the N.turn displacement vector I'l~ ( -..:~)N 

has magnitude iJe. This suggests that an injector of x extent iJe(\+fo) 

may be sufficient to maintain 100% filling. Here I 0< £-« \. The in. 

jector's y extent will be terminated so that on a phase plane fixed at 

e = 0 a filled band liJI. that of Figure 8 is realized in the absence 

of RF. The emitting region of the injector is the shaded area to the 

left of t~ dashed vertical line. The back s ide of the injector 

(x~ continues to act as a sink. 

60nsider a par ticular segment of the beam. In the absence of 

RF it will appear ate = 0 at some time t which we take here as t = O. 

It is seen again at 9= 0 "'seconds later.. In this time 1'" t points on 

the segment's phase plane have rotated clockwise 120°. At t = 2~ a ro. 

0tation of 240 is evident. At t = 3" all points are back in the ir ori. 

ginal pos itions. In this three.turn process the char ge assoc iated with 

each point of the band has been replaced at least once. To keep track 

of which points have their charge replaced at Which time the segment. 

as viewed at t = 0 
) 
will be subdivided into three overlapping trapezoids 

as shown in Figure 9. The trape~id boundaries are thought of as ro­

tating with the points 0 f a segment.. In the absence of RF the same 

filled points occupy a given trapezoid for all time. Points lying in 

...trapezoid ABFGA have their charge replaced at "t" = /)-) 4"') 7~ t 

In the presence of RF the trapezo id ooundaries do no t suffer 

/ displacement; points do. Consequently, empty points can be displaced 

into a trapezoid, etc. Wb:!never one of the 1rapezoids coincides in its 
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entirety with the injector any empty points within it become filled 

while filled points in it simply have their charge replaced. Each 

trapezoid coincides in its entirety with the injector once in every 

.. three passes the segment makes of the injector. Only one trapezoid 

undergoes such coincidence on any given pass. In proving that the 

chosen injector extent yields 100% filling it is first shown that a 

point from outside triangle Ai5GA of Figure 9 which gets displaced 

inside ins ide of triangle .na:J is seen to reside within the tri­

ansular band formed by the overlapping trapezoids on at least three 

consecutive passes of the injector immediately prior to that pass on 

which it is first seen to reside within triangle JKi:J. 

The maximum displacement received in one pass of the bump is k; 

in two passes,!Je ; in three passes, l.Jt. The two_pass value is a ~ 

obtained by maximizing the magn itude of 

0 ) + M ( ~~"') ( 0 . ) 
,( A':t*..... O~h 

as function of t. Since the band formed by the three trapezoids is a 

minimum of IJl (\+,,) wide, the conclusion of the previous paragraph is 
2 

true. 

It is next shown that the point lies within one particular 

trapezoid on the first three of tb! three or more consecutive passes 

referred to above. On the pass just ptfor to tha t pass on which the 

pomnt is first seen ~o reside within the band the point will be asso­

ciated with that trapezoid, the mjor portion of which lies between 

the same pair 0 f dashed 1 ine s 0 f Figure 9 as the po in t i tnIf lie s 

between. If the point happens to be on a dashed line it can be asso. 

C!iated with either one of the trapezoids which overlap in its neigh.. 

borhood. On the next three passes the point resides in the band and 

is never greater than! '" away from its or iginal pos ition, i.e. I the 
~ 
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position of the po int at the time it was associated wi th a trapezo ide 

But Figure 9 shows that it must get more than! Jt away to get out of 
A 

the trapezoid with which it was originally associated. Hence. if the 

point was originally empty, it is converted into a filled point by the time 

it reaches the interior of triangle JKLJ. 

The chosen injector extent is therefore sufficient to yield 100% 

filling of the beam circle for the particular segment considered. Since 

the preceding arguments are independent ofN_turn displacement vector 

orientation, the same conclusion applies to all segments of the beam. 

We conclude that when'l. = 1/3 an injector of x extent I Jt and 0 f Y extent 
a 

about equal to afi' "'0 is sufficient to maintain the 100% filling property 

of Resonan t RF Inflection. Here ,.fiIY'o is the length 0 f a s ide of the 

equilateral triangle in which the beam circle Yo is inscribed. If we 

require that the N-turn d isplacerren t. here 1 J( • be much smaller than 
a. 

Q.f3'V'0 then the area of the required injection area is just IJt(~fi''''.) 
~ 

or 3r5'JQv-o It is seen to depend I inearlyon k, approaching zero• 

as k approaches zero. 

One expects that a similar analysis could be carr ied through for 

other 'I.e. = LIN where N",3. We sha 11 assume that such is the case. In 

what follows the N... turn displacement, N,s • will be kept much less than 
it. 

the length of a side of the N-sided polygon in which the beam circle is 

inscribed. 
dis .f:o\" lo.,.~e v-. 

The N-3 case has the practical "'advantage"of requiring a 1:~ extent 

larger than Yo. i.e •• t (i'V'o Uau ally one weu ld 1 ike it to be 

less than Yo This c an be real ized by go ing to higher N• • 

The circumference of the beam circle is "'1\\"0 • For high N the length 

of one side of the N-sided polygon is approximately -a1hV"0 • The t ~ 
N 

extent of the injector is therefore ± 'l\ \'"0 ~ V' 0 Howeve r, in de­• 
N 



creasing the Y extent, the x extent N~ has increased. The required
a 

injection area is their product, i.e., N~ (~~""o): 'lrJty. This 

result for high N is aoout 0.6 of that for N = 3. 

The charge efficiency appropriate to the case of high N will now 

be found. The N_turn displacement "'4 shows that!! can serve as an 
a i\. 

average displacement per turn. The displacement velocity is • 

For high N, the beam circle will be covered with filled points at the 

time the displacement equals the diameter of the beam circle 'ltV"o • 

The time required to achieve complete fill ing is therefore ~W"o divided 

by A The charge emitted by the injector in this time is•
a't 

. a)4. 0 ('I\''-V''o) ~ The trapped char ge is .A. 0 l 'tr \"0 't • The 
Ot/"....) 

resulting charge e ff iciency is 25%. 

'A. <. 'ttYo"') 1'" ~ \ ': ~!f ~o 
10 ('1tJe 'Co) ( ~ \"0 ) /!, 

~/a1" Nt'~ a'l~t· 

The above result is valid umer the conditions of high N.~and 

zero septum thickness. Table 2 indicates how the charge efficiency 

approaches this limit with increasing N. Here the same expression 

for trapped charge has been used as before. However. ih calculating 

the fill ing time the diameter of the circle circumscr ibing the polygon 

in question has been used instead of the beam circle diameter. This 

makes the charge efficiencies for low N in Table 2 smaller than they 

should be. A cha rge effie iency of about 20~ is seen to be appl icable 

for N~6. In a practical situation the septum thickness is not zero

".« ~ 
andVis violated.. For such a case computational study will be relied 

upon to yield the charge efficiency,. 



3.3 FINITE INJECTCR AND FINITE SEPTUM 

The presence of a septum of nonzero thickne8s lowers the filling 

efficiency. In terms of phase space a septum creates a strip of zero 

io(x.y) lying between x =-(1"'0 + DE) and x =-'i.. The septum thickness 

is DE (Figure 3). An estimate of filling efficiency. FE. can be made 

by noting that fraction of the required injection area remains uncovered 

by this strip. For instance, with NJe '" ~o , FE is zero when N.K <. OE • a N a 
When HAs> 6'i " 

~ , 

100 [ 

In a practical s ituation I'\~ will exceed ~1\"'. so that recourse to compu_ 
a N 

tation is necessary to determine the shape and size of the required in­

jec tion area. Nevertheless even when l'ol5.-;<. 'UX•• computat ional resul ts 
a '" 

indicate that the above procedure is at best an approximation. the reason 

be ing that not all portions of the re1uired injection area are equall y ef­

fective in contributing to the curr""nt trapped within the beam circle. The 

phys ieal reason for this behavior is given belol; 

Let ~1( be 1/3. Breal<: the beam into segments. each segment being 

viewed at e =0 only on every third pass it makes of 6 = O. The RF is 

turned on at t = 0, Viewi.ng the beam at e = 0 will be limited to times 

t as follows: 

'0 ~ :J:. <. '1'­

3~ ~ ± ~4'l'­


,,1- ! ~ <. r 1'­

Between consecutive viewings of a segment the displacement vector 



increases in length by 1Jt but its orientat ion remains invariant. The 

a (_ ~('W.F:tO+.q) 
orientation appropr ia te to a segment is given by ..4.&M <. W"tl :t 0 + _ ) 

where waF t + 4J is the phase angle of the RF at the time -): 0 a segment
o 

makes its fir st pass of the RF bump after the RF has been turned on. 

Choose" to be 1200 • Then only disp lacement vectors l<b ich incl ine to 

the right and which lie within an angular range of t 60
0 

about the hori... 

zontal are seen. In what follows only displacement vectors lying within 

± 300 of the hor izontal will be cons idered. We also cons idet:1>nly that 

charge reaching the beam trian~le (,TICLJ; Figure 9) which originates in 

a small neighborhood about a point (x,y) near (-YOlO) , say (x,o), where 

(x,O) is to the left I)f (-YOlO) One wants to know how the amount of• 

charge resid ing wi thin the beam tr iangle which or ig ina ted from this 

neighborhood varies with the position (x 0) of this neighborhood o 

Redef ine i (xty) to be zero fOii: all (x,y) outs ide a small neigh­
o 

borhood about (x,O) but equal to i o on this neighborhood. Suppos£ (x,O) 

is more than 1 Jt to the left of (-vol 0) Charge which becomes attached 
2. 

to points which lie in this neighborhood at time j: t\J is seli!n at r just 

less than t o+3't to lie IJt from (x,O). No matter what orientation the 
a 

3-turn displacement vector has, this island of filled points cannot lie 

within the beam triangle. Because of the way i (x,y) is defined, this 

island of filled points is converted to a region of empty points at 

When (x,O) is slightly less than 1 Jt to the left of (-ro ,0) then 
2. 

some of the charge which gets attached to points in the neighborhood of 

(x,O) reaches the beam triangle£ Consider a segment whose 3-turn dis­

placement vector is bo th perpend icular to the left side of the bean. 

triangle and directed to the right. At.:b x.empty points in the neigh­

borhood of (x,O) become filled. At.*.:to +31- an is land of fiUed points 
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resides lJt to the right of (x.o) and therefore within the beam triangle. 
). 

At j: ;to+~'l- , two such islands are realized. On successive views a - straight line chain of islands develops. each island being!. Jt from its 
2 

nearest neighbors. When the first island reaches the other side of the 

beam triangle. equilibrium obtains. The number of islands trapped is pro­

portional to the length of the chain. The horizontal line of dotl in 

Figure 10 r.epresents this chain for the par'tic\11ar seguent uooer considera.. 

tion. 

Other segments also inject islands along chords of the beam cir­

cle. Results ~or five segments are superimposed in Figure 10" The range 

of incl ina tiona exhibited by these chords is determined from (x.O). This 

range is given by the angle between the two vectors of length 1 Jt in Figure 
~ 

10 whose origin is (x.O) and which terminate on the beam triangle. As 

(x.o) is set nearer (-Yo,O) , this angle becomes larger. Since angular 

range measures the number of segments contributing islands to the beam 

circle, we conclude that when (x 0) is near (-Yo,o) • a neighborhood 

about (x.o) contributes more charge to the beam r:-ircle than when (x.O) 

is further from (-Yo,oj. The preser:.cl8 of a septum therefore lowers 

filling efficiency more than estimated on the basis of area arguments 

given previously. 

The two paragraphs which follow discuss points whicl; 'will become 

relevant in Section 5.2. This discussion is based on the example con­

s idered a bov e. 

A neighborhood Dfany connibuting (x,y) near (-YOlO) contributes 

some islands which cross the beam circle on a diameter of this circle. 

. ~The speed with whict, an island gets d isplaceri 1.S - • Thl.s result 
,;t!l" 

applies not only to islands moving along a diameter but also along shorter 

chords inclined at some a:'lgle to a diameter. Consequently, about the same 

length of time is required for the small neighborhood about each contrituting 



(x,y) near (-~o,o) to achieve its maximum contribution to beam circle 

--" filling. This time is about ~ro I ~~'t") 

Choose (x,O) to be almost 1 Jt to the left of (,-v.,o). Then only 
~ 

a few segments have a 3.turn displacement vector with the proper orienta­
, 

tion to allow ~ neighborhood of (x,O) to contribute islands of filled 

points to the beam circle. Consider a segment which does contribute. 

Divide the interior of the beam circle into, say, ten concentric annuli 

of equal area. Since the chord along which islands migrate nearly coin. 

cides with y =° and since the number of islands per unit length of this 

chord is cons tant along the chord, the number of is lands in an annulus 

is proportional to the fraction of a beam circle diameter residing in the 

annulus. This fraction is larger for central annuli than it is for peri. 

pheral ones. If one now sets a phase plane at any azimuth and records 

i(x,y,e,t) as a function of time, it is found that ((x,y,-,t) for~j(,\'1"<~. 

is zero most of the time since most segments exhibit no islands. Never-

the less, when all segments are considered a time average of the quantity 

)) .t.(~I':t,e,t) d"d~ 

A_,,'u~ 

)) chd'i 

the average being taken over an interval of, say, lOO~ seconds after 

equilibrium prevails, will be nonzero and greater for central annuli than 

for peripheral ones. Even for central annuli, however, this time average 

is much less than i. 'because 0 f previous restrictions put on the s be and 

position of the region of nonzero io(x,y). 

3.4 OFF-RESONANCE BEHAVI~ 

In an actual accelerator there will be, of course, non-linear 



effects. These effects cause the angular frequency of radial oscilla­

tion c.o. to depend on the amplitude a". This means that it will not be 

poss ible for WAF to be set equal to the UlJI for every electron, since 

there are electrons of various amplitudes present. The effects produced 

by this discrepancy are similar to those seen in the linear problem when 

Wit. 1: wit. For this reason, as well as experimental considerations met 

later, a treatment of the off-resonance case of the linear problem will 

be given. In this treatment one starts with an equation of motion, the 

general solution of which reduces in cases of interest to an expression 

appl icable to a forced harmonic osc ill a tor • 

Let io(x,y) = i over the lined region of Figure 6a (A. >~ v o).o 

The septum thickness is set equal to zero. If 'V'/. is chosen rational, N 

of 'I." ~ should be large. Break the beam into segments. The bump
N 

~':t : jQ ~c.e.,p;t ... ~) is produced by a uniform radial electric fie ld 

of azimuthal extent ~ ~ about e = o. It takes b" a. 
seconds for a segment to cross the bump. In cons ider ing any particular 

segment, t is taken to be zero when this segment makes its first pass of 

e = 0 after the bump has been turned on. In each case, is the RP phase 

angle existing at the segment's zero time. The angle <1 varies from one 

segment to the next. 

Set a phase plane in one of the segments letting it travel with 

the segment. The electr ic force ac ting on a point on this plane can be 

expressed as the product of - e to ~l(,UAF't+fS) and a square wave of 

period"� and unit height on the interval ±6'l' to either side of :t=oJ"'~"'" 
~ 

Figure 11 illustrates one cycle of this function. If one expands it 

about t == 0 on the interval -~ 4 1:. ~1: then the equation of motion for 
2 - ~ 

a point becomes 



r;. :. - w;.,. -e £0 ~ (UiAF ~T~) L, 
.0 

a.,.� )ee..6 (?'It "" ~ 
""� ,,":0 

Here� the a.'" are the expansion coefficients of the function illustrated 

in Figure 11. 

bit'lao = 
Ii=' 
-3.-�~ ('h' Tl A2')
-1t" r� 

The general solution to the equation of motion is� 

A ..IW"> (OJ. ~) + B CA><l ("'. *-) - ~~ f:""[ 
+� ~ <.t W a.. -')two) t + t/J) ] 

w; - (<..uc.. - nwo) ~ 

The quantities A and B are constants. This .olution indicates that there 

are many resonant values of VJQ.... When nearly on resonance, the quantity 

of interest is the deviation of from the on-resonance com ition. ThisW RF 

deviation will be expressed in terms of a quantity d where 

1t :z 0 

When� an on-resonance condition is nearly realized the general solution 

yields 

. 
I 

~ "� A. ~ (w.::t:.) + 8 ~(UJIl:t) - ~to ao ~(cf+WIl)t+9S) 
'Tn w':-_ tcf... (U ... )'" 

It is seen that the results of studying the solution for n = 0 can serve 

.for cases where n~l through suitable variation of £'0. The case of n = 0 

i.e� considered here.� 

Letting 'i= ~ and letting ~" - e (.a.. = - e£. 61- one has� 
u.> It� -:m- -;n ~ 



· l' A. 1-47.19 ~« o-+WlI')t+Y' 

(Wx~- (cI'+WlC):t) 

~::. A~(w)(*)- e~(w.*) + 8(d+(UlI')~«cI'... w*)*+@) 

WjIC (Wll.a_(cf+ClJll)~) 

(1) Express .4tM «( c1'-+UJlt)t+~) and C04 (d"+wx).t-+¢) in teAl. of 

.ines and cosines of wxt ani c1t+, • (2) Collect coefficients of 

..(W)\(Wllt) and c:..D-4 (Wxt) • (3) Neglect d relative to UljIC in ter•• 

like I'+W1l which do not occur as an argument of a trigonometric 

function. (4) Evaluate the constants A and B in terms of (x,y) at 

JL (~,-~(cfz+¢») 
:ldW,. 

-L- (COIJP - ~(cf'~+9»)Y. + 
~d'WJl 

If the segment's phue plane is viewed from a coordinate system (prilled) 

rotating with points on this plane then the transformation between .ys­

tems is 

Hence 

~ (/1.0 + -/k. t.-., -~ (d':t t-~}») 

~o + J.L (~rp - ~ (0:t+9») 
~d"w]( 

Collecting teAls with no explicit time dependence on the left, squaring 

the components of the resulting vector, and adding these squared 

val ue s gives 



I� I ~ 1·p of (~.)	 therefore travels around a circle of radius --;;­The t1. "� ·.;aaW" 

centered at 

1):0 + ....1- ~¢ 
~tfw." 

':: 

..LL eo.(Hf,(::) (
'10 +� )

~j.e.u"1-

once every� a! seconds. This c irc Ie ,of radius ' will be 
Id"1 

v.,. : \~'wJ 
called a resonance circle. 

points on a segment's phase plane between Y"z A." and V'sv.will 

be assumed to be filled at t = O. Points wi thin yo & V o at t = 0 are 

empty. The RF causes each point (x/,y') to travel around a circle of 

radius YV'. A point returns to its original position tt seconds later. 

'cf'
In this process filled points initially outside the beam circle enter it 

and then withdraw. Some of the empty points initially within the beam 

circle move outside it and then return. The number of the latter which 

do move outside depends on y.... • While outside, these empty points tend 

to become filled, the probability of this occurring increal';'with a point's 

maximum Q.. and with the length of time it spends outside "':'('0. Here 

we assume that every empty point which gets pushed outside Y= 'V'. has be­

come a filled point by the time it returns to the beam circle. 

With Y ... > Yo all points initially within the beam circle get 

pushed outside it. T~refore 100% filling efficiency obtains in this 

case. However, when Y"y 4Yo not all empty points get outside the beam 

circle. In this case, the effect of the off-resonance RF is to produce 

an unfilled circular region of radius Y'o-Y.,. lying within the beam circle. 

.-::-.lAfter the RF is turned on one mus t wait ~1't seconds befor e this 
\0"\ 

empty region of radius Yo-v.,. assume s its circular form. This empty region
<.M 

is not centered at (0,0). Instead, its boundary touches the beam circle 

at a single point, this point of contact moving around the beam circle Ori(;S 
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The circle appearing at the upper left in Figure 12every Ol'h seconds • 
. \'"((1 

Several are also drawn within the beam circleis a resonance circle VV' • 

as an aid in visualizing why the empty region of radius V'O-V'V' within 

the beam circle is circular and why it moves in the manner described above. 

In the portion of the exper iment of Section VI which deals with 

of f-resonance behavior one sets a vertical wire of thickness cia at x = ° 
and measures the current collected by this wire (Figure 26). For pur­

poses of illustration it is assumed here that the wire is set at 6 =0, that 

every electron colliding with it sticks to it, and that there is no se.. 

condary emission. Knowing the collected current at time t yields the beam 

current density j(x,e.t) at x =&= 0, i.e., j(O,O,t) amperes. The units 
meter 

are not conventional. One is interested in beam current at 9 =° due to 

electrons with x's between x and x + dx independent of their, values. 

Collected current equals j (0,0, t)dx. The device which measures 

collected current does not respond to fluctuations occurring over a time 

1" but can to those which occur over a time 100 'to. We denote j(O.O.t)dx 

averaged over an interval extending, say, 1:: 5"0,," to either side of time t 

as j(O,O.t)dx. Experimentally it is found that j(O,O,tk approaches an 

equilibrium value shortly after the injector has been turned on. 'I\.lo such 

equilibrium values are measured; one with RF on, the other with RF off. 

Let A j(O.O,t) denote the result of sUbtrac+~C) the latter from the former. 

One measures () j(O.O,t) as a function of bump strength .k and of the de.. 

viation of .f~t: from the on resonance value v",'; 0 • 

.. 
It is helpful to introduce the tune 'JRF of the RF. 

The deviation of 'YR,F from ~'" will be called A'o?".. In predicting the 

experimental results mentioned above it is assumed that Aj(O,O,t)dx is 
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due only to electrons forced into the beam circle by the RF. In the 

absence of RF, i(x,y,e,t) for 'fx.2+'1~.(. ""0 is zero. Hence, in the 

presence of RF one has at x =e = 0 

The bar over i has the same meaning as the one over j. Prev.ious considera­

tions allow i(O,y,O,t) to be found. 

Suppose that bump strength k and RF frequency ~., have been chosen 

so that Yo '> V". ~ ,,"0 • Then figure 13 applies when points on a seg­-;: 
mentis phatJe plane are viewed from a coordira te system (primed) rotating 

with these po ints. The white c irc Ie with in Y": Yo is covered with empty 

points; the lined region outside, with filled points. If, at the same 

time one views the phase plane of the particular seguent for which Figure 

13 happens to apply, one also views phase planes set in other segments, 

then Figure 13 still appl ies provided t he po int whe re the empty region 

touches the beam circle is cha nged appropr iatel y. If at some ins tant 

one considers in sequence the seguents of a block of segments extendi~ 

over ~ radians, one notes that this point of contact moves once around 
VRF 

the beam circle. 

The average i(x,y,e,t) seen on a phase plane fixed at 8 = 0 over 

the time it takes the above block to pass e = 0 depetds on (x,y) only 

through v: i~~+ ~". This is so as the eapty region is seen to revolve 

once around (0,0) as the bloc k passes e = o. This average can be found 

by considering only one segment of the block. Choose that segment for 

which Figure 13 applies When the segment passes e = O. Choose a circle 

of radius '( about (0,0) on this phase plane. Let the angle subtended by 

..........­ the arc of this circle which I iea in the empty region be f. The arc 

lying in the filled region is ~'t<;_."". The average i(x,y,O,t) on a narrow 
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annulus enclosing this circle is ..(.0 (.'21r - ~) The quantity iowill be 
~'lr 

set equal to unity. 

The s arne result, ~~ -'4' • obtains if any other segment of the block 
:l'lt 

is considered. Because the center of gravity of the empty portion of the 

annulus rotates through a~ when all segments of the block are considered, 
+.,......... 

~ also serves as thevaverage i(x,y,O,t) exhibited by this block as 
~'It 

it passes e = 0. 

Before finding 't' in terms of y , VV' , and Yo. one question re­
+,:-.. 

mains. Though ~'lI-'" can serve as the Vaverage i(x,i,O, t) for a block of 
~11 

segments of azimuthal extent ~1t , the re is not an integral number of 
'VRF 

such blocks around the accelerator. That this makes little difference 

can be seen by viewing any particular segment of the beam as it makes 

several successive passes of e = O. On each pass the empty region ap­

pears to have been rotated clockwise nearly 'I.:tiZt radians from its posi.. 

tion on the preceding pass. For practical 'I.,. the empty reaion effectively 

gets averaged over all orientations when enough passes are considered. Hence, 

i(x,y.O,t) = ;;t'tl-'f'. It is also true that i(x,y,8,t) = i(x,y,O.t). 
~'tt 

The quantity i(x,y,8,t) will be expressed in terms of 'Y, 'Y'r. and 

Yo • Figure 12 is appl icable when VV' ~ ~ • When 'Y. '7 VV' > ~ Figure 
~ a. ' 

13 applies. Consider the latter case. Since the empty region does not 

enclose the or igin, i(x,y ,6, t) = 1 for 'Y go ing from zero to ~Y.. - v •• 

For Y lying between AV'", -'1'0 and Y"o , i(X,y,6,t) = ~'lt -'t. The angle If 
~'1r 

mus t be found in terms of v , Y.,. and Yo • Circle V' in Figure 13 inter­

sects the boundary of the empty region at (~','f) : ('!:: y~t, Yco.~} The 

boundary of the empty region is given by /,t'~+ (':il_y",)~= \.ro-Y'r)~ • Eli_ 

­ minating x I and y , yields 
~.. 



Hence 
- \ ( Y 11 _ Y': + a Ye Y'P 1 

, - ~ <»G ~ y y.,. 

These resul ts, along with those for other ranges of Y and Y.,. • are 

found in Table 3. A consistency check between these results and those 

obtained by computation was made. The dot at the tip of each of the four 

arrows in Figure 22 represent the former while the solid curve nearest 

these dots represents the latter. 

It is of interest to note the difference between i(x.y,8,t) and 

i(x,y,9,t). Because io(x,y) is unity, i(x,y,a,t) can have only the one 

of t"-O values, i.e., one or zero. As time t progresses, IX , '=' , and Q 

being held constant, i(x,y.9,t) may jump discontinuously between these 

two values. When such change occurs an average over time of i(x,y,e,t) 

will yield ,an i(x,y,9,t>' intermediate between one and zero. In the 

example considered above where Y'o'>'t",,'> ~ (Figure 13) i(x,y,.,t) is 
~ 

unity for all t� for (x,c~O satisfying y".... 'i ": Y" < AY'".-VO In this• 

case i(x,y ,8,t)� is unity. At larger V''' f,,' .. ~i' • excluding Y .. Ve , 

i(x,y,O,t) jumps� back and forth between one and zero as tUne progresses. 

For such (x,y),� i(x,y,9,t) is less than unity. Therefore it is possible 

for i(x,y,o,t) to be greater for (x,y) near (0,0) than it is for (x,y) 

further from (0,0). In all cases ~(x.Yte,t) ~ 1. 

The quantity 

A{t",",J:\d. 5.~l.to.~.",t:\J 4.0 [ 

can now be fo und. It is convenient to normalize A j (0,0. t)dx by dividing 

: -'� it by the value of I1j(O,O,t)dx which obtains when the RF frequency is set 

on resonance. i.e., when f~F:: ~"fo Normalization will be indicated 



-53..� 

by the subscript N. 

yo.S ito,';i,o,t) ci~ 
A~<'O,OJ-t)N ;: - yo. 

Since i(O,y,O,t) depends on y only through V=~X ... +~ ... i w1Iere x is 

zero, 

When reduced variables y'::£ and 
Y'o 

, 
't'.,. = V., are introduced, 

Yo 

I 

( ~(O yo'o:t) dr'
)0 I', 

The functional form of Aj(O,O,t)N appears in Table 4. Because 6j(O,e,t)N 

equals Aj(O.O,t)~ and because Aj(O,9,t)N is independent of time,Aj(O,',t)M 

will be denoted by Aj(O)N Figure 14 gives A j(O)", versus v.,.'. 

Figure 14 is used in predicting experimental results. The quantity 

Y'",' depends on bump strength k and on the amount by which YRF differ. 

from '/-.. i.e.. t.\)'F. Since 

V.,. ': \a~w\ 

.' 

B 

JQ 

d 

': 

= 

= 

e £.-- ~ 
'1'­-m 

~ a't­
"'tr1 fbI( 

~"h +0 6 '?tU 

........,:, 
; 

one has 

V"". 

v~ 

: 

; 

.k 
., '1\' \ A '-'ttF I 

JQ/Y'o 
0\1\ \ 6 VR!= \ 
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Once.!!. has been specified. choosing A~R. yields YO.,'. One ob-
Yo 

tains the eorresponding t::.. j(O) from Pigure 14. Pigure 36 gives a plot 

of A j(O).. versus ~".~ for four values of ~~o • i.e •• 1.0. 2.25. 

3
5.0. and 9.0 each times the quantity 0.493 x 10- • The numbers 1.0. 

2.25. 5.0. and 9.0 are used to designate the•• four curves, 

respectively. 

-�

-�~. 
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IV. DIGRESSION ON STOCHASTIC INFLECTION 

. fl . '-6K. R. Symon has suggested the me thod of StoChast1c In ect1on. 

Ris treatment involves solution of the diffusion equation and allows for 

a tinite injector having a septum. In what follows the second method of 

Section 3.1 is used to illustrate the 100% filling efficiency property of 

Stochastic Inflection which prevails when used in conjunction with an 

infinite injector having no septum. 

Set V",= LIN: let io(x,y) equal i. over the lined region of Figure 

6a (A" '» Yo); turn on the injector; wait N'l" seconds. Inserting a phase 

plane at e = 0 one notes that Figure 6f applies provided the empty pen­

tagon is replaced by an N_sided polygon. The bump Ay(t) situated at 

6- = 0+ now has the form 4y = kf(t) where f(t) is a random signal of 

average value zero. Let f( t) be indent ically zero for t<O. The rms value 

of 6 Y for t)O is about k where Jll 4.<' y. It takes a certain time At for• 

this signal to become uncorrelated with c;.previous value of itself. Here 

it is assumed that ~ <.<. \ Break the beam into segments, each of• 
~ 

azimuthal extent dg = ~'lr A segment is viewed only at 9 = 0 on 
('to/d) 

every N-th pass it makes of this azimuth. Renee. in the absence of a 

bump points on a segment's phase plane exhibit the same positions on 

successive viewings. In its presence, all points receive the same dis­

placeue nt so it suffices to focus attent ion on jus t one po int of the segment, 

say the one at (0,0) at t = O. In what follows such a point is called a 

reference point. 

Consider the segment passing e = 0 at t = O. Ai this segment is 

viewed at e = 0 at *= N,". 2N'l", 3N't", ••• , its refer ence po int will 
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perform a random walk about (0.0). One can just as well superimpose 

the results for all segments onto the above segment. One then has at 

t =° a distribution function conais ting of !t. reference points set one 
0% 

on top of the other at (0,0). At I ater viewing times this distribution 

spreads out around (0.0). When a reference point migrates into the region 

between Y:~YcJand V": A1o-V"O • the beam circle of the segment associated 

with this reference point is completely covered with filled points 

If a reference point. after reaching ttl is band, migrates back again in... 

side yo: ;tr•• the associated beam circle probably is still covered 

(empty po in ts outs ide y ... Y. and wi thin 'f":' A~ tend to be converted into 

filled po ints). Here A ~ is made so large that at any viewing time of 

interest all reference points lie within V':: A 'I. - vo.. Eventually most 

reference points lie outside of '('2 ~ro Hence, by waiting long enough• 

the number of segments having unfilled beam circles comprise such a small 

fraction of the total number that they can be neglected relative to the 

latter. Therefore 100% filling efficiency prevails. 

An advantage of Resonant RF Inflection when used in conjunction 

with a finite injector appears to lie with its charge efficiency. A dis­

advantage will be seen to be its sensitivity to non-linearity. The corres­

ponding points relative to stochastic Inflection are not known by the 

writer. 
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V. COMPUTATIONAL RESULTS ON RRFI 

5.1 GENERAL CONSIDERATIONS 

Computational results presented here extend the conclusions 

of Section III. Section III shows that RRFI can be described in 

terms of four parameters: k, r • VIC • and The first two are".If. 
lengths and the latter two d imens ionles8. Here r o is taken to be 

209 mils and k as varying between about 0.1 and 10 mils. The quan­

tities '1" and "'1t' range between one and two. The bump strength k is 

not substituted as input data but computed on the basis of other input 

data and a theoretical model of the experimental RF electrode (Figpre 

25). This model is described in Sectil.ri>6.1. The net result is that an 

electron passing the electrode receives a radial impulse F~A't". -e£.6CM 

(w.F t"'_)A1' yielding a A'j: ~ ~= Je~(WR"*+;). The computed k 

depends on ~ and hence "x. In this sense the computer programs de­

part from the theory of Section III where k is treated as an indepep_ 

dent variable. This independence can be simulated, however, by alt~ring 

the input data representing the RF voltage on the electrode whenevet ,,_ 

is changed. 

The programs yield four quantities of interest to us here. 

The first is the required injection area, its shape ani size. (2) T~e 

second is the minimum number of revolutions that both the injector and 

the RF must be on in order to allow RRFI to trap the maximum charge. 

(3) After equilibrium has been established for a given k, r , 'IK., and 

'1AF , turn the RF bump and the injector off together. On a small neigh.­

borhood of (x,y) at some a~imuth e find the time average of i(x,y,e.t). 
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Des ignate this time average by i(x.y ,tl, t). Divide the beam circle into 

a large number 0 f concentric annul i of equal area. Find the average 

value of i(x.y.8,t) over each annulus. Divide this average by i o • The 

resul t is the third item of interest found by computat ion. It is ah. 

ways less than or equal to one; it is independent of e and t; it de­

l 

pends on (x.y) only through the variable y:y~a+ 'Ja • Such a quantity 

was met in the last paragraph of Section 3.3 (except for division by i.) 

and aga in in Sect ion 3.4. When plotting th is result it is designated 

i(x,y,9,t)/io • The fact that it has been averaged over an annulus en­

closing a circle of radius r will be indicated by marking the abscissa 

• 

(4) The time average trapped current is SSi.. (1t,!.;t,9I t) d'll'd'j 

where the integration is performed over the beam circle interior. Con. 

sider that portion 0 f this current which originated from a particular 

elerrent On the required injection area. Divide this portion by i o • 

The result can be thought of as a time average of the beam circle area 

which could be covered to an i(x,y) of ioby charge which originated 

from the element in question. By either Liouville's theorem or Section 

II the "could be" above can be replaced by His u • Division of this time 

average area by 'trV'oa yields a time average of the fraction of the beam 

circle area covered to an i(x,y) of i by that portion of the time o 

average current which originated from the element in question. This 

fraction is proportional to element area. 

When one is referred to a plot of any of the four quantities 

mentioned above the number of the computer program used to obtain the 

result along with the particular run number appear on the plot. The 

program and a description of it will be found in an appendix, the tabl€ 



of contents directing the reader to the appropriate one. The infor_ 

mation given there is: 

1) the purpose and physical content of the program� 
2) a description of the Fortran program� 
3) the output data given and the input data required� 
4) the input data used on various runs� 
5) the actual Fortran program� 

5.2. ON-RESONANCE LINEAR PROBLEM 

The prograJ SHO...16 and SHO...18 are used here to study the on-

resonance 1 inear problem. Figure 15 illus trates the shape and size of 

the required injection area when k ~ 2.093, Yo = 209, and ~1l = 'Y~" = 1.36. 

This figure is not drawn to scale. If it were, its vertical extent 

would be increased about a factor of six. The number inside a differ_ 

ential element gives a time average of the percentage of the beam circle 

area covered (i(x,y) = i ) due to charge which origina ted from the in.o 

jector element in ques tion. Sixty-nine such elements fill the beam 

circle to lOO.• 4la of capacity. The discrepancy of 0.449 is caused by 

the coarseness of various meshes used in the computation. The required 

injection area is 1.05% of the beam circle area. Its y extent is about 

60% of 'ro and its x extent, about 10%. The trapped current is )/.'0\05 =95 

times that coming from the required injection area. rtis common to 

call this 95 the number of turns injected. One must keep in mind, 

however, that the injector and the RF must be tur'ned on longer than 95~ 

seconds to achieve an injected current of 95 turns. The time required 

in this example is closer to 4(95) 1'. 

One can also speak of the number of turns injected by a particular 

element on the required injection area. Suppose io(x,y) equals io,.O on 
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that element of Figure 15 which gives a filling efficiency of 1.908% 
) 

but that io(x,y) is zero outside this element. The number of turns in­

jected is 0.01908'h'r//(dxdy). Si.nce l'Iro
2/(69dxdy) equals 95, 0.01908"'" 

r o /(dxdy) equals 125 turns. 

The charge eff iciency is the ratio of the trapped cha rge 

to the charge emanating from the required injection area in the time 

it takes to achieve 100% filling. Here there are 69 contributing ele­

ments each of area (8.3) (2.5) square mils. The time required to 

•achieve 100% fill ing is 4321". The charge efficiency is .L
•
o 1T("AOCf) 'l-/ 

~ '5a'l" 
..i.. "(8.S)(U) v or 22%. When filM «~1tY'.. , Section 3.2 gives the charge 

~ N 

efficiency of RRFI as 25%. This difference between 22% and 25% is 

due to the condition NJi 4.( ~'h'Y'o not be ing satisf ied. 
T t:l 

The values of k, r , ~~, and ~RF used in obtaining Figure 15 

are near those values existing in the accelerator of Figure 1 8S used 

in the experiment of Section VI. The septum in this accelerator (5 

mils) corresponds to a vertical strip covering the two columns of ele­

ments on the right in Figure 15. Contributing elements associated 

with columns not covered by this strip are 41 in number. The filling 

efficiency calculated in terms of areas (Section 3.3) is 100(41/69) 

or 60%. The actual filling efficiency found by adding up the numbers 

in these 41 elements is 53%. 

A septum reduces charge effie iency somewhat. The active region 

of the required injection area fills the beam circle to 0.53 of capacity. 

The equilibrium time is the same as before, i.e., 4321'". The resulting 

. (O.63).Lo'lrV.a~
charge effie iency ~s .- or 19%. 

J,o(4I)(8.3)(~.5')43~ 'l" 

Figures 16 and 17 ill us trate required injection areas for 'V. 

varying between 1.25 and 1.42. These figures are drawn to scale. Here 

Yo = 209 mils but k, varying here as 1/ , has its former value only at
/'1x 
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\?1l :: 1.36. In discussing Figure~ 16 and 17 we 'shall neglect this 

7% variation in k about its value at "'" = 1.36. 

The shape t pos it ion, and size of these required injection areas 

depend on 'YJ/.. For N of 'V__ = LIN equal to 3, 4, and 5, the required 

injection area elongates vertically as expected, its x exten t varying 

roughly as ~k, 4Je , and.!.Je • With a tune shift of t .01 about 
R A a 

these rather impractical values of ~. a usable shape is realized but 

its center of gravity is displaced from y = O. The asymmetry in this 

displacement about ~'Io = 1+1/3 as seen in runs 3 and 5 is expected. 

For instance, if ~_ were (1+1/3 + .01) and if charge were injected near 

the bottom of the required injection area existing when V-. = 'Y3 then 

this charge would end up '3'1- seconds later to the left of its starting 

po int even though the 3..turn displacement vector displaces some of it. 

]J! to the right. Hence, when 'VI' = 0+1/3 +0.00, less injection 
:t 

area appears below y = Othari above, etc. Runs 9 and 11 indicate that 

asymmetry about V.:: 1.4 disappears by the time a tune shift of t. 0.02 

about "11 =1.4 is realized. 

Previous t~ory shows that the area of the required injection 

area decreases by 40% as one shif ts from N = 3 to large N provided 

NJe « ~'I\',(,. • In Figures 16 and 17 this area is expressed as a per­
a N 

centage of the beam circle area am appears over the figure associated 

with each run. Runs 3 am 5 in conjunction with Run 4 show this same 

behavior even though the above condition is violated. If the percentage 

for Run 4 (N = 3) were taken as unity then the percentage for either 

Run 3 or Run 5 "lOuld be about 0.7. 

In Section 3.2 it was found tha t the size (area) of the required 

injection area varies linearly with k provided • 



Figure 18 gives the size of Ue required injection area ver.us It when 

.. !t~ 1.35674 (l: .. l.!.I.I2) Since "<'0= 209 mils and since k is 18 ""'a11,
y.. 

I: 
M 50000· 

greater than 0.1 mils the previous cord ition is far from being 8.t18­

fied. Nevertheless, a linear relation between size and It is leen to 

exist over the range of k dealt with. As k is varied, the required 

injection area changes shape. By decreasing k, the number of turns 

injected (the ratio of the beam e irele area to the required injection 

area) can be made arbitrarily large. 

The last paragraph of Section 3.3 considered the manner in 

which different regions of the required injection area contribute 

charge to the beam c irele. These qual itative results will be Ulus. 

trated quantitatively by applying SHU-18 to the three elements of 

Figure 15 having heavier bourdaries than the others. R.eading from 

left to right, bottom to top, these rectangles will be designated 

F, G, and H. Figure 19 gives i(x,y,&,t)/1 0 versus v': -"/"t'ofor each of 

these rectangles. AU three are seen to contribute to the central 

regions of phase space about equally whereas the ir contributions to 

the peripheral regions is a strong fune tion of the ir position on the 

required injection area. Curve F exhibits a maximum at small v' in 

accordance with the prediction made in Section 3.3. As expected, 

rectangle G contributes more charge than rectangle F. Rectangle G is 

seen to emphasize the peripheral regions of phase space. Curve H 1II08t 

closely parallels curve F. It is concluded that charge contributed by 

elements far away from (-Vo.o) acts like charge contributed by F and H 

whereas elements nearer (-Yo,o) yield behavior paral.lel1ng that of G 

more close 1y • 

Figure 19 in conjunction with Figure 15 indicates that each 
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portion of the required injection area contributes some charge to the 

central region of phase space. In Section 3.3 it was seen that such 

charge gets displaced across the beam circle euentially on a diameter 

of this circle. Since a diameter is the longest chord it was con­

cluded that all contributing elements near (-'I'e,O) realize their maxi. 

mum contribution to beam circle filling at nearly the same time. One 

wonders t however t about the speed with which these var ious eontrlbu­

tions approach equilibrium. Applying the results of Section 3.3 to 

rectangle F of Figure 15 one concludes that rectangle F r.a1ize. its 

contribution to beam circle filling linearly with time up until maxi­

mum filling is achieved. Figure 20 contains computational results 

from a program written to study such approach to equilibrium. The 

program itself is not described in this report. Figure 20 gives the 

ratio of (1) trapped current at time t to (2) the maximum trapped 

current. Curve F applies to rectangle F of Figure 15. The elq>ected 

linear dependence is seen. The filling time of G equals that of F 

as expected t bOt its time dependence deviates from linear ity. treat­

ment of rectangle H yields a curve like that of G. In a practical 

situation like that of Figure 15 it is approximately true that all 

portions of the required injection area realize their contribution to 

beam circle filling in a manner which depends linearly on the time. 

5.3 NON-LINEAR EFFECTS 

Non-linearity will certainly be present in the experiment of 

Section VI. One must be able to decide whether this factor is of im­

portance relative to the experilOOntal data taken t~re. The program 

SH0-20 can answer this question. In th is program the transform tion 



relating the (~) of an electron to its t~) one revolution later is 

kept a pure rotation, i.e., 

l
COoG. <.. '1" -a'\f) ~ l 'l"~'h)) 

_ ~ <,~.~'h) ~ ('I. a1l) 

Non-linearity is introduced by making ~_ depend (quadratically) on 

. . 1 . d o.~ =.r:. at + Ll· '.electron oscl.llatl.On amp Ltu e .. ' ' '" 

Let '/1'0 be the tune when 0." is neat zero, and A~. the change 

in 'Ix when Q.)l increases from zero to Yo. Then 

We set "I' equal to the -.'lC of an electron whose 0.. is "ro , i.e., 

Vtl~ :. ""0 .. 6."1--. • For an electron residing within the beam circle 

- ~lC 1~ lb"Vx \. Let k ~ 2.093 mils, Y. -= 209 mils. and 'I.., = 1.36.I VRP 

Figure 21 gives i(x,y,&,t)/i versus v' for A\i'.'s.of 0, 0.004S3, 0.01360,o 

am 0.02720. The presence of non-linear ity is seen to inhibit filling 

of the beam circle, the inhibition becoming more pronounced with in_ 

creasing non-linearity. 

It is infonnative to compare these results with corresponding 

off..resonance cases of the linear problem (Figure 22). Here "ll. is 

always 1.36 so that \ VA~ - 'Y~ 1: \ b~"F\ does m t depend on all. In the 

four runs of Figure 22 I 6"Vatr \ has values of 0, 0.00453, 0.01360, and 

0.02720. Compar ing runs for which A"V.,. in Figure 21 equals \ A'IR.. \ 

in Figure 22 one concludes that an of f-resonance case of the 1 inear 

problem can serve as an upper bound on inhib ition to beam c irele 

filling for the corresponding non-linear problem. 

In one sense, the above result is expected. The non-linear 

problem can be viewed as a succession of off-resonance linear problems, 
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the discrepancy between 'Y and V~ varying sl ightly from one problemRf 

In the off-resonance linear problem the greater \~.~-Vx\to the next. 

is, the more beam circle filling is inhibited. For electrons within 

the beam circle in the non-linear problem, \ '1u -V'ac\ is always less 

than in the corresponding off_resonance linear problem. 

In Appendix 7 it is shown that, when "u is set at a value 1n­

termediate between \?u + 6~" am Vu , the inhibition noted in Figure 

21 becomes less pronounced. Therefore. if in the off-resoaance linear 

problem \ A~R' \ is such tha t no inhibition occurs, then in the corres­

ponding non.linear problem wrere \l1~R.\ above equals \6Yac \. non. 

linearity is not expected to be a problem, particularly if 'Vu ' in the 

noo-l inear problem is set intermediate between 'Vu and V•• ~ A'Yx • 

Now the curves of Figure 22 can also be obtained via the theory of 

Section 3.4. From this theory we have 

y..,. 
t = 

Here inhib ition does not occur as long as v...'! , • It is concluded 

that in section VI where the amount of charge trapped by RRFI is 

studied experimentally non_linearity should be no problem provided 

~/Yo 
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VI. EXPKR!MENTAL TEST OF RESONANT RF INFLECTION 

6.1 PRELIMINARY CONSIDERATIONS 

The degree to which experimental conditions are known to fulfill 

the theoretical requirements of Sections II and III is dealt with her~. 

(C-l) It is required that the electron beam be observed anj af~ 

fee ted at az imuths which are integral lIul tiples of R1'r/v• 

This condition is fulfilled. 

(C-2) It is required that electron motion be simple harmonie 

as far as an observer situated at azimuths allowed by C-l is concerned 

<Section II). 

The degree to which this requirement is met is not known. The 

various currents which excite the guide field are set at valves which 

(1) yield a relatively intense accelerated beam over a range of Q." 

8ub8ta~tially greater than that used in the experiment and (2) yield 

a 'Yx allowing one to exploit the capabilities of the exper imental 

measuring apparatus. In the experiment 'Y-. is near 1.36. The \}3 

which Obtains is not measured. From other inform tion it is known to 

be about 1.2. 

(C-3) It is required that an electron's ~ lIotion never allow an 

electron to hop over Or under the injector when its displacement x at 

a 0: 0- is ~ - '("0 • 

It is not known if this condition is fulfilled. We assume that it 

is. Partial justification of this assumption follows: The vertical 

oscillation amplitude 03 is not restricted except by the vacuum tank. 



If the exper illental median plane were defined by').= 0 then 03 would be 

i 750 mils. Because a is imperfect. the median plane. is I» t flat. Bz­

perimentally it is known that the least upper bound on Q 3 is eon. id.rably 

,. less than 150 mils. We assume it to be 250 mils. The injector .xtend. 

:t 262 mils above and below 'i • O. If the _dian plane at the inj.ctor 

is near '} "" 0 then an electron at 9 • 0_ with a, ~ 250 will collid. with 

the injector when its x is ~ -'{"o. 

(C-4) It is required that ~x be independent of <lll and 0.3 •� 

This condition is approached closely enough. Experimentally ()"JC ~
 

_i'$ 
250 mils. We have assumed Q I ~ 2S0~ Doe. ~x vary .ufficiently with 

Q.,c and <1 3 to inhibit filling efficiency? Figure 23 illu.trat•• the 

experimental dependences of 'VI( on a" and Q 1 for 'Vx not radically 

different from 1.36. Experimentally. CUttll: =Wit? w,. . An electron'. '} 

motion is affected very 1 ittle by the RF •• that its 03 remains ••••n­

dally what it was at injection. Figure 23 shows that as long a. ale and 

0.1 are ~ 250 mils. )1.. can vary between any two electrons by at most. say. 

0.001. Section 5.3 provides an e sti_te of whether non-l inear effect. are 

important. It is found that they are unillportant when Je ~ ~"" \ A'lll \ ""0 

In the experiment. '<"0. 209 mils. Since the required injection area 

lies to the left of (-YOlO). the maximum a.J( will be somewhat lar••r. 

Here we take it as 250 mils. With r o "" 250 mUs and with A'iJ( • 0.001, 

it is required that k~3 mils. The conditions under which much of the 

experimental data is taken fulf ill this requirement. It tut:ns out tba t 

if the experimentally measured RF voltage applied to the RF electrode 11 

three volts then k is a little larger than three mils. 

(C-5) It is required that 4=0 be independent of 0.." and 0.3. 

This condition is approached closely enough. 
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to inhibit filling effi-DOes ~o vary sufficiently with a.. 

ciency? In answering this question one begifts by showing that a problem 

in which +0 varies with <1.)1 (WaF and 'V)A. constant) is equivalent to ene 

in which WRf= depends on Q.~ ( +0 aId ~10 constant). The latter proble. 

is then slDwn to be equivalent te one in which 'VJl depends on a" (fo and 

W constant). Finally. the test jQ~"\", \A~.\ '<'0' used in 0-4 to inaure
ltfl 

that the non-linearity considered there doe. not inhibit filling effi­

ciency, is applied here. A value of .q'l\' \A'l?lCl~o about one-'hird that 

found in 0-4 is obtained. It is concluded that when the non-linearity 

considered in 0-4 is of no consequence expers.-ntally then variation 

of fo with Q. w is also of no con.equence experi_ntally. 

The RF bump causes an electron's ~ll. to change. We estimate the 

var iat ion of +0 with <lll when ~l( and electron .peed 111"0 (energy E.) 

are held constant. Though ~.. is constant. W ll " ~'lt'''lt~O varies ainee 

+0 var ie s • Let ~:: 0." ~ (V" 8+ 8,). An incre... of ~'h in e corres­

ponds to one revolution. When Q.K is zero. the average orbit length per 

revolution is ~~ ('0. With ax'> 0 this quantity is approxiately ~1rfo( 

I +t~J.)"~. The product of revolution frequency +.(0.,,) and average 

orbit length per revolution is just lUo • Hence 

+o(alC) = fo(o) 

l ' + (~;:)'lJ 
Set the RF bump, A';i ': ..Ie .4LM(wut+;) • at e == 0+. Here k is 

assumed independent of both 'V.,. and fO<'a.lC). At injection (t .. 0) an 

e1e ctren has an alC. near r o • At t = 0+ this 0.)1 gets a1 tered to a.,,\. 

When lD8.king its second pass of the bump its G.ll changes from ax, to allt. 

etc. The RF pha.e angle at the time it passes the bump is shown in the 

following table: 



PaIS *I: <6 + WR,:t 
I ¢ 

~ r/J + WRPI fa (0..,) 
,. 3 ¢ + WRFI +0 (au) + WaF /~. (0.•• \ 

¢ ,.."\ w aF/ ~o (0.,.,) + c.y ~f( iq ~ C).,~) + wlt~/ of 0 (a.".) 

Call the constant value of CVRF here WAlle. Upon substitution of 

onefo(O)/(, +(a~f~"r1 for fo(o.x"l'\) in a term like CLJItPC./fo(Qll'\'l) , 

obtains 

OJR'C l '+ (~rl 
f.(o) 

It is concluded that the same orbit x(e) exhibited by the electron in 

the present problem would also be found in a problem where fo (f.: -to(o)) 

is somehow independent of ax and where CUR. depends on Go" as 

W~F (Qi)') : WA~C: £I + (0;;:)J 
/I

Consider then the problem where WRI' (Cl,l) : WRFC{ 1+ (0.\1'1_)1 
~ fo 1 

and where fo and 'VA are held constant. Set WRf'C equal to the <.u1O. 

of an electron in the preceding problem whose Q.K is '('0 , i.e •• 

W RFC : ~ 'l'r 'Vx. f o (0) 

... 
I + (ro~x) 

~ fo
Then 

I + (ca)l~ ):l 
W RF (ax) :: ~~ r~· ]f~(o) 

I + ( Yo "'x t 
:;z po 

We def ine the RF tune 'VRF (Cl~) to be W a F <,Q.~) 

.J>--,_ 
Then ~'lY fo<'o) 

-



+ 
I + (Y~"''' )

4 

~ (Jo 

Let 

1+ 

Then 

The program SHO-20 can treat the case of '-'RF varying with (lx. 

I 

T~e crosses in Figure 38 give i(x,y,e,t)/io versus Y for k ~ 2.093 

mils, Yo = 209 mils, 'Yx = 1.36, and Eo = 0.00453. The variation of 'VR~ 

with Cl.l\ is seen to inhibit filling of the beam circle. The reason 

I
why i(x.y.e,t)/i is much less than unity for ~ near one is that onlyo 

a fraction of the -required injection area has been used. In this compu­

tat ion 
" (Q) - \.'3" - 0.00453 + 0.00 "'\63 ( Qy'lJlo)~ 
Y'RF It ­

The dots in Figu re 38 are obtained from applying SHO_20 to a case 

where 'YRF is held constant ()7R~= 1.36) and '1", allowed to vary with 

<1 11 , Here 

\'l\.(Qx\ ': 1."3'- - 0.0045"3 + 0.0045"3 (~)~ 
The results are seen to be nearly the same as those found in the previous 

problem. Hence. effects observed when '?Rf" var ies with a.1l ( VIC and +0 

constant) can be simulated with little error by allDwing '\J.,. to vary with 

all ('Y1tland foconstant). We have been careful to keep 'Y)(. for a.l\. ~ V'o 

equal to 1.36. If this had not been done, the shape of the required 

injection area would change between these two problems. This in turn 

would cause a discrepancy between the two runs of Figure 38. 
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In the problem above 6~~ was chosen to be .00453. In general 
~. 

:= 

FOr non-linearity to be no problem 

4- 'll' \ ~ VIC I Y'0 

tlr ('to "It)3 

pDf 

Y'o" ~ 6'0 ,-...... 1$ <.. .. _e C.-001) 

'J.,.:: I . .." 

fD ';' \ D 0 a 0 "n'\" \~ 

R Z O.8b 

In C-4 it is� required that ~~ 3 mils. Therefore, insuring that the 

non-linearity considered in C-4 does not inhibit filling efficiency 

also insures� that variation of f o with 0... (and 0. 3 ) does not either. 

(C-6) It is required that the injector yield monoenergetic 

electrons. 

This coniition is probably fulfilled. The electron gun consists 

of a filament (-24 kilovolts) and a plate (grounded) with a hole in the 

latter through which electrons enter ing tthe accelerator must paSl!l. The 

metallic vacuum tank in which electrons circulate is also grounded. 

Their energy spread ~E. is expected to be of the order of kT or about 

0.25 eVe The results of C-5 allow one to find whether such a t.E 0 in­

hibits filling efficiency. Two monoenergetic electrons, one with 0.,.:0 

the other with <J..,. ':. 'fo • exhibit a difference in .fo between them of 

~+o	 where t.~o ;- I~)a" ~ x 10-". We saw above that a A~o about 
of. \ il.fo +0 

three times as large can be tolerated. Now an energy spread AEo also 

I 

gives rise to a frequency spread A~o. For the accelerator of Figure I, 



.,..... 
, , 

" 

,. 

the relationship has the fora 

A!! a.J~O) 
Eo 

= ".8' 6+; ( 0." : 0 ; 
fa , 

A~.
We use the previous 1 imi t on A i:o, i.e •• 6 x 10-4 • for the value of 

~o-:r.; • 
in the above expression. Since E = 24 x 103 ev, bE'. mus t be less than 

0 

70 eVe The A£o caused by leT satisfies this condition. 

If the injector voltage were to vary from pulse to pulse by an 

amount sufficient to alter filling from pulse to pulse ( GUAFconstant) 

the latter could be detected experimentally. Such variation was not 

seen. High-frequency noise on an individual injector pula. can inhibit 

filling if of sufficient amplitude. It is known that inhibition caused 

by noise with quarter period greater than 3-5 microseconds is not present. 

That noise of higher frequency is not of sufficient amplitude to inhibit 

fill ing is an asslIIlpt ion inherent in the experimen t. 

(C-7) It is required that the RF bump conserve electron energy. 

It is thought that this cond it ion is approached closely enough. 

Though electron energy fluctuates when the electron is in the RF field. 

elec tron energy is conserved in the overall pass provided trans it time 

1"­across the bump is short compared to the period of the RF When• 
'OAF 

this is not true. the energy change caused by the radial impulse is not 

entirely negated by that due to the azimuthal impulse (Section II). As 

indicative of the worst that can happen, we assume that none of the 

energy stored in the radial uotion gets transferred to the azimuthal 

1lI0tion as 0. .. is reduced from 250 mils to zero. When (1.. = 250 mils 

to 
and when Wit" ~1r"'JI+o =;l'l't (1."3")~;l.~-';lCIO then the energy associated 

with the radial motion is .Lm w: CL~ = 15 eVe From C-6 we know that an 
~ 

energy spread of 10 eVe can be tOlerated. 
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(C-8) It is required that space charge effects be negligible. 

This condi tioD is fulf iHed. Electrostatic repuls ion between 

beam electrons tends to lower 'Y)( (Itro. 0.3c). When a beam electron 

ionizes a gas molecule the electron produced is repelled by the beam and 

co 11 ides with the vacuum tank. The trapped ion tends to neutral be the 

beam and thereby raise ,",I(. In the experiment which follows variation 

of '1-. in time can be detected. The gun current is kept significantly 

below the value required to produce such variation. 

(C-9) It is required that scattering of beam electrons by gas 

molecules be negligible. 

This requirement is fulfilled. In the absence of RF, electrons can 

be trapped by a space charge mechanism which becomes operative at high 

injeetor current. After injector turn off a quantity roughly propor­

tional to the number of circulating electrons is me asur ed a t two time s t 

_ (ia-.t.) 
i.e •• N, at t" and N~ at tao We assume that !:!! ;: ~ T where T 

N. 

is the decay time. The time t a is adjusted relative to t, so that N. is 
~ 

about,. In this Case t~ _ t, = 80 microseconds (2 x IO-6mmHg ; N".';'O.3c). 

In the experiment which follows, maximum filling of the beam circle 

is achieved in about seven microseconds when k equals 3 mils. After 

achievement of maximum filling, electrons within the beam circle have 

res ided there for var lOus lengths of time ranging from zero up to seven 

microseconds. The average Q~e .. is less than 3.5 microseconds. 

We take (3.5/80) 50~ = 3% as indicative of the maximum decrease in trapped 

current which can ar be because of gas scattering when k ~ 3 mils. When 

anal yzing the exper imental data which fo llows, no correction for such 

scattering losses is made. 

(C-IO) It is required that the RF bump given to an electron be 

independent of electron displacelOOnt f'/. and '}. 
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This cond it ion is not fulfilled. However, in wha t fo Hows it is 

shown that RRFt is relatively insensitive to dependence of bump strength 

It on x, i.e ... that the cond iti on above is not the essential thing it 

appears to be in Sections II and III. Nevertheless, the experiment 

tests for the unimportance of this cond it ion. 

The computer program SHG-20 allows the radial electric field am­

plitude Eo to vary as a function of electron displacement x. The 

three cases of such variation studied are illustrated in Figure 24. Run 

5 is a constant field or control case. Run 6 involves a linearly de­

creasing field while Run 7 uses a step function decrease, the single 

step occurring at x = O. Below Figure 24 is listed the average 

i(x,y,8,t)/i. in each of ten concentric annuli of equal area which, taken 

togetter, cover the beam circle. In these runs only a fraction of the 

required injection area is used so that i(x,y,9,t)/i o is always less 

than unity. Runs 6 and 7 deviate little from the control. It is 

thought that this agreement allows the same conclusion to apply for'any 

monotonic decrease ltl ich can be represented as the sum of a constant 

function of x and an odd function of x. The dashed curve of Figure 24 

represents one such possibility. The significant quantity appears to be 

an average over x of the radial electric field amplitude. In executing 

successive passes of the bump an electron essent ia 11y performs such an 

average. 

study of decreases which cannot be represented as the sum of a 

constant function of x and an odd function of x is not pursued. The 

previous results are taken as justifying the conclusion that Resonant 

RF Inflection is relatively insensitive to electric field nonuniformity. 

The previous result does not discourage the use of a one-sided RF 
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electrode (Figure 25). A 1" by I" copper plate terminates the end of a 

0
coaxial cable inserted into the vacuum tank at e = 60 • The displace­

ment ~R<'O of this plate can be varied by means of a screw drive. 

Charged to a voltage VO~(wll1'*-+~) the electric field to the right of 

the plate both bends away from the median plane and spreads out in 

az imuth. Let € 0 (Q /:t, '3) A.cM (.URF X +-~) represent the rad ial com­

ponent of this field. The A'j an electron receives in passing the 

electrode 1s 

A"j = -I 

"'" wx 

~ - -e. E.' 0 6'1"- 4UYl (WRF' :t + qS) :: - h .4vYl (UJRF t + ¢ ) 
777 GcJ)I 

The minus sign will be absorbed in (>. We lei: ..R '> o. Here to in 80lle 

sense measures the amplitude of the radial component of the RF electric 

field. In a similar vein, A'l'- is the time taken by the electron to 

cross the region of the bump. The bUmp strength k above will be thought 

of as an effective val ue found by cons idering many electrons over many 

successive passes, the various electrons exhibiting all the aJC , 03 , 

13, , and 11~ present in the experiment. That such an effective k 

exists will be considered an assumption, the val idity of which must be 

tested experimentally. 

An estimate of such an effective value of k will be made. Con_ 

sider a particle passing the electrode of Figure 25 whose orbit is its 

equilibrium orbit. Assume that the end plate of this electrode extends
• 

from the flopr to the ceiling of the vacuum tank as well as an infinite 

distance out of as well as into the plane of the paper rather than thfl 

i:.! inch which theoretically prevails. Nevertheless, the eleetron .~ <, 
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taken to see an electric field ("0 only over the 1" extent noted above. 

Curvature 0 f the vacuU1ll tank and equ il ibr ium orbit are neglec ted. Then 

Go on the equilibrium orbit is 

-4HVo [_....:..e.~1r_~«_] 
~'lr1'lt 

I+.e lot 

Here H is the height of the vacuum tank. The voltage Vo is found in­

directly. The rms R.F voltage VR on the coaxial line feeding the RF 

electrode is measured at a point about 2 feet from the electrode. Hence, 

V.:: VitTi' F. where F. (determined in Appendix 2) takes account of 

standing wave effects on the line which make the voltage on the elec. 

trode differ from that at the vol tmeter. Hence, 

In Appendix 2 the RF electrode of Figure 2S is investigated using 

an electrolytic tank. When ~R. =-320 mils it is found that the k 

which obtains is a f ac tor of F~ = 1.56 larger than that found above. 

In the experiment which follows two values of ~~ are used; -321 mils 

and -294 mils. It is assumed that Fa does not charge between these 

two tX • The estimate for k becomesl 

• 

The quantity ~1- has been expressed as Il-~.. :: -t ~ where fe. is the
+0 

fraction of Q'tr over which the I" electrode extends. The computer 

program wh ich analyzes the experimental data computes k. The six 



.numbers in square brackets above are given to t he program as A(N) where 
'.~. 

N is an integer. Which bracket corresponds to which A is evident froll 

the express ion 

(A(~)J (A(S)) [A(")](A(7)]
Je. :: (Ate)) (A(Cf)] a 

Two independent properties of Resonant RF Inflection are measured 

which depend on an effective val ue of k. In pred icting these results 

the expression for k above will be used except for one modification. A 

factor FJ>O will be included where F3 is to be adjusted in each case 

so that the theoretical curves look as much as poi.ible like the ex­

perimental ones. If the theoretical curves can be made to agree with 

the experimental curves and if F,3 is unity in both cases. then we take 

it to mean that (1) it is possible totalk of an effective k as we have 

assumed. and that (2) the theory of Section III provides an adequate 

explanation of the observations. 

6.2. EXPERIMENTAL APPRQ\CH USED 

The beam current density j(x.e.t) amperes is the basic quantity 
meter 

of experimental interest. A fine wire of thickness dx is set vert!­

cally in the beam at some ~ and e (Figure 26). The current collected 

by the wire will be assumed here, for purposes of illustration, to be 

j(x,8.t)dx. ~nowing this collected current and also dx yields 

j(x.8.t). The device which measures collected current does not respond 

to fluctuations occurring over a time ~ but can to those which occur over 

a time 100'1"'. We denote j (x.e, t) averaged over, say. 50'1" to either side 

of time t as j(x,e,t). Experimentally j(X,8.t) approaches an equilibrium 

value shortly after the injector has been turned on. This occurs both 

in the presence and absence of RF. 
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The injector is pulsed on for about 60 microseconds 15 times per 

second. Normally, experimental conditions do not vary between pulses 

so the same j(x,9.t) ie found on successive pulses. The collected cur­

rent is measured about 40 microseconds after the initiation of each 

pulse. When measuring j(x,8,t) in the presence of RF, the RF voltage 

applied to the electrode of Figure 25 is left on between pulses. In 

what follows JO(x,9,t) will be denoted as j(~) or j(x) depending
'''I NO RP 

on whether the RF is on or off. 

One experimental quantity involving an effective value of k is 

(j(O) - j (0) ) as a fune tion of VR when Va~ ': V... Here VR is the 
IlP NO ~f:' 

experimentally lIeasured rms RF voltage applied to the bulDp electrode. In 

what follows a quantity like (j(x)Rf' - j(x)lto " .. ) will be calledl\j(x). 

Hence, (j(D) - jeD) ) above becomes 6j(D). A second quantity
RF NO SIlO 

involving k is the family of resonance curves consisting of A jeD) as 

a function of -V\U,for 'VRF in the neighborhood of 'V1C at various VR.. In 

predicting the first quantity it is necessary to measure i (x,y). As o 

regards the re••DaDce curves, however, io(x,y) will be assumed constant 

and the septum as being of zero thickness. Such resonance curve pre­

dictions have previously been met in Section 3.4. 

In what follows the method of measuring a current density j(x) 

is deal t wi th first (Section 6.3). Then the determination of A; <'0) 

and certain other quantities is considered (Section 6.4). The measure­

ment of io(x,y) is considered next (Section 6.5) followed by a rather 

physical description of the cOlDputer program which uses this io(x,y) 

to predict bj(O) (Section 6.6). The value of F3 which g~ves the best --. correlation between the computational prediction and the experimental 

result is noted (Section 6.7). Section 6.8 deals with (1) the 
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determination of the experimental resonance curves and (2) their cor­

relation with the theoretical curves of Section 3.4. 

6.3. METHOD OF MEASURING A CURRENT DENSITY 

A probe supporting a 0.5 mil vertical tungsten wire is posi­

tioned along the inner wall of the vacuum tank at 9= 3000 (Figures 

1 and 26). A screw dr ive and turn iOO icator allow the fine wire to 

intercept the electron beam at desired x. Not all the 24 kilovolt 

electrons striking the wire stick to it. The fraction which sticks is 

denoted by s. The energy dependence of s need not concern us as essen­

tially monoenergetic electrons are dealt with in any particular run. 

The quantity s will be seen to drop out of the calCUlation. Charge 

collected by the fine wire (diameter DF ) is fed through about three 

feet of 100.ohm coaxial cable to a grid resistor Rll of a preamplifier 

(Figure 27). The voltage gain of the preamplifier is? Its output 

voltage V is fed to an oscilloscope. Consequently. a voltage V propor­

tional to j(x) can theoretically be measured. 

The electron gun is pulsed 15 times per second, the pulse length 

being kept at about 60 microseconds. Because the electron revolution 

frequency is 43 megacycles a constant circulating current is achieved 

at about the s.e time. The quantity j(x) is usually sampled at about 

40 microseconds, its value being constant from 20 to 60 microseconds. 

One desires the rise time of the grid resistor coaxial cable combina.. 

tion to be apprec iably less than 40 microseconds. The largest R~ 

consistent with this condition is desired for two reasons. 
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First, relatively weak beams must be used so that space charge effects 

are unimportant. Second, the input signal should exceed the equiva­

lent grid noise of the first tube by a fair .ount. The chosenR, 
..� is 39,000 ohas. Rise times associated with other sections of the pre­

aaplifier are shorter than the resulting input rhe ti_. The first 

tube rather than R~ is the dominant no ise source. 

The grid of the first tube is biased negative by a 1.5 volt pen~ 

light cell. Normally this would mean that the fine wire would give 

rise to significant changes in electron momenta. COnsequently, a second 

cell is inserted into the coaxial lirte SO as to neutralize the fine 

wire. Prior to a run these two batteries are allowed to buck one 

another for several mintltes to insure their proper can••llation later. 

The preampl ifier gain)A" drops out of the calculation provided it 

is constant during a run. This is cheeked before and after each run 

through the use of a ten microsecond square wave pulse generator and 

the voltage divider of Figure 27. The oscilloscope has bolo input jacks. 

The test pulse as well as the preallplif ier output are connected to the 

oscilloscope at all times during a gain measurement. No !apedence 

changes occur as one shifts from v!ewing the input pulse to viewing the 

output pulse. The gain of the preamplifier is about 250. The pre­

amplifier is linear up to an output voltage of 0.4 volt. Usually 

output signals under 0.4 volt are used. Useful readings can be made 

even when the desired output signal is of the order of the noise 

level. The pulse rate of 15 cycles per second essentially averages 

the noise as viewed on the oscilloscope. Systematic displacement of the 

center of the symmetrical fuzz is easy to see. Sixty cycle pickup is 

not bothersome since each of the 15 pulses occurring per second is 

initiated on the same portion of every fourth cycle of the 60 cycle 
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1 ine voltage. 

The purpose of this fine wire probe will become clear as we con­

sider a measurement of OJ. HO) and io(x.y). 

" 

6.4. MEAStREMENT OF AHO) 

An RF oscillator. voltmeter. and frequency meter are connected 

together at a common po into This po int in turn is connected to the 

RF electrode via two feet of 200 ohm coaxial cable. The voltmeter 

reading is VR • The beam circle radius '('0 is fixed by the injector 

voltage. The latter is quite reproducible from pulse to pulse and 

can be adjusted to give an Yo in the range desired. The exact value 

of "("0 which obta ins mus t be found from other inf ormat ion. In Section 

6.5 one estimates Yo from the plot of io(x.y). 

The position of the fine wire (Figure 25) is adjusted until the 

oscilloscope trace indicates that the wire intercepts beam. This ad­

justment.is made by a screw drive mechanism attached to the fine wire 

probe. A turn indicator allows one to keep track of the fiIE wire po_ 

s ition. The reading on this indicator will be called the f ina wire 

turn number. An increase of one turn corresponds to the fine wire 

being displaced 50 mils in the positive x direction. 

The pulse on the osc illoscope is 60 microseconds long .. about 

20 microseconds being required for it to reach an equilibrium value 

V. The 20 microsecond rise time is a property of the injector, not of 

the beam. Since the revolution time ~ is 1/43 microsecond. circu­

lating charge reaches an equilibrium value shortly after the injector 

vol tage has achieved its equ 11 ibr ium value. This is also true in the 
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.r-. presence of RF. With Y•• 209 v and with k~3; filling of the bea• 

1t'l'o I\.. "" ch:cle is achieved in less than or equal to ~ .1"" = 7 aicrosec:onds. 
~a. 

Since V is measured about 40 microseconds after initiation of the pulse, 

the circulating charge is in equilibrium at thil tille both in the 

absence of RF and in its presence. In equilibrium the rate at which 

electrons leave the injector equals the rate at which they are lost 

from the beam. Electrons are lost from the beam by collisions with the 

vacuum tank, with the injector, and with the fine wire. 

The RF is turned on and the frequency scanned until an increase 

in collected current is seen, i.e., until j(x)RF exceed. j(X)NO RP • 

One chooses the RF case or the NO RF case by .witching the plate supply 

of the oscillator either on or off. In the RF case the RF voltage is 

not pulsed, but remains on between injector pulses. Generally, j(x)RF 

is at most only two or three times as large as j(X)NO ~p so that one 

does not have to switch oscilloscope scales between the RF ca.e and 

the NO RF Case. The oscilloscope reticle has 20 division (here .02 

volt per <iivision). The voltages V correspondinr; to j(x)". and j(x).... 1tP J 

respectively, will be measured and plotted in these reticle units. 

Having IIaximized j (x) RF as a function of f~.. • ~ j (x) is then 

maximized in a rough manner as a function of x. It is maximized once 

more, this time as a function of an injection paralllter known as in­

flector voltage. Onee decided upon. the various injection parameters 

are held fixed throughout a run. 

The RF electrode is next given a positive displacement until a 

decrease in j(x)RF is noted. It is then withdrawn one turn (71 mils). 

Along with other data this allows one to estimate how far the face of 

the RF electrode is from the equilibrium orbit. Normally such a fact 

would be superfluous. Here it is useful when comparison is made between 
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results of the present run and those of the run in which the reso­

nance curves are determined. Unfortunately 'f". differed between these 

two runs. In comparing results a correction of the order of 3% is made. 

In order to fix the or i&in in the plot of i o (x,y) of Section 6.5 

the fine wire turn number corresponding to x =0 must be known. With 

'Y'u,::,?,.and with a given VA. we expect to be able to obtain this quan­

tity from a plot of ~ j(x) versus fine wire turn number (x). The lat­

ter ought to be symme tr ical about x = 0 because nonzero 6. j (x) is due 

mainly to charge forced inside the beam circle by the RF. Assuming 

that the beam circle is unifoI'1llly covered, 6.j(x) should vary roughly 

as "'("0'2 - ~a • Figure 28 is a plo t of j (x) NO U and A j (x) versus 

fine wire turn number. Here VR is 3 volts. The symmetry of the 

latter curve, in conjunction with that exhibited by another curve 

taken at 6 volts, allows one to estimate the fine wire turn number 

corresponding to x = O. The value settled on is 9.75 turns. 

The arrows in Figure 28 indicate a relationship between the 

bumpiness of the tlot) curves. The quantity 6.j(x) is not entirely the 

result of circulating charge residing within the beam circle since in 

the presence of RF, charge outside this circle is expected to be modi­

fied somewhat relative to charge outside this circle in the NO RF case. 

The mountains and valleys produced by such outside charge in the 

absence of RF presumably tend to flatten out and fill in, respec­

tively, in its presence yielding the indicated result. Now the 

highest mountains of the NO RF case occur at the edges of the beam. 

Consequently, negative A jex) might be expected in such regions. Ex­

perimentally such negative values are found but for different 'Y~ than 

presently cons idered. Here this effect is masked by an erratic 



behavior from pulse to pulse in the values of j(x)1t~ and j(X)NO lU: at 
~. 

the beam extremities (Figure 28). The jumpiness is due to beam elec­

trons which arise from field emission. Presumably they have large 

Q and therefore circulate only a few times. Their erratic behavior
lt 

is associa ted with small varia tions in gun vol tage from pulse to pulse. 

An erratic beam is seen when the injector filament is turned off. 

The data necessary to determine -V. and to is found next. It 

consists of two or more RF frequencies at which /). j(x) exhibits a 

maximum. In the run here being described four of them are 

~ 'V'i, fo 58. I ~ '3 Me.
\)1\", fo 

:: (v. ~ I) 'fo IS • :300 Me.\)~Fa fo� 

VAF , f. :: (~ - VII) fo 27 • 54 CJ Me.� 

:: (3 - ",... ) of 0 70.38CJ Me.
'w'llll" f 0 

The correspondence between relations of the above type and the measured 

freque~cies is a matter of trial and error, a consistent assignment 

being necessary. Here +0 is 42.84 Mc. while ")I, = 1.357. 

The curve drawn through the encircled points in Figure 34 is 

the experimental result for l:i. j (0) versus VR • This data was taken 

several months prior to the resonance curve data of Section 6.8. At 

some point between these two experiments the writer caught himself 

reading VR off the DC scale of the RF voltmeter rather than off the 

AC scale. Subsequent readings were made correctly. At the time, 

however, the taking of readings off the AC scale felt line an un­

familiar procedure. There is a definite possibility that all VR 

up to th is time had been read off the wrong scale. The DC scale is 

linear; the AC scale, non-linear. Figure 40 is a plot of the correc­

tion factor for going from an incorrect value of V~ on the DC scale to 
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a correct value on th~C scale. In Figure 34 VR was scanned from 

low value s to high value s. Presumably the 3.0 volt scale was used 

for V~ ~ 3.0 volts and the 10 volt scale for VA> 3.0 volts. The 

second curve of Figure 34 is the experimental 6 j(O) versus VR. curve 

noted above corrected for such an error in read Lng the vol tme ter. The 

two curves are not radically different. In what follows no decision 

will be made as to which is the correct one. The next two sections, 

6.5 and 6.6, are concerned with the prediction of Aj(O) versus Vrl. 

via (1) a measurement of i (x,y) followed by (2) • computational study
o 

using this io(x,y) as input data. 

6.5. MEASUREMENT OF iq(x,y) 

A second probe, identical to the fine wire probe except for a 

thicker wire (10 mils rather than 0.5 mil), is positioned at 9. 2400 

(Figures 1 and 26). The phase sp ace at G = 0 covered by current 

leaving the injector is indicated by the rectangle in the 1 position 

of Figure ~O. Here 'Yx is 1.36. Four sectors later (e = 240°) this 

rectangle is rotated clockwise 4 (~:), ..,," radians and appears in the 2 

pos ition. The rad ial position x of the thick wire is set to intercept 

a portion of the passing current. It leaves a shadow in the phase 

space representation of this current which manifests itself one sector 

later «(] = 3000 )at the 3 position. At e = 3000 the radial p•• ition 

of the fine wire is also set to intercept beam and cuts out a strip 

as illustrated. A metal plate collects the beam between e = 3000 and 

S = 3600 thereby insuring tha t only single turn beam is being dealt 

with experimentally. 
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At 9. 3000 or the 3 state of Figure 30, the fine wire collects 

a certain current. If the thick wire were withdrawn to more negative 

X so all to mus the beall, the current collected by the fine wire would 

increase. This increase is associAted solely with the phase area 

comprising the intersection of the fine wire with the shadow of the 

thick wire. Dividing this increase by the intersection area yields 

an average i(x,y) over this small parallelogram wh8se center is at 

(x,y). Varying the displacelDent of the thick wire and fine wire probes 

allows one to determine i(x.y) at 9 II: 3000 
• To realize good detail 

the fine wire should cross the shadow of the thick wire approximately 

at right angles and the dialleters of both wires should be significantly 

less than the IIhortest "diameter'· of the phase space repres.ntation of 

the single turn beall. Letting Dp and D represent the dia1Deter of
T 

the fine wire and thick wire. respectively, the intersection of the 

fine wire with the shadew of the thick wire is seen from Figure 30 

to be o~ area 0 .. oyc:.o-6 if Her e fa equals ( ~ - g: ~x) The 

voltage increase recorded by the .scill.scope upon r ....val of the thick 

wire froll the beam is l1v =~ R~ 4~(1,t,C;1) DFDYG04!9 

To obtain a plGt of l(x.y) appropriate to 9 0. i.e •• io(x.y),II: 

one proceeds as follows. The thick wire is set so as to mlss the beam. 

The fine wire is advanced in increments across the beam. the trace 

displacement j(x) being recorded. Figure 31 gives two such plots of 

j(x) versus fine wire turn number frOli the sa.e experimental run. A 

time lag of ~bOut four hours separates curve II froll curve I. The 

voltage corresponding to j(x) is expressed in reticle divisions. Here 

one reticle division equals 0.004 volt. (The lIisliatch of curves 

I and II indicates unwanted variation. In this period. r increased 
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nine percent. This does not e](plain the relative displaeement of 

theae eurves nor does the ehange in ~ appear definitively in this 

eontrol data). 

The 9.75 eurve 0 f Figure 31 represents wha t is measured when 
T 

the beam is seanned by the fine wire as before but with the th ick wire 

set so as to intereept a pertion of the beam. The thick wire ttrn num­

ber appropriate to this eurve is 9.75. Ten sueh T eurves are found. 

eaeh at a different thick wire d isp laeement. The fir at seven mesh 

fairly well with control eurve I while the tenth goes with control 

eurve II. The relative diap laeeme nt of the two contro I eurves appar­

ently took plaee sometime during the measurement of the eighth and 

ninth T eurves. Theae two eurve s, corresponding to th ielt wire turn 

numbers •of 9.5 and 9.75, respectively, mesh with control eurve II at 

their right-hand extremity. At their left-hand extre.ity, it is a.bi­

guous with which control curve 9.5.,. should be associated, whUe 9.7S 
T 

meshes with control I. The 9.5
T 

and 9.75
T 

curves will be assoeiated 

with eontrol curve II. 

The 9.75 c:1 eurve of Figure 31 gives the result of subtraeti~
T 

9.75 from curve II. The nine other Td curves are obtained in a
T 

similar fashion. Before one can use th1rd curves to build up a contour 

map of i o (x,y). the fine wire and thick wire turn numbers corresponding 

to x = 0 must be determined. Section 6.4 yields 9.75 as the turn number 

appropriate to the fine wire. (It is an accident that this number 

equals the thick wire turn number associated with the 9.75 curve ofT 

Figure 31). The thick wire turn number corresponding to x = 0 is found 

as follows. The fine wire is set near x = O. Then t..j(O) is recorded 

as a function of thick wire turn number. A plot of the results yield.!': 
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a rectangular curve the symmetry of which allows one to estimate the 

thick wire turn number corresponding to x .. O. The result for the 

present run is 13.4. 

Consider the 9.75Td curve of Figure 31. Its maximum value of 

5.5 reticle units occurs at a fine wire turn number of 6.8. Adjusting 

these turn numbers so they represent wire positions relative to x = 0, 

one has -3.65 turns for the thick wire, i.e •• (9.75 - 13.4) and -2.95 

turns for the fine wire, i.e., (6.8 - 9.7.5). In tera of Figure 30 

these two d isplacement8 def ine an intersection of the fine wire with 

the shadow of the thick wire. This inter.ection is solved for graphi­

cally. One draws a perpendicular to the x axis of Figure 30 at 

x .. ·2.95 turns. The x axis which serves to measure the thick wire dis­

placement at 8 .. 240°, i.e., the 2 axis of Figure 3D, is rotated clock­

wise by ~ "II radians when viewed at e = 3000 
• Its negative portion as 

~ 

..en at this fine wire azimuth is represented 11\ Figure 30 by the line 

extend ing upward from the or ig in and inc lined at an angle ~ to the ver­

tical. One marks off 3.65 turns on this axis and draws a perpendicular 

to it through this point. The intersection of these two constructed 

perpendiculars is a point (x,y) where an i(x,y) of 5 • .5 exists. 

After a sufficient number of such i(x.y) values are plotted, con­

tours of equal i(x,y) can be drawn. The result is given in Figure 32. 

The method of plotting has essentially rotated the i(x,y) at the 3 posi­

tion of Figure 30 to the 1 position so that the l(x,y) of Figure 32 

should be designated io(x,y). The x axis of Figure 32 is a portion of 

the 3 axis of Figure 30. The diagonals slanted to the left in Figure 32 

represent perpendiculars to the x axis of Figure 30, while those slanted 
"~ 

to the right perpendiculars to t he axis incl inded at an angle i to the 
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vertical. The original or unadjusted turn numbers are used to desig­

nate these diagonals. The subscript T stands for thick wire turn num­

bers while F serves for fine ones. The 13.4, diagonal intersects the 

9.75 F diagonal at (0,0). 

At the beginning of a run current injected by Resonant RF Inflec_ 

tion is maximized as a function of an injection parameter known as in­

flector voltage. In terms of Figure 32, the main effect of varying this 

voltage is to disp lace io(x,y) up or down. Figure 32 iOO icates that 

this maximization process places the region of high io(x,y) ~n the 

neighborhood of y = O. This is expected on the basis of Section 5.a 

which shows that for most tunes '¥v. and relatively low RF voltages the 

region most effective in producing usable beam lies in the neighborhood 

of (-Y"o,O). 

The beam circle rad ius Yo is estimated from Figure 32. The sep­

tum thickness is five mUs. One expects io(x,y) to exhibit an abrupt 

rise at x = -('('0 + 5). Figure 32 gives some indication of such an 

effect. The thick wire diameter limits the spatial resolution of 

i (x.y). An Y"o of 209 mils is chosen. For such a case the septumo 

extends from x = -214 mils to x = -209 mils. The 1 ine x = -214 mils 

skims, for the most part, the right hand side of the high intensity 

plateau. A region of high intensity (seven units) lies below the base 

line of Figure 32. The injection parameters and tune selected here do 

not allow it to contribute cha:r:ge to the beam circle. This region is 

probably the or igin of the field emiss ion component of the beam noticed 

in Section 6.4. 
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6.6. PHYSICAL BASIS OF COMPUTER PROGRAM 

USING io(x.y) TO PREDICT t:.j(O) 

The computer program SHO-14 takes io(x,y) of Figure 32 and find. 

tJ. j (0) 8S a func tion of bQIDp strength k. In making this prediction the 

program allows for fine wire absorption effects. A detailed descr ip­

tion of this program as well as other somewhat similar ones will be 

found in the appendices. Here a more physical description of the 

approach used in SHO-14 will be given. 

A rectangle enclosing the required injection area is divided into 

rectangular elements each of area dxdy. The current emitted by one such 

element is io(x,y)dxdy. The relation between j(x) and i (x,y) is 
o 

built up by summing over the individual contributions of these various 

elements. Cons ider J' (x) f irate The gun is turned on at t • O.
NO RF 

A pencil of charge from a particular element snakes around the accel­

era tor several times before its head collides with the injector. At the 

time of this collision the circulating current due to this element 

reaches equilibrium. To evaluate its contribution to j(X)NO RF at some 

observatio n az imuth e the fo llowing procedure is emp loyed. Beginning 

at t = 0 the successive displacements x of the pencil head are recorded 

as it makes successive passes of the observation azimuth. An additional 

steady current of i (x.y)dxdy comes into being with each new pass. The 
o 

x axis at the observation azimuth is divided into cells. Each of the 

above increases is assigned to the cell in which its associated dis­

placement lies. When equilibrium is reached the program moves to a 

consideration of the next injector element. After all such elements 

have been con.idered, j(x) is found by dividing the current associated 
NO R\:' 
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with each cell by the cell width. 

The quanti ty j(x) RF is found next. Here the gun and RIP are 

considered to be on at a time defined to be t. O. For clarity, we 

shall auulle that ~th the gun and the RF are turned on at this tilDe 

though this is not essential. Again consider the pencil of charge 

emitted by a particular injector el8llent. Break thh pencil into units 

of equal azimuthal extent corresponding to equal durations of .. ission. 

This duration is taken as one period of the RF. The first unit is 

emitted froll t • 0 to t. ~ Its azimuthal extent is ~~ 
~F • V~ 

radians. The second unit is ellitted frOli t • .2:. to t • ~ • etc. 
"RF ~"F 

Break each unit into subunits. The azilluthal extent do of all 8ub­

units is the same. Theoretically, the RF electrode is considered to be 

of zero azimuthal extent. In such a ease each d. subunit of the first 

unit of charge has a unique relationship to the phase of the RF as it 

passes this electrede. Co~utationally. this condition is approxi­

mated by dividing a unit into JB subunits each of aziauthal extent 

~C)y/'VRFJ6 radians. JB is any integer greater than ..ro. In what 

fo nows any par ticular subunit of the fir at unit will be called a 

first subunit. 

For a particular first subunit there is a corresponding subunit 

in each of the following units in ttwl sense that each of these latter 

subunits has the S8111e relationship to the phase of the RP upon its 

initial traversal of the bUIIP as did the first subunit. Because of 

this relationship the dynallical history of each of these latter sUb­

units is identical to tba t of the first except for a tiae lag which 

is sOlie integral lIul tiple of ..2:.. • Therefore t if one observes solie..-­
"RF 

event involving the first 8ubunit. sa~ at t • t ... a repeat performance 
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of this event will be given by the second subunit at t t I + ,..:0: 

"lh'O� 
The third subunit doel the same at t t�:0: 

I +..at , e tc • Now the first 
'Y.~ 

subunit travels about the machine anywhere from several to several 

hundred times before colliding with the injector. A particular event 

associated with this first subunit could be, say. the observation of 

its passing e = 300
0 

for its tenth time. One would observe a burst 

of current of magnitude i,,(x,y)dmy, and duration 2:-. _'_ seconds. 
\)lItF J 8 

A certain displacement x wuld also be associated with this burst. 

Fro*, previous considerations we know that this burst will be followed 

by an evenly spaced sequence of similar bursts -2:.. seconds apart. We 
"RF 

also know that these latter bursts are caused by subunits executing 

their tenth pass of e = 3000 and that their displacellent is the same 

as that of the first subunit on its tenth pass of this azimuth. The 

average current due to sue h a sequence of bursts is the charge per 

burst, io(x,y)dxdy 't , multiplied by the bursts per second. 
'.1ltF J8 

'YRF~O. 

The result is 

A 0 ( I.t I ~ ) d1' d ~
 
J~
 

To compute the contribution to j(x)RF from subunits having the 

same rela tionship to the phase of the RF On the ir initial pass of the 

bump we therefore need only evaluate t~ displacement of one of these 

SUbunits, say the one from the first unit, i.e., a particular first 

subunit, as it makes successive passes of e = 300°. Each pass can be 

considered an origin of a sequence of charge bursts of identical dis­

placement yielding from this time onward an average current of 

Therefore i(x,y)dxdy/JB is added to the appropriate
o 

cell on each subsequent pass of th is first subunit. After all passes 



of the first subunit have been treated in this manner. the pro gram 

shifts to a consideration of the next first subunit. After all JB 

first subunits have been scanned. the program shifts to the next in.. 

jector element. At the end of the calculation the contents of each 

cell are divided by the cell width to yield j(x) AF • 

Given io(x.y) from Figure 32 I .k I Yo. '-'x • and 'VRf: (here V" ='YR.) 

the program SHD-14 yields j(x) • j(x) and dj(x). Two sets 
RF NO tU 

of these quantities are obtained; one uncorrected for fine wire ab­

sorption, the other corrected for it. In the case of the latter, the 

results are strictly valid only in the neighborhood of the specific 

value of x at which the fine w ire is set. Figure 29 gives computa.. 

Honal results which correspond roughly to Ii j(x) of Figure 28 in the 

sense t hB. t the val ue of k used in the computation is comparable to the 

k which is thought to be appropriate to Figure 28. Curve A of Figure 

29 dOes not take fine wire absorption effects into account while Curve 

B do~s t but only for the case of a O.S lIil wire placed a t x = O. The 

bumpiness of curves A and B is lll8inly statistical rather than physical 

as indicated by curve C. Curve C is the central pertion of Curve A 

recomputed under the cond ition that one of the meshes used inthe pro­

gram be twice as fine as before. Curve A shows the negative values of 

Aj (0) expected at the beam extremities. 

6. 7 C~ARISON OF CCMPUTED AND EXPERIMENTAL VALUES OF 6j(0). 

Froll the end of Section 6. 1 
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In the experimental determination of llj(O) versus VR of Section 6.4 

the RF electrode is pulled back 71 mils from that point where it first 

decreases j(O)RF. From Figure 32 it is seen that this point of inter­

ference will be near x = -250 mils. Hence. an ~R of about -321 mils 

prevails. Values of the other parameters in the expression for k above 

are: 

F
I • 2.0 (Appendix 2-1)� 

Fa. = 1.56 (Appendix 2-2)� 

= 0.0381 meters (1500 mils)� 

10� 
I: 0.4255 x 10 coulolDbs/Kg. (24 KV. electron) 

fe = 0.013 

I: 1.357� 

+0 = 42.84 Mc.� 

Hence, 

-4 
k F V 0.261 x 10 meters

3 ll 

• F~ Vrt 1.03 mils 

Figure 33 8 ives computational reaul ts for A j (0) versus VR. for three 

values of Yo ; 205 mils, 209 mils, and 214 mils. In all Cases (1) F 3 

equals 0.340 and (2) the septum thickness is 5 mils. The required in­

jection area exceeds the region over which io(x.y) is known for VR 

equal to 20 and 25 volts. Extrapolated values of io(x,y) are used when 

computing ti j (0) at these t\<lO Va' 

The experimental II j (0) versus VR appears in Figure 34 (Section 

6.4, last paragraph). In Figure 35 comparison is IlI8de between the COIl­

putational result for an '<"0 of 209 mils (dashed curves) and the experi­

mental result (solid curves). The three dashed curves are the same com­

putational result for three different values of F3 ; 1.02, 1.46, and 2.55. 
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An F..3 of 1.46 gives best agreement. 

6.8.� EXPERIMENTAL RESONArcE CURVES AND 

mElR CCMPARISON WITH THEORY 

The experimental resonance curves were found in a .eparate run. 

Instead of measuring "Y... and -to the currents which excite the guide 

field were set near values e~isting in the run which determined A j(O) 

versus VR of Section 6.4 and io(x,y) of Section 6.5. To measure a 

resonance curve one first selects a V Then A j (0) is recorded asR • 

a function of RF frequency +Rt::: 'Y1U: +0 for "'R~ lying in the neigh­

borhood of 'Y" • Off-resonance values of h. j(O) are divided by the on_ 

resonance or _XiIlUIl value of this quantity. Hence, each experilllental 

curve of Figure 37 exhibits a IIAxiJDull of unity. The abscissa of Figure 

37 measures ~"RF in units of 0.002. The curves are designated by the 

VR appropria te to each. Here 

tA"YRP = ('va" f 0 - "',. fo )/.f a 

'0,,- "'"' 1.357 

.fa =
,..; 

42.84 Ne • 

Yo = 182 mils 

The corresponding theoretical cur.es appear in Figure 36. They 

were met previously in Section 3.4. There it was found that each curve 

is genera ted by a specif ic value of the dimension less nUlllber ~~. 

The four values are 1.0, 2.25. 5.0, and 9.0 each times 0.493 x 10-3 • 

The associated curves are designated by the numbers 1.0. 2.25, 5.0, and 

9.0, respectively. 

From� Section 6.1 
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the parameters whose values differ from their values in Seetion 6.7 

1t-~IA" ~'l'r1J'8) are I):. R. and F! • Here I):t = -294 mils so that ~ ~ (, +.e H� 

'ir 1X.R.t ~ 1'r '" R�= 0.418. Previously.e. H/(I+..e. ~ ) was 0.404 with k being equal� 

to F~ V 1l 1. 029 mils. In the pr esent seetion, therefore,� 

R ': F~ VR 1.0:tq (°.418) :. F3 V, l.O' "l'nil, 
o. ~04 . 

Multiplying this expression by y1Y'o 4'lt) yields 

k/yo 
: F3 VR 1.0' 

41t '{'04'lT 

Cons ider the Vfl = 1.0 volt eurve of Figure 37. The values of Je/Y'o 
411' 

and VR. assoc ia ted with its theoretical cognate of Figure 36 are, 

3
respeetively. 1.0 (0.493 x 10- ) and 1.0. Substituting these values 

in the expression above gives 

:. 1.04 

\9~ 4'h 

Hence, Fzs 1.06. This val ue of F '3 make s the theore ti­J:l 

cal curves of Figure.36 look as much as possible like the experimental 

ones. 

6.9 DISCUSSION OF RESULTS 

The results of Section 6.7 (Figure 3.5) indicate that fair 

agreement between the experimental and computational curves for A j(O) 

versus V can be had provided F 3 in the express ion for k of SectionR 

6.1 is set equal to 1.46. The same conclusion applies to the resonance 

curves of Section 6.8.(Figures 36 and 37) except that tbare the factor 
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F ~ is 1.06. The reason for the discrepancy between theee two factors 

hae ~t been isolated. The discussion which follows review. two pointl 

which were considered in attempting to account for this discrepancy. 

Inherent in the theoretical resonance curves of Figure 36 ie the 

assumption of an injector which has no septum and which exhibitl a Gln­

stant io(x.y). One questions what effect the introduction of variable 

io(x,y) has on the width (shape) of these resonance curves. Once the 

answer to this question is known, the effect of introduc ing a leptull 

will also be known since the latter is just a special cale of the 

former. Applying the program SHO-14 to specific elellentl (Figure IS) 

on the required injection area. one finds that the shape of the re.o­

nanee curves obtained varies with the position of the elellent. For an 

element near (-ro ,0), resonance curves I ike those of Figure 36 are ob­

tained except that the nat top is Ilodified. A dip appears in the 

center. the curve ri.1ling to a maximum value where a curve of Figure 36 

breaks. When an element as far as possible to the left of (-ro ,0) is 

considered, its resonance curve has a maxiJDumat 6VRF = ° and de­

creases monotonically with increaling I 6 'YR. I An element between 

the above two gives resonance curves much like those of Figure 36. When 

all elements on the required injection area are considered. the two com­

plementary types of behavior noted above cancel leaving the flat-tepped 

cur ves of Figure 36. Experimentall Yt flat-topped curves are observed 

at the higher VR (Figure 37). It appears that taking injector proper­

ties into account will not significantly alter the value of F asso_3 

ciated with the resonance curve experiment. 

The resonance curve data (Figure 37) does not depend strongly on 

injection parameters; the experimental and theoretical curves for ~ j(O) 
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versus k of Figure 3S do. The main consideration in choosing an F 
3 

whieh make s the la tter look al ike is tha t the ir leadi ng edges mesh. 

The experimental Va. at which nonzero 6j(0) begins is sensitive to 

assumption C-3 of Section 6.1, i.e., that an electron's vertical dis.. 

plaeement is never sufficient to allow it to hop over or under the 

injector when its radial displacement would otherwise lead to colll­

sion with the injector. We irrlicate how violation of this corrlition 

would be expected to affect the experblental results. 

Assume an infinite injector having no septum. Let V.,.. L~ and 

let io(x,y) ,.. i • Turn on the injector. Assume that when an elec­o 

tron first finds itself with a radial displacement x!-ro at &.0- that 

the injector appears transparent to this electron but that when this 

electron finds itself in a similar situation the second time, the in­

jector appears opaque. After waiting ~N"'seconds, Figure 6f applies 

except for (1) the pentagon being replaced by an N-sided polygon and 

(2) l(x,y) over the shaded region being 2io rather than i o• Break the 

beam into segments, viewing any particular one only as it passes (; ... o. 

on every N-th pass it makes of (J = O. Turn on the RF bump (9'" 0+). 

Choose k sO that ~ <'< ~. Consider a segment whose N-turn displace­
2 "I 

ment vector is directed in the positive x direction. 

Charge which or iginates to the left of /)t: - \'"0 - :.l t1) never 

reaches the beam circle. To see thiB, consider points which at t • 0 

1 ie between ~ = - r. - 3(~le) and '%:: -'('0 - ?('~...). At t .. N'l- they appear 

d isp laeed "Ill to the r igh t. At t = N""- all char ge attached to this group 
~ 

of pointa still originated to tre left of ", ... -Y'o-:l(~). The points 

are doubly fil led. One half the charge on each point has age N't i the 

other half. 2N'l'". That half of age 2N'" co 11 ides with the injector at 
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t II: N'l". Its place is taken by new charge of age ..ro. The injector 

appears transparent to that half of the cbarge which 11 of age N't'. Th1a 

half subsequently collides with the injector at t • 2N't between It= -v• 
.. 

.- NA and x II: -I'o. Henee, charge which originates to the left of a 

x :I: -r -2(NJt) never reaches the beaa circle.o a 

The required injection area is seen from the above example to be 

of x extent 2(Nl!). Introduce a septua of thickneas DI. As long 88 
a 

~~ < .e! t no charge reaches the beam circle. Wbenot> N! > fi 
a a :I a ' 

charge reaches the bea.. circle. The i(x,y) assoc iated with this charge 

is 1
0 

• When NB > DE , the i(x,y) associated wi.th ti.lled regions
a 

pushed into the beall circle can h.~ two possible values. 1 0 or 2 i •. 

By increas ing Nils uf fie ien tl y. reg ions 0 f 2 i 0 can be aide to pre­
a 

dOlliriate over regiona of i 0 • 

It is concluded that if in the exper iaent of section VI the 

assumption of an opaque injector is vUl1ated in .... d.gr.e then (1) 

charge wU 1 begin to reach the beam c irel. at low.r ItF vol tages than 

with an opaque injector and (2) the amount of charge trapped at any ItF 

voltage (k) will be greater than or equal to that trapped with an 

opaque injector, other things r8ll1.ining the s..... In other words, in­

jector transparency would uke F3 larger in the ~j(O) versus Vll ex­

periment than in the resonance curve experillent and would a180 ..ke the 

experi_ntal curve of Figure 35 I ie above ttl! cOllputatlonal one. The 

fanner is seen; the latter is not. No conclusion is possible. One notes, 

however, that even with a perfectly opaque injector, the experimental 

curve will lie below the computational one if the vacuum tank has not 

eliminated all electrons with large Q3--which it eliminate8 anyway be­

o 
cause of their large <1 3 --before such electrons have reached e = 300 • 
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In sueh a case the exper imental i o (x,y) used in fbld Lng the computa­

tional curve of Figure 35 would be greater than it should be. 

We conclude tha t the theory et Section III provides an adequate 

zero-th order explanation of the experimental reeul ts. Beyond this it 

is not possible to say too much 88 realons for discrepancie. of the 

order of 40' have not been isolated. 
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VII. CONCLUSION 

Section III cons iders properties of RRFI which can be investi­

{ 

gated analytically. The computational relults of Section V extend 

these resul ts. Section VI is an attempt to test the predictions ot 

Sect ions III and V exper iment ally. To accompl ish the latter it is 

necessary to restrict Q.. so that non-1 inearity is effectively absent. 

In a less idealized appl ication, non-l inear ity will inhibit the effec­

tiveness of RRFI (Section 5.3; Appendix 7). In what foilowl we simply 

review basic properties of the on-resonance linear problem. 

(1) In the absence of a septum RRFI achieves the Liouville 

limit: it exhibits 100% filling efficiency. The size 0" area of the 

required injection area depends linearly on bump Itrength k. The 

number of turns injected is given by the ratio of the beam circle area 

'lr'(': to the required injection area. Making k arbitrarily small makes 

the number of turns injected arbitrarily large. 

(2) Charge efficiency is the ratio of (a) the charge trapped to 

(b) the charge emanating from the required injection area in the minimum 

time required to trap the above charge. When 100% filling obtains, an 

upper limit on charge efficiency is 25% ( 'V". ':: ..!::. ~ N~ <.< ;l1'lY'o) • 
N a. 

Raising k lowers charge efficiency somewhat. In a situation like that 

of Figure 15 it is about 20%. 

(3) The shape of the required injection are a depeoos strongly on 

less strongly on k. The size of this region is relatively insen­

sitive to 'Yx but, as noted above. varies linearly with k. WlEn the 
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required injection area is broken into differential elements one 

notes (Figure 15) that each element contributes roughly the same 

_ount of charge to the beam circle. Because of this. the fill ing 

efficiency in the presence of a septum is given roughly by the fraction 

of the required injection area not covered by the septum. Introducing 

a septum does not alter the charge efficiency appreciably. 

(4) Resonant RF Inflection is relatively insensitive to depen. 

dence of k on x. at leas t when k(x)~O is the SUII of an odd func tion 

of x and a constant function of x. 
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APPENDIX 1 

DETERMINATION OF THE N-TURN DISPLACEMENT 

VECTCR USING ALGEBRAIC 'lRANSFClU1A.TIONS 

Table� 1 give. 

+ 
,.-1L M,,-p ( 0 ) 

A"pp:o oJ 

where 
= ( C04. (~1\''1.) ~ (~'l\-".) ) 

M \ _ ~ (a1f "'_) c.o4 <,~'h'",,) 

.� e 
and where A~p -: Je.AAM- (W. P,,", +d» : ~~(~~""P+) A simple expres. 

sion for (~:) is desired when~"~ with n = IN; I = I, 2, 3,..... . . 
Upon substitution of IN for n in (~) one obtains 

"'" XN) = M yt-l ('to) + 'Xt' M ::tN- P 

( ~%.... \\1o p : o 

Since 
....... ~'l"'~) )� 

M 
C04 ( il'h !: )... 

N� Z'N 
it is� true that 1- M : M~N: . • • =M Renee • 

+ [' M -p t:~.) 
p= 0 

Break this sum into I units of N terms each. The first N terms of the 

sum belong to the first unit, etc. Now all units have the same value. 

This� fact is shown below. 

The bump A~f' has the form 6':j,. = .Ie..aJ.m (?1'r ~p+et». Because of 
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this, b'j,= ~Y". Ill: A~ P+ aN ~ •••• One can therefore write 

tP Urt 
M- ' '( 0 ) ~ ... 

6'j PUN 

If the first express ion here is sunmed over P from P = 0 to P =N _ 1. one 

obtains jus t the f irat unit mentioned above. Treat ing the second expres­

sion in a like manner yields the second unit mentioned above. etc. Hence. 

all units have the same value. 

The previous result allows one to write 

+ 

Express the term 

-+ .Ie c..H. (~'lf~p)~; 
Ii 

Now 
p-~ t 'a'ht ) ) 

. -P 

(M 
c:.o6. l ~ If\' i p) 

so that 

= Je ( - ~a (~'tt ~ ?) C04 t~) -.aA.m. <. ~'h ~ P) c.eol~" ;'P)~») 
_p ( 0 ) 

M b~p AAI\'\ t ~'h' b 1') ~ (a'l\'~p) co4) 4- ot>G,2(a'tr .P) ~C.~) 
"" 'N N 

Substituting this resul t in (~~ ) gives 
~z ... 

....1 
It is seen that only two basic quantities need be found. i.e., E~<'4~~P) 

M-' 1\1_1. p.o 
and L.C06~ (~'" ~ 1') This is so because L. ~ (~"h !: p) CAH (a~!& p) can 

rt N 
1'=0 ""0 

be expressed in terms of the first quantity above. i.e., 
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'"' ~ (a'h-': 'P) (,04 (a7r'=~) = L..... N� ... 

p:O 

ft-, . ~ 

and because L.,4th\ t~"h~'P) can be expressed in terms of the second 
p=o 

quan ti ty above. i.e •• 
... .1... ,� "-\

L: ~~ (a'lY ~ ~) = L, (, \ - ~a(a",,~p)) : N - r. ~.(~'h: 1')... 
p=o p:o� p~o 

H· \"'-1 
The sums L.~(411 ~ 1') and L. CD4a.(1'h ;'P) are evaluated. 

,=0 N 
':0 

Now 

and 

Summing Qither of the above over P from P =0 to P =N - 1 yield. 
M- \ 1: .i 41\> !; 'P 

sums like E.Q. "'. Such a sum is a geometric series. The ratio 
p=o 

R of any term to the preceding one is� The sum S of this• 

geome tr ic ser ies is fi ~	 \ - R. 
~+\ 

where ts '" -\. Rence I 
, -R 

, ­
ptO 

o� o~.!::.<.\
=� N,,-I ft.' 
Conse\uently, L:-~(4'lr~P)=0 and E CC>4-(~1't~p): ~ • It is 

. p=o N.' P:O' )t-, 
concluded that .r.~<,"il'h~p)~{~'1\'J:p)~~andthat L,c0.4~(~1'r.!:::~):. 
M-'� N'" l'Irt . a p:o ~.o 

L.JMNl t~"'~p): ~. Upon substitution of these re sults into the express ion 
':0 

for (1):%",) above one obtains 
~'ZN 

+ 
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This is equivalent to 

Here is the N-turn displacement vector. 
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APPENDIX 2 

EVALUATION OF THE FACTCRS F, Mm...,Fa 

USED IN THE ESTIMATE FCR k OF SECTION 6.1 

(1) The RF oscillator. voltmeter, and frequency meter are con­

nected together at a comlOOn point. This point in turn is connected to 

the RF electrode (Figure 25) via about two feet of 200 ohm coaxial 

cable (Hewlett Packard 46A-16A). A sinusoidal wave traveling toward 

the electrode is reflected at the electrode. A standing wave results. 

Consider the electrode to be at x = O. Take the cable as extending 

from x = - 00 to x = O. Let C(O) be the capacitance terminating the 

cable. i.e., at x = O. With e(OhO the rightmost node occurs at x =-1 
I + 

An antinode o.curs at x = O. Here ~ is the wavelength of the RF wave 

on the coaxial 1 ine. In wha t follows ;lvQc. is the wavelength in free 

space or. synonomously. on a coaxial line whose dielectric is free 

space. 

Experimentally. the RF voltaeter is at x = -~'': -~ With 
e 

C(O) = 0 and with ::l::I vo.c. : I . .. Nonzero• C04 45°� 

C(O) shifts the node closer to x = O. In such a Case both V (0) am�1l
, 

V~(-2 ) decrease but the latter decreases faster than the former so 

that their ratio increases. When"~ ;:l"o' • the node moves still further 

16 
to the right. An express ion is found for VR (0) which takes these 

V. (-;t') 

two factors into account. The treatment which follows is based on one 

17 
given by J. C. Slater. 
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The current at x at time t due to a wave traveling to the right 

The 1 ine is cons idered loss free SO 13 is real and 

The current due to a wave travel ing to the left is 
tlw.~ t -19 "') ~(WRf:t..8.,) 

• The total current is :!lI1',±): AJl. + 8.f. " 

The impedence Z. of the line is assumed purely resistive. It is posi­

.' 
tive for a wave travel ing to the right and negat ive for one traveling ," 

Z 0 ',A'"4(CUR,F:J.-4.)
to the left. The vol tage a t x at time t is Va VI£, '*) = L" 

r:2. A. (CAl. t' -+ -9 I): >]_ o.e� • The impedence C1f the line at x. i.e., Z tilt) , when 

waves of bo th� types are cons idered is 

(A4- ... .i.84 _� B .et~8'XJVo (~,t) ':Z(~) = Zo 
r ("",:t) ( A ~. ~ ell' + B ~ 4 8~ J 

; , . 
Theimpedence Z (0) terminating He line is -). • 

witii' ((0) 

where f ls� the fr~quency of the RF. This capacitative reactance will
AF 

be represented by iX where X is real and equals - I • At x == 0 one 

has 

z (0) = 2 0� (A - BL :: Z 0 ~(_I--..'--.;6/~A~) 
(A + B) (I + BfA) 

Solving this� bOuoo.ary condition for B/A yields 

'" ,it' •� ' z. - Z (0) = Zo -..i. X :: ZO~X -~.LXZo 

Z 0 + 2 (0) Zo+..4X z: + Xa 

Letting ..ta.Vn1z= ',P andlettingco<Jn= Zo one finds that 
, ~i!o+XI ~Z:+Xl 

B/A equals ..e.-.i':t"t ~ Substituting for B/A in Vo (x.1:> and multiplying the 

.. '" result by.eo yields

;7" 

Since A is arbitrary, let A~4" equal AI' where A" isreal. The 

real portion of V (x,t) is Zo A' [ CA>4..(w,urJ; - Bt,t.,.n)- COI(WRFt+,o.,.-,.>] 
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or just - ~ 2. A' ~ (-8'" +11.) AAMt(.CIR,t~. The rms value of th is quantity 

is r;' Zo A' \ ~ (_B'I/.~')t) \. Rence 

::: 
I 

To compute -13~ 1i - ~ 1'1' ~ t ::t mus t be known. If Lx and C I( repre­
:;l 

sent, respectively. the cable's inductance and capacitance per unit 

length then the propagation velocity of a wave down the cable is 

l/VL..,. C.,.' Hence. ~"-r;--;:;t • Now LIl '= ~ ~ I O~); (" ~ a1f f ,. j 
--, I..x C. ~ 'It \ 04 /Itt (E.!.) 

DO and 0 4 are, respectively, d iame ter s of the au ts ide and ins ide D... 

conductors; ~ is the d ielectr ic constant of the material (beads) 

separating the conductors,?_fo': ...L.. where c is the speed of light; 
c 

-12 ~ c10 farads per meter. Hence. A': - • The charac­
(;"' f,ut ) 

teristic impedence of the line Zo is 200 ohms where Z ': yL."" = ....!- l1M(~ 
o Cl' W ~ 1\' ~o c:. 

The quantities Do and D. are, respectively, 0.480" and 0.0092". Hence. 

(61 = 1.1Band . ;l .. 
c 

Here• 
1.1 & ~Rfl 

When x' =-2 
f 

, -e~ :r - ~ is 0.876 radians or 50.40 
• Hence, 

. , ;t 

0.637 and ~ (-r3~) = 0.770. 

Express C(O) in units of 10-12 farads. Then Zo U)st, C.lo) 

becomes(200)(2~)(58.1 x l06 nO-12C(0) or 0.073 C(O). The quantity 

becomes for x =-2' 

-= 
10,,,'3'7 - O.oS',~ C.(o) 1 
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Substituting values of C(O) one obtains 

(0) 

"w,/A'U. 

Va (0) 
VR t-a') 

0 /.51 

I 1.1.l. 

~ ,. q I 

3 ~.l~ 

4 a.4-3 

5 a .9\ 

A measurement of VR<'o)/VA.(-~') was ade. A second RF elec. 

trode-coaxial cable combination like that of Figure 25 in conjunction 

with a shield to simulate the electrical effects of the vacuum tank was 

made. Differences between the two systems follow. 

The stem pro trud ing from the brass draw tube in Figure 25 is 

soldered to a I" by pi copper plate. The other end of this stem sets 

in a socket which in turn is held in place by a plastic spacer. The I" 

by I" plate in conjunction with the stem" which we call the RF elec­

trode. can be removed from the socke t. The brass draw tube and socket, 

less the RF electrode, is simulated with Cl. General Radio #874 50-oha 

coaxial connector. The plastic spacer in the 874 is thinner than in the 

brass draw tube. The socket is lar ger. It is assumed that the termina­

tion capacitance presented by the socket and spacer is the same in both 

cases. This capacitance is denoted by Ci. No attempt is made to simu. 

late the 9/8" by 9/8" grounded plate situated at the end of the draw 

tube (Figure 25). 

The first step in determining VR (0) is to find the input capa­
VR (-~,) 

citance of the RF voltmeter (HP-410B) used in the measurement. A second 
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RF voltmeter (HP-4ll) is placed at x = -2'. The RF electrode and the 

shield simulating 'the vacuum tank are re~ved from the 874. The HP..4l0B 

is attached to the central terminal of the 874, the ground lead of the 

HP-4l0B being attached to the outside conductor of the 874. The voltage 

at x = -2' is re,corded. The RP.4l0B is disconnected and var ious capa.. 

citances shunted across the 874 until one is found which gives the same 

vol tage at x = .2 I as noted above. The bes t compromise proved to be a 

3.3!• .5 )"r~.L.capacitor. This capacitor is taken to be electrically 

equivalent to the RF voltmeter. The exact value of this capacitance 

is no ted by C..... 

The HP-4ll at x = ..2' is disconnected. It is not used in any of 

the subsequent measurements. The above capacitor is shunted across the 

line at x = -2' and the RF voltage at the 874, as measured by the HP-4l0B, 

adjusted to 2.8 volts. Five different capacitors are then shunted across 

the 874 and the VB,(O) associated with each recorded. The HP-410B at 

x =0 and the 3.3 uufd.capacitor at x = -2' are interchanged. The 

V~(_2') are recorded as this same sequence of capacitors is shunted 

across the 874. In addition, the 3.3t.5 uufd. capacitor simulating the 

HP-410B at x = 0 is removed along with any of the previous shunts and 

V ,-2') recorded. The It. by 1" electrode and the shield simulating the
R

vacuum tank are attached to the 874 and Va (..2') recorded. 

The above data appears in the table below. Here C~ denotes that 

portion of the capac itance terminating the coaxial cable due to the RF 

electrode and shield. The last column on the right contains predictions 

of the total capacitance terminating the cable, i.e., C(O) 
I 

• These 

predictions are made via information contained in the previous table 
e=..._. 

coupled with the measured values of VB,(o) found in the next to the 
v. (-2') 



last column below. 

VA (o) N./~ VA <'0)
V. (_ a') C(o) I 

~ C(-a./ ) c(o)� Va (-~,)"'.",<.IT.c1. e.+i.,... ....et� p'pJcl.�,JA'p of 4. 111"0/+, 

, • Ie. ~.~
I c.,., C;. '" C,", ~.9 4.0 

.5'1 (S')a. c."" C;. + C,., +3.3 ~.75 5·3 8.0 

'3 c."" C.i + C"" +$.0 ~. ".., .!!» e. , q.1 

4- C,., C.i. +c_ "7.S :;l.en . '''<'5') 1'.Cf 16.0 

5 c..,., CA +c... +10 ~.4~ 1.0 2• .,. 18., 

, c."" co. a·8:l I· 7" I. " .a-.! 
..,� a.oC'" c. + Co.� 2.82 I. '58 a.' 

Comparing C(O) and C(O)' in lines I, 2. and 3 leaves one with the 

feeling that the meastrements are consistent. Consideration of lines 1 

through 5. hololever. leaves one with the opposite feeling. This dis­

crepancy is not pursued. It is concluded from lines I, 2, and 3 that 

C.i. + ("'" 1& about 4 uufd. Thi.s resul t in conjunction with line 6 say• 
....",....f,L� 

that C~ is 3.7 - 3.8v This is consistent with the known value of a.~
 

i.e., 3.32..5 uufd. Line 7 indicates that the total capacity terai­
"wpftl ,.,� " nating the cable is about 2.6 uUfd. Since C•• 0.2 - 0.3« 2.6. the 

assumption that C4 is the same in the original arransement of Figure 2S 

as it is in the present one is not critical. One concludes that it 1s 

not unreasonable to aSl!locia te a V! to) of about two with the arraage­
Vat--a,') 

ment of Figure 25. Hence, PI = 2.0. 

(2)� The effectivenesl!I of the RF electrode of Figure 25 was 

18 
investigated using an electrolytic tank. If this electrode is held at 

a potential V and if the vacuum tank is filled to one-half its heighto 

with al ightly acidified water then the electric field throughout the 

vacuum tank is the same after filling as before. The rea80n for this 

~ ~ 
follows: A small current 1. z (f- E� flows in the water. Here 
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E is the electric field at a pDint and tr • the conductivity of the 

Since no current flows across the interface between water andwater. 

air. the component of e normal to the interface at the interface must 

be zero. In the absence of water the component of -E nomal to the 

median plane on the Iledian plane is also zero. The potentials on all 

_tall ic surfaces serving as boundar ies for either the region OCCUP ied 

by air or the region occupied by water are the salDe after filling as 

before fill ing. It is known that a uniq ue solution to the electro.. 

static problem exists within a charge free region when either (1) the 

potential or (2) the normal cOllponent of t is specified at each point 

on a surface enclosing the region. Hence, E within either the region 

occup ied by water or the one occup ied by air is the same as it was 

before filling occurred. 

If any of the metallic surfaces above the water are now altered • 

.... 
E with in the water does not change. This is so because (1) the COll­

ponent ofi normal to the interface at the interface is still zero and 

because (2) potentials on other surfaces bounding the water remain 

constant. 17igure 39 shows how the problem is set up in an electrolytic 

tank. We sha 11, however. cont inue to speak of the vacuu. tank of Figure 

25 as be ing half filled with water. 

The quantity of interest is the radial impulse an electron 

traveling in the median plane receives as it passes the RF electrode. 

Hence. only the potent ia I gradient in the x dir ection on the surface 

of the water need be found and then only along the electron orbit. As 

in Se'd',,":-"" curvature of the electron orbit as well as that of the 

ins ide wall o·f the vacuum tank is neglected. The electron is taken to 

pass 0.32" from the RF electrode. A sl iding carriage above the water in 
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conjunction with suitable measuring devices allows the tip of a fine-
wire touching the surface of the water to be let reproducibly at any 

desired point on this surface. 

The tip of the wire is set on the assumed electron orb! t and 

IlOved along it in O.llt steps past the RF electrode. At each step the 

setting of the voltage divider giving a null in the voltmeter reading 

,.
is recorded for two radial positions of the wire, i.e., x --0.02 and 

x • 0.02". The voltage di vider is a linear 40 turn Helipot. We let 

p';; and P~ be, respectively. the nUllber of turna on the Helipot dial 

which gives a voltmeter null when the wire is at x --0.02" and x • 0.02". 

iHere P?I- t P,..+ If the w re were to touch the R.F electrode. P", 1llOuld be 

40. The radial electric field at x • 0 for the n-th step is 

Vo (p.; - ?~).E." : 
.,0 "0 

0.0",\" 

The time a particle spends in the neighborhood of the n-th step 

1s £.:..! 
1/ 

• Here III. is the electron speed. The impulse an electron re­

ce ivee on pass ing the electrode is 
IV. 

:: _ e v. I--,,,;v. 

The P" are recorded over a range extending about t 1.5" to either side 

of the center of the RF electrode. In the first trial. however, only 

one s ide of this range is traversed. The first trial gives -}.,... (!J:!)
Ar. 

for this impulse; the second. - 1.73 ( ~ ) • 

The expression for the radial electric field on the equilibriua 

orbit found in Section 6.1 is 

Eo:. +Vo� 
H� 



Since R is 1.5" and since x is -0.32", the i.IIIpulse an electron receives 
tt 

in a tiae .1' • .!.." is 
Aro 

- e.Eo6'l'" '= - e Vo (;L) [ 
/fro l. r 

'= - I. 0 8 ( 4. V. ) 
lV"o 

Upo.. comparing thls result with the two trials above one conclude. 

that the kick given an electron by the eleet:rodti of J'igure 2.5 11 .beut 

r. .. Go" +.1.73"]: I.U tilDeS .tronger than est_ted in Section 6.1. Beace,r a (,1.08) J 
Fa. III 1 • .56. 

(3) It was inveetigated whether the ti.e varying _satic field 

associated with the electric field In the neishhoruod of the 1.1' Blec­

trode of Figure 2.5 18 of sufficient etrenlth to eontribute appreeubl,. 

to the A~ given an electron passilll the buap. Such influence wa. 

found t8 be negligible. 



APPENDIX 3 

DESCRIPTION OF COMPt1l'ER. PR OGRAM SHO..14 

Given� i (x,y) SHQ.,l4 predicts, via the tt.ory of Sections II 
o 

and III, j(x)IlF ' j(x)..e •• ' and 6j(x). T~ sets of these quantities 

are given; one incluies the effects of fine wire absorption. the other 

does not. The physical content of SHo-14 is discussed in Section 6.6. 

This appendix considers the actual Fortran program. The program, aa 

it appears at the end of this appendix, is divided into consecutive 

blocks designated 14.1, 14-2, etc. These blocks are described in the 

order in whic'h they are met. In what follows the term "electron" 'de­

notes either (1) the head of a pencil of chars_ 10 the !fO RF ease or 

(2)� a sub-unit in the RF case. 

The Fortran program SHD-14 is intended 14-1 I 
for use wi th an IBM-704 computer having a 32-K ~ore.
 

The CC's sp ecify the exper imental i (x,y) at mesh po ints of a rec-�o

tangu1ar grid (Figure 43). CALL MUR(112 ( ) is a subroutine pe~u.. 

liar to the MURA Fortran Library.i' It specifies the manner in which 

input data is punched on cards and read into the core. 

Input data other thaD io(x,y) is entered I 14..2 

.. in terms of the AIS • 

The subroutines SIN4F( ) and COS4F( ) I 14-3 

of 14-3 and 14_7. respectively, are peculiar to the MURA 

i'Fortran Library. If the number g is used as the argument of the first 

then the associated subroutine computes sin(2~g). In 14..3 sin(2_g) is 
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computed and stored as B(I) for JA values of g ranging from zero to 

(JA-l)/JA in increments of l/JA. Later the B(l) are selected as needed 

to s imula te the RF bUmp 

When a ser ies of runs is submit ted, He 14-4 

program returns to statement 110 at the completion of 

eac h run. Hence, the A's can be changed between runs but the CC t S as 

well as the value of A(l) actually used in a run remain invariant 

from one run to the next. A(l) is used prior to st4tement 110. 

The experimental i(x,y) a s contained in 14.5 
0 

the singly subscr ipted CC's is expressed in terms of 

the doubly s ubscr ipted Gl(I,J) after the manner of Figure 43. 

'rhe rectangle of Figure 43, defined by A(16) 14-6 

through A(l9) is divided into cells. The width and he ight 

of a cell are, respectively, APC and ARC. 

In the absence of external influences the 

transformation M relating the (~) of an electron to 

its t~) one revolution later is 

OH DG) 
) (= -DG DH 

Exper imen tally, th e observat ion az imut h is 14_8 

at Eh-:l'lr while the RF electrode is at 9= a.:!! • 
T " 

Computing time can be decreased by taking the observation azimuth as 

the point of reference rather than e = O. The quantity A(25)tO is the 
& 

fraction of a turn· the observat ion az imuthO is behind the inje ctor • The 

_. fraction ef a turn the RF bump is ahead of the injector is given by 

A(23)~O. The counterclockwise transformation from e = 0 to the observa­

tion azimuth is 
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:: 

The counterclockwise transformation from the RF bump to the observation 

azimuth is 

M (-oJ. :{1r(A(as ) + Ata3))) = (AF -Ai.) 
A£ AF 

When an electron passes the observaUion J 14_9 J 

azimuth it is of interest to know whether it will collide 

with the injector on its next attempt to cross e = O. This test can 

be made at the observation azimuth by transforming the phase space 

representation of the injector sink at e = 0 back to the observation 

azimuth. One then notes whether the (x,y) of the particle 1 ie s inside 

or outside the half plane representing this sink; if inside, collision 

will result. The transformed sink is shown in Figure 45. It is the 

half plane 1y,ing below the solid diagonal 1 ine. Here 

It will be required tha t 0 < ~ < 'Jr. The y intercept of the sol id dia­

gonal is b
l

• The parallel dashed 1 ine drawn through (x,y) has a y 

in tercep t of ba,. If (b -b »0 then no CO l11sion will take place.a , 

- A(~4\ _ DV 
: = DC. 

.QQ ~: 'j + DT ~ 
DC 

The resulting collision test, as it appears in 14-20, 14-23, 14-34, 

and 14-37, is: IF (Y+X.PT+DV»O. then no eo11ision. The program also 

allows the observation azimuth to be placed at e = O. In such a case 

A(25) =0 and the collision test becomes: IF (X+A(24»~O. then no 

collis ion. 
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14..10 IThe portion of the x axis at the observation 

azimuth def ined by A(27)'x ~ .. A(27) where A(27)<0 18 divided 

into ce11s of width equal to the fine wire diame ter 1(28). It is re .. 

quired that A(27) be an integral multiple of A(28) thereby yielding 

2IA(27)l/A(28) cells in all. The leftmost cell is number one. When 

an electron passes the observation azimuth its dilplacement x is noted 

and an appropriate io(x.y)dxdy added to the storage locat ion corres.. 

ponding to the cell in which this displacement lies. The relevant cell 

number JG is the integral portion of « (-A(27) + x) / A(28» + 1.0). The 

actual test is JG = (DPP+x) / A(28). It is equivalent to 

J6:: -At~7) + '% + l.o.,oooa4 
A(28) 

The .C)000004 is superfluous. It is required that electron disp lacement 

x always satisfy A(27)<x(- A(27). 

The number of the cell corresponding 1IJ)st nearly to the posi­

don of the fine wire is JJH =A(33). 

These instruc tions allow the addiHan of a I 14..11 I 
KX'" bump (:,,) to the (~) of an electron passing the 

observation azimuth. 

The bump strength when I""': Y'. is A(30). The A~ is computed at the 

center of each of the cells of 14_10 and stnred as GGBU(I). Here I. 
represents the number of a cell. The \otal number of cells is !NT2. 

The program finds j(x) and j(x) ( 14-12 
NO a" IlF . 

both in the presence and absence of fine wire absorption 

effects. The various "GG" storage locations of 14-12 are associated 

with these four current densities. The code used to distinguish. thp.[\'· 

is: 
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WNR Wire; No RF 

NWNR No Wire; No RF 
WR Wire; RF 

NWR No Wire; IW 

The experimental i (x,y)o is specified at I 14-13 ·1 

points lying on or within the rectangle of Figure 43 

defined by A(16) through A(l9). It is convenient to introduce a second 

rectangle (Figure 44) lying on or within the previous one over which the 

program extracts information in any particular run. The latter is bro­

ken into rectangular cells corresponding to the differential elements 

dxdy of Section 6.6. In 14-13 dxdy • AREA =AP*AR/A(26) provided A(26) 

is unity. A(26) is a scale factor which allows the experimental io(x,y) 

to be punched in the most convenient units and which yields j(x) ex.. 

pressed in oscilloscope reticle units. 

The dxdy elements of the rectangle of 14-14I I� 
Figure 44 are scanned from left to r igh t, bo'ttom to 

top. The value Ofio(x,y) at the center of the particular dxdy element 

the program happens to be considering is G2. Linear interpolation is 

used. 

The observation azimuth rather than e =0 14-15I I� 
is the reference azimuth. When the program co ns iders a new 

dxdy element, the (~) associated with it is first transformed back to 

the observation .imuth (14.8). This nonphysical operation is negated in 

14-16. 

Given the (~) of the head of a pencil of charge I 14.16 I 
14-16 finds its (~) one revolution later (i4_7). 

The number of the cell in which this head I 14.17 I 
lies is JG (14-10). 

The current io(x,y)dxdy = G2*AREA I 14-18 I 
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(14-13). 14-14) should be added to GGWNR(JG) (14-12); instead only G2 

is added. The multiplicatiPn omitted here i. perforwed in 14.24. 

The Kx a. b\BDp is added in 04.11). 14-19 

Division 14-20 tests whether the pencil 14.20 

head collides with the injector on its next at~pt to 

pass Q = 0 (14-9). If it will collide. the program shifts to a consi. 

deratiPn of the next dxty; if it will not. the program proceeds to 

14-21. 

Statement 210 tests whether the pencil be8d 14.21 r 

collides with the fine wire. If it does not. c.on~ro1 

pas.e. back to statement 180 of block 14.16. This loop i. repeated 

until the pencil head either collides with the injector or with the fine 

wire. BecauM one may be interested in obtaining j(x)..w .... control shifts 

to statement 14.22 when the colli.ion is of the latter t¥pe. 

Since j(x)..wa and j(X)..w ..ll are not I 14-22 r 

observed experi..ntally, it may be of interest to skip 

computation of these quantities in order to decrea.e CMlputing time. 

DiviaiDn 14-22 tests whether j(x).."' ..... is to be coliputecS. It it is not 

to be found. the program jUlips to a consideration of the next dxdy; 

otherwise, the program gpes to 14-23. 

Th1a loop paralleb 14.15 through 14.20. I 14.23 

ft'2l· t4~,-'4\J":' 'f (:~)"'WIIIJI{JG) is added to GGNWNR(JG) so that the 

latter is associated with j(x) as it is supposed to be rather than 

I� 

......."� 
with (j(X)"WNll- j(x)",...) as it is in 14.23. 

When the pencil head collides with the injector the progr_ 

jUllp8 to a considerat ion of the next differentia 1 element dxdy. After 

all dllldy element. have been treated control passes to 14.24. 

The ~ultiplteation of i (x,y) by dxdy I 14.24 I• 
neglected in 14.18 and 14-23 is performed here as well as 
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the addition omitted in 14-23. The resulting GGWNR.(I) and GGNWNR(I) need 

only be divided by the cell width A(28) to yield j(X)"'N« and j(x) .... "" ... " 

This division is p~rf~rmed in 14-40. 

Division 14.25 begins the determination '14-25 

of j(x)WR and j(X)NWlt • Here AD equals k of A~. Jt ~c..w.~*.,t6\ 

The express ion for k is derived in .,.+.w1i~:iI.1. 

The straightforward way of talc ing into 14-26I I 
account the RF bump A'lS ~ Je~(WR'~+~) is to add the 

b\IIIP vector (~'.i) to the (~) exhibited by a subunit al it p...el the 

azimuth of the RF bump. Here. however, an equival.t procedure is em. 

ployed which allows computing time to be saved. The btlDp vector iI 

transformed back to the observat ion ",ziJDuth and this tranlformed bump 

(:::) added to the (~) exhibited by the above subunit as it pass88 

the observation azimuth. By 14-8 one has 

AF -AE)(O);
( l-::1AE AF At:' 

( 
Div is ion 14.26 compu tes AfO and AH. 

The transformed RF bllDp vector (A",l) of 14_27 I 
A~' 

14-26 is evalUated for JA values of (W••*'to") running from 

ze':o to 2'h tJ~-I) f.n increments of !:!!:. 04-3). When an RF b\Dp is to 
JA J~ 

be added to a subunit an appropriate bump vector (6(X~) is selected 
Fl::t) 

from this reservo ir. 

The number of subunits in the first unit I 14-28 I 
is JB. The definition of AAJA in QRST is given in 14-3. The 

program lI18~es use of J'B, AG. and ~ST when selecting the appropriate 

transformed b\IDP vector (:~:~) of 14..27 to add to the (~) of a 



subunit. See 14_33. 

The rectangle of Figure 44 defined by A(12) r 14-29 I 
through A(15) is cons idered in 14.13 in connect ion wi th the 

NO RF Case. This sallie rectangle a180 serves in tbe presence of RV. 

Statistical considerations, ho",ever, allo", the dxdy _l_nts intID which 

this rectangle is broken to be 1.g_r than in 14-13. Both dx aDd dy are 

usually increased by a factor of y;ji;' 04-28). These larger dxdy lIU8t 

still be fine eooulh to repre8ent variation in i (x,y) over thh rec. 
o 

tangle (Figure 32) as well a. variation in the relative effectiveness 

of different portiona of this rectangle to contribute charge to tba beam 

circle (Figure 15). 

The stau.nt, AREA = AP*AR*A8/A(26). parallels the AREA state. 

ment of 14.13 except for the factor AI =1/JB. Se. 8ection 6.6. 

See 14-14. 14-30I I 
see 14-15. I 14-31 I 
This statement controls scanning of the JB I 14.32 I 

subunits into which the first unit 18 divided. 

Division 14-33 selects the appropriate 

tranaforMd RF bulllp vector it to the(6(:1)) of 14-27 and adds 
~l:l\ 

(~) of the subunit passing the observation azimuth. 

When the L-th subunit of the first unit makes its first pass of 

the RF electrode the phase aDlle of the RF II UJ... :t "', , i.e as. lCned the 

value 2" (1i + ..,.~ ) See 14-28 aad 14-32. Here A(2) • 'I., . Any 

cOiletant besid.s A(2) would ••r". just a. well. In 14-33, 8' in the rest 

of S'BO-14. the factor a"h' do.s not appear in the argument of a trigono. 

_tr i.e fwmc:tlon.. ". subroutines used to lenerate values of the sine and 

eosine add this fac"r of a,. ~licitly (14.3). In d.sc:ribing 14.33, 

however, the ~'ll will be included.. The RF phaBe angle .ntioned above 
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resides at line three of 14-33. If the L-th subunit makes a second pass 

of the RF bump. statement 390 of 14...37 increases the above phase angle 

equalsby ~1'c"',u; • On the I-th subunit's Q_th pass, WR,,:t~; 

allY ( ...=.. + ~ A<.2.)) •Je 
When the L-th subunit makes its Q-th pass of the observat lon 

azUnuth. the transformed RF bump vector which should be added to the 

subunitts (~) is ~ t wRf::t+ tS)t::)
a'h ( J:- -+ Q 1.<'2») The particular

J8 

of 14-27 which nearly corresponds to the above bump vector is selected 

as followsl (1) Any integral multiple of 2~ is temporarily dropped from 

(e.ul.,t+;) .;(2) The fraction ,left is divided by a'h/JA ; (3) The 

fractional portio~f the preceding result is discarded. The integer re­

maining can range from zero to JA-l; (4) Unity is added to the preceding 

integer. The resulting integer ranges from one to JA. It is this in­

f (H1:)). 
teger which is us ed for I in \ F' (,1:) • 

Statement 310 and the one following it perform the four operations 

listed above. The latter statement is equivalent to 

NN = (AAA - (Integral Portion of AAA» + 1.0000004 

ll/JA) 

If the .0000004 were missing and if AAA were zero or nearl y zero then 

NN =1.0000000. When the program converts 1.0000000 to an integer with­

out the decimal point, it is not certain whether one or zero results. To 

insure that unity obtains the .0000004 has been included above. 

Since AAA increases by A(2) = ~._ every time a subunit makes a 

revolution, N of statement 310 may become quite large. Fortran sets 

an upper limit on integers of 32768. Hence, '1R~ multiplied by the 

number of revolutions necessary to achieve equilibrium, i.e., 

(Section 3.2) must always be less than, say, 32,000. 

Division 14-34 parallels 14-16 through 14_20 I 14-34 I 



-- -
,.,..,�

·12'­
except as follows: (1) Tbe quantity G2 is added to GGWR(JG) rather than 

,I 

to GGWNR(JG). G2 is io(x,y) whereas it should be io(x,y)dxdY/JB. The "li 

omitted multiplication is performed in 14..39 (14..29). (2) The last st~1 e­
il 

ment of 14-34 increases the RF phase angle AM by A(2) = "ltF in prepar~tion 

for the additiD~ of the next RF bump to the subunit. This addition occ~r8, 
\ 

however, only if the previous collision test indicates that the subunit 

makes another pass of the RF bump. 

The fine wire collision teet of 14-35 ( 14.35 I 
paralle Is that of 14_21. If no co 11 is ion occurs, control 

IIwitchea back to 14-33 which adds in the next RF bUmp. This loop is repeated 

until the subunitei:ther collides with the injector or with the fine wire. 

If the collision is with the injector, the program jumps to a consideration 

of the next subunit of the first unit; if with the fine wire, control 

passes to 14..36. 

Division 14..36, paralleling 14-22, tests 14_36 I 
whether j(x)MW~ is to be found; if it is not, the program shift. to a con. 

sideration of the next subunit of the first unit; if it ie, control passes 

to 14-37. 

Divis ion 14-37 is required to compute I 14..37 I 
j(x) NwR. This block parallels that beginning with statement 310 of 14.33 

and extending through 14..34. One difference is that G2 in 14..37 is added to 

GGm.R(JG) rather than to GGWR(JG). In 14-39 GGWR(JG) ad>. added to GGNWR(JG) so 

that the latter becomes aSSDC ia ted wi th j (x) as it is 8 upposed to be rather 
"'wll 

than with (j(x) -j(x») as it is in 14-37. 
"'''''. wit� 

After all JB subunits 0 f the fir s t unit� • I 14-38 I 
have been scanned the program considers the next differential 

element dxdy 04..14). After all dxdy elements have been scanned control 

passes to 14-39. 
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Division 14-39 performs the multiplication [14-39 I 
of i (x,Y) ~ 02 by dxdy/JB which was omitted in 14-34 and 

o 

14-~7. Here the addition of the GGWR,(I) to the GGNW.(I) omitted in 

14-37 is a18(; performed. The resulting GGWR(I) and GGNWR(I) lLeed 81\1y 

te divided by the cell width A(28) to yield j(x)..,. and j(x)""Wfl • 

This d tv is ion is perfOl"med in 14-40. 

In 14_40 the contents of each cell of the , 14-40 J 

four group8 mentioned in 14-24 and 14-39 are effectively 

~:;'vided by the cell width A(28) to yield the four current densities. 

}<>:)w ... ~ • 1(X)KWNft ' j(x)wa. • and j(x) ..wlIl • Before this division 

is pp.rformed. however. the following device is introduc.d~ Since it i. 

usually impractical to call for the contents of all cells associated 

with a partieular jtx), the cells are grouped into boxes. eEch box COD­

taining rIDIVPB cDna8cutive cells. The CQntents ot each such box 18 

divided by the box width to yield a current density j(x). It is re­

qt·:.red t~t th.e tatal number of cells INT2 into which the allowed por­

tion of ~hp x axis is broken be an integral multiple of NDIVPB • 

Divlsion 14-41 8ubtracts the j(x) found 14..41 I 
in the absence of RF from that found in its presence 

to yield (j(x) -j(x) ) and (j(x)..•n -j(x).......ft). TM output 
NW It NW ..1t -1' -"'" 

given by SHD-14 is: 

2) j(x)r-eWft • j(X)NW"' • (j(x?NWfl - j(X)NWNR ) 

3) j(x)w~ ,j(X)WNQ J (j(x)WR - j(x)WM~ ) 

4) k of d';i :I k..ta..v't".. (WtH:.:t + p ~ 

The output ia read from 16ft to right, top to bottom. The j(x)'s are 
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printed out as a function of box number. beginning with box one (14_40). 

Tb.e contents of the f irl!lt and laB t. box for each of the s ix j~x) 's should be 
.Q. 

zero; if they are not, this run as wll as all sur:ceeding cuna may be i.nvalid. 

theBe runs Ilh"uld be resubmitted using a larger IA(27)1 (14-10). In addi.. 

tiona any single run ls invalid if "ftF ( ~:: ) A(il) ·4.0'"A'~"')/Jt cxr:epds:II 

32000 (14...33) • 

Tho input data required by SRo-14 follows. 

(1) The ee's. The OG's of 14-1 corrp.spond to values ot 

io(x.y) foun.:il/ fot instance, at the mesh pointe on and with in the rectangle 

of Figure 43. when this rectangle is laM over the eXperitlllntltl io(Y:'y} of 

Figure 32. I't.e re~tangle referred to h.-e is def ined by A(l6) through A(l9). 

Figure 113 .1'J,ustt·ate~ how one associates a particular CC ~ith a particular 

mesh poirt 

(2) rt.A A?s. When nn A r.epresents an intp.ger '"( it will be punched 

u 1.1. (1 it were punched as r.o, it is not certain whet!:'er the program 

converts to I or to 1..1. In WM t fo llows '~1.1" denotes an A which is an 

A(1) 

for JA =A(l) v'dues o:!: (Wlt,*+¢) ranging from zpro to i~'1\' 

{JA-l)/JA in increments of ~'rt/JA. 

(2»0. A(2) = 'II1'r = WRFh't(~o: .;..w: 1+0 
AU' t. A(3)~Jol. The first unit is broken into JB = A(3) sub-

Ie aq>lit·.lde of t~ radial RF electric field oveJ:" the azi­

'€ quantity A(5) equals e/(~(2~)~) where e is the absolute 

value of the par ticle charge and m its relativistic mass 



A(6) 

A(7) 

A(8)
 

A(9)
 

A(lO)
 

A(ll)
 

A(l2)
 

A(l3)
 

A(l4)
 

A(15)
 

A(l6) 

A(l7) 

A(l8) 

A(19) 

A(20) 

A(21 ) 

A(22) 

A(23) 
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The fraction of the accelerator azimuth over which the RF 

bump exte nds is A(7) = -Fe u;,.'.lhs'll) 
A(8»O. A(8) = 'VI('" W-/2'l'r.fo 

The particle revolution frequency is A(9) = f.(~ctnc"l). 

1.1. A(IO)~l.l. See A(15). 

1.1. A(ll)?l.l. See A(l5). 

A(12)<O. A(l2)<A(13). See A(15). 

A(13)( o. A(l3»A (12). See A(l5). 

A(l4)<A(15). See A(15). 

A(l5»A(l4). Tt2 quantities A(2) through A(l5) define the 

rectangle of Figure 44~ All portions of the rectangle boundary 

must lie on or within the rectangle of Figure 43. The latter 

is defined by A(16) through A(19). The rectangle of Figure 44 

is surveyed into differential elements dxdy. In the RF case 

the number 0 f suc h elements per row 

(11) 
J 
respectively

. 
(14-29). 

A(16)<O. A(16)<A(17). See A(21). 

A(17)<O. A(17»A(16). See A(21). 

A(18)<A(19). See A(21). 

A(19»A(18)o See A(21)~ 

1.1. 2.1SA(20)1a30.1. See A(21). 

and per column is A(lO) and A 

1.1. 2.1~A(2Q)1a20.1. Mesh points at which i (x,y) is defined 
o 

extend over a rectangular region· bounded by A(l6) through 

A(19) (14-5~ Figure 43). Some of the points lie on the rec­

tangle boumary. The number of points per column and per row 

is given by A(20) and A(21), respectively. 

Not used 

A(23)~O. O~A(23) + A(25)<1. 
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'1'he fraction of a turn the RF bUl1lp is ahead of the injector 

is A(23) The second condition above requires that a particle 

leaving the injector encounter the RF bump before reaching the 

c bservat ion az imut he 

A(24) The beam cirC'le radius is A(24) = Yo.
 

M25) O!A(25) 2 'It"" < 'IT The fraction of a revolution the obsecva..
8 

tion azimuth	 is behinti the injector is A(2J;),?0 04-8,14.9). 

A(26)'0. T~oIetica11y. A(26) is ahity; pJ.:"actically, A(26) 

is a sf"ale factor w'1i.ch facillt~t:es cC'mparison of ~omputa-

tiona1 results wi_tn experimental ones (14-13, 14-29). 

A(27)<O. It	 is required tbat \A(27)I/A(28; be an integpr 

<.1000 (14-10). The negative x val\'e at whicp one begins to 

divide the x	 axis into cells is A(27). 

A(28)	 A(28))O. It is r~quired that I A( 27 )\/A(28; be an irteger 

<1000 (14..10). The fine wir -:'l ...atllP.ter is A(28). 

A(29)	 Not used. 

a
A(30)	 'The strength of the KY Liump ,.;rnlc' Iy:= 'Y"o is A(30). \.(30) 

has dimension of lengt~ ~ '4_11 • 14.19). 

A(32)	 1.1 1.1~A(32). The I.j lantit.1es AOl) and A(32) do in the 

!~bsence of RF r.:M t AtlO) am A(ll) do} respp.ct1.vc' Y, in its 

presence. U,;ug'lv A(31 ) ~ J A("5) AnO) and A(32) ~ "An)' fI 

A(ll) (14-13.	 14-29) • 

A(33)	 1.1. 1.UA(33)~2000.' The nljmbe1. ")f the CE'll whos Dosi.. 

tion corresponds to the fine w~re disp lacemen t i!" A (3.:> ] 4-1(·). 

A(34)	 1.1 1.I~A(34)~2000.1. The numbl::r of cells per boY is A(34) • 

"',..;::." - ,. 
i,e., NDIVPB of 14-40. The total number of ·e 1 L'" INT2 = 2.0 \A(27)l 

/ A(28) It''JS t- l)e an integral m111tiple of NDIVPB. A(3S) IS 110+ used. 
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[ I"-+~ 
RUN	 CARD DATA 

1	 .32 + 2~ 

2 .31 + 2' 
• 
• FROM FIG. 32
 

i< 

• XIO
 
• 

493
 

END DATA
 

ENODA1A
 

494
 

1 .40001 + 4
 

R-l 2 .135674 + 1
 

'" 
3 .251 + 2
 

.236 + 8
 
5 .452 +10
 
6 .62832 + 1
 
7 .13 - 1
 
8 .135674 i 1
 
9 .4284 + 8
 

10 .51 + 1 
11 .91 + 1
 
12 ··.235 + 3
 
13 -.211t + 3
 
14 -.5 + 2
 
15 .75 + 2
 
16 -.235 + 3
 
11 -.205 + 3
 
i.8	 -.5 + '1 
19 .15 + 2 
20 .261 + 2
 
21 .191 + 2
 
23 .16666666
 
21t .209 + 3
 
25 .16666666
 
26 .50568 + 3
 
21 -.3 + 3
 
28 .5
 
31 .21 J + 2
 
32 .501 + 2
 
33 .6011 + 3
 
34	 .201 + 2
 

END DATA
 

END DATA
 
END DATA
 

-A END DATA
 

R-2 3 .501 + 2
 

~. 
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r FORTRAN PROGRAM SHO-14 

~ SHO-14 
DIMENSION CC(600), A(35), B(4000), 

1Gll20.30a. GGaIJ(2000). GGWtiR L2(00) 9 

2GGNWNK(2000), GC,WR(ZOOO), GGNWR(ZOOO), 
3F(400C), (;(4000) 

14­ 1 

PRINT 520 
CALL MURCD2(CC) -- CALL MlJRCOltA) 14­ 2 
J-A .­ All) 14­ :l 
AAJA = l./FLOATF(JA) 
DO 100 I = 1, JA 

100 B( I) = SIN4F CFLOATFt!-l)/ FLOA1FeJA)i 
no CALL MURC02(A) 14­ 4 

rRINT 500, (A( I), I = 1, J5) 
JCNX - Al2l) 14­ 5 
JCNY .= A(20) 
NN .;;; 0 
DO l? I J = 1, JCNY 
00 

, ) I -.: 1, JCNX 
NN = NN+l 

12u GllI,J) = CClNN) 
FPNX - JCNX-) 14 6 
fPNY .;;; JCNY-l 
APC .= (AI17) -A(}t}) I FP~X 

ARC; -= U (19) -A( ll~) I ;::PNY-,
DG .= S I :,4 F (A(8» 
OH .. C'" F (A( 8) )_ 
DC SIN4F ( A ( 8 ) AUS) )= * 

- ...-­

---­
.. 

14­ 1 

14­ 8 

AE 
DO 

.;;; SIN4F 
- COS4f' 

(A(B) 

( A~ 11) 
*(AU3)+ 
It AP5» 

AU. I))." 
to F -=f.QS4 F (A« B) .. tAt 2 3 ) to A ( 2 5) ) ; 
IF (A(25» 130, 140~ UO 14­ q 

130 or .. DO/DC 

140 
DV .;; A(24)/DC 
DPP = LC000004-;~~12.'1)-AI2n , 14-10 

JJH :: At 33)
BEEP = A(30)/ ",(24) 

,_.__,_"' 
.. ,:;"1 --------­ 14-11 

XBEG = A(2B) I 2.0 
INT .. -A(27) / A(28) +).1 
INT2 = 2* HIlT 
00 150 I = 1, • NT 
N = INT+l 
GGBU(N) = XkE:G "2 ' BtEP 
NN = !NT- HI 
GGBU{~N) .= GGRU{~) 

150 XBcG = XBEG+A(28) 
00 io0 I = 1, 2000 
GGWNR( I) ~ 0.0 
GGNWNR(I) = 0.0 
GGWR(I) = 0 .. 0 

lbn GGNWR(I = 0.0 
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290 OE - X*DO-y*oe 14-")1 
OF -= X"lOC+Y-OD 

2.Q..O_DO 4'50 l .- 1, JB 14-32 
X = DE 14-33 
Y = OF 
AAA = A(2' + FLOAIF(l) -1\;3 

310	 N :: AAA 
NN = (QRSTtAAA-FLOATF(N» I AAjA 
X :: X+GINN) 
y = YtF(NNJ 
00 -= X-OH+Y*OG 14- ~4 

Y = -X*OG+Y*DH 
X = 00 
JG = eDPP+X) I AI2B)
 
GGWR(JG) ;; GGWR(JGJ + G2
 
Y = Y + GGI:W (JG)
 
IF (A(25» 330, 320, 330
 

320 IF (X+A(24» 400. 400. 340
 
330 IF (Y+X*OT+DV~ 400, 400, 340
 
340 AAA = AAA+A(2j
 

IF (JG-JJH) 310, 350. 310 L4-35 
350 IF (SENSF SWITC~ 2' 400, 360 L4-36 
360 N = AAA 14-'H 

NN :: (QRST+AAA-FLOATFeN» I AAJA
 
X = X+GINN)
 
Y ::: Ytf(NN)
 
00 = X*DH+Y*OG
 
Y =-X*OG+Y-OH
 
X = 00
 
JG = (OPP+X) I A(28)
 
GGNWReJG' :: GG.N"R(JGJ + G.
 
y -= Y + GGBUlJG)
 
IF (A(25) ) 380, 370, 31)0
 

370 IF (X .. A(24» 400. 400, 390
 
380 If (Y+X*DT+OV) 400, 400, 3QO
 
390 AAA = AAA+A(21 . _.
 

GO TO 3t~ 1 '. _":l. -l 

400 CI)NllNUF 
410	 CONlINUl: ~. __. 
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,..;: :; A(31);' JC 14-13 
:; 

AR 

AO JC 
AP = IA(l3) -A(12» / AD 
JD :; A(32) 
AQ = JO 

.:; (All~) -A(14J) I AQ 
EB = AC12) -AP/2.0 
EA = A, 14) -AR/2.0 
AREA = AP*AR/A (26) 
00 1'60 J - 1, JD 14-14 

Y 
AT .: J 

::; EA+ATt. .~~ 
:;CAT Y 

00 260 I = 1, JC 
:;AS I 

Y 
X = EB+AS*AP
 

:;
 CAT 
M = (X-A'ltd) I APC+l.0 
N :- (V-A(IBI) I ARC+i.O 
FPM = M-1 

:;FPN N-1 
:;PAT IX-FPM*APC-A(16» I APe 

RAT :; CY-FPN*A~C-A(18» I ARC 
HI = M*l 
N1 = N+l 
G2 =G1(M,N)+PAT*CG1CMl,N) 

I-GlIM,N»+RAT*IGl(M,Nl)-GlIM,N» 
2+PAT*RAT*CG1(Ml,N1)-GlCM,Nl)­
3G1(Ml,N)~G1(M,N» 

IF (G2) 260, 26O, 170 
:;170 DE X*OD-Y*OC - 14-15\ 

y = X*OC+Y*OO 
;;:X DE 

180 00 - X*OH+Y*OG 14-16 
Y =-X*OG+Y*OH 
X ;: 00 ­ . 
JG :; (OPP+X) "-IA (28', 14-1-'.
GGWNRCJGJ = GGWNf.U JG) ~ G2 --- }4-18-Y = Y + GGBU(JG) 14-· 19 -IF (A(25» 200, 190, 200 14-20 

190 If (X+AC24) ) 260, L6C, 210 
200 If (Y+X.nT+D~J 260, 260, 210 
210 --a- (JG-JJH )180-;220, 180 1.4-2\- -220 IF (SENSE SWIT:H 2) 260, 230 14-·2/. 
230 00 :: X*OH+Y*Ol; 111-23 

Y =-X*OG+Y*OH 
)( ~ no 
JG :: (OPP+X) I AI2&) 
GGNWNRI.lG} = SGNwNR(JG) ... G2 
y .,; y ~ Gt.,HU (J G) 

If (A(2~» 250, 240, 250 
240 IF IX+A(24» 260, 260. 230 
250 IF (y+x*or+ov) 2(;0, 260, 230 
260 CONTINUE 

_.~_. 
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DO 270 I ;: 1, INT2 14-l!t
 
GGWNR(I) ;: GGWNR( 1) - AREA
 
GGNWNRCI) ;: GGNWNR(I) • AREA
 

270 GGNWNRCI) ;: GGWNR(I) +GGNWNR(I)
 
14-25
 

AG - -At-AD 14-26
 
AH;: AF-AO
 

I----~-=__=~--:----=-'""":""'::o_-.----------------~_=_":"I00 280 1 ;: 1, JA 14-21 
GCI) ;: AG * aCll 

280	 F(l) ;: AH - B(1)
 
JB ;: A(3) 14-26
 
AB = 1.01 FLOATF(JB)
 
QRST ;: 1.OOOC004-AAJA

Jt = 4(10) ------------------ri"r'4~TI 

AO ;: JC 
AP = CAfl3) -Afl2>l I AD 
JO ;: A(lll 
AQ ;: JD
 
AR = (AC1S) - A(14» lAO
 
EB ;: A(12) - AP/2.0
 
EA = A(14) - ARt 2.0
 
AREA~Ar-AR*AB/A(26) 

...---=--:""':""'::--:~___::-~=:__----------------"""OO:~"""li!"""!"100 410 J = I, JO 1~-30 

AT = J 
y :; El\+tl*A~ 

CAT = Y 
00 410 I ::: 1, J' 
AS =	I 
X ::: eB+AS«AP
 
Y .: CAT
 
M ;: (X-A(16»)!APC +1.0
 
N ;: !V-A(iij\~/ARC +1.0
 
FPM ;: ~- 1
 
FPN ;: N-1
 
PAT = (X-FP·M*AP:··i\(16J) I APe
 
RAT- (Y-FPN*ARC-A( 18) l I ARC
 
HI ;: M+l
 
N1 ~ N+1
 
G2 =G}(M"i\I. ;P4J"«(Jl(Ml,tJ)
 
I-Gt(M,~);+RAT*;Gl(Mf~1)-G1(M,~» 

2+PAT*RAT.(~1fMl,Nl)-~1IMtNl)-

3GlCM1,N)+Ll(M,N»	 J' 
IF (ti2) 4J..Q.L..-! lO! ?:-.9....(;;..)	 ,_. 
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OU 420 I : 1, INT2 14-39 
GGWRlI) = GGWRll) * ARE~ 

GGN~R(I) = GGNWRfl) • AREA 
420	 GGNWRlI) = GGWRlI) +GGNWRlI)

NO I VP8 = to ( 34) ----------"';"1"'1'4--"'"'"0 
NBOX : INT2/NoIVPtl 
L = 0 
DO 440 I=l,NBOX
 
VGwNR = 0.0
 
VGNWNR = 0.0 
VGWR	 = 0.0 
VGNWR= 0.0
 
DO 430 J :; 1, NOIVPB
 
L = L+l
 
VGWNP = ~GWNR + GGWNR(L)
 
VGNWNR = ~GNWNR + ~GNWNR(ll
 

VGWR = V~WR+GGWR(l)
 

430	 VGNWR = 'JGNWR+Gt,NWR (L) 

GGW~R(I) p ~GWNR 

GGNWNRlIl = VGNWNq
 
GGWR ( I )-.:: Vc.,WP
 

440	 GGNWRII): VGNW~ 

BBBB = NOIVPR 
OP = BBBB- At 28) 
00 450 I = 1, NeOX 
GGWNRll) : GGWNRI.J I LP 
GGNWNIl t II :; GGNwNI. [ I J IW 
GGWRCI) = ~GWRt I) I or 

450 GGNWRl!) = GGNWRll) I~~ 
.....:..........._-------- ­
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APPENDIX 4 

DESCRIPTION OF COMpTJTER PROGRAM SHG-16 

The p':LJg£an 8110..16 tells which differential elements dxdy of 

the rectangle defined by A(l2) through MIS) in Figcr"! 44 contribute charge 

to the interior of the beam circle. To minimize computing time it is 

aSf'umed that if a dxdy element in any rO\11 contrib\·tes no charge to the Deam 

circle then all dxdy in the sane row and t:l the left of this one do not con. 

tribute either. See Figure 15. The program ctlluws the addition of a Kx" 

bump to electrons passing th~ ob~ervation anmuth. In the experimental work 

of Section VIt SRO-16 is us~c in cc njunc tion \"·i th SRQ..14 to test whether the 

experirmnMl io(xty) fed into SRO-14 is defined over a region sufficiently 

large to allow SnQ..14 to yield a valid predic"::ion for ,6j(x). 

Division 16-1 differs from 14-1 in a('1 16-1 

calling for the CCls. In SRO.16 i (x s) is no'(. required.
o 

S~e 

Se~ 

14-3. 

14..2. ~"iJ
I 16.3 ] 

See 14-4. I 16-iI J 
~ee 

Spe 

Sae 

14_7. 

14-9. 

14-8. 

.... 
16-5:..J 

], 
-

I
I 16-6 

[ 16-7 

In 16-20 the square of the beaUl circle [ 16-8 I 
~ a ~ ~ . d . hradius Yo = FA is compared with the r = x + y as"uCl.ate Wl.t 

a subunit to see whether thp :'.C:ittpr lies indide or outside the beam circle. 
SHO-I" 

Like SHQ..14 vallows the addition of a 
I 



14-4 
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IF (SENSe SWITCH 2) 480, 460 

460	 PRINT 530 
PRINT 510, fGGNWR(I), I = 1, NBOX) 
PRINT 540 
PRINT 510, fGGNWNR(l), 1= 1, NHOX) 

.00 410 1 = 1, NBOX 
410	 GGNWRfl. = GGNWRCI) -&GNWNRt!) 

PRINT 550 
PRINT 510, fGGNWR(!), I ~ 1, NBOX) 

480	 PRINT 560 
PRINT 510, (GGWRCI), J = 1, NBOX) 
PRINT 510 
PRINT 510, (GGWNRtI), I = 1, Nt30X) 
00 490 I = 1, NBOX 

490	 GGWR(I) = GGWR(I) -GGwNRII) 
PRINT 580 
PRINT 510, (GGWRI!), 1 = 1, N80X)
 
PRINT 590
 
PRINT 500, lAD)
 

500 FORMAT (lHO(5E18.8)/IHO) 
510 FORMAT (2X,10E11.41 
520 FORMAT (1HlSHO-14//l 
530 FORMAT (28H CURRENT DENSITY-NO "IRE-RF//) 
540 fORHAT (31H CURRENT DENSITY-NO WIRE-NO Rf//l 
550 FORMAT 

1C36H CURRENT DENSITY-NO WIRE-DIFfEkENCEI/) 
560 FORMAT (25H CURRENT OEN~lTY-WIRE-RFI/) 

510 FORMAT (28H CURRENl OENSITY-WIRE-NO RFII) 
580 FORHAT (33H CURRENT DENSITY-WI~f-DIFFERENCE//) 

590 fORHAT (1H K) 
600 FORMAT (lHl) 

PRINT bOO
 
GO TO 110
 
END (0, 1, 1, 1, I)
 

, 
/ 
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IX- bump to a subunit passing the observation azUnuth. In SUD-IS, however, 

the atrength of the bump is computed each time it is O\'Pl1eci rather than 

.electing an appropria te value from a reservo ir of stored val uea. In 

SHO-l6 

BEEP ~ 

sue 

Instruction 312 of 16.20 alters the y of a subunit dpprop~1ately, i.e., 

y =y + SUBfrBEEP. 

The quantity LMN(I,KKK) is associated with [ 16.10] 

the (I,KKK)..th differential element dxdy of the rectangle defined 

by A(12) through A(15) in Figure 44. At the end of a run each LMN(I,KKK) 

is either zero or one; if zero, the associated dXdy contributes no charge 

to the interior of the beam c irele; if one, the dxdy does contribute lome 

charge. 

See 14-25. 

See 14-26 

See 14-27 

~E.e 14-28. 

Division 16-15 wuld be identical to 14• .o!9 

if the statement, A!f.E). = .A.':'*A.'{*AB/A(26), were deh.tec" (rom
 

•
 
the latter. 

Th ". s block s cans a roo" l) f' ~ if fera l1t ia1 

eletnf'nts dxdy flOIl' ~:gnt ~o_left. Figl.1:",e 15;c >re i lformative 

in this regard than Figure 44. tn the fo~mer. r 3~ar·~ with F 

eight each time the program considers a new ..'ow J. 
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See 14-31. [16_17 ] 

See 14-32~ I 16-18 I 
See 14-33. [i6_~19 I 
(1) Given the (~) of a subunit. its (~) one ( 16.20 J 

revolution later is computed. (2) The a 
"r • + ya= x dssociated 

",ith the subnnit is found and compared with the square of the beam circle 

rad ~us · Yoa = FA (1 6-d). If the subunit lies •..lithin +he beatr c:.:!:"cle then 

LMN(K,J) is set equal to one (16.10) and the program shifts to a consideraa 

tion of the next differential eleltK'C't dxr}y. If the subunit does not lie 

within the beam circle, the KX~ bump is added in. (3) The program tests 

whether the subunit will coIl ide wi th che injectcr on its next attempt to 

cross 9 = 0; if it will, the program sh ifts to a (~unsideration of the next 

subunit; if it will not, A(2) = 'r~Fis added to the RF phase angle in pre­

paration for the appl ication of the next RF butr.p to the subunit. 

If none of the JB subunits a&s~ciated with the (I,J~th I 16_21 I 
dxdy element ever has an Y":Vx:l+Lj1' <. 1("0 then the LHN(I,J) 

associated with this element is zero. In such a case the computation 

reaches the stateme nt be tweeo r. 400 ane 401. Cont.rol then pa sses to s ta l(.!lJent 

41 0, bypassing cons iderat ion of alIi ifferential e letllli" 'ttl' dxdy in the s.!>,me 

row as the previous onE: and to the le't of it. Hence. it is assumed that 

such bypassed elements con'tribute no charge to the beam chcle. 

The print out gi "er, by S1tO.l6 cons ists of nl.ee. ( 16_22 I 
items; (1) the input dat~ Afl) ·~:";_·o.lgh A(35), (2) an arrow 

designatmg the iirection of tt>e positive y axiD -3.'3 regards the data'V.tdch 

the output sheet should be rotat~J clockwise 900 frOID the normal viewing 

position. The (I,J)-th element of dll..:i bloCk is now associat ... " with the 

O,J)-th differential element dxdy of Figure 44 cr ;;, ....gure IS. 
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All input data required by SHo-l6 can be fed [if -23 I 

in in terms of the A's, i.e., A(l) through A(1S), A(23). 

A(24), A(25), and A(30)v The description of these quantities as given in 

14-42 is adequate except for~ 

A(lO) 

A{ll) 



Db-~i ]� 
;:"-­

DATA RUN CARD DATA./� RUN CARDI 

1 .40001 + 4 8� .135946 + 1 
.241 + 2END DATA 11 

R-l 2 .125 + 1 14 -.1 + 3 

3 .251 + 2 15� .1 + 3 
4 .1416 + 8 END DATA 

.136 + 15 -'452 +10 R-1 2 
6 .62832 + 1 8 .136 + 1 
1 .13 - 1 END DATA 
8 .12S to 1 R-O 2 .136162 + 1 
9 .4284 + 8 0 .136762 + 1 

10 .61 + 1� END DA·...A 
11 .501 + 2 R-9 2 .138 + 1 
12 -.215 + 3 8 .138 + 1 
13 -.209 + 3 END DATA 
14 -.3 + 3 R-I0 2 .14 + 1 
15 .) + 3 8 .14 + 1 
23 .16666666 10 .61 + 1 
24 .209 + 3 11 .481 + 2 
25 .16666666 12 -.215 + 3 

END DATA 14 -.2 + 3 
R-2 2 .13 + 1 15 .2 + 3 

8� .13 + 1 FND DATA 
10 .01 + 1 R-ll 2 .142 + 1 
11 .241 + 2 8 .142 + 1 
12 -.229 + 3 10 .81 + 1 
14 -.1 + 3 11 .201 + 2 
15� .1 .. 3 12 -.229 + 3 

END DATA 14 -.83333333+ 2 
R-3 2 .13l .. 1 15 .83333333+ 2 

8 .13~ .. 1 END DATA 
11 .. ~21 + 2 R-12 2 .135614 + 1 
14 -.13333333+ 1 4 .2~6 + 7 
15 .5 + 2 8 .135614 + 1 

EN£J DATA 10 .201 + 2 
R·...1t 2 .13333333+ 1 11 .361 + 2 

8 .13333333+ 1 12 -.219 + 3 
11 .481 + 2 14 -.75 + 2 
12 -.213 .. 3 15 .75 + 2 
14 -.4 + 3 END DATA 
15� .4 + 3 R-13 4 .472 + 7 

END DI\TA FND DATA 
R-5 2 .134 + 1 R-14 4 .708 + 1 

8 .134 + 1 10� .151 + 2 
11 .271 • 2 12 -.224 + 3 
12 - .. 229 of 3 END DATA 
14 -.50 .. 2 R-15 4 .944 i , 
15 .. 175 + 3 END ftATIJ 

....
""- ENO OAT~ R-16 4 .1416 c· 
~> 

R-6 2 .135946 .. 1 10 .1~' .. ~ 
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( 'b-:l4] 
-,­ .:4"."" 
~ 

,J RUII tARO DATA 

11 .21tl + 2 
12 -.231t + 3 
14 -.1 + 3 
15 .1 + 3 

END DATA 
R-17 4 .1898 + 8 

R-I& , ENO DATA 
• :~~6 + B 

END I)AfA 
END DA1A 
fHD DArl 



FORTRAN PROGRAM $HO-16� 

..­
C� $HO-16 '6 

DIMENSION 1.1.(35), IH 4::>00.), F(4000), 
IG(4000), LMNI40, 100), KLMNlIOO) 

PRINT 610 
CALL M"UI{C02 (A) -16- .." 
JA = A (1) ----r6=3 
AAJA=l./FLOATF(JA) 
DO 100 l=l,JA 

JOO B{I)=SIN4F(fLOATF(I-11/FLOATFtJA)J 
110 CALL MURCD2(A) 1.6- 4 

PRINT 640, (AtI>, I = 1, 35/ -DG :: SIN4f (A{8» 16- ~ 

OH :: CO$4F tA(8)) ,--. 

AE 

DC :: SIN4F tA(8)·A(2~1) 16- 6� 
00 = COS4F (A(S'·1\(25»� 

;;: SHl4f (A(d)*(A(23)+A(25»)� 
AF == CO$4F (A{d)*(A(23)+A(25»)� 
IF U.c25~) 130, 141, 130 1.6- 7� 

130� DT = DOIDC� 
OV = A(2l,.)/DC� 

141� FA = A(24)'H2 16 (j 

~E[P :: 1.1.(30) I A(24) **2 - 16- <) 

DO 161 I :: 1, 40 - 16-10 
;;:DO 161 KKK 1, lOu 

161� LMN(I, KKK) == 0 
AD == At .. , • A( 5 I* t. ( 6 ) *A( n / (~) * A( 9 ) ** 2- 3 16-1 1 

AG=- fd: f1;\0 J r .1.2 
AH= '~F*AO -DO 280 l=l,J~ 16-1 j 
G( I) AG· ot 1 ) == 

280� F ( I) = AH- 8U) 
Ji.l==A (3) 16" 14 
~B=l.O/FlOATr(JB) 

QRST 1.0000004 ~ AAJA� _.-._..-­==� _. 
Jr -1(lO) T6:'TI 
AO=JC 
AP=(A(13)-A(12»/AO 
JO=:'d 11)� 
.'H):JD� 
AR=(A(15)-At14 )/AQ� 
ED=f..\( 12)-t.P/2. °� 
EA:t\( 14i·AR/2 0� 



• 

DO 410 J .. I, JD 
AT=J 
Y=EA+AT*AR 
CAT=Y 
CO 401 INI ;: 1, JC 
I = JC+I-HU 
AS=! 
X=E8+AS*AP 
Y=CAT 
DE ~ x-oo - y.OC - .. - 16-1 ( 
OF .: X*OC + Y*DO 

~3~O~O-';;;O~0:--'74"":'O~{J~L~=-"1;-.:"-"J;;-B~-·------·- - ------ ---"""'16--~lB 
~....;;...;;.-~:..-..~;.........;;:..-...........;~....;...~-------,-----------:-.,.....~


X ;: OEl6.-1 'J 

Y = OF 
AAA=A(2)+FLOArFtLI-Ad 

310� N = AAA 
NN = (QRST+AAA-FLOAT~(N»/AAJA 

X = X+G(NN) 
Y ;:; Y+F(NN) 
DO :;: X*Dt-I+Y*OG 16-20 
Y =-X*OG+Y*OH 
X ;: 00 
SUB = X**2 
IF (SUB+Y."?-FA) 311, 312, 312 

311� ll'li'4([, 1J' ;;
GO 10 401� 

312 Y = Y +SUB*f\l:EP� 
IF (A(25)) 330, 320, no 

320 If (X+A(24» 400, L0' ~40 

330 IF (Y"X.OT+OV~ 400, -l,C', 340 
~31._tO~~A~A~A~= AAA+4t2' ". '"-------~-,o:"'rlGO 10 310 16- '21 
400 CONT Il~Ui:: 

IF (l MI'. ( 1, J U 410 J '10, 411 
401 CON fJ NUl: 
410 CONTINUf­

~.;;;..;;.-...;;...;;~ ..;;.;...=..;;;,.,.--------------­ ---------_... 
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•� 

---~P~R~(NT "670----.... _. -----­
DO 620 L :,; 1, JC 
I = JC+1-l 
00 610 K .;: 1, JD 
MM '= JO+1-K 

610 KlMNCK) :,; lHN(I, MM) 
620 PRINT 650, (KlMNiKK), ~k = 1, JO) 
630 fORMAT f-ltU SHO",..lQII ,I i I 
640 FORMAT (2X,5E18.811'i\ 
650 FORMAT (lOX,IOOII} 
610 FORMAT (18H C---- Y 
100 FORMAT (lHl) 

PRINT 100 
GO 

). 

TO 110 
END CO. 1. 1. i, d 

16-23 

••.._- - ---------~--,--..,6-'--Z,"'I"'t4 

......---------- _.___ - _---_....1�
"'~-_' 

_.~ 

16-22 



APPEIDIX 5 

• 
DESCRIPTION OF COMPUTER PROG~\M SHO-18 

The program SHO-18 requires that io(x,y) be specified via input 

data et each point of a rectangular array (Figure 43). All these points 

lie on or within the .cectangle defined by A(16) through A(l9). In a run, 

information is extracted from' th is array over a second rectangle (Figure 

44) lying on or within the one above. The seco••d rectangle, defined by 

A(12) through A(15), is broken into differential elements dxdy. The program 

SHO-18 averages io(x,y) over just these 1xdy \.ltuc.b contribute charge to the 

beam circle. (1) Des::.gnating this average as ,io(x,y» • SHo-18 divides 

io(x,y) at the centel of each cuntributing dxdy by (io(x,y» • (2) SHO.18 

finds, at the observation azimuth, the timoa average of the fraction of the 

beam circle area covered uy .harge or igina t ing from each dxdy. (3 J The 

-,--,- , 
program computes i(x,y ,s, ~)/I.i o(/(,Y» a.s a fUil.C ti~. Of r = r/v-o' i.e •• it 

averages i(x,y,9,t)/(i fI . tY» over ar· <.I.. l 3 et"':'l"sing a circle of radiuQ 

r. Usually i(x.y) = i so that the above rcl'lu't be.~ome!- ~(x'Y'~tt)/io versus o () 

r~ The quantity i(x,y,9,t)/ioversus r' dot:'s rJ' dl:!DP.lrl on 9 v t, i.e., it 

applies at any azimuth af. r lri1'Ximum fil1 in6 of tilt' t ~alT' cir('l~ has been 

achieveJ. See Section '5.'. ,) Other q .... d.ntH '='es comT)uted by ~li.o-18 are 

descr ibed in 18...24 tnro Jgh 18-32. 

The program SHQ..18 C9n selve a~ an irefficient sllbstitt. ...e for SHD­

16 (R-l of Figure 15 corresponds to R.7 ot Figure 17). Like SHn-16 it 

assumes that if a dxdy element in a rCJw of such e 1emepts contributes no 
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charge to the beam circle then all dxdy elements in the same row and to 

.. 

the left of this one do not contribute either. SHO-18 allows the appli­

a.
cation of a Kx bump to a subunit passing the observation azimuth. 

18-1 ] 

I 
J 

I 
I 
J 
J 

] 
I 
J 

( 
[ 18-2 ' 

I 18-3 

I 18-4 

I 18-S 

[ 18-6 

I 18..7 

[ 18-8 

[ }8-9 

I 18-10The interior of the beam circle at the 

See 14-4. 

See 14..6. 

See 14..5. 

See 14..2. 

See 14_7. 

See 14_1. 

See 14,..9. 

See 14-8. 

See 14..3. 

observation azimuth is divided into JH • A(22) concentric 

annuli of equal area centered at (0,0) which, taken together, completely 

cover this interior. There are 400 annuli in all, (400 - JR) of them 

lying outside the beam circle. The central annulus, a circle, i.a number ( 

one. The storage location p(JG) is associated with the JG-th annulus. 

The P(JG) eventually become synomo!Wus with i(x.y .e, t)/i o " The latter 

quantity is defined ~ paragraphs prior to 18-10 The quantity JJR = A(29) 

is the number of annuli beginning with number one whose associatec P's are 

.. 
printed out • 

The program t in considering a specific subunit passing the ~b~ 

servation azimuth t must deter.mine which P(JG) is to receive the 

io(x,y)dxdy/JB associated with this suoUJ.':\.t (Section 6.6>0, Since al 

annul i have the same area 11'" ""o~JH, JG is given by 
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JG =� 

If x" + y:\ happens to be zero, JG = 1.0. When the program converts 1.0 

to an integer without the decimal point, it is not certain whether one• 

or zero results. To inSUI'~ that one obtains, .0000004 is added to 1.0 

above. The resulting test as it appears in 18-22 is JG = (DPP + SUB + 

Y**2)/DP. 

See 16-9. I 1e.ll 

TheP(I) are the 400 storage locations which I 18..12 

eventually contain i(x,y,e,t)/(i.,(x,y)}versus r' (18.10). 

(2) Initially, G2(I,J) is the value of io(x,y) at the center of the 

(I,J)-th'differential element dxdy of t~e rectangle defined by A(12) 

through A(lS) in Figure 44. Later G2(L ,J) correspond s to this U.(x,y)
o 

divided by (io(x,y». (3) Th~ effectiveness with which the (I.J)-th 

differential element dxdy contrit-ut~s charge to the beam circle is 

measured by GCLMN(I,J). See 18-30. (4) The quantities NEQUT1 and 

NEq1JT2 are used in determining how "!Iany revolutionf> are needed for 

Resonant RF Inflectir~ to achievE. maxilllulll ~ill ing of the beam circle. 

See 18-21. 

See 14-25. I 18-13 

See 14_26. [' 18..14 I' 
See 14-27. I 18..1~ 
See 14-28. ~d£] 
If the statelOE'nt ARF.A -:: l.P*AR*AB/A(26) were I 18-17 I 

de le ted from 14-29 ther. t8-1' lolC'uld be ident ieal to :;'4-29. 

Division 18-18 parallels l4-iO except for (1) 

scanning a row of dif"'e:ential elements dxdy from right 
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to left rather than left to right and (2) the replacement of G2 by 

G2 (I ,J) • Too reason for the fir s t change is deal t with in 16-21. The 

G2(I,J) are used in computing (io(x.y». 

See 14-31. r 18-19 I ,See 14-32. 18-20 J 

Division 18-21 would be identical to 14-33 [ 18-21J 

if statements invclving NEQUTl and NEQUT2 weIe d~ leted from the 

former. As SHD-18 considers a subunit from a pa-ticular differential 

element dxdy, NEQUTI counts the number of revo1ct ions this subunit nakes 

up until it collides with the injector. The quantity NEQUT2 is the 

maximum NEQUTI exhibited when all subunits frcm all differential ele­

ments are ·considec~d. hence, NEQUT2 is the computational analog of 

found in Sec t ion 3.:.t. 

(1) Giv(.T1 a subunit's (~~ its (~)one I 18.22 I 
revolution later is found. (2) The pr.ogL~m tests in which annulus JG 

the subunit l,o,es and adds io(x.y) = G2(I,J) to F(JG) <18-10). The 

program should have added i (x,y)dxdy/JB. The multiplication byo 

dxdy/JB is taken care of in 18-27 a~ 1~_31 (4) If JG corresponds to 

an annulus lying inside the beam circle t~en 1.0 is aoded to GGLMN(I,J) 

(18-12, 18.30). (5) The KX~ bl1~ i.s added in. (6) 'The j?rogram tests 

whether the subunit will collide with thf" injector on its next attempt 

to cross 9 = 0; if it W"UL. the program sh_fts to a cor,sicieration of 

the next subunit; if not, the RF phose angle is increased by A(2) = "?RF 

in preparation for the addition of t:he next RF .JUmp to the subunit. 

The use ~ade of GGLMN(I,J) in 18-23 parallels I 18-23 

the use made ot ~rn{I,J) in 16-21. SHO.lq sets the G2(I,J) 

associated w:th the {I,J)-th dxdy element to zero if this element 
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makes no contribution to the beam circle filling. When the G2(I,J) 

are printed out, the previous step allows one to distinguish betwen 
, 

those dxdy which contribute charge to the beam circle and those which 

•� do not. 

The trouble number TRNUMB is the number I of 118_24 I 
the largest. annulus whose associated storage location P(I) 

exhibits nonzero occupation at the end of a run. For this run as wl1 

as all succeeding runs of the series to be valid, TRNu~ must be less 

than or equal to 399; if it is not. the uncertain runs should be re. 

submitted using (1) a smaller number of annuli within the beam circle 

(18..10), (2) a smaller rectangle of the type defined by A(12) through 

A(lS) set nearer (0,0), and (3) a smaller RF bump strength k (18-13). 

Div is ion 18-2.5 tes ts wh ich differential I 18-25 

elements dxdy of the rectangle defined by A(l2) through A(15) 

in Figure 44 contribute charge to the beam circle. The total area of 

these contributing elements is found (REIA) as well as the average 

value of io(x,y) over these contributing elements. This average,<.":'.~","J>, 

is AVIOI. 

The beam circle area B&CA� is computed. 18.26 I 
The time average val ue of i(x,y) over the beam 18_27 ) 

circle, i.e., AVIOBC, is found by computing the time 

average trapped current and dividing this result by the beam circle 

• area BECA. The factor dxdy/JB = AB*AP*AR omitted in 18.22 is taken 

into account here • .. 
The quantity QiUh1PK is bet equal to k of I 18..28 I 

(18-13).� 

See 18-21, [ 18.29 I� 
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up to now io(x,y) has been stored as G2(I,J). 18-30 

From a physical point of view it is of interest to have io(x,y) 

divided by (io(x,y». Accordingly, G2(I,J) is divided by AVI01 (18.25). 

When the program reaches 18_24, GGLHN(I,J) is the ratio of (1)• 

the time average trapped current at equilibrium due to charge origina­

ting from the (I,J)-th differential element to (2) the current emana. 

ting from this (I,J)-th element. In 18.30 these GGLMN(I,J) are mul­

tiplied by the factor [ \.0 dlCd"l][ I 1 This multiplication isJ6 1.0 'trY.· • 

interpreted as follows. The ~.01~d.,] gives the time average trapped 

current at equilibrium due to the (I,J) ..th dxdy under the assumption 

that io (x,y) = 1.0. Section 6.6 deals with the or igin 0 f the fector 

io(x,y)dxdy/JB which is here 1.0dxdy/JB. The time average of the 

fraction of the beam circle area covered to unit i(x,y) by such a 

'&.time average current is found by dividing this current by 1.0 'fry•• 

Summing these modified GGLMN(I,J) over all (I,J) gives the time average 

of the fraction (PCBCCV) of the beam circle area covered to unit i(x,y) 

by the total time average trapped current stemming from an i (x,y) of 
o 

unity. 

Division 18-31 finds the average i(x,y,6,t) over I 18-31 I 
an annulus and divides this result by (i.(x,y)}. The factor AB*AP*AR = 
dxdy/JB omitted in 18-22 is included here. Unity divided by the area 

of an annulus equals FLOATF(JH)/BECA. The quantity AVIOI is (io(x,y». 

The area ratio, ARRAT, is the ratio of the I 18-32 I 
beam circle area (BECA: 18-26) to the area of that 

portion of the injection region treated by the program which contributes 

charge to the interior of the beam circle (REIA: 18...25). The fill ing 

efficiency, FEFF, is the average i(~,y ••,t) over the beam circle 
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(AVIOBC: 18-27) divided by (io(x,y» (AVIOI; 18.25). The current 

ratio, CURAT, is the ratio of the time average trapped current to 

the current emanating from RElA (18.25). 

(AVJ:05C.){ ~t=C.A) -= (F'EFF)( ARRAT)C.UR,AT 
(AVIOI:) (RE:tA) 

The charge efficiency, CEFF, is the rntin of the trapped charge at 

equilibrium to the total charge emiTted from RElA in the time it 

takes th~	 system to achieve equilibrium. 

CEFF ~	 (AVI06C)(6ECA)'i _: c. U RAr 

(AVIO ::I)(REI I\)(EQUT;l) 1" EQU"Ti!. 

T~e print� out given by SHD-18 follows: 

(1) A(l) through A(35) 18..34 

(2) G20,n = i 
o
(x,y)/ (i o(x,y)} 18-12 

18.23 
18-30 

(3) GGLMN(I.J)� 18-12 
18-3C 

(L)� 18-10 
18.12 
18...3] 

(5)� .- AT 18_32 
AT J.8.32 

FEFF 18...32 
CEFF 1~-32 

PCBCCV 18-30 
AVIOBC 18_27 
AVIOI 1&-?5 
BECA lR_26 
,{ElA 13-2.'; 
EQUT2 113...29 
BUMPK I? -:8 
T..lNUM"t< 3_214 

In (2) al1d (~) above the numblilrs G2(I,J) and GG1..MN(I,J) occupy 

a position in their respective blocks (;lquivalpnt to that held by the 

(I.J)-th differential element dxdy (Figure 44) with respect to its 
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~"b.e n I e xcee ds ten all 
ne ighbors provided I does not exceed ten. 

numbers as soc ia ted with any row J are printed ou t at ten numbers per 

1 ine for as many 1 ines as needed. The pr inter then skips two spaces 

In (4)
and begins printing out numbers associated with row (J-l). 

above the P( I) are pr inte1 C'ut at ten numbers per row Eor as many rows 

as needed. The first number of the fir st row is P(l). Here I runs 

from 1 to JJH = A(29). The twelve numbers in (5) above are Pdnted out 

in the same order as they appear there at five numbers ~et row for as 

many ~ows as needed. 

ff EQUr2 of (5) above multiplied by '?Cl- = A(2) is greater than 

32,000 (14..41) or if TRNDMB is greater than 399 (18"24) then this run 

as well as all succeeding runs of the series may be invalid. To remedy 

the first defect either the integral portion of V~, or the revolutions 

0o d h· °lob· ~ '("0 , should be decreased.requl.re to ac Leve eql1l. 1 rlum, l..e., ~ 
1f./~ 

To remedy the latter defect (1) the number of annuli lying within the 

beam circle, JH = A(22). should be decreased, (2) the rectangle defined 

by A(12) through A(l5) in Figure 44 should be made smaller and should be 

set closer to (..r ,0), and (3) the bump strength k should be madeo
 

smaller.
 

The input data req.lirec by SHD-IS follows.
 I 18..34 I 
(l ) The CC' s : See 14..42. 

(2) The A's. A(l) through A(25), A(29). and A(30). 

The description of these A'S as given in 14-42 is adequate except for 

the following changes ali additions. 

A(lO) 

A(ll) 

A(22) 1.1. l.l~A(22)<400.l. The integral portior of A(22) 
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is the number of annuli residing within the beam circle 

(18-10; 18-12; 18.31). 

A(29)� 1.1. 1.1~A(29)~400.1. The integral portion of A(29) is 

the number of annuli whose contents pel) One desires to 

have printed out beginning with annalus number one, 

(18.10, 18-12; 18.31). 
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j~	 ­1 18 35 1~, 

I 

r~4". ,,,ftO DATA� RUN CARD DATA 

1 .1 + 1� END DATA 
2 .1 + 1 R-5 10 .61 + 1 
3 .1 + 1� 11 .101 ... 2 
4� .1 .. 1 12 -.233 + 3 

END DATA 13 -.209 + 3 
.d� 1 .40001 + 4 14 -.73958333+ 2 

E'W DATA 15 .. 82291666+ 2 
R-I 2 "" 136 + 1 22 .201 + 2 

3 ·~l51 + 2 29 .401 + 2 
4 .1416 l- S E:m OA1A 
5 .452 +le R-6 2 .. 1~!J-:' 1313+ 1 
6 .62832 .. 1 END uATA 
7 .13 - 1 R-7 2 .135'i1t667+ 1 
8 .136 + 1 END DATA 
9 .42&4 .. 8 It-a 2 .1346'" + 1 

10 .81 + 1 ENe DATA 
11 .l!)l + 2 END DATA 
12 -.229 + 3 ENe DATA 
13 -.209 + 3 
14 -.58333333+ 2 
15 .66fJ666'J6t. ? 
16 .235 + j 

17 .205 + !' 
18 -.1 + 3 
19 .1 .. 3 
20 .21 + 1 
21 .21 » 1 
22 .101 .. 2� 
23 .16666666� 
24 '0£09 + 3� 
25 .lJr&66666� 
29 .2el + 2� 

END DATA� 
R-Z 10 .11 .. 1� 

11 • , 1 .. 1� 

12 -.~!9 + ::.� 
13 -.2?65 + 3� 
14 ".83333~""3+ ~
 

15� 
Ehrf; OAI~
 

R-) 12 -.2lJ~ • 3� 
13 -.201 + 3� 
14 - .. 8):33333+ 1� 
15� 

END DATA� 
It·~ 12 -.2115 + 3� 

~~'. 
l~ -.209 .. 3� 

./ lit • 58333333+ 2� 
15 .66666666+ 2� 



FORTRAN PRlGRAM SHO-l8 

------.--.. ".-"r"::'-o:-,r.---~~~-------� 18- ,ie SHO-l~1 

0lMENS10N LCC~OO\, ~(3C~t B(4C~a),
 

IG·d2\'J., >0), F(I.. ~r);i). '(4-'>(0_, P(400h� 
2G2(40, 40), GGL"'lq:4", 4.)'� 

PR r;" r 810 
",LL MlJRC02 (CC ) 

'CAll MURCD2 t A) ------ -------- 18- 2
J----:;r,. A (1 r 1 p- .~ 

AA;A"-,./FLOATF'JAJ 
DO teo {-=l,JA 

100 BCI)-=SIN4F(FlO\Tftl- U/FLOATf~",lut 

110 CALL MUHCD2 (r"- if:;· 4 

PR I NT BI 0 , t A. 1 » , ..1..-=.._J.' 3 5 )� 
JCNX~A(21) ~~~---------- 18· .~
 

JCN)=A(20'� 
NN=O� 
00 llO J=l, J(~~
 

00 120 I:: 1, JCNt� 
NN~NI'~ t' 1 

120 Gl(l' J) = CC4NN, 
~""""-f~-P~t:~X:;;.) eN X-I 111- h 

FPNY=JCNV-l� 
APC=(A(11)-AC16)I/FPNX� 
ARC 't\( 19t-~( 18') IF"r,y _ ......-...._-­

I---~o~c~·· ~ S IN4f( At f3) ) ----=-1-~8~:~ 
DH & ~OS4F (AC8» ..... -. ._.-... , ~~~J 

.....---:O~C~:;--:.TN 4 f CA( tL) • A~(-::2~'i"":".~)--� 18- in 
DO ~ CGS~F (A(8l*~(2~'.
 

AE z SfN4F lA, I lA{~j)+.(~~1
 

AF = COS4F (Al8 ~f~(73)+A(?~) 1 \� 
IF CA( ·~5» 1·~1).- i~7-n(l--"'-"
 

Il0� 01 = Dl)/DC� 
OV-AC24./DC _� ___" .,.., - _- --,-----_.-1 
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142� JH ::-: ,\(27.) - ltl-IO 
JJH = f.. ( 29) 
OP = ~'24)*·2/FlOA1~fJH) 

Drp :; t.OOOOOQ4*OP 
BfEP :::: A(30) I A124..L_.~2 1B- t 1 
DO t62 1 :: 1, 400 -- 18-12 

162� P ( 1) - 0.0 
00 163 I :::: 1, 40 
DO 163 J :::: 1, 40 
G2U. J) :. 0.0 

163� GGlMN( I, J) = 0.0 
NEQUTl .:: 0 
NEQUTl - '. 

AO=A(4).A~5)*A(6)*A(7./(A(G)*At9)**2) 18-13 
AG--AE*M) 18-14 
AH=- Af*AD 
DO 2J~-1,JA 18-1 'j 
GC J) - Ali- B{ U 

280� F ( 1) = AH* iH I) 
JB-A(31 18-16 
AB=l.i}/j-:LOA-"t ,.tB) 

- .- QRST .::: 1.000U004 it AAJ';:' 
JC=-AllO) 18-17 
AO;;;:JC 
AP=(At13)-AIIZt./AU 
JD=A(ll) 
AQ=JD 
AR=(J(15'-At14~"AQ 

J:8=A(12)-AP/7.0 
FA=A(l':')-AR/~!O 

"'..,;;­-�
-J 
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00 410 J = 1, 
Af=J 
V=EA+AT*AR 
CAT=V 
00 401 INl = 
I = JC+1.- HH 
AS=1 
X=E:B+4S*AP 
V=CAT 

18-10JD 

1, JC 

M=(X-A(16»/APC+l.0 
N=(Y-A(18)/A~~+1.0 

FP~1=M-l 

FPN=N-l 
PAT=(X-fPM4~P(-A:i6)}/APC� 
RAT=(Y-FPNf'A~C-A.18»/ARC
 

~1=M+1
 

Nl:;;N+l� 
G2fl,J)=&!(M,N)+oAT*tGltMl,N)� 
I-Gl(M,N»+~AT.(G11~,Nl)-GllM,N)1
 

2·PAT*RAT~(GltM1,Ni)-G!(M,N1J­


3l>i("n,N)+GltM,rn 1 
~~-:;-:=~-;..;-.....;;;.;~~.....;;..~~~-------,-----------~~o:-I'-290 

300 

304 
305 

310 

313 
314 

320 
330 
340 

400 

402 

401 
410 

fJl: - X-CD - V*DC- ltl-i',; 
Uf :. X*CC + Y.DD 
OJ 4Clt l = 1, JR ,-----------­ IB-2U 
IF (N~QUTI - NEQUT2) 305, 305, 304 
Nf:QUT2 = fJEQLJl J 
Nf:QUTl = 0 
X = DE 
Y :: Of 
AAA=A(2J.FlOAT~CL)*AH
 

N = AA~
 

NN = (QRSI+AA~-FlOATFtNI)/AAJA
 

X ::: X+G(NN)� 
Y = V+FCtJN) 
DO = X.. ON+Y*JG� 
Y::-X*DG+Y*OH� 
X = DO 
NEQUTI == mQUTl + 1 
SUA - X."2 
JG .: (OPP+SUB+Y •• 2)/OP 
P (JGt = ?(JG}iG2(i,J) 
If (JG-J·... , .H3, 313, 314 
GGU1NCJ. J) = GGLfV:'HI, J)+l.O 
Y = Y+:>j[~f'>hEEP 

IF (Al;S» 330, 320, 330 
IF (X.~(24) 400, 400, 340 
IF {'(+/.rlr+DV) 400, 400, 340 
fJ.At\ .;;tJ.AA ~ 'd 2) 
GO IO Si.··· 
CONTINUE 
H- (GGU1l\1" J» 402, 402,401 
G2CI"J) '" -,.0 
GO TO '+11. 
CorHINUE 
CONTINUE 

18-21 

18-2; 

lS-23 
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U,-j 71C., J.:1,lfL0� 
J:: 401-1� 
IF (PlJ» 71 0, 710, 120� 

710 cmn I ;~iJf
 

720 T:-: ~!tJt.~~::: J� 
~~JTi:jr .::: 0.0 18-25 

REIA ::: Q.O 
00 740 J ;;: 1 ,. JO 

::DO 740 I 1 , JC� 
IF (GGut... { I, J) 740, 740, 730� 

730 AVIDI = AVID I+G2tI, J)� 
;;:;RE 1..\ REIA+ 1.0 

740� CONT I r'I~[
 

AVIDI'" f.VIOl IREIA� 
REIA = f.lflt.* f.P*/\1{� --_..... -------:--~--;.:~(;n;rlt-!l:~2=-/~:~.~- -­

A~iTJ'~}C L'.J -----nr=Zl
f«I~	 ::: t7"(')-) * .-C=-· 10- ::u

": 

00 750 I = 1 , JH� 
750 AIJI013C = AVI cac+p(l)� 

1.-.\lIO;)C - 1>. 'J I ORC*AB*AP*AR/GECA�-BlJflPK - AU JF-2c 
[~lH? == r~;: QU "1"2 ----'l'8=7) 
ITu/bo j - 1 , JIJ 1 ,i- 3c 

;:00 760 I 1 , JC� 
G2 ·(1, J) = G2eI, J)/AVIOI� 

76('� GGU~N( I, J) ;; GGlMN(I, J)it AS* AP*AKlbECA� 
peBCe" ::: 0.0� 
00 770 J=l,Jo� 
DO 770 I=l,J (.� 

~770 PCBCCV = --f~.Y...!. GG '-_1'1_'J..;(..;I....:,.....;J;...;)� _ PC'3 
Db 180 I 1 , " JO IH-31:: 

;;(80� P ( l) PCI)itAB*AP*ARitFlOATFr~~)1 

lQBECAit JW LO I 
,
J;,....,....,,--.,...- • _ 

AR!~A r - B~-C~ /Kt:lA 1 a-12 
FEFF ::: AVLOB C/ AV IlP 
CUr-AT = fEFF IIAP p, T 
CEFF = (II;<I\T IE ':'lJ! l.. 

,~-:~ 
- / 
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....----.pu'i"7Tf-sc0-----------------------1' H- D 
PR PH� 8'jO 
CO 790 J :: 1, JO 
i'( =: JO'''l-J 
po ,:t =:': T� 8 3 O. {G 2 ( I f K) f I :: 1, J C ) 

790 PP HiT 860 
PR l'IT� 8(.1) 
pF:.lr'H� H50 
DO roo J ~: 1, JD 
J( :: jC+ I-J 
PRI~T	 D30, (GGLM~tI, K), I = 1, JC) 

600 ·PR l.':T B60 
PP.l:H� 860 
PiU.H� H50 
r ~u 1; r� (l'; 0 t "P I I ). I = 1, j ,ltd 
PHI ~\; r� 860 
PR F~T	 8'; (j 
D r~ H~ T� e20 , {ARRAT, CU){ L, T, ~ f.: FF, Ct: FF f 

IPCBCCV, AVIOilC, AVIOI, bECA, ~ltA, 

2 E. ClJ T 2 t 8 Uf·; PK t n{ NLJ -: I·; )� 

810 Fe .~':~T (7HISHO-18/1//n� 
820 Fe. 'AT (2X,5E18.f:lI/)� 
830 F':,;':tH (:iX,lOFll.5)� 
840 f·':·,I,.~T (2;<." lOEll.4/1)� 
BSO ICQMAT (21HO*********~*.****~***)
 

860 fORr:iA T (1hO)� 
, ();)U� FORI":.-r (lH1) 

PRInT 900 
GO TO 110 

I- E~_,: .. D (a, 1., 1,,: 1, 1) 
18- ::i"L;" 

1 ,J-, ') 
INPUT DATA EXA~?Lt~ 
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APPENDIX 6 

DESCRIPTION OF C0'1PUTER PROGRAJ.'1 S110...20 

The program SHO-20 is more general than SHD-18 in that it allows 

(1) the RF bump strength k to depend on x, (2) ~~ to vary with dw, and 

(3) 'Y~F to vary with a.. The var iation 0 f 'VR~ with 0.. is a nonphysical 

device utilized in C-5 of Section 6.1 to simulate the vat"iation of 4=0 

with d •• Eve~ when ~~ depends on a~, SHO-20 still uses a rotational 

transformation M to relate the (~) of a subunit to its (~) one revo.. 

1ution latet". The amount of rotation. however, d8pends ~n a. , i.e., 

M = M( ~'h'Y'. (0..)). 'I.'he program ShO-20 is less ~snel"'a1 thA.'1 SHO-18 in that 

(1) i (x,y) = 1.0 , (2) both the azimuth of the RF bump a.nd t.he observa­
o 

tion azimuth are fixed at 9 = 0, and (3) no provision is ,nade for the 

add ition of a KX" bump to a subunit. The program SHO_16 is Dot intended 

for use with SHD-20. 

Division 20-1 differs from 14-1 in not 

calling for the CC·s. 

See 14-2. 

See 14.3. 

Division 20-4 reads in A.ny lllput data 

d iffer,i'n"~i from that used in the previous run; it pr ints 

out all input data used in the present run, i.e •• the A's and the nonzero 

DlVAR's. The D1VA,R's in conjunction with the interpolation procedure of 

20-15 define how the bump strength ~(x»)O of the radial RF bump ~~ = Je 

~wAP*+~)varies with x. The range of x over which this variation is 
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defined is 1",,1 ~ A(36). The integral portion of A(37), i.e., KKEND, 

gives the number of cells into which either the negiltive lJr positive 

half of this lin~ s~gment is divided. The quantity KENO = 2* KKEND is 

the total number of such cells. The leftmost cell is number one; the 
... 

rightmost, KEND. 

I~stea<1 of computing and storing a k(x) appropriate to each cell, 

SHO-20 associates with each cell I a dimensionless factor D2VAR(I). When 

thp. program is ready to add A~ '=. Je~ Gw,ud: ~<p) to the y of a 

subu:lit's (~), it first determine!; in which cell I the subunit diFl .. 

placement x lies and then (indirectly) multiplies k as computed in 20-12 

by D2VAR(I) to yield k(x). It will be required that the D2VAR(I) be 

positive for all allowed x, i.e., D2VAR(I»0 for l~I ~ KENO. This con. 

dition is met by requiring (1) DIVAR(I)tO, (2) D1VAR(1)?0, and (3) 

DIVAR(KEND)~O. Since the D2VAR(I) are not evaluated until 20.5 one 
1 

uses the empty locations D2VAR(I) it' 20.4 to aid in printing out (1) 

the values of I at which DIVAR(I»O and (2) the nonzero TJ!VAA's asso. 

ciated "nth these I. 

Division 20.5 computes the D2VAR(T) for l~I~KEND. 20-5 ] 

Statement 118 of 20.5 sets D2VAR(I) equal to DIVAR(I). 

No further consideration is given the DIVAR(I' during the course of the 

run. The program interpolates linearly between neighboring nonzero 

D2VAR's to obtain nonzer'O posi.tive values for those D2VAR(I) (l~HKEND) 

which are still zero after the execution of statement 118. 

The x axis at e = 0+ (Ixl ~ A(36» is divided 

into KENO cells each of width DELK. The ~ntegral portion 

of «(x + A(36»/bELK) + 1.0) is tne number of the cell in which a 

subunit exhibiting a displacement x at e = 0+ resides. In 20-18 this 
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integer is given by IVAR = (X + BABO)/DELK. This expression is equi­

valent to IVAA • «(x + A(36»/DEIK + 1.0000004) .. It is required that 

a subunit's displacement x always satisfy the condition ''''' c::. A(,'Sc.) 

The .0000004 above is superfluous. 

Non-linearity in the x motion is simulated 20_7 

by keeping M(1.'h\7..) a pure rotation and allowing 'J~ to vary 

quadratically with a subunit's 0.1' =ix'+~"". Division 20_7 evaluates 

the elellents of M( ~'h 'I.), i.e., RRG(I) and RRH(I), for d iscrete ~.. 

ar is ing a s all is var ied from zero to A(36) in sma11 8 teps .. 

Lett ing '11.0 be the 'i.,. of an electron having an 0... near zero and 

a~A the change in an electron's ~~ as its Q~ is increased from near zero 

to A(36) one has 

(~ai ~a)': )1"0 + A'Yx~'" 
At"5'-)1,t t f 

A(8) + A<:sq) [~a + ~~lXXNV : 

A <''3''yl 

Consider a circle in phase space centered at (0,0) and of radius A(36). 

Its interior is broken into KCIR = A(40) concentric annulI of equal 

area which, taken together, comple tely cover this inter ior. The smal.. 

a 'l\
lest annulus, a circle, is number one; the largest, KCIR. The x + y 

associated with an annulus will be� that of its inside boumary. Since 

a -a
the annul i are of equal area, the x + y of the I-th annulus is 

(I-l)A(36)2/KCIR. Hence. the ~~ associated with the I-th annulus, i.e., 

with an electron or subunit whose all lies in the I-thennulus, is 

XXNU ': AtS) + Al:S.,) (:t- I ) 

l<.C I: R 
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It is required too t a subunit' s ~ll 1:. V' :: (I)(. ~ + ':) a; , always be Ie s s than 

. A(36). 

The program SHO-20 allows Y'n to vary [20-8 ~] 

quadratically with a._. In the sp irit of 20...7, 

:� (~a+ ~~1 
VRI= V1ll=o + 4"RF 

A<,':s') 2­

A(':l) + A(159) ( :t - I ) :RF NUST{r) 
"Cl:R 

When a subunit passes e = 0 the program nmst I 20.9 

evaluate in \\TtL ich of the KCIR annul i def ined in 20_7 the 

subunit's a.'" ~ Y': t IC t+,,'" , 1 les. Since all annul i have the same area, 

t}le appropriate annulus number is given by the integral 1?ortion of 

1.0+ 

In 20.19 this integer is given by lAMP = (RRO + RRPT)/RRP. This ex. 

press ion is equivalent to 

IAMP ': (~a+ ~a] + \.oOQooo1 
At3Cs)a]

[ KCt:R 

The .0000004 insures that LAMP = 1 when x:l .. y~ = O. If it were missing. 

it is not certain whether one or zero results when the program converts 

1.0 to� an integer without the decimal point. To insure thatIAMP~KCIR 

it� is required that a sUbunit's a lways be Ie ss than A(36). 

See 18...10. 20.10 

D·ivis ion 20-1 lis identi<:al to 18.. 12 20.11 

when the statement involving G20,J) is deleted from +toIe 

latter. 



",..... 'See ·14:'!"25,·. 

When the' RF b4mp.do~~ 'notdepend'onsubunit 
. " 

displac~tnent:x: it h?s the f·orm· 4~': JtA.I.M·(.<.iJR~*+9S·)
 

Di .... is iQn 20-:13 s,toresthis ~'3 fC3!,-" J::A ·v~·lues·· o.f {w.~.f'~ +;\ varyin~
 

fremzerot0 ~,,'( JA-lll J·A. rn :ijlcre.ment.B. of 'a"'~A.
 

'Se,~ ·18·...17. 

Divi'sion '20-16· Would patallel lB...i8 if 

the int~rpo-rat.itm px:oees~ USf>~ to· find G2(I,J)' in 18:";18 

were omitted. 

See 14-32. [ ~O-1'7 ': J. 

The ~rQgral!l SH<J-2.V all()ws for 'liar iaUot,1'. of (. ~~i~: 1 
!::utnpstreng. ~ w,ith subll:nit iispl'aceme.nt x. it. re'stricts� 

tbe. bUmp and ,~.servation .a.z.~mut.nsto ~~o. Since the nonph)"sleal� 

back~~r.d r'otat:ion of l~_l ~ .d~s not app·ear iil. SllOi;.~O,o1l1Y t of' t~)
 

in 20--18 ·is. altered by tile bump A" -: k·(;~r·~lt.uRP;*'+ tf$} • (See 20...4.� 

20...5'1 2.0...6 ·.iO.l.1, .2.0...1), rt·rid 20... J4.).� 

"he integor ~i> :f.s ·f9.llI~~wni:ch.sele·c.tsappro.p."i~te 

elements !;Clr th.~ t"ota:t'ion matrix N (a.~''''J(<,'~JL'\) J·2b_.7'; 20...Q)~ e2i 

f;t·"en the (~)'O'f ',\ .Stl.~\l~-i.t 11& (1) 'onEl F.evo1t~tto~ late.r is ~omputed. 

CO 'th~~~punit.t'e.v61utionnumb-er is incre·ase.(l· by o.ne.. 0,8...21) ~ (4)' T·he 

pr.n:gra/li.tf;!sts.l.li w'l:"{~Rannul'tls, JG t.he subu~i.t.IS 'Q. He·s and aliJ~it. 1.0 to 

theas'Qcl:~te4 ·s.tora$li! .t~;-:a.t;(.H! ~t.rG)" The ~litribe·T·. ~o.rK,~Jq'Xd\)IJB _. 

L.Od~yl.1B ra.ther. than l: ...(). 5 liould. ha"ebeeriai:~.~(l (Set-i,.ci.T' .";.6). The 

m'Ulti,.pU~ation.bydxdYl,I~-::lc·~:C!-~e.i. ''::'.n'~ of in 20...24·.and 2J)';"2f~.~ The 
:--­

J.G-th anntil'Usrete.t'tedtoa~ve is·.one ~f. the 400 used' in ·j'E!'terlll'i'll'ln.:g 
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i(x,y,6,t)/io (18-10). It is not related to the set of annuli used� 
0...� 

in connection with the variation of '¥~ and "RP with V (20_7). (5) If� 

JG corresponds to an annulus lying within the beam ~ircle then unity 

is added to GGLMN(I,J) (18-12; 18-30). (6) The test ai:> to whether 

the subunit collides with the injector is made. If no coll~sion takes 

place. the RF phase angle is brought up to date by add ing 'VRS: (0-.) ~ 

RFNUST(IAMP) to it (20-8). 

Divis ion 20..20 would be identical to 16-21 if r 20_20 J 

in the latter U1NO.,}) were replaced by GGLMN,:::::,,"n. The 

purpose ·o.f the GGIMN(I.J) is given i!" 18-12 ar.d 18-30. The assumptior 

inheren't in 16_21 is also present in ~o_20. 

~ee 18-24. 20 ..21 

If G2(I.J) in statenent 730 of 18-25 wen; 20_22 

replaced by 1.0 then 20_22 would be identical to 18_25. 

In SHO-20 io(x.y) = 1.0~ 

See 18_26. [20.23 

See 18-27. 20..24I 
See IB-28. (20-12) I 20..25 

See 18-21. 120-2~ 

If the statement Lnvolvin~ G2(I,J) in 18-30 were I 20.27 

omitted "hen 2"-2" would be ident5 ~al to 18-30. 

See 18-31. [ 2()...28 I 
I 20...29 1 

The print out given oy SHO...20 parallels L?0..30 I 
that given by SHO-18 except that the block of rumbers 

appearing immediately after the A's in SHO-lB, i.e". the G.2f.I,J)'s ,is 

replaced in SHO..20 1:-y (1) the values of I tor which DlVAR(I)fO follo'",ed 
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by (2) the nonzero DIVAR(I) themselves. The Its are printed out at 

ten numbers per row for as many rows as needed. The block of nonzero 

Dl VAR t 8 follows. The position of an I in the first block corresponds 

to the position� of the associated DIVAR(I) in the second. 

In addition to the requirements for a valid run stipUlated in 

18-33, i.e., A(2)*EQUT2(32,OOO and TRNUMB<399, SR0-20 requires that a 

,ubunit t 8 Q.1l =.,. ~ "lC'" ~ ~, always be less than A(36). Whether or not 

this latter condition has been fulfilled throughout a run is determined 

as tallows: The radius of the outside boundary of the TRNUMB.th 

annulus of the� set of annuli defined in 18-10 serves as a least upper 

bound on Q.1l above. If the radius of this bou,ndary is less than A(36), 

all is we 11. Since the annul i are of equal area and since .;m = A{22) 

. of them reside within the beam circle Yo = A(24), the thitcl cordition 

for a val id run� c an be expressed as 

.,.f\NVMB < 
JH 

If the output data shows that any of the above conditions is violated in 

a run then this run as well as all succeeding runs of the series may be 

invalid. In addition to applying the corrections mentioned in 18-33 it 

may be necessary to increase A(36). 

In terms of input data SHG-20 differs from I 20.31 I
I 

SHD-18 in (1) not requiring the ee's which in SHD-l8� 

define io(x,y) and (2) in requiring the DIVARt s which in SHO-20 specify� 

how the bump strength k(x) of A';1 ':; '-(~).....M<,w"~*+,, varies with x.� 

Spec if ic input da ta required by SHO-20 fo llow8.� 

(1)� The A's: A(l) through A(15). A(22). A(24), 4(29), and A(36) 

through A(40). The description of these A's 8S found 



i.n 18-34 is adequate except as to 110ws: 

AU) The quantity AU) is the V".. associated with an electron 

exhibiting nearly zero radial oscillation amplitude Q,. 

.. (20...8) • 

A(8) The quantity A(8) is the 'I" of an electron eXhibiting 

nearly zero radial oscillation amplitude (20_7 ). 

A(36) A(36»O. The quantity A(36) should be larger than the 

maximum a.. exhibited by any electron in 

the computation. It is the radiu8 of a cirele in phase 

space centered at (0,0) the interior of which is divided 

into concentric annuli which are used in simulating the 

variation of ,,_ and V• ., with 0." (20.. 7 ). 

A(37) 1.1. l.hA(37h1500.l. The portion of the x axis 

serving as a diameter of the circle defined by A(36) i. 

divided into cells of equal width. The integral portion 

of A(37) is the nlDber of 8uch cell. along either the 

negative or the positive half of this diameter. These 

cell. are used in simula ting the var ia tion of bump 

strength k(x) with x (20-4; 20-5; 20_6). 

A(8) The quantity A(38) is the change in the ~Rf: associated 

wi th an electron when its radial asc illat ion alllPl itude 

is increased from near zero to A(36) (20-8) .. 

A(39) The quantity A(39) is the change in an electron"s '-Ix 

when its radial oscillation amplitude <l... is increased 

from near zero to A(36) (20-7). 

1.(40) I.l~ 1.1~A(40)13000.. 1. The integral portion of A(40) 

is the number 0 f concentr ic annul i of equal area into 
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which the interior of the circle defined by A(36) is 

divided. These annuli are used in simulating the varia­

tion of ""x and VR, with an electron's radial oscillation 

amp 1 i tude Q.ac (20_7 : 20-8). 

(2) The D1VAR's: The Dl VAR f S in conjunction with an interpo. 

lation procedure in 20.5 specify how k(x) of the radial RF bump 

varies with electron displacement x (20.4; 

20.5). It is required that 

D1VAR(I)~0 (l~I~KEND) 

DIVAR(l)'>O� 

D1VAR(KEND»0� 

where 

2iKENDS3000 

KENO = 2*KKEND 

KKEND = A(37) 

1 • l' A( 37 ) ~ 1500 • 1 

. .-' 
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120-3~1~l 

RUlli CARD DATA� RUN CARD DATA 

1 .40001 + 4 15 .25 + 2� 
END DATA 31 .9601 + 3� 

R-l 2 .136 + 1 38� 
3 .251 + 2 39� 
4 .1416 + 8 40 .11 + 1� 
5 .452 +10 END DATA� 
6 .62832 + 1 2� 
7 .13 - 1� 1 .1 + 1 
8 .136 + 1 1920 .1 + 1� 
9 .4284 + 8 END DATA� 

10 .61 + 1 R-6 1 .40001 + 4� 
11 .201 + 2 END DATA� 
12 -.233 + 3 1 .19 + 1� 
13 -.209 + 3 160 .19 + 1� 
14 -.10114286+ 3 1761 .1� 
15 .10114286+ 3 1920 .1� 
22 .401 + 2� END DATA 
24 .209 .. 3 R-1 1 .40001 + 4� 
29 .601 + 2� END DATA 
36 .3 + 3� 160� 
31 .11 + 1 1161� 
38 960 .19 + 1� 
39 961 .1� 
40 .30001 + It END DATA� 

END DATA R-8 2 .13554661+ 1� 
1 .1 + 1� 31 .11 + 1� 
2� .1 + 1 38 .9340344 - 2� 

END DATA 39� 
R-2 39 .46102226- 2 40 .30001 + 4� 

END DATA END DATA� 
1 .1 + 1� 960� 
2� .1 + 1 961� 

END DATA 1920� 
R-3 39 .9340344 - 2 1 .1 + 1� 

END DATA 2 .1 .. 1� 
1 • 1 .. 1� END DATA 
2� .1 + 1 R-9 2 .136 + 1� 

END DATA 8 .13554661+ 1� 
R-4 39 .28021336- 1 38� 

END DATA 39 .9340344 - 2� 
~ 1 .1 + 1� END DATA 

2 .1 .. 1� 1 .1 .. 1� 
END DATA� 2 .1 + 1� 

3 .501 + 2� END DATAR-' 
10 .21 .. 1 R-10 2 .13622665+ 1� 
11 .61 + 1 3 .251 .. 2� 

~-- 12 -.219 .. 3 8 .136 + 1� 
,.- 13 -.214 .. 3 10 .61 .. 1� 

14 -.25 + 2 11 .141 .. 2� 
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;:I-~ IAO-3~J 

RUN tARO DATA 

12 -.233 + 3� 
13 -.209 + 3� 
14 -.75 + 2� 
15 .75 + 2� 
38� 
39 .9340344 .. 2� 

END DATA� 
1 .1 + 1� 
2� .1 + 1� 

END DATA� 

END DATA� 
R-ll 2 .13645332+ 1� 

1 .1 + 1 
2� .1 + 1� 

Et.O DATA� 
R-12 2 .13668 + 1� 

ENO 04TA� 
1 .1 + 1� 
2� .1 + 1� 

Et40 04TA� 
R-13 2 .13532 + 1� 

8 .13464 + 1� 
10 .81 + 1 
11 .101 + 2� 
12 -.241 + 3� 
13 -.209 + 3� 
14 -.75 + 2� 
15 .75 + 2� 
38 .� 
39 .28021336- 1� 

END DATA� 
1 .1 + 1� 
2� .1 + 1� 

END DATA� 

END DATA� 
R-14 2 .13566 + 1� 

1 .1 + 1� 
2� .1 + 1 

END DATA 
~ R-15 2 .136 + 1 

END D4T4 
1 .1 + 1 
2� .1 + 1� 

END DATA� 
END DATA� 

....-., END DATA� 

'/ 
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FornRAN Pf·WGlt-\r" SHU-20 

C SHU·-2,O 20- ! 
DIMENSION A(48), BI40CU}, FI400D), 

1 P {It00 }, G(j U'i r·H 4 0 , 40), 0 1 IUd?,( 3 0 eO) , 
2D2VAR(3000), RRG(3000), RkH(3000), 
3Rff~USr (1000 ) 

i--_-.-.;f,~B..!2U_J~..~.9._~~--------.... .......------------~--
~ ~C;~~C':":;~;~CD1..!i:.) ?\- ;, 

J.".. = f.( U LO=-'~ 
AAJA=1./FL04TF(JA) 
DD 100 I=t,JA 

100 f}( 1 ):::Str,~t~H fLO.'\TF( 1-1. )/FLO;\TFeJA,) 
rrro ,1. L ':-1·'il~r:::cuiT;~l 

CALL MURC02(OlVAR)� 
?HHH 820, (;0.,(1), 1:;:- 1,40)� 
I<.:'U~D ::: AD?)� 
KE::D = 2ol",t-:.cm 
DO 111 I - 1, 3000� 

111 D~VA~(I) ~ 0.0� 
L = 0� 
CO L13 I 1, KI::~W 

IF ~D1V:"R(I») 113, 113, 112 
== 

;:112 L l+l 
D2V .... ;U l) .:: flOATF(I) 

113 CG::-r I wr: 
p;-n t·;r 870, ( D2 VAR ( 1 ) , I ::: 1, l) 
onU 114 I 1 , L"" 

l1't D2'U.R ( I) .- 0.0 
;:l 0 

DO 116 I = 1, KfND 
IF {Ol'.'AR(I» 116. 116, 115 

115 L ;:. L+l� 
D2VA,"U L) ::: DIVAR( 1)� 

116 cma Il\UE�-: 
P,'~HJT i.~GO , ( D2 VAK ( I ) , I = 1, L ) 
DO 117 I ::: 1, L 

.;;117 O;>VM"~I~ 0.0 

t ­
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DU 11~ 1 = 1, KENO 20- ? 
118 D2VAR(I) = DIVARI!) 

I .- 1 
119 JbEG;: I 

BEG := 02VAR( I) 
121 I = 1+1 

IF (I-KENO) 122, 126, 126 
122 IF (02VAR(I}) 121, 121, 123 
123 JEND = I 

END = D2VARtX) 
IF (JEND-JBEG-l) 119, 119, 124 

124 K;: JREG+l 
l = JEND-l 
DO 125 J ;: K,L 

125 02VAR(J) = {END-BEGJ*FlOATF (J-JBEGJ/ 
IFlOATF(JEND-J8EG) +BEG 

GO TO 119 
126 JENO = I 

END = D2VAR(I) 
I F (J t tw- J BEG- 1) 129, 129 , 12 7 

127 K = JUEti+l 
l ;: JENO-l 
DU 128 J = K, L 

128 o2VARlJ) = (END-BEG)*FlOATFlJ-JUtG)1 
IFlOATF lJENO-JBEG)+HEG

12 ~ 0 ELK :: A I 361;-'·/:-:::F:-;'L~O~A:-:l;'-;f~;(~K~'i'~;t~·N~D':"":):------------~2=:-O~· --(':"'I) 

DDELK = 1.0000004*OELK 
BA80 ;: A(36l +DDELK 
KCIR - A~t~O) 

PARX = A(39) IFLOATF(KCIR) 
00 131 .1 =: 1, KCIi~ 

XXNU = A(8) +PARX* FlOATF(I-l) 
RRG(I) = SIN4FlXXNU) 

131 RRH(I) = COS4FlXXNU) 
PARKF = Al383/FLOATF(KCIR) 20- 0 
DO 132 1 = 1, KCIR 

132 RFNUSTlI) = At2)+PARRF* FlOATFlI-l) 
RRP = A(36) •• 21 FLOATf(KCIR) 20- <J 

RKPT = 1.0000004*RRP 
142 JH;: A(22) 20-1U 

JJH = Al2'l) 
OP = A(24)**2/FLOATF(JH) 
opp = 1.0000004*OP 
00 162 I = 1. 400 20-11 

162 P ( I) = 0.0 
DO 163 I = 1, 40 
00 163 J ;: 1, 40 

163 GGlMNCI, J) = 0.0 
NEQUTI = 0 
NEQUT2 = 0 
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20-12 
OD 280 l=l,JA 20-13 

280 F(ll = AD*B(!) 
.- Jl.:\-AI:3 ) 20-1't 

AB=1.0/FLUATFiJB) 
ORST ::: 1.0000004 * AA~A 

JL.-1\(10) 20 1, 
AO=JC 
AP=(A(13)-A(12J)/AO 
.JD:;:.A ( III 
AQ=JO 
AR=(AClS)-AC14)/AQ 
EB=A(12)-AP/2.0 
EA=,:\(14)-AR/2.0 

I----·D~~O-:-it10 J = 1, J 0 20-16 
AT::;J 
Y=EA+ATItAR 
CAT=Y 
DO 401 INI ::: 1, JC 
I = JC+1-INI 
AS:I� 
D1: :; f (l+AS*AP� 
OF = CI'I.T� 

300 00 400 l ::: 1, JB 20--17 
IF (NEQUTI - NEQUT2~ 305, 305, 304 20-13 

304 N~QUT2 = NEQUT1 
305 Nl:QUTl = 0 

X.::. OE� 
Y = OF� 
AAA=A(Z)+FlOATrtl)*AB� 

310 N = A6.A� 
NN = (QR~T+AAA-FLOATF(N)/AAJA
 

IVAR = (X~BAdO)/OELK
 

y = Y~D2VAR(IVAR)* F{N~)
 

RRO ::: X*1t2+Y**2 20-19 
lAMP = CRRU+RRPT)/RRP 
DO = Xt[-RRH( IAMP)+ Y*RKl,( lAMP) 
y =-X*RRG(lAMP)+ Y.RRHtIAMP~ 

X = DO 
NEQUTl ::: NEQUT1 + !� 
JG = (OPP+RRO) lOP� 
PIJG) = P(JG' ~1.0
 

IF !(JG-JI-O i1~, 313. PO� 
313 GGLMNtl, J) = GGLMN(I, JJ+1.0� 
320 IF CX+A(24)l 400,400,340� 
340 AAA - AAA. RFNUSTCIAMP)� 

GO TO 310 20-20 
400 CCrvTINUl:: 

IF (G(,lMN(I, JH 410. 410, 401� 
401 CONTINUE� 
410 CONTIrJUE� 
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~./ 

/ 

00 710 1:::1,400 2 (J-2 1 
J= 401-1 
If {P(J)) 710. 710, 720 

110� Cot,T I NUL 
72 0� TRNUt1~3=.J 

AVI (] I:------::0~.~0~------------------~2~O~-~£.~, 2 

REIA = 0.0 
DO 140 J = 1, JO 
DO 140 1 ;; 1, JC� 
IF lGGlMNlI, J» 740, 740, 730� 

730 AVIOI = AVIOI+I.0� 
REIA� = REIA+l.O 

140� CUNTINUE� 
AVIOl~ AVIOI/REIA� 
REIA = REIA* AP*AR� 
BECl~ = A( 6 f*"X-:"'l-=2-;-4"":")-*-*-=2~/~2-.~O------------""!!2""!!O--~2~3 

AVIOBC--~O 20-24 
00 750 I ::: 1. JH 

150 AVI03C = AVIOBC+PClt 
AVIOBC = AVIOBC*AB*AP*AR/~ECA 

I---~n·u j\;'i' K - AD - 20-25 
Eour2 - NEQlJT2 20-26 

t------:o:-::d- 160 J = 1. J 0 20-27 
DO 160 I = 1, JC 

760 GGlMNlI.J) = GGlMN(I,J)*AB*AP*AR/BECA 
PCBCCV = 0.0 
OfJ··770 J:::l,JO 
DO 170 l=l,JC 

710 PCBCCV::: PCRCCV + GGLMN(I,J) 
DO 780 1 = 1, 400 20-28 

180 PCI)::: P~I)*AD*AP*AR*FLOATffJ~)1 

1 ~ flECI\* !\V IU I)
A!~KAr .;:; f,-L~~l""'"::;'A':"'/;"'K""'·t:""'-~IA~---------------~2""O-"""""2~'-i 

FEFF ::: AVIOBC/AVIUI� 
CURAl ::: FEFF*ARRAT� 
CFFF ::: CUR~l/EQUT2
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paUlT 8.60 
PRINT li50 
00 800 J ; 1, JO 
K ;: JD+I-J 
PRINT 830, CGGLMNCl, K), 1 : 1, Je) 

800 PRINT 8bO 
VRl~T ~ 

PRINT 850 
PRINT 840, CPCllt I : 1, JJH) 
PRINT 860 
PRINT 8S0 
PRINT 820, CARRAJ, eURAT, F~Ff, CtFF. 

19~a.c.c.\I-. AV uJ.ac...-.-AvJ.O...L. ~, Rf lot•• 
2EQUT2 , 8UMPKt TRNUM8) 

810 FORMAT C7H1SHO-2011111) 
820 FORMAT C2X,KE18.811) 
830 FURMAT Csx,lOfll.5) 
81t0 FORMAT (2X,10Ell.411) 
a~o. fORMAT (ll ..O .) 
8bO FORMAT CIHO) 
870 FORMAT (lOFIO.l) 
880 FORMAT CIOFIO.4) 
90Q FORMAf (1Hl) 

PRINT 900 
'irG TO-ll~ 

END (0, 1, 1, 1, 1) 

INPUT DATA R£QUIREO 8Y SHO-20 

INPUT DATA tXAMPLES 

20-l0 

20-31 

20-32 
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APPENDIX 7 

,/
EFFECTS/OF NON-LINEARITY ON RRFI 

Figure 21 of Section 5.3 shows how non-linearity can decrease 
'171;/, .,.,a. 

filling	 efficiency. Here k = 2.095; r = 209~ and v.. (O) = \?F = 1.36. 

As Vx(a.) is made a successively stronger function of (~~), filling 

efficiency (FE) drops. 

Ru1"\ 'V'll. (0.11) FE 0/0 

R-l I. 3 (, + 0.0 ( ~)"l 100
Y'o 

R-~	 1.3" ... o. 00 ~~7 ( ~;)~ 78 
R-3. + 0.0045'3 ( ~)1 4t\.:3 " 

R-+ j • J" + 0.013'-0 ( ~)4 I , 

Filling	 efficiency can be increased by making a better choice of "Rf e 

Figure 41 illustrates runs paralleling R-3 above except for Y~f' being 

changed	 slightly. 

RUTl 'V'R.'F	 FE 0/0 

R- :5 1.3_ q.., 
O.OO::l~7 at}R-IO	 L '3" + 
o. 001-53 '71R- I'	 l. '3" + 

,.3" o. ooc.BO 41R- l:l ~ 

Here filling efficiency has been increased from 41% to 89% by gett1ng 

'l1t~ half-way between 'YJ((o) and Ylit(Y.). Figure 42 ill ustrate~ a similar 

sequence	 mOdeled after R-4. In R-13, R-14. and R-15 V'1L(Cl.) = 1.36 ­

( a",)~~-.	 

.0136 + .0136 y; . This change over R-4 is of little physicAl con_ 

sequence. 



-178...
 

Ru'T'\ FE 0/0VA" 

P,-4 \.3" Il 

R-13 \. 3" -.0\3" + .OO~e 4q 

R- I'" I. '3 ~ - • 013" .... .OIO~ eol 

R-IS 1.3" - • 013' + '01'3' 4~ 
• 

Here maximum filling (~6l%) is achieved when 'VRF is set 3/4 of the 

way between ~~(O) and ~~(VO). This fraction gets nearer to unity and 

the filling efficiency drops below 61% when (YatV.\-'\1lC(.O)) is made 

larger than 0.0136. 

Consider R-14. Raise k unti.l filling efficiency has irereased 

from 61% to 100%. Adjust "'"po so that the k which gives 100% fill ing 

is a minimum. The size of the required injection area has increased 

in this process. A practical injector. even if its septum thickness 

were zero, would probably be able to cover only a fractionpf this area 

to an io(x,y) of i o • From study of the on-resonance linear problem one 

might expect the filling efficiency which prevails to be slightly greater 

than the fraction of the required injection area so covered. (pre­

sumably io(x,y) equals i near (-YO,O) but is zero further from (-YolO).o 

Figure 15 indicates that dxdy near (-Vo,O) are sl ightly more effective 

in filling the beam circle than dxdy further from (-V'o,o)). What 

actually prevails is thought to deviate from the on-resonance linear 

problem in two basic respects. (l) It takes longer than ~V'o .,.. to 
Je/~ 

achieve maximum filling and (2) dxdy near (-V'0lO) contr ibute more charge 

to the beam circle; dxdy further from <.-Vo,o) contribu te less than i.n the 

on-resonance linear problem. Point (1) means that the charge efficiency 

will be less than in the on-resonance linear problem. Point (2) means 
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that with a practical injector covering only that portion of the re­

quired injection area near (-Volo) , filling efficiency will be some.. 

what higher than anticipated on the basis of the on-resonanCe linear 

• problem • 

Stateue nts (1) and (~) above are inferred from behavior 0 f the 

off-resonance 1 inear problem in the spec ial case of y .... ': Yo t i.e. t 

where k is just sufficient to achieve 100% filling in the absence of a 

septum. The rest of this appendix considers those aspects of the off-

resonance linear problem which support statements (1) and (2) abOve. 

(1) In the off-resonance linear problem maximum filling occurs 

" t· ~'lr "'" "d d One as sumes here tha t everyLn a Lme - ~ -\ I provL e YO", ~ Yo • 
I rI' \ A"f!«~ 

empty point initially within the beam circle which gets pushed outside 

the beam circle has become a filled point by the time it returns to the 

beam circle. When V".. ::.V'., maximum filling corresponds to 100% filling. 

Consider the Case where Y.. , Yo. Substituting for \A~1t~1 in the ex­

pression above its value as obtained from the relati.on 'f'.,.:: _::;:,.R=--__ 
.q ~ \ A'YRF\ 

one obtains 

This result can be	 urrlerstood by viewing points on a segtrent's phase 

plane from a coordinate septum rotating with these points. One notes 

that each point must be displaced oncp around a resonance circle of 

•	 circumference ~'i\'Y'o before complete fill ing obtains. The 1l'verage dis­

placement per revolution along this curved path is the same as along 

the straight line path in the on-resonance linear problem, i.e., k/2 

Hence, filling time is ~ "" as noted above. This filling time 18 
~/~ 

a factor of 'i'r larger than in the on-resonance linear problem. 
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Consequently. cr~rge efficiency is reduced by a factor of 1- over this 
"tT 

case. This reduction is the worst that can happen, however, as either 

increasing or decreasing V"V' make s the charge efE ic ieney greater. In 

the latter case 100% fill ing no longer prevails. 

When 'i'flF deviates from Y'14 by the amounts considered above, the 

shape and size of the required injection area do not differ radically 

from what they are when A~R~ = o. 

The above results suggest that in the presence of non-linearity 

a decrease in charge efficiency over the on-resonance 1 inear problem 

is to be expected when non-linearity is on the verge of destroying the 

100% fill ing effie iency property of RRFI. 

(2) Let '1)( = L/N. Choose N large so tha t the N.sided polygon 

looks like the beam circle. Let tilQ c:" ~~Y'o. Break the beam into 
""i N 

segments, viewing any particular segment only at S = 0 on every N..th 

pass it makes of e = O. Define the time t to be zero when the RF is 

turned on. Viewing times twill be limited to: 

0 <. ± <. 'l­

~'l- <. 't <. N'" + 'l'­

.( ~ N'l" .... 'i"'"~N'l'- <. r 

When viewing segments in anyone of these intervals one notes that the 

N..turn displacement vector exhibits all orientations (",.') \ ). There 

will be degeneracy in the sense that a given N.. turn displacement vector 

•	 orientation can be exhibited by more than one segment. Even though 'Vtt. 

is not an integer it will be assumed that the number of segments which 

exhibit N-turn displacement vectors lying within a given angular range 

is proportional to this range. Only charge injected into the beam 

circle which crosses the leftmos t s ide of the beam polygon as viewed 
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at e = 0 during the allowed viewing times will be considered. This 

restriction is not essential to the arguments which follow. One could 

just as well consider charge entering across any other side of the beam 

polygon by shifting to a different set of viewing interval~. 

pick a po int on the requ ired injection area, say I (x,O) where 

x ~-V"o. Consider a small circular neighborhood about this point. Take 

i >° on this ne ighborhood. Outside this neighborhood io(x,y)
o 

= O. Let "R&: -; 'Vx • If this point is less than N~ to the left of 
:l 

(-r ,0) then for tha t segment whose N-turn displacerrent vector is o 

directed parallel to the x axis and to the right one sees a string of 

filled islards move across the beam circle on the line y = O. Each 

island is separated from its nearest neighbors by a distance I" •• 
It. 

When equilibrium is achieved the number of islands in this string is 

, i.e., the length of the trajectory across the beam circle 

is proportional to the amount 0 f char ge injected from a ne ighborhood 

about the point. Henceforth, the term "point" will be used to mean the 

neighborhood about the point. 

The results for all segments will be superimposed onto the above 

segment (Figure 10). When the point on the required injection area is 

less than Nl! to the left of (-ro ,0) strings of islands are seen along
a. 

chords lying in an angular range of ± ~ about the orientation con-
I 

sidered above. This angle~, is zero when the point is N5 to the left 
It. 

of (-r ,0). It approaches t][ as this point nears (-rei to). The angleo a. 
~, will be taken positive for chords lying below the x axis and as 

negative for those lying above. As a measure of the charge injected 

into the beam circle by the point one finds the integral of chord length 

over an angular range "t\. about the chord y = 0. To facilitate this it 
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will be assumed that when the point is to the left of (-ro ,0) all 

chords nevertheless pass thrQugh <-r() ,0) t i.e., (-ro ,0) serves as the 

origin of these chords. 

r proves . to ef'~ne a new coer ~na te sys tem < ",y "). t co nven~ent d d' x 

which has its origin at (x,y) = <-ro ,0). The equation of the beam 

If 'a II ~ II ~ " It ~ 
cir cle in this sys tem is (I)t. - V'c.) + 'j" '::: Y"o or ~ - ~ /)'. Yo + ~ :: o. 

A chord inclined at an angle S to the horizontal has the equation 

'1"= -~«()1': This chord intersects the beam circle at (X",y")= 

(0,0) and at a second point which is found from these two equations. 

/I I, • • •
Substituting y from the second for y ~n the fust g~ves 

"" " 1. _ ~ f1. "Yo + I'y.. It I ~~ ~ = 0 

Hence th~ second intersection is at 

(~ ", ~ ") 

The length of the chord between intersections is 

-v (" )a ,,- it1- - 0 +(~-o) ;.: _4""0 ~ = 
V1+~aS~ 

The charge injected by the point over an angular range of :r( about y = 0 
t 

is propor twnal to 

Next J an express ion analogous to t.he one above for the off-

resonance lJ.n~<lr problem will be f(·und. fhl>. 'special ~ase of V.,.:: Vo 

is worked \<1ith. Here islands do not move across the beam circle on 

chords as before but on arcs of circles (r~). A specific example will 

be considered first. 
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Islands moving into the beam circle along the x axis at (x,y) = 

(-ro ,0) have their direction of motion subsequently al tered so that 

they leave the beam circle at (x,y) = (O,tr.). The sign depends on the 

sign of ',1.,,- 'Va. path length within beam circle forThe the these 

islands is ~~ Yo • In the on-resonance 1 inear case islands similarly 
~ 

injected have path length 2tO. It is concluded that when the injec­

tion point is near (x,y) = (-Vo " N~ 0) t a factor of 'll. less charge 
'I. , 4 

~ets into the beam circle from this point in the off-resonance linear 

problem (r~ =r o ) than in the on-resonance one. 

The particular trajectory which is inclined a t an angle ~ to 

y = a at {x,y) = (-r ' 0) is the portion of the circle (1'~Vj,~~y~+o 

{'=' "_1('0 c.o-o t )~:a yo: ~hic h 1 ies wi thi1the beam circle. The length of 

this trajectory will be found. The trajectory subtends an angle '( on 

itself. i.e •• on the trajectory circle t where ~ 1: equals one-half 
;( 

the distance between the intersecti.ons of the trajectory circle wi th 

the beam circle all divided by r c • 

. The equation for the beam circle I 'to t
is (;y.I_V'G) +-~ .. ; 

a 
y. or 

•
'1- II - ~ Yo ~ 

t 
/I + ';1" =o. The previous equation gives 

1):." 'l_ ~ f1. II V-. ~ F; + 'j II t - ~ ~ I, '('0 c.o-o ~ = 0 

One intersection occurs a t (x 'I ,'1 " ) = (0,0). Upon e lim ina ting the 

,,'" 1.quantity ~ + 'j II from the above two equat i.ons one obtains 

\;f': ~"( \ -~ S ) 
SUbstituting this result into the beam circle e9.uation gives 

1. • ~ 

IX 'I'" _ ~ Yo ty. " + ~ I' \ l - ..4CM t;) ~ 0 
(..0() ~ . 

or 
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J - The second point of intersection is' 

- AAm~)(\
,

)~l(; .
( 2Yo ~ro

(IJ";~") : 

,+(,_~~)1t - ~5 )~I + ( I 
~~ 

The distance between the two points of intersection is 

~(~II_ 0) a + (y"_ o)~ : 

Hence, 

~ ~-' \( = -;:=====::::::::=====-­
~ I + ( I -~ .; ) a 

The length of the trajectory under cons ideration is Y"or • 

• _I 

~ Yo ..6AIY\ 

w,+k,..., 
The charge injected along trajectories inclinedvt'~, 

at (x,y) c (-ro ,0) is proportional to 

I, .S ;t Yo ~ - I ( , ~ f. ) 

-f, 

The integrand equals ::lV'o( %+ 'J:). The integral becolres 

(~'
~V'o) ( 

-~, 

The resu 1 t from the on-resonance linear problem whic h corresponds to 

the above result is ~V". 'A~ t; • The ratio of the former to the 

latter is 
'l\' 

,"Vo '4 ~ ~. ::.
 

~ Yo ~ .4.im~1
 

When ~ ,""0, '!! obtains. Rence an injection point near (x,y) = 
(-r -NJI,O) in the "'off-resonance linear problem (r.,. = r ) contri~utesoo ~ 
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a factor of ~ less charge to the beam circle th2n in the on-resonance 

~ 

1 inear problem. When cons idering injection points neaT.er (-t,y) = (.r~ ,D) 

one is reached where equivalence	 between the two problems ob tains. Rere 

'l!: ~ :: I. An~. of 67° applies. Po ints still closer to ( ...r() ,0) inje ct 
4 ~~. 

change over a still larger range. Such points contribute more charge to 

the beam circle in the off-resonance liuaar problem than they do in 
1­

the on-re so na ne e 0 ne • Woo n ( , ~	 '!!, '.!!. ..L. becomes ~ or 1.23. 
~ 4 ~~, 8 

Wben using an injector which provides an 1 (x,y) of i only
0 o 

over a small neighborhood near (-ro ,0), the above results suggest that 

with non-linearity present a slightly Im'ger filling efficiency than 

found in the corresponding on-resonance linear problem should obtain 

when the non-linearity is on the verge of destroying the 100% filling 

property of RRFI. On the other hand, introduction of a septum is ex­

pected to inhibit fill ing efficiency more in this non.linear problem 

than it does in the corresponding on-resonance linear one. 
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