
Journal of Physics Communications

PAPER • OPEN ACCESS

Solution of the logarithmic Schrödinger equation
with a Coulomb potential
To cite this article: T C Scott and J Shertzer 2018 J. Phys. Commun. 2 075014

 

View the article online for updates and enhancements.

Related content
Combined few-body and mean-field model
for nuclei
D Hove, E Garrido, P Sarriguren et al.

-

Advanced multiconfiguration methods for
complex atoms: Part I—Energies and
wave functions
Charlotte Froese Fischer, Michel
Godefroid, Tomas Brage et al.

-

Schwartz interpolation for the Coulomb
potential
K M Dunseath, J-M Launay, M Terao-
Dunseath et al.

-

This content was downloaded from IP address 131.169.95.169 on 12/04/2019 at 22:48

https://doi.org/10.1088/2399-6528/aad302
http://iopscience.iop.org/article/10.1088/1361-6471/aac6de
http://iopscience.iop.org/article/10.1088/1361-6471/aac6de
http://iopscience.iop.org/article/10.1088/0953-4075/49/18/182004
http://iopscience.iop.org/article/10.1088/0953-4075/49/18/182004
http://iopscience.iop.org/article/10.1088/0953-4075/49/18/182004
http://iopscience.iop.org/article/10.1088/0953-4075/35/16/313
http://iopscience.iop.org/article/10.1088/0953-4075/35/16/313


J. Phys. Commun. 2 (2018) 075014 https://doi.org/10.1088/2399-6528/aad302

PAPER

Solution of the logarithmic Schrödinger equation with a Coulomb
potential

TCScott1,2 and J Shertzer3

1 Near Pte. Ltd, 15 BeachRoad, 189677, Singapore
2 Institut für PhysikalischeChemie, RWTHAachenUniversity, D-52056Aachen, Germany
3 Department of Physics, College of theHoly Cross, 1 College St,Worcester,MA01610,United States of America

E-mail: tcscott@gmail.com

Keywords: logarithmic Schrödinger equation, Gaussons, finite elementmethods

Abstract
The nonlinear logarithmic Schrödinger equation (log SE) appears inmany branches of fundamental
physics, ranging frommacroscopic superfluids to quantum gravity.We consider here amodel
problem, inwhich the log SE includes an attractive Coulomb interaction.Wederive an analytical
solution for the ground state energy andwave function as a function of the strength of the logarithmic
interaction.Wedevelop an iterative finite elementmethod to solve theCoulombic log SE for the
spherically symmetric states. The ground state results agreewith the exact solution to better than one
part in 1010. The excited states (n>1) are converged to better than one part in 108.We also construct a
remarkably simple variational wave function, consisting of a sumofGaussonswith n free parameters.
One can obtain an approximation to the energy andwave function that is in good agreement with the
finite element results. Although theCoulombproblem is interesting in its own right, the iterative finite
elementmethod and the variational Gausson basis approach can be applied to any central force
Hamiltonian.

1. Introduction

The logarithmic Schrödinger equation (log SE) is one of the nonlinearmodifications of Schrödinger’s equation,
with applications in quantumoptics [1, 2], nuclear physics [3, 4], diffusion phenomena [5], stochastic quantum
mechanics [6], effective quantumgravity [7] andBose–Einstein condensation [8, 9]. A relativistic version in the
formof aKlein–Gordon type equation displaying dilatation/conformal covariance wasfirst proposed byG.
Rosen [10].

Bialynicki-Birula and co-workers investigated the log SE in the context of nonlinear wavemechanics
[11–13]. Recently there has beenmorewidespread interest in this highly nonlinear formof the Schrödinger
equation. It has been hypothesized that superfluid vacuum theory (SVT)might be responsible for themass
mechanism (in contradistinction to theHiggs boson or perhapsworking in tandemwith it). Others have
proposed connections between quantumgravity and Bose–Einstein condensates in the formof quantum liquids
[14]. A version of SVT favors a logarithmic Schrödinger equation over aGross-Pitaevski equation [9, 15]. In
particular, the logarithmicmodel can account for the upside-downMexican hat shape of theHiggs potential and
its solution is claimed to be evenmore stable and energetically favorable than themodel with a quartic (Higgs-
like) potential [9, 16, 17]. Although theHiggs boson reported at 125Gev has been confirmed, theHiggs potential
has not beenfirmly established.

The reported resemblance between the gravitational dilaton and theHiggs boson [18] becomes all themore
compelling because the log SE is a common feature. Thus, in the present work, we consider precisemethods,
both analytical and computational, for accurately solving the log SE. This not only serves as a sequel to our
previouswork in dilatonic quantumgravity [19] but provides the tools bywhich tomake a number of alternate
and future investigations with the log SE.
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Herein, we consider a computationalmodel consisting of a Coulombpotential with an additional
logarithmic term for the following reasons:

(i) The electromagnetic interaction appears in proposedmodels for theHiggs potential [17].

(ii) TheNewtonian and post-Newtonian gravitational potentials in the general relativistic model have the form
1/r n [20, 21]; n=1 corresponds to the case considered here.

(iii) The two-body dilatonic quantum gravity model [22], consisting of only one spatial dimension, leads to
Coulombic terms for themore general dilatonic problemof [19] in three spatial dimensions.

The outline of this work is as follows. First, we present the log SE governing ourmodel and the unusual
nonorthogonality condition that results from the logarithmic term. The log SEwith aCoulomb interaction has a
simple analytic solution only for the ground state. This exact solution provides uswith a benchmark bywhich to
test our numericalmethods.

Second, we present the computational details of the iterative FEMapproach [23–25]. Thefinite element
method has been successfully used to solve the Schrödinger equation for a variety of atomic andmolecular
systems, in 1D, 2D and even 3D. Based on a variational principle, it provides rigorous upper bounds to the
energy. In particular, the FEMmethod succeeded in isolating the effect of a singularity structure at the Fermi
level (10−15m range)within a continuous structure at the atomic level (10−10m range) [26]. The FEM solutions
for the log SEwith theCoulomb interaction are presented for the ground state and a number of excited states.

We also present variational results using linear combinations of (time-independent)Gaussons [27], that is,
products of exponentials andGaussians. (These should not be confusedwith the time-dependent Gaussons that
are the free-particle solitonic solutions of the log SE.)Despite the simplicity of the basis, the energies andwave
functions are remarkably close to the fully converged FEM solutions. Concluding remarks, commentary and
discussion are presented at the end.

2. Theoreticalmodel

The time-independent logarithmic Schrödinger equationwith aCoulomb interaction can be expressed (in
atomic units) as

r
S S S Sx x

1

2

1
ln ; ; 0, 12 y e y-  - - - =

⎡
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⎤
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where S S r Sx; ; , , ,y y q f=( ) ( ) is a constant parameter, and Se( ) is the total bound state energy. The system
supports bound states only for S�0. The log SE is not separable in the radial and θ coordinates. However, since

eln 0im =f∣ ∣ ,m remains a good quantum.We consider here the spherically symmetric case, where thewave
function is independent of the angular coordinates,ψ (S; r, θ ,f )=R(S; r)Y0

0 (θ ,f ). The radial equation
reduces to
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where n is the principle quantumnumber and E S S ln 4n n
S

2
e p= -( ) ( ) ( ). TheHamiltonian operator is

nonlinear because it depends on the absolute value of the radial function, R S r;n∣ ( )∣.
Note that the difference between En and εn is a direct consequence of the 3Dnature of the problem.

Experimentally, it is differences between energy states that aremeasured and for the same value of S,En and εn
differ only by a constant (offset). This is true only for the special case when thewave function is independent of
the angular coordinates.Moreover, if wemake the rescaling R r E S f rexp n= -( ) ( ) ( ), the energyEn (S) is
eliminated [12, equation (18)] from (2)(althoughEn appears in the normalization of f (r)). Hereafter, we refer to
En as the energy, while the total bound state energy of the system is

S E S ln 4 . 3n n
S

2
e p= +( ) ( ) ( ) ( )

The (non-degenerate) radial eigenfunctions of equation (2) are not orthogonal [11]. As shown in appendix A,
they obey:
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R R R R

E E
; ;

ln
, 4n m

n n m m

m n

á ñ =
á ñ

-
( )∣ ( ) ∣ (∣ ∣ ∣ ∣)∣

( )
( )

where the integration is over the radial coordinate. The logarithmic interaction is pathologically non-linear:
attractive for R 1n >∣ ∣ , repulsive for R0 1n <∣ ∣ , and singular at the nodes of the radial function.
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2.1. Asymptotic behavior
For large r, equation (2) has the form:

d

dr r
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Using theMaple computer algebra system [28], the leading asymptotic solution for equation (5) assuring square
integrability for both the solution and itsfirst derivative is given by:
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whereC is an arbitrary real constant. Note that R S r R S r; ;n n=∣ ( )∣ ( ) for r0 < < ¥. Thus, asymptoticallyR(r)
has the general form:

R S r
S

r b r; exp
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where bmay be a function of S. The functional formof equation (7) is that of aGausson, i.e. the product of a
Gaussian in r of the form rexp S

2
2-( ) andwhatwould seem like a Slater type function of the form brexp -( ).

Note, however, that since theGaussian dominates the asymptotic behavior even for small S, the coefficient b
need not be positive. Equation (7) expresses the asymptotic formof all the bound eigensolutions.

2.2. Ground state
Equation (2) is analytically solvable only for the ground state, where
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and the normalization factor is
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where erfc is the complementary error function.Note thatR1 (S; r) of equation (9) is consistent with the
asymptotic formof equation (7) for a single Gaussonwith b=1. In the limit S E N0, 1 2, 2S1 = - = and
R1=exp (−r)which is indeed the ground state of the hydrogen atom.Using equation (8), and setting

0dE S

dS
1 =( ) , we find through symbolicmanipulationwithMaple that the ground state energyE1 reaches a

maximumwhen S is governed by:
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W(k, x) is the LambertW function [29–34]which satisfiesW k x W k x x, exp , =( ) ( ( )) . The integer k refers to the
particular branch. In this case, it is not themain branch at k=0 but rather k=−1 for whichW(−1, x) is real
valued on the interval [−e−1,0]. As predicted earlier [19, 22, 31], the LambertW function doesmake its
appearance in this body of work. Solving equation (11) leads to:

S
E

0.640 250059733
0.302 028005290 121

max
= ¼
=- ¼ ( )

The relevance of thismaximum (which also occurs for excited states) is not yet clear, since the bound state
energy εnhas no such feature. Nevertheless, it reflects a ‘competition’ between theCoulombpotential and the
logarithmic term.
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3. Computational aspects

3.1. FEMcomputational aspects
In order to gain insight into the analytical structure of the excited states, we solved equation (2) iteratively using
thefinite element approach.Details of the finite elementmethod are given in [23–25], sowe provide only a brief
summary here.

In 1D finite element analysis, the continuum is truncated at rmax, where the function and its derivative are
required to vanish (we suppress the index n and the parameter S for clarity). The continuum0<r<rmax is
discretized into nel small regions called elements. In each element iel, the unknown radial wave functionR(r) is
locally approximated by a sumof six 5th degree polynomials,

R r c x x, 1 1. 13iel

j
j
iel

j
1

6

 å f= -
=

( ) ( ) ( )

The polynomialsfj (x) have the property that the six unknown expansion coefficients cj
iel are the value ofR(r)

and dR/dr at the two endpoints and themidpoint of the iel element. Using equation (13) in equation (2) and
projecting onto the basis functions, one obtains a 6×6 localmatrix equation for each of the nel elements,

E c 0. 14
i j

i
iel

j j
iel

1

6

1

6

åå f fá - ñ =
= =
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With the exception of the logarithmic term, all of the integrals are simple polynomials and can be evaluated
exactly.We used a 16-point Gauss quadrature to evaluate the logarithmic term. (Wealso carried out calculations
at higher quadrature, to verify that the numerical integrationwas converged to the desired accuracy; see
appendix B.) Imposing continuity of thewave function and its derivative across element boundaries (i.e.,
requiring that c ciel iel

5 1
1= + , c ciel iel

6 2
1= + ) and enforcing the asymptotic boundary condition at rmax

c c 0nel nel
5 6= =( ) results in a generalized eigenvalue problem,where the twomatrices are of order 4×nelwith a

bandwidth of 11. The resultant generalized eigenvalue problemwas solved for the n th eigenvalue only using a
banded storage LAPACK routineDSBGVX. The solution yields the energy En and the expansion coefficients cj

iel

fromwhich one can reconstruct a piecewise continuous functionRn (S; r). For a given n, wefind only the n
th

eigenvalue and eigenfunction; the lower eigenvalues l=1, 2,K, n−1 are unphysical and correspond to the
states which satisfy

d

dr r
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Note thatRn appears in the log term, notRl. These unphysical states obey the normal orthogonality condition
since the effective potential is the same.

There are only two parameters in the finite element calculation; the value of rmax and the number of
elements. This enables one to study convergence in a very systematic way. The FEMcalculation is converged if
increasing rmax (and keeping the element size the same) or increasing nel (and keeping rmax the same) does not
change the value of the energy. The results of a typical convergence study are given in appendix B.

For the ground state calculation, the logarithmic term is ignored in the zeroth order iteration; that is, the
equation is solved for the pure hydrogenic case. In the i th iteration i>0, the solution R i

1
1- is used in the

logarithmic term. The energy is considered converged at the i th iterationwhen E E 10i i
1

1
1

13- <+ -∣ ∣ . The
convergence table for S=1 and n=1 is shown in appendix B, table B1.

For the excited states, this simple iterative scheme is not sufficient due to the pathological nature of the
logarithmic term at the nodes. A slight change in the position of the nodemoves the singularity. Although the
convergence is initiallymonotonic, the energy begins to oscillate about the exact solution, and in some cases, the
oscillations increase in amplitude. To correct this problemwe use aweighted average of the last two iterations.
For the zeroth iteration, the logarithmic term is ignored. For 0<i�10, the solution Rn

i 1- is used in the
logarithmic term (as described above for the ground state). For i>10, theweighted average (I−i)R i−2/I+i
R i−1/I is used in the logarithmic term. The value of I is increased until the convergence ismonotonic. In
general, themaximumnumber of iterations needed for convergence is roughly half the value of I.We emphasize
that the value of I does not impact the final value for the energy, only the rate of convergence. For n>1, the
energy is considered converged at the i th iterationwhen E E 10n

i
n
i1 11- <+ -∣ ∣ . The convergence table for S=1,

n=3 is shown in appendix B, table B2.

3.2. Variational principle
Apreliminary analysis with Prony’smethod [35–37] suggests that the FEM solutions for n=2 can be
approximated as a sumof twoGaussons. For this analysis, we cast theGausson sum into the form:
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whereN(S) is a normalization constant, b1 (S) and b2 (S) are free parameters, and d1 (S) is uniquely determined
by the nonorthogonality rule of equation (4). Although equation (16) is not the exact solution, it provides an
excellent approximation to the FEMwave function over the full range r0 < < ¥.We further note that an error
in thewave function of order δ gives rise to an error in the energy of the same order δ. This is in contrast to the
linearHamiltonian case, where the error in the energy is δ2.We note that the proof for the linear operator relies
on the orthogonality of thewave function, which does not hold in this case.

In calculating the expectation value of theHamiltonian R R2 2á ñ∣ ∣ , all of the integrals can be evaluated exactly
with the exception of the logarithmic term, which leads to integrals of the form

r e d e drln 1 , 17k Sr B r b r

0
1

2
2ò +

¥
- + ∣ ∣ ( )

where k is a positive integer andB is some combination of b1 and b2. For the n=2 excited state, d1 is negative
and thus the integral in (17) is a Cauchy principal value. The nonorthogonality condition between the n=2
state and the ground state also leads to such integrals. The class of integrals of (17) have no known analytical
solutions and the derivatives with respect to the free parameters are evenmore unwieldy.

As an alternative, we use the hybrid symbolic-methods [38–40], in particular the generation of optimized
MATLAB code [41] to apply the variational principle.We usedMATLAB functions to numerically solve all the
integrals of the class in (17) but all other integrals are solved analytically usingMaple. Since derivatives of the
integrals in (17)with respect to the parameters b2 and d1 are problematic, tofind theminimumenergy, we
compute the expectation values for the energy R R2 2á ñ∣ ∣ over afine grid of values b1 and b2 with d1 being
determined from the nonorthogonality condition of (4).We then select theminimum, subject to the constraint
thatN ensures thatR2 is normalized to unity.

The nested loops over the parameters b1 and b2 are computationally expensive. However, the double loop
over grid values of b1 and b2 can be reduced to a single loop over b1, by using the value of the n=2 node obtained
from the FEM results. RequiringR2 (S, x)=0, implies d e b x

1
2= - - , where x is the value of the node; b2 is no

longer a free parameter. The parameters d1 and b2 can nowbe found simultaneously with the nonorthogonality
condition usingMATLAB’sfzero root solver function.

This approach can be extended to excited states using the sumofGaussons:
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Of the n2 S-dependent parameters,N isfixed by normalization, and the n 1-( ) values of di are constrained by
the nonorthogonality condition of equation (4). This leaves only n free parameters, bi, i=1, 2,K , n; however,
the nested loops over the parameters bi become computationally prohibitive for n>2.We therefore employ the
method described above for n=2, and use the known value of the (n−1)nodes to collapse the problem to a
single loop over b1. For example, for the state n=3,

d
e e

e e
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e e

e e

,

, 19

b x b x
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where x1 and x2 are the two radial nodes for the n=3wave function (see table 3).

4.Numerical results

4.1. Finite element results
Our goal is to obtain energy levels that are accurate to better than one part in 1010 for n=1, and better than one
part in 108 for n>1. All calculations were carried out in double precision. In table 1, we compare the FEM
results with the exact energy E1 (S) given in equation (8). FEM results for n=2, 3 and 4 are given in tables 2–4,
respectively; we include both the energies En (S) and the position of the nodes. There is awell-definedmaximum
inEn (S) , (but not in εn (S)). The energies for n=1, 2, 3, and 4 are plotted as a function of S infigure 1. One
important check on the accuracy of the FEMwave functionswas the nonorthogonality condition.We stress that
we did not enforce equation (4) a prior, but found each state in a separate calculation. In table 5, we compare the
value of R r R rn má ñ( )∣ ( ) with equation (4). It is an important feature of this approach that the FEMwave functions
automatically satisfy the nonorthogonality condition.

Infigure 2, we show the radial function for n=4 for S=0, 0.5, 1, 2 and 5. The logarithmic term is
responsible for a dramatic compression of thewave function towards the origin.
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4.2. Variational principle
The results of the variational calculation, i.e. the parameters for the ansatz of (16), for the n=2 state are
tabulated in table 6 as a function of S; the values are rounded to 6 digits. These were obtained according to the
method in subsection 3.2 using the nodes from the FEM results as tabulated in table 2.Note that these results

Table 1.Comparison of the exact energies E1 (S) and
FEMresults (in atomic units). The energymaximum is
E1 (0.640 25)=−0.302 0 28005.

S E1 (S) [Exact] E1 (S) [FEM]

0.00 −0.500 0 0000 00 −0.500 0 0000 00

0.25 −0.363 6 6012 08 −0.363 6 6012 08

0.50 −0.309 0 9134 08 −0.309 0 9134 08

0.75 −0.305 9 6626 39 −0.305 9 6626 39

1.00 −0.341 1 6113 23 −0.341 1 6113 23

1.50 −0.498 8 1741 44 −0.498 8 1741 44

2.00 −0.746 2 4996 09 −0.746 2 4996 09

3.00 −1.439 8 7398 83 −1.439 8 7398 83

4.00 −2.333 6 8142 68 −2.333 6 8142 68

5.00 −3.381 7 9756 31 −3.381 7 9756 31

6.00 −4.555 8 2070 96 −4.555 8 2070 96

7.00 −5.836 3 4743 50 −5.836 3 4743 50

8.00 −7.209 2 4633 98 −7.209 2 4633 98

9.00 −8.663 7 5018 21 −8.663 7 5018 21

10.00 −10.191 3 7383 44 −10.191 3 7383 44

Table 2. FEM results forE2 (S) (in
atomic units). x is the location of the
node. The energymaximum isE2
(5.669 1)=3.455 8 4120.

S E2 (S) x

0.0 −0.125 0 0000 2.000 0

0.5 0.846 3 6276 1.411 5

1.0 1.498 2 7745 1.171 9

2.0 2.385 9 4477 0.932 9

3.0 2.939 6 2535 0.803 4

4.0 3.268 7 2719 0.718 3

5.0 3.427 6 6806 0.656 6

6.0 3.449 3 3063 0.609 1

7.0 3.355 8 1688 0.571 0

8.0 3.163 0 3283 0.539 5

9.0 2.882 9 8677 0.512 9

10.0 2.525 0 7200 0.490 0

Table 3. FEMresults for E3 (S) (in atomic units). x1
and x2 are the location of the nodes. The energy
maximum isE3 (14.196)=9.813 6 5841.

S E3 (S) x1 x2

0.0 −0.055 5 5556 1.901 9 7.098 1

0.5 1.325 8 0070 1.281 8 3.819 3

1.0 2.339 0 0895 1.053 7 3.001 8

2.0 3.919 0 3634 0.832 6 2.289 6

3.0 5.147 8 0196 0.714 6 1.933 4

4.0 6.142 9 8838 0.637 7 1.708 3

5.0 6.962 2 4752 0.582 2 1.549 0

6.0 7.640 1 2679 0.539 6 1.428 3

7.0 8.199 7 1910 0.505 5 1.332 8

8.0 8.657 5 7696 0.477 5 1.254 6

9.0 9.026 1 5804 0.453 6 1.189 0

10.0 9.315 1 8316 0.433 2 1.133 0
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were confirmedwithout using the nodes by amore laborious calculation over grids for both the b1 and b2
parameters essentially confirming the same outcome.

As S gets larger inmagnitude, absolute discrepancies between the FEMand variational results increase,
although the relative error decreases: for S=5,ΔE=0.02 (0.6%) and for S=0.05,Δ E=10−4 (2% ). As we
can see from table 6, the b1 coefficient becomes negative at around S≈0.05 and d1 becomes smaller in
magnitude as S approaches zero, thus ensuring the correct S 0 limit. Figure 3 shows howwell the variational
function fits the FEMwave function towithin plotting accuracy for three different values of S, i.e. S=1, 2 and 5.
Infigure 4, we plot the parameters as function of S. Themagnitude of b1 and b2 appear to grow almost
logarithmically with S

Infigures 5 and 6, we compare the variational wavefunction obtained from the ansatz equation (18)with the
FEMwave function for the states n=3 and n=4.We used the nodes given in tables 3 and 4 to reduce the
number of free parameters to one. It is clear that the variational wave function is within plotting accuracy of the
accurate FEM result. As expected, the variational energies lies slightly above the FEMenergies.

Table 4. FEMresults forE4 (S) (in atomic units). xi, i=1, 2, 3 are
the location of the nodes.

S E4 (S) x1 x2 x3

0.0 −0.031 2 5000 1.871 6 6.610 8 15.517 5

0.5 1.624 4 4651 1.220 5 3.420 0 6.648 8

1.0 2.882 6 6851 0.996 7 2.679 1 5.081 6

2.0 4.936 5 1846 0.783 5 2.039 3 3.798 1

3.0 6.629 9 3004 0.671 1 1.720 7 3.178 2

4.0 8.085 0 2230 0.598 0 1.519 6 2.793 0

5.0 9.361 1 5941 0.545 5 1.377 6 2.523 3

Figure 1.The values ofEn (S) (in atomic units) are shown as a function for S for n=1,2,3 and 4.

Table 5.Verification of the nonorthogonality condition for
Rn (S=1; r) for n=1, 2, 3, 4. These results were obtained
using the same FEMgrid, to facilitate the evaluation of
integrals between different states could be carried out
easily.

n m R r R rn má ñ( )∣ ( )
R R R R

E E

lnn n m m

m n

á ñ
-

∣ (∣ ∣ ∣ ∣) ∣
( )

1 2 0.217 43 0.217 44

1 3 0.104 74 0.104 75

1 4 0.064 45 0.064 46

2 3 0.379 82 0.379 83

2 4 0.161 36 0.161 36

3 4 0.457 29 0.457 29
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5.Discussion

In summary, we have obtained an analytical solution to the ground state for the log SEwith aCoulomb
interaction. For the spherically symmetric case, the FEMmethod yields extremely accurate solutions for the low-
lying bound states. A simple variational wave function consisting of a sumof nGaussons is shown to provide an
excellent approximation for the excited states. This is particularly important because themost developed
industry for quantum chemistry calculations employsGaussians and Slater type functions (see [38–40] and

Figure 2.R4 (S; r ) versus the radius r for S=0, 0.5, 1, 2 and 5.

Table 6.Variational parameters of equation (18) for the n=2 state.

S E2 (S) [FEM] E2 (S) [var] N b1 b2 d1

0.05 0.004 7 4275 0.004 8 4810 −0.501 326 −0.159 −0.528 847 −2.731 690

0.1 0.121 4 2956 0.121 7 0859 −0.311 946 0.036 −0.787 606 −4.176 502

0.6 0.993 3 1446 0.995 5 8511 −0.100 137 1.185 6 −2.182 742 −19.050 690

1.0 1.498 2 7745 1.502 1 6393 −0.080 718 1.791 6 −2.884 749 −29.397 966

2.0 2.385 9 4477 2.393 9 4357 −0.068 202 2.923 2 −4.175 252 −49.181 138

3.0 2.939 6 2535 2.951 8 0206 −0.066 435 3.795 2 −5.165 432 −63.297 230

4.0 3.268 7 2719 3.285 1 3128 −0.066 918 4.534 5 −5.998 009 −74.185 621

5.0 3.427 6 6806 3.448 3 3018 −0.067 796 5.193 5 −6.731 189 −83.295 213

Figure 3.R2 (S, r)fitted to the sumof twoGaussons for S=1, 2 and 5 using the parameters of table 6.
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references therein). This suggests thatmany of the computational tools developed in quantum chemistrymay be
relevant even in the presence of the highly non-linear logarithmic term.

Wehave considered the spherically symmetric casewith aCoulombpotential. Fromhere, a number of
investigations with our numericalmethods can be contemplated. First, the central potential used in the FEM
calculation can easily bemodified; for example, one could consider potentials that arise in quantum gravity or
theHiggs potential, as discussed in the Introduction. Since the asymptotic behavior is dominated by the
logarithmic term, it is expected that theGaussonswill continue to serve as an excellent variational basis. An
equally challenging problem is to consider the 1D continuum states of the log SEwith aCoulomb interaction (or
other central potential).

In order to go beyond the spherically symmetric case, 2D FEMcan be used to solve the log SE in the variables
r and θ forfixedm, which remains a good quantumnumber for a central potential. In the 2D case, the
logarithmic termdiverges along the nodal lines. The number of nodal lines will increase with increasing energy.
In the limit S 0 , the nodal linesmust approach the correct hydrogenic limit, and the two newquantum
numbersmust collapse into n andℓ.

Finally, the iterative approach developed here, which ensuresmonotonic convergence, could potentially be
applied to theGross-Pitaevski equation or to other nonlinear differential eigenvalue equations infield theory.

Figure 4.Variational parameters for n=2 as a function of S.

Figure 5.R3 (S, r)fitted to the sumof threeGaussons using equation (18)with b1=4.150 5, b2=−5.047 6, b3=−2.992 3,
d1=7.048 9×104 , d2=−8.106 9×103 andN3=2.834 0×10−5,E3=2.343 6 for S=1.
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AppendixA.Derivation of the nonorthogonality condition

Consider two normalized solutions to equation (2), withm>n:

d

dr r

d

dr
V r S R E R

1

2

1
ln 0 A.1n n n2

- - + - - =
⎡
⎣⎢

⎤
⎦⎥( ) ∣ ∣ ( )

d

dr r

d

dr
V r S R E R

1

2

1
ln 0. A.2m m m2

- - + - - =
⎡
⎣⎢

⎤
⎦⎥( ) ∣ ∣ ( )

Taking the inner product of (A.1)withRm and (A.2)withRn, one obtains

R
d

dr r

d

dr
V r S R E R

1

2

1
ln 0 A.3m n n n2

á - - + - - ñ =
⎡
⎣⎢

⎤
⎦⎥∣ ( ) ∣ ∣ ∣ ( )

R
d

dr r

d

dr
V r S R E R

1

2

1
ln 0. A.4n m m m2

á - - + - - ñ =
⎡
⎣⎢

⎤
⎦⎥∣ ( ) ∣ ∣ ∣ ( )

Subtracting (A.4) from (A.3), and exploiting theHermiticity of the kinetic and potential energy operators, only
two terms remain:

E E R R S R R R Rln 0.m n n m n n m m- á ñ - á ñ =( ) ∣ ∣ (∣ ∣ ∣ ∣)∣

Since Em>En, the nonorthogonality condition is given by

R R S
R R R R

E E

ln
. A.5n m

n n m m

m n

á ñ =
á ñ

-
∣ ∣ (∣ ∣ ∣ ∣)∣

( )
( )

Figure 6.R4 (S, r)wave function fitted to the sumof fourGaussons using ansatz of (18)with
b b b3.350 0, 2.170 2, 3.108 61 2 3= = - = , b d4.409 4, 3.425 2 104 1

2= - = - ´ , d d1.371 6 10 , 3.110 0 102
7

3
3= - ´ = ´- ,

N E5.698 1 10 , 2.888 24
4

4= ´ =- for S=1.
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Appendix B. Convergence Study

The only parameters in the FEMcalculation are the value of the cutoff radius rmax and the size of the elements.
The convergence study for the ground state at S=1 is shown in table B1.We also verify the accuracy of the
Gauss quadrature.With only four elements, the energy is accurate to one part in 106.

For the excited states, it is necessary to introduce aweighted average of the last two iterations in order to
obtainmonotonic convergence. Theweighting parameter does not affect the final value of the energy, only the
rate of convergence. Results for the state n=3 and S=1 are shown in table B2. The convergence with respect
to theGauss quadrature is not strictlymonotonic because the accuracy is slightly dependent on location of the
sampling points relative to the nodes.

Table B1.Convergence study for the ground state n=1, S=1. rmax is the radial cutoff (in atomic
units). nel is the total number of elements andΔ r=rmax/nel is the size of the element.N is the
order of theGauss quadrature. i is the iteration number. The results are considered convergedwhen
E E 10 ;i i

1
1

1
13- <+ -∣ ∣ the value of i (at convergence) is recorded in the table. For n=1, the radial

function from the previous iterationR i−1 (r)was used in the logarithmic term.

r a.u.max ( ) nel r a.u.D ( ) N i CPU sec( ) E a.u.1 ( )

4.0 4 1.0 16 16 0.01 −0.341 1 6101 1938

5.0 5 1.0 16 16 0.01 −0.341 1 6107 3036

6.0 6 1.0 16 16 0.01 −0.341 1 6107 3045

7.0 7 1.0 16 16 0.01 −0.341 1 6107 3045

6.0 6 1.0 16 16 0.01 −0.341 1 6107 3045

6.0 12 0.5 16 16 0.01 −0.341 1 6113 2216

6.0 30 0.2 16 18 0.07 −0.341 1 6113 2279

6.0 60 0.1 16 15 0.30 −0.341 1 6113 2278

6.0 60 0.1 8 19 0.30 −0.341 1 6113 2278

6.0 60 0.1 16 15 0.37 −0.341 1 6113 2278

6.0 60 0.1 24 39 0.80 −0.341 1 6113 2279

6.0 60 0.1 32 15 0.32 −0.341 1 6113 2278

6.0 60 0.1 40 21 0.46 −0.341 1 6113 2278

FEM −0.341 1 6113 23

Exact −0.341 1 6113 2278

Table B2.Convergence study for the ground staten=3, S=1. rmax is the radial cutoff (in atomic units). nel is the total number of elements
andΔ r=rmax/nel is the size of the element.N is the order of theGauss quadrature. i is the iteration number; the results are considered
convergedwhen E E 10i i

1
1

1
13- <+ -∣ ∣ , and the value of i (at convergence) is recorded in the table. For n>1, the radial function from the

previous iterationR i−1 (r)was used in the logarithmic term for the first 10 iterations. Thereafter, we used aweighted average of the last two
iterations to ensuremonotonic convergence: I i R I iR Ii i2 1- +- -( ) . It was necessary to increase Iwith increasing n and S; the value of I
does not change the result, only the convergence rate.

r a.u.max ( ) nel r a.u.D ( ) N I i CPU min:sec( ) E a.u.1 ( ) Node 1 Node 2

8.0 40 0.2 16 600 286 00:02 2.339 0 0947 2988 1.503 6 98 3.001 7 45

9.0 45 0.2 16 600 275 00:02 2.339 0 0873 6601 1.503 6 99 3.001 7 52

10.0 50 0.2 16 600 291 00:03 2.339 0 0873 6474 1.503 6 99 3.001 7 56

11.0 55 0.2 16 600 279 00:04 2.339 0 0873 6474 1.503 6 99 3.001 7 56

12.0 60 0.2 16 600 288 00:06 2.339 0 0873 6473 1.503 6 99 3.001 7 55

11 55 0.2 16 600 279 00:04 2.339 0 0873 6476 1.503 6 99 3.001 7 55

11 110 0.1 16 600 282 00:34 2.339 0 0892 6462 1.503 6 95 3.001 7 57

11 220 0.05 16 600 260 04:23 2.339 0 0895 0956 1.503 6 91 3.001 7 54

11 440 0.025 16 600 269 49:37 2.339 0 0895 1234 1.503 6 91 3.001 7 52

11 220 0.05 16 600 260 04:23 2.339 0 0895 0956 1.503 6 91 3.001 7 54

11 220 0.05 24 600 265 04:40 2.399 0 0895 1257 1.503 6 91 3.001 7 53

11 220 0.05 32 600 284 04:49 2.399 0 0895 1006 1.503 6 91 3.001 7 50

11 220 0.05 40 600 256 04:21 2.399 0 0895 1154 1.503 6 92 3.001 7 50

11 220 0.05 48 600 262 04:26 2.399 0 0895 1109 1.503 6 92 3.001 7 54

11 220 0.05 60 600 275 04:44 2.399 0 0895 1096 1.503 6 91 3.001 7 51

FEM 2.399 0 0895 1.503 7 3.001 7 5
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