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1. Introduction

One of the more important problems to be solved in assessing the
.potentialities of the electron ring accelerator (ERA) is that of estimating
the energy radiated by the ring in passing through the accelerating ca-
vities. For a useful device, this must necessarily be less than that gained
from the accelerating field. Unfortunately, however, this radiation is very
difficult to calculate, and estimates have varied over a wide range; some
suggest that the effectis not too serious whereas others imply a severe
limitation to the performance which would prevent very high energles
from being reached.

In this paper an attempt is made to define the problem, and to
examine the relation between the various models in the light of a gene-
ral consideration of energy balance. No firm conclusion is reached, ex-
cept that further work is needed to clarify the situation.

2. Definition of the Problem

The present suggestion is for an accelerating structure consisting of
an array of separately fed cavities joined by driit tubes, as shown in the
figures 1 and 2. An actual system would be almost pertodic, but not
quite so, since the energy of the particle increasescontinuously. At high

1

values of y==(1—f?) 7 the structure itself might be strictly periodic,
but the fields associated with the charge would change continuously as ¢
increases.

It is premature to consider the behaviour of almost perlodic systems,
however, while serlous doubt still remains about what happens in single
cavities on the one hand and infinite perifodic structures on the other.

In all calculations the radiating charge has been assumed to be
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rigid and infinitely massive, moving at a constant normalized velocity
. The energy of the charge on entry to a cavity is denoted by U, and
the net change of energy in passing the gap by AU, so that

AU=Q[Edx—BQ*
~QEG—BQ?

where Q is the charge, G is the gap and E is the accelerating field in
the cavity In the absence of the charge [1]. B is a constant of dimen-
sions L-! which is a function of 1 and the cavity geometry. The problem
Is to find B. In this paper attention is coniined to the two geometries
shown in the figures. The single cavity can be considered as the lmit
of these structures as D— co

(1)

3. Energy Balance

Before examining explicit calculations of B, a simple physical ar-
gument Jeading to a lower limit In a cylindrical structure will be
presented.

In the special case when the energy radiated by the charge just
balances that received from the accelerating field, AU==0, so that from
equation (1) it follows that E/Q=B/C. The energy radiated in this case

may be related to that stored in the cavity before the charge arrives by
setting

BQ?=rR!G - f - E%8x
—~*R*GE/8

where f Is a constant, and E’R®G/8 Is approximately the stored energy

in the shaded volume indicated in the first ftgure. For a relativistic par-

ticle on the axis f might be expected to be of order unity, It can hard-

ly be much greater since a light signal cannot reach the deeper recesses

of the cavity in time to “tell’’ the energy to flow into the charge [2].
Substituting E/Q=B/G In equation (2) ylelds

B=8G/{Rz (3)

Formally this equation just expresses B In terms of another cons-
tant f. With the plausible assumption that -1 this becomes

(2)

B38G/R* 4)

(In ref. [1] a similar analysis using the theory of ref. [3| sugges-
ted the very satisfactory value for f of 1/x; unfortunately however a 4,
lost when converting from MKS to gaussian units, converts this to 4.
Using the analysis above, this flgure becomes 16, an unlikely value;
this po'nt will be discussed further in section 4.

For planar geometry a somewhat different notation and criterion is
relevant. The radiation loss per unit length in a direction perpendicular
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to the paper is bq? where q is the charge per unit length and b a di-

mensionless quantity. If, instead of a valume =R*G In the cylindrical

geometry a volume G? per unit length is taken, as shown Iin the se-
cond figure, then the criterion corresponding to equation (3) becomes

b="28r/f. (5)

It might be argued that f could reasonably be expected to be grea-

ter than unity in this case so that the condition b>8x corresponding to

equation (4) is too restrictive. R
Before studying specific models, some general observations on th

behaviour of single cavities and infinite periodic systems wiil be made,

4. Physical Description of the Radiation Process

There are several valid ways of visualizing the radiation process;
which one is used is somewhat a matter of personal preference, but care
must be taken not to mix these viewpoints. The most convenient for a
general discussion is probably the more formal description in terms of a
manifold of field oscillators, whose structure is determined by.the boun=
dary conditions, and which are excited into forced oscillations by the
charge, The problem then is formally to characterize these oscillators,

calculate the coupling constants, and put in free oscillattons to accord
with the spatlal and temporal boundary conditions.

First, a single fossless cavity with entry and exit plpes (D-oo In
fig. 1), will be considered. Such a cavity can support a finite set of
trapped modes, corresponding to frequencies below the cut off frequency

of the ptpe, given by ;—c-~R. It a charge passes through such a cavity it

T
excites these trapped modes, but it also gives rise to untrapped radia-

tion of shorter wavelength %— <R which ultimately scatters out of the
. - i ' .

cavity and flows in both directions down the pipe. Such radiation covers
a continuum-of frequencles, and dogs not show the line spectrum of the
trapped modes. Indeed, the two processes are very similar-to - excitation
to bound levels and ionization respectively of -an atom by a moving

charge.
For a classical point charge all frequencies are present; fourier ana-

lysis of the field shows however that frequency components of wavelen-
gth . dle away in a distance of order yA/2= from the charge{4].Radiation

- A
from a point charge on the axis into frequencies such that o <R/y is
k9

therefore small. The limiting frequencies of importance increasé with v,
and one might for this reason expect some increase of B with v also.
For an array of cavities with DG»1 1t is fairly obvious that the
energy in the trapped modes for N cavitles is just N times the trapped
energy in one cavity. The continuum radiation however Interieres cohe-
rently in a multi-cavity system and it is not immedlately evident that
the same relation holds. In a periodic system, the frequencies at which
loss occurs, form a closely spaced line spectrum, and it Is perhaps not
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unreasonable to expect that the envelope of the spectrum 1Is similar in
shape to that of the continuous spectrum appropriate to a single cavity,
and that the power lost per cavity is the same in both cases.

Before cxamining the general interaction between a point charge
and an infinite cavity array, it is instructive to see what happens in a
non dispersive structure which supports a single mode. (This discussion,
leading to consideration of a dispersive structure, is based on that given
by Pierce[5] to which the reader should refer for a more thorough and
detailed treatment). As before, an infinitely massive particle and lossless
circult are assumed. If the particle velocity is not equal to the velocity
of free waves on the structure it causes a localized disturbance which
travels with the particle, and (for a non dissipative structure) there s no
interchange of energy between the particle and structure. If on the other
hand the phase velocities are equal, the wave amplitude varies linearly
along the line, and energy flows from charge to the fleld or vice versa.
Since the amplitude of the wave changes Ilinearly, the rate of energy
loss also varles linearly with time. This behaviour corresponds to that
of a linear oscillator; if there is dissipation the amplitude likewise limits
to a constant value at which the dissipation equals the work done by
the charge against the electric field associated with the travelling dis-
turbance.

The cavity array in the figure on the other hand represents a dis-
persive lossless line and this behaves somewhat differently. The disturban-
ce generated by the charge spreads out. Regarding the system as a conti-
nuum of lossless oscillators of spectral density which is approximately
uniform in the neighbourhood of a resonant mode, it may readily be
shown that in an initially field free structure energy is absorbed by the
system as a whole at a constant rate. The central resonant oscillator be-
haves as in a non dispersive circuit and absords energy at a linearly
increasing rate; nearly resonant oscillators absorb energy for v/4Av cycles,
where Av is the difference of phase veloclty between and almost resonant
wave, they then fall out of step and subsequently beat up and down,
the resonant The linearly increasing rate of energy gain of the resonant
osciflators is compensated for by the fact that the bandwidth of effecti-
vely resonant oscillators decreases inversely with time, so that the overall
fate of energy absorption 1s constant. In his paper Pierce shows how
the unlform loss of Cherenkov radiation can be described in this way.

In a dispersive system the amplitude of each oscillator settles down
to a constant value, and the beating up and down characteristic of a
lossless system dles out. The total rate of energy transfer to the assem-
bly of osclllators however is greater than for a corresponding lossless
system.

When calculating the radiation loss into infinite dispersive but non
dissipative systems it is of course important to ensure that the free os-
cilation amplitudes of the oscillators are correctly chosen.
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5. Comparison of Specific Models. {a) Closed Cavity Models

A number of calculations of losses in single cavitles have been
made, but in few of these have specific values of B been quoted. It is
not the present intention to discuss the merits of these models in detail,
but merely to quote the results and list some possible weaknesses in
Table 1.

Table 1

Model Reference Value of B Comments

_ Neglects wavelength less
Modal Analysis 131 G <R than 2sR, (trapped modes only
are included).

.R2
LI
2 v2[R Approximations poor except perhap

0.6G ¢ T
Diffraction (61 tn high frequency Himit,(— <R/7).
1) 28
1
Wave Matching 7] i -1—/ 2 Only one component of
G 2 2
v2G 1/ R fleld is matched.
(31

The inequality (4) is only satisfied by the difiraction and wave
matching models, and only then if y is large enough. This suggests
that the modal analysis model {s always an underestimate, and the ot-
her models are underestimates at low values of 7.

Although radiation into chalns of resonators has often been studied
there appears to be only one published result which gives B explicity
[8]. In this analysis B=G%2R?D; tue calculation Includes a cut-off at
M2z=R, and s therefore again likely to be an underestimate. It is identical
to the single cavity result when D=G.

A related calculation, the result of which is known to be exact, fs
that of the energy radiated by a charge passing through a hole of radius
R in a conducting plaie. This gives[3] B=1/R when 7»1. The radiation_
loss is proportional to v, as one might expect by analogy with bremss- -
trahlung. This result might appear at first sight to conilict with the re-’

sults of the diffraction and wave matching models, which predict a
1
v dependence. If the plates are spaced so closely however that the

fleld associated with the charge does not have time to readfust to free
space conditions, the radiation Is reduced; this can be estimated quite
simply by finding the condition that the sideways diffraction of shortest
wavelengths is large compared with the hole radius. Such a calculation
ylelds the criterion G3»YR for the screens to be independent; this will
not be satisfied in any practical arrangement.
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5 (b) Two Dimensional Open Models

The radiation from the open structure shown in fig. 1 for D=G can be
calculated exactly, and it is therefore of interest to enquire. whether the
result is relevant to the closed cavity situation. Such a calculation has
been performed by Bolotovsky and Voskresensky [9] and extended by
Sessler[10].

The first point of interest is the very different values of b given
by the two dimensional version of the diffraction and wave-matching calcu-
lations for a single cavity on the one hand and the accurate calculation
for an infinite system on the other. In table 2 the value of b is given
for the diffraction model and accurete calculations; also shown is {=8=/b
for a typical particular case:

Table 2
Model Reference b f for the special .
case of D/H=4,7=100
Diffraction model 6] ' 28<1 2)% 0.45
Accurate calculation {10} 0.8 ( >__ 40
. vH?

The ratio between the resulls from the two models is of order 7.
Although one can accept that f can be greater than unity, values as
large as 40 (and increasing with y) are at first sight difficult to under-
stand, and are associated with the fact that the system is open and infi-
nite. Since the system is open, energy can flow in a direction perpen-
dicular to the structure, giving at least some modes which are effectively
dissipative; since it is infinite, the resonant and near resonant dissipative
modes limit {0 a constant amplitude as described at the end of section 4.

6. Characteristics of a Practical System

The accelerating system of an actual accelerator would, as remar-
ked earlier, be equivalent to something between a single cavity and an
infinite periodic chain. It is important to establish whether the loss per
cavity in an infinite chain differs substantially from the loss In a single
cavity; if it does not, then attention can be focused on a single cavity,
if on the other hand there is a large difference then it will be necessary
to find criteria for the transition between periodic and almost periodic
structures, and also to take into account losses in the structure at high
frequencies. The problem of irregularities and tolerances would become
important at high energies where very high frequencies are significant.

- A further assumption which has been made in the analysis is that
the ring is a rigid body. This is not so, and it may be necessary to
make some estimate of the nature of the radiation reaction force to ensure
that this does not cause any distortion of the ring. Su-h distortion could
supply or absorb energy and invalidate equation(1).
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7. Some Numerical Estimates

It is impossible to make any general parameter studies of the ERA
until the radiation problem is solved. It is perhaps not unreasonable how-
ever as a first guess to take a value of B equal to the minimum sug-
gested by the energy balance argument. For a reasonable design the
radiation loss should not exceed half-the energy gained from the elec-
tric field; inserting this condition in equation (1) ylelds EG>2BQ. Expres-
sing B in terms of f from equation(4)

E>8Q/IR2. (6)

This equation has a very simple physical interpretation, namely
that the accelerating field must exceed 8/f time the field which would
be produced at the gap by a stationary point charge Q placed on the
axis. For such a charge containing N electrons the field at R cms is
1.4x10-1 N/R* Mev/cm, so that equation (6) may be written

E>>1.12X10-®N/fR? Mev/cm. (7)

Taking an optimistic figure of 4 for f, and N=10%, R=275 this gives
1.1 Mev/cm, quite a high figure.

It is of interest to note also that the effective radius R, from which
a uniformly accelerated charge in a uniform electric fleld extracts energy
is given by

1
R,=(E/8Q) ? (8)
This is identical with equation (7), with R=R, and f=1.

8. Summary and Conclusion

A simple energy balance argument applicable to a relativistic pa:-
ticle moving through either single cavity or a chain of cavities suggests
a lower limit to B, the coefficlent relating the radiation loss per cavity
to the square of the charge. This limit Is sufficiently high nevertheless
to imply severe constraints to the parameters permissible in an ERA.
The argument gives no indication of the dependence of B on 7, but by
implication excludes a form Boecy—", since, for suificiently high ¥, such
a form must violate the condition B>By,.

The values of B for some specific models have been examined,
two of these satisiy the criterion, but only for large 7.

Estimates based on an accurate calculation of the radiation from a
line charge passing close to a semi-infinite array of plates severely vio-
late the criterion, and also differ considerably from single cavity estima-
tes with the same geometry. It would appear therefore that estimates
based on infinite open geometry are not appropriate to the finite closed
system which constitutes the ERA accelerating system,

Further work is needed to clarify the situation, indications are how-
ever that radiation loss in the ERA is likely to prove a severe limitation.

534



9. Acknowledgements

It is a pleasure to acknowledge stimulating, and often controverstal,
discussions with a number of colleagues, in particular Dr. A. M. Sessler
of the Lawrence Radiation Laboratory, Drs. B. W. Montague and E. Keil
of CERN, Professor D. S. Jones of Dundee University and Mr. R. B.
R-S-Harvie of S. E. R. L., Baldock.

> G je -

¢ N
\\\

=

¥ RS
-/ NS
AN
Point charge Volume RZG
. @ | |
-
Fig. 14 Closed cylindrical geometry
Line charge g/unit length.
- G -)/
2
> Volume G°/unit length
iy _._/ \Y
|

i

|
: g el
«

Fig. 2. Open planar geometry

REFERENCES

1. L. R. L. report UCRL 18104, p. 24, 1968.

2. A. G. Bonch-Osmolovsky., et al, Dubna preprint P9-4171, 1968.

3. O, A. Kolpekov, V. I,, Kotov.,, and Soviet Physics-Technical Physics, 9.1072,
1965.

. J. D., Jackson, *Classical Electrodynamics” section 15.5 John Willey ang Sons, inc
New York Lnndon, 1962.

J. R,. Pierce, Journ. App. Phys. 26, 627, 1955.

. J. D., Lawson, Rutherford Laboratory Memorandum RHEL/M 144, 1968,

. E. D,, Courant, Paper presented at 1968 Accelerator Conference in Moscow, and
private communication via A. M. Sessler.

8. 0. A, Kolpakov, V. I. Kotov,and Om-San-Kha, Soviet Physics-Technical Physics,
10, 18, 1965.

9. B. M. Bolotovsky, and G. V., Voskresensky, Soviet Physics Uspekhi 9, 73, 1966
and 11, 143, 1968.

£y

-

10. A. M, Sessler, private communication,

595



AUCKYCCHU4A

Py6uH: B BucTtynaeuun poxtropa JIAYCOHA npm oueHke noreph Ha HaaydyeHue
HCIOAb30BAACH KOI((HUUMEHT NPONOPUKUOHANBHOCTH f, KOTOPOMY HOBOJBHO IIPOH3BOABHO
NpHAABaAHCh YHCIOBbIE. 3HaueHus (Hanpumep, f=4). OgHako, caMo CyuecTBO 3aAdauyH 3aK-
AI0YAETC NPAaKTHYECKH B ONpPeAe]eHMH 3TOrc Koadduunenta. 370 MOXHO NOKa3aTb XOTH
O paccMOTPER 3aaauy O PaAHAUMOHHLIX NOTEPAX NPH NpOJETe 3apAla Yepe3 OTBEPCTHE
B 6eCKOHEYHOM 3KpaHe, B naHnOM cayvae MMeloTcs ueTmpe pasMEpHHIX napamerpa; a-pa-
IHYC OTBEPCTHA, (-3apAjd, V,-CKOPOCTb 3apAAa, C-CKOpocTb cBerd. C noMousbio 3THX Be-

JAHUYHMH MOXHO COCTaBHTh TOJBKO OAHY KOMOHHaNMi0, HMEIOLYI0 Pa3MepHOCTbL 3Hepruv U~
2

v,
~ -q—f, rae f-dyuxknus or 6e3pasMepHOro napaM=tpa §=—-c3 (uam 7)
d

Pewenue 3agaun JHECTPOBCKUM u KOCTOMAPOBLIM 3akawuarocs B onpe-
AeneHuH 3TOH (QYHKUMH, KOTOPaA OKa3alacb NPOMOPUHOHANBHON 7, T. €, MOXKET ObTh >4
[loBHAHMOMY, 3HANOTHA HMEET MECTO NP NpoJeTe 33pAAa OKOJAO .11060r0 OAHHOYHOrO
NpensTCTBHA, NPHYEM Poib a GYAET WrpaTh HEKOTODPHIM XapakTepHblH pasNep (npuuenb-
HblH MapaMeTp), a OcTalbHble AMHEWHblE NapaMeTrpul B BuAe Ge3pasMepHblXx KOMOGHHAUMI
BoHAYT 8 (dyHkumwo f,

CoBceu apyras cuTyauus moayuaercd, Koria HMeeTcs OeCKOHeuHas NePHORHYEC-
Kad CTpyxTypa. Kax okasnBaercs, B 3.0M CJyuae HeT CHJbHOH 33aBHCHMOCTH OT 7, a
YHCJICHHBIE OUEHKH, €CIH pPeayabTaThl NPUBECTH B TOH Ke dopMe, Kak y A-pa JIAYCOHA,
AAI0T 3H YeHHe aas 1K4.
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