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Abstract

Dynamics of matter fields on a classical space-time are believed to obey the prin-
ciple of quantum field theory (QFT). In the early universe, the expansion of the
universe originating from the inflation causes various non-equilibrium phenom-
ena of quantum fields, and the most rigorous descriptions of such phenomena
are obtained from the non-equilibrium QFT framework. However, in general,
the first principle of QFT gives very complicated equations, and then, we need
reasonable approximations to understand the phenomena.

In this thesis, as an example of non-equilibrium phenomena with significant
quantum effects, we investigate the evolution of the lepton number asymmetry
when the right-handed (RH) neutrinos have almost degenerate masses |Mi −
Mj | ≪ Mi. Because of the resonant oscillation resulting from the degenerate
mass spectrum, the propagating process of RH neutrino is no longer classical
process and the conventional Boltzmann equation fails to take into account
the enhancement of CP asymmetry in the decay of the RH neutrino Ni. To
describe the quantum propagating process, we rely on the Schwinger-Dyson
(SD) equation from the non-equilibrium QFT with two levels of approximation.

The first one is the Kadanoff-Baym (KB) equation as the evolution equation
of full propagators as a systematic truncation of the SD equation. By solving the
KB equation of the RH neutrino directly, the resonantly enhanced CP -violating
parameter εi associated with the quantum propagating process and decay of
the RH neutrino Ni is obtained. It is proportional to an enhancement factor
(M2

i −M2
j )MiMj/((M

2
i −M2

j )
2+R2

ij) with the regulator Rij = |MiΓi+MjΓj |.
This regulator differs from the one derived by the calculation based on the
equilibrium quantum field theory Rij = |MiΓi −MjΓj |. By focusing on the
origin of the difference, we clarify what is missed in the conventional approach.
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The second level of the approximation is to derive the evolution equation of
the so-called density matrix of RH neutrino, which is usually used to describe the
baryogenesis through the RH neutrino flavor oscillation, from the KB equation.
Instead of solving the KB equation directly, we obtain the analytic solution
of the density matrix equation under the assumption that the deviation from
thermal equilibrium is small where the differential equation is reduced to a
linear algebraic equation. Again we obtain the CP violating parameter ε in the
thermal resonant leptogenesis, with the regulator consistent with the previous
analysis.

Through these analyses, we see the importance of the non-equilibrium QFT
as the starting point for the approximations, for the reason that it describes all
the processes (propagation and collision) in the single frame work.

This thesis is based on our works [90, 91].
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1 Introduction and overview

Origin of the baryon asymmetry in the universe is one of the mysteries, that can-
not be explained within the combination of today’s standard model of particle
physics (SM) and standard cosmology. The baryon asymmetry is parametrized
as the baryon to photon ratio

η ≡
nB − nB

nγ

∣∣∣∣
0

≈ 6.03× 10−10 ×
(
Ωbh

2

0.022

)
(1.1)

where nB , nB , nγ are the number densities of baryon, anti-baryon and pho-
ton, respectively, and the subscript 0 implies the present values. At the second
equality, it’s rewritten in terms of the baryonic fraction of the critical density
ΩB ≡ ρB/ρcr with the present Hubble parameter h ≡ H0/100km s−1Mpc−1 =
0.673 ± 0.010 [1]. The value of baryon asymmetry is extracted from the two
independent observations. The first one is the measurement of the primordial
abundances of the light elements [2]. Big bang neucleosynthesis (BBN) sce-
nario leads to the baryon to photon ratio corresponding to the value of the
cosmological parameter

ΩBh
2 = 0.02202± 0.00046 (BBN) . (1.2)

The second one is the measurement of the cosmic microwave background (CMB).
Plank 2015 results [1] give the cosmological parameter

ΩBh
2 = 0.02222+0.00045

−0.00043 (CMB) . (1.3)

The yield value of the baryon asymmetry

YB ≡
nB − nB

s

∣∣∣∣
0

≈ η

7.04
(1.4)

is another parametrization of the baryon asymmetry, which is convenient in
calculations because the entropy density s = g∗(2π

2/45)T 3 is conserved in the
expansion of the universe, where g∗ = g∗(T ) is the number of degrees of freedom
in the plasma with temperature T . s0/nγ,0 ≈ 7.04 is used at the second equality.
Therefore, we have to explain the observed value of the yield YB ≈ 8.56×10−11

by adding some new degrees of freedom to the SM.
Three necessary conditions to generate the baryon asymmetry is known as

the Sakharov’s conditions [3]. Although the SM satisfies the Sakharov’s condi-
tions, the observed number of baryon asymmetry cannot be produced due to
the smallness of the CP -asymmetry in the CKM matrices and the modest elec-
troweek phase transition following the Higgs boson mass mh ≈ 126GeV. The
simplest and reasonable extension of the SM is to introduce the three right-
handed (RH) neutrinos Ni with large Majorana masses Mi, which gives not
only the successful baryogenesis through leptogenesis [4] but also explanation
of the neutrino oscillation via seesaw mechanism [5], see [6] for a comprehen-
sive review. In this scenario, RH neutrinos are produced thermally through the
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interaction with the SM particles’ thermal bath or the reheating process after
inflation. As temperature decreases with the expansion of the universe down to
the Majorana mass scale, RH neutrinos become out of thermal equilibrium and
their CP -asymmetric decay into the SM leptons and the Higgs produce lepton
number asymmetry in the universe. The lepton number asymmetry is then con-
verted into the baryon number asymmetry through the non-perturbative B+L
-violating process of sphalerons in the SM [8].

If the Majorana masses of the RH neutrinos have a hierarchical structure,
the lightest Majorana mass must satisfy the Davidson-Ibarra(DI) bound [11],

M >∼ 109GeV in order to produce sufficient lepton number asymmetry. This

lower bound requires high reheating temperature Trh
>∼ 109GeV. In general,

such a high reheat temperature is not favored because of the production of
unwanted particles with rather long lifetime, which could spoil the BBN. The
famous example is the so-called gravitino problem[12] arising in supersymmetric
models. Hence, finding the way to escape the DI bound seems to be an important
task. One of well-studied directions for this purpose is to take into account the
lepton flavor effects [26, 27, 28]. However, even though such flavor effects are
fully considered, the reheating temperature cannot be lowered considerably in
the leptogenesis with hierarchical (or non-degenerate) mass spectrum of RH
neutrinos. (As mentioned below, the successful baryogengesis scenarios based
on the ARS mechanism [56] prefer GeV scale RH neutrinos. In this thesis,
however, we focus on the usual leptogenesis scenario where the RH neutrino
decay process is responsible for the final baryon asymmetry.)

The solution to lower the temperature is highly-degenerate mass spectrum of
the RH neutrinos [39, 40, 41]. When at least two of the RH neutrinos are degen-
erate in their masses, the DI bound can be evaded. In this case, quantum oscil-
lation of almost degenerate RH neutrinos resonantly enhance the CP -violating
decay and hence, lepton number asymmetry can be produced sufficiently even
for RH neutrino masses smaller than TeV scale. This scenario is known as the
resonant leptogenesis. Such light RH neutrinos have attracted attention in light
of the lepton flavor violation, neutrinoless double β decay and high energy col-
lider experiments, for example [43]–[47]. It’s also interesting possibility in the

theoretical perspective because light RH neutrinos with M <∼ TeV do not give
large radiative corrections, and then, they could be indispensable peaces of the
theories connecting the EW and Planck scale directly [48]–[51].

In the resonant case, the CP -asymmetry in the decay of Ni mainly comes
from an interference of the tree and the self-energy one-loop diagrams. It is
expressed by the CP -violating parameter

εi ≡
ΓNi→ℓϕ − ΓNi→ℓϕ

ΓNi→ℓϕ + ΓNi→ℓϕ

=
∑
j(̸=i)

ℑ(h†h)2ij
(h†h)ii(h†h)jj

(M2
i −M2

j )MiΓj

(M2
i −M2

j )
2 +R2

ij

(1.5)

where h is the neutrino Yukawa coupling and Γi ≃ (h†h)iiMi/8π is the decay
width of Ni. The resonant enhancement of the CP -violating parameter was
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discussed in [38]. Systematic considerations were performed by Pilaftsis [39],
and he found that the regulator in the denominator is given by Rij =MiΓj . If
the mass difference is larger than the decay width, we have |M2

i −M2
j | ≫ Rij ,

and εi is suppressed by Γi/M ∼ (h†h)ii. However, in the degenerate case, |Mi−
Mj | ∼ Γ and ε can be enhanced to O((h†h)0) ∼ 1. Hence the determination
of the regulator Rij is essential for a precise prediction of the lepton number
asymmetry in the resonant leptogenesis. The authors [19][42] calculated the
resummed propagator of the RH neutrinos and obtained a different regulator
Rij = |MiΓi −MjΓj |. By using their result, the enhancement factor becomes
much larger. Since the scale of the leptogenesis is sensitive to the form of
the regulator, it’s important to systematically obtain the correct form of the
regulator.

Conventionally, leptogenesis is often calculated based on the classical Boltz-
mann equation [80] which describes the time evolution of the phase space dis-
tribution function of on-shell particles. In the Boltzmann equation, the interac-
tions between particles are taken into account through the collision terms that
comprise the S-matrix elements calculated separately in the framework of (equi-
librium) quantum field theory. The authors [58] applied the non-equilibrium
Green’s function method with the Kadanoff-Baym (KB) equations developed
in studies of the transport phenomena [81, 82] and derived the full-quantum
evolution equation for the lepton number in the hierarchical mass case. Using
this method, one can systematically take into account quantum interference, fi-
nite temperature and finite density effects. The method was intensively used in
the leptogenesis in various papers [61]–[78]. In the resonant leptogenesis, since
the quantum interference effect is crucial to the evaluation of the CP -violating
parameter, we can expect importance of such a full-quantum mechanical for-
mulation based on the KB equations. In [59], the authors used the method to
obtain an oscillating CP -violating parameter in the flat space-time. Then ap-
plying it to the Boltzmann equation in the expanding universe, they calculated
the lepton number asymmetry. In the strong washout regime, the oscillation
is averaged out and the lepton number asymmetry is expressed with an effec-
tive CP -violating parameter. Then the maximal value agrees with the case of
Rij =MiΓj [60].

Recently Garny et al. [71] systematically investigated generation of the
lepton asymmetry in the resonant leptogenesis. In the investigation, they con-
sidered a non-equilibrium initial condition in a time-independent background
and calculated the final lepton number asymmetry. Starting from the vacuum
initial state for the RH neutrinos, they read off the CP -violating parameter
from the generated lepton asymmetry. The effective regulator they derived is
Rij = MiΓi +MjΓj , which differs from the previous results, Rij = MiΓj by
[39] or Rij = |MiΓi −MjΓj | by [19, 42]. In our work [90], half of this thesis is
based on, the validity of the regulator Rij =MiΓi +MjΓj is confirmed also in
the thermal leptogenesis caused by the expansion of the universe.
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In the νMSM [52, 53], the RH neutrinos are responsible for baryogenesis.
However, baryon asymmetry is generated in the different way from the thermal
leptogenesis, based on the ARS mechanism [56] but with the helicity asymme-
try in RH neutrinos. Two of RH neutrinos have degenerate Majorana mass
spectrum around Mi ∼ GeV, and then they start to decay after the electroweak
sphaleron shutoff. (The lightest RH neutrino with keV scale Majorana mass
becomes warm dark matter.) Therefore, only the flavor asymmetry generated
through RH neutrino production process are relevant for the final baryon asym-
metry (total lepton asymmetry is almost zero because the helicity-flipping pro-
cess through the Majorana mass is negligible for T ≫Mi). And high reheating

temperature Trh
>∼ 109GeV is no longer required. In this scenario, to evaluate

the baryon asymmetry generated during the production process of RH neu-
trinos, the density matrix formalism [57] is employed, which is a multi-flavor
generalization of the Boltzmann equation and which can taken into account
the quantum coherence in the (SM lepton and RH neutrino’s) flavor oscillation.
However, the most important mechanism to generate sufficient baryon number
is the same as in the resonant leptogenesis, namely, resonant oscillation between
different flavors of RH neutrino.1

If the density matrix formalism is a correct method to take the coherent
flavor oscillation, it must be derived from KB equation under some appropriate
assumptions, and lead to the consistent result with the one directly obtained
from the KB equation [71]. The authors of [70] showed that the equation of
the density matrix can be obtained from the KB equation, and applied to the
analysis of the resonant leptogenesis in the same situation as [71], namely, the
non-equilibrium initial condition in the flat space-time. In our work [91], the
latter part of this thesis is based on, it’s shown that the results obtained [71]
and [70] are consistent with each other, by using the approximation which is
valid in the typical case of resonant leptogenesis. Moreover, we have obtained
the general form of the CP -violating parameter in the resonant leptogenesis.

The purpose of this thesis is to see (i) how useful the non-equilibrium QFT
is in order to correctly understand the quantum effects in non-equilibrium sit-
uation, and (ii) how it’s reduced more simple and practical framework like the
density matrix formalism, through the detailed investigation of the resonant
leptogenesis.

This thesis is organized as follows.
In section 2, we give a brief review of the leptogenesis scenario. After intro-

ducing the RH neutrinos and their interaction, we see the conventional deriva-
tion of the CP -violating parameter and the kinetic equation of the lepton num-
ber. This approach needs an artificial treatment, called real intermediate state
subtraction, which relates to the insufficiency of the conventional approach. And
we see the lower bound on the lightest RH neutrino mass in the simplest model

1In some parameter region, the RH neutrinos are not required to degenerate in their mass
[54]. However, instead of the tuning in their masses, the tuning in the neutrino Yukawa
coupling is necessary [55] to make the large interaction rate compatible with the light neutrino
spectrum through the seesaw mechanism.
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of leptogenesis and the effects of lepton and RH neutrino’s flavor effects.
In section 3, we focus on how the counterpart of the collision term in the usual

Boltzmann equation is expressed in the non-equilibrium QFT. In section 3.1
and 3.2, we summarize the basic properties of various Green functions and the
Kadanoff-Baym (KB) equations that must be satisfied by them. Then we derive
the evolution equation of the lepton number in the expanding universe in section
3.3, The evolution equation is written in terms of the propagators of the RH
neutrinos, the SM leptons and the Higgs boson. In section 3.4 we explain how
the KB equation is reduced to the ordinary Boltzmann equation. In section 3.5,
it’s mentioned that the most important ingredient to get the evolution equation
for the lepton number is the Wightman propagators of the RH neutrinos. The
flavor diagonal component is directly related to the distribution function, but
more important for the lepton asymmetry is its off-diagonal component.

In section 4, we investigate how the expansion of the universe affects various
propagators of RH neutrino. We derive the deviation of off-diagonal compo-
nents of the Wightman propagator of RH neutrino by solving the KB equation
directly. Plugging the solution into the evolution equation of lepton number ob-
tained in section 3, we get the Boltzmann equation-like form with the modified
CP -violating parameter. In section 4.1, we focus on the resonant oscillations
in the thermal equilibrium. We study the properties of the retarded and ad-
vanced propagators in which the information of the spectrum is encoded, and
the Wightman functions including the information of the distribution functions.
In section 4.2, we scrutinize the behavior of Green functions out of equilibrium.
By considering the KB equations, it gets to be clear how the deviation from
the equilibrium distribution function is generated. And we show that the devia-
tions of the flavor off-diagonal Wightman functions behave differently from the
retarded and advanced Green functions. In section 4.3, we apply the calculated
deviations of the Wightman functions of the RH neutrinos into the evolution
equation derived in section 3, and obtain the quantum Boltzmann equation for
the lepton number asymmetry. We read off the CP -violating parameter ε and
show that the regulator is given by Rij = MiΓi + MjΓj . In section 4.4, we
give a physical interpretation why the regulator Rij = MiΓi +MjΓj appears
instead of Rij =MiΓi −MjΓj . In particular, we show that if we neglect a part
of quantum effects (off-shell contributions), the regulator is erroneously given
by Rij =MiΓi−MjΓj . In section 4.5, we summarize our results following from
the method in which the KB equation of RH neutrino is directly solved.

In section 5, instead of solving the KB equation directly, we reduce it into the
evolution equation of the density matrix of RH neutrinos. Plugging the analytic
solution of the equation into the evolution equation of the lepton number, we get
the lepton number Boltzmann equation with the CP -violating parameter which
is consistent with the one obtained in section 4. In section 5.1, by taking the
multi-flavor generalization of quasi-particle ansatz for the Wightman propagator
of RH neutrino, we derive the evolution equation of the density matrix of RH
neutrino. In this derivation, well-known Kramers-Moyal expansion is employed
and only the lowest order of the expansion is kept. As a result, the collision
term is written by the Fourier transform of the self-energy of RH neutrino.
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In section 5.2, we obtain the explicit form of the collision term by applying
the quasi-particle ansatz to all the propagators in the imaginary part of self-
energies. Then in manner of the optical theorem, the multi-flavor generalization
of the squared amplitudes of decay and scattering process are obtained. The
real part of self-energy is identified as the quantum correction to the energy of
RH neutrino and contributes to flavor oscillation of RH neutrinos. In section
5.3, assuming the smallness of deviation from thermal equilibrium, we get the
analytic solution of the equation. Plugging it into the equation of lepton number,
we read off the CP -violating parameter. In general, it’s shown that the regulator
of the resonant enhancement includes the annihilation rate as well as the decay
rate. In section 5.4, we discuss more practical definition of the CP -violating
parameter convenient to obtain the final lepton asymmetry. The back reaction
from generated lepton number is also taken into account. In section 5.5, we
summarize the observations obtained from the method in which the KB equation
of RH neutrino is reduced to the evolution equation of the density matrix of RH
neutrino.

Finally, section 6 is devoted to the conclusion of this thesis.
In appendix A, we give a brief introduction to the closed time path (CTP)

formalism and the KB equations. In appendix B, we derive the self-energies for
the RH neutrinos and the SM leptons based on the 2PI formalism. In appendix
C, we give anther derivation of the off-diagonal component of the Wightman
functions out of equilibrium. The calculation explains why the regulator Rij =
MiΓi+MjΓj naturally appears. In appendix D, we give details of the derivation
of kinetic term of the evolution equation of the density matrix. In appendix E,
the explicit forms of the analytic solution of the density matrix are shown.
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2 Baryogenesis through Leptogenesis

In this section, the leptogenesis scenario is briefly reviewed. The interaction
between the RH neutrinos and the SM lepton and Higgs boson gives the CP -
asymmetric decay of the RH neutrino. In the simplest model of the leptogenesis,
in which only the lightest RH neutrino is responsible for the lepton number gen-
eration, the lower bound of the lightest Majorana massM1

>∼ 109GeV appears in
order for the sufficient CP asymmetry in the decay process, and rather high re-
heating temperature Trh

>∼ 109GeV is required. Lepton and RH neutrino flavor
effects cannot lower this bound on Trh considerably. However, it can be evaded
by considering the degenerate mass spectrum of the RH neutrinos. In this case,
the quantum effects become more important, and the conventional calculations,
reviewed in this section, must be replaced with the calculation based on the
non-equilibrium QFT as we discuss in the later sections.

Before introducing the concrete model, let us look at the conditions to dy-
namically generate the baryon number [3]. (i) Baryon number should not be
conserved. This is required in order to generate the baryon asymmetry from the
initial state with B = 0. Even if the initial state of the universe has a baryon
number, the inflation dilutes it significantly. (ii) C and CP symmetries must
be broken. If either C or CP were unbroken, the processes involving baryons
have their C or CP conjugate processes involving anti-baryons, and their inter-
action rates are the same. Then, no net baryon number is generated. (iii) Out
of equilibrium dynamics are necessary. If the state is in thermal equilibrium,
it must be characterized by a few parameters such as the temperature and the
conserved charges, and then non-conserved quantities must be zero. All of these
conditions are satisfied in the SM. But two of them are too small to reproduce
the observed baryon asymmetry: (i) Non-conservation of the baryon number is
provided by the non-perturbative effect which changes the Chern-Simons num-
ber of the SU(2) gauge field in the early universe [8]. It leads to the processes
involving nine left-handed quarks and three left-handed leptons, and violates
the B + L number [7]. (ii) C and CP are violated by the electroweak (EW)
interactions and the complex phase in the CKM matrix respectively. However,
the magnitude of CP -violation is too small and new CP -violating sources are
needed. (iii) The significant deviation from equilibrium could be generated if
the EW phase transition were strongly first order. But the observed Higgs mass
126GeV is too heavy to make the phase transition first order [10]. This also
requires some new physics beyond the SM.

In the leptogenesis scenario [4], the RH neutrinos, which are introduced via
the seesaw mechanism [5], can be responsible for the successful baryogenesis.
Their Yukawa couplings provide the new source of the CP violation. Their large
Majorana masses not only violate the lepton number as the seed of the baryon
number, but also make their equilibrium number densities behave differently
from those of the SM particles which construct the thermal bath, and cause the
significant deviation from equilibrium.
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2.1 Right-handed neutrino and its interaction

The model we consider is an extension of the SM with RH neutrinos νR,i. i is
the flavor index, i = 1, 2, 3. We set Ni = νR,i + νcR,i. The Lagrangian is given
by

L = LSM +
1

2
N
i
(i /∇−Mi)N

i + Lint , (2.1)

Lint ≡ −hαi(ℓ
α

a ϵabϕ
∗
b)PRN

i + h†iαN
i
PL(ϕbϵbaℓ

α
a ) (2.2)

where α, β = 1, 2, 3 and a, b = 1, 2 are flavor indices of the SM leptons ℓαa and
isospin SU(2)L indices respectively. Mi is the Majorana mass of Ni. hiα is
complex matrix as the Yukawa coupling of N i, ℓαa and the Higgs ϕa doublet.
PR/L are chiral projections on right/left-handed fermions. It’s convenient to
assign the lepton number ±1 to the chirality ±1 component PR/LN , so that, if
the Majorana mass term were set to be zero, the lepton number would conserved
at the classical level. The SM Lagrangian LSM includes the interaction term
−λα(ℓ

α

aϕa)e
α
R + h.c. for the charged leptons eαR, with the diagonal and real

Yukawa coupling λ. Although M and λ are complex matrices in general, the
basis for the N i, ℓα and eβR have been chosen so that they can be reduced to
the diagonal and real matrices. In this basis, the neutrino Yukawa coupling h is
left as a general complex matrix. By the phase redefinitions of ℓ and eR, three
phases can be removed and hence, h has 15 physical parameters. There are in
total 21 physical parameters in the lepton sector of the theory.

Introducing the right-handed neutrino with the Majorana mass M leads to
the mass matrix for the left-handed neutrinos

Lmν =
1

2
ν†Lmνν

c
L + h.c. (2.3)

in the low energy effective theory. Hence it can explain the flavor oscillation in
fluxes of solar, atmospheric, reactor and accelerator neutrinos, that requires the
two mass-squared differences and mixing angles [13]

∆m2
sol ≡ m2

ν2 −m
2
ν1 = (7.50+0.59

−0.48)× 10−5eV , (2.4)

∆m2
atm,NO ≡ m2

ν1 −m
2
ν1 = (2.457+0.150

−0.140)× 10−3eV , (2.5)

∆m2
atm,IO ≡ m2

ν2 −m
2
ν3 = (2.449+0.141

−0.142)× 10−3eV , (2.6)

s212 ≡ sin2θ12 = 0.304+0.040
−0.034 , (2.7)

s213,NO ≡ sin2θ12,NO = 0.0218+0.0032
−0.0032 , (2.8)

s213,IO ≡ sin2θ12,IO = 0.0219+0.0032
−0.0031 (2.9)

where the subscripts NO and IO stands for the normal ordering case (mν1 <
mν2 < mν3) and the inverted ordering case (mν3 < mν1 < mν2), respectively.
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Figure 1: Tree and one-loop diagrams of the RH neutrino decay into the SM
lepton and Higgs boson.

The Majorana mass term (2.3) originates from the dimension five operator
(ℓαϕ)(ℓβϕ) which appears after integration of the heavy right-handed neutri-
nos with the Majorana masses Mi. Hence, the mass matrix for the left-handed
neutrinos is given as

mν = hM−1hT v2 (2.10)

where v = 174GeV is the vacuum expectation value of the Higgs boson.

2.1.1 CP -asymmetry in Majorana neutrino decay

Due to the complex phases in the neutrino Yukawa h, the decay process of
the RH-neutrino into the SM lepton and Higgs boson becomes CP -asymmetric.
At the moment, we focus on the case with hierarchical mass spectrum of the
RH neutrinos. We are interested in the radiation-dominated era with the high
temperature T > TEW , then the SU(2) symmetry is not broken and all of the
SM particles are massless.2

The matrix elements of the tree diagram in Fig.(1) and its CP -conjugate
process are written as

iMtree
Ni,s→ℓαaϕb

= −ihαiuα(p)PRui,s(q)ϵab , (2.11)

iMtree
Ni,s→ℓ

α
aϕ

∗
b

= −ih†iαvi,s(q)PLvα(p)ϵba (2.12)

where s represents the spin degrees of freedom of the RH neutrino. Summing
the spin of the RH neutrino and SU(2) and flavor indices, we get the squared
amplitude

|Mtree
Ni→ℓϕ|2 ≡

∑
s,a,b,α

|Mtree
Ni,s→ℓαaϕb

|2 =
∑
s,a,b,α

|Mtree
Ni,s→ℓ

α
aϕ

∗
b

|2 (2.13)

= gw(h
†h)ii(2q · p) = gw(h

†h)iiM
2
i (2.14)

2In this section, we just omit the thermal masses of the SM particles ∼ gT for simplicity.
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where gw = 2 is the SU(2) degrees of freedom. Therefore, there is no CP -
asymmetry at the lowest order of (h†h). The decay rates of the RH neutrino
into the SM (anti-)particles is given as

ΓNi→ℓϕ = ΓNi→ℓϕ (2.15)

=

∫
dΠℓpdΠ

ϕ
k(2π)

4δ4(q − p− k)
∑
s,a,α

|Mtree
Ni,s→ℓαaϕb

|2

=
gw(h

†h)ii
32π

Mi . (2.16)

The total decay width of the i-th RH neutrino is obtained as

ΓNi = ΓNi→ℓϕ + ΓNi→ℓϕ =
(h†h)ii
8π

Mi . (2.17)

The CP -asymmetric contributions come from the interferences between the
tree and one-loop diagrams. The matrix elements of the ”vertex” diagram in
Fig.(1) and its CP -conjugate process are given as

iMvertex
Ni,s→ℓαaϕb

= +ihαjMjbj(q
2)(h†h)∗jiuα(p)PR/qui,s(q)ϵab , (2.18)

iMvertex
Ni,s→ℓ

α
aϕ

∗
b

= +i(h†h)∗ijMjbj(q
2)h†jαvi,s(q)/qPLvα(p)ϵba . (2.19)

Although bj is defined by the one-loop integral, its imaginary part

ℑ[bj(q2)] =
1

16π
√
q2Mj

f

(
M2
j

q2

)
Θ(q2) , (2.20)

f(x) =
√
x

(
1− (1 + x) ln

(
1 + x

x

))
, (2.21)

is finite and contributes to the CP -asymmetry in the decay process as seen
below. From the ”self-energy” diagram in Fig.(1), we get

iMself−energy
Ni,s→ℓαaϕb

= −ihαjuα(p)PRGjj(q)Πji(q)ui,s(q)ϵab (2.22)

= −ihαj
(
Mi(h

†h)ji +Mj(h
†h)∗ji

) Mia(q
2)

q2 −M2
j

uα(p)PRui,s(q)ϵab ,

iMself−energy

Ni,s→ℓ
α
aϕ

∗
b

= −ih†jαvi,s(q)Π
ij(q)Gjj(q)PLvα(p)ϵba (2.23)

= −ih†jα
(
Mi(h

†h)ij +Mj(h
†h)∗ij

) Mia(q
2)

q2 −M2
j

vi,s(q)PRvα(p)ϵba .

Gjj = i(/q −M + iϵ)−1 is the standard bare Feynman propagator of the j-th
RH neutrino. Π is the self-energy of the RH neutrino (B.3), with the bare
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propagators of the SM lepton and Higgs boson. It can be separated into two
parts as

Πji(q) = −i
(
/qPR(h

†h)ji + /qPL(h
†h)∗ji

)
a(q2) (2.24)

where a comes from the loop integral, and after the renormalization, it’s written
as

a(q2) =
1

16π2

(
ln
|q2|
µ2
− 2− iπΘ(q2)

)
. (2.25)

The first term of (2.24) represents the self-energy diagram in which the lepton
number flows in the same direction as the 4-momentum q, and it gives the
first terms of the matrix elements (2.22) and (2.23). Note that M2

i ’s in these
expressions come from the on-shell momentum q2 = M2

i . For theses terms,
the decay amplitudes don’t pick up the scalar component of the RH neutrino
propagator G which is proportional to the Majorana mass violating the lepton
number as mentioned below the Lagrangian (2.1). Hence, they correspond to
the lepton number conserving processes. On the other hands, The second term
of (2.24) represents the self-energy diagram in which the lepton number flows
in the direction opposite to the 4-momentum. it gives the second terms of the
matrix elements (2.22) and (2.23) as the lepton number violating contributions.

The leading order CP -asymmetry in the Ni decay processes appears from
interferences between these one-loop diagrams and the tree level ones. The
difference between the squared amplitudes of Ni → ℓαϕ and Ni → ℓ

α
ϕ processes

is given as

∆|M|2i,α ≡
∑
s,a,b

(∣∣MNi,s→ℓαaϕb

∣∣2 − ∣∣∣MNi,s→ℓ
α
aϕ

∗
b

∣∣∣2)

=− 2gwM
3
iMj

∑
j(̸=i)

(
ℜ
[
h†iαhαj(h

†h)ijbj(M
2
i )
]

−ℜ
[
h†jαhαi(h

†h)jibj(M
2
i )
])

+
2gwM

3
i

M2
i −M2

j

∑
j(̸=i)

(
ℜ
[
a(M2

i )h
†
iαhαj

{
(h†h)ijMj + (h†h)jiMi

}]
−ℜ

[
a(M2

i )h
†
jαhαi

{
(h†h)jiMj + (h†h)ijMi

}])
=
gwM

2
i

4π

∑
j(̸=i)

(
ℑ[h†iαhαj(h

†h)ij ]

{
f

(
M2
j

M2
i

)
+

MiMj

M2
i −M2

j

}
(2.26)

+ ℑ[h†iαhαj(h
†h)ji]

M2
i

M2
i −M2

j

)
.

The first term proportional to f comes from the vertex corrections (2.18) and
(2.19). The second term comes from the lepton number violating parts of the
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self-energy corrections (2.22) and (2.23). The lepton number conserving part of
the self-energy gives the last term of (2.26). Note that this term vanishes when
the lepton flavor index α is summed.

Finally, we get the CP -violating parameter of the decay process Ni → ℓαϕ:

εiα ≡
ΓNi→ℓαϕ − ΓNi→ℓ

α
ϕ∗∑

α

(
ΓNi→ℓαϕ + ΓNi→ℓ

α
ϕ∗

) (2.27)

=
∆|M|2i,α

2|Mtree
Ni→ℓϕ|2

+O(h†h)2

=
∑
j(̸=i)

{
ℑ[h†iαhαj(h†h)ij ]

8π(h†h)ii
g(xji) +

ℑ[h†iαhαj(h†h)ji]
8π(h†h)ii

1

1− xji

}
, (2.28)

where

xji =
M2
j

M2
i

, g(x) =
√
x

(
1− (1 + x) ln

(
1 + x

x

)
+

1

1− x

)
. (2.29)

g(x) behaves as −x−1/2 × 3/2 in the limit of x ≫ 1. In the limit of xji =
M2
j /M

2
i → 1, this expression becomes infinity and not applicable. Such a case

with the almost degenerate mass spectrum is the main interest of this thesis.

2.1.2 Kinematic equation for the lepton number

In the conventional approach, the SM lepton number is calculated by using the
Boltzmann equation. The Boltzmann equation is a classical equation which
describes the time evolution of the one-particle distribution function f(X, p) in
the phase space:

p · Df(X, p) = C(X, p) . (2.30)

p is the on-shell 4-momentum of the particle and Dµ = ∂Xµ + Γρµνpρ∂pν is the
(Wigner transformed) covariant derivative. The r.h.s. is called as the collision
term. The Boltzmann equation is a Markovian equation, that is, the collision
term C(X, p) depends only on the physical quantities at X and there is no mem-
ory integral. The quantum effects are taken into account only in the collision
term. In the spatially flat universe we are interested in, the derivative operator
in the r.h.s. is given as p · D = ωp∂t − H(|p|2/a2)∂ωp ≡ ωpdt where a = a(t)
is the scale factor and p/a is the spatial physical momentum. Then the time
evolution of the distribution function fℓαa ,p = fℓαa (t, p) of the SM lepton ℓαa is
described by

ωpdtfℓαa ,p = CD,ℓαa + Cscatt,ℓαa , (2.31)
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CD,ℓαa /ωp =
1

2ωp

∑
i,s,b

∫
dΠNi

q dΠϕb

k (2π)4δ(q − p− k) (2.32)

×
{
|MNi,s→ℓαaϕ

|2(1− fℓαa ,p)(1 + fϕb,k)fNi,s,q

− |Mℓαaϕb
→ Ni,s|2fℓαa ,pfϕb,k(1− fNi,s,q)

}
,

Cscatt,ℓαa /ωp =
1

2ωp

∑
i,b,a′,b′,s

∫
dΠ

ℓ
β

a′
p′ dΠ

ϕb

k dΠ
ϕb′
k′ (2π)4δ(p+ k − p′ − k′) (2.33)

×
{
|M

ℓ
β

a′ϕb′→ℓαaϕb
|2(1− fℓαa ,p)(1 + fϕb,k)fℓβa′ ,p′

fϕb′ ,k
′

− |M
ℓαaϕb→ℓ

β

a′ϕb′
|2fℓαa ,pfϕb,k(1− fℓβa′ ,p′

)(1 + fϕb′ ,k
′)
}

where fϕb,k, fℓβa′ ,p′
, fϕb′ ,k

′ and fNi,s,q are the distribution functions of ϕb, ℓ
β

a′ , ϕb′ , Ni,s

with momenta k, p′, k′, q′ respectively.3 For the anti-lepton ℓ, CD,ℓαa and

Cscatt,ℓαa are obtained just by replacing ℓ with ℓ in (2.32) and (2.33). For the

distribution function fNi,s,q of the RH neutrino Ni,s with the momentum q, we
get the similar equation:

dtfNi,s,q =
1

2ωp

∑
α,a,b

∫
dΠ

ℓαa
p dΠ

ϕb

k (2π)4δ(q − p− k) (2.34)

×
{
|Mℓαaϕb→Ni,s

|2fℓαa ,pfϕb,k(1− fNi,s,q)

− |MNi,s→ℓαaϕ
|2(1− fℓαa ,p)(1 + fϕb,k)fNi,s,q

}
+

1

2ωp

∑
α,a,b

∫
dΠ

ℓ
α
a
p dΠ

ϕb

k (2π)4δ(q − p− k)

×
{
|Mℓ

α
aϕb→Ni,s

|2fℓαa ,pfϕb,k
(1− fNi,s,q)

− |MNi,s→ℓ
α
aϕ
|2(1− fℓαa ,p)(1 + fϕb,k

)fNi,s,q

}
.

These Boltzmann equations construct the system of infinite number of dif-
ferential equations. However, we can integrate the momenta by taking some
assumptions, and then the number of differential equations to be solved si-
multaneously is reduced to the finite number. The distribution functions are
assumed to depend on the momenta in the following way:

fp =
n

neq
× fMB

p , neq =

∫
d3p

(2π)3
fMB
p =

1

a3

∫
d3p

(2π)3
fMB
p (2.35)

3Note that the processes mediated by the SM gauge interactions are very fast and their
effects are taken into account by assuming that the SM lepton and Higgs boson are in kinematic
equilibrium, that is, their distribution functions can be well described by the Fermi-Dirac and
Bose-Einstein distribution function with time dependent chemical potentials.
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where n is a number density and fMB
p is the Maxwell-Boltzmann distribution

function:

fMB
p = e−ωp/T , ωp =

√
m2 + |p|2/a2 . (2.36)

Using Maxwell-Boltzmann instead of the Bose-Einstein or Fermi-Dirac statistics
makes a difference in neq of order 10% at T = m. For consistency, the quantum
statistical factors (1 − fℓ), (1 − fN ) and (1 + fϕ), representing the induced
emission and Pauli blocking, must be neglected. The temperature region we are
interested in is higher than the electro-weak temperature TEW, then the system
is SU(2) symmetric and the distribution functions of the SM lepton and Higgs
boson does not depend on the SU(2) indices: fℓαa = fℓα , fϕb

= fϕ. And we
assume that the distribution function of the RH neutrino does not depend on
the spin degrees of freedom: fNi,s = fNi . Then the number densities are defined
as

nℓα = gw

∫
d3p

(2π)3
fℓα,p, nℓα = gw

∫
d3p

(2π)3
fℓα,p , (2.37)

nϕ = gw

∫
d3k

(2π)3
fϕ,k , nϕ = gw

∫
d3k

(2π)3
fϕ,k , (2.38)

nNi = gN

∫
d3q

(2π)3
fNi,q (2.39)

where gN = 2 is the number of spin degrees of freedom. By integrating the
momenta in (2.31) and (2.34) without quantum statistical factors, we obtain
the evolution equations for these number densities:

dtnℓα + 3Hnℓ =
∑
i

(
γNi→ℓαϕ

nNi

neqNi

− γℓαϕ→Ni

nℓα

neqℓα

nϕ
neqϕ

)
(2.40)

+ (scattering process) ,

dtnℓα + 3Hnℓ =
∑
i

(
γNi→ℓ

α
ϕ

nNi

neqNi

− γℓαϕ→Ni

nℓα

neq
ℓ
α

nϕ
neq
ϕ

)
(2.41)

+ (scattering process) ,

dtnNi + 3HnNi =
∑
α

(
γℓαϕ→Ni

nℓα

neqℓα

nϕ
neqϕ
− γNi→ℓαϕ

nNi

neqNi

)
(2.42)

+
∑
α

(
γℓαϕ→Ni

nℓα

neq
ℓ
α

nϕ
neq
ϕ

− γNi→ℓ
α
ϕ

nNi

neqNi

)
,
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γNi→ℓαϕ = γℓαϕ→Ni
(2.43)

=

∫
dΠNi

q dΠℓ
α

p dΠ
ϕ
k(2π)

4δ(q − p− k)
∑
s,a,b

|MNi,s→ℓαaϕb
|2fMB

Ni
,

γℓαϕ→Ni = γNi→ℓ
α
ϕ (2.44)

=

∫
dΠNi

q dΠℓ
α

p dΠ
ϕ
k(2π)

4δ(q − p− k)
∑
s,a,b

|Mℓαaϕb→Ni,s |2fMB
Ni

.

In (2.43) and (2.44), we have used the relationship |MN→ℓϕ|2 = |Mℓϕ→N |2

and |Mℓϕ→N |2 = |MN→ℓϕ|2 following from the CPT invariance and the energy

conservation fMB
ℓ fMB

ϕ = fMB
N . Finally, by taking the difference between (2.40)

and (2.41), the evolution equation for the lepton number density

nLα = nℓα − nℓα (2.45)

is obtained as

dtnLα + 3HnLα =
∑
i

((
γNi→ℓαϕ − γNi→ℓ

α
ϕ

) ∆nNi

neqNi

−
(
γℓαϕ→Ni + γℓαϕ→Ni

) nLα

2neqℓα

)
(2.46)

+ [dtnLα + 3HnLα ]
D
thermal

+ (scattering process) .

∆nN is the deviation from equilibrium number density of the RH neutrino.
Therefore, the first line represents the fact that the lepton number is generated
by the deviation from the equilibrium. On the second line, neqℓ = neq

ℓ
has been

used. And it’s assumed that the deviation from the equilibrium value is given
by the small chemical potential µℓ = −µℓ in the distribution function, then
nℓ − neqℓ = nℓ − n

eq

ℓ
. This term corresponds to the wash-out of the generated

lepton number. For brevity, the contribution from the Higgs chemical potential
has been omitted. The third line is given as

[dtnLα + 3HnLα ]
D
thermal =

(
γNi→ℓαϕ − γNi→ℓ

α
ϕ − γℓαϕ→Ni + γℓαϕ→Ni

)
= 2(γNi→ℓαϕ − γNi→ℓ

α
ϕ) ∝ ∆|M|2i,α . (2.47)

This term must be artificial because this means that the thermal equilibrium
with nL = 0 is unstable as long as there is the CP asymmetry. As seen in
the next subsection, this is caused by ”double counting” of the same diagrams.
Just omitting this unphysical term, we get the evolution equation of the lepton
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number:

dtnLα + 3HnLα =
∑
i

TM2
i

π2
K1(Mi/T )ΓNi

(
εiα

∆nNi

neqNi

− h†iαhαi
(h†h)ii

nLα

2neqℓ

)
(2.48)

+ (scattering process) .

=
∑
i

(
εi,αΓNi

K1(Mi/T )

K2(Mi/T )
∆nNi

− h†iαhαi
(h†h)ii

ΓNi

M2
i

4T 2
K1(Mi/T )nLα

)
(2.49)

+ (scattering process)

where Ki(z) is the modified Bessel function of the second kind. In the second
equality,

neqNi
=
gNTM

2
i

2π2
K2(Mi/T ) , neqℓ =

gwT
3

π2
(2.50)

have been used. The CP violating parameter εiα and the total decay width ΓNi

are given in (2.27) and (2.17).

2.1.3 RIS subtraction

We will see that the problematic term (2.47) is a consequence of the “dou-
ble counting” of the on-shell state [80] of the RH neutrino, by looking at the
scattering contributions to the kinetic equation. For simplicity, we restrict our
analysis to the unflavored regime where the interaction rates of the scatterings
which distinguish the SM lepton flavors are negligible compared to the Hubble
expansion rate.

The s-channel × s-channel part of the squared amplitude of ℓϕ→ ℓϕ is given
as ∑

a,b,a′,b′,α,β

|M
ℓ
β

a′ϕb′→ℓαaϕb
|2
∣∣∣
s×s

(2.51)

= g2w(p1 · p2)
∑
i,j

MiMj2(h
†
+h+)ij(h

†
+h+)ijD

∗
i (q

2)Dj(q
2)

where D(q2) is the Breit-Wigner propagator

Di(q
2) =

1

q2 −M2
i + iΘ(q2)MiΓi

, (2.52)

and h+ is the one-loop effective Yukawa coupling [40] defined as

h+αi = hαi − ihαj(h†h)∗ji
g(xji)

16π
. (2.53)
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g(xji) is defined as (2.29). The squared amplitude of the CP conjugate process
ℓϕ→ ℓϕ is obtained by replacing h+ with

h−αi = h∗αi − ih∗αj(h†h)ji
g(xji)

16π
. (2.54)

The part mediated only by Ni in (2.51) is

∑
SU(2),α,β

|M
ℓ
β

a′ϕb′→Ni→ℓαaϕb
|2 ≡

2g2w[(h
†
+h+)ij ]

2M2
i (p1 · p2)

(q2 −M2
i )

2 + (MiΓi)2
, (2.55)

in which two Breit-Wigner propagators cam be on-sell simultaneously. To con-
sider the on-shell Ni limit, the replacement

2MiΓi
(q2 −M2

i )
2 + (MiΓi)2

→ 2πδ(q2 −M2
i ) , (2.56)

motivated by the relation limϵ→0 2ϵ/(ω
2+ϵ2)→ 2πδ(ω), can be employed. Then

(2.55) becomes∑
SU(2),α,β

|M
ℓ
β

a′ϕb′→Ni→ℓαaϕb
|2 (2.57)

→ [gw(h
†
+h+)iiM

2
i ]

2πδ(q
2 −M2

i )

MiΓi

2(p1 · p2)
M2
i

.

First, let us see how this on-shell part contributes to the collision term in the
thermal equilibrium. By replacing |M

ℓ
β

a′ϕb′→ℓαaϕb
|2 with |M

ℓ
β

a′ϕb′→Ni→ℓαaϕb
|2 in

the collision term for ℓαa (2.33), and summing the SU(2) and flavor indices, we
get∫

d3p

(2π)3
CRIS,thermal
scatt,ℓ

ωp
=
∑
i

∫
dΠℓpdΠ

ℓ
p′dΠ

ϕ
kdΠ

ϕ
k′(2π)

4δ(p+ k − p′ − k′)

×
{ ∑
SU(2),α,β

|M
ℓ
β

a′ϕb′→Ni→ℓαaϕb
|2 (2.58)

−
∑

SU(2),α,β

|M
ℓαaϕb→Ni→ℓ

β

a′ϕb′
|2
}
fMB
ℓ,p f

MB
ϕ,k

=
∑
i,α

εiαΓNiK1(Mi/T )
TM2

i

π2

=
∑
i,α

(
γNi→ℓαϕ − γNi→ℓ

α
ϕ

)
. (2.59)

This is the half of (2.47). Since (h†±h±)ii ≈ (h†h)ii(1 ± εi), the collision term

for ℓ gives the same magnitude but with a negative sign. Therefore, the on-shell
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part of collision term for the lepton number nL gives∫
d3p

(2π)3

[CRIS,thermal
scatt,ℓ

ωp
−
CRIS,thermal

scatt,ℓ

ωp

]
(2.60)

= 2×
∑
i,α

(
γNi→ℓαϕ − γNi→ℓ

α
ϕ

)
= [dtnL + 3HnL]

D
thermal .

=

∫
d3p

(2π)3

[CthermalD,ℓ

ωp
−
Cthermal
D,ℓ

ωp

]
(2.61)

This correspondence means that, by taking into account both of the decay and
scattering processes, the evolution equation (2.46) counts twice the same process
including the on-shell RH neutrino, and by subtracting the real intermediate
state (RIS) of the RH neutrino, that is, replacing |Mℓϕ→ℓϕ|2 and |Mℓϕ→ℓϕ|2

with |Mℓϕ→ℓϕ|2 − |Mℓϕ→Ni→ℓϕ|2 and |Mℓϕ→ℓϕ|2 − |Mℓϕ→Ni→ℓϕ|2 respectively
in the collision terms, we can correct the double counting and solve the problem
which appeared in (2.46).

In order to take into account the contributions mediated by “off-shell” Ni’s
as ∆L = 2 scattering processes, it’s convenient to introduce the RIS-subtracted
propagator [72]

D2
ii(q

2) =
(q2 −M2

i )− (MiΓi)
2

[(q2 −M2
i ) + (MiΓi)2]2

(2.62)

based on the observation that (2.62) can be rewritten as

D2
ii(q

2) =
1

(q2 −M2
i ) + (MiΓi)2

− 4(MiΓi)
3

[(q2 −M2
i ) + (MiΓi)2]2

1

2(MiΓi)

≡ D∗
i (q

2)Di(q
2)− D̃2

i (q
2) , (2.63)

where “extended quasi-particle” [83, 84, 85] spectral density 2(MiΓi)× D̃2
i ap-

proaches the Dirac delta function in the narrow width limit:

2(MiΓi)× D̃2
i (q

2) =
4(MiΓi)

3

[(q2 −M2
i ) + (MiΓi)2]2

→ 2πδ(q2 −M2
i ) (2.64)

faster than the ordinary Breit-Wigner form. This corresponds to splitting the
Breit-Wigner propagator D(q2) into two parts as depicted in Fig.2. The second
term in (2.63) is supposed to cancel with the unphysical term (2.47).4 With the

4In the derivation of the Boltzmann equation from the KB equation [72], the detailed
balance is automatically satisfied, and problematic terms like (2.47) don’t appear. The s-
channel × s-channel part of the scattering and the (inverse) decay contributions are obtained
from the same diagram Fig.9. However, the degrees of freedom, whose distribution function
evolve in the Boltzmann equation, are classical particles, and hence, on-shell and off-shell part
in a propagator must be discriminated to obtain the Boltzmann equation. By extracting the
“extended quasi-particle” spectral density (2.64) in the full propagator as a classical on-shell
particle to obtain the (inverse) decay contribution, the RIS-subtracted propagator (2.62) is
naturally left behind and contributes as the scattering process.
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Figure 2: Breit-Wigner propagator (2.52) (left hand side) is separated into “ex-
tended quasi-particle” spectral density (2.64) plus RIS-subtracted propagator

(2.62) (right hand side). The above shows MΓ× |D|2 =MΓ× D̃2 +MΓ×D2.

definition of the off-diagonal parts of D2

D2
i ̸=j(q

2) = D∗
i (q

2)Dj(q
2) , (2.65)

the RIS subtraction corresponds to rewrite the squared amplitudes of scattering
processes as∑

SU(2),α,β

|M
ℓ
β

a′ϕb′→ℓαaϕb
|2
∣∣∣
s×s

(2.66)

RIS subtraction−−−−−−−−−−→ g2w(p1 · p2)
∑
i,j

MiMj2(h
†
+h+)ij(h

†
+h+)ijD2

ij(q
2) ,

∑
SU(2),α,β

|M
ℓαaϕb→ℓ

β

a′ϕb′
|2
∣∣∣
s×s

(2.67)

RIS subtraction−−−−−−−−−−→ g2w(p1 · p2)
∑
i,j

MiMj2(h
†
−h−)ij(h

†
−h−)ijD2

ij(q
2) .

After this procedure, we get the evolution equation of the lepton number

dtnL + 3HnL =
∑
i,α

(
εiαΓNi

K1(Mi/T )

K2(Mi/T )
∆nNi

− ΓNi

M2
i

4T 2
K1(Mi/T )nLα

)
(2.68)

+ (RIS subtracted scattering process) .

Because the resonances are subtracted, (2.66) and (2.67) are identical to each
other in the leading order of the CP -asymmetry O((h†h)2) and contribute to
(2.68) only as the sub-leading wash-out term of the generated lepton number.

Remember that, in the above discussion, the RH neutrino’s propagator me-
diating the process is assumed to be equilibrium one without finite density
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Figure 3: Decay and scattering processes. Although the former is basically
responsible for the final lepton asymmetry, the latter mainly contributes to the
production of RH neutrino from the zero-initial abundance.

effects. In a situation with slowly varying space-time, non-equilibrium contri-
butions are expected to appear as a non-equilibrium distribution function in a
propagator. Such non-equilibrium contributions are also expected to satisfy the
same property as the equilibrium on-shell part, that is, the result from (inverse)
decay diagram corresponds to the one from s-channel × s-channel part of the
scattering. However, in the main part of this thesis with non-equilibrium QFT
frame work, it turns out that the CP -violating parameter from the conventional
method (which is supposed to contribute to non-equilibrium processes) doesn’t
match its counterpart from the s-channel × s-channel part of the scattering in
the non-equilibrium state, especially, for the degenerate RH neutrino spectrum.

2.2 The simplest model and the Davidson-Ibarra bound

In this subsection, we consider the simplest (toy) model of the leptogenesis. The
three RH neutrinos have a hierarchical mass spectrum, and only the lightest
RH neutrino N1 with the Majorana mass M1 is responsible for the generation
of the lepton number. The effects of the lepton’s flavor and the RIS-subtracted
scattering (ℓϕ ↔ ℓϕ∗) process, which relates to the upper bound on the light
neutrino mass and M1, are omitted for simplicity.

As seen above, the evolution equations of the number densities of N1 and
lepton number are given as

dtnN1 + 3HnN1 =− ΓNi

K1(Mi/T )

K2(Mi/T )
∆nNi , (2.69)

dtnL + 3HnL =

(
ε1ΓN1

K1(M1/T )

K2(M1/T )
∆nN1 − ΓN1

M2
1

4T 2
K1(M1/T )nL

)
. (2.70)

For the moment, we just omit the scattering contributions in Fig.3 for brevity.
The heavier RH neutrinos N2,3 appears only in the one-loop diagrams, and give

24



the CP -violating parameter

ε1 =
∑
α

ε1α =
∑
j ̸=1

ℑ[(h†h)1j ]2

8π(h†h)11
g(xj1)

xj1≫1−−−−→ − 3

16π

∑
j ̸=1

ℑ[(h†h)1j ]2

(h†h)11

M1

Mj
. (2.71)

On the second line, the asymptotic form of g(x) for the hierarchical spectrum
xj1 =M2

j /M
2
1 ≫ 1 has been used.

Hereafter, let us use the yield value

YN1 =
nN1

s
, YL =

nL
s
, (2.72)

where

s =
g∗2π

2

45
T 3 (2.73)

is the entropy density with the number of the effectively massless degrees of
freedom g∗(T

>∼ TEW) ∼ 102 in the SM. Using the time variable z =M1/T , the
evolution equations (2.69) and (2.70) are written as

dYN1

dz
= −K1

zK1(z)

K2(2)
(YN1 − Y

eq
N1

) , (2.74)

dYL
dz

= +ε1K1
zK1(z)

K2(2)
(YN1 − Y

eq
N1

)− K1

4
z3K1(z)YL . (2.75)

Here, we have defined

K1 ≡
ΓN1

H(T =M1)
. (2.76)

The decay width ΓN1 = (h†h)iiMi/8π gives the time scale of the relaxation to
the thermal equilibrium. On the other hands, the Hubble expansion leads to
the departure from the equilibrium. Therefore, K1 quantifies how close to the
equilibrium the RH neutrino N1 is at T ≈M1.

Analytic solutions of YN1 and YL are obtained in the following way [23].
Here, let us write the evolution equations (2.74) and (2.75) as

dYN1

dz
= −D(YN1 − Y

eq
N1

) , (2.77)

dYL
dz

= +ε1D(YN1 − Y
eq
N1

)− βWYL (2.78)

25



where

D = K1
zK1(z)

K2(2)
, W =

K1

4
z3K1(z) . (2.79)

The coefficient β has been introduced to see how the washout term affects the
final results. In the case here we are focusing on, β corresponds to unity. (2.78)
can be solved as

YL(z) = YL(zi)e
−

∫ z
zi
dz′W (z′)

+ ε1 × η(z)× Y eqN (0) (2.80)

where

η(z) =
1

Y eqN1
(0)

∫ z

zi

dz′D(YN1 − Y
eq
N1

)e−
∫ z
z′ dz

′′βW (z′′) (2.81)

= − 1

Y eqN1
(0)

∫ z

zi

dz′
dYN1

dz
e−

∫ z
z′ dz

′′βW (z′′) (2.82)

is called efficiency factor which represent the suppression coming from the wash-
out of the generated lepton asymmetry by the inverse decay and scattering
processes. Hence, its maximum value is one. On the second line of (2.82), the
evolution equation of N1 (2.77) has been used. We are now interested in the
zero initial abundance of the lepton number YL(zi) = 0. And the normalization
factor YN (0) is the high temperature limit of the equilibrium yield value of N1:

Y eqN1
(z) = Y eqN1

(0)
z2K2(z)

2
, Y eqN1

(0) =
45

g∗π4
∼ 5× 10−3 . (2.83)

2.2.1 Weak washout regime

First, let us consider the case of K1 ≪ 1 with zero initial abundance YN1
(zi) =

0. Then, we have the two periods. In the early period, RH neutrinos are
produced from the SM thermal bath and gradually populated. In the latter
period, they are decaying. The whole time evolution is divided into these two
periods by the dimensionless time zeq defined as YN1(zeq) = Y eqN1

(zeq). From
the equation (2.77), we can get an approximate value of the Yield at zeq as
YN1(zeq) = (3πK1/4)Y

eq
N (0). As we can see in Fig.4, the yield value of RH

neutrino cannot follow the equilibrium value Y eqN (z) because the smallness of
K1 which corresponds to the weakness of the interaction with the SM thermal
bath.

The final value of the efficiency factor (2.82) is obtained as a sum of two
contributions:

ηf ≈ −
1

Y eqN1
(0)

(∫ zeq

zi

dz′ +

∫ ∞

zeq

dz′

)
dYN1

dz
e−

∫ z
z′ dz

′′W (z′′) ≡ η−f + η+f . (2.84)

Although η+f comes from the latter period of RH neutrino decay (z > zeq) and

gives a positive contribution, η−f leads to a negative contribution because it
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Figure 4: Solutions of the Boltzmann equation (2.77) and (2.78) without the
scatterings. The horizontal axis is the dimensionless time z = M1/T . The
black solid (dashed) line is the yield value of RH neutrino YN1 normalized by
Y eqN1

(0) for the zero (thermal) initial abundance. In the weak washout case with
K1 = 10−2 (left panel), YN1 cannot follow the equilibrium value Y eqN1

(z) (dotted

gray line). On the other hand, in the strong washout case with K1 = 102 (tight
panel), the difference between YN1 and the equilibrium value Y eqN1

is too small to
tell them apart for z > zeq. With the thermal initial abundance, YN1 is almost
coincident with Y eqN1

all the time. The red solid (dashed) line is the absolute
value of the generated lepton asymmetry YL divided by 10 × ε1. In the weak
washout case, the final value of the lepton number highly depends on the initial
condition, in contrast with the strong washout case.

comes from the early period of RH neutrino production (z < zeq) and then the
net lepton number generated in this period has an opposite sign against that in
the latter period. They can be evaluated as

η−f ≈ −
2

β

(
1− e−βYN1

(zeq)/(2Y
eq
N (0))

)
, (2.85)

η+f ≈ −
1

Y eqN (0)
(YN1(z)− YN1(zeq))z→∞ =

YN1(zeq)

Y eqN (0)
. (2.86)

Note that η+f does not depend on β. This follows from that the washout term
with K1 is negligible for larger z > zeq. Eventually, we have

ηf ≈ −
2

β

(
+
βYN1(zeq)

2Y eqN1
(0)

− 1

2

(
βYN1(zeq)

2Y eqN1
(0)

)2
)

+
YN1(zeq)

Y eqN1
(0)

(2.87)

= β

(
3π

8
K1

)2

. (2.88)

This means that the first order negative contribution O(K1) generated in the
early period is canceled by the positive contribution generated in the latter pe-
riod, and only the second order part O(K2

1) is left as the final lepton asymmetry.
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Note that, if the washout term were not included (β = 0), the cancellation be-
tween the two period would be perfect in this analytic method. The final lepton
asymmetry is a consequence of the partial washout in the early period.

For the initial thermal abundance YN1(zi) = Y eqN1
(zi) with zeq ≈ zi, basically

there is no negative contribution η− from the production process of RH neutrino.
Therefore, the efficiency factor is given as ηf = η+f = YN1(zeq)/Y

eq
N1

(0) ≈ 1, and
relatively large lepton asymmetry can be generated as seen in the left panel of
Fig.4.

2.2.2 Strong washout regime

Let us see the case with K1 ≫ 1. Even if we assume the zero initial abundance
of RH neutrino, RH neutrino get populated rapidly and its yield value almost
follows the equilibrium value, see Fig.4, because of the rapid interaction between
RH neutrino and the SM thermal bath. In this case, the negative sign lepton
asymmetry generated in the N1 production period is completely washed out
before the yield of N1 starts to decay. This means that the initial thermal
abundance YN1(zi) = Y eqN1

(zi) gives the same result of the final lepton asymmetry
as the zero initial abundance YN1(zi) = 0.

Therefore, we can evaluate the final value of the efficiency factor only by
considering the latter period:

ηf ≈ −
1

Y eqN1
(0)

∫ ∞

zeq

dz′
dYN1

dz
e−

∫ z
z′ dz

′′W (z′′) . (2.89)

Now, the deviation ∆YN1 = YN1 − Y
eq
N1

is small ∼ O(1/K1) and then, we get
the perturbative solution of (2.77) as

∆YN1(z) ≈ −
1

D

dY eqN1

dz
=
Y eqN1

(0)

D

2W

K1z
(2.90)

at the leading order of 1/K1. Although this deviation is too small to be recog-
nized in Fig.4, it can generate the sufficient lepton asymmetry with the efficiency
factor:

ηf (βK1) ≈
2

βK1zB(βK1)

(
1− e−βK1zB(βK1)/2

)
(2.91)

where

zB(βK1) ≈ 2 + 4(βK1)
0.13e−

2.5
βK1 (2.92)

corresponds to the time when the washout term begin to be negligible W < 1
and the freeze-out of the produced lepton asymmetry occurs. In the expression
(2.91), we can see β appearing as βK1. The final result can be evaluated only
from the strength of washout, and it becomes smaller for stronger washout. Note
that this follows from the almost perfect washout of the asymmetry produced
in the early period.
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Figure 5: Solutions of the Boltzmann equation (2.77) and (2.78) without the
scatterings. The black solid (dashed) line is the yield value of RH neutrino YN1

normalized by Y eqN1
(0) for the zero (thermal) initial abundance. The red solid

(dashed) line is the absolute value of the generated lepton asymmetry YL divided
by 10× ε1. Because of the scattering contributions, they have significant value
in early stage, compared with Fig.4 considering only the (inverse) decay process.
However, the final lepton asymmetry is scarcely affected by the inclusion of the
scatterings.

Interpolation

An interpolation between the weak and strong washout regime is given as

η−f (K1) ≈ −2e−3πK1/8
(
ex(K1)/2 − 1

)
, (2.93)

η+f (K1) ≈
2

K1zB(K1)

(
1− e−K1zB(K1)x(K1)/2

)
(2.94)

where

x(K1) =
3πK1

4

(
1 +

√
3πK1

4

)−2

(2.95)

is used to reproduce the expressions (2.88) and (2.88) in the weak and strong
washout limit, respectively. Here, we set β = 1. For the thermal initial abun-
dance of N1, we can use the expression (2.91):

ηf (K1) ≈
2

K1zB(K1)

(
1− e−K1zB(K1)/2

)
. (2.96)

Including the scattering process

The scattering contributions in Fig.3 can be taken into account by analyzing
the Boltzmann equations [29]

dYN1

dz
= −jD(YN1 − Y

eq
N1

) , (2.97)
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dYL
dz

= +ε1jD(YN1 − Y
eq
N1

)− jWWYL (2.98)

where

j =
D + S

D
≈
[z
a
ln
(
1 +

a

z

)
+
rS
z

](
1 +

15

8z

)
, (2.99)

jW =
W +WS

W
≈
[z
a
ln
(
1 +

a

z

)
+ y(z)

rS
z

](
1 +

15

8z

)
(2.100)

are responsible for taking the scattering contributions S andWS . The difference
between j and jW is only the factor y(z) in jW . In the early period z < zeq, the
negligible amount of the RH neutrino gives y(z) ≈ 2/3. However, for z > zeq,
y(z) can generally become larger than unity. In the strong washout case, the
abundance of the RH neutrino is almost equal to the thermal abundance Y eqN1

(z),
then y(z) ≈ 1 holds. rS is defined as the ratio of strength of the scattering
process to strength of the decay process:

rS =
9m2

t

8π2v2
≈ 0.1 . (2.101)

And a is given by

a =
1

rS ln(M1/Mh)
(2.102)

with the effective mass of the Higgs boson Mh as a IR cut-off of the momentum
integrals in the scattering amplitude. Then, for the efficiency factor

η(z) =
1

Y eqN1
(0)

∫ z

zi

dz′jD(YN1 − Y
eq
N1

)e−
∫ z
z′ dz

′′jWW (z′′) (2.103)

= − 1

Y eqN1
(0)

∫ z

zi

dz′
dYN1

dz
e−

∫ z
z′ dz

′′jWW (z′′) , (2.104)

we can estimate the final value of the efficiency factor by following expressions
for the zero initial abundance of N1:

ηf (K1) = η−f (K1) + η+f (K1) (2.105)

η−f (K1) ≈ −2e−3πK1/8
(
ex(K1)/2 − 1

)
, (2.106)

η+f (K1) ≈
2

K1zB(K1)j(zB)

(
1− e−K1zB(K1)j(zB)x(K1)/2

)
(2.107)

with (2.95). And for the thermal initial abundance of N1, we have

ηf (K1) ≈
2

K1zB(K1)j(zB)

(
1− e−K1zB(K1)j(zB)/2

)
(2.108)
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Figure 6: K1 dependence of the efficiency factor ηf . The blue (green) points are
the numerical value of ηf obtained by solving the Boltzmann equations (2.97)
and (2.98) for the zero (thermal) initial abundance of N1 with corresponding
value of K1. In the numerical calculation, the Higgs effective mass is assumed to
be the temperature dependent thermal mass Mh = 0.4× T = 0.4×M1/z. The
black lines are the analytic expressions (2.105) and (2.108) with M1/Mh = 100
in the numerical factor (2.102).

Since the inverse decay process is dominant at the freeze-out time, zB is still
given by the (2.92).

For the weak washout regime, zeq > 1 and xS → 3πK1/4 hold. Again, we
get

η−f (K1) ≈ −K1
3π

4
+K2

1

(
3π

8

)2

, (2.109)

η+f (K1) ≈ +K1
3π

4
. (2.110)

The O(K1) terms are canceled between η−f and η+f , but the O(K2
1) contribution

is left. In spite of the inclusion of the scattering contributions, we have the same
result as the case without scatterings because, although the scattering processes
washout the negative lepton asymmetry, they also contribute to increase the
negative asymmetry through the production process of RH neutrino. For the
strong washout case, we have

η−f (K1) ≈ 0, (2.111)

η+f (K1) ≈
2

K1zB(K1)j(zB)

(
1− e−O(K1)

)
. (2.112)
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The difference from the case without the scattering (2.91) is only the O(1) factor
j(zB) in the denominator.

As can be seen in Fig.6, it obeys the simple power law [23]

ηf (K1 ≫ 1) ≈ (3± 1)× 10−2

(
0.01eV

m̃1

)1.1±0.1

(2.113)

where we used the effective neutrino mass [18] (cf. the seesaw relation (2.10))

m̃1 =
v2

M1
(h†h)11 = ΓN1

8πv2

M2
1

, (2.114)

which is shown to be larger than the lightest SM neutrino mass: m̃1 ≥ mν,min

[22] and related to the parameter K1 as

K1 ≡
ΓN1

H(T =M1)
=
m̃1

m∗
, m∗ ≡

16π5/2√g∗
3
√
5

v2

MPl
≈ 1.08× 10−3eV. (2.115)

The efficient factor (provided zero-initial abundance of RH neutrino) takes the
maximum value when m̃1 is of the same order as the equilibrium neutrino mass
m∗.

Lower bound on RH neutrino mass

Below the temperature T ∼ 1012GeV, the electroweak sphaleron process be-
comes in equilibrium, and causes non-conservation of the B+L number. There-
fore, the above equations for YL, which does not take into account the sphaleron
processes, should be regarded as the equation for (−1)× YB−L.

Using the efficiency factor, we get the final B − L number as

YB−L ≈ ε1Y eqN1
(0)× ηf (K1) . (2.116)

The B−L asymmetry is partially transferred to the B asymmetry through the
EW sphaleron processes to satisfy the relation YB = (12/37)YB−L.

5 Then, the
final baryon asymmetry can be written as YB = (12/37)Y eqN (0)× ε1 × ηf (K1).

To obtain some constraints on the high energy scale parameters such as
ΓN1 and M1, it’s needed to connect them to the low energy parameters such
as the neutrino masses mν and the neutrino mixing matrix Uν . The Casas-
Ibarra parametrization [15] of the neutrino Yukawa h is convenient to do that.

5The coefficient to relate YB−L to YB depends on which interactions are in equilibrium at
each temperature regime. Using the chemical equilibrium and charge conservation, one gets
the relation [9]

YB = YB−L ×
{

24+4m
66+13m

for T > TEWPT
32+4m
98+13m

for T < TEWPT
(2.117)

where m is the number of the Higgs doublets. Therefore, setting m = 1 and assuming that
the sphaleron shut off occurs below TEWPT, we obtain the coefficient 12/37.
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The unitary matrix Uν [14] is defined as the diagonalization matrix of the light
neutrino mass (2.10) :

mν = UDmU
T . (2.118)

By introducing the complex orthogonal matrix R, h can be rewritten as

hαi =
1

v

(
UνD

1/2
m RTM1/2

)
αi

. (2.119)

In this parametrization, 15 physical parameters in h are divided into 3 neutrino
mass eigenvalueDm = diag(mν1 ,mν2 ,mν3), 3 angles and 3 physical (1 Dirac and
2 Majorana) phases in Uν , and 3 complex angles in R. Then, the CP -violating
parameter (2.71) becomes

ε1 =
3

16π

M1

v2

∑
im

2
νiℑ[R

2
1i]∑

imνi |R1i|2
. (2.120)

Using the orthogonality condition
∑
iR

2
1i = 1, we obtain the Davidson-Ibarra

(DI) bound [11] in the limit of mν,min/m̃1 → 0:

|ε1| ≤
3

16π

M1

v2

√
∆m2

atm ≡ εmax . (2.121)

Due to this upper bound depending on the lightest Majorana mass M1, we get
the lower bound on M1 to reproduce the observed baryon asymmetry YB ∼
6× 10−10:

M1 >
6× 108GeV

ηf (K1)
. (2.122)

Since the maximum value of the efficiency factor ηf is O(0.1), the lightest Majo-
rana massM1 must be larger than 109GeV. Note this bound is derived by using
the expression (2.71) for the hierarchical mass spectrum of the RH neutrinos and
assuming that the lepton flavor effects and the heavier RH neutrinos N2,3 are
negligible. However, the lepton flavor and the heavier RH neutrinos’ effects
hardly modify this bound itself. Because of the reason briefly mentioned in the
next subsection, these effects affect the lower bound onM1 in the less hierarchi-
cal light neutrino spectrum region. The largest impact on the lower bound of
the Majorana mass is obtained by assuming the degenerate mass spectrum of
the RH neutrinos, which is the mechanism investigated in this thesis with the
non-equilibrium QFT frame work.

2.2.3 Lepton flavor effects

As the temperature drops, the interactions through the charged lepton Yukawa
couplings y, which discriminate the lepton flavors, become faster than the ex-
pansion of the universe: H < Γα ∼ 5 × 10−3y2αT [25]. While the unflavored

approximation is valid for T >∼ 1012GeV, two-flavored calculation in which only
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the τ -flavor is treated separately is required for 1012GeV >∼ T >∼ 109GeV. Below
T ∼ 109GeV, all the flavors must be distinguished in the calculation. In other
words, although leptons are generated through Ni’s decay as a state of coherent
superposition |ℓi⟩ of different flavors, leptons are ”measured” by the existing
thermal bath and the decoherence into the flavor eigenstate |ℓα⟩ takes place
soon after their production. The role of flavor effect were first discussed in [26]
and highlighted in [27, 28] (see [36] for a review). By using the partial decay
rate ΓNi→ℓαϕ of RH neutrino Ni to the lepton ℓα, the ratio of the number of
α-flavor lepton to the total number of the lepton produced through Ni’s decay
is written as

Piα = |⟨ℓα|ℓi⟩|2 =
ΓNi→ℓαϕ∑
α ΓNi→ℓαϕ

≈ ΓNi→ℓαϕ

ΓNi/2
(2.123)

For the case of the anti-lepton, we have

P iα = |⟨ℓα|ℓi⟩|2 =
ΓNi→ℓ

α
ϕ∗∑

α ΓNi→ℓ
α
ϕ∗
≈

ΓNi→ℓ
α
ϕ∗

ΓNi/2
. (2.124)

Note that, because of the CP -violation, |ℓi⟩ ̸= CP|ℓi⟩. The strength of the
washout of each lepton flavor is quantified by Kiα = P 0

iαKi with the tree-level
projection given by

P 0
iα =

Piα + P iα
2

≈
Γtree
Ni→ℓαϕ

ΓNi/2
=

Γtree
Ni→ℓ

α
ϕ∗

ΓNi/2
. (2.125)

Another characteristic quantity to the flavored case is the difference between
the coefficient of the superposition:

∆Piα = Piα − P iα . (2.126)

This satisfies
∑
α∆Piα by definition. Then, the CP -violating parameter (2.28)

is rewritten as

εiα = εiP
0
iα +

∆Piα
2

(2.127)

where εi is the CP -violating parameter (2.71) in the unflavored case. From
this expression, one can see the possibility that the flavor, in which a large
part of the asymmetry is produced through heavier RH neutrinos’ decay, can be
different from the flavor which is mainly washed out by the inverse process. By
suppressing the washout effects for a particular lepton flavor, the lower bound
on the lightest RH neutrino N1 is considerably lowered only for the case of less
hierarchical light neutrino spectrum, see Figure 9 in [31] or Figure 6 in [32]. This
means that the flavor effect can be significant only for the strong washout regime
[27, 28]. And also, it should be emphasized that, even if the total asymmetry
in RH neutrino’s decay vanishes: εi =

∑
α εiα = 0, the successful leptogenesis

is possible due to the second term of (2.127).
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Aside from the charged lepton Yukawa interactions, as temperature de-
creases, we have to consider all the chemical equilibriums which result from
the interactions much faster than Hubble expansion and leptogenesis processes.
They are called spectator processes, which is relevant even in the unflavored case
[21, 24], including the quark Yukawa interactions and QCD sphaleron process
as well as EW sphaleron process. In the flavored leptogenesis, such processes
can be taken into account by connecting the lepton asymmetry YLα and the
B/3 − Lβ asymmetry Y∆β with A matrix [26]–[29] as YLα =

∑
β AαβY∆β in

the Boltzmann equations. A is 2 × 2 (3 × 3) matrix in the two (three) flavor
regime and the components have temperature dependence because interactions
with smaller coupling get to equilibrate in lower temperature.

In the transient regime between one and two flavor regime (T ∼ 1012GeV)
and two and three flavor regime (T ∼ 109GeV), we have to employ the so-
called density formalism, where the distribution functions of the leptons fℓα

are regarded as diagonal components of the matrix valued extension of the
distribution function of the SM lepton doublets [26, 27, 30, 37]

fℓ,p =

(
⟨a†1,pa1,p⟩ ⟨a

†
1,pa2,p⟩

⟨a†2,pa1,p⟩ ⟨a
†
2,pa2,p⟩

)
(2.128)

for the transient regime T ∼ 1012GeV, where ap is the annihilation operator
of the lepton with the spatial momentum p, and the subscripts 2 and 1 stand
for the τ flavor and the direction orthogonal to τ , respectively.6 3 × 3 matrix
is needed to describe the regime T ∼ 109GeV. Then, evolution equation is
also extended to have the matrix valued collision term and the mass difference
matrix causing the oscillation between the components. This kind of extension
was discussed by the authors of [57], and it has been applied intensively to the
early universe neutrino and core collapse supernovae neutrino physics as well as
the leptogenesis and EW baryogenesis scenarios. Systematic derivations from
the first principle of QFT have been developed in [70][75]–[79][87]. In section 5,
we apply this framework to the RH neutrino to understand the mechanism of
the resonant enhancement of the CP -violation in the RH neutrinos’ decay.

There are several cases where heavier RH neutrinos N2,3 become important.
The simplest case is that the lightest RH neutrino is almost decoupled [33], and
then, the lepton asymmetries produced by the heavier RH neutrinos are hardly
washed out by the subsequent processes including the lightest RH neutrino N1.
Once flavor effects are taken into account, other interesting possibilities arise.
The first one is attributed to the so-called heavy neutrino flavor projection effect
[35], which can be realized when the lightest RH neutrino has the Majorana mass

M1
>∼ 109GeV, that is, the washout of the asymmetry from heavier ones occurs

before all the lepton flavor get to be distinguishable. This temperature region
guarantee that |ℓ1⟩ has a orthogonal direction to |ℓ2⟩ unless the flavor structure
is significantly tuned so that they become parallel. And then, the orthogonal

6Because the e and µ flavor are not distinguished yet for the temperature T ≫ 109GeV,
the orthogonal direction to the τ flavor is effectively one-dimensional.
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component of |ℓ2⟩ escapes the washout, even though N1 couples strongly with
all three lepton flavors (K1α ≫ 1). The second possibility is realized when the

lightest RH neutrino has the Majorana mass M1
<∼ 1012GeV and at least one of

the washout strength is small: K1β
<∼ 1 [34]. Then, the asymmetries generated

from heavier RH neutrinos undergo the washout through the interaction with
N1 in the flavored regime T <∼ 1012GeV, and the direction |ℓβ⟩ weakly coupling
with N1 escapes the washout. Because of these possibilities, it can be realized
that the asymmetries originating from the heavier RH neutrinos dominate the
final lepton asymmetry, depending of the flavor structure of the RH neutrinos
and leptons. Such N2-dominated scenarios may allow the lightest Majorana
mass to be small M1 < 109GeV. However, the heavier ones still have to be
large M2,3

>∼ 109GeV to obtain the sufficient lepton asymmetry, and hence, the
reheating temperature cannot be lowered.

2.3 Resonant enhancement of CP -violating parameter

As we have already seen, for the almost same Majorana masses Mi ≈ Mj , the
CP -violating parameter (2.28) appears to become infinity. That divergent term
comes from the self-energy one-loop diagrams (See Fig.1). In the following,
we review the conventional computation [19, 42] of the regulated CP -violating
parameter ε. The analysis is done in the similar way as in the study of the
RIS subtraction (section 2.1.3), however, there is crucial difference: the CP -
violating parameter in the decay process is derived from the matrix element
of the s-channel × s-channel part of the scattering process, but not from the
squared amplitude.

From the derivation of (2.28), it’s obvious that the problem is caused by
the use of the bare propagator for the internal line of Nj . The RH neutrinos
have their decay width, and then their resummed propagator must have the
Breit-Wigner like form (2.52). To implement the resummation, let us consider
the 2→ 2 scattering diagrams Fig.(7). Their matrix elements are given as

iM
ℓαaϕb→ℓ

β
c ϕ

∗
d

=+ iϵabϵcdh
†
jβh

†
iα(CPLvβ)

TGLLji PLuα , (2.129)

iMℓ
α
aϕ

∗
b→ℓβc ϕd

=+ iϵabϵcdh
T
jβh

T
iαuβPRG

RR
ji (vαPRC)

T , (2.130)

iMℓαaϕb→ℓβc ϕd
=− iϵabϵcdhTjβh

†
iαuβPRG

RL
ji /qPLuα , (2.131)

iM
ℓ
α
aϕ

∗
b→ℓ

β
c ϕ

∗
d

=− iϵabϵcdh†jβh
T
iα(CPLvβ)

TGLRji /q(vαPRC)
T , (2.132)

where the Feynman propagator7 G(q) is the solution of the Fourier transformed
Schwinger-Dyson (SD) equation

[/q −M − iΠ(q)]G(q) = i . (2.133)

7In terms of the closed time path formalism reviewed in Appendix A.1, the Feynman
propagator corresponds to the (++) component of (A.21). The KMS relation (3.8) means

G
(eq)
F (q) = − i

2
tanh

( q0
2T

)
G

(eq)
ρ (q) → − i

2
sign(q0)G

(eq)
ρ (q) in the zero temperature limit.

Therefore, now the Feynman propagator is given as −i(GR + GA) using the retarded and
advanced Green functions.
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Figure 7: The s-channel contributions to the lepton-Higgs scattering. The in-
ternal line with the blob represents the full propagator of the RH neutrino. The
vertex corrections (small blob) are negligible when we consider the resonant
case.

Π is the 1PI self-energy. At the one-loop level, it can be written as (2.24) and
then (2.133) becomes[

/q
((
1− ia(q2)(h†h)

)
PR +

(
1− ia(q2)(h†h)∗PL

))
−M

]
G(q) = i . (2.134)

Each superscript of G corresponds to a component of the Lorentz decomposition
of the propagator:

G(q) = PRG
RR(q2) + PLG

LL(q2) + PL/qG
LR(q2) + PR/qG

RL(q2) . (2.135)

In the conventional approach, by rewriting the matrix elements (2.129)-
(2.132) into the forms of

iM
ℓαaϕb→ℓ

β
c ϕ

∗
d

=
∑
I

iMℓαaϕb→NI
× iDI(q

2)× iM
NI→ℓ

β
c ϕ

∗
d

, (2.136)

iMℓ
α
aϕ

∗
b→ℓβc ϕd

=
∑
I

iMℓαaϕb→NI
× iDI(q

2)× iM
NI→ℓ

β
c ϕ

∗
d

, (2.137)

iMℓαaϕb→ℓβc ϕd
=
∑
I

iMℓαaϕb→NI
× iDI(q

2)× iM
NI→ℓ

β
c ϕ

∗
d

, (2.138)

iM
ℓ
α
aϕ

∗
b→ℓ

β
c ϕ

∗
d

=
∑
I

iMℓαaϕb→NI × iDI(q
2)× iM

NI→ℓ
β
c ϕ

∗
d

, (2.139)

the matrix elements of the decay process of the mass eigenstates NI of the RH
neutrino are read off. As soon mentioned, D is the Breit-Wigner propagator of
the mass eigenstate. Note that, in the rest part of this section, it’s assumed that
the off-diagonal components (h†h)′ of h†h is smaller than the diagonal parts.

Let us focus on the lepton number violating-scattering process (2.129) and
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(2.130). The SD equation (2.133) gives the expressions

GLL(q2) = i

[(
1− ia(q2)(h†h)

) q2
M

(
1− ia(q2)(h†h)∗

)]−1

, (2.140)

GRR(q2) = i

[(
1− ia(q2)(h†h)∗

) q2
M

(
1− ia(q2)(h†h)

)]−1

. (2.141)

There are two methods to tell apart the contributions from different mass eigen-
states. The first one is to diagonalize the propagator. Since GLL and GRR are
the complex symmetric matrices in the flavor space, they can be diagonalized
by the complex orthogonal matrices U and V :

GLL(q2) = iV T (q2)MD(q2)V (q2) , GRR(q2) = iUT (q2)MD(q2)U(q2) ,
(2.142)

where the eigenvalue D can be written as

DI(q
2) ≈ ZI

q2 − (M eff
I )2 + iM eff

I ΓI
, ZI = 1 +

(h†h)ii
8π2

(
ln
M2
i

µ2
− 1

)∣∣∣∣
i=I

(2.143)

which is the Breit-Wigner propagator of the mass eigenstate with the effective
mass and decay width

(M eff
I )2 =M2

i=I

[
1 +

(h†h)ii
8π2

(
ln
M2
i

µ2
− 2

)]
i=I

, ΓI =
(h†h)ii
8π

Mi

∣∣∣∣
i=I

.

(2.144)

Here, we rewrite the subscripts as i→ I to indicate the mass eigenstate, just for
the notational consistency. Then, the matrix elements of the NI decay processes
in (2.136) and (2.137) are found out to be

iMNI→ℓαaϕb
= −i(hUT (q2 = (M eff

I )2 − iM eff
I ΓI))αIuαPRui=Iϵab , (2.145)

iMNI→ℓ
α
aϕ

∗
b
= −i(V (q2 = (M eff

I )2 − iM eff
I ΓI)h

†)Iαvi=IPLvαϵba (2.146)

with the effective couplings (hUT )αi and (h†V )αi. The second method is the
pole expansion of the propagator. We can decompose G(q) into partial fractions
as

G(q)LL =
∑
I

XLL
I DI(q

2) , G(q)RR =
∑
I

XRR
I DI(q

2) . (2.147)

Note that the matrices XI have the form

XI ∝ DJ ̸=I(q
2)
∣∣
q2=(Meff

I )2−iMeff
I ΓI

∝ 1

((M eff
J )2 − (M eff

I )2)− i(M eff
J ΓJ −M eff

I ΓI)
(2.148)
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because of the partial fraction expansion of the propagator ∝ (q2 − s1)−1(q2 −
s2)

−1 = (s1−s2)−1{(q2−s1)−1−(q2−s2)−1} which reflects the superposition of
the different mass eigenstates (cf. Eq.(4.27)). To leading order of the coupling
constant, the complex symmetric matrices XI are written as XI = iM eff

I xIx
T
I

using the complex vector x
L(R)
I in the flavor space.

iMNI→ℓαaϕb
= −i(h · xI)αuαPRui=Iϵab , (2.149)

iMNI→ℓ
α
aϕ

∗
b
= −i(xTI · h†)αvi=IPLvαϵba (2.150)

with the effective couplings (h · xI)α and (xTI · h†)α. Both of the sets of the
effective couplings, (hUT )αI , (V h

†)Iα and (h · xI)α, (xTI · h†)α, are known to
give a consistent result. We get the CP -violating parameter

εi =
1

8π

∑
j(̸=i)

ℑ(h†h)2ij
(h†h)ii

(M2
i −M2

j )MiMj

(M2
i −M2

j )
2 +R2

ij

(2.151)

=
1

8π

∑
j(̸=i)

ℑ(h†h)2ij
(h†h)ii(h†h)jj

(M2
i −M2

j )MiΓj

(M2
i −M2

j )
2 +R2

ij

with the regulator Rij = |MiΓi −MjΓj |. We can get the same conclusion from
the lepton-number conserving processes (2.131) and (2.132) with the compo-
nents GLR and GRL. In this expression, we used lower-case character in the
subscripts and dropped the quantum correction to the Majorana mass. (2.151)
should be regarded as the CP -violating parameter of the i-th mass eigenstate
decay process.

It’s clear that the Rij = |MiΓi − MjΓj | comes from the factor (2.148).
However, note that this form of regulator becomes zero in the doubly degenerate
limit Mi = Mj and Γi = Γj , hence it does not seem to be the correct form of
the regulator.

Systematic considerations were first performed by Pilaftsis [39], and he found
that the regulator in the denominator is given by Rij = MiΓj . Then, in the
degenerate case |Mi −Mj | ∼ Γ, ε can be enhanced to O((h†h)0) ∼ 1. After
that, the authors [19, 42] gave the above calculation and obtained a regulator
Rij = |MiΓi−MjΓj |. By using their result, the enhancement factor can become
much larger.

2.4 Summary and comments

We have seen that the RH neutrinos, which are introduced via the see-saw
mechanism, provide the CP asymmetric process. The magnitude of the CP
asymmetry in the decay process Ni → ℓ, ϕ is quantified by the CP -violating
parameter (2.27). The time evolution of a set of the classical distribution func-
tions of the RH neutrinos and the SM leptons is expected to be described by
the Boltzmann equations (2.31), (2.34). However, the artificial separation of
the collision term into the decay and scattering processes leads to the unphys-
ical evolution equation of the lepton number (2.46), and we have to make the
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Figure 8: When we take only the decay and inverse decay processes of RH
neutrino in the collision term, then the incoming and outgoing state of RH
neutrino must be described as quantum states (a). If we consider only the
scattering process, the internal line of RH neutrino mediating the process should
have the information of the non-equilibrium quantum state of RH neutrino
because this means that the RH neutrinos, which cause the system to be out of
equilibrium, appear only as the internal line of scattering diagram (b).

procedure of the RIS-subtraction to get a physically acceptable equation (2.68).
This means that the “(inverse) decay” process of the RH neutrinos are already
included in the 2→ 2 scattering processes as the contributions mediated by the
real intermediated states (RIS) of the RH neutrinos. The reason why we need
such a separation is that the Boltzmann equations are Markovian evolution
equations of on-shell classical particles’ distribution functions: If we consider
only the decay and inverse decay processes, we need evolution equations of the
off-shell RH neutrinos, that is, time evolution of the “distribution function” of
non-equilibrium quantum state must be considered (Fig.8 (a)). And if we con-
sider only the scattering processes of the SM lepton and Higgs boson, we have
to take into account the time evolution of the quantum state mediating the
scattering processes (Fig.8 (b)), then the corresponding collision term is nec-
essarily non-local in time. As we see in the later sections, the Kadanoff-Baym
(KB) equation describes them in a consistent way. In section 4, solving the
KB equation of RH neutrino in advance, we correctly understand the resonant
leptogenesis from the view point of (b). On the other hand, in section 5, we
rewrite the KB equation into the equation of “distribution function of quantum
state” describing the picture (a).

The lower bound of the Majorana mass of the lightest RH neutrino (2.122)
is obtained by using the expression (2.71) of the CP -violating parameter in the
hierarchical mass spectrum case. Therefore, it can be evaded in the degenerate
mass spectrum case. In the conventional calculation, the CP -violating param-
eter with the degenerate mass spectrum is read off from the 2 → 2 scattering
processes to do the re-summation of the self-energy diagram of the RH neutrino,
as seen in section 2.3. However, note that, in that calculation, the squared am-
plitudes of the scattering processes are not considered. One of the motivation
for such a calculation could be said to be the cancellation between the “on-shell”
and “off-shell” terms, that occurs in equilibrium case as a natural consequence of
the unitarily and CPT invariance [20] and explicitly checked in [19]. In section
4, it’s shown that, with the non-equilibrium propagator of the RH neutrino, the
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contributions of the interferences of the different mass eigenstates, which are
dropped in the conventional calculation, become crucial to get the correct form
of the CP -violating parameter in the degenerate mass spectrum case.
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3 Evolution equations of lepton numbers from
non-equilibrium QFT

A systematic method to investigate the evolution of lepton asymmetry is the
Kadanoff-Baym (KB) equations. The KB equation corresponds to the time
evolution equation of full two-point function which does not distinguish on-shell
and off-shell states. Accordingly it can take into account quantum coherence
of the system. And derived from the first principle of the quantum field the-
ory, the KB equation cannot be local (consisting only of physical quantities at
the moment) like the Boltzmann equation. The KB equation can be reduced
to the classical Boltzmann equation only in special cases where quantum and
memory effects can be neglected, and then, the double counting problem can be
systematically resolved (see [72] and references therein).

Time-evolution of a quantum system is determined by the Hamiltonian of
the system and the initial density operator ρ̂ at the initial time t = ti. All of
the information of the system is encoded in the time-dependent density operator
ρ̂(t), or instead, a set of all the n-point Green functions. Although the equations
for all the n-point functions are known as the Schwinger-Dyson equations, it is
practically impossible to study the evolution equations containing all the n-point
functions. We need to select an important set of observables. In the classical
approach based on the Boltzmann equation, one-particle distribution function
on the phase space is selected to describe the system. In the KB approach,
two-point Green functions are selected.

In this section, we summarize notations of various Green functions and
their basic properties in the thermal equilibrium. We also summarize the non-
equilibrium evolution equation (KB equation) for the Green functions. After
brief reviews in section 3.1 and 3.2, we derive the evolution equation of the
lepton number in section 3.3 and 3.4.

3.1 Green functions and KMS relations

Various Green functions are introduced in field theories (see also Appendix A).
Consider a fermion field ψ. The statistical propagator GF and the spectral
density Gρ are defined as

GF (x, y) =
1

2
⟨[ψ̂(x), ψ̂(y)]⟩ , (3.1)

Gρ(x, y) =i⟨{ψ̂(x), ψ̂(y)}⟩ (3.2)

where ⟨· · · ⟩ is defined as

⟨Ô(x)⟩ ≡ Tr{ρ̂(ti)Ô(x)} . (3.3)

The statistical propagator GF contains information of the particle density of
the state on which operators are evaluated. On the other hand, the spectral
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density Gρ gives information of spectrum, such as particle’s mass and decay
width. Because of the anti-commutator, γ0Gρ(x

0, y0) becomes proportional to
the spatial delta function δ3(x− y) at the equal time x0 = y0:

γ0Gρ(x, y) = iδ3(x− y)1 (3.4)

where 1 is an identity matrix in the flavor and the spinor indices.
Other useful Green functions are the Wightman functions

G>(x, y) =GF (x, y)−
i

2
Gρ(x, y) = ⟨ψ̂(x)ψ̂(y)⟩ , (3.5)

G<(x, y) =GF (x, y) +
i

2
Gρ(x, y) = −⟨ψ̂(y)ψ̂(x)⟩ (3.6)

and the retarded and advanced Green functions are given by

GR/A(x, y) =±Θ(±(x0 − y0))Gρ(x, y) . (3.7)

The spectral function can be written as Gρ = GR −GA = i(G> −G<).
In this thesis, we assume homogeneity along the spatial directions so that

we can always use the Fourier transform in the 3-dimensional space. If the state
is described by the thermal equilibrium state, we can further Fourier transform
in the time direction.8 In the thermal equilibrium at temperature T , the Green
functions G(x, y) are anti-periodic in the time direction with an imaginary pe-
riod iβ = i/T and their Fourier transforms satisfy the KMS (Kubo Martin
Schwinger) relation

G(eq)
>
<

(q) = −i
{
1− f(q0)
−f(q0)

}
G(eq)
ρ (q) , G

(eq)
F (q) = −i

(
1

2
− f(q0)

)
G(eq)
ρ (q) .

(3.8)

Here f(q0) is the Fermi-Dirac distribution function f(q0) = 1/(eq0/T + 1). In
presence of the chemical potential µ, q0 is replaced by q0 − µ. Since the rela-
tion relates the fluctuation described by the Wightman function to the dissipa-
tion described by the retarded Green function, it is also called the fluctuation-
dissipation relation. By this relation, the spectrum of the system determines all
the Green functions. When the system becomes out of equilibrium, the KMS
relation is violated. The violation plays an important role in the leptogenesis.

As a final remark in this section, let us recall that the explicit forms of the
Wightman functions of free charged fermions (bosons) are given by

Gfree
>
<

(x, y) =

∫
d3q

(2π)3
e+iq·(x−y) 1

2ωq

×
[
e−iωq(x

0−y0)
{
1− ηfq
−ηfq

}
ĝ+ + e+iωq(x

0−y0)
{
−ηf̄−q

1− ηf̄−q

}
ĝ−

]
(3.9)

8We often use the Fourier transform in the time direction when the system is in the thermal
equilibrium at the local temperature T (t) at time t. Then the Green functions in the four-
momentum representation depends on time t through the local temperature.
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where ωq is the energy of the on-shell particle, and ĝ± = (±ωqγ0 − q · γ +m),
η = +1 for Dirac fermions with their mass m and ĝ± = 1, η = −1 for bosons.

fq ≡ ⟨N̂q⟩ and f̄q ≡ ⟨ ˆ̄Nq⟩ are given as the expectation values of the number
operator of on-shell particles and anti-particles respectively. In general, they
are different from the equilibrium distribution functions.

3.2 Kadanoff-Baym equations

If the system is out of equilibrium and the state is time-dependent, we cannot
use the ordinary perturbative method based on the so-called in-out formalism.
A general formalism is given by the closed-time-path (CTP) formalism in which
perturbative vertices are inserted on the closed-time-path C = C+ + C−. See
appendix A.1 for brief review and Figure 17 there. In this formalism, we can
obtain the exact relations between correlation functions, i.e. Schwinger-Dyson
(SD) equations, which has all the information of the system. However, SD equa-
tions are not closed in the sense that the equation for a given n-point function
involves information about m(> n)-point functions. Therefore, some approx-
imation suitable to describe a system are needed. One of the self-consistent
approximation of the SD equations in the CTP formalism is called Kadanoff-
Baym (KB) equation. Derivation of the KB equations is given in appendix A.2
and A.3.

The equations for the retarded and advanced Green functions are

iG−1
0(x)GR/A(x, y)−

∫ ∞

tint

d4zg ΠR/A(x, z)GR/A(z, y) = −δg(x− y) . (3.10)

Here d4zg is an abbreviation of d4z
√
−g(z) and δg(x − y) = δ4(x − y)/

√
−g.

G−1
0(x) is the free kinetic operator whose derivatives act on a field at x. ΠR/A

is the self-energy and defined in eq.(A.26). They have the same properties as
GR/A, e.g., ΠR(x, y) = 0 for x0 < y0 is satisfied. Note that the integration
range in (3.10) is constrained between x0 and y0:∫ x0(y0)

y0(x0)

d4zg ΠR/A(x, z)GR/A(z, y) (3.11)

because of the step functions in ΠR/A and GR/A. Therefore GR/A(x, y) is de-
termined by the local information between x0 and y0. Namely GR/A does not
depend on the information of the system in the past: there is no memory effect
for GR/A.

Other Green functions G∗ (∗ = F, ρ,≶) satisfy

iG−1
0(x)G∗(x, y) =

∫ ∞

tint

d4zg ΠR(x, z)G∗(z, y) +

∫ ∞

tint

d4zg Π∗(x, z)GA(z, y)

=

∫ x0

tint

d4zg ΠR(x, z)G∗(z, y) +

∫ y0

tint

d4zg Π∗(x, z)GA(z, y) .

(3.12)
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In the second equality, we have used the properties of R/A functions. By us-
ing eq.(3.10), this equation can be solved formally in terms of the self-energy
function and the R/A Green functions as

G∗(x, y) = −
∫ ∞

tint

d4zgd
4wgGR(x, z)Π∗(z, w)GA(w, y)

≡ −(GR ∗Π∗ ∗GA)(x, y) . (3.13)

In the last line ∗-operation denotes the convolution operation.
Let us see the memory effect of G∗. Generally speaking, the integrals in

(3.12) over z are performed from the past at the initial time tint to x
0 or y0.

This makes Green functions dependent on the state of the system in the past
before x0 or y0. This is indeed the case for GF and G≶, but for the spectral
density Gρ, there is no memory effect (only the information between x0 and y0

is needed). It can be seen by using Πρ = ΠR −ΠA. Then the integral of (3.12)
can be rewritten as

iG−1
0(x)Gρ(x, y) =

∫ x0

y0
d4zg Πρ(x, z)Gρ(z, y) . (3.14)

Or it can be directly seen from the relation Gρ = GR − GA. The relation
Gρ = −GRΠρGA = GR −GA is equivalent to Πρ = ΠR −ΠA = G−1

R −G
−1
A .

In the thermal equilibrium, since the system is translationally invariant,
(3.13) can be Fourier transformed as

G
(eq)
∗ (p) = −G(eq)

R (p)Π
(eq)
∗ (p)G

(eq)
A (p) . (3.15)

These equations (3.10), (3.12) are not closed within the two-point Green
functions because the self-energy Π contains also n(> 2)-point functions.9 Hence,
in order to solve them explicitly, we need to make an approximation to express
n(> 2)-point functions in terms of the two-point functions.10 2PI effective ac-
tion method is one of the simplest and self-consistent methods. (See appendix
A.3 for brief explanation.) By using it, the self-energies Π in the above equations
(3.10) (3.12) are represented as a sum of 1PI diagrams made of full propagators,
and consequently these equations can be interpreted as simultaneous equations
for various propagators in the system. These self-consistent equations among
the propagators are especially called the Kadanoff-Baym equations.

9When we describe the evolution of scalar fields, also the one-point function should be
considered (see [86] for a review and references therein). Then, we have to solve the coupled
equations of one- and two-point functions.

10As a result, all of the vertices in the self-energy is bare ones. In some case, by implementing
the loop expansion, the equation fail to take into account important non-perturbative effects
which make full vertices very different from bare ones. In the 2PI formalism, such non-
perturbative effects could be considered by the resummation of selected diagrams. Otherwise,
we have to employ so-called nPI formalism to obtain the consistent evolution equations of the
full k(< n) point functions.
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3.3 Evolution of lepton number in the expanding universe

Now we investigate the KB equations of lepton numbers in the expanding uni-
verse. The theory we consider is (2.1). We first define Green functions, G,
S and ∆ for the RH neutrinos, the SM lepton doublet and the Higgs doublet
respectively:

Gij>(x, y) = ⟨N̂ i(x)N̂ j(y)⟩ , Gij<(x, y) = −⟨N̂ j(y)N̂ i(x)⟩ , (3.16)

Sαβab>(x, y) = ⟨ℓ̂
α
a (x)ℓ̂

β
b (y)⟩ , S

αβ
ab<(x, y) = −⟨ℓ̂

β
b (y)ℓ̂

α
a (x)⟩ , (3.17)

∆ab>(x, y) = ⟨ϕ̂a(x)ϕ̂†b(y)⟩ , ∆ab<(x, y) = +⟨ϕ̂†b(y)ϕ̂a(x)⟩ . (3.18)

The classical inverse propagators are given by

iG−1 ij
0 (x, y) =(i /∇x −Mi)δ

ijδg(x− y) , (3.19)

iS−1 αβ
0 ab (x, y) =i /∇xPLδ

αβδabδ
g(x− y) , (3.20)

i∆−1
0 ab(x, y) =−∇

2
xδabδ

g(x− y) . (3.21)

In this thesis, we consider the spatially flat space-time with the scale factor
a(t):

ds2 = dt2 − a2(t)dx · dx . (3.22)

We use µ̃, ν̃, . . . as the space-time indices and µ, ν, . . . as the local Lorentz
indices. γ matrices are written as γµ̃(t) = γµe µ̃µ where the vier-bein field e µ̃µ
satisfies e µ̃µ e

ν̃
ν gµ̃ν̃ = ηµν . In the following we mainly use t-independent γµ =

(γ0,γ) instead of t-dependent γµ̃(t). The delta-function becomes δg(x − y) =
δ4(x− y)/a3(x0).

In the background, the covariant derivative (3.21) becomes

∇xµ̃ = ∂µ̃ + 3H(x0)δ0µ̃ . (3.23)

Since the spin connection is given by Ωµ̃ = aH[γµ, γ0]/4, the covariant derivative
for spinors in (3.19), (3.20) is given by

/∇x =γµ̃(x)(∂µ̃ +Ωµ̃) = γ0
(
∂x0 +

3

2
H(x0)

)
− γ · ∂x
a(x0)

. (3.24)

Here the Hubble parameter is defined by H(t) = ȧ/a. In the radiation dominant
universe, it is given by

H(t) = 1.66
√
g∗

T 2

Mpl
∼ T 2

1018GeV
. (3.25)

Lepton number density nL is a matrix with flavor indices α, β and isospin
indices a, b. It is given by the µ̃ = 0 component of the lepton number current

jµ̃βαLba (x) ≡⟨ℓ̂
β
b (x)γ

µ̃(x)ℓ̂αa (x)⟩

=− tr{γµ̃(x)Sαβab>(x, y)}
∣∣∣
y=x

=− tr{γµ̃(x)Sαβab<(x, y)}
∣∣∣
y=x

. (3.26)
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Here tr{· · · } is the trace of the spinors. Because of the spatial homogeneity,
divergence of the current jL is equal to

∇µ̃ jµ̃L(x) =
dnL
dt

+ 3H(t)nL . (3.27)

On the other hand, it can be rewritten as11

∇µ̃ jµ̃L(x) =− tr{ /∇xS>
<(x, y)− S>

<(x, y)
←−
/∇y}

∣∣∣
y=x

= i

∫
d4zg tr{iS−1

0 (x, z)S>
<(z, x)− S>

<(x, z)iS
−1
0 (z, x)} . (3.28)

In the second equality, we have used the definition of S−1
0 (x, z) in (3.20).

By using the KB equation of (3.12) for the SM lepton Green function S>
<,

we have∫
d4zg iS

−1
0 (x, z)S>

<(z, x) =

∫ x0

tint

d4zg

(
ΣR(x, z)S>

<(z, x) + Σ>
<(x, z)SA(z, x)

)
= −i

∫ x0

tint

d4zg

(
Σ<(x, z)S>(z, x)− Σ>(x, z)S<(z, x)

)
(3.29)

where Σ is the self-energy of the SM lepton. The second equality is obtained by
using the relations (A.14) and (A.15).

Acting iS−1
0 from the right, a similar equation can be derived:∫

d4zg S>
<(x, z)iS

−1
0 (z, x) = −i

∫ x0

tint

d4zg

(
S<(x, z)Σ>(z, x)− S>(x, z)Σ<(z, x)

)
.

(3.30)

By using these equation, (3.27) becomes

dnL
dt

+ 3H(t)nL =

∫ x0

tint

d4zg tr
{
Σ<(x, z)S>(z, x)− Σ>(x, z)S<(z, x)

−S<(x, z)Σ>(z, x) + S>(x, z)Σ<(z, x)
}
.

(3.31)

This is the evolution equation for the lepton numbers in the expanding universe.
The right hand side (r.h.s.) is written as an integral of the full propagator

S of the SM lepton and its self-energy Σ. Since the self-energy Σ contains
various diagrams, some systematic simplification of Σ is necessary for practical
calculations. A well-known approach is to use the 2-particles-irreducible (2PI)

11Here, we have defined the derivative operator
←−
/∇y as

S(x, y)
←−
/∇y ≡ −∇µ̃

[
S(x, y)γµ̃(y)

]
+ S(x, y)γµ̃(y)Ωµ̃ =

(
−∂yµ −

3

2
H(y0)

)
S(x, y)γµ.
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Figure 9: An example of 2PI diagrams for the Lagrangian (2.2) with Yukawa
interactions. Each line represents a full propagator of the SM lepton, Higgs
and the RH neutrino. By taking a functional derivative with respect to each
propagator, we can obtain the self-energy for the corresponding particle.

formalism briefly reviewed in appendix A.3. In the 2PI formalism, the self-
energy diagrams are obtained by taking a variation of 2PI diagrams made of
full propagators with respect to the full propagator.

In the leading approximation, the self-energy Σ is obtained from the simplest
2PI diagram of Figure 9. Note that each propagator represents a full propagator,
and the self-energy of the SM lepton is obtained by cutting the propagator ℓ.
The next simplest 2PI diagram is given by Figure 18 in appendix B, but in most
of the present analysis, we consider only the contribution from Figure 9. It gives
a good approximation if the RH neutrinos have almost degenerate masses.

The contribution to the lepton self-energy Σ from Figure 9 is written in
terms of the full propagators:

Σαβab >
<
(x, y) =− δabhαih†jβPRG

ij
>
<
(x, y)PL∆<

>(y, x) ≡ δabΣ
αβ
>
<

(x, y) . (3.32)

Recall that (i, j) are flavor indices of the RH neutrinos. Then, summing the
lepton flavor α, β and SU(2)L isospin a, b indices, we have

dnL
dt

+ 3HnL = −gwhαih†jβ
∫ x0

tint

d4zg

[
tr
{
PRG

ij
<(z, x)PLS

βα
> (x, z)

}
∆>(x, z)

−tr
{
PRG

ij
>(z, x)PLS

βα
< (x, z)

}
∆<(x, z)

−tr
{
PRG

ij
>(x, z)PLS

βα
< (z, x)

}
∆<(z, x)

+tr
{
PRG

ij
<(x, z)PLS

βα
> (z, x)

}
∆>(z, x)

]
.

(3.33)

Here we used the fact that the electroweak symmetry is restored at the temper-
ature T ≳ TeV we are in mind and hence the propagators are written in SU(2)

symmetric forms: Sαβab = Sαβδab, ∆ab = ∆δab. gw = 2 is the number of d.o.f. of
SU(2)L doublets. Since the third and the fourth terms are complex conjugate
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to the second and the first terms, we can simplify the above equation as

dnL
dt

+ 3HnL = 2 ℜ
∫ x0

tint

dτd3zg hαih
†
jβ

[
tr
{
PRG

ij
<(x, z)PLπ̃

βα
> (z, x)

}
−tr
{
PRG

ij
>(x, z)PLπ̃

βα
< (z, x)

}]
(3.34)

where we have defined τ = z0 and

π̃βα≷ (z, x) = −gwSβα≷ (z, x)∆≷(z, x) . (3.35)

This is the equation we evaluate in the following investigations. As we mentioned
above, the r.h.s. contains only the contribution from the simplest 2PI diagram
of Figure 9. If we restrict our discussion to the almost on-shell part of the
RH neutrino propagator, this corresponds to taking the processes of decay and
inverse-decay of the RH neutrinos, and equivalently the resonant part of the
s-cannel × s-cannel part of the scattering process ℓϕ ↔ ℓϕ∗, which are the
most important parts in the leading order calculation. The full contributions of
scattering can be taken into account by considering the next simplest diagram
of Figure 18. A systematical study of the KB equation including the scattering
effects is given in [72][74].

3.4 Boltzmann equation for the lepton number

The evolution equation (3.34) of the lepton number is determined by the behav-
ior of full propagators of the RH neutrinos G, the SM leptons S and the Higgs ∆.
In sections 4.1 and 4.2, we investigate detailed properties of the propagator G of
the RH neutrinos. In this section, we will see how an ordinary Boltzmann-type
equation can be derived from eq.(3.34) by using the quasi-particle approxima-
tion for the SM particles described by S and ∆.

The quasi-particle approximation is an approximation to express the Green
functions in terms of distribution functions of quasi-particles with a mass m
and a width Γ. Hence the propagators in this approximation are obtained from
the free Wightman function of eq.(3.9) by introducing the decay width Γ. For
a moment, we neglect the time-dependence of the background. For the SM
leptons, we have

Sβα>
<

(x, y) = δαβ
∫

d3p

(2π)3
1

2ωp
e+ip·(x−y) e−|x0−y0|Γℓ/2

×
[
e−iωp(x

0−y0)
{
1− fℓp
−fℓp

}
PL/p+PR + e+iωp(x

0−y0)
{
−fℓp
1− fℓp

}
PL/p−PR

]
= δαβ

∑
ϵℓ=±

∫
d3p

(2π)3
1

2ωp
e+ip·(x−y)e−iϵℓωp(x

0−y0)−|x0−y0|Γℓ/2

× (−1)ϵℓ
{
1− f ϵℓℓp
−f ϵℓℓp

}
PL/pϵℓPR (3.36)
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where ωp =
√
m2
ℓ + |p|2/a2 and /p± ≡ ±ωpγ0 − p · γ/a. Here we assumed

the flavor independence of the lepton propagators, Sαβ ∝ δαβ , for simplicity.
Similarly the Wightman functions of the Higgs boson becomes

∆>
<(x, y) =

∫
d3k

(2π)3
1

2ωk
e+ik·(x−y)e−|x0−y0|Γϕ/2

×
[
e−iωk(x

0−y0)
{
1 + fϕk
+fϕk

}
+ e+iωk(x

0−y0)
{

+fϕk
1 + fϕk

}]
=
∑
ϵϕ=±

∫
d3k

(2π)3
1

2ωk
e+ik·(x−y)e−iϵϕωk(x

0−y0)−|x0−y0|Γϕ/2

× (−1)ϵϕ
{
1 + f

ϵϕ
ϕk

+f
ϵϕ
ϕk

}
(3.37)

where ωk =
√
m2
ϕ + |k|2/a2 .

The thermal mass and width are given by mℓ,ϕ ∼ gT , Γℓ,ϕ ∼ g2T where g
is the SM gauge coupling g. Especially, we exploit the largeness of Γℓ,ϕ as an
important thermal effect.12

In these expressions we defined (−1)ϵ = ±1 for ϵ = ± respectively. The
distribution functions are assumed to be in the kinematical equilibrium and
given by the Fermi-Dirac or the Bose-Einstein distributions at temperature T
with a chemical potential:

fℓp =
1

e(ωp−µℓ)/T + 1
, fϕk =

1

e(ωk−µϕ)/T − 1
. (3.38)

For anti-particles, the signs of the chemical potentials are reversed and their
distributions are given by

fℓp =
1

e(ωp+µℓ)/T + 1
, fϕk =

1

e(ωk+µϕ)/T − 1
. (3.39)

In the second equalities of eq. (3.36) and (3.37), we have defined

f ϵℓp ≡
1

e(ϵωp−µℓ)/T + 1
, f ϵϕk ≡

1

e(ϵωk−µϕ)/T − 1
(3.40)

which satisfy

fℓp = f+ℓp , fℓp = (1− f−ℓp) , fϕk = f+ϕk , fϕk = −(1 + f−ϕk) . (3.41)

Now we come back to the time-dependence of the background. Since the
scale factor a(t) is time-dependent, temperature T , thermal mass and width are

12The effects of the thermal plasma play several roles, and are systematically investigated
in [72][74]. For example, the thermal mass of the Higgs boson becomes larger than the
RH neutrino masses at very high temperature, and then, the channel ϕ → Nℓ get to be
kinematically allowed.
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dependent on the time t and we need to specify at which time these quantities
in the quasi-particle approximation of eq. (3.36) and (3.37) are defined. If the
temperature of the universe is sufficiently low (e.g., ∼ 10 TeV), the decay width
is much larger than the Hubble expansion rate:

Γℓ,ϕ ∼ g2T ≫ H ∼ T 2

1018GeV
(3.42)

and the propagators damp quickly at |x0− y0| ≫ 1/Γl,ϕ. For such short period,
time-dependence of the physical quantities such as the scale factor in the prop-
agators (3.36) and (3.37) are suppressed by H/Γℓ,ϕ, and we can approximate
these quantities as being constant in the integration of τ in (3.34). Then the
physical quantities can be evaluated at time t = Xxy = (x0 + y0)/2 as we see in
(4.49).

By Fourier transforming in the spatial direction and using the above approx-
imation, (3.34) becomes

dnL
dt

+ 3HnL = 2ℜ
∫

d3q

(2π)3

∫ t

−∞
dτ (h†h)ji

[
tr
{
PRG

ij
<(t, τ ;q)PLπ̃>(τ, t;q)

}
−tr
{
PRG

ij
>(t, τ ;q)PLπ̃<(τ, t;q)

}]
(3.43)

where t = x0 and d3q = d3q/a3(t). Using the quasi-particle approximations
(3.36) and (3.37), π̃>

<(τ, t;q) are given by

π̃>
<(τ, t;q) = PLπ>

<(τ, t;q)PR , (3.44)

π>
<(τ, t;q) ≡ (−gw)

∑
ϵℓ,ϵϕ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk
(2π)3δ3(q − p− k)

× Dϵℓϵϕ>
<(p,k) /pϵℓ e

−i(ϵℓωp+ϵϕωk)(τ−t)−Γℓϕ/2|τ−t| (3.45)

where Γℓϕ ≡ Γℓ + Γϕ and Dϵℓϵϕ>
<(p,k) is defined as

Dϵℓϵϕ>
<(p,k) ≡ (−1)ϵℓ(−1)ϵϕ

{
(1− f ϵℓℓp)(1 + f

ϵϕ
ϕk)

(−f ϵℓℓp)(+f
ϵϕ
ϕk)

}
. (3.46)

From (3.45) and (3.46), we can see that the term with π̃> in (3.43) contains a
factor (1 − fℓ) or (1 − f−ℓ ) = fℓ̄ and corresponds to gain in the lepton number
while the other term with π̃< contains a factor fℓ or f

−
ℓ = (1 − fℓ̄) and corre-

sponds to loss. Since the damping rates of the SM particles’ propagators are
very large (3.42) and the time integration in (3.43) is dominated around τ = t,
let us assume that the physical quantities, the lepton number evolution equation
(3.43) is well approximated by the form

dnL
dt

+ 3HnL ∝(h†h)ji
{
Gij<(t, τ = t)(1− fℓ(t))(1 + fϕ(t))−Gij>(t, τ = t)fℓ(t)fϕ(t) + · · ·

}
.

(3.47)
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Figure 10: In the formal solution 3.48, information in past is taken in to count
through the time integration. Therefore, the Wightman function having two
points close to the time x0 ∼ y0 ∼ t in (3.43) still remembers that the SM
thermal bath composing the RH neutrino’s self-energy Π had higher temperature
and larger number density of the SM particles in past than those at the time t.

Hence the evolution equation (3.43) can be regarded as the Boltzmann-like
equation for the lepton number.

3.5 Summary and comments

In the first two subsections, we have briefly introduce the property of two-point
functions and the Kadanoff-Baym (KB) equation as the self-consistent evolution
equation of two-point functions. Generally, two-point functions encode not only
the information about distribution of classical on-shell particles, but also the
one of quantum off-shell states in a system. From the KB equation of the SM
lepton propagator, the evolution equation of the lepton number is obtained as
(3.34) or its Fourier transform (3.43). By adopting the quasi-particle approx-
imations of the SM lepton (3.36) and Higgs boson (3.37), the r.h.s. of (3.43)
turns out to have the similar structure to the collision term of the ordinary
Boltzmann equation (3.47). Although such a simple quasi-particle approxima-
tion is not applicable to the RH neutrino propagators G because they have the
flavor off-diagonal component, now we have the formal solution of the Wightman
propagator in (3.13):

Gij>
<
(x, y) =−

∑
k,l

∫ x0

−∞
du0d3ug

∫ y0

−∞
dv0d3vg G

ik
R (x, u)Πkl>

<
(u, v)GljA(v, y) .

(3.48)

When this expression is inserted into the lepton number evolution equation
(3.43), the full quantum effects are expected to be taken into account correctly.

Although (3.43) seems to be Markovian equation (3.47), once the above
formal solution is plugged, the resulting equation becomes a non-Markovian
equation with the time integration again, see Fig.10. As mentioned in section
2.4, such a non-Markovian equation enables us to describe the system without
distinguishing on-shell and off-shell states, which can resolve the problems in the
conventional calculation using the Boltzmann equation. Note that the reason
why we can consider the formal solution (3.48) in the lepton number evolution
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equation (3.43) is that the KB equation as the starting point is the self-consistent
equation of the full propagators.

In the next section 4, we estimate the formal solution (3.48) in the expanding
universe and obtain the CP -violating parameter. In the section 5, we consider
a generalization of the quasi-particle approximations as another approach.
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4 Right-handed neutrino propagators and the
enhancement of CP -asymmetry

In this section, by solving the KB equation directly, we investigate how the
expansion of the universe affects various propagators of the RH neutrino. The
equilibrium part and the deviation-from-equilibrium part of the propagators are
calculated separately. With the degenerate mass spectrum of the RH neutrinos,
the flavor off-diagonal components are much enhanced compared to the hier-
archical spectrum case. We see that there are two types of the enhancement
factor. One of them corresponds to the conventional form of the enhancement
of the CP -violating parameter (2.151), but it turns out not to be relevant to the
generation of the lepton number. Other one comes form the non-equilibrium
propagator of RH neutrino and contribute to the time evolution of the lepton
number.

In section 4.1, we solve the KB equation of RH neutrino propagator in equi-
librium under the assumption that the off-diagonal components of the neutrino
Yukawa coupling (h†h)′ is smaller than the diagonal part (h†h)d. In section 4.2,
restricting the discussion to the strong washout case, which is typical to the
resonant leptogenesis, we obtain the small deviation from the equilibrium value
of RH neutrino propagator. Plugging the solution into the evolution equation of
lepton number (3.43), we get the Boltzmann equation-like form with the modi-
fied CP -violationg parameter in section 4.3. Finally, in section 4.4, we discuss
the origin of the modification of the CP -violating parameter.

4.1 Resonant oscillation of RH neutrinos

In this subsection, we study how the RH neutrinos with almost degenerate
masses behave in the thermal equilibrium. Deviation from the thermal equilib-
rium is investigated in the next section 4.2.

We consider two flavors i = 1, 2 whose masses are almost degenerate. The
third flavor RH neutrino is assumed to have larger mass. In order to calculate
the evolution of the lepton asymmetry in (3.34), we need to know the Wightman
functions G≷ of the RH neutrinos. And, since the KB equation of Gij≷ is formally

solved by the convolution eq.(3.48), it is necessary to investigate the properties
of the retarded (advanced) Green functions GijR/A first.

We first study both of the flavor diagonal (i = j) and off-diagonal (i ̸= j)
components of GijR in the equilibrium. Then we will see the behaviors of the

Wightman functions Gij≷ in the thermal equilibrium. Throughout this thesis,

Gd (also Πd for the self-energy) and G′ (Π′) denote the flavor diagonal i = j
and off-diagonal i ̸= j components respectively:

Gd ←→ flavor diagonal ,

G′ ←→ flavor off-diagonal . (4.1)

54



4.1.1 Retarded/Advanced propagators

From (3.10) and (3.19), GR/A satisfies

(i /∇x −M)GijR/A(x, y)−
∫ ∞

tint

dz0d3z a3(z0) ΠikR/A(x, z)G
kj
R/A(z, y) = −δijδ

g(x− y) .

(4.2)

We first define the spatial Fourier transform of GR/A by

GijR/A(x
0, y0;q) =

∫
d3(x− y)e−iq·(x−y)a3/2(x0)GijR/A(x

0, y0,x− y)a3/2(y0) .

(4.3)

Similarly, for the self-energy, we define

ΠijR/A(x
0, y0;q) =

∫
d3(x− y)e−iq·(x−y)a3/2(x0)ΠijR/A(x

0, y0,x− y)a3/2(y0) .

(4.4)

Then using (3.24), the KB equation (4.2) becomes{
iγ0∂x0 − γ · q

a(x0)
−M

}
GR/A(x

0, y0;q)

−
∫ ∞

tint

dz0 ΠR/A(x
0, z0;q)GR/A(z

0, y0;q) = −δ(x0 − y0) . (4.5)

This is the basic equation for GR/A.
We then decompose the propagator and the self-energy into flavor diagonal

and off-diagonal parts:

GR/A(x
0, y0;q) ≡ GdR/A(x

0, y0;q) +G′
R/A(x

0, y0;q) ,

ΠR/A(x
0, y0;q) ≡ ΠdR/A(x

0, y0;q) + Π′
R/A(x

0, y0;q) . (4.6)

Using this decomposition, we solve the KB equation (4.5) iteratively.
First we define the differential-integral operator Dd

x0 by

Dd
x0f(x0) ≡

{
iγ0∂x0 − γ · q

a(x0)
−M

}
f(x0)−

∫ ∞

tint

dz0 ΠdR/A(x
0, z0;q) f(z0) .

(4.7)

In terms of the operator, the flavor diagonal component of the KB equation
(4.5) becomes

Dd
x0GdR/A(x

0, y0;q)−
∫ ∞

tint

dz0 Π′
R/A(x

0, z0;q)G′
R/A(z

0, y0;q) = −δ(x0 − y0) .

(4.8)
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Similarly the KB equation of the flavor off-diagonal component is written as

Dd
x0G′

R/A(x
0, y0;q) =

∫ ∞

tint

dz0 Π′
R/A(x

0, z0;q)GdR/A(z
0, y0;q) . (4.9)

We then introduce the kernel G
d(0)
R/A of the operator Dd

x0 :

Dd
x0G

d(0)
R/A(x

0, y0;q) ≡ −δ(x0 − y0) . (4.10)

with a retarded (advanced) boundary condition. Using G
d(0)
R/A, we can integrate

the equations (4.8), (4.9) as

GdR/A(x
0, y0;q) = G

d(0)
R/A(x

0, y0;q)

−
∫ ∞

tint

dτdτ ′ G
d(0)
R/A(x

0, τ ;q)Π
′

R/A(τ, τ
′;q)G′

R/A(τ, y
0;q) ,

(4.11)

G′
R/A(x

0, y0;q) = −
∫ ∞

tint

dτdτ ′ G
d(0)
R/A(x

0, τ ;q)Π
′

R/A(τ, τ
′;q)GdR/A(τ, y

0;q) .

(4.12)

Then we can iteratively solve the above equations by expanding it with respect
to the small off-diagonal component of the Yukawa coupling (h†h)

′
involved in

Π
′
:

GdR/A =G
d(0)
R/A +G

d(2)
R/A + · · · , (4.13)

G
d(2)
R/A ≡ G

d(0)
R/A ∗Π

′

R/A ∗G
d(0)
R/A ∗Π

′

R/A ∗G
d(0)
R/A ,

G′
R/A =−Gd(0)R/A ∗Π

′

R/A ∗G
d(0)
R/A + · · · . (4.14)

Here ∗ denotes a convolution in the time-direction. The second term G
d(2)
R/A in

the flavor diagonal propagator (4.13) is the second order of (h†h)
′
and smaller

than G
d(0)
R/A or G′

R/A. Hence we drop it and write Gd(0) as Gd for notational

simplicity in the following.
We note that the above integrals do not have the memory effect. This is

because the convolution is written explicitly as, e.g.,

(GR ∗ΠR ∗GR)(x0, y0) =
∫ x0

y0
du

∫ u

y0
dv GR(x

0, u)ΠR(u, v)GR(v, y
0) (4.15)

and the integration region is limited between x0 and y0. Namely, the retarded
(advanced) propagators are ”local” functions of time during x0 and y0 and
insensitive to the past (t < x0, y0). This is different from the convolution
contained in the Wightman functions (3.48) in which the integration range of
time is extended to the past.
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4.1.2 Diagonal GdR/A in thermal equilibrium

We will first look at the flavor diagonal component of the propagatorGdR/A(x
0, y0;q)

in the thermal equilibrium at temperature T . The scale factor a is also fixed
at a0 = a(x0) = a(y0). Because of the translational invariance in the time
direction, GR/A(x

0, y0;q) can be further Fourier transformed:

G
d(eq)
R/A (q) =

∫
d(x0 − y0)e+iq0(x

0−y0)G
d(eq)
R/A (x0, y0;q) . (4.16)

Then the KB equation (4.11) becomes{
γ0q0 −

γ · q
a0
−M −Π

d(eq)
R/A (q0,q)

}
G
d(eq)
R/A (q) = −1 (4.17)

and can be solved

G
d(eq)
R/A (q) = −

(
/q −M −Π

d(eq)
R/A (q)

)−1

. (4.18)

The real part of the self-energy gives the mass and wave-function renormaliza-
tion. In the following we assume that they are already taken into account in
the bare Lagrangian and focus only on the imaginary part Πdρ = ΠdR − ΠdA =

2iℑ(ΠdR). The one-loop diagonal self-energy in the thermal equilibrium is ex-
pressed as Πdρ = γµΠdρ,µ. From the imaginary part of the pole of the propagator

G
d(eq)
R (q), we see that the decay width Γq of the RH neutrino is given by

q ·Πd(eq)ρ (q)|q0=±ωq ≡ ∓iωqΓq . (4.19)

The i-th diagonal component G
d(eq)ii
R/A (q) becomes

G
d(eq)ii
R/A (q) ≃ −

/q −Π
d(eq)ii
R/A (q) +Mi

(q0 ± iΓiq/2)2 − ω2
iq

≃


∑
ϵ=±

iZiϵ
q0 − Ωϵi∑

ϵ=±

iZiϵ
q0 − Ω∗

ϵi

(4.20)

where

Ωϵi ≡ ϵωiq − iΓiq/2 (4.21)

and

Ziϵ =
iϵ

2ωiq
(/qϵi +Mi), /qϵi ≡ ϵωiqγ0 − q · γ/a0 . (4.22)
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In the real time representation, it becomes13

G
d(eq)ii
R (x0, y0;q) = +Θ(x0 − y0)

∑
ϵ=±

Ziϵe
−iΩϵi(x

0−y0) ,

G
d(eq)ii
A (x0, y0;q) = −Θ(y0 − x0)

∑
ϵ=±

Ziϵe
−iΩ∗

ϵi(x
0−y0) . (4.23)

Γq is multiplied by the Lorentz boost factor as Γq ≃ (M/ωq) × Γ where
Γ ≡ Γq=0 is the decay width of the RH neutrino. In this thesis, we consider a
situation that two RH neutrinos are almost degenerate in their masses

∆M ≡ |Mi −Mj | ≃ Γ . (4.24)

In the following, we sometimes use the averages denoted by quantities without
the flavor index i, j

M =
Mi +Mj

2
, ωq =

ωiq + ωjq
2

, Ωϵ =
Ωϵi +Ωϵj

2
, etc. (4.25)

4.1.3 Off-diagonal G′
R/A in thermal equilibrium

We then study the behavior of the flavor off-diagonal component G
′(eq)
R/A of the

retarded (advanced) propagators in the thermal equilibrium. From (4.14), it is
given by

G
′(eq)ij
R/A (x0, y0;q) = −

∫
dq0
2π

e−iq0(x
0−y0)G

d(eq)ii
R/A (q)Π

′(eq)ij
R/A (q)G

d(eq)jj
R/A (q) .

(4.26)

The q0 integration can be performed by summing residues of the poles. Eq.

(4.20) shows that the retarded propagator G
d(eq)ii
R has poles at q0 = Ω±,i and

the advanced propagator G
d(eq)jj
A has poles at q0 = Ω∗

±,j . The self-energy ΠR/A
consists of the SM lepton and the Higgs propagator, and hence it has poles at
q0 = ϵℓωp + ϵϕωk ∓ iΓℓϕ/2 with a large imaginary part. Because of this, the
residues of the poles of the self-energy are suppressed by Γi/Γℓϕ ≪ 1. Noting
the relation

1

q0 − Ωϵi

1

q0 − Ωϵ′j
=

1

Ωϵi − Ωϵ′j

(
1

q0 − Ωϵi
− 1

q0 − Ωϵ′j

)
, (4.27)

we can see that the contribution ϵ = −ϵ′ is also suppressed by ∆M/M compared
to the ϵ = ϵ′ contribution. Hence, dropping these suppressed contributions, we

13In the present analysis, we expand various quantities with respect to (h†h)′. Hence the
propagator of i-th flavor is almost identified with the propagator of the i-th mass eigenstate
up to higher order terms of (h†h)′. Propagations of a single Ni corresponds to propagations
of a single mass eigenstate with mass Mi and width Γi.
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have

G
′(eq)ij
R (x0, y0;q) ≃+Θ(x0 − y0)

∑
ϵ

ZϵΠ
′(eq)ij
R (ϵωq)Zϵ

−i
Ωϵi − Ωϵj

×
(
e−iΩϵi(x

0−y0) − e−iΩϵj(x
0−y0)

)
(4.28)

and

G
′(eq)ij
A (x0, y0;q) ≃−Θ(y0 − x0)

∑
ϵ

ZϵΠ
′(eq)ij
A (ϵωq)Zϵ

−i
Ω∗
ϵi − Ω∗

ϵj

×
(
e−iΩ

∗
ϵi(x

0−y0) − e−iΩ
∗
ϵj(x

0−y0)
)
. (4.29)

We also used the approximation Π(Ωϵi) ≃ Π(Ωϵj) ≃ Π(ϵωq) because Γi ≪ Γℓϕ.
The minus signs in the parentheses come from the relative minus sign of the

residue in (4.27). Because of this, the off-diagonal Green functions vanish at
x0 = y0:

G′
R/A(x, y)

∣∣
x0=y0

= 0 . (4.30)

This should generally hold by the definition of GR/A in (3.7) because Gijρ (x, y)

is proportional to δijδ3(x− y) at equal time x0 = y0:

γ0GijR(x, y)
∣∣
x0=y0

= Θ(x0 − y0)γ0Gijρ (x, y)
∣∣
x0=y0

=
i

2
δ(x− y)δij . (4.31)

Note that the flavor off-diagonal components of the retarded (advanced) propa-
gators are enhanced by the factor 1/(Ωi−Ωj) (or its complex conjugate). Such
a large enhancement comes from the large mixing of the RH neutrinos with
almost degenerate masses.

For the self-energies ΠR/A = Πh±Πρ/2, if we use the vacuum value Π′
ρ(ϵωq) =

−gwℜ(h†h)′iϵ/qϵ/(16π) and Π′
h(ϵωq) = 0 as in Appendix B, the following expres-

sions [71] are reproduced:

G
′(eq)ij
R (x0, y0;q) ≃+Θ(x0 − y0)

∑
ϵ

/qϵ +M

2ωq

gwM
2ℜ(h†h)′/(16π)

M2
i −M2

j − iϵ(MiΓi −MjΓj)

×
(
e−iΩϵi(x

0−y0) − e−iΩϵj(x
0−y0)

)
,

G
′(eq)ij
A (x0, y0;q) ≃−Θ(y0 − x0)

∑
ϵ

/qϵ +M

2ωq

−gwM2ℜ(h†h)′/(16π)
M2
i −M2

j + iϵ(MiΓi −MjΓj)

×
(
e−iΩ

∗
ϵi(x

0−y0) − e−iΩ
∗
ϵj(x

0−y0)
)

(4.32)

with the “regulator” |MiΓi−MjΓj |Here we have used the relation (cf. Eq.(2.148))

ϵ

2ωq

1

Ωϵi − Ωϵj
≃ 1

ω2
iq − ω2

jq − iϵ(ωiqΓiq − ωjqΓjq)

≃ 1

M2
i −M2

j − iϵ(MiΓi −MjΓj)
(4.33)
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which is valid for ωq ≃ ωiq ≃ ωjq and ωqΓq ≃ MΓ. As shown in section 4.1.6,
the same enhancement factor, that is, the same regulator appears in the off-
diagonal Wightman function in the thermal equilibrium. For the deviations of
the off-diagonal Wightman functions out of equilibrium, however, we show in
section 4.2.5 that the enhancement factor is changed to be 1/(Ωi − Ω∗

j ). This
corresponds to the regulator (MiΓi +MjΓj).

Finally we note the validity of the expansion with respect to the off-diagonal
components of the Yukawa couplings (h†h)′. From the expressions (4.32), the
iterative expansions (4.13) and (4.14) turn out to be valid when the real part
of the off-diagonal components of Yukawa coupling ℜ(h†h)′ is smaller than the
mass difference |Mi −Mj |/M ≃ Γ/M ∼ (h†h)dii. Hence the expansion is under-
stood as an expansion of the ratio (h†h)′/(h†h)d.14

4.1.4 Wightman functions

The Wightman functions can be solved as (3.13) or (3.48). If we take terms up
to the first order of (h†h)

′
, the flavor diagonal component is given by

Gdii>
<

=−GdiiR ∗Πdii>
<
∗GdiiA . (4.34)

Similarly the flavor off-diagonal component is given by

G
′ij
>
<

=−G
′ij
R ∗Π

djj
>
<
∗GdjjA −G

dii
R ∗Πdii>

<
∗G

′ij
A −G

dii
R ∗Π

′ij
>
<
∗GdjjA . (4.35)

By using (4.14) and (4.34), (4.35) can be also rewritten as

G
′ij
>
<

=−GdiiR ∗Π
′ij
R ∗G

djj
>
<
−Gdii>

<
∗Π

′ij
A ∗G

djj
A −G

dii
R ∗Π

′ij
>
<
∗GdjjA (4.36)

which makes it clear that the off-diagonal part of the self-energy causes the
flavor mixing of the RH neutrino.15

4.1.5 Diagonal Wightman Gd≷ in thermal equilibrium

In the thermal equilibrium, the Wightman function can be easily obtained by
using the KMS relation. From (4.34), the diagonal component Gd(eq)>

<
can be

written as

Gd(eq)>
<

(x0, y0;q) =−
∫
dq0
2π

e−iq0(x
0−y0)G

d(eq)
R (q)Πd(eq)>

<
(q)G

d(eq)
A (q) . (4.37)

Let f(q) be the thermal distribution function for the RH neutrinos. Note that
f(q) is a function of q0, which is not equal to the on-shell energy ωq. The KMS

14In [71], numerical analysis has been done beyond this parameter region.
15This form is convenient for the systematic derivation of the Boltzmann equation from the

KB equation in the hierarchical mass spectrum [72], in which the diagonal components of the
Wightman propagator are identified as the on-shell external line of the RH neutrinos. In this
thesis, we are focusing on the resonant mass spectrum, and we use this form, without such an
assumption, to solve the off-diagonal components of the Wightman propagator.
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relation for the self-energy function is

Π(eq)
>
<

(q) = −i
{
1− f(q0)
−f(q0)

}
Π(eq)
ρ (q) . (4.38)

Using the solution of the KB equation for the spectral density Gρ ≡ GR−GA =
−GR ∗Πρ ∗GA, we have

Gd(eq)>
<

(x0, y0;q)

= −
∫
dq0
2π

e−iq0(x
0−y0)(−i)

{
1− f(q0)
−f(q0)

}
G
d(eq)
R (q)Πd(eq)ρ (q)G

d(eq)
A (q)

= +

∫
dq0
2π

e−iq0(x
0−y0)(−i)

{
1− f(q0)
−f(q0)

}[
G
d(eq)
R (q)−Gd(eq)A (q)

]
. (4.39)

It is nothing but the KMS relation (3.8) for the Green function.
Performing the q0 integration, it becomes

Gd(eq)ii>
<

(x0, y0;q) ≃
∑
ϵ

{
1− f ϵiq
−f ϵiq

}
(−i)Ziϵ

(
Θ(x0 − y0)e−iΩϵi(x

0−y0)

+Θ(y0 − x0)e−iΩ
∗
ϵi(x

0−y0)
)
. (4.40)

Here we have dropped the contributions from poles of the distribution func-
tion f(q0) since they are suppressed by Γ/T ≪ 1. Furthermore we used the
distribution function

f ϵip ≡ f(q0 = ϵωiq) =
1

eϵωiq/T + 1
(4.41)

by dropping the imaginary part of the pole Ωϵi in f(q) because it is suppressed
again by the factor Γ≪ T . Recall that it satisfies the relation (1−f ϵip) = +f−ϵip .

4.1.6 Off-diagonal Wightman G′
≷ in thermal equilibrium

Next we calculate the flavor off-diagonal component G
′(eq)
>
<

in the thermal equi-
librium. The off-diagonal component also satisfies the KMS relation and we
have

G
′(eq)ij
>
<

(x0, y0;q) = +

∫
dq0
2π

e−iq0(x
0−y0)(−i)

{
1− f(q0)
−f(q0)

}
G

′(eq)ij
ρ (q)

= +

∫
dq0
2π

e−iq0(x
0−y0)(−i)

{
1− f(q0)
−f(q0)

}[
G

′(eq)ij
R (q)−G

′(eq)ij
A (q)

]
.

(4.42)

Performing q0 integration, it becomes

G
′(eq)ij
>
<

(x0, y0;q) =
∑
ϵ

ZϵΠ
′(eq)ij
R (ϵωq)Zϵ

−i
Ωϵi − Ωϵj

× (−i)
[{

1− f ϵiq
−f ϵiq

}
e−iΩϵi(x

0−y0) −
{
1− f ϵjq
−f ϵjq

}
e−iΩϵj(x

0−y0)
]

(4.43)
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for x0 > y0. We have used similar approximations by dropping suppressed
contributions by Γ/T and Γ/Γℓϕ.

The off-diagonal component of the thermal Wightman functions are en-
hanced by the same factor 1/(Ωϵi−Ωϵj) as in (4.28). Hence the flavor oscillation
of the Wightman function in the thermal equilibrium is enhanced by a factor
with the regulator MiΓi −MjΓj .

At the temperature T ≫ ∆M we have in mind, fi and fj can be almost
identified. Writing fi ≃ fj ≃ f , we have

G
′(eq)ij
>
<

(x0, y0;q) =Θ(x0 − y0)
∑
ϵ

ZϵΠ
′(eq)ij
R (ϵωq)Zϵ

−1
Ωϵi − Ωϵj

×
{
1− f ϵq
−f ϵq

}(
e−iΩϵi(x

0−y0) − e−iΩϵj(x
0−y0)

)
+Θ(y0 − x0)

∑
ϵ

ZϵΠ
′(eq)ij
A (ϵωq)Zϵ

−1
Ω∗
ϵi − Ω∗

ϵj

×
{
1− f ϵq
−f ϵq

}(
e−iΩ

∗
ϵi(x

0−y0) − e−iΩ
∗
ϵj(x

0−y0)
)
. (4.44)

The off-diagonal Wightman functions in the thermal equilibrium vanishes at the
equal time x0 = y0:

lim
x0→y0

G
′(eq)ij
≷ (x0, y0;q) ∝ (Ωi − Ωj)(x

0 − y0) ∼ ∆M(x0 − y0)→ 0 . (4.45)

Later this property becomes very important to evaluate the deviation of the
off-diagonal component of the Wightman function when the system is out of
thermal equilibrium.

4.1.7 Short summary

In this section, we calculated various propagators of the RH neutrinos in the
thermal equilibrium. We especially focused on the resonant enhancement of the
flavor oscillation of Ni. Because of the assumption that the off-diagonal compo-
nents of the neutrino Yukawa coupling (h†h)′ is smaller than the diagonal part
(h†h)d, Retarded or advanced propagators are composed of two propagating
modes, i and j flavors. The flavor diagonal components are given by (4.20) or
(4.23). Since their masses are almost degenerate, the flavor off-diagonal com-
ponent is largely enhanced due to their oscillation as in (4.28) or (4.29). The
enhancement factor is proportional to 1/(Ωi − Ωj) (or its complex conjugate)
where Ωi = ωi − iΓi/2 and gives the regulator Rij = MiΓi −MjΓj to the en-
hancement factor. Similarly, the resonant enhancement of Wightman functions
is calculated. In the thermal equilibrium, because of the KMS relation, the
behavior of the Wightman functions is the same as the retarded (advanced)
Green functions. The flavor diagonal component Gd≷ is given by (4.40) while

the off-diagonal component G
′

≷ is given by (4.43). A very important property

of G
′

≷ is that it vanishes at the equal time as (4.45).
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4.2 Propagators out of equilibrium

Now we study effects of the expanding universe into account. First we summa-
rize various time-scales in the system. An important time scale is given by the
Hubble expansion rate H of the universe. Other scales are the decay widths of
the SM particles Γϕ,Γℓ and of the RH neutrino Γi. Another important time
scale in the resonant leptogenesis is given by the mass difference ∆M of the RH
neutrinos because it gives the frequency of the flavor oscillation.

In type I see-saw model studied in this thesis, the decay width Γi of the RH
neutrino is approximately given by Γi ∼ (h†h)iiMi/8π. The ratio of Γi to the
Hubble parameter at temperature T = Mi (2.76) is rewritten in terms of the
effective neutrino mass (2.115)

Ki =
Γi

H(Mi)
≈ m̃i

10−3eV
, m̃i ≡

(h†h)iiv
2

Mi
. (4.46)

where v is the Higgs vev. In the following, we consider only the Strong washout
regime, that is, m̃i > 10−3eV and Ki > 1 hold.16 As reviewed in section 2.2,
the final baryon asymmetry has the simple power law dependence on m̃i >
10−3eV through the efficiency factor (2.113) in the unflavored analysis. As
shown later, the derivative expansion we employ here is justified only for large
Ki. It’s equivalent to the validity of the perturbative solution of the number
density of RH neutrino in the strong washout regime (2.90) and then, the close-
to-equilibrium behavior YN (z) ≈ Y eqN (z) for z > zeq holds as seen in Fig.5.
However, the Yukawa coupling itself is very small (h ∼

√
m̃iM/v), and we have

the inequalities

Γϕ,Γℓ ≫ Γi ≫ H . (4.47)

4.2.1 Deviation of self-energy from the thermal value

Under the condition (4.47), we can expand the scale factor as

a(X) = a(t) + a(t)H(t)(X − t) + · · · . (4.48)

The other physical quantities such as temperature are correlated with the change
of the scale factor, and can be similarly expanded.

In order to calculate the out-of-equilibrium behavior of various Green func-
tions in the expanding universe, we need to evaluate the change of the self-
energies Π(x, y). The self-energy of the RH neutrino is a rapidly decreasing

function with the relative time as ∼ e−Γℓϕ(x
0−y0) due to the SM gauge inter-

actions. So in the leading order approximation, the self-energy Π(x, y) can be
evaluated by the thermal value with the local temperature at the center-of-mass
time x0 ∼ y0 ∼ Xxy. Therefore it is convenient to write the self-energy as

Π(x0, y0;q) = Π(Xxy; sxy;q) ≃ Π(eq)(Xxy; sxy;q) , (4.49)
16Compared with the seesaw formula (2.10), m̃i ∼ 0.1eV seems to be obtained from the

neutrino mass scale ∼ 0.1eV without any cancelation in (h†h)ii.
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where

Xxy ≡
x0 + y0

2
, sxy ≡ x0 − y0 . (4.50)

The first equation of of (4.49) is the definition of Π(X; s;q). In the second
equality, we replaced Π by its thermal value Π(eq) since the SM leptons and
Higgs are in the thermal equilibrium and the self-energy of the RH neutrinos
is well approximated by its thermal value. Π(eq)(Xxy; s) means the thermal
self-energy in the thermal equilibrium evaluated at time Xxy.

In evaluating the Wightman function G≷ of the RH neutrinos, we need to
know a difference of the self-energy Π(u, v) from the thermal value at a later
time t. For example, in (3.48), the difference of the self-energy Π(Xuv; s) at Xuv

and the thermal value Π(eq)(t; s) at t = Xxy controls the behavior of Gij≷. In

this case, the time difference between Xuv and t = Xxy is given by the inverse
of the decay width Γi of the RH neutrino Ni. Since

1

Γℓϕ
≪ t−Xuv ∼

1

Γi
≪ 1

H
, (4.51)

the derivative expansion of the self-energy around the thermal value is a good
approximation:

Π(Xuv; s;q) ≃ Π(eq)(t; s;q) + (Xuv − t)∂tΠ(eq)(t; s;q) + ∆µ(X)Π . (4.52)

The second term is of order O(H/Γi) owing to (4.51). The third term comes
from the chemical potential of leptons generated by CP -violating decay of the
RH neutrinos. So it is the genuine deviation of the self-energy from the thermal
value at the same time Xuv.

In this section, we mainly focus on the change of the physical quantities,
namely the second term because the back reaction of the generated lepton asym-
metry to the evolution of the number density of the RH neutrinos is very small.
The effect of the chemical potential becomes important in the generation of the
lepton asymmetry and is considered in section 4.3.

4.2.2 Notice for notations

As already used in (4.49), Π(X; s) is the self-energy at the center-of-mass timeX
with the relative time s. For the thermal value Π(eq)(X; s), X is not necessarily
at the center-of-mass time, but, more generally, denotes the reference time when
it is evaluated. s is always the relative time. For the thermal value, we also use
its Fourier transform

Π(eq)(X; q) =

∫
ds Π(eq)(X; s)e−iqs . (4.53)

In order to avoid complications of appearance, we use the same notations Π for
Π(X; s) and its Fourier transform Π(X; q). They can be distinguished by their
arguments, s or q, if necessary. We always use s for the relative time and q for
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its conjugate frequency. For the first argument (the reference time), we use X
or t. The same notation is used for the thermal Green functions. We hope it
does not cause any confusion to the readers.

4.2.3 Retarded propagator out of equilibrium ∆GR

First we study how the retarded (advanced) propagators of the RH neutrinos
deviate from the thermal value in the expanding universe. Consider the flavor
diagonal component GdR/A first. We write the deviation around the thermal

value Gd(eq) by ∆Gd:

GdR/A(Xxy; sxy;q) = G
d(eq)
R/A (t; sxy;q) + ∆GdR/A(Xxy; sxy;q) . (4.54)

Note that ∆GdR/A depends on the reference time t at which the equilibrium

value is evaluated. It is calculated in the appendix G of [90] and given by

∆GdR(x
0, y0;q) ≃ Θ(sxy)

∑
ϵ

[
∂t
(
Zϵe

−iΩϵsxy
)
(Xxy − t)

− i
H(t)M

4ω2
q

γ0
γ · q
a(t)

sxy e
−iΩϵqsxy

]
. (4.55)

The first term is the change of the physical parameters such as mass or width
in Ωϵ and Zϵ. The second term represents a change of the spinor structure
due to an expansion of the universe in the propagator during the propagation.
The retarded (advanced) propagator does not have the memory effect, and the
deviation is essentially determined by the change of the local temperature.

By taking a variation of (4.14), the deviation of the off-diagonal components
G′
R/A can be expressed in terms of the deviation of the diagonal components

GdR/A as

∆G
′ij
R/A =−Gd(eq)iiR/A ∗∆Π

′(eq)ij
R/A ∗Gd(eq)jjR/A −∆GdiiR/A ∗Π

′(eq)ij
R/A ∗Gd(eq)jjR/A

−Gd(eq)iiR/A ∗Π
′(eq)ij
R/A ∗∆GdjjR/A . (4.56)

The above formula is used to evaluate the deviation of the Wightman functions
of the RH neutrinos in the latter section 4.2.5. Since the above relation (4.56)
is sufficient for latter calculations of ∆G

′

≷, we do not calculate an explicit form

of ∆G
′

R here. We note that, since the retarded (advanced) propagators do not
have the memory effect, its deviation is essentially determined by the change of
the local temperature. Also note that the enhancement factor is proportional
to 1/(Ωi −Ωj) as the Green functions in the thermal equilibrium since there is
no chance to mix GR and GA.
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4.2.4 Diagonal Wightman out of equilibrium ∆Gd≷

The deviation of the flavor diagonal Wightman function ∆Gd>
<
(x0, y0) can be

calculated by taking a variation of (4.34):

∆Gd>
<
=−∆GdR ∗Πd(eq)>

<
∗Gd(eq)A −Gd(eq)R ∗Πd(eq)>

<
∗∆GdA

−Gd(eq)R ∗∆Πd(eq)>
<

∗Gd(eq)A . (4.57)

There are three terms. The first two terms are interpreted as the change of the
spectrum in the expanding universe contained in GR/A. On the other hand, the
third term reflects the memory effect.

The third term is explicitly written17 as

−
∫ x0

−∞
du

∫ z0

−∞
dv G

d(eq)
R (x, u) ∆Πd(eq)>

<
(u, v) G

d(eq)
A (v, z) . (4.58)

This shows that the Wightman function is sensitive to the change of the back-
ground before x0 and y0 unlike the retarded or advanced Green functions. Writ-
ing the self-energy in terms of the center of mass coordinate Xuv = (u+v)/2 and
the relative coordinate suv = u − v, its deviation from the thermal self-energy
at time t = x0 is written as

∆Π(eq)
>
<

(Xuv; suv; q) =

∫
dq0
2π

e−iq0suv∂XΠ(eq)
>
<

(X; q)
∣∣
X=t

(Xuv − t)

≃
∫
dq0
2π

e−iq0suv∂X

[
(−i)

{
1− f(q0)
−f(q0)

}
Π(eq)
ρ (X; q)

]
X=t

(Xuv − t) .

(4.59)

Note that |suv| ≲ 1/Γℓϕ due to the rapid damping of SM leptons and Higgs
propagators. In the second equality the KMS relation for the thermal self-
energy (4.38) is used. As explained in eq.(4.49), the self-energy function out of
equilibrium can be approximated by the equilibrium self-energy Π(eq) of (4.38) at
the local temperature. Note that the distribution function f(q0) = 1/(eq0/T +1)
is time-dependent through the time-dependence of the temperature T = T (X).

The calculation of the deviation of the diagonal Wightman function ∆Gd≷ is

performed in the appendix I of [90]. For x0 > y0, it is given by

∆Gdii>
<

(x0, y0;q) ≃ (−i)
∑
ϵ

[{1− f ϵiq
−f ϵiq

}
∆ĜdiiR (x0, y0; ϵ,q)

+ dt

{
1− f ϵiq
−f ϵiq

}(
−1
Γiq

+ (Xxy − t− |sxy|/2)
)
Ziϵe

−iΩϵi(x
0−y0)

]
(4.60)

where

dt ≡
∂T

∂t

∂

∂T
+
∂ωq
∂t

∂

∂ωq
. (4.61)

17Since all quantities are already Fourier transformed in the spatial direction with momen-
tum q, we use u, v instead of u0, v0 to avoid complications.
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Each term of (4.60) is classified into three types of terms.
The first term of ∆Gd≷ in the square bracket reflects the change of the spec-

trum in the propagators GR and related by the KMS relation (4.39). It reflects
a change of the local temperature during the period x0 and y0.

The term proportional to (Xxy − t) comes from a difference between the
distribution function fq(t) at the reference time t and fq(Xxy) = fq(t)+(Xxy−
t)dtfq at time Xxy. The time-dependence of fq comes from both of the local
temperature and the physical frequency ωq as shown in the definition of the
derivative operator dt. The term with sxy is similar. If x0 ̸= y0, the distribution
function at Xxy is affected by the information in the past.

The most important part is the term proportional to 1/Γi, which reflects
the memory effect of the Wightman function. Since the Wightman function
is written as a convolution Gd≷(Xxy; sxy) = −(GR ∗ Π≷ ∗ GA)(Xxy; sxy), they

depend on the information in the past at Xuv where Xxy − Xuv ∼ 1/Γi (see
(4.58)). In the expanding universe, the temperature is higher in the past and
the number density of leptons and Higgs are larger than the present density.
Accordingly the number density of the RH neutrinos is also larger by an amount
of

∆

{
1− f ϵiq
−f ϵiq

}
≡ dt

{
1− f ϵiq
−f ϵiq

}
× −1

Γiq
=
dtf

ϵ
iq

Γiq
. (4.62)

Hence the term with 1/Γi is directly related to the memory effect of Gd≷.
In applying ∆G≷ to the evolution equation of the lepton asymmetry, it

always appears as a product with the propagators of the SM particles (leptons
and Higgs) as in eq. (3.43). Since these propagators damp quickly with the
decay widths Γℓ,ϕ, we can drop all the terms in (4.60) except the term containing
1/Γi. Furthermore, during the period 1/Γℓϕ, RH neutrinos are almost stable:
Γi ≪ Γℓϕ. Hence we can replace the frequency Ωi by its real part ωi.

Let us write this simplified form of ∆G as ∆G:

∆Gdii>
<

(x0, y0;q) ≡
∑
ϵ

(−i)∆
{
1− f ϵiq
−f ϵiq

}
× Ziϵe−iϵωiq(x

0−y0) . (4.63)

The definition of Ziϵ is given in (4.22).
∑
Ziϵe

−iϵωiq(x
0−y0) is nothing but Gdiiρ =

GdiiR −GdiiA within the above simplification.
As a final remark in this section, we mention that the above simplified form is

directly obtained from the classical Boltzmann equation as follows. The Boltz-
mann equation for the RH neutrino distribution function is given by (2.34)

dtfiq =
2

2ωiq

∫
d3p

(2π)3
1

2ωp

∫
d3k

(2π)3
1

2ωk
(2π)4δ4(q − p− k)

×|M|2tree
[
(1− fiq)f (eq)ℓp f

(eq)
ϕk − fiq(1− f

(eq)
ℓp )(1− f (eq)ϕk )

]
. (4.64)

All external momenta are on-shell. Leptons and Higgs are assumed to be in the
thermal equilibrium. |M|2tree = gw(h

†h)ii(q · p) is the square of the tree-level
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decay amplitude of a RH neutrino into a lepton and a Higgs. The spin in the
initial state is averaged and the isospin sum in the final state is performed. By

using the relation (1−f (eq)iq )f
(eq)
ℓp f

(eq)
ϕk = f

(eq)
iq (1−f (eq)ℓp )(1−f (eq)ϕk ), it is rewritten

as

dtfiq = −
2

2ωiq

∫
d3p

(2π)3
1

2ωp

∫
d3k

(2π)3
1

2ωk
(2π)4δ4(q − p− k)

× |M|2tree
[
1− f (eq)ℓp + f

(eq)
ϕk

] (
fiq − f (eq)iq

)
= −Γiq

(
fiq − f (eq)iq

)
. (4.65)

Here, we have used the definition of the decay width (4.19) with (B.9).18 The
solution of (4.65) is given by

fiq(t) ∼ f (eq)iq (t)− 1

Γiq
dtf

(eq)
iq (t) (4.66)

and (4.63) is reproduced.

4.2.5 Off-diagonal Wightman out of equilibrium ∆G′
≷

We then investigate the deviation of the flavor off-diagonal Wightman function.
It is most important for generating the lepton asymmetry. Since the flavor off-
diagonal Wightman function is a sum of three terms as in (4.36), its variation
contains 9 terms. Details of the calculations are given in the appendix J of

[90]. 6 terms containing ∆GdR/A or ∆Π
′(eq)
R/A reflect the change of the spectrum

Ωϵ = ϵωq ∓ iΓq/2 during the decay of Ni. The change of the distribution

functions is contained in the 3 terms with ∆Gd>
<
and ∆Π

′(eq)
>
<

. In Appendix C,
we give a different derivation of ∆Gd≷ and ∆G

′

≷.
After lengthy calculations,

∆G
′ij
>
<
(x0, y0;q)

≃

[∑
ϵ

ZϵΠ
′(eq)ij
R (ϵωq)Zϵ∆

{
1− f ϵjq
−f ϵjq

}
1

Ωϵi − Ω∗
ϵj

e−iΩϵsxy

−
∑
ϵ

ZϵΠ
′(eq)ij
A (ϵωq)Zϵ∆

{
1− f ϵiq
−f ϵiq

}
1

Ωϵi − Ω∗
ϵj

e−iΩϵsxy

]
(4.67)

for x0 > y0. In this expression, we have assumed that the reference time t
is very close to Xxy, and the conditions |Xxy − t|, |sxy| ≲ 1/Γℓϕ are satisfied.
Such conditions appear when we use the Wightman functions in evaluating the

18The factor [1 − f
(eq)
ℓp + f

(eq)
ϕk ] represents the finite density effects, which depend only

linearly on the distribution functions [61, 62, 68, 64, 66]. The RH neutrino interaction rate
including all the relevant SM couplings was computed in [69].
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evolution equation of the lepton number. We also took the leading order terms
with respect to Γ/Γℓϕ ∼ Γ/T . (4.67) is of order (H/Γ).19

We have also identified Ωi ≃ Ωj in e−iΩϵsxy since the mass difference ∆M
and the widths Γi are much smaller than the typical scale of 1/|sxy| = Γℓϕ.

Here is an important comment. As discussed in (4.1.6), the off-diagonal com-
ponents of the Wightman function in the thermal equilibrium (4.43) is enhanced
by a large factor 1/(Ωi−Ωj) because of the resonant oscillation between flavors.
But in the limit x0 → y0 it vanishes as in (4.45). Both of these properties are
related to the behavior of G

′

R/A through the KMS relation and the fact that

G
′

≷ is separated into the retarded and advanced propagators as in (4.42).

The deviation ∆G
′ij
≷ does not satisfy either properties. First, the enhance-

ment factor is replaced by 1/(Ωi − Ω∗
j ). Second, ∆G

′ij
≷ does not vanish in the

limit x0 → y0:

lim
x0→y0

∆G
′ij
≷ (x0, y0;q) ̸= 0 . (4.68)

The replacement of the enhancement factor by 1/(Ωi−Ω∗
j ) reflects the mixing

between the retarded and advanced propagators. Such mixing is naturally gen-
erated because the off-diagonal component of the Wightman function is solved
as in (4.36) to contain both types of Green functions. Since the retarded and
advanced propagators have poles at q0 = Ωϵi and q0 = Ω∗

ϵj respectively, the
appearance of the term 1/(Ωϵi −Ω∗

ϵj) by q0 integration can be naturally under-
stood. In the equilibrium case, since the retarded and advanced propagators
are decoupled by the KMS relation, such mixings of poles at q0 = Ωϵi and at

q0 = Ω∗
ϵj disappear in the final result of G

′ij
≷ so that the enhancement factor

becomes 1/(Ωϵi − Ωϵj) or 1/(Ω
∗
ϵi − Ω∗

ϵj).

When we use ∆G
′ij
≷ (x0, y0) in the evolution equation of the lepton number,

the arguments x0, y0 are restricted to the region sxy = x0 − y0 < 1/Γℓϕ ∼ 1/T
as mentioned above. During such short period, the decay of Ni is neglected and
we can safely replace Ωϵi in e

−iΩϵsxy by its real part ωϵ. We write the simplified

version of ∆G
′ij
≷ as ∆G′ij

>
<

:

∆G
′ij
>
<

(x0, y0;q) ≃
∑
ϵ

e−iϵωq(x
0−y0) ωqϵ

(M2
i −M2

j )− iϵ(MiΓi +MjΓj)

×

{
ZϵΠ

′(eq)ij
ρ (ϵωq)Zϵ

[
∆

{
1− f ϵjq
−f ϵjq

}
+∆

{
1− f ϵiq
−f ϵiq

}]

+ 2ZϵΠ
′(eq)ij
h (ϵωq)Zϵ

[
∆

{
1− f ϵjq
−f ϵjq

}
−∆

{
1− f ϵiq
−f ϵiq

}]}
.

(4.69)

19Higher order contributions in the gradient expansion are of order H/T as found in [65].
Since H/T ≪ H/Γ, we do not consider such terms here.
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The second term in the square bracket with the real part of the self-energy can
be dropped by imposing Πh = 0 by the mass renormalisation. If we include the
effect of the temperature dependent mass, Πh is not always zero.

4.2.6 Short summary

In this section, we studied the deviation of various Green functions from the
thermal equilibrium. Because of the limited domain of time integration in the
KB equation, the deviation of the retarded/advanced Green function ∆GR/A
is mainly caused by the local change of the physical quantities. On the other
hand, the deviation of the Wightman function ∆G>

< is caused by tracing the
history in the integration. And the time integration contributes mainly for the
time interval ∼ 1/Γi because of the exponential damping of the propagators.
It’s reflected in the expressions (4.63) and (4.69) as the factors which become
smaller as the each decay rate Γi becomes larger, that is the reason why the off-
diagonal component of the deviation from the equilibrium Wightman function
have the enhancement factor 1/(Ωi − Ω∗

j ).
However, note there is the crucial difference between the diagonal and off-

diagonal components of the Wightman function. Contrary to the diagonal com-
ponents of the deviation (4.63) the off-diagonal components cannot be expressed

as a change of the local equilibrium Green function G
′(eq)
≷ in (4.44):

(∆G≷)
′ij ̸= ∆(G

′ij
≷ ) . (4.70)

Eq. (4.69) and this property are the main results of this section. The property

(4.70) becomes evident when we notice that G
′ij
≷ vanishes in the leading order

approximation at x0 = y0 as in (4.45) while ∆G
′

≷ is nonzero at the equal time,
which produces the lepton asymmetry. This corresponds to the fact that the
resonant enhancement of ∆G

′

≷ with the factor 1/(Ωi − Ω∗
j ) occurs through the

memory effect, differently from the resonant oscillation of G
′(eq)
≷ with 1/(Ωi−Ωj)

which is controlled by the KMS relation in thermal equilibrium. We come back
to this property in subsection 4.4.

4.3 Boltzmann eq. from Kadanoff-Baym eq.

The evolution equation of the lepton asymmetry is given by the KB equation
(3.43). The r.h.s. is written as a functional of the Wightman functions of RH
neutrinos, SM leptons and SM Higgs. Since the SM leptons and Higgs are al-
most in the thermal equilibrium, their distribution functions are approximated
by the thermal values at the local temperature. But the RH neutrinos decay
much slower, and furthermore the RH neutrinos with almost degenerate masses
coherently oscillate between different flavors during their propagation. Hence
the Wightman functions Gij≷ of the RH neutrinos must be treated in a full quan-

tum mechanical way by using the KB equation, not by the classical Boltzmann
equation. Now that we have the explicit form of Gij≷ calculated from the KB
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equation, we can obtain the correct evolution equation for the lepton asymmetry
by inserting it into the r.h.s. of (3.43).

The evolution equation of lepton number is given by

dnL
dt

+ 3HnL = 2ℜ
∑
i,j

∫
d3q

(2π)3

∫ t

−∞
dτ (h†h)ji

×
[
tr
{
PRG

ij
<(t, τ ;q)PLπ>(τ, t;q)

}
− tr

{
PRG

ij
>(t, τ ;q)PLπ<(τ, t;q)

}]
(4.71)

where PLπ>
<PR = π̃>

< as defined in (3.44). After Fourier transformation of
the r.h.s., the frequencies q0, p0, k0 of the Green functions, G≷(q0) and S>

<(p0),
∆>

<(k0) in π̃>
<, satisfy the relation q0 = p0 + k0. Furthermore, in the thermal

equilibrium, the Wightman functions are related to the retarded (advanced)
propagators through the KMS relation (3.8), (4.38) and (4.39). Then, by using
the relation

fN (q0)(1− fℓ(p0))(1 + fϕ(k0)) = (1− fN (q0))fℓ(p0)fϕ(k0) , (4.72)

two terms in the square bracket cancel each other. Hence there is no generation
of lepton asymmetry in the thermal equilibrium. In the following, we see that the
deviations from the equilibrium propagator bring the non-zero collision term on
the r.h.s. of (4.71) which give the production and washout of the lepton number.

4.3.1 Lepton asymmetry out of equilibrium

In the expanding universe, there are three sources for changing the lepton asym-
metry, and the r.h.s. of (4.71) can be classified into the following three terms:

dnL
dt

+ 3HnL =
∑
K=d,′

(
CK∆f + CKW + CKBR

)
. (4.73)

Here we rewrite the sum over i, j into the flavor diagonal part K = d and the off-
diagonal part K =′. Namely K = d corresponds to a summation of i = j = 1
and i = j = 2 while K =′ corresponds to a summation of i = 1, j = 2 and
i = 2, j = 1.

The first term CK∆f comes from the deviation of the Wightman functions of
the RH neutrinos (i.e., the distortion of the distribution function ∆f) from the
thermal value

(∆G≷)
′
= G

′

≷ −G
′(eq)
≷ ̸= 0 , (4.74)

71



and is given by

CK∆f = 2ℜ
∫

d3q

(2π)3

∑
i,j∈K

(h†h)ji

×
∫ t

−∞
dτ

[
tr
(
PR∆GKij< (t, τ ;q)PLπ

(eq)
> (τ, t;p)

)
− tr

(
PR∆GKij> (t, τ ;q)PLπ

(eq)
< (τ, t;p)

)]
. (4.75)

This generates the lepton asymmetry in the expanding universe.
The second term comes from the deviation of π≷:

∆π≷ = π≷ − π
(eq)
≷ (4.76)

which is caused by the deviation of the distribution functions of the SM leptons
and Higgs. CKW is written as

CKW = 2ℜ
∫

d3q

(2π)3

∑
i,j∈K

(h†h)ji

×
∫ t

−∞
dτ

[
tr
(
PRG

K(eq)ij
< (t, τ ;q)PL∆π>(τ, t;p)

)
− tr

(
PRG

K(eq)ij
> (t, τ ;q)PL∆π<(τ, t;p)

)]
. (4.77)

This gives washout effect of the lepton asymmetry.
The third term comes from the back reaction of the generated lepton asym-

metry to G
′

≷, namely to the distribution function of the RH neutrinos. It is
written as

CKBR = 2ℜ
∫

d3q

(2π)3

∑
i,j∈K

(h†h)ji

×
∫ t

−∞
dτ

[
tr
{
PR∆µG

Kij
< (t, τ ;q)PLπ

(eq)
> (τ, t;p)

}
− tr

{
PR∆µG

Kij
> (t, τ ;q)PLπ

(eq)
< (τ, t;p)

}]
. (4.78)

Here ∆µG is defined as the back reaction of the generated chemical potential of
the lepton and Higgs to the RH Wightman function.

4.3.2 Effect of ∆G≷ on the lepton asymmetry: C∆f
The deviation of the Wightman function from the equilibrium value generates
the lepton asymmetry out of equilibrium.
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First let us look at the contribution of the flavor diagonal (K = d) part of
CK∆f . Inserting (4.63)20 and (3.45) into (4.75), we have

Cd∆f =
∑
i

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

d3q

(2π)3ωq
(2π)3δ3(q − p− k)

Γℓϕ
(ωq − ωp − ωk)2 + Γ2

ℓϕ/4
gw(h

†h)ii(q · p)

×
{
∆fiq

(
(1− fℓp)(1 + fϕk)− (1− fℓp)(1 + fϕk)

)
−∆(1− fiq)

(
fℓpfϕk − fℓpfϕk

)}
= 0 . (4.79)

Here we took all the ϵ’s, ϵ in (4.63) and ϵℓ, ϵϕ in (3.45), the same ϵ = ϵℓ = ϵϕ
because the temperature considered is not so high that a process like ϕ→ ℓ+N
does not occur. Hence the flavor diagonal component does not generate the

asymmetry. In the last equality, we used the relation fℓ = fℓ = f
(eq)
ℓ , fϕ =

fϕ = f
(eq)
ϕ for the thermal distribution function.

Next we calculate the off-diagonal term C′

∆f with K =′. Inserting (4.69)
into (4.75), we have

C
′

∆f =
∑

i,j(i ̸=j)

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

d3q

(2π)32ωq

(2π)3δ3(q − p− k)Γℓϕ
(ωq − ωp − ωk)2 + Γ2

ℓϕ/4
gwℑ(h†h)2ij[

(M2
i −M2

j )/2

(M2
i −M2

j )
2 + (MiΓi +MjΓj)2(

4i(q · π(eq)
ρ (ωq))(q · p) + 4i

(
−M2(p · π(eq)

ρ (ωq)) + (q · π(eq)
ρ (ωq))(q · p)

))
(
[∆fiq +∆fjq] (1− f (eq)ℓp )(1 + f

(eq)
ϕk )− [∆(1− fiq) + ∆(1− fjq)] f (eq)ℓp f

(eq)
ϕk

)
+

MiΓi +MjΓj
(M2

i −M2
j )

2 + (MiΓi +MjΓj)2(
4(q · π(eq)

h (ωq))(q · p) + 4
(
−M2(p · π(eq)

h (ωq)) + (q · π(eq)
h (ωq))(q · p)

))
(
[∆fiq −∆fjq] (1− f (eq)ℓp )(1 + f

(eq)
ϕk )− [∆(1− fiq)−∆(1− fjq)] f (eq)ℓp f

(eq)
ϕk

)]
.

(4.80)

Here, using the definition of π>
< in (3.45), we have defined πρ = i(π> − π<) =

(πR−πA), πh = (πR+πA)/2 and their Fourier transform in the time direction, to
20We note again that (Xxy − t) and sxy of the arguments of G≷(x0, y0) are smaller than

1/Γℓϕ due to π>
<(τ, t) ∼ e−(t−τ)Γℓϕ/2. Hence the use of ∆G is justified.
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separate the self-energies Π
′(eq)
ρ/h in (4.69) into the Yukawa coupling (h†h)′ and the

equilibrium values of πρ/h (see (B.8) and (B.14)). If we use the vacuum values
for the self-energy calculated in Appendix B, i.e., πρ(ϵωq) = −gwiϵ/qϵ/(16π) and
πh(ϵωq) = 0, the second term in the square bracket is dropped and (4.80) is
simplified as

C
′

∆f =
∑
i=1,2

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

d3q

(2π)3ωq

(2π)3δ3(q − p− k)Γℓϕ
(ωq − ωp − ωk)2 + Γ2

ℓϕ/4

× δ|M|2
(
∆fiq(1− f (eq)ℓp )(1 + f

(eq)
ϕk )−∆(1− fiq)f (eq)ℓp f

(eq)
ϕk

)
(4.81)

where

δ|M|2 ≡ gwℑ(h†h)2ij(q · p)
gwM

2

8π

M2
i −M2

j

(M2
i −M2

j )
2 + (MiΓi +MjΓj)2

. (4.82)

The factor δ|M|2 can be interpreted as the CP -asymmetric part of the decay
amplitudes, which gives the CP -asymmetry of the decay rates ΓNi→ℓϕ−ΓNi→ℓϕ.

The term (4.81) produces the lepton asymmetry through the CP -asymmetric
decay of the RH neutrinos that are out of the thermal equilibrium. The dis-
tortion of the distribution function is given in (4.62). An important point
in (4.81) is that the enhancement factor of the CP -asymmetry is given by
(M2

i −M2
j )/((M

2
i −M2

j )
2+(MiΓi+MjΓj)

2), and the regulator Rij relevant to
the CP -asymmetric decay of the RH neutrinos is given, not by (MiΓi−MjΓj),
but by (MiΓi +MjΓj).

4.3.3 Washout effect on the lepton asymmetry: CW
The term CKW washes out the generated lepton asymmetry. In order to calculate
∆π, we first perform the Fourier transform of π≷(τ, t;q) defined in (3.45):

π>
<(q) =− gw

∑
ϵℓ,ϵϕ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

(2π)3δ3(q − p− k) Γℓϕ
(q0 − ϵℓωp − ϵϕωk)2 + Γ2

ℓϕ/4
/pϵℓD

ϵℓϵϕ
>
<(p,k)

(4.83)

where Dϵℓϵϕ>
<(p,k) is defined in (3.46). Then ∆π≷ is given by

∆π>
<(q) ≡ π>

<(q)− π(eq)
>
<

(q)

=− gw
∑
ϵℓ,ϵϕ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

(2π)3δ3(q − p− k)Γℓϕ
(q0 − ϵℓωp − ϵϕωk)2 + Γ2

ℓϕ/4
/pϵℓ∆D

ϵℓϵϕ
>
<(p,k)

(4.84)

where ∆Dϵℓϵϕ>
<(p,k) ≡ D

ϵℓϵϕ
>
<(p,k) −D

ϵℓϵϕ(eq)
>
<(p,k) .
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First consider the diagonal component K = d. Inserting (4.40) into (4.77),
we have

CdW =
∑
i

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

d3q

(2π)3ωq

(2π)3δ3(q − p− k)Γℓϕ
(ωq − ωp − ωk)2 + Γ2

ℓϕ/4

gw(h
†h)ii(q · p)

{
f
(eq)
iq ∆

{
(1− fℓp)(1 + fϕk)− (1− fℓp)(1 + fϕk)

}
− (1− f (eq)iq )∆

{
fℓpfϕk − fℓpfϕk

}}
. (4.85)

This gives a washout effect on the generated lepton asymmetry and it is physi-
cally interpreted as the inverse decay of the RH neutrinos.

Next let us see the flavor off-diagonal component, K =′. Because of the
property (4.45), it vanishes in the leading order approximation:

C
′

W = 0 . (4.86)

Hence only the diagonal component plays a role of washing out the generated
lepton asymmetry.

4.3.4 Backreaction of the generated lepton asymmetry: CBR

Finally let us see the back reaction of the generated lepton number asymme-
try (i.e., the nonzero chemical potential of the SM leptons) to the Wightman
functions of the RH neutrinos.

By using (B.6) and the flavor symmetry Sαβ = δαβS, the deviation of the
self-energy in the presence of the chemical potential is written as

∆µ(t)
Πij>

<
(q) =

∫
dse+iq0s∆µ(t)

Πij>
<
(X = t; s;q)

=(h†h)ijPL∆π>
<(q) + (h†h)∗ijPR∆π>

<(q) . (4.87)

∆π>
< is the CP -conjugate of ∆π>

< and obtained by changing the sign of the
chemical potential of the SM leptons and the Higgs. ∆µG

d
>
<
(q) is given by

replacing Πd>
<
in (4.34) by i = j component of (4.87), and the contribution of

the flavor diagonal component is shown to vanishes:

CdBR = 0 . (4.88)
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Similarly the off-diagonal contribution becomes

C
′

BR =
∑
i

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

d3q

(2π)3ωq

(2π)3δ3(q − p− k)Γℓϕ
(ωq − ωp − ωk)2 + Γ2

ℓϕ/4

gw(q · p)(−1)
gwM

2

16π
(ℑ(h†h)ij)2

(MiΓi +MjΓj)

(M2
i −M2

j )
2 + (MiΓi +MjΓj)2

×
[
f
(eq)
iq ∆

(
(1− fℓp)(1 + fϕk)− (1− fℓp)(1 + fϕk)

)
− (1− f (eq)iq )∆

{
fℓpfϕk − fℓpfϕk

}]
. (4.89)

Details of the calculations are given in the appendix L in [90]. In the above cal-
culations, we took the weak coupling limit discussed in Appendix B. This term
represents the effect of back reaction of the generated lepton asymmetry on the
Wightman functions of the RH neutrinos. Such a term appears because we first
solved the propagators of the RH neutrinos in the background of the SM leptons
and the Higgs. The relative sign of the back reaction to the washout effect CdW
in (4.85) is opposite so that the back reaction tends to reduce the washout of
the generation of lepton asymmetry. If we solve the KB equations for the lepton
asymmetry and the Wightman functions of the RH neutrinos simultaneously,
the generated lepton asymmetry (namely the effect of the chemical potential)
makes the RH neutrinos further away from the equilibrium. It is the reason
why the back reaction reduces the washout.

4.3.5 CP -violating parameter

The CP -violating parameter can be read off from (4.81). δ|M|2 of (4.82) gives
the CP -asymmetry of the decay rates ΓNi→ℓϕ − ΓNi→ℓϕ. Since the tree decay

amplitude is given by |M|2tree = gw(h
†h)ii(q · p), the CP -violating parameter εi

is given by

εi ≡
ΓNi→ℓϕ − ΓNi→ℓϕ

ΓNi→ℓϕ + ΓNi→ℓϕ

=

∑
j(̸=i) gwℑ(h†h)2ij(q · p)

gwM
2

8π

M2
i −M

2
j

(M2
i −M2

j )
2+(MiΓi+MjΓj)2

2× gw(h†h)ii(q · p)

=
∑
j( ̸=i)

ℑ(h†h)2ij
(h†h)ii

gwM
2

16π

M2
i −M2

j

((M2
i −M2

j ))
2 + (MiΓi +MjΓj)2

=
∑
j( ̸=i)

ℑ(h†h)2ij
(h†h)ii(h†h)jj

(M2
i −M2

j )MiΓj

(M2
i −M2

j )
2 + (MiΓi +MjΓj)2

× (1 +O(∆M/M)) .

(4.90)

Hence the regulator discussed in the introduction is given by

Rij =MiΓi +MjΓj . (4.91)
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Figure 11: The information of the Wightman functions of the RH neutrinos are
encoded in the self-energies Π ≷ in the past and transferred from the past to
t = x0, y0 by the retarded and advanced Green functions.

The result is consistent with the result obtained in [71]. In the paper [71], the
CP -violating parameter is obtained indirectly from the generated lepton asym-
metry in a static background with an out-of-equilibrium initial condition. In
our calculation, we directly obtained the same result in the expanding universe.
It shows that the result obtained by Garny et al. is universal and can be applied
to the thermal resonant leptogenesis.

4.3.6 Short summary

By using ∆G
′ij
≷ calculated in the previous section 4.2 in the r.h.s. of (4.71),

we obtained the evolution equation (4.73) with three terms. C′

∆f generates
the lepton asymmetry and corresponds to the CP -asymmetric decay of the RH
neutrinos. CW gives the washout effects on the generated lepton numbers. CBR

is the effect of the back reactions of the generated lepton asymmetry on the
distribution functions of the RH neutrinos. From C′

∆f , we extracted the CP -
asymmetric parameter εi given in (4.90). The enhancement factor due to the
degenerate masses is regularized with an regulator Rij = MiΓi +MjΓj , which

reflects the enhancement factor of ∆G
′

≷.

4.4 Physical interpretation of the regulators

In this section, we give a physical interpretation of the appearance of the regu-
lator Rij = |MiΓi +MjΓj | instead of |MiΓi −MjΓj | in the flavor off-diagonal

component of the Wightman function ∆G
′

≷.
The Wightman Green functions of the RH neutrinos are solved as in (4.34)

and (4.35) in terms of the retarded, advanced propagators and the self-energies.
These equations mean that the information of the distribution function of the
RH neutrinos in the Wightman functions Gij≷ are encoded in the self-energies

Πkl≷ in the past, and transferred from the past to the present t = x0, y0. The

self-energies Πkl≷ encode the information of the distributions functions of the SM

leptons and the Higgs in the past (see Fig.11). In the flavor diagonal case of
(4.34), all flavor indices of the RH neutrino propagators are the same in the
leading order approximation. On the other hand, in the flavor off-diagonal case
of (4.35), the flavor oscillation plays an important role.
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Here we note that, as shown in (4.28) and (4.29), G
′ij
R/A is a coherent sum

of two terms, each of which corresponds to a propagation of the i-th (or j-th)
flavor RH neutrino. We divide it as follows:

G
′ij
R =

[
G

′ij
R

]
i
+
[
G

′ij
R

]
j
. (4.92)

4.4.1 On-shell and off-shell separation of G
′(eq)
≷

Now let’s investigate G
′ij
>
<
. By looking at the first term of (4.35), it contains

GdjjA which describes the propagation of the j-th RH neutrino. The propagator

G
′ij
R in the first term contains both of the propagations of i-th and j-th flavor

neutrinos. If the j-th neutrino propagates in G
′ij
R , only a single (j-th) neutrino

propagates from the past, when the decay/inverse-decay represented by Π≷
takes place, to the present at t = x0, y0. We call this type of contributions the
“on-shell” contributions.21 These contributions are all taken into account in the
classical Boltzmann equation.

On the contrary, if the i-th neutrino propagates in G
′ij
R , two different fla-

vors propagate from the past to the present. This type of contributions are
essentially “off-shell”. In the classical Boltzmann equation, we first calculate
the S-matrix elements of various processes and the external lines are taken to
be on-shell. Hence this type of “off-shell” contributions are not taken into ac-
count by ordinary methods.22 Separation of various Green functions, especially

∆G
′ij
≷ , are calculated in the appendix M of [90].

For G
′

≷ in eq.(4.35), on-shell contributions come from j-th propagation[
G

′ij
R

]
j
of G

′ij
R in the first term and the i-th propagation

[
G

′ij
A

]
i
of G

′ij
A in

the second term. All the other terms, i-th propagation
[
G

′ij
R

]
i
of G

′ij
R in the

first term, the j-th propagation
[
G

′ij
A

]
j
of G

′ij
A in the second term give the off-

shell contributions. The third term is off-shell since different mass eigenstates

propagate in GdiiR and GdjjA . G
′(eq)
R is separated into

G
′(eq)
R =

[
G

′(eq)
R

]
on-shell +

[
G

′(eq)
R

]
off-shell . (4.93)

If we neglect the off-shell terms and take only the on-shell terms,
[
G

′(eq)
R

]
on-shell

21See the footnote of the section 4.1.2. Propagations of a single Ni corresponds to propaga-
tions of a single mass eigenstate with mass Mi and width Γi. It is why we call this contrition
as “on-shell”.

22In the evolution equation of the lepton number, “off-shell” contributions can be interpreted
as the interference terms in the (inverse)decay process of the superposition of different mass
eigenstates.
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becomes (x0 > y0)[
G

′(eq)ij
>
<

(x0, y0;q)
]
on-shell

=
∑
ϵ

ZϵΠ
′(eq)ij
R (ϵωq)Zϵ

+i

Ωϵi − Ωϵj
(−i)

{
1− f ϵjq
−f ϵjq

}
e−iΩϵj(x

0−y0)

+
∑
ϵ

ZϵΠ
′(eq)ij
A (ϵωq)Zϵ

−i
Ω∗
ϵi − Ω∗

ϵj

(−i)
{
1− f ϵiq
−f ϵiq

}
e−iΩϵi(x

0−y0) . (4.94)

Note that the sum of the on-shell contributions do not vanish even at x0 = y0

and fi ≃ fj :

lim
x0→y0

[
G

′(eq)ij
>
<

(x0, y0;q)
]
on-shell ̸= 0 . (4.95)

It is different from the property of the full contributions given in (4.43).

4.4.2 On-shell and off-shell separation of ∆G
′

≷

We next investigate ∆G
′

≷. We show that neglecting the off-shell contribution

in ∆G
′

≷, we get an enhancement factor for the CP -violating parameter with a

regulator |MiΓi −MjΓj |.
In the appendix M.7 of [90], we separate ∆G

′

≷ into on-shell and off-shell

contributions:23

∆G
′

≷ =
[
∆G

′ij
>
<

]
on-shell +

[
∆G

′ij
>
<

]
off-shell . (4.96)

The on-shell contribution is given by (for x0 > y0)[
∆G

′ij
>
<
(x0, y0;q)

]
on-shell

=
∑
ϵ

ZϵΠ
′(eq)ij
R (ϵωq)Zϵ(−i)∆

{
1− f ϵjq
−f ϵjq

}
i

Ωϵi − Ωϵj
e−iΩϵsxy

+
∑
ϵ

ZϵΠ
′(eq)ij
A (ϵωq)Zϵ(−i)∆

{
1− f ϵiq
−f ϵiq

}
−i

Ω∗
ϵi − Ω∗

ϵj

e−iΩϵsxy . (4.97)

23This is analogous to the separation in [71], in which the authors emphasized an importance
of the first principle calculation to keep the quantum coherence between the different flavor RH
neutrinos. Calculating the evolution of the generated lepton number under a non-equilibrium
initial condition in the flat space-time, they found two different behaviors of the generated
lepton number. One is the ordinary term common in the conventional Boltzmann equation.
The other term is specific to the quantum treatment by the quantum KB approach. The
latter oscillates in time and reduces the eventual lepton number. “Off-shell” contribution
here corresponds to the latter effect. However, note that in the present case the CP -violating
parameter, and hence the resulting lepton number does not oscillate. the oscillatory behavior
is averaged out because the deviation from the equilibrium is caused by the expansion of the
universe, and its expansion rate H is much smaller than the oscillation scale ∆M ≃ Γ. This
averaging also occurs in the analysis by [60] in the strong washout regime.
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This on-shell contribution has two important properties. First, it satisfies[
∆G

′ij
>
<

]
on-shell = ∆

[
G

′ij
>
<

]
on-shell (4.98)

where
[
G

′ij
>
<

]
on-shell is given in (4.94). The on-shell contribution (4.97) is sim-

ply obtained by replacing f (eq) by its variation ∆f in (4.94). This replacing
means that the process of the flavor oscillations and the process of taking a
variation from the thermal values are commutative if we neglect the off-shell
contributions. For full quantum calculations, (4.44) cannot be obtained by such
a replacement from (4.43). This is because the flavor oscillations and the de-
viation from the thermal values are coherently mixed and these processes are
not commutable. Namely, dropping the off-shell contributions corresponds to
neglecting the interference between the flavor oscillations and the deviation of
the distribution functions from the thermal equilibrium.

Second, compared with the full result (4.67), the enhancement factor 1/(Ωi−
Ω∗
j ) is replaced by 1/(Ωi−Ωj). It is related to the above non-commutativity of

taking ∆ and flavor oscillation effects.
By inserting the on-shell formula (4.94) and (4.97) into (4.75), and supposing

πρ(ϵωq) = −gwiϵ/qϵ/(16π), πh(ϵωq) = 0, we have an on-shell approximation[
C′

∆f

]
on-shell of C

′

∆f :

[
C

′

∆f

]
on-shell ≃

∑
i=1,2

∫
d3p

(2π)32ωp

d3k

(2π)32ωk

d3q

(2π)3ωq

(2π)3δ3(q − p− k)Γℓϕ
(ωq − ωp − ωk)2 + Γ2

ℓϕ/4

gwℑ(h†h)2ij(q · p)
gwM

2

8π

M2
i −M2

j

(M2
i −M2

j )
2 + (MiΓi −MjΓj)2

×
{
∆fiq(1− f (eq)ℓp )(1 + f

(eq)
ϕk )−∆(1− fiq)f (eq)ℓp f

(eq)
ϕk

}
.

(4.99)

Hence the regulator |MiΓi+MjΓj | is replace by |MiΓi−MjΓj | if we take only the
on-shell terms. It is not valid in general, especially in the resonant leptogenesis.
If the masses are hierarchical, it becomes identical with the correct value in
(4.81).

4.4.3 Short summary

As emphasized above, if we neglect the off-shell contributions that are not in-
cluded in the ordinary Boltzmann type analysis, we get a result (4.97) which
is different from the correct one given in (4.67). The only difference is the en-
hancement factor, and if the mass difference is much larger than the width they
coincide. But the difference is enlarged when the masses are almost degener-
ate. This reflects the fact that the flavor oscillation becomes important only for
degenerate masses. Another important point is that the property of the non-
commutativity (4.70) in the full result disappears if we take only the on-shell
contributions as in (4.98). The noncommutativity is related to the vanishing of
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Figure 12: A comparison between the three types of regulator Rij . The horizon-
tal axis is the mass degeneracy x ≡ ∆M/M and the vertical axis is the value of
the factor |M2

i −M2
j |MiΓj/((M

2
i −M2

j )
2+R2

ij) = x(Γj/2M)/(x2+(Rij/2M
2)2)

with the Yukawa couplings Γj/2M = (h†h)jj/16π = 1 × 10−12 and Γi/2M =
(h†h)ii/16π = 0.9 × 10−12. The red line corresponds to the result obtained
from the analysis using the KB equation, whose maximum value becomes about
one half of the conventional one with Rij = MiΓj (black solid line). And
they can be many orders of magnitude less than the maximum value with
Rij = |MiΓi −MjΓj | (black dashed line).

G
′

≷ at the equal time (4.45). For the on-shell contributions,
[
G

′

≷
]
on-shell does

not vanish as shown in (4.95).
Based on this observation, we give another derivation of the properties of

∆G
′

≷ in Appendix C by directly solving the KB equations. If we assume the

vanishing condition (C.34) of G
′

≷ which is equivalent to (4.45), we show that

the enhancement factor with a regulatorMiΓi+MjΓj appears as in (C.35). On
the other hand, if we erroneously assume that it does not vanish, it leads to a
much larger enhancement factor.

4.5 Summary and comments

In this section, by extending the analysis in the static background [71] to the
thermal resonant leptogenesis in the expanding universe, we obtain an analytical
expression of the evolution equation of the lepton number asymmetry. The
CP -violating parameter is obtained as in (4.90). The regulator we obtained is
consistent with the result [71] and it gives smaller CP -violating parameter than
the conventional results (2.151), see Fig.12.

The difference between the regulator Rij = |MiΓi + MjΓj | and Rij =
|MiΓi −MjΓj | comes from different forms of the enhancement factors of fla-
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vor off-diagonal components of the RH neutrino propagators. We show that
the resonant oscillations between different flavors have two different types; one
proportional to 1/(Ωi − Ω∗

j ) and the other proportional to 1/(Ωi − Ωj). Here
Ωi = ωiq − iΓiq/2 is a position of the pole of the i-th RH neutrino. In the
thermal equilibrium, the resonant oscillations in the flavor off-diagonal Green
functions have the type 1/(Ωi − Ωj) (or its complex conjugate) as shown in
(4.28) or in (4.44). Since 1/(Ωi−Ωj) is rewritten by (4.33), the enhancement of
flavor oscillation corresponds to the regulator Rij = |MiΓi −MjΓj |. However,
the deviation of the off-diagonal components of out of equilibrium has a different
enhancement factor 1/(Ωi − Ω∗

j ) as shown in (4.67), which corresponds to the
regulator Rij = |MiΓi +MjΓj |. Physical interpretation of the change of the
regulator is given in Section 4.4. The off-shell contributions to the off-diagonal
component to the Wightman functions are essential. they correspond to the
contributions missed in the conventional calculation (see section 2.4).

In section 3.5, we mentioned that the lepton number evolution equation
has the non-Markovian form after plugging the solution of the RH neutrino
Wightman propagator (3.48). In this section, we have implemented the time
integration in (3.48) by taking up to the first order of the derivative expansion
in terms of H/Γ = 1/K ≪ 1 (4.47). The form of regulator Rij = |MiΓi+MjΓj |
reflects the memory integral in the non-Markovian equation as mentioned in
subsection 4.2.6. Such a memory effect is taken into account through the formal
solution (3.48) which comprise the retarded and advanced propagators of the
mass eigenstates24 (4.20), and hence both of complex frequencies Ωi and Ω∗

j .
The property (4.45) is also important for this change of the regulator. As we

show in Appendix C, if we erroneously assume that the off-diagonal component
of the Wightman function is non-vanishing and its deviation is given by the
change of the local temperature, it leads to much more enhanced oscillation
similar to the regulator Rij = |MiΓi −MjΓj |.

The major differences from the conventional calculation in Section 2.3 are:
(i) the interferences between the different mass eigenstates have been taken
into account. (ii) the non-equilibrium Wightman propagator, which has the en-
hancement factor 1/(Ωi−Ω∗

j ), has been used. This is crucial because, by taking
into account the effect (i), the equilibrium Wightman propagator disappears
in the two-point coincidence limit (4.45). As a consequence, we have gotten
the CP -violating parameter (4.90) with the regulator Rij =MiΓi +MjΓj , and
moreover, we never need the RIS-subtraction in thermal equilibrium.25

From the form of the Wightman propagator out of equilibrium (4.67), we
find the validity of an approximation in which, although the spectral density Gρ

24Note that, within the validity of the calculation in this section, the frequency of the i-th
mass eigenstate’s propagator almost coincides with the i-th bare propagator. See the footnote
of the section 4.1.2.

25From this perspective, the reason why one needs the RIS-subtraction should not be under-
stood as “double counting”. It’s because the conventional calculations just miss the off-shell
contribution even in thermal equilibrium.
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of RH neutrino has the form of the quasi-particle approximation, the statistical
propagator GF has the off-diagonal components in the flavor indices. In the next
section 5, by using such an approximation, we take into account the important
off-shell effects in the evaluation of the r.h.s. of (3.34).
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5 Density matrix formalism and resonant lepto-
genesis

In the previous section, we have solved the KB equations of RH neutrino in
advance, and plugging it into the KB equation of the SM lepton, we have got-
ten the evolution equation of the lepton number with the effective CP -violating
parameter ε. However, in the analysis, we can notice the validity of another
approximated form of the Wightman propagator of RH neutrinos: From the
expression (4.69), it’s found that the deviation of the thermal Wightman propa-
gator of RH neutrinos can be written in the form of quasi-particle approximation
with the non-diagonal distribution function in terms of flavor indices.

In this section, such a non-diagonal distribution function is identified as the
so-called density matrix, and we reduce the KB equation of RH neutrino into
the Markovian equation for the density matrix of RH neutrinos, corresponding
the picture (a) in Fig.8 at the end of section 2. Moreover, by plugging the
analytic solution of that equation into the evolution equation of lepton number,
we will get the effective CP -violating parameter without the assumption of small
off-diagonal components of Yukawa coupling.

5.1 From KB to density matrix evolution

In this subsection, we derive an evolution equation of the multi-flavour density
matrix of the RH neutrinos Ni [57] starting from the Kadanoff-Baym equation.
We extend the method established in the flat space-time by [70] to the case
of the expanding universe. In [70], the evolution equation in the expanding
universe was derived by replacing the physical time and the Majorana mass M
by the conformal time and aM , where a is the scale factor. Our result in the
following agrees with the result in [70], and give a justification of their method
to obtain the evolution equation in the expanding universe. KB equation is
derived from the Schwinger-Dyson equation on the closed-time-path, which is
a fully systematic equation of the Green functions in a non-equilibrium setting.
Deriving the kinetic equation for density matrix from the KB equation makes it
clear under what conditions the density matrix equation is obtained and what
kinds of diagrams contribute to various terms in the density matrix formalism,
especially the resonantly enhanced CP -violating parameter and the decay widths
Γi contained in the regulator of εi.

5.1.1 Kramers-Moyal expansion of the Kadanoff-Baym equation

Assuming the spatial homogeneity, The Kadanoff-Baym (KB) equation of the
RH neutrinos in the expanding universe (3.12) is Fourier-transformed as(
iγ0∂x0 − q · γ

a(x0)
− M̂

)
G≶(x

0, y0)− (ΠR ∗G≶)(x
0, y0) = (Π≶ ∗GA)(x0, y0).

(5.1)
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Figure 13: Self-energy diagrams of RH neutrino Ni. In the 2PI formalism,
each internal line represents a full propagator while vertices are given by tree
vertices. Tree-level decay width is generated from the left figure (a). The right
figure (b) gives the so-called direct CP -violating parameter of the RH neutrino,
an interference between the tree and the one-loop vertex corrections.

where q is the comoving momentum and we omitted the argument q ofG≶(x0, y0;q).
∗ represents the convolution in the time coordinate. Symbolically we write it as

iG−1
0 G≶ −ΠRG≶ = Π≶GA. (5.2)

The 1PI self-energy function Π of RH neutrino is obtained by cutting a (full)
propagator of 2PI diagrams. In the 2PI formalism, all internal lines represent
full propagators while vertices are tree. For more details, see appendix A.3 and
appendix B. Figure 13 are examples of self-energy diagrams. In deriving the KB
equation, Fig. 13(a) gives the decay width at tree level while Fig. 13(b) gives
an interference between the tree and the one-loop vertex diagrams [72]. Hence
the direct CP -violating parameter is contained in Fig. 13 (b). If we include Z ′

gauge boson or a scalar field coupled with the RH neutrinos, other self-energy
diagrams in Fig. (18) contribute to Π.

By taking the Fourier transform with respect to the relative time coordinate
s = x0 − y0, eq. (5.1) becomes

e−i♢
{
γ0q0 −

q · γ
a(X)

− M̂ −ΠR(X; q0)

}{
G≶(X; q0)

}
= e−i♢

{
Π≶(X; q0)

}
{GA(X; q0)} .

(5.3)

X = (x0+y0)/2 is the center-of-mass time coordinate. Here we used the Moyal-
Weyl bracket defined by

e−i♢{f(X; q0)}{g(X; q0)} = e
i
2 (∂

f
q0
∂g
X−∂f

X∂
g
q0

)f(X; q0)g(X; q0). (5.4)

In the expanding universe with the Hubble parameter H, X derivative is often
estimated as ∂X ∼ O(H). On the other hand, derivative with respect to the
relative momentum q0 is estimated as ∂q0f ∼ O(1/Γf ) where Γf is the decay
width of the function f(X, s) ∼ e−Γfs. In (5.3), Γ for G∗ (∗ = ≶, A,R, , ,)
is given by the decay width ΓN of the RH neutrinos. In the strong washout
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regime, we have an inequality H ≪ ΓN . Since the dominant contribution to the
self-energy Π comes from the diagram in Fig. 13 (a), Γ for Π∗ is given by the
decay widths of the charged lepton and Higgs Γl,ϕ propagating in the internal
lines. They are much larger than ΓN . An expansion with respect to ♢ is given
by H/ΓN,ℓ,ϕ and hence justified by (4.47).

Taking up to the first order of the derivative expansion of ♢, we have(
γ0q0 −

q · γ
a
− M̂ −ΠR

)
G≶ − i♢

{
γ0q0 −

q · γ
a
− M̂ −ΠR

}{
G≶
}

= Π≶GA − i♢
{
Π≶
}
{GA} (5.5)

The spectral function Gρ satisfies a similar equation in which >
< ( of G and Π)

is replaced by ρ.

5.1.2 KB equation for small deviation from Geq≶

As we have seen in section 3.1, in thermal equilibrium, Fourier transform of the
propagators satisfy the Kubo-Martin-Schwinger (KMS) relation

Geq>
<
(q) = −i

{
1− feq(q)
−feq(q)

}
Geqρ (q), (5.6)

where feq is the Fermi distribution function feq(q) = 1/(eq0/T + 1). Especially,
as shown in subsection 4.1.6, the off-diagonal component of the Wightman func-
tions G′eq

>
<

(x0, y0) vanishes in the limit of x0 → y0. It directly follows from the
KMS relation together with the equal-time anti-commutation relation of the
fields Ni. When the system is out of equilibrium, it deviates from zero whose
imaginary part gives the CP -violating source for the lepton number asymmetry.

If the system is slightly deviated from the local equilibrium, KMS relation
indicates that the deviation is written as

δG>
<(q) = −iδ

{
1− f(q)
−f(q)

}
Gρ(q)− i

{
1− feq(q)
−feq(q)

}
δGρ(q) (5.7)

where δf(q) stands for the deviation of the distribution function from the equi-
librium value feq(q). We then define

δ̃G≶ ≡ δG≶ + i

[
−f
1− f

]
δGρ = δGF + i

(
1
2 − f

)
δGρ. (5.8)

which represents a deviation of the distribution function δ̃G≶ ∼ i(δf)Gρ. For
the notational simplicity, we omit the superscript “eq” from equilibrium distri-
bution function feq(q). Note that, here, “equilibrium” means local equilibrium
with the time-dependenttemperature of the SM thermal bath, and δf is the
deviation from the local equilibrium.

We now derive the KB equation for a small deviation from the local equilib-
rium. Taking a variation in (5.5) and picking up to the first order terms of δ,
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we have(
γ0q0 −

q · γ
a
− M̂ −ΠeqR

)
δG≶ − δΠRGeq≶ − i♢

{
γ0q0 −

q · γ
a
− M̂ −ΠeqR

}{
δG≶

}
− i♢

{
γ0q0 −

q · γ
a
− M̂ −ΠeqR − δΠR

}{
Geq≶

}
= Πeq≶ δGA + δΠ≶G

eq
A − i♢

{
Πeq≶
}
{GeqA + δGA} − i♢

{
δΠ≶

}
{GeqA } . (5.9)

We can obtain the same equation for Gρ by replacing ≶ by ρ. By combining
these equations and using the KMS relation, some terms are cancelled and we
have (

γ0q0 −
q · γ
a
− M̂ −ΠeqR

)(
δG≶ + i

[
1− f
−f

]
δGρ

)
− i♢

{
γ0q0 −

q · γ
a
− M̂ −ΠeqR

}({
δG≶

}
+ i

[
1− f
−f

]
{δGρ}

)
− i♢

{
γ0q0 −

q · γ
a
− M̂ −ΠeqR − δΠR

}{[1− f
−f

]}
Geqρ (−i)

=

(
δΠ≶ + i

[
1− f
−f

]
δΠρ

)
GeqA − i(−i)Π

eq
ρ ♢

{[
1− f
−f

]}
{GeqA + δGA}

− i♢
({

δΠ≶
}
+ i

[
1− f
−f

]
{δΠρ}

)
{GeqA } . (5.10)

The deviation from Geq≶ occurs due to the expansion of the universe, and hence

δG≶ is proportional to the Hubble parameter H. Since the derivative expansion
of ♢ is an expansion of H, we can drop terms containing more than one δ or ♢
when H ≪ ΓN ,Γℓ,ϕ. Then (5.10) is simplified as

− i♢
{
γ0q0 −

q · γ
a
− M̂ −ΠeqR

}
{if}Geqρ + iΠeqρ ♢{if} {G

eq
A }

= δ̃Π≶G
eq
A −

(
γ0q0 −

q · γ
a
− M̂ −ΠeqR

)
δ̃G≶ (5.11)

Instead of (5.2), we can start from

iG≶G
−1
0 −G≶ΠA = GRΠ≶ (5.12)

and obtain a similar equation to (5.11),

− iGeqρ ♢{if}
{
γ0q0 −

q · γ
a
− M̂ −ΠeqA

}
+ i♢{GeqR } {if}Π

eq
ρ

= GeqR δ̃Π≶ − δ̃G≶
(
γ0q0 −

q · γ
a
− M̂ −ΠeqA

)
. (5.13)

By multiplying a helicity projection operator with h = ±1

Ph ≡
1 + hn · σ

2
, n =

q

q
, σi = γ0γiγ5 (5.14)
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on [(5.11)− (5.13)], and taking trace of spinors, we get

− itr
[
Ph

(
♢
{
γ0q0 −

q · γ
a
− M̂ −ΠeqR

}
{if}Geqρ −Πeqρ ♢{if} {G

eq
A }

−Geqρ ♢{if}
{
γ0q0 −

q · γ
a
− M̂ −ΠeqA

}
+♢{GeqR } {if}Π

eq
ρ

)]
=tr
[
Ph

((
M̂ +ΠeqH

)
δ̃G≶ − δ̃G≶

(
M̂ +ΠeqH

))]
+tr
[
Ph

(
δ̃Π≶G

eq
A +

1

2
Πeqρ δ̃G≶ −GeqR δ̃Π≶ +

1

2
δ̃G≶Π

eq
ρ

)]
. (5.15)

where ΠH = (ΠR +ΠA)/2.

We make the following quasi-particle ansatz for δG̃≶. In this thesis, we
consider a situation that two RH neutrinos have almost degenerate masses.
Hence their poles in the Green function can be approximated by a single pole
of Breit-Wigner type [70]:

δ̃G≶ ≃
∑
h=±

iδfN,h(q0, X)Geqρ Ph

≃
∑
h=±

(−δfN,h,q)
Γq

(q0 − ωq)2 + Γ2
q/4

/q+ +M

2ωq
Ph

+
∑
h=±

(−δf∗N,h,q)
Γq

(q0 + ωq)2 + Γ2
q/4

/q− +M

2ωq
Ph. (5.16)

where we set the momentum at on-shell q±µ = (±ωq,−q)µ and

Geqρ = ≃
∑
h=±

i2q0Γq(/q +M)

(q02 − ω2
q ) + ω2

qΓ
2
q

Ph (5.17)

is the spectral density of RH neutrino. By putting these ansatz, we assumed
that deviation from local equilibrium appears only in the matrix-valued distri-
bution function fN,h. As a result, we obtain the same equation as derived in
[70]. Two mass eigenstates are summed in the distribution function δfN . As
seen in Section 4, flavor off-diagonal components of the distribution function is
suppressed by a cancellation of two mass eigenstates. But when the system is
out-of-equilibrium, off-diagonal component of δfN becomes comparable to its
diagonal one.

Also note that hermiticity of Wightman function

[G<(q0,q)]
† = γ0G<(q0,q)γ

0 (5.18)

together with spatial homogeneity and isotropy require the relation δf†N,h,q =
δfN,h,q. Majorana condition

[G<(q0,q)]
C = C[G>(−q0,−q)]tC−1 = G<(q0,q) (5.19)

relates the positive and negative frequency parts as in (5.16).
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We then insert the ansatz of δ̃G≶ of (5.16) into (5.15) and perform q0 inte-

gration:
∫∞
0
dq0/2π . It is dominated near the region q0 ∼ ωq =

√
M2 + |q|2

(see Appendix D), and we get an evolution equation for the density matrix:

−idtfN,h,q = −[ωeff
qh , δfN,h,q] +

S
2

(5.20)

where fN,h,q is the density matrix defined as

fN,h,q = feqN,h,q + δfN,h,q , feqN,h,q = feqN (ωq)12×2 . (5.21)

This quantity is identified as the expectation value of the off-diagonal number
operator a†Ni,h,q

aNj ,h,q :

fN,h,q =

(
⟨a†N1,h,q

aN1,h,q⟩ ⟨a
†
N1,h,q

aN2,h,q⟩
⟨a†N2,h,q

aN1,h,q⟩ ⟨a
†
N2,h,q

aN2,h,q⟩

)
. (5.22)

⟨· · · ⟩ is defined by (3.3) using the initial (full) density matrix ρ(ti). The matrix-
valued quantity fN,h,q, which is called density matrix here, should be understood
as the gaussian part of the full density matrix ρ(t). Remember the underlying
assumption on which analyses using the ordinary Boltzmann equation are based
is that the system can be well described by the time evolution of classical one-
particle distribution functions which parametrize the gaussian part of the full
density matrix. In a similar way, the quantity fN,h,q is assumed to be enough to
describe the system, but the matrix fN,h,q is regarded as the quantum extension
of one-particle distribution function involving quantum superposition states of
the different mass eigenstates.

The derivation of the l.h.s. of (5.20) is given in Appendix D. The first line
of the r.h.s. of (5.15) gives an effective Hamiltonian in the r.h.s. of (5.20),

ωeff
qh = tr

{(
M̂ +ΠeqH (q)

) /q +M

2ωq
Ph

}
, (5.23)

while the second line of the r.h.s. of (5.15) gives the collision term,

S = −tr
[
Ph

(
δ̃Π≶G

eq
ρ −Πeqρ δ̃G≶ +Geqρ δ̃Π≶ − δ̃G≶Π

eq
ρ

)]
= +itr

[
Ph

(
{δ̃Π>, Geq< }+ {Π

eq
> , δ̃G<} − {δ̃Π<, G

eq
> } − {Π

eq
< , δ̃G>}

)]
=+ i

{
tr

[
Ph

/q +M

2ωq
δΠ>(q)

]
,−feqN,h,q

}
+ i

{
tr

[
Ph

/q +M

2ωq
Πeq> (q)

]
,−δfN,h,q

}
− i
{
tr

[
Ph

/q +M

2ωq
δΠ<(q)

]
, 1− feqN,h,q

}
− i
{
tr

[
Ph

/q +M

2ωq
Πeq< (q)

]
,−δfN,h,q

}
(5.24)

Here we have used smallness of the flavor off-diagonal components Geqi ̸=j in the
q0 integration corresponding to taking coincidence in time (see discussion after
(5.6)), and smallness of flavor dependent thermal corrections to GR.
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Figure 14: Two dominant contributions to the self-energy diagrams of Figure
13 (a). Propagators that cross with the cut-line in the middle are put on mass-
shell. Internal lines are no longer full propagators. The left figure (a) gives a
decay and an inverse-decay term of RH neutrinos in the KB equation. In the
right figure (b), we consider a loop correction of the Higgs propagator by top
quarks. It gives scattering terms such as N + ℓ̄ ↔ t + Q̄ or N + Q ↔ ℓ + t in
the KB equation[74].

5.2 Kinetic equation for density matrix

In deriving kinetic equations for the density matrix, we need to make quasi-
particle ansatz in (5.16). Similar ansatz must be imposed on the internal lines
in the self-energy diagrams Π because distribution functions (even when they
are matrix-valued) are defined only on mass-shell. This is the most subtle
point in the KB approach. In order to take various diagrams contained in each
self-energy diagram in Fig.13, an often-adopted method is to expand the full
propagators and cut the self-energy diagram into two. Examples are shown in
Fig.14. On the cut-line, on-shell propagators are used.

5.2.1 Kinetic equation for RH neutrinos

The collision term (5.24) is proportional to

tr [Ph ({Π>, G<} − {Π<, G>})] . (5.25)

The first term with G< describes decay (or scattering) of RH neutrino (plus
other particles ) into others while the second term with G> is an inverse-decay
(or inverse scattering). By expanding the full propagators in the self-energy Π
and cutting the diagram into two, we have various diagrams with on-shell exter-
nal lines. External lines are assigned to either incoming or outgoing particles. If
a cut diagram withG< represents a scattering process ofN+i+j · · · → a+b+· · · ,
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it can be expressed as

− tr {Π>(q)(/q +M)Ph} =
∑
i,..,a,..

∫
dΠi,..,a,..γ

ab..
hij..fifj ...(1− ηafa)(1− ηbfb)...

(5.26)

ηa,i = ±1 corresponding to boson or fermion. Here the integral measure is
defined as

dΠi,..,a,.. =
∏

i,..,a,..

d3qi
(2π)32ωi

· · · d3pa
(2π)32ωa

· · · × (2π)4δ(4)(q +
∑
i qi −

∑
a pa)(5.27)

where q is a momentum of incoming RH neutrino, qi and pa are momenta of
other incoming and outgoing particles. On the other hand, if a diagram with
G> represents an inverse scattering process of a+ b+ · · · → N + i+ j + · · · , it
can be expressed as

tr {Π<(q)(/q +M)Ph} =
∑
i,..,a,..

∫
dΠi,..,a,..γ

ab..
hij..(1− ηifi)(1− ηjfj)...fafb...

(5.28)

Combining these two contributions, the evolution equation for the density ma-
trix fN,h,q (5.20) is written as

dtfN,h,q =− i
[
ωeff
qs , fN,h,q

]
− 1

2

1

2ωq

∑
i,..,a,..

∫
dΠi,..,a,..{γab..hij.., fN,h,q}fifj ...(1− ηafa)(1− ηbfb)...

+
1

2

1

2ωq

∑
i,..,a,..

∫
dΠi,..,a,..{γab..hij.., (1− fN,h,q)}(1− ηifi)(1− ηjfj)...fafb...

(5.29)

In this expression, we combined variations as Π = Π(eq) + δΠ and fN = f
(eq)
N +

δfN for notational simplicity. zeroth order term of the variation δ automatically
cancels due to the detailed balance condition in the equilibrium.

Let us now consider a specific diagram of Figure 14 (a). This diagram is
reduced to the cut diagram of Fig. 15 (a). Fig. 15 (b) is its conjugate and N
decays into (ℓ̄, ϕ∗). Other diagrams like Fig. 14 (b) are of higher orders in the
Yukawa couplings, and we omit them in the following. From Fig. 14(a) and its
conjugate, we have∑

α

∫
dΠpk

(
γℓ

αϕ
h (1− fℓαp)(1 + fϕk) + (γℓ

αϕ
−h )∗(1− fℓαp)(1 + fϕk)

)
(5.30)

for (5.26), and ∑
α

∫
dΠpk

(
γℓ

αϕ
h fℓαpfϕk + (γℓ

αϕ
−h )∗fℓαpfϕk

)
(5.31)
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Figure 15: Decay of RH neutrino into (ℓ, ϕ) and (ℓ̄, ϕ∗).

for (5.28) where the following relation

γℓ
α
ϕ

h = (γℓ
αϕ

−h )∗ (5.32)

is used. The decay matrix γℓ
αϕ
h is given by(

γℓ
αϕ
h

)
ij
≡ (h†iαhαj)gw

(
q · p− h(ωq

q · p
|q|
− ωp|q|)

)
, (5.33)

where we have used the relation

tr

(
(/q +M)

1 + hn · σ
2

1− γ5

2
/p

)
=

(
q · p− h(ωq

q · p
|q|
− ωp|q|)

)
. (5.34)

The first term q ·p is even under the helicity flip h→ −h, while the second term
is odd. The integral∫

d3pd3k

2ωp2ωk
δ4(q − p− k)(ωq

q · p
|q|
− ωp|q|) (5.35)

vanishes when thermal effects of the SM particles, namely the thermal mass
(∼ gT ) and the statistical factor (Pauli blocking) of leptons, are neglected.

The kinetic equaction (5.29) describes an evolution of the density matrix fN
of the RH neutrinos. Since the equilibrium distribution satisfies the detailed
balance condition, the r.h.s. is non-vanishing only when various quantities are
out-of-equilibrium. We take a variation of (5.29) around the equilibrium. Here
note that the relations δfℓ = −δfℓ、δfϕ = −δfϕ hold since the SM gauge
particles are in thermal equilibrium and their chemical potentials are vanishing.

In order to solve the kinetic equations, it is convenient to define helicity even
and odd combinations δfeven,oddN,q by

δfevenN,q ≡ δfN,+,q + δfN,−,q , δfoddN,q ≡ δfN,+,q − δfN,−,q. (5.36)

Since helicity operator n·σ is parity-odd and RH neutrino is invariant under the
charge conjugation, δfeven,oddN,q are CP -even and odd components respectively;
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In terms of these components, eq. (5.29) with the cut-diagram in Figure 14(a)
can be rewritten as a set of equations

dt(2f
eq
N,q + δfevenN,q )

=− i

[
ωeff
q+ + ωeff

q−

2
, δfevenN,q

]
− i

[
ωeff
q+ − ωeff

q−

2
, δfoddN,q

]

− 1

2

1

2ωq

∫
dΠpk

∑
α

{ℜ(γℓ
αϕ

+ + γℓ
αϕ

− ), δfevenN,q }(1− f
eq
ℓαp + feqϕk)

− 1

2

1

2ωq

∫
dΠpk

∑
α

{iℑ(γℓ
αϕ

+ − γℓ
αϕ

− ), δfoddNq }(1− f
eq
ℓαp + feqϕk)

+
1

2ωq

∫
dΠpk

∑
α

iℑ(γℓ
αϕ

+ + γℓ
αϕ

− )
(
δfℓαp(fϕk + feqN,q) + δfϕk(fℓαp − feqN,q)

)
,

(5.37)

dt(δf
odd
Nq ) = −i

[
ωeff
q+ + ωeff

q−

2
, δfoddNq

]
− i

[
ωeff
q+ − ωeff

q−

2
, δfevenNq

]

− 1

2

1

2ωq

∫
dΠpk

∑
α

{ℜ(γℓ
αϕ

+ + γℓ
αϕ

− ), δfoddNq }(1− f
eq
ℓαp + feqϕk)

− 1

2

1

2ωq

∫
dΠpk

∑
α

{iℑ(γℓ
αϕ

+ − γℓ
αϕ

− ), δfevenNq }(1− f
eq
ℓαp + feqϕk)

+
1

2ωq

∫
dΠpk

∑
α

ℜ(γℓ
αϕ

+ − γℓ
αϕ

− )
(
δfℓαp(fϕk + feqN,q) + δfϕk(fℓαp − feqN,q)

)
.

(5.38)

If we can neglect the helicity odd part of the decay width γℓϕh as discussed in
(5.35) and the backreaction from lepton asymmetry (the last terms) is dropped,
these equations for δfeven and δfodd are almost decoupled. Note that the he-
licity dependent mass term (ω+ − ω−) is also negligible if thermal corrections
are small.

The dominant source to generate deviations is the time variation of the local
equilibrium distribution dtf

eq, which is absent in the equation of δfodd. Hence
in the decoupling limit, it is sufficient to consider only the equation for for
δfeven. In section 5.3.4, we obtain the CP -violating parameter under such a
condition.

5.2.2 Kinetic equation for lepton number

The evolution equation for the lepton number is similarly obtained from the KB
equation. Details of the derivation is given in Section 3.3 and 3.4. α-th flavor
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Figure 16: Cutting the self-energy diagram Σ of leptons ℓ. The cut diagram is
the same as Figure 15 (a).

lepton number current is defined by∑
a

⟨ℓ̂
α

a (x)γ
µ(x)ℓαa ⟩ = −

∑
a

tr{γ(x)Sααaa≶(x, y)}
∣∣∣
y=x

= −gw tr{γ(x)Sαα≶ (x, y)}
∣∣∣
y=x

(5.39)

where a is an SU(2) isospin index. Around TeV scale, the charged Yukawa cou-
plings distinguishing the lepton flavors are in equilibrium and the off-diagonal
components of lepton flavor density matrix are negligible compared to diagonal
ones. In the second equality, we have assumed that SU(2) isospin symmetry is
restored.

Since the derivative expansion is an expansion of H/Γℓ,ϕ, higher order terms
are highly suppressed and we have

dtnLα + 3HnLα

= gw

∫
dΠp

[
tr [PL/pΣ

αα
< (p)] (1− fℓαp) + tr [PL/pΣ

αα
> (p)] fℓαp

−tr
[
PL/pΣ

αα

< (p)
]
(1− fℓαp)− tr

[
PL/pΣ

αα

> (p)
]
fℓαp

]
. (5.40)

Σ is the self-energy of the SM lepton ℓ. If we consider, as an example, the
Yukawa interaction of (ℓ, ϕ,N), the self-energy function for leptons in Figure 16

gives the same cut diagram Fig. 15 (a). By using the same γℓ
αϕ
h in (5.33), the

kinetic equation is reduced to the following Boltzmann equation;

dtnLα + 3HnLα

=
∑
h

∫
dΠqpk

[
Tr
[
γℓ

αϕ
h {fN,h,q(1− fℓαp)(1 + fϕk)− (1− fN,h,q)fℓαpfϕk}

]
−Tr

[
(γℓ

αϕ
−h )∗

{
fN,h,q(1− fℓαp)(1 + fϕk)− (1− fN,h,q)fℓαpfϕk

}] ]
.

(5.41)
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Here Tr is trace of the RH neutrino flavour.

5.2.3 Kinetic equations in terms of Yield variables

We rewrite the kinetic equations, (5.37), (5.38) and (5.41), in terms of the Yield
variables Y defined by

Y eqN =
2

s

∫
d3q

(2π)3
feqN,q , Y

eq
ℓα =

gw
s

∫
d3p

(2π)3
feqℓαp , YLα =

gw
s

∫
d3p

(2π)3
(
δfℓα − δfℓα

)
.

(5.42)

Here s is the entropy of the universe. Note that YN is a flavour matrix while
Y αℓ is a c-number (or α-th eigenvalue of a diagonal flavour matrix). In the fol-
lowing, we consider deviations of distribution functions of RH neutrinos Ni and
charged leptons ℓα, and other SM particles are assumed to be in the equilibrium
distributions. We assume Ni and ℓ are in the kinematical equilibrium. Then we
can set

δfevenN,q

feqN,q
= 2

δY evenN

Y eqN
,
δfoddN,q

feqN,q
= 2

δY oddN

Y eqN
,
δfℓα

feqℓα
=

YLα

2Y eqℓα
. (5.43)

Since the equations for δY are approximated by coupled linear differential equa-
tions, equations (5.37), (5.38) can be written in a generic form with matrices

H, H̃,ΓN , Γ̃N ,ΓL, Γ̃L;

dt(Y
eq
N + δY evenN ) = −i[H, δY evenN ]− i[H̃, δY oddN ]

− 1

2
{ΓN , δY evenN } − 1

2
{Γ̃N , δY oddN }+

∑
α

ΓLαYLα , (5.44)

dt(δY
odd
N ) = −i[H, δY oddN ]− i[H̃, δY evenN ]

− 1

2
{ΓN , δY oddN } − 1

2
{Γ̃N , δY evenN }+

∑
α

Γ̃LαYLα . (5.45)

In the model with only Yukawa interactions, these matrices are given as follows:

H ≡ 2

sY eqN

∫
d3q

(2π)3
feqN,q

ωeff
+,q + ωeff

−,q

2
,

H̃ ≡ 2

sY eqN

∫
d3q

(2π)3
feqN,q

ωeff
+,q − ωeff

−,q

2
, (5.46)

ΓN = ℜ

(∑
α

Γα

)
, Γ̃N = iℑ

(∑
α

Γ̃α

)
, ΓLα = iℑ[ΓWα ] (5.47)

Γ̃Lα ≡ 1/s
2Y eq

ℓα

∫
dΠqpkℜ(γℓ

αϕ
+ − γℓ

αϕ
− )feqℓαp(fϕk + feqN,q), (5.48)
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where26

Γα ≡
2

sY eqN

∫
dΠqpk(γ

ℓαϕ
+ + γℓ

αϕ
− )feqN,q(1− f

eq
ℓαp + feqϕk) (5.49)

Γ̃α ≡
2

sY eqN

∫
dΠqpk(γ

ℓαϕ
+ − γℓ

αϕ
− )feqN,q(1− f

eq
ℓαp + feqϕk) (5.50)

ΓWα ≡
1/s

2Y eqℓα

∫
dΠqpk(γ

ℓαϕ
+ + γℓ

αϕ
− )feqℓαp(fϕk + feqNq) . (5.51)

Similarly the kinetic equation for lepton number (5.41) is also rewritten as

dtYLα =Tr

[
2

∫
dΠqpk iℑ(γℓ

αϕ
+ + γℓ

αϕ
− )feqN,q(1− f

eq
ℓαp + feqϕk)

δY evenN

sY eqN

]
+Tr

[
2

∫
dΠqpk ℜ(γℓ

αϕ
+ − γℓ

αϕ
− )feqN,q(1− f

eq
ℓαp + feqϕk)

δY oddN

sY eqN

]
−
[∫

dΠqpk Tr[ℜ(γℓ
αϕ

+ + γℓ
αϕ

− )]feqN,q(1 + feqϕk)
YLα

s2Y eqℓα

]
(5.52)

=Tr
[
iℑ[Γα]δY evenN

]
+Tr

[
ℜ[Γ̃α]δY oddN

]
− Tr

[
ℜ[ΓWα ]

]
YLα . (5.53)

Hence the lepton asymmetry is generated if the r.h.s. is nonvanishing. CP -
violating parameter ε can be read from the equation by inserting solutions of
the kinetic equations for δY evenN (5.44) and δY oddN (5.45).

5.3 Solution of the kinetic equations

In order to obtain the CP -violating parameter, we solve the kinetic equations
for δYN . In the derivation of the kinetic equation from the KB equation, we
assumed that the system is not far from the local equilibrium at each time of the
expanding universe. But smallness of the off-diagonal Yukawa coupling is not
assumed, and the coherent flavor oscillation is fully taken into account. Since
the deviation from local equilibrium is caused by the Hubble expansion, both
of δ and ∂t are proportional to the Hubble parameter H. Hence we can set

dt(δY
even
N ) ≃ 0 , dt(δY

odd
N ) ≃ 0 (5.54)

in the l.h.s. of Eq. (5.44), (5.45) under the condition H ≪ Γi ≪ Γℓ,ϕ. This
is the approximation employed in section 2.2 to obtain the analytic formula of
the efficiency factor (2.91) in the strong washout regime where K1 = Γ1/H(T =
M1)≫ 1.

26The real and imaginary properties of ΓN and Γ̃N are valid when we neglect the direct CP -
violation, an interference between the tree and one-loop vertex corrections. In the resonant
leptogenesis, this approximation is justified.
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5.3.1 Formal solution of δYN

In the two-flavor case, YN , H, ΓN etc. are 2 × 2 matrices. We here express a
2× 2 matrix A as A =

∑3
a=0[A]

aσa where σ0 = 12×2 and σi (i = 1, 2, 3) is the
Pauli matrix. Then Eqs. (5.44), (5.45) are rewritten as

[dtY
eq
N ]a = Cab[δY evenN ]b + C̃ab[δY oddN ]b + [µ]a

0 = Cab[δY oddN ]b + C̃ab[δY evenN ]b + [µ̃]a (5.55)

where

Cab ≡−
(
δab[ΓN ]0 + δa0δ

b
i [ΓN ]i + δai δ

b
0[ΓN ]i + 2δai δ

b
jϵ
ijk[H]k

)
,

C̃ab ≡−
(
δab[Γ̃N ]0 + δa0δ

b
i [Γ̃N ]i + δai δ

b
0[Γ̃N ]i + 2δai δ

b
jϵ
ijk[H̃]k

)
,

[µ]a ≡
∑
α

[ΓLα ]aYLα , [µ̃]a ≡
∑
α

[Γ̃Lα ]aYLα . (5.56)

The Yield density matrix Y
(eq)
N in equilibrium has only a = 0 component

[dtY
eq
N ]a = δa0 (dtY

eq
N ) . (5.57)

From (5.46), (5.47) and (5.48), H,ΓN and Γ̃L (hence µ̃) are real matrices.
Hence [ΓN ]a, [H]a, [µ̃]a do not have an a = 2 component. On the other hand,

[Γ̃N ]a, [H̃]a, [µ]a have only an a = 2 component since they are imaginary matri-
ces27.

The equations (5.55) are linear equations with respect to δYN and can be

solved in terms of the time-variation of the local equilibrium distribution dtY
(eq)
N

and the lepton asymmetry µ, µ̃ as(
[δY evenN ]
[δY oddN ]

)
= C−1

(
[dtY

eq
N ]− [µ]
−[µ̃]

)
, C ≡

(
C C̃

C̃ C

)
. (5.58)

In the expanding universe, the deviation of RH neutrino number densities from
equilibrium δYN is first generated and then lepton asymmetry YL is generated
by the flavor oscillation and decay. For the moment, we neglect backreaction
from YL and evaluate the deviation of RH neutrino density directly caused by
the expansion of universe. Setting µ̃ = 0, δYN is solved as

[δY evenN ]a = (C−1)ab[dtY
eq
N ]b = (C−1)a0 × dtY eqN ,

[δY oddN ]a = (C̃−1)ab[dtY
eq
N ]b = (C̃−1)a0 × dtY eqN (5.59)

where

C−1 ≡

(
C−1 C̃−1

C̃−1 C−1

)
. (5.60)

27Flavor covariance is explicitly broken by setting the Majorana mass matrix of the RH
neutrinos diagonal with eigenvalues M1,M2.
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Components in the 0-th column of C−1 are given by

(C−1)00 =
−1
D

[ΓN ]0
{
([ΓN ]0)2 + 4([H ·H] + [H̃ · H̃])

}
,

(C−1)i0 =
1

D

{
([ΓN ]0)2[ΓN ]i + 4([ΓN ·H]− [Γ̃N · H̃])[H]i − 2[ΓN ]0ϵijk[ΓN ]j [H]k

}
,

(C̃−1)00 =0,

(C̃−1)i0 =
1

D

{
([ΓN ]0)2[Γ̃N ]i + 4([ΓN ·H]− [Γ̃N · H̃])[H̃]i

− 2[ΓN ]0ϵijk[ΓN ]j [H̃]k − 2[ΓN ]0ϵijk[Γ̃N ]j [H]k
}
, (5.61)

where D is the determinant,

D ≡([ΓN ]0)2
{
([ΓN ]0)2 − [ΓN · ΓN ] + [Γ̃N · Γ̃N ] + 4([H ·H] + [H̃ · H̃])

}
− 4
{
[ΓN ·H] + [Γ̃N · H̃]

}2
. (5.62)

[ · ] denotes a summation over i = 1, 2, 3.

5.3.2 CP -violation parameter ε

In order to read the effective CP -violating parameter ε, we set YL = 0 and
insert (5.59) into the kinetic equation of the lepton numbers (5.53),

dtYLα =Tr
[
iℑ(Γα)δY evenN

]
+Tr

[
ℜ(Γ̃α)δY oddN

]
=2[Γα]

2[δY evenN ]2 + 2
∑

a=0,1,3

[Γ̃α]
a[δY oddN ]a

=2
{
[Γα]

2(C−1)20 + [Γ̃α]
1(C̃−1)10 + [Γ̃α]

3(C̃−1)30
}
× dtY eqN

=
4[ΓN ]0

D
ϵijk

{
[Γα]

i[ΓN ]j [H]k + [Γ̃α]
i[ΓN ]j [H̃]k + [Γ̃α]

i[Γ̃N ]j [H]k
}
× (−dtY eqN )

(5.63)

The r.h.s. can be rewritten in terms of 2[δYN ]0 = Tr(δYN ), which is the total
RH neutrino number deviated from the local equilibrium. Especially, neglecting
the difference of helicity, we can write the r.h.s. of (5.63) in terms of [δY evenN ]0

in (5.59) as

dtYLα =2εα[ΓN ]0[δY evenN ]0 . (5.64)
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Here [ΓN ]0 is an averaged decay rate of RH neutrinos into charged lepton ℓα.
The CP -violating parameter εα defined by the coefficient28 is read as

εα =
2ϵijk

{
[Γα]

i[ΓN ]j [H]k + [Γ̃α]
i[ΓN ]j [H̃]k + [Γ̃α]

i[Γ̃N ]j [H]k
}

(
([ΓN ]0)2 + 4([H ·H] + [H̃ · H̃])

)
[ΓN ]0

= −i
tr
(
ΓαΓNH+ Γ̃αΓN H̃ + Γ̃αΓ̃NH

)
(
([ΓN ]0)2 + 4([H ·H] + [H̃ · H̃])

)
[ΓN ]0

. (5.65)

The result is valid when it is justified to replace dtYN by its equilibrium value
dtY

eq
N . Though our calculation fixes the flavor basis in which the Majorana

masses are diagonal, the final form is written in a flavor covariant way. The
above definition of ε is appropriate since the numerator of the ordinary definition

ε ≡
ΓN→ℓϕ − ΓN→ℓϕ

ΓN→ℓϕ + ΓN→ℓϕ

(5.66)

is replaced by dtYL/2[δYN ]0 while the denominator is approximated by ΓN .

5.3.3 Explicit forms of δYN

In this section, we use explicit forms of various quantities to rewrite the formal
expression (5.65) in a more familiar form.

H (H̃) is the helicity even (odd) part of the mass (with thermal corrections

included) and given in (5.46). H̃ has an a = 2 component only. For H, a = 0
component is the total mass and decouples from the equation. a = 3 component
of H gives the mass difference

2[H]3 =
ξ0
sY eqN

(M1 −M2) + · · · (5.67)

where

ξ0 ≡ 2M

∫
dq3

(2π)3
1

ωq
feqNq. (5.68)

The · · · in [H]3 represents finite temperature (and density) corrections to the

RH neutrino potential. Off-diagonal components [H]1 and [H̃]2 represent kinetic
mixing induced by the thermal effects, and can be removed by flavor rotation at

28Such a definition of ε was also adopted in [59][60]. They concluded that, since the quantity
corresponding to [δY even

N ]2 oscillates with time as can be seen from eq.(5.44), the lepton
asymmetry also behaves similar oscillatory behavior. Such behavior is interpreted in their
analysis as an oscillating CP -violating parameter by expressing [δYN ]2 in terms of the non-
oscillatory quantity [δYN ]0. In the strong washout regime, the effect of the oscillation is
averaged out. The averaged CP -violating parameter in the papers [59][60] is inconsistent
with ours. The discrepancy seems to be caused by neglecting one of the decay widths in their
analysis, corresponding a partial truncation of the self-energy diagrams.
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each time. Unitary matrix diagonalizing the mass matrix is time dependent, but
in the following analysis, we neglect time-dependence of the thermal mass and
mixing. If we neglect the statistical effects, the coefficient in [H]3 is given by
(ξ0/sY

eq
N ) = K1(M/T )/K2(M/T ). At low temperature T ≪ M it approaches

(ξ0/sY
eq
N ) → 1 while at high temperature T ≫ M , it behaves as (ξ0/sY

eq
N ) ∼

M/(2T ).
ΓN comes from the self-energy diagrams of RH neutrinos, and contains in-

formation of (inverse) decay or scattering of RH neutrinos. We decompose ΓN
into Γα by fixing the flavor α of lepton ℓα in the final state. Only the real part
appears in the KB equation. From (5.47), we can decompose ΓN in the model
(2.2) as

ΓN =
ξ

sY eqN

ℜ(h†h)M
8π

+ Γscatt
N + Γvertex

N , (5.69)

where

ξ ≡32π

(
M −

m2
ϕ −m2

ℓ

M

)∫
dΠNℓαϕf

eq
Nq(1− f

eq
ℓp + feqϕk) . (5.70)

Γα is a partial decay width that RH neutrino decays into ℓα. At the leading
order, it is given by replacing (h†h)ij in (5.69) by (h†iαhαj) (no summation over
α).

The first term of ΓN is the decay amplitude at the tree level and if we neglect
the statistical effects and the thermal mass of the Higgs and lepton, ξ coincides
with ξ0, and approaches

(ξ/sY eqN ) = (ξ0/sY
eq
N )→M/(2T ) (5.71)

at high temperature. Γscatt
N are corrections to the decay rate from scattering with

the top quarks or gauge particles in the thermal media. Γvertex
N are corrections to

the vertex diagram. It is negligible compared to the first term. In the resonant
leptogenesis, the direct CP -violating parameter associated with an interference
between the tree and the vertex correction can be neglected compared to the
indirect CP -violation through the flavor oscillation. Then the relations [ΓN ]2 =

[Γ̃N ]0,1,3 = 0 hold. (See footnote 26.)
In order to simplify the notation, we write

(ΓN )ij =
ξ0
sY eqN

Γeff
ij , (Γ̃N )ij =

ξ0
sY eqN

Γ̃eff
ij (5.72)

where Γeff
ij and Γ̃eff

ij are effective decay rates including not only thermal effects
but also scattering contributions. If interactions do not change the flavor struc-
ture, the effective decay matrix is written as

Γeff
ij = (1 + α)M

ℜ(h†h)ij
8π

, Γ̃eff
ij = α̃M

iℑ(h†h)ij
8π

. (5.73)
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for a = 1, 2, 3 component. Furthermore, if we consider flavor independent in-
teractions such as B − L gauge interaction of RH neutrinos, an additional con-
tribution is added to a = 0 component [ΓN ]0. In the following, we neglect this
contribution for simplicity. When we neglect thermal effects and scattering con-
tributions, α and α̃ vanish and diagonal components of Γeff

ii are reduced to the
tree-level vacuum decay rate Γvac

i ≡ (h†h)iiM/(8π). In the following we write
Γi = Γeff

ii as a decay rate including the above corrections.
Using these quantities of H and ΓN , we can express each component of the

inverse matrix C−1 in terms of massesMi and decay rates Γi. The explicit forms
are written in Appendix E.

By using the explicit forms of C−1 in Appendix E, we can write down each
component of δY as follows. First, the diagonal components of δY evenN (a = 0, 3)
are given by

[δY evenN ]0 =−
dtY

eq
N

ξ0/(sY
eq
N )

Γ1 + Γ2

2Γ1Γ2
U, (5.74)

[δY evenN ]3 =−
dtY

eq
N

ξ0/(sY
eq
N )

−Γ1 + Γ2

2Γ1Γ2
U, (5.75)

where

U ≡ (M2
1 −M2

2 )
2 +M2(Γ1 + Γ2)

2

(M2
1 −M2

2 )
2 +M2(Γ1 + Γ2)2X

. (5.76)

and

X =
det[ℜ(h†h)](1 + α)2 − (α̃ℑ(h†h))2

(h†h)11(h†h)22(1 + α)2
. (5.77)

[δY evenN ]0 gives an averaged number of the RH neutrinos deviated from the local
equilibrium. Equivalently, ii-component of the matrix δY evenN is given by

(δY evenN )ii =[δY evenN ]0 ± [δY evenN ]3 = −
dtY

eq
N

ξ0/(sY
eq
N )

U

Γi
(5.78)

where ± represents i = 1, 2 respectively.
Off-diagonal components can be similarly obtained. The real part a = 1 and

the imaginary part a = 2 of δY evenN are given by

[δY evenN ]1 = ℜδY evenN12 = −2(1 + α)ℜ[h†h]12(Γ1 + Γ2)MV [δY evenN ]0, (5.79)

[δY evenN ]2 = −ℑδY evenN12 = −2(1 + α)ℜ[h†h]12(M2
1 −M2

2 )V [δY evenN ]0. (5.80)

For δY oddN , we have

[δY oddN ]1 = ℜδY evenN12 = 2α̃ℑ[h†h]12(Γ1 + Γ2)MV [δY evenN ]0, (5.81)

[δY oddN ]2 = −ℑδY evenN12 = −2α̃ℑ[h†h]12(M2
1 −M2

2 )V [δY evenN ]0. (5.82)
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Here we defined

V ≡ M2/(8π)

(M2
1 −M2

2 )
2 +M2(Γ1 + Γ2)2

. (5.83)

[δY evenN ]2 and [δY oddN ]1 give the CP -violating parameter ε. It is given in a
simplified case in the next section.

We comment on a situation when det[ℜ(h†h)] becomes small. (For sim-
plicity we set α̃=0.) Then X and accordingly [δY evenN ]0 is largely enhanced.
The situation corresponds to a case that an effective decay rate (cf.(5.44)) is
small. Especially when the mass difference vanishes M1 = M2, it diverges at
det[ℜ(h†h)] = 0, namely when detC = 0. In such a situation, the deviation of
RH neutrino number density becomes large and the assumption of our investi-
gation, smallness of the deviation from local equilibrium, becomes invalid.

5.3.4 CP -violating parameter ε when C̃ = 0

We write the formal expression of (5.65) in a more familiar form by introducing
further simplifications. We neglect the thermal mass of leptons and drop the
Pauli blocking terms. Then the helicity odd part of γℓϕh disappears as explained

in (5.35) and the off-diagonal components C̃ connecting the CP -even and odd
parts in δY vanish. Furthermore we use the vacuum value of ΓN (α = α̃ = 0).
Then, by using explicit forms of H in (5.67) and ΓN in (5.72) with Γeff

ij = Γvac
ij ,

the CP -violating parameter εα is given by

εα =
2ϵijk[Γα]

i[ΓN ]j [H]k

([ΓN ]0)2 + 4[H ·H]

=
2ℜ(h†h)12ℑ(h†1αhα2)
((h†h)11 + (h†h)22)2/4

(M2
1 −M2

2 )M(Γ1 + Γ2)/2

(M2
1 −M2

2 )
2 +M2(Γ1 + Γ2)2

. (5.84)

This CP -violating parameter has the regulator M2(Γ1 + Γ2)
2 which is consis-

tent with our previous result (4.90). In the previous analysis we obtained the
same result under an assumption that the off-diagonal Yukawa couplings are
smaller than the diagonal ones. In the present analysis, we do not use such a
condition, and take effects of coherent flavor oscillation fully into account. The
decay widths Γeff

i are determined by the effective decay width (5.72), which
are obtained from the 1PI self-energy diagrams Π by cutting the diagrams and
putting external lines on mass-shell.

Finally we note that we can decompose the r.h.s. of (5.64) into Ni (i = 1, 2)
as

dtYLα =
∑
i=1,2

εαi (ΓN )ii (δY
even
N )ii (5.85)

where we define the CP -violating parameter of each Ni as

εαi =
2ℜ(h†h)12ℑ(h†1αhα2)

(h†h)11(h†h)22

(M2
1 −M2

2 )MΓj(̸=i)

(M2
1 −M2

2 )
2 +M2(Γ1 + Γ2)2

. (5.86)
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When i = 1, j takes 2, and vice-versa. Such a separation into a different flavor
of RH neutrinos is, of course, valid only when the off-diagonal component (h†h)
is smaller than the diagonal one. The numerator of the first factor can be
rewritten as

2ℜ(h†h)12ℑ(h†1αhα2) = ℑ[(h†h)12(h
†
1αhα2)] + ℑ[(h†h)21(h

†
1αhα2)] (5.87)

which gives a consistent result with (2.28).

5.4 Final lepton asymmetry

Finally, we calculate the final yield value of the lepton number. In the resonant
case, because of ε ∼ 1, the generated lepton asymmetry can become of the same
order as the deviation of YN from equilibrium value. Therefore, in order to
obtain the final lepton abundance, [µ] should not be neglected in (5.58):

[δY evenN ] = C−1 ([dtY
eq
N ]− [µ]) . (5.88)

Again C̃ is neglected here. The component which affects to the evolution equa-
tion of YL is

[δY evenN ]2 = (C−1)20dtY
eq
N − (C−1)22

∑
α

(−ℑ[ΓWα ]12)YLα . (5.89)

Plugging this into (5.53), we get the effective equation of the lepton yield value:

dtYLα = 2ε′α[ΓN ]0
−dtY eqN
[ΓN ]0

− Tr{ℜ[ΓWα ]}YLα + 2
∑
β

ΓBR
αβ YLβ (5.90)

where

ε′α ≡ −[Γα]2(C−1)20

=
2ℜ(h†h)12ℑ(h†1αhα2)

(h†h)11(h†h)22

(M2
1 −M2

2 )M(Γ1 + Γ2)/2

(M2
1 −M2

2 )
2 + det[ℜ[h†h]]

(h†h)11(h†h)22
M2(Γ1 + Γ2)2

(5.91)

is practically convenient definition [89] of the CP -violating parameter, differ
from (5.64). And the backreaction contribution due to the generated lepton
asymmetry is included as

ΓBR
αβ ≡ −[Γα]2(C−1)22(−ℑ[ΓWβ ]12)

=
Tr{ℜ[ΓWα ]}

(h†1αhα1 + h†2αhα2)
× (h†h)11 + (h†h)22

2

det[ℜ[h†h]]
(h†h)11(h†h)22

(5.92)

×
4M2ℑ[h†1αhα2]ℑ[h

†
1βhβ2](M/8π)2

(M2
1 −M2

2 )
2 + det[ℜ[h†h]]

(h†h)11(h†h)22
M2(Γ1 + Γ2)2
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For the later convenience, let us rewrite (5.90) using z ≡M/T as

dzYLα = 2ε′α(−dzY
eq
N )− z

H(M)

∑
γ

Tr{ℜ[ΓWγ ]} ×
∑
β

καβYLβ . (5.93)

In this expression, the effective wash-out term with its coefficient

καβ ≡
[
h†1αhα1 + h†2αhα2
(h†h)11 + (h†h)22

δαβ

(
(M2

1 −M2
2 )

2 +
det[ℜ[h†h]]

(h†h)11(h†h)22
M2(Γ1 + Γ2)

2

)
(5.94)

− det[ℜ[h†h]]
(h†h)11(h†h)22

M2ℑ[h†1αhα2]
4π

M2ℑ[h†1βhβ2]
4π

]

×
[
(M2

1 −M2
2 )

2 +
det[ℜ[h†h]]

(h†h)11(h†h)22
M2(Γ1 + Γ2)

2

]−1

. (5.95)

In the unflavored approximation, (5.93) becomes

dzYL = 2ε′(−dzY eqN )− κΓ1 + Γ2

H(M)

z3K1(z)

4
YL (5.96)

where ε′ ≡
∑
α ε

′
α and

κ ≡
∑
α,β

καβ =

[
(M2

1 −M2
2 )

2 +
det[ℜ[h†h]]

(h†h)11(h†h)22
M2

(
(Γ1 + Γ2)

2 −
(
Mℑ[(h†h)12]

4π

)2
)]

×
[
(M2

1 −M2
2 )

2 +
det[ℜ[h†h]]

(h†h)11(h†h)22
M2(Γ1 + Γ2)

2

]−1

(5.97)

which is always smaller than unity: κ < 1, and reduce the wash-out effect. (5.97)
is consistent with the back reaction term (4.89) obtained with the assumption
of the small off-diagonal component (h†h)′/(h†h)d < 1. Such an suppression is
also found in the conventional approach, where the RIS-subtracted scattering
term brings this effect and but gives a different form of κ [40, 41, 46]. Using
the method reviewed in Section 2.2 and the approximated analytic form of the
efficiency factor (2.91), the final yield value of the lepton number is obtained
as29

YL ≈ 2ε′Y eqN (0)
2

KeffzB(Keff)

(
1− e−KeffzB(Keff )/2

)
(5.98)

where

Keff ≡ 2κ× (Γ1 + Γ2)/2

H(M)
. (5.99)

The pre-factors of 2 come from the fact that two RH neutrinos contribute to
the generation and wash-out of the lepton asymmetry.

29Note that the factor κ, defined by (5.97) can vanish. In such an extreme situation, the
evolution of lepton number cannot be simply estimated by the formula (2.91) obtained with
large washout effect. In addition, the various terms we omitted above may get to be significant
and then more careful analysis would be needed.
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5.5 Summary and comments

In the section, we solved the KB equation without assuming that the off-diagonal
component of the Yukawa couplings are small compared to the diagonal ones.
In order to solve it, we first derive the kinetic equation for the density matrix.
The differential equation can be reduced to a linear equation if the background
is slowly changing and the deviation of the distribution function from local
equilibrium is small. Then the density matrix of RH neutrino can be solved
in terms of the time variation of the equilibrium distribution function and the
generated lepton asymmetry. Its off-diagonal component determines the CP -
violating parameter ε defined by (5.64) and a practically convenient definition
(5.91). they are resonantly enhanced due to the almost degenerate Majorana
masses and the regulator in the CP -violating parameter (5.64) is given by Rij =
MiΓi+MjΓj . In the 2PI formalism, the decay width Γi is given by the imaginary
part of the self-energy function of the RH neutrinos. In addition to the loop
corrections of the vertex functions, scattering effects with particles in medium
are contained. The back reaction effect of the generated lepton asymmetry is
also obtained. It reduces the wash-out effect. The density matrix formalism
gives the consistent results with the method directly solving the KB equation.

Because we have not directly solved the KB equation of the RH neutrino, the
non-Markovian expression have not appeared. However, note that the multi-
flavor generalization of the quasi-particle approximation makes it possible to
reduce the KB equation into the Markovian density matrix equation. If we
didn’t take such an ansatz, then the non-Markovian expression with the formal
solution of the KB equation (3.48) would be necessary. By adopting the multi-
flavor generalization of the quasi-particle approximation, we have been able
to obtain the evolution equation of the ”distribution function of the quantum
state” involving the superposition of the different mass eigenstates.

The authors of [87, 88] derived the kinetic equation of density matrix based
on the Hamiltonian approach, and solve the equation to obtain δY evenN in the
flavor covariant way. The result is consistent with ours but the interpretation of
the CP -violating parameter seems to be different. In their paper, the one-loop
resummed effective Yukawa coupling is used to define decay and inverse-decay
amplitudes (ΓN in our notation), in which the effect of coherent oscillation
is included in their analysis. In our approach based on the 2PI formalism,
ΓN comes from 1PI self-energies and the effect of coherent oscillation is not
contained. The indirect CP -violating parameter ε generated by resummation
of RH neutrino propagators is encoded by the non-diagonal density matrix.
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6 Conclusion

In this thesis, we have investigated the formal aspects of the thermal resonant
leptogenesis in the expanding universe using the non-equilibrium quantum field
theory. The lepton asymmetry is generated in the CP asymmetric decay of the
RH neutrinos whose distribution functions are out of thermal equilibrium. If
the RH neutrinos have almost degenerate masses, the time scale of the quantum
flavor oscillation ∼ 1/∆M becomes of the same order of the time scale of the
decay processes ∼ 1/Γ. In such a situation, the classical Boltzmann equation is
not valid because the propagating process of RH neutrino is no longer a classical
process, and the full quantum mechanical approach is necessary.

In Section 2, we reviewed the conventional calculations of the leptogenesis
scenarios, and mentioned the insufficiency of them to describe the resonant
leptogenesis. Because of the artificial separation between the (inverse) decay and
scattering process, the RIS subtraction is needed to get a physically acceptable
evolution equation of the lepton number. In addition, when deriving the CP -
violating parameter (2.151) with almost degenerate Majorana mass, one has
to pick up only the on-shell part because of the cancelation between on- and
off-shell contribution with equilibrium propagator of RH neutrino mediating the
2→ 2 scattering process. These are mentioned, in section 2.4, as the motivation
to employ the Kadanoff-Baym (KB) equation which is obtained from the first
principle of the QFT.

In Section 3, we summarized the derivation of the evolution equation of
the SM lepton number from the KB equation of the SM lepton propagator.
Plugging the quasi-particle approximation of the SM particle’s propagators with
thermal damping much faster than the Hubble expansion into (3.43), we get
the Boltzmann equation-like form (3.47). However, the contribution from RH
neutrinos are kept in the original form of the propagator. Then, as seen in
section 3.5, the question is reduced to how the Wightman propagator of RH
neutrino should be treated so as not to lose the important quantum effects.

In section 4, By extending the method developed in [71] to the expanding
universe, we have derived the evolution equation of lepton number and explicitly
obtained the CP -violating parameter in the decay process of RH neutrino. It
has been clarified where the difference between the regulator Rij = |MiΓi +
MjΓj | and Rij = |MiΓi −MjΓj | comes from. Because of resonant mixing of
different flavors, the state of RH neutrino in propagating process before (after)
a decay (inverse decay) process consists of a quantum superposition of different
mass eigenstates. Such a quantum process is involved as the non-local 2 → 2
scattering (Fig.8 (b)). It has been shown that if we erroneously neglect the off-
shell contribution comes from interference between different mass eigenstates,
then the wrong regulator Rij = |MiΓi −MjΓj | is reproduced.

As mentioned in Section 4.5, the difference from the conventional calculation
reviewed in Section 2.3 is twofold: The first is to take into account the inter-
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ferences between the different mass eigenstates. We called them off-shell con-
tribution. And the second is to consider the non-equilibrium propagators of the
RH neutrinos. For the equilibrium propagators, the on-shell and off-shell con-
tributions are canceled each other. Then, what contribute to the CP -violating
parameter is only the non-equilibrium part of the Wightman propagator con-
taining the regulator Rij = |MiΓi +MjΓj |. In other words, in the conventional
calculation based on the equilibrium QFT, the interferences have to be neglected
to get the non-zero result of CP -violating parameter. And then, it necessarily
leads to the wrong form of the regulator as well as the problem to be solved by
the RIS subtraction.

In Section 5, based on the observation obtained in Section 4, we have adopted
the multi-flavor generalization of the KB ansatz for the RH neutrino propaga-
tors, so-called density matrix. By taking the lowest order in the Kramers-Moyal
expansion, the KB equation has been reduced to the evolution of the density ma-
trix. In this case, the equation becomes Markovian with incoming and outgoing
quantum superposition state of RH neutrino (Fig.8 (a)). When we consider the
situation where the deviation from thermal equilibrium is small, we can obtain
the analytic solution of the evolution equation without assuming the smallness
of the off-diagonal component of Yukawa coupling. By plugging the solution into
the evolution equation of lepton number, we have read off the CP -violating pa-
rameter with the modified regulator consistent with the one obtained in Section
4.

The advantage of the reduction to the density matrix formalism is that
additional interactions coming from some extension of the model can be easily
taken into account. For example, if we consider the B-L gauged model of the
SM, the new contributions to the collision term appear, such as the annihilation
(production) process of RH neutrinos mediated by B-L gauge boson. From
the derivation of the CP -violating parameter, it’s clear that the regulator in
the CP -violating parameter also includes the various annihilation rates as well
as the decay rate of RH neutrino. This reflects the fact that the important
quantum coherence is spoiled by them. Then if the B-L gauge coupling is so
large that the annihilation rates coming from gauge interaction become larger
than the usual decay rate, the CP -violating parameter becomes smaller.

The KB equation as an approximation of the SD equation derived from the
non-equilibrium QFT is the self-consistent equation of full two point functions
with the memory integral. Two point functions are defined without distinguish-
ing on-shell and off-shell states. The KB equation of Wightman function can
be formally solved as (3.48) with the double time integration. In the formal
solution, it’s clear how the state in past affects the physical quantities encoded
on the two point function at the present time.

In the resonant leptogenesis in strong washout regime, by investigating the
formal solution of the Wightman propagator, significant part of quantum ef-
fects can be taken into account. Also, the multi-flavor generalization of the
quasi-particle approximation is applicable and the Markovian density matrix
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equation can be derived from the KB equation because the relaxation rate of
the RH neutrino is faster than the other time scales related to the Hubble ex-
pansion of the universe and then the Kramers-Moyal derivative expansion can
be justified. Even though the density matrix equation is already well known,
the first principle derivation from the non-equilibrium QFT is useful in order to
consider finite temperature and density effects and to be careful for its valid-
ity. Especially, the derivation from the KB equation manifests the fact that the
explicit form of the CP -violation coming from the resonant oscillation of the
degenerate RH neutrinos doesn’t appear in the density matrix equation even as
the effective coupling constant at the vertices, and it appears only after solving
the equation for the density matrix of the RH neutrinos. Besides the form of
the regulator Rij , that is one of the consequences of the derivation from the
KB equation which describes both of the collision and propagating processes
together.

For more complicated non-equilibrium systems in which various time scales
exist, we always need to start with the first principle of QFT and find the
reasonable approximation not to miss important effects.
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A Non-equilibrium QFT

A.1 CTP formalism

In equilibrium field theories, we implicitly assume that the initial and final
states asymptotically approach the ground state of the free Hamiltonian. But
this does not hold in general, especially in time-dependent backgrounds such as
the evolving universe. The final state is generally different from the initial state.
The closed time path (CTP) formalism, or the Schwinger-Keldish formalism, is
the general formalism to calculate physical quantities for time-dependent wave
functions.

Suppose that a system is described by a Hamiltonian Ĥ0 + Ĥ1, where Ĥ0

and Ĥ1 are free and interaction Hamiltonians, and that the system is in the
initial state |ψi⟩ at time t = ti. In the interaction picture, the expectation value
of an observable Ô at time t is given by

O(t) = ⟨ψIi (t)|ÔI(t)|ψIi (t)⟩ = ⟨ψi|U I(ti, t)ÔI(t)U I(t, ti)|ψi⟩ . (A.1)

Here the operator in the interaction picture ÔI(t) is related to the operator in
the Heisenberg picture as

ÔH(t) = U I(t, ti)ÔI(t)U I†(t, ti) ,

U I(t, t′) = T exp

(
−i
∫ t

t′
dt′′Ĥ1

I
(t′′)

)
. (A.2)

In equilibrium cases, the final state at time t = tf is assumed to be propor-
tional to the initial state U I(tf , ti)|ψi⟩ = eiθ|ψi⟩ where θ(tf , ti) is a c-number
phase. Then we can factorize O(t) of (A.1) as

O(t) = ⟨ψi|U I(ti, tf )|ψi⟩⟨ψi|U I(tf , t)ÔI(t)U I(t, ti)|ψi⟩
= e−iθ⟨ψi|U I(tf , t)ÔI(t)U I(t, ti)|ψi⟩ . (A.3)

Similarly, an expectation value of the time-ordering product of two operators
ÔI1(t1) and ÔI2(t2) is given by

O(t1, t2) = e−iθ⟨ψi|T
(
ÔI1(t1)ÔI2(t2)U I(tf , ti)

)
|ψi⟩ . (A.4)

This formula gives an ordinary perturbative expansion of correlation functions
in equilibrium field theories. Namely, if we take ti → −∞ and tf → ∞, the

interaction vertices ĤI(t) are inserted in −∞ < t <∞.
In non-equilibrium cases where the final state is no longer proportional to

the initial state, the factorization property does not hold and we have

O(t1, t2) = ⟨ψi|U I(ti, tf )T
(
ÔI1(t1)ÔI2(t2)U I(tf , ti)

)
|ψi⟩ . (A.5)

In perturbative expansions, the interaction vertices are inserted not only on
the path C+ from ti to tf , but also on the backward path C− from tf to ti.
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Figure 17: A closed time path C from ti to tf and then back to ti. (i.e.,
C = C+ + C−.) Operators are inserted at t = t1 and t2 for the time ordered
product O(t1, t2). Interaction vertices are inserted everywhere on the CTP.

Figure 17 shows the closed time path (CTP), C = C+ + C−. In this formalism,
the final state is not specified at all and we can calculate time-dependence of
various quantities as in (A.5). The time-ordering TC is defined on the CTP as
a path-ordering along C = C+ + C−.

A.2 Evolution equations of various propagators

We define various propagators and give a brief derivation of their evolution
equations. In the following we consider a real (Majorana) fermion field ψ̂ and

write its conjugate by ψ̂ = ψ̂tC where C = iγ2γ0. For the simplest case of a
real scalar field, see e.g. [86]. In the CTP formalism, a generating function of
time-ordered products of operators is given by

Z[J ] =eiW [J] =
⟨
TC e

i
∫
C d

4x
√
−g J(x)ψ̂(x)

⟩
=

∫
dΨ+dΨ−⟨Ψ+|ρ̂(ti)|Ψ−⟩

∫
D′ψ eiS[ψ]+i

∫
C d

4x
√
−g J(x)ψ(x) (A.6)

where ρ̂(ti) = |ψi⟩⟨ψi|. The path integral
∫
D′ψ denotes an integration of the

Grassmann variables ψ± on C± with the fixed boundary conditions ψ±(ti) = Ψ±.
The integrations of Ψ± represent an weighting by the initial wave function |ψi⟩.
The source J(x) is defined on C = C++C−. The 1PI effective action is obtained
from the generating function W [J ] of the connected Green function by the
Legendre transformation. Defining the classical field by the left-derivative of
W [J ] with respect to the Grassmannian source J :

Ψ(x) = +
δW [J ]

δJ(x)
, (A.7)

we have

Γ[Ψ] =W [J ]−
∫
C
d4xgJ(x)Ψ(x) . (A.8)

For notational simplicity, we use the following abbreviation

d4xg ≡ d4x
√
−g(x) (A.9)
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unless the explicit dependence of the measure on x is necessary. The stationary
condition (δ/δΨ(x))Γ[Ψ] = 0 at J = 0 gives the equation of motion of Ψ.

By taking the second derivative of the effective action Γ with respect to Ψ,
we obtain the Schwinger-Dyson (SD) equation

iG−1(x, y) = iG−1
0 (x, y)− iΠ(x, y) . (A.10)

Π is the self-energy and only 1PI diagrams contribute to it. The connected
Green function G on C is defined by

G(x, y) = ⟨TCψ̂(x)ψ̂(y)⟩
= ΘC(x

0 − y0)G>(x, y) + ΘC(y
0 − x0)G<(x, y) , (A.11)

where ΘC(x
0 − y0) is the step function on C and

G<(x, y) ≡ −⟨ψ̂(y)ψ̂(x)⟩ , G>(x, y) ≡ ⟨ψ̂(x)ψ̂(y)⟩ (A.12)

are the Wightman Green functions. iG−1
0 (x, y) = iG−1

0(x)δ
g
C(x− y) is an inverse

of the free propagator and Π(x, y) is the self-energy of the fermion field ψ.
The statistical propagator GF (x, y) and the spectral function Gρ(x, y) are

defined by

GF (x, y) =
1

2
(G>(x, y) +G<(x, y)) =

1

2
⟨[ψ̂(x), ψ̂(y)]⟩ , (A.13)

Gρ(x, y) = i (G>(x, y)−G<(x, y)) = i⟨{ψ̂(x), ψ̂(y)}⟩ . (A.14)

GF contains information of the distribution function of the specified state while
Gρ depends only on the spectrum of the system. In this sense, GF is dynamical
while Gρ is kinematical. Especially, Gρ(x, y) becomes proportional to the spatial
delta-function δ(3)(x−y) in the equal-time limit. We further define the retarded
and advanced Green functions by

GR/A(x, y) = ±Θ(±(x0 − y0))Gρ(x, y). (A.15)

They are related to Gρ as

GR(x, y)−GA(x, y) = Gρ(x, y) ,

GR(x, y) +GA(x, y) = sign(x0 − y0)Gρ(x, y) . (A.16)

In terms of GF and Gρ, the Green function (A.11) can be written as

G(x, y) =GF (x, y)−
i

2
signC(x

0 − y0)Gρ(x, y) , (A.17)

where the sign-function on C is defined by

signC(x
0 − y0) = ΘC(x

0 − y0)−ΘC(y
0 − x0) . (A.18)
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By convoluting (A.10) with the full propagator G, we have

iG−1
0(x)G(x, y)− i

∫
C
d4zg Π(x, z)G(z, y) = iδgC(x− y) . (A.19)

Here δgC(x − y) is the delta-function on C with the space-time metric g, and
satisfies

∫
C
d4zgδ

g
C(x − y) = 1. By denoting x on C± as x± respectively, the

delta-function on C can be expressed by a 2× 2 matrix:

δgC(xa − yb) = cabδ
g(x− y) , cab = diag(1,−1) (A.20)

where a, b takes + or −. The minus sign on C− comes from the backward
integral of the time variable and corresponds to the anti-time-ordering of the
Green function G in (A.11). δg(x− y) is an ordinary delta-function for (x− y).

The 2-point function G(x, y) of (A.11) with x, y ∈ C can be similarly decom-
posed (depending on whether x, y are on C+ or C−) into a 2 × 2 matrix form
as

Gab(x, y) =

(
G++(x, y) G+−(x, y)
G−+(x, y) G−−(x, y)

)
=

(
GT(x, y) G<(x, y)
G>(x, y) GT̃(x, y)

)
(A.21)

where T, T̃ denote time and anti-time orderings respectively, and

GT(x, y) = Θ(x0 − y0)G>(x, y) + Θ(y0 − x0)G<(x, y) ,
GT̃(x, y) = Θ(x0 − y0)G<(x, y) + Θ(y0 − x0)G>(x, y) . (A.22)

Θ(x0 − y0) is the ordinary step-function. By using (A.17) and (A.16), we have

Gab(x, y) =

(
GF − i

2 sign(x
0 − y0)Gρ GF + i

2Gρ
GF − i

2Gρ GF + i
2 sign(x

0 − y0)Gρ

)
=

(
GF − i

2 (GR +GA) GF + i
2 (GR −GA)

GF − i
2 (GR −GA) GF + i

2 (GR +GA)

)
= U t

(
0 GA
GR GF

)
U (A.23)

where

U ≡
(
−i/2 i/2
1 1

)
. (A.24)

We also decompose the self-energy Π(x, y) as

Π(x, y) = ΘC(x
0 − y0)Π>(x, y) + ΘC(y

0 − x0)Π<(x, y)

= ΠF (x, y)−
i

2
signC(x

0 − y0)Πρ(x, y) . (A.25)

Defining ΠR/A by

ΠR/A(x, y) = ±Θ(±(x0 − y0))Πρ(x, y) , (A.26)
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the matrix form of the self-energy is obtained as

Πab =

(
ΠT Π<
Π> ΠT̃

)
= U t

(
0 ΠA
ΠR ΠF

)
U . (A.27)

Using these matrix forms of Gab and Πab, the equation (A.19) becomes

iG−1
0(x)Gab(x, y)− i

∫ tf

ti

d4zg Πac(x, z)ccdGdb(z, y) = iδg(x− y)cab . (A.28)

The matrix ccd between Π and G comes from the backward integration of the
time variable in the original integral in (A.19). By multiplying (U t)−1 on the
left and U−1 on the right, using (A.23) and (A.27) and noting

Uc U t =

(
0 −i
−i 0

)
, (A.29)

we obtain the following set of the evolution equations:

iG−1
0(x)GF (x, y)−

∫ ∞

tint

d4zg ΠR(x, z)GF (z, y)−
∫ ∞

tint

d4zg ΠF (x, z)GA(z, y) = 0 ,

(A.30)

iG−1
0(x)GR/A(x, y)−

∫ ∞

tint

d4zg ΠR/A(x, z)GR/A(z, y) = −δg(x− y) . (A.31)

From the equations (A.31), we obtain the evolution equation for the spectral
density Gρ = GR −GA:

iG−1
0(x)Gρ(x, y)−

∫ ∞

tint

d4zg ΠR(x, z)Gρ(z, y)−
∫ ∞

tint

d4zg Πρ(x, z)GA(z, y) = 0 .

(A.32)

The Wightman Green function G>
< = GF ∓ (i/2)Gρ satisfies

iG−1
0(x)G>

<(x, y)−
∫ ∞

tint

d4zg ΠR(x, z)G>
<(z, y)−

∫ ∞

tint

d4zg Π>
<(x, z)GA(z, y) = 0 .

(A.33)

A.3 2PI formalism

In this appendix, we give a brief review of a systematic approach to evaluate
the self-energy based on the 2PI formalism (see, e.g., [86] for more details). The
generating functional Z[J,R] in the presence of sources J(x) and R(x, y)30 is
given by

Z[J,R] =eiW [J,R]

=

⟨
TC e

i
∫
C d

4xg J(x)ψ̂(x)+ i
2

∫
C d

4xgd
4yg ψ̂(x)R(x,y)ψ̂(y)

⟩
. (A.34)

30Note that the Majorana condition R(x, y) = CRt(y, x)C−1 is not imposed on the source
field R(x, y).
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By taking a variation with respect to the source fields J(x) and R(y, x), we have

δW [J,R]

δJζ(x)
= +Ψζ(x) ,

δW [J,R]

δRηζ(y, x)
= −1

2

(
Ψζ(x)Ψη(y) +Gζη(x, y)

)
. (A.35)

Here ζ, η represent Spinor indices.
Ψ is defined as Ψ(x) ≡ Ψt(x)C and the connected Green function G is given

by

Gζη(x, y) = i
δ2W [J,R]

δJζ(x)δJη(y)
. (A.36)

By taking the Legendre transform of W [J,R] with respect to the sources J,R,
we obtain the effective action in the presence of source fields

Γ[Ψ, G] ≡W [J,R]−
∫
C
d4xg Jζ(x)

δW [J,R]

δJζ(x)
−
∫
C
d4xgd

4ygRζη(x, y)
δW [J,R]

δRζη(x, y)

=W [J,R]−
∫
C
d4xgJΨ−

1

2

∫
C
d4xgd

4ygΨ(x)R(x, y)Ψ(y) +
1

2
TrGR .

(A.37)

Tr in the last term represents a trace in the Spinor indices and an integration
over the closed time path C.

Now we decompose the effective action into

Γ[Ψ, G] = S(Ψ)− i

2
Tr lnG−1 − i

2
TrG−1

0 G+ Γ2[Ψ, G] . (A.38)

The first term is the classical action. The second and the third term are ‘1-loop’
type contributions to the effective action. The meaning of the decomposition
can be understood by taking a functional derivative31 with respect to G:

δΓ[Ψ, G]

δGηζ(y, x)

∣∣∣∣
R=0

=
i

2
G−1
ζη (x, y)−

i

2
G−1

0,ζη(x, y) +
δΓ2(Ψ, G)

δGηζ(y, x)
= 0 . (A.39)

Compared with the SD equation (A.10), the last term can be identified as the
self-energy Π:

Πζη(x, y; Ψ, G) = −2i
δΓ2(Ψ, G)

δGηζ(y, x)
. (A.40)

In this way, the proper self-energy Π is obtained by differentiating Γ2 with
respect to the full propagator G. Since the proper self-energy Π is calculated as a

31In taking the functional derivative with respect to G, the Majorana condition G(x, y) =
CGt(y, x)C−1 should be used after setting the source field R zero.
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Figure 18: Another example of 2PI diagrams.

sum of contributions from 1PI diagrams, Γ2 becomes a sum of contributions from
2PI diagrams with respect to the full propagator. In another word, the proper
self-energy can be systematically obtained by taking a functional derivative of
2PI diagrams (in which all internal lines are full propagators) with respect to
the full propagator.

The SD equation (A.39) can be interpreted as a self-consistent equation for
the full propagators. By rewriting this equation on the forward time line C+,
we obtain the set of KB equations (A.30), (A.31), (A.32), (A.33) which can be
interpreted as equations for the full propagators.

For Dirac or Weyl fermions, we introduce additional source terms

+i

∫
C
d4xg ψ̂(x)J(x) + i

∫
C
d4xd4y ψ̂(x)R(x, y)ψ̂(y) .

The self-energy is similarly obtained as a functional of the full propagators:

Πζη(x, y; Ψ,Ψ, G) = −i
δΓ2(Ψ,Ψ, G)

δGηζ(y, x)
. (A.41)

B Self-energies Σ,Π

In this appendix, using the 2PI formalism, we give an expression of the self-
energy function for the RH neutrino Π(x, y) in terms of the lepton and Higgs
propagators. The simplest and the most important contribution to the 2PI
effective action Γ2 in the model (2.2) is given by the 2-loop diagram of Figure 9.
The second simplest 2PI diagram is given by Figure 18. Note that each internal
line represents a full propagator of the SM lepton, Higgs and the RH neutrino.
If the RH neutrinos have almost degenerate mass, we need to use the resummed
propagators for the RH neutrinos. Once resummed, we can use an ordinary
perturbative expansion with respect to the Yukawa coupling hiα. Hence it will
not be a bad approximation to use the simplest 2PI diagram to evaluate the
self-energy.

In terms of the full propagators, the contribution from the diagram Figure
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9 becomes

Γ
(2loop)
2 [G,S,∆] =

i

2
h†iαhβj

∫
C
d4wgd

4zg ϵa′aϵbb′∆a′b′(w, z)

× tr
[
PR

(
Gji(z, w) + CGt,ij(w, z)C−1

)
PLS

αβ
ab (w, z)

]
.

(B.1)

Here G,S,∆ are full propagators of the RH neutrino, the SM lepton doublet
and the Higgs doublet respectively. (i, j), (α, β), (a, b, a′, b′) represent the flavor
indices of the RH neutrino, the flavor indices of the leptons and the SU(2)L
indices of the SM doublets respectively.

By using the formula (A.41), the self-energy of the SM lepton doublet is given
by taking a functional derivative of Γ2 with respect to the lepton propagator S:

Σαβab (x, y) = hαih
†
jβPRG

ij(x, y)PLϵaa′ϵb′b∆b′a′(y, x)

=− δabhαih†jβPRG
ij(x, y)PL∆(y, x) . (B.2)

Here we have used the Majorana property Gij(x, y) = CGtji(y, x)C−1 of the
RH neutrinos. In the second equality, we have used the fact that the lepton and
the Higgs propagators are SU(2)L symmetric and proportional to δab, Sab =
Sδab,∆ab = ∆δab, in the early universe where the SU(2)L symmetry is restored.
This is indeed the case in the era of the lepton asymmetry generation through
the decay of the RH neutrino. Similarly the self-energy of the RH neutrino is
obtained by taking a functional derivative of Γ2 with respect to G:

Πij(x, y) ={h†iαhβjPLS
αβ
ab (x, y)PR∆a′b′(x, y)

+ h†jαhβiPRPS
βα

ba (x, y)PPL∆b′a′(x, y)}ϵa′aϵbb′

=− gwh†iαhβjPLS
αβ(x, y)PR∆(x, y)

− gw(h†iαhβj)
∗PRPS

αβ
(x, y)PPL∆(x, y) (B.3)

where P = γ0. In the first equality, we have used

S
βα

ba (x, y) = CPStαβab (y, x)(CP )
−1 , ∆ba(x, y) = ∆ab(y, x) . (B.4)

In the second equality, SU(2)L symmetry of S and ∆ is used. Decomposing
these self-energies into the Wightman functions as in (A.25), we have

Σαβab >
<
(x, y) =− δabhαih†jβPRG

ij
>
<
(x, y)PL∆<

>(y, x) ≡ δabΣ
αβ
>
<

(x, y) , (B.5)

Πij>
<
(x, y) =− gwh†iαhβjPLS

αβ
>
<

(x, y)PR∆>
<(x, y)

− gw(h†iαhβj)
∗PRPS

αβ
>
<

(x, y)PPL∆>
<(x, y) . (B.6)

In the following, we derive the self-energy of the RH neutrino Π(eq) under an
assumption that the lepton and the Higgs are in the thermal equilibrium. The
approximation is justified in the leading order calculation since the SM leptons
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and the Higgs particles interact faster than the Hubble expansion rate in the
era of the leptogenesis. See (3.42). Hence the deviation from the equilibrium
can be neglected in the calculation of Π. In the equilibrium, the lepton and the
Higgs propagators become CP -symmetric and satisfy

S(x, y) = S(x, y) , ∆(x, y) = ∆(x, y) . (B.7)

By using the quasi-particle approximation for the propagators (3.36) and (3.37),
the Fourier transform of the self-energy Πρ = i(Π> − Π<) = ΠR − ΠA of the
RH neutrino becomes

Π(eq)ij
ρ (q) =

(
ℜ(h†h)ij − iℑ(h†h)ijγ5

)
π(eq)
ρ (q) , (B.8)

where

π(eq)
ρ (q) =(−gw)

∑
ϵℓ,ϵϕ

∫
d3p

(2π)32ωp

d3k

2ωk
δ3(q − p− k)

× iΓℓϕ
(q0 − ϵℓωp − ϵϕωk)2 + Γ2

ℓϕ/4
/pϵℓD

ϵℓ.ϵϕ(eq)

ρ(p,k) . (B.9)

Dρ(p,k) is given by

Dϵℓϵϕρ(p,k) ≡ D
ϵℓϵϕ
>(p,k) −D

ϵℓϵϕ
<(p,k) = (−1)ϵℓ(−1)ϵϕ

(
1− f ϵℓℓp + f

ϵϕ
ϕk

)
(B.10)

with the definition of D≷(p,k) in (3.46), and satisfy the relation D−ϵℓ−ϵϕ(eq)
ρ(p,k) =

−D+ϵℓ+ϵϕ(eq)

ρ(p,k) and is followed by the relation of

π(eq)
ρ (−q0,q) = +γ0π(eq)

ρ (+q0,q)γ
0 . (B.11)

In the calculation we have used the integral (in the limit tint → −∞)

2

∫ t

−∞
dτei(−q

0+ϵℓωp+ϵϕωk+iΓℓϕ/2)(t−τ) =
Γℓϕ − 2i(q0 − ϵℓωp − ϵϕωk)
(q0 − ϵℓωp − ϵϕωk)2 + Γ2

ℓϕ/4
.

(B.12)

The contribution from the boundary at τ = −∞ vanishes because of the damp-
ing factor ∼ e−Γℓϕ(t−τ)/2.

In the weak coupling limit of the SM gauge couplings, Γℓϕ becomes much
less than the typical energy transfer (q0 − ϵℓωp − ϵϕωk) ∼ T where T is the
temperature at which the leptogenesis occurs. In such a limit, the above integral
becomes proportional to δ(q0−ϵℓωp−ϵϕωk), and the exact energy conservation is
satisfied instead of the Lorentz type in (B.9). Furthermore, in order to simplify
the form of the self-energy (B.9), we neglect the medium effects (e.g., the Pauli
exclusion of the SM lepton and the induced emission of the Higgs) encoded in
Dρ in (B.9) and drop the distribution function f .
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Adopting these two simplifications of the weak coupling limit and neglecting
the medium effects, the self-energy (B.9) reduces to the vacuum one:

πρ(q)→
−igw
16π

Θ(q2)sign(q0)/q . (B.13)

Since the main purpose of the thesis is to obtain the effect of quantum oscil-
lations of almost degenerate RH neutrinos, we use this simplified form of the
self-energy. The full treatment is investigated by using the integral form (B.9)
of the self-energy instead of (B.13).

Similarly, for 2Πh = ΠR +ΠA, we have

Π
(eq)ij
h (q) =

(
ℜ(h†h)ij − iℑ(h†h)ijγ5

)
π
(eq)
h (q) , (B.14)

where

π
(eq)
h (q) =(−gw)

∑
ϵℓ,ϵϕ

∫
d3p

(2π)32ωp

d3k

2ωk
δ3(q − p− k)

× −(q0 − ϵℓωp − ϵϕωk)
(q0 − ϵℓωp − ϵϕωk)2 + Γ2

ℓϕ/4
/pϵℓD

ϵℓϵϕ(eq)

ρ(p,k) . (B.15)

It satisfies the relation

π
(eq)
h (−q0,q) = −γ0π(eq)

h (+q0,q)γ
0 . (B.16)

Note that π
(eq)
ρ (q) is pure imaginary while π

(eq)
h (q) is real. The real part πh(q)

contains a diverging integral which is subtracted by the mass renormalisation. In

the body of the thesis, we have implicitly assumed that the self-energy π
(eq)
h (q)

is already regularized. The imaginary part π
(eq)
ρ gives a decay width of the RH

neutrino.

C Another derivation of ∆G′≷

In this appendix we give another, quick and heuristic, derivation of ∆G′
≷. The

derivation use some of the results justified in the systematic derivation adopted
in this thesis. First we assume that the deviations of the Wightman functions
from the thermal value at time t is given by the following form:

∆Gij>
<
(Xxy, sxy = 0;q) =

∑
ϵ

ϵ

2ωq
(/qϵ +M)

{
∆Aij>

<
+∆Ȧij>

<
(Xxy − t)

+ ϵ∆Bij>
<
+ ϵ∆Ḃij>

<
(Xxy − t) + · · ·

}
.

(C.17)

∆A,∆B are terms which remain at Xxy = t, and A and B are introduced to
represent ϵ dependence of the sum. Here we take the leading order with respect
to (Xxy − t)H ∼ H/Γ. Both of ∆A and ∆B have no spinor indices.
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C.1 Solving KB equation for G
(eq)ij
≷

For the diagonal component, (4.60) shows that

∆Ad>
<
= 0 , ∆Bd>

<
=
dtf

(eq)
q

Γq
= ∆

{
1− fq
−fq

}
, (C.18)

∆Ȧd>
<
= 0 , ∆Ḃd>

<
= −dtf (eq)q = −Γq∆Bd>< . (C.19)

The Wightman functions in the thermal equilibrium at t are given in (4.40)
for the diagonal component and (4.44) for the off-diagonal component. Hence
they are similarly written in terms of A and B as

G(eq)ij
>
<

(Xxy, sxy = 0;q) =
∑
ϵ

ϵ

2ωq
(/qϵ +M)

{
A(eq)ij

>
<

+ ϵB(eq)ij>
<

}
where

Ad(eq)> = −Ad(eq)< =
1

2
, Bd(eq)> = Bd(eq)< =

1

2
(1− 2f (eq)q ) (C.20)

for the diagonal component and

A
′(eq)
>
<

= B
′(eq)
>
<

= 0 (C.21)

for the off-diagonal component.

C.2 KB equation for ∆Gij
≷

In the following we obtain the deviation of the off-diagonal component of the
Wightman functions ∆A′

>
<
directly by solving the KB equations using the above

information. The KB equations for the off-diagonal Wightman functions are
given by

iγ0∂x0Gij>
<
(x0, y0;q)−

{ γ · q
a(x0)

+Mi

}
Gij>

<
(x0, y0;q)

=

∫
dz0 ΠikR (x0, z0;q)Gkj>

<
(z0, y0;q) +

∫
dz0 Πik>

<
(x0, z0;q)GkjA (z0, y0;q)

(C.22)

or

−iγ0∂y0Gij>< (x0, y0;q)−Gij>
<
(x0, y0;q)

{ γ · q
a(y0)

+Mj

}
=

∫
dz0 Gik>

<
(x0, z0;q)ΠkjA (z0, y0;q) +

∫
dz0 GikR (x0, z0;q)Πkj>

<
(z0, y0;q)

(C.23)
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Setting x0 = y0 = t and take a difference of these two equations. Summing over
the spinor indices, we have

i∂XG
ij
>
<V 0(X;q)

∣∣∣∣
X=t

− (Mi −Mj)G
ij
>
<S(X = t;q)

=

∫
dz0

1

4
tr
{
ΠikR (t, z0;q)Gkj>

<
(z0, t;q)−Gik>

<
(t, z0;q)ΠkjA (z0, t;q)

}
+

∫
dz0

1

4
tr
{
Πik>

<
(t, z0;q)GkjA (z0, t;q)−GikR (t, z0;q)Πkj>

<
(z0, t;q)

}
. (C.24)

On the other hand, multiplying γ0 and then summing over the spinor indices,
we have

i∂XG
ij
>
<S(X;q)

∣∣∣∣
X=t

− 2

4
tr

{
γ0

γ · q
a(t)

Gij>
<
(X = t;q)

}
− (Mi −Mj)G

ij
>
<V 0(X = t;q)

=

∫
dz0

1

4
tr
{
γ0ΠikR (t, z0;q)Gkj>

<
(z0, t;q)− γ0Gik>

<
(t, z0;q)ΠkjA (z0, t;q)

}
+

∫
dz0

1

4
tr
{
γ0Πik>

<
(t, z0;q)GkjA (z0, t;q)− γ0GikR (t, z0;q)Πkj>

<
(z0, t;q)

}
(C.25)

where

Gij>
<S(X;q) ≡ 1

4
tr{Gij>

<
(X, s = 0;q)} , Gij>

<V µ(X;q) ≡ 1

4
tr{γµGij>

<
(X, s = 0;q)} .

(C.26)

We are now interested in the deviation from the thermal values at time t. The
equations (C.24) and (C.25) are rewritten as

i∆Ȧij>
<
− (Mi −Mj)

M

ωq
∆Bij>

<

=

∫
dz0

1

4
tr
{
Π

(eq)ik
R (t, z0;q)∆Gkj>

<
(z0, t;q)−∆Gik>

<
(t, z0;q)Π

(eq)kj
A (z0, t;q)

}
=
∑
ϵ

ϵ

2ωq
ηµνqϵν

{
Π

(eq)ik
RV µ (ϵωq,q)(∆Akj>< + ϵ∆Bkj>

<
)−Π

(eq)kj
AV µ (ϵωq,q)(∆Aik>< + ϵ∆Bik>

<
)
}

=
1

2ωq

{
q ·Π(eq)ik

ρ (ωq,q)∆Akj>< + q ·Π(eq)kj
ρ (ωq,q)∆Aik><

}
+

1

ωq

{
q ·Π(eq)ik

h (ωq,q)∆Bkj>
<
− q ·Π(eq)kj

h (ωq,q)∆Bik><
}

(C.27)

121



and

i
M

ωq
∆Ḃij>

<
− 2

4
tr

{
γ0

γ · q
a(t)

∆Gij>
<
(X = t;q)

}
− (Mi −Mj)∆Aij><

=

∫
dz0

1

4
tr
{
γ0Π

(eq)ik
R (t, z0;q)∆Gkj>

<
(z0, t;q)− γ0∆Gik>

<
(t, z0;q)Π

(eq)kj
A (z0, t;q)

}
=
∑
ϵ

ϵM

2ωq

{
Π

(eq)ik
RV 0 (ϵωq,q)(∆Akj>< + ϵ∆Bkj>

<
)−Π

(eq)kj
AV 0 (ϵωq,q)(∆Aik>< + ϵ∆Bik>

<
)
}

=
M

2ωq

{
Π

(eq)ik
ρV 0 (ωq,q)∆Bkj>

<
+Π

(eq)kj
ρV 0 (ωq,q)∆Bik><

}
+
M

ωq

{
Π

(eq)ik
hV 0 (ωq,q)∆Akj>< −Π

(eq)kj
hV 0 (ωq,q)∆Aik><

}
. (C.28)

The first line of each equation is nothing but the l.h.s. of (C.24) and (C.25)
written in term of the definitions in (C.17). The second lines of them are the
r.h.s. of (C.24) and (C.25) in which small deviations from the thermal values
are considered. The terms represent the dominant contributions and terms
like ∆ΠR/A, ∆Π>

< and ∆GR/A are dropped. This is justified because of the

large damping factor Π(t, z0) ∼ e−|t−z0|Γℓϕ/2 of the self-energies. In the second
equalities, we performed time integrations and taking the trace with respect to
indices of spinor. In the third equalities, we used (B.11) and (B.16).

C.3 Diagonal component ∆Gdii
≷

Let us first look at the diagonal component. We use the simple expression of the
self-energy (B.13) by neglecting the medium effects and in the weak coupling
limit. Then we have

Π
d(eq)
ρV 0 (ωq,q) = (ωq/M

2)q ·Π(eq)ik
ρ (ωq,q)

= −i(ωq/M)Γ = −i(ω2
q/M

2)Γq . (C.29)

With this relation, (C.27) and (C.28) are simplified to be

i∆Ȧd>
<
= −iΓq∆Ad>< (C.30)

and

i
M

ωq
∆Ḃd>

<
− 2

4
tr

{
γ0

γ · q
a(t)

∆Gd>
<
(X = t;q)

}
= −iωq

M
Γq∆Bd>< . (C.31)

(C.19) indeed satisfies (C.30). The second term of the l.h.s. of (C.31) vanishes
in the leading order approximation (C.17), but using the next to leading order
approximation of ∆Gd, the second term becomes −iΓq(|q|2/a2)/(Mωq). Then
eq. (C.31) is satisfied.

122



C.4 Off-diagonal component ∆G
′ij
≷

Then we study the off-diagonal component. Using Π(ωq,q) ∝ /q, (C.27) and
(C.28) become

i∆Ȧ
′ij
>
<
− (Mi −Mj)

M

ωq
∆B

′ij
>
<

= −i M
2ωq
{Γi + Γj}∆A

′ij
>
<

+
1

2ωq
(q ·Π

′(eq)ij
ρ (ωq,q))

{
∆Adjj>

<
+∆Adii>

<

}
+

1

ωq
(q ·Π

′(eq)ij
h (ωq,q))

{
∆Bdjj>

<
−∆Bdii>

<

}
(C.32)

and

i
M

ωq
∆Ḃ

′ij
>
<
− 2

4
tr

{
γ0

γ · q
a(t)

∆G
′ij
>
<
(X = t;q)

}
− (Mi −Mj)∆A

′ij
>
<

= −i1
2
{Γi + Γj}∆B

′ij
>
<

+
1

2M
(q ·Π

′(eq)ij
ρ (ωq,q))

{
∆Bdjj>

<
+∆Bdii>

<

}
+

1

M
(q ·Π

′(eq)ij
h (ωq,q))

{
∆Adjj>

<
−∆Adii>

<

}
. (C.33)

Here we absorbed the real part of the self-energy Πh into the mass term in the
l.h.s. by the mass renormalisation.

For the off-diagonal component, we can expect that

∆Ȧ
′
>
<
= ∆Ḃ

′
>
<
= 0 . (C.34)

This comes from the relation (4.45) or equivalently (C.21). Since it vanishes in
the thermal equilibrium, its variation due to the change of the local temperature
is also expected to vanish in the leading order approximation. On the contrary,
since the equilibrium diagonal Wightman function survives in the same limit,
its variation (or ∆Ḃd ̸= 0) does not vanish either. Furthermore, the second term
in the l.h.s. of (C.33) is also expected to give no leading contribution like the
first term ∆Ḃ′

>
<
.

Using the above arguments, the equations (C.32) and (C.33) are simplified
as equations to determine ∆A′

>
<
and ∆B′

>
<
in terms of ∆Ad>

<
and ∆Bd>

<
, and they

are solved as(
∆A′ij

>
<

∆B′ij
>
<

)
=

−1
(∆M2

ij)
2 + (MΓi +MΓj)2

(
i(MΓi +MΓj) ∆M2

ij

∆M2
ij i(MΓi +MΓj)

)
×

(
2(q ·Π

′(eq)ij
h (ωq,q))

{
∆Bdjj>

<
−∆Bdii>

<

}
(q ·Π

′(eq)ij
ρ (ωq,q))

{
∆Bdjj>

<
+∆Bdii>

<

} ) . (C.35)

The regulatorMiΓi+MjΓj controls the enhancement of the solutions for ∆G′
≷.

This expression corresponds to (4.69).
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C.5 ∆G
′
≷ based on a wrong assumption G

′
≷ ̸= 0

Finally in this appendix, we discuss how we will obtain an erroneous answer
with the regulator of the type MiΓi −MjΓj . Let us assume (which turns out
to be wrong) that the off-diagonal component did not vanish and is given by

i∆Ȧ
′′
>
<
= −iΓq∆A

′′
>
<

(C.36)

and

i
M

ωq
∆Ḃ

′′
>
<
− 2

4
tr

{
γ0

γ · q
a(t)

∆G
′′
>
<
(X = t;q)

}
= −iωq

M
Γq∆B

′′
>
<
. (C.37)

Here Γq = ΓM/ωq is of the same order as Γiq = ΓiM/ωq (i = 1, 2). These are
similar to the correct relations for the diagonal components, (C.30) and (C.31).

The above equations (C.36) and (C.37) are based on a correct-looking as-
sumption that the deviations of the off-diagonal Wightman functions out of
equilibrium are obtained by taking a variation of the the equilibrium value with
respect to the local temperature. In other words, it is assumed that there

exists an ”off-diagonal distribution function f
′(eq)
q ” which does not vanish at

sxy = x − y = 0 and its deviation from the equilibrium value satisfies the re-

lation ∆f
′

q = −dtf
′(eq)
q /Γq. (As a matter of fact, such a function does not

exist.)
Under such incorrect assumptions, additional terms change the l.h.s of (C.32)

and (C.33), and the regulator is modified to be

Γi + Γj → Γi + Γj − 2Γ ∼ Γi − Γj . (C.38)

This is the way we could obtain an erroneous enhancement factor.

D Derivation of the kinetic term dtfN

In this appendix, we show how the the kinetic term in (5.20) −idtfN,h,q is
derived from the l.h.s. in (5.15):

−itr
[
Ph

(
♢
{
γ0q0 − q·γ

a − M̂ −ΠeqR

}
{if}Geqρ −Πeqρ ♢{if} {G

eq
A }

−Geqρ ♢{if}
{
γ0q0 − q·γ

a − M̂ −ΠeqA

}
+♢{GeqR } {if}Πeqρ

)]
. (D.1)

First we look at the leading term. For simplicity, we drop the self-energy
correction ΠeqR . Then we have

itr

[
Ph
∑
h′

♢
{
γ0q0 −

q · γ
a
− M̂

}
{ifeqh′ } (/q +M)Ph′

]
Γa

((q0 − ωq)2 + Γ2
q/4)

= q0

(
∂Xf

eq
h (q0, X)− H|q|2

q0a2
∂q0f

eq
h (q0, X)

)
Γa

((q0 − ωq)2 + Γ2
q/4)

(D.2)
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If we set q0 = ωq, two terms in the bracket give a total derivative

dt = (∂tT )∂T + (∂tωq)∂ωq (D.3)

of the on-shell Fermi distribution function feqhq ≡ feq(t, ωq(t)) in equilibrium.
But the propagator has a Lorentz type structure and q0 is extended around the
position of the pole q0 = ωq.

We then take an effect of the remaining terms in (D.1). These terms can be
rewritten as

itr {PhΠρ♢{ifeq} {GA} − Ph♢{GR} {ifeq}Πρ}
= itr

{
PhΠρGA♢{ifeq}

{
G−1
A

}
GA − PhGR♢

{
G−1
R

}
{ifeq}GRΠρ

}
≃ −tr

{
Ph♢

{
γ0q0 −

q · γ
a
− M̂

}
{feq} (GRΠρGR +GAΠρGA)

}
. (D.4)

In the first equality, we have used the relation ♢{f}{A} = −♢{A}{f} and
♢{f}{A} = A♢{f}{A−1}A for a given matrix A. In the second line, we have
used G−1

R/A = −(/q−M̂−ΠR/A) and dropped next-to-leading order contributions
ΠR,A.

Using (D.4), four terms in (D.1) are combined to become

2tr
{
Ph♢

{
γ0q0 −

q · γ
a
− M̂

}
{f}Gρ

}
− tr

{
Ph♢

{
γ0q0 −

q · γ
a
− M̂

}
{feq} (GRΠρGR +GAΠρGA)

}
≃
(
∂Xfh(q0, X)− H|q|2

q0a2
∂q0fh(q0, X)

)
× (−i)

×

(
Γq

(q0 − ωq)2 + Γ2
q/4
− Γq (q0 − ωq − iΓq/2)2

2((q0 − ωq)2 + Γ2
q/4)

2
− Γq (q0 − ωq + iΓq/2)

2

2((q0 − ωq)2 + Γ2
q/4)

2

)

= −i
(
∂Xfh(q0, X)− H|q|2

q0a2
∂q0fh(q0, X)

)
×

Γ3
q/2

((q0 − ωq)2 + Γ2
q/4)

2
(D.5)

around the position of the pole q0 = ωq. Here, we used the approximate form
Πρ ∼ /q × (−iωq0Γq/M2) and dropped higher order terms with respect to (q0 −
ωq). Hence, the original Lorentz type distribution becomes to have a sharper
spectrum after adding the higher order terms in the KB equation. Namely, the
term Γ3

q/2/((q0 − ωq)2 + Γ2
q/4)

2 approaches Dirac delta function 2πδ(q0 − ωq)
much faster than the usual Lorentz type form Γa/((q0 − ωq)2 + Γ2

q/4) in the
limit Γq → 0 [85].

E Explicit forms of C−1 and C̃−1

In this appendix, we show explicit forms of C−1 and C̃−1 used in the section
5.3.3. For brevity, we write each coefficient of the 2 × 2 matrices Γeff and Γ̃eff
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expanded in terms of (12×2, σ
a) as [Γ]a and [Γ̃]a without the supersctipt “eff”.

(C−1)a0 =
−1
D


[ΓN ]0

{
([ΓN ]0)2 + (2[H]3)2

}
−([ΓN ]0)2[ΓN ]1

−2[H]3[ΓN ]0[ΓN ]1

−[ΓN ]3
{
([ΓN ]0)2 + (2[H]3)2

}

a

=
−ξ30

D(sY eqN )3


[Γ]0

{
([Γ]0)2 + (M1 −M2)

2
}

−([Γ]0)2[Γ]1
−(M1 −M2)[Γ]

0[Γ]1

−[Γ]3
{
([Γ]0)2 + (M1 −M2)

2
}

a

,

(C̃−1)a0 =
−1
D


0

+2[H]3[ΓN ]0[Γ̃N ]2

−([ΓN ]0)2[Γ̃N ]2

0


a

=
−ξ30

D(sY eqN )3


0

+(M1 −M2)[Γ]
0[Γ̃]2

−([Γ]0)2[Γ̃]2
0


a

,

(E.1)

(C−1)a2 =
−1
D


+2[H]3[ΓN ]0[ΓN ]1

−2[H]3
{
([ΓN ]0)2 − ([ΓN ]3)2

}
[ΓN ]0

{
([ΓN ]0)2 − ([ΓN ]1)2 − ([ΓN ]3)2

}
−2[H]3[ΓN ]1[ΓN ]3


a

=
−ξ30

D(sY eqN )3


+(M1 −M2)[Γ]

0[Γ]1

−(M1 −M2)
{
([Γ]0)2 − ([Γ]3)2

}
[Γ]0

{
([Γ]0)2 − ([Γ]1)2 − ([Γ]3)2

}
−(M1 −M2)[Γ]

1[Γ]3


a

. (E.2)

where determinant D is given by

D =
{
([ΓN ]0)2 − ([ΓN ]3)2

}[
(2[H]3)2 + ([ΓN ]0)2

([ΓN ]0)2 − [ΓN · ΓN ]− [Γ̃N · Γ̃N ]

([ΓN ]0)2 − ([ΓN ]3)2

]

=
ξ40

(sY eqN )4
Γ1Γ2

[
(M1 −M2)

2 + ([Γ]0)2
det{Γ} − ([Γ̃]2)2

Γ1Γ2

]
. (E.3)
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