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Abstract

Dynamics of matter fields on a classical space-time are believed to obey the prin-
ciple of quantum field theory (QFT). In the early universe, the expansion of the
universe originating from the inflation causes various non-equilibrium phenom-
ena of quantum fields, and the most rigorous descriptions of such phenomena
are obtained from the non-equilibrium QFT framework. However, in general,
the first principle of QFT gives very complicated equations, and then, we need
reasonable approximations to understand the phenomena.

In this thesis, as an example of non-equilibrium phenomena with significant
quantum effects, we investigate the evolution of the lepton number asymmetry
when the right-handed (RH) neutrinos have almost degenerate masses |M; —
M;| < M;. Because of the resonant oscillation resulting from the degenerate
mass spectrum, the propagating process of RH neutrino is no longer classical
process and the conventional Boltzmann equation fails to take into account
the enhancement of CP asymmetry in the decay of the RH neutrino N;. To
describe the quantum propagating process, we rely on the Schwinger-Dyson
(SD) equation from the non-equilibrium QFT with two levels of approximation.

The first one is the Kadanoff-Baym (KB) equation as the evolution equation
of full propagators as a systematic truncation of the SD equation. By solving the
KB equation of the RH neutrino directly, the resonantly enhanced C P-violating
parameter ¢; associated with the quantum propagating process and decay of
the RH neutrino NN; is obtained. It is proportional to an enhancement factor
(M7 — MZ)M;M; /(M7 — M?)? + R7;) with the regulator R;; = |M;T'; + M;T;|.
This regulator differs from the one derived by the calculation based on the
equilibrium quantum field theory R;; = |M;I'; — M;T';|. By focusing on the
origin of the difference, we clarify what is missed in the conventional approach.



The second level of the approximation is to derive the evolution equation of
the so-called density matrix of RH neutrino, which is usually used to describe the
baryogenesis through the RH neutrino flavor oscillation, from the KB equation.
Instead of solving the KB equation directly, we obtain the analytic solution
of the density matrix equation under the assumption that the deviation from
thermal equilibrium is small where the differential equation is reduced to a
linear algebraic equation. Again we obtain the CP violating parameter € in the
thermal resonant leptogenesis, with the regulator consistent with the previous
analysis.

Through these analyses, we see the importance of the non-equilibrium QFT
as the starting point for the approximations, for the reason that it describes all
the processes (propagation and collision) in the single frame work.

This thesis is based on our works [90, 91].
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1 Introduction and overview

Origin of the baryon asymmetry in the universe is one of the mysteries, that can-
not be explained within the combination of today’s standard model of particle
physics (SM) and standard cosmology. The baryon asymmetry is parametrized
as the baryon to photon ratio

_np— nE ~10 Qbh2
n= ——2L| ~6.03x1071°x < (1.1)
ny o 0.022

where ng, ng, n, are the number densities of baryon, anti-baryon and pho-
ton, respectively, and the subscript 0 implies the present values. At the second
equality, it’s rewritten in terms of the baryonic fraction of the critical density
Op = pp/per with the present Hubble parameter h = Hy/100km s IMpc™t =
0.673 + 0.010 [1]. The value of baryon asymmetry is extracted from the two
independent observations. The first one is the measurement of the primordial
abundances of the light elements [2]. Big bang neucleosynthesis (BBN) sce-
nario leads to the baryon to photon ratio corresponding to the value of the
cosmological parameter

Qph? = 0.02202 + 0.00046  (BBN) . (1.2)

The second one is the measurement of the cosmic microwave background (CMB).
Plank 2015 results [1] give the cosmological parameter

Qph? =0.022227500075  (CMB) . (1.3)
The yield value of the baryon asymmetry

np —ng N n
s o 704

Y5 (1.4)

is another parametrization of the baryon asymmetry, which is convenient in
calculations because the entropy density s = g.(272/45)T? is conserved in the
expansion of the universe, where g, = ¢.(7) is the number of degrees of freedom
in the plasma with temperature T'. so/n+,0 ~ 7.04 is used at the second equality.
Therefore, we have to explain the observed value of the yield Yz ~ 8.56 x 10~ !!
by adding some new degrees of freedom to the SM.

Three necessary conditions to generate the baryon asymmetry is known as
the Sakharov’s conditions [3]. Although the SM satisfies the Sakharov’s condi-
tions, the observed number of baryon asymmetry cannot be produced due to
the smallness of the C'P-asymmetry in the CKM matrices and the modest elec-
troweek phase transition following the Higgs boson mass my =~ 126GeV. The
simplest and reasonable extension of the SM is to introduce the three right-
handed (RH) neutrinos N; with large Majorana masses M;, which gives not
only the successful baryogenesis through leptogenesis [4] but also explanation
of the neutrino oscillation via seesaw mechanism [5], see [6] for a comprehen-
sive review. In this scenario, RH neutrinos are produced thermally through the



interaction with the SM particles’ thermal bath or the reheating process after
inflation. As temperature decreases with the expansion of the universe down to
the Majorana mass scale, RH neutrinos become out of thermal equilibrium and
their C' P-asymmetric decay into the SM leptons and the Higgs produce lepton
number asymmetry in the universe. The lepton number asymmetry is then con-
verted into the baryon number asymmetry through the non-perturbative B + L
-violating process of sphalerons in the SM [8].

If the Majorana masses of the RH neutrinos have a hierarchical structure,
the lightest Majorana mass must satisfy the Davidson-Ibarra(DI) bound [11],
M 2 10°GeV in order to produce sufficient lepton number asymmetry. This
lower bound requires high reheating temperature Ty, < 10°GeV. In general,
such a high reheat temperature is not favored because of the production of
unwanted particles with rather long lifetime, which could spoil the BBN. The
famous example is the so-called gravitino problem[12] arising in supersymmetric
models. Hence, finding the way to escape the DI bound seems to be an important
task. One of well-studied directions for this purpose is to take into account the
lepton flavor effects [26, 27, 28]. However, even though such flavor effects are
fully considered, the reheating temperature cannot be lowered considerably in
the leptogenesis with hierarchical (or non-degenerate) mass spectrum of RH
neutrinos. (As mentioned below, the successful baryogengesis scenarios based
on the ARS mechanism [56] prefer GeV scale RH neutrinos. In this thesis,
however, we focus on the usual leptogenesis scenario where the RH neutrino
decay process is responsible for the final baryon asymmetry.)

The solution to lower the temperature is highly-degenerate mass spectrum of
the RH neutrinos [39, 40, 41]. When at least two of the RH neutrinos are degen-
erate in their masses, the DI bound can be evaded. In this case, quantum oscil-
lation of almost degenerate RH neutrinos resonantly enhance the C P-violating
decay and hence, lepton number asymmetry can be produced sufficiently even
for RH neutrino masses smaller than TeV scale. This scenario is known as the
resonant leptogenesis. Such light RH neutrinos have attracted attention in light
of the lepton flavor violation, neutrinoless double 5 decay and high energy col-
lider experiments, for example [43]-[47]. It’s also interesting possibility in the
theoretical perspective because light RH neutrinos with M < TeV do not give
large radiative corrections, and then, they could be indispensable peaces of the
theories connecting the EW and Planck scale directly [48]-[51].

In the resonant case, the C'P-asymmetry in the decay of IV; mainly comes
from an interference of the tree and the self-energy one-loop diagrams. It is
expressed by the C P-violating parameter

e P 3 S(hth)3  (MZ — M2)MT;

1.5
(hTh)ii(hTh)j; (M} — M?)? + RZ; (9
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where h is the neutrino Yukawa coupling and Ty ~ (hfh);;M; /87 is the decay
width of N;. The resonant enhancement of the CP-violating parameter was



discussed in [38]. Systematic considerations were performed by Pilaftsis [39],
and he found that the regulator in the denominator is given by R;; = M;I';. If
the mass difference is larger than the decay width, we have |[M? — M jz\ > Ryj,
and ¢; is suppressed by I';/M ~ (h'h);;. However, in the degenerate case, |M; —
M;| ~ T and € can be enhanced to O((h'h)?) ~ 1. Hence the determination
of the regulator R;; is essential for a precise prediction of the lepton number
asymmetry in the resonant leptogenesis. The authors [19][42] calculated the
resummed propagator of the RH neutrinos and obtained a different regulator
R;; = |M;T; — M,;T;|. By using their result, the enhancement factor becomes
much larger. Since the scale of the leptogenesis is sensitive to the form of
the regulator, it’s important to systematically obtain the correct form of the
regulator.

Conventionally, leptogenesis is often calculated based on the classical Boltz-
mann equation [80] which describes the time evolution of the phase space dis-
tribution function of on-shell particles. In the Boltzmann equation, the interac-
tions between particles are taken into account through the collision terms that
comprise the S-matrix elements calculated separately in the framework of (equi-
librium) quantum field theory. The authors [58] applied the non-equilibrium
Green’s function method with the Kadanoff-Baym (KB) equations developed
in studies of the transport phenomena [81, 82] and derived the full-quantum
evolution equation for the lepton number in the hierarchical mass case. Using
this method, one can systematically take into account quantum interference, fi-
nite temperature and finite density effects. The method was intensively used in
the leptogenesis in various papers [61]-[78]. In the resonant leptogenesis, since
the quantum interference effect is crucial to the evaluation of the C'P-violating
parameter, we can expect importance of such a full-quantum mechanical for-
mulation based on the KB equations. In [59], the authors used the method to
obtain an oscillating C' P-violating parameter in the flat space-time. Then ap-
plying it to the Boltzmann equation in the expanding universe, they calculated
the lepton number asymmetry. In the strong washout regime, the oscillation
is averaged out and the lepton number asymmetry is expressed with an effec-
tive C'P-violating parameter. Then the maximal value agrees with the case of
R;; = M,T"; [60].

Recently Garny et al. [71] systematically investigated generation of the
lepton asymmetry in the resonant leptogenesis. In the investigation, they con-
sidered a non-equilibrium initial condition in a time-independent background
and calculated the final lepton number asymmetry. Starting from the vacuum
initial state for the RH neutrinos, they read off the CP-violating parameter
from the generated lepton asymmetry. The effective regulator they derived is
R;; = M;I'; + M;I';, which differs from the previous results, R;; = M;I'; by
[39] or R;; = |M,T'; — M,T;| by [19, 42]. In our work [90], half of this thesis is
based on, the validity of the regulator R;; = M;I'; + M;I'; is confirmed also in
the thermal leptogenesis caused by the expansion of the universe.



In the vMSM [52, 53], the RH neutrinos are responsible for baryogenesis.
However, baryon asymmetry is generated in the different way from the thermal
leptogenesis, based on the ARS mechanism [56] but with the helicity asymme-
try in RH neutrinos. Two of RH neutrinos have degenerate Majorana mass
spectrum around M; ~ GeV, and then they start to decay after the electroweak
sphaleron shutoff. (The lightest RH neutrino with keV scale Majorana mass
becomes warm dark matter.) Therefore, only the flavor asymmetry generated
through RH neutrino production process are relevant for the final baryon asym-
metry (total lepton asymmetry is almost zero because the helicity-flipping pro-
cess through the Majorana mass is negligible for 7' >> M;). And high reheating
temperature Ty, < 10°GeV is no longer required. In this scenario, to evaluate
the baryon asymmetry generated during the production process of RH neu-
trinos, the density matrix formalism [57] is employed, which is a multi-flavor
generalization of the Boltzmann equation and which can taken into account
the quantum coherence in the (SM lepton and RH neutrino’s) flavor oscillation.
However, the most important mechanism to generate sufficient baryon number
is the same as in the resonant leptogenesis, namely, resonant oscillation between
different flavors of RH neutrino.’

If the density matrix formalism is a correct method to take the coherent
flavor oscillation, it must be derived from KB equation under some appropriate
assumptions, and lead to the consistent result with the one directly obtained
from the KB equation [71]. The authors of [70] showed that the equation of
the density matrix can be obtained from the KB equation, and applied to the
analysis of the resonant leptogenesis in the same situation as [71], namely, the
non-equilibrium initial condition in the flat space-time. In our work [91], the
latter part of this thesis is based on, it’s shown that the results obtained [71]
and [70] are consistent with each other, by using the approximation which is
valid in the typical case of resonant leptogenesis. Moreover, we have obtained
the general form of the C P-violating parameter in the resonant leptogenesis.

The purpose of this thesis is to see (i) how useful the non-equilibrium QFT
is in order to correctly understand the quantum effects in non-equilibrium sit-
uation, and (ii) how it’s reduced more simple and practical framework like the
density matrix formalism, through the detailed investigation of the resonant
leptogenesis.

This thesis is organized as follows.

In section 2, we give a brief review of the leptogenesis scenario. After intro-
ducing the RH neutrinos and their interaction, we see the conventional deriva-
tion of the C'P-violating parameter and the kinetic equation of the lepton num-
ber. This approach needs an artificial treatment, called real intermediate state
subtraction, which relates to the insufficiency of the conventional approach. And
we see the lower bound on the lightest RH neutrino mass in the simplest model

In some parameter region, the RH neutrinos are not required to degenerate in their mass
[54]. However, instead of the tuning in their masses, the tuning in the neutrino Yukawa
coupling is necessary [55] to make the large interaction rate compatible with the light neutrino
spectrum through the seesaw mechanism.



of leptogenesis and the effects of lepton and RH neutrino’s flavor effects.

In section 3, we focus on how the counterpart of the collision term in the usual
Boltzmann equation is expressed in the non-equilibrium QFT. In section 3.1
and 3.2, we summarize the basic properties of various Green functions and the
Kadanoff-Baym (KB) equations that must be satisfied by them. Then we derive
the evolution equation of the lepton number in the expanding universe in section
3.3, The evolution equation is written in terms of the propagators of the RH
neutrinos, the SM leptons and the Higgs boson. In section 3.4 we explain how
the KB equation is reduced to the ordinary Boltzmann equation. In section 3.5,
it’s mentioned that the most important ingredient to get the evolution equation
for the lepton number is the Wightman propagators of the RH neutrinos. The
flavor diagonal component is directly related to the distribution function, but
more important for the lepton asymmetry is its off-diagonal component.

In section 4, we investigate how the expansion of the universe affects various
propagators of RH neutrino. We derive the deviation of off-diagonal compo-
nents of the Wightman propagator of RH neutrino by solving the KB equation
directly. Plugging the solution into the evolution equation of lepton number ob-
tained in section 3, we get the Boltzmann equation-like form with the modified
C P-violating parameter. In section 4.1, we focus on the resonant oscillations
in the thermal equilibrium. We study the properties of the retarded and ad-
vanced propagators in which the information of the spectrum is encoded, and
the Wightman functions including the information of the distribution functions.
In section 4.2, we scrutinize the behavior of Green functions out of equilibrium.
By considering the KB equations, it gets to be clear how the deviation from
the equilibrium distribution function is generated. And we show that the devia-
tions of the flavor off-diagonal Wightman functions behave differently from the
retarded and advanced Green functions. In section 4.3, we apply the calculated
deviations of the Wightman functions of the RH neutrinos into the evolution
equation derived in section 3, and obtain the quantum Boltzmann equation for
the lepton number asymmetry. We read off the C' P-violating parameter ¢ and
show that the regulator is given by R;; = M;I'; + M;I';. In section 4.4, we
give a physical interpretation why the regulator R;; = M;I'; + M;I'; appears
instead of R;; = M;I'; — M;I';. In particular, we show that if we neglect a part
of quantum effects (off-shell contributions), the regulator is erroneously given
by R;; = M;I'; — M;I';. In section 4.5, we summarize our results following from
the method in which the KB equation of RH neutrino is directly solved.

In section 5, instead of solving the KB equation directly, we reduce it into the
evolution equation of the density matrix of RH neutrinos. Plugging the analytic
solution of the equation into the evolution equation of the lepton number, we get
the lepton number Boltzmann equation with the C'P-violating parameter which
is consistent with the one obtained in section 4. In section 5.1, by taking the
multi-flavor generalization of quasi-particle ansatz for the Wightman propagator
of RH neutrino, we derive the evolution equation of the density matrix of RH
neutrino. In this derivation, well-known Kramers-Moyal expansion is employed
and only the lowest order of the expansion is kept. As a result, the collision
term is written by the Fourier transform of the self-energy of RH neutrino.



In section 5.2, we obtain the explicit form of the collision term by applying
the quasi-particle ansatz to all the propagators in the imaginary part of self-
energies. Then in manner of the optical theorem, the multi-flavor generalization
of the squared amplitudes of decay and scattering process are obtained. The
real part of self-energy is identified as the quantum correction to the energy of
RH neutrino and contributes to flavor oscillation of RH neutrinos. In section
5.3, assuming the smallness of deviation from thermal equilibrium, we get the
analytic solution of the equation. Plugging it into the equation of lepton number,
we read off the C'P-violating parameter. In general, it’s shown that the regulator
of the resonant enhancement includes the annihilation rate as well as the decay
rate. In section 5.4, we discuss more practical definition of the C'P-violating
parameter convenient to obtain the final lepton asymmetry. The back reaction
from generated lepton number is also taken into account. In section 5.5, we
summarize the observations obtained from the method in which the KB equation
of RH neutrino is reduced to the evolution equation of the density matrix of RH
neutrino.

Finally, section 6 is devoted to the conclusion of this thesis.

In appendix A, we give a brief introduction to the closed time path (CTP)
formalism and the KB equations. In appendix B, we derive the self-energies for
the RH neutrinos and the SM leptons based on the 2PI formalism. In appendix
C, we give anther derivation of the off-diagonal component of the Wightman
functions out of equilibrium. The calculation explains why the regulator R;; =
M;I'; 4+ M;I'; naturally appears. In appendix D, we give details of the derivation
of kinetic term of the evolution equation of the density matrix. In appendix E,
the explicit forms of the analytic solution of the density matrix are shown.
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2 Baryogenesis through Leptogenesis

In this section, the leptogenesis scenario is briefly reviewed. The interaction
between the RH neutrinos and the SM lepton and Higgs boson gives the CP-
asymmetric decay of the RH neutrino. In the simplest model of the leptogenesis,
in which only the lightest RH neutrino is responsible for the lepton number gen-
eration, the lower bound of the lightest Majorana mass M; < 10°GeV appears in
order for the sufficient CP asymmetry in the decay process, and rather high re-
heating temperature Ty, 2 109GeV is required. Lepton and RH neutrino flavor
effects cannot lower this bound on Ty}, considerably. However, it can be evaded
by considering the degenerate mass spectrum of the RH neutrinos. In this case,
the quantum effects become more important, and the conventional calculations,
reviewed in this section, must be replaced with the calculation based on the
non-equilibrium QFT as we discuss in the later sections.

Before introducing the concrete model, let us look at the conditions to dy-
namically generate the baryon number [3]. (i) Baryon number should not be
conserved. This is required in order to generate the baryon asymmetry from the
initial state with B = 0. Even if the initial state of the universe has a baryon
number, the inflation dilutes it significantly. (ii) C' and C'P symmetries must
be broken. If either C' or C'P were unbroken, the processes involving baryons
have their C' or C'P conjugate processes involving anti-baryons, and their inter-
action rates are the same. Then, no net baryon number is generated. (iii) Out
of equilibrium dynamics are necessary. If the state is in thermal equilibrium,
it must be characterized by a few parameters such as the temperature and the
conserved charges, and then non-conserved quantities must be zero. All of these
conditions are satisfied in the SM. But two of them are too small to reproduce
the observed baryon asymmetry: (i) Non-conservation of the baryon number is
provided by the non-perturbative effect which changes the Chern-Simons num-
ber of the SU(2) gauge field in the early universe [8]. It leads to the processes
involving nine left-handed quarks and three left-handed leptons, and violates
the B + L number [7]. (ii) C and C'P are violated by the electroweak (EW)
interactions and the complex phase in the CKM matrix respectively. However,
the magnitude of C'P-violation is too small and new CP-violating sources are
needed. (iii) The significant deviation from equilibrium could be generated if
the EW phase transition were strongly first order. But the observed Higgs mass
126GeV is too heavy to make the phase transition first order [10]. This also
requires some new physics beyond the SM.

In the leptogenesis scenario [4], the RH neutrinos, which are introduced via
the seesaw mechanism [5], can be responsible for the successful baryogenesis.
Their Yukawa couplings provide the new source of the C'P violation. Their large
Majorana masses not only violate the lepton number as the seed of the baryon
number, but also make their equilibrium number densities behave differently
from those of the SM particles which construct the thermal bath, and cause the
significant deviation from equilibrium.
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2.1 Right-handed neutrino and its interaction

The model we consider is an extension of the SM with RH neutrinos vg ;. 4 is
the flavor index, ¢ = 1,2,3. We set N; = vg; + v ;. The Lagrangian is given
by

1—i ;
L="Lsyv+ §N (1Y — M;)N' + Lipn: (2.1)

Lint = —hai(C eavd}) PRN' + hi. N' Pr(dpepal®) (2.2)

where a, 8 = 1,2,3 and a,b = 1,2 are flavor indices of the SM leptons ¢ and
isospin SU(2), indices respectively. M; is the Majorana mass of N;. h;, is
complex matrix as the Yukawa coupling of N /% and the Higgs ¢, doublet.
Pgy1, are chiral projections on right/left-handed fermions. It’s convenient to
assign the lepton number +1 to the chirality +1 component Pr,, N, so that, if
the Majorana mass term were set to be zero, the lepton number would conserved
at the classical level. The SM Lagrangian Lgy includes the interaction term
—)\Q(ZZQSG)@% + h.c. for the charged leptons e%, with the diagonal and real
Yukawa coupling A. Although M and A are complex matrices in general, the
basis for the N?, /* and e% have been chosen so that they can be reduced to
the diagonal and real matrices. In this basis, the neutrino Yukawa coupling h is
left as a general complex matrix. By the phase redefinitions of ¢ and e, three
phases can be removed and hence, h has 15 physical parameters. There are in
total 21 physical parameters in the lepton sector of the theory.

Introducing the right-handed neutrino with the Majorana mass M leads to
the mass matrix for the left-handed neutrinos

Lo, = Svhmovs
m, = SVl + h.c (2.3)

in the low energy effective theory. Hence it can explain the flavor oscillation in
fluxes of solar, atmospheric, reactor and accelerator neutrinos, that requires the
two mass-squared differences and mixing angles [13]

S0l = 5 = (7.50703%) x 107%eV
AMZim N0 = M2, —m2, = (2457H0150) x 107%eV
2

v1
—mp, = (2.449%5133) x 107%eV (2.6)

2 2
Am my, —m

2 — 2
ATnatm,IO =my,
57, = sin?0;2 = 0.30470 939 , (2.7)

— .0032

13 N0 = sinf12 no = 0.021810:0033

— .0032

$13.10 = sin®f1210 = 0.021970 0037
where the subscripts NO and IO stands for the normal ordering case (m,, <
My, < my,) and the inverted ordering case (m,, < m,, < m,,), respectively.

12



tree - self-energy

vertex

Figure 1: Tree and one-loop diagrams of the RH neutrino decay into the SM
lepton and Higgs boson.

The Majorana mass term (2.3) originates from the dimension five operator
(£a®)(£p¢) which appears after integration of the heavy right-handed neutri-
nos with the Majorana masses M;. Hence, the mass matrix for the left-handed
neutrinos is given as

m, = hM~thTv? (2.10)

where v = 174GeV is the vacuum expectation value of the Higgs boson.

2.1.1 C(CP-asymmetry in Majorana neutrino decay

Due to the complex phases in the neutrino Yukawa h, the decay process of
the RH-neutrino into the SM lepton and Higgs boson becomes C P-asymmetric.
At the moment, we focus on the case with hierarchical mass spectrum of the
RH neutrinos. We are interested in the radiation-dominated era with the high
temperature T > Tgrw, then the SU(2) symmetry is not broken and all of the
SM particles are massless.?

The matrix elements of the tree diagram in Fig.(1) and its C'P-conjugate
process are written as

. tree

¢ N; =L by = _ihaiﬂa(p)PRui,s(q)eab 5 (211)

iME\rfjiﬁZ%; = _ihzaﬁi,s(Q)PLva(p)eba (212)
where s represents the spin degrees of freedom of the RH neutrino. Summing
the spin of the RH neutrino and SU(2) and flavor indices, we get the squared
amplitude

MRl = D MRS Lo = D0 MRS e (213)
s,a,b,c s,a,b,a
= gu(h'h)ii(2q - p) = guw(h'h); M} (2.14)

2In this section, we just omit the thermal masses of the SM particles ~ gT for simplicity.
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where g, = 2 is the SU(2) degrees of freedom. Therefore, there is no C'P-
asymmetry at the lowest order of (hTh). The decay rates of the RH neutrino
into the SM (anti-)particles is given as

T (2.15)
= [ en st e - p - k) 3 MRS o,
gw(hTh)u
_ Juw\N i g 2.16
327 ( )

The total decay width of the i-th RH neutrino is obtained as

hih)
Iy, =N —ee +FNL—>E = ( 87‘&') M; . (2.17)

The C'P-asymmetric contributions come from the interferences between the
tree and one-loop diagrams. The matrix elements of the ”vertex” diagram in
Fig.(1) and its C'P-conjugate process are given as

IMB o g, = Fihay Mibj(¢°) (WTh) ;0 (p) Prefuis (@)€as (2.18)
M g = +i(hTh);; Mbi(q*) AL, i« ()4 PLva(p)esa - (2.19)

Although b; is defined by the one-loop integral, its imaginary part

Sy ()] =———— My e(¢%) . (2.20)
! 16m\/¢2M;" \ ¢°

f(z) =vz (1—(14—33)111(1—;36)) , (2.21)

is finite and contributes to the C'P-asymmetry in the decay process as seen
below. From the ”self-energy” diagram in Fig.(1), we get

IMNT S = —iho 0 (p) PRGY ()T (9)ui s(9)€as (2.22)
. * Mia(q2) _
= —iha; (Mi(hTh) ;i + M;(RTh)F;) muoz(p)PRui,s(q)eab )
J
M = i} 04 (0119 (@) G (@) Prva (p) o (2.23)

i 2
Mialq )vi,s(Q)PRva(p)eba .

J

GY = i(¢ — M + ie)~! is the standard bare Feynman propagator of the j-th
RH neutrino. II is the self-energy of the RH neutrino (B.3), with the bare

14



propagators of the SM lepton and Higgs boson. It can be separated into two
parts as

7 (q) = —i (¢Pr(h'h)ji + dPL(Ah)};) ala?) (2.24)

where a comes from the loop integral, and after the renormalization, it’s written
as

a(q?) = ! (nlq2| -2- iﬂ@(q2)) . (2.25)
1672 12

The first term of (2.24) represents the self-energy diagram in which the lepton
number flows in the same direction as the 4-momentum ¢, and it gives the
first terms of the matrix elements (2.22) and (2.23). Note that M?’s in these
expressions come from the on-shell momentum ¢> = M?. For theses terms,
the decay amplitudes don’t pick up the scalar component of the RH neutrino
propagator G which is proportional to the Majorana mass violating the lepton
number as mentioned below the Lagrangian (2.1). Hence, they correspond to
the lepton number conserving processes. On the other hands, The second term
of (2.24) represents the self-energy diagram in which the lepton number flows
in the direction opposite to the 4-momentum. it gives the second terms of the
matrix elements (2.22) and (2.23) as the lepton number violating contributions.

The leading order C' P-asymmetry in the N; decay processes appears from
interferences between these one-loop diagrams and the tree level ones. The
difference between the squared amplitudes of N; — £%¢ and N; — €* ¢ processes

is given as
2)

A|M|?,a = Z (‘MNLS—)ZZ(%’Q - ‘MNZS—Q:(%‘
s,a,b
= — 29, M7 M; ) (?R [hj Bej(hTh)ijb; (Mz)}
G (1)

- R [h}ahm(hTh)jibj(Mf)} )

29”M3 Z( |a(M2)h] o { (BT R)35M; + (R )03}
Mg JJ#Z

—% [a(Mf)h;ahai {(hTh);iM; + (hTh)z‘jMi}} )

Gu M? M? M; M,
T (Cj[hl&h”(mh)“] {f (M]? M TRV (2.26)
7 1 J

J(F#1)
Slhiyhai(hTh) ] Mz_M2> :
i J

The first term proportional to f comes from the vertex corrections (2.18) and
(2.19). The second term comes from the lepton number violating parts of the
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self-energy corrections (2.22) and (2.23). The lepton number conserving part of
the self-energy gives the last term of (2.26). Note that this term vanishes when
the lepton flavor index « is summed.

Finally, we get the C P-violating parameter of the decay process N; — (*¢:

I'Ni—eg — FNi%ZaqS*

i = (2.27)
2 (FM—M% + szﬁzw*)
AlM[Z,
=% + O(h'h)?
g, 2 T O
Sl hay (RTh)ij] S[hl haj(Th);] 1
_ [1e " e s 2.28
Z { 8m(hTh)i; 9lags) + 8m(hth)u 1 -y (2:28)
J(F#1)
where
M? 1+ 1
My - 1-(1 1 . .
si= g 0@ =vE(1-0rom () ) e

g(z) behaves as —2~/2 x 3/2 in the limit of x > 1. In the limit of z;; =
M j2 /M? — 1, this expression becomes infinity and not applicable. Such a case
with the almost degenerate mass spectrum is the main interest of this thesis.

2.1.2 Kinematic equation for the lepton number

In the conventional approach, the SM lepton number is calculated by using the
Boltzmann equation. The Boltzmann equation is a classical equation which
describes the time evolution of the one-particle distribution function f(X,p) in
the phase space:

p is the on-shell 4-momentum of the particle and D,, = Oxu + Fﬁyppapu is the
(Wigner transformed) covariant derivative. The r.h.s. is called as the collision
term. The Boltzmann equation is a Markovian equation, that is, the collision
term C'(X, p) depends only on the physical quantities at X and there is no mem-
ory integral. The quantum effects are taken into account only in the collision
term. In the spatially flat universe we are interested in, the derivative operator
in the r.h.s. is given as p- D = w,0; — H(|p|*/a?)0,, = wpd; where a = a(t)
is the scale factor and p/a is the spatial physical momentum. Then the time
evolution of the distribution function fea, = fea(t,p) of the SM lepton £7 is
described by

wpdtfég,p = CD,@‘; + Cscatt,ég s (231)
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Cota Jup = Z / AN A1 (21)45(q — p — k) (2.32)

zsb

X{|MNi,ﬁzg¢|2(1 — feo p) X+ fou k) N .a
— | Mugg, = Nisl? foa pfoy k(1 — fNi,,s,q)} ,

Cscatt,eo /wp = % /dHZ /dH%dHif’/@ﬂ') dp+k—p —K) (2.33)
i,b,a’ b’ s
<{ Mo 5 o PO = Foz ) Fon i) o B3, 00
~ My o, P e fon (L= Fpo N+ 5,000}
where fg, &, fzil .y f¢ o and IN, . q are the distribution functions of o, L ,, D> Nis

with momenta k, p’, k', ¢ respectively.> For the anti-lepton ¢, Cp 7~ and
Cycatt,z> are obtained just by replacing £ with £ in (2.32) and (2.33). For the
distribution function f N;.5,q of the RH neutrino N; ; with the momentum ¢, we

get the similar equation:

difn, g = —Z/dl‘[ Ay (2m)*6(q — p — k) (2.34)

a,a,b
{|Migarom,. I
- |~/\/l]\[7 g—>€°‘

fegpfon k(L= fNi ..q)
(1 fuz ) (1+ Fon ) e}

> /dH % (2m)46(q — p — k)

a,a,b

2wp

{1 Mz, [P e 5, k(L= Ficd)
— My, 3P0 = fom )0+ f5, ) e}

These Boltzmann equations construct the system of infinite number of dif-
ferential equations. However, we can integrate the momenta by taking some
assumptions, and then the number of differential equations to be solved si-
multaneously is reduced to the finite number. The distribution functions are
assumed to depend on the momenta in the following way:

_n MB eq _ d°p B i d*p
o ned “fpoom /(27) Jo a® ] @rplr

(2.35)

3Note that the processes mediated by the SM gauge interactions are very fast and their
effects are taken into account by assuming that the SM lepton and Higgs boson are in kinematic
equilibrium, that is, their distribution functions can be well described by the Fermi-Dirac and
Bose-Einstein distribution function with time dependent chemical potentials.
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where n is a number density and le)vIB is the Maxwell-Boltzmann distribution
function:

PP = el |y — S T TR (2:36)

Using Maxwell-Boltzmann instead of the Bose-Einstein or Fermi-Dirac statistics
makes a difference in n®? of order 10% at T' = m. For consistency, the quantum
statistical factors (1 — fy), (1 — fn) and (1 + fy), representing the induced
emission and Pauli blocking, must be neglected. The temperature region we are
interested in is higher than the electro-weak temperature Trw, then the system
is SU(2) symmetric and the distribution functions of the SM lepton and Higgs
boson does not depend on the SU(2) indices: fra = foo, fg, = fo. And we
assume that the distribution function of the RH neutrino does not depend on
the spin degrees of freedom: fn, , = fn,. Then the number densities are defined
as

d3p d3p
o = —— fya sa = —— fsa 2.
Ty gw/ (271_)3.]0[ sP n[ g’w/(2ﬂ_)3f2 D’ ( 37)
d3k A3k
ng = gw/7(2ﬂ_)3f¢,k , ng = gw/i(%)?)fak , (2.38)
d3q
= —fN 2.
nn; gN/ (27_(_)3 fNZ,q ( 39)

where gy = 2 is the number of spin degrees of freedom. By integrating the
momenta in (2.31) and (2.34) without quantum statistical factors, we obtain
the evolution equations for these number densities:

ny; Nea N
dt’n,ga + 3H’n[ :Z <7N1—>ea¢neq — ’y€a¢_>Ninazn(j;> (240)
N; > e

+ (scattering process) ,

%

_ N, nge g
dynge +3Hng =Y (wﬁzwn%] —MGN, neqneq> (241)
; i e

K2

+ (scattering process) ,

Npa N nn.
dinn, +3Hny, = E ’YZ”(;S—)NiTq% — VN, st ¢ —eq (2.42)
TLZQ n¢ nN,
(0] k3
’I’Lza ’na ny,
+§ : 1“%—N; —eq eq  IN;—1°¢eq |
N-a N— M AT
o l @ N;
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YN —L2p = V"G N, (2.43)
= [ amang g en)sia - p -6 Y Mo P

s,a,b
Veep—N; = VN, -7°% (2.44)
_ / AN AT AT (2m)8(q — p— k) S [Meggy o, 2N
s,a,b

In (2.43) and (2.44), we have used the relationship |[My_pp|*> = |/\/l@_>N|2

and [Mpn|? = |./\/1N%%|2 following from the C'PT invariance and the energy

conservation fMB 2/113 = fMB. Finally, by taking the difference between (2.40)

and (2.41), the evolution equation for the lepton number density
Nre = Npa — ’n,za (245)

is obtained as

A’nNY
dinpe +3Hne =) < <7Nﬁéa¢ - %vﬁra) T

3 i

nLa
— (7[“¢*>Ni —’—’)‘zag_)NL) W) (246)

D
thermal

+ [denpe + 3Hnpa]
+ (scattering process) .

Anp is the deviation from equilibrium number density of the RH neutrino.
Therefore, the first line represents the fact that the lepton number is generated
by the deviation from the equilibrium. On the second line, n;? = n%q has been
used. And it’s assumed that the deviation from the equilibrium value is given
by the small chemical potential 1y = —p7 in the distribution function, then
ng —ny? =ng — ngq. This term corresponds to the wash-out of the generated
lepton number. For brevity, the contribution from the Higgs chemical potential
has been omitted. The third line is given as

D
[dinre +3HnLo] i erma = (Wvﬁfaas — YN, 57%F — V=N, T W‘%—wi)

= 2(VN, 009 — Ty, H7o5) X AIMIZ, (2.47)
This term must be artificial because this means that the thermal equilibrium
with ny, = 0 is unstable as long as there is the C'P asymmetry. As seen in

the next subsection, this is caused by ”double counting” of the same diagrams.
Just omitting this unphysical term, we get the evolution equation of the lepton
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number:

TMz Any, i hai npe
dinpe +3Hnpa :Z K1 (M;/T)T N, ( io n?\? — (}Z?h)” anq (2.48)

i
+ (scattering process) .

Ki(M;/T
—Z ( zal—‘NlI(;(ij,‘T;AnN

hl hei—. M:
~ T 14T2K1(M1/T)nm> (2.49)
+ (scattering process)

where K;(z) is the modified Bessel function of the second kind. In the second
equality,

GuT?

eq __ gNTMi2
n —_— 2

N, = g Ke(Mi/T) . myt =

(2.50)

have been used. The C'P violating parameter ¢;, and the total decay width I'y,
are given in (2.27) and (2.17).

2.1.3 RIS subtraction

We will see that the problematic term (2.47) is a consequence of the “dou-
ble counting” of the on-shell state [80] of the RH neutrino, by looking at the
scattering contributions to the kinetic equation. For simplicity, we restrict our
analysis to the unflavored regime where the interaction rates of the scatterings
which distinguish the SM lepton flavors are negligible compared to the Hubble
expansion rate.

The s-channel x s-channel part of the squared amplitude of £p — (¢ is given
as

2
Z |M2§,$b,—>eg¢b| (2:51)

a,b,a’ b,
= go(p1-p2) Y MiM;2(hl by )iy (W hy)i; D} (6°)Ds(®)

4]

sXs

where D(q?) is the Breit-Wigner propagator

1
Di(¢*) = : 2.52
)= p e (2.52)
and h4 is the one-loop effective Yukawa coupling [40] defined as
Pt = he — iy (1R 5 2505 (2.53)

" 16w
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g(x;i) is defined as (2.29). The squared amplitude of the C'P conjugate process
lp — Lo is obtained by replacing h; with

9(zji)

h_wi = hi; —ih’ (hTh)j; 2.54
at ¢ aj( )] 167 ( 5 )
The part mediated only by IV; in (2.51) is
2%, 9y —Ni—tagy| = (¢ — M2)? + (M;T;)> .

SU(2),a,8

in which two Breit-Wigner propagators cam be on-sell simultaneously. To con-
sider the on-shell N; limit, the replacement

2M;T;

22

motivated by the relation lim,_,q 2¢/(w?+€?) — 276(w), can be employed. Then
(2.55) becomes

2
Z |ME§/$b/*>Ni*>eg¢b| (257)
SU(2),a,8

2775(‘12 - MZQ) 2(p1 - p2)
M;T; Mf '

— [gw(hl by )i MP)

First, let us see how this on-shell part contributes to the collision term in the
.1 . . 2 . 2 .

thermal equilibrium. By replacing |ME§,$b,aeg¢b| with ‘Mif@b/ﬁmﬂégm' in

the collision term for ¢% (2.33), and summing the SU(2) and flavor indices, we

get
RIS,thermal

5p C . _
/ (if;g, =3 / dITdIT,, dIT) dIT], (27) 0 (p + k — p' — k)
P i

2
X Mg e (2.58)
SU(2),a,8

2 MB fMB
- > Mo g, v, 573, }fé, ook
SU(2),0,8

TM?
ZZEiQFNiKl(Mi/T) L

2

= Z (VNHe% - WNi_)zag) . (2.59)

This is the half of (2.47). Since (hl.h+)s ~ (hth)i;(1 £ &), the collision term
for ¢ gives the same magnitude but with a negative sign. Therefore, the on-shell
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part of collision term for the lepton number ny, gives
RIS, thermal CRIS,thermal

d?’p Cscatt,é scatt,l
/(%)3 [ - ] (2.60)

Wp Wp

D
=2X Z (7N71—>£°‘¢ - fYNiHZag) = [diny + 3HnL]the7"mal :

thermal
CD:

dgp C]t)itzrmal 7
_/(27r)3[ w B Wp } (2.61)

P

This correspondence means that, by taking into account both of the decay and
scattering processes, the evolution equation (2.46) counts twice the same process
including the on-shell RH neutrino, and by subtracting the real intermediate
state (RIS) of the RH neutrino, that is, replacing |Mﬁe€¢|2 and |MZ¢H%|2
with |./\/l%_>é¢|2 - |MB_>N1'_)€¢‘2 and |M%—>e¢|2 - ‘M%—>Ni—>£d>|2 respectively
in the collision terms, we can correct the double counting and solve the problem
which appeared in (2.46).

In order to take into account the contributions mediated by “off-shell” N;’s
as AL = 2 scattering processes, it’s convenient to introduce the RIS-subtracted
propagator [72]

(> — M7) — (M;T)?

Pila’) = [(q? — M7?) + (M,T;)?)? (2:62)

based on the observation that (2.62) can be rewritten as
D2(g2) — 1 - A(M;T,)? 1
" (> = M?) + (MT:)? [(q% — M) + (MT':)?]? 2(M;Ly)
= D;(¢*)Di(¢*) = D} () , (2.63)

where “extended quasi-particle” [83, 84, 85] spectral density 2(M;I;) x 53 ap-
proaches the Dirac delta function in the narrow width limit:
4(M;T;)3

faster than the ordinary Breit-Wigner form. This corresponds to splitting the
Breit-Wigner propagator D(g?) into two parts as depicted in Fig.2. The second
term in (2.63) is supposed to cancel with the unphysical term (2.47).# With the

4In the derivation of the Boltzmann equation from the KB equation [72], the detailed
balance is automatically satisfied, and problematic terms like (2.47) don’t appear. The s-
channel x s-channel part of the scattering and the (inverse) decay contributions are obtained
from the same diagram Fig.9. However, the degrees of freedom, whose distribution function
evolve in the Boltzmann equation, are classical particles, and hence, on-shell and off-shell part
in a propagator must be discriminated to obtain the Boltzmann equation. By extracting the
“extended quasi-particle” spectral density (2.64) in the full propagator as a classical on-shell
particle to obtain the (inverse) decay contribution, the RIS-subtracted propagator (2.62) is
naturally left behind and contributes as the scattering process.
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Figure 2: Breit-Wigner propagator (2.52) (left hand side) is separated into “ex-
tended quasi-particle” spectral density (2.64) plus RIS-subtracted propagator
(2.62) (right hand side). The above shows MT x |D|?> = MT x D? + MT x D2

definition of the off-diagonal parts of D?
D7.;(4*) = D; (¢*)D;(¢%) , (2.65)

the RIS subtraction corresponds to rewrite the squared amplitudes of scattering
processes as

2
> Wi, el 20
SU(2),a,8
RIS subtraction
S SRR g2 (py - p2) Y MiM2(hY by )i (h h) DY (e?)

1,7
2
> My g e (2.67)

SU(2),a,8
RIS subtraction
R

95 (p1 - p2) ZMiMjQ(hT—h—)ij(hT—h—)ijD?j(QQ) :

2%

After this procedure, we get the evolution equation of the lepton number

K (M;/T)
ding +3Hn :E €ial'N, ———=Annp,
HL L ( NG (MmN

[N
2
4

M
BT

+ (RIS subtracted scattering process) .
Because the resonances are subtracted, (2.66) and (2.67) are identical to each
other in the leading order of the C P-asymmetry O((h'h)?) and contribute to

(2.68) only as the sub-leading wash-out term of the generated lepton number.

Remember that, in the above discussion, the RH neutrino’s propagator me-
diating the process is assumed to be equilibrium one without finite density
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Figure 3: Decay and scattering processes. Although the former is basically
responsible for the final lepton asymmetry, the latter mainly contributes to the
production of RH neutrino from the zero-initial abundance.

effects. In a situation with slowly varying space-time, non-equilibrium contri-
butions are expected to appear as a non-equilibrium distribution function in a
propagator. Such non-equilibrium contributions are also expected to satisfy the
same property as the equilibrium on-shell part, that is, the result from (inverse)
decay diagram corresponds to the one from s-channel X s-channel part of the
scattering. However, in the main part of this thesis with non-equilibrium QFT
frame work, it turns out that the C' P-violating parameter from the conventional
method (which is supposed to contribute to non-equilibrium processes) doesn’t
match its counterpart from the s-channel x s-channel part of the scattering in
the non-equilibrium state, especially, for the degenerate RH neutrino spectrum.

2.2 The simplest model and the Davidson-Ibarra bound

In this subsection, we consider the simplest (toy) model of the leptogenesis. The
three RH neutrinos have a hierarchical mass spectrum, and only the lightest
RH neutrino N; with the Majorana mass M; is responsible for the generation
of the lepton number. The effects of the lepton’s flavor and the RIS-subtracted
scattering (£¢ <+ £¢*) process, which relates to the upper bound on the light
neutrino mass and M;, are omitted for simplicity.

As seen above, the evolution equations of the number densities of N7 and
lepton number are given as

T
diny, +3Hny, =—T'n, )ATLNZ , (2.69)

Kq,(M,/T)

dtnL + SHTLL —<€1FN1W

M?
ATLNl FNI 4T2K1(M1/T) > . (270)

For the moment, we just omit the scattering contributions in Fig.3 for brevity.
The heavier RH neutrinos N3 3 appears only in the one-loop diagrams, and give
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the C' P-violating parameter

[(hih)y;
ZEM = Z Wg(le)

Tj1>>1 3 \S[(hTh)lj] M1
_— —— — . 2.71
167 i1 (hTh)ll Mj ( 7 )

On the second line, the asymptotic form of g(x) for the hierarchical spectrum
xj1 = M?/M7 > 1 has been used.
Hereafter, let us use the yield value
TLN1 ny,

Yy, = Y= (2.72)

! s

where

_ g*27r2

i T3 (2.73)

is the entropy density with the number of the effectively massless degrees of
freedom g, (T 2 Tew) ~ 102 in the SM. Using the time variable z = M; /T, the
evolution equations (2.69) and (2.70) are written as

dYN ZKl(Z)
L=— YN, — Y? 2.74
dZ ’Cl K2(2) ( N1 N1> ) ( 7 )
dYL 2K1(z) e Ky
- +e1Ki—— ) (Yy, — YN'f)—Iz?’Kl(z)YL. (2.75)
Here, we have defined
'y
= 2.
1 H(T = M) (2.76)

The decay width I'y, = (hth);; M; /87 gives the time scale of the relaxation to
the thermal equilibrium. On the other hands, the Hubble expansion leads to
the departure from the equilibrium. Therefore, X; quantifies how close to the
equilibrium the RH neutrino Ny is at T ~ Mj.

Analytic solutions of Yy, and Yz are obtained in the following way [23].
Here, let us write the evolution equations (2.74) and (2.75) as

dYn
dzl =-D(Yn, - Y, (2.77)
dy; .
= +e DYy, — YyI) - fWYL (2.78)
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where

2K (z) W= &zdfﬁ(z) _ (2.79)

D=k K(2) 4

The coefficient § has been introduced to see how the washout term affects the
final results. In the case here we are focusing on, 8 corresponds to unity. (2.78)
can be solved as

Yi(2) = Vi(z)e 5 W ED ey son(z) x v (0) (2.80)
where
n(z) = qu / dz'D(Yy, — Yyl)e™ Jo 4=/ AWET) (2.81)
1 dYN z 1" 1"
= - dz —2 =[5 dz"BW (") 2.892
Y27(0) / Tz ¢ (2:82)

is called efficiency factor which represent the suppression coming from the wash-
out of the generated lepton asymmetry by the inverse decay and scattering
processes. Hence, its maximum value is one. On the second line of (2.82), the
evolution equation of Ny (2.77) has been used. We are now interested in the
zero initial abundance of the lepton number Y7, (z;) = 0. And the normalization
factor Y (0) is the high temperature limit of the equilibrium yield value of Ny:

e e 22K (2 e 45
vie() = vt 2 i) =

-3
L~ 5x 107 (2.83)

%0

2.2.1 'Weak washout regime

First, let us consider the case of K1 < 1 with zero initial abundance Yy, (z;) =
0. Then, we have the two periods. In the early period, RH neutrinos are
produced from the SM thermal bath and gradually populated. In the latter
period, they are decaying. The whole time evolution is divided into these two
periods by the dimensionless time z., defined as Y, (z¢q) = Yn!(2¢4). From
the equation (2.77), we can get an approximate value of the Yield at z, as
Y, (zeq) = (37K1/4)YN1(0). As we can see in Fig.4, the yield value of RH
neutrino cannot follow the equilibrium value Yy?(z) because the smallness of
K1 which corresponds to the weakness of the interaction with the SM thermal
bath.

The final value of the efficiency factor (2.82) is obtained as a sum of two
contributions:

dY z " "
Ny~ — qu </ dz' +/ dz) d,lel e~ Jodz W(z)—n;—i—n}". (2.84)

Although 77;{ comes from the latter period of RH neutrino decay (z > z.,) and
gives a positive contribution, un leads to a negative contribution because it
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Figure 4: Solutions of the Boltzmann equation (2.77) and (2.78) without the
scatterings. The horizontal axis is the dimensionless time z = M;/T. The
black solid (dashed) line is the yield value of RH neutrino Yy, normalized by
Y3?(0) for the zero (thermal) initial abundance. In the weak washout case with
K1 = 1072 (left panel), Yy, cannot follow the equilibrium value Y5?(2) (dotted
gray line). On the other hand, in the strong washout case with K; = 10? (tight
panel), the difference between Yy, and the equilibrium value ij,‘lz is too small to
tell them apart for z > z.,. With the thermal initial abundance, Yy, is almost
coincident with Y37 all the time. The red solid (dashed) line is the absolute
value of the generated lepton asymmetry Y} divided by 10 x ;. In the weak
washout case, the final value of the lepton number highly depends on the initial
condition, in contrast with the strong washout case.

comes from the early period of RH neutrino production (z < z.,) and then the
net lepton number generated in this period has an opposite sign against that in
the latter period. They can be evaluated as

2 eq
e -3 (1 — e PV (2eq)/(2Yy (0))) , (2.85)

0}~ g () = Yoo = e - (280

Note that 77;[ does not depend on . This follows from that the washout term
with Ky is negligible for larger z > z.,. Eventually, we have

- 2 BYN, (2eq) 1 [ BYnN,(2eq) ? Y, (2eq)
WN_6<+ﬂﬁ®)_2<%ﬁ@)))+Yﬂw) (257

:5(?&02. (2:88)

This means that the first order negative contribution O(K;) generated in the
early period is canceled by the positive contribution generated in the latter pe-
riod, and only the second order part O(K?) is left as the final lepton asymmetry.
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Note that, if the washout term were not included (8 = 0), the cancellation be-
tween the two period would be perfect in this analytic method. The final lepton
asymmetry is a consequence of the partial washout in the early period.

For the initial thermal abundance Y, (2;) = Yx?(2) with z.4 & z;, basically
there is no negative contribution 7~ from the production process of RH neutrino.
Therefore, the efficiency factor is given as iy = 17? =Y, (2eq)/Yn!(0) = 1, and
relatively large lepton asymmetry can be generated as seen in the left panel of
Fig.4.

2.2.2 Strong washout regime

Let us see the case with 1 > 1. Even if we assume the zero initial abundance
of RH neutrino, RH neutrino get populated rapidly and its yield value almost
follows the equilibrium value, see Fig.4, because of the rapid interaction between
RH neutrino and the SM thermal bath. In this case, the negative sign lepton
asymmetry generated in the N; production period is completely washed out
before the yield of N; starts to decay. This means that the initial thermal
abundance Yy, (z;) = Yy (2:) gives the same result of the final lepton asymmetry
as the zero initial abundance Yy, (z;) = 0.

Therefore, we can evaluate the final value of the efficiency factor only by
considering the latter period:

]. o0 dYN z " 1"
N dy =N =[5 dz"W(ET) 2.89
v | (2:59)

€q

Now, the deviation AYy, = Yy, — Y5 is small ~ O(1/K;) and then, we get
the perturbative solution of (2.77) as

LAYy YE(0) 2w

AVN, (2) * = 5= D K1z

(2.90)

at the leading order of 1//C;. Although this deviation is too small to be recog-
nized in Fig.4, it can generate the sufficient lepton asymmetry with the efficiency
factor:

2
K)a — 2 (1 e BKizB(BK1)/2 291
() ~ gy (¢ ) (2.91)
where
25(BK1) ~ 2+ 4(BK, )13 Fr (2.92)

corresponds to the time when the washout term begin to be negligible W < 1
and the freeze-out of the produced lepton asymmetry occurs. In the expression
(2.91), we can see 8 appearing as SK;. The final result can be evaluated only
from the strength of washout, and it becomes smaller for stronger washout. Note
that this follows from the almost perfect washout of the asymmetry produced
in the early period.
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Figure 5: Solutions of the Boltzmann equation (2.77) and (2.78) without the
scatterings. The black solid (dashed) line is the yield value of RH neutrino Yy,
normalized by Y3?(0) for the zero (thermal) initial abundance. The red solid
(dashed) line is the absolute value of the generated lepton asymmetry Y7, divided
by 10 x €. Because of the scattering contributions, they have significant value
in early stage, compared with Fig.4 considering only the (inverse) decay process.
However, the final lepton asymmetry is scarcely affected by the inclusion of the
scatterings.

Interpolation

An interpolation between the weak and strong washout regime is given as

0y (K1) & —2¢ 37K/ (eﬂ’cl)/? - 1) , (2.93)
) ~ — 2 (1 - e*’CIZBUCl)I(’Cl)/?) (2.94)
f Kizp(K1)
where
—2
2(K1) = 3”51 <1+ 3”?) (2.95)

is used to reproduce the expressions (2.88) and (2.88) in the weak and strong
washout limit, respectively. Here, we set 8 = 1. For the thermal initial abun-
dance of N7, we can use the expression (2.91):

2

(1 — e Rz (02 2.
IClzB(ICl)( € ) ( 96)

nf (K1) ~

Including the scattering process

The scattering contributions in Fig.3 can be taken into account by analyzing
the Boltzmann equations [29]

dy, , .
d;“ = —jD(Yn, - Y§') | (2.97)
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dYr,

76[25 = +€1jD(YN1 — Y]S}?) — ijYL (298)
where
. D+S z a rg 15
= ———~|-In(14+ - — 1+ — 2.
J D [an(+z)+z](+82)’ (2.99)
. W+ Ws R E: a rg 15
Jw = [g In (1 + ;) + y(z)7] (1 + 82> (2.100)

are responsible for taking the scattering contributions S and Wg. The difference
between j and jy is only the factor y(z) in jw . In the early period z < z4, the
negligible amount of the RH neutrino gives y(z) ~ 2/3. However, for z > z,,
y(z) can generally become larger than unity. In the strong washout case, the
abundance of the RH neutrino is almost equal to the thermal abundance Yﬁ? (2),
then y(z) ~ 1 holds. rg is defined as the ratio of strength of the scattering
process to strength of the decay process:

9m?
TS =g 3 ~0.1. (2.101)
And a is given by
1
= —— (2.102)
s ln(Ml/Mh)

with the effective mass of the Higgs boson M}, as a IR cut-off of the momentum
integrals in the scattering amplitude. Then, for the efficiency factor

1 8 . — (% d2 2
77(2)=7qu(0)/ d2'jD(Yy, — Yyh)e™ Jo =" awW ) (2.103)
N1 zi
1 z dYN _ ZdZ//4 WZ//
1 Zi

we can estimate the final value of the efficiency factor by following expressions
for the zero initial abundance of Ni:

(K1) =0y (K1) +nf (K1) (2.105)
Ny (K1) ~ —2e737/8 (e”(’c“/2 —~ 1) , (2.106)
2 )
+ ]C ~N—_— 1— e*Kth(Kh)j(ZB)z(K:l)/Q 2107
g (Ka) Kiz5(K1)j(2B) ( ) ( )

with (2.95). And for the thermal initial abundance of N, we have

2 |
~— 1 — e~ K128(K1)i(2B)/2 21
w0~ gy (¢ ) (2.108)
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Figure 6: Ky dependence of the efficiency factor ny. The blue (green) points are
the numerical value of 1y obtained by solving the Boltzmann equations (2.97)
and (2.98) for the zero (thermal) initial abundance of Ny with corresponding
value of IC;. In the numerical calculation, the Higgs effective mass is assumed to
be the temperature dependent thermal mass My = 0.4 x T = 0.4 x M;/z. The
black lines are the analytic expressions (2.105) and (2.108) with M; /M, = 100
in the numerical factor (2.102).

Since the inverse decay process is dominant at the freeze-out time, zp is still
given by the (2.92).

For the weak washout regime, z., > 1 and zg — 37K;/4 hold. Again, we
get

- 3 9 (3 2

3
nf (K1) ~ +K1f : (2.110)

The O(K1) terms are canceled between 7, and 77;[, but the O(K?) contribution
is left. In spite of the inclusion of the scattering contributions, we have the same
result as the case without scatterings because, although the scattering processes
washout the negative lepton asymmetry, they also contribute to increase the
negative asymmetry through the production process of RH neutrino. For the
strong washout case, we have

ny (K1) =0, (2.111)
2 - 1
1500 e () 2112



The difference from the case without the scattering (2.91) is only the O(1) factor
j(zp) in the denominator.
As can be seen in Fig.6, it obeys the simple power law [23]

01 1.1£0.1
0.0 ev> (2.113)

nr(Ky>1) =~ (3+1) x 1072 ( —
my

where we used the effective neutrino mass [18] (cf. the seesaw relation (2.10))

82

2
~ v
my = E(hTh)ll = PNIW y (2114)

which is shown to be larger than the lightest SM neutrino mass: m1 > M, min
[22] and related to the parameter Iy as

'y my 16775/2\/9* V2 _
=M M, 2T VY 108x107%V. (2.115
! H(T =M;) m. 3v5  Mpi ( )

The efficient factor (provided zero-initial abundance of RH neutrino) takes the
maximum value when m; is of the same order as the equilibrium neutrino mass
M.

Lower bound on RH neutrino mass

Below the temperature T ~ 10'2GeV, the electroweak sphaleron process be-
comes in equilibrium, and causes non-conservation of the B+ L number. There-
fore, the above equations for Y7, which does not take into account the sphaleron
processes, should be regarded as the equation for (—1) x Yp_.

Using the efficiency factor, we get the final B — L number as

YB—L ~ €1Y1\8;11(0) X T]f(lcl) . (2116)

The B — L asymmetry is partially transferred to the B asymmetry through the
EW sphaleron processes to satisfy the relation Yz = (12/37)Yp_1.5 Then, the
final baryon asymmetry can be written as Y = (12/37)Y%(0) x &1 x n¢(Ky).

To obtain some constraints on the high energy scale parameters such as
I'n, and M, it’s needed to connect them to the low energy parameters such
as the neutrino masses m, and the neutrino mixing matrix U,. The Casas-
Ibarra parametrization [15] of the neutrino Yukawa h is convenient to do that.

5The coefficient to relate Yp_, to Yz depends on which interactions are in equilibrium at
each temperature regime. Using the chemical equilibrium and charge conservation, one gets
the relation [9]

244dm g T > TewpT
YB = YB—L X 636211437” (2.117)
98+13’Tn for T < TewpT

where m is the number of the Higgs doublets. Therefore, setting m = 1 and assuming that
the sphaleron shut off occurs below TgwpT, we obtain the coefficient 12/37.
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The unitary matrix U, [14] is defined as the diagonalization matrix of the light
neutrino mass (2.10) :

m, =UD,U"" . (2.118)

By introducing the complex orthogonal matrix R, h can be rewritten as

1
hai =~ (U,,D},L/QRTMI/Z)M_ . (2.119)
In this parametrization, 15 physical parameters in h are divided into 3 neutrino
mass eigenvalue Dy, = diag(my, ,mu,, My, ), 3 angles and 3 physical (1 Dirac and
2 Majorana) phases in U,, and 3 complex angles in R. Then, the C' P-violating
parameter (2.71) becomes

3 M, 3, m S[RY]

151 = .
! 167 1)2 szm R1i|2

(2.120)

Using the orthogonality condition Y, R?, = 1, we obtain the Davidson-Ibarra
(DI) bound [11] in the limit of m, min/Mm1 — 0:

3 M, /
|81| < 16771'1}721 Amgtm = €max - (2121)

Due to this upper bound depending on the lightest Majorana mass M;, we get
the lower bound on M; to reproduce the observed baryon asymmetry Yp ~
6 x 10710:

6 x 108GeV
My > ————. 2.122
' (K1) ( )

Since the maximum value of the efficiency factor 7y is 0(0.1), the lightest Majo-
rana mass M; must be larger than 10°GeV. Note this bound is derived by using
the expression (2.71) for the hierarchical mass spectrum of the RH neutrinos and
assuming that the lepton flavor effects and the heavier RH neutrinos Na 3 are
negligible. However, the lepton flavor and the heavier RH neutrinos’ effects
hardly modify this bound itself. Because of the reason briefly mentioned in the
next subsection, these effects affect the lower bound on M in the less hierarchi-
cal light neutrino spectrum region. The largest impact on the lower bound of
the Majorana mass is obtained by assuming the degenerate mass spectrum of
the RH neutrinos, which is the mechanism investigated in this thesis with the
non-equilibrium QFT frame work.

2.2.3 Lepton flavor effects

As the temperature drops, the interactions through the charged lepton Yukawa
couplings ¥y, which discriminate the lepton flavors, become faster than the ex-
pansion of the universe: H < I'y, ~ 5 x 1073y2T [25]. While the unflavored

approximation is valid for T' 2 10'2GeV, two-flavored calculation in which only
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the 7-flavor is treated separately is required for 10'2GeV 2 T' 2 10°GeV. Below
T ~ 10°GeV, all the flavors must be distinguished in the calculation. In other
words, although leptons are generated through N;’s decay as a state of coherent
superposition |¢;) of different flavors, leptons are "measured” by the existing
thermal bath and the decoherence into the flavor eigenstate |¢,) takes place
soon after their production. The role of flavor effect were first discussed in [26]
and highlighted in [27, 28] (see [36] for a review). By using the partial decay
rate I'y, ¢« of RH neutrino IV; to the lepton £%, the ratio of the number of
a-flavor lepton to the total number of the lepton produced through N;’s decay
is written as

I'nyeey INisieg

P = [(€alt:)]? = ~ 2.123
(ot = gttt o Sy (2.123)
For the case of the anti-lepton, we have
— - Ty 7 Ly 700
Pio = |{la|l))|? = =220 x T2 0 (2.124)

Za]‘—‘Niﬁzaqf)* - FNi/2

Note that, because of the CP-violation, |¢;) # CP|¢;). The strength of the
washout of each lepton flavor is quantified by KC;, = nglCi with the tree-level
projection given by

— . tr
po _ Pt Pia  TRSemg _ Tty (2.125)
io 2 Iy, /2 w./2 .

Another characteristic quantity to the flavored case is the difference between
the coefficient of the superposition:

APio = Pio — Pia - (2.126)

This satisfies ), AP, by definition. Then, the C'P-violating parameter (2.28)
is rewritten as

AP,

Cia = einL + 9

(2.127)

where ¢g; is the C'P-violating parameter (2.71) in the unflavored case. From
this expression, one can see the possibility that the flavor, in which a large
part of the asymmetry is produced through heavier RH neutrinos’ decay, can be
different from the flavor which is mainly washed out by the inverse process. By
suppressing the washout effects for a particular lepton flavor, the lower bound
on the lightest RH neutrino N; is considerably lowered only for the case of less
hierarchical light neutrino spectrum, see Figure 9 in [31] or Figure 6 in [32]. This
means that the flavor effect can be significant only for the strong washout regime
[27, 28]. And also, it should be emphasized that, even if the total asymmetry
in RH neutrino’s decay vanishes: ¢; = Za €ia = 0, the successful leptogenesis
is possible due to the second term of (2.127).
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Aside from the charged lepton Yukawa interactions, as temperature de-
creases, we have to consider all the chemical equilibriums which result from
the interactions much faster than Hubble expansion and leptogenesis processes.
They are called spectator processes, which is relevant even in the unflavored case
[21, 24], including the quark Yukawa interactions and QCD sphaleron process
as well as EW sphaleron process. In the flavored leptogenesis, such processes
can be taken into account by connecting the lepton asymmetry Y« and the
B/3 — LP asymmetry Yas with A matrix [26]-[29] as Y« = > 5 AapYas in
the Boltzmann equations. A is 2 X 2 (3 x 3) matrix in the two (three) flavor
regime and the components have temperature dependence because interactions
with smaller coupling get to equilibrate in lower temperature.

In the transient regime between one and two flavor regime (T ~ 10*2GeV)
and two and three flavor regime (T ~ 109GeV), we have to employ the so-
called density formalism, where the distribution functions of the leptons fsa
are regarded as diagonal components of the matrix valued extension of the
distribution function of the SM lepton doublets [26, 27, 30, 37|

f t
fop= <<“%7p“17p> <a%7pa2xp>> (2.128)

az,pa17p> <a2,pa2,p>

for the transient regime T' ~ 10'2GeV, where ap is the annihilation operator
of the lepton with the spatial momentum p, and the subscripts 2 and 1 stand
for the 7 flavor and the direction orthogonal to 7, respectively.® 3 x 3 matrix
is needed to describe the regime 7' ~ 10°GeV. Then, evolution equation is
also extended to have the matrix valued collision term and the mass difference
matrix causing the oscillation between the components. This kind of extension
was discussed by the authors of [57], and it has been applied intensively to the
early universe neutrino and core collapse supernovae neutrino physics as well as
the leptogenesis and EW baryogenesis scenarios. Systematic derivations from
the first principle of QFT have been developed in [70][75]-[79][87]. In section 5,
we apply this framework to the RH neutrino to understand the mechanism of
the resonant enhancement of the C'P-violation in the RH neutrinos’ decay.
There are several cases where heavier RH neutrinos N 3 become important.
The simplest case is that the lightest RH neutrino is almost decoupled [33], and
then, the lepton asymmetries produced by the heavier RH neutrinos are hardly
washed out by the subsequent processes including the lightest RH neutrino Nj.
Once flavor effects are taken into account, other interesting possibilities arise.
The first one is attributed to the so-called heavy neutrino flavor projection effect
[35], which can be realized when the lightest RH neutrino has the Majorana mass
M; 2, 10°GeV, that is, the washout of the asymmetry from heavier ones occurs
before all the lepton flavor get to be distinguishable. This temperature region
guarantee that |[¢1) has a orthogonal direction to |¢2) unless the flavor structure
is significantly tuned so that they become parallel. And then, the orthogonal

6Because the e and u flavor are not distinguished yet for the temperature T >> 109GeV,
the orthogonal direction to the 7 flavor is effectively one-dimensional.
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component of |f2) escapes the washout, even though N; couples strongly with
all three lepton flavors (K14 > 1). The second possibility is realized when the
lightest RH neutrino has the Majorana mass M; < 102GeV and at least one of
the washout strength is small: KC;5 S 1 [34]. Then, the asymmetries generated
from heavier RH neutrinos undergo the washout through the interaction with
Ny in the flavored regime 7' < 10'2GeV, and the direction |(3) weakly coupling
with V7 escapes the washout. Because of these possibilities, it can be realized
that the asymmetries originating from the heavier RH neutrinos dominate the
final lepton asymmetry, depending of the flavor structure of the RH neutrinos
and leptons. Such Ni-dominated scenarios may allow the lightest Majorana
mass to be small M; < 10°GeV. However, the heavier ones still have to be
large M> 3 2 10°GeV to obtain the sufficient lepton asymmetry, and hence, the
reheating temperature cannot be lowered.

2.3 Resonant enhancement of C'P-violating parameter

As we have already seen, for the almost same Majorana masses M; ~ M, the
C P-violating parameter (2.28) appears to become infinity. That divergent term
comes from the self-energy one-loop diagrams (See Fig.1). In the following,
we review the conventional computation [19, 42] of the regulated C P-violating
parameter €. The analysis is done in the similar way as in the study of the
RIS subtraction (section 2.1.3), however, there is crucial difference: the CP-
violating parameter in the decay process is derived from the matrix element
of the s-channel x s-channel part of the scattering process, but not from the
squared amplitude.

From the derivation of (2.28), it’s obvious that the problem is caused by
the use of the bare propagator for the internal line of N;. The RH neutrinos
have their decay width, and then their resummed propagator must have the
Breit-Wigner like form (2.52). To implement the resummation, let us consider
the 2 — 2 scattering diagrams Fig.(7). Their matrix elements are given as

iMegqﬁb—»Zf@ =7 ieabeodh}ﬁhja(CPLUﬂ>TGJL¢LPLua ; (2.129)
iMae ey g, =+ T€abedhphinTs PrGY (TaPRO)T (2.130)
iMg g, 10, =~ i€apeeahjshly T PRG ¢ Prua | (2.131)
iMoo 32 40 = — i€aréeahshlo (CPLg) T G (D0 PRO)T (2.132)

where the Feynman propagator” G(q) is the solution of the Fourier transformed
Schwinger-Dyson (SD) equation

[¢ — M —ill(q)] G(q) =i . (2.133)

“In terms of the closed time path formalism reviewed in Appendix A.1, the Feynman
propagator corresponds to the (++) component of (A.21). The KMS relation (3.8) means
G;f‘”(q) = —%tanh (%) fozq)(q) — —%sign(qo)G’éeq)(q) in the zero temperature limit.
Therefore, now the Feynman propagator is given as —i(Gr + G ) using the retarded and
advanced Green functions.
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Figure 7: The s-channel contributions to the lepton-Higgs scattering. The in-
ternal line with the blob represents the full propagator of the RH neutrino. The
vertex corrections (small blob) are negligible when we consider the resonant
case.

IT is the 1PI self-energy. At the one-loop level, it can be written as (2.24) and
then (2.133) becomes

(¢ ((1 —ia(g®)(h'h)) Pr + (1 —ia(¢®)(h'h)*PL)) — M] G(q) =i . (2.134)

Each superscript of G corresponds to a component of the Lorentz decomposition
of the propagator:

G(q) = PrG™E (%) + PLG*(¢%) + PLdG (%) + PrdG" (¢*) . (2.135)

In the conventional approach, by rewriting the matrix elements (2.129)-
(2.132) into the forms of

My g8ge =D iMezon, X iDI(@) X iMy g (2.136)
I
iMgs e gp s =D iMung,ny X iD1(q%) X iM s (2.137)
Ly pr—LC pa SPp— N1 Np—20¢x
I
iM fon = iMugg,on, X iD1(q%) X iMy (2.138)
L2¢,—L2 ¢a adv— N1 Ni—l, 6%
I
iMoo =D iMuag, ny X iD1(q%) X iMy s (2.139)
Lo dp—L. 0% a P I Nr—£, ¢} ’
I

the matrix elements of the decay process of the mass eigenstates Ny of the RH
neutrino are read off. As soon mentioned, D is the Breit-Wigner propagator of
the mass eigenstate. Note that, in the rest part of this section, it’s assumed that
the off-diagonal components (h'h)’ of hth is smaller than the diagonal parts.
Let us focus on the lepton number violating-scattering process (2.129) and
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(2.130). The SD equation (2.133) gives the expressions

G =i [(1 —ia(q?)(h'h)) q—]\; (1- ia(qQ)(hTh)*)} . : (2.140)
2 —1
G () =i [(1 —ia(g?)(hTh)*) qﬂ (1- ia(qQ)(hTh))} . (2.141)

There are two methods to tell apart the contributions from different mass eigen-
states. The first one is to diagonalize the propagator. Since G** and GF are
the complex symmetric matrices in the flavor space, they can be diagonalized
by the complex orthogonal matrices U and V:

G () =iVT()MD(P)V(¢*) . G*R(¢*) =iUT ()M D(*)U(4%) ,
(2.142)

where the eigenvalue D can be written as

7 (hth)y (| M?
Di(¢%) ~ Zr =1 In—& —1
")~ = ATz yaer, 0 1T T e M

=1
(2.143)

which is the Breit-Wigner propagator of the mass eigenstate with the effective
mass and decay width

off\2 _ 772 (hth)u (, M? _ (Wh)ii
(MET)2 = M2, [1+ s (g 2| =

i=1 .
(2.144)

Here, we rewrite the subscripts as ¢ — I to indicate the mass eigenstate, just for
the notational consistency. Then, the matrix elements of the N; decay processes
in (2.136) and (2.137) are found out to be
Z’MNI*)Zg(bb = —Z(hUT(q2 = (MIGH)Q - iM;HFI))aIﬂaPRUi:IEab y (2145)
Z.MNI—J{)(?Z = —i(V(q2 = (]\4IEH)2 - iM?HFI)hT)[aEi:[PLUQEba (2.146)
with the effective couplings (hU7)4; and (h'V)4;. The second method is the

pole expansion of the propagator. We can decompose G(q) into partial fractions
as

G@)" =Y XPDi(e?) . G =Y XFEDi() . (2.147)
I I

Note that the matrices X; have the form

1
2
X o Dot @Ol st angee, * (a7 — (7)2) — 00T, — M)
(2.148)
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because of the partial fraction expansion of the propagator o (¢? — s1) (g% —
59) 7t = (s1—52) " H{(¢? —s1) "' — (g% —s2) "'} which reflects the superposition of
the different mass eigenstates (cf. Eq.(4.27)). To leading order of the coupling

constant, the complex symmetric matrices X; are written as X; = zM?ﬂx 1:1:?
. L(R) .
using the complex vector z; in the flavor space.
Z'MNIH[g% = —Z(h . x[)aﬂaPRui:[Eab R (2149)
’L'MNI_>ZZ¢Z = —’L(.T? . hT)aﬁi:]PLUaeba (2.150)

with the effective couplings (h - 1), and (2T - h'),. Both of the sets of the
effective couplings, (hUT)ar, (Vh)1o and (k- 21)a, (T - hl),, are known to
give a consistent result. We get the C'P-violating parameter
1 S(hTh)2. (M2 — M2)M,; M,
g = — Z ( )Zj ( [ j) J (2151)

8 hth): (MZ— M2)2 + RZ,
m o (WMh)u (M7= M7)? + R,

S(h*h)?j (M? — sz)MlI‘j

-
= 2 2 2
8w frre! (hTh)ii(hth);; (M7 — M?)? + R},

with the regulator R;; = |M;I"; — Mij|. We can get the same conclusion from
the lepton-number conserving processes (2.131) and (2.132) with the compo-
nents GFE and GEL. In this expression, we used lower-case character in the
subscripts and dropped the quantum correction to the Majorana mass. (2.151)
should be regarded as the C P-violating parameter of the i-th mass eigenstate
decay process.

It’s clear that the R;; = |M;I'; — M,;I';| comes from the factor (2.148).
However, note that this form of regulator becomes zero in the doubly degenerate
limit M; = M; and I'; = I';, hence it does not seem to be the correct form of
the regulator.

Systematic considerations were first performed by Pilaftsis [39], and he found
that the regulator in the denominator is given by R;; = M;I';. Then, in the
degenerate case |M; — M;| ~ T, e can be enhanced to O((hTh)?) ~ 1. After
that, the authors [19, 42] gave the above calculation and obtained a regulator
R;; = |M;T';— M;T';|. By using their result, the enhancement factor can become
much larger.

2.4 Summary and comments

We have seen that the RH neutrinos, which are introduced via the see-saw
mechanism, provide the C'P asymmetric process. The magnitude of the CP
asymmetry in the decay process N; — {, ¢ is quantified by the CP-violating
parameter (2.27). The time evolution of a set of the classical distribution func-
tions of the RH neutrinos and the SM leptons is expected to be described by
the Boltzmann equations (2.31), (2.34). However, the artificial separation of
the collision term into the decay and scattering processes leads to the unphys-
ical evolution equation of the lepton number (2.46), and we have to make the
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Figure 8: When we take only the decay and inverse decay processes of RH
neutrino in the collision term, then the incoming and outgoing state of RH
neutrino must be described as quantum states (a). If we consider only the
scattering process, the internal line of RH neutrino mediating the process should
have the information of the non-equilibrium quantum state of RH neutrino
because this means that the RH neutrinos, which cause the system to be out of
equilibrium, appear only as the internal line of scattering diagram (b).

procedure of the RIS-subtraction to get a physically acceptable equation (2.68).
This means that the “(inverse) decay” process of the RH neutrinos are already
included in the 2 — 2 scattering processes as the contributions mediated by the
real intermediated states (RIS) of the RH neutrinos. The reason why we need
such a separation is that the Boltzmann equations are Markovian evolution
equations of on-shell classical particles’ distribution functions: If we consider
only the decay and inverse decay processes, we need evolution equations of the
off-shell RH neutrinos, that is, time evolution of the “distribution function” of
non-equilibrium quantum state must be considered (Fig.8 (a)). And if we con-
sider only the scattering processes of the SM lepton and Higgs boson, we have
to take into account the time evolution of the quantum state mediating the
scattering processes (Fig.8 (b)), then the corresponding collision term is nec-
essarily non-local in time. As we see in the later sections, the Kadanoff-Baym
(KB) equation describes them in a consistent way. In section 4, solving the
KB equation of RH neutrino in advance, we correctly understand the resonant
leptogenesis from the view point of (b). On the other hand, in section 5, we
rewrite the KB equation into the equation of “distribution function of quantum
state” describing the picture (a).

The lower bound of the Majorana mass of the lightest RH neutrino (2.122)
is obtained by using the expression (2.71) of the C'P-violating parameter in the
hierarchical mass spectrum case. Therefore, it can be evaded in the degenerate
mass spectrum case. In the conventional calculation, the C'P-violating param-
eter with the degenerate mass spectrum is read off from the 2 — 2 scattering
processes to do the re-summation of the self-energy diagram of the RH neutrino,
as seen in section 2.3. However, note that, in that calculation, the squared am-
plitudes of the scattering processes are not considered. One of the motivation
for such a calculation could be said to be the cancellation between the “on-shell”
and “off-shell” terms, that occurs in equilibrium case as a natural consequence of
the unitarily and C'PT invariance [20] and explicitly checked in [19]. In section
4, it’s shown that, with the non-equilibrium propagator of the RH neutrino, the
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contributions of the interferences of the different mass eigenstates, which are
dropped in the conventional calculation, become crucial to get the correct form
of the C'P-violating parameter in the degenerate mass spectrum case.
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3 Evolution equations of lepton numbers from
non-equilibrium QFT

A systematic method to investigate the evolution of lepton asymmetry is the
Kadanoff-Baym (KB) equations. The KB equation corresponds to the time
evolution equation of full two-point function which does not distinguish on-shell
and off-shell states. Accordingly it can take into account quantum coherence
of the system. And derived from the first principle of the quantum field the-
ory, the KB equation cannot be local (consisting only of physical quantities at
the moment) like the Boltzmann equation. The KB equation can be reduced
to the classical Boltzmann equation only in special cases where quantum and
memory effects can be neglected, and then, the double counting problem can be
systematically resolved (see [72] and references therein).

Time-evolution of a quantum system is determined by the Hamiltonian of
the system and the initial density operator p at the initial time ¢t = ¢;. All of
the information of the system is encoded in the time-dependent density operator
p(t), or instead, a set of all the n-point Green functions. Although the equations
for all the n-point functions are known as the Schwinger-Dyson equations, it is
practically impossible to study the evolution equations containing all the n-point
functions. We need to select an important set of observables. In the classical
approach based on the Boltzmann equation, one-particle distribution function
on the phase space is selected to describe the system. In the KB approach,
two-point Green functions are selected.

In this section, we summarize notations of various Green functions and
their basic properties in the thermal equilibrium. We also summarize the non-
equilibrium evolution equation (KB equation) for the Green functions. After
brief reviews in section 3.1 and 3.2, we derive the evolution equation of the
lepton number in section 3.3 and 3.4.

3.1 Green functions and KMS relations

Various Green functions are introduced in field theories (see also Appendix A).
Consider a fermion field . The statistical propagator Gr and the spectral
density G, are defined as

Gr(e,y) =3 ([9(2), 90)) (31)
G(x,y) =i{{d(x), d(y)}) (3.2)

where (- -) is defined as
(O()) = Te{p(t:)O(x)} . (3.3)

The statistical propagator G contains information of the particle density of
the state on which operators are evaluated. On the other hand, the spectral

42



density G, gives information of spectrum, such as particle’s mass and decay
width. Because of the anti-commutator, ’yOGP(x07 y") becomes proportional to
the spatial delta function §2(x —y) at the equal time 20 = 3/°:

YGp(z,y) = i53(x—y)1 (3.4)

where 1 is an identity matrix in the flavor and the spinor indices.
Other useful Green functions are the Wightman functions

G (2,) =Gr(w,y) = 5Golw,0) = (D) (35)

i .
Gelz,y) =Gr(2,y) + 5Golz,y) = —(W(y)¥(2)) (3.6)
and the retarded and advanced Green functions are given by
Gryalz,y) =+ 0(x(@" —y")Gp(z,y) . (3.7)

The spectral function can be written as G, = Grp — G4 = i(G> — G<).

In this thesis, we assume homogeneity along the spatial directions so that
we can always use the Fourier transform in the 3-dimensional space. If the state
is described by the thermal equilibrium state, we can further Fourier transform
in the time direction.® In the thermal equilibrium at temperature 7', the Green
functions G(z,y) are anti-periodic in the time direction with an imaginary pe-
riod i = /T and their Fourier transforms satisfy the KMS (Kubo Martin
Schwinger) relation

6o —-i{' W@ 6@ =i (5 ) 6.
(3.8)

Here f(qo) is the Fermi-Dirac distribution function f(go) = 1/(e%/” +1). In
presence of the chemical potential u, go is replaced by gy — p. Since the rela-
tion relates the fluctuation described by the Wightman function to the dissipa-
tion described by the retarded Green function, it is also called the fluctuation-
dissipation relation. By this relation, the spectrum of the system determines all
the Green functions. When the system becomes out of equilibrium, the KMS
relation is violated. The violation plays an important role in the leptogenesis.

As a final remark in this section, let us recall that the explicit forms of the
Wightman functions of free charged fermions (bosons) are given by

d? : 1
vt = [ 1 e L

(2m)3 2w,
—iwg(x0—y%) J1 — qu} p Fiwq (20 —y°) { _nfiq } P
X q —+ a _ 39
[6 { —nfq e 1=nf-q ! } (39

8We often use the Fourier transform in the time direction when the system is in the thermal
equilibrium at the local temperature T'(¢) at time ¢. Then the Green functions in the four-
momentum representation depends on time ¢ through the local temperature.
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where w, is the energy of the on-shell particle, and g+ = (fw,y° —q - v +m),
n = +1 for Dirac fermions with their mass m and g+ = 1, n = —1 for bosons.
fq = (Ng) and fq = (Ng) are given as the expectation values of the number
operator of on-shell particles and anti-particles respectively. In general, they
are different from the equilibrium distribution functions.

3.2 Kadanoff-Baym equations

If the system is out of equilibrium and the state is time-dependent, we cannot
use the ordinary perturbative method based on the so-called in-out formalism.
A general formalism is given by the closed-time-path (CTP) formalism in which
perturbative vertices are inserted on the closed-time-path C = C; + C_. See
appendix A.1 for brief review and Figure 17 there. In this formalism, we can
obtain the exact relations between correlation functions, i.e. Schwinger-Dyson
(SD) equations, which has all the information of the system. However, SD equa-
tions are not closed in the sense that the equation for a given n-point function
involves information about m(> n)-point functions. Therefore, some approx-
imation suitable to describe a system are needed. One of the self-consistent
approximation of the SD equations in the CTP formalism is called Kadanoff-
Baym (KB) equation. Derivation of the KB equations is given in appendix A.2
and A.3.
The equations for the retarded and advanced Green functions are

iGg(lz)GR/A(:z:,y) —/ d4zg Hg/a(z,2)GRria(z,y) = =69z —y) . (3.10)
Here d*z, is an abbreviation of d*zy/—g(z) and §9(z — y) = §*(z — y)/v/—g.
Gg(lm) is the free kinetic operator whose derivatives act on a field at z. I/
is the self-energy and defined in eq.(A.26). They have the same properties as
Grya, €8, Hg(z,y) = 0 for 2° < y° is satisfied. Note that the integration
range in (3.10) is constrained between xo and yq:

z°(y?)
/ 0z Ty (2, 2)Crya(z,y) (3.11)
Yy

O(IO)

because of the step functions in IIz,4 and Gr/a. Therefore Gr/a(z,y) is de-
termined by the local information between x¢ and yo. Namely Gr/4 does not
depend on the information of the system in the past: there is no memory effect
for Gr/a-

Other Green functions G, (x = F, p,<) satisfy

o0

iG&i)G*(gc,y) = / d*zy Mp(z,2)Ga(2,y) —l—/ d*zg (2, 2)G a(2,y)

tint tint

ZU yO
/<mum@@@ww+/ d'z, TL (2, 2)Ga (2, y)
tint tint
(3.12)
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In the second equality, we have used the properties of R/A functions. By us-
ing eq.(3.10), this equation can be solved formally in terms of the self-energy
function and the R/A Green functions as

Gulwy) = - / 0 2y @ wy G (. 2L (2, w) G (w, )

tint

= —(GrxIL xGy)(z,y) . (3.13)

In the last line x-operation denotes the convolution operation.

Let us see the memory effect of G.. Generally speaking, the integrals in
(3.12) over z are performed from the past at the initial time t;,; to z° or y°.
This makes Green functions dependent on the state of the system in the past
before 20 or y°. This is indeed the case for Gy and G, but for the spectral
density G, there is no memory effect (only the information between z° and y°
is needed). It can be seen by using II, = IIr — II4. Then the integral of (3.12)
can be rewritten as

350

Gy Gol@:y) :/ d*zg Ty (2, 2)Gy(2,y) - (3.14)

yO

Or it can be directly seen from the relation G, = Gr — G4. The relation
G, = —-GRrll,G4 = Gr — G4 is equivalent to II, =IIr — 114 = Ggl — GZ‘I.

In the thermal equilibrium, since the system is translationally invariant,
(3.13) can be Fourier transformed as

Gieq) (p) — _GS;Q) (p)H£EQ) (p)GE:q) (p) A (3 15)

These equations (3.10), (3.12) are not closed within the two-point Green
functions because the self-energy I1 contains also n(> 2)-point functions.® Hence,
in order to solve them explicitly, we need to make an approximation to express
n(> 2)-point functions in terms of the two-point functions.'® 2PI effective ac-
tion method is one of the simplest and self-consistent methods. (See appendix
A3 for brief explanation.) By using it, the self-energies II in the above equations
(3.10) (3.12) are represented as a sum of 1PI diagrams made of full propagators,
and consequently these equations can be interpreted as simultaneous equations
for various propagators in the system. These self-consistent equations among
the propagators are especially called the Kadanoff-Baym equations.

9When we describe the evolution of scalar fields, also the one-point function should be
considered (see [86] for a review and references therein). Then, we have to solve the coupled
equations of one- and two-point functions.

10 As a result, all of the vertices in the self-energy is bare ones. In some case, by implementing
the loop expansion, the equation fail to take into account important non-perturbative effects
which make full vertices very different from bare ones. In the 2PI formalism, such non-
perturbative effects could be considered by the resummation of selected diagrams. Otherwise,
we have to employ so-called nPI formalism to obtain the consistent evolution equations of the
full k(< n) point functions.
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3.3 Evolution of lepton number in the expanding universe

Now we investigate the KB equations of lepton numbers in the expanding uni-
verse. The theory we consider is (2.1). We first define Green functions, G,
S and A for the RH neutrinos, the SM lepton doublet and the Higgs doublet
respectively:

G (x,y) = (Ni(z)N(y)) , GZ(x,y) = —(N’(y)N'(x)) , (3.16)
Sevs (@,y) = (L3 (@) (1) Sep-(w,y) = —(0) ()5 (x)) (3.17)
Aaps (,9) = (6a(2)0} 1))+ Aabe(,y) = +(0] (1) da (@) - (3.18)
The classical inverse propagators are given by
iGy " Y (x,y) =iV, — M;)698%(x — y) | (3.19)
1Sy o (2, y) =iV o PLo"P 6,07 (x —y) | (3.20)
iAo (2,y) = = V38apd? (z — y) - (3.21)

In this thesis, we consider the spatially flat space-time with the scale factor
a(t):
ds* = dt* — a*(t)dx - dx . (3.22)
We use fi,7,... as the space-time indices and p,v,... as the local Lorentz
indices. 7 matrices are written as y*(t) = "¢ /' where the vier-bein field e/
satisfies euﬂeyﬂgﬁg = Nuw- In the~ following we mainly use t-independent y* =
(7°,~) instead of t-dependent v#(t). The delta-function becomes 69 (x — y) =
5z —y)/a®(2”).
In the background, the covariant derivative (3.21) becomes
Vs = 0p + 3H ()57 . (3.23)
Since the spin connection is given by Q; = aH[v,,v0]/4, the covariant derivative
for spinors in (3.19), (3.20) is given by

Ve =)0+ 0) =7 (20 + 3060 ) - T @2

Here the Hubble parameter is defined by H(t) = a/a. In the radiation dominant
universe, it is given by
T2 T2
H(t) =1.66\¢i— ~ ——— . 3.25
®) 9 M, " 1018GeV (3.25)

Lepton number density ny is a matrix with flavor indices «, 8 and isospin
indices a,b. It is given by the i = 0 component of the lepton number current

G (2) =(07 ()7 (2) 02 ()

= — (@S )},

=T

= - o @SELw )| (3.26)

=T
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Here tr{---} is the trace of the spinors. Because of the spatial homogeneity,
divergence of the current jr, is equal to
dnL

Vi ji(x) =— = +3H(t)ng, . (3.27)

On the other hand, it can be rewritten as'!

Vi (@) = = t{VoSe(o) — Sa@n) VY
= i/d4zg tr{iSy ' (z,2)S5(2,2) — S=(z,2)iSy H(z,2)} . (3.28)

In the second equality, we have used the definition of S;*(z, z) in (3.20).
By using the KB equation of (3.12) for the SM lepton Green function Sz,
we have

/d4zg iSy (2, 2)S3(2,2) = /10 d*z, (ER(m,z)Sg(z,x) + Eg(a:,z)SA(z,x))

tint
o

=—q /w d*z, (E<(x,z)5>(z,x) - E>(:E,Z)S<(z,x)) (3.29)

tint

where ¥ is the self-energy of the SM lepton. The second equality is obtained by
using the relations (A.14) and (A.15).
Acting Sy ! from the right, a similar equation can be derived:

/d4zg Ss(z,2)iSy (2, x) = —i /10 d*z, (S<(x,z)2>(z,x) - S>(m,z)§]<(z,:1c)> .
o (3.30)

By using these equation, (3.27) becomes

0
d x
% +3H(t)ng, = / d*z, tr{2<(x, 2)Ss(z,x) — Es (2,2)S<(z, )

—Sc(z,2)2s(2,2) + Ss (w, z)2<(z,x)} .
(3.31)

This is the evolution equation for the lepton numbers in the expanding universe.

The right hand side (r.h.s.) is written as an integral of the full propagator
S of the SM lepton and its self-energy 3. Since the self-energy ¥ contains
various diagrams, some systematic simplification of X is necessary for practical
calculations. A well-known approach is to use the 2-particles-irreducible (2P1)

11 . . <_
Here, we have defined the derivative operator ¥, as

8@y Ty = Vi [y (v)] + 5@, v ()% = (—ayu - gH(y0)> S(x,y)vt.
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Figure 9: An example of 2PI diagrams for the Lagrangian (2.2) with Yukawa
interactions. Each line represents a full propagator of the SM lepton, Higgs
and the RH neutrino. By taking a functional derivative with respect to each
propagator, we can obtain the self-energy for the corresponding particle.

formalism briefly reviewed in appendix A.3. In the 2PI formalism, the self-
energy diagrams are obtained by taking a variation of 2PI diagrams made of
full propagators with respect to the full propagator.

In the leading approximation, the self-energy X is obtained from the simplest
2P1 diagram of Figure 9. Note that each propagator represents a full propagator,
and the self-energy of the SM lepton is obtained by cutting the propagator £.
The next simplest 2PI diagram is given by Figure 18 in appendix B, but in most
of the present analysis, we consider only the contribution from Figure 9. It gives
a good approximation if the RH neutrinos have almost degenerate masses.

The contribution to the lepton self-energy ¥ from Figure 9 is written in
terms of the full propagators:

Eg‘b’gz(%y) =— 6abhaih;r-6PRGg(:E,y)PLAg(y, 7) = 63 (z,y) . (3.32)

Recall that (i,j) are flavor indices of the RH neutrinos. Then, summing the
lepton flavor «, 8 and SU(2)y, isospin a,b indices, we have

0
d @ y
L 3Hny = gwhmh;ﬁ/ d*z, [tr{PRGg(z,x)PLsﬁa(z,z
tint

A
dt >

)
—tr PRG” (z,2) PLSﬁ (x,2) pAc

bAs(@,2)
{ Jactes
tr{PRGJ (z,2)PLS"> (z,x)}A<(z7x)
—|—tr{PRG’ z, 2 PLsia(z,x)}A>(z,x)

(3.33)
Here we used the fact that the electroweak symmetry is restored at the temper-
ature T' 2 TeV we are in mind and hence the propagators are written in SU(2)

symmetric forms: S(?)B = S, Aap = Adup. Guw = 2 is the number of d.o.f. of
SU(2)r, doublets. Since the third and the fourth terms are complex conjugate
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to the second and the first terms, we can simplify the above equation as

0

d @ )

% 4 3Hny, =2 §R/ drd*ay haihly[tr{ PRGY (2, 2) PLFL (2,0) }
t.

int

—tr{PRG’;f(x,z)PL%ia(z,x)H (3.34)
where we have defined 7 = 2° and

%ga(z,as) = —gwsga(z, 2)Az(z, ) . (3.35)
This is the equation we evaluate in the following investigations. As we mentioned
above, the r.h.s. contains only the contribution from the simplest 2PI diagram
of Figure 9. If we restrict our discussion to the almost on-shell part of the
RH neutrino propagator, this corresponds to taking the processes of decay and
inverse-decay of the RH neutrinos, and equivalently the resonant part of the
s-cannel x s-cannel part of the scattering process ¢ «+ f¢*, which are the
most important parts in the leading order calculation. The full contributions of
scattering can be taken into account by considering the next simplest diagram
of Figure 18. A systematical study of the KB equation including the scattering
effects is given in [72][74].

3.4 Boltzmann equation for the lepton number

The evolution equation (3.34) of the lepton number is determined by the behav-
ior of full propagators of the RH neutrinos G, the SM leptons S and the Higgs A.
In sections 4.1 and 4.2, we investigate detailed properties of the propagator G of
the RH neutrinos. In this section, we will see how an ordinary Boltzmann-type
equation can be derived from eq.(3.34) by using the quasi-particle approxima-
tion for the SM particles described by S and A.

The quasi-particle approximation is an approximation to express the Green
functions in terms of distribution functions of quasi-particles with a mass m
and a width I'. Hence the propagators in this approximation are obtained from
the free Wightman function of eq.(3.9) by introducing the decay width I". For
a moment, we neglect the time-dependence of the background. For the SM
leptons, we have

dgp 1 ; 0_,0
gbea _ 5oB / L tip(x—y) —le0—40ITe/2
2%z, y) 2r)F 2, e
x [671.%(96077’0) {1 B ﬁp} Pp, Pr+ etiwn(@®—y?) { L } PL]ﬁ_PR}
_ffp 1 — pr
d3p 1 ; ; 0_,0 0_,0
_ (saﬁ Z / e—i—zp-(x—y)e—legwp(w —y?)—|z”—y"|Te/2
3
oyt (2m)3 2w,
e 1= 1o
o T by, (3.36)
1
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where w, = \/m? + |p|?/a? and p, = Fw,y® — p - v/a. Here we assumed
the flavor independence of the lepton propagators, S? o« 67, for simplicity.

Similarly the Wightman functions of the Higgs boson becomes

3
As(z,y) :/ L O T L

< (27)3 2wy,
g (20— 1+ for o (20— | T3
% |e—iwn (@’ y"){ ¢ }+6+m(m y){ ok }
[ + fok L+ fg
3
_ / Fk 1 i (xmy) iegun (@0 =) —|e" =y /2
ot (27‘(’)3 ka
1+ f€<"}
x (—1)€¢ Pk 3.37
=1 { + o (3.57)

where wy = | /m? + [k[?/a? .

The thermal mass and width are given by my 4 ~ gT , Ty s ~ g*T where g
is the SM gauge coupling g. Especially, we exploit the largeness of I'y , as an
important thermal effect.!?

In these expressions we defined (—1)¢ = £1 for ¢ = =+ respectively. The
distribution functions are assumed to be in the kinematical equilibrium and
given by the Fermi-Dirac or the Bose-Einstein distributions at temperature 7'
with a chemical potential:

B 1 B 1
 elwp—pe)/T 11 For = ewik—ne)/T _ 1~

fop (3.38)

For anti-particles, the signs of the chemical potentials are reversed and their
distributions are given by

1 1

o= 1 = o —1 (3.39)
In the second equalities of eq. (3.36) and (3.37), we have defined
1 . 1
oo = G 310 ok = g —1 (3.40)

which satisfy

fo=15 foo=0=Ff3), for="Fh  fop=—0+f) . (341

Now we come back to the time-dependence of the background. Since the
scale factor a(t) is time-dependent, temperature 7', thermal mass and width are

12The effects of the thermal plasma, play several roles, and are systematically investigated
in [72][74]. For example, the thermal mass of the Higgs boson becomes larger than the
RH neutrino masses at very high temperature, and then, the channel ¢ — N get to be
kinematically allowed.
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dependent on the time ¢ and we need to specify at which time these quantities
in the quasi-particle approximation of eq. (3.36) and (3.37) are defined. If the
temperature of the universe is sufficiently low (e.g., ~ 10 TeV), the decay width
is much larger than the Hubble expansion rate:

T2
1018GeV

and the propagators damp quickly at |z —y°| > 1/T'; 4. For such short period,
time-dependence of the physical quantities such as the scale factor in the prop-
agators (3.36) and (3.37) are suppressed by H/I'; 4, and we can approximate
these quantities as being constant in the integration of 7 in (3.34). Then the
physical quantities can be evaluated at time ¢t = X, = (2° +4°)/2 as we see in
(4.49).

By Fourier transforming in the spatial direction and using the above approx-
imation, (3.34) becomes

Loy~ g*T > H ~ (3.42)

dn
dTL 1+ 3Hn; = 2%/

( 3;313 /; dr (W), [tr{pRaf‘g‘ (L. QP (7,1 a) )
_tr{PRGij (t,7;q)PL7<(7,t;qQ) }]
(3.43)

where t = 20 and d®q = d3q/a?(t). Using the quasi-particle approximations
(3.36) and (3.37), 7= (7, t;q) are given by

T2(7,t;q) = Pums(1,t;q) Pr (3.44)
d3p A3k
T2 (T’t; q) = (*gw) Z / (27T)320Jp (277)32w1€ (27’()353((] —p— k)
€0,€4

« .DCe% }6614 e—i(ezwp+6¢wk)(T_t)_FM/Q‘T_t‘ (345)

2(p,k)

where I'py, =Ty + I’y and D;Z(j),k) is defined as

o rveq e S DA L)

From (3.45) and (3.46), we can see that the term with 7~ in (3.43) contains a
factor (1 — f¢) or (1 — f,7) = f7 and corresponds to gain in the lepton number
while the other term with 7. contains a factor f; or f, = (1 — fz) and corre-
sponds to loss. Since the damping rates of the SM particles’ propagators are
very large (3.42) and the time integration in (3.43) is dominated around 7 = t,
let us assume that the physical quantities, the lepton number evolution equation
(3.43) is well approximated by the form
Do 8Hn (W) { G = 00— L)+ folt) — Gt = DA0)fult) +-
(3.47)
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Figure 10: In the formal solution 3.48, information in past is taken in to count
through the time integration. Therefore, the Wightman function having two
points close to the time 20 ~ ¢ ~ ¢ in (3.43) still remembers that the SM
thermal bath composing the RH neutrino’s self-energy II had higher temperature
and larger number density of the SM particles in past than those at the time t.

Hence the evolution equation (3.43) can be regarded as the Boltzmann-like
equation for the lepton number.

3.5 Summary and comments

In the first two subsections, we have briefly introduce the property of two-point
functions and the Kadanoff-Baym (KB) equation as the self-consistent evolution
equation of two-point functions. Generally, two-point functions encode not only
the information about distribution of classical on-shell particles, but also the
one of quantum off-shell states in a system. From the KB equation of the SM
lepton propagator, the evolution equation of the lepton number is obtained as
(3.34) or its Fourier transform (3.43). By adopting the quasi-particle approx-
imations of the SM lepton (3.36) and Higgs boson (3.37), the r.h.s. of (3.43)
turns out to have the similar structure to the collision term of the ordinary
Boltzmann equation (3.47). Although such a simple quasi-particle approxima-
tion is not applicable to the RH neutrino propagators G because they have the
flavor off-diagonal component, now we have the formal solution of the Wightman
propagator in (3.13):

.. mU yo . .
GY(x,y) = — Z/ duOdSug/ dv'd®v, Gﬁ(w,u)ﬂ?(u,v)Gg(U,y) .
k.l — 0o — 00
(3.48)

When this expression is inserted into the lepton number evolution equation
(3.43), the full quantum effects are expected to be taken into account correctly.

Although (3.43) seems to be Markovian equation (3.47), once the above
formal solution is plugged, the resulting equation becomes a non-Markovian
equation with the time integration again, see Fig.10. As mentioned in section
2.4, such a non-Markovian equation enables us to describe the system without
distinguishing on-shell and off-shell states, which can resolve the problems in the
conventional calculation using the Boltzmann equation. Note that the reason
why we can consider the formal solution (3.48) in the lepton number evolution
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equation (3.43) is that the KB equation as the starting point is the self-consistent
equation of the full propagators.

In the next section 4, we estimate the formal solution (3.48) in the expanding
universe and obtain the C'P-violating parameter. In the section 5, we consider
a generalization of the quasi-particle approximations as another approach.
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4 Right-handed neutrino propagators and the
enhancement of C' P-asymmetry

In this section, by solving the KB equation directly, we investigate how the
expansion of the universe affects various propagators of the RH neutrino. The
equilibrium part and the deviation-from-equilibrium part of the propagators are
calculated separately. With the degenerate mass spectrum of the RH neutrinos,
the flavor off-diagonal components are much enhanced compared to the hier-
archical spectrum case. We see that there are two types of the enhancement
factor. One of them corresponds to the conventional form of the enhancement
of the C' P-violating parameter (2.151), but it turns out not to be relevant to the
generation of the lepton number. Other one comes form the non-equilibrium
propagator of RH neutrino and contribute to the time evolution of the lepton
number.

In section 4.1, we solve the KB equation of RH neutrino propagator in equi-
librium under the assumption that the off-diagonal components of the neutrino
Yukawa coupling (hh)’ is smaller than the diagonal part (hfh)?. In section 4.2,
restricting the discussion to the strong washout case, which is typical to the
resonant leptogenesis, we obtain the small deviation from the equilibrium value
of RH neutrino propagator. Plugging the solution into the evolution equation of
lepton number (3.43), we get the Boltzmann equation-like form with the modi-
fied C'P-violationg parameter in section 4.3. Finally, in section 4.4, we discuss
the origin of the modification of the C' P-violating parameter.

4.1 Resonant oscillation of RH neutrinos

In this subsection, we study how the RH neutrinos with almost degenerate
masses behave in the thermal equilibrium. Deviation from the thermal equilib-
rium is investigated in the next section 4.2.

We consider two flavors ¢ = 1,2 whose masses are almost degenerate. The
third flavor RH neutrino is assumed to have larger mass. In order to calculate
the evolution of the lepton asymmetry in (3.34), we need to know the Wightman
functions G> of the RH neutrinos. And, since the KB equation of G’g is formally
solved by the convolution eq.(3.48), it is necessary to investigate the properties
of the retarded (advanced) Green functions G /a first.

We first study both of the flavor diagonal (i = j) and off-diagonal (i # j)
components of G in the equilibrium. Then we will see the behaviors of the
Wightman functions Gg in the thermal equilibrium. Throughout this thesis,
G? (also TI? for the self-energy) and G’ (II') denote the flavor diagonal i = j
and off-diagonal ¢ # j components respectively:

G¢ <+— flavor diagonal ,
G’ <«— flavor off-diagonal . (4.1)
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4.1.1 Retarded/Advanced propagators
From (3.10) and (3.19), Gr,4 satisfies

(¥, — M)Gg/A(x, y) — /t dzd*z a®(2°) H%“/A(av7 z)Gfg/A(z,y) = —0;;0%(x —y) .
int
(4.2)
We first define the spatial Fourier transform of Gr/4 by
Gy’ a) = /dB(X —y)e GG L (20,40 x — y)a® () .
(4.3)

Similarly, for the self-energy, we define

17,42y ) = /d3(x—y)e’iq'("”’)aw(xO)Hﬁ/A(arO,yo,x—y)a3/2(y°) :

(4.4)
Then using (3.24), the KB equation (4.2) becomes
. 0 Y-qa 0 ,0.
{Z’y a{L’O - a(xo) - M}GR/A(:I; 7y 7q)
o0
—/ dz° Tpya(2®, 2% q)Grya(z°, 9% q) = —6(2" — ¢°) . (4.5)
tint

This is the basic equation for Gg/4.
We then decompose the propagator and the self-energy into flavor diagonal
and off-diagonal parts:

Grya(2%,9% @) = G 42" 4% ) + G a(2°,0% q)
Hr/a(a® 9% q) = Mh (2%, 9% q) + g 4 (2°,9% q) - (4.6)

Using this decomposition, we solve the KB equation (4.5) iteratively.
First we define the differential-integral operator Dgo by

Dy f(2°) = {ifyoaxo - :(%(?) - M}f(a:o) - /t dz° H?%/A(xo,zo;q) f(z9) .
(4.7)

In terms of the operator, the flavor diagonal component of the KB equation
(4.5) becomes

DG a2, q) —/t dz0 Ty 4 (2°, 2% @) G 4 (2,95 @) = —0(2° — ¢°) .
int
(4.8)
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Similarly the KB equation of the flavor off-diagonal component is written as

DgUGIR/A(xovyo;q) :/t d’zo HIIZ/A(xoaz();q)GlIi%/A(Zovy(J;q) . (49)

int

We then introduce the kernel G R(/ - of the operator D;loz
d(0)
DLGEN (2%, % q) = —0(2® —3°) . (4.10)

with a retarded (advanced) boundary condition. Using Gu R / A, we can integrate
the equations (4.8), (4.9) as

Ghala, 9% a) = GRoA (2%, 9 q)

7/t drdr’ sz(%(:c T 4 (7, 75 Q)G a (T4 @)
(4.11)

Glyyala®fsa) = = [ drdr! AL mi Q)T @)Glya (755 )
tint
(4.12)

Then we can iteratively solve the above equations by expanding it with respect

to the small off-diagonal component of the Yukawa coupling (hTh)/ involved in
I':

d(0)
d(2) _ ~d(0) d(0)
GRria= GR/A * HR/A * GR/A * HR/A *Grias
(0
g =— G # Mg« Gy + oo (4.14)

Here * denotes a convolution in the time-direction. The second term GX R / A in

the flavor diagonal propagator (4.13) is the second order of (hTh)" and smaller
than Gd(o) or GR/A Hence we drop it and write G9) as G for notational
51mphc1ty in the following.

We note that the above integrals do not have the memory effect. This is
because the convolution is written explicitly as, e.g.,

(GR*HR*GR)(xO,yO):/ du/ dv Gr(z®, u) g (u, v)Gr(v,y°) (4.15)
y° y°

and the integration region is limited between z° and 3°. Namely, the retarded
(advanced) propagators are ”local” functions of time during x° and y° and
insensitive to the past (¢ < 2°,4°). This is different from the convolution
contained in the Wightman functions (3.48) in which the integration range of
time is extended to the past.
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4.1.2 Diagonal GCIQ/A in thermal equilibrium

We will first look at the flavor diagonal component of the propagator G% /A (2°,9% q)
in the thermal equilibrium at temperature 7. The scale factor a is also fixed

at ap = a(z) = a(y®). Because of the translational invariance in the time
direction, G/ (2°,9% q) can be further Fourier transformed:

e ia0(20 —° /(e
Gg/z)(q) - /d(wo — y0)etiao(=’~y )G;(;X)(xo,yo;q) . (4.16)

Then the KB equation (4.11) becomes
'q e e
{vqu - % — M —T15% (qo, q)}G‘ﬁ/i)(Q) =-1 (4.17)

and can be solved
d(e d(e -1
Gifa) =~ (4 - M-130 (@) (4.18)

The real part of the self-energy gives the mass and wave-function renormaliza-
tion. In the following we assume that they are already taken into account in
the bare Lagrangian and focus only on the imaginary part Hﬁ =0¢% - 14 =
22'%(1_[‘112). The one-loop diagonal self-energy in the thermal equilibrium is ex-
pressed as Hg = 'y“Hg) .- From the imaginary part of the pole of the propagator

G%eq)(q), we see that the decay width I'y of the RH neutrino is given by
q - T0CD (@) gy=twg = Fiwgly - (4.19)

The i-th diagonal component G;l%(/eﬁ)ii(q) becomes

iZ:
g — 500" (q) + M; ; G0 — Qei

A0 > T, o
il (R
where
Qi = ewiq — iTig)2 (4.21)
and
Zl = QZq (dei + Mi), de; = ewig?’ —a-~/ao - (4.22)
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In the real time representation, it becomes'3

GV a0 ) = 400 — ) 3 Zie
e=+

Gflq(eq)ii(xo’yo;q) — 03" — 2°) Z Zeie—m;(xo—yo) ) (4.23)
e=+

I', is multiplied by the Lorentz boost factor as I'y ~ (M/w,) x I' where
I' = I'y—¢ is the decay width of the RH neutrino. In this thesis, we consider a
situation that two RH neutrinos are almost degenerate in their masses

AM =|M; — M;| ~T . (4.24)

In the following, we sometimes use the averages denoted by quantities without
the flavor index ¢, j

MZ+MJ o wiq —|—qu 0 — Q€i+Qﬁj
_ = — 47 e = —

M = 2 y Wq 2 ) 2 )

etc. (4.25)

4.1.3 Off-diagonal G”R/A in thermal equilibrium

We then study the behavior of the flavor off-diagonal component G’lp(;i) of the

retarded (advanced) propagators in the thermal equilibrium. From (4.14), it is
given by

/ e ’L —1 0_,0 d € Z’L ! € Z d € ¥
G (/q) J(I07y0;q) _ / dQQe qo(z” —y )G (/q) (q)H (/Q) J(q)G (/Q)Jj(q) )

The qo integration can be performed by summing residues of the poles. Eq.
4.20) shows that the retarded propagator GHeD pag poles at gy = Q2+ ; and
R ;

the advanced propagator Gfi(eq” 7 has poles at ¢y = 7 ;. The self-energy g, 4
consists of the SM lepton and the Higgs propagator, and hence it has poles at
go = €uwp + €gwy F il'yy/2 with a large imaginary part. Because of this, the
residues of the poles of the self-energy are suppressed by I';/I'¢y < 1. Noting
the relation

1 1 1 1 1
_ - , 4.27
g — Qi go — Qerj Qe — Qo (%-Qei QO_QE/]’) (4.27)

we can see that the contribution e = —¢’ is also suppressed by AM /M compared
to the € = ¢ contribution. Hence, dropping these suppressed contributions, we

13In the present analysis, we expand various quantities with respect to (hTh)’. Hence the
propagator of i-th flavor is almost identified with the propagator of the i-th mass eigenstate
up to higher order terms of (hTh)’. Propagations of a single N; corresponds to propagations
of a single mass eigenstate with mass M; and width I';.
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have
—3

G (a0 q) =+ O(a® o) Y 2T () Ze g~
. €1 €

% (e—iQei(zofyO) _ e*iQeJ(IO*yO)> (4.28)

and
—1

G @y @) = — Oy —a®) Y 2L () Ze e
€ €1 €]

y (e_m;w-yﬂ)_e—m:j<w°—y°>) . (4.29)

We also used the approximation II(Q;) ~ II(€;) ~ I(ew,) because I'; < Tyy.

The minus signs in the parentheses come from the relative minus sign of the

residue in (4.27). Because of this, the off-diagonal Green functions vanish at
0 0
x¥ =y

G/R/A(‘:Cay)|w0:y0 =0. (4.30)
This should generally hold by the definition of Gr/4 in (3.7) because G¥ (z,y)
is proportional to 6%63(x — y) at equal time 2° = y°:

VGR )] oy = O =y G (2,9)] oy = 50(x = ¥)d7 . (4.31)

Note that the flavor off-diagonal components of the retarded (advanced) propa-
gators are enhanced by the factor 1/(£2; —Q;) (or its complex conjugate). Such
a large enhancement comes from the large mixing of the RH neutrinos with
almost degenerate masses.

For the self-energies Iz, 4 = 11 411,/2, if we use the vacuum value IT) (ew,) =
—guwR(hTh)'ieq./(16m) and I, (ew,) = 0 as in Appendix B, the following expres-
sions [71] are reproduced:

+M g M2R(hTh) /(167)
20Jq M22 - Mj2 - 7,6(]\4111z - MJF])

i (20 —0 . (r0_,0
> (6 iQei(z”—y") —e Qe (z”—y )) ,

G (a0 ) =+ O —y) 3

+ M —g,M?*R(hR) /(167)
2wq ]\422 - .7\432 + @E(erz — MJF])

Gy q) ~ -0y —2%) Y d

" (e_m;<z°—y°) _ e—m:j(mO—yO)) (4.32)
with the “regulator” |M;I';—M;T ;| Here we have used the relation (cf. Eq.(2.148))
€ 1 1
g Qi = Qej — Wi — Wi, — ie(wiglig — wjqljq)
1
~ (4.33)
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which is valid for wy ~ wiq ~ wjq and wyl'y ~ MT'. As shown in section 4.1.6,
the same enhancement factor, that is, the same regulator appears in the off-
diagonal Wightman function in the thermal equilibrium. For the deviations of
the off-diagonal Wightman functions out of equilibrium, however, we show in
section 4.2.5 that the enhancement factor is changed to be 1/(£2; — 7). This
corresponds to the regulator (M;I'; + M;T;).

Finally we note the validity of the expansion with respect to the off-diagonal
components of the Yukawa couplings (h'h)’. From the expressions (4.32), the
iterative expansions (4.13) and (4.14) turn out to be valid when the real part
of the off-diagonal components of Yukawa coupling ®(hh)’ is smaller than the
mass difference |M; — M;|/M ~T/M ~ (h'h)%. Hence the expansion is under-
stood as an expansion of the ratio (hTh)’/(hTh)?.1

4.1.4 Wightman functions

The Wightman functions can be solved as (3.13) or (3.48). If we take terms up
to the first order of (hTh)l, the flavor diagonal component is given by

G¥ = -G +IL" «GY" . (4.34)
Similarly the flavor off-diagonal component is given by
D= GNP G - GRS G - GE T GR L (4.35)
By using (4.14) and (4.34), (4.35) can be also rewritten as

’

Gl = — QU IIY « GV — QU T « G — GH ST+ GY7 (4.36)
which makes it clear that the off-diagonal part of the self-energy causes the
flavor mixing of the RH neutrino.!®

4.1.5 Diagonal Wightman G% in thermal equilibrium

In the thermal equilibrium, the Wightman function can be easily obtained by
using the KMS relation. From (4.34), the diagonal component GZ(¢? can be
written as

dgo _,; 0_,0 e e
G%<eq)<w°vy°;®=—/ G PTG (@IED (G (g) . (4.37)

Let f(q) be the thermal distribution function for the RH neutrinos. Note that
f(g) is a function of ¢°, which is not equal to the on-shell energy wq. The KMS

141n [71], numerical analysis has been done beyond this parameter region.

15This form is convenient for the systematic derivation of the Boltzmann equation from the
KB equation in the hierarchical mass spectrum [72], in which the diagonal components of the
Wightman propagator are identified as the on-shell external line of the RH neutrinos. In this
thesis, we are focusing on the resonant mass spectrum, and we use this form, without such an
assumption, to solve the off-diagonal components of the Wightman propagator.
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relation for the self-energy function is

oo, o

Using the solution of the KB equation for the spectral density G, = Gr—G4 =
—GRr x1Il, * G4, we have

GLeD (20,4 q)

:‘/M%wwtmewfmmkﬁw@m@mm?W@

2 —f(q0)
= dgo —igo(z°—y° —q 1- f(q ) d(eq) _ ~d(eq)
B +/%e ( i ){ 7f(q03) } [GR (@) =G4V (q)] . (4.39)

It is nothing but the KMS relation (3.8) for the Green function.
Performing the gy integration, it becomes

eq)ii - f; N 7 — Qs (20—

%Wc&ﬁmzz{_gsz@w—we%<%
€ q

+O3° - xo)e—m;(x‘)—y(’)) . (4.40)

Here we have dropped the contributions from poles of the distribution func-

tion f(qo) since they are suppressed by I'/T" <« 1. Furthermore we used the
distribution function

1

e T 1 (4.41)

fiép = f(qo = ewiq) =
by dropping the imaginary part of the pole €, in f(q) because it is suppressed
again by the factor I' < T. Recall that it satisfies the relation (1 — fp) =+ i;f.

4.1.6 Off-diagonal Wightman Gl% in thermal equilibrium

Next we calculate the flavor off-diagonal component Glz(eq) in the thermal equi-
librium. The off-diagonal component also satisfies the KMS relation and we
have

7 .. qu . 0o_,0 3 1_f(q0> 7 ..
(eq)ij(,0 ,0. _ iqo(x”—y") (_ (eq)ij
G% (", v a) +/ o e (—1) { —f(qo) GP (9)

90 —igo(u®—y°) (1 [1 = F(@0) | [ (caris '(eq)ij
= q0(® — G -G .
Jr/ o € (—1) —f(QO) { R (9) A (Q)}
(4.42)
Performing ¢q¢ integration, it becomes
—i

Qei - er
x (—1i) {{1__ ;‘q} e~ =y%) _ {1__ §jq} e—me]‘(r”—y”)] (4.43)
1q Jaq
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for 2° > 9% We have used similar approximations by dropping suppressed
contributions by I'/T and T'/T'.

The off-diagonal component of the thermal Wightman functions are en-
hanced by the same factor 1/(¢; —£2;) as in (4.28). Hence the flavor oscillation
of the Wightman function in the thermal equilibrium is enhanced by a factor
with the regulator M;I'; — M;T’;.

At the temperature T' > AM we have in mind, f; and f; can be almost
identified. Writing f; >~ f; ~ f, we have

o e)is 1
G%(eq)Zj(xovyO;q) :Q(xo _ yO) ZZGHB(’ q) ](ewq)ZeQ —
- €i €j
X {1 B {;} (e_iQEi(zO_yO) — e_ier(ﬂ’)O_yo))
g
-1

00" — ") 3 2 ) Ze o
€ € €j

B (e )
~fe
The off-diagonal Wightman functions in the thermal equilibrium vanishes at the
equal time 2% = °:
lim Glz(eq)ij(xo,yo; q) o< (2 —Q)(2° — %) ~ AM(2° — %) = 0. (4.45)
To—Yo
Later this property becomes very important to evaluate the deviation of the

off-diagonal component of the Wightman function when the system is out of
thermal equilibrium.

4.1.7 Short summary

In this section, we calculated various propagators of the RH neutrinos in the
thermal equilibrium. We especially focused on the resonant enhancement of the
flavor oscillation of IV;. Because of the assumption that the off-diagonal compo-
nents of the neutrino Yukawa coupling (h'h)’ is smaller than the diagonal part
(hTh)?, Retarded or advanced propagators are composed of two propagating
modes, i and j flavors. The flavor diagonal components are given by (4.20) or
(4.23). Since their masses are almost degenerate, the flavor off-diagonal com-
ponent is largely enhanced due to their oscillation as in (4.28) or (4.29). The
enhancement factor is proportional to 1/(€; — ;) (or its complex conjugate)
where €; = w; —iI';/2 and gives the regulator R;; = M,;I'; — M;T'; to the en-
hancement factor. Similarly, the resonant enhancement of Wightman functions
is calculated. In the thermal equilibrium, because of the KMS relation, the
behavior of the Wightman functions is the same as the retarded (advanced)
Green functions. The flavor diagonal component G% is given by (4.40) while

the off-diagonal component G/2 is given by (4.43). A very important property
of G% is that it vanishes at the equal time as (4.45).

62



4.2 Propagators out of equilibrium

Now we study effects of the expanding universe into account. First we summa-
rize various time-scales in the system. An important time scale is given by the
Hubble expansion rate H of the universe. Other scales are the decay widths of
the SM particles I'¢, 1"y and of the RH neutrino I';. Another important time
scale in the resonant leptogenesis is given by the mass difference AM of the RH
neutrinos because it gives the frequency of the flavor oscillation.

In type I see-saw model studied in this thesis, the decay width I'; of the RH
neutrino is approximately given by I'; ~ (hTh);M;/87. The ratio of T; to the
Hubble parameter at temperature T' = M, (2.76) is rewritten in terms of the
effective neutrino mass (2.115)

Fi - Thi ~ (hTh)ii’UQ

HOM) ~ 108y 0 " M, (4.46)

Ki =

where v is the Higgs vev. In the following, we consider only the Strong washout
regime, that is, m; > 107 3eV and K; > 1 hold.'® As reviewed in section 2.2,
the final baryon asymmetry has the simple power law dependence on m; >
1073eV through the efficiency factor (2.113) in the unflavored analysis. As
shown later, the derivative expansion we employ here is justified only for large
IC;. Tt’s equivalent to the validity of the perturbative solution of the number
density of RH neutrino in the strong washout regime (2.90) and then, the close-
to-equilibrium behavior Yy (z) = Yy%(2) for z > z., holds as seen in Fig.5.
However, the Yukawa coupling itself is very small (h ~ v/m;M /v), and we have
the inequalities

Pg,Te>Ti>H . (4.47)

4.2.1 Deviation of self-energy from the thermal value

Under the condition (4.47), we can expand the scale factor as
ax) = a@) +a@Hp(X =)+ . (4.48)

The other physical quantities such as temperature are correlated with the change
of the scale factor, and can be similarly expanded.

In order to calculate the out-of-equilibrium behavior of various Green func-
tions in the expanding universe, we need to evaluate the change of the self-
energies II(x,y). The self-energy of the RH neutrino is a rapidly decreasing
function with the relative time as ~ eI ~¥") due to the SM gauge inter-
actions. So in the leading order approximation, the self-energy II(x,y) can be
evaluated by the thermal value with the local temperature at the center-of-mass
time 2° ~ y° ~ X, Therefore it is convenient to write the self-energy as

(2%, 5% Q) = (X oy Sey; @) = D (X,y: 5245 9) (4.49)

16Compared with the seesaw formula (2.10), m; ~ 0.1eV seems to be obtained from the
neutrino mass scale ~ 0.1eV without any cancelation in (hth);;.
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where

04,0
z —;—y , Sy =2 -0 (4.50)

The first equation of of (4.49) is the definition of II(X;s;q). In the second
equality, we replaced II by its thermal value II1(¢9) since the SM leptons and
Higgs are in the thermal equilibrium and the self-energy of the RH neutrinos
is well approximated by its thermal value. II(¢9) (Xzy;s) means the thermal
self-energy in the thermal equilibrium evaluated at time X, .

In evaluating the Wightman function G of the RH neutrinos, we need to
know a difference of the self-energy II(u,v) from the thermal value at a later
time ¢. For example, in (3.48), the difference of the self-energy II(Xy.; s) at X,
and the thermal value I1(°9)(¢;s) at ¢ = X, controls the behavior of Gg. In
this case, the time difference between X,, and t = X, is given by the inverse
of the decay width I'; of the RH neutrino N;. Since

Xy =

1 1 1
— Lt =Xy~ =— K = 4.51
T < w ™ <o (4.51)
the derivative expansion of the self-energy around the thermal value is a good

approximation:
(X s 55q) = D (¢ 5:q) + (Xuy — )TTCD (555q) + Ayl (4.52)

The second term is of order O(H/T';) owing to (4.51). The third term comes
from the chemical potential of leptons generated by C P-violating decay of the
RH neutrinos. So it is the genuine deviation of the self-energy from the thermal
value at the same time X, .

In this section, we mainly focus on the change of the physical quantities,
namely the second term because the back reaction of the generated lepton asym-
metry to the evolution of the number density of the RH neutrinos is very small.
The effect of the chemical potential becomes important in the generation of the
lepton asymmetry and is considered in section 4.3.

4.2.2 Notice for notations

As already used in (4.49), II(X; s) is the self-energy at the center-of-mass time X
with the relative time s. For the thermal value 119 (X; s), X is not necessarily
at the center-of-mass time, but, more generally, denotes the reference time when
it is evaluated. s is always the relative time. For the thermal value, we also use
its Fourier transform

D (X; q) = /ds D (X; 5)e " (4.53)
In order to avoid complications of appearance, we use the same notations II for

II(X; s) and its Fourier transform II(X; ¢). They can be distinguished by their
arguments, s or g, if necessary. We always use s for the relative time and ¢ for
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its conjugate frequency. For the first argument (the reference time), we use X
or t. The same notation is used for the thermal Green functions. We hope it
does not cause any confusion to the readers.

4.2.3 Retarded propagator out of equilibrium AGpg

First we study how the retarded (advanced) propagators of the RH neutrinos
deviate from the thermal value in the expanding universe. Consider the flavor
diagonal component Gcll% /A first. We write the deviation around the thermal

value G4 by AG®:
G(}i%/A (Xay; Say5Q) = G;i%(/ez) (t: szy3a) + AG(}%/A (Xay; 8245 Q) - (4.54)

Note that AG?2 /A depends on the reference time ¢ at which the equilibrium
value is evaluated. It is calculated in the appendix G of [90] and given by

AGHE, 3% q) =~ O(s4) 3 [at (Zee™ @520 (X, — 1)
HuyM ,~-q Qg 50y

. 4.55
4&)3 a(t) Sy € ( )

—1
The first term is the change of the physical parameters such as mass or width
in Q. and Z.. The second term represents a change of the spinor structure
due to an expansion of the universe in the propagator during the propagation.
The retarded (advanced) propagator does not have the memory effect, and the
deviation is essentially determined by the change of the local temperature.
By taking a variation of (4.14), the deviation of the off-diagonal components
G /4 can be expressed in terms of the deviation of the diagonal components

G%/A as
AGY, == GRst w ALY « GRo — AGHES ILEY « G )P
d(eq)ii "(eq)ij djj
— GRS TN AGHT, (4.56)

The above formula is used to evaluate the deviation of the Wightman functions
of the RH neutrinos in the latter section 4.2.5. Since the above relation (4.56)
is sufficient for latter calculations of AG%’ we do not calculate an explicit form

of AGIR here. We note that, since the retarded (advanced) propagators do not
have the memory effect, its deviation is essentially determined by the change of
the local temperature. Also note that the enhancement factor is proportional
to 1/(2; — ;) as the Green functions in the thermal equilibrium since there is
no chance to mix Gr and G 4.

65



4.2.4 Diagonal Wightman out of equilibrium AG%

The deviation of the flavor diagonal Wightman function AG<(z%,3°) can be
calculated by taking a variation of (4.34):

AGEL = — AGY, + D) 5 G4 — G LD « AGY
— GReD 5 AILCD) 5 GO (4.57)

There are three terms. The first two terms are interpreted as the change of the
spectrum in the expanding universe contained in Gr,4. On the other hand, the
third term reflects the memory effect.

The third term is explicitly written'” as

IO ZO
—/ du/ dv G%EQ) (x,u) AH‘é(eq)(u,v) G%EQ) (v,2) . (4.58)

This shows that the Wightman function is sensitive to the change of the back-
ground before 2° and ° unlike the retarded or advanced Green functions. Writ-
ing the self-energy in terms of the center of mass coordinate X, = (u+wv)/2 and
the relative coordinate s,, = u — v, its deviation from the thermal self-energy
at time t = 2 is written as

d —1iqos e
AH(;q)(XuUQSuMQ) = /%e @ uu@XH(Zq)(X;QHX:t(qu —1)

g/%e—iqosuvax {(—i) {i—f{ég;)} ngq)(X;q)} RCOEE
- (4.59)

Note that [syw| < 1/T¢s due to the rapid damping of SM leptons and Higgs
propagators. In the second equality the KMS relation for the thermal self-
energy (4.38) is used. As explained in eq.(4.49), the self-energy function out of
equilibrium can be approximated by the equilibrium self-energy I1(¢?) of (4.38) at
the local temperature. Note that the distribution function f(go) = 1/(e%/T 41)
is time-dependent through the time-dependence of the temperature 7' = T'(X).

The calculation of the deviation of the diagonal Wightman function AG% is
performed in the appendix I of [90]. For 20 > 30, it is given by

. LR AR
Act i) = () Y {1 fed acte e

€ g

_ fe -1 S
+dt{1 ;Q} (F' +(wa—t—|smy/2)> Zie a1 (4.60)
1q iq

where

AT D dw, O

17Since all quantities are already Fourier transformed in the spatial direction with momen-
tum q, we use u,v instead of u%, v to avoid complications.
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Each term of (4.60) is classified into three types of terms.

The first term of AG% in the square bracket reflects the change of the spec-
trum in the propagators G and related by the KMS relation (4.39). It reflects
a change of the local temperature during the period 2% and y°.

The term proportional to (X;, —t) comes from a difference between the
distribution function f,(t) at the reference time ¢t and fy(Xay) = fo(t) + (Xay —
t)d.fy at time X,,. The time-dependence of f, comes from both of the local
temperature and the physical frequency w, as shown in the definition of the
derivative operator d;. The term with s, is similar. If 20 # 40, the distribution
function at X, is affected by the information in the past.

The most important part is the term proportional to 1/T;, which reflects
the memory effect of the Wightman function. Since the Wightman function
is written as a convolution Gé (Xay; Say) = —(Gr * Oz * Ga)(Xuy; Sey), they
depend on the information in the past at X, where X;, — X, ~ 1/I'; (see
(4.58)). In the expanding universe, the temperature is higher in the past and
the number density of leptons and Higgs are larger than the present density.
Accordingly the number density of the RH neutrinos is also larger by an amount

of
_ fe€ — fe -1  difs
A{l ;q} = d, {1 ;q} X —— = i (4.62)
—Jig “Jig Fiq Fiq

Hence the term with 1/T; is directly related to the memory effect of G2 .

In applying AG> to the evolution equation of the lepton asymmetry, it
always appears as a product with the propagators of the SM particles (leptons
and Higgs) as in eq. (3.43). Since these propagators damp quickly with the
decay widths I'y 4, we can drop all the terms in (4.60) except the term containing
1/T;. Furthermore, during the period 1/I'ss, RH neutrinos are almost stable:
I'j < T'gy. Hence we can replace the frequency €2; by its real part w;.

Let us write this simplified form of AG as AG:

€
AGI(0, % q) = 3 (—i)A {1_ } x Ziemteel" =) (4.63)
€ g
The definition of Z¢ is given in (4.22). > Zﬁe‘iewi‘l(xo_yo) is nothing but Gg” =
G¥t — G4 within the above simplification.
As a final remark in this section, we mention that the above simplified form is
directly obtained from the classical Boltzmann equation as follows. The Boltz-
mann equation for the RH neutrino distribution function is given by (2.34)

2 Bp 1 [ Bk o1
dyfig = —— = [ B2 on)it(q—p— K
fia 2wiq / (2m)3 2w, / (2m)3 2wk( ) o(a—p—k)

UM [(1= Fi) F2 150 = Fial = £ = £5)] - (a.64)

All external momenta are on-shell. Leptons and Higgs are assumed to be in the
thermal equilibrium. |[M|?,... = g (hh);;(q - p) is the square of the tree-level
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decay amplitude of a RH neutrino into a lepton and a Higgs. The spin in the
initial state is averaged and the isospin sum in the final state is performed. By
using the relation (1— f(eQ))f(eQ)f(eq) fi(;‘I)(l f(eQ))( f(CQ)) it is rewritten
as

B 2 d3p 1 k1 4ed
dtfiq - _QWiq / (27‘()32&)},/ (27‘()‘3 E(Zﬂ-) 0 (q—p—k‘)
Mo [L= 157+ £50] (i = £57)
= —Tq (fzq fl(qeq)) : (4.65)

Here, we have used the definition of the decay width (4.19) with (B.9).!® The
solution of (4.65) is given by

Fia®) ~ 157 () = d 1ig®) (4.66)
and (4.63) is reproduced.

4.2.5 Off-diagonal Wightman out of equilibrium AGL
<

We then investigate the deviation of the flavor off-diagonal Wightman function.
It is most important for generating the lepton asymmetry. Since the flavor off-
diagonal Wightman function is a sum of three terms as in (4.36), its variation
contains 9 terms. Details of the calculations are given in the appendix J of

[90]. 6 terms containing AGR/A or AII (/q)

Qe = ewy F il'y/2 during the decay of N;. The change of the distribution
functions is contained in the 3 terms with AG and AH%("“Z). In Appendix C,
we give a different derivation of AGd and AG

After lengthy calculations,

AGI (20,4 q)

"(eq)ij I-f; 1 —iQ5ay
ez {0 o ey

_ (eq)w 1- iEq 1 —iQ Sy
ZZH (ew q)ZEA{ e }Q = e ] (4.67)

reflect the change of the spectrum

iq

for 2° > y°. In this expression, we have assumed that the reference time ¢
is very close to X,,, and the conditions | Xy, — t],[Sqzy| S 1/Te are satisfied.
Such conditions appear when we use the Wightman functions in evaluating the

18The factor [1 — f(eQ) + f(eQ)} represents the finite density effects, which depend only

linearly on the distrlbutlon functlons [61, 62, 68, 64, 66]. The RH neutrino interaction rate
including all the relevant SM couplings was computed in [69].
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evolution equation of the lepton number. We also took the leading order terms
with respect to I'/Tyy ~ I'/T. (4.67) is of order (H/T).?

We have also identified ; ~ ; in e~*%%v since the mass difference AM
and the widths I'; are much smaller than the typical scale of 1/|sgy| = L'¢g.

Here is an important comment. As discussed in (4.1.6), the off-diagonal com-
ponents of the Wightman function in the thermal equilibrium (4.43) is enhanced
by a large factor 1/(€; — ;) because of the resonant oscillation between flavors.
But in the limit g — yo it vanishes as in (4.45). Both of these properties are
related to the behavior of G;:c /A through the KMS relation and the fact that

G'2 is separated into the retarded and advanced propagators as in (4.42).
The deviation AGlg does not satisfy either properties. First, the enhance-

ment factor is replaced by 1/(€2; — Q7). Second, AG; does not vanish in the
limit 2% — y°:
lim AGZj(;BO, y%q) #0 . (4.68)
To—Yo <

The replacement of the enhancement factor by 1/(£2;—27) reflects the mixing
between the retarded and advanced propagators. Such mixing is naturally gen-
erated because the off-diagonal component of the Wightman function is solved
as in (4.36) to contain both types of Green functions. Since the retarded and
advanced propagators have poles at go = (l; and gy = €2, respectively, the
appearance of the term 1/(2¢; — Q7;) by go integration can be naturally under-
stood. In the equilibrium case, since the retarded and advanced propagators
are decoupled by the KMS relation, such mixings of poles at gy = €)¢; and at
qo = §; disappear in the final result of G;ij so that the enhancement factor
becomes 1/(Qe; — (2e;) or 1/(QF; — Q).

When we use AGlg (2°,9°) in the evolution equation of the lepton number,
the arguments 2, 3° are restricted to the region Sy = 20 — 90 < 1/Tep ~1/T
as mentioned above. During such short period, the decay of N; is neglected and
we can safely replace Q; in e~**<s=v by its real part w.. We write the simplified
version of AG; as Ag,gj:

wWq€

x{ ZIL D (ewy) Z, [A {1 B g’q} +A {1 R QH
“Jiaq ~Jig
ARV IS b ) S } |
jq “Jig

(4.69)

AGI(a0,y5q) = Y e
€

9Higher order contributions in the gradient expansion are of order H/T as found in [65].
Since H/T <« H/T', we do not consider such terms here.
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The second term in the square bracket with the real part of the self-energy can
be dropped by imposing 11, = 0 by the mass renormalisation. If we include the
effect of the temperature dependent mass, I1; is not always zero.

4.2.6 Short summary

In this section, we studied the deviation of various Green functions from the
thermal equilibrium. Because of the limited domain of time integration in the
KB equation, the deviation of the retarded/advanced Green function AGr/4
is mainly caused by the local change of the physical quantities. On the other
hand, the deviation of the Wightman function AG> is caused by tracing the
history in the integration. And the time integration contributes mainly for the
time interval ~ 1/I'; because of the exponential damping of the propagators.
It’s reflected in the expressions (4.63) and (4.69) as the factors which become
smaller as the each decay rate I'; becomes larger, that is the reason why the off-
diagonal component of the deviation from the equilibrium Wightman function
have the enhancement factor 1/(€2; — Q7).

However, note there is the crucial difference between the diagonal and off-
diagonal components of the Wightman function. Contrary to the diagonal com-
ponents of the deviation (4.63) the off-diagonal components cannot be expressed

as a change of the local equilibrium Green function G’;q) in (4.44):
(AG2)" # AGY) . (4.70)

Eq. (4.69) and this property are the main results of this section. The property
(4.70) becomes evident when we notice that Gg vanishes in the leading order

approximation at 2% = " as in (4.45) while AG/2 is nonzero at the equal time,
which produces the lepton asymmetry. This corresponds to the fact that the
resonant enhancement of AG2 with the factor 1/(€2; — Q7) occurs through the

memory effect, differently from the resonant oscillation of chq) with 1/(Q,—-9;)
which is controlled by the KMS relation in thermal equilibrium. We come back
to this property in subsection 4.4.

4.3 Boltzmann eq. from Kadanoff-Baym eq.

The evolution equation of the lepton asymmetry is given by the KB equation
(3.43). The r.h.s. is written as a functional of the Wightman functions of RH
neutrinos, SM leptons and SM Higgs. Since the SM leptons and Higgs are al-
most in the thermal equilibrium, their distribution functions are approximated
by the thermal values at the local temperature. But the RH neutrinos decay
much slower, and furthermore the RH neutrinos with almost degenerate masses
coherently oscillate between different flavors during their propagation. Hence
the Wightman functions G¥ of the RH neutrinos must be treated in a full quan-
tum mechanical way by using the KB equation, not by the classical Boltzmann
equation. Now that we have the explicit form of Gg calculated from the KB
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equation, we can obtain the correct evolution equation for the lepton asymmetry
by inserting it into the r.h.s. of (3.43).

The evolution equation of lepton number is given by

dny, _ d*q [ t
i o =Y [ [ ar 0
X [tr{PRG?(t, 7;q)PLs (7,8 q)}
- tr{PRGij(t, T q) P (7, t; q)}} (4.71)

where P,mzPr = 7> as defined in (3.44). After Fourier transformation of
the r.h.s., the frequencies qo, po, ko of the Green functions, G>(qo) and Sz (po),
Az (ko) in s, satisfy the relation ¢o = pg + ko. Furthermore, in the thermal
equilibrium, the Wightman functions are related to the retarded (advanced)
propagators through the KMS relation (3.8), (4.38) and (4.39). Then, by using
the relation

In(0)(1 = fe(po)) (1 + fo (ko)) = (1 = fn(g0)) fe(po) fo (ko) (4.72)

two terms in the square bracket cancel each other. Hence there is no generation
of lepton asymmetry in the thermal equilibrium. In the following, we see that the
deviations from the equilibrium propagator bring the non-zero collision term on
the r.h.s. of (4.71) which give the production and washout of the lepton number.

4.3.1 Lepton asymmetry out of equilibrium

In the expanding universe, there are three sources for changing the lepton asym-
metry, and the r.h.s. of (4.71) can be classified into the following three terms:

dng, K K K
— +3Hn = sz/ (CX;+cly +chg) (4.73)

Here we rewrite the sum over 4, j into the flavor diagonal part K = d and the off-
diagonal part K =’. Namely K = d corresponds to a summation of i = j = 1
and ¢ = j = 2 while K =’ corresponds to a summation of i = 1,5 = 2 and
1=2,7=1.

The first term Ci(f comes from the deviation of the Wightman functions of
the RH neutrinos (i.e., the distortion of the distribution function Af) from the
thermal value

—GLY 20, (4.74)
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and is given by

d3q
sy =23 [ oo

¢
></ dr [tr (PRAgf” (t,T; q)PLW(;q) (1, t; p))

— 00

> (hih)j

i,jEK

— tr(PRAGEY (1, ) Pr ) ( p))] . (4T

This generates the lepton asymmetry in the expanding universe.
The second term comes from the deviation of 7>:

Ay =73 — qu) (4.76)

which is caused by the deviation of the distribution functions of the SM leptons
and Higgs. C{ is written as

3
o 2 5,

ijeK
t ..
x/ dr |:tI‘(PRGI<<(eq)U(t,T;q)PLATl'>(T,t;p))
— (PGt @) AT (ﬂt;p)ﬂ O )

This gives washout effect of the lepton asymmetry.

The third term comes from the back reaction of the generated lepton asym-
metry to G/é’ namely to the distribution function of the RH neutrinos. It is
written as

=2 [ 55 3 wih

ijEK
t .
x/ dr |:tI‘{PRAMGI<QJ(t,T;q)PLT((;q)(T,t;p)}
—tr{PRA,LGi‘%,nq)Pqu)(r,t;p)ﬂ S

Here A,G is defined as the back reaction of the generated chemical potential of
the lepton and Higgs to the RH Wightman function.

4.3.2 Effect of AG: on the lepton asymmetry: Cay

The deviation of the Wightman function from the equilibrium value generates
the lepton asymmetry out of equilibrium.
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First let us look at the contribution of the flavor diagonal (K = d) part of
CK;- Inserting (4.63)* and (3.45) into (4.75), we have

d3p Bk d3q
d _ 383(q — p —
Car= Z/ 21920, (27 2an @)y V0@ —P = k)

Ty
(wg — wp —wk)? +T7,/4

x {Afiq (1= Fi) 1+ o) = (L= F5)(L+ 1))

9uw(hTh)ii(q - p)

— A1l = fig) (fzpquk - fzpfgk) }
=0. (4.79)

Here we took all the €’s, € in (4.63) and €, €4 in (3.45), the same € = ¢/ = ¢,
because the temperature considered is not so high that a process like ¢ — £+ N
does not occur. Hence the flavor diagonal component does not generate the

asymmetry. In the last equality, we used the relation f, = f; = éeq), fo =

fz=14 (°?) for the thermal distribution function.

Next we calculate the off-diagonal term ClA 5 with K =’. Inserting (4.69)
into (4.75), we have

d*k d*q (2m)%6°(¢ —p — k)Fw t
Cas = z; )/ 2m) 32w (27)32wy, (27)32w, (wg — wp — wWi)2 + ¢/4 S(hh)
J

— M2)/2
+ (M;T;  M,T,)?

(4z 7D (wq)) (q p>+4z(—M2<p-wéeq><wq>>+<q-w£€q><wq>><q-p>))

[Afiq + Afjgl (1= £ (1 + F59) = [A(L = fig) + AL = fq)] fie? f;q>>

M;T; + M,T;
(M2 = Mf) + (M;L; + M,T;)?

(10 e a0+ 4 (320 7 ) + a7 )0 D) )

+

[Afig = Afsal (= Ji™) X+ £57) = [AQ = fig) = AL = f)] f;q>feq>>].
(4.80)

Here, using the definition of 7> in (3.45), we have defined 7, = i(7> — 7<) =
(mr—ma), mn = (mr+7a)/2 and their Fourier transform in the time direction, to

20We note again that (Xgy — t) and sgy of the arguments of Gx (29,4°) are smaller than
1/T¢y due to m>(7,t) ~ e~ (#=T/2 Hence the use of AG is justified.
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separate the self-energies Hlp(/e;f) in (4.69) into the Yukawa coupling (hh)’ and the
equilibrium values of 7, (see (B.8) and (B.14)). If we use the vacuum values
for the self-energy calculated in Appendix B, i.e., 7,(ewq) = —gwied,./(167) and
mh(ewq) = 0, the second term in the square bracket is dropped and (4.80) is
simplified as

o - Z / d3p a3k d3q (2m)383(q — p — k)T ey
B £ ] (2m)32w, (2m)32wy (273w, (wg — wp — wr)? + 17, /4

x 8| M|? (Afmu — Fe @+ 50 - A - fm)féﬁ”féi”) (4.81)

where

gwM2 M'LQ - Mj2
8w (2\422 — MJ2)2 + (M,LFZ + MJFJ)2 ’

JIM[* = guS(hTh)3;(q - p) (4.82)

The factor §|M|? can be interpreted as the C'P-asymmetric part of the decay
amplitudes, which gives the C'P-asymmetry of the decay rates I, 09 —1"y. 73

The term (4.81) produces the lepton asymmetry through the C' P-asymmetric
decay of the RH neutrinos that are out of the thermal equilibrium. The dis-
tortion of the distribution function is given in (4.62). An important point
in (4.81) is that the enhancement factor of the C'P-asymmetry is given by
(M7 = M?)/((M}? = M?)? + (M;T; 4 M;T;)?), and the regulator R;; relevant to
the C'P-asymmetric decay of the RH neutrinos is given, not by (M;I'; — M;T;),
but by (szz + MJFJ)

4.3.3 Washout effect on the lepton asymmetry: Cy

The term CE. washes out the generated lepton asymmetry. In order to calculate
A, we first perform the Fourier transform of 7> (7,t; q) defined in (3.45):

d®p d3k (2m)36%(q —p— k) Teg
— ) C ,D€ZE¢
m2(4) u Z / (2m)32w, (2m)32wy, (o — €owp — €gwi)? + 17, /4 PPy

€¢y,€p
(4.83)
where D;(Z’k) is defined in (3.46). Then A7y is given by
Az (q) = m2(q) — 759 (q)
B d3p d3k (2m)383(q —p — k)T creq
= Yw 3 3 52 71 Pee AP
= (27)32wy, (2m)32wy, (g0 — eowp — €pwr)* + 17, /4 )
(4.84)

€0€p  _ ELEY erep(eq)
where ADy 1) = Dzpry ~ Daok) -
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First consider the diagonal component K = d. Inserting (4.40) into (4.77),
we have

ol _ Z/ d®p d*k d3q  (2m)30%(q—p— k)ry
w - (2m)32w,, (27)32wy, (27)3w, (wg — wp — wi)? + 17, /4

gu(hih)ig ~p){ff§q)A {0 = Jo) L+ for) = (L= f)(1+ 5}
—(1— fA {f@pf(bk - fzpfgk} } : (4.85)

This gives a washout effect on the generated lepton asymmetry and it is physi-
cally interpreted as the inverse decay of the RH neutrinos.
Next let us see the flavor off-diagonal component, K =’.

property (4.45), it vanishes in the leading order approximation:

Because of the

Co =0 . (4.86)
Hence only the diagonal component plays a role of washing out the generated
lepton asymmetry.
4.3.4 Backreaction of the generated lepton asymmetry: Cgr

Finally let us see the back reaction of the generated lepton number asymme-
try (i.e., the nonzero chemical potential of the SM leptons) to the Wightman
functions of the RH neutrinos.

By using (B.6) and the flavor symmetry S®* = §%5S, the deviation of the
self-energy in the presence of the chemical potential is written as

By 12 (0) = [ dset i, (X = tisiq)
=(hTh);; PLAT= (q) + (RTh);; PRAT= (q) - (4.87)

AT> is the C'P-conjugate of Ar> and obtained by changing the sign of the
chemical potential of the SM leptons and the Higgs. AMG‘é (¢) is given by
replacing I1¢ in (4.34) by ¢ = j component of (4.87), and the contribution of
the flavor diagonal component is shown to vanishes:

Cirn=0. (4.88)
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Similarly the off-diagonal contribution becomes

B Z/ d*p Pk d’q (20)°6°(q—p—K)Tuy
R - (2m)32w, (27m)32wy, (27)3wy (Wqg — wp — wk)? + F%¢/4
guwM? (M + M;T;)

167 (M7 — M?)% + (M;T; + M;T;)?

2578 (0= 0 fo) = (0 F)(1 4 £5,)

gw(q -p)(—l) (C\\y(hfh)”)

e ﬁ%{mmmmﬁ. (4.89)

Details of the calculations are given in the appendix L in [90]. In the above cal-
culations, we took the weak coupling limit discussed in Appendix B. This term
represents the effect of back reaction of the generated lepton asymmetry on the
Wightman functions of the RH neutrinos. Such a term appears because we first
solved the propagators of the RH neutrinos in the background of the SM leptons
and the Higgs. The relative sign of the back reaction to the washout effect Cg,
in (4.85) is opposite so that the back reaction tends to reduce the washout of
the generation of lepton asymmetry. If we solve the KB equations for the lepton
asymmetry and the Wightman functions of the RH neutrinos simultaneously,
the generated lepton asymmetry (namely the effect of the chemical potential)
makes the RH neutrinos further away from the equilibrium. It is the reason
why the back reaction reduces the washout.

4.3.5 (P-violating parameter

The C P-violating parameter can be read off from (4.81). §|M|? of (4.82) gives
the C'P-asymmetry of the decay rates I'n, 09 — I'y, e Since the tree decay

amplitude is given by |[M|?.., = gw(hTh);i(q-p), the C P-violating parameter ;
is given by

- FNi—wd) - FN;,—>%

51‘:

Ini—ee + TN, o723

M?—M?
Zj(;éi)gw S(hf h)”(q p) 2 (Mf—Mf)2+(M1;Fi+JMjF,-)2

- 2 % gu(hTh)ii(q - p)
g(hTh)w GuwM? M} — M
(hth)s 16w (M} = M?))? + (ML + M;T;)?

3(#9)
-y S(hTh);, (M7 — MM x (14 O(AM/M)) .
= (hth)ii(Rth) 5 (M? — M?)? + (ML + M;T;)?
(4.90)
Hence the regulator discussed in the introduction is given by
Rij = M;I'; + M,;T; . (4.91)
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Figure 11: The information of the Wightman functions of the RH neutrinos are
encoded in the self-energies Il 2 in the past and transferred from the past to
t = 20,90 by the retarded and advanced Green functions.

The result is consistent with the result obtained in [71]. In the paper [71], the
C P-violating parameter is obtained indirectly from the generated lepton asym-
metry in a static background with an out-of-equilibrium initial condition. In
our calculation, we directly obtained the same result in the expanding universe.
It shows that the result obtained by Garny et al. is universal and can be applied
to the thermal resonant leptogenesis.

4.3.6 Short summary

By using AG;’j calculated in the previous section 4.2 in the r.h.s. of (4.71),

we obtained the evolution equation (4.73) with three terms. CIA ¢ generates
the lepton asymmetry and corresponds to the C' P-asymmetric decay of the RH
neutrinos. Cyy gives the washout effects on the generated lepton numbers. Cggr
is the effect of the back reactions of the generated lepton asymmetry on the
distribution functions of the RH neutrinos. From C,A £+ we extracted the CP-
asymmetric parameter ¢; given in (4.90). The enhancement factor due to the
degenerate masses is regularized with an regulator R;; = M;I'; + M;I';, which
reflects the enhancement factor of AG%.

4.4 Physical interpretation of the regulators

In this section, we give a physical interpretation of the appearance of the regu-
lator R;; = |M,T'; + M,T;| instead of |M,;I"; — M;I';| in the flavor off-diagonal
component of the Wightman function AG/%.

The Wightman Green functions of the RH neutrinos are solved as in (4.34)
and (4.35) in terms of the retarded, advanced propagators and the self-energies.
These equations mean that the information of the distribution function of the

RH neutrinos in the Wightman functions Gg are encoded in the self-energies

H’g in the past, and transferred from the past to the present ¢t = 2°,4°. The
self-energies H’g encode the information of the distributions functions of the SM
leptons and the Higgs in the past (see Fig.11). In the flavor diagonal case of
(4.34), all flavor indices of the RH neutrino propagators are the same in the
leading order approximation. On the other hand, in the flavor off-diagonal case
of (4.35), the flavor oscillation plays an important role.
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Here we note that, as shown in (4.28) and (4.29), G;?)A is a coherent sum
of two terms, each of which corresponds to a propagation of the i-th (or j-th)
flavor RH neutrino. We divide it as follows:

,ij . I’L'j ,ij
Gy =GR, +[GH]; - (4.92)

3

4.4.1 On-shell and off-shell separation of G/;Q)

Now let’s investigate Glg'j. By looking at the first term of (4.35), it contains
G?g which describes the propagation of the j-th RH neutrino. The propagator
G in the first term contains both of the propagations of i-th and j-th flavor
neutrinos. If the j-th neutrino propagates in G, only a single (j-th) neutrino
propagates from the past, when the decay/inverse-decay represented by >
takes place, to the present at t = 22, y°. We call this type of contributions the
“on-shell” contributions.?! These contributions are all taken into account in the
classical Boltzmann equation.

On the contrary, if the i-th neutrino propagates in Gﬁj , two different fla-
vors propagate from the past to the present. This type of contributions are
essentially “off-shell”. In the classical Boltzmann equation, we first calculate
the S-matrix elements of various processes and the external lines are taken to
be on-shell. Hence this type of “off-shell” contributions are not taken into ac-
count by ordinary methods.?? Separation of various Green functions, especially
AGlg, are calculated in the appendix M of [90].

For G/2 in eq.(4.35), on-shell contributions come from j-th propagation
(G ]; of G in the first term and the i-th propagation [G 17 ], of G in
the second term. All the other terms, i-th propagation [G’ L of G5’ in the
first term, the j-th propagation [ij]j of G:;j in the second term give the off-
shell contributions. The third term is off-shell since different mass eigenstates
propagate in G&¢ and G‘jf] .G Igeq) is separated into

eq) _ [/ (ca) /(cq)
Gr™ = [GR™] onshell T [GR ™ | of-shell - (4.93)

If we neglect the off-shell terms and take only the on-shell terms, [G/I;eq)} on-shell

21Gee the footnote of the section 4.1.2. Propagations of a single N; corresponds to propaga-
tions of a single mass eigenstate with mass M; and width I";. It is why we call this contrition
as “on-shell”.

221n the evolution equation of the lepton number, “off-shell” contributions can be interpreted
as the interference terms in the (inverse)decay process of the superposition of different mass
eigenstates.
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becomes (20 > y°)

[GLD9(2®, 4% )] oy shell

= Zeﬂéeq)ij(ewq)zeiﬂ (=) {1 ~ {jq} e~ (="
Qei — Qe ia

iq

' i —1 NI i (20— g0
+ 2 ZEHA(CQ)z] (qu)Zém(fl) { € q} (& Qei( v . (494)

Note that the sum of the on-shell contributions do not vanish even at z? = 3°

and fz >~ fjl

lim [GLD9 (20 4% q)] o snel 7 0 - (4.95)

20 —y0

It is different from the property of the full contributions given in (4.43).

4.4.2 On-shell and off-shell separation of AG/2

We next investigate AG%. We show that neglecting the off-shell contribution
in AG;, we get an enhancement factor for the C P-violating parameter with a
regulator |M;I'; — M,T;|.

In the appendix M.7 of [90], we separate AG/2 into on-shell and off-shell
contributions:??

AGy = [AGH] 1 ehell + [AGH] ot g - (4.96)

The on-shell contribution is given by (for z° > 3°)
"ij (0 ,0.
[AG (2%, )] o ghen

"(eq)ij . 1—f; i —iQe Sy

ja

"(eq)ij . 1-—f5 —1 —iQ.s
+ 3 201 q)J(ewq)Ze(—z)A{ q}Q e~ eS| (4.97)

_ fe€ _ Ox*
1q L er

23This is analogous to the separation in [71], in which the authors emphasized an importance
of the first principle calculation to keep the quantum coherence between the different flavor RH
neutrinos. Calculating the evolution of the generated lepton number under a non-equilibrium
initial condition in the flat space-time, they found two different behaviors of the generated
lepton number. One is the ordinary term common in the conventional Boltzmann equation.
The other term is specific to the quantum treatment by the quantum KB approach. The
latter oscillates in time and reduces the eventual lepton number. “Off-shell” contribution
here corresponds to the latter effect. However, note that in the present case the C P-violating
parameter, and hence the resulting lepton number does not oscillate. the oscillatory behavior
is averaged out because the deviation from the equilibrium is caused by the expansion of the
universe, and its expansion rate H is much smaller than the oscillation scale AM ~ I'. This
averaging also occurs in the analysis by [60] in the strong washout regime.
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This on-shell contribution has two important properties. First, it satisfies
[AG%lj]on—shell =A [G%”]on—shell (4.98)

where [G/%ij]on-shell is given in (4.94). The on-shell contribution (4.97) is sim-
ply obtained by replacing f(¢9 by its variation Af in (4.94). This replacing
means that the process of the flavor oscillations and the process of taking a
variation from the thermal values are commutative if we neglect the off-shell
contributions. For full quantum calculations, (4.44) cannot be obtained by such
a replacement from (4.43). This is because the flavor oscillations and the de-
viation from the thermal values are coherently mixed and these processes are
not commutable. Namely, dropping the off-shell contributions corresponds to
neglecting the interference between the flavor oscillations and the deviation of
the distribution functions from the thermal equilibrium.

Second, compared with the full result (4.67), the enhancement factor 1/(€2; —
Q%) is replaced by 1/(£2; — ;). It is related to the above non-commutativity of
taking A and flavor oscillation effects.

By inserting the on-shell formula (4.94) and (4.97) into (4.75), and supposing
Tplewg) = —guwied /(16m), mp(ewy) = 0, we have an on-shell approximation

’

[CAf] on-shell of ClAf:

[C, ] N Z / d3p d3k d3q (2m)383(q —p — k)Tep
Aflon-shell = et (27)32wy, (2m)32wy, (27)3wy (wg — wp — wk)? +T7,/4
gwM2 MzQ - Mj2

8w (MZQ —MJQ>2+<MZFZ —Mij)2

c{as1- 50+ 150 - A0 - £ 150 )
(4.99)

guS(hTh)Z;(q - p)

Hence the regulator |M;I;+M;T';| is replace by |M,I';—M;T';| if we take only the
on-shell terms. It is not valid in general, especially in the resonant leptogenesis.

If the masses are hierarchical, it becomes identical with the correct value in
(4.81).

4.4.3 Short summary

As emphasized above, if we neglect the off-shell contributions that are not in-
cluded in the ordinary Boltzmann type analysis, we get a result (4.97) which
is different from the correct one given in (4.67). The only difference is the en-
hancement factor, and if the mass difference is much larger than the width they
coincide. But the difference is enlarged when the masses are almost degener-
ate. This reflects the fact that the flavor oscillation becomes important only for
degenerate masses. Another important point is that the property of the non-
commutativity (4.70) in the full result disappears if we take only the on-shell
contributions as in (4.98). The noncommutativity is related to the vanishing of
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Figure 12: A comparison between the three types of regulator R;;. The horizon-
tal axis is the mass degeneracy = AM/M and the vertical axis is the value of
the factor [M? — MZ?|M;L;/((M7? —M?)*+R?;) = (T /2M) /(2* 4 (R;;/2M?)?)
with the Yukawa couplings I';/2M = (hTh);;/16m = 1 x 10712 and I';/2M =
(hTh)s /167 = 0.9 x 107!2. The red line corresponds to the result obtained
from the analysis using the KB equation, whose maximum value becomes about
one half of the conventional one with R;; = MT'; (black solid line). And
they can be many orders of magnitude less than the maximum value with
R;; = |M;I'; — M;T';| (black dashed line).

G at the equal time (4.45). For the on-shell contributions, [G%] on-shel] does
not vanish as shown in (4.95).

Based on this observation, we give another derivation of the properties of
AG2 in Appendix C by directly solving the KB equations. If we assume the

vanishing condition (C.34) of G/2 which is equivalent to (4.45), we show that
the enhancement factor with a regulator M,T'; + M;T'; appears as in (C.35). On
the other hand, if we erroneously assume that it does not vanish, it leads to a
much larger enhancement factor.

4.5 Summary and comments

In this section, by extending the analysis in the static background [71] to the
thermal resonant leptogenesis in the expanding universe, we obtain an analytical
expression of the evolution equation of the lepton number asymmetry. The
C P-violating parameter is obtained as in (4.90). The regulator we obtained is
consistent with the result [71] and it gives smaller C' P-violating parameter than
the conventional results (2.151), see Fig.12.

The difference between the regulator R;; = |M,;I'; + M;I';| and R;; =
|M;T'; — M;T';| comes from different forms of the enhancement factors of fla-
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vor off-diagonal components of the RH neutrino propagators. We show that
the resonant oscillations between different flavors have two different types; one
proportional to 1/(€2; — €7) and the other proportional to 1/(€2; — €2;). Here
Q; = w;q —il'4/2 is a position of the pole of the i-th RH neutrino. In the
thermal equilibrium, the resonant oscillations in the flavor off-diagonal Green
functions have the type 1/(€; — €;) (or its complex conjugate) as shown in
(4.28) or in (4.44). Since 1/(£2; — ;) is rewritten by (4.33), the enhancement of
flavor oscillation corresponds to the regulator R;; = |M;I'; — M;T';|. However,
the deviation of the off-diagonal components of out of equilibrium has a different
enhancement factor 1/(€2; — }) as shown in (4.67), which corresponds to the
regulator R;; = |M,I'; + M,I';|. Physical interpretation of the change of the
regulator is given in Section 4.4. The off-shell contributions to the off-diagonal
component to the Wightman functions are essential. they correspond to the
contributions missed in the conventional calculation (see section 2.4).

In section 3.5, we mentioned that the lepton number evolution equation
has the non-Markovian form after plugging the solution of the RH neutrino
Wightman propagator (3.48). In this section, we have implemented the time
integration in (3.48) by taking up to the first order of the derivative expansion
in terms of H/I' = 1/K <« 1 (4.47). The form of regulator R;; = |M;I'; + M;T;|
reflects the memory integral in the non-Markovian equation as mentioned in
subsection 4.2.6. Such a memory effect is taken into account through the formal
solution (3.48) which comprise the retarded and advanced propagators of the
mass eigenstates?* (4.20), and hence both of complex frequencies €; and Q.

The property (4.45) is also important for this change of the regulator. As we
show in Appendix C, if we erroneously assume that the off-diagonal component
of the Wightman function is non-vanishing and its deviation is given by the
change of the local temperature, it leads to much more enhanced oscillation
similar to the regulator R;; = |M;T; — M;T;].

The major differences from the conventional calculation in Section 2.3 are:
(i) the interferences between the different mass eigenstates have been taken
into account. (ii) the non-equilibrium Wightman propagator, which has the en-
hancement factor 1/(€; —€2}), has been used. This is crucial because, by taking
into account the effect (i), the equilibrium Wightman propagator disappears
in the two-point coincidence limit (4.45). As a consequence, we have gotten
the C'P-violating parameter (4.90) with the regulator R;; = M;T'; + M,T;, and
moreover, we never need the RIS-subtraction in thermal equilibrium.2®

From the form of the Wightman propagator out of equilibrium (4.67), we
find the validity of an approximation in which, although the spectral density G,

24Note that, within the validity of the calculation in this section, the frequency of the i-th
mass eigenstate’s propagator almost coincides with the i-th bare propagator. See the footnote
of the section 4.1.2.

25From this perspective, the reason why one needs the RIS-subtraction should not be under-
stood as “double counting”. It’s because the conventional calculations just miss the off-shell
contribution even in thermal equilibrium.
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of RH neutrino has the form of the quasi-particle approximation, the statistical
propagator G g has the off-diagonal components in the flavor indices. In the next
section 5, by using such an approximation, we take into account the important
off-shell effects in the evaluation of the r.h.s. of (3.34).
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5 Density matrix formalism and resonant lepto-
genesis

In the previous section, we have solved the KB equations of RH neutrino in
advance, and plugging it into the KB equation of the SM lepton, we have got-
ten the evolution equation of the lepton number with the effective C' P-violating
parameter €. However, in the analysis, we can notice the validity of another
approximated form of the Wightman propagator of RH neutrinos: From the
expression (4.69), it’s found that the deviation of the thermal Wightman propa-
gator of RH neutrinos can be written in the form of quasi-particle approximation
with the non-diagonal distribution function in terms of flavor indices.

In this section, such a non-diagonal distribution function is identified as the
so-called density matrix, and we reduce the KB equation of RH neutrino into
the Markovian equation for the density matrix of RH neutrinos, corresponding
the picture (a) in Fig.8 at the end of section 2. Moreover, by plugging the
analytic solution of that equation into the evolution equation of lepton number,
we will get the effective C' P-violating parameter without the assumption of small
off-diagonal components of Yukawa coupling.

5.1 From KB to density matrix evolution

In this subsection, we derive an evolution equation of the multi-flavour density
matrix of the RH neutrinos N; [57] starting from the Kadanoff-Baym equation.
We extend the method established in the flat space-time by [70] to the case
of the expanding universe. In [70], the evolution equation in the expanding
universe was derived by replacing the physical time and the Majorana mass M
by the conformal time and aM, where a is the scale factor. Our result in the
following agrees with the result in [70], and give a justification of their method
to obtain the evolution equation in the expanding universe. KB equation is
derived from the Schwinger-Dyson equation on the closed-time-path, which is
a fully systematic equation of the Green functions in a non-equilibrium setting.
Deriving the kinetic equation for density matrix from the KB equation makes it
clear under what conditions the density matrix equation is obtained and what
kinds of diagrams contribute to various terms in the density matrix formalism,
especially the resonantly enhanced C P-violating parameter and the decay widths
I'; contained in the regulator of ;.

5.1.1 Kramers-Moyal expansion of the Kadanoff-Baym equation

Assuming the spatial homogeneity, The Kadanoff-Baym (KB) equation of the
RH neutrinos in the expanding universe (3.12) is Fourier-transformed as

<w°awo - f(;u;y) - M) Gg(xo,yo) — (IR * Gg)(:ﬂo,yo) = (Il * Ga) (% y%).
(5.1)
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Figure 13: Self-energy diagrams of RH neutrino N;. In the 2PI formalism,
each internal line represents a full propagator while vertices are given by tree
vertices. Tree-level decay width is generated from the left figure (a). The right
figure (b) gives the so-called direct C P-violating parameter of the RH neutrino,
an interference between the tree and the one-loop vertex corrections.

where q is the comoving momentum and we omitted the argument q of G¢ (29,9 q).
* represents the convolution in the time coordinate. Symbolically we write it as

iG51G§ — HRG§ = H§GA. (5.2)

The 1PT self-energy function II of RH neutrino is obtained by cutting a (full)
propagator of 2PI diagrams. In the 2PI formalism, all internal lines represent
full propagators while vertices are tree. For more details, see appendix A.3 and
appendix B. Figure 13 are examples of self-energy diagrams. In deriving the KB
equation, Fig. 13(a) gives the decay width at tree level while Fig. 13(b) gives
an interference between the tree and the one-loop vertex diagrams [72]. Hence
the direct C'P-violating parameter is contained in Fig. 13 (b). If we include Z’
gauge boson or a scalar field coupled with the RH neutrinos, other self-energy
diagrams in Fig. (18) contribute to II.

By taking the Fourier transform with respect to the relative time coordinate
s=12"—19° eq. (5.1) becomes

o {quo - % - M- UR(X;qo)} {G<(Xi00)} = 7" {TI< (X3 q0) } {Ga (X3 0)}-
(5.3)

X = (2 +y°)/2 is the center-of-mass time coordinate. Here we used the Moyal-
Weyl bracket defined by

e (X3 q0)Ho( X5 q0)} = eF P05 0500 1( X qo)g(X5q0).  (5.4)

In the expanding universe with the Hubble parameter H, X derivative is often
estimated as dx ~ O(H). On the other hand, derivative with respect to the
relative momentum gq is estimated as 9y, f ~ O(1/T'f) where I'y is the decay
width of the function f(X,s) ~ e '#%. In (5.3), T for G, (* = S, A,R,,,)
is given by the decay width I'y of the RH neutrinos. In the strong washout
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regime, we have an inequality H < I'y. Since the dominant contribution to the
self-energy II comes from the diagram in Fig. 13 (a), I for II, is given by the
decay widths of the charged lepton and Higgs I'; ¢ propagating in the internal
lines. They are much larger than I'y. An expansion with respect to < is given
by H/I'n ¢ and hence justified by (4.47).

Taking up to the first order of the derivative expansion of <, we have

(voqo—%_M_HR) G§_i<>{7oq°_%_M_HR} (¢}

=M<Ga — i {lig} {Ga} (5.5)

The spectral function G, satisfies a similar equation in which = ( of G and II)
is replaced by p.

5.1.2 KB equation for small deviation from G;Z

As we have seen in section 3.1, in thermal equilibrium, Fourier transform of the
propagators satisfy the Kubo-Martin-Schwinger (KMS) relation

eq = —q 1- feq(Q) eq
G% (q) = { —fe(q) }Gp (Q)a (5.6)

where f¢ is the Fermi distribution function f¢4(q) = 1/(e?/” + 1). Especially,
as shown in subsection 4.1.6, the off-diagonal component of the Wightman func-
tions G%¥4(2°,y°) vanishes in the limit of 2 — ¢°. It directly follows from the
KMS relation together with the equal-time anti-commutation relation of the
fields N;. When the system is out of equilibrium, it deviates from zero whose
imaginary part gives the C P-violating source for the lepton number asymmetry.

If the system is slightly deviated from the local equilibrium, KMS relation
indicates that the deviation is written as

G:0) = -is{' I G- { Z LW e, 6

where ¢ f(q) stands for the deviation of the distribution function from the equi-
librium value f¢4(q). We then define

0Gs =06G< +i L_ff} 3G, = 8Gp +i (% — f)8G,. (5.8)

which represents a deviation of the distribution function SZ?g ~i(6f)G,. For
the notational simplicity, we omit the superscript “eq” from equilibrium distri-
bution function f¢4(q). Note that, here, “equilibrium” means local equilibrium
with the time-dependenttemperature of the SM thermal bath, and §f is the
deviation from the local equilibrium.

We now derive the KB equation for a small deviation from the local equilib-
rium. Taking a variation in (5.5) and picking up to the first order terms of 4,
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we have
(’yoqo qa'y - Heq) 6Gs — STIRGE — id) {7 o — qa—" iy Heq} {6G<)
R

= TI6G 4 +0TGY — i (N2 G + 0G4} —i0 (I HHGHY . (59)

We can obtain the same equation for G, by replacing < by p. By combining
these equations and using the KMS relation, some terms are cancelled and we
have

(v°00 — 7 — 31 117 (6G§ +i F_ff} 5G,J)

—i0{+°a0 - T - Iy} <{5G§} +i [I:ff] {mp})

S L T e I { [1_—ff] } Gei(—i)

_ <6H§ +i [1_ff] 5Hp> G — i~ )0 { [1_ff] } (G50 +6G A}
~io(fonsh+i ' 7/ wm) ey (5.10)

The deviation from G2 occurs due to the expansion of the universe, and hence
dGg is proportional to the Hubble parameter H. Since the derivative expansion
of { is an expansion of H, we can drop terms containing more than one § or {
when H < I'y,T'¢ 4. Then (5.10) is simplified as

=10 {100 — LT — N T} (i} G + 000 {if Y

= SI=GY — (1°q0 — ST — N — 1157 6Gi< (5.11)

Instead of (5.2), we can start from
ZGgGo_l — G§HA = GRH§ (5.12)

and obtain a similar equation to (5.11),
—iG10 {ifH {2000 — LT — N1 — T} + a0 (G5 i
q-7 9
= G50l — G (7 Go——— M- Hi,q) : (5.13)
By multiplying a helicity projection operator with h = £1

1+hn-o q

Pz n=1, o' ="' (5.14)
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n [(5.11) — (5.13)], and taking trace of spinors, we get
— e[ (0 {2%00 — LT — 01—} {ify G — IO (i G
= G0 if} {10 — LT — i1 -1+ 0 4G5 if )
(o1 ) i () )
e [Py (TG + %H;%E*; — GISTIZ + %@H;‘Iﬂ. (5.15)

where IIy = (IIg + I14)/2.

We make the following quasi-particle ansatz for 6@;. In this thesis, we
consider a situation that two RH neutrinos have almost degenerate masses.
Hence their poles in the Green function can be approximated by a single pole
of Breit-Wigner type [70]:

(5GA/§ ~ Z i fn,n(qo, X) G Py,

h=+
r gy +M
~ iy l + P
Z favia) —wg)® + F3/4 2wyq "
r, g+ M
Py. 5.16
+Z Mo (o T2 7 T2 20y (5.16)

where we set the momentum at on-shell ¢+, = (fwq, —q), and

GOl =~ Z P, (5.17)
p hzi (q0? — w?) + w212

is the spectral density of RH neutrino. By putting these ansatz, we assumed
that deviation from local equilibrium appears only in the matrix-valued distri-
bution function fx . As a result, we obtain the same equation as derived in
[70]. Two mass eigenstates are summed in the distribution function 0fy. As
seen in Section 4, flavor off-diagonal components of the distribution function is
suppressed by a cancellation of two mass eigenstates. But when the system is
out-of-equilibrium, off-diagonal component of § fy becomes comparable to its
diagonal one.
Also note that hermiticity of Wightman function

[G<(q0,)]" =7°G < (g0, a)?° (5.18)

together with spatial homogeneity and isotropy require the relation & fITv hg =
0fN,h,q- Majorana condition

[G<(q0,9)] = C[G> (=0, —@)]'C ™" = G<(q0, ) (5.19)

relates the positive and negative frequency parts as in (5.16).
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We then insert the ansatz of 5GAJ§ of (5.16) into (5.15) and perform ¢¢ inte-

gration: fooo dgo/2m . It is dominated near the region qo ~ wq = /M? + |q|?
(see Appendix D), and we get an evolution equation for the density matrix:

. . S
—idi fN g = *[qu#st,h,q] + 5 (5.20)

where fy 5,4 is the density matrix defined as

INpg = IN b T 0INRa s INhg = N (Wg)laxa . (5.21)

This quantity is identified as the expectation value of the off-diagonal number
operator ay. , (AN, hq :

T T
Famg = <a§vl,h,an1,h,q> {an, h.q@N2ha) , (5.22)
o <aN2,h,an17h7q> <aN27h,an2’h7q>

(+++) is defined by (3.3) using the initial (full) density matrix p(¢;). The matrix-
valued quantity fu p.q, which is called density matrix here, should be understood
as the gaussian part of the full density matrix p(t). Remember the underlying
assumption on which analyses using the ordinary Boltzmann equation are based
is that the system can be well described by the time evolution of classical one-
particle distribution functions which parametrize the gaussian part of the full
density matrix. In a similar way, the quantity fuy p,q is assumed to be enough to
describe the system, but the matrix fy 4 is regarded as the quantum extension
of one-particle distribution function involving quantum superposition states of
the different mass eigenstates.

The derivation of the L.h.s. of (5.20) is given in Appendix D. The first line
of the r.h.s. of (5.15) gives an effective Hamiltonian in the r.h.s. of (5.20),

wip = tr { (M + H;?(q)) g;;flwph} , (5.23)

while the second line of the r.h.s. of (5.15) gives the collision term,
8 = —tr| Py (AT=Gyt — 1G5 + Gtoll — 0GTT! ) |
= +itr [Ph({ani, G} + {19, 6G . } — {11, G} — {H‘;q,ac:i})}

— 4 {tr [Ph’é + M5H>(q)} , fﬁ;{h’q} +i {tr {P,/j + Mn;q(q)] ,afN,h,q}

2wy 2wy

—i {tr [Ph’é;wflwam(q)} 1 fqum} —i {tr {Pﬂ;wiwﬂi"(q)} 75fN,h,q}
(5.24)

Here we have used smallness of the flavor off-diagonal components Gfi ; in the
qo integration corresponding to taking coincidence in time (see discussion after
(5.6)), and smallness of flavor dependent thermal corrections to Gg.
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Figure 14: Two dominant contributions to the self-energy diagrams of Figure
13 (a). Propagators that cross with the cut-line in the middle are put on mass-
shell. Internal lines are no longer full propagators. The left figure (a) gives a
decay and an inverse-decay term of RH neutrinos in the KB equation. In the
right figure (b), we consider a loop correction of the Higgs propagator by top
quarks. It gives scattering terms such as N+ /£ < t+Q or N+ Q < {+tin
the KB equation|[74].

5.2 Kinetic equation for density matrix

In deriving kinetic equations for the density matrix, we need to make quasi-
particle ansatz in (5.16). Similar ansatz must be imposed on the internal lines
in the self-energy diagrams II because distribution functions (even when they
are matrix-valued) are defined only on mass-shell. This is the most subtle
point in the KB approach. In order to take various diagrams contained in each
self-energy diagram in Fig.13, an often-adopted method is to expand the full
propagators and cut the self-energy diagram into two. Examples are shown in
Fig.14. On the cut-line, on-shell propagators are used.

5.2.1 Kinetic equation for RH neutrinos

The collision term (5.24) is proportional to
tr [P ({ILs, G} — {1, G5 1)) (5.25)

The first term with G- describes decay (or scattering) of RH neutrino (plus
other particles ) into others while the second term with Gs is an inverse-decay
(or inverse scattering). By expanding the full propagators in the self-energy II
and cutting the diagram into two, we have various diagrams with on-shell exter-
nal lines. External lines are assigned to either incoming or outgoing particles. If
a cut diagram with G~ represents a scattering process of N+i+j - -+ — a+b+-- -,
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it can be expressed as

S (L @@+ MR = Y [l o Sl L= naf) (L= ).

1’7 5a5

(5.26)

Na,s = F1 corresponding to boson or fermion. Here the integral measure is
defined as

R | e e G A ICH S 5 1)
bt (2m)32w;  (27)32w, P

Byey@y..

where ¢ is a momentum of incoming RH neutrino, ¢; and p, are momenta of
other incoming and outgoing particles. On the other hand, if a diagram with
G represents an inverse scattering processof a +b+ - > N +i+j+ -, it
can be expressed as

tr{llc(g)(d + M)Pu} = ) /dHi,..,a,.AFYZ'ZL?].':.(l = 0ifi)(L =0 f3) - fafo---

Tyeuy@yen

(5.28)

Combining these two contributions, the evolution equation for the density ma-
trix fap,q (5.20) is written as

dth h,g — [ qs7fN h#]]
_55 Z /dHZ, Q.. {’Yhzj ’ho,q}flfJ nafa)<1_77bfb)~-~

22w Z /de, o AV (L= ) Y =i f) (L= f5)-o-fafoeoe

l 1a7

(5.29)

In this expression, we combined variations as IT = I1(¢?) 4 §II and fy = fl(\?q) +
6 fn for notational simplicity. zeroth order term of the variation § automatically
cancels due to the detailed balance condition in the equilibrium.

Let us now consider a specific diagram of Figure 14 (a). This diagram is
reduced to the cut diagram of Fig. 15 (a). Fig. 15 (b) is its conjugate and N
decays into (£,¢*). Other diagrams like Fig. 14 (b) are of higher orders in the
Yukawa couplings, and we omit them in the following. From Fig. 14(a) and its
conjugate, we have

> / ALy (v, *(1 = feop) L+ for) + (V50 (1= Sz, )L+ f5,))  (5.30)
for (5.26), and

S [ 0 femn o+ (50 i ) (5.31)
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Figure 15: Decay of RH neutrino into (¢, ¢) and (£, ¢*).

for (5.28) where the following relation

“¢ L%y
M O =059 (5.32)

is used. The decay matrix vﬁad’ is given by
o q-p
(’Y;l; d))ij = (hlahaj)gw (q 2 h(wqw - Wp‘l|)> ) (5.33)
where we have used the relation

(00T — (-, SR ) ). )

The first term ¢ - p is even under the helicity flip h — —h, while the second term
is odd. The integral

d3pd3k q-p
g—p—k _ = .
| it = p =B ~ wla) (5.:5)

vanishes when thermal effects of the SM particles, namely the thermal mass
(~ gT) and the statistical factor (Pauli blocking) of leptons, are neglected.
The kinetic equaction (5.29) describes an evolution of the density matrix fy
of the RH neutrinos. Since the equilibrium distribution satisfies the detailed
balance condition, the r.h.s. is non-vanishing only when various quantities are
out-of-equilibrium. We take a variation of (5.29) around the equilibrium. Here
note that the relations é6f, = —d0f;0df3 = —6f$ hold since the SM gauge
particles are in thermal equilibrium and their chemical potentials are vanishing.
In order to solve the kinetic equations, it is convenient to define helicity even

and odd combinations § f]ev’fgn"’dd by

SfR = 6 fNtg +O0fN—q s OfRE =6fNtg—OfN—q- (5.36)

Since helicity operator n-o is parity-odd and RH neutrino is invariant under the

charge conjugation, & ff\,vZ"’Odd are C'P-even and odd components respectively;
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In terms of these components, eq. (5.29) with the cut-diagram in Figure 14(a)
can be rewritten as a set of equations

RIS+

T ot
q 5feven‘| —i

2 2

eff eff
qur WQ* 5fodd]

11 e e
-5 / ity 3RO 4970155 0~ £y + )

/ Y e A (R A Y

b [ S 9O+ ey 158,)+ 8oy = I3):
’ (5.37)

(5f0dd) 5

T+ oweft welf — et
(5 odd | _ . q 6 even
FRE==

11 o e e
‘iﬂ/dﬂpkz{% Al SR ik, + 15

1 1 even e €
S / Ml S0 =), 070~ St + 130

AL > RO ? =90 (O feop(for + F3y) + 0 for(feop — [3)-
: (5.38)

If we can neglect the helicity odd part of the decay width 72¢ as discussed in
(5.35) and the backreaction from lepton asymmetry (the last terms) is dropped,
these equations for 6 fU¢" and §f°% are almost decoupled. Note that the he-
licity dependent mass term (w; — w_) is also negligible if thermal corrections
are small.

The dominant source to generate deviations is the time variation of the local
equilibrium distribution d; f¢?, which is absent in the equation of § f°%¢. Hence
in the decoupling limit, it is sufficient to consider only the equation for for
dfcvem. In section 5.3.4, we obtain the C P-violating parameter under such a
condition.

5.2.2 Kinetic equation for lepton number

The evolution equation for the lepton number is similarly obtained from the KB
equation. Details of the derivation is given in Section 3.3 and 3.4. a-th flavor
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Figure 16: Cutting the self-energy diagram X of leptons ¢. The cut diagram is
the same as Figure 15 (a).

lepton number current is defined by

S @ (@)es) = =3 tr{y(@)See (@, )}

a y=c

= —gu (@)L @)}| (5.30)

where a is an SU(2) isospin index. Around TeV scale, the charged Yukawa cou-
plings distinguishing the lepton flavors are in equilibrium and the off-diagonal
components of lepton flavor density matrix are negligible compared to diagonal
ones. In the second equality, we have assumed that SU(2) isospin symmetry is
restored.

Since the derivative expansion is an expansion of H/T' 4, higher order terms
are highly suppressed and we have

dt’nLa + SHHch
= g [ A, [0 PSR 0] (1= froy) + 0 PLASE 0] iy
e [P (0)] (1= fo) = tr [PLSS" ()] fimy | (5.40)

3} is the self-energy of the SM lepton ¢. If we consider, as an example, the
Yukawa interaction of (¢, ¢, N), the self-energy function for leptons in Figure 16

gives the same cut diagram Fig. 15 (a). By using the same ’yfﬁqﬁ in (5.33), the
kinetic equation is reduced to the following Boltzmann equation;

dt’I’LLa + 3HTLLa
= [t 15 3£ Ut = Feeg) (U4 i) = (U )M fomp s}
h

Ty {(Vfaf)* {fN,h,q(l = fe) L+ fg) — (1= fN,h,q)fE&pfakH }
(5.41)
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Here Tr is trace of the RH neutrino flavour.

5.2.3 Kinetic equations in terms of Yield variables

We rewrite the kinetic equations, (5.37), (5.38) and (5.41), in terms of the Yield
variables Y defined by

2 [ d’q g d*p g d*p
Yo = = ca yea_ v Y= S fpe — Of).
N S / (2m)3 Nig 2 74 s (2m)3 tep L s (2m)3 ( fe Iz )

(5.42)

Here s is the entropy of the universe. Note that Yy is a flavour matrix while
Y, is a c-number (or a-th eigenvalue of a diagonal flavour matrix). In the fol-
lowing, we consider deviations of distribution functions of RH neutrinos N; and
charged leptons ¢, and other SM particles are assumed to be in the equilibrium
distributions. We assume N; and £ are in the kinematical equilibrium. Then we
can set

SfRPEm_gYgren  OfRM sYRd Sfpe Yie

e =2 2 ) 2 = =2 2 ) eq — eq - (543)
N W N YW Sl 2V

Since the equations for §Y are approximated by coupled linear differential equa-
tions, equations (5.37), (5.38) can be written in a generic form with matrices

HH Ty, I'n, ', T'z;
d(YE0 4 6Y ™) = —i[H, 6V — i[H, 0Y 5]
- %{I‘N, SYgreny — %{fN, SYRM™ + ) TpeYie (5.44)
p
(V) = —i[H, 6V 5] — i[H, 5Y "]

1 1 ~ ~
- 5{1—‘]\[, 5YJ\O]dd} - 5{1—‘]\/’, 5}/‘13’11671} + Z FL(! YLOL . (545)

In the model with only Yukawa interactions, these matrices are given as follows:

H = 2 / d°q eq wif,fq + we—ffq
sVt ) (2m)3 N 2 ’
R eff eff
ﬁ = 2 d3q eq w"ﬁq - U)_yq (5 46)
T sy ) (2m)3 N 2 ’ '

Iy =R <Z ra> , Ty =iS (Z fa> , Tpe =iV (5.47)

[po= % deqpk%(vi ¢ A9 oy (for + I g)s (5.48)

95



where26

2 o ) )

I'a = W/dﬂqpk(w Py N (= i+ foh) (5.49)
N

N 2 ot . )

o= e /quP’“( P AU (L= SR 5D (5.50)
N

w _ ]'/S d) e ¢ eq

o' = gye Mg (7 + 45 2) Fo, (fow + ) - (5.51)

Za

Similarly the kinetic equation for lepton number (5.41) is also rewritten as

e e JYE’USTL
diYre =Tr [ /dﬂqpk z\s('y+ ‘¢ + 7{ ¢)f ( Z(?p + f¢2)§5q}
L% L9\ req 6YI€/'dd
+Tr 2/qupk ROV " =2 (L= fid, + 15 )s
[ [t RGE o 0+ 120 | (5.52
Eot
—Tv [i%[ra]éyjsven} +Tr [%[fa]ayﬁdd} - TT{%R[FQ ]}YLQ . (5.53)

Hence the lepton asymmetry is generated if the r.h.s. is nonvanishing. CP-
violating parameter € can be read from the equation by inserting solutions of
the kinetic equations for §Y,g¢" (5.44) and §Y g% (5.45).

5.3 Solution of the kinetic equations

In order to obtain the C P-violating parameter, we solve the kinetic equations
for 0Yy. In the derivation of the kinetic equation from the KB equation, we
assumed that the system is not far from the local equilibrium at each time of the
expanding universe. But smallness of the off-diagonal Yukawa coupling is not
assumed, and the coherent flavor oscillation is fully taken into account. Since
the deviation from local equilibrium is caused by the Hubble expansion, both
of § and 9, are proportional to the Hubble parameter H. Hence we can set

di (YY) ~ 0, dy(8Y94) ~0 (5.54)

in the Lh.s. of Eq. (5.44), (5.45) under the condition H <« I'; < I'y 4. This
is the approximation employed in section 2.2 to obtain the analytic formula of
the efficiency factor (2.91) in the strong washout regime where K1 =T'1/H(T =
M) > 1.

26The real and imaginary properties of 'y and I'y are valid when we neglect the direct C'P-
violation, an interference between the tree and one-loop vertex corrections. In the resonant
leptogenesis, this approximation is justified.
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5.3.1 Formal solution of Yy

In the two-flavor case, Yy, H, I'y etc. are 2 x 2 matrices. We here express a
2 x 2 matrix A as A =3"_ [A]*0® where 00 = 1gy5 and o* (i = 1,2,3) is the
Pauli matrix. Then Egs. (5.44), (5.45) are rewritten as

AR = CoYen)? + COYRHP + ()

0= C[EYRH)° 4+ CoP[sY )P + [11]* (5.55)
where
C™ = — ([T n]° + 0480T ] + S2S5[Tn]’ + 2676264 [HF)
Gt = — ([T 10 + ga? Tl + 800b[Tn ] + 20783 M H]* )
W =3 0pa)Yee . (@ =Y [Fra]*Yio - (5.56)

The Yield density matrix YZS,EQ) in equilibrium has only @ = 0 component
[di Y1 = 05 (de YD) . (5.57)

From (5.46), (5.47) and (5.48), H,I'y and I'; (hence Ji) are real matrices.
Hence [['n]%, [H]?, [#]* do not have an a = 2 component. On the other hand,
[Cn]%, [H]*, [¢]* have only an a = 2 component since they are imaginary matri-
ces?7.

The equations (5.55) are linear equations with respect to dYy and can be
solved in terms of the time-variation of the local equilibrium distribution thJSeq)

and the lepton asymmetry pu, i1 as

[5Y§”6"]) -1 ([dtyeq] - [u]) _(c ¢

=C N , C=| = . 5.58
( [6Y 5] —[A] ¢ C (5.58)
In the expanding universe, the deviation of RH neutrino number densities from
equilibrium 0Yy is first generated and then lepton asymmetry Y}, is generated
by the flavor oscillation and decay. For the moment, we neglect backreaction

from Y7, and evaluate the deviation of RH neutrino density directly caused by
the expansion of universe. Setting g = 0, Yy is solved as

[BYRPe")" = (€7 YR = (€71 x dyYi?
BV = (€)Y = (€)% x Y (5.59)

et !
c'= (5_1 c—1> . (5.60)

27Flavor covariance is explicitly broken by setting the Majorana mass matrix of the RH
neutrinos diagonal with eigenvalues M7, Ms.

where
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Components in the 0-th column of C~! are given by

(€)% = Iowl” {([TN1")? + a(H - 1)+ -]
(€ )" =5 {(CN O] + ATy - H] [P - H)H) — 20 ¥ 7 [,
(5—1)00 =0,

(@) = { (DN [Fw ]+ 4((0 -] — [T - B )
— 2P P[] — 2P e ], (5.61)
where D is the determinant,
D =(0x]?)* {(I0w]°)? ~ [ -] + [P - Tl 4+ 4(H - H] + [ - )}
—4{[y -H] + [Ty -0}’ (5.62)

[ - ] denotes a summation over ¢ = 1,2, 3.

5.3.2 (CP-violation parameter ¢

In order to read the effective C'P-violating parameter €, we set Y, = 0 and
insert (5.59) into the kinetic equation of the lepton numbers (5.53),

d,Yye =Tr [ﬁ(ra)ayjsven] +Tr [é}t(fa)aylcv’dd}

=ATJYVER 42 3 [Tl YR
a=0,1,3
=2{[Pa2(C7)% + Fal (€)' + [TalP (€} x diy

= 2N ot { P[] + [Fa IO P I + [ T ) (—dv)

D
(5.63)
The r.h.s. can be rewritten in terms of 2[6Yx]® = Tr(6Yx), which is the total
RH neutrino number deviated from the local equilibrium. Especially, neglecting

the difference of helicity, we can write the r.h.s. of (5.63) in terms of [§Y5v¢"]0
in (5.59) as

d; Y =2e*[Ln]°[0YE"]° . (5.64)
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Here [['x]° is an averaged decay rate of RH neutrinos into charged lepton (.
The CP-violating parameter ¢* defined by the coefficient?® is read as

9¢iik {[Fa]i[FN}j[H]k + [fa]z[rN]J[ﬁ]k + [fa]l[fN]J[H]k}
((IOw2)? + 4([H - B + [ - F)) ) [T ]0

£ =

tr (FQFNH 4T, TnH+ fafNH)

((Irw0)? + 4((H - 1) + [ F) ) [P]

=i

(5.65)

The result is valid when it is justified to replace d;Yy by its equilibrium value
d;Yy?!. Though our calculation fixes the flavor basis in which the Majorana
masses are diagonal, the final form is written in a flavor covariant way. The
above definition of ¢ is appropriate since the numerator of the ordinary definition

Tnoseo— Ty
e = N2 N0 (5.66)
Inoee + Ty

is replaced by d;Y7,/2[6Yy]® while the denominator is approximated by I'y.

5.3.3 Explicit forms of §Yy

In this section, we use explicit forms of various quantities to rewrite the formal
expression (5.65) in a more familiar form.

H (H) is the helicity even (odd) part of the mass (with thermal corrections
included) and given in (5.46). H has an a = 2 component only. For H, a = 0
component is the total mass and decouples from the equation. @ = 3 component
of H gives the mass difference

&o

2MH]? = % (My — M) + - (5.67)
sYy
where
:QM/dqglf@’I (5 68)
o (2m)3 wy "N '
The --- in [H]? represents finite temperature (and density) corrections to the

RH neutrino potential. Off-diagonal components [H]! and [H]? represent kinetic
mixing induced by the thermal effects, and can be removed by flavor rotation at

28Such a definition of & was also adopted in [59][60]. They concluded that, since the quantity
corresponding to [6Y]f,“e"}2 oscillates with time as can be seen from eq.(5.44), the lepton
asymmetry also behaves similar oscillatory behavior. Such behavior is interpreted in their
analysis as an oscillating C'P-violating parameter by expressing [§Yx]? in terms of the non-
oscillatory quantity [§Yx]%. In the strong washout regime, the effect of the oscillation is
averaged out. The averaged CP-violating parameter in the papers [59][60] is inconsistent
with ours. The discrepancy seems to be caused by neglecting one of the decay widths in their
analysis, corresponding a partial truncation of the self-energy diagrams.
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each time. Unitary matrix diagonalizing the mass matrix is time dependent, but
in the following analysis, we neglect time-dependence of the thermal mass and
mixing. If we neglect the statistical effects, the coefficient in [H]? is given by
(&o/sYN") = K1(M/T)/Ko(M/T). At low temperature T < M it approaches
(&0/sYN") — 1 while at high temperature T' > M, it behaves as (§o/sYy?) ~
M/(2T).

I'y comes from the self-energy diagrams of RH neutrinos, and contains in-
formation of (inverse) decay or scattering of RH neutrinos. We decompose I'y
into I', by fixing the flavor a of lepton £ in the final state. Only the real part
appears in the KB equation. From (5.47), we can decompose I'y in the model
(2.2) as

R(ATRYM s
FN — Séeq ( 871_) + F?\?att + F\]/\;:rtex ) (569)
N
where
m2 — m%
€ =32n (M - ¢M> /dnmaasf}if’q(l — fog A+ fok) - (5.70)

I, is a partial decay width that RH neutrino decays into £*. At the leading
order, it is given by replacing (hTh);; in (5.69) by (hzahaj) (no summation over
Q).

The first term of I' y is the decay amplitude at the tree level and if we neglect
the statistical effects and the thermal mass of the Higgs and lepton, £ coincides
with &y, and approaches

(§/sYN") = (§o/sYN") — M/(2T) (5.71)

at high temperature. I'{** are corrections to the decay rate from scattering with
the top quarks or gauge particles in the thermal media. I'}§"** are corrections to
the vertex diagram. It is negligible compared to the first term. In the resonant
leptogenesis, the direct C' P-violating parameter associated with an interference
between the tree and the vertex correction can be neglected compared to the
indirect C'P-violation through the flavor oscillation. Then the relations [['y]* =
[Tx]%%3 = 0 hold. (See footnote 26.)
In order to simplify the notation, we write

50 & ~ fO ~off
I'n).. = e I'n)ij = 55 5.72
( N)z_] SY:]q 1j ( N)ZJ SY](\ifq (%] ( )

where Ffjﬁ and fff are effective decay rates including not only thermal effects
but also scattering contributions. If interactions do not change the flavor struc-
ture, the effective decay matrix is written as

R(hTh)y

iS(hTh);
8w ’

ff_
st = (1+a)M -

, T =anm (5.73)
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for a = 1,2,3 component. Furthermore, if we consider flavor independent in-
teractions such as B — L gauge interaction of RH neutrinos, an additional con-
tribution is added to a = 0 component [['x]". In the following, we neglect this
contribution for simplicity. When we neglect thermal effects and scattering con-
tributions, o and & vanish and diagonal components of TS are reduced to the
tree-level vacuum decay rate I'}*¢ = (hfh);;M/(87). In the following we write
;= Ffzﬂ as a decay rate including the above corrections.

Using these quantities of H and I'y, we can express each component of the
inverse matrix C~! in terms of masses M; and decay rates I';. The explicit forms
are written in Appendix E.

By using the explicit forms of C~! in Appendix E, we can write down each
component of §Y as follows. First, the diagonal components of 6Y5"¢" (a = 0, 3)
are given by

Y Ti+T,

[(Ygren)® = — &)Y oTT, U, (5.74)
OV = = e S, (5.75)
where
[ (M7= M3+ MP(Ty 4 To 5,10
(MP — M3)? + M?(Ty +I5)?X
and

_ det[R(ATR)](1 + 0)? — (@S (h1h))?
B (Rth)11(hTh)22(1 + )? '

(5.77)

[6Y£ven]0 gives an averaged number of the RH neutrinos deviated from the local
equilibrium. Equivalently, ¢-component of the matrix §Y 5" is given by
Yt U

gyeven) —[gyeven 0 + [gYyeven 3 _ _ ——
( N )Z’L [ N ] [ N } fo/(SYNq) Fi

(5.78)

where =+ represents ¢ = 1, 2 respectively.
Off-diagonal components can be similarly obtained. The real part a = 1 and
the imaginary part a = 2 of §Y " are given by

[BY2oen]t = ROV = —2(1 + @) R[ATR]12(T1 + Do) MV Y, (5.79)
[BY2oem)2 = —Q0Y S = —2(1 + @) R[ATR] 12 (M2 — M2)V[6Yem]°.  (5.80)

For §Y 34, we have

[OYZY = ROYELS™ = 2aS[hTh]19(Ty + Do) MV [§Y 0], (5.81)
[0Y99)? = —S6Y4S" = —2a[hTh]1o(M7E — M2)V[SYE"]°. (5.82)
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Here we defined

M2 /(87)

1% :
(M — M3)? + M?(T'y 4 I'y)?

(5.83)

[Ygren])? and [6Y9%]! give the C P-violating parameter e. It is given in a
simplified case in the next section.

We comment on a situation when det[R(hh)] becomes small. (For sim-
plicity we set @=0.) Then X and accordingly [6Y5""]" is largely enhanced.
The situation corresponds to a case that an effective decay rate (cf.(5.44)) is
small. Especially when the mass difference vanishes M; = My, it diverges at
det[R(hTh)] = 0, namely when detC = 0. In such a situation, the deviation of
RH neutrino number density becomes large and the assumption of our investi-
gation, smallness of the deviation from local equilibrium, becomes invalid.

5.3.4 (CP-violating parameter ¢ when C=0

We write the formal expression of (5.65) in a more familiar form by introducing
further simplifications. We neglect the thermal mass of leptons and drop the
Pauli blocking terms. Then the helicity odd part of vffb disappears as explained
in (5.35) and the off-diagonal components C connecting the C'P-even and odd
parts in dY vanish. Furthermore we use the vacuum value of I'y (o = & = 0).
Then, by using explicit forms of H in (5.67) and 'y in (5.72) with F‘ff =TI,
the C'P-violating parameter €% is given by
o _ 2¢7F[0o]' Oy )7 [H]P
~ ([Tw]%)? + 4[H - H]
2R(WTh) 12 (] ohaz) (MP — MZ)M (T +T5)/2

= (WTh)1s + (hTh)e)2/4 (MZ — M2)2 + M2(Ty + [a)?2 (5.84)

This C P-violating parameter has the regulator M?(I'; + I';)? which is consis-
tent with our previous result (4.90). In the previous analysis we obtained the
same result under an assumption that the off-diagonal Yukawa couplings are
smaller than the diagonal ones. In the present analysis, we do not use such a
condition, and take effects of coherent flavor oscillation fully into account. The
decay widths TST are determined by the effective decay width (5.72), which
are obtained from the 1PI self-energy diagrams II by cutting the diagrams and
putting external lines on mass-shell.

Finally we note that we can decompose the r.h.s. of (5.64) into N; (i = 1,2)
as

Yo = Z g7 () (OYR""), (5.85)
i=1,2

where we define the C' P-violating parameter of each N; as

o WR(WTh) 193 (M hao)  (ME — MZ)MT (s (5.86)
P (W) n(RTh)n  (ME— M3)2 4+ M2(Ty +T2)2 '

102



When ¢ = 1, j takes 2, and vice-versa. Such a separation into a different flavor
of RH neutrinos is, of course, valid only when the off-diagonal component (h'h)
is smaller than the diagonal one. The numerator of the first factor can be
rewritten as

2R(MTh)12S(h] ha2) = S[(RTh)12(h] heo)] + S[(RTh)21 (W ha2)]  (5.87)

which gives a consistent result with (2.28).

5.4 Final lepton asymmetry

Finally, we calculate the final yield value of the lepton number. In the resonant
case, because of € ~ 1, the generated lepton asymmetry can become of the same
order as the deviation of Yy from equilibrium value. Therefore, in order to
obtain the final lepton abundance, [p] should not be neglected in (5.58):

[BYR""] = O™ ([ YN — [u]) - (5.88)

Again C is neglected here. The component which affects to the evolution equa-
tion of Y7, is

B = (072 Yt — (€7 S (=S ]10) Ve . (5.89)

«
Plugging this into (5.53), we get the effective equation of the lepton yield value:

—d YR

d;Ype = 2! [Tn]° T Tr{RITY |} Yie +2) THEYs (5.90)
N
8
where
el = —[PP(C)
_2R(hTR) 158 (h] ha2) (M — MF)M(T'y +T3)/2 (5.91)
- det[R[hTh ’
(hth)in(hth)az (M2 — M2)? + %MQ(H +Ty)2

is practically convenient definition [89] of the CP-violating parameter, differ
from (5.64). And the backreaction contribution due to the generated lepton
asymmetry is included as

Ios = —[Ca]*(C7H)2 (=S 1)
_ TRy} (hTh)11 + (hTh)ey  det[R[hTR]]
— (hiahf,l +h£aha2) x 5 )0 (7)o (5.92)
AMPS[h] hao)S[h] shisa) (M /87)>2

X
i [2 i [2 det[R[hTh M
( 1 2 )2 (hTZt)[u[(hTh];Zz 2(F1 F2)2
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For the later convenience, let us rewrite (5.90) using z = M/T as
e Z w
d. Yo = 2e,(—d, Y1) — V003) ;Tr{%[l“v 1} x XB: KagYLs - (5.93)

In this expression, the effective wash-out term with its coeflicient

hJ{ ha1 +h; haso 2 22 det[R[AT7]] 2 2
wpf =| 2 E—0q5 | (M7 — M. — M1 +7T
Rap |:(h-‘—h)11+(h1—h)22 B (( 1 2) + (hTh)ll(hTh)QQ ( 1+ 2) )
(5.94)
 det[RATR)] M2S[h], has) MPS[h]shs]
(hTh)u(hTh)gg 47 47
det[R[ATA]] !
X [(Mf — M3)? + ————— M*(I'1 + 12)*| . 5.95
01z = S A 1) (.95
In the unflavored approximation, (5.93) becomes
'y +1 ZgKl(Z)
— 9 (_J yedy _
szL = 2¢ ( dZYN ) K H(M) 4 YL (596)
where e’ =" ¢/, and
det[R[ATh]| MS[(hth)12])\
= =|(M? — M2+ — T 2 (D 4 Ty)? — [ — 2
K=Y Kap [( 1 5) +(hTh)11(hTh)22 (I'1 + 1) yp
a,B
det[R[ATh]] -
x [(M} — M3)? + - MP (I + )2 5.97
|:( 1 2) (hTh)ll(hTh])QQ ( 1 2) ( )

which is always smaller than unity: £ < 1, and reduce the wash-out effect. (5.97)
is consistent with the back reaction term (4.89) obtained with the assumption
of the small off-diagonal component (hTh)’/(hTh)? < 1. Such an suppression is
also found in the conventional approach, where the RIS-subtracted scattering
term brings this effect and but gives a different form of x [40, 41, 46]. Using
the method reviewed in Section 2.2 and the approximated analytic form of the
efficiency factor (2.91), the final yield value of the lepton number is obtained

a529
2
Yy~ 268’ YE(0) —— (1 — ¢ Ferrzn(Kerr) /2 5.98
LR 2O (1-e ) (5.98)
where
I +T9)/2
Keg = 25 X (1};2]\;))/ (5.99)

The pre-factors of 2 come from the fact that two RH neutrinos contribute to
the generation and wash-out of the lepton asymmetry.

29Note that the factor x, defined by (5.97) can vanish. In such an extreme situation, the
evolution of lepton number cannot be simply estimated by the formula (2.91) obtained with
large washout effect. In addition, the various terms we omitted above may get to be significant
and then more careful analysis would be needed.
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5.5 Summary and comments

In the section, we solved the KB equation without assuming that the off-diagonal
component of the Yukawa couplings are small compared to the diagonal ones.
In order to solve it, we first derive the kinetic equation for the density matrix.
The differential equation can be reduced to a linear equation if the background
is slowly changing and the deviation of the distribution function from local
equilibrium is small. Then the density matrix of RH neutrino can be solved
in terms of the time variation of the equilibrium distribution function and the
generated lepton asymmetry. Its off-diagonal component determines the CP-
violating parameter ¢ defined by (5.64) and a practically convenient definition
(5.91). they are resonantly enhanced due to the almost degenerate Majorana
masses and the regulator in the C' P-violating parameter (5.64) is given by R;; =
M;T';4M;I';. In the 2PI formalism, the decay width I'; is given by the imaginary
part of the self-energy function of the RH neutrinos. In addition to the loop
corrections of the vertex functions, scattering effects with particles in medium
are contained. The back reaction effect of the generated lepton asymmetry is
also obtained. It reduces the wash-out effect. The density matrix formalism
gives the consistent results with the method directly solving the KB equation.

Because we have not directly solved the KB equation of the RH neutrino, the
non-Markovian expression have not appeared. However, note that the multi-
flavor generalization of the quasi-particle approximation makes it possible to
reduce the KB equation into the Markovian density matrix equation. If we
didn’t take such an ansatz, then the non-Markovian expression with the formal
solution of the KB equation (3.48) would be necessary. By adopting the multi-
flavor generalization of the quasi-particle approximation, we have been able
to obtain the evolution equation of the ”distribution function of the quantum
state” involving the superposition of the different mass eigenstates.

The authors of [87, 88] derived the kinetic equation of density matrix based
on the Hamiltonian approach, and solve the equation to obtain JY§"*" in the
flavor covariant way. The result is consistent with ours but the interpretation of
the C' P-violating parameter seems to be different. In their paper, the one-loop
resummed effective Yukawa coupling is used to define decay and inverse-decay
amplitudes (I'y in our notation), in which the effect of coherent oscillation
is included in their analysis. In our approach based on the 2PI formalism,
'y comes from 1PI self-energies and the effect of coherent oscillation is not
contained. The indirect CP-violating parameter ¢ generated by resummation
of RH neutrino propagators is encoded by the non-diagonal density matrix.
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6 Conclusion

In this thesis, we have investigated the formal aspects of the thermal resonant
leptogenesis in the expanding universe using the non-equilibrium quantum field
theory. The lepton asymmetry is generated in the C' P asymmetric decay of the
RH neutrinos whose distribution functions are out of thermal equilibrium. If
the RH neutrinos have almost degenerate masses, the time scale of the quantum
flavor oscillation ~ 1/AM becomes of the same order of the time scale of the
decay processes ~ 1/I". In such a situation, the classical Boltzmann equation is
not valid because the propagating process of RH neutrino is no longer a classical
process, and the full quantum mechanical approach is necessary.

In Section 2, we reviewed the conventional calculations of the leptogenesis
scenarios, and mentioned the insufficiency of them to describe the resonant
leptogenesis. Because of the artificial separation between the (inverse) decay and
scattering process, the RIS subtraction is needed to get a physically acceptable
evolution equation of the lepton number. In addition, when deriving the C'P-
violating parameter (2.151) with almost degenerate Majorana mass, one has
to pick up only the on-shell part because of the cancelation between on- and
off-shell contribution with equilibrium propagator of RH neutrino mediating the
2 — 2 scattering process. These are mentioned, in section 2.4, as the motivation
to employ the Kadanoff-Baym (KB) equation which is obtained from the first
principle of the QFT.

In Section 3, we summarized the derivation of the evolution equation of
the SM lepton number from the KB equation of the SM lepton propagator.
Plugging the quasi-particle approximation of the SM particle’s propagators with
thermal damping much faster than the Hubble expansion into (3.43), we get
the Boltzmann equation-like form (3.47). However, the contribution from RH
neutrinos are kept in the original form of the propagator. Then, as seen in
section 3.5, the question is reduced to how the Wightman propagator of RH
neutrino should be treated so as not to lose the important quantum effects.

In section 4, By extending the method developed in [71] to the expanding
universe, we have derived the evolution equation of lepton number and explicitly
obtained the C'P-violating parameter in the decay process of RH neutrino. It
has been clarified where the difference between the regulator R;; = |M,T; +
M;T;| and R;; = |M;I'; — M;T';| comes from. Because of resonant mixing of
different flavors, the state of RH neutrino in propagating process before (after)
a decay (inverse decay) process consists of a quantum superposition of different
mass eigenstates. Such a quantum process is involved as the non-local 2 — 2
scattering (Fig.8 (b)). It has been shown that if we erroneously neglect the off-
shell contribution comes from interference between different mass eigenstates,
then the wrong regulator R;; = |M,I'; — M,T';| is reproduced.

As mentioned in Section 4.5, the difference from the conventional calculation
reviewed in Section 2.3 is twofold: The first is to take into account the inter-
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ferences between the different mass eigenstates. We called them off-shell con-
tribution. And the second is to consider the non-equilibrium propagators of the
RH neutrinos. For the equilibrium propagators, the on-shell and off-shell con-
tributions are canceled each other. Then, what contribute to the C'P-violating
parameter is only the non-equilibrium part of the Wightman propagator con-
taining the regulator R;; = |M,I'; + M,T;|. In other words, in the conventional
calculation based on the equilibrium QFT, the interferences have to be neglected
to get the non-zero result of C P-violating parameter. And then, it necessarily
leads to the wrong form of the regulator as well as the problem to be solved by
the RIS subtraction.

In Section 5, based on the observation obtained in Section 4, we have adopted
the multi-flavor generalization of the KB ansatz for the RH neutrino propaga-
tors, so-called density matrix. By taking the lowest order in the Kramers-Moyal
expansion, the KB equation has been reduced to the evolution of the density ma-
trix. In this case, the equation becomes Markovian with incoming and outgoing
quantum superposition state of RH neutrino (Fig.8 (a)). When we consider the
situation where the deviation from thermal equilibrium is small, we can obtain
the analytic solution of the evolution equation without assuming the smallness
of the off-diagonal component of Yukawa coupling. By plugging the solution into
the evolution equation of lepton number, we have read off the C' P-violating pa-
rameter with the modified regulator consistent with the one obtained in Section
4.

The advantage of the reduction to the density matrix formalism is that
additional interactions coming from some extension of the model can be easily
taken into account. For example, if we consider the B-L gauged model of the
SM, the new contributions to the collision term appear, such as the annihilation
(production) process of RH neutrinos mediated by B-L gauge boson. From
the derivation of the CP-violating parameter, it’s clear that the regulator in
the C'P-violating parameter also includes the various annihilation rates as well
as the decay rate of RH neutrino. This reflects the fact that the important
quantum coherence is spoiled by them. Then if the B-L gauge coupling is so
large that the annihilation rates coming from gauge interaction become larger
than the usual decay rate, the C' P-violating parameter becomes smaller.

The KB equation as an approximation of the SD equation derived from the
non-equilibrium QFT is the self-consistent equation of full two point functions
with the memory integral. Two point functions are defined without distinguish-
ing on-shell and off-shell states. The KB equation of Wightman function can
be formally solved as (3.48) with the double time integration. In the formal
solution, it’s clear how the state in past affects the physical quantities encoded
on the two point function at the present time.

In the resonant leptogenesis in strong washout regime, by investigating the
formal solution of the Wightman propagator, significant part of quantum ef-
fects can be taken into account. Also, the multi-flavor generalization of the
quasi-particle approximation is applicable and the Markovian density matrix
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equation can be derived from the KB equation because the relaxation rate of
the RH neutrino is faster than the other time scales related to the Hubble ex-
pansion of the universe and then the Kramers-Moyal derivative expansion can
be justified. Even though the density matrix equation is already well known,
the first principle derivation from the non-equilibrium QFT is useful in order to
consider finite temperature and density effects and to be careful for its valid-
ity. Especially, the derivation from the KB equation manifests the fact that the
explicit form of the C'P-violation coming from the resonant oscillation of the
degenerate RH neutrinos doesn’t appear in the density matrix equation even as
the effective coupling constant at the vertices, and it appears only after solving
the equation for the density matrix of the RH neutrinos. Besides the form of
the regulator R;;, that is one of the consequences of the derivation from the
KB equation which describes both of the collision and propagating processes
together.

For more complicated non-equilibrium systems in which various time scales
exist, we always need to start with the first principle of QFT and find the
reasonable approximation not to miss important effects.
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A Non-equilibrium QFT
A.1 CTP formalism

In equilibrium field theories, we implicitly assume that the initial and final
states asymptotically approach the ground state of the free Hamiltonian. But
this does not hold in general, especially in time-dependent backgrounds such as
the evolving universe. The final state is generally different from the initial state.
The closed time path (CTP) formalism, or the Schwinger-Keldish formalism, is
the general formalism to calculate physical quantities for time-dependent wave
functions.

Suppose that a system is described by a Hamiltonian Ho+ H 1, where H,
and H, are free and interaction Hamiltonians, and that the system is in the
initial state |1;) at time ¢ = ¢;. In the interaction picture, the expectation value
of an observable O at time t is given by

O(t) = W (10T O] (1)) = (il U (8, )OT (U (1, t5) i) - (A1)

Here the operator in the interaction picture o1 (t) is related to the operator in
the Heisenberg picture as

Of(t)y = Utt)O' (MU (t,t;)
T exp (—i / t dt”ﬁll(t”)> . (A.2)

UL(t,t)

In equilibrium cases, the final state at time ¢ = ¢ is assumed to be propor-
tional to the initial state UT(ts,t;)|¢;) = €¥|i;) where 0(ts,t;) is a c-number
phase. Then we can factorize O(¢) of (A.1) as

O@t) = Wl (tsstp) i) (Uil U (5, )OT (YU (8, 1) 40s)
= U (85, )OT (U (2, 1) |4hi) - (A.3)

Similarly, an expectation value of the time-ordering product of two operators
Of(t1) and OL(t,) is given by

O(tr,t2) = e (Wi T (O] (1)OF L)V (87, ) 1) - (A4)

This formula gives an ordinary perturbative expansion of correlation functions
in equilibrium field theories. Namely, if we take t; — —oo and ty — oo, the

interaction vertices H'(t) are inserted in —oo < t < oc.
In non-equilibrium cases where the final state is no longer proportional to
the initial state, the factorization property does not hold and we have

Ot t2) = (WilU” (13, )T (O1 (1) 0L (12)U (25, :) ) 45 - (A.5)

In perturbative expansions, the interaction vertices are inserted not only on
the path C; from ¢; to ¢z, but also on the backward path C_ from ¢ to ¢;.
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ty to C+

time

C_

Figure 17: A closed time path C from t; to t; and then back to t;. (ie.,
C = C4+ + C_.) Operators are inserted at ¢ = t; and ¢y for the time ordered
product O(t1,t2). Interaction vertices are inserted everywhere on the CTP.

Figure 17 shows the closed time path (CTP), C = C4 + C—. In this formalism,
the final state is not specified at all and we can calculate time-dependence of
various quantities as in (A.5). The time-ordering T¢ is defined on the CTP as
a path-ordering along C =C; +C_.

A.2 Evolution equations of various propagators

We define various propagators and give a brief derivation of their evolution
equations. In the following we consider a real (Majorana) fermion field ¢ and

write its conjugate by 1) = 1)*C’ where C' = 72y, For the simplest case of a

real scalar field, see e.g. [86]. In the CTP formalism, a generating function of
time-ordered products of operators is given by

Z[J) =Wl = <Tc eifed'ov=g 7<m)¢(z)>
:/d\lj+d\1/—<\ll+|/3(ti)|\l’—> /'Dllb S+ [o d*z/=g T(x)d(z) (A.6)

where p(t;) = |;)(¢;|. The path integral [ D'y denotes an integration of the
Grassmann variables ¥4 on Cy with the fixed boundary conditions ¥4 (¢;) = ¥4.
The integrations of ¥ represent an weighting by the initial wave function |¢;).
The source J(z) is defined on C = C4 +C_. The 1PI effective action is obtained
from the generating function W[J] of the connected Green function by the
Legendre transformation. Defining the classical field by the left-derivative of

W[J] with respect to the Grassmannian source J:

U(x) = +(;V;/([IJ)] , (A.7)
we have
LY =wl[J] - /C d*x,J(2)¥(x) . (A.8)

For notational simplicity, we use the following abbreviation

dr, = d*z\/—g(z) (A.9)
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unless the explicit dependence of the measure on x is necessary. The stationary
condition (§/5¥(z))I[¥] =0 at J = 0 gives the equation of motion of .

By taking the second derivative of the effective action I' with respect to ¥,
we obtain the Schwinger-Dyson (SD) equation

iG (2, y) =Gyt (z,y) — ill(2,y) . (A.10)

IT is the self-energy and only 1PI diagrams contribute to it. The connected
Green function G on C is defined by

Gle,y) = (Ted(@)d(y))
= G)C(l'o - yO)G>(xa y) + ®C(y0 - xO)G< (xvy) 3 (A]-]-)

where O¢ (2" — 4°) is the step function on C and

Gelw,y) = —(Y(e) , Gs(z,y) = WP@)d(y) (A.12)

are the Wightman Green functions. iGy ' (x,y) = iGa(ij)(Sg (x — y) is an inverse
of the free propagator and II(x,y) is the self-energy of the fermion field .

The statistical propagator Gr(z,y) and the spectral function G,(z,y) are
defined by

Gra,y) = 5 (G(e,9) + Glwy) = (@ IWD . (A13)
Gplz.y) = i (Gx(2,y) — Ge(z,y)) = i({d(), D()}) - (A1)

G contains information of the distribution function of the specified state while
G, depends only on the spectrum of the system. In this sense, G is dynamical
while G, is kinematical. Especially, G,(x,y) becomes proportional to the spatial
delta-function 6®) (x—y) in the equal-time limit. We further define the retarded
and advanced Green functions by

Gryalz,y) = i@(i(xo — yo))Gp(x,y). (A.15)
They are related to G, as

GR(xvy) - GA(Ivy) = Gp(x’y) )
Gr(z,y) +Ga(z,y) = sign(z® —y°)G,(z,y) . (A.16)

In terms of Gr and G, the Green function (A.11) can be written as
[
G(,y) =Gr(w,y) = gsigne(a’ = y")Gy(x,y) , (A.17)

where the sign-function on C is defined by

signg (2% — %) = O¢(2® — %) — Oc(y° — 27) . (A.18)
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By convoluting (A.10) with the full propagator G, we have

iG&;)G(m,y) —i/cd4zg H(z,2)G(z,y) = idd(x —y) . (A.19)

Here 6Z(xz — y) is the delta-function on C with the space-time metric g, and
satisfies fc d*z46%(z — y) = 1. By denoting x on Cy as x4 respectively, the
delta-function on C can be expressed by a 2 x 2 matrix:

0% (xa — ) = capd?(x —y) , cap = diag(l,—1) (A.20)

where a,b takes + or —. The minus sign on C_ comes from the backward
integral of the time variable and corresponds to the anti-time-ordering of the
Green function G in (A.11). 69(z — y) is an ordinary delta-function for (x —y).

The 2-point function G(z,y) of (A.11) with z,y € C can be similarly decom-
posed (depending on whether z,y are on C4 or C_) into a 2 x 2 matrix form
as

_ G ('T7y) G —(Ivy) _ GT(may) G<(:c,y)
G“’“’”‘(Gfi(w,y) Gf_<x,y>>‘<0><x,y> Gw,y)) (a.21)

where T, T denote time and anti-time orderings respectively, and
Gr(z,y) = O(z° —y")Gx(z,y) +O()° —2°)G(z,y) ,
p(@y) = 0@ —y°)Ga(z,y) +O(y° — 2°)G> (2, y) . (A.22)
O(z" — 9°) is the ordinary step-function. By using (A.17) and (A.16), we have
_ (Gp — Lsign(2® — y0)G, Gr + G,
Gap(z,y) = ( Gr — LG, Gr + isign(2® — y9)G,

_ (GF_;(GR"FGA) GF+§(GR—GA)>
GF—%(GR—GA) GF-i-%(GR-l-GA)

= Ut (C?R g?)U (A.23)
where
U= (Zl/ 2 142) : (A.24)

We also decompose the self-energy II(z, y) as
(z,y) = Oc (2’ — y")IL>(2,y) + Oc(y’ — ") (z,y)
= 15 (z,y) — Ssigne(e” — )T () (4.25)
Defining IIg,4 by

Hr/a(z,y) = £O0(£(2” - y"),(z,y) | (A.26)
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the matrix form of the self-energy is obtained as

Iy HO<\ _ (0 Ia
T P

Using these matrix forms of G4 and 1,5, the equation (A.19) becomes

ty
Z’GO_(i)Gab(xa y) - Z/ d4zg Hac(xv Z)Cchdb(Z7 y) =09 (1‘ - y)cab . (A'28)
ti

The matrix c.q between II and G comes from the backward integration of the
time variable in the original integral in (A.19). By multiplying (U?)~! on the
left and U~! on the right, using (A.23) and (A.27) and noting

Ue U = (0‘ 0¢> , (A.29)

—1

we obtain the following set of the evolution equations:
iGa(}v)GF(x,y) —/t d4zg g(z,2)Gr(z,y) —/t d4zg Mp(z,2)Galz,y) =0,
int int
(A.30)
iGa&)GR/A(l‘,Z/) - /t d*zg Up/a(z,2)Gria(z,y) =—0%x —y). (A31)

From the equations (A.31), we obtain the evolution equation for the spectral
density G, = Gr — G a:

iG8&>Gp(x,y) _/ d*zg UR(z,2)G,y(2,y) —/ d*zy T,(2,2)Ga(z,y) =0 .
tint tint

(A.32)

The Wightman Green function Gz = G F (i/2)G,, satisfies

o0 00

iG&i)Gz(%y) —/ d429 gz, 2)G:(z,y) —/ d4zg > (z,2)Ga(z,y) =0 .
tint tint

(A.33)

A.3 2PI formalism

In this appendix, we give a brief review of a systematic approach to evaluate
the self-energy based on the 2PI formalism (see, e.g., [86] for more details). The
generating functional Z[J, R] in the presence of sources J(z) and R(z,y)° is
given by

Z[J, R =™ H
_ <Tc o Je dizg T@)d(@) 4 [ d'a,dty, ¢<x)R(x,y>zﬁ(y>> o (As0)

30Note that the Majorana condition R(x,y) = CRt(y,z)C~! is not imposed on the source
field R(z,y).
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By taking a variation with respect to the source fields J(z) and R(y, x), we have

SWIT, R
i) +We(2) ,
SWT, R 1

ORyc(y,7) 2 (Ve (@)Wn(y) + Gen(,y)) - (A.35)

Here (,n represent Spinor indices.

W is defined as ¥(z) = ¥!(z)C and the connected Green function G is given
by

52W[J, R

ST (@) Tny) (4.36)

GCﬂ(xvy) =1

By taking the Legendre transform of W[J, R] with respect to the sources J, R,
we obtain the effective action in the presence of source fields

i = JOW[J,R SWI[JI,R
MGl = WLE - [ ata, J<<$>M - [[tayatuy ey o) S
n\L,
=WI[J,R] — / d*z,JU — %/d4x9d4yg§(x)R(m,y)\IJ(y) + %TrGR .
C c
(A.37)

Tr in the last term represents a trace in the Spinor indices and an integration
over the closed time path C.
Now we decompose the effective action into

I[¥,G] = S(¥) — %TrlnG‘l - %TrGglG + 5[0, G] . (A.38)

The first term is the classical action. The second and the third term are ‘1-loop’

type contributions to the effective action. The meaning of the decomposition
can be understood by taking a functional derivative3! with respect to G-
U, G|

6Gnc (Y, @) | =g

ST (0, G)
3G (y, )

Compared with the SD equation (A.10), the last term can be identified as the
self-energy 1I:

i (e
= 5Goy (@) = 5Go g, (w9) + =0.  (A39)

OT5(T,G)

Uep(z,y; ¥, G) = =20 —————~ .
CU( ) 5Gnc(y7l‘)

(A.40)

In this way, the proper self-energy II is obtained by differentiating I's with
respect to the full propagator G. Since the proper self-energy II is calculated as a

31In taking the functional derivative with respect to G, the Majorana condition G(z,y) =
CG*(y,x)C~1 should be used after setting the source field R zero.
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Figure 18: Another example of 2PI diagrams.

sum of contributions from 1PI diagrams, I's becomes a sum of contributions from
2P1 diagrams with respect to the full propagator. In another word, the proper
self-energy can be systematically obtained by taking a functional derivative of
2PI diagrams (in which all internal lines are full propagators) with respect to
the full propagator.

The SD equation (A.39) can be interpreted as a self-consistent equation for
the full propagators. By rewriting this equation on the forward time line Cy,
we obtain the set of KB equations (A.30), (A.31), (A.32), (A.33) which can be
interpreted as equations for the full propagators.

For Dirac or Weyl fermions, we introduce additional source terms

4 [ diay D)) + i [ dtad'y B RG.0)i)
C C
The self-energy is similarly obtained as a functional of the full propagators:

— S0L(0, 0, Q)
Hep(z,y; ¥, 0, G) = —i—n2 2 A4l

B Self-energies ., 11

In this appendix, using the 2PI formalism, we give an expression of the self-
energy function for the RH neutrino II(z,y) in terms of the lepton and Higgs
propagators. The simplest and the most important contribution to the 2PI
effective action I's in the model (2.2) is given by the 2-loop diagram of Figure 9.
The second simplest 2PI diagram is given by Figure 18. Note that each internal
line represents a full propagator of the SM lepton, Higgs and the RH neutrino.
If the RH neutrinos have almost degenerate mass, we need to use the resummed
propagators for the RH neutrinos. Once resummed, we can use an ordinary
perturbative expansion with respect to the Yukawa coupling h;,. Hence it will
not be a bad approximation to use the simplest 2PI diagram to evaluate the
self-energy.

In terms of the full propagators, the contribution from the diagram Figure
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9 becomes

r{#ePG, 8, A] = %h}ah@j / dwyd*z, €qraeny Agrpy (w, 2)
C

X tr [PR (G7i(z,w) + CGY (w, 2)C~Y) PSS (w, 2)
(B.1)

Here G, S, A are full propagators of the RH neutrino, the SM lepton doublet
and the Higgs doublet respectively. (4,7), (o, 8), (a,b,a’,b’) represent the flavor
indices of the RH neutrino, the flavor indices of the leptons and the SU(2)p
indices of the SM doublets respectively.

By using the formula (A.41), the self-energy of the SM lepton doublet is given
by taking a functional derivative of I'y with respect to the lepton propagator S:

Sop(@,y) = haihly PRGY (2, 9) PLéaa o Dvar (v, 7)
= — Saphaihl s, PrG (2, y) PLA(y, 7) . (B.2)
Here we have used the Majorana property G¥(x,y) = CGY(y,z)C~! of the
RH neutrinos. In the second equality, we have used the fact that the lepton and
the Higgs propagators are SU(2);, symmetric and proportional to 0., Sap =
Sbabs DNap = Adgp, in the early universe where the SU(2) symmetry is restored.
This is indeed the case in the era of the lepton asymmetry generation through

the decay of the RH neutrino. Similarly the self-energy of the RH neutrino is
obtained by taking a functional derivative of I's with respect to G:

Y (2,y) ={hl,hg; PLSgy (2,y) PrOay (2, )
+ 1 hgi PaPS e (%, 5) PPu By o () Yearac
= — guhlohsi PLS®? (z,y) PR (x, y)
— gu(hl,hey)" PaPS™ (7. 5) PPUA(T, 7) (B.3)
where P =+, In the first equality, we have used

5,%(7,7) = CPS"P(y,2)(CP)™ |, Dpul@.F) = Aap(y,7) . (B.4)

In the second equality, SU(2); symmetry of S and A is used. Decomposing
these self-energies into the Wightman functions as in (A.25), we have

ngz(-xv y) = - 6abhaih;gPRGi2j(m? y)PLA§(ya 33) = 6abzgﬁ<x7 y) ) (BS)
Y (2,y) = — guhl,hp; PSS (2, y) PrAz (2, y)
* —of ~  — —
— gu(hi hg;)* PRPSS (T, 5) PPLA: (T, 7) - (B.6)

In the following, we derive the self-energy of the RH neutrino I1(¢9) under an
assumption that the lepton and the Higgs are in the thermal equilibrium. The
approximation is justified in the leading order calculation since the SM leptons
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and the Higgs particles interact faster than the Hubble expansion rate in the
era of the leptogenesis. See (3.42). Hence the deviation from the equilibrium
can be neglected in the calculation of II. In the equilibrium, the lepton and the
Higgs propagators become C P-symmetric and satisfy

g(x’y) = S(a:,y) ’ E(w,y) = A(l‘,y) : (B7)

By using the quasi-particle approximation for the propagators (3.36) and (3.37),
the Fourier transform of the self-energy II, = i(Il,, —II.) = Il — II4 of the
RH neutrino becomes

H(peq)ij (q) — (%(hTh)” _ Z%(hTh)”’ys) 7Tgeq) (q) 7 (BS)
where
(eq) d*p
v FZZ%/ 27)32w,, ka 6 (¢—p—k)
Leg 6@ e (eq)
. B.9
8 (QO — €pWp — 6¢wk) F2 /4 755" p(p,k) ( )

D,(p,k) is given by

Difiiy = DSy ~ Doy = (CU (0% (L o+ fi)  (B10)
with the definition of Dx(pr) in (3.46), and satisfy the relation D (sz)6¢(eq) _
_D:(Zz)%(eq) and is followed by the relation of

i (a0, @) = +7°7 (+90. @)1 - (B.11)

In the calculation we have used the integral (in the limit ¢;,; — —00)

t .
2/ d,rei(fq()«kqu«#e(bwk«H’ngb/Q)(th) _ Pf(ﬁ — Qz(qo — GWp — 6¢’wk) )
—oo (¢° — exwp — egwr)? + 17, /4
(B.12)

The contribution from the boundary at 7 = —oc vanishes because of the damp-
ing factor ~ e Teo(t=7)/2,

In the weak coupling limit of the SM gauge couplings, I'¢4 becomes much
less than the typical energy transfer (qo — €pwy, — egwy) ~ T where T is the
temperature at which the leptogenesis occurs. In such a limit, the above integral
becomes proportional to 6(go—eqwp —€gwy ), and the exact energy conservation is
satisfied instead of the Lorentz type in (B.9). Furthermore, in order to simplify
the form of the self-energy (B.9), we neglect the medium effects (e.g., the Pauli
exclusion of the SM lepton and the induced emission of the Higgs) encoded in
D, in (B.9) and drop the distribution function f.
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Adopting these two simplifications of the weak coupling limit and neglecting
the medium effects, the self-energy (B.9) reduces to the vacuum one:

_'ng

o O(q*)sign(qo)d - (B.13)

7Tp(‘]) —

Since the main purpose of the thesis is to obtain the effect of quantum oscil-
lations of almost degenerate RH neutrinos, we use this simplified form of the
self-energy. The full treatment is investigated by using the integral form (B.9)
of the self-energy instead of (B.13).

Similarly, for 2II, = Il + 114, we have

3 (0) = (R R = iS (T h)igs) i (a) (B.14)

where

3 3
B0 =02 Y [ g a-p k)

(27)32w, 2wi

€0,€¢
—(q0 — €Wy — quwk) €eeq(eq)
. B.15
" (a0 — eowp — egwn)? T 17,/ PecPoivi (B.15)
It satisfies the relation
T (~qo, @) = =77 (+q0,0)7° - (B.16)

Note that ’/Téeq) (¢) is pure imaginary while W;LCQ)(Q) is real. The real part 7, (q)
contains a diverging integral which is subtracted by the mass renormalisation. In
the body of the thesis, we have implicitly assumed that the self-energy W}(Leq)(q)
is already regularized. The imaginary part wge‘” gives a decay width of the RH
neutrino.

C Another derivation of AG’2

In this appendix we give another, quick and heuristic, derivation of AGL. The
derivation use some of the results justified in the systematic derivation aéopted
in this thesis. First we assume that the deviations of the Wightman functions
from the thermal value at time ¢ is given by the following form:

AGY(Xyy, 50y = 0;q) = Y i(gﬁ + M){AAY + AAY (X, —t)
€ q
+ eABY + eABY (Xyy —t) + -+ } .
(C.17)

AA,AB are terms which remain at X,, = ¢, and A and B are introduced to
represent € dependence of the sum. Here we take the leading order with respect
to (Xgy —t)H ~ H/T. Both of AA and AB have no spinor indices.
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C.1 Solving KB equation for GSQ)”

For the diagonal component, (4.60) shows that

d (eq) 1—
AAL =0, AB‘j:tjliq:A{ _ffq} , (C.18)
q q
AAL =0, ABL = —dyflD = -T,ABS . (C.19)

The Wightman functions in the thermal equilibrium at ¢ are given in (4.40)
for the diagonal component and (4.44) for the off-diagonal component. Hence
they are similarly written in terms of A and B as

eq)ij . _ € eq)ij eq)ij
GEDN (Ko, s0y = 030) = 3 5= (e + M{ ALY 4+ BEDY)

€

where
d(e d(e 1 d(e d(e 1 e
.A>( q) _ —.A<( q) _ 5 B>( q) _ B<( q) _ 5(1 _ qu( q)) (C.20)
for the diagonal component and
A’z(eq) = 3'2(6'1) =0 (C.21)

for the off-diagonal component.

C.2 KB equation for AGg

In the following we obtain the deviation of the off-diagonal component of the
Wightman functions AA/% directly by solving the KB equations using the above
information. The KB equations for the off-diagonal Wightman functions are
given by

. 0 ij (.0 0. 7-4qa N\ vij .0 0.
700G (%5 @) — { gy + M GY (%)

Z/dzo H%“(:vo,zo;q)G?(zowo;q)+/d20 (20, 2% )G (2°,4°; q)
(C.22)

or

; ij ij 7-q
=700 GY ",y @) = GE (s @) { g+ M |

= /dzo G¥ (20, 2% I (2°,4%; q) +/d«zo G (20, 2% @I (2%, 4% q)
(C.23)
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Setting 20 = y° = t and take a difference of these two equations. Summing over
the spinor indices, we have

z&XG>V0(X; Q)’ — (M; — Mj)Ggs(X =tq)
X=t

/ 40 S (T (1, 2" @) G (2", 1) — G212 T (2, 1)}
/dz 4tr {Hm(t z ,q)GA (2% t;q) — G%(t,zo;q)ﬂgj(zo,t;q)} . (C.24)

On the other hand, multiplying 7o and then summing over the spinor indices,
we have

2 g . y
oxGia)| =G {0 TAGHX < ) p - (04— M) (X = i)
X=t

1 . .
= [ fo (P @G (e — G % I )}

1 _ , . .
+/dz° Ztr{voﬂék(t,zo;q)G'X(zo,t;q) — 0GR QI (0, ) }
(C.25)

where

ij 1 i ii 1 i
G%JS(X;q) = Ztr{Gg(X,s =0;q)}, GgV,L(X;q) = Ztl"{'y“Gg(X“S =0;q)} .
(C.26)

We are now interested in the deviation from the thermal values at time ¢. The
equations (C.24) and (C.25) are rewritten as

iAAY — (M; — M;)—ABY
Wq

1 .
= / a2 St {0 0,20 @)AGH (20, ) — AGE (1, 2% )Y (0, )}

fzzw 1 o { TG0 (e, @) (DAY + eABY) — TGN (ewy, ) (AAY + €ABE) |
q

1 . . . .
= o {q . ngq)ik(wq) q)A.AIg +q- HE)eq)kj (wq7 q)AA;’“}
q
1 eq)i j e j i
+— {a I @, ) ABY — g I (0, q) ABL | (C.27)
q
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and

M. 2 0 i g
zw—qABg - ztr {7 EAGZZJ(X = t;q)} — (M; — M;)AAY

1 , ) ) g
= / dz" e {0 (0, 2% @) AGY (20,15 0) — 1P AGE (1, 2% QUM (0, i) |

EM eq)i . . e . i i
= Z 2% {Hg%\qf)ok(qua Q)(AA’? + GABI%J) — Hfmq/)okj(ewq, q)(A,A; + EAB;)}
. q

M eq)t 1 e i i
= o {0 (g, ABY + 1AM (w0, @) ABE |
q

M eq)i i e 1 i
+ — {0 @) AAY — TR (w0, ) AAL ] (C.28)
q

The first line of each equation is nothing but the Lh.s. of (C.24) and (C.25)
written in term of the definitions in (C.17). The second lines of them are the
r.hs. of (C.24) and (C.25) in which small deviations from the thermal values
are considered. The terms represent the dominant contributions and terms
like Allg/4, Allz and AGR/4 are dropped. This is justified because of the
large damping factor II(¢, 2°) ~ e~1t=="IT¢s/2 of the self-energies. In the second
equalities, we performed time integrations and taking the trace with respect to
indices of spinor. In the third equalities, we used (B.11) and (B.16).

C.3 Diagonal component AGZ"

Let us first look at the diagonal component. We use the simple expression of the
self-energy (B.13) by neglecting the medium effects and in the weak coupling
limit. Then we have

M (wga) = (wg/M)q- T (wy,q)
= —i(wg/M)T = —i(w}/M*)T, . (C.29)

With this relation, (C.27) and (C.28) are simplified to be

iAAL = —iD AAL (C.30)
and
Mgt 20 0 AnGd(x )b = 5% AR
qu ABS 4tr {’y o) AGE(X =t;q) p = le"qAB% . (C.31)

(C.19) indeed satisfies (C.30). The second term of the Lh.s. of (C.31) vanishes
in the leading order approximation (C.17), but using the next to leading order
approximation of AGY, the second term becomes —il',(|q|?/a?)/(Mw,). Then
eq. (C.31) is satisfied.
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C.4 Off-diagonal component AG?

Then we study the off-diagonal component. Using II(w,,q) x ¢, (C.27) and
(C.28) become

INAD — (M, — M) — ABY
Wq
M Ve 1 , - - y
= —ip— T + T} AAY + — (g T (wg, @) {AADT + AALT}
wq qu

1 SN | g
+—(g- I,V (g, q)) { ABY? — ABL} (C.32)

q

and

M s 2 ~Y-q ;.. ..
AR 2y 0L 2AGH (X =t; — (M; — M;)AAY
P 4r{7 ap) 20 q)} ( AL

.1 tii 1 "eq)ii .. ii
= —ig {1 + T} ABY + (g IT *D (w,, q)) { ABY? + ABZ"}

37 (@ T (g, @) {AAY - AALT) (C.33)
Here we absorbed the real part of the self-energy Il into the mass term in the
L.h.s. by the mass renormalisation.

For the off-diagonal component, we can expect that

AAL =AB. =0. (C.34)

This comes from the relation (4.45) or equivalently (C.21). Since it vanishes in
the thermal equilibrium, its variation due to the change of the local temperature
is also expected to vanish in the leading order approximation. On the contrary,
since the equilibrium diagonal Wightman function survives in the same limit,
its variation (or AB?% # 0) does not vanish either. Furthermore, the second term
in the Lh.s. of (C.33) is also expected to give no leading contribution like the
first term AB%

Using the above arguments, the equations (C.32) and (C.33) are simplified
as equations to determine AA% and ABS in terms of AAZ and ABZ, and they
are solved as

AAZN -1 i(MT; + MT);) AM?
ABY ) " (AMZ)* + (MT; + MT)? AM2 i(MT; + MT;)
y 2(q - H;feq)ij(wmq)) {Angj — Alggii} (©.35)
(¢ T, (wg, @) {ABYT + ABEY | '

The regulator M;I'; + M;I'; controls the enhancement of the solutions for AG’2 .
This expression corresponds to (4.69).
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C.5 AG'z based on a wrong assumption G,% #0

Finally in this appendix, we discuss how we will obtain an erroneous answer
with the regulator of the type M;I'; — M,;T';. Let us assume (which turns out
to be wrong) that the off-diagonal component did not vanish and is given by

IAAL = T AAL (C.36)
and

M =1 2
i DB 4tr{ 07( ()lAG>( - t;q)} - —zMF AB. . (C.37)
Here I'y = T'M /w, is of the same order as I';, = I';yM/w, (i = 1,2). These are
similar to the correct relations for the diagonal components, (C.30) and (C.31).

The above equations (C.36) and (C.37) are based on a correct-looking as-
sumption that the deviations of the off-diagonal Wightman functions out of
equilibrium are obtained by taking a variation of the the equilibrium value with
respect to the local temperature. In other words, it is assumed that there

exists an "off-diagonal distribution function f,(°“” which does not vanish at
Szy = ¢ —y = 0 and its deviation from the equilibrium value satisfies the re-

lation Af(; = —dtf(;(eq)/fq. (As a matter of fact, such a function does not
exist.)

Under such incorrect assumptions, additional terms change the 1.h.s of (C.32)
and (C.33), and the regulator is modified to be

Fi+Fj—>Fi+Fj—2f~Fi—Fj. (038)

This is the way we could obtain an erroneous enhancement factor.

D Derivation of the kinetic term d; fy

In this appendix, we show how the the kinetic term in (5.20) —id,fn nq is
derived from the Lh.s. in (5.15):

—itr [P (0 {200 — %3 — NI~ T} {if} Gt = T2 (i fH{GY
—Ger{@f}{v @ — % N -1} + 0G| . (D)

First we look at the leading term. For simplicity, we drop the self-energy
correction II%. Then we have

itr PhZO{ qo —7—M}{if;?}(ﬁ+M)Ph/ ((qo_w5;+rz/4)
= 4o (aXf (g0, X) — H|q‘ arof ( 05 )) ((QQ—W5;+F2/4) (D.2)
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If we set gy = wg, two terms in the bracket give a total derivative
dt = (atT)aT + (atwq)awq (D3)

of the on-shell Fermi distribution function f,? = f°U(t,w,(t)) in equilibrium.
But the propagator has a Lorentz type structure and gq is extended around the
position of the pole gy = wy.

We then take an effect of the remaining terms in (D.1). These terms can be
rewritten as

itr {Pp L, O {if 1} {Ga} — Pad{GR}{if“} T}

= itr { P 11,G a0 {if“} {G '} Ga — P.GrO {GR'} {if*} Grll, }

~ —tr {Pho {1%00 — LT — M} {F*} (GRILGr+ GalLGa) | . (D)
In the first equality, we have used the relation ${f}{A} = —O{A}Hf} and
O{fHA} = AQ{f}H{A '} A for a given matrix A. In the second line, we have
used Gz_%} 4 = —(¢—M —1lg,4) and dropped next-to-leading order contributions

IR a.
Using (D.4), four terms in (D.1) are combined to become

2tr {Ph<> {70610 - % - M} {f} Gp}

—tr {Ph<> {’yoqo _ % _ M} {7} (GRIL,G R + GAHPGA)}
2

= (0l ) = L0, futan X)) x (-0

% Ly Y (g0 —wq — Z‘Fq/Q)Q Iy (90 —wq + ZTq/Q)Q
(g0 —wq)? +13/4  2((q0 —wg)® +T5/4)%  2((qo0 — wg)* +17/4)?

Hlq|?

| 1y
=—i <8th(QOaX) - qoagaqofh(QO;X)> X

((g0 — wq)? +13/4)?

(D.5)

around the position of the pole ¢o = w,. Here, we used the approximate form
I, ~ ¢ X (—iwg,T'y/M?) and dropped higher order terms with respect to (go —
wq). Hence, the original Lorentz type distribution becomes to have a sharper
spectrum after adding the higher order terms in the KB equation. Namely, the
term I'2/2/((qo — wq)? + T'2/4)? approaches Dirac delta function 276 (g0 — wq)
much faster than the usual Lorentz type form I'q/((qo — wq)® + T2/4) in the
limit T'y — 0 [85].

E Explicit forms of C~! and c!

In this appendix, we show explicit forms of C~! and C~! used in the section
5.3.3. For brevity, we write each coefficient of the 2 x 2 matrices I'*f and T'*ff
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expanded in terms of (13x2,0%) as [I']* and [['|* without the supersctipt “eff”.

. ( [l {(w]%)? + (2[H*)*} )a
}

ey 7] —(Tx]")’[Nx]!

—2[HP[Cy]°[CN]!
—[CaP? {([CN]%)% + (2(H]?)

T {([T1°)% + (My — M)} \ ©
- —([11%)?[r]*
— (M, — My)[T]°[T]!
—[P {([1]°)? + (M, — M2)?}

&
DY)

—2[HP[CN]' [T N]?

‘ +(M; — Mo)[I]° [ ¢

_ =& | =0 = M) {([T)? ~ ([T £2)

DY | M {(T1°)” = ()2 = (rP)°} | |
~(My = Mo)[I)[EP?

where determinant D is given by

D = {(['n]")* = (IO~ 1)} | 2H)? + (['w]%)

L, ([Tn])°)? = [y - Tn] = [Tn - Ty
([Pn]9)2 — ([Tn]?)?

_ & 2 pdet{I'} — ([[]*)?
= @FJ‘Q l(Ml — My)? + ([T1°) m] . (E.3)

126



References

[1]

2]

8]

P. A. R. Ade et al. (Planck collaboration), Planck 2015 results. XIII. Cos-
mological parameters, [arXiv:1502.01589[astro-ph.CO]](2015).

R. Cooke, M. Pettini, R. A. Jorgenson, M. T. Murphy and C. C. Steidel,
Precision measures of the primordial abundance of deuterium, Astrophys.
J. 781 1 31(2014), [arXiv:1308.3240[astro-ph.CO]].

A. D. Sakharov, Violation of CP Invariance, ¢ Asymmetry, and Baryon
Asymmetry of the Universe, Pisma Zh. Eksp. Teor. Fiz. 5, 32 (1967) [JETP
Lett. 5, 24 (1967)] [Sov. Phys. Usp. 34, 392 (1991)] [Usp. Fiz. Nauk 161,
61 (1991)].

M. Fukugita and T. Yanagida, Baryogenesis Without Grand Unification,
Phys. Lett. B 174, 45 (1986).

T. Yanagida, HORIZONTAL SYMMETRY AND MASSES OF NEUTRI-
NOS, In proceedings of Workshop on the Unified Theories and the Baryon
Number in the Universe, T'sukuba, Japan, 13-14 Feb 1979.

S. Davidson, E. Nardi and Y. Nir, Leptogenesis, Phys. Rept. 466, 105-177
(2008) [0802.2962[hep-ph]].

G. 't Hooft, Symmetry Breaking Through Bell-Jackiw Anomalies, Phys.
Rev. Lett. 37, 8-11 (1976),

V. A. Kuzmin, V. A. Rubakov and M. E. Shaposhnikov, On the Anomalous
Electroweak Baryon Number Nonconservation in the Early Universe, Phys.
Lett. B 155, 36 (1985).

J. A. Harvey and M. S. Turner, Cosmological baryon and lepton number
in the presence of electroweak fermion number violation, Phys. Rev. D42,

3344-3349 (1990).

K. Kajantie, M. Laine, K. Rummukainen and M. E. Shaposhnikov, The
Electroweak phase transition: A Nonperturbative analysis, Nucl. Phys.
B466, 189-258 (1996), [hep-lat/9510020].

S. Davidson and A. Ibarra, A Lower bound on the right-handed neutrino
mass from leptogenesis, Phys. Lett. B 535, 25 (2002) [hep-ph/0202239].

S. Weinberg, Cosmological Constraints on the Scale of Supersymmetry
Breaking, Phys. Rev. Lett. 48, 1303 (1982).

M. C. Gonzalez-Garcia, M. Maltoni and T. Schwetz, Updated fit to three
neutrino mixing: status of leptonic CP violation, JHEP1411 052(2014),
[arXiv:1409.5439[hep-ph]].

, Z. Maki, M. Nakagawa and S. Sakata, Remarks on the unified model of
elementary particles, Prog. Theor. Phys. 28, 870-880 (1962).

127



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[30]

[31]

J. A. Casas and A. Ibarra, Oscillating neutrinos and u — e,~y , Nucl. Phys.
B618, 171-204 (2001), [hep-ph/0103065].

M. Flanz, E. A. Paschos and U. Sarkar, Phys. Lett. B 345, 248 (1995)
[Erratum-ibid. B 382, 447 (1996)] [hep-ph/9411366].

L. Covi, E. Roulet and F. Vissani, Phys. Lett. B 384, 169 (1996) [hep-
ph/9605319).

W. Buchmuller and M. Plumacher, Baryon asymmetry and neutrino miz-
ing, Phys. Lett. B389, 73-77 (1996), [hep-ph/9608308].

W. Buchmuller and M. Plumacher, CP asymmetry in Majorana neutrino
decays, Phys. Lett. B 431, 354 (1998) [hep-ph/9710460].

E. Roulet, L. Covi and F. Vissani, On the CP asymmetries in Majorana
neutrino decays, Phys. Lett. B424, 101-105 (1998), [hep-ph/9712468].

W. Buchmuller and M. Plumacher, Spectator processes and baryogenesis,
Phys. Lett. B511, 74-76 (2001), [hep-ph/0104189].

M. Fujii, K. Hamaguchi and T. Yanagida, Leptogenesis with almost degener-
ate magjorana neutrinos, Phys. Rev. D65, 115012 (2002), [hep-ph/0202210].

W. Buchmuller, P. Di Bari and M. Plumacher, Leptogenesis for pedestrians,
Annals Phys. 315, 305-351 (2005) [hep-ph/0401240].

E. Nardi, Y. Nir, J. Racker and E. Roulet, On Higgs and sphaleron effects
during the leptogenesis era, JHEP 01, 068 (2006), [hep-ph/0512052].

J. M. Cline, K. Kainulainen and K. A. Olive, Protecting the primordial
baryon asymmetry from erasure by sphalerons, Phys. Rev. D49, 6394-6409
(1994), [hep-ph/9401208]

R. Barbieri, P. Creminelli, A. Strumia and N. Tetradis, Baryogenesis
through leptogenesis, Nucl. Phys. B575, 61-77 (2000), [hep-ph/9911315].

A. Abada, S. Davidson, F. -X. Josse-Michaux, M. Losada and A. Riotto,
Flavor issues in leptogenesis, JCAP 0604, 004 (2006) [hep-ph/0601083].

E. Nardi, Y. Nir, E. Roulet and J. Racker, The Importance of flavor in
leptogenesis, JHEP 0601, 164 (2006) [hep-ph/0601084].

A. Abada, S. Davidson, A. Ibarra, F. -X. Josse-Michaux, M. Losada
and A. Riotto, Flavour Matters in Leptogenesis JHEP 0609, 010 (2006)
[arXiv:0605281 [hep-ph]].

A. De Simone and A. Riotto, On the impact of flavour oscillations in lep-
togenesis, JCAP 0702, 005 (2007), [hep-ph/0611357].

F. X. Josse-Michaux and A. Abada, Study of flavour dependencies in lep-
togenesis, JCAP 0710 009 (2007), [hep-ph/0703084].

128



[32]

[33]

[34]

[44]

[45]

[46]

S. Blanchet and P. Di Bari, New aspects of leptogenesis bounds, Nucl. Phys.
B807, 155-187 (2009), [arXiv:0807.0743[hep-ph]].

P. Di Bari, Seesaw geometry and leptogenesis, Nucl. Phys. B727, 318-354
(2005), [hep-ph/0502082].

O. Vives, Flavor dependence of CP asymmetries and thermal leptogenesis
with strong right-handed neutrino mass hierarchy, Phys. Rev. D73, 073006
(2006). [hep-ph/0512160].

G. Engelhard, Y. Grossman, E. Nardi and Y. Nir, The Importance of N2
leptogenesis, Phys. Rev. Lett. 99, 081802 (2007) [hep-ph/0612187].

S. Blanchet and P. Di Bari, The minimal scenario of leptogenesis, New J.
Phys. 14, 125012 (2012), [arXiv:1211.0512[hep-ph]].

S. Blanchet, P. Di Bari, D. A. Jones and L. Marzola, Leptogenesis with
heavy neutrino flavours: from density matriz to Boltzmann equations,
JCAP 1501, 041 (2013), [arXiv:1112.4528hep-ph]].

M. Flanz, E. A. Paschos, U. Sarkar and J. Weiss, Baryogenesis through
mizing of heavy Majorana neutrinos, Phys. Lett. B 389, 693 (1996) [hep-
ph/9607310].

A. Pilaftsis, CP wviolation and baryogenesis due to heavy Majorana neutri-
nos, Phys. Rev. D 56, 5431 (1997) [hep-ph/9707235].

A. Pilaftsis and T. E. J. Underwood, Resonant leptogenesis, Nucl. Phys. B
692, 303 (2004) [hep-ph/0309342].

A. Pilaftsis and T. E. J. Underwood, Electroweak-scale resonant leptogen-
esis, Phys. Rev. D 72, 113001 (2005) [hep-ph/0506107].

A. Anisimov, A. Broncano and M. Plumacher, The CP-asymmetry in res-
onant leptogenesis, Nucl. Phys. B 737, 176 (2006) [hep-ph/0511248].

S. Blanchet, Z. Chacko, S. S. Granor and R. N. Mohapatra, Probing
Resonant Leptogenesis at the LHC, Phys. Rev. D 82, 076008 (2010)
[arXiv:0904.2174 [hep-ph]].

A. Ibarra, E. Molinaro and S. T. Petcov, Low FEnergy Signatures of
the TeV Scale See-Saw Mechanism, Phys. Rev. D 84, 013005 (2011)
[arXiv:1103.6217 [hep-ph]].

D. Choudhury, N. Mahajan, S. Patra and U. Sarkar, Radiative leptogenesis
at the TeV scale, JCAP 1204, 017 (2012) [arXiv:1104.1851 [hep-ph]].

F. F. Deppisch and A. Pilaftsis, Lepton Flavour Violation and theta(13)
in  Minimal Resonant Leptogenesis, Phys.Rev. D83 (2011) 076007
[arXiv:1012.1834 [hep-ph]].

129



[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

F. F. Deppisch, J. Harz and M. Hirsch, Fulsifying Leptogenesis at the LHC,
[arXiv:1312.4447 [hep-ph]].

W. A. Bardeen, On naturalness in the standard model, FERMILAB-CONF-
95-391-T, C95-08-27.3 (1995).

M. Shaposhnikov, Is there a new physics between electroweak and Planck
scales?, [arXiv:0708.3550[hep-th]] (2007).

K. A. Meissner and H. Nicolai, Conformal Symmetry and the Standard
Model, Phys. Lett. B648 312-317 (2007), [hep-th/0612165].

S. Iso, N. Okada and Y. Orikasa, Classically conformal B~ L extended
Standard Model, Phys. Lett. B 676, 81 (2009) [arXiv:0902.4050 [hep-ph]].

T. Asaka, S. Blanchet and M. Shaposhnikov, The nuMSM, dark matter and
neutrino masses, Phys. Lett. B631, 151-156 (2005), [hep-ph/0503065].

T. Asaka and M. Shaposhnikov, The nuMSM, dark matter and baryon
asymmetry of the universe, Phys. Lett. B 620, 17 (2005) [hep-ph/0505013].

M. Drewes and B. Garbrecht, Leptogenesis from a GeV Seesaw without
Mass Degeneracy, JHEP 1303, 096 (2013) [arXiv:1206.5537 [hep-ph]].

B. Shuve and I. Yavin, Baryogenesis through Neutrino Oscillations: A Uni-
fied Perspective, Phys. Rev. D89, 075014 (2014), [arXiv:1401.2459[hep-ph]].

E. K. Akhmedov, V. A. Rubakov and A. Y. .Smirnov, Baryogenesis via
neutrino oscillations, Phys. Rev. Lett. 81, 1359 (1998) [hep-ph/9803255].

G. Sigl and G. Raffelt, General kinetic description of relativistic mized
neutrinos, Nucl. Phys. B 406, 423 (1993).

W. Buchmuller and S. Fredenhagen, Quantum mechanics of baryogenesis,
Phys. Lett. B 483, 217 (2000) [hep-ph,/0004145].

A. De Simone and A. Riotto, Quantum Boltzmann Equations and Leptoge-
nesis, JCAP 0708, 002 (2007) [hep-ph/0703175].

A. De Simone and A. Riotto, On Resonant Leptogenesis, JCAP 0708, 013
(2007) [arXiv:0705.2183 [hep-ph]].

M. Garny, A. Hohenegger, A. Kartavtsev and M. Lindner, Systematic ap-
proach to leptogenesis in nonequilibrium QFT: Vertexr contribution to the
CP-violating parameter, Phys. Rev. D 80, 125027 (2009) [arXiv:0909.1559

[hep-ph]].

M. Garny, A. Hohenegger, A. Kartavtsev and M. Lindner, Systematic
approach to leptogenesis in mnonequilibrium QFT: Self-energy contribu-
tion to the CP-violating parameter, Phys. Rev. D 81, 085027 (2010)
[arXiv:0911.4122 [hep-ph]].

130



[63]

[69]

[70]

[71]

[72]

(73]

[74]

[75]

A. Anisimov, W. Buchmuller, M. Drewes and S. Mendizabal, Leptogene-
sis from Quantum Interference in a Thermal Bath, Phys. Rev. Lett. 104,
121102 (2010) [arXiv:1001.3856 [hep-ph]].

M. Garny, A. Hohenegger and A. Kartavtsev, Medium corrections to the
CP-violating parameter in leptogenesis, Phys. Rev. D 81, 085028 (2010)
[arXiv:1002.0331 [hep-ph]].

M. Garny, A. Hohenegger and A. Kartavtsev, Quantum corrections to lep-
togenesis from the gradient expansion, [arXiv:1005.5385 [hep-ph]].

M. Beneke, B. Garbrecht, M. Herranen and P. Schwaller, Finite Num-
ber Density Corrections to Leptogenesis, Nucl. Phys. B 838, 1 (2010)
[arXiv:1002.1326 [hep-ph]].

B. Garbrecht, Leptogenesis: The Other Cuts, Nucl. Phys. B 847, 350 (2011)
[arXiv:1011.3122 [hep-ph]].

A. Anisimov, W. Buchmuller, M. Drewes and S. Mendizabal, Quantum
Leptogenesis I, Annals Phys. 326, 1998 (2011) [Erratum-ibid. 338, 376
(2011)] [arXiv:1012.5821 [hep-ph]].

A. Salvio, P. Lodone and A. Strumia, Towards leptogenesis at NLO:
the right-handed neutrino interaction rate, JHEP 1108, 116 (2011)
[arXiv:1106.2814 [hep-ph]].

B. Garbrecht and M. Herranen, Effective Theory of Resonant Leptogen-
esis in the Closed-Time-Path Approach, Nucl. Phys. B 861, 17 (2012)
[arXiv:1112.5954 [hep-ph]].

M. Garny, A. Kartavtsev and A. Hohenegger, Leptogenesis from first prin-
ciples in the resonant regime, Annals Phys. 328 (2013) 26 [arXiv:1112.6428
[hep-ph]].

T. Frossard, M. Garny, A. Hohenegger, A. Kartavtsev and D. Mitrouskas,
Systematic approach to thermal leptogenesis, Phys. Rev. D 87, 085009
(2013) [arXiv:1211.2140 [hep-ph]].

B. Garbrecht, F. Glowna and M. Herranen, Right-Handed Neutrino Pro-
duction at Finite Temperature: Radiative Corrections, Soft and Collinear
Divergences, JHEP 1304, 099 (2013) [arXiv:1302.0743 [hep-ph]].

T. Frossard, A. Kartavtsev and D. Mitrouskas, Systematic approach to
Delta L=1 processes in thermal leptogenesis, arXiv:1304.1719 [hep-ph].

V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S. Tulin, Fla-
vored Quantum Boltzmann Equations, Phys. Rev. D81, 103503 (2010),
[arXiv:0912.3523[hep-ph]].

131



[76]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[83]

V. Cirigliano, C. Lee and S. Tulin, Resonant Flavor Oscilla-
tions in Electroweak Baryogenesis, Phys. Rev. D84, 056006 (2011),
[arXiv:1106.0747[hep-ph]].

M. Beneke, B. Garbrecht, C. Fidler, M. Herranen and P. Schwaller,
Flavoured Leptogenesis in the CTP Formalism, Nucl. Phys. B 843, 177
(2011) [arXiv:1007.4783 [hep-ph]].

B. Garbrecht, F. Glowna and P. Schwaller, Scattering Rates For Leptoge-
nesis: Damping of Lepton Flavour Coherence and Production of Singlet
Neutrinos, Nucl. Phys. B 877, 1 (2013) [arXiv:1303.5498 [hep-ph]].

A. Vlasenko, G. M. Fuller and V. Cirigliano, Neutrino Quantum Kinetics,
Phys. Rev. D89, 105004 (2014), [arXiv:1309.2628]hep-ph]].

E. W. Kolb and S. Wolfram, Baryon Number Generation in the
Early Universe, Nucl. Phys. B172, 224 (1980), [Erratum: Nucl
Phys.B195,542(1982)].

G. Baym and L. P. Kadanoff, Conservation Laws and Correlation Func-
tions, Phys. Rev. 124, 287 (1961).

G. Baym, Selfconsistent approzimation in many body systems, Phys. Rev.
127, 1391 (1962).

H. S. Kohler and R. Malfliet, Extended quasiparticle approzimation and
Brueckner theory, Phys. Rev. C 48, 1034 (1993).

V. Spicka and P. Lipavsky, Quasiparticle Boltzmann Equation in Semicon-
ductors, Phys. Rev. Lett. 73, 3439 (1994).

V. G. Morozov and G. Ropke, Eztended quasiparticle approximation for
relativistic electrons in plasmas, Cond. mat. Phys. 9, 473 (2006).

J. Berges, Introduction to nonequilibrium quantum field theory, AIP Conf.
Proc. 739, 3 (2005) [hep-ph/0409233].

P. S. B. Dev, P. Millington, A. Pilaftsis and D. Teresi, Flavour Co-
variant Transport FEquations: an Application to Resonant Leptogenesis,
arXiv:1404.1003 [hep-ph].

P. S. Bhupal Dev, P. Millington, A. Pilaftsis and D. Teresi, Kadanoff-Baym
approach to flavour mizing and oscillations in resonant leptogenesis, Nucl.
Phys. B891, 128-158 (2015), [arXiv:1410.6434[hep-ph]].

B. Garbrecht, F. Gautier and J. Klaric, Strong Washout Approximation to
Resonant Leptogenesis, JCAP 1409 09 (2014), [arXiv:1406.4190[hep-ph]].

S. Iso, K. Shimada and M. Yamanaka, Kadanoff-Baym approach to the
thermal resonant leptogenesis, JHEP 1404, 062 (2014) arXiv:1312.7680
[hep-ph].

132



[91] S. Iso and K. Shimada, Coherent Flavour Oscillation and CP Violating
Parameter in Thermal Resonant Leptogenesis, JHEP 1408, 043 (2014)
arXiv:1404.4816 [hep-ph]

133



