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Abstract

While bound states of heavy quarks QQ called quarkonia have been studied for
nearly a half-century, their production is still not well understood. We examine how
techniques from Effective Field Theories (EFTSs) of the strong force can be used to
probe the production of the J/i¢(cé). The focus will be to study how quarkonia
are produced in jets, highly-collimated sprays of hadrons ubiquitous at particle col-
liders. We review the study of quarkonium production using Non-relativistic QCD
(NRQCD) and the study of jet substructure observables using the Soft-Collinear
Effective Theory (SCET). The concept of Fragmenting Jet Functions (FJF), which
describe a hadron’s energy distribution inside a jet of measured substructure, is ex-
tended to jets where the angularity is measured or where the transverse momenta of
a hadron relative to the jet axis is measured. Predictions of the energy distribution
of J/1 in jets at the LHC using FJFs are compared with the latest LHCb data using
various extractions of the non-perturbative NRQCD long-distance-matrix-elements
(LDMESs) in the literature. These distributions are also calculated using a modifi-
cation of the PyTHIA Monte Carlo, which is shown to have an unphysical model
of quarkonium production and gives results consistent with our FJF calculations.
Our predictions of the energy of J/1 produced in jets fit the data much better than
default Monte Carlo results. We also demonstrate that LDMEs extracted from high

transverse momentum data do a better job at predicting the LHCb measurements.
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List of Abbreviations and Symbols

Symbols

Aqep

QQ

Q

25+1L[JC]

P
pr

Ta

The scale at which QCD becomes non-perturbative.
assumed to be =~ 500 MeV.

Usually

A heavy quark-antiquark pair such as ¢ or bb.
A real quarkonium state with physical quantum numbers.

Spectroscopic notation used to classify quarkonium states where
L and S are the orbital and spin angular momenta, respectively
and J = L+ S. [¢] is either [1] for color-singlet states or [8] for
color-octet states.

Symbol used to represent inclusive set of particles.
A transverse momentum relative to a jet axis.
A transverse momentum relative to a beam axis.

The angularity, a family of jet-substructure observables param-
eterized by a < 1.

Generally refers to a hard function in context of SCET. Calcu-
lated via square of matching coefficients.

Generally a soft function or ultra-soft function, describing cross-
talk radiation between jets in SCET.

Generally a jet function, describing highly boosted radiation
collinear to some jet axis in SCET.

Additive convolution ¢ ® F = [ dxdyF (z)g(y)d(z — (x + y)).
Multiplicative convolution ¢ ® F' = [ dzdyF(z)g(y)d(z — (zy)).

A radial wave-function for the quarkonium state Q evaluated at
the origin.
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Abbreviations

LHC

CM
SM
BSM
QFT

QED

QCD

EFT

CKM

NRQCD

LDME

The Fourier conjugate of the transverse momentum p, that is
sometimes called the impact parameter in the literature.

The fragmenting jet function for measured invariant mass of a
jet s. This parameter can be replaced with other measurements
of observables.

Perturbatively calculable matching coefficients of fragmenting
jet functions onto fragmentation functions.

Polar anisotropy parameter. Calculated using amplitudes for
producing hadrons in certain polarization state.

Large Hadron Collider. The 14 TeV pp collider at CERN in
Geneva, Switzerland. Currently, the most powerful particle ac-
celerator in the world.

Center-of-mass frame.
Standard Model of Particle Physics
Beyond-the-standard-model physics.

Quantum Field Theory, a relativistic generalization of quantum
mechanics that is the main theoretical tool of particle physics.

Quantum Electrodynamics, the well-established quantum theory
of relativistic electromagnetic interactions.

Quantum Chromodynamics, the modern theory of the strong
nuclear force.

Effective Field Theory. Generally derived from a parent full
theory, EFTs focus on particular degrees of freedom in a problem
to make high-precision calculations much easier.

Cabibbo-Kobayashi-Maskawa matrix. Contains strengths of cou-
plings of different quark flavors in weak decays.

Non-relativistic QCD. The state-of-the-art EFT for describing
the phenomenology of heavy quarkonium.

Long Distance Matrix Element. In NRQCD, these describe the
non-perturbative long-distance evolution of Q) states into phys-
ical quarkonium states Q.
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BNL
ATLAS
CMS

SLAC
SPEAR

JADE

CDF

FCNC

GIM

CSM

SCET

PDF

FF

FJF

TMD
TMDFJF

Brookhaven-National Laboratory.
A Toroidal LHC Apparatus, an experiment at the LHC.

Compact Muon Solenoid, a competing experiment at the LHC
with ATLAS.

Stanford-Linear-Accelerator-Center.

Stanford Positron Electron Accelerating Ring, a 4 GeV efe”
collider built in 1972.

Japan, Deutschland, and England, an international collabora-
tion established in 1977.

The Collider-Detector at Fermilab. An experiment that collided
pp pairs at the Tevatron.

Flavor changing neutral currents. Weak decays mediated by
neutral Z° bosons that do not preserve quark flavor.

Glashow-Iliopoulos-Maiani mechanism that explains the suppres-
sion of FCNCs via a symmetry between lepton and quark fami-
lies.

Color-singlet model. One of the first attempts at a theory of
quarkonium production. Was shown to have significant, unrec-
oncilable flaws.

Soft-Collinear Effective Theory. The modern EFT used to de-
scribe jet physics at high-energy colliders. Ideal for studying jet
production processes.

Parton Distribution Functions. These describe the distribution
of momenta of partons within a hadron.

Fragmentation Functions. They describe the probability of par-
tons fragmenting into hadrons (or partons) with a certain mo-
mentum fraction.

Fragmenting Jet Functions. These are used to describe particu-
lar hadrons created inside of a jet of certain properties.

Transverse Momentum Dependent.

Transverse Momentum Dependent Fragmenting Jet Function.
Generalizes FJF to observables dependent upon a hadron’s angle
with a particular jet axis.
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RGE

RRGE
DGLAP

GFIP

LO/NLO

LL/NLL

IR

[OAY%

IRC

LP

Renormalization Group Equations. These describe the evolu-
tion of various probability functions (usually in a factorization
theorem for a cross-section) with the renormalization scale .

Rapidity Renormalization Group Equations.

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equations. The names
given to the RGEs for which the evolution kernel are the QCD
splitting functions P;;.

Gluon-fragmentation-improved-PYTHIA. A modification of the
PyTHIA Monte Carlo that aims to properly implement gluon
fragmentation to J/1.

Leading order and next to leading order. Generally used to de-
scribe fixed-order perturbative calculations in some coupling.

Leading and next-to-leading logarithmic order, which describe
the powers of large logarithms resummed using RG techniques.

Infrared-red, generally referring to divergences appearing in the
small energy/momentum limit.

Ultra-violet, generally referring to divergences appearing in the
large energy /momentum limit.

Infrared-Collinear-Safety, which describes a property where an
observable (in our case a jet algorithm) is safe in both the collinear
and IR limits.

Leading-power. This is generally used to describe an EF'T where
only terms at lowest order in some power counting parameter are
considered.
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1

Introduction

Experiments at the Large Hadron Collider (LHC), shown in Fig. aim to answer
a number fundamental questions in physics. What is the origin of mass? Do extra
dimensions of space exist? What is the nature of dark matter? Can the theories
of the strong and electro-weak forces be described by an underlying Grand-Unified-
Theory? While many of the exciting discoveries that may be made at the LHC
involve the search for new particles, this thesis will focus on uncovering the origins
of an old one. The J/¢ was discovered nearly a half-century ago in 1974, providing
the first experimental evidence of a 4th charm quark and confirming several key
predictions of the evolving theory of the strong force, Quantum Chomodynamics
(QCD). Although its discovery was a major milestone for particle physics, as we will
discuss in Chapter [2], its production is, ironically, still not well-understood. This
thesis develops a new formalism with which to study how J/¢ are produced at
the extreme conditions of the LHC. In this introduction, we will briefly review the
basic ideas of the Standard Model and the theory of QCD. We will then discuss the
essential ideas of resummation and effective theories, two approaches to quantum

field theoretic calculations which will be important for a proper understanding of
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Ficure 1.1: The Large Hadron Collider (LHC), a 14 TeV center-of-mass energy
proton-proton collider in Geneva, Switzerland. Image courtesy of https://home.
cern/topics/large-hadron-collider.

later chapters.
1.1  Quantum Chromodynamics

Our knowledge of elementary particle physics is encapsulated by the Standard Model
(SM). The SM describes the quantum behavior of the electromagnetic force and
strong and weak nuclear forces through the interaction of the elementary particles
shown in Fig.|1.2l The elementary particles fall into two general categories: fermions,
particles with half-integer spin that obey Fermi-Dirac statistics and bosons, integer-
spin particles that obey Bose-Einstein statistics. Fermions can then be divided into
leptons, elementary particles such as the electron and its corresponding neutrino,
and quarks such as the up and down. Quarks and leptons bind together to form
atoms, the building blocks of everyday matter. Atomic nuclei consist of protons
and neutrons, which are made of combinations of up and down quarks. Bosons are
divided into vector bosons, particles such as the photon and gluon whose exchange
mediates forces, and scalar bosons which include the recently discovered Higgs, which

is responsible for giving particles mass. Each elementary particle carries a set of
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FIGURE 1.2: The elementary particles described by the Standard Model of Particle
Physics (SM).

intrinsic properties which are described by their quantum numbers, some of which
are shown in Fig. (1.2

This work will largely focus on how quarks (specifically the charm quark) and
gluons interact via the strong force as described by QCD. The stem chromo in QCD
refers to a special quantum number held by quarks and gluons (the vector boson
or force carrier particle of the strong force) called color. Each quark (anti-quark)
carries one of three colors (anti-colors) which include red (r), blue (b), and green
(9), and each gluon carries some linear combination of color and anti-color such as

(rb 4 bF)/+/2. Quarks and gluons form bound states called hadrons. Hadrons are



further divided into mesons, bound states whose quantum numbers can be formed
by qq pairs, and baryons, whose quantum numbers are determined by combinations
of gqqq or ggq. In recent years, more exotic quark states such as the tetraquark and
pentaquark have also been observed [34].

The Lagrangian of QCD is given by

1
elNe D (1.1)

Locp = Z Gi(i1Dy; — mydij)q; — Rl
f

where Zf is a sum over quark flavors (up, down, etc.), my is the quark mass, i, j
represent indices in color-space, ¢;; is a Kronecker delta in color-space, and a is an
index of the adjoint representation of the Lie group SU(3) (for color-space). The

gauge covariant derivative is given by
Dy = "985 + igs TG Ay), (1.2)

where g, is the strong coupling constant, the matrices T are generators of SU(3)

and A, is the gauge field (the gluon). The gauge field strength tensor is given by
G, = 0, A% — 0,A — g, fupo ALAC (1.3)
where fu. are the structure constants of SU(3) defined via the commutation relation
(T2, To) = i fabeTe- (1.4)

A key feature of QCD lies in the nature of its coupling constant, which in perturbative
calculations is generally expressed via oy = g2/4m. In quantum field theory (QFT),
coupling constants run with the renormalization scale p. This scale is generally
chosen to be the dominant scale in the process such as the momentum transfer in a
collision. By studying the basic interactions of quarks and gluons at one-loop, one

can derive the QCD pS-function, which describes the evolution of the coupling with
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i. The B-function is written as

Bl = = 20, | (2) (Yoo =23 +0@ +. ] a9

where N¢ is the number of colors and Np is the number of quark flavors. At this
order, the f-function can be solved using separation of variables for the coupling as
a function of the energy scale pu ~ @

1 Bo Q*
@)~ Q) ar 8 (Q_) (16)

where By = 11C4 — 2N /3 where Cy = N = 3 and where a4(Q?) and a,(Q3?) are
the coupling at two energy scales ) and ()y. This coupling will vary widely and
perturbation theory in a, will only be reliable when a, < 1. Let us define the

scale at which the coupling is infinite as Aqcp and choose this as our starting scale
Qo = Aqe]]

4
as(Agep) = 00 = 1/as(Agqep) =0 = a,(Q?) = Golog (QZ/A?QCD>. (1.7)

The evolution of ay(@Q?) is shown in Fig. [1.3] For @ > Aqcp, QCD is perturbative
and the coupling a,(Q?) decreases with increasing Q2. This phenomenon is called
asymptotic freedom and says that at energies well above Aqcp ~ 0.5 GeV, quarks
and gluons are quasi-free particles. In this context, we often refer to quarks, anti-
quarks, and gluons collectively as partons. The key consequence of asymptotic
freedom is that at the extremely high energies of modern colliders, the perturbative
expansion of QCD should have greater and greater accuracy. At energies below
Aqcp, QCD is non-perturbative and the coupling becomes large. As we will discuss in

Chapter 3], at these scales, partons exhibit confinement and are trapped in colorless

! The choice of as(Aqep) = oo was for simplicity as one could just as easily pick as(Aqep) = 1
or any other value that would not be suitable for a perturbative expansion.

5
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FIGURE 1.3: The running of the strong coupling «,(Q) as shown in Ref.[3] where
the focus was extracting the strong coupling from 3-jet differential cross-sections as
a function of the 3-jet invariant mass and the 3 jets with the highest transverse mo-
menta are selected. The plot also shows previous measurements of o, and compares
the 3-jet extraction with world averages of the coupling.

hadrons. This means that hadrons look like fundamental particles in scattering
processes.

Much of this work is built upon the idea that high precision calculations of scatter-
ing cross-sections and decay rates can be made tractable through the use of Effective
Field Theories (EFTs). The concept of an EFT is quite simple: calculations in
QCD can be made computationally simpler by removing degrees of freedom that are

far above the energy scale of the physics one is interested in studying.
1.2 Effective Field Theories (EFT)
1.2.1 What is an EFT?

The computational complexity of QCD is often immense. This makes QCD ill-suited

for many practical calculations of interesting phenomena. In practice, physicists



adopt effective approaches that focus on the dynamics of certain degrees of freedom
in a particular energy regime. In introductory classical mechanics, calculations of
everyday falling objects can be made simple by working under the assumption that
the force of gravity on an object from the earth is constant. This is done by saying
that, relative to the size and distance travelled of ordinary falling objects, the surface
of the earth can be approximated as an infinite flat plane.

In the multipole expansion in classical electrodynamics, calculations of the elec-
trostatic potential can be made simpler in the limit that » > s where s is the size
of the distribution and r is the distance from the charge distribution at which the
potential is calculated. By expanding the potential in s/r < 1, the distribution can
be approximated as a point of charge () at lowest order in the expansion. Correc-
tions can then be systematically included as powers of O(s"/r™) which contain finer
details of the structure of the charge distribution. These terms containing successive
powers of s/r, the power counting parameter, are referred to as the point charge
(O(1)) term, the dipole moment (O(s/r)), quadrupole moment (O(s?/r?)), and so
forth.

EFTs refer to effective descriptions of physics at particular energy /length scales

as applied to QFTs such as QCD. This work will focus on two specific EFTs:

1. Non-relativistic Quantum Chromodynamics (NRQCD) — A well-established
EFT which describes heavy mesons such as quarkonia (e.g. J/(cc), T(bb),
etc.) as non-relativistic bound states. We discuss NRQCD in depth in Chap-

ter 21

2. Soft-Collinear Effective Theory (SCET) — An EFT developed in the last
15 years that we will use to describe jets, tightly collimated sprays of highly

boosted particles found in many events at high energy colliders. We introduce

SCET in Chapter [3



Drell-Yan Process

faja(wa, p)

fo/B(2B, 1)

>
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dé(ab — v* — 1T17)

FIGURE 1.4: The Drell-Yan process can be factorized into PDFs for each incom-
ing hadron and a partonic-cross section of the form dé(ab — [*17) which can be
calculated in perturbation theory.

We will now briefly discuss three important concepts in EFT calculations: the fac-
torization of observables, the basics of constructing an EFT, and the resummation

of potentially large logarithms using renormalization group equations (RGE).
1.2.2  Factorization of Observables

The concept of factorization is fundamental to most applications of QCD. Observ-
ables such as cross-sections are said to factorize if they can be calculated as a product
or convolution of perturbatively calculable functions and universal non-perturbative
pieces. The term universal here implies that the function is independent of the pro-
cess and can thus be used in other related calculations. Factorization theorems also
separate observables into functions describing physics at several well-separated en-
ergy scales. An example of a well-known factorization theorem in high-energy physics
is the hard-scattering of hadrons in the Drell-Yan process A+B — [T +1~ + X where
A and B are hadrons, [, [~ are leptons, and X represents any other leptons/hadrons.

Fig. shows this process at lowest order. Ref. [35] proved that the cross-section



can be written (to all orders in perturbation theory) as

do(AB — (+0-X
dQdy

dé(ab — (0~ X)
dQdy

) _ Z/dxAdefa/A(xA,M)fb/B(xB,M) , (1.8)
ab
where fu/4(za, 1) and fy/ (s, ) are parton distribution functions (PDF) which give
the density of the parton a(b) with momentum fractions x4 (x ) of the hadrons A(B).
The d6/dQ*dy is the partonic cross-section differential in the invariant mass Q? of
the ¢t~ pair and the rapidity y of the lepton pair. This partonic cross-section is
calculable in perturbative QCD and governs high-energy scale physics. The PDF's are
universal non-perturbative functions describing low-energy fluctuations that must be
extracted from experiment. The factorization scale p essentially separates the high
and low energy regimes and is chosen to be of the order of the hard scale ) in order
to minimize potentially large logarithms. All-orders factorization theorems in QCD
are complex and have only been rigorously proven in a small number of cases. We

will see how factorization theorems play a key role in EFTs in the following sections.
1.2.8  Constructing Effective Theories

Perturbative calculations of processes that contain several different physical scales
(such as particle masses, momentum cut-offs, etc.) py, o, ... inevitably involve
logarithms of ratios of these scales log (11/p2), - . .. In certain regions of phase space,
these physical scales may be widely separated p; < p2, causing these logarithms to
become large. Let us consider the example of the weak decay of D° — K~ +7+. At
the partonic level, this process looks like (cit) — (sti) + (ud) where the @ acts as a
spectator quark. The lowest order amplitude for this process can be written as
2
M(c — sud) = (2) vy L (g,w B kﬂ»ku)

ud 1.9 2 2
V2 k? —myy My

X [U(ps)yu Pru(pe)] [W(pa) v Pro(pa)l

(1.9)



where g, is the weak coupling constant, p., 4 are quark external momenta, V; are
elements of the CKM matrix, £, is the exchanged 4-momentum, my is the mass
of the W-boson, and u, v, u,v are Dirac spinors. To make calculations simpler, we
can work in the limit that k? < m}, since the final state quarks need to be within
bound states. This allows us to expand the amplitude by writing the propagator as
—1/m?, (1 + O(k?*/m3;)) yielding

M(C — SUCZ) ~ — 45—F ‘/cs [’&(ps)/y;LPLu(pc)] [a(pu)’}/uPLU(pd)] ’ (110)

where Gr/v/2 = g3/(8m?,) is the so-called Fermi constant. By expanding the prop-
agator, we have removed the W-boson as a degree of freedom from the theory, re-
placing it with a four-fermion interaction. This amplitude can be calculated in a
simpler version of the full weak theory where tree-level diagrams are replaced with
four-point interactions from an effective theory of the weak force as shown in Fig.[1.5]
High-energy degrees of freedom are removed and an EFT is established through a
procedure called matching.

The Lagrangian of this EFT is first constructed by considering the most general

LEFT whose terms satisfy basic desired symmetries. This will take the form

LT = 4GFVCSVdZC’ YOI (1), (1.11)

where in this case there will be 2 such 4-quark operators, OFF", and C;(u) are
perturbatively calculable coefficients that describe physics at the scale my,. These
coefficients for each of the terms in the EFT Lagrangian are extracted through a
matching calculation. This procedure involves comparing calculations of the same
physical quantity in the full theory and EFT. At tree-level, this matching is trivial
(see Fig. and yields coefficients of 1. At one-loop level, the matching calculation
involves diagrams containing single gluons connecting the external quark lines and

10
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match

FIGURE 1.5: An example of how a full theory tree-level process is matched onto a
tree-level EFT process for the D — K~7t example at the quark level described
in the text. A one-loop matching procedure would involve additional diagrams that
connect quark lines with a gluon.

looks, schematically, like

(sud| L)W = (sud| LP" o)™

= >~ [ w) (sud| O () e) + €5 (1) (sud| OF () ]e)]. .

where (0) and (1) denote leading-order (LO) and next-to-leading-order (NLO) con-
tributions, respectively. The matching coeflicients in this case look like C;(p) =
1 + Olas(mw)]. Having written down an effective Lagrangian and performed the
matching at a given order in a,, we now have the essential elements needed for

constructing an EFT.
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1.2.4 Resummation of Logarithms

The matrix element ( sud| £ |c) can ultimately be written in the following schematic
form
(fli™ |i) ~ 1+ oL+ a2L* + a2L® + ...
tas+all+all® + ... (1.13)
+a?+ L+ ...

where one can show that L ~ log(m,/m?) where m, is the charm quark mass.
Since m,. < myy, powers of the logarithms, L, are generally large enough such that
L ~ l/as.ﬂ Thus, powers of ol L™ ~ aZ7~™ become increasingly important and
can spoil perturbation theory. However, higher powers of these logarithms can be
included without performing the full calculation at n-loops through the use of RGEs.

RGEs can be used to resum these logarithms in a simple but powerful way. In
the full theory, the matrix elements contain powers of L, a logarithm of a ratio of
scales. Thus no single choice of the renormalization scale p will minimize all of the
large logarithms. However, in our EFT formalism, matrix elements of the full theory

are factorized via

(sud|il™" |c) = C;(p) (sud| O;EFT(N) ) (1.14)

:<1+aslog(”;_iv)+...><1+a510g(%)+...). (1.15)

The logarithms L have now been factorized into two separate logarithms that are
independently minimized by the choices of ¢ = my in the coeflicients C;(u) and
pt = me in the matrix elements of OF"" (). We can simultaneously resum powers of
both of these logarithms using RGEs. In the one-loop calculation, the UV poles in
the EFT can be used to derive RGEs for the C;(u) coefficients

d
u@Cj(u) =15Ci(p), (1.16)

2 Here, the external momentum p. has been put on-shell.
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where, as shown in Appendix |g, 7v;i is the coefficient’s anomalous dimension which
is in this case a 2 x 2 matrix calculated to a given order in perturbation theoryﬂ Let
us ignore the indices i, j for the purpose of clarity. Solving this RGE then yields an

equation of the form

asmw) o
Cl) = exp [ [ et

w Bl C(mw) = Up(p, mw,7)Clmw),  (1.17)

where C'(u) and C'(my ) are coefficients evaluated at two different scales. This de-
scribes the evolution of the coefficients from the scale at which their logs are min-
imized down to an arbitrary scale p, which can ultimately be set to y = m.. In
our EFT where we have essentially interpreted my, = oo, this running down to the
scale m, resums large logarithms of m%,/m?2. If the anomalous dimensions are cal-
culated at lowest order, we can see explicitly how these logarithms are resummed by

expanding the evolution kernel
Up (i, myw, 7)) ~ 1+ asL +o?L* + 3L + .. . (1.18)

This shows that the logarithms of the form ol L™ for n = m, corresponding to the
first row of Eq. , have been included without doing an n-loop calculation. This
is called leading-logarithmic (LL) resummation and it requires that the anomalous
dimension and QCD beta function be known to 1-loop order. Higher orders of
resummation would include additional rows of Eq . The second and third
rows, for example, shows the form of logs that would be included in next-to-leading-
logarithmic (NLL) and next-to-next-to-leading-logarithmic (NNLL) resummation.
Each subsequent row includes terms of order o L™ where m =n,n —1,n—2,....
In Appendix [C| Table contains additional details on the ingredients needed for

various fixed order and resummed calculations.

3 Anomalous dimensions are a feature of quantum theories that deal with the scaling dependence
of Green’s functions in the theory on the renormalization scale, p.
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1.3  Outline of this Work

The remainder of this thesis will focus on the use of EFTs to study the production
of the J/1 in jets in eTe™ and pp collisions. In Chapter , the history of quarkonium
production theory is reviewed and the basic elements of NRQCD are discussed. In
Chapter [3| we introduce the physics of jets and comment on how jet substructure is
studied both analytically and experimentally. We then introduce SCET, a modern
EFT used for calculating jet processes. Chapters [} [2 and [3] cover background
material that is important for understanding later chapters of this thesis. Chapters
and[5] then present the original results of the author with collaborators, much of which
is published in Refs. [36-38].

Chapter {4 first reviews the Fragmenting Jet Function (FJF) formalism, which
describes the energy distribution of a hadron produced within a jet where the sub-
structure of that jet is measured. The formalism is extended to jets where the
angularity (a jet substructure observable to be defined in Chapter [3)) of the jet con-
taining an identified hadron is measured in Section [£.4] FJFs are then extended to
jets where the transverse momentum of a hadron in the jet relative to the jet axis is
measured in Section [£.5] In both of these cases, one-loop perturbative calculations
of matching coefficients of the FJFs onto traditional fragmentation functions (FFs)
are performed.

In Chapter the FJF formalism is applied to the study of J/v production. Using
the perturbative results calculated in Section [4.4] a phenomenological FF extracted
from ete™ for B mesons, and NRQCD FFs for J/1¢, we calculate resummed cross-
sections for the production of these hadrons in jets where the angularity of the jet is
measured. These analytic results are then compared with Monte Carlo simulations.
While the B meson calculations are consistent with Monte Carlo predictions, the en-

ergy distributions for the J/v¢ are not. A way to reconcile the discrepancy between

14



analytic and Monte Carlo results using a modification of the PyTHIA Monte Carlo
is introduced, which has important implications for future quarkonium production
calculations. The FJFs for jets that contain a hadron whose transverse momentum
relative to the jet axis is measured are shown to be able to discriminate between dif-
ferent ways quarkonia are produced. Finally, we show that analytic results using the
FJF formalism are consistent with recent measurements from the LHCb experiment,
performing much better than state-of-the-art Monte Carlo simulations.

Appendix [A] discusses important scales and power counting rules in NRQCD.
Appendix [B] then comments on key symmetries of the SCET Lagrangian. In Ap-
pendix [C] renormalization group equations for different classes of functions are de-
rived. Finally, Appendix [D|outlines properties of plus-distributions and profile func-

tions, which were used in the calculations of Chapters [ and [f
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2

Quarkonium Production

2.1 Introduction & Brief History of Quarkonium

Quarkonia are quark-antiquark pairs pairs bound together by the strong force. Stud-
ies of quarkonia typically focus on ¢, known as charmonium, and bb, known as bot-
tomonium. The large masses of the ¢, b quarks relative to the light quarks u,d, s
make these heavy quarkonia (notated as Q@) particularly interesting systems to
study. As is discussed in Section and Appendix [A] heavy quarkonia are charac-
terized by a number of scales, some of which are perturbative, and some of which
are non-perturbative. For example, while the mass of a charm quark is large ~ 1.5
GeV (a perturbative scale where o, & 0.35), other relevant scales such the radial
excitations of a charmonium state can scale as ~ 0.5 GeV (a non-perturbative scale
~ Aqcep where a = 0.7).

A wide spectrum of both charmonium and bottomonium states have been ob-
served experimentally and studied extensively. Ironically, although their discovery
was one of the earliest triumphs of the quark model and of QCD, the production of

quarkonia is still not well understood. In this chapter, we will first review the history
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FIGURE 2.1: Original plot of the BNL group’s J/¢ mass peak at 3.1 GeV. Image
taken from Ref. [4].

of quarkonium physics and introduce the basic spectroscopy of charmonium states.
We will then discuss how our picture of the mechanisms of quarkonium production
has evolved from the earliest models to the modern theory of non-relativistic QCD
(NRQCD). Reviews of NRQCD can be found in Refs. [33], 39, [40].

The first experimental evidence of quarkonia was seen in 1974 with the discovery
of the J/v, a charmonium state with mass 3.1 GeV (e.g. Fig. and the same
JPC = 17~ quantum numbers as a photon. The .J/1v was found nearly simulta-
neously in decays to ete™ by Ting et al. [4] at Brookhaven National Laboratory’s
Alternating Gradient Synchrotron and to p™u~ by Richter et al. [41] at SLAC’s

SPEAR experiment, hence the particle’s peculiar two-symbol name. Ting’s group
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FIGURE 2.2: (Left) Computer reconstruction of the decay of the ¢¥(25) — J/¢ymtn~
at the Mark 1 detector at the SPEAR experiment (shown on right). Courtesy SLAC
National Accelerator Laboratory at http://www.slac.stanford.edu/vault.

named the new particle J supposedly because of its close resemblance to the Chinese
character for Ting’s name, while Richter’s group named the state 1 for the shape of
the decays shown in Fig. [2.2]

The discovery of the J/i) was a major victory for the nascent form of what
we now know as QCD. Followed just 10 days later by the discovery of the ¥(25),
another resonant state of charmonium, the J/v discovery kicked off the so-called
November Revolution. The J/t¢ provided the most compelling evidence yet of the
existence of the charm quark, which had been proposed 10 years earlier by Bjorken
and Glashow in Ref. [42]. At the time, the charm quark was needed to confirm a
number of theoretical phenomena including the GIM mechanism [43]. Proposed in
1970 by Glashow-Iliopoulos-Maiani, the GIM mechanism described a theory of weak
interactions where flavor-changing neutral currents were highly suppressed. Flavor-
changing neutral currents (FCNC) are weak interactions mediated by Z° bosons that
do not preserve flavor. This occurs, for example when an interaction converts s — u

in the decays of K — ptu~. While these decays are highly suppressedﬂ, before

! The branching fraction Br[K; — utp~] = (6.84 £ 0.11) x 1072 according to Ref. [44].
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the proposal of the charm quark, this suppression was not predicted by the theory.
The GIM mechanism restored a lepton-quark symmetry through the introduction of
a 4th quark with a charge of 2/3. This symmetry naturally suppresses contributions
from FCNCs.

The first “open flavor” charmed particles (i.e. particles with one charm quark
and one light antiquark) were then found in 1976, with the discovery of the 1865
MeV D°(cu) (via decays to K) and eventually the D*(cd, ¢d). As all of these new
particles could be predicted in the quark model proposed in the early 1960’s by Gell-
Mann [45] and Zweig [46], their existence provided strong support for the idea that
quarks are dynamical physical objects as opposed to merely a way to interpret a
curious symmetry amongst particle masses and spins.

Just a few years later, in 1977, experimentalists at Fermilab [47] discovered the
Y, a bb bound state with a mass of around 9.5 GeV. This provided evidence for the
bottom quark, the fifth quark overall and first in a third generation of quarksf] The
T (2S) was discovered shortly thereafter [49] and was the first of many additional bb
states that could be predicted by the quark model. Interestingly, the discovery of
T(2S) was published in the same issue of Physical Review Letters as Ref. [50], in
which Steven Weinberg and George Sterman defined the modern concept of jets in

QCD.
2.2 Spectroscopy and Basic Properties

Bound states of c¢ were predicted to form a spectrum analogous to that of positron-
ium (eTe” bound states), hence the name charmonium first proposed by Appelquist,
et al., in Ref. [5I]. Quarkonia are categorized according to their spin and angular

momentum quantum numbers in spectroscopic notation of the form n**'L; where n

2 This kept intact the symmetry between quarks and leptons, as the bottom matched with the 7
lepton, which had been discovered in 1975 [4§].
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is the principal quantum number, S is the spin, L is the orbital angular momentum,
and J = L + S is the total angular momentum. Quarkonia are also often classified
according to their JP¢ quantum numbers, in which the parity is P = (—1)*! and
the charge conjugation parity is C' = (—1)%+9.

There are a number of basic transitions/decays of charmonia. Above /s = 3.74
GeV, charmonia are kinematically allowed to decay to DD meson pairs (mpp = 3.74
GeV). Below this DD threshold, all of the charmonium states predicted by QCD have
been observed experimentally. These particles tend to have very small widths and
decay via electromagnetic/strong interactions to charged leptons/light hadrons and
transition to lower mass quarkonium states. One example is the decay (2S) —
J/W(1S)rt 7w, a transition to a lower charmonium state which accounts for 33.6%
of the total branching fraction Br[1)(25)]. Above the DD threshold, charmonia
generally have larger decay widths and decay predominantly to open-flavor hadrons
via strong interactions. An example of such a decay is ¥(4160) — DD, where the
particle is named for its mass of 4160 MeV. Bottomonia have similar properties,
including a corresponding BB threshold at /s = 10.56 GeV.

Our focus going forward will be on the J/¢, a n = 1 S-wave charmonium state.
Not only was the J/1 the first quarkonium state discovered, but it also has properties
that make it particularly interesting and easy to study experimentally. The J/v
has a branching fraction to leptons that is orders of magnitude higher than other
hadrons. Consider the ratio of the branching fractions of leptonic decays of the J/1)
and ¢(1020) meson

Br[J/y — p 7]
Br[¢ — ptpu]

~ 20 x 10°. (2.1)

There are several key reasons for this enhancement. Decays to open-heavy-flavor
such as .J/¢ — D°DO (in analogy to the ¢ — K+ K~ process for strangeness) are not

allowed kinematically because it lies below the DD threshold with m /(3.1 GeV) <

20



THE CHARMONIUM SYSTEM

Mass (MeV)

4700 X(4660)
4500
W(4415)
Thresholds: —X(4360)
4300 X(4260) an
DDt w4180y |
400 DDy W4040) || o
DD* —_—
DsDg oo 1 11 SRS UPPY X(3872) zc? (2P)
300 Tppr
w(3770)
3700 oo . M. (25) W(2S) oo
- o %, (1P)
3500 n
3300 mT
i °
n
3100
n. (18) Jly (18)
2000
JPC — 0—+ - 1+— O++ 1++ 2++

FIGURE 2.3: The spectrum of experimentally established charmonium (c¢) states.
Levels are organized horizontally according to their JP¢ and vertically according to
their mass. The J/v¢ is the 3S; singlet charmonium state. Several hadronic tran-
sitions between charmonium states are also shown such as the 1(25) — 777~ J/¢
process. Graphic is a courtesy of Ref. [5].

mpp(3.74 GeV). Thus, the only hadronic decays must be from fragmenting gluons.
Decays to single gluons such as J/i) — g — 7 are not allowed by color conser-
vation. Gluons, which carry one color and one anti-color, transform as color-octets
under SU(3) transformations. At tree level, they thus cannot decay to a color-singlet
0

7. Decays to 2 gluons such as J/i — gg — 2 pions are also not allowed by so-

called G—parityﬂ conservation since both pions and the J/¢ have —1 G-parity. Thus

3 Recall that G-parity is a combination of isospin and charge conjugation operations with eigenval-
ues given by G = (—1)/C where I, C are isospin and charge conjugation eigenvalues, respectively.
J/1 has C = —1 and I = 0 and thus G = —1. Decays to even numbers of pions are thus G-parity
violating as these have G, = (—=1)".
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J/v — ggg — 3 pions is thus the lowest order allowed hadronic decay of the J/.
This process is higher order in the coupling «,, which at high energies such as the
scale 2m,. (the only physical scale present in this tree level diagram), is small.
Thus, while many mesons have small branching fractions to leptons, the J/¢ has
a combination of properties that make it decay to u™u~ comparatively quite often.
This makes the J/1¢ particularly easy to observe experimentally. Modern detectors
contain chambers designed specifically to measure the kinematics of muons, which
generally have a clear signal (the signature is often distinguishable by eye). Thus, the
kinematics of the dimuon pairs decaying specifically from J/1) are easy to reconstruct.
Additionally, the low mass mj/, = 3.1 GeV allows us to easily produce J/v with
high transverse momentum. In this region, a; is small and our perturbative QCD

techniques are reliable.

2.3  Models of Quarkonium Production

2.3.1 Potential Models for Charmonia

A potential model of charmonium is appealing for its simplicity and similarity with

positronium. Based on the qualitative features of QCD we make the ansatz
Qs
V(r) ~ —Cp— + kr. (2.2)
T

At short distances, this potential looks like a Coulomb potential where C'r is a color-
factor associated with the color configuration of the c¢. If the quark-antiquark pairs
are in a color-octet state, one can show (by considering a basic ¢g interaction in QCD)
that Cr = —1/6. If they are in a color-singlet state then Cr = 4/3. Thus, only the
color-singlet case yields an attractive short-range potential. This is consistent with
experiment, since we always observe particles that are color-singlets.

As r — o0, the potential is linear in r and becomes extremely large, on the
order of Aqcp at a distance of 1 fm. The potential is consistent with the flux tube
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FIGURE 2.4: Flux-tube visualization of a potential model for the strong force.

model shown in Fig. 2.4] with constant string tension (energy density) k. At short-
distances perturbation theory is valid and at long-distances, where the model exhibits
confinement, perturbation theory breaks down.

This static potential can be supplemented with relativistic corrections to account
for fine and hyperfine splittings of different spin states. This includes the 1S, and
35, charmonium states (the 7. and J/1) and the splittings of different y. P-wave
states shown in Fig. . Ref. [52] used a potential model to predict the masses of
various charmonia and bottomonia and found, especially for states below the DD
threshold, fairly accurate results. Their predicted mass of m;/, = 3.096 GeV and
my = 9.460 GeV are within 0.03% and 0.003% of the PDG [44] masses, respectively.
However, potential models are purely phenomenological and begin to break down for
the higher mass states. Additionally, we seek a theory that can be derived from the

QCD Lagrangian.
2.3.2  Sources of Quarkonium Production

Quarkonia can be produced in a variety of ways which can be separated into several

categories:

e Non-prompt — Non-prompt sources include decays from B mesons such as
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B — J/v+ KT, B¥ = (25) + KT, or BY = J/1 + ¢, etc.

e Prompt — These are decays that are not from B mesons. This category is

further divided into feed-down and direct contributions (see below).

e Feed-down — These contributions include J/v produced from decays from

higher charmonium states such as y. — vJ/9.

e Direct — These modes will be our primary concern in this work. They in-
volve a variety of processes such as, at the partonic level, gg — J/1¢g and are
generally the source of production we refer to when studying calculations of

quarkonium production using the models we describe below.

We do not consider non-prompt sources of J/1 in this work. While B-meson decays
to J/1 become extremely prevalent at high transverse momenta (e.g., Ref. [53]),
these decays can generally be separated from prompt sources of J/v¢ production in
experimental analyses. Because of their relatively long lifetime, detectors can tag

J /1 decaying from B mesons by identifying displaced decay vertices.
2.3.3 The Color Singlet Model

Inspired by the concept of QCD factorization and in analogy with positronium, the
Color-Singlet Model (CSM) is perhaps the most intuitive way to approach calculat-
ing quarkonium production cross-sections and decay rates. The CSM describes the
production of quarkonia as the perturbative creation of a heavy QQ state that has
the same angular momentum and color quantum numbers as the J/¢, namely 35{” .

This model relies on several basic ideas

1. Factorization — Quarkonium production observables can be factorized into

two pieces: the creation of a heavy QQ pair at short-distance scales and the

4 We have switched notation slightly here, dropping the principle quantum number (which is 1
here) and adding a color-quantum number where [1] denotes a color-singlet state and [8] denotes a
color-octet state.
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non-perturbative binding of this Q@ pair into a physical quarkonium bound
state. The former is calculable in perturbation theory and the second is a

universal piece to ultimately be extracted from experiments.

2. Static approximation — The QQ pair is created at roughly threshold energy
(p =~ 0) and their relative velocity v is very small. Large relative velocities

would disallow the QQ to form a bound state.

3. Quantum Numbers — The QQ pair must be in the physical color state
of the quarkonium. This configuration remains the same through even non-

perturbative stages of production.

The formula for inclusive production of J/v in the CSM can ultimately be written

in the following schematic form

2

vosn (i — T/ + X) ~ & (ij s cE [%P]) x| Ryy(0)]*, (2.3)

where ¢ is the partonic cross-section for c¢ production at threshold in the color-
singlet state and |R;/,(0)|? is the square of the radial wave-function of the c¢¢ pair.
This wave-function can be thought of as the probability that the c¢ pair will collapse
tor = 0 to form a J/1¢. In order to calculate the partonic cross-section for J/1
production at hadron colliders at LO, one must calculate the CSM diagrams of
the form shown in Fig. 2.5] An appealing feature of the CSM is that only one
phenomenological parameter, the radial wave-function at the origin, is needed to
calculate J/1 production. These radial wave-functions can be readily extracted
from measurements of quarkonium decays. A formula analogous to Eq. can be
used to calculate the decay rate of the J/1 into light hadrons or leptons.

For other charmonium excitations, Eq. (2.3) can be generalized to

2

PRy O oy

_— (ij ) [QS“L([}]} +X> ~5 (ij Q0 [25+1L9]]> X ‘ oL
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FIGURE 2.5: The diagrams contributing to gg — J/1¢g or any other 35{” charmo-

nium state at LO in the CSM. The double line denotes the charmonium state and
¢ <> ¢ would require switching the directions of each fermion arrow.

where derivatives of the spatial wave-function at the origin are needed for P — wave
quarkonia states such as the x.;. Despite its simplicity, the CSM ultimately was
proven to be grossly inaccurate by the CDF experiment in the 1990’s (e.g. Fig. .
Experimentalists found that predictions of the prompt J/v and ¥(25) (also called
the ¢") production rates by the LO CSM were orders of magnitude below observed
rates [6l, [7]. This is referred to as the ¢/’ anomaly.

Further attempts were made to reconcile the CSM with measurements at hadron
colliders by including contributions from fragmentation mechanisms. Diagrams for
fragmentation mechanisms have the property that a single “cut” can be made on a
parton such that one side of the cut is a partonic scattering process while the other
side consists of a parton of virtuality order (2m.)?. Fig. shows an example of a
gluon fragmentation mechanism for the production of 7., a IS([)” charmonium state.
Relative to the leading order 7. production diagrams which scale as O(a?), this
diagram scales as O(a?). Ref. [54] showed that, while fragmentation diagrams such
as Fig. are suppressed by orders of ay, at extremely high transverse momentum,
pr, they are enhanced by relative order p2/m?2. At high enough values of pr, this

factor can easily overcome the relative O(a;) suppression. Ref. [54] found similar
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FIGURE 2.6: Plots from Ref. [6] using data from Ref. [7] which show the LO CSM
predictions for the J/¢ (a) and ¢’ (b) production rates. Both diagrams show that
these predictions (as described in the text) under-predict experimental observations
by orders of magnitude. This helped to motivate the study of fragmentation contri-
butions at high transverse momenta.

results for gluon fragmentation to J/1 diagrams.

Diagrams contributing to fragmentation are, generally, at least one higher order
in a, than the lowest order non-fragmentation diagrams. However, Ref. [54] showed
that for S-wave quarkonia such as the 7. and J/, gluon fragmentation contributions
were enhanced by a factor of p7./mg, in the limit that py > mgq. Fragmentation
contributions from gluon fragmentation to P-wave quarkonia were then calculated
in Ref. [55]. In the large-pr regime where fragmentation dominates, Ref. [54] also

showed that the cross-section for quarkonium production factorizes via

do[A+ B — Q+ X| (pr) :/dedﬁ[A—i—B—m'—f—X] (pr/x) X Dio(x, p1),

(2.5)
where Q is a quarkonium state, ¢ is a parton type and zx is the fraction of i’s mo-
mentum carried by Q. The factor 6; is the partonic cross-section for, in Fig. 2.7
the scattering of gg — gg, and D, ¢ is a Fragmentation Function (FF). The FF
describes the fragmentation of the gluon into the a Q = 15([)1] quarkonium state and
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FIGURE 2.7: This shows a fragmentation diagram that contributes to nc(lS([)l]) pro-

duction at O(a?). Although higher order in the coupling than LO contributions in
the CSM, in the limit that pr > m,, this diagram can be shown to be enhanced by
p%/m?. At high pr this enhancement compensates for the o, suppression.

is interpreted as the probability that the 7. carries a fraction x of the gluon’s mo-
mentum. Additionally, Ref. [54] showed that FFs could be calculated perturbatively
at the quark mass scale yu = 2m,. Potentially large logarithms of pr/m,. appearing
in the FFs could then be resummed by solving the DGLAP (Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi) equations [56]; the renormalization group equations for FFs

given by

0 Vdr -
i Dicsaleap) = 3 [ TP/ Dyl ) (2.6
j z

where Pj;(z, u1) are the QCD splitting functions originally derived in Ref. [56]. These
functions give the probability for a parton i to fragment into a parton j that carries

a fraction x of its longitudinal momentum. At leading order in «a, they can be
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expressed as

P(x) = Cr (&fj; + 25(1 - x)) ,
Pyfo) = 7 (FHEIEY

(2.7)

where 8y was defined is Eq. (L.6), Cr = 4/3, T = 1/2, C4 = 3 and the ¢q and gg
channels make use of plus-distributions, which are defined in Appendix [D} Both FFs
and splitting functions will be discussed in much more detail in Chapter [4]

Thus, at high pr, quarkonia production could be factorized into three stages.
Consider the production of 7, (18([)” charmonium) as shown in Fig. In this
simpler case, the required pieces of production are: the partonic cross-section for
gg — gg* where the virtual gluon is not far off-shell, the gluon propagator ~ 1/¢,
and the FF for ¢ — 7n.9. Ref. [54] calculated each of the FFs for the singlet S-wave
quarkonia. For the 7., they found

2 [ Ry ()

(ch)?’ (32’ — 232 + 2(1 — z) log (1 _ Z)) (28)

1
Dy, = gas (2m.)

where R, (0) is the radial wave-function at the origin to be extracted from decay
processes and, at this scale, as(2m,.) =~ 0.26.

Calculations of the fragmentation contributions to prompt J/v production at the
Tevatron were calculated in Ref. [0, 57] and are shown as solid lines in Fig. 2.6 The
inclusion of fragmentation modes improved the shape of the pr spectrum as compared
to Tevatron data. However, when experimentalists isolated direct production, the
LO CSM + fragmentation predictions for the J/v¢ production rate were roughly 30

times lower than observed rates. For the ¢/, this disagreement was even worse.
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FIGURE 2.8: Inclusive cross-section for inclusive J/v (Left) and ¢(2S) (right) pro-
duction at the Tevatron at /s = 1.8 TeV [8]. The cross-sections are for direct J/1
(1(2S5)) production and are differential in py and for central rapidities || < 0.6.
Both plots show that both the LO CSM and LO CSM + fragmentation predictions
are orders of magnitude below the data. With the addition of color-octet production
mechanisms, both the J/¢ and ¥ (25) predictions from NRQCD are in near perfect
agreement with the data.

Additionally, the CSM was found to yield uncanceled infrared (IR) divergences
in the production cross-sections and decay rates of P-wave quarkonia. Consider the

cross-section for inclusive y.; production

PP 2
docs(xer + X) ~ do(QQ ['P)| + X) | R, (0)". (2.9)
At NLO, this factorization is spoiled by logarithmic IR divergences coming from soft
gluon emissions at O(a?) in the short-distance piece dé [58, 59]. At this point, the
CSM could be conclusively declared as unable to describe quarkonium production

and decay in modern high-energy hadron colliders.
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2.4 NRQCD — A Modern Theory of Quarkonium Production & De-
cay

2.4.1 Lagrangian of NRQCD

In order to deal with the problems of the CSM, Ref. [60] developed Non-Relativistic
Quantum Chromodynamics (NRQCD), which was based on the idea that a QQ
pair could be treated as a non-relativistic, Schrodinger-like approximation of a QCD
bound state. This formalism provided a natural cancellation of the IR divergences in
the P-waves and provided the first model of quarkonium production directly deriv-
able from full QCD. NRQCD has since become the standard theoretical approach
to calculating quarkonium production and decay. In this section, we will outline
the theoretical foundations of the NRQCD factorization approach as developed in
Ref. [60].

Quarkonium production involves several distinct energy scales: the mass M, the
typical momentum Mwv, and the typical kinetic energy Mv? of the heavy QQ pair.
NRQCD factorization is built upon the idea that quarkonia are produced first by the
perturbative creation of a heavy QQ over short-distances of order ~ 1/M. These
QQ pairs then undergo a non-perturbative transition into physical quarkonia over
long-distances of order ~ 1/(Mwv) and larger. The scale Mv? then represents the
order of radial and/or orbital angular momentum excitations. As long as the scales
satisfy Mv? < Mv < M, these stages should be factorizable. For typical charmo-
nia/bottomonia, these scales can indeed shown to be well-separated. This is discussed
in more detail in Appendix[A] The average relative velocity of a ¢¢ charmonium state
is v, ~ 0.3 and for a bb bottomonium state is v, ~ 0.1 [33].

The presence of these well-separated scales motivates the construction of an EFT
that is a simultaneous expansion of QCD in a4 and the relative velocity v. By

considering the relativistic behavior of heavy quarks only as power corrections, the
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Lagrangian of this theory should describe the low-energy sector of QCD for heavy
quarks. This theory should also maintain several of the key symmetries of full QCD
such as SU(3) gauge symmetry, rotational symmetryﬂ and discrete symmetries such
as parity P and charge-conjugation C' symmetry. Additionally, the theory should
conserve the numbers of heavy quarks and anti-quarks (so-called heavy quark phase
symmetry). The most general Lagrangian satisfying these symmetries was shown in
Ref. [60] to be

Lxrqep = Liight + Lheavy + 0L, (2.10)

where the gluons and Ny flavors of light quarks are described by the usual relativistic

QCD Lagrangian shown in Eq. (1.1 for m, = my = ms = 0 and

D’ D?
»Cheavy - @Z)T (1D0 + W) 77/) + XT <ZD() — m) X + oL. (211)

In Eq. , 1 and y are heavy quark and anti-quark spinor fields, respectively.
With 6L — 0, this Lagrangian is the minimal form of NRQCD and contains a heavy
quark spin symmetry. Thus, this form of Lxrqep can describe splittings between
radial excitations of quarkonium (such as the J/¢ <+ ¢') and between orbital angular
momentum excitations (such as the J/1 <+ x.s) but not between spin excitations
(such as 1. <> J/v). Thus Light + Lheavy describes the light quarks according to
ordinary QCD and heavy quarks/anti-quarks according to a Schrodinger field theory.

The term 0L contains the LO contributions of relativistic effects on the heavy

5 Full Lorentz symmetry will not be manifest in the non-relativistic limit, but is recoverable via
corrections in powers of v.
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quarks and is given by

5L =505 (V1(D?)0 =\ (D))
+ 175 (¥/(D - gE — gE - D)y +1(D - gE — gE - D)y)
* 8]6\22 (¥'(iD x gE — gE x iD) - ¢ + x'(iD x gE — gE x iD) - o'x)
+ 20—;‘4 (v"(9B- o) —x'(9B-0)x),

(2.12)

where the ¢; = 14 O(ay) are dimensionless coefficients that are sensitive to high-
energy (short-distance) physics and can be found through matching scattering ampli-
tudes in NRQCD with the corresponding expressions in full QCD. The terms E = G
and B = €7*G7* are the chromo-electric and chromo-magnetic components of G*.
We note that the heavy quark spin symmetry of the minimum NRQCD Lagrangian is
now broken by o dependent terms. In taking the non-relativistic limit, we effectively
removed effects occurring at length scales of 1/M H Thus, in order to reproduce the
effects of creation/annihilation of pairs QQ, we can explicitly include local 4-fermion
operators in 0L of the form

0L 4 formion = Z #(’)n where O, = VK xx'K,0, (2.13)

n

where f; are perturbatively calculable functions of a(2m..) and IC,,, K/, are products
of combinations of a spin matrix (1 or ), color matrix (1 or 7%), and/or a polynomial
in the covari ant derivative, D. Each O, is a creation/annihilation operator for a

QQ pair. It creates a QQ pair in a color and angular-momentum state dictated

6 Integrating out higher scales ultimately means that the operators in §£ will carry a dependence
on pu, the renormalization scale or ultraviolet cutoff of NRQCD. Each matching coefficient ¢;(u)
should then depend on g in such a way that exactly cancels the p dependence of the operators.
While the evolution of these matrix elements can be considered, the logarithms associated with this
dependence are not generally considered when studying quarkonium production at high pr, where
logarithms of py/mg are more important.
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by the form of K/, after annihilating a QQ pair in a state with quantum numbers
given by /C,,. Each operator must respect the symmetries of the NRQCD Lagrangian
described above and should have a 1/M% =% mass scaling where d,, is the dimension

of the operator O, is introduced in order to make the coefficients f,, dimensionless.
2.4.2 NRQCD Fuactorization

Having constructed a Lagrangian for NRQCD, we can now more clearly describe its
picture of quarkonium production. Ref. [60] showed that the cross-section for the
inclusive production of quarkonium can be written schematically in the following

factorized form

o(Q+X) = Zda QQ[n] + X) x (0%[n]), (2.14)

1,8]
where n = 2S“L

! describes the quantum numbers of the heavy QQ pair. Here
do is a short-distance, perturbatively calculable cross-section for the creation of a
QQ in the state n and (O<[n]) are long-distance-matrix-elements (LDMEs) that de-
scribe the non-perturbative hadronization of the QQ pair into a physical quarkonium

state Q. By inserting a projection operator onto the quarkonium state Pg into our

expression for O, above, the LDMEs can ultimately be shown to take the form

(0%n]) = (0] XK |Q(N) + X) (Q(N) + X[ XK |0) (2.15)
where  Pg = > [Q()) + X) (Q(\) + X|, (2.16)

where ) x.\ 18 a sum over the possible other hadrons, X, in the final state and A is
the possible polarization states of the quarkonium Q.

NRQCD describes quarkonium production as the perturbative formation of a
QQ pair in a state n where there is no requirement that n match the quantum
numbers of the physical quarkonium state Q as was the case in the CSM. The theory
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assumes that soft gluons at nonperturbative energy scales < Mwv are emitted that
change the quantum numbers of the intermediate QQ pair as it transitions into
Q. The scaling of these transitions is dictated by the multipole expansion in the
velocity v. These soft gluon effects are accounted for in the LDMEs, each of which
carries a scaling in v. Derivations of the NRQCD factorization theorem rely on
standard factorization methods in full QCD as well as the separation of the scales
Mv? < Mv < M. Factorization of production cross-sections in NRQCD has,

however, not been rigorously proven to all-orders in «.
2.4.8 Power Counting & Selection Rules

Power counting in NRQCD dictates the order in the v expansion at which interme-
diate QQ states contribute to the production of a given quarkonium state Q. In
Appendix [A] we explain how writing the NRQCD Lagrangian explicitly in terms of
the vector potential A by working in the Coulomb gauge V - A = 0 makes the power
counting in v manifest. The possible Fock states of a quarkonium state Q have the

schematic form

Q) =156 |QQ) + 450, |QRY) + ..., (2.17)

where the dominant Fock state is the color-singlet QQ[zS“Lg}] state (where the
quantum numbers depend on the the quarkonium state being studied) and higher
Fock states contain dynamical gluons. Each higher Fock state is suppressed by orders
of ag and v. The probability associated with each Fock state is then dictated by their
coupling with the dominant QQ state through transitions described by the terms of

the Lagrangian. Two such such transitions are

1. Chromo-electric Transitions — These come from Lagrangian terms such
as YT (igA - V). Transitions between, for example, |QQg> and ’QQ> Fock

states involve selection rules AL = +1 and AS = 0. These transitions change
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the color state from color-singlet to color-octet and from color-octet to either

color-octet or color-singlet.

2. Chromo-magnetic Transitions — These transitions are associated with
terms such as ¥"(V x gA) - o¢). They break heavy quark spin symmetry,
have selection rules AL = 0 and AS = +1 between Fock states, and have the

same rules for color quantum numbers as the chromo-electric case.

Using these basic transitions, the LDMESs can be shown to have the following scaling
in v

(OFPSH L))~ 3+2Lr2B+4M (2.18)

where E and M represent the minimum number of chromo-electric and chromo-

QSHLB’S]]

magnetic transitions needed for the transition of QQ| to the quantum num-

bers of Q. For J/t, the dominant Fock state is <(9J/1/’[3S£1]]) ~ v? and the leading

order color-octet states such as (O7/¥ [3S£8]]) scale as v”.

Recall that, in the CSM, IR divergences in calculations of x.; production were
left unregulated (recall Eq. (2.9)). NRQCD naturally provides a solution to this
problem by including both color-singlet and color-octet intermediate states. At LO

in the v expansion of NRQCD, two terms contribute to inclusive x.; production

do(xer + X) ~ 6(QQPPM] + X) x (O PPM))
(2.19)
+6(QQPST] + X) x (0% PS5,

NRQCD dictates that both of these terms scale as ~ v°, since Q@[SS?]] can be
reached from the dominant y.; through a single chromo-electric transition. In the
calculation of y.; decays, the IR singularities of the color-octet piece match those of

the 3P state as shown in Ref. [60].
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FIGURE 2.9: Example of diagrams for (a) LO non-fragmentation contributions and
(b) fragmentation contributions to J/¢ production. The relevant scalings in the
coupling and transverse momenta are shown, emphasizing that, while suppressed by
orders of ayg, fragmentation diagrams are enhanced by powers of the pr for very high
transverse momenta.

2.4.4 Leading Power NRQCD

Recall from our discussion of the CSM that, at high transverse momenta, fragmen-
tation contributions dominate the production of quarkonia. For S-wave quarkonia
such as the J/v¢ and 1(2S) where pr > m,, the leading CSM contribution scales
as do/dp% ~ a3(2m.)*/p5 [54]. As shown in Fig. 2.4.4 fragmentation modes are
higher order in ay but are enhanced by factors of the pr. This motivates the use
of leading-power factorization (LP), which considers contributions to quarko-
nium production organized in powers of 1/p%. Applying LP factorization to the

short-distance piece of the NRQCD factorization formula in Eq. (2.14)) yields

d6(QQn] + X) = Z d& (i + X) ® D;_o0m (), (2.20)

where the sum is over parton species, D, ~QQn) are single parton FFs into heavy QQ
pairs in the intermediate color and angular momentum state n, and e represents a
convolution in the momentum fraction z carried by QQ. The newly factorized short-
distance piece (i + X) is now completely independent of the intermediate QQ[n]

state. In this formalism, NRQCD power counting dictates that the leading contri-
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FIGURE 2.10: Basic fragmentation diagrams for the 351 15 3pl¥l anq 36l

NRQCD production mechanisms for J/i¢ that are most important in the leading
power approximation of NRQCD. The scalings of each mode with the expansion
parameters a, and v are also shown in each case.

butions will be the (O (35EYy (0w 3PRY) (070 (LS8, (077 (35M)) mecha-
nisms. Note that, going forward, we refer to these mechanisms colloquially as the
NRQCD production mechanisms or the LDMEs for J/¢. Diagrammatic rep-
resentations and relevant scaling are shown in Fig. [2.10] Color-octet contributions
are suppressed by relative order v* but are enhanced by relative orders of pr and, in
the case of the 3S£8] for example, by relative order 1/a?.

The LP factorization approach allows us to compute fragmentation contributions
beyond fixed order. By solving the leading-order DGLAP equations for the FFs
for each of the J/¢» LDMEs listed above, we can include contributions to the FFs
from leading logarithms of the form log (p3./(2m.)?) to all orders in a,. This RG
evolution will play an important role when we calculate quarkonium production in
jets in Chapters [] and [l The first calculation of these fragmentation contribu-
tions to J/v¢ production was performed in Ref. [9] where the authors extracted the
(oY (35’}8])) LDME from CDF data for prompt ¢’. Their results were a significant
improvement from the LO CSM predictions as can be seen in Fig.[2.11] A more com-
plete calculation of the color-octet fragmentation contributions was then performed
in Refs. [61) 62]. The authors provided the first NRQCD calculations of the P-wave

fragmentation contributions to J/1 as well as contributions to x.; and YT production.
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FIGURE 2.11: Figure from Ref. [9] showing CDF data for prompt ¢’ production
and theoretical predictions of the total LO CSM contributions (dotted curves), the
CSM + fragmentation contributions (dashed curves) and the 35{8] color-octet frag-
mentation contribution (solid curve). Theoretical predictions match CDF data quite
well, which motivates the use of NRQCD to describe quarkonium hadroproduction
at high pr, specifically because of its inclusion of intermediate color-octet states.

[e]
w

The ability of these calculations to predict the pr spectrum of quarkonia at the
Tevatron gave the NRQCD community hope that the addition of color-octet mech-
anisms might finally provide a robust prediction of J/v and ¢’ production. The
prevailing sentiment of the community was that the CSM was incomplete and that
the dominant source of S-wave quarkonia at high pr came from g — QQF’SF]] frag-

mentation.
2.4.5  Fragmentation Functions at os(2m,)

At this point, we can present the analytic expressions for the leading power NRQCD

FF's as first calculated in Ref. [63]64]. Each FF is calculated at the scale y = 2m, and
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FIGURE 2.12: Plot showing the polar anisotropy parameter a = Xy = (o7 —
201)/(or + 201) resulting from fits of the angular distribution of di-muons in di-
rect ¢’ production (a) and prompt J/¢ production (b) (in pp — J/¥(— ptp~)+ X
events) to the distribution 1 + acos? (f) as a function of the transverse momentum
pr where 6 is the angle between the p* 3-momentum in the J/4 rest frame and the
J/1 3-momentum in the lab frame. This shows significant disagreement between
theoretical predictions of [10] and Tevatron data [11].

will, in subsequent chapters, be evolved using the LO DGLAP evolution equations
in Eq. (2.6) to a higher energy scale. The FFs are presented in a form consistent
with Ref. [12]

3 pld 5a2(2m,) 8
s (32 2me) == e O CP),
1 1 13 -7z (1—22)(8 —52)
—5(1 — log (1 — 2) —
(goa-2+ [1_2L g1 . ,
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FIGURE 2.13: This plot, adapted from Ref. [12], shows the fragmentation functions
in leading power NRQCD plotted as a function of z, the fraction of the fragmenting
parton’s energy carried by the hadron. The curves are normalized (by multiplying
the functions by numbers) such that all of the curves fit on the same plot.

and

35«[1] (ch) J 8] / / (14r)/ 1
D 2m,) = (O3 d
grajp (25 2me) = 647rm3 g (Wz)/zz =y (y — 1) (y? —r)?

2 ; l+7r—2y y—r+Jy:—r
X ZZZ ( ry +gz(y)2(y_r)\/y2—_rlog (y_r_ m))
where the expressions f;(r,y), g:(r,y) are rather complicated polynomials of r =
(2m.)?/s and y = p- q/s and are given explicitly in Eq.(A10) in Ref. [12]. The
integrals overs r and y can only be performed numerically. Evaluated at 2m,.., each
of these functions is shown (using an interpolation for the singlet case) in Fig. [2.13]
These functions will be used to calculate cross-sections for J/1 produced in jets in

Chapter
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2.5 The Polarization Puzzle

2.5.1 Calculating Quarkonium Polarization

A crucial test of NRQCD is to use the LDMESs extracted from the .J/v (¢’) production
cross-section to predict the polarization of the J/¢ (¢). In this section, we outline
how to calculate the polarization of these particles from the angular distribution of
their decays to leptons.

Given a quantization axis Z, we say a particle is unpolarized when a it has an
equal probability 1/(2J + 1) to be found in any of the possible J, = —J, —(J —
1),...,+J ecigenstates (where J is the total angular momentum). Otherwise, the
particle is said to be polarized. The polarization of the J/1 is interesting both
theoretically and experimentally. Theoretically, polarization gives us insight into the
J/1’s production, as it is dependent upon the underlying production mechanisms.
Experimentally, proper predictions of polarization affect the uncertainty of measure-
ments of the kinematic details (and thus the acceptance rates) of the decay products
of the J/1 in the detector [13].

The polarization of a J/v is measured by studying the geometry of J/v — ptpu~
decays. The intermediate state n of the QQ[n] pair is reflected in the angular dis-
tribution of the dimuon pair. In the rest-frame of the decaying J/v, a spherically
symmetric dilepton angular distribution signals that the J/v is, on average, unpo-
larized, while an anisotropic distribution signals an underlying polarization.

Fig. shows a coordinate system on which we can define the angular distribu-
tion of the dimuons . The polar angle 6 is defined to be between the I and a choice
of polarization axis Z. The azimuthal angle ¢ is measured with respect to the pro-
duction plane — the plane containing the directions of the incident beams. There
are three common choices for the polarization axis which are shown in Fig. [2.15¢

the Gottfried-Jackson frame [65] where Z is chosen along the direction of one of the
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FIGURE 2.14: The polarization of J/1 is studied using the angular distribution of
decays to [T]~. This figure from Ref. [13] shows a coordinate system for measuring
this distribution. The polarization axis is chosen to be along z according to several
conventions which are shown in Fig [2.15]

beams, the Collins-Soper frame [66] where Z runs long the bi-sector of the acute angle
between the two beams, and the helicity frame, where Z is chosen to be along the
direction of the J/v¢’s momentum in the CM frame of the beams. We will work in
the helicity frame. Transversely polarized J/¢ will have J, = +1 where the spin of
the particle aligns (anti-aligns) with its momentum. Longitudinally polarized J/v
will have J, = 0. Suppose that the J/4 is in the angular momentum superposition

state
U/@b, J = L m> =0a_-1 |J/77Z}a 17 _1> + Qo |J/1/J7 17 0> + a41 ’J/@Z’, 17 +1> ) (222)

where the total angular momentum J = 1, m = —1,0,+1, and the coefficients a,,
are the probability amplitudes that the J/¢ will be in a given m state. In Fig. ,
the [T]~ pair is produced in the J/1) rest-frame along the 2’ axis and where J,. is the
projection of +1 onto 2. # and ¢ are the polar and azimuthal angles between 2’ and

the polarization axis z. Using rotation matrix techniques from quantum mechanics,
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FiGURE 2.15: The three conventions for defining the polarization axis: HX —
helicity frame, GJ — Gottfried-Jackson frame, CS — Collins-Soper frame. In this
figure taken from Ref. [I3], by and by represent the directions of the incoming beams
and @) the direction of the quarkonium.

we can re-express the states in Eq. as eigenstates of J,

[Ty = > DL (. B8,7)|].m), (2.23)

m=—J,...,.+J
where the Euler angles «, 8,7 will be a = —y = ¢ and = 6 such that
DY) (6,0, —¢) = e =g (), (2.24)

Here, dfﬁl,(ﬁ) are the reduced matrix elements (e.g., dﬁ) = (1+cosh)/2,...). It
can be shown (e.g., Ref. [13]) that the probability, W (6, ¢), that a J/¢ decays into

a [T]~ pair with an angular distribution in 6, ¢ can be written as

1

Wi0.0)~ 7

(1 + Agcos® @ + Agsin® 6 cos 2¢ + Ay sin 20 cos ¢) (2.25)

where for purely transverse (longitudinally) polarized distributions Ay = +1(—1) and
A¢ = Aoy = 0. The symbol )y is the polar anisotropy parameter and can be expressed
in terms of the probability amplitudes for the J/1 to be in each J, eigenstate as

Ny — 1—3'@0’2 OT—QO'L
o 1—|—|(Io|2 O'T—FQUL.

(2.26)

Here, ay is the probability amplitude of the J/1 to be in the J, = 0 state and o7(oy)
are the cross-sections for transversely (longitudinally) polarized J /1.
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FIGURE 2.16: The polarization of J/1 is studied using the angular distribution
of decays to [Tl7. Knowing the eigenvalues of J. along the axis of production,
basic properties of angular momentum can be used to show that polarization can
be expressed in terms of eigenstates of z a polarization axis fixed by one of the
conventions described in the text. This figure is adapted from Ref. [13].

2.5.2  Predictions & Measurements of Quarkonium Polarization

Where NRQCD factorization holds, the LDMEs should be universal quantities.
Ref. [67] showed that the dominance of the 3S£8] mechanism meant that for large
transverse momentum, nearly 100% of J/v¢ and ¢’ should be transversely polarized.
Because this mechanism comes from the direct fragmentation of a single virtual
gluon, as pr is increased, this gluon gets closer and closer to being on its mass-
shell. Gauge invariance dictates that gluons, which are massless, must always be
transversely polarized. An intermediate QQPSF] becomes a physical color-singlet
quarkonium state Q via 2 chromo-electric transitions. Governed by an operator of
the form ¥'(igA - V)1, chromo-electric transitions occur via soft gluon emissions

and preserve the heavy quark spin symmetry. Thus, the resulting J/v or 1)’ should
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(710381 (07 (3SEh) [ (0774 (LSEN) [ (07 (3PFTY) fm?

x GeV3 | x1072 GeV? | x1072GeV? x1072GeV?3

B & K [14, 15] 1.324+0.20 | 0.224 4+ 0.59 4974+ 0.44 —0.72 4+ 0.88
Chao, et al. [18] 1.16 & 0.20 0.30 £0.12 8.9+ 0.98 0.56 £ 0.21
Bodwin et al. [22] 1.32 4+0.20 1.14+1.0 99422 0.494+0.44

Table 2.1: We consider three sets of LDMEs for NRQCD production mechanisms,
listed here in units of GeV?3.

be transversely polarized.

Fig. shows that fixed order NRQCD predictions that the J/¢ and ¢ po-
larization is transverse at high-pr is obviously not correct. There are a number of
possible theoretical uncertainties such as the uncertainty in the extraction of the
LDMESs, higher order QCD effects that have been neglected in the calculation of the
short-distance pieces, and higher order spin-symmetry violating terms in NRQCD.
These cannot explain the drastic failure of the polarization prediction. This problem
is known as the polarization puzzle.

There have been numerous extractions of the LDMESs since the publication of
Ref. [10] in 1999. We will discuss three such extractions from Refs. [14], [15] [18, 22].
The results of each of these fits are presented in Table and again in Table for
convenience in Chapter . In Refs. [14] [15], the authors performed fits using NLO
fixed order calculations of direct J/1 production that included both color-singlet and
color-octet mechanisms to the world’s data on J/v production. This included data
from a wide variety of experiments and thus a wide variety of initial states including
PP, PP, Y7, VP et e.

We note that Ref. [15] used 1.32 GeV? for the 3S£1] LDME, which was extracted
from the electromagnetic partial width I'[J/¢¥ — ete™| in Ref. [68]. As can be seen
in Fig. (only LHCb and ATLAS are shown), the predictions of NLO NRQCD

fit the data far better than CSM predictions, which under predicted the production
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FIGURE 2.17: A sample of 2 (out of 28) plots that show the global fits performed in
Refs. [14], [15] of NLO NRQCD predictions (shown as CS+CO,NLO). The plots show
that the data clearly favor the inclusion of the color-singlet and color-octet modes
predicted at NLO in NRQCD over LO NRQCD and the color-singlet model (shown
as CS, LO and CS, NLO) at both leading and next-to-leading order.

rate an order of magnitude. Predictions of the J/1 polarization using these fits are
compared with LHCb data in Fig. [2.18, where they are drawn as blue diagonal lines.
Similarly to the comparisons of NRQCD predictions with CDF data in Fig. [2.12]
NRQCD with LDMEs extracted from the global fits of Ref. [I5] predicts a strong
transverse polarization at high py, which does not match the data. LHCb data from
Ref. [16] shows unpolarized J/v with perhaps a slight longitudinal polarization at
very high pr.

In 2012, Ref. [18] performed an extraction of the LDMEs from a more restrictive
data set using a fixed order NLO NRQCD calculation of prompt J/¢ production.
Rather than fitting strictly to the pr distribution, Ref. [I8] performed a simultaneous
fit of the LDMEs to both the pr and polarization distributions for high pr > 7
GeV data at the Tevatron. Shown in Fig. , their predictions for direct J/1
production also show good agreement in the pr distributions. Their predictions for

the polarization are shown in Fig. [2.18| as a green hatched pattern. While these fits
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FIGURE 2.18: A comparison of LHCb data [16] for prompt J/v production of the
polarization observable Ay with kp factorization (modification of CSM; shown in
diagonal magenta lines) [15] and three different NLO NRQCD predictions as a func-
tion of pr(J/1) for the LHCD rapidity range of 2.5 < y < 4. The blue diagonal lines
(NRQCD(1)) are based on global fits of Ref. [15], the red vertical lines (NRQCD(2))
on fits of Ref. [17], and the green hatched pattern (NRQCD(3)) on a high-pr fit from
Ref. [18, 19]. We do not consider the fits of Ref. [I7] or from the kr factorization
approach in this work.

do perform better than the polarization predictions of the global fits, they are still
not within experimental errors at high pr.

Finally, Ref. [22] performed a fit of the LDMEs to pr > 10 GeV data for
prompt J/¢ production at both the Tevatron and the LHC. Their analytic pre-
diction was based on NRQCD using the LP power factorization formalism described
in the previous section. This approach allowed them to evolve the FFs from 2m,
to my = \/p% + (2m.)?, essentially the scale of the pr of the J/1, resumming po-

2 at leading-logarithmic accuracy. They then

tentially large logarithms of p%/(2m.)
made predictions of the polarization of J/1 in direct production, which is compared
against CDF and LHC data in Fig. In both cases, their calculations of the
polarization improved upon previous predictions, suggesting that the NLO + LP

formalism provides a more accurate description of J/v production at high pr.

48



E J T T T T E| E T T T T T %
102 4 F -
E NLO Total I E| E “%g NLO Total I E
5 iy 1k ]
10 = & NLO Total IT = E E*'g NLO Total I E
2 F % +  ATLASData 1 F - - CMSData E
& Le —— 5 F E
~ 3 E —_——
Q‘ 10-1 i —F I/ production j [ I/ production 1
E- E
107 ¢ ¥ 7 E E
F VS =7Tev 1 0F VS =7Tev i
1073 = 1¥11<0.75 <4 F |ysl<0.9 i -
10~ L . . L | | | N L \ . |
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
pr (GeV) pr (GeV)

F1GURE 2.19: Cross-sections as a function of py for the two LDME extractions in
Ref. [I§]. Darker bands (NLO Total I) show predictions that use the fits shown
in Table for the simultaneous fit of the LDMEs to the polarization and pr for
specifically pr > 7 GeV data from CDF and CMS. The lighter bands show show
upper and lower bounds of fits that fix 0(15([)8]) = 0 and O(3S£8}) = (’)(SP}S]) =0
as the upper and lower bounds, respectively. The top and bottom figures show
comparisons with ATLAS (left) [20] and CMS (right) [21] data.

Ref. [I8] and Ref. [22] predict polarization distributions that are much closer to
the unpolarized data than the predictions of the global fits of Ref. [15]. Refs. [18] 22]
enforce a cancellation of the 351" and *P¥l mechanisms. Fig. [2.21] shows individual
contributions to the polarization parameter from each NRQCD production mech-
anism. As the SSES] and 3P}8] both have significant transverse components, their
cancellation leaves the 13([)8} mechanism, which largely mimics the data, as the main

color-octet contribution at high pp.
2.6 Going Forward

Ref. [18] and Ref. [22] showed improvements in the ability of NRQCD to predict the
pr distribution and polarization of the J/v in hadron collisions at high pr over the
global fits of Ref. [14]. They expose a more complex relationship amongst the con-

tributions of the different NRQCD production mechanisms where the picture is not
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FIGURE 2.20: Comparison from Ref. [22] of analytic predictions using NLO NRQCD
+ LP factorization for the anisotropy parameter \g = (o1 — 207) /(o7 + 20) with
data from (a) CDF Run I [II] and CDF Run II [23] and (b) CMS data [24]. Again,
or(or) is the cross-section for transversely (longitudinally) polarized production of

the J /1.

simply of a dominant 3S£8] channel at high pr. Ref. [22] also demonstrated the utility
of the LP factorization formalism, which focuses on fragmentation contributions to
J /1 production.

However, significant differences between the three fits discussed above exposes an
underlying tension in calculations of J/¢ production. The LDMEs, which describe
the non-perturbative evolution of QQ[n] states into physical quarkonia, should be
universal. Even amongst different fits to high pr data, radically different results are
found for the LDMEs. These imply different pictures of how quarkonia are produced
and raises a number of intriguing questions: Do the velocity v or a, expansions
in NRQCD have convergence issues? Does LP factorization break down at low
transverse momentum?

Ref. [12] took on these questions and proposed alternative tests of NRQCD that
focus on J/¢ produced within jets. They showed that recently developed jet sub-
structure techniques can be harnessed to use jets as a laboratory in which to study
quarkonium production in a regime where NRQCD factorization is reliable. In Chap-

ter 3] we will discuss the fundamentals of jet physics and how jets provide a new
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FIGURE 2.21: Polar anisotropy parameter \g = (dor — 2doy)/(dor + 2doy) for J/v
production using LDMEs from fits performed in Ref. [I§] compared with data from
CDF Run I [25] and Run II [26]. This plot also shows the individual contributions
of each NRQCD production mechanism to the overall polarization. This makes the
cancelation of the transverse components of the 3P}8] and 3S£8] components at high
pr visible.

realm in which to extract information about the non-perturbative formation of the

J /.
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3

Jets: Nature’s High-Energy Conical Laboratory

3.1 Introduction

Practically ubiquitous in high-energy particle collisions are highly collimated sprays
of radiation called jets. Observed in detectors as clusters of particles in a restricted
angular region, jets are one of the most fundamental predictions of QCD. A natural
consequence of confinement, jets are important for a wide variety of reasons within
both Standard Model (SM) and Beyond the Standard Model (BSM) physics. Jets
are the source of large backgrounds to many interesting processes which motivates
the development of methods by which to veto events containing jets. Jets also pro-
vide a laboratory in which to study the process of hadronization, providing a key
bridge between partonic predictions and observables involving hadrons. Our goal
is to understand how the substructure of jets, the distribution of the momenta of
their constituent particles, can shed light on long outstanding puzzles in quarkonia
production.

In this chapter, we first review the origins of jets in QCD and the history of

jet-related discoveries. We give an overview of how jets are defined and introduce
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observables that are used to classify their substructure. Finally, we explain how
jets are studied using EFTs, focusing on the calculation of jet production cross-
sections in Soft-Collinear Effective Theory (SCET). This introduction to SCET will
be important in Chapter 4| when we discuss the FJF formalism. Using the FF's for
J/1 calculated in NRQCD, FJFs will allow us to calculate cross-sections for the

production of quarkonia within jets where the substructure of the jet is measured.
3.2 Origins of Jet Physics

Due to asymptotic freedom, quarks and gluons behave as quasi-free particles at
high-energies (short-distances). When these particles, which carry color, are cre-
ated in high-energy collisions and reach a relative distance of 1 fm, they undergo
the non-perturbative process of hadronization. Through the emission of gluons via
bremsstrahlung radiation and their subsequent splittings into qq pairs, these initially
quasi-free particles ultimately result in the formation of many colorless hadrons.

In the discussion of the flux-tube model shown in Fig. [2.4] as the ¢gg move apart,
the tension in the flux-tube causes it to break via the formation of a new ¢q pair
from the vacuum. Conservation of momenta and the IR structure (i.e., the soft and
collinear limits) of the cross-section in QCD for jet production cause these jets to
be highly collimated. Effects of confinement forces are soft compared to the high
longitudinal momenta of the jet-initiating partons. Thus, the energies and angular
distribution of these partons is reflected in the energies and angular distribution
of the jets. This mapping between partons and hadronic jets makes the study of
partons and the study of jets inseparable. Quark initiated jets were first observed at
SPEAR [69, 70] at the Stanford Linear Accelerator Center (SLAC) in 1972 at /s ~ 4
GeV, followed soon after by studies at the much higher energies of DORIS (y/s ~ 5.6
GeV) and PETRA (y/s ~ 23.4 GeV) at DESY in Hamburg, Germany. Refs. |71, [72]

had previously predicted that the dominant source of hadron production in ete™
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F1GURE 3.1: Displays of 2-jet (a) and 3-jet (b) events as shown in Ref. [27] 2§].

annihilation should come from
ete” — q7 — 2 jets. (3.1)

These events could be easily identified by looking at the angular distribution of
the final state hadrons, which would have radiation accumulated on a central axis
(back-to-back jets) instead of being isotropically distributed. It was also predicted

in Ref. [73] that gluon-initiated jets could be definitively observed in the process

ee” — qqg — 3 jets, (3.2)

which was predicted to be the next-to-leading process for ete™ — hadrons. Events
with gluon jets could have a configuration where the three jets have approximately
equal angular separation. This is often called the Mercedes-Benz configuration.
The gluon jet would then be distinguishable from the quark jets by the larger amount
of radiation present within its cone. In QCD, the probability of g — gg splittings
comes with a color-factor of C'4y = 3 while ¢ — qg splittings come a with color-factor
of Cr = 4/3 (see Eq. (2.7)), making g — gg splittings more likely. Gluon jets, which
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provided the first conclusive evidence of the existence of the gluon, were discovered
at PETRA by several experiments in e™e™ annihilation in 1979 in Refs. |28 [74H76].

The ability to identify and reconstruct jets is important to searches for new
physics, as they are often large sources of background. In Higgs searches, for ex-
ample, H — WTW~ — [Tvl~ b signals are subject to large backgrounds from
tt — WHW=bb. As discussed in Ref. [77], jet vetoes can be used to identify and cut
events that contain jets that are emitted by b(b) quarks. Highly boosted b quarks
often fragment into jets containing B mesons. This process of identifying the par-
tonic origin of a jet based on its hadronic content is an example of tagging. There
is also interest in developing techniques to separate jets produced by fragmenting

quarks from jets produced by fragmenting gluons. This idea leads to the study of

the detailed substructure of jets, which is the subject of the next section.

3.3 Jet Algorithms & Jet Substructure

3.8.1 Jet Algorithms

Jets are defined in hadronic final states through jet algorithms and recombination
schemes. Jet algorithms are simple sets of iterative rules for defining whether parti-
cles are close enough to be considered within the same jet. Recombination schemes
then dictate how the four-momenta of the particles will be combined. Jet algorithms
can be classified in two broad categories: cone algorithms, and sequential recombi-
nation algorithms.

The first modern jet definition was developed in 1977 by Sterman and Weinberg
in Ref. [50]. A primitive type of cone algorithm, Sterman and Weinberg’s concept of
a jet provided the first divergence-free analytic way to formally define dijet events in
ete™ annihilation. Dijet events were classified as events where at least a fraction 1 —e
of the total event energy was contained within a cone of half-angle §. This provided

the first consistent way to calculate dijet event cross-sections in perturbative QCD.
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Modern cone algorithms use the concept of iterative cones where a final state particle
is chosen as a seed particle, 7, whose momentum is combined with all other particles

7 satisfying the condition that
AR = (yi — )" + (9 — )" < R, (3.3)

where R is a cone size parameter, and y;, ¢; are the rapidity and azimuthal angle of

the ith particle defined via

1 E+p, _
y =g los (E —pz) and ¢ = tan™" (p,/ps)- (3.4)

Here, all quantities are defined with reference to an axis 2z along the incident beam
line. The four-momenta of the particles satisfying the above condition are then
summed and the seed ¢ is iterated over all of the particles until a set of so-called
stable cones is found. The stability condition ensures that the jets are insensitive
to the addition of arbitrarily soft particles within or in-between jets or arbitrarily
collinear emissions within jets, a condition called infrared-collinear (IRC) safety. The
process of ensuring IRC safety is discussed in detail in Ref. [29].

Sequential recombination algorithms were first introduced by the JADE collab-
oration [78] with their JADE algorithm. A host of recombination algorithms such
as the kr [79], Cambridge/Aachen [80], and anti-k7 [81] have since been developed,
with the anti-kr being the most common algorithm used at modern hadron colliders.

These algorithms mimic the undoing of QCD splittings via the following procedure

1. Define a distance metric d;; to measure the angular separation between any
two particles 7, 7 and a metric d; p to measure the angular separation between

each particle and the beam-line.

2. Calculate d;; and d;p for all particles 7, j in the event.
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FIGURE 3.2: This figure from Ref. [29] shows how two jet algorithms, the SIS-
Cone [30] and anti-kr algorithms, behave when applied to the same event. High-
lighted areas represent jets in the space of the azimuthal angle ¢, rapidity y, and
transverse momentum pr with cone size parameter R = 1. f is the so-called overlap
parameter and is defined in [30].

3. For each particle ¢, if for a given j you find d;; < d;p, combine the 7 and j
four-momenta into a single track (called a pseudojet). Otherwise, declare that

1 is a jet by itself, remove it from the list of particles, and repeat step 1.
4. When no particles satisfying condition 3 are left, stop iterating.

Calculations in later chapters of this work will make use of cone and anti-kr algo-
rithms. The anti-kr [81] is a specific case of the more general kr algorithm and uses

the following distance metrics

_ AR2
dij = min(pif;, i) —pg” where dip = pi;, (3.5)
where p = —1, pr; is the transverse momentum of the ¢th particle relative to the

beam line, and AR;; and R are defined in Eq. (3.3). The subtleties of the divergence

structure and implementation of these algorithms is discussed at length in Ref. [29].
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b) T~ 1/2

FIGURE 3.3: An illustration of two characteristic values of the thrust parameter
7 = 1 — T showing (a) pencil-like dijets for 7 ~ 0 and (b) isotropic final state with
0 jets.

3.5.2 Jet Substructure

In addition to being able to identify and reconstruct jets, a quantitative understand-
ing of a jet’s substructure is also useful. Jet substructure observables are contin-
uous variables that are weighted sums over the four-momenta of a jet’s constituent
particles. They are, in many cases, derivative of event shapes, well-established
QCD observables (used largely in ete™ collisions) that allow us to study the geomet-
ric properties of the energy and momentum flow of the entire final state. Perhaps
the most well-established event shape variable is thrust, which quantifies how much
an event looks like a back-to-back dijet configuration. Originally defined in Ref. [82],
thrust cross-sections have been calculated to N3>LL accuracy [83], and have been used
to extract the strong coupling a,. Thrust is defined as

il pil ;pi’. (3.6)
> |pil

T = max;

Here, 7 runs over all of the final state particles in the event and 7 is the jet axis that
maximizes T', called the thrust axis. In practice, the quantity 7 = 1 — T' is more
commonly used to characterize dijet events. This is because 7 ~ 0 corresponds to an

event with two back-to-back, highly-collimated, pencil-like jets and 7 ~ 1/2 describes
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a spherically symmetric distribution of final state particles. Fig. illustrates these
two thrust values. We will revisit calculations of thrust in our study of hadron
production in jets in Chapter [4

Jet substructure observables can be divided into several broad categories: ob-
servables that study the radial distribution of particles within a jet, those that focus
on probing highly boosted decay kinematics, and those that aim to probe the color
flow of events. Perhaps the simplest example of a jet substructure observable is the

measurement of the invariant mass s of the jet which is given by

5= (Z pi)Q. (3.7)

Other jet-shape observables that study the radial distribution of particles include the
aptly named jet-shape [84] and angularity [85]. The jet-shape observable measures
how energy is distributed within a jet by taking ratios of the transverse energy
contained within cones of radius r inside of a jet of size parameter R > r. The
jet-shape can ultimately be expressed as E,./FEg, the ratio of the energy in a jet
of size R contained within an inner cone r such that at r = R, the jet-shape is 1.
Angularities, denoted by 7, are a family of jet-shape observables calculated via a
weighted sum over the transverse momentum of all of the particles within an jet,
where the weighting is dictated by the value of a parameter a

fa= o 3 [phfe 0, (3.8)

2B5 5

In this expression, E; is the jet energy, n; = log (tan (6/2)) is the pseudorapidity of
the particle 7 relative to the jet axis, the sum is over the particles in the jet, and —oo <
a < 2. Smaller values of a put more emphasis on contributions from particles closer
to the edge of the jet. Additionally, as we will show in Chapter [ angularities are
directly related to the jet invariant mass when a = 0 via 79 = s/(2E;)?. Fig. [3.4{a)
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FIGURE 3.4: Diagram (a) shows a sample ete™ cross-section differential in the
angularity 7, for different values of @ with a < 1. Diagram (b) illustrates the jet-
shape observable as a fraction of transverse energy within a cone of radius r within
a larger jet of radius parameter R with total soft radiation Ag falling outside of the
jets.

shows, roughly, how a cross-section differential in the angularity might depend on the
parameter a. Fig.|3.4{b) shows a basic illustration of the jet-shape, where a cone of
variable size r is drawn within a cone (or k7) type jet of radius R in order to measure
how widely the jet’s radiation is distributed. Other jet substructure observables
exist that focus on different aspects of a jet such as the kinematics of decays of its
constituents [86] and the color-flow of particles within jets in an event [87]. These
observables are not the focus of this work.

Jet substructure studies have a number of important applications, from discrim-
inating between jets initiated by quarks vs. gluons, to tagging jets based on their
hadronic content, to probing the very nature of hadronization. In the following
section, we will discuss the EFT that is often used to calculate jet-substructure

observables to high precision, which will be used heavily in Chapters [4 and [}
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3.4 Soft-Collinear Effective Theory

3.4.1 Introduction

Theoretical predictions of jet observables often involve multiple disparate energy

scales. Consider the following hierarchy
E;~ Q> s> Aqep, (3.9)

where s is the jet invariant mass. Since jets are made up of highly boosted par-
ticles, the energy of a jet is generally far greater than its invariant mass, which is
turn much greater than the scale of non-perturbative physics, Aqcp. As we dis-
cussed in Chapter [I, calculations of QCD processes involve logarithms of ratios of
the physical scales in the problem. These logarithms can often be so large as to
cause a breakdown of perturbation theory. Renormalization group techniques can
be used to resum these logarithms in a systematic way, drastically improving the
accuracy of a calculation by including the most important terms at higher orders in
as. EFTs facilitate the resummation of different logarithms by making each function
in a factorization theorem dependent upon a single physical scale.

Developed in Refs. [88-01], Soft-Collinear-Effective Theory (SCET) can be used
to derive powerful factorization theorems for jet processes. SCET is an EFT that
focuses on degrees of freedom that are soft and collinear with respect to light-like jet
directions n in the presence of a much harder interaction[] Factorization theorems in
SCET have been used to study event-shape distributions in, for example, Refs. [93/-
96] and jet substructure observables in Refs. [I, 85, 97]. In Ref. [I], the authors
derived a factorization theorem in ete™ — N jet events where the substructure
of M < N of the jets was measured. Our goal in this section is to develop the
SCET formalism necessary to understand the factorization of a general class of jet

substructure observables 7 in ete™ annihilation.

1 See Ref. [92] for a pedagogical introduction to SCET.
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3.4.2 Light Cone Coordinates

A useful set of coordinates for describing the degrees of freedom on SCET can be
constructed from light-like vectors n} where n? = 0 called light-cone coordinates.

We can construct a basis of light cone vectors n and n using the properties that
n?=0 n*=0, n-n=2. (3.10)
The simplest choice (up to re-parameterizations to be discussed later) for n and 7 is
n* =(1,0,0,1) and 7n=(1,0,0,—1). (3.11)

We can then decompose any four-momentum p* using the so-called Sudakov decom-

position
nkt nt i + -
pr=gnept e pph = (0707 py), (3.12)
where p* = p, =n-p, p~ =p_ =0 -p, the transverse momentum p/| = (0,0,p )
can be expressed in Minkowski form, p//, or Euclidean form, p , and p/|p, , = —p3.
The metric tensor g'", using the (4, —, —, —) convention, can then be expressed as
v 1 —v 1 = v 927 pv 1 vaf -

g = in“n + §n“n +9¢/" and €= 56“ Nang. (3.13)

The square of the four-momentum, p,, is
p’=ptp” +pl=pp —pl. (3.14)
3.4.83 Momentum Regions in SCET

Fig. shows an eTe™ — dijets event, which at lowest order in perturbation theory
is initiated by ete™ — v* — ¢¢. One can divide the event into two hemispheres (a)
and (b) and consider the two jet directions as 7* and n*. In both hemispheres the

collinear particles are highly collimated but consist of many different hadrons. For
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FI1GURE 3.5: This diagram shows a dijet event divided into two hemispheres a and
b with two light-cone directions n* and n*. The SCET degrees of freedom are color-
coded. Collinear radiation is shown in blue within the jet boundary and ultra-soft
radiation is shown in green. The underlying hard interaction is shown in red.

a jet with particles whose large momentum component is p~, we see the following
scaling

Agep K pr < p~ = Q, (3.15)

where () is the scale os the center-of-mass energy and p, is the scale of the transverse
momenta of the particles in the jet. In this example, SCET describes three relevant
degrees of freedom that live at each of these well-separated momentum scales. Often
referred to as SCET modes, the momenta of these degrees of freedom scale according

to
(1) n-collinear —  p* ~ Q(N\, 1, ),
(2) n-collinear —  ph ~ Q(1,A\%\), (3.16)

(3) ultra-soft  —  pus ~ QA% A% \?).
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pt/p” <r?=tan?(R/2)
QA Q)\/T | s )\:pﬁ_/Q
QN :
Aqep Q/\Q i n
> p+ I p+
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FIGURE 3.6: Modes of SCET] (a) and SCET, (b) plotted on curves of constant
virtuality p? of the hard, collinear, collinear-soft, and ultra-soft modes. The relevant
power counting parameter A is shown in each case. In (b), the diagonal line represents
a line of constant rapidity representing the boundary of a jet of radius parameter R.

Here, the convention is p* ~ (p*,p~,p,) and A = pr/Q < 1 is our power counting
parameter. Collinear modes are particles that have scaling pf < pl < p; in
hemisphere (a) or p; < p+ < pI in hemisphere (b). Ultra-soft modes, denoted p,s,
scale homogeneously in their (+, —, 1) components such that they can interact with
collinear modes in both jets without changing the scaling of either one. Fig. |3.6(a)
illustrates these modes on curves of constant virtuality p?. The n and n-collinear
modes live on the same invariant mass curve but are separated in rapidity, which in
light-cone coordinates can be expressed as y = 1/2log (p™/p~). The ultra-soft mode
lives at a different virtuality, as shown in the figure.

Processes with this particular set of modes are described by a version of SCET
called SCET,. Different processes may require different sets of modes depending on
the specifics of the kinematics. There are many different versions of SCET, but this
work focuses on two in particular: SCET; and SCET . SCET] generally describes N
jet processes where the jets are well-separated and will be used to study jets where

the angularity is measured in Section . SCET, was developed in Refs. [98] [99],
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originally to study jets that are close together in rapidities. We will utilize SCET to
study jet substructure observables that depend on the angle of particles with respect
to a jet’s axis in Section In this case, since the collinear and soft modes both
scale as O(\) in the p; components, certain soft energy scale particles will play an
important role in describing the substructure of the jet. SCET, thus includes an
additional collinear-soft mode which has a collinear scaling with respect to a soft
energy scale. These modes are illustrated in Fig. [3.6(b), which shows the rapidity
regions within and outside of a jet of radius R. The collinear and collinear-soft modes

live on the same invariant mass hyperbola and the collinear-soft mode scales as
o~ (r,1/r, 1) ~ Q(Ar, AJr, M), (3.17)

Here, r = tan(R/2) for a jet of radius R and the power counting parameter is
A = p"/Q, where p is the magnitude of the transverse momentum 3-vector of a
given hadron with respect to the jet axis. The scaling with r reflects the sensitivity
of the collinear-soft mode to the boundary of the jet and can be derived by considering

that particles within the jet must satisfy p™/p~ < r? and pTp~ ~ p?.
3.4.4 Label Momentum Formalism

The power counting of the fields in SCET is manifest in the label momentum
formalism. In SCET;, QCD quark fields are split into collinear and ultra-soft pieces
using ¢"(x) = ¢(z) + ¢/, (x) where ¢* is a QCD quark field and ¢*, ¢~, are SCET

collinear and ultra-soft quark fields, respectively. We get manifest power counting

by adopting a formalism where momenta are written as
Pr=p + ol where pi ~Q(0,1,0), pi ~ QA% 0%\ (3.18)

Here, p; is the label momentum which is defined as pt =7 - pn% + p| where - p,

contains the O(1) part and p/| contains the O(A) part of the light-cone momentum.
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The p, term is called the residual momentum and contains the O(A?) components
of the light-cone momentum. This can be visualized as a grid where label momenta
are described in a discrete way as the centers of each grid box and residual momenta
represent O(A?) fluctuations within each box. Working in momentum space where
the fields are expressed (via Fourier transform) as ¢,(p) = [ d*ze*q,(z), the label

momentum formalism dictates that

Gn(P) = Gnpe(Pr), (3.19)

where integrals over momenta are now expressed as

/ d'p— ) / d'p,. (3.20)

Pe#0

Note that the py = 0 bin is excluded in order to avoid double counting, since it will
be accounted for when considering ultra-soft modesﬂ Conservation of momentum is

now enforced separately over label and residual momenta via

d4l' i(pe—qe) @ ,i(pr—ar)x 4
(2@46 e = 0pp.0.0" (Dr — @r). (3.21)

Using a Fourier transform we write our total collinear quark field as the sum/integral

over label and residual momenta contributions as follows

d'p g dpr —ippa i
Qn<x> :/(27_{_) P Z/ be bre Qn,pz(pr)

peF#0

i (Z) (f e ) o)

pe#0

_ Z e Ty (). (3.22)

peF#0

2 In calculations of amplitudes, these modes will initially be included for simplicity of integration
and later removed using a zero-bin subtraction technique introduced in Ref. [100].
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This notation also dictates that derivatives 0" extract O(\?) fluctuations such that

i@uqmm (.T) ~ )\QQn,pe (33),

since the quark (or gluon) field is only a function of residual momenta. It is then

also convenient to define label momentum operators as

I
pr= PPt 323)
,P'uqn,m (x) = p?qnvm (JJ)

By introducing this label operator P*, the ordinary derivative 0* has effectively been
replaced by i0* ¢, p, (x) — (P*+1i0")¢,p, (). The fields we will actually use in SCET
will be the collinear limits of QCD fields in the label formalism. We can separate
the large and small collinear projections of the quark fields g, ,, along the light-cone

directions using

it it

n,p, = an,m + Iqmm = fn,pz + gbn,pe' (324)

Using the corresponding equations of motion, the small-component fields ¢, ,, of this

collinear limit can be removed from the theory at the level of the Lagrangian.
3.4.5 Leading-Order SCET Lagrangian

At leading order in the power counting parameter A\, the SCET Lagrangian can be

written as [91]

Lscer = Le, + La, + Lys, (3.25)

where the collinear quark Lagrangian piece L, is

Lo, = (o) (in- Do+ 1D, W)=

Wl(ﬂf)i%) gfn(:c). (3.26)

In this expression, the covariant derivatives D* and D¥ are given by

Dt =0t —igAl —igAl and iDh =PH + gAh, (3.27)
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and W, is a Wilson line that is built from collinear gluon fields

1

Wa(z) =) exp [—gmn : An(x)} (3.28)

perms
The collinear gluon part of the Lagrangian £, is given by

1 2
Lay =55 { [mﬂ + gAl DY + gA;] } +2Tr {én [iD,“ [iD" + gAl, ¢, } }
g

47 Tr { [mu, Ag} } (3.29)

Here, 7, is a gauge fixing parameter for the collinear gluon field A#, ¢, and ¢, are

ghost fields in the collinear limit, and the D* covariant derivative is defined as
AP
1D =PH +in - D?' (3.30)

The ultra-soft Lagrangian, £, then takes the form of the full QCD Lagrangian for
massless ultra-soft quark, gluon, and ghost fields fields with gauge fixing parameter
Tus- In this leading order SCET Lagrangian, the only coupling between collinear and
ultra-soft modes comes from the covariant derivatives. When discussing factorization
of jet cross-sections, we will perform a field redefinition to completely decouple these
modes.

The separation of the gauge field A* into collinear and ultra-soft pieces requires
enforcing two separate gauge symmetries. This is the reason for the two gauge fixing
parameters 7,, T,s above. Additionally, there is freedom in how the light-cone basis
of n,n,... is chosen based on the constraint that n? = 7?2 = 0 and n -7 = 2. The
freedom to re-define the axes (as well as the fields) is a re-parameterization invariance

(RPI) of SCET [101]. These symmetries are discussed briefly in Appendix [B]
3.4.6 Factorization in SCET

SCET factorization offers an elegant way to separate perturbatively calculable short-
distance physics from non-perturbative long-distance physics. At leading order in the
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power counting parameter A, it also allows for a complete decoupling of collinear and
ultra-soft degrees of freedom, providing a framework for organizing the perturbative
resummation of large logarithms. As mentioned earlier, one important application
of SCET factorization is to calculations of cross-sections in which event-shapes or jet
substructure observables are measured.

In this section, we outline how the cross-section for ete™ — v* — ¢gg — 3
jets factorizes when a generic jet substructure observable 7 is measured. These 7
can be, for example, the angularity 7, of a jet. Here, we leave 7 generic in order
to emphasize the wide applicability of this factorization theorem. This process will
take a cross-section dependent upon logarithms of ratios of several widely separated
physical scales and factorize it into functions that are each dependent upon a single
physical scale. These logarithms can then be resummed using the corresponding
RGEs detailed in Appendix [C]

Following the convention of Ref. [1], we can write down the differential cross-
section for ete™ — 3 jets in QCD at center of mass energy @ as a function of the
jet 3-momenta p, 53 and where the generic jet substructure observable 7D of jet 1

is measured as

do 1
dTld3P1,2,3 B 20Q

) [Metem =y = qgg)|* (2m)'6D(Q — px)
: (3.31)
X On(rad(t = 7(T(X)) x [ 0¥, — p(JH(T(X)))).

=123

The partonic matrix element is then given by

_ . 2 . ) . _
(M(ete™ =" — qqg)|” = [(X]5*(0)|0) L[> with j* = "gmqr, (3.32)
7

where the sum is over flavors f, a sum over colors is implied, and L, is the leptonic
part of the amplitude. In the above expression, J(X) is a jet algorithm acting on
the final hadronic state | X), N(J (X)) is the number of jets found by the algorithm,
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7(J (X)) measures the shape 7 of a jet, and p(J;(J(X))) is the momentum of the
jet Jj.

In order to work in the SCET formalism, we must match the QCD current, j*(x),
onto SCET operators. Three-jet operators in SCET can be built from quark jet and
gluon jet fields, which are defined as collinear quarks/gluons multiplied by collinear
Wilson lines

Xn = Wi, and Br = -Wi(PL+ AHW,. (3.33)

Q| =

By writing the momentum conserving delta function §¥(Q) — px) as an integral, the
matching condition can be written as

ju(‘r) = Z Z ei(pliszrpS).ngﬁy(n1,2,3;p1,2,3)>_<21,p1 (gBrjz_gu,pg)ng,p2<x)7 (334>

n1,2,3 P1,2,3

where n; are the light-cone directions and p; are label momenta along these directions.
Sums over the Lorentz index v, Dirac spinor indices «, 8 as well as implicit color and
flavor indices are all implied. In this schematic derivation of factorization, we will
suppress these indices going forward for convenience of notation. The matching
coefficients C'(n1 2,3;p1.2,3) have been calculated for this process in Ref. [102].

The first step in factorizing the cross-section is to decouple the collinear and ultra-
soft degrees of freedom in SCET. This can be done by using the Bauer-Pirjol-Stewart
(BPS) field re-definitions from Ref. [91]

Xn(2) = Yi ()X ()

Xn(7) = XY () (3.35)

where Y,,(x) is an ultra-soft Wilson line expressed as a path-ordered exponential of

the ultra-soft gauge field

Y, (z) = Pexp [ig/o dsn - Ays(x + sn)|. (3.36)
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By putting these re-definitions into SCET Lagrangian, covariant derivatives (which
contain the coupling of collinear /ultra-soft modes) are effectively replaced by ordi-
nary derivatives such as y,(in - D)x = ¥ (in - 9)x?). In each of these expressions,
the (0) notation denotes that the field has been completely decoupled from ultra-soft
modes at the level of the Lagrangian. Moving forward, we drop this notation and
assume collinear and ultra-soft modes are decoupled.

Having factorized the fields, we next factorize the matrix elements by performing
the sum over the final states, | X). This must be done carefully, since the measure-
ments of the number, momenta, and shape of the jets all depend on X through the
jet-algorithm 7 (X). Once this sum is performed, the matrix elements will be ex-
pressible as vacuum expectation values. By factorizing the vacuum, the expression
can then be re-organized into matrix elements of fields that have the same scaling.
Refs. [96], 97, T03], 104] developed a clever formalism for recasting restrictions on the
final state such as J(X) as operators. This allows measurements of quantities such
as N(J (X)) to become eigenvalues of operators that act on the state |X). Ref. [1]
used these results to develop similar techniques for jet substructure measurements
such as the angularity. The method uses an operator that measures the flow of
4-momentum along a particular direction n; and is defined in terms of the energy-
momentum tensor 7}, and thus in terms of fields in QCD/SCET. The restrictions

on the final state |X) can then take the form of operators

Number of Jets — 5N(j),3’

~

Jet Momenta —  §©® (p; — P(J;(7))),

Substructure Measurement —  §(7H — 7)), (3.37)

Since the collinear and ultra-soft modes have been decoupled at the level of the
Lagrangian, the energy-momentum tensor can also be split into T* — TH +

ni,n2,n3

TH . Ref. [I] showed that, when combined with a few additional constraints, this
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allows us to separate the restrictions on the final state | X') into restrictions on purely
collinear states |X,,) and ultra-soft states, |X,s). The momenta p(J (X)) of the
jets must receive negligible contributions from ultra-soft particles and thus the jet
momenta should be built purely from the label momenta of collinear states | X,,). All
radiation outside of the jets should then have ultra-soft scaling. This can be enforced
using a cutoff A, which scales as a residual momentum, on the out-of-jet radiation.
Additionally, each of the jets must be well-separated and cannot overlap. This allows
one to separate the Kronecker delta ¢ N(F),3 into 4 conditions which impose a one-jet
restriction in each collinear direction n; and a zero-jet restriction on all surrounding
ultra-soft momenta. The separation of jets is parameterized by

_ tan(0;;/2)

i = W, (3.38)

where 0;; is the polar angle between two jets and R is the jet size parameter. Jets
are said to be well-separated if ¢;; > 1. For a 3 jet final state in the Mercedes-Benz
configuration, where 0;; = 27/3 for R = 0.7 (a common R at hadron colliders),
Ref. [1] showed that ¢;; = 0.04 < 1 and that for any 6,; > 2R that ¢;; > 2.

With the condition of well-separated jets satisfied and writing the jet momentum
measurements in terms of energies and directions, the measurement functions for the

momenta and jet-shape can be factorized according to

0¥ (p; = p(L;()) = [] 0(E; —w;i/2)6® (9 —ny), (3.39)
j=1.2,3
5(7'(1) — 7A'(1)) — /dTJdTus5(T(l) — T — Tus)0 (17 — 7)) (Tus — T°), (3.40)

where w; = n; - p; ~ 2E; is a short-hand for the label momenta and E; is the energy
of the ith jet. The sum of the w; over directions is the center-of-mass energy ). The
total substructure measurement has been factorized into contributions from collinear

77 = 7™ and ultra-soft 7,, = 7"° particles inside the n, jet.
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The cross-section, which we now write as differential in the substructure variable
7 the jet energies E) 3, and the jet directions (solid angles) 23, can then be

written as

do 1 4
e E E L2 C:U‘ . 2 / d4 Z(sz':lﬂ,g anj/2)'x
dr(WdE) 53d*Q1 25  6Q2 IC¥ (.25 w1.23) e ’

n1,2,3 W1,2,3

/dTJdTusé(T(l) —TJ — Tus) X H 8(E; — w;/2)0P(Q; — n;)

7=1,2,3
X <0‘ an,(dl (m)dN(j)716(TJ - 7/;”1 )ynl,wl (O) |0>
X <0| yng,—wg (x)éN(j)Jan,—wz (0) |O>

X {01 (9851, ) (2)0 (71 (9B, ) (0) 10)

T tvdl ~AUS N N
X (01Y YL 1Y, Y (2)0y 500 (Tus — 7)Y, Vi, TPY,,Y 0,(0) |0) (3.41)

where again the explicit Lorentz, Dirac spinor, and color indices have been suppressed
for notational convenience.

While Eq. is, notationally, quite involved, its interpretation is simple. The
key feature of this expression is that all of the fields, operators, and states have
been completely factorized. Each matrix element is a product of only n;-collinear
or only ultra-soft fields with measurements of the substructure being applied only
to ultra-soft and ni-collinear parts of the expression. The matrix elements can be
used to define functions that individually govern physics in the hard, n;-collinear,
or ultra-soft regimes. These functions will be a quark jet function J,, , (77,11 - k1),
anti-quark jet function J, ., (n2 - k2), a gluon jet function J,, ., (ns - k3), and an
ultra-soft function S(7,s,7), where k; are residual momenta. As shown in Ref. [I]

(see also Ref. [96]) the n;-collinear quark jet function is defined as

d4k —iky1-® i
/ (27T)14e k1 Jnl,Wl (TJa n]_ . kl) (%) — <O’ thwl <x)5N(j),15(TJ — T 1)Xn17w1 (0) ’0> ’
(3.42)
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where similar functions can be defined for the ns-collinear antiquark jet and ngs-

collinear gluon jet. The ultra-soft function can be defined as

d47” —irT 1 tvdl tvdl ~us
/ i® S (er) = 5 T VYTV Y (2)5 5500 (us — 79

X Y, Y 0, TPY,,Y 0, (0) 0)

where r is a residual momenta. These momenta can ultimately be absorbed into
their respective label momenta using RPI in SCET. Additionally, hard-scale physics
is completely encapsulated by the matching coeflicients C(n;23,w123). Inserting

these definitions into Eq. (3.41]), the cross-section can be written as

1 do

U_Om - H(Q, MH) X ‘]m (TJ7 :qu) ® ‘]nz (MJz) ® ‘]n3 (MJ3) ® S(Tu87 /vbu8>7 (343>

where oq is the Born cross-section, H = 1+ O(«) is a hard function calculated using
the matching coefficients C'(n;, p;), ® represents convolutions in 7; and 7,,, and the
directions €2; have been integrated over. Each piece of this factorization theorem
is a function of logarithms of a different physical scale that are minimized by the
choice of renormalization scale p = pug, (g, , [y [Js, Hus, Tespectively. Dependencies
on other quantities such as momenta have been suppressed.

In order to calculate a cross-section for a particular jet substructure observable, we
calculate the hard, jet, and ultra-soft functions individually in perturbation theory.
The true power of the factorization then lies in the application of RG techniques.
Each function runs with the scale p and has a corresponding RGE (i.e. RGEs for
hard, jet, and soft functions). By evaluating each function at its characteristic scale
and then evolving using the RGEs to a common scale pu, the logarithms of these
scales are resummed to all orders in «.

Ref. [1] used this factorization theorem to resum logarithms of the scales that are

functions of the angularity 7,. It can, however, be applied to any jet substructure
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observable 7 that can be recast as an operator on |X) using the momentum flow
operator concept discussed above.E| In a fixed order QCD calculation of this process,
the logarithms of the angularity would not be so cleanly organized and any one choice

of u would not minimize all of the logarithms.

3 The characteristic scale of, for example, the jet where the angularity was measured was p° =

wrl/ =9,
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4

Fragmenting Jet Functions: Introduction &
Developments

4.1 Introduction

In Chapter 2] we introduced how quarkonia such as the .J/¢ are studied using
NRQCD. While NRQCD has been used to accurately calculate the pr dependence
of quarkonium production cross-sections, the theory has repeatedly failed to pre-
dict their polarization. In Chapter [3] we outlined how SCET can be used to make
high-precision calculations of jet processes. This chapter builds a connection be-
tween Chapters [2| and [3|in order to study quarkonia that are produced within jets.
This connection will be provided by Fragmenting Jet Functions (FJF). Originally
defined in Ref. [105], FJFs offer a way to study the formation of hadrons within
jets where the substructure of the jets is measured. In 2014, Ref. [I2] calculated
the FJFs for the leading-power NRQCD production mechanisms for J/1 described
in Chapter 2| They found that FJFs could discriminate between the different J/1)
production mechanisms, opening the door for a new class of observables with which

to study quarkonium production.
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In this chapter, we will examine the FJF formalism, beginning with a brief review
of fragmentation as described by FFs in QCD. We will explain the operator definitions
of the FJF in terms of FFs and jet functions in the language of SCET. The rest of
the chapter will then be dedicated to developing the FJF formalism for the purposes
of studying quarkonia within jets beyond what was done in Ref. [I12]. We will extend
FJFs to several different jet substructure observables which will, in Chapter 5, be
applied to J/1 production. This chapter presents a number of results previously

published by the author and collaborators in [36-38].
4.1.1  Fragmentation Functions

FF's can be broadly defined as dimensionless functions that describe the distribution
of a certain type of particle in the final state. In perturbative calculations, we focus
on partonic FFs, D!(z, i), which give the number density of the hadron A that have
a fraction z of the energy of the fragmenting parton i. Although the FF describes
non-perturbative physics, at high COM energies, Ref. [35] proved that to all orders
in a,, we can factorize the cross-section of ete™ — h + X into pieces that describe

contributions from individual partons

1do(ete” - h+X d.izadaZ ete” =i+ X

09 dz dx

i=g,u,u,d, -

which holds at leading power in Aqcp/@ where where () the center of mass energy.
FFs are the final state cousins of the more familiar PDFs, f;/5(z, ). Where, for
PDFs, z represented the fraction of a hadron’s momentum carried by a particular
parton, for FF's, it represents the fraction of a parton’s energy carried by the final
state hadron. Like PDFs, FFs exhibit scaling violation and are thus written as
functions of j, the renormalization scale, which we define in the MS subtraction

scheme throughout this work. In Eq. 1.1, = is the energy fraction carried by the
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d&z Di—)h

FIGURE 4.1: The information encoded in the fragmentation function as defined in
Eq. where the da; describes the short-distance partonic process and the right
hand side of the diagram, encoded by the D;_.,, describes the non-perturabative
hadronization of the parton.

hadron h of the parent parton and z = 2F), /Q represents the energy fraction carried
by the hadron in the COM frame. Note that at LO, where this process is essentially

te™ — qq, = = x. At higher orders in «ag, we will have generally that x > z

e
since some of the initiating parton’s energy will be carried off by additional emitted
radiation. In Eq. the coefficients do; are perturbatively calculable and describe
the short-distance (high-energy) partonic process. The FFs then describe the long-

distance (low-energy) non-perturbative hadronization of partons i = g,u,... into a

specific hadron h as illustrated in Fig. [£.1]
4.1.2  Fragmentation with a Cut on Thrust

Experimentalists studying fragmentation often make additional measurements/cuts
on the final state hadrons in an event. One such example is described in Ref. [31],
where experimentalists working on the Belle collaboration studied light-quark frag-
mentation. In order to eliminate events from their data where hadrons were produced
from the decays of B-mesons, they focused their studies on dijet final-state configu-

rations. One way of requiring that the final state particles in accepted events be in
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FIGURE 4.2: This plot [31] shows simulated results from Pythia for thrust distribu-
tions for selected 2-pion pairs at the T (4S) resonance of /s = 10.58 GeV. Shown are
ete™ — BTB~ (open diamonds), ete~ — B°BO (open circles), efe™ — c¢ events
(full triangles), and eTe™ — ¢q for light-quarks ¢ € u, d, s (full squares). The plot is
normalized to the total number of events in all channels and the vertical green line
shows the thrust cut 7' > 0.8.

a dijet configuration is by making a cut on thrust 7 (see discussion in Chapter [3)).
The KEKB accelerator, an asymmetric ete™ collider at Belle, has a center-of-mass
energy of 10.58 GeV, corresponding to the T (45) resonance. At this energy, the col-
lider often produces B mesons nearly at rest in the CM frame, meaning that events
containing B’s will generally not have a dijet-like configuration where 7 ~ 0. As
shown in Fig. [1.2] a simple cut on the thrust of 7 < 0.2(T" > 0.8) for pion pairs
removed 98% of the B data. The measurement of thrust and many other event and
jet shape observables can be incredibly effective at reducing backgrounds and prob-
ing the mechanism of fragmentation. Fragmentation with a cut on thrust has been
studied in this context using SCET in, for example, Ref. [106].

FFs are insufficient for studying the formation of hadrons where event shapes or
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FI1GURE 4.3: The information encoded in the fragmenting jet function as originally
defined for measured jet invariant mass G(s, z, ). A parton i perturbatively splits
off quarks/gluons and becomes a jet of invariant mass s. The initial splittings are
large angle/high virtuality and are described perturbatively by the J;;(s, z, p). At
lower parton virtualities, the non-perturbative effects become important, at which
point the emissions are described by the FFs, D; ,,(z/x, ).

jet substructure observables have been measured. This motivated the development
of FJFs, which were originally defined in Ref. [I05] to describe hadrons in jets where
the invariant mass s of the jet is measured. Using basic kinematics, cuts on thrust
can be shown to restrict the invariant masses of jets. In Chapter [5| we will study how
FJFs allow us to place restrictions on the substructure of a jet that contains a J/1

in order to probe the underlying mechanism of its production.

4.2 Basic Properties of the FJF

4.2.1  Origin of the FJF

FJFs, denoted by G!'(s, z, 1), possess features of both FFs and jet functions J;(s, ).
They describe the probability that a parton ¢ fragments into a jet with invariant mass
s that contains a hadron A carrying a fraction z of the jet’s momentum. Fig. gives
a diagrammatic representation of the information encoded by the FJF. As discussed

in Chapter [3| for processes containing a well-separated hierarchy of energy scales,
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SCET provides factorization theorems of cross-sections and decay rates into hard,

collinear, and soft modes. These cross-sections have the following schematic form
do=HxS®J®J)®..., (4.2)

where H is a hard function, ® represents convolution, S a soft-function describing
inter-jet soft-scale radiation, and J are jet functions describing radiation collinear to
different jet directions. It was shown in Ref. [105] that a factorization theorem for a
jet production cross-section can be made into a factorization theorem for a jet with
an identified hadron, h, using the following replacement rule

1
2(2m)3

Jils, ) = Gl'(s, 2, p)dz, (4.3)

where J;(s,p) is the jet function for a jet with a measured invariant mass s that
is initiated by a parton i at the renormalization scale u. The FJF introduces an
additional dependence on the fraction z of the jet energy carried by the hadron.
We note that the FJFs (like jet functions) also carry an implicit dependence on the
underlying choice of a jet algorithm and thus the cone size parameter R. When
constraining the jet invariant mass it was shown in Ref. [105] that at leading power

in A%op/s < 1, the FJF can be matched onto standard FFs, D', as follows
h } : tdx h 2
gi (&%M) = ?u%j(saxnu)Dj (Z/x7llj/) +O(AQCD/S) : (44>
j z

Here, the coefficients J;;(s, z, ) are perturbatively calculable matching coefficients
that describe the short-distance production of collinear radiation that ultimately
forms a jet of invariant mass s. The D?(z, i) then describe the non-perturbative

(long-distance) hadronization of the parton j = g,u,u,d, ... into the hadron h.

81



4.2.2  Sum Rules

The relationship between FFs, FJFs, and jet functions naturally provides a non-
trivial cross-check of calculations of the FJFs. Basic rules of probability dictate

that
1= Z/o dz z DI'2). (4.5)

From this and combinatorial arguments needed when summing over all possible

hadrons h, Ref. [I05] derived a sum rule for the J;; coefficients
1 1
Ji(s, 1) = 3025) Z]:/o dz z Jij(s, z, ) (4.6)

such that the sum reproduces the jet function J;(s, u).
4.2.8 FJFs in the Literature

FJFs also give us an alternative method of measuring FFs, which are usually ex-
tracted from inclusive hadron production cross-sections in e*e”™ — h + X. Most
importantly, FJFs provide a new way of extracting gluon FFs [107, [108], which are
not well-constrained by ete™. These FFs will be of particular interest to us when
applying the FJF formalism to quarkonium production.

The matching coefficients J;;(s, z, ) were calculated at one-loop order in Ref. [2]
where they were used in the calculation of a cross-section resummed to next-to-next-
to-leading-logarithmic (NNLL) accuracy for ete™ — 77X at the YT(4S) resonance.
FJFs can be defined for a number of other scenarios. FJFs that depend on the total
energy of a jet were defined and calculated in Ref. [109] and a joint resummation
of logarithms of the jet-cone size R and so-called threshold logarithms of 1 — z was
introduced. FJFs for heavy quark fragmentation were developed in Ref. [I10]. More

recently, so-called semi-inclusive FJFs were developed in Ref. [111]. FFs in the
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context of jet production have been studied extensively using other similar methods
such as jet fragmentation functions (JFF) in Ref. [I08] and fragmentation functions

to a jet (FFJ) in Ref. [112].
4.3 Operator Definitions of FJFs

The operator definition of FJFs can be derived from the QCD definition of a FF. As
discussed in Ref. [2] the bare (un-renormalized) quark FF can be expressed in QCD

as

1 Ayt d* Yy gy 1
h,bare _ 2 L Ay dYL =yt
Dyt = - [ [ ¥ox
ﬁ —_
x Tr [5 (O]9 (y™, 0,y.) | Xh) (Xh|$(0)]0) |. (47)

Here, the initial quark with momentum k* fragments into a hadron h with momentum

Pl

We work in a frame where k . =0, p, = 2k, and the component p, =
(pi > +m3)/ p;, - In this equation, ¢(¢) represent quark (anti-quark) field operators,
the factor 1/(2N,.) for N. = 3 colors provides an average over the spin and color
of the parton k. The state | Xh) describes a hadron h and any other particles X.

Taking the collinear limit and writing the expression in terms of fields in SCET we

can write the un-renormalized FF as [105]

1 1
h,bare _ 2 1
D = [ gy

x Tr [gé(p}h,rﬁ(” (Pxnr) (O] [0w,p00,p, X (0)] | Xh) (X ¥ (0) |o>] 7
(4.8)

where p, = pi + pj and the quark fields have been replaced by gauge invariant

n-collinear quark-jet fields y,, (see Eq. (3.33))). The FF in SCET notation is closely
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related to the operator definition of FJF. The quark FJF as given in Ref. [105] as

N 1
h _ 4, —ikTy /2 +
gq(s,z)—/dye y /dph;zuvc

X Tr [ (0] [pmy ()] | XB) (XA 5 (0)10)]

(4.9)

where the argument of x,,(y) is associated with residual momenta. By carrying out

integrals over 7/- and y*, we can write the FJF in a form comparable with the FF

in Eq. (4.7)

2(27r)3 Ay~ .-+ 1
h _2\2h) RS iy (k )/2 2 1
Ghto,s) <=0 [ e [ S o

n

xTr[
2

0(Pxnr )0 (0xn) (O] (8. p00.0, Xn (0)] | X h) (X| X(0) |0) ]
(4.10)

where w = k7. This form allows us to see that the integral over y~ represents the

measurement or restriction of the jet’s invariant mass s via the delta function

O(w(k™ = pxp)), (4.11)

where
2
s = (Zng) = (") = KTk~ — K2 = wkt. (4.12)

At leading order, one can (cf. Eqgs. (2.15,2.23)) of Ref. [2]) show that the bare FFs
can be reduced to

DIO)(z) = Di(z) = 0(1 - 2)

q

DYO)(z) = Di(z) =0, (4.13)

q

where (0) will be used to denote the leading order piece and (1) the next-to-leading

order contribution. The corresponding bare FJF's then can be written as

Qg(o)(s, z) = Qg(o)(s, z) = 2(2m)%6(s)6(1 — 2)
Go0(2) = G10(2) = 0. (4.14)
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(@) (b)

FIGURE 4.4: Feynman diagrams that give non-scaleless contributions to the quark
FJF at NLO in a. Diagram (b) also has a mirror image that is not explicitly shown.

To calculate the matching coefficients (and ultimately the FJFs) at NLO requires
the evaluation of the diagrams shown in Figs. and The matching coeffi-

FIGURE 4.5: Non-scaleless diagrams that contribute to the gluon FJF at NLO.
Again, diagram (b) has a mirror image that is not explicitly drawn above.

cients J;;(s, z, ;) and the corresponding FJFs are calculated at NLO for measured
jet invariant mass in Ref. [2]. We will calculate these J;; coefficients at NLO as
functions of several other jet-substructure observables, including the angularity 7, in
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Section and the transverse momentum of a hadron relative to the jet-direction in

Section 4.5l
4.8.1 Calculating Renormalized FFs & FJFs at One-loop.

At one-loop order, the expressions for D!(z, ) and G"(s, z, 1) contain divergences

and must be renormalized. According to Ref. [35], the FFs are renormalized via
DY) =3 / 7D, ) D ), (4.15)

where p is, again, the renormalization scale and the sum over j runs over partons.

The renormalization group equations for these FFs are the DGLAP equations where

dlog( (2 1) Z/ — % (/2 ) D}, p) (4.16)

where the anomalous dimension is calculated using

B = [ PR et

o2 (1) Zyi (@ ). (4.17)

These anomalous dimensions will, ultimately, be calculated in terms of the QCD
splitting functions P;;(z). How we renormalize the FJFs will depend on whether or
not the FJF is a function of the substructure of the jet. The RGEs for measured,
(where the substructure of the jet is probed) and unmeasured (where only the
radius R and energy E of the jet is known) functions are both described in detail in
Appendix [C] Working at O(c), the renormalization procedure for FJFs yields that
the perturbative matching will essentially reduce to (for the case where the invariant

mass is probed[[)

G/ (s, 2, 1) = 202m)20(5) DIV (2, 1) + TV (5, 2, ). (4.18)

I Note that this procedure will hold regardless of the measurement or lack of measurement. One
simply has to replace s with, as we will show 7,, p, Ejet, etc.
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4.83.2  Anomalous Dimensions of the FJF

At this point, we make note of an interesting fact about the nature of the anomalous
dimensions of FJFs. Consider the factorization theorem of a jet cross-section where
the replacement rule in Eq. has been used to study jets with an identified
hadron

do=HS®J,®J, — do=H®S®J ®Gq. (4.19)

In order for our observable to make sense, the anomalous dimensions of each piece

of the factorization theorem must have the following consistency relation

Yo+ Vs + Y +7=0 — Yy +vs+vn +7, =0 (4.20)

This implies that
= V=6 = —(yu + 75 +70), (4.21)
which provides us with a powerful statement: FJFs evolve in p exactly as ordinary

jet functions. This will ultimately provide yet another non-trivial check on whether

our FJFs are consistent with jet functions calculated in the literature.

4.4  Angularity Dependent FJFs

4.4.1  Angularity in Light-Cone Coordinates

The most natural generalization of the FJFs for measured jet invariant mass s is to
FJFs where the angularity 7, is measured. Recall from our discussion in Chapter
that angularities are a well-developed jet-substructure observable first introduced
in Ref. [85] and studied within the context of SCET factorization in Ref. [I]. In

light-cone coordinates, angularities can be calculated using

1 —a —\a
== ) W), (4.22)
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where the sum runs over all of the particles 7 in a given jet and w = ), p; represents
the large light-like momentum of that jet. Angularities are a generalization of the jet

invariant mass squared. We can see this by setting a = 0 and using that kT = s/w

pF K
_ah s (4.23)

To

a >iDi w w?’

In this section we will first extend the calculation of Ref. [2] to FJFs where the
angularity of the jet is probed. We will adopt terminology consistent with Ref. [I]
and refer to functions that depend on 7, as measured functions and functions that do
not depend on 7, as unmeasured. Since this is a one-loop perturbative calculation, we
will consider final states with at most 2 particles. This means we will be calculating
1 — 2 splittings of partons j = g, ¢, ¢ into other partons (c.f. Fig. 4.6).

After defining the angularity dependent FJF, G(7,, 2z, 1), we will calculate the
matching coefficients, J;;(7,, z, i), and perform a cross-check of the results by ver-
ifying that the sum rule in Eq. still holds when generalizing s — 7,. These
matching coefficients can then be convolved with FFs from the literature in order
to calculate the angularity FJF. In Chapter [5], we will study the z and 7, depen-
dence of a cross-section for jets that contain a B meson or J/v¢ in eTe™ annihilation

using our calculations of the G(7,, 2, 1), a phenomenological B-meson FF, and the

leading-power NRQCD FFs.
4.4.2  Defining the Angularity FJF

In Ref. [2], it was shown that the measurement in the definition of the FJF restricts

the invariant mass squared of the jet via the following delta function
O(w(k™ =17 =p")) =d(s —w(™ +pT)), (4.24)

where again, k* is the initial parton’s momentum and [* and p* represent the mo-
menta of the partons carrying large lightcone components [~ = (1 — 2)k~ and
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k= (KT, k™, 0)

FIGURE 4.6: We consider 1 — 2 splittings at NLO with the momenta shown. A
delta function then provides the measurement of the invariant mass, angularity, etc.

p~ = zk~ of the parent’s momentum, respectively. We can generalize this mea-
surement function from s — 7, and write down the operator definition of the FJF

where the angularity of the measaured jet is restricted

dk*dpr - 1
Gl (s 2, 1) = / D / dy e FVRY T
2 X 4NC

T [ B0 ()67 — 72) XRNXPI(0)10)]
where at this order O(ay) the measurement operator 7, is expressed as
O(7a = (IH)2(I7) 2 = (p") 2 (7)) Jw). (4.25)

To calculate Gl (7,, 2, i) to O(ay) we evaluate the diagrams shown in Figs. [4.4/and
for the quark and gluon contributions respectively. We note that it can be shown in

pure dimensional regularization that at one-loop the FF can be expressed as

- 1 1
J — 5. _ LAy > -
Dl(z) = 6;;0(1 — 2) + T;; o P(2) (€UV EIR) , (4.26)

where T;; is a matrix of SU(3) color factors with Ty, = Cp, Ty = Ca, Ty =

Cp, T,y = Tg and P;;(z) are QCD splitting functions defined in Eq. (2.7). For these
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functions, we adopt the following convention

pqq(z) = Py(2) = 90(1 — 2) = (111_—!;%7

qu(z) = qu(z) = 1—#(1%7:)7

pqg(z) = Py(z) = 22+ (1- 3)27

P(2) = Py(e) — 31 ) = 2R, (4.27

where 7, = 3/2 and 3, = (y/(2C4). It can easily be verified that the 1/e;r poles in
the calculation of the FJF cancel (as they must) with those in the calculation of the

FFs for values of the angularity [)arameter a < 1. This justilies
gh(7 z ) = /1 ’ ._7 (7 )D <— ) (4 28)
i \lar~> E ij\Tay T j ) ) .

up to power corrections that are functions of the angularity. This is, of course, the
analog of Eq. for FJFs that depend on the angularities. The cancellation of IR
divergences in the matching also allows us to perform the perturbative calculations of
the J;;(7a, 2z, pt) in pure dimensional regularization while setting all scaleless integrals

to zero and interpreting 1/e poles as ultraviolet divergences.
4.4.3 One-Loop Calculation of Matching Coefficients

With the J;; free of IR divergences and scaleless integrals safely set to 0 in pure

dimensional regularization, the quark FJF can be calculated by evaluating diagrams

(a) and (b) of Fig.[£.4] Diagram (a) of Fig. [4.4] yields

Cra, (4rp®)(1—¢) 1—2z

2ae/(2—a) 1— —2(1—a)e/(2—a)
o T[l—¢ 1-a/2” (1-2)

ey 2¢/20)
x (1+%) L a2

- sr2e/=a) (
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and diagram (b) yields

OFaS 2z (47‘—:“’2)6 w2ae/(27a) 1
2n 1 —a/2T[1 — €] (1 — z)1+2(1-a)e/(2-a)
_an 2¢/(2—0)
(1—2)\* 1
X (1 + i pE=e=ng (4.30)

where s, = w?7,. These expressions contain singularities at 7, — 0 in (a) and (b) and
z — 1 in (b), but these are regulated in dimensional regularization. By employing
plus-distribution identities of the form

1 1 1 In(1 — 2)
— = —-0(1— —€| —= 4.31
(1 — z)tte e( z)+(1—z>+ 6( 1—2z )++ ’ ( )

for the singularities in z and 7, the divergent pieces of the above expression can be

written (expanding in €) as

Crag 2—al 2—-al T 3

0(84)0(1 — = -In( = —

27 <(S)< Z)[l—ae2+l—aen<w2 +2€
111 1

1 25(1 — )= [_] - §(sa)Equ(z)) , (4.32)

l—ace w? |7,

where P, is the quark-quark splitting function as defined in Eq. . As expected,
the first four terms of this expression are UV poles that match the UV poles for the
jet function for measured angularities (multiplied by §(1 — z)) shown in Eq. (3.37)
of Ref. [I]. The final term (s,)P,,(2)/€ is also expected from NLO perturbative
calculations of the FFs in Ref. [2]. Thus, the divergences of our angularity FJF
appear to have the correct structure. Note that in Eq. above we rescaled

the renormalization scale p? — € pu? /4w in accordance with the MS subtraction
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scheme. We can write the finite pieces of the matching coefficients as

1 Jyg(7a2,p1) _ Cra 1 {a<ra>5<1—z>2_a( g (M2))

w?  2(27)3 o0 w? 1—a\ 12 2 w?

(e (2 (05 2

e = i()l(l__zlm) [m Ta} +} ' 39

In the limit a — 0 this becomes

1 Tyg(10,2: 1) _ Cras {5(3)5(1 —2) <_%2 + In? (“_2))

w?  2(2m)3 27 w?

w?) (1—2)+

+$ H}L ((fji —25(1 - 2)In (5—2)) +20(1 - z)% FI;—OTOL} :
(4.34)

where we have used d(79)/w? = d(s). Using the following distributional identities

2 2 2
5 lal. =5 w5 ()
w70, W Sy LS ]y W

1 [ln_m} _ 1 [1n(8/w2) _ 1 {m(S/uQ)} | In(e?/?) {#2} (4.35)

s/ 12 wo s
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which are readily verified by integrating both sides over s, we find that taking a — 0

limit yields the finite terms

‘7‘158;2)’3“) - Tra {5(5) (1 bz Py(e) 4 (14 2Y) <%) - %26(1 - 2>>

1 {M} 1+ 22

+25(1 — 2)~ {M} +} , (4.36)

(1 =2)y pwLos/w

S

e
which agrees with the calculation in Eq. (2.32) of Ref. [2] for measured jet mass. The
matching coefficient J,4(7,, 2, 11) is closely related to Jyq(7a, 2, pt) by substituting z —
1 — z. This simplifies the calculation of the FJF since when convolving J,,(7, =, tt)
with FFs, the integral over x in Eq. (4.28)) no longer hits a pole as z — 0. Thus, the

1/(1 — 2z)'*< pole we regulated in J,,(74, 2, ) can be replaced with the identity

== —e—+0(e). (4.37)

Thus, Jye(7a, 2, ) is found from J,q (74, 2, pt) by taking z — 1—z and simply dropping
d(z) and plus-function terms which yields
1C O 1

1 jngiv(Ta,Z,u)
EW w2 o7 Zd(Ta)qu(2)7 (4.38)

for the divergent terms where P, is given in Eq. (4.27). The finite pieces are then

i‘ZIQ(Ta’ Z, :u) - OFQSL 1 Zlia(]_ — Z)lia
w2 202m)? 21 w? 5<T“)(Z * [1 —a/2 el e (1 —2)t-a

—In (Z_z) }qu(z)> 1 _1a/2 [le + PQQ(Z)} |

Once again, these reproduce the matching coefficients of Ref. [2] in the a — 0 limit.

(4.39)

We calculate Jy4(7q, 2, pt) using the diagrams in Fig. 4.5 This yields the following
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divergent terms

div _ — 2
ijgg (Ta, 2, 1) _ CAO[SL{(S(Ta)(S(l —2) {2 al + 2 alln (M_) + &1]

w2 2(2m)3 21 w? l—ae  l—ae \w?) 204¢
1 2 1 a, 1 1
- S6(1—2) | =] b — 2 8(1a)=Pyy(2). 44
L 250-2) H} & L (r) P2 (4.40)

The finite terms of J,,(7,, 2, 1) are then

ijgg(Ta; Z, :LL) _CAas i

W 20emP | 21 W {5(7“)5“ e (_g 3 (%Z))
+8(72) (—ng<z> [m (fj—) +1 _1a/2 = (1 - g)]
+ 11__;;2 s Zz+ = (hlil—_;)))
. (oo ar e (5)

T [h:“L} - (4.41)

In the limit @ — 0, this expression reduces to jg(gl)(s, z, 1) found in Eq. (2.33) of
Ref. [2].
Finally, the divergent terms of Jy,(7,, 2, 1) are
1 aTr1

1 T (Tas 2, 1)
—_— - 4.42
w2 2(2m)3 w? 27 65<Ta>qu(z) ’ ( )

and the finite terms are

ijglI(Tay Z,//J) - OZSTRL{ 1 |: 1 } qu<z> + 5(Ta)22(1 _ Z) (443)

w2 20273 2m W) 1—a/2 |7,

1 —1a/2 i (zlzl_jt(l(l_j)zl)_l) o (Z_Z) ] } ’
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where P, is given in Eq. 1} and the expression reduces to jg(ql )(s, z, 1) of Ref. [2]

as a — 0.
4.4.4  Summary of Perturbative Results

We can parameterize our perturbative results for J;;(7,, 2, it) as

\7ij(7—a727:u)
gt el §55(1 — 4.44
2(27‘(’)3 52]5( Z)é(Ta) ( )
Qg ij ij 1 lnTa
+ Tiyo [l (2, m)a(ra) + ¢ (2, ) (= )+ eadid(1 = 2) ]
2m Ta) 4 To /)4
(4.45)
where the coefficients are given by
ij l1—a/2 pooT ij
COJ(Z,,M) = ﬁéwé(l - Z) |:hl2 E - Ei| + CJ(Z)
2 1—-a
_ L 1 1—=2 1—a
— P | In— In |1 i — 1 In(1 —
J? nw2+1_a/2n< +( 2 > ) (51 )1_a/2 Il( Z)]7
Az, p) = — 2 9;0(1 z)ln’u—2+ 1_a]5
T\& R = “ w2 1—a/2" "’
2
= 4.4
2T U—a)(1—a/2) (4.46)
with
l—a In(1 — z)
W(z)=1— 1+ 22%) [ ——=
c?(z) Z+1—a/2( +z)( 1= )+,
99 () = l1—a 2(1—z+2*? (In(1—2) |
1—a/2 2 l—z ),
c(z) =z,
A z) =2z(1 - 2), (4.47)
Having already discussed how our results for J;;(7,, z, 1) satisfy
lim 7, (. 7. 1) = & T3y (5.7, ). (4.48)
a—
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where J;;(s, z, pt) are the matching coefficients for measured jet invariant mass found
in Ref. [2], we can perform one additional consistency check of our results by verifying

that

Ji(Tas 1) = ﬁ > / 0z 2 Jig(ar 2, 1) (4.49)

This describes the sum-rule relating the J;;(7,, z, #) and J;(7,, 1), the jet functions
for measured jets as calculated in Ref. [I]. We begin by checking the quark jet case

where we see that

Jo(Ta) = @;/{) dz z J4j(Ta, ) (4.50)

1 1

= 557 | 2 (e 9) + T (72,2) (451
1 1

= 557 | 22 e ) + Tl 1= 2) (4.52)
1 1

Note that the last line is obtained by taking z — 1 — 2z in the second term of
the second-to-last line. Putting Eq. (4.33)) into this integral, we recover the J,(7,)
calculated in Eq. (3.35) of Ref. [113].

For gluon jets we find that

1

1) = 3m / 02 2 (T (7r2) + Togl(7ar 2))

1 ' Tgg(Tas 2) + Tgq(Ta, 2)
= m/o dz 5 , (4.54)

where in the second line we used that J,,(7,, z) and Jyq(74, 2) are both symmetric
under z — 1 — z. To verify the sum rule in these cases, we backtrack the calculation

of J,4 and Jy, to their d-dimensional expressions before taking the expansion in
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€ = (4 —d)/2. We then find

ijgg(Tav Z?“) _ i 47TM2 ‘ CAas 1 1 (Za—l + (1 . Z)a—l)i—‘a
w?  2(2m)3 w2\ w? 2r T[1—¢€1—a/2
1\ 2 21—
X (—) ( G (1=2) +22(1— z)>
Ta 1—2 z
/Y N L T
w2 2(2m)3 w2\ w? 2r T[1—€¢1—a/2

x (%)HQ_ (1— 1i€z(1—z)) .

By then putting these two expressions into Eq. , we recover the integral expres-
sion for the d-dimensional J,(7,) found in Eq. (4.22) of Ref. [1]. Our perturbative
results for J;;(7,, 2, ) are independent of R, the jet size parameter. These effects
could be explicitly included in our calculations using a Heaviside-© function to im-
pose the phase space constraints required by a given jet algorithm. However, Ref. [I]
showed that terms dependent on the jet-algorithm for cone and kp-type algorithms
are suppressed by powers of 7,/R%. In our study where 7, ~ 1073 and R ~ 0.5, these
terms are negligible. This suppression makes sense physically, since for very small 7,

the particles in a jet lie essentially all along the jet axis.

4.5 Transverse Momentum Dependent FJFs (TMDFJF)

4.5.1 TMDs € Collinear-Soft Modes

Our next goal is to extend FJFs to transverse momentum dependent (TMD) ob-
servables. TMDs have seen extensive recent developments in EFT literature such as
Refs. [114-122] and they offer promising new techniques for studying jet substructure
and hadron production. In SCET, TMD parton distribution functions (TMDPDF)
have been applied to the study of Higgs production at small transverse momentum

at the LHC [122-127].
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In this section, after motivating the definition of the transverse momentum de-
pendent fragmenting jet function (TMDFJF'), the matching coefficients J;;(p , 2, i)
for these TMDF JFs onto FFs are calculated. TMDFJFs will be dependent on the
jet energy E; = w/2, the fraction z of the jet’s momentum carried by the identified
hadron, and the transverse momentum p” of the identified hadron relative to the jet
initiating parton ]

The key difference between the definitions of the TMDFJF and the angularity
FJF arises when we identify the relevant momentum modes. As we discussed in
Section [3.4.3] an additional collinear-soft mode must be included when studying
TMDFJFs because the scaling of the transverse components of soft and collinear
modes are of the same order. This mode describes soft energy modes that are collinear
to the drection of a jet. First introduced in Ref. [98] and further studied in works

such as Ref. [99] this collinear-soft mode has the following scaling
collinear-soft: pt ~ w(Ar,A\/r;\), A=p,/w

collinear: p* ~ w(A? 1, ), (4.55)

where r = tan (R/2) for jet cone size R. These new collinear-soft modes can be
systematically included using the SCET, formalism, whose modes are illustrated in
Fig.[3.6] Originally constructed to study jets that are close together, SCET is one of
several extensions of SCET that have additional hierarchies of well-separated energy
scales and layered phase space regions [98] 99, 120, [128]. As we did for angularity
FJFs in Section [£.4] we will extend the definition of FJFs to a different observable (in
this case the transverse momentum p ) and calculate the the matching coefficients
onto FF's at one-loop. The TMDFJF will then be applied to quarkonium production
in Chapter

2 In the context of this work, the direction of the jet initiating parton will always correspond to
the direction of the jet axis.
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4.5.2  Definition & Factorization

In the following sections we will perturbatively calculate the matching coefficients
jl-j(p}i,z, 1) to one-loop order. In order to properly connect the TMDFJF with
definitions of TMD Fragmentation Functions (TMDFFs) in the literature, let us
first re-write the FF from Eq. using the delta function identity

Oy 0D ) = 0w —p7). (4.56)

We can then write the quark FF as

Do) =+ 50000 = b — i) T [ SO XA RGO 0)]

Y

X__ph

(4.57)
where 1(z) is a QCD quark field. As defined in Ref. [129], the TMDFF can is given
by

Dt )—1/—0%L Zié(w— X~ D)
q bi,z 1) = > (27’(’)2 ~ QNC Px — Py

(4.58)
T [2 00,0, )X BOXRIFO)[0)]
where it is related to the traditional FFs by
[ @t Dhtwt 2 = Dl (4.59)

In this expression, p” is the transverse momentum of the hadron h with respect to
the direction of the original fragmenting quark. We will enforce that the axis of
the jet coincides with the direction of the jet initiating parton. In the context of
TMDs, we assume that all out-of-jet radiation has ultra-soft scaling. All soft-scaling
radiation will be inside the jet radius. We note that the TMDFF can also be defined

for measurements of the transverse momentum with respect to other axes such as
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the winner-take-all axis [I30]. Taking the collinear limit of Eq.(4.58]) and matching

onto SCET fields yields an operator definition of the quark TMDFJF

lem 1 .
G py, 2, p) = ZQN 5(pxn, )0 (pL + PT)

(4.60)

< T [2 018, px @ )1 X8) (X1 0)10)].

where we define z = E,,/E; and | Xh) to represent a collinear final state hadron h

and any other particles X that are within a jet. In Eqgs. (4.57)) and (4.58)), the states

| X'h) were completely inclusive states. Once again, the index (0) indicates that the
field has been decoupled from the ultra-soft modes through BPS field redeﬁnitionsﬂ
as shown in Eq. . In Section , we show that the the expression for the
TMDFJF given in Eq.([4.60) is closely related to the FJF introduced in Ref. [107]
and in Eq. above.

Because we are measuring the p” , the TMDFJF must include collinear-soft (csoft)
modes in addition to collinear modes. As discussed in Ref. [I128], these contributions

can be made explicit by performing a matching of our TMDFJF onto SCET, fields

1 1
Gy(pu ) = CLNCHI 3 500 (o + )

< T [2 {018, V] O 0)XB) (XKD OV 0)]0)]. (1.61)

where

VO(z) = Z exp (%n : AS?)CS(I‘)) , (4.62)

are Wilson lines of csoft fields and C'; (1) are matching coefficients from the matching

of SCET; — SCET,. We now perform a second field-redefinition (analagous to

3 While previously we dropped the (0), we leave them in explicitely here for the moment. They
will subsequently be dropped after a further field re-definition is performed when we re-factorize
(i.e. performa an additional factorization of) our TMDFJF.
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the BPS redefinitions used above) as done in Ref. [98]. This procedure completely
decouples purely collinear fields AY and X%O) from csoft gluons from the csoft gluons
via

le—m 1 _
Gy (Ps2, 1) = CLWC (1) Y 53700, )0? (1 + PT)
X C

x Tr % (016, 5V @ OUL(0)x(0) [X k) (XK X PO 0)UF (0) V¥ (0) 0) |

where the Wilson line U, (x) is defined as

U;; 0) ([L’) — ]P’exp (Zg/ dsmn - A,(S)cs(ns + $)) . (464)
0

In these equations, the superscript (0, 0) denotes that a field has been decoupled from
both ultra-soft and csoft modes. Now that collinear, csoft, and ultra-soft operators

have been factorized, we can perform a similar factorization of the states
| Xh) — | Xuh) [ Xes), (4.65)

where X, are collinear particles, and X, are csoft particles. We also separate

%: = >y (4.66)

XTL XCS

P, +pY) = sP(p.+p +pl). (4.67)

This allows us to factorize the TMDFJF into
Go(p, 1) = Hy() x | Df &1 Se|(py.2.). (4.68)

where H, is proportional to the square of the matching coefficient and Dg and S¢
are the purely collinear and csoft functions, respectively, of SCET . They are given
by

H.y (i) = (2m)2N, CL(1)C (1), (4.69)
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1

n

1

] i
3 005, )0 () T [5 (018, X (05 (P + pD)| X )

X (XahlXa(0)10)], (4.70)

Sept) = 1 30T [OV 0T, 006 (Py 4+ pI)|Xea) (Xl U 0)V2(0)10)] - (471)

Xes
Note that the trace is taken over both Dirac and color indices in D(}; (p¥, 2), but over
color indices only in Sc(p?). Now that our expressions are completely factorized and
collinear /csoft /ultra-soft modes are clearly distinguishable, we drop the (0) and (0, 0)
for notational convenience. Let us define the notation ®, to represent a convolution
in perpendicular components

d°p/ / /
D@1 Selo,) = [ G Dhp —pL)Se(rl) (4.72)

This procedure also holds for gluon FJF's

1 w _
Dy(Pis2 1) == g ) (D 1)5<th;7~)5(2)(pl +pY)
X C

x (010,58, (0)8P (PL" + pD)|Xh) (XKIBLT(0)]0),  (4.73)

where iD,,, = P! + gA" is the standard L-collinear covariant derivative in SCET

and

B! L (y) = g W ()i Do Wa(y)] . (4.74)

is the collinear gluon jet field. In these completely factorized expressions, DI contains
all of the information about the identified hadron h while S¢ and H, depend only on
the initial parton i. Having identified the purely collinear piece D!, in the limit p, >
Aqcp, we can (in analogy with the purely collinear angularity FJF) further factorize

D! into the traditional FFs and perturbatively calculable matching coefficients that,
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this case, depend on p,; but do not depend on the identity of the hadron h,

ld.’L’ z AQCD
D;‘ L, 2,V :/ — Ti; Lz, u,v) D (2, + (’)( Q ) 4.75
(b2 mv)= | Tyerwmn)D (2n) oE) )

Note that this expression depends on a paramter v, which is a dimensionful scale

analogous to p that will be defined in the next section.
4.5.3  Perturbative Calculation of TMD Matching Coefficients

The calculation of the matching coefficients J;; at one-loop will once again require
the evaluation of the diagrams shown in [1.4] and for the quark and gluon TMD-
FJFs, respectively. We note that these coefficients are directly related to the Z;
in Refs. [120, 122] (through the substitution Z;; — J;;), which were matching co-
efficients between TMDPDFs and standard PDFSE| In order to regulate rapidity
divergences that arise when measuring p" with respect to the jet-axis, we use the
rapidity regulator formalism developed in SCET in Refs. [122] [134]. This is done by
first modifying the collinear and collinear-soft Wilson lines

2 = —n
B gw’ |n-Py| "
W, = E exp (_n B o A,

perms

gw |n- Pglfw _
Vo = Z exp | —— 5 Apes | (4.76)
perms

with similar modifications being made to U,. Here we use a regulator 7, a book-
keeping parameter w (which we will ultimately set to 1.), and a new dimensional

parameter V.E| The dependence of our results on v should, of course, cancel amongst

4 We also note that there exists a more general analogy between the relationship of FJFs to FFs and
the relationship of so-called beam functions to PDFs. Beam functions are the the subject of current
research in SCET and have been studied in a variety of works including Refs. [120] 122, T3THI33].

® Note that this formalism is similar to dimensional regularization (DR), with , w, and v playing
the roles of the parameter ¢, coupling g,, and scale g in DR. In this case, however, w is not a real
coupling but merely a calculational tool.
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the terms in our factorization theorem. This will be demonstrated in Chapter [5 For

the quark-quark case we find for the purely collinear piece

20y eVE€ vt 1 M2 I+e
Dq,bare,(l) _ QWU p (_) =
q (pLVZulu?V) T F(]_—E) w 27r,uQ pi

a,w?Cp

(1 —¢)( l—z)}

{[— <——5 (pL)—i_ﬁO(vaN))

2
n
( ( ) ) >}5<1—2>—§qu<z>6<2><pu

+ ( 5(1—2)In (:2) + Pyl )) Lo(p3 %) + a0 (p1) }

™

+ 0, €),
where c4(2) = (1 — 2)/2, the superscript (1) indicates an O(wg) contribution, and
quantities are renormalized unless notated as bare. We write plus functions in the
following form

Lot = st (B) = s (S weest)) - )

2mp I 2mp? \ p n

The matching coefficient is then calculated using

Ty, 2z p) =DV (py, 2 p) — DIV (z, 1) (p,), (4.78)
where
(1 . OéSCF 1
DM (z) = — . qu(z)%, (4.79)

and where we interpret the 1/¢ pole as being IR in origin. The matching coefficient
is given by

TP sz p,v) = 8P (p1)o(1 - )

0. (4.80)

{(s0=2m () + Pulo)) oot i) + el 00}

™
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Once again following the procedure of Sec. @, the quark-gluon coefficient 7, is

found by replacing z — 1 — z and dropping all 6(z) and plus-function prescriptions

QSCF

Tag(P1, 25 1, v) = {qu(z‘)ﬁo(pi, MQ) + cqg(z)5(2)(pL)}, (4.81)

7

where cy4(2) = ¢4q(1 — 2) = 2/2. For the gluon-gluon case we find

Caw? " vy 1 2\
Dosbare,(1) _ Qs (_> L
g (pL,z,u,V) T F(l—ﬁ) W 271_“2 pi
z (1—2)
x 2 [(1 ot - z)} (4.82)

Performing an expansion first in  — 0 and then in € — 0 yields

. a,Cw? 1
Dy (p,, 2, i, v) = S - 60, )+ Lo(p? )]

<[~ 2502~ (”—Z) 31— 2) + Pyy(2)]

n w
a,Caw? 2 1
== {[- ; <—§5(2)(m) +£o(pi7u2))
1 v? 1
+ 5 <ln (E) + 550) 5 (pL)]é(l —2)
1 2) Z 5 2 2
— 5 P00 (1) + (=001 = 2)In (=5 ) + Pyl2) ) Lo(pl i)}
(4.83)
The corresponding FF' is given by
1
D3) = (1~ 2) =S4 () 4 (), (4.54)

where the 1/e is an IR pole. This yields following for the matching coefficient

Toai o) = 89 )501 =)+ 8 (502 () + £2)) Lalo )

™

(4.85)
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Performing a similar calculation for the gq channel yields, for the purely collinear

piece of the TMDFJF

1+4€
,bare, aSTFMZ err 1 ILLZ D
Dg (1)(pL727:U’7 V) - T F(?—G) 27_(_#2 E X (qu(z) _6)

o Trw? 1 - ~
= L P(20P (P L) + LolD2 1) Py () + (216D (p1) |,
(4.86)
where cy4(2) = 2(1 — z). Matching onto the FF given by
a1 1
Dg(2) = - Fqu(Z)Q_e +0(a3), (4.87)

results in the following matching coefficient

CVSTVF

{€o0. 1) Pog(2) + (2052 (p1) }.

(4.88)

‘79‘1(va 2y My V) = 5(2)(191_)5(1 - Z) +

4.5.4  Summary of Collinear Perturbative Results

The renormalized TMDFJF matching coefficients can be written generically as

\.7ij(pj_> 2R l/) = 61]5<1 - 2)5(2) (pj_)
o1 w? . 2 2 (2)
+ 2 (5500 =) (25) 4 Pate) ) £old, %) + (2000 p,), . (4.89)
with
1—=z2
2

Cgq(2) = , Cog(2) = %a Cgg(2) =0, cgq(2) = 2(1 — 2), (4.90)

where Ty, =Ty = Cp, T,y = Ca, T,y =Tp, 7, =3/2 and 7, = [y/(2C4). Writing

the convolutions of the FFs with the matching coefficients in z we find for the purely
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FI1GURE 4.7: Real gloun emission diagrams that contribute to the collinear-soft func-
tion S&(p ., 2, 1, v) at O(ay). The gluons passing through the shaded oval indicate
they are contained within the phase-space of the jet.

collinear function
2

21_ 2
DHD?, 2, 1,v) = DAz, w)6@(p ) + 2 [TuDh (2, py i (20
i 1 2 i 1 T i

 fen (]| Lo, 1) + £ (2060 ()} (401)

where

fen(zm) = > {0 / lld"”x[xx)D? (Son) =20 (o) |

+(1-d)T; [ by (Cu) ) s

with p,(z) = (1 + 22)/z, py(x) = 2(1 — x + 2?)? /2? and

i z
chD Z M Z,‘T’LJ/ Cij x>D;L (_7/1’) ) (493>

4.5.5  Perturbative Calculation of Collinear-Soft Function

Calculating the collinear-soft function requires, at one-loop order, the evaluation of
the diagrams shown in Fig. where the real gluon is found in a jet defined by
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a cone or kp-type jet algorithm with jet-size parameter R. Similar soft functions
were calculated for global soft radiation in Refs. [122] and [124] at NLO and NNLO,
respectively in order to study the transverse momentum spectrum of Higgs decays.
The two diagrams in Fig. [4.7] evaluate to the same expression and summing their

contributions yields

i, B(1) 2 o (€, /dk;*dk:dd%L
= — ; 4.94
50 = ot () v [ (1.99)
2 21 5(2)
W ) O
s 207; YEE n 1 1 2\ l+etn/2
R 2 LR . (4.95)
m D(l—€) \pn/ n2mp \p7

Here, ©,, represents the application of a jet-algorithm, a set of Heaviside-theta
functions which restricts particles to be within the jet radius R. We also use r =

tan(R/2), and C, = Cp, Cy = C4. Expanding in 7 and subsequently expanding in

e we find
i a,w?C; (2 1
SeP(py ) =6P(p,) + - {5 (—2—65(2)(1)0 + Eo(pi,u2)>
(2) 1 1 G 2 2 1 2 2
+69(pL) 5z Tl s — Lo(pL, 1) In ) + L1(p1, p1°)
m (2)
— 599} (4.96)

Having expanded both the collinear and collinear-soft pieces in 1 and e, we can
now set the bookkeeping parameter to w — 1 and calculate the MS renormalized
collinear-soft function

SiC’R(Pp pv) = 5(2)(I3L>

Qg Cz

™

2 (4.97)

5221“_2_52215(2)
0(pJ_7/’L ) n T2V2 l(pJ_7/’L >+ 24 (pL) .
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Using the regulators outlined above, contributions to S¢ from virtual gluon emission
diagrams (not shown) are scaleless integrals that can be set to zero and all divergences
are interpreted as being UV in origin. ﬁ

Having now defined the TMDFJF and performed a NLO perturbative calcula-
tion of the matching coefficients J;;(p,, 2, p, ¥) we will, in Section , resum the
TMDFJF to NLL order. Using standard Renormalization Group (RG) and Rapidity
Renormalization Group techniques to resum potentially large logarithms of the p |,
we will perform a comparison of the TMDFJF with Monte Carlo events generated

in Pythia.
4.6 Alternative Definition of TMDFJF

As an alternative to defining TMDFJFs from the definition of TMDFFs, we can
derive the TMDFJF's from a factorized cross-section in SCET that is differential in
the energy fraction, z, of the jet’s energy carried by the identified hadron and the
hadron’s transverse momentum p” with respect to the jet’s axis. Ref. [I] showed that
the cross-section for ete™ — dijets can be, for jet functions where a jet substructure

observabled is not measured, factorized according to
do ~ do® x Hy(p) x Sa(p) x Ji(w, 1) X Jh(w, ) , (4.98)

where do® is the Born cross section, Hy(y) is the hard function found from a match-
ing calculation of a 2-jet operator in QCD onto SCET operators, and J,(w, i) is a
jet function that describes radiation collinear to a jet direction n. This jet (which
will contain the identified hadron h) carries energy F; = w/2 = E,, and we restrict

the radiation found outside of the jet radius R to be ultra-soft E,; < A. The jet

6 Although not shown here, we explicitly performed the calculations using an alternative set of
regulators where the virtual diagrams are not scaleless. When using a gluon mass, rapidity regulator,
and a dimensional regulator (where the virtual diagrams are not scaleless) IR divergences properly
cancelled and the result was identical to that shown above.
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function can be written as

T = [ G [t ke 25T | 006 do @)% 0)10)

(4.99)
In order to study jets that contain identified hadrons, let us consider the following

instantiation of the identity

1= =3 ) / ded” pﬂXh (o ) (Xh(z P (4.100)

X heH;

The states ‘X h(z, p’i)> describe hadrons h and any other particles X where h carries
an energy fraction z of the energy and has transverse momentum component p” with
respect to the sum of the momenta of X and h. We then sum/integrate over z, p,,
particles X, and identified hadrons h of species H; with the appropriate phase space

and combinatorial factors. Putting this identity into the jet function we find

dzd? dk+t
JI(w, ) Z/ - pL/ /d4 exp(tktz™ /2)NC

heH,;

x ZTr[ (018, dop. X (@) | X (2, BL)) XDz, 1) [Xa(0)[0}].~ (4.101)

Performing the integration over = (the Fourier conjugate of the residual momenta)

and k* yields

J(w, 1) Z /zdzd P Gyn(Py, 2 1) (4.102)

heH;

If we put this expression into Eq.(4.98) we find that

do = Z /ZdZdZPJ_ do' Hy (1) x Sa (1) X Gyn(P 1y 2, 1) X J3(w, i) (4.103)
heH;
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This implies that we can write the differential cross-section do*/"/dzd?p, for the

specific identified hadron h as

dO’i/h 0 = A Ag)CD
——— = do O Hy (1) X Sa (1) X Ggpn(p 1, 2, 1) X S (w, 1) +O ) (4.104)
1

This shows that the replacement rule

do.i/h

dedp, J'(w, 1) = Qi/h(pbz,u)} (4.105)

holds when the transverse momentum of the identified hadron is measured.

111



5

Applications to Quarkonia in Jets with
Comparisons to Monte Carlo & Data

5.1 Introduction

Jets and heavy flavor production are high priorities at modern collider experiments
as they provide critical tests of our understanding of QCD. In this chapter we explore
the application of the FJF formalism introduced and developed in Chapter |4 to the
production of heavy mesons and quarkonia. Our goal is to understand whether we
can gain a better understanding of quarkonium production by studying how .J/v are
produced inside jets where the substructure of that jet has been measured using FJFs.
Since FJFs can be matched onto specific FFs, this approach offers an opportunity
to use jet substructure techniques to better understand fragmentation.

In Chapter [2], we introduced NRQCD, the modern theory of quarkonium produc-
tion. While the study of quarkonium is difficult because of the multiple disparate
energy scales involved, we explained how NRQCD provides a formalism where the
FFs for the J/v can be calculated perturbatively at the scale m,,,. Ref. [12] cal-

culated the FJFs for the J/¢ production mechanisms that, according to NRQCD,
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should dominate at high transverse momenta. They showed that the dependence of
these J/1 FJFs on z, the fraction of a jet’s energy carried by the J/1, and that jet’s
energy F, could discriminate between the different J/v production mechanisms. This
insight showed that FJFs could be used to develop a powerful new set of observables
for testing the theory of quarkonium production.

This chapter will be organized as follows. In Section [5.2] we will calculate a NLL’
resummed cross-section for efe~ — bb — dijets where one of the b(b) subsequently
fragments into a B meson and the angularity of the the jet containing that B is
measured.ﬂ Using the J;;(7,, 2, 1) calculated in Chapter 4 and a phenomenological
B-meson FF extracted from ete™ data, we will study the z and 7, dependence
of the cross-section. We will then compare our analytic results with Monte Carlo
simulations from Madgraph [I35] + PyTHIA [136] and Madgraph + Herwig [137]. In
both cases, we find reasonable agreement in both the z and 7, distributions, giving
support to the angularity FJF formalism for calculating the z distribution and jet
substructure.

In Section , we will study J/¢ production in ete™ — 3 jets events, again
comparing analytic results from a resummed cross-section containing an angular-
ity FJF with Monte Carlo simulations from PyTHIA. While analytic and Monte
Carlo predictions are largely consistent for the substructure, they predict fundamen-
tally different z distributions. We discuss how this discrepancy is due to Pythia’s
unphysical handling of quarkonia in its parton shower model and its inability to
fragment gluons directly into quarkonia in its hadronization model. We describe a
way to reconcile analytic and monte carlo predictions by modifying PYTHIA’s han-
dling of the showering of quarkonium states to make its model more closely resemble

the picture of quarkonium production described by NRQCD. What we call Gluon-

I NLL’ means that the cross-section is resummed using the anomalous dimensions required for
NLL accuracy and one-loop corrections to the jet, soft, etc. functions are included.
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Fragmentation-Improved-PYTHIA brings analytic and Monte Carlo predictions into
agreement.

In Section [5.4] we will study the contributions of different NRQCD production
mechanisms to the overall distributions of the transverse momentum and angle of a
J /1) relative to the axis of a jet. We will do this using TMDFJFs, the extension of the
FJF to transverse momentum dependent measurements developed in Section [4.5] We
will demonstrate that the TMDFJF's have discriminating power between the different
NRQCD color-singlet and color-octet production mechanisms for J/.

Finally, in Section [5.5| we analyze recent LHCb measurements of the distribution
of z(J/1), the fraction of the transverse momentum carried by a J/v within a jet. We
compare the data to analytic calculations using two distinct approaches. The first
approach utilizes the GFIP method where hard scattering processes in Madgraph
are showered using Pythia and the resulting quark/gluon energy distributions are
then convolved with leading order NRQCD FFs. The second approach uses the
FJF formalism where the energy of the jet is measured and the FJF is resummed
to NLL’ accuracy. These two approaches give consistent results and agree with
LHCDb measurements much better than the default PyYTHIA predictions of Ref. [I38].
We perform these comparisons for three different extractions of the NRQCD LDMEs
and show that the data favor extractions from exclusively high transverse momentum
data. The results of Sections [5.2] and show results previously published by the
author and collaborators in Ref. [36]. Sections|5.4|and [5.5|show results from Ref. [37,

38] (also published by the author), respectively.
5.2 b Quark to B Meson Fragmentation in e"e~ — Dijets

As a test of our angularity FJF formalism, we first study ete™ — bb dijet events,
where the b(b) fragments into a jet that contains a B(B) meson. Ref. [I] showed
that, in SCET, the cross-section for dijet events where the angularity 7, of one of
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the jets is probed can be written as

ida

g = ) X S () TV () % |8 (1, ) @ TP (10, )|, (5.1)

where Hy(u) is the hard function, S"™™s(y) and S™(7,, ) are unmeasured and

measured soft functions, respectively, Jg))(,u) is the jet function containing the b
quark that is not dependent on the angularity (e.g. the unmeasured jet function)
and J (T4, i) is the 7,-dependent measured jet function containing the b quark.
Note that we will not explicitly write the functional dependence of these functions
on scales other than the renormalization scale u for notational convenience. At NLO

the unmeasured, 7,-independent functions are written as

as(1)Cr s 1 1w
HQ(M):l—T{g—V‘FIHQE“‘BIDE N
as(wCr [, o > 5 p* 7
unmeas =1 1 A _1 - 52
o (1) L [n aA2 T gA? 3 (5:2)

b as(p)C
TP () =1+ %J&g(u),

where A is a veto on the energy that is not contained within the jets, r = tan (R/2)

and J?

ang(u) is a jet function that depends on the jet-algorithm. This dependence is

given explicitly in Eq. (A.18) of Ref. [I] and must be included for unmeasured jets,
where (c.f. Section there is no suppression of these terms by powers of 7, as was
the case for measured jet functions/FJFs. In the analysis below we will use a cone
algorithm.ﬂ Eq. can be made into a cross-section for a jet with an identified

hadron using the replacement rule shown in Eq. (4.3]) and the factorized form of the

2 So-called non-global logarithms of ratios such as Q7,/(2Ar?) do appear at NNLO in the fixed
order calculation [99] however these logarithms are not needed at NLL’ accuracy and are not
considered here.
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FJF introduced in Eq. (4.4) such that

1 do® 5
i - H Gunmeas JE)
p 2(p) x (1) x J" (1)

2 (5™ (ru ) @ %) * Djn(2).

where o and ® define two different convolutions

and

F(r) ® g(r) = / a7’ f(r — 7)g(r").

(5.4)

(5.5)

In order to perform a resummation of this cross-section to NLL’ accuracy, we must

1. Evaluate each piece of the factorization theorem at its characteristic scale.

This is the scale at which the potentially large logarithms in that function are

minimized.

2. Solve the appropriate renormalization group (RG) equations and calculate

anomalous dimensions for each function.

3. Write down the evolution kernels for each function in order to evolve each piece

of the factorization theorem from its characteristic scale to a common scale pu.

We will choose this scale to be the scale of the hard interaction.

The convolution integrals outlined above must be performed over the angularity

of the measured soft function, 5™, the matching coefficients J;; and the evolution

kernel II. Following the RG techniques outlined in Appendix [C| this process will

involve a convolution over ¢ and plus distributions, for which we use the plus-function
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techniques developed in Appendix D] Using specifically Eqs. (D.6}[D.7)), we can write

the cross-section in the following generic form

d _ 1 da(b) _ unmeas (b)
0(2) = 2T = Hlpr) X 5™ (1) 5 I u3) (5.6)

X Z { ((i}(:??)) [%‘5(1 —2) (1 + f5(7a, prgmeas)) + f;j(Ta’Z"uJ")] * %

X TL(pt, porrs A fgn s Jg,,» hsmeas) } :
+

where the plus-distribution is defined in Eq. (D.3)) E| We define

KZ(II,LJn7 ILLSmeas) = an (ILL7 /JLJTL) + W gmeas (I[]J7/,L8meas)7 (57)

where the functions wy, and wgmes are given in Appendix [C] The expression fg is [I]

2
2

fs(rm) = == + 5 )

+H(-1-Q)

(W) Cp 1 | ptant— &
n
T l1—a wT

(5.8)

and f}j are written in terms of the coefficients ¢/, ¢/ and ¢, defined the previous

chapter in Eq. (4.46|) as

[ ) = Ti-%(céf(z,m ez (T — H(-1-0))

(5.9)

—|— 025Z~j5(1 — Z)(

(In7— H(=1-Q))* +7°/6 — M (-Q)
2 )|

In the above expressions, (! is the di-gamma function and H is the harmonic

number. The evolution kernel IT is written in terms of Kpg(u, o) and wp(u, po) in

3 The plus function symbol outside of the outer bracket indicates that the plus prescription is
applied to all 7,-dependent quantities, including any implicit dependencies arising from any choice
of characteristic scales pp.
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accordance with the formalism introduced in Appendix [C]

e wr (1 F)
T ot fiaobans foas pismens) = [ exp(Kr(p, pr)) (m—) (5.10)
F:H7Jﬁ’5unmeas F

X ! (5.11)
D(=Q(pg,,, prgmess))

e JrwE (fshi)
X H exp(KF(u, MF) + WEWF(% ,UF)) (_> )
F:Jn 7Smeaxs mF

where ur, mp and jr are the characteristic scales of each function. We summarize
our choice of these scales in Table 5.1l

The e convolutions in the energy fraction, z, in the above expressions must be
evaluated numerically. We use the phenomenological B-meson FF extracted from

ete™ data in Ref. [139] for the FF of the b quark into a B meson
Dyp(z, p=my =45 GCeV) ~ 2*(1 — 2)’ with a=16.87, 3 =2.628. (5.12)

The parameters of this FF were determined using a fit to LEP data in Ref. [140] for
the inclusive process e*e™ — B 4 X where x3, ; = 1.495.

We do not give errors on these FF parameters as Ref. [140] provided no errors
associated with the extraction. We also neglect the contribution from other frag-
menting partons for our ete™ collider studies as in Ref. [T40]. At the LHC, gluon
FJFs will play a prominant role since gg — gg dijet events give a significant contri-
butions to the production of jets containing heavy flavor [I0§]. As done in Ref. [12],
these FFs are evolved using the associated DGLAP equations.

Fig. shows the z distributions of do (7, z) for 75 = (1.5, 2.0, 2.5) x 1073
from our resummed analytic calculation (green) and Monte Carlo simulations using
Madgraph + PyTHIA (black) and Madgraph + Herwig (red). For each analytic and
Monte Carlo distribution, the graphs are independently normalized such that the

area is 1. For these fixed 7, plots we use a z-bin of +0.1. Jets are reconstructed in
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do(1,=0.0015, z) do(79=0.0020, 2)

sj\ T T T T
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do(17=0.0025, z)
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FIGURE 5.1: The z distributions for do(r,2) at 79 = (1.5, 2.0, 2.5) x 1073 for
analytic calculations with theoretical uncertainties (from varying the scale u up and
down by a factor of 2) are shown in green. Monte Carlo simulations using Madgraph
+ PyTHIA and Madgraph 4+ Herwig are shown as black and red lines, respectively.

PyTHIA using the Seedless-Infared-Safe Cone (SISCONE) algorithm in the FastJets
package [141] with jet-size parameter R = 0.6. We simulate ee™ — dijet events
at E., = 250 GeV in which each jet has an energy of at least (E., — A)/2 where
A =30 GeV[]

The central line of the green curve in Fig. [5.1] corresponds to the analytic cal-
culation with each piece of the factorization theorem evaluated at the characteristic
scales listed in Table 5.2l The green band shows an estimate of theoretical uncer-
tainty. For the unmeasured functions, this is calculated by varying the characteristic

of the these functions by +50%. For the measured functions, the uncertainty is cal-

4 This is different than simply placing a cut A on energy outside the jets as we do in our analytic
calculations. The difference between these two methods is an O(a?) effect in the soft function, and
thus is beyond the scope of this NLO calculation.
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’ Function (F') H H, ‘ Jb ‘ GQunmeas J (7, 2) ‘ Gmeas (1) ‘
Scale (tp) | Eem | war | 20712 | w, 7/ (1 — 2)0-0)/C=a) [ 7 /p1-e
mg w | wpr | 2ArY/? W, wp /71
JF 1 1 1 2—a 1

Table 5.1: The characteristic scales of each piece of the factorization theorem shown
in Eq. (5.1). The scales minimize potentially large logarithms in each function.

culated using profile functions [83] [133] [142]. Profile functions provide a systematic
way of introducing a scale variation that depends on the value of the angularity.
This allows us to avoid poles in the 7, distributions by enforcing that angularity
dependent scale freezes at the characteristic scale for high values of 7, (where the
factorization theorem breaks down anyway) and at a fixed scale for small values of 7,
(where we reach the non-perturbative regime). This method of estimating the theo-
retical uncertainty is used throughout this work. Additional details on these profile
functions are provided in Appendix [D] By using the following two plus-distribution

integral identities

/Zld_;<1ix>+f (9 - /Z1 du 1ix<§f (%) —f(2)> + f(z)In(1 - 2), (5.13)

and

[FCEED) ()= [ae 2 G () - @) s -,

we can re-write the convolutions of the D(z) with f}j (1,2, 1) as

1 2r

Tij as (1)

f3(7,2,1) @ D(2) = 8y fi(7, 2, 1) D(2)

. / r fare) (2 o p (2)) (5.15)




where

o [ 1 -
fo(r, 2, 1) =21 <MJ(T>Z)> +1—a/2H< 1-9Q), (5.16)
with
1y, 2) = wrl/ @) (] _ p)(-a)/@2-a)
1—a/2 2 a(l—a/4) = 1 1
flrzm) = 5=, (fQ(T’Z’“)> Mo -a26 0-a0- a/2)¢( (-0,
(5.17)
Cgq(2) = 1;Z7
Cge(2) = 0,
CQQ(Z> - 2<1_Z)7
Cg2) = 1,
and

fx)og(x) = f(z)g(x),
[f(@)(h(z))+] o g(x) = h(z)[f(z)g(x) — f(1)g(1)].

Fig. 5.2 shows the differential cross section as a function of z for fixed 79 where the

measured jet characteristic scale is chosen in two different ways
(Orange Line) — (1) = ps(1,2 = 0) = wrt/*-9 (5.18)
(Green Line) —  puy(7, 2) = wr/Z-9(1 — z)(1-0)/ (=) (5.19)
where the orange plot is calculated with a scale independent of z and the green plot
is calculated with the same characteristic scale choice as the green band in Fig. |5.1

that depends on z. Fig. clearly shows that the choice of a z dependent scale

(T, z) gives smaller estimated errors near the peak of the z distribution.
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do(1¢=0.0015, z2) do(19=0.0020, z)

;s | . 1 ot F—E— M L M. ]
0.2 0.4 0.6 0.8 1.0 Z 0.2 0.4 0.6 0.8 10 z
do(19=0.0025, 2)

: B NLL (ua(r, 2)
] B NLL (iy(1))

0.2 0.4 0.6 0.8 10 z

FIGURE 5.2: Analytic results for the z distributions of do(m,z2) at 7n =
(1.5, 2.0, 2.5) x 1073, The orange curve is calculated using characteristic scale
for the measured jet function does not depend on z whereas the green curve uses a
scale that does depend on z (as in Fig. [5.1)).

In Fig. |5.3| we present the results for the 7y distributions of the differential cross
section do(7,, 2) for z = 0.4, 0.6, and 0.8 where we use a 7, bin of 2 x 107%. The
colors and normalizations are consistent with those used in Fig. Notice that for
high values of z the 7y distributions are shifted towards smaller values. This makes
intuitive sense and was expected, since the majority of the energy of the jet in the
z — 1 regime is carried by the B meson resulting in more narrow jets. Figs. 5.1
and show that our results are consistent (within the uncertainty bands) with
Monte Carlo simulations, whose uncertainty can be roughly estimated by taking the
the difference between the PYTHIA and Herwig predictions. Ultimately, this study

of ete™ — bb — dijets gives us confidence that NLL’ resummed analytic calculations
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do (7o, z=04) do(tq, z=0.6)

250
150 :
200}
1001 ] 150
100+
50+ [
50f
0 1 1 1 0’, ““““““““““
0.000 0.005 0.010 0.015 0.020 Ty  0.000 0.005 0.010 0.015 0.020 7,
do(tq, z=0.8)
700 ‘ ‘
600"
500F
F Pythia
400} y
300% H Herwig
200+ NLL' (py(7, 2))
100}
ot : :
0.000 0.005 0.010 0.015 0.020 Tg

FIGURE 5.3: Angularity distributions of do(7,,z) for a = 0 at z = 0.4, 0.6, 0.8.
Analytic results are shown as green bands. Monte Carlo results are shown as black
lines for Madgraph + PYTHIA and red lines for Madgraph + Herwig.

using the FJF formalism can reliably be used to calculate both the substructure of
a jet as well as the distribution of an identified hadron’s energy fraction within that

jet.
5.3 Gluon to J/9 Fragmentation in ete™ — 3 Jets

In this section, will use the FJF formalism to calculate an NLL’ resummed cross-
section for ete™ — 3 jets where one of the jets, whose angularity is measured,
contains a J/1 produced via gluon fragmentation. We will compare these results
with Monte Carlo predictions, discuss key discrepancies in the z distributions, and
show how modifications to PYTHIA’s method of producing J/v can bring its predic-
tions of the z distributions into agreement with analytic predictions calculated using

FJFs. In order to calculate a true physically observable quantity, we must include
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contributions from all types of jets fragmenting to J/v¢. However, we expect gluon
fragmentation mechanisms to dominate at high pr at hadron colliders. It is theo-
retically possible to isolate gluon-initiated jets using jet substructure or B-tagging
techniques in processes such as ete™ — bbg. The NLL’ resummed cross-section for

this process can be written as

1 dg(g) unmeas b b
oodrds Hj(pg) xS () x I (pg,,) x IO (p,,)
O(7a) ; Di s yp4(25 1)
X Z{ (m) [6915(1 - Z)(l + fS(Ta7 /,LSmeas)) + fkg7 (T(l7 Z, /"LJnS)] [ 62(27‘-)3 3
X TL(ps Jrrs PAs P Fy s Ty » fhsmeas )} , (5.20)
Jr

where we define the exponent (2 as
Q = Q(Iujn3 R ,LLSmeas) = an (ILL, ILLJ’I’L3) + W gmeas (IU/J,LSmeas), (521)

and the b-quark initiated jets Jfg) and Jr@ are unmeasured. The fg term is the same
as Eq. l} with the replacement C'r — C'4 and the ff,; are written in terms of céj ,
cij and ¢, given in Eq. . oo is the Born cross section for the process ete™ —
bbg. Our calculation will restrict the final state partons to be in the Mercedes-Benz
configuration in which all three jets have approximately the same energy. We also
require that the jets have energies large enough such that b-quark mass m; can
be neglected. The hard function piece Hs(p) takes the form 1 4+ O(as) where we
do not include the O(as) corecctions which come from the NLO virtual diagrams
in efe” — bbg. Omitting these corrections will affect the overall normalization of
the cross-section, which will not be important for our discussion of the z and 7,
distributions.

As discussed in Chapter [2| the FFs for J/¢ production can be calculated in
NRQCD [60]. Refs. [9, 54, 143, 144] showed that FF's for the various J/v¢ production
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mechanisms can be calculated in terms of analytically calculable functions of as(2m..),
z, and non-perturbative LDMESs to be obtained via fits to data. Recall that NRQCD

dictates that J/1 production consists of the perturbative creation of a ¢¢ pair in a
color and angular momentum state n =29+1 L[Jl’B] and the subsequent non-peturbative

evolution of these c¢ into physical, color-singlet J /¢(35£1]). In the leading-power
NRQCD approximation, the primary contributions to J/¢ production come from
single parton fragmentation into color-singlet ?’SP, and color-octet 15([]8}, 3S£8], or
3P}8] modes.

In Chapter 2], we discussed several different extractions of the LDMEs that have
been performed in the literature. In this section, the LDMEs are taken to be the
central values from the global fits performed in Refs. [14], [15], which are quoted in
Table Recall that, in NRQCD, color-octet mechanisms are suppressed by a
factor of v* relative to the color-singlet mechanism where v is the relative velocity
of the c¢ pair and has a typical value of v. ~ 0.3 [60] E| This relative v* suppression
of the color-octet mechanisms is reflected in the numerical values of the LDMEs
in Table . In the gluon FF to .J/1, this relative v* suppression is, however,
compensated by powers of ay in the color-singlet channel. The leading color-octet
contributions scale as O(a2) for the 1S\ and 3P channels and O(a,) in the 35
channel. The color-singlet contribution scales as O(a?).

We will now calculate the gluon FJFs for each of the four production mecha-
nisms mentioned above. Each FF will be evolved from the scale y = 2m, to the
characteristic scale of the measured jet p1, (7.) = wra! @) using the DGLAP evo-
lution equations which are solved using Mellin transforms (as done in, for example,
Appendix A of Ref. [12]). For most values of z considered in this section, a z depen-

dent measured jet characteristic scale (as was used for B meson production in the

5 The 351" scales as v3 and the octet mechanisms as v”.
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do (7o, z=0.1) do (7, z=0.3)

120¢ 140F
100 120+
sol 100F
80f
60f
60F
40 40
20’ 20,
O -I O L L L I
0.000 0.005 0.010 0.015 0.020 Ty 0.000 0.005 0.010 0.015 0.020 7,
do (71, z=0.5) do (1o, z=0.7)
1=% -
150 i E 200 i"lr 35,(® 15,(®
sof Nk T e
100+
100’1_'
1
1
50+ -
50*:
1
]
______ 1
O 1 1 . L L1 LTI = 0 i L 1 b L1} 1
0.000 0.005 0.010 0.015 0.020 7,  0.000 0.005 0.010 0.015 0.020 T,

FIGURE 5.4: Angularity distributions of do(7,, z) fora =0at z = 0,1, 0.3, 0.5, 0.7.

Analytic calculations are shown as red (green) bands for the 3S§8) (15(()8)) production
mechanisms. Results from Madgraph + PYTHIA are shown as red (green) dashed
lines for the same mechanisms.

previous section) will not significantly improve scale-associated uncertainties. Since
the z dependent scale also results in negative values for the 3P§8) FF, we will not
use such a scale choice in this section. After evolution, we perform the convolution
D e f7](2) in z with the J;; matching coefficients derived in Chapter

Fig. shows the NLL’ resummed analytic and simulated results from Madgraph
+ PyTHIA for the differential cross-section as a function of 7 for various fixed values
of z for the 3S§8) (red) and 1S(()S) (green) production mechanisms. We see fairly
good agreement between analytic and Monte Carlo results in the peak regions at
low z and notice some qualitative differences in the tail regions, especially for the
15’(()8) channel. At higher values of z, where the number of final state particles is
smaller, differences in the 7y distributions can be attributed to PYTHIA’s model of

quarkonium production, which we will soon see is unrealistic. As z — 0, we also
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dO'(T1/2, Z=0.5) dO'(To, Z=0.5)
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FIGURE 5.5: Angularity distributions of do(7,,z) for a = +1/2, 0, —1/2, —1 at
z = 0.5. Analytic calculations are shown as red (green) solid lines for the 3558)
(15’(()8)) production mechanisms. Results from Madgraph + PYTHIA are shown as red
(green) dashed lines for the same mechanisms.

see similar 7y dependence in the two analytic distributions. This suggests that at
small z, the jet substructure is independent of the production mechanism. Thus, any
attempts to use angularity distributions to extract the various LDMEs should focus
on the range 0.3 < 2 < 0.7.

Fig.|5.5/shows the 7y distributions for the 1558) and 3S§8) mechanisms for different
values of the angularity parameter a = +1/2, 0, —1/2, —1, shown here without scale
uncertainties so as reduce clutter in the plot. We see reasonably good agreement be-
tween analytic results and PYTHIA. As a is decreased, we also see less discrimination
between the two production mechanisms. Any extraction of LDMEs using angularity
should thus be done with larger values of a, for a < 1 where SCET] factorization

holds, with the caveat that the analytic results are less robust as a — 1 since power
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corrections grow as 1/(1 —a) [95].

In contrast to the angularity distributions, Fig. shows that analytic and Monte
Carlo calculations of the z distributions using Madgraph + PYTHIA yield strikingly
different results, with the Monte Carlo yielding a much harder z-distribution. This
discrepancy is due to PYTHIA utilizing an unphysical picture of quarkonium produc-
tion that is in need of significant modifications. We will describe two approaches to

simulating the production of J/1 in jet events:

1. Default Pythia — Out-of-the-box implementation of MadOnia package of
Madgraph. MadOnia generates color-singlet and color-octet c¢ pairs such as
ete” — bl;cé[g’S?]] hard scale events using NRQCD FFs. These events are then
showered and hadronized into multi-jet events containing .J/t¢ using PYTHIA’S

default handling of onia states.

2. Gluon Fragmentation Improved Pythia (GFIP) — A modification of
PYTHIA that takes hard scale partonic processes from Madgraph such as ete™ —
bbg, uses PYTHIA’s parton shower to evolve the events down to where the gluon

virtuality is 2m, and then convolves the resulting gluon energy distributions

with NRQCD FFs by hand.

We will describe these two processe and their results below in detail. Additionally,
Figs. and show diagrammatic representations of how each of these methods
handles the showering/fragmentation of octet-onia states.

In the default PYTHIA approch, we first use Madgraph to generate ete™ —
bbggeePSV], etem — bbgee['SP], and etem — bbee[PS®)]. Madgraph offers flex-
ibility and control over the selection and phase-space contraints of the hard-scale
process, which makes it easier to use for generating hard processes than PYTHIA.
We restrict our processes to diagrams in which a virtual photon couples to the bb.

This mandates that c¢ pairs plus any additional gluons come from the decay of a
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,1:1, E, =200 MeV

N
O N

FIGURE 5.6: A diagrammatic representation of how default PyTHIA handles the
showering of octet-onia states, via gluon emmissions from a cc state with probability
2P,,(z). This creates an energy distribution that is, ultimately, much harder than
analytic calcualtions due to the structure of F,, splitting function.

virtual gluon. We did not simululate 3P}8) channel events in ete™ — bbg — bbcég
because IR divergences in the matrix elements require much longer running times to
get the same number of events. We then shower and hadronize these hard processes
using PYTHIA. Analysis is done using Rivet [145]. We require that after shower-
ing there are three jets in the event, two produced from the b-quarks and one from
a gluon, which must also contain the J/i. We produce these three-jet events at
E.,, = 250 GeV in the Mercedes-Benz configuration by restricting jet energies via
E;et > (B — A)/3 with A = 30 GeV, analagous to what was done in the previous
section.

During PYTHIA’s parton shower phase, color-singlet J/v¢ do not radiate gluons.
Thus, if one produces a J/v via the BSP intermediate cc state within a jet, all
surrounding in-jet radiation is due to the other colored particles in the event [136,
146]. This causes a large majority of these onia to have z ~ 1. PYTHIA allows the
color-octet c¢, on the other hand, to emit gluons with a splitting function 2P,,(z).
Since P, (z) is peaked at z = 1, the color-octet c¢ pair typically retains most of its
energy after these emissions (c.f. Fig. . This showering model is quite different

than the picture of a resummed analytic calculation.
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In our NLL’ calculation, the FF is calculated at the scale 2m,., then evolved up to
the jet energy scale using the DGLAP equations. Since this is a gluon FF, the most
important splitting kernel in this evolution is P,,(z). The resulting evolved FFs are
not significantly changed if we use only this evolution kernel and ignore mixing with
quarks. Thus our analytic calculation describes a highly energetic gluon produced
in the hard process with virtuality of order the jet energy scale, which then showers
by emitting gluons until one of the gluons, at a virtuality ~ 2m,., hadronizes into
the J/¢ (c.f. Fig. 5.7). Because Py,(z) is peaked at both z = 0 and z = 1, the z
distribution of the J/1 is much softer than the default PyYTHIA prediction (c.f. the
dashed colored lines in Fig. |5.8)).

While PyTHIA allows the user to modify the color-factor in front of the split-
ting functions via “TimeShower:octetOniumColFac” parameter, the splitting func-
tion cannot be changed without fundamental programming changes to PYTHIA’s
parton shower model. In an attempt to soften default PYTHIA’s z distributions, we
changed this color-factor coefficient parameter in PYTHIA for a gluon radiating off a
color-octet c¢ pair from 2P, to C4 P, = 3F,,. While this resulted in a slighter softer
z distribution than the default settings, it still described an unphysical evolution and
was inconsistent with our analytic predictions.

We note that this change did not have significant impact on the 7, distributions.
The 7, distribution predictions of PYTHIA are generally in better agreement with
analytic predictions. The variable 7, depends on all of the hadrons in the jet and is
therefore less sensitive to the behavior of the J/1. This is especially true when the
J /1 carries a small fraction of the jet energy (small z), which can be seen in Fig. |5.4
where the analytic 7, distributions look similar for different color-octet mechanisms.

In an attempt to reconcile the analytic predictions with default PYTHIA’s z distri-
butions, we developed a procedure for modifying PYTHIA called Gluon-Fragmentation-

Improved PyTHIA (GFIP). GFIP aims to make PYTHIA’s picture of quarkonium
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FIGURE 5.7: A diagrammatic representation of how gluon-fragmentation-improved-
PyTHIA (GFIP) handles the showering and hadronization of quarkonium states, by
mimicing our analytic picture of the evolution and fragmentation of a gluon. A hard-
scale gluon is showered down by PYTHIA to the scale ~ 2m,.. The final state gluon
energy distribution is then convolved with the leading-power NRQCD gluon FFs.

production fall more in line with the physical picture underlying our NLL’ calcula-
tion. We generate ee™ — bbg events in Madgraph and allow PYTHIA to shower but
not hadronize the events. The parton shower evolves the hard-scale partons from the
jet-energy scale down to a scale where the typical invariant mass of a gluon is ~ 2m,.
GFIP then convolves the resulting gluon energy distribution with the NRQCD FFs
calculated at this scale, which we expect will soften default PYTHIA’s z distributions
and bring them closer to our NLL’ resummed predictions.

The lower cutoff scale in PYTHIA’s parton shower is set by “TimeShower:pTmin,”
a parameter that sets the minimum virtuality of the particles in the shower before
the hadronization phase is started. GFIP changes “TimeShower:pTMin” from the
default value of p™ = 0.4 GeV to pii® = 1.6 GeV which can be shown to correspond
to a virtuality of roughly 2m.. This comes from the basic kinematics of the parton
shower where one can show that in a basic a — be splitting that (pFin)? ~ z(1— 2)m?
where m is the mass of the fragmenting parton a and p, is the magnitude of the
transverse momentum of b,c. GFIP then obtains a z distribution for the gluons by

randomly choosing a gluon from the gluon initiated jet and numerically convolving
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do(79=0.004, 2) do(1,=0.005, 2) do(7,=0.006, z)
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FIGURE 5.8: 2z distributions of do(7,,2) for NLL’ analytic calculations (colored
bands), PYTHIA (colored dashed lines), and GFIP (solid black lines) for fixed values
of 1o = (4, 5, 6) x 1073,

this z distribution with the analytic expressions for the NRQCD FFs. As illustrated
in Fig. , GFIP’s picture of gluon evolution/fragmentation is much closer to that
of our analytic calculations using FJFs. The black curves in Fig. show that z
distributions from GFIP are consistent with our resummed analytic calculations.

It is also interesting to note that PYTHIA treats radiation off of octet c¢ pairs the
same regardless of the quantum numbers of the intermediate c¢ state. In contrast,
GFIP, like our analytic calculation gives different results for all three channels by
applying the FFs at the end of the parton shower phase. GFIP can also be applied

)

to all four NRQCD production mechanisms including the 3P§8 channel as conver-
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gence issues are absent in this process. As a check of our results, we also tested a
procedure analagous to GFIP for the two-jet events with B mesons discussed in the
previous section. We showered ete™ — bb produced in Madgraph using PYTHIA
with hadronization turned off. We then convolved the resulting b quark distribution
with the phenomenological FF (see Section at the scale 2m;, and found results
for B mesons that are consistent with our earlier analytic calculations.

While GFIP is far from a proper modification of PYTHIA, as we can see from
Fig. 5.8] it shows us that implementing gluon fragmentation (which is not included
in PYTHIA) yields encouraging similarities to our NLL’ resummed calculation using
the FJF formalism. The modifications provide excellent motivation to continue the
development of the FJF formalism for studying J/1 production in jets. Additionally,
GFIP suggests that fundmental changes in how PYTHIA treats heavy quarkonia
are needed and that these changes will yield Monte Carlo predictions in-line with
NRQCD.

A proper modification of PYTHIA of this type is important since GFIP can only
be used to calculate the z distribution. Because hadronization is applied only to
gluons fragmenting into J/v and PYTHIA’s hadronization module is turned off, GFTP
cannot reproduce the angularity distributions discussed above. Additionally, there
are other jet substructure observables such as the transverse momentum of the J/1
relative to the jet axis that should, in light of the analysis of this work, be able to
discriminate between NRQCD production mechanisms. Other observables such as
n-subjettines [86], are most easily calculated numerically using Monte Carlo and a
properly implemented model of quarkonium production using NRQCD FFs will be

needed.
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5.4 Applications of the TMDFJF to Quarkonium Production

In this section, we continue to explore applying the FJF formalism to the production
of heavy quarkonia within jets. Having had success comparing angularity-dependent
FJFs with the GFIP predictions, we now will investigate whether TMDFJFs (see
Section can provide discriminating power between different the .J/v¢ produc-
tion mechanisms in NRQCD. Again, we focus on J/1 produced within jets initiated
by fragmenting gluons, although our results can be generalized to other quarkonia.
Bulding upon the formalism introduced in Section [4.5] we first discuss the resumma-
tion of potentially large logarithms in the TMDFJF via the use of RG and rapidity
renormalization group (RRG) techniques. Note that we will, in this section, not be
computing a full cross-section, but simply the TMDFJF resummed to NLL’ accuracy
while assuming that out-of-jet radiation has ultra-soft scaling. However, as our goal
is to study the p, and z distributions the J/1 in a jet, this should be sufficient.
Each of the diagrams in the perturbative calculation of the collinear J;; and
collinear-soft S¢ pieces discussed in Section suffer from infra-red (IR), ultra-

violet (UV) and rapidity divergences (RD) which are addressed as follows

e TR Divergences — IR divergences in the collinear-soft function cancel when
summing over all diagrams. In the matching coefficients J;;, IR divergences
cancel in the matching of the purely collinear piece D! of the TMDFJF onto
the standard FFs, D}

e UV + Rapidity Divergences — These are regulated using a dimensional
regulator and a rapidity regulator in accordance with the techniques developed
in Refs. [122, [134]. Poles from UV and rapidity divergences are removed by
renormalization, where we introduce the dimensionful scales p (for UV diver-

gences) and v (for rapidity divergences), each of which has their own set of
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evolution equations (RGEs for p and RRGEs for v).

For TMD functions, bare and renormalized quantities are related through the fol-
lowing convolution with the renormalization function Z (where functions are renor-

malized unless notated as bare)

F*™(p,) = Zp(pi, 1,v) @1 F(p L, 1 v), (5.22)

where the function F will be either D! or S and ®, denotes a convolution in
transverse components as defined in Eq. (4.72)). This function satisfies the following

RG and RRG equations respectively

d
mF(vaﬂal/) :’75(“7”) X F(pJJMaV)
danF(pL7/JJ7 V) = 75(pL7,u7V> ®J_ (pL7N7 V)v (523>

where 75 and I are the anomalous dimensions associated with RGEs and RRGEs,

respectively. These anomalous dimensions are defined via

(2m)26@ (p )| x 7L (1v) = =Zp (P 1, v) @1 Zr(pL, i, v)

dln p

_ d
’Yf(pj_aﬁh V) = _ZFl(pJ_nu: V) X1 danZF<pJ_7N'7 V)' (524)

We find that the renormalization function for the purely collinear piece at O(ay) is

2 1

22 (b0 ) =26 (p) + (i)’ Cr{ = 2 (=500 + Lolp i)

b (1(5) +5) %)} (525)

where 7 is defined in Eq. (4.90)). For the collinear-soft piece we find

2/ 1
Z%¢(p ., p,v) =(21)*6® (p,) + (47r)asw20F{ e (—55(2’(1%) + Lo(p?, /f))

()
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Using the definitions of Eq. (5.24]), the anomalous dimensions in y are

asci V2 _ CYSCZ' /ﬁ
75(1/) = (ln (E) + %) and ’y/‘jc(y) = In (—> . (5.27)

T T r2y?

In calculating the 7,, the bookkeeping parameter w plays a role analogous to the

coupling g in the 7, anomalous dimensionsﬁ and has the property

l/%w = —gw, (5.28)

thus yielding
v (P i) = —(8m)asCi Lo(py, 1) (5.29)
%S (1) = +(8m)asCi Lo(p o, 11%). (5.30)

We can show that the anomalous dimensions satisfy

™

OésCi /112 _
T W) + 70 (v) =, = (ln (7%2) + %) : (5.31)
where v, is the anomalous dimension of the unmeasured quark jet function [1] and

Y (P p) +7 (P p) =0, (5.32)

both of which must be satisfied for our TMDFJF's to be consistent with the corre-
sponding jet functions. In order to resum our results to NLL’ accuracy, we evolve the
purely collinear and collinear-soft pieces from their characteristic scales to common
scales in p and v using the RG and RRG respectively. To perform the evolution,
we first take the Fourier transforms of both the RG and RRG equations as done in
Ref. [122]. We then perform the evolution using the RG and RRG in this transformed

space before finally performing the inverse Fourier transform in order to write the

6 Tt is not, however a real coupling, but merely a calculational tool used to ensure that the total
v, is independent of v.
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resummed TMDFJF in momentum space. We first evolve our collinear-soft function
in v-space, choosing the common scale to be v = vp, the characteristic v scale of the
purely collinear part of the TMDFJF (which as shown below vp = 2exp(—7yg)/b).
We then evolve both functions in p-space to the common scale pu = wr.ﬂ

In order to ultimately make our plots easier to interpret, we study the quantity
GM"(py, 2, 1) which is related to the TMDFJF G!(p,, 2, 1) by a change of variables
from vector transverse momenta (p, ) to the amplitude (p; = |p,|). Performing the

evolutions described above we find,

Gl (pL, 2, p) = (2m)? pL/ db bJo(bp1 Use (1, phse, Mse )Up (i, pip, 1)
0
X VSC (b7 Hsq, Vp, VSc)J—:T[Di/h<pL7 Z, UD, VD) ®J_ S’LC(pL7 HSes VSc) ) (533>

where b with b = |b| is the Fourier conjugate variable of p |, Jy is a Bessel function

of the first kind and where

1o wr (#,40)
Ur (1, pio, mr) = exp (Kr(p, p1o)) <m—F) ; (5.34)
M nr (1510)
and Vp(b, pu,v, 1) = (H (b)) where puc(b) = 2exp(—vyg)/b, (5.35)
c

are the evolution kernels for RG and RRG evolution, respectively.

The purely collinear term D! in Eq. is then a convolution of the pertur-
batively calculated short distance coefficients and the standard fFF evaluated at
their characteristic scale (in the case of NRQCD FFs this will again be 2m.) and
evolved to the characteristic scale of the purely collinear term in momentum space,
i = py. Since the FFs are not dependent on the transverse momentum (and thus

not the Fourier conjugate b), their form is fixed in the evalutation of the b integral in

7 Notice that Sc and D have the same characteristic renormalization scale USe = WD = UC-
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Eq.(5.33)). The scales pup, vp and mp for each of the functions discussed above are
given in Table[5.2] Again, additional details on RG and RRG evolution are provided

in Appendix [C] In order to apply the TMDFJFs to quarkonium production, we will

Function (F') | RG scale (ur) | RRG scale (vp) | mp
Disn pc(b) w 1.a.
5 o (h) Oy | wr

Table 5.2: Characteristic scales of the different functions in the factorization theorem.

once again use the NRQCD FFs for the 351", 3519 1 S([)gl, and 3P}8] production mech-
anisms of J/¢. Our goal is to see if the z and p, dependence of the TMDFJF can
discriminate between these different mechanisms.

The TMDFJFs as a function of p; for fixed z = 0.3,0.5,0.7, and 0.9 and jets of
energies £y = 100 GeV and E; = 500 GeV are shown Figs. and [5.10] respectively.
In order to make it easier to view all distributions simultaneously, we have rescaled
the 3S£8], 18([)8], 3P£8], and 35@ distributions, by factors of 10%, 10%, 3.0 x 10° and
4.0 x 10°, respectively in the eight plots shown in Figs. and . Theoretical
uncertainties are calculated by varying the RRG and RG scales vg,, vp, and p by
a factor of 2 and 1/2. The dashed central lines in these plots show the choice of
v =vp = w and pu = wr. Note that while these plots show a range of 0 < p; < 20
GeV, it is important that to keep in mind that our calculations are only reliable for
pL > 2m,. =3 GeV.

Figs. and demonstrate that the TMDFJF does in fact provide discrimi-
nating power between the four production mechanisms. For z = 0.3, all four distri-
butions look similar for both £; = 100 GeV and 500 GeV. The distributions peak
at roughly the same location and they have same slope for large p,. For z > 0.5,
the color-singlet 35{” mechanism and the color-octet 15}[}8} mechanism peak at lower

values of p; and fall more steeply with p, than the SSF;] and 3P£8] mechanisms.
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FIGURE 5.9: The TMDFJF as a function of the p, of the J/v for the
sl 38l 168 3P}8} production mechanisms for jet energies E; = 100 GeV. Theo-
retical uncertainties are calculated by varying the renormalization scales by factors
of 1/2 and 2.

The 3P£8] gives a slightly harder p, distribution than 3S£8] and both are significantly
harder than the other mechanisms. [

In addition to the p, distribution for fixed z, it is also interesting to study z
distribution of the TMDFJF for different fixed values p, (in the perturbative regime).

Fig.[5.11]shows the TMDFJF as a function of z for p; = 10 GeV for jets with energy

8 We note that while the peak regions in the p, distribution for the 3S£8] and 3P£8} distributions
are at larger values of p; ~ 6 — 8 GeV where perturbation theory is reliable, the 35’?] and 15([)8]
peak regions occur at very low p; where perturbation theory is not reliable. In this region, non-
perturbative effects are likely to be important and could affect the shape of the distributions. We
are interested in examining this problem in future work.
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FIGURE 5.10: The TMDFJF as a function of the p, of the J/¢ for the
sl 358l 1608 3 P}g} production mechanisms where the jet energies E; = 500 GeV.
Theoretical uncertainties are calculated by varying the renormalization scales by
factors of 1/2 and 2.

E; =100 and 500 GeV. Large logarithms and non-perturbative effects will, of course,
affect these distributions in the z — 0 and z — 1 limits. However, our calculations
should be reliable for intermediate values of z. We notice that while for z < 0.5 the
distributions have similar shapes, in the range 0.5 < z < 0.9, the shapes of all four
mechanisms are different. This observation is consistent with our study of angularity
FJFs, where there was also more differentiation between production mechanisms at
higher values of z. Ultimately, the z dependence of the TMDFJF for fixed p, can

also be used to differentiate between the NRQCD production mechanisms.
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E; =100 GeV, p; =10 GeV E; =500 GeV, p; =10 GeV
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FiGure 5.11: The TMDFJF as a function of the z of the J/¢ for the
35’{”,35?], 15([)8},3 P}S] production mechanisms, with p; = 10 GeV for E; = 100 and
500 GeV. Theoretical uncertainties are calculated by varying the renormalization
scales by factors of 1/2 and 2.

In addition to studying the transverse momentum distribution, we can use the
TMDFJF formalism to calculate the angle 6 at which J/1 are produced relative to

the jet axis. The average production angle for the J/¢ can be written as

[ 6d6(do/dbdz)
~ [db(do/dodz)

(6)(2) (5.36)

By using the small angle approximation, we can write down a cross-section differential

in z and the average angle 0 via

do 2p1 do
dodz /dpL g ( 2w ) dpidz’ (5:37)

Substituting this into Eq. (5.36|) yields an equation for the average angle in terms of

the differential cross sections in p; and z

2 [dpipi(do/dp.dz)
0)2) = [dpi(do/dp,dz)

(5.38)

In SCET, the cross-section do/dfdz can be factorized into hard, collinear, and soft
pieces. However, the quotient in Eq. (5.38)) will not, in general, allow for the cancel-
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FIGURE 5.12: The quantity f;,]/d}(z) (as defined in the text) as a function of z
relative to the jet axis for each NRQCD production mechanism where the jet has
E; = w/2 = 100 GeV(left) and 500 GeV (right). The .J/v is restricted to have
p1 €[5, 20] GeV in the 100 GeV jet and p, € [5, 60] GeV in the 500 GeV jet.

lation of the non-collinear functions because one must sum over the fragmentation
of different partons in the numerator and denominator. However, if we focus on

studying the gluon fragmentation channel (which as we have discussed is the leading

contribution), the Eq. ((5.38]) can be written as the quotient

2 [dpr piGl(pL,z,p)
(0)(z) ~ 2w [dpy GM(py, 2, 1) = 1a(2) o)

where G"(p., z, 1) is the gluion TMDFJF.
Fig. shows the function f;,]w(z) for fixed z = 0.3,0.5,0.7, and 0.9 where
w=2FE; =200GeV and 1TeV for J/¢ in jets with p, € [5,20] GeV and p, € [5, 60]
GeV, respectively. The renormalization scale is again set to u = wr. The colored
dashed lines show the results of a fit to the function, Cyexp(—zCy). The results of
the fit for Cy and C are shown in Table for each production mechanism at both
jet energies. Note that the typical angles are small enough to justify the use of the
small-angle approximation in Eq. .
Again we see that differences between the various NRQCD mechanisms become
more pronounced as z increases. This shows that the average angle does in fact
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E; = 100 GeV E; = 500 GeV
2S+1L5178] Co C, 2S+1L978} Ch C,
sstl 13.920.92 sl 1375 | 1.68
sgl 1 3.86 | 0.84 36l 1348 1.39
Lol 13.88{ 0.90 L5 13.66 | 1.64
spPl 1375 | 0.74 spfl 1328 | 1.20

Table 5.3: Results of fits of the function log ( f,,(z)) shown in Fig. to the function
Coexp(—z ().

discriminate between the different octet mechanisms. In particular, the slope on the
log plot on the right side of Fig. [5.12] which is determined by the parameter C; in
Table [5.3] differs by as much as 20% between the various NRQCD mechansims for
E; = 100 GeV and and as much as 40% for E; = 500 GeV. Note, however, that

15’(%8] and 35{” give very similar predictions for this observable.

5.5 FJF/PyYTHIA Predictions vs. LHCb Data on J/¢ Production

In early 2017, the LHCb collaboration published the first study of J/¢ produced
within jets in a collider experiment [32]. They found that the distribution of the
fraction z(J/v) of the jet’s transverse momentum carried by the J/¢ strongly dis-
agree with predictions from PYTHIA. As shown in Fig. [5.13 LHCb saw a stark
contrast between data and predictions from PYTHIA, which showed a much harder
distribution in z. Based on the discussion presented in Section [5.3, we know that
this PYTHIA distribution is unphysical due to the way in which onia are created and
showered. In this section, we use versions of the GFIP and FJF formalisms to make
two different improved theoretical predictions of the z(J/1) distribution and discuss

the implications of the comparisons between NRQCD and LHCD results.
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FIGURE 5.13: Differential cross section for prompt J/v¢ production within jets as a
function of z(J/1), the fraction of the jet’s transverse momentum carried by the J/v
produced within it as shown in Ref. [32]. The distribution is normalized such that
the total sum of the bin heights is 1. The plot also shows a leading-order NRQCD-
based prediction from PYTHIA as well as a breakdown of the PYTHIA contributions
into single and double parton scattering contributions.

5.5.1 Method 1: GFIP for LHCbH

We first generate events in Madgraph corresponding to hard-scale processes for charm
quarks and gluons in pp collisions at /s = 13 GeV. In general, we neglect contri-
butions to J/¢ production from non-charm quarks as they are suppressed, either
due to soft gluon emission or by «y evaluated at a large energy scale. We generate
events using the constraints of the the LHCb analysis, where jets are required to
have pseudorapidity 2.5 < n < 4.0, R = 0.5, and pr > 20 GeV. PYTHIA is then used
to shower the event down to a scale where the final state particles have a virtuality
of ~ 2m,, but its hadronization module is turned off. We use the anti-k'T algorithm
with R = 0.5 to reconstruct jets out of the final state partons, restricting charm
quarks and gluons that will be hadronized to be within the jet.

The z distributions resulting from this shower are shown in Fig. [5.14] As men-
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FIGURE 5.14: PYTHIA predictions for ¢ quark and gluon z distributions (where z
is the fraction of the energy of the parton initiating the jet) after showering to the
scale 2m,.

tioned in Section [p.3] the z distribution of the charm (which showers using the P,
splitting function) is peaked near z = 1 while the gluon z distribution (which showers
using the P, splitting function) is much softer and peaked near z = 0. J/¢ are typ-
ically studied experimentally through their decays to dimuons (e.g. J/1 — uu™).
LHCD requires that both muons have 2.0 < n < 4.5, p > 5 GeV, and pr > 0.5
GeV. This cut suppresses contributions from low z particles and thus enhances the
contribution from ¢ quark initiated jets, which then dominate at high 2. We con-

volve the pr distribution for the gluons with the NRQCD FFs for the 351, 38

15([)8] and 3P}8] production mechanisms. For the case of charm quark fragmentation,
color-singlet and color-octet FFs start at the same order in ay, so the relative v*
is no longer compensated for as it was for the gluon LDMEs. We thus restrict our
analysis for charm quarks to the 3S£H channel.

After convolving with the FFs, we implement the muon cuts by first assuming

the J/v are roughly unpolarized. This yields an isotropic angular distribution of

the u*, = in the rest frame of the J/1¢. After boosting these muons back to the
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(710381 (07 (3SEh) [ (0774 (LSEN) [ (07 (3PFTY) fm?

x GeV3 | x1072 GeV? | x1072GeV? x1072GeV?3

B & K [14, 15] 1.324+0.20 | 0.224 4+ 0.59 4974+ 0.44 —0.72 4+ 0.88
Chao, et al. [18] 1.16 & 0.20 0.30 £0.12 8.9+ 0.98 0.56 £ 0.21
Bodwin et al. [22] 1.32 4+0.20 1.14+1.0 99422 0.494+0.44

Table 5.4: We consider three sets of LDMEs for NRQCD production mechanisms,
listed here in units of GeV?3.

lab frame, we apply the LHCb cuts mentioned above. In order to combine different

production mechanisms, we give each a weight calculated via

rim) = do(pp — i+ X) fol dzDZ.;Jw(z)
)= m :
do(pp — c+ X) fol dzDiilJ/w(z)

(5.40)

where ¢ is the initiating parton, n represents the quantum numbers of the interme-

diate c¢, and the FFs D, ;, w(z) are again calculated at the scale 2m.. We note

that D}, ;,,(2) o (O7/%(n)) which means that LDMEs from different fits will enter
the ratios through the FFs at 2m,. For the LDMEs, we use the 3 sets extracted in
Refs. [14], [15, [18] 22] whose values are shown in Table

The LHCb data is normalized such that the sum of the heights of the bins is 1.
Due to potentially large corrections that may occur at z — 0 and z — 1, we will
compare our GFIP and FJF methods with LHCb data in the range 0.1 < z < 0.9,
fixing the normalizations of our distributions to the sum of the data in only these bins
accordingly. The results of this application of GFIP are shown in grey in Fig. [5.15]

As we will discuss further below, they compare quite favorably to the LHCb data.
5.5.2 Method 2: FJF for LHCbH

In addition to the GFIP method, we also make an analytic calculation of the z(J/1))
distribution using FJFs for jets where the energy E and radius R of the jet are

measured combined with hard events generated by Madgraph. In previous sections
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we used a factorization for J/v production in jets of the form
dolete™ —jets,h] = H® S® J(®J) @ G" (5.41)

Resumming such a cross-section involved evaluating each function at its characteristic
scale and then evolving it to a common scale y using its corresponding RGE. In the
present case, we resum logarithms of m;/,/E; in the FJF by simply using the LO
DGLAP equations to evolve the FF from 2m, to the jet energy scale, E;. We allow
Madgraph to calculate the remaining terms in the factorization theorem to LO in
perturbation theory and do not perform NLL’ resummation for the remaining terms
in Eq. . Since the z(J/1) dependence of the cross-section is controlled primarily
by the FJF, these other pieces will affect only the overall normalization.

We next combine the energy distribution of hard partons from Madgraph with
the FJFs for R = 0.5 jets reconstructed using the anti-kT algorithm to generate a
z(J/1) distribution for each of the five production mechanisms. The LHCb muon
cuts are implemented by using the GFIP results to calculate the probabilities for
any given z that a utpu~ will survive the cuts. Taking this probability into account
and weighting the contributions of each NRQCD production mechanism according
to Eq. for each of the LDME sets shown in Table , we find the distribution

shown in red in Fig. |5.15
5.5.3 Comments on Uncertainties

For both methods, uncertainties are calculated using the uncertainties quoted in the
LDME values of Refs. [14] 15 18, 22]. For the extraction in Ref. [22], the errors
take into account an error correlation matrix provided in Ref. [147]. The authors of
Ref. [18] also observed that a fixed relationship between the 3S£8] and 3P}8] LDMEs
must be enforced in order for J/i to be unpolarized. When taken into account in

calculating the LDME value uncertainties, this constraint significantly reduces the
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FIGURE 5.15: Predicted z(J/v) distribution using GFIP (gray) and FJF (red) for
the three choices of LDME in Table [5.4] and the LHCb measurements of z(J/1).

error bands relative to simply adding each of the errors on the LDMEs in quadrature.

In the absence of a complete factorization theorem, it is difficult to reliably esti-
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mate theoretical uncertainties. For example, when calculating errors from variations
of the renormalization scale, the u dependence would normally be cancelled between
the hard, jet, and soft functions in the factorization theorem, but the soft functions
have not been calculated. However, because of the way we have fixed the normaliza-
tion to match the LHCb plots, these scale variations, which would simply affect the
overall normalization and not the shapes of the z(.J/1) distributions, will not affect
the uncertainty.

We also note that our FJF method is more appropriate for n-jet cross sections like
Eq. than for the inclusive case. However, inclusive FJFs [111], 112} 148 [149]
differ by a contribution from out-of-jet soft radiation that is suppressed by powers of
o, as well as A/pt, where A is the scale of out-of-jet soft radiation (see the discussion
following Eq. (4.15) of Ref. [1]). These power corrections will be small for jet radius
R ~ O(1). Additionally, since our GFIP method uses PYTHIA (which generates the
final state radiation in an inclusive manner) and gives similar results to the FJF
method, this confirms our expectation that the FJF method is correct up to power
corrections.

Other uncertainties such as underlying event and double parton scattering contri-
butions should ideally be accounted for, especially as z — 0. However, it is unclear

how these should be estimated.
5.5.4 Comparisons of GFIP, FJFs, & Data

For all three extractions of the LDMEs, Methods 1 and 2 both yield results that
are much closer to the LHCD data than the default PyTHIA predictions of Ref. [32].
This provides support for the picture of quarkonium production we first described in
Section[5.3] The data also seem to favor the LDMES from the fits of Refs. [I8, 22] over
the global fits Ref. [14, [I5]. To understand this, consider that LHCb measurement

in Fig. [5.13| steadily decreases as z(J/1) — 1. This behavior is characteristic of the
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3510 and 'SP FJFs whereas the 351 and Pl FJFs diverge as z — 1. Thus, the
cancellation of the 3S£8] and 3P£8] mechanisms enforced in the fits of [I8] 22], which
results in the 1558] mechanism dominating production at high z, allows our results to
better match the data in this region. Refs. [18, 22] also showed that the cancellation
is critical to ensuring that the J/¢ are unpolarized at high-py. This cancellation is
not enforced in the global fits, which is why the distribution begins to turn upwards
as z — 1.

The success of this analysis will help motivate further measurements of the J/
in jets. It would be interesting to see comparisons of these analytic methods with
measurements of J/v in jets at central rapidities as well as a measurement of the
J /1 polarization as a function of z(J/v). Considering the large uncertainties shown
the second plot of Fig. [5.15] this study also motivates a combined fit of the LDMEs
to data of both LHCb and the high pr data used in Ref. [I§].
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6

Conclusions

In this work we have explored a novel way to probe the production of quarkonia. We
used the FJF formalism to study the production of J/1 in jets at high transverse
momentum in a search for a better way to extract the J/¢) LDMEs at ete™ and
pp colliders. After outlining the basic ideas of QCD, EFTs, and resummation in
Chapter [1} we surveyed the development of quarkonium production theory from the
earliest models such as the CSM to the modern theory, NRQCD, in Chapter [2 We
motivated the need for further study of quarkonium production by discussing the J /1)
polarization puzzle, one of the most important remaining questions in SM physics.

Chapter |3| explained the essential ideas of jet physics, including how they are
studied both analytically and experimentally. We introduced jet substructure ob-
servables and the basic formalism of SCET. We also schematically outlined how
SCET provides factorization theorems for jet production cross-sections, allowing for
high-precision resummed calculations of many jet processes.

Chapter {4] introduced the formalism of FJF's and extended their definition to jets
where the angularity 7, is measured. It also extended FJFs to TMD distributions,

allowing us to study the transverse momentum p” and angle 6 of a hadron relative to
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the axis of the jet. For both the angularity FJFs and TMDFJFs, we calculated the
matching coefficients onto FFs at one-loop. For the TMDFJFs we also calculated
the collinear-soft functions which describe in-jet radiation with a soft energy but
collinear scaling at one-loop.

In Chapter [p| the theoretical developments of Chapter [d] were applied to the
study of heavy mesons and quarkonia. The one-loop calculations of the matching
coefficients performed in Chapter [4] were used along with RG techniques to calcu-
late NLL’ resummed cross-sections for B meson production in ete™ — dijet events
and J/1 production in ete” — 3 jets. These analytic calculations were compared
with predictions from PYTHIA (and Herwig for B mesons) simulations. While good
agreement was found in the B meson case, PYTHIA produced z (the fraction of the
jet energy carried by the J/v) distributions that were much harder than our NLL’
analytic predictions. This disagreement was due to the unphysical manner in which
quarkonium fragmentation is treated in PYTHIA. The differences between Monte
Carlo and our analytic calculations were resolved through the development of the
GFIP approach. GFIP took hard processes produced in Madgraph, showered them
to the scale 2m, using PYTHIA and convolved the resulting gluon energy distribution
with NRQCD FFs. This represents a more physical approach that reflects the pic-
ture of quarkonium production described by NRQCD. The authors of PYTHIA are
now working to implement gluon fragmentation modes of quarkonium production.

Chapter [5| also demonstrated that the TMDFJF can, especially at high values
of z where the J/v carries a large fraction of the jet’s energy, discriminate between
different color-octet J/v production mechanisms. This was done through an NLL’
resummed calculation of the TMDFJF using the NRQCD LDMEs for J/¢. This
resummation required a careful implementation of both RG and RRG techniques
in order to resum the UV and rapidity divergences present in calculations of TMD

observables.
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Finally, we used a combination of Madgraph, PyTHIA, and NRQCD FFs com-
bined with RG evolved J/i¢ FJFs (where the energy of the jet was measured but a
jet substructure observable was not) to make predictions of the z(.J/4) distributions
at LHCb and compared them with recent data. We also compared results of our
GFIP method for the z(.J/v) distributions with the LHCb data. In both cases, we
showed that our results agree far better with data than the default PyYTHIA predic-
tions performed in Ref. [32]. We also showed that the data are better described by
LDMEs extracted from fits to larger pr data than by the LDMEs extracted from
global fits of J/4 production.

These results demonstrate a need for continued study of identified hadrons within
jets as a way of probing fragmentation. While we focused our study on quarkonium
production, the FJF formalism can be used to study the production of any hadron
for which FFs are available. A robust extraction of the NRQCD color-octet LDMEsS,
which should be universal, would help improve our understanding of quarkonium
production. A proper understanding of the production of J/1 would solve the polar-
ization puzzle, a long-outstanding problem in perturbative QCD. Within the SCET
community, the ability of jet substructure techniques to provide a new way of prob-
ing hadron production is a compelling idea that could be applied to other SM and
BSM problems. SCET-related EFT techniques have been applied to heavy dark
matter annihilation in Ref. [I50], and jet-substructure techniques have been applied

to searches for potential dark matter candidates in Refs. [I51) [152].
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Appendix A

Velocity Scaling in NRQCD

In this Appendix, we follow the steps of Ref. [33] in order to discuss NRQCD power
counting in more detail and give estimations of the values of parameters such as a
and v. We derive the scaling in v of relevant operators in the NRQCD Lagrangian
and show that, with a particular choice of gauge, the Lagrangian can be written in
form where the power counting in v of the terms is manifest.

The velocity scaling rules of NRQCD can be derived from the self-consistency
of the terms in the Lagrangian and basic qualitative features of quarkonia. Con-
sider first the heavy-quark number operator ¢f1). In a quarkonium state Q, the

expectation value of this operator should be 1
(Q|/d3m/ﬁ¢]Q> ~1 where (Q|Q)=1. (A1)

Since the dimensions of the volume element [d®z] ~ 1/(Mv)? (since the approx.
width of the quarkonium state ~ Mwv), we know that [¢)] ~ (Mwv)32. Since the

expectation value of the kinetic energy should scale as ~ Mv?

<Q|/dl~¢T (%) Y |Q) ~ Mv? = D] ~ M. (A.2)
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Operators Estimate
W (Mv)*/2
X (Mv)*?
DO ]\41)2
D Mo
gE M?v3
gB M?p*
gAp (in Coulomb gauge) Muv?
gA (in Coulomb gauge) Muv?

FIGURE A.1: Relevant pieces of the NRQCD Lagrangian with estimates of their
scaling in the power counting parameter v as seen in [33].

Since [Dg] ~ (D?/2M), from the Lagrangian we know that [Dg] ~ Mv?.

We now consider the scaling in v of the coupling o, using the potential model
presented in Eq . Since a; is asymptotically free, we can say it depends on the
scale as a5(1/R) where R is the size of the quarkonium. Since R ~ 1/Mw, by setting
the potential and kinetic energy expressions equal

as(1/R)

MUQN—OF R

~ —Cp x Mv X ag(Mv) = as(Mv) ~wv. (A.3)

Knowing how the coupling scales with v, we can make estimates of both v and ay
at the scales relevant to NRQCD namely M, Mv, Mv?. The scale of radial and
orbital angular momentum excitations of charmonium was said to be ~ Mv?. The
two lowest energy 35) state of charmonium, the J/v¢ and ¢, lie about 600 MeV
apart in mass. The difference between the J/1 and the x.s, the lowest 3P; state
of charmonium, is about 400 MeV. The average of these differences ~ 500 GeV can
be used as a reasonable estimate of the scale Mv? Using m. = 1.5 GeV as an
estimate for the perturbative mass scale M, Ref. [33] made rough estimates of the
various scales and the value of the coupling o, at these scales. These estimates are

summarized in Fig. [A2]

The remainder of the velocity scaling rules for fields such as A, E,... can be
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M Mv Mv? | a,(M) a,(Mv) a,(Mv?)
1.5 GeV 0.9 GeV 0.5 GeV | 0.35 0.52 0.68

FIGURE A.2: Estimates of values of relevant scales in NRQCD for charmonium
where v,z ~ 0.3 as seen in [33].

estimated by fixing the gauge in Lxrqep- Ref. [I53] showed that, in the Coulomb
gauge V - A = 0, the power counting of the Lagrangian in v becomes manifest if one
re-scales the space-time coordinates Z and ¢ by 1/(Mwv), the heavy-quark fields by
(Mv)3/2, and the gauge field by Mv*?2. The Lagrangian written explicitly in terms

of the gauge field A can be organized as
»CNRQCD = ,Co + El + £2 + ..., (A4)

where
V2
Lo = Liignt + Pt (i@o —gAo+ W) 1 4 charge conjugate terms
(A.5)

1
L, = _Mw‘ (igA - V) + ;—&M (V x gA) - o9 + charge conjugate terms,

and
Lo = — —gH gAYy + L pl(V2)2y
2M SM3
Co
SM?

C3

+ (= VgAY — (VgAo) x V- o¢

4M? (A.6)
+ 50 (igA x gA) - oy
+ charge conjugate terms.

Here, Ly, L1, Lo, ... describe quarkonium energy levels suppressed by relative factors

of v vl v? ... respectively. Considering the Fock state expansion in Eq. (2.17)), we

see that the dominant state |QQ> will receive its first corrections ‘QQg> from, for
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example the interaction ¥(igA - V)¢ in £,. A transition from a higher Fock state

via this term describes the lowest chromo-electric transition.
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Appendix B

Symmetries of Leading Order SCET Lagrangian

When deriving the form of operators in an EFT, symmetries play an important role
in constraining their form. There are two particularly interesting symmetries of the
SCET Lagrangian related to the choice of gauge and light-cone basis. With the
decoupling of the gauge field into collinear and ultra-soft fields via the BPS field
re-definitions, SCET comes with two separate gauge symmetries. Predictions of the
theory are preserved under both collinear and ultra-soft gauge transformations, hence
the inclusion above of two separate gauge fixing parameters 7,, and 7,,. Much more
on the details of gauge symmetry in SCET can be found in Ref. [01].

Considerable freedom exists in our choice of the light-cone basis vectors n and n.
The conditions that n? = 72 = 0 and n - 7 = 2 are also satisfied when we perform

the following transformations on the basis vectors

RPI; RPI;; RPI;

1 o
nM—>nu+Au n, — ny, n, — en,
— — — — J_ — —a=
Ny, — Ny ”u_>”M+€u n, —e “ny

with Aﬁ ~ A\ with ej ~ A with a ~ X9,
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(a) RPI; (b) RPIyy

Ficure B.1: Visualization of re-parameterizations of the of the light-cone directions
n and n via RPI; (a) and RPI;; (b). Along with RPI;;;, which can be thought of as
boosts, these transformations are an important symmetry of Lscrr

These are three types of so-called Re-parameterization Invariance (RPI) present in
SCET [101], 154]. As shown in Fig. they can be visualized as changes in the
directions of the basis vectors n and n and, in the case of RPI;;;, boosts along the z-
direction. RPI is also manifest as an ambiguity of how we decompose label/residual
momenta where, for example, we said n-p — n-(p;+p,). Proper SCET operators with
collinear fields will always have the combination P* + ¢0*, which is the combination
needed to leave the theory invariant under transformations in how the label operator

PH and the derivatives 0" extract the label/residual momenta
Pt — P+ B and 0" — 10" — B (B.1)

This means that the theory is invariant under the following transformation of, for

example, the collinear quark fields

Enp (@) = €7D0, 45(2). (B.2)

RPI also requires other restrictions on the fields, light-cone directions, and Wilson

lines not explicitly shown here.
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Appendix C

Renormalization Group & Rapidity
Renormalization Group Techniques

Here we outline the details of using Renormalization Group (RG) and Rapidity
Renormalization Group (RRG) techniques to resum potentially large logarithms.
We begin by discussing the tools needed to calculate resummed expressions for mea-
sured vs. unmeasured functions. Throughout this work we have referred to measured
functions (such as measured jet and measured soft functions) as those that depend
on a measurement of the substructure. In our case this meant measuring the angu-
larity 7, of a jet containing an identified hadron. These expressions will be resummed
using RGEs for measured functions, which we will describe below. For FJF's or other
functions that depend on quantities such as the jet energy, the transverse momen-
tum of the identified hadron with respect to the jet axis p?, etc., we utilize RGEs
for unmeasured functions. We provide the tools (such as anomalous dimensions)
necessary to resum expressions to next-to-leading-logarithmic (NLL) and next-to-
leading-logarithmic prime (NLL’) accuracy. NLL’ resummation requires the same

anomalous dimensions as NLL but implies that certain terms next-to-leading-order
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(NLO) terms in the fixed order expansion in the coupling a have been included. Re-
call that, for angularity FJFs, these terms were critical, as they provided the lowest

order coupling of the z and 7, dependencies of the FJF.
C.1 RGE for Unmeasured Functions

Functions F' that do not dependent on a substructure measurement are multiplica-

tively renormalized via

Fo® = Zp() F (1) (1)

where functions such as F'(u) are assumed to be renormalized quantities unless ex-
plicitly notated as bare. This class of functions satisfies the renormalization group

equation (RGE) of the form

M%F(N) = 7 (1) F (1) (C.2)

where 75 is the anomalous dimension for the evolution of the function F' in u space.

These are calculated in this case from the standard renormalization factor Zp(u) via

Ve (1) = —mu%%(u)- (C.3)

This anomalous dimension for unmeasured quantities can ultimately be written in

the following generic form

2

+F (1) = T¥[a] log (%) 47l (C.4)

where pp is related to the characteristic scale of a particular function and the factors
I'[[a] and ) [ov] refer to the cusp and non-cusp parts respectively, of the total
anomalous dimension. The cusp part Ff; [as] is proportional to the cusp anomalous

dimension I'cusp, and does not depend on function F'(u) whereas the non-cusp part
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75 [as] will need to be calculated explicitly for a given function. Both pieces have

perturbative expansions in ag

M =3 ()71 (©5)
Vo las] = i (Z—;)Hn TP (C.6)

n

where the cusp anomalous dimension has a similar expansion
oo

Taslr] = 30 (22) Ty )

n

and the following two relations are needed to calculate a resummed function [155]

9 I 67 w2 10N
F o F cusp f
r [Oés] = <Tusprcusp[063]> and Fgusp = <§ — ?) OA — T (08)
The solution to the unmeasured RGE can be written as
F(p) = Ur(p, po) F'(po) (C.9)
where Up is an evolution kernel given by
n wr (k,0)
UF(M? NO) = eKF(,u,,uo) (_) ) (C]'O)
mpg

where the pieces of the kernel are expressed as

ko) oy “  da (ko) oy
() =2 | e / Gt [ sy @

a(po) do

ST (C.12)

wr (s po) = 2/

a(p)

where resumming to NLL/NLL’ accuracy requires calculating the cusp piece of the
anomalous dimension to two-loop order and the non-cusp piece to one-loop order.
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Fixed/Log Order | Matching vyg.ys.. Deusp — Blov]
LO Tree - - 1-loop
NLO 1-loop - - 2-loop
LL Tree Tree  1-loop 1-loop
NLL Tree 1-loop 2-loop 2-loop
NNLL 1-loop 2-loop  3-loop 3-loop

Table C.1: Orders of the matching calculation, non-cusp anomalous dimensions,
cusp anomalous dimensions, and QCD p-function needed for various fixed order
calculations and logarithmic resummation orders. Adapted from Refs. [1I, 2].

At these orders the expressions Kr and wp above are given by

7R 27T% rr — 1 +rlnr r‘ g\1—-r+Inr
) =~ wr - B+ (5 R) T
Bl 2
+ SW—BOIH T], <C13)
o I Fi B1\ as(po)
wr(p, o) = _ngo [1117” + (F_g - %) p (r— 1)}, (C.14)

where r = a(u) /o) and f,, are n-loop coefficients of the QCD S-function,

Blay) = Mﬁf;;s = —ZQSZ <%>1+n B, (C.15)

where the one-loop and two-loop coefficients (and the color factor T = 1/2) are

110, 2N,
_ N 1
Bo 5 5 (C.16)
402 1 N
g =8 30A _ OC; ! 20uN;, (C.17)
(C.18)

where Ny is the number of quark flavors.
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C.2 RGE for Measured Functions

For measured jets (i.e. when we have probed the substructure) the RGE for objects
such as S™ and G(7,, 2z, 1) is slightly more complicated. Since the function must

be renormalized at a given measurement of 7, we have the following
Fe(r,) = /dT;ZF(Ta = Tar W) F (745 1) = [yr (1) @ F(1)] (7o), (C.19)
where as shown in the text we use convolutions defined via
f(r) @ g(m) = [ drif(ra = T)a(r). (©20)
the RGE is then given by
d
M@F(Taa ) = [yr(p) @ F(p)] (1a), (C.21)

where the anomalous dimension is thus given by

elran ) = = [270) @ - 200 ()

whose solution is of the form

1 ,lL JFWFR
F<Ta7:u) = eXp (KF + ’YEWF) F(—WF) <_)

C.3 RGE 4+ RRGE for TMD Functions

For the RG evolution in the parameter u, the formalism for unmeasured functions

above applies in a similar manner to p, dependent functions

K

'LLd,U/F (pLa,uﬂ V) = 75(”7”) X FR(I’L)M?”)? (024>
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for the same set of anomalous dimensions given above. However, following the formal-
ism of [122], our functions must also be evolved in the space of v, the dimensionful
scale introduced when regulating rapidity divergences. The RRG equation in p;
space is given by

d
VEF(pia K, :u/y) = Vf(anu’ V) XL F<pL7 M?/’l’/y)7 (CQ'B)

where again we use the notation for convolution in transverse components given in
Eq. and where the anomalous dimension can be written in the following generic
form,

% Py i) = T aLo(pl, 12) + 7y [s)6® (p ), (C.26)
where

5 (p,) = ~5(p1). (c21)

The cusp and non-cusp parts of the anomalous dimension are listed in Table [C.2]
Taking the Fourier transform of Eq. (C.25)) yields,

d
dlnv

F(b, 11, v) = 35 (b, p, V) (b, 1, v), (C.28)

where the Fourier conjugate of p, is b where |b| = b and using the form of the

anomalous dimensions in Eq. (5.29}f5.30]) gives that,

ronn =g () o O

where uc(b) = 2e772 /b. Integrating Eq. (C.28)) yields

F(balu’a V) = F(balua VO)VFU)? w, v, VO)v (C30>
where
,U 77F(H7V7V0)
Ve (b, u, v, 1) = exp [Gp(p,, v, 1/0)} (,U_C) ) (C.31)
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F F
_ ’YV [OKS] 1 — _F [OKS] 1
GF(N? v, VO) - (277')2 In <VO) and 77F(Ma v, VO) - (277')2 In v (032)
Function (F) re vi | TS 7Y
D/ —(8m)a,Ci + O(a?) | O(a?) | 0 | 4C;(In(v?/w?) + 7;)
St (8m)a,C; + O(a?) | O(a?) | 4C; 0

Table C.2: Values of the cusp and non-cup parts of the anomalous dimensions for
the collinear and collinear-soft functions.
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Appendix D

Plus-functions and Profile Functions

In this appendix, we introduce and discuss the properties of plus-distributions and

profile functions, both of which are used in the calculations of Chapters [4] and [5|

D.1 Plus-Functions

Under integration, plus-functions give finite answers when convolved with smooth
functions. For a sufficiently smooth function f(z), one common use of plus-functions

is for integrals appearing in QQCD calculations that have the form

L) [ fE) = )
/Odz(l—:/o dz——F——+= (D.1)

—2)4 1—2z
and
! log" (1 — 2) ! log" (1 — 2)
dzfz[—} E/dz(fz—fl—. D.2
[ 00 [ = v -t )
These functions essentially behave as (1_12)+ = = and [loggi}z)} = log(ZEIZ;z) for
+

z # 1. For our calculations of angularity-dependent FJFs in Chapter [, it is useful
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to define them formally by
d
(7)) = lim —— [0(r = B)F(r)] , (D.3)

where F(7) is defined via

F(r) = /IT dr' f(7'), (D.4)

which yields

e (wa)j — T(—w). (D.5)

By taking the 7/ — 0 limit in Eq. , expanding in wy on both sides and matching

powers we find the following useful identities:
[ o[ o = [32], (D.6)
Jar[2ES] [25], = [22], tnr - H-1 - ).

/dT' [(@(T —7) L [@(T’) lnr’} - [@(T)L [(m CH(-1—w))? D)

T — 7./)1+w

where we used the identity from [I]

[?QL = _55(7) + 2(—@" [ML. (D.8)

T

We can also use Laplace transforms and the definition of a the plus function to show

that

/dT,,[(@(T—T") H(@(T“—T’) _r(—w1>r(—w2)[( o(r —7) |

T — )t T — ) Hwz | o [(—w; —wq) L(1 —7/)Hwrtws

(D.9)
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D.2 Profile Functions

For the measured soft and measured jet functions for angularity FJFs, we perform the
scale variations using so-called profile functions. Profile functions allow us to perform
the scale variations of i in a way that depends on the the angularity 7,. They allow
the variation to freeze at the characteristic scale for high values of 7, (where the
factorization theorem begins to break down) and at a fixed scale for small values of
7, (where we reach the realm of non-perturbative physics). The profile function for
the measured soft function, pu5¥ (), and the profile function for the measured jet
function, u5* (7y), are plotted in Fig. (for the case a = 0). The analytic formulae

for these functions are

Y

WEP (7,) = [1 e

g(Ta)} " omin + TP 0 < 7y < Tomin
g(l) WTa/T(l_a) Tmin S Ta

PF g(Ta> (wr)(l—a)/(Z—a) (:umm + 067—(15)1/(2_(1) 0 < Ta < Trmin
T,) = |1+¢€ —a ,
(D.10)
where we have defined
1
9(1) = : (D.11)
exp (1.26(Tmm — T)/Tmm> +1
and where o and [ are defined to be
B = Tmin and o= v . (D.12)

Tmin — ,Uminr(lia)/w ﬁTﬁ;;T(lfa)
These choices for o and 8 ensure that the profile functions and their first derivatives
are continuous. We use the following values for the parameters

l1—a
Tmin = 2,Umznr /w

fmin = 0.3 GeV . (D.13)
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ES/J=_1/2 (—50%)

FIGURE D.1: Profile functions for uf*(75) and pr* (), the 7o-dependent renormal-
ization scales that we use in the scale variations of our measured soft function and
measured jet function. Also shown are traditional scale variations done by varying
i by £50%.

We define our scale variations via

€y =1/2 —  +50% variation,
€y =—1/2 — —50% variation,

€s)g =0 — Canonical scale,

and take the final scale variation bands as the envelope of the set of bands from the

individual variations.
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