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Introduction 

TIN s cattering at high energies and small momentum transfer has 
been investigated by many authors from d ifferent points of view. It is 
the aim of the present article to summarize the information following 
from experimental data and general principles  as unitar ity , analytic i ty 
and charge independence. The treatment is based on recent work of the 
Karlsruhe group and i t  has not been attempted to give a complete survey 
of the exist ing l i terature . 

where v 
mass ,  1i 

The invariant amplitudes are defined in the usual way ( l) 

T = - A (v , t) + i y . (q + q ' )  B (v , t) ( 1 . 1) 

( s  - u) /4M and s , t , u  are the Mandel stam variables . M = nucleon 
m + = 1 unless s tated otherwis e .  In addition to A and B we TI 

introduce a comb ination 

c ( v , t) A + __ v __ 

t -
4M2 

B ( 1 . 2 )  

which occurs  in  the optical theorem. C and B are the t-channel hel icity 

no f lip and f l ip amplitudes . Some authors use the notation A' instead 
of C .  

Denot ing the amplitudes for the reactions rr±p � n±p and TI p � rr0n 
by A± , B± , C± and A0 , B0 , C0 respectively, we define the isospin even and 
odd comb inations 

1 
If 

A 0 etc (1 .  3) 



2 . The forward amplitudes C± ( v ,O)  

2 . 1  Imaginary parts 

The op t ical theorem al lows to calculate Im C± ( v ,O )  from total 
<2) cross section data , which are avai lable up to 65 GeV/c 

(2 . 1 )  

(Notation : C ( v,O) = C ( w) ,  v w + t /4M . p ion lab . energy) . 
a+ decreases from 2 7 . 8  mb at 5 GeV/c to 24 .5  mb at 20 GeV/c and all  
pub l ished fits suggested a further decrease at h igher energies . Therefore 
it was a surprise that in the Serpuchov experiment a+ was found to be 
practically constant between 25 and 65 GeV/c . Nevertheless the data oan 
be fitted by a reasonable curve and the connec tion between the Brookhaven 
and Serpuchov data at 20 GeV/c is better than that of the two series 
of Brookhaven data at  8 GeV/c (Fig . 1 ) . (At Serpuchov the 0 ( 1/p) "data" 

have been obta ined from n-n scattering in a TI-d experiment) . 

In the 5-20 GeV/c range a decreases according to a power law 

a 0 .33  k- 0 · 45 (2 . 2) 

Fig . 2a shows that the Serpukov data are lying as well  as it  could be on 
the s ame straight l ine . Of course one cannot exclude that a tends to a 
constant in the h igh energy l imit ,  but the present data do not give an 
ind ication in favour of this pos s ib il ity. 

One could think that Fig .  2a is in contradiction wit;, 2.nothEr 
plot of the s ame data,  showing o (n±p)  as a function of k-l/2 'Fi g .  2b ) 
(see for instance Fig .  12 in ref . ( 3 ) . Plots of this type led ma<iy authors 
to the conclusion that the data suggest  a f inite a in the higl, energy 
limi t ,  encouraging inves tigations on po s s ib l e  violations of Pomeranch uk ' s  
theorem. Obviously one has t o  prefer a direct plot o f  the qua;·. tity of 
interes t .  The second plot is mis lead ing as far as a is conce.r-netl � 

A smooth interpolation of all  recent total cross sec r i nn •n 1 
including results presented at the Kiev Conference 1970 has b 



given in our "Tab les of nN  Forward Ampl itudes (2) " Tables and references 
of exper imental data availabl e  in Nov . 1969 can be found in the compilation 
of Giacomelli  et a l .  <4l . 

2 . 2  Real parts 

Experimental informat ion on the real parts at h igh energies can be 
obtained in two ways 

i) Re C+ (w) follows from e las t ic scattering experiments in the 
Coulomb inter fer�nce region (S) . 

ii)  ! Re C- (w) i can be determined from an extrapolation of charge 
exchange angul ar d is tributions to the forward direction 

do 0 (00 ) 
dQlab 

1 
8112 ( 2 . 3 ) 

if Im C (w) is calculated from a , us ing the optical theorem . The compi la
t ion of Giacome l l i  et  a l .  (4 ) contains all data availab le in Nov. 1969 . A 
collect ion of more recent d ata is given in Ref .  (6 ) . 

+ A theoret ical prediction for Re c- (w)  fol lows from forward d ispers ion 
+ 

relations , i f  an assumption on the h igh energy behaviour of o- is made .  The 
isospin even and odd cases will  be discussed separately. 

2 . 2 . l  Re C+ (w) 

The dispersion relation reads 

t. 2 + k · 
TI 

0 

(2 • .+)  

where wB = 1 /2M.  In order to show c learly the influence of the h igh energy 
contribution on the real par t ,  we rewrite the d ispersion relation in the 
following way ( 7 )  



where 

I ( k , k  ) 
o exp 

+ + 
a ( k ' ) -o ( k0 )  

k ' 2  - k 2  

dk ' 

dk ' 
I 

If k2 << k2 , the integral in ( 2 . 7 ) can be approximated by the f irst 0 
term of a power ser ies 

f k 0 

Under rather weak conditions on o+ (k ' )  the f irst  term should be a good 
approximation up to at least k0 /4 . 

(2 .5 )  

(2 . 6 )  

( 2 . 7 ) 

( 2  . 8) 

If ( 2 . 8 )  is inserted , ( 2 . 5 )  contains 3 parameters : Re C+ ( 1) , 
a2 and f2 • It turns out that the dependence on f2 is so weak that its 
value has to be determined from another d ispersion relation ( cf . Ref .  (:3 , 9 ) . 
Inserting £2 

= 0 . 08 1  and Re C+ (w) from phase shifts and Coulomb exp 
interference experiments , the parameters Re C+ ( 1 )  and a2 can be detennined 
from ( 2 . 5 ) , ( 2 .8 ) . 

The quantity Re C+ ( 1 )  is essentially the s-wave scattering 
length 

= 411 M+ 1 
M 

+ 
ao+ . 

Its determination has recently been discussed in Ref .  ( lO) . The numerica l 
value is smal l  and not even the s ign is well-determined a t  present (seE 
Ref .  (3) for earlier determinations ) .  

(2 . 9 )  



If k0 :::> 20 GeV/c , I (k ,k0) exp is comparab le with the uncertainty 
of Re C+ (w) in the energy region, where phase shifts are avai labl e .  In 
the region of the Coulomb interference data, a plot of I (k , k  ) shows o exp 
that the f irs t term of the expansion ( 2 . 8) is a reasonable approxima tion 
up to about 15 GeV/c or even further . This result is confirmed by the 
fact that the evaluation of equ . ( 2 . 7 )  accord ing to models which are in 
agre'ement with the Serpuchov data gives a s tra ight l ine in the above 
momentum interval ( Fig.  3) . 

Unfortunately this result is in contrad ic tion to L indenbaum ' s  
hope that Re C+ -data and d ispers ion relations correspond to a "crys tal 
ball  that can view the road to Asymp topia" ( l l ) . Even if the data were 
more accurate , our discuss ion shows that one obtains information mainly 
on the f irst term of the expansion (2 . 8) . In fact the "crys tal ball" d id 
not show that the decrease of o+ changes to a cons tant behaviour already 
a few GeV/c above L indenbaum ' s  highest  momentum . 

Fur thermore it seems that the result  of the very -d ifficult Coulomb 
interference exper iment has a systematic error ( 7 ) , which was not noticed in 
L indenbaum ' s  discus s ion.  The data below 15 GeV/c give a2 = (2 ± 0 . 5 )  10-5 , , exp 
which is appreciab ly larger than the contribution to the integral ( 2 .8 )  from 
the interval 20 • • •  ES GeV/c , if the Serpuchov data are inserted . It is hard 
to see , how the miss ing par t  could be obtained from a reasonab le extrapolat ion 
of o+ to higher momenta. Another aspect of the same discrepancy is the 
deviation in Fig.  1 7 of Ref .  ( l2) 

Originally the Coulomb interference experiment was motivated as 
an attempt t o  test microscopic  c ausal ity . This prob lem is discussed from 
our point of v iew in Ref .  ( 7) . 

It is clear f ,.- r,m ( 2 . 5 )  and Fig .  3 how a model for the high 
energy behav iour C R� be tested and how it has to be constructed in order 
to be compat ible  with all data and analyticity .  The main point is to 
introduce one parameter which can be adj usted to give the correct value of 
a2 in (2 . 8 ) . 



Recently several authors have proposed other methods for t23tL. 
high energy models without showing that there is any advantage in compari.c  , ·, 

with our s imp le procedure . In fact ,  if a model fulfils  ( 2 . 5 )  (Fig. 3) , it  
cannot be ruled out unles s  one imposes add itional cond itions . I f  ( 2 . 5 )  is 
violated , it  can happen that other tests are fulf illed , but this would 
only indicate that these tests use only part of the information , 

In particular it is hard to see ,  why it should be better to u0;, 
contour integrals (Re f s .  ( 3 , l3» or the reciprocal ampl i tude (ReL (l4) .  f'·c· 
it is easy to notice disadvantages of these methods . S ince the first �er;_, 
of the expans ion (2 . 8 )  dominates s trongly in the region of interest ,  it 
does not help to consider other expans ions which have a better corivec-ge;:<'.>2 
(Re f .  ( 15) ) .  

Usually it  is expected that a+ will  show an appreciab le ener�y 
dependence in the energy range of the Batavia machine (Re f .  ( l2) ) .  Ther,e 
remains the possib ility that one will f ind es sentially the same constancy 
as in the range of the Serpuchov machine . This would sugges t  that th� 
integral 

f [a + ( w) - a + ( m )] dk 
0 ( 2 .  LO) 

exists . One could think that a serious difficulty would occur in this cas e ,  
remembering Igi '  s famous argument ,  which led t o  the introduction o f  the 
P '  Regge pole ( l 6 ) . However Igi ' s  conclus ion was based on a tacit  assumption , 
which has no theoretical foundation .  Obviously he had not seen an earl i.er 
paper ,  in which Lehmann ' s  sum rule was derived ( l? ) 

� f dk [a + ( w ) - a + ( • l ]  
( 2  . 1 1) 

0 

In this case the asymptotic behaviour of Im C+ is not s imply related tc 
that of Re C+ , s ince the low energy contribution to the dispers ion integral 
is important even for Re C+ (w) at v2ry large w .  



2 . 2 . 2  Re C (w) 

The unsubtracted d ispersion relation reads 

Re C (w) + 0 (w ' ) ( 2 .  12)  w 

In order to treat the unknown high energy behaviour of o careful ly , we 
perform a subtrac t ion in the integral (l3)  and wr i te the d ispersion relation 
in the fol lowing way 

y (w) dk' � exp 

0 

2 2 2 f J f + (w - wB) l, 2 + ( 2 . 1 3 )  dk ' 
� 

The f it (2 . 2 )  has b een used for o up to infinity. In order to c orrec t 
for a pos s ib le  difference 6 o between the fit  and the true o , the 
integral on the r .h . s .  was added . j Re C (w) j exp fol lows from charge 
exchange data as described in § 2 . 2 .  The choice of the s ign is discussed 
in detail in Refs . (6 , 18) . 

Fig . 4 shows a plot of y as a func tion of w2 - w� . We expect a 
stra ight l ine at low energies and , if 6 o is large enough , a curvature 
at higher energies . Fig.  4 shows that not even the s ign of a curvature 
can be detected . Small  deviations can be ascribed to errors in the analys is 
of the charge exchange data as d iscussed in Ref . (6) (x) 

We conclude that there are no ind ications for a violation of 
�,, , , ;e-independence or of our analytici ty assumption . Poss ib le  deviations 
from the power law (2 . 2 )  ( including a f inite h igh energy l imit of o -) 
occur in such a way that the integral on the r . h . s .  of equ . ( 2 . 13)  is 
neglig, le in the energy range of the experimental data. 

i e  s lope of  the stra ight line in Fig. 4 gives a very accurate 
determination of J : J 0 .0485 ± 0 . 0005 . If the unsubtracted d ispers ion 

(x) However one should not ice that the separation of s trong and 
electromagnetic contributions to the ampl itude is not yet wel l  
unders tood at low energies ( see, for ins tance § 7 i n  Ref .  (6 ) ) , 
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integral exis ts J is an integral over total cross sections 

J dk 
a (w) (2 . 1 4 ) w 

0 
The interesting point is now that an accurate determination of J is 
already possible  from Re C -data in the 1-6 GeV/c region, where the 
high energy contribution (k > 20 GeV/c) to the subtracted integral 
on both s ides of equ . ( 2 . 13 )  is negligib le .  Subtracting from J (2 . 14}  
the known part (0 � k � k0 "' 20 GeV) , one obtains a value for the 
high energy part of ( 2 . 14) 

1 s dk (w ) (40 5 )  lo-4 
( 2 o l5 )  

2 
0 ± 

2 1T 
w 

ko 
is analogy to ( 2 .  8) • 

It is very interest ing to compare the result ( 2 . 1 5 )  with a 
direct evaluation o f  the integral ,  as suming that the power law ( 2 . 2 )  

i s  val id up  to  infinity . The two values agree within the errors and 
we conclude that this is a good argument in favour of the validity 
of the unsubtracted <l ispers ion relation and of the Pomeranchuk theorem. 
If the integral ( 2 . 15 )  would be divergent , the agreement of the two 
numbers would have to be cons idered as fortuitous . 

Another discussion of the real parts has recently been publ :�shed 
by Horn and Yahil  ( 1 9 ) . The authors came to a different conclusion , but 
this is obviously due to the fac t  that they ignored mos t  of the information 
following from charge-exchange experiments . They used only one o f  the 
nine experiments on which Fig. 4 is based . 

Our treatment i s  also at variance with a recent preprint by 
Wit 

<2o)
, who s tarted with the remark that the usual d ispers ion relation is 

not a powerful tool for analyzing h igh energy data. He proposed anothE,r 
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method , c laiming that i t  would be helpful in rej ecting o therwise 
acceptable  models . However it  is hard to see,  how a funct ion C (w) , 
which ful f i l ls the usual d ispersion relation and is a good interpolation 
of all relevant data could be rej ected by any o ther method , unless new 
conditions are imposed in add ition to analyticity. Furthermore Wit ' s  
calculation has the difficulty that his input for Re C is not quite 
cons istent with the usual d ispers ion relation and the high energy mode l ,  
which i s  being tested. 

+ 
3 . Derivative of the Ampl itude c-

3 . l  Isospin even case (Zl)  

F ixed-t dispers ion relations are useful not only at t = O but 
also in the t-interval 0 < t < - 26 , in which Im C can be  calculated 
from phase shifts . However it is clear that the method is less powerful 
than at t = O, where Im C fol lows from total cross sections . 

Aside from C+ (v ,O)  the mos t  favourable case is the derivat ive 
( 3 / 3 t) C+ at t = O ,  s ince information on the imaginary par t  can be obtained 
from the slope of the d iffrac tion peak and , even more d irectly,  from the 
analysis  of Coulomb interference experiment (S ) . 

The dispersion relation reads 

+ w s dw ' 2 w '  
2TI M � (W I  

1 

7T s 
1 

+ w 

+ w) 2 

3
3
t Im c+ (w • ,  t) I 

�������� t=O dw ' 
w '  ( w ' 2 - w2) 

( 3 . 1) 

Im C+ (w '  ,O)  

wf� :::i.·2 c"'' ts now cons:dt.:':",2.d as a function of w and t, the derivative being 
t&k9n at fixed w. s ±  (w\ is def:bed by 

a t  .,± ( w ,  t) (3  ,2)  
t=O 



and SN denotes the nucleon Born term. At high energies it is convenient 
+ to introduce the s lope parameter b- (w) 

a · Im c± ( w , t )  a t 
t=O 

l b± (w) c/ (w) 2 (3 . 3 )  

The determination of the subtraction constant S+ (O) has  been 
discussed in Refs .  ( l0 , 2 l )  

1 . 1 3 ± 0 . 10 ( 3 . 4) 

The same fit gives information on a weighted average of b+ (w � 2 GeV) 

< b+ > J b + (w) + 
(w) 

k

w�w I j a+ (w) k dw 6 .0 (GeV /c) -2 a 
-3 w ( 3 .5)  w w 

which is in reasonab le agreement with the experimental information (Fig. 5) 

The b+-values following from phase shifts and Coulomb inter
ference data (S ) show an energy dependence between 2 and 20 GeV/c (Fig. ') ) 
which corresponds to a " shrinkage" o f  the diffraction peak as expected 
in the early days of Regge pole theory . The shrinkage has already been 
noticed by Las insky et al. <22)  in their careful investigation of the 
s lope of the d iffrac tion peak . 

S ince the energy dependence o f  b+ (w) is not known above 20 GeV 
we have considered two pos s ibi l it ies  in our evr.luation of the dispersion 
relation (3 . 1) : 

i )  the logarithmic increase of  b + (w) continues up  to inf inity, 

ii)  b+ (w) = canst above 20 GeV/c.  

Fig.  6 shows that the predicted S+ (w) agrees well with the 
d irect calculation of this  quantity from phase shifts up to about 1 Ge\' /c . 
Of course part of the agreement is due to our choice of S+ (O) . 



The discrepancy in the 1-2 GeV range is probably caused by a 
deficiency o f  the S+-values , which were calculated from phase shifts 
as given in the table C23l , assuming that the contributions of all 
h igher partial waves ( £ > 5) are negligible . Instead of this as sumption 
one should insert the "Born term" contributions to the real parts of  
the higher partial waves ,  which were used in the CERN phase shift 
analysi s .  Unfortunately these terms are not included in the table 
and s ince the phase shift analys is of the CERN group have never published 
a detailed account of the ir mos t  recent analys is ( 1967/68) , it was not 
pos s ible  for us to check , whether the discrepancy can be explained in 
this wa/*l . 

We think that a careful evaluation of the d ispers ion relation 
( 3 . 1 ) gives a more reliable  information on S+ (w) above 1 GeV/c than a 
phase shift analys i s ,  in which the somewhat mysterious "Born terms " 
of partial wave d ispers ion relat ions play an important role . Therefore 
the prediction from ( 3 . 1) should be taken as an input in phase shift 
analysis together with the pred iction for the forward amplitude (2) , 
which is even more reliable .  

I t  seems that the above mentioned "Born term contribu tions" to  
h igher partial waves have been ignored in  all evaluations of "Finite 
Energy Sum Rules" and "Continuous Moment Sum Rules" . Therefore the 
discrepancy between our predict ion and the Regge pole model fit  of  
Barger and Phi l l ips <24l , in which CMSR were used , is not surprising . 

It would be worthwhi le to estimate the influence of £ > 5 
par tial waves in k1ckward scattering above 1 GeV/c , where the lower 
partial waves cancel each other to a considerab le extent . 

Final ly i t  shouLl be mentioned that the predicted S+ (w ) has a 
comparable magnitude but the opposite s ign in comparison with the 
assumption made by Foley et al .  (5) in their analysis of the Coulomb 

(:k) I am grateful to Prof . DONNACHIE for a d iscuss ion on this ques tion. 



interference data. These authors assumed that the ratio of the real 
and imaginary parts is independent of t at smal l  t ,  whereas our result  
pred icts a s trong-dependence .  I t  is remarkable that our ! Re c+ I is 
increas ing, if t goes from zero to smal l  negative values . Of course 
this quantity has to decrease at larger negative t .  

Fig.  6 shows a pos itive background i n  S+ (w) ,  on which 
resonance s truc tures are superimposed . This  background is related to 
the subtraction constant S+ (O) , which came out even larger in the 
recent work of Cheng and Dashen ( 2S) (*) . But their value is based on 
real parts at low energies only . It enlarges the discrepancy in Fig. 6 
and extend s it to the 0 . 5  - 1 GeV range (See also our d iscuss ion in 
Ref . (lO) . 

3 . 2 Isospin odd case  

The derivative ( a/ a t) C (w , t) at t = O and h igh energies 
is of  interes t for the treatment of the "cross-over zero" of 
do_/dt - do+/dt at t � - 0 . 1  (GeV/c)2 and for the determination of 
the magnitude of B- (w,O) from the s lope of do0/dt at t = 0 .  

The d ispers ion relation for  S- (w ) , equ. (3 . 2 )  

s� Cw )  + 
a - I 2 f at Im C (w '  ' t) t=O w -; , 2  2 w - w 1 

dw ' 1 f k '  a 

211 M (w ' 
(w ' )  dw ' 

+ w) 2 
1 

was recently investigated by Jakob (26) . Using a s imilar method as in 
§ 3 . 1  he ob tained the average value (w = 2 GeV ) . 

(3 . 6 )  

< b > k dw -2- 0 . 28 14 (GeV/c)-2 
w 

(x) I am grateful to P rof .  Dashen for a private c ommunication. 

(3 . 7)  



and a reasonable consistency between the dispers ion relation and 
the phase shift input up to about 1 GeV/c  (Fig . 7 ) . 

The value of the s lope is compatible with the result of 
Baacke < 27 )  and with the application of Finite Energy Sum Rules by 
Dolen , Horn and Schmidt ( see Fig. 6 of  Ref . <28 ) ) .  

The value (3 . 7 )  is  larger than expected from the first 
detailed discuss ion of the cross-over effect in 1964 (Ref .  <29 l ) .  
It  seems that there has been no s er ious attempt to obtain an improved 
value from more recent data.  Our preliminary d iscuss ion of the Coulomb 
interference data (5)  suggests that the s lope at t = 0 is more s igni
ficant than the c ross-over zero,  s ince the cross section difference 
s tart� with a large slope at t = 0 and turns over to a flat t-depen
dence already near t � - 0 .05 (GeV/c) 2 ( see the 16 GeV/c data in 
Fig. 2b of Ref .  (30) (x) ) .  If theoretical predictions , for instance 
from Regge cut model s ,  show a s imilar behaviour , one should be more 
interested in the s lope of the cros s sect ion difference at t = 0 
than in the exact t-value of the zero, the latter one being sens itive 
to small correction terms . 

The consistency of Regge cut model s  with the dispersion 
relat ion (3 . 6) is an important tes t ,  s ince according to the absorpt ion 
pic ture the main effect of the cut is expected in the no-flip amplitude.  
Presumably it will  be d ifficult to reproduce the large s lope b- . In 
general the comparison of the predictions from Regge cut models with 
experimental data does not include the data of Ref .  (5) except for the 
values of Re C± (w,O) . ( See for instance Ref . ( 3 l ) ) .  

(x) This work is being cont inued by E .  Krubas ik <33l , who is also 
investigating several other points of the analysis in Ref . (5)  
which in our opinion should be reexamined in a critical way, 
for instance the influence of the parametrization of the strong 
amplitude and the determination of the s lopes b± . 



The s lope of dcr0/dt at t = 0 has not ye t  found much 
attention , although more accurate data would probably be the best 
source of information on the highest nucleon resonances .  Fig.  8 
shows indications for large structures even in the 3-4 GeV /c region. 
The background in this region and the high energy b ehaviour are of 
interest for Regge pole and cut mode l  f its . One should notice that 
the attempts to separate no-f l ip and f lip contributions at small  t 
depend on more or less  arb itrary assumptions for instance on the 
t-dependence of res idue functions and should not b e  taken too 
serious ly. Our result in Ref . <32 )  was a guess , b ased on the old 
value for the pos i t ion of the cross-over zero . 

A more reliable  separation of no-flip and f l ip terms wi l 1 

be obtained in a new investigation ,  us ing ( 3 . 6 )  and also the data 
in Ref . (5)  Presumably B - (w,O)  will  appreciab ly larger than come out 
in Ref .  (32)  and s imilar analyses of other authors . 

4 .  The Amplitude A� ( v, t) 

In Regge pole models it is generally assumed that the 
amplitudes A

+ and v B
+ have the same high energy behaviour as the C+ 

amplitude , the first terms of an asymptotic expans ion belonging to 
the exchange of P and P ' Regge pole s .  Several good fits  to d ifferen
tial cros s section and polarization data were obtained , in which P 
and P '  gave rather large contributions to the A+-amplitude (x) . 

However i t  was shown that some of these fits were not 
acceptab le ,  if the comb ination of the data 

dcr
+ 

dcr 
cit + P_, dt - p 0 

do 0 cit ( 4 .  1 )  

was considered o r  the compatib i l ity with the inverse d ispersion 
�'elation was tes ted <34) . 

(�) A systematic investigation of the ambiguity of f its  of this  type 
has recently been performed by Daum et al . (33a) 



In the more recent Regge model  fit  of Barger and Phi llips <24) 

this  difficu l ty was solved by introducing a third Regge pole P" and 
us ing continuous momeht sum rules as an additional constraint . The 
authors found the remarkable  result  that C+ � vB+ , i . e .  A+ came out 
considerably smaller than before. But in their opinion the relation 
was "ev idently not exact" .  It should rather be considered as a useful 
s tarting-point for future analyses.  According to Fig. 10 of Ref . <24) 

( first paper) the ratio of the Pomeron res idues of  the B+ and C+ 

amplitudes at t = 0 is 0 . 6 ,  the value 1 .0 b eing expected in the case 
of the equal i ty C+ = vB+ for the lead ing term. 

Therefore in the Barger-Phi l lips model the ratio of the 
s-channel helicity f l ip and no-f l ip amplitudes goes to a f inite value 
in th� h igh energy l imit 

f +- w A 
M c }-'l · t f ixed 

s + 00 

f inite value 

s -channel hel ic i ty is not conserved and a subtraction is required in 
the d ispers ion relation for A+ . 

( 4 . 2 )  

S t arting from a comparison between phenomenological Lagrangians 
and dispers ion relations (3S ) , we have inves tigated in great detail  the 
consequences of the conjoncture that the d ispers ion relation for A+ is 
valid without a subtract ion (36) . In this case A+ (w, t) + 0 at fixed 
t if w + oo and , in the usual Regge pole model ,  one has to assume a complete 
decoupl ing of the P and P '  Regge poles  from the A+-amplitude. As pointed 
out in Ref . <36) hel ic i ty c onservation . 

f +--- '\, 1 
w -7 0 if  w + 00 ( 4 . 3 )  

is a consequence ,  b u t  if  helicity i s  conserved , A+ can s t i l l  g o  t o  infinity 
in the high energy l imi t .  
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In the special case of the forward ampl itude one obtains a 
new sum rule 

2 Im A+ (w ,O) (4.  4) TI 

which is analogous to the famous Goldberger-Miyazawa-Oehrne sum rule for 
the C--amplitude at threshold . If phase shifts are inserted,  one obta:Lns 
in both cases a saturation of the order of 80 % from the integral betwee� 
threshold and 2 GeV. 

The evaluation of the unsub tracted dispersion relation for A+ 

Re A+ (\! , t) ; J d\! ' Im A+ (\! 1 , t) \) �2 ( 4 . 5 )  

i n  the large t-interval - 2 6  < t < 4 is also encouraging , s ince i t  lE,ads 
to a pred iction for A+ (0, t )  which agrees as good as it can be expecte<. 
with an independent determination of this function from the subtracted 
d ispers ion relation (9 ) . The agreement would have to be considered as 
for tuitous , if the integral in (4 . 5 )  would not exi s t .  It is remarkable 
that the integral is strongly dominated by the 33-contribution , which 
even gives a better approximation ,  if  it  is taken alone . 

S ince rel iable phase shifts are availab le only up to 2 GeV , 
the dispersion integrals had to be cut off a t  this energy . Some informa
t ion on A+ at higher energies was derived from the comb ination (4 . 1) of 
experimental data, which is proportional to the component Ai of A+ ortho
gonal to C+ in the comp lex plane . It turns out that Al_ is decreas ing 
as expected according to our conj oncture (Fig .  4 of Ref .  <36l ) .  In a Regge 
pole model the leading pole would be o (or E) and a very crude estimate 

gives "a ;:,-0 . 7 (Re f .  (36 ) ) .  However H . P .  Jacob has shown that a model of 
this  type is not cons is tent with the d ispersion relation and CERN phase 
shifts (37 ) . It is difficult to draw a f inal conclus ion ,  s ince the errors 
of the phase shifts are not known . 



In principle the conj oncture A+ + 0 can be tes ted , if the 
energy dependence of the spin-rotation parameters is known in both 

+ + reaction TI- p + TI-p .  A special diagram for this purpose has been 
proposed in Ref .  < 36) ) .  However the ratio f+_/f++ is already small  
( �  0 . 2) at 2 GeV and , of  course ,  i t  will  never be poss ib le  to  decide , 
whether i t  goe s  to zero or to a sma l l  f inite value in the high energy 
l imit .  

One should notice that TI p data a lone are o f  l i ttle help 
for our purpose , s ince the corresponding amplitude A_ = A+ + A- is 
not expected to be dominated by  A+ , which is probably small ,  but rather 
by A- which goes to infinity at h igh energies . Furthermore A- is not 
so wel l  known that one could solve for A+ . 

It is interest ing to not ice that one of the consequences of 
our conj oncture , namely the decoupl ing of the f-traj ectory , can be 
tested in TIN b ackward scattering . An analys is of the backward d ispers ion 
relation (3B) led to results , which are compatible with the vanishing 
of the FNN-coupl ing to A+ , but the accuracy is s ti l l  poor b ecause of 
uncertainties of the phase shift��) 

The encouraging result s  in the case of TIN scattering and 
indications for hel ic ity conservation in the reaction yp + p 0p  led 
Gilman et al . <39 )  to the proposal that hel ic ity conservation is a 
general property of diffraction scattering of hadrons . This paper found 
much attention and triggered a l arge number of further inves tigations . 

The assumption A+ + 0 for the TIN amplitude was also proposed 
by Pfeffer et al .  <4o) , but these authors essential ly repeated the 
arguments given in our earl ier publ ication. 

Sundermeyer (4l)  u sed CMSR for an inve s tigation of the A+-ampl i
tude . However Jakob pointed out that this result  is not rel iable  because 
of the poor cons istency with the fixed-t d ispersion relation .  

(x) The pos sibility that the f-meson l ies on the Pomeron traj ectorB has 
been recons idered recently by Achuthan , Schlaile and S teiner ( 3  a) . 
In this case the h igh energy behaviour A+ + 0 follows already from 
the decoup l ing of the Pomeron. 



Carlitz et al ( 42 )  recently proposed a model ,  in which the 
Pomeron can only decouple together with the f-meson, i . e .  A+ _,. 0 is 
a consequence of helicity conservation . 

Two attempts have been made to relate the decoupl ing of P 
and f to more bas ic assumptions 

i) Renner <43) s tarted from Tensor Meson Dominance and 
derived the decoupl ing of the f-meson .  

i i ) Jones and Salam<44) assumed that the coupl ing vertices 
of the exchanged tensor meson are the same as those of the free f ield 
energy momentum tensor and der ived hel ic i ty conservation . 

Gross and Wess <45)  have shown that conformal invariance 
requires the fl ip ampl itude to vanish asymptotically in a domain , wh<>re 
� energy variables are large compared to the masses relevant to the 
theory. It seems that an extension of the result  to our case of smal l. 
f t [ is pos s ib le only , if additional assumptions are introduced (x) . 

s-channel helicity conservation leads to condi tions for 
t-channe l exchanges ,  which were s tudied by several authors (46) . 

The paper of Harari and Zarmi <47 )  was s ometimes mentioned 
as containing an argument agains t the decoupling of the Pomeron from 
A+ , s ince these authors concluded that the P-contribution to B+ seemed 
to be "fairly small" in constras t with its contribution to C+ . However 
Mannheim(4S ) used another result  of this paper as one of his argument 
in favour of "spin-dependence" of the Pomeron c oupl ing , which means 
that P is decoupled from A+ in the leading order . Final ly Harari and 
Zarmi tested a comb ination of the decoup l ing of P and their interesting 
ideas on duali ty <47 )  and found agreement with the experimental nN 
data (47a) (xx) 

(x) I am grateful to Prof . J. Wes s for a discuss ion 
(xx) After having completed the manuscript , I received a pr 'print of a review, 

which contains further references on helicity conservation .  
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5 .  Unitary Bounds 

Up to now we have discussed consequences of d i spersion 
relations . There is another class of results for the TIN amplitude , which 
is based mainly on unitary and experimental data. There exist excellent 
reviews on this subject for instance Ref .  <49 ) and I shall mention only 
two new results , which have recently been found by our group (SO)(see also <5 3 ) . 

5 . 1  ���£��!!:��E!!�-�£��� 
Several years ago McDowell and Martin(S l) have shown that from 

unitarity alone a lower bound could be obtained for the derivat ive with 
respect to momentum transfer of the absorptive part of the TIN forward 
scattering amp litude . They not iced that this bound is remarkably close 
to the data above 7 GeV/c . During the last year s imilar methods were 
used in investigations of several authors , who assumed that the bound 
is of interest only in the case of a highly absorptive and spin-independent 
process .  

In  Ref . <5o) the bound was investigated for  TI+p e las tic scattering 
at all energ ies above threshold , generalizing the method to the spin 
dependent cas e .  It turned out that the s trongest version of the McDowell  
Martin bound is almost  saturated by the experimental data ( from phase 
shifts ) at 0 . 6  and 1 . 9 (GeV/c) , where the non-resonant background dominates 
the scattering amplitude (Fig.  9) . At 2 GeV/c the strongest version is 
about 30 % h igher than the bound,  which is usually app l ied at higher 
energies. Unfortunately the bound cannot be used in order to obtain a bound 
for the high energy part of the dispersion integral (3 . 1 ) ,  s ince one would 
need information on the asymptotic behaviour of total elastic cross 
sections. 

Roy and S ingh have derived a very interesting bound relating 
the difference of total TIP cross sections and the total charge-exchange 
cross section . 

lim (a 

w + 00 
� - lim 

w + 00 

3 TI 
2 a ex 
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It was thought that the comparison with experimental data was of 
interest ,  al though the proof is valid only for the high energy 
limit .  Unfortunate ly it turned out that the inequality is violated 
at very high f inite energies in the case of the usual models (SO) , 

C onclusion 

Fixed-t dispers ion relations and charge-independence are 
useful for an interpolation of experimental data,  determinations of 
nN parameters and testing high energy model s  and phase shift sets . 

As long as all nN data are compatible  with the conj oncture 
0 in the high energy l imit ,  it should be imposed as a 

cond it ion on high energy models rather than the weaker condition 
of helicity conservation , s ince the number of adjustable functions 
is smal ler in the f irs t case .  

I t  i s  a challenge t o  theoreticians to derive A+  � 0 from 
more basic assumptions . Furthermore one could hope that investigations 
on high energy bounds will help to disentangle the amplitudes . 

The importance of two experiments has been stressed : 

i) More accurate differential cross section data for n±p in 
the Coulomb interference region(x) 

ii)  More accurate data on the s lope of the charge-exchange· 
different ial cross sec tion at t = 0 .  

O f  course the continuation of  measurements o f  polarization 
and spin-rotation parameters will also be of great interest. 

(x) Eden et a1 C54) have recently d iscussed another phenomenon , which 
could be detected by an experiment of this type. 
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F I G U R E C A P T I O N S  

Data for the total cros s section o+ . The fits are explained 
in Ref .  (7 ) 

Data for o (Sept .  1970) 

P lots o f  o
+ 

as a function of k-l/2  

Tes t of high energy models for C+ . I (k ,k0) is defined in ( 2 . 6 ) ,  
( 2 . 7 ) . For details see Ref . ( 7 )  

Tes t  of the dispers ion relation for C and determination of J .  
y i s  defined in (2 . 13 ) . For details see Ref . (6 )  

The s lope b+ (w) of Im C+ , equ .  ( 3 . 3) . x from CERN experimental 
phase shifts , o from Glasgow A phase shifts . </ from Coulomb 
interference data<5 l . 

Prediction for S+ (w) from the dispers ion re lation (3 . 1 ) .  + S+ ( w) 
from CERN Experimental phase shifts , 6 from Glasgow A phase 
shifts. BP refers to Ref . 24 , the value being very small between 
2 and 8 GeV . "Foley" is the as sumption in Ref.  (5 ) . The sol id 
and dashed l ines are predictions from the assumptions i) and 
ii) described in the text .  

Determination of < b > ,  eq. (3 . 7 ) . The method is  s imilar as  in 
Figs . 3 and 4 .  A best straight l ine fit  through the points from 
CERN phase s ifts  up to 1 . 5  GeV leads to the value (3 . 7 ) . The 
cons is tency is reasonab le .  

S lope of the differential cross section for charge-exchange 
s cattering at t = 0 .  do/dt = do/dt l ( 1  + b0t) . Solid line 

t=O 
helicity f lip contr ibution , dashed l ine : Regge pole model <32 l . 
For detail see Ref . (6)  

Ratio of experimental s lopes and McDowell-Martin bounds (5o) . 
So l id l ine : s trongest vers ion of the bound , calculation us ing 
CERN phase shifts . Dashed l ine : case of exponential diffract ion 
peak .  Experimental points from s lopes of do /dt , us ing total 
e las tic cross  sections in the bound . 
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