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Abstract

The one-loop effective action for N' = 2 and N = 4 supersymmetric Yang-Mills
theories are computed to order F® and F° respectively by the use of heat kernel
techniques in N' = 1 superspace. The computations are carried out via the intro-
duction of a new method for computing DeWitt-Seeley coefficients in the coincidence
limit.

To order F®, the bosonic components of both A/ = 2 and N/ = 4 supersymmetric
Yang-Mills theories are extracted and compared with the existing literature. For
N = 4 super Yang-Mills theories the F terms are found to be consistent with
the non-Abelian Born-Infeld action computed to this order by superstring methods
and various other means of computing deformations of supersymmetric Yang-Mills
theory. The result proved to be the final piece of a puzzle, leaving little doubt that
there exists a unique deformation of maximally symmetric super Yang-Mills theories
at this order. The F° terms will be of importance for comparison with superstring
calculations, including direct tests of the AdS/CFT conjecture.

The bosonic components of N/ = 2 supersymmetric Yang-Mills are also shown
to be consistent with existing literature, and will be of importance for testing of

generalizations of the AdS/CFT conjecture.
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Chapter 1
Introduction

Supersymmetry was discovered a little over thirty five years ago, and continues to be
an area of intense theoretical scrutiny. It has an interesting and rather unique history
[T, 2] in that is was independently discovered in various guises by four different
research teams [3] [ [5, [6, [7, ], all motivated by purely aesthetic and theoretical
considerations, but still remains to be observed in nature. One of the major goals
of the next generation of particle accelerators is the detection of supersymmetry.
Despite this lack of experimental evidence, supersymmetry plays an increasingly
valuable and dominant role in much of modern theoretical high energy physics. It
is the cornerstone of superstring theory [9, 10, 1], 12], the most notable of recent
attempts to unify general relativity and quantum field theory.

The discovery of supersymmetry simultaneously realized the theoretical desires
of finding a non-trivial extension of the Poincaré algebra, and an underlying re-
lationship between fermions and bosons, the two classes of previously unrelated
fundamental particles in Yang-Mills theories and in particular the standard model.
It brought with it a powerful new set of tools and ideas in addition to an array
of other appealing features, and of course great promise for movement towards a
quantum theory of gravity.

An incredibly productive area of research in recent years relates to the connection
between string theories and Yang-Mills theories. Initially prompted by the observa-
tion that low energy effective actions for massless degrees of freedom in open string
theories are generalizations of Yang-Mills theories [I3], [14], the interface between the
two has yielded valuable insights on both sides. Indeed, the overlap between the
two has proven to be far richer than one may have initially guessed based on the
requirement that string theory must, if it does indeed provide the foundation for a
unified theory of all four fundamental interactions, reproduce all of the successes of

the standard model. More recently, added impetus has come from the discovery of



D-branes [15], 16] and the fact that their low energy effective actions are also exten-
sions of supersymmetric Yang-Mills theory. Perhaps the most notable example of
this connection is the Maldacena AdS/CFT conjecture [17, [18, [19] which identifies
two seemingly unrelated theories. Namely, it identifies a theory possessing gravita-
tional degrees of freedom, type IIB superstring theory formulated in an AdSs x S°
background, with one which has none at all, namely four-dimensional N' = 4 super-
symmetric Yang-Mills theory. For details see the reviews |20} 21], 22] 23 24, 25| 26]

and references therein.

Maldacena’s original arguments have since been generalized to include a conjec-
tured duality between certain N' = 2 superconformal supersymmetric Yang-Mills
theories and superstring theories in special backgrounds [27, 28], 29] 0] 3], 32], and
more recently, by the discovery of supergravity dual for the A" = 1 superconformal

[-deformation of N' = 4 supersymmetric Yang-Mills theory [33].

Accordingly, detailed tests of these conjectures will require comparison of the
effective action for specific N' = 2 and 4 supersymmetric Yang-Mills theories with

results derived from superstring calculations.

This interface between superstring theory and supersymmetric gauge theories
provides much of the motivation behind the work presented in this thesis, the precise
details of which are given below. The bulk of the research carried out is presented in
chapters 5 and 6, which are based solely on the single author publications [34 [35].
In short, higher order contributions of the effective actions of ' = 2 and N = 4
non-Abelian super Yang-Mills theories were obtained, with the intent of testing, or
laying some of the groundwork for future tests, of various links between superstring
theory and super Yang-Mills theory. The present work therefore sits entirely on
the supersymmetric quantum field theory side. Heat kernel techniques, N = 1
superfields and the background field formalism are the primary tools, and along the

way a new method for efficiently computing DeWitt-Seeley coefficients is revealed.

1.1 Background

It is now well known the low energy effective action for the massless vector degrees
of freedom in open string theories is a deformation of the Yang-Mills action, and
admits an expansion in powers of the string tension o' [I3] [14]. Tt is a functional
of the background field strength Fj; and its covariant derivatives V,, ...V, Fj.,
with a generic structure of the form Y >~ (/)" ¢, F"*2, where here and in all that

follows (unless specified otherwise) F™ denotes terms of mass dimension 2n in F



and its covariant derivativesﬂ The corrections proportional to powers of o/ arise
due to additional interactions induced by virtual massive superstring modes. The
non-derivative terms in the effective action were computed to all orders in o in
type I string theory [36, B7] using path integral techniques and are given by the
Born-Infeld action [3§]

Spr = / d'%z \/det(éu,, +27a’F,,). (1.1.1)

Direct computation of a four point string scattering amplitude yields the term pro-
portional to (a’)? in the expansion of the Born-Infeld action [37,[39]. Derivative cor-
rections to the Born-Infeld action were first considered in [40] (also see [41} 42 [43]),
where terms involving four F’s and four derivatives were extracted from the four
point superstring scattering amplitude (terms involving two derivatives vanish).
Contributions with four derivatives and arbitrary numbers of F’s were computed
via string sigma-model loop calculations in the boundary state operator formalism
in [44]. This work revealed a fascinating link between the derivative corrections and
the curvature tensor for a nonsymmetric metric on the sigma model target space.
These four-derivative calculations have been extended to superspace in [45] (see also
j46)).

In a not completely unrelated development, with the discovery of D-branes [15]
16] it was quickly established that the low energy effective action describing their
massless degrees of freedom are also deformed maximally supersymmetric Yang-
Mills theories, which are themselves a considerable source of interest [47), 48, [49] [50]
511, 52, 53] 54, B5L [56]; for a review see [57]. For D-brane probes in the background
of a stack of D-branes, the expansion parameter is not o, but is determined by the
vacuum expectation values of scalar fields which specify the separation of the probe
from the stack.

For a single Dp-brane, the lowest order terms in the derivative expansion of the
effective action for the massless modes (corresponding to constant field strength)
are known to all orders in o/, and are given by a ten dimensional supersymmetric
Born-Infeld action dimensionally reduced to p + 1 dimensions [36, 37, 58, 9] [60]
61, [62] 63, [64]. In the case when there are N coincident D-branes the gauge group
becomes U(N) [65] and the leading order term in the o’ expansion of the effective
action is D = 10 supersymmetric U(N) Yang-Mills theory dimensionally reduced to
p + 1 dimensions. The first detailed investigation was carried out in [66], but the

precise structure of this effective action still remains largely unknown. In contrast

! More specifically, terms of the form V?™F"~™  with n > m, consisting of n —m field strengths

and 2m covariant derivatives.



to the Abelian case, its determination is complicated by the Bianchi identity
[Fabach] = 2iv[avb}ch7 (112)

and so it not possible to unambiguously separate the effective action into derivative-
independent and derivative-dependant termsﬂ In the non-Abelian case therefore one
cannot truncate to constant field strength, and derivative terms must be considered
[57]. Currently only a few terms in the o/ expansion are known.

Of particular relevance is the fact that supersymmetry seems to be a sufficiently
strong constraint to uniquely specify the form (up to field redefinitions) of the de-
formation of a maximally supersymmetric Yang-Mills theory to some order in F™
[51, 52]. For example, it has been shown in the Abelian case that supersymmetry
uniquely fixes deformations to fourth order [48, 49] and sixth order [50] in D = 10.
More recently it was proven [71], [72] that in the case of constant field strength,
Abelian Yang-Mills theory in D = 10 has a unique deformation given by the Born-
Infeld action. The proof is based on the assumption that certain BPS solutions
should exist to the equations of motion. It is argued in [71] that since BPS config-
urations are intimately related to supersymmetry, the result lends support to the
idea that supersymmetry is constraining the form of the deformation.

In the non-Abelian case, if supersymmetry is sufficient to fix the form of the
deformation to some order in F™, then any means to compute a supersymmetric
deformation of the non-Abelian Yang-Mills action at this order must yield the terms
in the non-Abelian D-brane effective action at this order. This in turn means that
the structure of the D-brane effective action can be examined using a number of
techniques, and not just by direct computation. In particular, the effective action
for non-Abelian super Yang-Mills theory at this order should correspond to non-
Abelian D-brane energy effective action, since the former is a deformation of classical
Yang-Mills action. However, since it will be dependent on the choice of gauge, with
a change of gauge inducing a field redeﬁnitionﬂ, direct comparison of low-energy
effective actions with deformations obtained by other means is potentially non-

trivial. It was argued in [37] (also see [73]) that field redefinitions only effect terms

2This ambiguity ultimately gives rise to some freedom in how one may choose to define a ‘non-
Abelian Born-Infeld action’. A proposal to resolve the ambiguity was suggested in [66], where all
commutators of field strengths are to considered as belonging to the derivative-dependent part,
and the non-Abelian Born-Infeld action is defined in terms of symmetrized traces of products
of field strengths. Although this definition does not seem to be universally adopted within the
literature, or at least there appears to be some confusion, this will not concern the present work.
For discussions and results relating to this and the now well know symmetrized trace prescription

see [07 [67 [66, [68, [69, [70] and references therein.
3For related matters see [73, 37].



in the effective action which contain covariant derivatives of the field strength, and
so the non-derivative terms should be the same for all methods of calculation if the
deformation is unique.

The single strongest piece of evidence to suggest that maximal supersymmetry
is sufficient to fix the form of the deformation at order F° comes from [74], where
the authors claim to have found a single and unique supersymmetric deformation
to D = 10, N' = 1 supersymmetric Yang-Mills theory at this order. Up to a single
multiplicative constant x, the bosonic field strength contribution was found to be:

1
KT Aq (Fab(vach) (VEFye) Fge — (VEFYFYV  Fye) Fye — é(VeFab)(VeFm)dech

— %(VGF“b)Fda(VerC)FCd + %(VEFGb)ch(veFab)ch

— PPy FFC Fye + iFFF Fy o Fye + %F“deerchaFde> . (1.1.3)
Prior to this, extending the method of [71] (for a review see [75]), an order (a/)3
deformation]]in D = 10 was calculated in [78], and was found to be precisely
up to some overall normalization. Furthermore, a number of tests have successfully
been applied to confirm that expression ((1.1.3]) is consistent with string theoretic
predictions [79, 80]. A string theory calculation of the full five-point scattering
amplitude for gluons has been carried out [81], [82] 83], [84], from which it is inferred
that the corresponding low-energy effective action has again precisely the order (a/)?
terms . Other approaches also provided information on the Born-Infeld action
at this order [54, [56, 55, 69].

Prior to the publication [34], which forms the basis of chapter 5 of this thesis,
there was evidence that the F° deformation was not unique. As noted in [78, 74} 81],
the results of a computation of one-loop effective action for N' = 4 super Yang-
Mills theory in four dimensions using supergraphs [85, 86] yielded different non-
derivative F® terms to the D = 4 version of . If the I contributions ((1.1.3)
are to be uniquely specified by maximal supersymmetry, they should be found in the
one-loop effective action for D = 10, N' = 1 supersymmetric Yang-Mills theoryﬂ
Consequently one should expect that in restricting this result to D = 4, the F?®
contributions to the one-loop effective action for N' = 4, D = 4 supersymmetric
Yang-Mills theory should be generated [87), 88]. The work [85] 86] was inconsistent

4Partial results at order (a’)3 had previously been obtained in [76], [77] and [43]. Partial F®

terms in ten dimensional super Yang-Mills were provided by [76].
5This statement rests on the tacit assumption that the one-loop effective action generates the

entire F° contribution. This is generally believed to be the case, for example see the review [51]

and references therein.



with this.

In [34], the one-loop effective action for non-Abelian N' = 4 supersymmetric
Yang-Mills theory is calculated in A/ = 1 superfield form through to order F® in the
absence of a chiral scalar background. Prior to this the effective action was known
in superfield form only up to order F* (see for example [89, [90]). The technique
employed is a modification of that developed in [91 [92] based on the properties
of ‘moments’ of heat kernelsﬁ At order F?, extraction of components from the
resulting superfield expression yields, up to an overall multiplicative factor, perfect
agreement with .

As already noted, the F results in [85, [R6] were originally found to be in dis-
agreement with the result (1.1.3). However, soon after the release of [34], the authors
of [85, 86] discovered and corrected an erroifl] to yield consistent results [85]. This
finally cleared up the matter.

Taken together, the fact that all of these results [78, 81l [79, R0, [74] 34], 85] com-
puted by four independent means yield the same expression, , now leaves little
doubt that this F® deformation of maximally supersymmetric Yang-Mills theory is
in fact a unique deformation at this order.

The one-loop non-Abelian F° terms in the effective action of NV = 4 supersym-
metric Yang-Mills theory computed in [34] are potentially important for comparison
with string theoretic results at this order, as are the recently computed two-loop
Abelian F° terms [100]. Koerber and Sevrin [101] have computed deformations of
supersymmetric Yang-Mills theory to order F® based on the approach of requiring
certain BPS solutions to the equations of motion [78]. Order (o/)? terms extracted
from five gluon [84] and six gluon [102 [103], 104, 105] scattering amplitudes calcu-
lated in superstring theory will allow the calculation of F'® terms in the effective
action for the massless modes in superstring theory, but this is yet to be completed.
Comparison of the F¢ structures from N = 4 supersymmetric Yang-Mills theory,
BPS arguments and superstring theory will be important in establishing whether
supersymmetry is a sufficiently strong constraint to uniquely determine the non-
Abelian D-brane effective action at this order.

Evidence which suggests that this uniqueness does not extend to all orders, and
that in general one should not expect a direct correspondence between the non-
Abelian D-brane effective action and quantized super Yang-Mills at higher orders,
comes from the fact that the F® terms in the one-loop Abelian ' = 4 super Yang-
Mills effective action [106] differ from the F® terms in the Born-Infeld action [87].

6For an alternative techniques see for example [93] 94} [95] [96], (97, 98, 9] and references therein.
TEffectively pointed out in footnote 8 of [34].



For a detailed discussion see [106], 107].

It should be mentioned that the issue of derivative corrections to both the Abelian
and non-Abelian Born-Infeld action has also been approached from the viewpoint
of non-commutative geometry [108, 109} [1T0] T11, 112, 1T3], 114 115].

In [35], on which chapter 6 is based, the results and methods of [34] (chapter
5) are extended to compute the one-loop effective action for arbitrary non-Abelian
N = 2 super Yang-Mills theories to order F°. Technically, this proves at least as
challenging as the computation of the one-loop effective action of NV = 4 super Yang-
Mills to order F. The results of both [34] and [35] should be useful for future direct
tests of the AdS/CFT conjecture and its generalizations relating to the existence of
supergravity duals for certain superconformally invariant non-Abelian N = 2 super
Yang-Mills theories [17, [1T6], 117, 118 119 120, 121].

As already mentioned, the one-loop computations in superspace in this thesis are
approached using heat kernel techniques, for which the associated mathematics and
physics literature is vast (see for example [93] 04 06 9] and references therein).
The technique adopted is a modification of what shall be referred to as the Gaussian
approach [911, 92], which is closely related to other well know approaches [122] 123
124] (and for example see [125]) for computing the asymptotic expansion of heat
kernels which employ plane wave expansions of the delta function and Gaussian
integration identities. For a recent guide to the literature and a detailed review of

heat kernel expansions and an array of approaches see [99].

1.2 Outline

Since the N/ = 1 superfield formalism is used throughout, chapter 2 is dedicated
to a review of this formalism. In particular, some of the fundamental ingredients
will be discussed, as will classical NV = 2 and 4 super Yang-Mills theories. Chapter
3 is concerned with the quantization of Yang-Mills theories in the context of the
background field formalism, which is described in general before being applied to
case of N'= 2 and 4 super Yang-Mills theories in superspace.

Chapter 4 will begin with a brief review of heat kernels and some associated
computational techniques. This will include their relation to the one-loop effective
action and to propagators, as well as their asymptotic expansion. The Gaussian
differential equation approach [91], 02] will then be described in some detail.

Chapters 5 and 6 deal with the computation of contributions to the one-loop
effective actions of non-Abelian N' = 4 and N' = 2 super Yang-Mills theories re-

spectively. A modified version of the Gaussian approach is developed in the process,



and a new technique for computing DeWitt-Seeley coefficients in the coincidence
limit is described. A detailed comparison with existing literature is carried out, and
we conclude with some brief remarks concerning the extension of the computational
technique employed.

The three appendices are concerned with the conventions and notion used, the
computerization of the computational techniques employed, and the details of some
derivations. For the curious reader, and for completeness, a compact disc has also
been attached. The contents of the CD are not necessary for the reading of the

thesis, and merely document the computerized calculations in full detail.



Chapter 2
Field theory in N = 1 superspace

In this chapter we will briefly review classical field theory in flat N' = 1 superspace,
with certain emphasis being placed on the N’ = 2 and N = 4 supersymmetric Yang-
Mills theories. Additionally it serves to familiarize the reader with the notation
and conventions adopted in this thesis, which are based primarily on those of the

textbooks [126] and [127]. Further details of these can be found in appendix [A]

The reader is assumed to have some familiarity with the NV = 1 superfield
formalism, some supermathematics, standard classical field theory and group the-
ory. For a more thorough and systematic treatment of superfield theories and su-
persymmetry in general, the reader is directed to some of the pioneering articles
[3, 4, Bl [0l [7, 8, 128, 129] 130], textbooks [126] 127, R8Il 131], and review articles and
lecture notes [132], [133] 134 135, 1306, 137, 138, 139, 140]. For details on supermath-
ematics the textbooks [141), 142], 143, [144] are recommended.

In this work we will be interested in field theories formulated in flat N” = 1 super-
space, which is an extension of Minkowski space R*!, augmented by four fermionic
or anticommuting coordinates. Field theories formulated in this space display many
desirable features both classically and at the quantum level. They exhibit manifest
global A/ = 1 supersymmetry and provide a powerful set of tools permitting one to
perform calculations and obtain results which would otherwise be intractable in the
component formalism. Ultimately, however, such theories must at some stage be
reduced to field theories in R®! since this is currently the only means to physically
interpret them. Superfield theories encode a great deal of information and rather
trivial looking actions in superspace describe comparatively more complicated ac-

tions in Minkowski space.

We begin our review by recalling the coset construction of A/ = 1 superspace.



2.1 N =1 superspace and superfields

2.1.1 Superspace

The notion of (real) superspace was first introduced by Salam and Strathdee [145]
146] (also see [5]6]) just after the work of Wess and Zumino [7]. It is an application
of the coset space method proposed originally by Cartan in 1946 [147] and later
rediscovered independently in a more physical context [148], 149, 150} 151, 152]. Just
as Minkowski space can be realized as the coset space I1(1,3)/SO(1, 3) (the Poincaré
group modulo its Lorentz subgroup), Salam and Strathdee’s idea was to identify a
new space with the coset space SII(1,3)/SSO(1,3) (the N' = 1 super Poincaré
group STI(1, 3), modulo a subgroup SSO(1, 3), the Grassmann shell of the Lorentz
group) and consider field theories on this space. Since SII(1,3) is a generalization of
I1(1, 3), this procedure leads to a generalization of Minkowski space, a supermanifold

which necessarily includes anticommuting coordinates.

One may also consider the complex extension of the NV = 1 super Poincaré
group, and the notion of complex superspace which is parameterized by coset space
coordinates associated with the complex extension of the NV = 1 super Poincaré
group modulo the complex extension of the Grassmann shell of the Lorentz group.
In doing so one may view real superspace as a hypersurface in complex superspace, a
notion heavily related to the so-called chiral and antichiral subspaces of superspace

which play a major role in the ' = 1 superfield formulation.

In general the coset approach provides a systematic way for constructing field
representations of a particular group realized on the coordinates of a coset space of
that group. The procedure includes the identification of vierbiens, spin connections
and covariant derivatives. For a brief summary see [I53]. We now state a few results

from this construction pertinent to A/ = 1 superfield theories.

Real superspace, denoted by R** = R* x R?, is parameterized by the coset
space coordinates z4 = (2%, 6%, 604), where % are real c-numbers (ie 2% € R.) and
(6%)* = 0% are complex a-numbers (ie 6%, 0, € C,)). These coordinates possess the
following well-know transformation properties under the action of the super Poincaré

group. Under spacetime translations

P=x"4+c 0 =6 0, = O4; (2.1.1)

10



under Lorentz transformations

la

2" = exp(\)%, 2

0 = (eXp (%Aabg"b>)a 6° (2.1.2)

s
0, = (exp (%)\ab5ab>) .ﬁ 0;;

and under supersymmetry transformations
2" = 1% — iecd + i0oe 0 = 0%+ ¢ 0., = s + €. (2.1.3)

It is clear that the #* and 6 are left and right Weyl spinors, together forming a
Majorana spinor.

The most general super Poincaré transformation on R** is found to be

2" = exp(N) 2’ + ¢ — iec®0 + o€

1 «
o' = (exp (—)\“baab>) 0° + ¢
2 P (2.1.4)
_ 1 8 _
9:1 = (exp (5)\@5@)) . 05 + gd-
The antichiral and chiral subspaces are parameterized by zf = (z,,0?) and

24 = (2%,0_4) respectively, which are defined by

2% = 2" +1i00%0 (2.1.5)
0% = 6. (2.1.6)
and
2% =" —i00"0 = (29)* (2.1.7)
0_s =0s = (0:0)", (2.1.8)

Both are closed with respect to transformations by the super Poincaré group (2.1.4)).

2.1.2 Tensor superfields and covariant derivatives

Field theories formulated on superspace make use of tensor superfields: field repre-
sentations of the group STI(1,3) which are defined on the coset coordinates 2 and
classified by the irreducible representations of the subgroup SSO(1, 3).

All irreducible representations of the Lorentz group SO(1, 3) (and hence SSO(1, 3))
are described in section of appendix [A]. Tensor superfield representations of the

11



super Poincaré group of Lorentz type (5, %) are superfields which carry n undotted
and m dotted spinor indices (simultaneously symmetrized in both) and transform

under the action of the super Poincaré group as:
V() = exX"Ma /(). (2.1.9)

Here the (external) tensor indices have been suppressed and it is understood that
the generator of the associated Lorentz representation M, acts on these indices.
The coordinates z, 2’ € R** are related by a super Poincaré transformation. One

can rewrite such a representation using differential operators as
V'(z) = g(c,e,6, )V (g7 '2) (2.1.10)

with 2/ = g~ '2 being related by a super Poincaré transformation corresponding to

the group element ¢g~! and
1 _
g(c, €, N) = exp <i(—caPa + 5)\‘1[’[,@17 +€e*Qn + Ean)>. (2.1.11)

Here the operators are easily identified by examining (2.1.4). They are:

P, =10, (2.1.12)
Loy = 12600 — a0h + (0a5) 0005 — (5a) 0205 — M) (2.1.13)
Qo = 104 + (0")aa 00 (2.1.14)
Qs = —i0s — (0%)aal"Oa- (2.1.15)

Again the Lorentz generator M,, acts only on the field’s Lorentz indices.
The action of an infinitesimal supersymmetry transformations on an arbitrary

superfield V'(z) can then be expressed as
SV (2) =i(e*Qa + QM) V (2). (2.1.16)

The derivative of a tensor superfield is itself not a tensor superfield since the
derivatives 04 do not (anti)commute with all of the generators ([2.1.12))-(2.1.15)). In
particular [04, Q,} and [04, Q4 }, where the graded commutator [ ., . } is defined by

X, Y} =X.Y - (-1)*XMVy.x, (2.1.17)

do not vanish. Naturally one is interested in finding covariant derivatives D, =

(D,, Dy, D) which map tensors to tensors,

[Da,Po} = [Da, Qa} = [Da, Qa} = 0. (2.1.18)

12



They can be determined systematically via the coset construction, and are given by

Dy = 0, D" =Dy, = 0" (2.1.19)
Dy = 04 +i0%(0%)0a0s D* =e*’ Dy D* = —0% —i04(5,)*0"  (2.1.20)
D% = 0% +10,(5%)%0° D4 = e,5D” Dy = —04 —i0*(04)aa0a-  (2.1.21)

They satisfy the (anti)commutation relations

{Dao, Dg} = {D* D’} = [Da,d,] = [D*,8,] =0 (2.1.22)
{Da, Da} = =2i(0")aa0a, (2.1.23)

the latter indicating that flat superspace possesses torsion.

One may also establish

DA(UV) = Dy(U)V 4 (=1)*W=ay D 4 (V)

(2.1.24)
e(DaV)=¢ea+¢(V) (mod 2)

and that the spinor covariant derivatives, D, and D,, are related under complex
conjugation
(DLV)* = (=1)*V)IDv*  (D*V)* = D*V* (2.1.25)

where V and U are arbitrary superfields and we have introduced the notation

D? = DD, D? = DsD*. (2.1.26)
One may expand a tensor superfield in a finite Taylor series with respect to its
odd coordinates, the coefficients of which, called component fields, are supersmooth
in 2 € R.. Such a series terminates since 0,030, = 5019_30_1:0. Collectively the
component fields are referred to as a supermultiplet. It is often most convenient
to define component fields so that they correspond to taking multiple covariant
derivatives followed by setting 6, = 6, = 0. Following [I27], the act of setting
0, = 04 = 0 will be referred to as a space projection, and denoted as |. Accordingly,
for a real but otherwise unconstrained superfield V(z) = V(z)*, the components can
be defined as

Alw) = V() Ya(@) = DaV (2)] dalz) = DaV ()
F(x) = —1 DV (:)] F() = —1 DV (:)] Coalr) = 5D, DIV ()|
Xa(r) =~ DDV () Xa(r) = 3 DaD?V (2)
H(z) = 3—12{1)2, DQ}V(z)‘. (2.1.27)

13



As is very well known, as a consequence of (2.1.4), (2.1.9)), and (2.1.18]), the

components play the role of ordinary tensor fields when one reduces a field theory in
superspace to one on Minkowski space. The supersymmetry transformations man-
ifest themselves at the component level by relating some of these ordinary tensor
fields. Ome can readily establish how the components transform under the action
of an infinitesimal supersymmetry transformation by taking various numbers of co-
variant derivatives of followed by space projection. In the process one
uses (2.1.18]), (2.1.27) and exploits the similarity of the supersymmetry generators
(2.1.14), (2.1.15) and the covariant derivatives.

One may also consider superfields defined on the subspace of superspace with

coordinates 22! = (z,,0%) or 224 = (2, 0_,), which are known as chiral and antichiral

superfields respectively, as first introduced by Ferrara, Wess and Zumino [I54]. This
idea turns out to be of great significance in superfield theory primarily due to the fact
chiral superfields have a much shorter Taylor expansion, and therefore yield smaller
multiplets than the unconstrained superfield V' (z) described above. For example, a

chiral superfield ®(z,) possess only three component fields:
O(z,) = A(x,) + 0o (x,) + 6*B(x,). (2.1.28)
or more fully

D(2) =A(z) + 0°¢a(2) + 0°F (x) + 10000, A(z)
1= 1 - (2.1.29)

+ 5020&“ LU(x) + ZWG%“@A(%‘).
Equivalently, one may consider chiral and antichiral superfields as superfields

satisfying constraints. A chiral superfield ®(z) satisfies the constraint
D®(z) =0, (2.1.30)

the solution to which is given in (2.1.29). Similarly an antichiral superfield ®(z)
satisfies
D,®(z) = 0. (2.1.31)

The constraints are really just those of holomorphicity (for example see [127), 153]),
implying these fields are defined on the chiral subspaces. The constraints are inte-
grable because {D,,Dg} = 0.

Finally, it is useful to note that it is possible to recast many of the properties
of superspace integration, delta functions (see section and component field
extraction in terms of the covariant derivatives. In particular, for an arbitrary

superfield V'(z), one has:
/dS,z D4(V(2)) =0 (2.1.32)
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1 6= 12 1 472712 1 /4 2 A2 ‘
4/dz V(z) 16/dx V(z) 16 d*z V(z)
1

_ 1 _ _ .
=1 d*zD*D*D,V (2)| = T /d4deD2DaV(z) : (2.1.35)
The (anti)chiral delta function can be expressed as
1~ 1
di(z—2) = —ZD25(8)(Z —z) 0 (z—2)= —ZD25(8)(Z — z). (2.1.36)

2.1.3 Actions and equations of motion

As with all classical field theories, the object of central interest in theories formulated
in N' = 1 superspace is the action functional. More precisely, superfield theories
are expressed in terms of an action which when extremized yields the dynamical
equations of motion. Generally speaking this means defining, for a given set of
tensor superfields v™(2) and their derivatives, a super Poincaré invariant action
(super)functional S : v™(2) — R, as follows:

)

&V

S[M(2)] :/dszﬁ(vM,DAUM,...,DAl...DA

(2.1.37)
+ { /d6z£c(vM,DAUM,...,DA1 .. Da M) —|—c.c.}

where c.c. denotes the complex conjugate. Here the super Lagrangian density L is
simply a scalar superfield (ie a Lorentz scalar combination of v (z) and its deriva-
tives), and L, a chiral scalar superfield subject to the constraint D4L. = 0. Actions
constructed in this manner are manifestly invariant under super Poincaré transfor-
mations (for complete details see [89] [127]).

The component form of any such action, by which it is meant the action cast
in terms of the superfield’s components in Minkowski space, is in general found
by putting together the rules for reducing superspace integrals to Minkowski space

and the definition of the component fields. Usually one works with the covariant

derivative identities (2.1.35)) and (2.1.27)). This prescription yields

S[v] :/dSz L(v) + { /d6z L.(v) + c.c.}

1 (2.1.38)
- /d% (3—2{02,[}2}5(@) = (%{D?Lcw) +c.c.>) ‘
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Unlike field theories expressed in ordinary spacetime we now have an added
complication due to the existence of chiral and antichiral subspace. Accordingly one
is required to generalize the notion of the functional derivative.

Consider a dynamical system of tensor superfields v () = (V™ (z), ®#(2), ®4(2)),
where V™ (2) = (V™(2))*, Dg®"(2) = 0 and ®* = (®#(z))*. Under an arbitrary
infinitesimal variation of these fields, v (z) — v™(2) + 6v*(z), the variation of the

action 0.5 is expressed as

dS[v] = Sv + ov] — S[v]
= S[V 46V, 0 + 00, ® + 60] — S[V, ®, D]
— dgzavm(z)W‘STS(Z)+ /dﬁzacw(z) 5552«) + /dﬁzaciﬂ(z) 555,2)

and 6S/6V™(z), 6S/6®*(2) and §S/6PM?) are the left (super)functional derivatives
of S at V™(z), ®*(z) and ®#(z) respectively. The classical equations of motion are
then expressed through the stationary action principle, i.e. solutions are the set of

fields which satisfy the equations

5S 0SS 68
s = 5or = 555 = (2.1.40)

Finally it should be pointed out that (at least currently) no physical meaning is
usually ascribed to superfields or superspace. Its usage is ordinarily viewed as an
elegant and useful mathematical book-keeping device for the different component
fields in a supermultiplet. Consequently all physical meaning of any superfield theory

is obtained purely through the underlying component action in Minkowski space.

2.2 Superfield theories

In this section we begin by examining the simplest NV = 1 superfield theory, the
so-called Wess-Zumino models, which illustrate the important features of N' = 1 su-
perfield theories. Discovered and discussed in detail by Wess and Zumino [155], these
models where the first examples of four dimensional supersymmetric field theories
with linearly realized supersymmetry. Afterward we will consider the generalization

to include local gauge invariance, namely supersymmetric Yang-Mills theories.
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2.2.1 Extended Wess-Zumino models

From a physical point of view, the most general action involving n chiral fields
Pi(2) = (®i(2))*, i =1,...,n, with Ds®* = D, ®; =0, is

S[®, @] :/d8z<1>id>i+/dﬁzﬁc(<1>)+/d62£C(CI>) (2.2.41)

where L.(®) and L£.(®) are finite polynomials in ® and ® respectively. This will
be referred to as the extended Wess-Zumino model, since the case where n = 1 and
L. is at most a third order polynomial is generally known as just the Wess-Zumino
model.

Recalling that the power series expansion of a chiral superfield is given by equa-

tion (|2.1.29)), we can express the components as

Ui(a) = D) Fi(a) = L prgiy (2.2.42)

Al(x) = d(2) 1

and similarly for ®;(z). The component action is easily found to be:

S = [d®2 ®;®" + (/dﬁz L.(P)+ c.c.)

i

- fa <Ai<x>aaaaAi<x> — U @0 (@)} + F(a)Fi(a)

+ {( - i%wa(@wg(@ + %F%x)) + c.c.}> . (2.2.43)

Consequently at the component level the extended Wess-Zumino action ([2.2.41))
describes a system of n complex scalar fields ®%(x), n complex scalar auxiliary fields
F'(x) and n Majorana spinors.

Using the techniques described in subsection [2.1.2] one finds that under infinites-
imal supersymmetry transformations with parameters €, = (€;)* the component

fields transform linearly as follows:

0A (x) = —ei'(2)
S (1) = —2eo F' (1) — 21€%0,6A'(7) (2.2.44)
SF'(z) = —1€0,a0™ ().

At this stage one may determine the equations of motion for the component
fields by either using the principle of least action on the component action, or by
deriving the superfield equations of motion. It is generally easier to take the latter
route, and obtain the component equations of motion by operating on the superfield
equations of motion with various numbers of covariant derivatives followed by space

projections.
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Having eliminated the auxiliary fields through their equations of motion, one
finds that the resulting component action possess non-linear, on-shell supersymme-
try which is dependent on the particular Wess-Zumino model under consideration.
This is a typical feature of NV = 1 superfield theories.

As a final remark, examination of the quantum properties of the extended Wess-
Zumino models shows that in fact the most general renormalizable model is one

where L.(®) is at most cubic having the general form
Lo(®) = a+b;®" +myd'dl + )\, & IOk (2.2.45)

Here m,; is the mass matrix, and cubic terms generate interactions, in complete

analogy to standard quantum field theory.

2.2.2 Supersymmetric Yang-Mills theories
In superspace

Examination of the first term in the extended Wess-Zumino action (2.2.41)),
/ d®z &, 0’ (2.2.46)

immediately reveals a global symmetry. More specifically, consider a finite dimen-
sional (perhaps reducible) representation R of a compact connected Lie group G,

generated by a set of Hermitian generators (77 )ij which satisfy
(77, 7/] =ifETHK (TH =771 I=1,2,...,dimG (2.2.47)

fIJK

where the structure constants will be assumed to be antisymmetric. The action

(2.2.46)) is then invariant under the global symmetry transformations

Pi(z) = () BI(z)  By(z) = Bi(2)(eT), € ER.  (2248)

7

which will extend to the entire action provided L. is also invariant.

Promoting this symmetry to a local or gauge symmetry leads to supersymmetric
Yang-Mills models. The scalar field ®* satisfies the chirality constraint D,® =
0, which cannot be maintained under local transformations in which the gauge

parameter is an arbitrarily superfield, ie
Dy (@' (2)) = Dy (€' AT ®(2)) #£ 0 (2.2.49)

for arbitrary superfield £7(z). For consistency we must demand that £7(z) itself be

chiral, which immediately ruins the invariance of ®®.
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The solution to this problem is to introduce a real but otherwise arbitrary ‘com-
pensating’ or gauge superfield that takes values in the Lie algebra, V(2) = VI(2)77,

and has the following gauge transformation propertiesﬂ

eQV’(z) — eiA(z)GQV(z)efiA(z) (2250)
where
Az) = A (2)T! DaMN (2) =0
A (z) = A(2)T! DA (2) =0 (2.2.51)

(A'(2))" = A (2).

The gauge superfield V| also known as the Yang-Mills superfield, is used to yield

the gauge invariant action

/d8z de?V'd (2.2.52)

where the gauge transformations are now:

'(2) = 2D D(2) '(2) = (z)e M (2.2.53)

with A and A subject to (2.2.51)). The component form of this action describes the
coupling of a Yang-Mills field to spin 1/2 matter.

The covariant derivatives D4 do not preserve the gauge transformation proper-
ties. In analogy to ordinary gauge theories it is natural to look for gauge covariant
derivatives, and attempt to identify torsion and curvature in terms of them. Accord-
ingly one introduces a set set of gauge covariant derivatives, DY’ = (D", D, DY),

which satisfy
(D®) — (DY) = (D)D) = DY =e'DPe ™ (2254)

As usual one achieves this by introducing gauge connections taking values in the Lie
algebra, in this case the superfields I'(” (z) = I (2)77, such that

DY = Dy +il'P(2) (DY®) = (D4®(2)) +il (2)®(2). (2.2.55)
This immediately implies that the connection transforms as
I‘:f‘”(z) = eiAFg)(z)e’iA — (e D e (2.2.56)

under gauge transformations. Examining ([2.2.54) and the transformations proper-
ties (2.2.50) of the gauge field V(z) introduced above, one particular choice of a

!The choice of 2V () instead of just V(z) is merely a matter of convenience.
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gauge connection is:

DS—) — 6_2VDa62V fzjd(+) _ Dc’x
1 . i _
Dy = =5(6:)* DR = —(62)* (P, DL} (2.257)
1 -
Ffj) _ —i(6_2vDa62V) F((;) =0 1"((;) — _Z(5a)aaDd(e_2vDa62V)-

. I . .
The supertorsion H 5 and supercurvature F\y) = F,'2)T7 tensors are then identi-

fied from their definitions through the (anti)commutation relations
(D, DY’} = DYDY — (—1er DDy
= H, ;DS +iF{, (2.2.58)
of the gauge covariant derivatives, which satisfy the following algebra [156]
(D, D} = {DS, D” 1 =0
(DS, DV} = —2iDL) = —2i(0%) 0y DL

(DL, Dyl = 2icagW” W = wioT! (2.2.59)
[fl_)c(;r)’ D(Jr_)] — 215 W(+) W(+) WI(+)TI
(D5, D] = (0")aa(0”)55G;) = —€ap(DWLT) — 45DV W),

Contraction of the spinor indices in the last commutator yields the Bianchi identity
(DWW = (DWW He).
The supercurvature superfields (or gauge superfield strengths)

1

W = —=D(e=2V Dye?)
. (2.2.60)
W = —e72 D2(eV Dye 2V )e?V
a 8 « )
are used to construct the ‘pure’ or kinetic part of the gauge superfield’s action:
1 =
———t oz WeOWE + [z WIWEE ) 2.2.61
1PCR) " (/ : o fee (2.261)

Here ¢ is a coupling constant, triz indicates the trace over the gauge indices of
the representation R, and C(R) is a Casimir coefficient defined by trg (T!T7) =
C(R)é". Onme can readily establish that this part of the action is invariant un-
der gauge transformations due to the cyclic properties of the trace and the fact
that the superfield strengths have the following homogeneous gauge transformation

properties
WS o W = AP e—id
a a =€ o €

_ - ot (2.2.62)
Wd(;r) N Wd(+) — GIAW(;F)G_IA.
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Alternatively one may have sought gauge covariant derivatives D'’ which main-

tained the gauge transformation property
(DY®T) — (DYPT) = M(DYDT) = D =e"DPe ™ (2263)

The difference is merely a matter of representation, and the + and — representations

(the chiral and antichiral representations respectively) are explicitly related by
DY = e 2D e, (2.2.64)

The subsequent field strengths are related through similar identities, for example
W = e 2VIW)e (2.2.65)

Often one expresses the chiral part of the action (2.2.52) in terms of gauge

covariantly chiral scalar fields

Pe2VP = PPPH = dOPO (2.2.66)

which satisfy
M = o P = P DPoM =DM =0 (2.2.67)
PO =V PO = D0 =D = 0. (2.2.68)

Clearly in these representations the gauge covariantly chiral and antichiral scalars
are not directly related by Hermitian conjugation. An ‘in-between’ or ‘central’
representation which maintains this property, is defined by splitting the vector field
as

e”’ =eve o' =w=w'T. (2.2.69)

The corresponding gauge covariant derivatives, field strengths and gauge covariantly

(anti)chiral superfields are then defined by

- w w N W —w
D, =¢e"D,e", D, =eYDge

1 . i . _
D, = _5(5}1)&(17)0@ = _i<5-a)aa{pa7pd} <227O>
[ﬁd’pﬁﬂ] = 216d5W5, [Da, D,B,B] = 21€aﬁWB.

The action is representation independent and from here onward a particular repre-
sentation will only be specified as necessary.

The complete action in N/ = 1 superspace describing non-Abelian Yang-Mills
fields V' coupled to matter P is:

S[®,®,V] = /dSz de?V ® + (/dGZ L.(®) + c.c)
1

+ W/d Ztl”R(W ) (2.2.71)
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having used
/dGztrR(Wz) = /d6ztrR(W2) (2.2.72)
modulo total derivative terms. This action will be gauge invariant provided the

coefficients in the powers series expansion of L. are gauge invariant tensors of the

gauge group.

Yang-Mills theories in components

We will now briefly examine at the component level and demonstrate that
it is in fact a supersymmetric Yang-Mills theory.

Before we proceed we must first examine exactly how V' transforms under gauge
transformations. Recalling , with a little work one may obtain the following
expression, which describes how V' transforms under an infinitesimal gauge trans-
formation:

5V = — %LV(/_\ +A)+ %Lv coth(Ly ) (A — A)
1, 1
—lAa-n-1
(A—A) -5

5 [V,A +A] + é[V[V,A—A]] +O(VY (2.2.73)

where L4(B) = [A, B], or more explicitly
L%(B)=B L%(B) = [A, Ly Y(B)). (2.2.74)

In deriving ([2.2.73)) we have used the identities

1 1
ATAB _ oA (1 + / d¢ e*fAABeﬁA) = (1 + / d¢ egAABe’5A>eA (2.2.75)
0 0

and

R =N
e'Be =Y —Li(B) = elaB (2.2.76)
n=0

for operators A and B, and infinitesimal parameter \.
In order to simplify the discussion we will consider the special case where the

real gauge field V!(2) has the following component content:

V](z)‘ — Davf(z)) - DZVI(z)‘ —0 VL (z) = %[Da, Dd]VI(z)‘
(@) = —iDaDQVI(z)‘ TL(x) = —}lDdDWf(z)‘ (2.2.77)

Ni(z) = 332{1)2,[)2}\/1(,2) :

which implies V3 = 0. Due to the fact that the component field V,(z) turns out
to be the Yang-Mills vector potential, V' is in general known as a vector multi-

plet. This simplified component content can be achieved by eliminating some of
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the component fields in V(z) through a gauge choice known as the Wess-Zumino
gauge [I57]. This choice of gauge unfortunately breaks supersymmetry, but it can be
restored by accompanying the supersymmetry transformations by a compensating
gauge transformation. See [89, [127] for details.

The most general gauge transformation consistent with the gauge choice
is found by examining 0V at the component level. For example, a space projection
of along with the definition of the components of V' immediately yields

5V :%(/_X—A) ~0 = I\‘ :A). (2.2.78)

Proceeding in this way, one finds that the most general gauge transformation con-

sistent with the Wess-Zumino gauge is given by
A(z) = €¢(x) c=¢1l=1¢ (2.2.79)

which acts on V as _ ‘
5V = %(A —A) - %[v, A+ AL (2.2.80)
Operating on this and ([2.2.79)) with covariant derivatives, we can project out the
transformation properties of the components. In doing so we establish that they all
transform according to standard non-Abelian Yang-Mills transformation laws
6VI =0 51 —foKJIVJ
Xh = =5 (2.2.81)
NI — —gKfKJINJ.
Similarly the components of @, defined by ([2.2.42)), transform as
SA" = ifK(TK)ijAj
ol =1 (T™)' 4] (2.2.82)
SF' =ig"(T™) Y.
It is a straight forward exercise, using the techniques described earlier, to extract

the component action. The pure Yang-Mills part of the action reduces to:

1 6 2
2770 /d ztrr(W?)
_ 1 /d4xtr (— Ypep, —ivev, 5 + 2N2> (2.2.83)
where
va, = aa - ﬂ/aa [Vm Vb] = _iFab
Fup = 0Vs = 0Va —ilVa, Vil,  VaX® = 8uX® — i[V, '] (2.2.84)
V. =VT' N =N'T' Xo = XaT".
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The component field N is auxiliary. The component action for the remainder of the

Yang-Mills action is found to be

/dgz de?V ® + { /dﬁz L.(D)+ c.c}

- / dr < — (VoA (Vo Ay) + 24N (TT) AT — %an@(l‘)i — X (T") ;A
— AN (T ! + F'(2) Fy(w)
+{(- %%w(mm) + %F%@) + c.c.}) (2.2.85)

where

VoA = 0, A" =iV (T") A7
. , s (2.2.86)
VaXo = 0aXo — 1V (T")')x4,
and (2.2.71)) is just the off-shell supersymmetric extension of a field theory with n
complex scalar fields A?(z) coupled to a Yang-Mills field V! ().
The most general renormalizable N' = 1 Yang-Mills action is then described by
the action ([2.2.71)) where £ is given by ([2.2.45)), provided the coefficients m;; and

Aiji are invariant tensors of the gauge group.

The equations of motion in superspace

To complete this discussion we will derive the superspace equations of motion for
the general super Yang-Mills action . The most direct approach is as follows.
For an alternative for pure super Yang-Mills theory see [127].

Under an arbitrary variation 6V of the gauge superfield, the variation of the
action ([2.2.71)) is given by

5y S =S[®,®,V + V] — S[®, D, V]

= 1
8 2V 6 o
:/d z dde ®+920(R) (trR/d z (6W )Wa)
- 1
= /dSZ @(562‘/@ + W (trR /dSZ 5(62vDa62v)Wo(é+)) (2287)

having used the definition of W(" (2.2.60). Writing e*V+9Y) in the form (2.2.75),
integration by parts and the cyclic property of the trace lead to

0

1
Sy S = /dgz (2@ / dée®Vove 2V @

1 1
— t dée 2V 5V 2V (Do h 2.2.88
7?C(R) YR/O ge e ( o )) ( )
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where

(D) = DU+ {(e2 Do) Wi}, (2289
The identity
AT = (-1)"(AM T A=AlT! A=Al (2.2.90)
where (t/)75% = —ifI/K are the generators of the adjoint representation, gives
X 2\
/ dée 2V ove®V = sv! . T’ (2.2.91)
0 2V

and one readily obtains

. IJ
A2V _
oy S = /dsz oV (2 (%) OT7 VP

(e -1\
oA by (DWW | (2.2.92)
g

This leads to the equations of motion

58 e\ (e 1)
571:2(#) @TJech—g—Q(e . ) (DH*W) =0, (2.2.93)

Using
ATle™ = (e M T A=AlT! A=At (2.2.94)
the Bianchi identity DWW = DPW 4 and recalling the definitions of &)
and ®* (2.2.67)), the equations become
(D<+>aW<+))I _ (@(})W(Hd)l — 292§)<+)TI(I)<+)- (2'2.95>
It follows that
(DW,)! = (DWW = 2¢°¢T ¢ (2.2.96)
in any representation, where the scalars are gauge covariantly chiral: Dy¢ = Dyo" =
0.

The equations of motion for ® and ® are comparatively much simpler to derive.

Under an arbitrary variation of the chiral fields one finds

558 =S[® + 6B, D + 60, V] — S[®, d, V]

1 _ - , 1 . ;o
== /d6z D?(®(e?V);) 007 — 1 /d% §®; D*((e*V);07)
OL.(D) oz OL(D)
6 7 6 . A
+/d 20D o + /d Z0®; 25, (2.2.97)
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which immediately gives

05 _ logia ovyiy , 9L(®) _
s~ 1P (®;(e*),) + Do =0 (2.2.98)
59 OL.(D)

= _292(@”)@@]‘) + =0. (2.2.99)

5, 0P,

2.2.3 N = 2.4 super Yang-Mills

In this section we will briefly describe N/ = 2 and the maximally supersymmetric
N = 4 super Yang-Mills theories. The latter is in fact nothing more than a special
case of the former, and can be obtained in component form by dimensional reduction
of N' = 1 supersymmetric Yang-Mills theory from D = 10 [I58] [159]. It was the
first known four dimensional field theory that was ultraviolet finite to all orders
in perturbation theory. When formulated in NV = 1 superspace, only one of the
supersymmetries is manifest and linearly realized, the remaining supersymmetries
being nonlinearly realized. Extended supersymmetry transformations in N' = 1

superspace have been considered in [160, 89, [161]. For complete details [89)].

N =2

The most general N = 2 super Yang-Mills action, cast in N/ = 1 superfield form,

consists of two parts,

S_/\/':Q — Spure + Shypera (22100)
the ‘pure’ and ‘hypermultiplet’ parts. The pure N = 2 super Yang-Mills action is
given by:

1 8, —2VE .2V L [ 2
Spure = gQO—m)trR </d zZ e eV O + § d°z W . (22101)

The chiral superfields transform in the adjoint representation of the gauge group, and
have been expressed in in the form ® = ®'77, with (77)"; the Hermitian
generators of an arbitrary representation R of the gauge group. Similarly V = V1T,
The standard form for the super Yang-Mills action is achieved by exploiting
(2.2.94)), which leads to

1
C(R)

trr (72 @2V @) = & (2V) V@7, (2.2.102)

Needless to say, the pure part of the action ([2.2.101)) is invariant under the following
gauge transformations
eV =MVt P = Pt (2.2.103)

V=vi=vIiTl A=AT'=A" DA =0 (2.2.104)
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The hypermultiplet part of the action is
Shyper = / E2(QeQ+Qe™™)TQ) + V2 [d°2 Q"0 Q + V2 [d°2 QBQ"
M [ QT Q+ M [d°2 QT (2.2.105)

where M the mass of the chiral scalars Q and @, which transform respectively in a
representation R and its conjugate R, of the gauge group. These two chiral scalars
are the N/ = 1 components of an A/ = 2 multiplet called the hypermultiplet.

Shyper 18 invariant under the gauge transformations

eQV’ _ ei[\Ae2V€fiA o — eiA(I)efiA (22106)
Q = Q' = (e™™)7TQ (2.2.107)
V=vt=vIiT! A= AT = AT DA =0 (2.2.108)

where T are the generators of the representation R. This can be written as in the

previous section by making the following redefinition of the chiral scalars

Q\ _ 1 (1 - [
(on a2 oY) e

with 1 the identity matrix in the representation R. Under this redefinition Shyper

becomes

Shyper = /dsz eV x + % {/dﬁz Xt x + c.c.}

1
+—< [d%2\TZ® —i—c.c.} 2.2.110
V2 {/ EEX ( )

where now V = VIT! & = ®!T' and

0 —il
7 = . (2.2.111)
i1 0

The new generators T are defined by

) ! i 1
A s T! = 2 (7! & (T))7), (2.2.112)
i 2

are Hermitian and antisymmetric,
(THt =11 (THT = -T7, (2.2.113)

thereby generating a real representation of the gauge group equivalent to R & R..
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From an N = 2 superfield perspective, the field strength W and the covariantly
chiral version ¢ of the chiral scalar ® are leading N’ = 1 components of a covariantly
chiral N' = 2 superfield strength W. In N = 1 superspace this ‘second supersym-
metry’ manifests itself by mixing ¢ and W in a form which is analogous to the
mixing of the components of an AN/ = 1 chiral scalar under A/ = 1 supersymmetry
transformations (ie see and (2.2.44))). As noted above, the two chiral scalars
Q and Q are the N' = 1 components of the hypermultiplet, and also become mixed
under the ‘second supersymmetry’ transformations.

For example, in the massless case, writing all fields in the central representation,
D, =" Pe?, Q. = e”Q, Q. = (¢~®)TQ and so on, the action (2.2.100) is invariant

under the following N = 2 supersymmetry transformations:

W, = —ieaz‘)%c + 18Dy P Wy = —}LQD%C +1€%Dae®.  (2.2.114)
5P, = "W, 60, = egW* (2.2.115)

5Q. = —ix®.Q. + EDQ(X@(;) 0Q. = —ixPcQe — %DQ(XQC) (2.2.116)
0Q. = ixQD. — EDQ(XQE) 50, = ix0.®, + }lDZ(XQCT) (2.2.117)

X = A(0) + (). (2.2.118)

Here chiral and antichiral parameters A and A = A\* respectively are independent of
spacetime, and posses the expansion A = v + 0%, + 0*(8; + i32), where v param-
eterizes central charge transformations, and 3, (5> parameterize SU(2)/U(1). See

[89] for complete details.

N =4

Taking the special case where M = 0 and the representation R as the adjoint, we
obtain N/ = 4 super Yang-Mills. Defining ®! = (&, Q!/g, Q' /g) this is usually

written in the form

_. 1 1 -
tre (/dsz e 2V oV P, + 1 /dGZ w2+ 1 /d62 W2

2 ;
+ <3—\/,_ 2 €9HD,, BBy + c.c.)> . (2:2.119)

1
5= PCR)

with €'?® = 1 for the totally antisymmetric €% tensor. Besides the manifest A" = 1
supersymmetry and SU(3) symmetry, this action possess the following three addi-

tional non-linearly realized supersymmetries (parameterized by €7, i = 1,2, 3):

| y _ 1 .
W,y = —Z%D%Q +1EDas®ei  Wa = =78

60, = S W, 5O = e W (2.2.121)

D*®,; +i€?Dye®.  (2.2.120)

28



A note on superconformal field theories

As a final remark we note that, analogous to massless field theories formulated
on R*»! which are invariant under the group of conformal transformations (which
include the Poincaré transformations), massless field theories formulated on R*!*
are invariant under the so-called N/ = 1 superconformal group, having amongst its
subgroups the N = 1 super Poincaré group. From the perspective of the AdS/CTF
correspondence, the existence of this symmetry is of key significance. For present
purposes it is sufficient to merely note that the massless N/ = 2 (and therefore
N = 4) non-Abelian super Yang-Mills theories are indeed N' = 1 superconformally
invariant. For further details relating to this matter and this symmetry group, see
[89, 127].
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Chapter 3

Quantization of non-Abelian super
Yang-Mills theories

The functional approach to the quantization of superfield theories is conceptually
identical to that for ordinary field theories, with only minor modifications necessary
to deal with additional complications due to the existence of the chiral and antichiral
subspaces. In this chapter we will briefly review the quantization procedure for
both field and superfield theories in the context of the background field formulation.
The first section is devoted to a general discussion of this formulation including
generating functionals and the background field effective action. In the second
section we explicitly treat the cases of N' = 2 and 4 super Yang-Mills theories

at one-loop order.

3.1 Generalities

3.1.1 The background field formalism

Generally speaking, the background field formalism is concerned with explicitly
maintaining the classical gauge invariance at the quantum level. Ordinarily this
gauge invariance is lost in the gauge fixing process and preserving it can vastly
simplify calculations and analysis.

More specifically, traditionally one would calculate the gauge invariant elements
of the S-matrix by computing Green’s functions from a generating functional. In
order to generate well defined propagators, one must make a choice of gauge which
results in a gauge dependent generating functional. The generating functional itself
needn’t be gauge invariant since it not physically observable, however all compu-

tations must ultimately yield gauge invariant physical observables. Consequently,
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during the course of computing the S-matrix, one is forced to handle non-invariant
quantities whose final gauge invariance is assured by the application of a renormaliza-
tion scheme which satisfies the generalized Ward identities [162, 163, 164 [165] 166].
Such identities are typically very complicated.

One way around such complications is to adopt the background field method,
which more fully exploits the classical gauge invariance. In this scheme the gener-
alized Ward identities are trivially satisfied, in that the classical gauge invariance is
manifest at all stages during computations. For this reason the technique is used ex-
tensively in modern quantum field theory, superfield theories, including supergravity
theories, and recent attempts in quantizing gravity, including string theory.

The procedure was first introduced by B. DeWitt [167, 03, 168, [169), 170, 171, 172,
173, 174] in the context of ordinary gauge field theories. Although initially applied
at one-loop order in the loop expansion of effective action, the procedure was soon
generalized, first by 't Hooft, to include multiloop processes [175], [176], 177, [178]. For
a review see [179].

Being universal enough to admit superspace generalizations, the approach was
soon applied to superfield and supergravity theories [180, 181, [182] 9] 183, [184].
In applying the approach to super Yang-Mills theories formulated in superspace we
roughly follow the works [I80)], 8.

3.1.2 Condensed Notation

The background field technique is identical in its application to field theories and
superfield theories, and can be simultaneously summarized by adopting a two-fold
condensed DeWitt notation [93, 185] (also see [127]). Accordingly, an index adorned
with a hat will indicate a DeWitt index, doing double duty as a discrete label for the
field components and as a continuous label for the points in either D dimensional
spacetime or A/ = 1 superspace. Summation over repeated DeWitt indices thereby
implicitly includes integration over the appropriate space. More explicitly, given a

(super)field theory with field content v (y), we will write
oM = ™M (y) (3.1.1)

where 3 is either a point in flat D dimensional spacetime, y € RP=V1 or N/ =1
superspace, y € R**. In the case of ordinary field theory v™ simply enumerates
all fields and components in the dynamical theory, all of which are considered to
be real vM = (vM)*. In the superfield case v will denote all unconstrained, chiral
and antichiral fields: v™ = (V™ ®* &#) where V™ = (V™)*, Dy®* = 0, and

P = (®*)*. In general the field v™ posses Grassmann parity e(vM) = ey;.
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To illustrate the usage of this notation consider coupling of the (super)fields oM
to their sources j,;, which is in general now simply written as j M’UM . Expanding

the condensed notation
i = [0y ()0 ), (3.12)

where d™)y denotes the appropriate integration measure(s) for the theory under

consideration. For ordinary field theories in D dimensional spacetime we have
dMy = dPy jMvM = /dejM(x)vM(x), (3.1.3)

and for superfield theories

d8z M=m
d(M)y — 40, dM = { g6, M=pu (3.1.4)
dbz M=p

o = [A0z a0 ()
= /dgz I (2)V™(2) + /d6z 0,(2)P"(2) + /d6z O,(2)"(2). (3.1.5)

In the latter case the sources jy = (Jpn, @uvéﬂ) are respectively unconstrained,

chiral and antichiral superfields. We will also find a need to introduce delta functions

oM _ where for field theory we have

L
oM = §M 6P (z, '), (3.1.6)
and superfield theory
88(z,2") M=m
oM =My 6 (2, )  00D(2,2) = { 5, (2, ) M=u (317
d_(z,2") M=p
such that in general
5MNUN =M, (3.1.8)

We will also adopt the following conventions for left and right functional deriva-
tives of a functional F[¥] with respect to fields W

5 5 5 5
w5 o[V = w—M“-N—NF[\I’]N—p R (3.1.9)
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In the event that a functional has additional arguments the meaning should be clear
from the context.
Finally, in this notation one may write the functional supertrace sTr of a given

linear differential operator A as

STrA = (“1PM AN = /d<M>y (—1)FAM (). (3.1.10)

where the (super)functional supermatrix AM 0= AM  (y,y'), is obtained by oper-

ating on y and first index of the J-functions defined above:
M o _ M
AM = AT (3.1.11)

In turn one may then formally define the functional superdeterminant sDet of an

operator as:

sDetA = exp(sTr(In A)). (3.1.12)

3.1.3 The background field effective action

Background-quantum splitting

The object of primary interest in modern quantum field theory is the effective action,
from which the S-matrix is uniquely determined. The effective action has a long
history (for example see [I80, [I87]) but appears to have been formally introduced
first perturbatively by J. Goldstone, A. Salam and S. Weinberg [I88] and then later
nonperterbatively [I89, 03]. The ultimate goal of the background field method is
the computation of an effective action which retains the gauge symmetries of the
classical action. In what follows we restrict attention to those (super)field theories
with irreducible and closed gauge algebras, to which class the super Yang-Mills
theories belong.

Suppose that we are given such a theory with classical action Splv] which is

invariant under the infinitesimal gauge transformations
su™ = RM [v]¢" Souyr WIRM . [u] = 0 (3.1.13)

for some functional supermatrix RM clv], with (K being the gauge parameter
Closure of the gauge algebra means that the so-called generators of the gauge trans-
formations, RM c[v], satisty

RMjN[U]RN;@[v] — (—1>€J5;CRMI€’N[U]RN\?[U] _ RMﬁ[U]Cﬁjlﬁ[vL (3.1.14)

!The index K runs over all gauge parameters which possess Grassmann parity ex. In the

superfield case they are in general unconstrained superfields, chiral and antichiral superfields.
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for some functionals C' . [v], called the structure coefficients of the gauge algebra,
which satisfy

CF L elv] = (1) CE ], (3.1.15)

Irreducibility requires that RM & [v0]C K = 0 has no non-trivial solutions with compact
support in y (ie in superspace or spacetime), where vy satisfies the classical equations
of motion Sp,; [ve] = 0.

The basic procedure one follows when applying the background field technique
is to split all of the fields oM which appear in the classical action into a quantum

piece vg and a background piece v,]g[ . In general this splitting may be written as
o™ = M (vg, v0). (3.1.16)
We will consider a splitting which is subject to the constraints
oM = QM (p,0) = QY(0, v). (3.1.17)

which are imposed to ensure that the original action is recovered in the absence of a
background, and so that to leading order in a quantum field expansion one obtains
the original action as a functional of the background field. As a power series these

conditions imply that
QM(UB, vg) = vég] + vg + non-linear terms. (3.1.18)

The splitting function QM s chosen such that the spilt action Sy[QM (vg, vg)]
possesses a gauge symmetry where the background fields vé‘;}[ enjoy the same gauge
transformation properties as the original field oM. The quantum fields vg are to
be the integration variables in the subsequent functional integrals. For the purpose
of constructing a gauge invariant effective action, it is often sufficient to consider a
linear splitting for all fields, and oM s simply replaced by vfg + vg in the classical
action. Such is the case for Yang-Mills theories formulated on Minkowski space. For
non-Abelian superfield theories however, a linear splitting is inadequate primarily
due to the non-linearity of the gauge transformations .

The original gauge transformations (3.1.13)) can now be ‘distributed’ between
the background and quantum fields. In particular the split action Sy[Q(vp, vg)] will
maintain its original gauge invariance, but the separate variation is ambiguous. As
a consequence the gauge transformations have two significant interpretations.

The first interpretation, which guides our choice of splitting, is the background

picture where the background fields posses the original transformation properties:

dull = RM . [up]cF. (3.1.19)
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This implies that

m{v RF ,@[UB]) ¢* (3.1.20)

P
vy

L
dvg = e [Qvp,vq)] —

for So[QM(vp,vg)] to remain invariant. It is essential under this interpretation
that the infinitesimal variation of vg be independent of the background field, and

desirable that it be linear. We will assume that such a splitting can be found, and

that equation ((3.1.20)) becomes

udl = QM [ug)¢* (3.1.21)
which explicitly takes the form

dvy = QM vy ¢* (3.1.22)

with some constants QM ... In practice this usually means that the quantum gauge
field transforms covariantly, as a non-gauge field would prior to splitting. The ex-
istence of this interpretation will eventually guarantee that the effective action be
manifestly invariant under the original transformations.

The second interpretation is the quantum picture, where the background fields

remain invariant

s =0 = ol = m—NRAK[Q(vB,vQ)]g’@. (3.1.23)

It is this interpretation which must be considered when gauge fixing.

Background Gauge Fixing

After splitting, the theory is gauge fixed by carefully selecting background dependent

gauge fixing functions x< [vp,vg], e(X*) = ex, which transform covariantly in the

background picture, (3.1.19) and (3.1.21)). This gauge fixing is chosen to break the
quantum gauge invariance (|3.1.23|) whilst yielding a gauge fixed action which will
remain invariant in the background picture.

The background field generating functional Z[j, vg] is then given by

20jve] = N [ ldrgia(F%) sDet(%) e {100 vall i)}

(3.1.24)

having applied the well known Faddeev-Popov prescription, the validity of which
requires that (3.1.14]) be satisfied, and so the gauge algebra is closed. In the above
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expression: N is a normalization constantﬂ; [dvg] denotes the functional integration
measure of the quantum fields; the sources j,; are coupled only to the quantum
fields; ¢ indicates a functional delta function, the presence of which breaks the

gauge invariance; FK s given by
FRlvg, vg] = X [vs, vql — f~, (3.1.25)

the fields f’€ being arbitrary external fields; and the argument of the superdeter-
minant is the variation of X}é [vp, vg] with respect to the gauge parameters in the
quantum picture.

Since the generating functional is independent of the choice of ‘gauge slice’ and
hence of the superfields f’e, one is free to functionally integrate the generating
functional with respect to them. In the process one may weight the integral by an
arbitrary term, but in doing so must maintain normalization, ie in the generating

functional one includes a term

1= / [df][da] exp {%(fj Yool + ajyjka'e)}

) 3.1.26
e(Yip) =e(Ysp) =7 +ex €(a’C) = 5(f’c) +1 (mod 2) ( )
ij = (_1)6]+€}C+6J6}CYI€j ij _ _(_1)5J€]CYI€j

In this expression v is a gauge parameter chosen for computational convenience,
and Y;x an arbitrary functional supermatrix (which may possess background field
dependance) chosen also for convenience subject to f7 Yo f* being invariant under
background field transformations. The superfields a* are the Nielsen-Kallosh ghosts
[190, [191], 192 193], introduced purely to maintain normalization, and they therefore
possesses opposite statistics to f’a to ensure cancellation of superdeterminants. More

specifically we require

/ df] exp {% PV f’é} _ ( / (da] exp {%aj Yj,@a’@}) T 1

and the operator Yj,@ is chosen to ensure this. The operators Y and Y differ trivially,
in the sense that all entries are equal ‘up to sign’, which is merely a consequence of
our choice to introduce the symmetrized operator in f J Yo f’é.

In ordinary Yang-Mills theories Y ;¢ is commonly chosen to be a functional iden-
tity supermatrix, in which case these ghosts decouple and may be ignored. However

in many situations, as with super Yang-Mills theories, their presence is significant

2The irrelevant normalization constant in all subsequent path integral formulae will generically

be denoted by N, although in general they will differ.
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due to the fact that the inclusion of a background dependent operator Y x signifi-
cantly simplifies the theory. Employing the identities

sDetA = N / [d€][d€"] exp {ig;%AM &N } eE) =e(EM) =1  (3.1.28)
sDeta) ! =N [[dglagenp {ig A€} i) =) =0, (3129
equation and
I S

=X O N [0(ug, 0g)), 3.1.30
0K sl ok sQN elHvs, ve)] (3.1:30)

the generating functional (3.1.24)) becomes

Z[j,vg] = N / [dvo][dd][dd][da] exp {i(S[UB,UQ,c',c, a] + jMvM)} (3.1.31)

where
Slvg, v, ¢, al = So[Qvp, vo)| + Setlve, vg| + Sen[vs, v, ¢, dal, (3.1.32)

having defined
1

Setlvp, vg| = %ijj;@XK (3.1.33)
Sen[vg,vg,d, da] = ianA a4+ c’AﬁRNA Q(vp UQ)]CK. (3.1.34)
g ) ’» & 27 JK j(SQN K )

The fields ¢ and ¢ are the Faddeev-Popov ghosts, and satisfy e(c*) = e(ck) =
e(vy) + 1.

In complete analogy to the conventional case, the generating functional for con-
nected background Green’s functions W{j, vg] is related to the background generat-

ing functional Z[j, vg| by
Wlj,vg] = —iln Z[j, vp]. (3.1.35)

Defining the background mean field wM

y — 5W[ja UB]

M i (3.1.36)
M

then the generalized background field effective action is obtained by making the
Legendre transform

[, vs] = Wj,vs] — j o™ (3.1.37)
where j,; is expressed in terms of wM via ([3.1.36). As usual we note that functional

differentiation with respect to the mean field yields the source

a L, vs] = (1™ Ty [, vp] = —jiy- (3.1.38)
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As a consequence of all this, the background field effective action I'[0,vp] is
explicitly gauge invariant under the same transformations as the original action.
Physically it is the sum over all one-particle-irreducible diagrams with background
fields on external legs and quantum fields inside loops. We will now demonstrate that
it possesses the desired symmetries and is equivalent to the conventional effective
action evaluated in an unusual background field dependent gauge.

Symmetries of the background field effective action

Endowing the sources with the gauge transformation properties
S = —(—=1)MF N ON ) (5, (3.1.39)

it follows, by construction, that the background field generating functional Z[j, vg]

as given in (3.1.24}) will be invariant under the transformations
vy = R [up]c*. (3.1.40)
This is simply proven by simultaneously invoking the change of integration variable
vy — vy + QM vy ¢t (3.1.41)

As a consequence one can easily establish that the generalized background field
effective action I'[¢), vg] is invariant under (3.1.40|) and

sypM = QM Nk, (3.1.42)
The background field effective action I'[0, vg] is therefore invariant under ((3.1.40))
alone, the same gauge symmetry as the classical action.
Relation to the conventional effective action

To establish the background field effective action is equivalent to the conventional

effective action when computing the S-matrix, consider slightly modifying Z[j, vg]

as given in to become
Zlj.vs) =N [ ldug)lde)delfda
exp {i(S[vB, vg, ¢, al —|—jM<QM(UB,UQ) - QM(’UB, O))) } . (3.1.43)

with Slvg,vg,d, ¢, a] still being given by (3.1.32)). Here the sources are not just
coupled to the quantum fields, but rather

QM(UB, vg) — QM(UB, 0) = vg + non-linear terms (3.1.44)
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for reasons which will become clear. For the purposes of computing the S-matrix
the higher order coupling terms are irrelevant, and so this definition of Z[j, vg] is,
for all practical purposes, equivalent to the previous one. Introducing the inverse

splitting function

vy = TM(UB,U) oM = QM(UB,T(UB,U)). (3.1.45)
we now make the following change of integration variable in (3.1.43)):
oM = QM(UB,UQ). (3.1.46)

This gives rise to a superdeterminant factor sDet(dvg/dv) in the path integral, which
is equal to unity in the superfield case, or yields an irrelevant factor to be absorbed
into the normalization in the standard field theory case. Such a change of integration

variable leads to
Z[j,v5] = Z[j] exp (—ijMvM> (3.1.47)
where Z [7] is just the conventional generating functional

Z[j] =N / [dv][d][dd][da] exp {1(5'[UB, ¢ e a) + v )} , (3.1.48)
with gauge fixed action

S'lvp, v, c,al = Slvg, T(vp,v),d, ¢, al

1 /.5 r SN c
= SO["U] + g (XJYJA,@X’C + CLJYJA,@CL}C>
X7 xR

having chosen Y ;¢ as before, along with non-conventional background dependant

gauge fixing conditions

)ZK[’UB,’U] = X’e[vB, T(vg,v)]. (3.1.50)

From the conventional definitions
W[j] = —iln Z[j] (3.1.51)
P = === L) = Wi =y (3.152)
JNr
and noting that (3.1.47) leads to

Wi, vp] = W[j] — jyoy (3.1.53)
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and therefore
M =M — vy, (3.1.54)

we observe that
T[4, vg] = W[j, vg] — juro™
= (W] = jgv) — i (08 — o)
= T[] = [ + vgl. (3.1.55)

Setting 1) = 0 gives the desired result

I[0,vp] = I[ug). (3.1.56)

Computing the background field effective action

In practice one computes I'[0, vg] perturbatively, often expanding it in a functional
power series in h, the so-called loop expansion. Reinserting factors of A, and putting
together (3.1.31)), (3.1.35)), (3.1.37)) and (3.1.38)) one obtains:

enF[O vp] N /[dUQ][db] eXp {%(S[UBy VQ; b] - h% M?F[Ov UB]Uég[)} ) <3'1'57)

where for simplicity all ghosts (Faddeev-Popov and Neilson-Kallosh) are now de-
noted by b = (¢, ¢,a), and their total integration measure by [db]. Bearing in mind
that Sgn[vp,vg,b] (as given in (3.1.32)) is quadratic in ghosts, one now makes the
field redefinitions vy — h%vQ and b — h%b, and expands S[vp,vg,b] in a power

series in h2 (or equivalently in vQ) as

0 h% . .
S['UB,UQ, b] = SQ[UB] + thh[vB, 0, b] + Z F S,Ml.__]\;[n S[UB, 0, b] Ué\?/ll ce Ug".
n=1 :

(3.1.58)
Inserting this expansion into (3.1.57)) yields

et COwBl=Solup]) _ N/[va][db] exp {QUQ 9% [vB, 0, b]vQ 1Sen|vE, 0, |

7_1 R
+Z S st 1, (05,0, DUl ol ol

_h’%(F,M [0,v5] — 8.5 [UB,o,b])vg}. (3.1.59)

Anticipating the loop expansion we write

I'[0,vp] = Solvp] + i AT 0, vg] (3.1.60)

n=1
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which may be inserted into to perturbatively compute I'[0, vz]. T™[0,vp] is
the n-loop contribution to the background field effective action. We note here that
for each term in this expansion to be separately invariant under the background
symmetries, we require that the total gauge fixed action (including ghosts) have
each term in a power series expansion in the quantum fields being separately invari-
ant. This places restrictions on the possible choices of splitting function. For our
purposes it is sufficient to note that demanding that the transformation be
homogenous satisfies this need for all the Yang-Mills theories.

To one-loop order, which is the present case of interest, one immediately finds
AT 00m] _ N/[va][db] exp {%Ug 515 [, 0,0]0Y + iSan[vs, 0, b]}, (3.1.61)

and, as is well known, is just a product of functional superdeterminants of the
operators in the quantum quadratic part of the action.
As a final remark, one must of course regulate and renormalize as usual in the

process of computing I'[0, vg].

3.2 Quantizing super Yang-Mills theories

3.2.1 Quantum-background splitting

In this section we will apply the background field method to N' = 2 super Yang-
Mills theories, with the ultimate goal of computing contributions to the one-loop
effective action. For simplicity, and for reasons which will be described later, we
will not be interested in the full background field effective action, and will only
concern ourselves with the case where the gauge superfield V' acquires a background
expectation value. All of the chiral scalar superfields are therefore to be interpreted
as quantum fields to be integrated over. We will briefly comment on the effects and

complications of providing these scalars with a non-zero background.

First recall the N' = 2 super Yang-Mills actionﬂ (12.2.100)):

S = g_l2trR (/dsz eV de?Vd + % /d6z W2> i /ng(Qer + é(e_w)TQ)

V2 [d2 Q0 Q +v2 [d°2 QBT + M [d®2 QT Q + M [d°2 OQT. (3.2.62)

3From here onward we assume that the generators of the gauge group have been normalized
such that trr (7177) = 617.
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As described earlier in some detail, this action is invariant under the following gauge

transformations:
€2V’ _ ei[\ezve—iA o — 6iA(I)e—iA
) ~ . - (3.2.63)
Q/ _ €1AQ Q/ _ (eflA)TQ
where
V=vi=viTl A=ANT'=A" DA =0 (3.2.64)

To facilitate usage of the ‘central’ representation described briefly in subsection

2.2.2, we first rewrite the gauge field V' in the following way
2V = eve® o' =w=w'T. (3.2.65)

In doing so, we have introduced an additional gauge freedom, which manifests itself

in the transformations

eV = eheveik e = e kel k=kET ki=k (3.2.66)
for a real but otherwise unconstrained superfield k.
A suitable background-quantum splitting scheme for the field V' is then defined
by
e’ =e“Pe"? (3.2.67)

or equivalently

e? = eWBe QP e E = ¢WEe2VQ VB (3.2.68)

where as usual the subscripts B and () denote background and quantum pieces
respectively. Other possible splittings include €2V — e2VBe2V@ or €2V — 2V2e2VB and
naturally lend themselves to the background chiral and antichiral representations
respectively, but come at the cost of losing convenient conjugation properties.
Under the proposed splitting , the resulting action will be gauge invariant

under the transformations

/ / e .
et = ewBer — 61A€wB€wQ€1k

o’ ol —ik _wo g . —iA <3'2'69>
e’ =e’ee’B =¢e Me'Re"Be
The quantum interpretation of this is:
/ _ Y . A .
w/ = wp e?e — e wBelAewBerelk — elﬂerelk
B
_/ ik _ iA _ ik 0 (3270)
Wy = wp €' = e MePReWBeT e TVE = ¢ MeRe™!
or
7 c A o
Vi =Vg e?Va = ePa 10 (3.2.71)
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where new ‘background gauge parameters’ have been defined:

et = PEihemvn et = emwB Ao, (3.2.72)

This interpretation must be adopted to correctly gauge fix the theory.
The background picture is:

’ Y . / ) .
el — elAewBelk e = e 1kerelk’
i I , o
Vs = ¢ heWBoTIA e = e Rl (3.2.73)
or
’ Y ) ) .
Vs = etV BN V= e *Vget. (3.2.74)

As desired, in the background picture Vg transforms exactly as the original gauge
field V, and Vj transforms linearly, homogenously and independently of the back-
ground. This will provide the symmetry at quantum level provided it is not violated
by our choice of gauge.

In describing the effect of this splitting on the action, it is convenient to introduce
background gauge covariant derivatives. With this splitting scheme the original

gauge covariant derivatives in the central representation ([2.2.2)) split as

D, =¢e¢"D,e" =e "Re BD, e"Be"? = e eDp, e (3.2.75)

Dy = €Dae ¥ = e e"B Dye PBe e = Dy e (3.2.76)

where background gauge covariant derivatives are defined by

DBa = e*wBDae“’B, @Bd = ewBDde*wB (3277)

and satisfy the algebra
i

DB& - _5(5—a>daDBao'z = _Z(a-a)da{DBa?@Bd} (3278)

[ﬁBd’DBﬁB] = QiEdBWBﬁa [’DBQ,DB/%] = Qiéangﬁ'

with Wps and Wpg the background superfield strengths (compare with the algebra
(2.2.2))). These superfields, and the background gauge covariant derivatives which
define them, have the following gauge transformation properties in the background

picture:

Dy, = e *Dp,e* Dy, = e "Dpye* Dy, = e "Dpae® (3.2.79)
W/Ba — e—ik:wgeik Wéd — e—ingeik‘ (3280)
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Notice that they are background covariantly chiral, as are the background gauge
parameters defined earlier, ie Dp,W§a = DpsW§ = Do) = Dps2f = 0.

It is also convenient to introduce the background covariantly chiral fields ¢, ¢
and ¢ in place of the chiral fields &, ) and Q:

¢ = e"BEdpe B Do =0
p=e""Q Dap =0 (3.2.81)
p=(e")"Q Dsp = 0.

The last of these, ¢, is covariantly chiral in the conjugate representation D, =
(e?8)T Dy (e=®5)T | as indicated. These new fields fields transform covariantly in the

background picture,
QS/ _ e_ikqbeik g0/ — e—ikgp 951 — eik‘@. (3282)

At this stage it is worth pointing out that a linear background-quantum splitting
of the chiral scalars ¢, ¢ and ¢ (or equivalently ®, @ and Q) is sufficient if one
wishes to compute the full background effective action. Such a splitting has the
desirable effect of generating new mass-like terms for the quantum fields, at the
cost of introducing cross (or quantum field interaction) terms in the quadratic part
of the quantum action. Usually such terms are removed by choosing appropriate
gauge fixing conditions, the superfield equivalent of the R, gauge [194, 195], which
although consistent with the background field approach are inherently non-local.

For a detailed treatment see [196, [197].

Under the proposed background splitting, the original superfield strength W,

splits as

Wo = £[D* {Do, D
= %[e“’@ﬁ%e_w@, {e7"eDp,e"?, e"@Dpse 2]
= éer D, {e?VeDpg,e?" @, Dy, }e @
= "D, Dipy(¢ Do) + {Dpe, Dy}
= e"e (é@%(eWQDBaeQVQ) = WBa) e Q. (3.2.83)
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The superfield strength piece of the original action therefore splits as

1
tre /dGz —W?

1
:tl"R/dGZ— (

1 _
= trg /dGZ (—4 (e72VeD%e?V ) D% (e~ 22Dy, eV )

1 _
= —trp /dSz <3—2(€2VQD%€2VQ)DQB(€2VQD3a62VQ>

1
% —ZVQDO‘ QVQ) + WB> (gD?B(e_2VQDBa62VQ) + WB“)

[\
OOI»—l

N | —

1 _
b V5 DB D) + W3 )

1 1
+§W§(62VQD3a62VQ)) + trr /dGZ §W]§, (3.2.84)

where, having used chirality, all but the purely background contribution has been

lifted to an expression on full superspace.
Thus the original action (3.2.62]) becomes:

Suprit = %trn{ /dgz e2Ve ge?Va g — % /dgz ((672VQDa€2VQ)@2(672\/@9@&621@)
g
1 _
— 16Wa(e_2VQDa62VQ)) + 3 /dﬁz WQ} + /dgz(@eWQ(p + 3(e?ve)p)
+v2 [d%2 gTpp + \/§/d62 eopr + M [d2 ¢ p 4+ M /dGZ op", (3.2.85)

where here, and subsequently, we unambiguously omit the B subscript on field

strengths and gauge covariant derivatives since they are all background.

3.2.2 Gauge fixing

Adopting the notation K = (k, &), which runs over chiral and antichiral fields re-

spectively, suitable gauge fixing conditions are given by [194] [195]

) R R I _1ig=wp\IJ(D2Y,)] K=k
A e (7)) (3.2.86)
X! = —L(ews)/(D?V)/ K=#

where the background generating functional is weighted by
exXp {ﬁ (ijj,eflC + ajl\/j,@a’a) } E(alc) = 1, (3.2.87)
with Y ;¢ chosen to be

1
Vi — 4 (3.2.88)
1
1

D*((e72Ve)l5_(z,2")) J=r K=k
JK — D

2((9)175, (2, 2)) T =k K=n
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and therefore

. +3
Vie=9q (3.2.89)
1

D2((672VB)U(§_(2,Z’)) J=r K=k
JK
D?*((e

(( 2VB)IJ5+(2721)) j:/'i, K=k

and all other components in both operators vanishing. To elucidate the meaning
of such a weighting, one can easily show by using the (anti)chirality of X}% and a’e,
integration by parts, and lifting the integrals to full superspace, that this has the
effect of contributing the following gauge fixing term Sy¢ and Neilson-Kallosh ghost

term Sygk to the total generating functional:

— 8 2 2
ng = 32927)61"72 /d ZVQ{D ,D }VQ (3290)

1
9=

Here the Neilson-Kallosh ghosts belong to the adjoint representation of the gauge
group, and are background (anti)chiral ie a’ = e¢®2a’e”?5 and Dsa = 0.
Noting that Vi varies with respect the gauge parameters K = (A(2),Al(2)) in

(3.2.71)) as (also see (3.2.72)) and (2.2.73)))

Vg = — % Ly, (2 +9Q) + %LVQ coth(Ly, ) (2 — Q) DS = Dol =0

and the gauge fixing functions vary with respect to Vg, as

—i(e~®B)I(D25Vg)! K=«

c_ )1
4 (DY) K=k

I~ = (3.2.93)

it then follows that the Faddeev-Popov ghost part of the action becomes

:/dﬁzc’féxf+/d6zc’féxf
1

/ wRB B 1 = = —wpg
= —Z/d(izc[(e )”DQ(éVQ])) — Z/d(szc](e )”DQ(SV@])

= trg ( /dSZ (C'+ G’)M@)). (3.2.94)
This has been simplified using the (anti)chirality of ghosts ¢ = (¢!(z),@(z)), and

we have defined background (anti)chiral ghosts belonging to the adjoint representa-

tion: C' = e®Bce "8 ' = e B¢, D,C' = D,C" = 0, where in the last three
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lines of this expression it is to be understood that dV(, is to be replaced by the ex-
pression (3.2.92)), which in turn has € and Q replaced by the background (anti)chiral
ghosts C' and C respectively. This finally gives

Sep = — 111 ( /dBZ (C'+ O\ Ly, [C + C — coth(Ly)(C = C)] ) (3.2.95)

and illustrates the highly non-trivial interaction between the Faddeev-Popov ghosts
and the quantum gauge field.
Putting this all together we obtain the background generating functional in the

absence of sources:
Z[0,wp, wp] = N / [dVo][de][de][de][de][dc ] [da]e e, (3.2.96)
the total action being

Stotal = Ssplit + SFP + SNK + Sgf (3.2.97)

with Sepiit, Sef, Srp, and Syk being given by (3.2.85)), (3.2.90), (3.2.95)) in (3.2.91))

respectively.

3.2.3 Quantum field expansion

Since we are interested in only one-loop contributions to the background effective
action, the total action needs only to be expanded up to terms quadratic in quantum
fields. All such quadratic contributions, with the exception of Vi, and Faddeev-Popov
ghosts, can be trivially read off from Siota.

To extract the Faddeev-Popov ghost contribution one uses
Ly, [C+ C —coth(Ly,)(C = C)] =C = C+ [Vo,C+ Cl+O(V5),  (3.2.98)
and so
Spp = —%trn</d8z (C"+C")(C — C_’)) + cubic terms

— —%trR</dSz (C'C — C'C_’)) + cubic terms (3.2.99)

having used the ghosts’ (anti)chirality.
Noting that

(22D e?2) = 2(D,Vg) — 2[Vi, (DaVa)] + O(V{) (3.2.100)
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then the total quadratic Vg contribution, which comes from the split field strength

(3.2.84)) and Sg, is given by

trp /dgz < (e apaetVa) P2 (e~ PVe D, e?Va)

32g°
1 _
— 16W (e Y0 Dye?) + ~Vp{D?, DQ}VQ>
Y

1 _
= oatr / a2 (— A(D*Vo)D*Da Vg — 32W°D,V,
g

1 _
+ 32 Vg, (PaVo)] + Vol P, D*}Vg) + O(V{)
= Ltig [ (VoDoD*D,V — sWOD,Y,
VT ( Q aVQ ~ a¥Q
1 _
+ 8Vl (DVo)] + Vol P?, D*}Vg) + O(Vg),

having integrated by parts, and used the cyclic property of the trace.
Re-scaling g — /2g, followed by V — gV, ¢ — gé, a — ga, C — 2iC, and
dropping terms linear in quantum fields since they will not contribute to the effective

action, the total action Siya up to terms quadratic in quantum fields is
Stotal = S()[VB] + SQ. (32101)
The classical action Sy[Vp] is just
1 6 2
and the action quadratic in quantum fields is

1

S2 :E

_ 1 _
a2V <D“D2Da + 8D, + D, D2}> Vo
+ /dgz(q_ﬁgb+ P+ ¢p) + M [d°2¢T o+ M [d°z gp"

+/d8z(0’c7+(7'0) —|—/d82 %aa. (3.2.103)
Notice that there is no longer a trace over the gauge indices in Sy, since Vg, ¢
and the ghosts are now expressed as a column vectors with respect to their gauge
indices, and W is contracted with generators of the adjoint representation of the
gauge group.
By playing with the covariant derivatives , one can prove the identity,

0 =D"D, - WD, + W;D*
1 .- 1 _ 1
= ——D*D*D,, + —{D? D*} - W°D, — =(D*
8 ot 16{ D7} = WPa 2( We)
1_ _ . 1 _ R
= _gpdzﬂpa + 1—6{1)2, D?} + WyD* + 5(DQWO‘) (3.2.104)
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where O is called the super d’Alembertian. Using this, the vector part of Sy simply

becomes

_ %/dsz v, [g n % (% + 1){1)2, 152}} Vo. (3.2.105)

This takes its simplest form in the supersymmetric Fermi-Feynman gauge [198, 180}
89] where the gauge parameter v = —1/2, which from here onward is the gauge we
choose.

The resulting theory describes a single massless vector multiplet Vi, and six chiral
scalars all propagating the presence of a Yang-Mills background. Four of these chiral
scalars are massless and are in the adjoint representation of the gauge group, three
of which are ghosts and posses odd statistics. The final two chiral scalars each have
mass M, and together transform in the some real representation of the gauge group
R® R..

3.2.4 Chiral fields coupled to external Yang-Mills

In the following chapters we will compute the super Yang-Mills background one-loop
effective action by employing heat kernel techniques. As it stands, the operator in
the vector part of Sy is of Laplace type, but in order to handle chiral fields in the
action using heat kernel techniques, and to correctly cast the chiral contribution in
the form of superdeterminants, we must convert it into a more usable form. This is
achieved as follows.

In the absence of any interactions, the most general classical action describing a
massive chiral scalar field in a real representation R coupled to a super Yang-Mills

background is given by:
S[®, D, V] = /dgz Pe?'5d + % {/dﬁz TP + c.c.} : (3.2.106)

In deriving the background one-loop effective action for this theory, Ffpl,)m,w we are

faced with evaluating
eTomr = / [dP]e!S(®:®Val, (3.2.107)

First we re-write the classical action in the more desirable form using (anti)chirality

and the antisymmetry of the group generators:

S[®, P, V] = %@MHMN(m)QN (3.2.108)

where

M — ( (=) ) (3.2.109)
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and

(3.2.110)

mlrdy(z,2) —1D% B4 _(2,7))
—1D%?54, (2,7)) mlgd_(z,72) |

My (m) = <

This latter is of course a massive generalization of Y ;¢ given in equation (3.2.88]).

The one-loop effective action is therefore just
T o= %m sDet(H(m)) (3.2.111)

We now employ the ‘doubling trick’ (see for example [89, [127]), which involves noting
that the change in integration variable of ® — i® in (3.2.107]) leaves the functional
integration measure unchanged, but has the overall effect of redefining the mass

m — —m. Consequently
sDet(H(m)) = sDet(H(—m)) (3.2.112)
and so we are free to write
P = iln sDet(H(m)H(—m)). (3.2.113)
Computing H(m)H(—m) one finds

0% —m?lp 0 ) < Ird(z,2)

0 0% —m?lg Ird_(z,2)

H(m)YH(—m) = ( > (3.2.114)

where we have introduced the background (anti)chiral d’Alembertian operators O

in terms of background gauge covariant derivatives in (anti)chiral representations

1

0y = 1_615<+)2D<+)2 DY = 25D, 2P DEH — Db (3.2.115)
0o — ip(—ﬂ@(—ﬂ DO — D DO = Ve DY Ve (3.2.116)
0= ¢ N . (3.2

The operators O, and O_ act on background covariantly chiral and antichiral scalars
respectively (in the appropriate representations). One can readily show by applying
both sides of equation to such scalars, and by using the Bianchi identities
DW, = DsW?, that in any representation

1 - 1 _

0,0 = 1—6292132\11 = (DD, — WD, — §(D“Wa))\lf DsV =0 (3.2.117)
_ 1 o 1 - _

0.0 = 1—62)2272\11 = (DD, + WyD* + 5(DQWC“))\IJ D,V =0. (3.2.118)

Alternatively, one may prove these identities by pushing the outer derivative through
to annihilate the scalar and in doing so use the covariant derivative algebra. Conse-
quently we find that these are Laplace-type operators, which are necessary to define
the heat kernels.
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The effective action then becomed]

rf;)nm = iln sDet(O0% — m?1g) + iln sDet(02 — m?1z). (3.2.119)

3.2.5 N =2 super Yang-Mills to one-loop

Returning now to the problem of computing the N’ = 2 super Yang-Mills one-loop

effective action, IV [wp, wg], we find
"V enl — £ / [dVo)[d¢)[dx][dd] [dc] [da] e (3.2.120)

with

1 _
Sy = —3 /dgz VoOVo + /dgz((bgb + )Zx) + M {/dﬁz YTy + c.c.}
+/¥40@+C%0—/¥zm (3.2.121)
where the field y, which transforms in a real representation of the gauge group
equivalent to R & R., has been introduced through a field redefinition of ¢ and ¢
similar to that performed in subsection Ultimately the effective action at the

one-loop level (3.2.120)) reduces to a linear combination of two types of contribution
89, [196]:

i
rmm&wg:§mﬂxm—3ﬂﬁm+rﬁwfnﬁhﬂwa (3.2.122)

In this expression the second term on the right originates from the three massless
ghosts, the third from the massless chiral scalar ¢, and the fourth from the hyper-

multiplet scalars.

3.2.6 N =4 super Yang-Mills to one-loop

The case of N' = 4 super Yang-Mills is obtained from the A/ = 2 case by setting the
hypermultiplet mass M = 0 and the representation R (and R.) to be the adjoint.
The one-loop effective action ((3.2.122)) simply becomes

1
T [wg, wg] = 3 InsDetO — 3F<(I>1,)O,Ad + FEI},)O,Ad + 2F£I>1,)O,Ad
:zélnsneu:, (3.2.123)

a result which was first established by [180] (also see [199]).

4Results like this also have some validity where the mass terms come from chiral scalar back-

grounds living in the Cartan subalgebra, for a discussion see [197].
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Chapter 4
Heat kernel techniques

In this chapter we will briefly survey the role of heat kernels in quantum field theories,
with particular emphasis on the Schwinger-DeWitt technique, before introducing

some recent refinements in the so-called Gaussian approach.

4.1 The Schwinger-DeWitt technique

Heat kernels where first introduced into quantum physics by Fock [200] and Schwinger
[187], completely elaborated for applications in quantum field theory in curved space
by DeWitt [201], 167, 202, 03], and continue to be an active area of research in both
mathematics and physics. The literature is vast, and it would be impossible to give
a complete list of references here. Instead we direct the reader to [203] 204 96l ©99],
and references therein.

For physicists, heat kernels, their expansions and associated computational tech-
niques provide a very powerful and versatile set of tools for analyzing various aspects
of quantum dynamics. These include the study of effective actions, divergences,
renormalisation, and anomalies. The techniques are universal enough to admit ap-
plication to a wide range of theories on manifolds with and without boundaries,
including supermanifolds, quite often regardless of group structure and spin. They
are particularly useful when computing one-loop contributions to the effective action.
Again we direct the reader to [99] for a detailed review of heat kernel expansions
and the array of possible approaches.

Although generalizations of the following discussions are well known [93], for
the current purposes it is sufficient to consider only Laplace-type operators in flat

space (R*! or R4*) which posses a mass ter. As is standard practice, any massless

1By which we mean operators that are at most second order and of the form: 9494 + VA9, +

P —m?2.
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operators, which may give rise to infrared divergences, are regulated via the inclusion
of a mass (or infrared regulator) which is set to zero at the end of calculations.

Given such an operator H, which in general will possess some background de-
pendence on background fields, the associated Green’s function GM 5= GM\(y, )
is defined by

M ~N M
This admits the Fock-Schwinger or proper time representation
R Ry
G" = 1/0 ds K™ ¢ (s) (4.1.2)

where KMN(S) = K(y,y'; s) is the heat kernel associated with the operator H. It is
defined as the solution to the Schrodinger type or pseudo-heat equation
0y -
i gKMP(s) +HY K" (s) =0, (4.1.3)
subject to the initial condition
Jim, KM (s) =Y. (4.1.4)

Equivalently it may be formally defined ag’]

KM (s) = (eis(H—l—ie))M € s 10, (4.1.5)

N N

In the well known Schwinger-DeWitt technique, one seeks a solution to (|4.1.3])
of the form (suppressing gauge indices and restricting to D = 4 in the standard field
theory case):

K(y, y/’ S) _ eia(y,y')/ZS—issz(y’ y/; 3) (416)

(4ris)?
where o(y, ') is half the square of the proper distance between x and 2/, ie o(z, 2') =
%(:p — 2/)? in Minkowski space. In superspace and associated subspaces, suitable
generalizations are straightforward (for details see for example [127]). The function
F(y,y') has an asymptotic expansion in the limit s — 0 of the form:

[e.9]

F(y,y's) = (i) an(y, ¢). (4.1.7)

n=0
The a,(y,y’) are known as heat kernel or DeWitt-Seeley coefficients, and can be
computed in a variety of ways [99]. The best known method is the recursive DeWitt
technique [203, 03], where the general solution (4.1.6) with asymptotic expansion
, is inserted back into the heat equation . One then identifies terms
carrying the same powers of s and in doing so obtains a recursion relation between

the coefficients.

2The convergence factor of ie shall be dropped in subsequent equations and its presence implied.
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4.2 The heat kernel and one-loop effective action

It is well known that the one-loop effective action is simply related to the functional

supertrace of a heat kernel. The former is given by
D] = &
I'Y'%vgl = EsTr In H (4.2.8)

where H is the operator which appears in the part of the action quadratic in quantum

(super)fields. The heat kernel appears via use of the identity
sTrin H = — / ds s~ ! sTrels? (4.2.9)
0

up to some additive numerical constant, which can be established by separately

considering the variation of the left and right hand side, and using
H'= —i/ ds el (4.2.10)
0

and (2.2.75)). Equation (4.2.9)) then immediately leads to

TW(vg] = —%/ ds s sTre*H = —%/ dss ' K(s) (4.2.11)
0 0

having used (4.1.5)), and where K (s) denotes the functional supertrace of the heat
kernel

K(s) = (=1)™K™ _(s). (4.2.12)

M
This expression for the one-loop effective has a potential divergence at the lower
limit of the proper time integration (this is a UV divergence) and can be regulated
using the following scheme:

per [
Ff})_T/ ds (is)" ' K (s), (4.2.13)
0

where © and p are the renormalization point and regularization parameter respec-

tively.

4.3 The Gaussian approach

We will now describe the main heat kernel technique used in this thesis, the Gaus-
sian approach [911, 92], which is closely related to other more well known approaches
[122, 205, 206], 123 124] which employ plane wave expansions of the delta func-

tion and Gaussian integration identities. The key observation is that the covariant
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derivatives in the operator in the heat kernel occur only in commutators (giving rise
to field strengths and derivatives of field strengths) when computing DeWitt-Seeley
coefficients in even dimensions. The Gaussian approach attempts to optimize this
expansion of the heat kernel in nested commutators.

In short, this technique can be used for computing heat kernels to some order in
their asymptotic expansion, or in some simple cases cases the entire heat kernel to
all orders. In contrast to iterative methods, where one computes successive DeWitt-
Seeley coefficients, the procedure provides a means by which one can collectedly
compute all of the coefficients up to some desired order. The technique is universal
enough to be adapted to superfield theories, and proves very useful in computing
the effective action in the derivative expansion.

At the early stages of the work presented in this thesis, the Gaussian approach
had only been applied to a few cases [91, 92], and a more general application was yet
to be attempted. Originally it was hoped, which was the motivation for following
this path, that this approach would provide a relatively simple means of computing
higher order DeWitt-Seeley coefficients in N = 4 super Yang-Mills formulated in
N = 1 superspace. Unfortunately, as will be discussed later, it turns out that one
can not proceed without modifying the approach. After doing so one obtains with
yet another method for computing DeWitt-Seeley coefficients.

The basic idea behind the Gaussian approach is to attempt to solve a differential
equation satisfied by the heat kernel by using various identities similar to those which
may be employed when attempting to compute moments of Gaussian integrals. One
either attempts to solve the differential equation to some order in an expansion, or
in some simple cases to all orders.

The easiest way to describe the approach is through a simple example. The ideas

are easily extended to more complicated cases.

4.3.1 The non-supersymmetric case

The simplest possible case which displays sufficient complication is an ordinary non-

supersymmetric field theory, with operator of the form
H =VV,—m? (4.3.14)
and where the background field strength F,, defined by the covariant derivatives
[Va: Vi) = —iFu, (4.3.15)

is covariantly constant:

Ve, Fp) = (VoFy) = 0. (4.3.16)
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This example proves simple enough to fully compute the heat kernel K(x,z';s) to
all orders in its asymptotic expansion, as we now illustrate, first in the coincidence
limit.

Starting with a Fourier representation for the delta function in Minkowski space

(4) / d*k ikq (x®—2'®)
(e —2a') = (27r)4€ : (4.3.17)
and the definition )
KM (s) = ()Y ¢ (4.3.18)

of the heat kernel where H is given by (4.3.14)), one obtains

K(z,2';s) = *H16W (2 — o)

_ d*k isH ik (zq—x,)
—(2 )4 (& (&
™

d'k —ism? ik®(xq—ah) —ik*(zq—2xh) 1sVIV 4 ik (zq—1x))
= (2@46 e’ \Fa"%a (e o Tale ae' (e~ Ta ) (4.3.19)

The term in parentheses can be evaluated as

o=k (@a=) ,VVa fik? (za=2)) _ ,isX*Xa (4.3.20)
where X, is just a ‘shifted’ covariant derivative
X, =V, +ik,, (4.3.21)
which satisfies
[(Xo, Xp] = —1Fup. (4.3.22)

The procedure thus far is well known and has been around for some time [123),
124], to the extent that it can now be found in textbooks (for example see [125]).
Strictly speaking, however, when applying this approach in the context of the back-

ground field technique one should really write the delta-function as

(4) / d'k ikq(z®—a'®) /
0 (x -2l = B )46 @ Z(x,x") (4.3.23)
T

where the additional factor Z(x,z’) is a functional of the background fields, satisfies
Z(z,x) = 1, and is included to ensure the correct gauge transformation properties
of the heat kerne]ﬂ at  and 2’ . This factor is the parallel displacement propaga-
tor, for complete details see [207] and references therein. To one-loop order in the
background effective action, where one needs only to consider the heat kernel in the

coincidence limit, this factor can be ignored.

3Typically the Green’s function, operator H and therefore the heat kernel should have indices

which transform covariantly. Consequently so must the delta function.
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The coincidence limit

In the coincidence limit the kernel becomes

4
K(x;s) = wl/lglx K(z,a';s) = ™ /%eiSXaX“. (4.3.24)
From this perspective it is not immediately apparent that this quantity is itself
not a differential operator, and it is of some significance to note that it is not.
The heat kernel possess an asymptotic expansion, the coefficients of which are the
DeWitt-Seeley coefficients in the coincidence limit, all of which are functionals of
field strengths and covariant derivatives thereof. As a consequence one can expect
to be able expand the exponential in in a power series in s and arrange the
terms into commutators at each order.
To prove this assertion [208, 207], one can easily show that K(x;s) is not a
differential operator by demonstrating that it commutes with an arbitrary function
f(z). This is achieved by taking a Fourier decomposition of the function, and

operating on it:

_ d4];7 eifcm I d'k eiistQiS(VHkHé)g
= /(271_)4 f(k) /<2ﬂ.>4
oK) (4.3.25)

where in the last line a change of variable k¥ — k — & has been made.
Consider now the massless case
% Ak oxax
We now explain how to compute K (z; s) using the Gaussian approach. What makes

the approach different for other plane wave approaches, is that we now different with

respect to s to obtain

dK (x: .
% =iK*" (z;s), (4.3.27)
where we have introduced the notation
" d'k isXeX
Koo (x;38) = [ —=X4, ... Xy, € °. (4.3.28)
(2m)*

This is the cornerstone of the scheme, and it is this differential equation which one

attempts to solve in the Gaussian approach. In particular, if we can express K @ (x;9)
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in terms of K (z;s), then (4.3.27) is a linear differential equation for K (z;s) which

is easily solved. One achieves this by making repeated use of the identity

0= [ (Koo X 575). (4:3:2)

This is reminiscent of the method one may use to determine the moments

d*k 42
/ Wk‘“ Y (4.3.30)

of a Gaussian integral, in terms of the Gaussian integral itself. Accordingly, the
objects f(al,..an (x; s) defined in (4.3.28) shall be referred to as moments of the kerne.
Choosing the case n = 2 in (4.3.29)), one obtains

- d*k 0 .x2
— 3 bK . /—X _— isX
0=10,"K(z;s) + 2m) a@kbe
s b d'k ! is€ X2 yvb —isEX? isX?
=10, K (z;s) — 2s WXG i d§ e X% e (4.3.31)
where the identity
1
A, eP] = / de 4B (A, Blel 9B, (4.3.32)
0

has been applied.
In the present case, the quantity

(e 9] n

1
/ d¢ eiS’fXQXbe—“ﬁX"’:Zﬁﬂgxz(xb) with L(B)=[A,B] (4.3.33)

0 n=0

can be exactly evaluated due to the simplifying assumption that the field strength
is covariantly constant, [X,, [Xp, X¢]] = 0. Ultimately this allows one to solve the
differential equation (4.3.27)) exactly. In the general case one is forced to solve the

differential equation merely to some order in s.

Since
e (XP) = (=2)"(F")°, X* (4.3.34)
where
(F°)%, = 6% (F™)* = F° FO F2 ... Fo (4.3.35)
it follows that )
/ de X7 Xbem 56X = Bb (g) x© (4.3.36)
0
where
’ o1y 4.3.37
B = Y - . eJ.
o= () (1337

4Qccasionally this term will be used to collectively refer to all moments including K (z; s) itself.
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Noting that [V,, B®(s)] = 0, equation (4.3.31]) reduces to
0 =108 K (z;5) — 2sB (s)K,°(z; 5), (4.3.38)

and since B%(s) is invertible

. F b
blo o) — ¢ )
Ka (.CIZ',S) = —1 (6_231:‘——1) aK(.Z', S). (4339)
Insertion of this into the differential equation (4.3.27)) yields

dK (z; s) F -
— = —— | K(x; 4.3.4
e tr (e_QSF — 1) (x; ), (4.3.40)

which is the desired linear differential equation for K (x;s). This can be rewritten

as .
dln K(x;s) F
—L=tr| — . 4.3.41
ds ! (e—QSF— 1) (4.3.41)
Integrating both sides gives
_ o25F _ 1 —3
In K(z;s) =trln (T) +c, (4.3.42)

¢ being an integration constant independent of s. This gives

N[

- erF — 1\~

with C' = e®. This constant can be determined in a variety of ways. The simplest

and most direct approach is to match the leading order terms in the asymptotic

power series in s of (4.3.43) and its original definition (4.3.26]) (for an alternative
approach see [91]). In the latter case one simply expands the exponential e!sX"Xe

. _1
after rescaling k* — s72k% as

- 1 [d% e 21 i
K(z;s) = —= TR (1 4isV2 4+ —=kOV,+...) = — O(s™1). (4.3.44
(z: 5) 52/(2@46 (L+sV24 Tkt ) = = o 4O, (13.4)
Expression (4.3.43|) gives
K(z;s) = % +0(s7h (4.3.45)
S

and comparison of the two provides the constant. This in turn yields the standard
result [187, 209, 210], 211]:

. i e2F — 1\~ i sF O\ 2
K(x;s) = — det = — ———det 4.3.46
(2;9) (4m)? ¢ < 2F ) 167252 © (sinh SF) ( )
From here one can proceed to compute the one-loop effective action as described in
section

N
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Non-coincident points in spacetime

The above exercise can be repeated to compute the full heat kernel at non-coincident
points, which only slightly complicates the calculation. This is useful in the case of
higher loop contributions to the effective action, where one requires the full propa-
gator in the presence of background fields.

Defining

~ 4 . N
K(z,2';s) = /((;Tl;elk(x_x Ve Tz, 2') (4.3.47)

the differential equation is now

dK (z,2'; s) -

1 = jK“a(x7 ;13'; 3) (4348)
s
where

% / d*k ik.(z—2') isX? /

Kal...an(x7 X , S) = WXal e Xane ’ e I(l‘7 X ) (4349>

T
Using
d*k o0 . / X2
0=/ ot Xee N T, (4.3.50)

which reduces to
Bl s) — i F ' Flp o
a(%,l’,S)——l m ) (LT),.I',S)
Foo\ -
— l(ZE — x/)c (m) Ka(fl}', I/, S), (4351)

we are forced to deal with the moment K,(z,’, s) which was absent in the coinci-
dence limit.

Using the identify

d*k 0 . N
0 = /Wa—kbelk(z_m )€ISX I(l‘, l’,) (4352)
it follows that
3 Ja 3
K(z,2';8) = —i(x — 2')° (m) K(z,2';s), (4.3.53)
- ab

and so equation (4.3.51]) can be written as

~ . F

+ (z —2)(x — 2)? <6_2§_ 1>bc (6_285_ 1>ad }f((x, z'ys) (4.3.54)
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The differential equation is then

dln K (z,2'; s) < F )
=tr

ds e~2sF _ 1

+i(z — 2')*(x — o)’ ((GM — 1)12e—2sF - 1>>ab . (4.3.55)

which integrates to give

~ ] F 2 i Na !
K(I,CL’/; 8) _ _16 12 ~ det ( . Sh F) €Z(x_m) (F coth sF)qp(z— )b0($,$/)7 (4356)
s sin s

where the integration ‘constant’ C'(x,z’) must satisfy the boundary condition

C(z,z) = 1. The constant is determined by imposing

K(z,2';5 — +0) = 6W(z — ') (4.3.57)
on the solution, where one finds C(z,z') = Z(z,2’). In more complicated examples
Z(x, ') plays a far more active role [207].

In the next chapter, when we treat Yang-Mills theories in superspace, it will
not be possible to solve the differential equation exactly. Instead of attempting to
solve it to some order, it turns out to be more economical to modify the approach.
In doing so we will develop a general algorithm for computing the DeWitt-Seeley

coeflicients in the coincidence limit.
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Chapter 5

One-loop effective action for N =4

super Yang-Mills theory

Having developed all of the necessary background material we will now proceed to
compute contributions to the one-loop effective action for non-Abelian N = 4 super
Yang-Mills theories in A/ = 1 superspace. This will be achieved through application
of the Gaussian approach, which first needs to be modified due to the presence of a

non-Abelian gauge group.

This chapter is based on the original work [34], which was primarily concerned
with testing the conjectured correspondence between the effective action of N' = 4
super Yang-Mills and non-Abelian D-brane effective action from superstring theory.
This correspondence was based on the notion that maximally supersymmetry might
provide a sufficiently strong constraint to uniquely determine the allowed deforma-

tions of super Yang-Mills theories. See chapter 1 for greater details.

The one-loop effective action of N' = 4 super Yang-Mills was computed in [34]
for the first time to order F® in superspace. Here we provide the full details of
this calculation. The bosonic component of the F° terms are extracted, and the
results are compared to existing literature. To facilitate this comparison a detailed
treatment of the F® field strength structures is necessary. The results are shown to
be consistent with the form of the non-Abelian D-brane effective action computed
to this order by superstring methods and various other means of computing defor-
mations of maximally supersymmetric Yang-Mills theory, leaving little doubt that
there is a unique deformation at this order. Some improvements and updates have

also been made since the publication of [34].
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5.1 The heat kernel

Recall that we wish to compute the regulated N' = 4 super Yang-Mills one-loop

effective action via

p [ 1_im?
ro = 4 / ds (is)" e K (). (5.1.1)
0

In his expression, p and p are the renormalization point and regularization parameter
respectively; m is an infrared regulator; and K (s) is the functional supertrace of the

heat kernel

K(s) = traq /dsz lim *76®) (2, ') = traq /dsz lim K(z,2';s); (5.1.2)

and §®)(z, 2') the full superspace delta function.

68 (2, 2") = 6W(z,2")6P (0 — 06D - 0). (5.1.3)
The operator O is the (super) d’Alembertian

O = D*D, — WD, + W,D* (5.1.4)
where the background gauge covariant derivatives satisfy the algebra
{Da,Ds} = {Ds, Dy} =0
{D.,Ds} = —2iDys = —2i(0")0aDa
[Da, Dyl = 2ieasW Wy =Ww;T! (5.1.5)
[Da, Dyl = 2ie ;s Ws Wy =WiT'
[Dads Dysl = (0)aa(0") 35Gab = —€as(DaW;5) — 45(DaWip).

Introducing a plane wave basis for the delta functions

, Ak
oW (z,2') = /(2%)4 e!h"wa (5.1.6)

5§26 —0) =4 / Bk O 5@ gy =4 / A2k Re @00 (517

where
We = Ty — 2, — 00,0 + 60,0, (5.1.8)

/dn =16 /(g:; /d%/d%a, (5.1.9)

one finds, analogous to the example in the previous chapter, that K (z, 2’; s) has the

and defining

form
K(z, 2 s) = /dn elfwa 15 (0=0")a iFa (0—0")F JisA (5.1.10)
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with
A=X"X, - WX, — W*X,. (5.1.11)

As before the X’s are shifted covariant derivatives defined by

X, =D, + ik,
X, =D, +ikaq — kaall — )% (5.1.12)
X4 =Dy + ikg + kaa(0 — 0)%,

and satisfy

{XOMX,@} = {XOUXﬁ} = 07 {XOHXd} - _QiXaéw
[Xos X3l = 2casWs,  [Xaw X5 = 2iesWs (5.1.13)
[XaaXb] = Gab-

Taking the limit 2’ — z in (5.1.10]), which we implicitly take from this point onward,
one obtains
K(zs) = lim K(z,2';s) = /dr] oA, (5.1.14)

2l —z
The leading term in the asymptotic expansion of K(z;s) is of order s?, a fact
which can be seen by making the re-scaling k, — 5_%1%, and by observing that
the integral over the fermionic parameters k, and k4 will bring down at least four

factors of s. Defining the DeWitt-Seeley coefficients a,(z) in the usual manner,

K(z;s) 4ms =) (is) a;(z) =0, i=0,1,2,3, (5.1.15)

n=0

then the one-loop effective action then takes the form

N:4 32#22 m2n—4 /d8ZtrAd<an) (5.1.16)

which is an expansion in inverse powers of the infrared regulator m, and is free of
ultra-violet divergences. Here the DeWitt-Seeley coefficients are real but otherwise
unconstrained superfields. At the component level the non-trivial coefficients, a,
for n > 4, contain bosonic field strength terms of the form F", and we see that the
mass m plays a similar role to o' in string theory in that it effectively keeps track
of such terms.

In the present case computing the one-loop effective action to all orders is not
possible, which will be illustrated in the next section. Our goal therefore is to extend
the known results by computing as and ag. The first non-trivial coefficient a4 is

well-known (see for example [89, [90]), and at the component level its bosonic term
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corresponds exactly with the associated term in the non-Abelian Born Infeld action
[66]. This coefficient can easily be obtained by simply expanding the exponential
e in ((5.1.14). After re-scaling k® one finds

2

K(z;s):ﬂ

/dn Wk — W)+ O(s) (5.1.17)

and so .
traq(as) = 3 traa(2W2W?2 — WeW W, W9, (5.1.18)

It is easy to see that computing the DeWitt-Seeley coefficients by the direct process
of expanding the exponential quickly becomes very laborious and cumbersome. It is
appears to be more efficient than the recursive DeWitt method when computing the
first non-trivial coefficient, but is not particularly tidy or systematic for computing
higher coefficients. In the next section we will make some modifications to the Gaus-
sian approach, in that we will not actually attempt to directly solve the differential
equation satisfied by the heat kernel. A more systematic method which amounts to

expanding the exponential and collecting terms into commutators is developed.

5.2 The modified Gaussian approach

As before we begin by differentiating K (z;s) with respect to s, generating the dif-

ferential equation

dK(z;s)

3 =iK" (2;8) —iW*K,(2;8) —iW*Kg(2; 8), (5.2.19)
s

where again the notation
KAlAQ...An (Z, t) = /d?] XA1XA2 . XAneiSA (5220)

has been adopted, and the integration measure is defined in (5.1.9)). Using

0 .
= — (X,e*? 2.21
0 /dn 8/% ( ae ) (5 )
and .
(A, o] = / de e£B[A, Ble1-9, (5.2.92)
0
it follows that
_:¢cb . = (is)n n( by ,isA
0=1if, K(z,s)—Qs/dn Xa;(rw—l)!LA(J)e (5.2.23)
where _ _
Jt =X~ %WU“(@ —7) - %(9 — )0 (5.2.24)



After contracting the spacetime indices this can be written as

2i
K “(z:8) = —K dn X, L @) glsA 2.2
o) = SR = fan Y oS (5:2:29
Similarly, 5
= [d X, e 8 2.2
0 / ”amﬁ( e?) (5.2.26)
and 9
0= [d X el 5.2.27
Janges (%) (522
lead to

WK, (z;8) = %K(z; s) — (DW,)K(z; s) + /dn Xa Z %LZ(W’”) elsA
"~ (5.2.28)

and

WK, (2 ) = %K(z; §) 4 (DaTV*)K (2:5) + /dn %y (n(ii)z)!Lg(Wd) st

(5.2.29)
respectively.

Inserting the expression ((5.2.25)), (5.2.28) and (5.2.29) into the differential equa-
tion ([5.2.19)), one obtains:

dK(z;s) 2
ds _EK( s) = /

a) isA

a
n=1

. 18 n ay ,isA
_l/anaZ (n—i—l)!LA(W )e
n=1
: v S (ls)n n ({7« is
—1/dn XdZmLA(W ) &2, (5.2.30)
n=1

where the K(z;s) pieces have been brought to the left hand side and the Bianchi
identity, D*W,, = D,W%, has been used.

The significance of this expression is seen in terms of the asymptotic expansion
(5.1.15)), which we first rewrite as

K(z;s) = (4;)2 Z(is)"‘2an. (5.2.31)

n=4

The left hand side of ((5.2.30)) is then

dK(z;s) 2 - 3 s2as  2isdag
 _ZK(z8) = — —4 "q,, = <o (5.2.32
PR T ; (=)™ an = J5s T om0 (5:232)
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It is now clear that in this particular combination of the kernel and its derivative
the first non-trivial coefficient a4 is absentﬂ Exploiting this fact, the objective now
becomes to determine the DeWitt-Seeley coefficients by expanding the right hand
side of in a power series in s, and identifying it with the right hand side
of . In contrast to the Gaussian approach as applied earlier, we make no
attempt to solve the differential equation by expressing the right hand side
in terms of K(z;s). This turns out to be the most efficient way to proceed, and as
will been seen shortly, it is far from obvious whether, to some given order in s, the
right hand side of is even expressible in terms of K(z;s).

The background has been arbitrary to this point. However from now on it
will be placed on-shell, D*W,, = DsW* = 0 (see (2.2.96)) in the absence of scalar
background), since this is sufficient for the purpose of making comparisons with the

literature and computing the S-matrix.

Since the summation on the right hand side of (5.2.30]) involves the repetitive

calculation of commutators, it is first useful to establish the following relations:

A, X, = 2G° Xy + (DJVN) Xy + (D) X,

(A, Xo] = (DaW) X

A, Xs] = (D)X, (5.2.33)
[AY] = (DDY) +2(DV)X, — W¥D,Y) — W*(DsY)

—(=1F WYY X, — (=1 (WY} X,

These are not entirely trivial to establish and are significantly simplified by working
on-shell. For example, in the process one is required to establish that on-shell
(DG o) = i(03)aa {W®, W4}, See appendix B| for full details.

From the commutation relations it is clear that the summations on the
right hand side of will generate a series of moments of the form Ky, 4,(2; )
as defined in . Furthermore, it is not difficult to show that to order n in this
summation, the moments generated have at most (n + 1) indices. It is convenient
to always place these indices in a specific order: first undotted, then dotted, then

spacetime. This can be achieved through the commutation relations ((5.1.13)). With

such an ordering, the leading term in a moment’s asymptotic power series has the

IThis feature is not particular to the current example. Differential equations of the form (5.2.30)),
where the first non-trivial coefficient is absent, arise naturally when applying these techniques to
heat kernels associated with ‘reasonable’ operators. This is most obvious in ordinary D dimensional

spacetime with Laplace-type operators.
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following behaviouif]

1 /1\! ,
K.y, (255) ~ — (—) =1 = g2 5] g<4 (5.2.34)

where K4, 4,,,(2;5) has p spacetime indices, ¢ spinor indices and [5] denotes the

p+q

largest integer part of £. Moments with more than two undotted or dotted indices
vanish as X, XgX, = XQXBX"Y = 0.

From these considerations it is now quite clear that the summations in the dif-
ferential equation cannot be done explicitly, since they all quickly lead to
a proliferation of more and more complicated terms, and moments with ever in-
creasing numbers of indices. Expressing each of these moments in terms of K(z;s)

through identities such as ((5.2.21)), (5.2.26]) and ([5.2.27)) would be a formidable task,

and it is much easier to expand each of these moments into a power series.

Given the above power series arguments, and from comparison with equation
, the summation in equation can be seen to truncate at n = 2k — 5
when evaluating ay for £ > 5. Moreover, it turns out that after tracing over gauge
indices the last term in this truncated summation always vanishes due to the cyclic
property of this trace, making it necessary to sum only to n = 2k — 6. In particular
this means that to evaluate a5 and ag one is permitted to truncate at n = 4 and 6
respectively. To show this, we note that in evaluating ay, the terms in the summation

coming from n = 2k — 5 are always of the form
ST ks ] (218) k>5 (5.2.35)

to the order of interest. The coefficient T' in this expression is in general a graded
commutator, and the moment is only ever required to leading order. To leading
order this moment is proportional to the identity matrix in its group indices, and
consequently we are left with terms which consists solely of a graded commutator.

In performing the trace over the gauge indices such terms vanish.

2To clarify the terminology adopted here and in what follows: the expressions ‘leading term’
or ‘leading order’ refer to the first (expected) non-trivial term in the asymptotic expansion of the

2

moment, ie K(z;s) has a leading term of order s?. Analogously ‘subleading order’ refers to the

second (expected) non-trivial term and so on.
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5.3 The F° terms

5.3.1 Evaluating as

Before proceeding to compute a5 and ag it is instructive to examine the differential

equation ([5.2.30)) in a little more detail. Since

LY (BC) = — L7™(B) LY} 3.
A(BC) ;Om,(n_m) (B) L{(C), (5.3.36)
if A has even Grassmann parity, then
i n N\ « QT &
LA (" = X7) = 2 (0")aa L& (0 — FYW® = (0 - 0)° /%)
_ %(aa),m((e‘ — 0 adZ(W®) — (0 — 0)°LE(W®)) + M?  (5.3.37)

where
-1
1 a TL' n—m-— 17 m « n—m-— « m ({17 &
= 500D Y o ey (LA™ OV ) LEOV™) + LT 00 LR (7)),

m=0

3

The differential equation (5.2.30f) can then be expressed in the form

RS2 a Xij . +)1) LA(X") e
/ i n+>:) LE(W?) e
/ 2 +>1) MO 2 (5.3.38)

This will simplify the computation for two reasons. Firstly, to order n in the
summation, the last of the four terms on the right hand side will generate moments
with at most n indices (whereas the first three generate moments with at most n+1).
By investigating its powers series behaviour, one ultimately finds that this last term
will not contribute when computing as. Secondly, the form allows us to take
advantage of the fact, which was merely noted and not exploited fully in [34], that
there is significant cancellation between several terms generated by the summation
in the first three of the four terms on the right hand side of . To see why

this is so, and to remove the need for calculating such terms, we employ the identity

(5.3.36)) as
n!

BL}(C) = Li(BC) — Z ml(n—m)!

n—m)

n

LT(B) LT™(C). (5.3.39)
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This yields

XoL2(XY) 4+ XoLE(W®) + X4 LR (W) =

n a n (e n (Y17 v - TL'
LA(XX,) = LW X,) = LA(WXs) = Y

m=1

, {L’;(Xa) Li™(X")

m!(n —m)!

+ LN X,) LA™(W) + LX) LX"”(W“)} (5.3.40)

having used the equations of motion. The first three terms on the second line then

give LX(A) = 0, and so ultimately ([5.3.38)) reduces to

dK(z;s 2 . - is)" a s
% — gK(z;s) = - /ana; <n(+)l)!Mn el*s

+ L Xa) LA™(W*) + LM X,) LZ’”(W‘“)} A (5.3.41)

Determining the coefficient a5 now only involves computing

i/0177 Z Z m!(n —(i:%);(n +1) {LXL(XG) X

n=1 m=1

LR(Xa) LI7™(W®) + LE(X4) Lgm(m‘/d)} 2. (5.3.42)

To illustrate how one proceeds in this modified approach we will consider the n =1
contribution. Using the commutation relations (5.2.33)), the n = 1 term gives

—% dn([A, X)X+ [A, X)W + [A, X)) eis2
=— g(GabKab(Z; 5) + (DWW Kao(2;8) + (DW) Kau(2; 5)

— (DWPYWK (2 5) — (DaWI)WEK (2 )
+ ((Dawﬂ)(pﬂwa) + (@JVB)(@BWQ))K(;;; s)>. (5.3.43)
This expression is further simplified by noting that
QGGbKab(z; s) = G“bGabK(z; s) (5.3.44)

and that terms of the form s K(z,t) ~ O(s*) do not contribute to the order of

interest.
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There now only remains the problem of expanding the contributing moments to
the required order in s. In the present situation, computing as, this does not generate
any additional difficulties since it is only necessary to expand all surviving moments
to leading order in their power series expansion in powers of s. As described earlier
such expressions are readily obtained by directly expanding the exponential. For
instance:

K, (z;8) = /dn X, 2

S

= 51 (WalV? + WAW, — Wl W) + O(s%). (5.3.45)

Later a more systematic approach will be described.

Carrying out this procedure for the entire right hand side of equation ([5.3.38))
for n =1 to 4, traq(as) can be identified. A complete list of the required moments
computed to leading order is given below (also sedﬂ appendix . The numerical

factor common to all moments is H = i(47i) 2.

2i
Ka,@aﬁ'ab(2§ 5) = 3 €apf €43 MNab 1H (5.3.46)
4
Kopap(2:8) =~ 5 capegp L H (5.3.47)
2 _
Ka,@dab(fz; 5) = 8_2 Eap MNab Wd H (5348)
2
Kao'z,é’ab(’z; S) - 8_2 €48 Nab W. H (5349)
K gapa(2:8) =0 (5.3.50)
4i -
Koga(z;s) = —gl eas Wa H (5.3.51)
4i
K :(z;8)=——¢., W, H 5.3.52
aaﬁ(z7 S) . S Eaﬁ ( )
Kaﬂab(z; 5) = é €aB Mab W2 H (5353)
Kao’aab(z; 3) = énab(WaWéx - WdWa)H (5354)
Ka,@ab(z; S) - _é €aB Mab W2 H (5355)
2i -
Koagia(:5) = == 2ap (DaWe) H (5.3.56)
21
Koapa(#:8) = == 245 (DaWa) H (5.3.57)
Kop(z;8) = 2e,sW? H (5.3.58)
Kad(Z; S) = 2(WaWd - WdWa)H (5359)
K3(z;8) = —2e,,W* H (5.3.60)

3In particular see subsection Note that this appendix involves knowledge of Mathematica

syntax. The usage of Mathematica will be described later.
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1 _ _ _ _
Keoap(2;8) = —g(WaW2 + W2W, — WaWo W) H (5.3.61)

Keaav(2; ) %(WZWd + WaW? = WWW, ) H (5.3.62)
Kopa(2; ) % eag(Wa(D W) + 2(D, W)W H (5.3.63)
Kosa(2:5) = %(W (D) — Wa(DuIV,)

+ 2(DaWa)Wes — 2(DoWea)Wa ) H (5.3.64)
K po(258) = —g €4 (W(DWa) + 2(DW)Wo) H (5.3.65)
Ko(z;s) = —2—;‘9(W W W — W2*W, — W,W?) H (5.3.66)
Ka(z:8) = 25 (W Wa — W2V, — WalW?)H (5.3.67)

Kaa(z' 5) g(WaWa(DaWa) - WQ(DaWa) - WaWOl(DaWa)

+ 2W D W)Wy — 2WH(D W)Wy — 2Wa (DWW,

+ 3(D W)W Wy, — 3(D W)W Wy — 3(DWa)W?)H  (5.3.68)
Kaa(z19) =~ (WalV (D) = W(DW) = WaIVa(D)

+ 2Wa(D W )W — 2Wi (DWW, — 2W o (DWs )W

+ 3(D W)W W* = 3(D W)W W, — 3(DWa)W?)H  (5.3.69)

To summarize, we see that the problem of computing the original kernel to
subleading order has been reduced to computing several moments to leading order.

The final result, traq(as), is dramatically simplified by recognizing that all terms
may be reduced to a linear combination of only two types of structures, which serve
as a basis of tensor structures. This fact can be established through dimensional
analysis and use of the algebra , integration by parts, the cyclic property of
the trace, and by applying various on-shell identities such asﬁ

D Wy =DsW,,  DiWy=DyWs,  DaDgW, =DaDsWy =0,
DoDsDaWy = deap{Wa, Wy}, D, DsDsWe = —4{W4, W5},  (5.3.70)
(DG o) = i(0p)aa {W, WY, (DD W) = [WF DsW*].

The latter is easily established by using (3.2.104]). The basis of tensor structures
which most naturally presents itself in this superfield approach consists of: terms
with two contracted spacetime covariant derivatives acting in various ways on two

chiral and two antichiral superfield strengths (for example (D*W?)(D,W4)W?);

4See appendix |B|for further details regarding these identities.
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and a single spinor covariant derivative with five superfield strengths (for exam-
ple (D, WA)YWWzW?).

We choose to bring terms of the first type into a form where the two contracted
spacetime covariant derivatives act separately on the first two superfield strengthsﬂ
and terms of the second type into a form where the spinor covariant derivatives acts

on the first superfield strength. The final result is:

1 _ - — .
traq(as) = %trAd((D“W“)(DaWa)WQ + (D* W) (D W) WeW,,
— (D*W*) (D W)W W — 3(D WHYWEW W2
— (D WP YW W W5W) + cc., (5.3.71)

where the complex conjugate of any term is effectively obtained by replacing all
undotted spinor indices (and unbarred objects) by dotted spinor indices (and barred
objects) and vice-versa. The corresponding piece of the one-loop effective action can
immediately be deduced by insertion into equation ({5.1.16]).

The above computation may readily be carried out by hand. However, at higher
orders it is useful to use Mathematica to carry out much of the symbolic manipula-

tion. See appendix [C] for the details of this process.

5.3.2 a5 at the component level

We are now in a position to extract the component form of tryq(as). For the purposes
of comparison with existing literature, it is only necessary to consider the contri-
bution containing the field strength F, and its covariant derivatives. Extraction of
this component is most easily achieved by setting al]ﬂ but the vector component to

zero in the vector multiplet’s component expansion,
V(z) = 000V, (5.3.72)

which leads to

Wa = 5(0")aa(")* 85 F o + O(6°6)

DeWa = 5(0")aa(8)85(VoFun) + O(6%6) (5.3.73)
DalWy = —5(0")54(6")" s Fuy + O(60)

5Terms of the first type where the two contracted spacetime covariant derivatives act on the

same superfield strength can be expressed as a linear combinations of terms of the second type by

using the last of the on-shell relations in ([5.3.70)).
6The auxiliary field vanishes on shell.
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or equivalently

Wal=0 Dawﬁl - —%(aa)ﬁd((}b)damb (5.3.74)
= —5(0")5(6")o(VeFur) (5.3.75)

DWW,

—0 DyDW,

and similar expressions for antichiral superfield strengths. Higher order terms in
these expansions will not contribute given the form of the result (5.3.71)). As before,
here
Va = aa - iva: [vm vb] = _iFab
Fab = aa% - abv;L - i[V:la VE}] (5376)

Simplifying the component result is rather straightforward but very time con-

suming]’] In doing so it is necessary to use the o matrix identities (A.1.17), (A.1.18),
(A.1.19), (A.1.20) and

el o = — 4101088555 (5.3.77)

In the end, the contribution to [d?6d%) traq(as) coming solely from the vector
component of the super Yang-Mills background, which will be denoted by traq(as)ly,

is found to be

tI‘Ad (CL5)

1
— %tmd (2<(veFab)(verc)chFda + (VEF)(V FYEy Fy,

n (VeF“b)(Vcha)deFdC>
1
-5 ((veFab)(veFab)chch + (VEF®Y(V, Fo) Fyy Flog + (veF“b)(vchd)chFab>
+ Qi(F“beCFCdFeaFde Rt pedp Fe By, 4 FabFCdFeanche)) . (5.3.78)

Comparison of this result with existing expressions in the literature is a highly
non-trivial exercise, being complicated by the fact that in the non-Abelian case there
are many possible field strength tensor structures, all of which are not independent.
This is in contrast to the relatively transparent situation in superspace (where we
found that there where only a few basis structures). To proceed further we will need
to examine these F°-type structures in greater detail. As a final point of interest, it
turns out that the bosonic component given above is itself not expressed minimally
(this is also the case for some other results in the literature, for example [85]), in that
one of the terms may be eliminated in favour of some of the others. This point will
be addressed in the next section, the detailed analysis of which was first published

in an appendix of [35].

"See appendix B or the attached CD for a computerized approach.
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5.3.3 A basis for F® structures

The array of possible structures of the form F™ are not independent since they can be
related by: the antisymmetric property of the field strength F,, = — Fp,; integration
by parts; the cyclic property of the trace over the gauge indices; the Bianchi identity

Vanc -+ VcFab + Vcha = O; (5379)

the equations of motion

VF,, = 0. (5.3.80)

As a consequence of these it is also useful to establish the ‘non-Abelian’ identity
[Fub, Fed] = 21V, Vi Feg, (5.3.81)

and

V2F,, = 2i[F, ¢, Fy), (5.3.82)

where the last expression in ((5.3.70|) is the superspace analogue of the latter.

An independent set of such tensor structures forms a basis, and different bases
are used throughout the literature since different calculational procedures naturally
select different bases. For example, we have just seen in the previous section that
the structures arising at order F® were almost completely determined by the use of
superspace: in superspace and hence at the component level, both covariant deriva-
tives act on adjacent field strengths and are always contracted with one another.
Comparing various results in the literature [212, [79, 80], we see completely differ-
ent structures, such as those where covariant derivatives are contracted with field
strengthsﬂ

Furthermore, in the present case of F® structures in four dimensional spacetime,
the analysis is further complicated by the fact that some structures are related in a
much less obvious way, which in general depends crucially on value of n in F™ and
the spacetime dimension. This is elaborated upon below.

To simplify this discussion we will first introduce the following notation (where,

since the discussion is independent of the gauge group, the trace is over an arbitrary

8 An additional complication which arises when comparing results manifests itself under field
redefinitions of the vector potential [73] [87]. We avoid such complications by working on-shell
VeF,, = 0, since at this order (and lower orders) tensor structures which can be removed by, or

are sensitive to field redefinitions, vanish on-shell. This can be seen explicitly in [7§].
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representation R):

S0,0 = trg (F* Fy FFy F,) So1 = trg
s02 = trp(F®FF, F° Fy) So3 = trg
S04 = trp(FFy F¢ F*Fy,) So5 = tr
510 = trR((VEF®)(V Fu) FF.) s11 = trg
(VFYE4F, b) s13 = trg
(Ve

FabechdFe )
FachdFe Fchde>
FadeerchaFde)

VeFab FCd(veFab)ch

)

)

) )
VEFP) Fo(V FY) Fry)

)

)

<
e
s
1
g
<
Myl
=
&
-
e
|
t+
=
b

s1,8 = trg
SQ 1= tl"R F (V FCd)(VerC)Fde) 8273 = trR V“Fef (vaef)Fachb
F,

(
(
(
(
(
(
(
(
s1.10 = trg( VeFab)F (V F..)F, b) s111 = trg
( )
( VAP PV Fep) Fuc)
(
(
(
(
(
(Fa

o e N T N s s T T T N T N T N T N

o4 = trp((VOF)(VyFop)F*F,,) S95 = trg
o6 = trr((VoF)FO(VF.f) Fy.) 597 = trr (VP F) (V) Fi Fy)
S99 = ttR((V F*) (VO F®) FypFly) 8910 = trp((VOF®) (VP ) F W FC)
so11 = trR (Vo F) (VeF) FF.y) 5910 = trp((VAFY®)(V F)F oy FLq)
913 = trr (Ve F")Fq(VIF“YEy)  sp14 = trp((VAFY) (VP Eg) FC. F )
sa15 = trr((V, FY(VEF™)E W F,y) S916 = trg

)

Fde(v Fcb)Fab(va cd))
)

( Fbc)Fed(VaFdC) Fab( Fbc)ch(VaFde

So17 = trg

In the notation adopted here, the first index on s;; takes the values 0, 1 or 2:
terms without covariant derivatives (ie pureﬂ F® terms) if 0; terms with contracted
covariant derivatives if 1; and two covariant derivatives which are not contracted
with one another otherwise. The second index is arbitrary, and serves to enumerate
different structures for a given value of the first index. This list is of course not
complete, and excludes terms which can obviously be reduced to a linear combination
of the above (modulo integration by parts and the equations of motion).

In D = 4 the following set provides a basis for all such possible tensor structures:

{80,07 50,15 50,25 50,35 51,05 S1,15 51,2, 1,3, 51,4, 82,3}7 (5-3-83)

which consists of four pure F® structures, five structures with contracted covariant
derivatives acting on adjacent field strengths, and a single structure with two co-

variant derivatives which are not contracted. We will now prove this fact. Other

9The prefix ‘pure’ will be used to refer to such terms to avoid confusion with the generic usage
of F°.
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bases in various dimensions can be found elsewhere in the literature, for example see
[78, 74, [101]. See [101] for a discussion (without explicit detail) on an alternative £
basis which is perhaps the most economical for expressing the non-Abelian D-brane
effective action. As will be explained, the basis we chose here turns out to be more

useful for comparison with the literature.

Pure F° terms

One can establish that the six F® terms: g0, So1, So02, S03, S04 and Sgs5, are not
linearly independent in four dimensions. Any two may be eliminated by generating
two independent identities relating all six. This is a consequence of the simple
fact that for any n x n matrix A, the trace of A" may be expressed in terms
of the product of the traces of lower powers of A. For example, given a traceless

(antisymmetric) 4 x 4 matrix A:
tr(A°) = gtr(Az)tr(A?’). (5.3.84)
Such identities can be derived by considering the power series expansion of
det(1 + AA) = exptrin(l + \A) (5.3.85)

in A, given the knowledge that for an n x n matrix, the right hand side will terminate
at order \". To be clear, the analogy here is to consider the field strength I’ as a
4 x 4 matrix in its spacetime indices.

In the case at hand the presence of the additional gauge index complicates such
derivations, and it is far simpler to use the more novel approach which makes use

of the rather trivial & matrix identity

tr(0%6%0°6%067) = tr(o®6%0! 5°0%5°). (5.3.86)
This is proven by a simple rearrangement of indices, and is of course particular to
D = 4. The identity implies

(tr(a“&bac6dae6f)tr((}gah&iaj) + c.c)
trr(FapFeaberFynFij + FapFepFeaFgn Fij) =0, (5.3.87)
which, using the other ¢ matrix identities, reduces to
3

1
S0,1 — 28072 + 50,3 + 580,4 + 58075 =0. (5388)

Similarly one can use (}5.3.86|) to establish
(tr(a“&bac&dae&f)tr(&gah6iaj) + c.c)

trR(FachnghFeij + FabFenghchEj) = 0, (5389)

78



which becomes

3 1
50,0 — 28071 — 50,2 + 58074 - 58075 =0. (5390)

Equations ((5.3.88)) and (5.3.90) allow two of the six F® structures to be expressed
in terms of the other four. We choose to treat so4 and sy 5 as dependent:

3 1
50,4 = — 550,0 + So,1 + So,2 + 580,3 (5391)
1
505 =FS00 = 501 + 802 + =503 (5.3.92)

D?F* terms

Using the equations of motion, the Bianchi identity, integration by parts, the cyclic
property of the trace and the non-Abelian identity each of the terms s;; with

6 <1 < 11 are quite readily expressed in terms of the proposed basis:

S1,6 = — 21801 + 21802 — S14 — S15 (5.3.93)
4i 1

8177 :4i80,5 — 28171 = 38070 — 4i80,1 + 4180,2 + ?3073 — 28171 (5 394)

S1,8 = — 21800 + 21801 — 2513 (5.3.95)
. 121 . . 4i

51,9 :4150’4 — 81,0 — S12 = —?8070 + 4150’1 + 415072 -+ 380,3 — 81,0 — S1,2 (5396)
. 12i ) . 4i

81710 :418074 — 8170 — 8172 = —?8070 + 418071 + 418072 + 38073 — 8170 — 81,2 (5397)

S1,11 = — 2i80’1 -+ 2150’2 — S14 — S1,5- (5398)

D,D,F* terms

Again using these properties one can generate the following independent equations:

. . 1 1
821 =1Sp,2 — 1803 + 1511 T 5525 ~ S20 (5.3.99)
1 1
S99 = — 1501 + 1802 — S14 — 58273 + 582,6 (53100)
894 = — 1504 + 1805 + 5512 7 55110 + 823 (5.3.101)
S2.5 =S2.6 (5.3.102)
52,7 =529 (5.3.103)
8913 =S2.18 = —1800 + 1501 — S1.3 (5.3.104)
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9.3.105
5.3.106

52,12 = — 52,15

So12 = — S1,5 + 827

S2.10 = — S2,1 + S2.9 5.3.108

1 1
S2,16 = — S2,17 = =S0,4 — =S0,5 — S2,13 + S2,14-

2 2

( )
( )
S2,10 =$2,14 = —S2,11 — S2,12 (5.3.107)
( )
(5.3.109)

Furthermore, two more independent equations can be produced by again using

identity (5.3.86]). For example
(tr(a“&bacﬁdaec}f)tr(&gah(fiaj) + c.c>
@MW%WﬂW@@—W@mM%m@ﬁ:qwmm
and
(tr(a“&bac6dae6f)tr((}gah&iaj) + c.c)
(R ((VaFos) V¢ (Fii) FoeFea = (ViFoy) Ve Fai) Fug Fae) ) = 0, (5.3.111)

reduce to

S1,0 + S11 — 4814+ 4501 + 2504 = 0 (5.3.112)

and
S1,1 — S1,2 -+ 48173 — 48174 -+ 88175 — 28273 -+ 28274 — 48279 —+ 482712 — 882715 =0 (53113)

respectively. The latter identities prove quite difficult to establish via other means.
This completely exhausts all possible combinations, and brings us to a final set

independent relations.

The basis

All tensor structures can now be expressed in this basis ((5.3.83)). Introducing the

condensed notation

{a7b7c7d7 e7f797 h7Z7]}
= asgp + bso1 + ¢S + dsos +esio+ fsi1+gsi12 + hsiz +iS14+ jS23,

we list for completeness all terms expressed in this basis:
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soa= { -2 1, 1, £ 0, 0, 0, , , 0}

sos = { :, -1, , 20, 0, 0, , 0, 0}

1,5 = { 217 _517 07 _ia ;ép %7 4%7 ) _37 0 }

S16 = S1,11 = { —21, 31, 21, i, —%, —%, —%, —1, 2, 0 }
sir= | %, —4i, 4, %, 0, -2, 0, 0, 0, 0 }

sis= { —2i, 2i 0, 0, 0, 0, 0, =2, 0, 0 }

S1,9 = S1,10 = { _1?%7 417 417 %7 _17 07 _17 07 07 0 }
so1= { —i, 2i i, 0, -3, -3, —3, 0, 1, —3 }

spa= { 2, -4, -2, 0, 4 O 1, 0, 0, 1}

525 = S26 — { 1, —i, —i, —1, %, %, %, 07 0, 1 }
S27 = 829 = { %7 _%7 %7 _%7 ia 4_117 %p 07 _17 0 }
5910 = S2,04 = 1 %v _%7 _éu _éﬂ %’ %7 %’ 0, =2, % }
ssm=4{ 0, 0, 0 0 -3, 0 -7, 1, 0, —3 }
se=-ss={ -3 % 3 5 ~» ~» ~» —L 2 0}
52,13 = S$2/18 = { _ia i? 07 07 07 07 07 _17 ) 0 }
82,16 = —S2,17 = { %v _%7 _%7 _%7 %7 %7 %’ L =2, % }

As noted in the previous section, the component results obtained for as were not

expressed in any basis in D = 4. In the notation introduced here, the component

result (5.3.78) is

traa(as)

1 1
.= 30 (2 (51,3 + 815+ S1.4) — 5 (81,0 + 511+ 31,2)

+ 2 <5071 — 2502 + 30,3)). (5.3.114)

where it is understood that the trace in the definition of the s;; above is over the
adjoint representation. The term s; 5 is not a member of the basis (5.3.83)) and is
eliminated to give

1
traa(as)| = 55 {4l —8i,—4i,0,1,1,1,4,~4,0}. (5.3.115)

v

5.3.4 Comparison with literature

Making comparisons with F® expressions found in the literature now becomes a
rather simple exercise. At the time of the publication of [34], the F*® contributions
to the non-Abelian D-brane effective action had been calculated in full by several
different methods (see the introduction for details). A direct computation of the
N = 4 super Yang-Mills effective action to this order in D = 4 using supergraph
techniques had also been attempted in [85], 86].
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As detailed in the introduction, Koerber and Sevrin [78] used an approach based
on the requirement that certain BPS solutions should exist to the equations of
motion derived from the non-Abelian D-brane effective actionm, extending earlier
use of this method for the Abelian case [T1]. At order (/)? in D = 10 this approach
yieldﬂ .

A number of successful tests have been applied to this result, confirming that
the expression is indeed consistent with string theoretic predictions [79] 80]
and a unique deformation of D = 10, A/ = 1 supersymmetric Yang-Mills theory
[74]. Most recently a direct string theory calculation of the full five-point scattering
amplitude for gluons has been carried out [81], from which it is inferred that the
corresponding low energy effective action has precisely the order (a/)? terms .

After restricting the expression to D = 4, and expressing it in the basis
adopted here via the conversion table given above, it agrees exactly with the above
N = 4 super Yang-Mills results traq(as)|y and (up to an overall
normalized factor).

As noted earlier, this agreement was first seen in [34]. Published prior to this,
the computation [85, 86] of the one-loop N = 4 super Yang-Mills effective action to
order F* using supergraph techniques (which gave bosonic component results only)
disagreed with results from string theory. In particular, the pure F° terms where
found to be different. However, soon after the release of [34], the authors of [85], [86]
corrected an error, yielding consistent results [85].

The fact that all of these results [78| BTl [79, 80, [74, B4, 85] computed by four
independent means yield the same result, , leads one to confidently conclude
that the F'® deformation of maximally supersymmetric Yang-Mills theory is in fact
uniquely given by this expression. Evidence which suggests that this uniqueness
does not extend to all orders, and that in general one should not expect a direct
correspondence between the non-Abelian D-brane effective action and quantized
super Yang-Mills at higher orders, comes from the fact that the F® terms in the
one-loop Abelian N = 4 super Yang-Mills effective action [106] differ from the F®
terms in the Born-Infeld action [87]. For a detailed discussion see [106), 107].

It is perhaps worthy to note that due to the expected correspondence between
the ultraviolet divergent part of the one-loop effective action of super Yang-Mills
theory and the singular piece of the one-loop effective action in open superstring

theory in the limit o/ — 0 (see [214] [76]), the one-loop results computed here should

0For other approaches see [70, 213] and references therein.
UPartial results at order (a/)® had previously been obtained in [76], [77] and [43]. F® terms in

ten dimensional super Yang-Mills were given in [70].
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provide information about the F° terms of the latter.

Finally it should also be pointed out, which was apparently overlooked by many
authors, that with a little work the bosonic one-loop effective action to order F® for
N = 4 super Yang-Mills theory could have been extracted from pre-existing liter-
ature. In particular the bosonic DeWitt-Seeley coefficients associated with scalars,
vectors or spinors in the presence of a non-Abelian background Yang-Mills field in
arbitrary spacetime dimension had effectively been computed to order F® some time
ago [87, [88, 215, [76).

From the tables in [76] and [87], one can assemble the total bosonic component
of the DeWitt-Seeley coefficients associated with a theory possessing Ny vectors, Ny
scalars and Ny, spinors all in the adjoint representation, coupled to a Yang-Mills
background by usingjﬂ

N
al® = Ny a,(Ar) + (Ng — 2Ny) an(Ag) — —2

a,(Ay2) (5.3.116)

where v = 1,2, 4 for Dirac, Majorana and Majorana-Weyl spinors respectively, and
a,(A;) (s = 0,1,3) denotes the contribution generated by the presence of second
order (scalar, vector, spinor) operators in the original action.

The general a, and a5 coefficients provided in [76] were obtained from one-
loop counterterms computed in [215], however the pure F° contributions had not
been extracted. From these one readily generates the following on-shell bosonic
component for the D = 4, N' = 4 super Yang-Mills theory DeWitt-Seeley coefficient
(see the D =10, N' =1 expression in [76]):

2
traq(as) = 5(451,3 — 4516 — S11 + S19) + (F° terms). (5.3.117)

Despite its incompleteness, and regardless of the fact that there exists the possi-
bility of ‘communication’ between pure F' terms and those containing derivatives
via , a comparison between this expression and the result can be
made without any additional work. That such a comparison of partial results is
even possible is a consequence of the particular form of the chosen basiﬂ. Specif-
ically, in casting any expression in our chosen basis, any pure F° terms will be
expressed as a linear combination of the pure F® structures 50,0 — So,3 only. The
omitted pure F® terms in will therefore not contribute terms containing
derivatives when expressed in this basis, and so a comparison of derivative terms

becomes possible. Using the conversion table provided in subsection [5.3.3| one finds

12Tn the notation used in [76] and [87] a,, = ba,.
13Tn contrast, the scheme described in [I01] yields a basis which is not useful for this purpose.
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that ((5.3.117)) becomes

1 [ 14i 8i
traa(as) = o {?1 _4i -2, —31, 1,1,1,4, —4,0} +(F® terms).  (5.3.118)

Comparing this to with ({5.3.115]), one indeed finds exact agreement of the derivative

terms.

5.4 The F% terms

5.4.1 Expanding moments

Employing the procedure outlined above to compute a; for k& > 5 will necessarily
involve asymptotically expanding moments to higher than leading order. We will
therefore require some sort of prescription if this scheme is to be generalized. As one
may expect, it is possible to appeal to a set of techniques similar to those already

used. More specifically, to evaluate any moment to arbitrary order one proceeds

iteratively by using the following generalizations of the identities ([5.2.21)), ((5.2.26))

and (5.2.27)):

0= /dn o (X4, ... Xa,e"%) (5.4.119)
Oky

0= /dn o (X4, ... Xa,e%2) (5.4.120)
8/@5
o) _

0= /d — (X4, ... Xa,e"%). (5.4.121)
8/15

Occasionally differentiation with respect to s will also be useful, as in ((5.2.19)):

d™Kya, . a,(2;8)
ds™

A combination of the two procedures is also useful, as in ([5.2.30f). Of course, none

of this actually computes the moment directly, but is used with the intention of

= / dn X, ... X4, (1A)™e2, (5.4.122)

expressing it in terms of other moments with the same number or more indices,
which are generally easier to compute. In this procedure, expanding a moment to
some order will usually require knowledge of the expansion of several other moments
to the same or lower order. Consequently at some point it will be necessary to

evaluate at least one moment directly by expanding the exponential.
5.4.2 The moment hierarchy and ag

Computing ag involves summing from n = 1 to 6 on the right hand side of (5.3.41)),
which generates a hierarchy of moments, a partial list being given below (all but

84



K (z; s) required to subleading order):

Kaﬁdﬁab (z; S)
K papa(78)  Kapaan(238) K spa(258) K pa5(258)
Kapaa(28) Koap0(28) Kapan(218) Kaaan(218) Kypa(2:8) Kapalzis) K,a5(258)

Kopa(#8) Kaaa(2;$) }(aﬁa(z33) Koap(z;8) Kaan(z;s) Kap(z;s) Kaalz;s) }(dg(z;s)

Kup(z;8) Kaa(z;8) Kaa(zys) Ka(zys) Kalz;s)
K(z )

Generally speaking, the following structure is present in the hierarchy: from top
to bottom the moments decrease in the number of indices, increase in difficulty of
expansion, and the exponent of s in the leading order term increases (each row
contains moments with the same leading order behaviour). From left to right, the
moments decrease in their difficulty of expansion, and clearly many are related by

complex conjugation.

In the prescription outlined above, the expansion of any moment generally hinges
on having computed the expansion of a number of those next to or above it in the
hierarchy, so naturally one begins at the top and works down. However one needn’t
actually attempt to identify the order in which the moments need to be computed
prior to attempting to determine a DeWitt-Seeley coefficient, since this becomes
self evident during the process. Moreover, one should note that there is a certain
amount of freedom to the order in which one can compute these moments, and so

no concrete ordering can be given.

To be more explicit about this entire process, consider the following examples

which cover all important points.

Example 1

To give the general flavour of the method we will consider a simple example in full

detail. The leading order moments given earlier, (5.3.46))-(5.3.69), have been listed

in approximately hierarchical order, so consider computing a typical moment such
as Kapa(z;8) to leading order. As previously mentioned, this moment can readily
be computed by directly expanding the exponential;, however if the moments above

it in the hierarchy are known, it is simpler to proceed as follows.

Firstly we note that one is free to compute this moment by choosing either of
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the following identities:

0= / g (XaXpXsX,e"2) (5.4.123)

Y,

Choosing the former, which after the contraction of & and B, leads directly to

or

aﬁ (XaXge®). (5.4.124)

)n+1

(n+1)!

Kopa(2;8) = /dn XoX5Xs X, Z SLR(W) &2, (5.4.125)

Knowledge of the commutation relations (5.2.33) and power series behaviour of
moments ([5.2.34) reveals that the summation in ([5.4.125)) truncates at n = 2 when
computing K,z4(z; $) to leading order. Explicitly one therefore obtains

1 n+1 . )
Kopa(2:5) =3 /an X5XaX, Z 1)‘L3(Wa) Qs
L. % TG AisA
25(18) dn Xo XpXe X, W e

1 (is)? _ o

+ 5% / dn Xo XsXa X, [A, W) &4
1 (13)3 Tra7] AisA
5 g [ X WX X Xo[A, [A, W] el (5.4.126)

With a certain level of familiarity with the commutation relations and power series
behaviour of moments, it becomes rather obvious that the only possible terms which

may contribute to the order of interest will be

Kopa(z;s) = %(is) (—(DaWd‘)Kaﬁd(z; s) — WdKaﬁda(z; s))

/ Ay XoX5Xs X, (2(1)”W°")Xb W, Wd}X[;) elst

/ Ay XoX5XaXa ({WB 2D IX X,

F2DP (WP, W4} X, X 5 ) o
_ %(is) (—(DV) Kapa (2 5) — WO Kapaalz: 5)
1 (is)?

_|__

> <—2(D1’Wd)Ka5dab(z; §) + (WP WK yasu(2:5)

DLW WD K y45(2:5)

1 (is)? oy _
50 (2007 (DWW K s (2:9)

LDV WK, g (2 s)) . (5.4.127)
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Inserting the previously computed expansions for K 5;5.,(258), K, 545(2; s),
Kopaan(2; 8), Kagdg'a(z§5)> Kopa(2;8), Kapaa(z;s) as given higher up in the lead-
ing order hierarchy by equations ([5.3.46)), (5.3.47), (5.3.48)), (5.3.50)), (5.3.51)) and
(5.3.56)) respectively, leads to

Kapa(2;5) = €ap (2DaWa) W + Wa(DJW)) H

_ _ . 1 _ — .
— €a5(DaWd)WaH — géalg{Wd, (DaWa)}H. (54128)

Expanding this yields (5.3.63) as required. One can check this result by starting
with (5.4.124)) rather than (5.4.123)).

Example 2

Returning now to the problem of computing the moment hierarchy of ag, the moment
Kaﬂdﬁ(z; s) turns out to be a rather important object in this hierarchy in that all
other moments may be expressed in terms of it, at least to the order of interest. Its
power series to subleading order is not difficult to compute by directly expanding

the exponential, and takes the simple form:

4i
K . 2(2:8) = ————¢ca56. 5 + O(s), 5.4.129
aﬁaﬁ( ) (471'18)2 B<as ( ) ( )
where the subleading s~! term vanishes due to the equations of motion. Alter-
natively, one may prove without detailed computation that the subleading term

vanishes by considering the differential equation for K 4,,(2;s) itself, as follows.

We first note that this moment has the general power series behavior

1 1
Kaﬁdﬂ(z; s) = ?Aaﬂdﬁ' + gBagdg +O(s") (5.4.130)

for some A 5,5 and B, 5,4, which implies that

dK _5.5(2;8) 2 1
% =~ S 40pi5 — 3 Bapas T O°). (5.4.131)
Since
Wasas®59) i [y ¥, X, %, X005
Tas RNl
=K (2s) =i / dn XXX XWX, e, (5.4.132)
using the identity
B o .
0= / Ay 5 (XaXpXs X Xoe2) (5.4.133)
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one can establish

: a 2 I \ is

lKaﬁaBa (2;58) = — Kaﬁaﬁ + — /dn XaXg((0")ya(0 — 0')) X5 X e A
dn Xo X5 ((0%),5(0 — 0')7) X X2

—#@&&&%&W—WWA

i /dn XoX5XaXsX0 > (n(lj)l)'Lg(J"') e (5.4.134)
n=1 ’

Insertion of this into the differential equation (5.4.132)) yields

dK 5.5(2;8) 2 i _ :
aﬁaﬁ / isA
B Pa— + Kaﬁaﬁ 5% /d’r]X X5 ((0%)4a(8 —6')7) XBXae

% isA
% dn XaXs ((09),5(0 = 0')7) XaXae

—J%&%&%&W—WWA
. S = (is)™ A
—i [dn Xo X5 Xe XX, Y ———LE(J") e*
/ n Jéj B ; (n+ 1) A(JY)
—i /dn Xo XX X WX 2, (5.4.135)

We deduce from (5.4.130) and ([5.4.132]) that the left hand side of (5.4.135)) has the

power series expansion

dK .5(z;8) 2 1
afBaB\* {:r
ds aBaf = Baﬂaﬁ O( ) (54136)

Without the need for further computation, an inspection of the power series be-
haviour of the right and side of (5.4.135)) reveals that B, ; must vanish.

Example 3
Computing K,ga(z; s) involves the identity
0
/dn o (XaXp X Xge2) (5.4.137)
'Y

which, after the contraction of 3 and ¥, leads to

n+1

Kaﬁa(z33):/d77 Xo XXX Z LE(WP) eisa, (5.4.138)

To leading or subleading order, the summation can be truncated at n = 0 or 2

respectively. Alternatively one may have chosen to start with the identity

0 _ .
0= /dn o (XaX5XaX, %) (5.4.139)
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to obtain an expression for K,g4(2; s), but this ends up being far more complicated
primarily due to the k, dependence of X, and X4. In general, if the moment
in question has less than four spinor indices, it is more convenient to choose the
identities (5.4.120) or (5.4.121) rather than (5.4.119). However, if there are four
spinor indices there is no choice and must be used.

Summing from n = 0 to 2 in one finds that to subleading order

K, p4(z;s) can be expressed in terms of

«,

K sapab(25 ), SQKaﬁdB(z;s), sK,555(218) and  sKapa(2;s),

where only K, 5(2; s) is actually required to subleading order. Notice that Kas4(z; s)
itself appears in this list (multiplied by s). This is a typical feature of this approach,
and one can either rely on the fact that K,z4(2; s) is already known to leading order,
or bring it to the left hand side and premultiply both sides by an inverse operator
(to appropriate order) to generate an new expression for K,g4(%; s) in terms of only

Kaﬂdﬁab(z; s) and Kaﬁd,@(z; s).

Example 4

As a final example, consider expanding the moment K,3(2;s) to subleading order.
In this case it is far more convenient to differentiate with respect to s. The power

series expansion of K,s3(z;s) will look like

Kog(z;8) = A+ s B+ 0O(s%), (5.4.140)
and so,
M%fj;s) — B+ O(s). (5.4.141)
After a little work one can establish
d}(%im) = iK,5," (2 8) — IW Kapa(2; 5). (5.4.142)

So if both Koga(2; ) and K,ga(2;s), which are higher up the hierarchy, are known
to subleading order (to order unity in s), K,s(%;s) can immediately be evaluated
to subleading order (ie identification of B). Additionally this generates the leading
order identity

K5, (z;5) = WK pa(2; 8), (5.4.143)

which serves as a useful consistency check. More specifically, inspection of ([5.3.53))
and (5.3.51)) show that

. - T
K5, (238) = W K4 (25 8) = - Cas W2 H (5.4.144)

a
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and indeed is satisfied. For another detailed example of moment expansion
see section of appendix [C]

As can be seen from these examples, one particular advantage offered by this ap-
proach stems from the fact that there is often a freedom to choose between one of the
identities (5.4.119)), (5.4.120)), (5.4.121)) and when expanding a particular

moment. This provides one with a readily available means for checking intermediate

results along the way to computing a DeWitt-Seeley coefficients. Alternatively, since
the different choices often generate expressions which relate a particular moment to
different sets of moments above it in the hierarchy, the freedom of choice can be used
to generate consistency conditions like amongst members in the hierarchy.

To illustrate this point, consider expanding K,4(z;s) by using either

0= /d a—(Xc,)(ﬁ)z;-yeiﬂ) (5.4.145)
(‘3@
or a
— —— (XoXaXse2) 4.14
0 /d”araﬁ-( o Xa X ge*2) (5.4.146)

To first order, the former leads to
2
: 8% iz
Kou(2;8) = isWPKpa(z2; 8) + E{Wﬁ, Wﬁ}Kaﬁdﬂ-(z; s), (5.4.147)
while the latter leads to
2
Ry 2 .
Koa(z;s) = —13W5Kadﬁ~(z; s) — E{Wﬁ, Wﬁ}KaBdB(z; s). (5.4.148)
Equating these yields the first order relation
W’BKadB(z; 8) + WPK,ps(2;8) = is{W’B, Wﬁ}Kaﬁdﬁ-(z; s), (5.4.149)

which the reader can easily verify is satisfied by the first order moments -
(5.3.69)) given earlier.

Ultimately one can generate a web of consistency checks and tests that actually
makes it rather difficult to miss any errors in a calculation. To leading order these
checks appear rather trivial, however at higher orders they become more complicated
and prove to be useful in providing confidence in the final result.

Having summed the right hand side of from n = 1 to 6 and expanded
all surviving terms to order s3, ag can finally be identified (and of course as is also
recovered). This computation is a very laborious task, and to this order so many
terms are generated that it is no longer practical to compute by hand. The final
result is calculated with the aid of the symbolic mathematical program Mathematica,

which in itself is still a laborious task. The details are outlined in appendix[C], and for
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full details see the attached CD. The final expression for traq(ag) is given below, and
is a somewhat simplified version of that presented in [34]. The further simplifications
are due mainly to integration by parts. Because of the size of the expression, and the
fact that there are many equivalent ways of expressing the result, it is a significant
challenge to find the most compact and symmetric looking form. By extensive use
of commutation relations, equations of motion and the cyclicity of the trace, the
result is brought into a manifestly real form involving only seven distinct types of
terms, each listed schematically below (where G, was defined in (5.1.5))):

wW2w2pl  W*W*G, D3, W*W?*D,D:,  W?W?®D,DZ
W3W3D, Dy, WW2D2 — W*W*'D:.

Here, for example, W2 W?2D? is taken to mean terms which contain (some spe-
cific permutation and contraction of) two chiral superfield strengths, two antichiral
superfield strengths and four spacetime covariant derivatives. The final result is

traq(ag) =

11 <80(D“DbWa)((DaW (D W) W& +

—24(DDPW ) (DaWa) Wa (D W) + <Dav‘vd>v‘v@<z>bwa> - (Dav‘mwawbv‘vd))

f112(pa1>bwa)(w (Da W) (D W) + W (Da W) (Dy W) )

F152GW (D W) (DyWa )W + (DuWe ) (DyW )Wy — (Dq d)(DbWa)Wd

+256Gab e g(DaWa)W- (DyW) + (Da W)W (DyWa) — (D

—40GPW e (W (D W) (D W) + W (Da W) (DyW,y) — Wa(D W, )(waa))

+(DaWﬁ)( (DOW)(DgW5) W2 + 40(DWe ) (D W)W W + 92(DOW, ) (D W) WW,5
F140(DAW ) (D W ) WEW 5 — A8(DOW ) (Do W)W WS — 132(D“Wa)(DaWa)WdWﬁ)

H(D W) ( — 8(DUW)W5(Da W)W + 8(DOWa )W (D W)W + 36(DWs )W (D W)W
+36(DAW )W (DWW — 44(D“WQ)W”‘(DQW’1)W5>

H(DaWP) (68W“(D“Wg)(DaWd)Wd F A0W4 (DOW ) (D W)W — 68Wa(DUWS) (D, W)W
+AOW(DW ) (DWW — 108W (D Wy, ) (D W)W + 28W, (DaWo‘)(DaWd)Wﬁ)

+(D W) ( — 156W W (DA W) (Da W) + 40Wa W (DOW5)(De W) + 64W2(DYW ) (D W)
—52W W4 (DWS) (DyWp) + 116W W4 (D W) (Du W) — 104WdWa(DaWd)(DaWﬁ))

(D W) ( —2U(DUW YW W (Da W) — 8(DWe )W W5 (Da W) + 32(DOWa )W AW (D W)
F32(DAW )Wy W (Dy W) — 24(D“Wd)WaWd(DaW5))

+(D W) ( — 20W (DOW5)We (Da W) + 8Ws (DWW (Dy W) + A8We (DWW (D W)
F36W (DWW )W (D W) + 12W (DWW )W (Da W) — 56W (DWW (Dawﬁ))

+(Dawﬁ)(@dvvﬁ)( — LL2WOW WA, + 16WSW W, + GOW ST, W
HSW AT W + AW W AWV + AW W T, W, )

HDLWEYW(D W) ( = TOW WA, — 128W W5 — 58T, Wﬁ)

+H(DaWP)W(DWE) (50W W5 + 156W W5 W + 500, Wﬁ)
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+(DaWh) ( — A8W W 3(Da WOYW W5 + W W3 (D WP )W W — 32W W (D WH)W ;W
FB6W WO (D WO W W + 52W W (D WA W W, — 36W“Wd(@dWB)WgWB)

+H(D WA (D, W) ( — 939WsWYW?2 — 13WIW3W?2 — W WsWIWE + 55TW W IYW W<
—295W2WsWY + 15W2WIW5 — 61WsW2W7 + 85WIW2Wj5 + 59Ws W WIW

1WA W WS — O, W W™ — 13WdeWdWB)

H(Da WO W5(D, W) (875W’7V_V2 +59WWY 31V_VdW7Wd)

HDLW )W (D, W) (= STWI2 = 2312 Ws — 3 W4 )

H(DWPYWy (D, W) (67WgW"’W‘5‘ — LBWIWWS + 10TWEWW7 — 69W W I W

—169W W AW + 485W7deﬂ)> +ee

Again the corresponding contribution to the effective action can be obtained by
inspection. Extraction of the component form of ag is now in principle straightfor-
ward, and contains FS-type field strength terms. These are potentially important
for comparison with recent string theoretic results [101], 102} T03], as are the recently
computed two-loop Abelian F° terms [I00]. A detailed comparison remains to be

carried out.

5.4.3 Comparison with literature

It is possible, however, to perform a quick yet highly non-trivial test on the F
results. The form of the one-loop effective action for N/ = 4 super Yang-Mills
theory is known in the Abelian case in the constant field strength approximation
[87, 188, 216, 217], and the coefficient of F% is zero. Inspection of traq(ag) reveals
that in the Abelian limit, F® contributions with constant field strength can come
only from terms of the form: W* W? D? and W? W* D2

(o2

which encompass the
last seven lines in traq(ag) as it is given. The terms of the form W3 W3 D, D,
(for example (D W?)(DaW? )WO‘WﬁWdWB) all clearly vanish on-shell since in the

Abelian case

1 N 1 _
Wan = §€QQW2 Wde = —§ga5W2. (54150)

Employing the identities ([5.4.150]), in the Abelian limit with constant field strength

traq(ag) explicitly reduces to

11 _
Zﬁ(Dawﬁ)(DﬁWa)VV?W2 (939 — 13 + 1 + 557 + 295 + 15 + 85

+61 459 + 125 — 9 + 13)
+ (—875 — 59 + 31)
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+ (=87 — 231+ 3)
+ (=67 — 13 — 107 — 69 — 169 — 485)] + c.c.

11 _
— Zﬁ(Dawﬂ)(Dﬁwa)W?W2 2128 — 903 — 315 — 910} + c.c. (5.4.151)

The terms in the square parentheses indeed sum to zero, and one finds non-trivial
cancellation consistent with [87, 88|, 217].

Finally, we can attempt to make some contact with the results from string theory
and the (OF)* derivative corrections of the Born-Infeld Lagrangian. In [40], and later
found by other means [44] [10T], it was shown that up to a multiplicative constant 7

these corrections are given by

7 ((0°F™)(0.Fy0) (0 F*) (04 Fye) + 2(8°F™) (0! Fyo) (0 F*) (84 Fue)
—4(0°F™) (0 Fy) (0.F ") (0 F ) — 8(0°F ) (0e Fye) (0 F°*) (01 Faa)) ,  (5.4.152)

modulo terms proportional to the equations of motion 9*F,;, = 0 (ie terms removable
by field redefinitions). These four terms, up to terms proportional to the equations
of motion, integration by parts and the Bianchi identity, provide a basis for all
possible (OF)* tensor structures [44].

Examination of tr(ag) reveals that, in the Abelian limit, only those terms given
in the first three lines will contribute (OF)* terms to the effective action of ' = 4
super Yang-Mills theory at one-loop. In this limit the corresponding pieces of tr(ag)

reduce to:

1

- @(aaé’bW“) (Wa(aaWa)(ade) - 2<8aWa)(abv‘Vd)v‘vd) +ee (54.153)

Projecting out the bosonic field strength part of this gives

1
~ 16060 (tr(a“&bacﬁd)tr((}e(jf&gah) + c.c)

(O™ an Faby (ch(ampe D (OuFyp) + z(achd>(anF€f)th) (5.4.154)

which reduces td™]

1

260 (0°07 F) (8F3e(0.F ) (0 Fua) + 4(0eFye) F* (0 Fa)

—Fya(0eF) (01 Fue) — 2(0.F30) (0 F°) Fye) . (5.4.155)

14Gee the attached CD for a derivation.
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It is a simple matter to show using the equations of motion, the Bianchi identity

and integration by parts that [44]

(00" F™) Fue(0.F) (0 Fu) = (0 F™)(0 o) 0F™) (05 Fa)  (54156)

(007 F*)(0Foe) F* (01 Faa) = 3(0 F*)(0' Foo) 0.F ) (0 Fua)

— (0°F™) (0 Fye) (0T F°N) (05 Fyy) (5.4.157)
(0°07 F™) Fyo (0. F°*) (07 Fy.) = %(aEFab)(aera)(achd)(adec)

— (8°F) (8! Fyo) (0 F°") (0 Fye) (5.4.158)

(070 F) (0, Fya) (9 F*) Fiyp — —%(aeFab)(aera)(achd)(adec) (5.4.159)

and so ([5.4.155)) reduces to

1
B
—A(OF™) (O Foo) (0 ) (0 Fa) — 8(0°F**)(D.Fie) (0 F*) (9 Fau)) .~ (5.4.160)

((0°F*)(0eFya) (07 F*) (0 Fae) + 2(0°F**) (0 Fya) (0cF ") (01 Fuc)

Up to an overall multiplicative constant this is precisely the expression ,
the (OF)* corrections to the Born-Infeld lagrangian [40} 44, T0T]. As noted in [57],
which is clear from this work, that this (OF)?* term forms part of supersymmetric
invariant, and has emerged in other contexts [218, 219].

If one assumes that maximal supersymmetry provides a sufficiently strong con-
straint for uniquely fixing such terms in the full effective action for N' = 4 super
Yang-Mills theory at order F, the above comparison would suggest that either (up
to field redefinitions): there are no higher loop (OF)?* contributions to the effective
action of Abelian N' = 4 super Yang-Mills theory; or that the total (9F)* con-

tribution from higher loops is proportional to precisely the linear combination of

superfield structures given in ([5.4.153)).
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Chapter 6

One-loop effective action for N = 2

super Yang-Mills theory

This chapter is based to the published work [35], and deals with extending the N = 4
results computed in the previous chapter, to evaluate the one-loop effective action to
order F® for arbitrary N = 2 super Yang-Mills theories. The computation parallels
that of the NV = 4 case, being an application of the modified Gaussian approach
with a few adjustments for application to chiral subspace. At the component level
the results are shown to be in agreement with existing literature, and will be useful
for future tests of the AdS/CFT correspondence for theories other than N = 4
super Yang-Mills theories which possess supergravity duals. For related discussions,
material and different approaches to analogous problems also see [220], 221], 222] 223,
199, 2241, 225], 106, 97, 226], 227, 228, 197]

6.1 The chiral heat kernel

We saw earlier in subsection [3.2.5] that to evaluate the one-loop effective action for

arbitrary N’ = 2 super Yang-Mills theories, we need to compute
i
T'O(wg, wg] = 5 InsDetO — 211((1,17)0’Ad + Fg,)/vl,REBRC (6.1.1)
where InsDetO was computed to order F° in the last chapter, and

Ffbl,)mﬁ = iln sDet(0, — m?1g) + iln sDet(0_ — m*1g) (6.1.2)

with O, and O_ given by (3.2.117). We therefore need only compute, FSI}’)m’R,

the one-loop effective action for chiral fields in the presence of a super Yang-Mills

background in some real representation R of the gauge group, to assemble the
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effective action for N' = 2 super Yang-Mills to a given order. Here we work to order

F?. In terms of heat kernels, this amounts to computing
o [ im?
Pomnr = T/ dsis”lel™ S(K+(S) + K_(s)). (6.1.3)
0

In this expression: p and p are the renormalization point and regularization pa-
rameter respectively; the mass m is either an explicit mass (as in the case of the
hypermultiplet mass M in ), or a infrared regulator for massless chiral
scalars (as in the case of ¢ in (3.2.121)) and the ghosts)[} and K, (¢) and K_(t) are
the functional traces of the chiral and antichiral heat kernels respectively, which are
defined by:

Ki(s) = trg /d62’i /d6z'i<5i(z, 2 e, (2, 2) = trg /dGzi Ki(z;s). (6.1.4)

Here d.(z,2') are the (anti)chiral delta functions,

d.(z,2) = —£D215(8)(z,z’) (6.1.5)
§_(z,72) = —%lD2]15(8)(2,z’) (6.1.6)
68 (2, 2) = W (z,2")0P (6 — 00D (0 - ), (6.1.7)

and for brevity dzi; has been used to denote the integration measure over the
(anti)chiral subspace of full superspace.

One can show that (for example see [127])

K (t)=K_(t) (6.1.8)
and so
1) p [ 1 im?
Lommr = 7/ ds (is)” ™K (s). (6.1.9)
0

requiring computation of only the chiral kernel.

For our purposes, as before, it suffices to consider an on-shell background,
DW,, = D, W =0, so that
1 N271y2 a a
DJ“:EDD =D*D, — WD, (6.1.10)

acting on chiral superfields.

One may also have introduced a background for the adjoint scalar ® in (2.2.100) taking values
in the Cartan subalgebra, which then generates masses for the vector multiplet, the hypermultiplet

and ghosts. For a discussion see [197].
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The chiral kernel’s asymptotic expansion in s is expressed in terms of the DeWitt-
Seeley coefficients @ (z), which are chiral superfields and at the component level

contain bosonic field strength terms of the form F™:

K. (z;s)

> (is) ai(z) = af (z) = 0. (6.1.11)

n=0

47T13 2

Prior to the publication [35], only the first non-trivial coefficient ai was known in
superfield form in the non-Abelian case [229, 230, 231, 232]:

ay = W= (6.1.12)

Evaluating FS%LR therefore amounts to computing the DeWitt-Seeley coeffi-
clents:

[e.e]

m __1 6 1 —3)! [
Fx,m,’R - 327T2p /d ZtrR(aQ) 3271'2 Z m2” 1 d ztrR(a;). (6113)

n=3

The coefficient a3 clearly provides information about divergences of the theory, and
we see from (3.2.122) that N' = 2 super Yang-Mills will be ultra-violet finite at
one-loop provided

2traq W? = trrer, W2 (6.1.14)

This is the well known result [233].

It turns out that the coefficients @ with n > 3 are expressible in terms of
D? acting on field strengths and their covariant derivatives, and so this allows the
second term on the right hand side of to be lifted to a gauge-invariant
superfunctional on full superspace. This is easily proven as follows.

By differentiating the kernel K (z;s) with respect to s, one observes that:

dK (z; i _ .
E(Sz, 3) - 116 /dG 5+(Z, Z/)D2D2€15D+6+(Z’z/)
= %6@2 </d623r5+(z,Z’)D2eism+5+(z,z’))
_ %61’)2 (hm D26 § (z,z’)) , (6.1.15)
since
Dy (z,2) = 0. (6.1.16)
On the other hand, (6.1.11)) yields
dK (z;s) - e
tl—s = 1o Z(n —2)(is)"?a}(2). (6.1.17)
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Comparison of (6.1.15) and (6.1.17) demonstrates that the DeWitt-Seeley coeffi-

cients other than ai are expressible in the desired form.
At this stage it is convenient to introduce a new set of coefficients by writing
lim,/_,, D%*7+§, (2, 2') as an asymptotic series,

o

(is)"cn(2), (6.1.18)

i

: 2 isO A
zl’lil}zp €Tz 7) = (4mis)? £

where a relatively simple computation reveals the first non-trivial coefficients are

given by
o= —41, ¢ =0 (6.1.19)
whilst comparison of (6.1.15]), (6.1.17) and (6.1.18)) yields
1 _
a,j;<2> = me(Cnil(z)) n Z 3. (6120)

The effective action can then be written as

1 I «— (n=23)
F(l) — /dG tro (W2) — /dS ¢ . 6.1.91
XmR 3972 ztrr(W7) 12872 z; (n — 2)m2n—1 ztrr(cn-1), ( )

n—

the second term now being expressed on full superspace. At the component level ¢,
for n > 2 contains bosonic field strengths of the form F™*1.

The determination of the effective action is thereby reduced to computing the
new coefficients ¢,,, which can of course be obtained by the same techniques used
for computing DeWitt-Seeley coefficients. If desired, the DeWitt-Seeley coefficients
themselves can be recovered through identity , which is nothing more than
a projection onto the chiral subspace. Computationally it turns out to be more
efficient to compute the new coefficients, rather than attempt to compute the a}
and rearrange them into expressions on full superspace, which in itself is a non-trivial
task.

Since we wish to compute the effective action to order F°, we will be required to
evaluate ¢y, c3 and ¢4. As a brief look ahead, recall that the expansion of the heat
kernel in the N/ = 4 super Yang-Mills case was

is2ay s3as

K(z;s) = — + +... (6.1.22)

Computing the F?° terms (ie a;) in that case merely involved the determination of
the second non-trivial coefficient of K(z;s). In the present chiral case, where the
power series behaviour of the associated kernel has the form ((6.1.18)), one is forced
to compute the fourth non-trivial coefficient to acquire contributions to the same

order. For this reason one may anticipate that the computation of the F*° terms is
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much more difficult in the latter situation, which is in fact exactly what happens.
It turns out that the computation of c3 and ¢4 is of comparable difficultly to the
computation of a5 and ag respectively as presented in the previous chapter. At first
glance this seems quite surprising given the very simple basis we saw for the F'* and
F® structures in superspacd? (see equations ((5.1.18)) and ((5.3.71))).

6.2 Details of the computation

6.2.1 The general scheme

Introducing a plane wave basis for the chiral delta function’}

/ d'k ik%w 2 ik*(0—0")
04(2,2") =41 [——— " “ [d°ke o (6.2.23)
(2m)*
wherd]
Wo = Tq — 2 — 00,0 +i0 7,0. (6.2.24)

In the coincidence limit, D?e*7+4, (z, 2’) becomes

lim D?e*™ 0, (2,2) = K % (2;8) = /d77+ XX 2 (6.2.25)

with the definitions

X, =D, + ik, X, = D, + kg (6.2.26)
Ay = XX, — WX, (6.2.27)
d*k
dn, =4 d? 6.2.28
/ N+ /(271_)4 / K ( )

and with the usual notation
K+A1A2...An (Z; S) = /d77+ XAlXAQ e )E'AneiSA7L (6229)

for the moments of the kernel. Note that there is also a shift —k,q(6 — )% in
D, which always vanishes in the coincidence limit since there are no D, operators

present. The Xs satisfy the algebra

{Xa, X3} =0, (X, X3)] = Gap, (X, Xa] = i(00)aa W4 (6.2.30)

2Unmentioned in the preceding chapter, due to its relative unimportance there, is the remarkable
fact the two terms trp (W?2W?2) and trg (WeWsW,W%) (modulo total derivative terms) form a

basis for on-shell F* structures in superspace, (as do pure F* turns in M*). This is merely a

consequence of the identities (|5.3.70)).

3From here onward we work in the chiral representation.
4Note that although w, is not itself chiral, Dy (wa) = —i(04)aa(0—0")%, the entire delta function

is annihilated by Dy since (6 — 0")3 = 0.
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In this notation the power series ((6.1.18)) is:

K. ° (28) = (47:15)2 > (is)"en(2). (6.2.31)

Differentiating K %,(z;s) with respect to s yields the differential equation

K “ (z;
AR a(zs) K, %0 (2:1). (6.2.32)
ds
As before we use the identity
0= / dn, 9_ (XaXﬁXaeisA+) (6.2.33)
Oky

to establish

S

a a 2 «a vy Ya - is)" n \ is
K, (28) = =K, (25) —/dm XX, X Z%LM( o) €At
n=1 ’
(6.2.34)
Thus the differential equation (6.2.32)), becomes:

dK—i-aa(Z; S) 2 o . s oYV va - (ls)n n ¥ isA
— T A alEs) = —l/dm XXX ; mLA+(Xa> CH
(6.2.35)
where the left hand side in terms of the expansion (6.2.31)) is
dK,“(z8) 2 ., 1 = . \nes
— ;K+ (zy8) = — 62 nzzon(ls) cn(2). (6.2.36)

As expected the differential equation yields an expansion where the first non-trivial

coefficient cq(z) is absent. The objective now becomes to determine the coefficients

cn(2) by expanding the right hand side of (6.2.35)) in a power series in s, and iden-

tifying it with the right hand side of (6.2.36)).
We will make repeated use of the following commutation relations:

Ay, X, =2G" X, + (D) Xy +1(00)ac WEW®
(AL, Xo] = (DWP) X5 — 2i(0%) 0 WEX, (6.2.37)
AL, Y] = (DD,Y) +2(DV)X, — W¥D,Y) — (—1)*) W, vV} X,,.
Comparing these with the equivalent relations in the previous chapter , it is
clear that that the absence of an operator like ):(a introduces complication rather
than any simplification.

As before these relations indicate that summation will generate a series of mo-
ments of the form K, 4, a,(2; s) as defined in . Furthermore, it is not difficult
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to show that to order n in this summation, the moments generated have at most
(n+3) indices. In this case it is convenient to place these indices in a specific order:
first spinor, then spacetime. This can be achieved through the commutation rela-
tions . With such an ordering the leading term in a moment’s asymptotic

power series has the following behaviour:

1 71\ 4] ,
Kia.a,,(28) ~ = (g) §271 = 51-[8] q<2 (6.2.38)

where Ky 4,..4,,,(2; 5) has ¢ undotted spinor indices, p vector indices and [£] denotes

an
the largest integer part of £. Moments with greater than two undotted spinor indices
vanish since Xaf(gf@ = 0.

From these considerations, and by comparison with , the summation in
(6.2.35)) truncates at n = 2k — 1 when evaluating ¢ (z) for £ > 2. Moreover, it turns
out the last term in this truncated summation always vanishes due to the fact that

it takes the form

B D g K, (z:5)  k>2,  (6.2.39)
(2]{?)' U + aajag...agp \7 = 4, L.

where the moment is only ever required to leading order in its power series in s. To
this order the moment is always totally symmetric in its spacetime indices, whereas
G is antisymmetric. Consequently all such terms vanishf, and when evaluating cg(2)
the summation truncates at n = 2k — 2.

Computing moments which result from the summation in to appropriate
order in s is achieved either through direct expansion of the moment’s exponential,

or iteratively through the use of the identities

_ 9 % \ isAy
0 _/dn+ o (XAl o Xae ) , (6.2.40)
_ 9 % % isAy

and

ds™

As before these are used to express the desired moment in terms of moments which

= / dny Xa, ... Xa, 1AL ™2+ (6.2.42)

are easier to compute, which lie higher up the ‘moment hierarchy’.
As noted above, there is a rough correspondence in the amount of work involved
in computing the coefficients a,(z) of the last chapter, and the coefficients ¢, _2(z)

defined here (where n > 5). At a practical level the reason for this is twofold:

5Alternatively, to this order the moment is proportional to the identity matrix in its group

indices and the coefficient therefore vanishes under integration by parts.
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the presence of the three differential operators, X*X, X%, which sit in front of the
summation in the differential equation ([6.2.35) (compared to just one in previous
chapter); and the fact that the moments involved need to be computed higher order
than previously. It is impractical (and unnecessary) to provide the full details of the
c3 and ¢4 calculations here, however to give the reader a feel for the vast size of the
computations involved a few specific details pertinent to the computation c3 and ¢4

will now be givenﬂ

6.2.2 Computing c3

To compute c3 one is required to evaluate the truncated summation from equation
(16.2.35)):

4 C\n
—i / dn, XX, X° ; %L& (X,) €A+ (6.2.43)
A detailed investigation of the resulting c3 moment hierarchy reveals that it contains
ten moments, four of which need to be computed to subleading order, while all others
are required to leading order. The expansion of these moments is achieved through
the use of the methods described above and in the previous chapter. A complete list
is given in hierarchical order below (although there is much freedom in the ordering).

The numerical factor common to all moments is H = i(47i) 2

K, % (%5) = —;12 1 H (6.2.44)
K, anl:9) = 5 (im 1+ 5Gos) H (6.2.45)
K “papea(7i8) = é(nabncd + NadMbe + Nactpa) 1 H (6.2.46)
K. % (z8) = 33( aa(WOWE + AWSW*)H (6.2.47)
K, (28) = —% (1(m(00)es + e u)ocs + a0 )os) (WTV AT TW)

+ 4(DuGie) + ADyGae) ) H (6.2.48)
K aabed(2;8) = %(nabncd + NadMve + Nactbd) Wa H (6.2.49)
K aane(2;8) = QLSQ(nab(DCWa) + Nae(De W) + e (DaWo)) H (6.2.50)
Koz 8) = énabwa H (6.2.51)

6 Alternatively see the attached CD which fully details the computation of ag from the previous

chapter and is, in fact, significantly simpler.
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Kioa(2:8) = ——(DyWa) H (6.2.52)
s
9i
Kia(zs) = —=W, H (6.2.53)
s
Some of the moments have been simplified. For example, the prescription for
evaluating K, “,,(z;s) first yields

2 21 iy
K, % (28) =—— (i(DO‘DaWa) + ngbia + (UQ)MW"‘W‘“) H (6.2.54)

S

which after some work gives (6.2.47)).

Dropping terms which do not contribute to the order of interest, but without
any further simplification, the n = 1 contribution to (6.2.43]) is immediately found
to be:

§(2G”“K+%ab<z; )+ (2DPG) — (DD W) +i(0%), W) K2, (5 5)

— (D"D"DW,) K, %, (2;8) + 4D*G") K1 0ap(2; 8) + (D*DDW*) K 0(2; 5)
+ (4(19@1)6(}%) + (DD — zi(oa)WWﬁ(DaW'Y))Km(z; )
+ 2(D*G") Ky o (2; s)) (6.2.55)

The reader may care to compare this expression with , the corresponding
n = 1 term in the computation as.

It should be quite clear the calculational procedure employed here gives rise to a
large number of terms; a great many combinations of covariant derivatives acting on
field strengths. After summing from n =1 to 4 in , the resulting expressions
can be vastly simplified, and since the two terms trg (W?2W?2) and trr (WW W, W)
(modulo total derivative terms) form a basis for such on-shell structures in super-
space, much work needs to be done to bring them into this form. This lies in stark
contrast to the calculation of a4, which merely involves two or three lines (see

and (5.1.18))). All results will be given in in section below.

6.2.3 Computing ¢

It cannot be overstated that despite the eventual simplicity of the results the com-
putation of ¢4 is very involved and requires a vast amount of work. As with ag in
the previous chapter, so many terms are generated in computing ¢4 that it is no
longer practical to compute by hand. Again the final result is calculated with the
aid of Mathematica.

With a little familiarity, and from the details given above regarding cs, it is

not difficult to see that in computing ¢4 this process gives rise to a proliferation of
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terms. Indeed, simply expanding the summation from n = 1 to 6 in the differential
equation ((6.2.35]) generates literally thousands of terms. In turn each of these terms
contain a moment, which themselves contain tens of terms upon expansion, even
after significant simplification.

In total the ¢, moment hierarchy consists about twenty moments. Some of these
moments are required to be expanded to ‘subsubleading’ order (as opposed to at
most subleading order in the previous chapter). This in itself can be a substan-
tial task. As an exemplar, consider the moment K ,u.(2;5s), which needs to be

computed to subleading order. One is free to expand this via

0 s - -
0= /dn+ o (XaXaXbe15A+> (6.2.56)
or
0— /dm O (XXX K (6.2.57)
0/4,5 ’

which is again a freedom that can be used to check results. Using the first of these

identities, to the order of interest one finds

(is)"
(n+1)!

3
K qape(2;8) = is /dn+ Xaf(ﬁf(af(bf(cz Lx, (WH) 5o+, (6.2.58)
n=1

In evaluating the summation it becomes clear that to fully expand this moment

to subleading order, the moments K %, .(z;s), K, % ,(z;5), K, % ,.(2;5) are re-

quired to subleading order, whilst the moments K, %, 4.;(215); K% apeac(259),

K %..(z8), K.%(2;9), Kiaabed(2:5), Kiaan(2;s), in addition to K aape(2; ) itself
are all required to leading order. After a substantial amount of work, and even after

significant simplification, to subleading order this moment is found to be:

1
K—i—aabc(z; S) = <T]ab(DcWa) + nac(DbWa) + nbc(DaWa)>H

252

+ 25 (6Wa(DuGhe) = 6Wa(DyGac) + 6Wa(DoG) = 6Gn (D)

— 6Goc(DsWao) — 6Gie(DaWa) — 14(DuGre)Wa — 2(DpGac)Wa

— 6(DGap)Wa + W (DD W, )0y — Gae(DWoa)nay — (DaW ) (DWW, )
+ (D) (DWW, )11as = 3(DeDa W )Wotiap, — (D W) Gl

+ W (DyDaW-)ae = Gan(DWa)ae — (DaW ™) (DWW, ) e

+ (DWW ) (DWW )ae = 3(DsDPaW ) Wothae — (D Wo)) Gapllac

+ W (DeDaW-) e — Gaa(DWo)he — (DaW? ) (DaWo) e

+ (D W) (DWW e — 3(Da DWW )Wmioe — (D W) Gaa e
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— HWIWIW, he(00) 0y + AW W W I 04e(00) 0y — SIVIWIW. 10 (00 ) 0
+ IAWIWIW e (00 )y — BV W W e(00)5 + SIWTWIWoihe(04)-5
— AW TW W e (00) 4 + SIW W W e (04) 14 — BIWa W I W (04 ) 45
— W WIWnae(00) 0 + AW W W 00 (08) 0y — SIWTWIW, 0ae(03) s
+ 3IWTWIW o ac(03)s — AW W W ae(0) 5 + 3IW W IWatiae (o) 4
— BWIW W ae(03) 4 + SIW W IW n,0(08) 5 — SIWaWIW 000 (03)-5
— AiWIWIW nap(0c)as + HWI W W 00 (00) 0y — SIWTWIW, 10p(0¢) s
+ 3WIW I Wonap(0e)yy — AW IWo W 0 (00) 5 + 3IW W IWonan(00)4
— AW W W b (00) 1y + 3iWaW I W e (00) 5 — 3IWo W W ey (00) 5

— (D,DyDW,) — (D,D.DyWo) — (DyDyDWy) — (DyD.DWoy)

(
— (D.D,DyW,) — (D, DbDaWa)>H (6.2.59)

The size of this expression is quite typical, and is by no means an extreme example.
As noted, this moment was required to be expanded to subleading order, whilst
others are required to be to evaluated to the next highest order, and can be seen
to contain hundreds of terms. It is clearly impractical to give full details of the
calculation.

Again, which is probably the most time consuming part of this process, the final
result can be brought into a compact form through use of integration by parts,
the cyclic property of the trace, the equations of motion, the repeated use of the
commutation relations , and application of on-shell identities such as those
given in (|5.3.70)).

Unlike ¢o and c3, ¢4 is not obviously real after simplification and one must work
a little harder to demonstrate its reality. It can be brought into a manifestly real

form by using the identities (modulo total derivative terms):
trR<(D“Wa)(DaWa)WdWa> - trR<(D“Wd)(DaWQ)WaWd> (6.2.60)
and
tre ((D“W“)(DaWa)VVZ + Q(Dawﬁ)wawﬂm‘ﬂ)
_ trR((DaWa)(DaWd)Wz + 2(@dWB)WdWBW2>. (6.2.61)

As previously discussed, unlike some other methods, one can employ a variety of
checks during the course of this calculation. So it should be stressed that although
a large amount of work is required here, one can be confident in the accuracy of the

results.
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6.3 Results

6.3.1 Superfield form

Having simplified all results, to order F°, the one-loop effective action is found to

be:

o _ 6 2 1 8 1 o
(e = gy [0 = s [tomled = g [ tente
1 8
- W /d ZtIR(C4) (6362)
where
trr(cy) =0 (6.3.63)
2 _ . _
trr(c3) =—trr (WOW W W — 4W2W?) (6.3.64)

15

1 _ . _
tra(cs) =1=tre (2(D“W‘“)(DaWd)WaW‘l — 6(DUW ) (D W)W

— 3(D W) (D Ws)WW,, + 18(D WV YWeW,3 W2 (6.3.65)
+ g(DaWﬁ)WaWdWﬂWd> tee.
Prior to integration by parts this procedure actually yields
1 1 i
trr (o) = ger(Gabc;ba) = —gtre ((DQWB)(DBWO‘) + (Dawﬂ)(DﬂWQ)) (6.3.66)

which vanishes under integration by parts since on-shell (D,DsW.,,) = 0. It is not
actually necessary that one compute this coefficient since its trivial contribution to
the effective action can be deduced using dimensional reasoning and integration by

parts.

6.3.2 Component form

The component form of the above expressions can be extracted through the same

techniques employed previously in subsection ([5.3.2). The bosonic component of

trr(c3) is:

1
trr(cs)| = %trR(QFabFabFCchd + 3PP FE , Foy

v

— AFFy FFy, — 16 FFy FoqF™).  (6.3.67)
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Using the results of subsection the bosonic component of trg(cy) expressed in

the basis ((5.3.83)) is:

1
trr(cs)| = — mm(w(ve}?ab)(v Fo)FF.q + 11(VF™)(V FYF oy Fog

+ 13(VEF®)(V FYE qFy + 32(VEF®)(V Fye) FFy,

261
— 60(VEF) (Vo Fop) FpaF™ + 6511«"“”1? FeE, Fe
7i
— 89IF ™ Fy U F Fy — 41iF F [y F Fye — glF“”FCdFeanche>
1 261i 7i
= {T— -89, —41i, ——, 19,11,13,32, — 3.
51p L5 — 89 —4li, =<, 19,11,13,32, 60,0} (6.3.68)

6.4 Comparison with literature

As mentioned in chapter 5, to date the bosonic DeWitt-Seeley coefficients asso-
ciated with scalars, vectors or spinors in the presence of non-Abelian background
Yang-Mills fields in arbitrary spacetime dimension have been separately computed
to low order [87, 88, 215, [76]. Since at the component level the action
corresponds to supersymmetric matter (a set of massive scalars and their fermionic
superpartners) coupled to a background non-Abelian supersymmetric Yang-Mills
field, a non-trivial check of the results derived here is available.

At the component level the starting action contained two scalars and two
Majorana-Weyl spinors in D = 4, so from [76], 87] and equation , one gen-

erates the following on-shell bosonic components of the DeWitt-Seeley coefficients:

tI‘Ad(ag) =0 (6469)

1
C trag <2F“bFabFCchd 4 3FYRAR B

traa(as) = =50

(6.4.70)
— AP Ry, — 16 FoFo )
traq(as) = Q—aémd( —0(VEFD)(V, Fye) F4Fy, — 32(VEF®)(V, Fly) Fpg F
+8(VFY)(VyFep)F“Fy + <V6F“”> Fup(VeF ) Fg
— 42(VF™) Fyo (Ve Fype) F* + 6(va€f VEV (N Fop) Fye
4 6(VEFD) (Y Fyp) F4Fpy — (VeFab)(v FYEyy Fog
— 98(VOF%)(VPE,) abFC> + (F5 terms) (6.4.71)
The vanishing of az is non-trivial (being non-zero in some dimensions other than
D = 4), and as indicated only the derivative terms of a; have so far been extracted

from [215]. Inspection reveals immediate agreement, up to an overall numerical
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multiplicative constant, between as, a, and the bosonic components of ¢y and c3
respectively. Taking into account the relationship between the coefficients ¢,, and a;
in superspace, equation (6.1.20f), and restricting R to be the adjoint representation,

exact agreement is found.

To facilitate comparison with a; a basis change is necessary. Using the conversion
table provided in subsection m one finds that result (6.4.71) becomes

11 234 1681
i, 9321, =741, ——,19,11,13, 32, — ) 4.79
215!{ 5 321, =74, 5 9,11,13,32,—-60,0} (6.4.72)

traq(as) =
The pure F° terms are or course irrelevant here, and comparing this expression with
(6.3.68]), and again taking into account (6.1.20]), exact agreement of the derivative

terms is found.

6.5 N =2 super Yang-Mills to one-loop

Finally, all of the previous results can be collected together to give the one-loop
effective action for an arbitrary N' = 2 super Yang-Mills theory in the absence of a
scalar background to order F*° in superfield form. For the reader’s convenience the

result to this order is:

TOwp, @) = %m sDet(0 — M) —2I'9) o+ T80 por, (6.5.73)
where
(1) _ 6 2 8
Fq),m,R = 327r2p /d ZtI‘R(W ) - m /d ZtI‘R(Cg)
1
— W /dSZ tI‘R(C4) (6574)
and
L sDet(0 — M?) = —— d® ! d® 7
5 ns et( — ) = W ZtrAd(CL4) + W ZtI‘Ad(CL5)7 (65 5)
the various coefficients being given by
2 _ _ . _
trr(cs) :EtrR(WQWdWaWQ — 4W2W?) (6.5.76)

108



1 _ . _
tre(c1) =1=tra (2(DaW‘”)(DaWd)WaW" — 6(DUW ) (D W)W

— 3(D W) (D W)W Wy, + 18(DWAYW W32

+ g(Dawﬁ)W“WdeWd) + c.c. (6.5.77)

1 _ _ _ .
traq(as) =3 traa(2W2W?2 — WeW W, W) (6.5.78)

1 _ _ _ .
traq(as) :%trAd((D“W“)(DaWa)WQ + (D*W) (D W) WeW,,
— (D*W*) (D W)W W — 3(DWHYWW W2
— (D WP YW W WW ) + c.c. (6.5.79)

In the above expressions M and m are infrared regulators and M is either a physical
hypermultiplet mass or is also infrared regulatorﬂ
Corresponding computations in string theory have yet to be carried out, and so

comparisons in this respect await future developments.

"The regulators may all coincide, or differ depending motivations or taste [234].

109



110



Chapter 7
Conclusions

The work presented here was based on the two papers [34] and [35]. In [34] the one-
loop effective action for N' = 4 super Yang-Mills theory in the absence of a chiral
background was, for the first time, computed to order F'® in full superfield form. To
date the contribution computed there still stands as the only such F° result. The
bosonic field strength components were extracted from the F° contributions and the
results, being shown to be consistent with those obtained via other means, eventually
proved to be the first correct determination of this contribution. Although a bosonic
F5 computation had been attempted prior to [34] using what proved to be a more
cumbersome approach [85] 86], the results where found to contain an error. As noted
in [78, [74, 8], the original results of [85, 86] where at odds with those from string
theory and other approaches [78], 8], [79, 80, [74], and in particular cast some doubt
on the notion that there exists a unique deformation of maximally supersymmetric
Yang-Mills theory at this order. The work [34] finally cleared up this matter and
when considered alongside all other results, provided the final convincing piece of
evidence of a unique deformation at this order. It still remains to be determined
whether supersymmetry uniquely fixes deformations of maximally supersymmetric
Yang-Mills theory at higher orders.

In [35] the results of [34] where extended to include the F° contributions to the
effective action for any A/ = 2 super Yang-Mills theory. It was shown that results
obtained there where consistent with existing literature. Given the large amount of
work required to compute the F® terms in this case, and the very simple expressions
which result, one is left with the distinct impression that there may exist a more
economical alternative. No approach has yet presented itself as being any simpler,
and this notion may be worthy of further investigation. The results of both [34]
and [35] may prove useful in direct tests of the AdS/CFT conjecture and its recent

generalizations.
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It is now well appreciated that computing the non-Abelian D-brane effective
action to some order necessarily involves field strength terms with and without
covariant derivatives due to the fact that such terms are related by the Bianchi
identity. As yet there still remains no clear means for uniquely truncating and
obtaining partial results at a given order as one readily does in the Abelian case.
Different methods of computation naturally give rise to results with very different
looking field strength tensor structures, with additional complications stemming
from field redefinitions. Since there seems to be no set of tensor structures which
naturally stand out, a clear and detailed analysis of tensor structures needs to be
carried out at each order of the expansion to facilitate a comparison of results. It
was shown in chapter 5 in all its gory detail that any such comparison, even at an
order as low as F, is a highly non-trivial exercise which requires the identification
of a basis. As yet no general scheme has been found which identifies bases at a
given order, or even any way of knowing the number of terms in such a basis. Some
work in this direction has been done [69] [10I], however explicit details regarding
the FS basis were not provided in [I0I]. An obvious next step would be to clearly
identity and F'® basis (and conversions into it), up to field redefinitions, which will
be necessary for the comparison of the various F° results [101, 102 84] and any

which become available in the future.

The bosonic F contributions to the one-loop effective action for N = 4 super
Yang-Mills theory are yet to be extracted from the superfield results of [34] (a
simplified version of which was given in chapter 5). This is perhaps the subject of a
future work. One should not necessarily expect these results to coincide with those
of the non-Abelian D-brane effective action since higher loop F° contributions are
expected in N = 4 super Yang-Mills theory, and have not been included. However,
if one assumes or could prove a unique deformation at this order, comparison with

string theory results would provide information about the higher loop contributions.

During the course of this investigation a new method for computing DeWitt-
Seeley coefficients in the coincidence limit was discovered and described in detail.
Although any technique for computing these coefficients could have been adopted
to meet our needs, this method proved to be quite efficient and readily adaptable to
computerization. If one is interested in computing multi-loop contributions to the
effective action, one must compute full propagators in the presence of background
fields, and therefore the associated heat kernels at non-coincident points. Directly
generalizing the modified Gaussian approach to compute the full non-coincident
DeWitt-Seeley coefficients is relatively straight forward. In order to maintain man-

ifest gauge covariance, which is indeed the goal of the background field method,
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one must introduce a additional factor (the parallel displacement propagator) into
the Fourier decomposition of the delta-function to ensure the correct gauge trans-
formation properties of the heat kernel. This idea has been explored in the recent
work [207], and a new method for computing the full non-coincident DeWitt-Seeley
coefficients is described. For complete details see [207] and references there. Also
see [235], 228, 236], 237, 238] 239] for recent use of this method.

As a suggestion for future work, one may care to attempt to generalize the mod-
ified Gaussian approach to harmonic superspace and or to include theories involving

gravitation.

113



114



Appendix A

Notation

A.1 Two component spinors

In this body of work extensive use is made of the two component spinor formula-
tion first introduced by B. L. van der Waerden [240, 241, 242] and since developed
into a powerful formalism to supplement tensor analysis. Not only is this formal-
ism useful for describing spinor representations of the Lorentz group, but also more
generally tensors products. Utilized by Akulov and Volkov [6], and Wess and Zu-
mino [I57] (also see [154]) in the context of supersymmetry, this formalism is well
adapted to supersymmetry in four spacetime dimensions in contrast to the more
well known four component Dirac spinord'| For a detailed treatment of these ideas
see [243],[127]. For the current purpose the formalism can be summarized as follows.
Throughout, letters near the beginning of the Greek (Latin) alphabet will used for
spinor (spacetime) indices.

In Minkowski space two inertial coordinate systems z® and z'* with a = 0,1,2,3

are related by the non-homogenous transformations
2" = A%’ + = (M)l 4 ¢ (A.1.1)
which preserve the spacetime interval
ds® = ngpdztda® = nydx'dx’ na = diag(—1,1,1,1), (A.1.2)
Nap being the Minkowski metric. This invariance yields the constraint
Nap = N A4 neg = detA = +1. (A.1.3)

The set of all transformations (A.1.1)) which satisfy (A.1.3) and detA = 1 is the
Poincaré group II(1,3), and the homogenous subset with ¢* = 0 is the (proper)

!Golfand’s original articles [4,[3] used Dirac spinors which necessitate the use of chiral projectors.
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Lorentz group SO(1,3). An infinitesimal Lorentz transformation is given by
ox = N2’ (A.14)

Locally isomorphic to the Lorentz group is the group of 2 x 2 complex matri-
ces with unit determinant SL(2,C). An object 1,, o = 1,2, transforming in the
fundamental representation of SL(2,C),

v =AY AeSL(2,C) (A.1.5)

is called a two-component left-handed Weyl spinor. The representation is denoted
(%, 0) and is known as the left-handed spinor representation of the Lorentz group.
Right-handed Weyl spinors are those objects 14, & = 1,2, which transform according

to the conjugate representation
U = A.%ﬂ. (A% =A,7 (A.1.6)
which is denoted (0, %), and is called the right-handed spinor representation of the
Lorentz group.
Spinors may have their dotted and undotted indices raised and lowered by &, the

antisymmetric (spinor metric) tensors as follows:

Y = ey Yo = Cagt)’ (A.L.7)
Pt = 5(3“52@5 Y = edgw (A.1.8)
where
goh = b €aB = —EBa eaﬁsm =0, 2= g =1 (A.1.9)
e = _gh4 €af = —Cga ed‘ﬁlem = 5% el? = —&i5 = 1. (A.1.10)

Infinitesimal Lorentz transformations of two component spinors are then given
by
! 1 ab B 7! 1 ab( ~ 8.7
30, = 53 (0w) 50h = SN G 5 (AL11)
A = _\bo — pbepa (A.1.12)

with A%, being introduced in (A.1.1)) and (A.1.4). The generators (o4),” and (&ab)dg

of (3,0) and (0, 3) respectively, are defined in terms of the four (0,)a¢ matrices

1 0 0 1 0 —i 1 0
O = g1 = 09 = o3 =
b ) ) 0 ) =l Y

(A.1.13)
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(Ga)% = £ (0,) 45 (A.1.14)

via
8 Lo -\ B 5
(O-ab>a = _Z(Uao-b - Ubaa)a - _(Uba)a <A115>
~ & L. ~ & ~ &
(Ga) "5 = =7(0a0b = 3404)%5 = —(Tba) "5 (A.1.16)

The o matrices satisfy the following useful properties:

t1(0463) = (0a)aa(55)** = —27a (A.1.17)
(0%)ac(60)" = —28,%6,° (A.1.18)

00060 = (NacOb — MoeTa — Nav0c) + 1€ upeg® (A.1.19)
GaOb0c = (NacGy — Moea — NabOc) — Eabead” (A.1.20)

with €4pca (0123 = —1) the totally antisymmetric Levi-Civita symbol.
The index free notation describing the contraction of spinor indices that will be

adopted here, is governed by the following rules:

VX = U Xa = —YaX” VP =i (A.1.21)
UX = VaX* = =Y Xa * =Py (A.1.22)
waai = wa(%)aaid &UaX = &d(a'a)daxol' <A123>

Later we will also find useful that any two objects carrying (un)dotted spinor indices

satisfy

Vadp — VB = 20iads = apl0®  V¢° —pPo™ = 2010 = —cFypp  (A.1.24)
bady — Vsba = 2ty = —ea09 VO —00GY = 20167 = e¥Pp. (A1.25)

In this two component notation the familiar four component Dirac spinor ¥ can

U= (%) (A.1.26)
X

containing one left spinor v, and one right spinor Y. If (1)*)* = ¥ the Dirac spinor

be expressed as a column

is a Majorana spinor, and imposing the Weyl constraint simple sets one of these two
component spinors to zero.

Spacetime indices are often written in terms of a pair of spinor indices, for exam-

11

ple an arbitrary four vector V* is considered to belong to the (3, 5) representation

of the Lorentz group, and is written as a bi-spinor

Vad = (O-a)ao'zva‘ (A127>
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Finally, taking the tensor product

1 1 1 1 1 1

- Z R (= - NR--- Z A12

(2,0)®(2,0)® ®(2,0)®(0,2)®(072)® ®(0,227 ( 8)
n—times m—times

one obtains new representations of the Lorentz group which are reducible. Irre-
ducible representations of this form act on tensors which are symmetrized (sepa-

rately) in its n-undotted spinor indices an m-dotted spinor indices. Such irreducible
n m
272
representations of the Lorentz group.

representations are denoted ( ), and classify all finite-dimensional irreducible

A.2 Differentiation and integration in superspace

Partial differentiation of the superspace coordinates are characterized by the follow-

ing straight forward properties:

. 0 0 o 0
— ) — = _ A2.2
814 (amaoua ) 82A (axaa 890‘7 aed) ( 9)
with
0,2 = 5ab 0,0% = 0,04 =0
042" =6, =< 0,00 =457 D™ = D,0% = 0 (A.2.30)
Fly— o7, Piar = 9% = 0
and

£(04) = e(2) =€y

£(04V)=ea+¢e(V) (mod 2)

9405 = (—1)° DB 9z, (A.2.31)
OA(UV) = 0x(U)V + (—1)*Weayg (V)

(0V) =0,V (0.V) = —=(=1)FVo, v (0°V)* = —(=1)*V)gey~

for arbitrary superfields U and V', and where £(-) denotes Grassmann parity.
Also desirable would be

9%y = 6%, 9%, = 004 =0
0h2p = 0" = { 0705 = 6% 0%z, = 0%, = 0 (A.2.32)
5@9_g = 50’45 5&1}1 = 5@9(1 =0

and so we define the raising and lowering of indices as

1o, = 0 ey = —0” e4s0” = —0s. (A.2.33)
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Integration over Grassmann odd parameters was first treated by Berezin [143]
and is equivalent to differentiation. The basic properties for integration over super-

space and its (anti)chiral subspaces are as follows:

/ df, 0° = 0,0° = 0,7

. | (A.2.34)
4?0 = Zsaﬁdé’adeg = [d%0 = 79" 0a /d29 0> =1
/ 460, = 90 = o°,
. (A.2.35)
@0 = 7e45d0°d07  — [d*0 = 20.0° / d’06° =1
d¥z = d*zr d*0d%0 d®z = d*z d*0 d®z = d*z d*0 (A.2.36)

( /dBZV(z))*: /dSZ(V(z))* ( /d6zV(z)>*: /dGZ(V(z))* (A.2.37)

where V(z) is an arbitrary superfield. The limits of integration over x* are as-
sumed to be (—o0, 00) unless otherwise stated. Ignoring any contributions from the

component fields in these limits, integration by parts is in general given by
/d% Du(V(2)) = 0 /d29 u(V(2)) = 0 /d2§ Da(V(=) =0  (A.2.38)
for arbitrary superfield V' (z). For example:
/dSZ oA(U(2)V(2) =0 (A.2.39)
for superfields U(z) and V(z), implies

/d8z (04U (2))V (2) = —(—1)5)=a /dgz U(2)(04V (2)). (A.2.40)

A change of integration variables z# — 2/4(z) gives rise to a Jacobian like factor
known as the superdeterminant or Berezinian, Ber(9z'%/924) (for details see [89,
127]. We will only consider changes of coordinates consistent with super Poincaré
transformations , and so for our purposes is sufficient to note the Berezinian
is unity in this case.

Delta functions can be defined on R** and its subspaces as follows:

(2 —2)=6W(x —2)6P O -0)5D0 -0) (A.2.41)
52O —0)=(0—0) S0 —0)=(0-0)? (A.2.42)
dr(z—2) = iadadé(g)(z —2)=6W(z -2 6P (0 -9) (A.2.43)
5 (2= ) = %aaaa(s@)(z _ ) = 6W(x — o) 5D (G — ) (A.2.44)
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They have properties

/dsz 8 (2= W (2) = V()

59(2) = 6 (—2) (59)(2))? = 6% (0) = 0
/dﬁz di(z—2")0(2) = 0(2) Ds®(2) =0
/dGZ §_ (2 —2)0(2) = () D,®(z) = 0.
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Appendix B
Some derivations

Here we collect together the derivations of a few results which have been used exten-

sively throughout this work. We make use of the gauge covariant derivative algebra

, the equations of motion
DWW, = D, We = 0, (B.1.1)
the (anti)chirality of the field strengths
D Wy = DaW, =0, (B.1.2)
and the generalized Jacobi identity
(=1)74¢ [A, [B,C}} + (—=1)7°°B [C, [A, B} } + (=1)°5%4 [B, [C, A}} =0, (B.1.3)

where the graded commutator [.,.} was defined in (2.1.17]).
Since
'DQW5 - DﬂWa = €Q5D’YWW (B.1.4)

from the equations of motion it follows that
D W3 = DsgW,. (B.1.5)

Similarly one can show

]

d‘WB = ﬁBW‘j“ (B.1.6)

It is useful to establish D, DsW, = @dﬁﬁ-ﬁ@ = 0, which is easily demonstrated by

noting

D,DW, = DD W3 = —D,DWj = —D,DgW, = DD, W, = DyD W,
= —D,D;W,,, (B.1.7)

from which the desired result follows.
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A less obvious result, (DGy) = i(03)aa{W*, W}, which is equivalent to es-
tablishing (Dd“Gadﬁﬁ) = 4i{WP WB} with G455 = (aa)ad(ab)w;Gab, is proven as

follows:

(D**Gopp) = D™, [Daa, Dy} }
= [D*, —as(DaWy) — 45(DaWp)}
— [Dsa, (DyW)} = [, (DsW)} using (B.L3),
= — [Dpa, [Dg, W} } — [Dyg, [Ds. WO}
— [W*%, [Dga, Dy} } — [W*, [D,4,Dp}} using (B.L1), (B.1.2), (B.L3)
= — W, 2ig 3, W5} — [W*, 2iega W5}
= 4i{WP WY, (B.1.8)

Using the X 4 algebra (5.1.13]), one can now establish the commutation relations

(5-2-33):

A, X,] = [X°X, — WX, — WX,, X, }
= X" [ Xy, X} + [X0 X} X0 — W™ [X,, X, )
— W X} Xo — W X4, Xo} — WY X} Xa
= (D°Ghy) + 2G°, X° — i(04)0a W W4
+ (DWW )Xo = 1(00)ac WW + (DWW X,
=2G° X 4+ (DWW Xy + (DWV) X4, (B.1.9)

where (B.1.8) has been used. Likewise,

(A, X5] = [X°X, — WX, — WX4, X5}
= (XY [Xa, X} +2 [X% X5} X, — W [Xa, X5}
— W, X3} Xo — W [Xa, Xp} — [W*, X5} Xa
= —i(04) g5 [X% WP} = 2i(0%) s WX, + (DsW) X, + 20W D
= (DsW*) X, (B.1.10)

having used and (B.1.2). The relation [A, X,] = (DaW#)X 5 is similarly
established. The last of the commutation relations in (5.2.33)) is straight forward to
compute.

Other on-shell identities, such as those found in (5.3.70), are established by
more direct means but involve similar manipulations. For example D,DsDsW,; =
deap{Wa, WB} is derived by simply pulling the undotted covariant derivatives through
the dotted derivative to annihilate the antichiral field strength.
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Appendix C

The (Gaussian approach in

Mathematica

This appendix details the method in which Mathematica has been used to aid the
computation of various DeWitt-Seeley coefficients in superspace and their bosonic
fieldstrength component extraction. It is presented in the style of an annotated
Mathematica notebook using its standard form conventions, where: bold maths
typeset is to be read as input; indented maths typeset as output (most of which is
suppressed due to size); and comments are italicized. Included are all the essential
ingredients for the calculation of higher order coefficients, but their usage is illus-
trated through the full computation of traq(as) onlyﬂ An attempt has been made
to maintain the previously defined notations, and any deviations from these have
been highlighted.

Obvious modifications and additions to the code are necessary for the computa-
tion of chiral coefficients a;(z) and higher orders.

The code was originally written with the intention of checking and augmenting
low order computations done by hand. As such, its usage is rather adhoc and
merely mirrors the processes one follows in performing the computations manually.
The procedure is therefore not fully automated and requires much user intervention
and input, particularly in simplifying results. This particular hybrid approach has
probably been pushed to its practical limit, and if one where to proceed to compute
higher order coefficients than those presented in the body of the thesis, the method

would need to be more fully automated.

1 See the attached CD for the complete traq(ag) computation using Mathematica.
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C.1

C.1.

C.1.

Code

1 Noncommutative multiplication (-) and c-numbers

A - (B.+C):=A-B+A-C

A _-(B.+C)-D:=A-B-D+A-C-D
(A.+B)-C_:=A-C+B-C
A_-(B_+C_):=A-B+A-C

A - (B_+C )-D:=A-B-D+A-C-D
(A_+B )-C_:=A-C+B-C

A -0:=0

A _-0:=0

0-A_ =0
0-A_:=0
A_-0-B_:=0

A -T:=A

A B -IT:=A-B
T -A :=A

IT-A -B_:=A-B
A ‘-I-B_:=A-B

(a_x A)) - B_ := If[num[a],aA - B,If[num[A], Aa - B, error]]
A_ - (a_* B_) := If[num|a],aA - B,If[num[B], BA - a,error]]
C_-(a_xA.)-B_ :=If[num[a],aC - A - B,If[num[A], AC - a - B, error|]

num|a_] := NumberQ|a]

num[a_b_] := True/; num[a] == True && num|[b] == True
num(s] = True; num[s"-] := True

num[H] = True; num[o | := True

numle, | := True; num(n, | := True

num[d, | := True

2 Behaviour of operators

The following differential operators Y, and D, correspond to X, and D, respectively,

as defined in chapter 5, The K's are to be read as moments (see below).

op[Xa ] :=1; op[Xa]:=1; op[Y,]:=1
op[K[s]] :=1; op[Ka_[a_]]:=1
opla_]:=0
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Xo - A_:=Du[A] + (1) A . X, /;0p[A] ==
Xy +A_-B_:=D4[A]- B+ (—-1)°*A. X, .- B/;oplA] ==

B_ X, -A_:= B -Dy[A]l + (—1)*MB. A. X,/;0plA] ==

B_-X, A -C_:=B -D4A]-C+ (-1)*B.A.X,-C/;0p[A] == 0
Xo - A_:=Dy[A] + (-1)°1MA . X, /;0p[A] ==

Xo -A_-B_:=Dy[A]- B+ (—1)°MA. X, - B/;op[A] ==0

B_-X, A :=B-D,[Al+ (-1)*B.A.X,/;0p[A] == 0

B_-X, A -C_:=B-D4[A]-C+ (-1)*™B.A.X, -C/;0p[A] ==0
Yo - A_:=Do[A] + (—1)°A . Y, /;0p[A] == 0

Y, -A_-B_ :=D,[A]- B+ (-1)*A .Y, . B/;0p[A] == 0

B_-Y, +A_:=B-Dg[A] + (-1)*MB. A.Y,/;0p[A] == 0

B_ .Y, -A_-C_:=B-D,A]-C+ (-1)*MIB.A.Y, - -C/;0p[A] ==

Dy [a_* A] := If[num]a], aDy[A], If[num[A], Dy [a] A, derror]]
Dy [a_* A] := If[num][a], aD,[A], If[num[A], D,[a] A, derror]]
Dg [a_* A_] := If[num[a], aD,[A], If num[A], D, [a] A, derror]]

D, [0] := 0; D, [0] := 0; D, [0] := 0

Do [07-] :=6."; Do [07-]:=0

Do [07-] := 0; Dy [67-] := =6

Dg [67-] :=0; Dy [07-] :=0

’Dai[éﬁ?f] := 0; ’15%[65?*] := 0; Da[éﬁif] =0

C.1.3 Ordering of differential operators

The following effectively places the indices on moments in the desired order: dotted

spinor, undotted spinor, then spacetime.

Y, - Xo :=Xo Y, — ida,a,eiV_Vei++

Yo Xo *A_:=Xo Yo+ A—i0g,0,Witt - A

A Y, Xo i=A-Xo0 Y,—A- (io’aaa’eiWeH'Jr)

A_ Yy Xo B _:=A-X,-Y,-B—A-(i04,0,e,W+)-B
Yo - Xo_ = Xa Yo — i0g,a, Wit

Yo Xo A _:=Xo Ye-A— io-a,a,fijH-r . A

A Y, Xo =A-Xo-Y,—A- (io’a’a,.f;_W‘fj++)

A_ Y, -Xo -B_:=A-X,-Y,-B—A- (iga’a,fjwfwr) .B
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As can be seen, additional dummy indices are generated incrementally.

Xp 1= —Xo - Xp — 2i0g,a,6Y,

_c Xa ++
X@ cXo A= —Xgo Xg - A— 2i0'gk,0‘,ngk+Jr <A
A - Xﬁ, cXo i =—A- X, - )_(3 — 2i0g a,8A - ng++
A_-Xg -Xo -B_:=—A-X,-Xs-B —2i0g,a8AY,, , +B

C.1.4 Moments and their leading order behaviour

Below, K[s] denotes the heat kernel K(z;s), and K, [s,{p,q,7}] its moments K, .a,,,., (2;5)

possessing p dotted spinor, q undotted spinor, and r spacetime indices.

Xo - K[s] := Kqa[s,{1,0,0}]

A X, -Kls]:= A-Kqls, {1,0,0}]

Xao -Kg [s,{a_,b_,c}] := Kypg[s,{a+1,b,c}]

A -Xa -Kg [s,{a,b,c}]:=A-K,g[s,{a+1,b,c}]

Xo - K[s] := K,[s,{0,1,0}]

A_ - X, -K[s]:= A-K,[s,{0,1,0}]

Xa : Kgi[S, {afa b, Cf}] = Ka,ﬂ [Sa {aa b+ 1, C}]

A X, -Kp [s,{ab,c} = A -Kap[s,{a,b+1,c}]

Y., - K[s] := K,[s,{0,0,1}]

A_ Y, -K[s]:=A-Ky[s,{0,0,1}]

Y. - Kg [s,{a_,b,c}]:= K,g[s,{a,b,c+ 1}]

A Y, -Kg [s,{a_,b,c} :=A -K,g[s,{a,b,c+ 1}]

Moments with greater than two undotted or dotted spinor indices vanish
Ko [s,{abc}]:=0/5a>3Vb>3

Leading order behaviour is made explicit (see equation (5.2.34))

kel = {K, [s,{a_,b_,c }] — Ka[s,{a,b,c},2— (a+b+ IntegerPart[g])],

K[s] — Ko[s,{0,0,0},2]}
ke2 = {sn, Ai' Ka [S, a__, bﬁ] — s™A. Ka[s’ a’b_l’_ n]’

sA__ - K, [s,a_,b] — s"A-K,[s,a,b+ 1]}
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C.1.5 Chirality conditions and equations of motion

D, [W] := 0; Dy [Wa]:
D, [W] := 0; Dy [Wa]:
D, [W™] := 0; Dy [W]:=0

Do [Dp [W]] := 0; Do _[Dp_ W5 ]
Do_[Dp [W™]] := 0; Do_[Dp [Wy ]

0
0

C.1.6 Graded commutators, ( , ), and (anti)commutation

relations

Below Ao denotes the operator A defined in equation (5.1.11). For simplicity
all spacetime indices are placed in the lower position, and as usual repeated indices

indicate contraction.

(A_-B_,C):=A.-(B,C) + (—-1)°Blsl€l(4, C) - B
(A_-B_-D_,C):=A-(B-D,C)+ (—1)sIB-DEl€lia C).B-D
(A,B_-C.)):=(A,B)-C+ (—1)sBllAIB. (4, C)
(A,B_-C_-D_):=(A,B)-C-D+ (—1)°BlsMB. (A, C . D)
(A_+B_,C):=(A,C)+ (B,C)

(A,B_+C.):=(A,B) + (A,C)

(a_* A_, B_) := If[num][a], a{A, B), If[num[A], A{a, B), gcerror]]
(A_,a_x B_) := If[num|a], a(A, B), If[num[B], B(A, a), gcerror]]

(Aa a6 Ys ) 1= 2Gap - Yo + Do[WO] - Xo + Do[WP] - X5

(Aa a8, Xy ) :=Dy[W]- Xo

(Ao o83 Xy ) :=D[WP]- Xp

(Ad a5 AL) = Da[Dg[A]] + 2D, [A] - Y, — W . Dy [A] — WP . Dg[A]
—(—) W, A) - X, — (1) (WP, A) - X

(Aa o ,p,07) = —W7

(Ag o p,07-) == W7

Lo[A_,B]:=B
Ln,[Aa,nJa,nJB,nj A= Ln[Aan,an,ﬁm Al

= (Aan,aruﬁn s Ln—1 [Aanflsanflnﬁnfl ’ A])

$RecursionLimit = oo;
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C.1.7 Assigning parity

e[Xa]:i=1; e[Xa ] :=1; €[Ya ] :=0; €[A,_]:=0
W] :=1; e[Wo ]| :=1; e[W*]:=0; e[W, ]| :=0; €[Gq ] :=0
e[0*] := 0; €[6*] := 0; e[éa?] =0

€[Da [A]] := Mod[e[A] + 1, 2]
e[Da [A]] := Mod[e[A] + 1, 2]
e[Dq_[A]] := e[A]

e[(A_, B_)] := Mod|e[A] + ¢[B], 2]
e[A_- B_] := Mod[e[A] + ¢[B], 2]
e[A_-B_-c_]:=Mod[e[A] + ¢[B - C], 2]
gla_xA_-B]:=

e[A_+ B_] := e[A]

If[num|a], e[A - B], perror]

ela_* A_] := If[num[a], e[A], If num[A], e[a], perror]]

C.1.8 Index contraction, raising and lowering

lower = {A__ - wh.B €a g — A-W,-B,
A -G WFP)-B_ eaps — A -Gs[Wa]:B,

A -H, (G ;WP B e, — A-Hk[9:[Wa]]- B
A -Dolg]-B__nap — A-Dylg]-B
A__-Dylg]-B__map — A-Dglg]-B

A -Gy [Dafgl]l-B__nap — A-Ge[Dplg]] - B

A__ -G ;Db [g]]-B__na b — A-Gs[Dalg]] - B,

A -Gap B_Nae —A Gu- B,

A -Gap B_Neaq — A -Ga- B,

A__-Gqp B_1np,c = A Gqc- B,

A -Gap -B_1nep — A-Gqc- B,

Geo 0 — 0};

conditionindex ={A_ -W_, -B_ -W *.C_ —- —-A-W*.B-W,-
G, W,]-B_-W*>.C__
A -H LG, [W,L]-B_-W*.C__
A -

AW

A

—o_

"B__-H,[G, [WH]]-C__
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C.1.9 Cycling (via trace) to bring expressions into the de-

sired basis

#lA]:=0

#[Da [A]-B_]:=1
¢[Da[A]-B_]:=1

#Da [A]-Dg [B]-C_]:=1

cycle[a_* A_- B_] := If[num[a], a cycle[A - B],

If[num[A], A cycle[a - B], cerror]]
cyclela_* A_- B_-C_] := If[num][a], a cycle[A - B - C],

If[num[A], A cycle[a - B - C], cerror]]
cycle[A_- B] :=If[¢[A - B] == 1, A - B, cycle[(—1)MEIBIB . A]]
cycle[A_-B_-C_]:=If[p[A-B-C] ==1,A-B-C,

cycle[(—1)sMEB-CIg . C . A]]

C.1.10 Miscellaneous

In simplifying the results, we will later make use of the the graded commutator,
, and properties of the covariant derivatives.

expandall = {(A_,B.) — A- B — (—1)1ElBIg . 4

Do [A_ + B_] — D,[A] 4+ Da[B],

Do [A_- B] — D4[A] - B+ A-D,[B],

Dg [A_-B_-C_] —» D4[A]-B-C+ A-D,[B-C],

Do [A_+ B] — D,[A] + D.[B],

Do [A_- B] — D4[A] - B + (—1)*A . D, [B],

Dy [A_-B_-C_] — DulA]-B-C + (—1)*A.D,[B-C],
Do [A_+ B_| — D4[A] + Da[B],

Dy [A_- B] = Du[A] - B + (-1)*A . D,[B],

Do [A_-B_-C_] — DulA]-B-C + (—=1)*A.D,[B - C]}

Usage of the following reduces computation time.

listify[a_+ b_] := {a, b}
unlistify[{a_,b_}] :=a+b
ker[a_] := a - K[s]

C.2 Computing traqg(as)

We now compute traq(as), by summing from n =1 to 4 in equation .
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C.2.1 The summation

4 n .
. (is)™
1 Lm[Aamvamaﬁm ch] .Ln_m[A n—miYn—msPn—m lfc]
33 (i i ’ - oo

+Lm [Aamyamyﬁm’ Xw] . Ln_m[Al—"n—m7un—m7pn—m’ Ww]

+Lm [Aam,am,ﬁma Xw] . Ln_m[A”n—m’Vn_m,pn_m, Ww]))

1
%/ {Ga b Yo Yy — EGa,b - Gap}s
unlistify [Map[ker, listify[%]]];
%/ kel

%/ .ke2;

Non-contributing moments are removed,

%/Ke [ssa_,b_ /30> 3] — 0;

total = %//.{Kqs [s,a_,b] — Ku[s,a], Ko[s,a_] — K|[s]}
_ —%SDC[WM] Ky [, {1,0,1}] %SDC[Wﬁl] Kol 10,1,11]

1 1 - .
+ 55Du[W™] - W - Ko, [s5,{1,0,0}] + §SDQ[W61] -W* . Kpg,[s,{0,1,0}]

+...

where much of the result has been suppressed.

C.2.2 Hierarchy of moments to leading order

All contributing moments need only be asymptotically expanded to leading order, a
complete list in approximately hierarchal order (see subsection being given
below. These moments may be computed by hand, or as shown below in section [C.5

The numerical factor common to all is H = i(4xi) 2.

4
Ko p_~.,6[5{2,2,0}] — — 2 e €vs T H,

2 _
Ko 6.+ ,a_b15{2,1,2}] — 52 €a,8 Nap Wy H,

2
Ka,aﬁ »Y_sa_,b [8’ {1’ 2’ 2}] - ? 6,37'7’ naab Wa H’

Ka,aﬂ,7’7776 ' [S’ {2’ 2’ 1}] - 0
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4i _
Ko g~ [5,{2,1,0}] — Y €a,s Wy H,
4i
Ka,73,’7,[3’ {13 2? O}] - _; €3,y Wa H,
i .
KO‘,:B,’afvb,[S’ {2’ 0’ 2}] - _; ea’ﬁ ’r’a,b W’Y . W"‘)‘ H,
i — _
Ko 8 ,a b [5{1,1,2}] — gna,b(Wa -Wg —Wg- WQ)H,
i
Ka,afe,aa,ab,[s’ {0’ 2’ 2}] - _g eaafe T’a,b W’Y * W'y H,
2i _
Ko 8 4,0 [5{2,1,1}] — T €a,6 Da[W,] H,

Ko s 11,2, 1)] = = gy Dol Wa) H
K, 5[5,{2,0,0} — —2€4,sW7-W; H,
Ko g [s,{1,1,0}] — 2(W, - W — W5z - W, ) H,
Ko g [5,{0,2,0}] — —2€0,sW" - W, H,

1 — = — e . -
Kq o 0 [5,{1,0,2}] — E(Wa WY W+ WY W, W, — W W, - W»‘y)na,b H,

Ko o b [5,{0,1,2}] = (WY - W, - Ws + Wy - W7 - W, — WY - W . W, ), H,

1
3
Ko 0 [5:(2,0,13] = — €ap (W Da[Ws] + 204 W] - Ws) H,
Ko ls {1,1,1)] = = (Wa - Da[Wi] — Wi - Da[ Wl

+2D, [Wa] - Wy — 2D, [Wg] - W, ) H,

K0 [5:00,2,13] = — €aa(W7 - Da[W3] + 204 [ W) - W, H,

Ko [5,{1,0,0}] — ?(W* W - Wiy — W Wiy - We — Wa - W - W) H,
Ko [5,{0,1,0}] — 23E(W~ W - Woy — W - Wy - We — Wea - W - W, H,
K, o [s,{0,1,1}] — %(W“f cWea - Da[Wo] — WY - W, - Do [Wa]

—Weo - WY Do [W,] + 2W7 - D, [Wy] - W, — 2WY - D [W,] - W,
—2W,, - Do [W7] - W, 4 8D [W7] - W, - W, — 8D, [W7] - W,, - W,
—3Da[Wa] - WY - W, ) H
Ka o [5,{1,0,1}] — %(W‘f W - Da[Wy] — W - W - Do [Wal
Wy - WY D [Wy] + 2WT D, [Wy] - Wy — 2W7Y - D, [Ws] - W,
—2Wa - Da[W] - Wy + 3D [W] - Wy - Wy — 3D, [WT] - Wy - Wa
—3D,[Wa] - WY - W, )H};
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C.2.3 Simplification

At this stage we have effectively computed as(z), and only need simplify the result.
This 1s essentially achieved through pattern matching, after first having decided on

a basis.

total//.moments//Expand;
%/ /.expandall//Expand;

%/ /.lower/ /.conditionindex;

Selective integration by parts brings any terms containing two spacetime covariant

derivatives not acting on adjacent field strengths into such a form.

%//{A_ Do [B]-C_-Dy [D] — (—1)cPelPNelA-DalBICI, [D] . A . D,[B] - C,
Dy [D]-A_-Dg [B]-C_— —D -Dp[A-Dy[B] - C]}//.expandall/ /Expand;

On-shell identities (see equation (5.3.70)) are implemented.

%//{Da_[Da_[W-]] — (W¥,Dy[W?]), Do_[Da_[Wy ]| — (WY, Dy[W,]),
Dq_[Do [W-]] — (W, Dy[W]), Da_[Da [W, ]] — (WY, Dy [W,])}
//.expandall//Expand;

Using the cyclic property of the trace all terms are cycled into the standard form,

where all covariant derivatives are placed on the left.

unlistify[Map|[cycle, listify [%]]];

All repeated spinor indices on the left are raised.

%/ /.conditionindex//Expand;

All terms with two covariant derivatives are cast in terms of final basis structures.

*

Here the basis terms f; ; and fu are related through complex conjugation, (f;;)* =
ﬁvj'

%// ADa W] - Do [Wa ] - WP W5 — —fo,1,
Do [W] - Do [WF-] - Wo_ - W — —fo,z2,
a W] - Da,[v_vﬁ’] : Wﬁ, - Wa — —fo3,
Wﬁ’] : Da,[WB,] W W — _.f_O,la
Wﬁ’] - Dg [W] - WB, Wao — —f_0,2,
o [WP-] Dy (W] - W, - Wg — —fos}
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The equations of motion are used to reduce the total number of terms with a single

spinor covariant derivative.

%)/ {Da [WP]-A__ Wz -B__ -W*.C__ — D,[WP]-A-W*.B.-Wjs-C,
Do [WP]-A__ W5 -B__-W*.C__ —Du[WP]-A-W*.B-Ws-C}

All terms with a single spinor covariant derivative are then cast in terms of final

basis structures.

%)/ {Da. W5 ] - W - WP-. WY~ . W, — —f11,
Do (W] - W . W WP-. W, — —f .,
Do W] - W= W, - W . WP — —f 4,
Dy (W] - W . W . W, - WP — —f 4,
Dy [Ws ] - W W . WP-. W, — —f.,
Do W5 ] - WT- - W . W, - WP- — —f 5,
Do W] - W - WP-.WT-. W, — —fi1,
Do [Wp ] - W - W WP W, — —fia,
Do W5 ] - W-- W, - W . WP — —f 4,
ﬁa,[Wﬁ,] W W W, - Wh- — _fl,la
Do W5 ] -WT'- - W . WP . W, — —f 2,
Do W] - W= W . W, - WP — —f 5}

Finally the definition of H is implemented, and the coefficient traq(as) is isolated

(see ) to yield the final result (5.3.71]).

1672 i . .
% ——/. {H — W}//Slmphfy

§2

1 a = = — —
=30 (fO,l — fo2+ fos —3fi1— fi2+ foa— foz2+ fo3 —3fi1— f172)

C.3 Expanding moments

In this section, through example, we briefly demonstrate how one may expand mo-
ments. The ideas extend to all orders, where again the only real complication is that
of simplification.

Consider the first order moment hierarchy given above. Suppose we have already
computed, to first order, all but the last moment, K,.(s), and we wish to complete
the list. In such a case the list of moments would be just as before, but missing this

entry:

moments = DeleteCases[moments, z : (K, [s,{1,0,1}] — _)J;
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This moment could readily be computed hand, although its position near the base of

the hierarchy ensures it is one of the most difficult to compute. Alternatively one

may choose proceed as follows.
Using the ideas described in the body of the present work, the identity

/dn g (XaX5X,e2) (C.3.1)
directly leads to
n+1
Koa(s) = /an X5X, Z = SLR(WP) e (C.3.2)

To the order of interest this is implemented as:

(18)n+1 ,
Z (n+1),Xa.Xg.Ya.Ln[Aamamﬁn,W 1/ /Expand

unlistify [Map/[ker, listify[%]]];

%/ .kcl;

%/ .ke2;
Non-contributing moments are now removed.

%/Kq [s,a_,b_/;b> 2] — 0;

%//{Ka [s,a_] — Ku[s,a],Ko[s,a_] — K]|s]};
The previously computed moments are now used.

%//.moments, /Expand;

%/ / .expandall/ /Expand;

%/ /.lower/ /.conditionindex;

From inspection of the result, we make the dotted spinor index replacement (3; — 7.

The first order result follows, and is subsequently added to the list of moments.

%/.Bn_ — //Simplify
is _ - - = _ -
= EH(W7 W - Da[Ws] = WY Wy - Dy [Wy] — Wy - W - D [W]
+2W7T D Wy - Wy — 2W7 - Dy [Wy] - Wy, — 2W,, - D, [WT] - W,

+ 3D (W] - W - Wy — 3D [W] - Wy - Wy, — 3D, [Wa] - WY - W)

moments = Join[moments, {K, o [s,{1,0,1}] — %}];
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C.4 Component extraction

It is easy to show, using that the final result given above (5.3.71]) will yield,

at the component level, the bosonic fieldstrength contribution:

1 1
a5comp = 30 ((Mvp[Fa,b] *VplFeal - Fe,5 - Fgn + Vp[Fap] - Vp[Fef] - Fea - Fgn

+VplFapl - VplFes] - Fgp - Fc,d> (tr[a, b, c, d]t~r[e, f,g,h] + tr[a, b, c, d]*t~r[e, 159, h]*)
i

128

(tr[a7 b, C, d, e, f]t}[g’ h’ i’ j] + tr[a7 b, C’ d, e, f]*t~r[g7 h’ i’ j]*));

(3Fa,b “Fea-Fey-Fon-Fij— Fap-Fea-Fgn-Feyp- Fu)

where * denotes complex conjugation, and

trla, b, c,d] = tr(0,0,0.04) trla, b, c,d) = tr(5,045.04)

tria, b, c,d, e, f| = tr(0,6,0.640.07).

We implement these, and a few other identities (ie see equations (A.1.17), (A.1.19)

and (E37)):

trla_,b_,c_,d_] := —20Nq,cMb,d + 2Mb,cNa,d + 2Ma,bNe,d — 2i€q,b,c,d
trla_,b_,c_,d ] = —204,cMb,d + 2Mb,cNa,d + 2Ma,bMe,d + 2i€ab,c,d
ola_,b ,c] =140+ No,c0a — Na,pOc + i€ab,c,mo™
ola_,b_,c] :=Na,c0b + Mb,cFa — Na,pOc — i€ab,c,mT™

xz_* := x/.Complex[a_,b_] :— Complex|a, —b]

perml = Permutations[{e, f, g, h}]; perm2 = Permutations[{e, f,g}];
eela_,b_,c_,d_,e_, f_,g_,h_| := Sum[—Signature[perm1[[j]]] Na,perm1[[i)[[1]]

b, perm1[[j]][[2]] Te,perm1[[5]][[3]] Md,perm1[[jN)[[4]]> {5 1, 4!}]
eela_,b_,c_,e_, f_,g_| := Sum|[—Signature[perm2[[j]]] Na,perm2{}[[1]]

M, perm2[[5]][[2] Te,perm2[[5]][[3]]» {J» 1, 3!}]

Expand[o|a, b, c|G[d, e, f]]//{0a 66 — —2Na,p, 0o 6°- — —282,65, 0P — —268,
5:;* €a_b e m. — €abees -0 €a b c m € .f g.mn — —2€€la,b,c, e, f,g]}
//Expand
= —20a,fMb,eNe,d + 2Na,eNo, fle,d — 2Na,b0e,fe,d T 20a, f1b,d0e,e — 2T)a,dMb, fMe,e
= 2NaeMb,dNe,f + 2Ma,dNb,eNe,f — 2Ma, f1b,cNd,e T 20a,cMb, fd,e — 20a,ble, f1d,e
+ 20a,eMb,cNd,f — 2Ma,cM,eNd,f + 2NapNe,eld,f = 2a,db,cTe,f + 2Na,cMb,dle,
+ 2iNe, f€ab,c,d — 20Nd, f€ab,c.e T 20Nd,e€abe,f — 2Mb,cCdye, fa T 21Na,cEdye, f,b

- 2ina,b€d,e,f,c
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trla_,b ,c,d e, f ]| := —2Nq,Mb,eNe,d + 2Ma,eMb, fNe,d — 2Ma,bNe, fNe,d + 2Ma, £ b,dNe,e
—2Ma,dMb, fMe,e — 2Ma,eMb,dNe,f + 2Ma,dMb,eNe,f — 2Ma,fMb,cMd,e + 27a,cMb, f1d,e
—20a,bNe,fNd,e T 2Ma,eMb,cMd,f — 27a,cNb,eMd,f + 27a,bNec,eMd,f — 27a,dMb,cMe, f
+2Na,cNb,dNe,f + 21Me, f€a,b,c,d — 21Nd,f€a,b,c,e T 21Nd,e€a,b,c,f — 21Mb,c€d e, f,a
+2iNq,c€d,e,f,b — 21Ma,bEd,e, f,c

The bosonic component is now simplified.

Expand[a5comp|//.€q b ,c ,d €c ,f 9 ,n. — €€la, b, c,d, e, f,g,h]//Expand;

abcomp = %/ /. Join[Evaluate[lower/. G — F],{V, [0] — 0}];

Having decided on what F® structures are distinct,

structures = {F, p * Fp c * Fec q Fa e * Fe ,a — 50,0,

Faf,bf'Fb c

_sC_

. Fcﬁ,dﬁ . Feﬁ,aﬁ : Fdf,ef — 80,1,
Fop - Feg  Fy e Fe,a-Fa,e — so2,

Fai,bi * Fci,di * Fei,ai * Fbﬁ,cﬁ * Fd7,57

50,39

—
Faﬁ,bﬁ * Fbﬁ,cf * Fc a_* Fdﬁ,ei ¢ Fd e — 80,49
—

Fo b *Fa,e " Fp,c *Fc,a *Fa,e — Sos5,
VolFa ] Vp[Fap]Fe,a -Fe,a — 51,0
VolFa ] VplFe,al*Fap *Fe,a — 51,1,
VolFa ] VplFe,alFe,a -Faop — 51,2
Vo Fap] Vp[Fo,cl Fe,a-Fa,a — 81,3,
Vp,[Fa,,b,] : Vp,[Fc ,a,] - Fy ,d. Fy , e — S1,4,
VolFa,b] Vpl[Fe,a] Fo,c*Fa,a — 515}

one can easily generate all obviously equivalent structures

gen(F, p, re. — h]:={Fyq-e— —h,e-F,, — h}
gen[Vy[Fy p|-e_ — h]:={Vy[Fya]-e— —h, e Vp[Fap] — h}

While[Length[structures] < 6 2°5 + 6 2% 4,

structures = Union[Flatten[Join[{structures}, Map|[gen, structures]|]]]]

and express the result in terms of them, as follows.
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abcomp//.structures//Simplify
1
= 7@1(28070 — 125071 + 148072 + 50,4 — 75075

- i8170 - i81)1 - i8172 + 418173 + 4i81’4 + 418175>

Using the results of section we can now express the F° terms in our chosen

basis

50,0 30,3
%// {505 — =5 S0,1 + So,2 + 5
3s0,0 S0,3
S04 — — + So0,1 + 80,2 + )
5 5
. . . 3 3 3
81,5 — 2isg,0 — 5isg,1 — isg,3 + 231,0 + 181,1 + 181,2 + s1,3 — 3s1,4}//Expand
//Simplify
1
= —i (480’0 — 880,1 — 480,2 — 18170 — 181’1 — 181,2 — 4181’3 + 4181}4)

30

which is the final result (5.3.115).
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