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Abstract
We study the geodesic properties of the static hypercylindrical spacetimes in (4+1)
dimensions. The effective potential analysis and gravitational lensing effects are stud-
ied in the static spacetime. We give the marginal orbits by the effective potential in
timelike case. This article is prepared for the proceedings of The Nineteenth Work-
shop on General Relativity and Gravitation in Japan (JGRG19), 2009.

1 Introduction

Our study is geodesic properties about 5-dimensional hypercylindrical spacetimes. It is a static spacetime.
The spacetime is described by two ADM parameters the mass and tension densities. As the parameters
changes, the properties of the solution shows many different behaviors. Most of this article is based on
[1].

2 Hypercylindrical Spacetime

The static hypercylindrical spacetime is a class of solutions parameterized by 5-dimensional string tension
and mass per length [2–4]. The metric is written as,

ds2 = −F (ρ)dt2 + G(ρ)(dρ2 + ρ2dθ2 + ρ2 sin2 θdφ2)
+H(ρ)dz2 ,
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where a is the string tension to mass ratio, s = 2(2−a)√
3(1−a+a2)

, and Ka =
√

1−a+a2

3 G5ζ . Hypercylindrical

spacetime gives 5-dimensional cylindrical solution in which the spherically symmetric 3+1 dimensions
are orthogonal to the 1-dimensional line like 5th coordinate. For specific values of a, we have well known
solutions. For a = 0.5, the metric (1) becomes the Schwarzschild solution, and for a = 2 a Kaluza-Klein
bubble solution. The position of horizon is given by Ka in the Schwarzschild case. Except for a = 0.5,
the ρ = Ka corresponds to a naked singularity [5]. In the effective potential level, the naked singularities
can be classified by two types, weakly and strongly naked singularity [6, 7].

The physical importance of these facts is the observable quantities of the weakly naked singularity in
−1 ≤ a ≤ 2 which has the maximum point in the effective potential which gives the unstable circular

1Email address: rasenis@sogang.ac.kr
2Email address: hckim@chungju.ac.kr
3Email address: bhl@sogang.ac.kr
4Email address: warrior@sogang.ac.kr



2 The Geodesic Properties of the Hypercylindrical Spacetime

orbits and Schwarzschild case. The observation quantities such as the deflection angles of lightlike orbits
are not easy to distinguish one from the other in this case.

On the other hand, the strongly naked singularity shows qualitatively different behaviors in a ≥ −1 or
2 ≤ a. These behaviors can be shown in the effective potential of lightlike case comparing to the weakly
naked singularity.

The effective potential can be obtained from the geodesic Lagrangian. The metric components are
only dependent on coordinate ρ. It gives conserved quantities E for time, L for angle, and W for 5th
direction momentum. Without loss of generality, we choose the coordinate θ equals to π

2 using spherical
symmetry of the metric. The effective potential is given [1],

Veff =
1
2

F (ρ)L2

ρ2G(ρ)
. (2)
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Figure 1: The effective potential at specific value of parameter a.

In the range of −1 ≤ a ≤ 2, the effective potentials have maximum point which light can make unstable
circular orbit named photon sphere which partly covers their naked singularity like horizon. The other
values of parameter a give no maximum point like as shown in Figure 1, so the naked singularity is
exposed completely. The size of horizon is related to the capture-cross section which light cannot escape
from gravity of the spacetime. In the Figure 2, the maximum value is achieved for the Schwarzschild
case, and as the parameter value a becomes farther away from the Schwarzschild case, the capture-cross
section becomes smaller. Briefly, the deflection angles for spacetimes with −1 ≤ a ≤ 2 are qualitatively
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Figure 2: The effective potential at specific value of parameter a.
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a -1 -0.5 0 0.5 1 1.5
L 2.9 4.8 6.4 7 5.2 3
ρ 1.56673 4.59308 7.54371 8.38068 9.07818 5.48575

Table 1: The relations of a, L, ρ are shown. For each value of the constant a , the angular momentum L
and radius ρ for marginal orbit are shown. In these analysis, objects which are not a = 1

2 have different
geodesic properties, which Schwarzschild black string has.

similar to each other. It means that distinguishing Schwarzschild and weakly naked singularity case is
not easy. On the other hand, the strongly one gives very different values of deflection angle. The weakly
naked spacetime have unstable circular orbits at the maximum point in the effective potential, capture-
cross section, and similar effect in gravitational lensing as those of the Schwarzschild case. It gives same
properties in [6–8].

In the timelike geodesics, there are unstable circular orbits at the maximum point of effective potential
like Schwarzschild case. In the range of −1 < a < 2 , the orbit can exist only for r ≥ 6M as in the
Schwarzschild spacetime case if a = 1

2 . The orbit at r = 6M is called the marginal stable circular orbit
or the innermost stable circular orbit. Some examples are shown in Fig. 3.

Figure 3: (A)The case of the Schwarzschild black string, a = 1
2 . In (A), upper curve is at L = 8, and

the middle is at L = 7 , and the lower is at L = 6(all figures are some ordering.). The marginal orbit
appears at middle curve. (B) is of a = 3

2 . The angular momentums, L , are 4, 3, 2. (C) is for a = 0 .
From above table 1, the radius of marginal orbit is moved to left side and does not change its shape. (D)
is for a = −1 . In this case, the shape of potential is different from other case.

From the Fig. 3, we see that there are finite potential barrier due to the angular momentum for the
cases of a = 0, a = 1

2 and a = 3
2 . On the other hand, the potential barrier preventing a particle reaching

deep inside appears appeared for the case of a = −1.
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3 CONCLUSIONS

In this paper, we have studied the geodesic motions and the orbits of both a massive particle and light
ray. The geometry of the hypercylindrical solution is dependent on single constant a , a ratio of tension
and mass density. This geometry becomes that of the Schwarzschild black string for a = 1

2 , and the
static Kaluza-Klein bubble for a = 2. There exist five conserved quantities corresponding to translation
symmetry of time, angle, 5th dimension coordinate, and two quantities which give equatorial plane
θ = 1

2π . The light can move around a unstable circular orbit in −1 ≤ a ≤ 2. The radial range of
the unstable circular orbit is related to area of light capture. The capture cross section is formed in
−1 ≤ a ≤ 2 , and the largest area case is a = 1

2 Schwarzschild black string. We calculate the timelike
geodesic equations and the range of the constant a which gives stable circular orbits in a < −1 . One of
the characteristics of the timelike case is that there exist a marginal stable circular orbit in −1 < a < 2.
The angular momentum and radius of this marginal orbit is numerically obtained, and the shapes of the
effective potentials are similar to Schwarzschild black string in −1 < a < 2 .
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