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ABSTRACT: The rare multi-body decays B — Kn/f and By, — K K¢ are both important
as backgrounds to precision analyses in the benchmark modes B — K*¢¢ and By — ¢l/ as
well as sensitive probes of flavor physics in and beyond the standard model. We work out
non-resonant contributions to B — Km¢l¢ and B, — K K¢/ amplitudes, where ¢ = e, 1, at
low hadronic recoil in a model-independent way. Using the operator product expansion in
1/my, we present expressions for the full angular distribution. The latter allows to probe
new combinations of |[AB| = |AS| = 1 couplings and gives access to strong phases between
non-resonant and resonant contributions. Exact endpoint relations between transversity
amplitudes based on Lorentz invariance are obtained. Several phenomenological distri-
butions including those from the angular projections to the S-, P-, D-waves are given.
Standard model branching ratios for non-resonant B — Kn/f and B, — K K¢ decays are
found to be in the few 10~ region, but drop significantly if cuts around the K* or ¢ mass
are employed. Nevertheless, the non-resonant contributions to B — Kwlf provide the
dominant background in the B — K*/¢¢ signal region with respect to the low mass scalars.
In B, — KK/, the narrowness of the ¢ allows for more efficient background control. We
briefly discuss lepton-flavor non-universal effects, also in view of the recent data on R.
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1 Introduction

The semi-leptonic decays B — Knfl and Bs — KK/ are |[AB| = |AS| = 1 flavor-changing
neutral current processes (FCNCs) which are sensitive to flavor physics in and beyond the
standard model. While being phase space suppressed with respect to the corresponding
resonant channels B — K®)(¢)¢¢, the non-resonant decays become important with high
statistics available for future experimental analyses [1, 2]. In particular non-resonant decays
constitute important backgrounds to the forthcoming precision studies of B — K*(—
Km)l and By — ¢(— KK)ll decays.

In this work we calculate the non-resonant B — K¢ and related By — KK/
contributions. The non-resonant heavy to light decays factorize at low recoil by means of
the hard scale of order of the b—quark mass, my, for the dilepton invariant mass squared,
q*> = O(m?) [3]. Specifically we employ the operator product expansion (OPE) in 1/my
as put forward in ref. [4] (for later work, see [5]) with subsequent detailed analyses for
resonant decays [6, 7]. Requisite hadronic B — K form factors are available from heavy
hadron chiral perturbation theory (HHYPT), e.g., refs. [8, 9], valid in the region where
both 3-momenta of the final-state pseudoscalars are soft in the B-meson rest frame. We
perform phenomenological studies in this region of low recoil. In the large recoil region,
a recent study is ref. [10]. Recent activities covering semi-leptonic b — ufv tranisitions
include [11, 12].

Other backgrounds to B — K*(— Km)ll¢ previously considered are resonant S-wave
contributions from the scalar mesons K;(1430) or ~(800) [13-15]. Here we discuss addi-
tionally features of the D-wave background. While heavier states such as the K 4(1430)
are essentially outside the low recoil region with ¢2 > (14 — 15) GeV?, there is some overlap
with the K*-region due to their width. Since the ¢ is much more narrow, backgrounds to
By — ¢(— KK)U are generically smaller and in particular there is no low lying scalar
resonance decaying to K K with an appreciable branching fraction.

The plan of the paper is as follows: in section 2 we introduce the effective weak
|AB| = |AS| = 1 Hamiltonian used in this work. In section 3 we present the B — Km//
matrix element relevant at low hadronic recoil. Angular distributions are given in section 4.
The phenomenology is worked out in section 5, before we conclude in section 6. Auxiliary
information on parametric input, kinematics, phase space and form factors is deferred to
several appendices.

2 Effective Hamiltonian

We employ the following effective hamiltonian for rare |AB| = |AS| = 1 decays:

Mot = == LV Vis 3 3G, (2.1)
where my_ Comy
O = ?sa“ PRrbE,, , O; = ?50“ PrboF,, ,
Oy = 57, Ppb "0, Ol = 57, PrbIy"¢ (2.2)
O10 = 57, Prb OyPysl Ol = 57, Prb lyPysl .



Here Pr/p = (1 F 75)/2 denote chiral projectors, c, the fine structure constant, u the
renormalization scale and F),,, the electromagnetic field strength tensor. Doubly Cabibbo-
suppressed contributions proportional to V., V., are neglected.

In the SM the O7910 induce the dominant contributions, whereas the Wilson coef-
ficients of the chirality-flipped operators, (’)’779710, can be of importance in extensions of
the SM. We neglect lepton masses in this work. While we do not specifically study
CP-asymmetries, our framework covers the possibility of complex Wilson coefficients.
CP-violation at the level of the SM can be taken into account in a straightforward manner.
The operators in eq. (2.2) may be amended by scalar and tensor ones to achieve a complete
basis of dimension 6 operators which is beyond the scope of this work.

Lepton-universality breaking effects between £ = e and ¢ = p operators can be taken
into account as well, assigning a lepton flavor index to each operator and respective Wilson
coefficient C')¢. Such effects could be probed for with ratios (with the same cuts in both
numerator and denominator, to minimize theory uncertainties)

B (B — KTI‘/L[L)

ke =B (B > Kree)

(2.3)

proposed previously for B — He¢, H = K®), X, decays [16], or by using further ratios
of angular observables. Deviations of Ry, or Ry in general from unity can be assigned,
up to small kinematic corrections, to lepton-universality-breaking new physics, e.g., in
lepto-quark models or supersymmetric ones with R-parity violation [17], or specific Z’
models [18, 19]. We emphasize that contributions from intermediate charmonium reso-
nances subsequently decaying to electrons or muons drop out in Ry, and related ratios,
after correcting for differences of radiative tails. Here and in the following we suppress for
brevity the analogous expressions for the B, — K K¢/ decay, unless stated otherwise.

3 The B — Knff matrix element at low recoil

The non-resonant decays B — Knl{ are accessible at low hadronic recoil with the OPE
in 1/my. In the basis used in this work, given in eq. (2.2), the generalized transversity
amplitudes can be written by means of universality [20] to lowest order in 1/my, as

H()LﬁR _ CL/R( 2) F07|| (q2,p2,cos 9K) : Hf/R _ Cﬁ/R (q2) 2 (q2,p2,cos 91() RNERY

where F; (1 =0, L, ||) denote the transversity form factors

FO — Nnr

[)\1/2 ( q2.p?, cos HK)

1
{(mK m ))\1/2 ( 2B—qQ—pQ) AII)/QCOSQK}’UJ_ (qz,p2,cost9K) ,

Nnr 2
Fy= /\fmr\/p>2 q D2, COSHK), F = 5 U)\)\p;%h(qQ,pz,cosﬁK). (3.2)




These are later generalized to include the contributions from the resonances decaying to
K final states. The normalization factor for the non-resonant decays reads

Nnr = GF‘%I)V;HO[G s )\)\g .

27mimp mpap (3.3)

The B — Kn form factors w4, h are defined in section 3.2. We denote the invariant mass
squared of the dilepton- and Km-system by ¢? and p?, respectively, whereas 0 is the
angle between the kaon and the B in the (.f( 71') center-of-mass system, where details on the
kinematics are given in appendix B. Furthermore, the Kéallén function \(a, b, ¢) is given by

Ma,b,c) = a® +b> + c® — 2(ab + ac + cb), with the short-hand notations A = A (sz, qQ,pQ)

2

W), where mj; and pys denote the mass and 4-momentum of the

and A\, = )\(p2,m%(,m
meson M = B, K, r, respectively.
The transversity amplitudes may be expanded in terms of associated Legendre poly-
nomials P;"
Fy= Z aé (q2,p2) P=0(cosfk),
£=0
P"=(cos b )

Fy = o (¢0") g — (3.4)
/=1
P=1(cos b
Fu= Y () TR
=1

Useful relations to the Legendre polynomials P, are Ptf) =P, and
P=l = sin 0k [dPy/d cosOk]. As detailed later in section 4, we take the dependence on
sinf and ¢ in F| ; out of the form factor and assign it to the angular distribution.
The dilepton system can only carry helicities 0, £1, which by helicity conservation gives
the respective range for the K7 system. The well-known result from Kj; decays [21] is
recovered that there is no S-wave contribution for H ; since P} = 0. The af coefficients
can be obtained using the orthogonality of the P;", the magnitude of which drops rapidly
with increasing /.

The ¢2-dependent short-distance coefficients Ci/ B are defined as
e 2mpymp o
O (¢?) = O5" (¢7) % Cf — (Cuo = Cfo) + 5 (cs™x 1), (3.5)
2mym
CE () = 5 () + Ch + Cro % Clg + 5" (e + 1), (3.6)

and resemble the ones of ref. [7] for B — K®)/(+¢~ decays to which we refer for details.
The C’i(eff), C! are (effective) coefficients of the operators in eq. (2.2). Time-like polarization
does not contribute in the limit of vanishing lepton masses. Corrections to the heavy-quark
limit are parametrically suppressed as O(asA/ myp, C’y) /CoA/ mb) and at the percent level.
Non-factorizable corrections vanish at the kinematic endpoint, i.e. at zero recoil.

In section 3.1 we give the requisite short-distance couplings in B — Km/t¢~ decays
at low recoil. In section 3.2 we discuss the B — K form factors and compute the im-
proved Isgur-Wise relations. In section 3.3 we present exact relations for the non-resonant
transversity amplitudes which hold at zero recoil. For brevity, in the following we frequently
suppress the arguments in various phase-space-dependent functions.



3.1 Short-distance couplings

In terms of a model-independent analysis the short-distance couplings in eq. (3.1) constitute
four complex functions of the dilepton mass. In B — Kw/T¢~ decays, the following
combinations of these couplings appear:

i =5 (ICEP +1CEP) , dp = (ICEP-ICEP) Py = ; (e zctelr), (3.7)

where in can in general be complex and p2+ equals py as in [7]. The corresponding expres-
sions in terms of the (effective) Wilson coefficients read

2

2
- ‘cgffic§+ s (c ic;) +|Cro £ Cly?, (3.8)
50 =R [ Ceff _C/ 2mme C C, o E
p=nhe 9 9T K e 7)) (Cro—Clo)" | (3.9)
Reps = Re (cgff e 2m;’ch )c;o — (cg Tk 2m;’mB c7> cfg] , (3.10)
Impy = Im |}, Cfy + (c§+ Qm;mB@) <cgff+ 2m;’ch )] , (3.11)
-1 2 /2 off | 2M me , 2mme
Repy = 3 [Cr0l” = |Chol” + |C5™ + 5 Cstl —|Ch+k C’7 . (3.12)
Tmp; = Im [C{o <CSH+ Qm;ch ) _ o <0§+ 27”;’”307) } | (3.13)

The coefficient k = 1 — 2a/(37) In(p/my), as in ref. [6], stems from relating the tensor to
the vector form factors, as shown below.

The accessibility of the coefficients p;, and dp is a new feature of the non-resonant
decays with respect to B — K*)¢¢ decays. In the SM basis of operators, where the C! are
negligible, only two couplings exist, p1 2 [6], and the following relations hold:

p1= pit =2Rep, , p2=Reps = p, Impét =0. (SM basis) (3.14)
3.2 B — K form factors

The relevant B — K7 matrix elements can be parameterized as follows:

(K" (pr)m (p) 57,1 = 75)bl B(p5)) = icij [wopu+w—Put 1 +iheuap,pip” P], (3.15)
(K (pr)7 (pr)|5iq” 01 (1+75)b| B(pg)) = —iciymp [w!,pu+w' Py+1'qu+ih e pappEp  P1], (3.16)

where the form factors w{’

.7 h") depend on ¢?, p? and cosfk. The combinatorial fac-
tors are given as |c_ ;|2 = |co_|?> = 2|coo|?> = 2|c_o|> = 1. Employing egio3 = —1 and
O = 1/2[Yu, Y], the relations to the form factors adapted from ref. [3] are a = wy —w_—r,
b=wy+w_—r, c=r, where details are given in appendix D. The form factor r, which pa-
rameterizes the g, component, does not contribute in the approximations employed in this
work, i.e. vanishing lepton masses and absence of scalar operators. For the (pseudo-)scalar

matrix element follows (we neglect the strange quark mass):

(K'(pr)m (pr)|5(1 4 75)b| B(pB)) = icij/my [wip-q+w_P-q+rq]. (3.17)



We compute the improved Isgur-Wise relations [22] to lowest order in 1/my and in-
cluding O(as) corrections using the method of equations of motion: starting from

10" (5i0,0 (1 +75)b) = —mp5y,(1 — 75)b + i0,(5(1 +5)b) — 25 Dy (1 +75)b (3.18)

and matching onto the heavy quark expansion, refer to, e.g., ref. [4] for the Wilson coeffi-
cients, we obtain
wy =wik, b =hks. (3.19)

Using eq. (3.19), the universal behavior [6] of the OPE detailed for B — K*/*¢~ in [4]
becomes manifest, in the leading order matrix element of non-resonant decays, eq. (3.1).
The explicit results in HHYPT [3] are consistent with this when keeping leading terms in
the expressions for the primed form factors only, as given in appendix D. The form factors
to lowest order in 1/my, used in this paper are given as

we — 4 9B MmB
220 pe+ A
2
p— 9B ! (3.20)

2f2 [v-pr+Alv-p+ A+ ps’

where v = pg/mp, A = mp« —mp = 46 MeV and pus = mp, — mp = 87.3MeV [23].
Here, f(p) denote the decay constants in the SU(3) limit of the light and heavy meson
multiplets and g the HHYPT coupling, where the values used are given in appendix A. As
is common practice for the phase space as well, we take into account the effect of different
meson masses.

The corresponding expressions for the B, — KK form factors read:

we — 4978 M,
T2 pr + A
2
h— 9B ! (3.21)

2f2 [v-pr + Asllv-p+ Al

where As=mp~—mp, =—42MeV. In this case all combinatorial factors can be set to unity.

HHYPT is an effective theory that applies to light mesons with soft momenta, suffi-
ciently below the scale of chiral symmetry breaking around 1 GeV. By kinematical consid-
erations, in B — K7/l¢ decays the momenta of the final pseudoscalars in the B-restframe
are smaller for larger ¢>-values. Quantitatively, typical momentum-like scales E, —m, and
Ex — mx [8] do not exceed 0.8 GeV (0.5GeV) for ¢* above 14 (16) GeV?, but are smaller
in most of the corresponding (p?, cos f )-parameter space. While higher-order corrections
in the regions with larger momenta will be more important, the expansion is trustwor-
thy for most of the low-recoil phase space. We employ (3.20) and (3.21) for the full low
recoil region.

3.3 Endpoint relations

The transversity amplitudes HZL / R, where i = 0, ||, L, of the weak decays B — K 7L, where
K ’ denotes a kaonic meson with spin J and mass m ,, are subject to endpoint relations,



that is, kinematic constraints at vanishing recoil A (mQB, 7, m%{J = 0 [20]. This situation
corresponds to vanishing 3-momenta of the final hadronic and leptonic system p'= ¢= 0 in
the center-of-mass system of the B, leading to an enhanced rotational symmetry because
of absence of direction. The endpoint relations read, [20],'

HOL/R:0+O(\5\>, (J =0)
Hf/R:0+O(\/X> 7 HHL/R:—\@HOL/RJrO(A), (J=1) (3.22)
st =0v0 (). =

Corrections in the vicinity of the endpoint are ruled by parity selection and are indicated
above. In the low recoil OPE the relations are equally present in the hadronic form factors.
The endpoint relations for the non-resonant decays are obtained from angular expan-

2
sion at A\, = A (mQB,qz,pZ) = 0. This corresponds to ¢? = (mB - \/pQ) for fixed p? or

p? = (mB — \/q>2)2 for fixed ¢%. In particular, ), is finite at p? in general. Eq. (3.22)
implies that the endpoint is dominated by the £ = 1 amplitudes with longitudinal and
parallel polarization which are related and finite after removing the common phase space
factor Ny To show this explicitly in the low recoil OPE, define F; = F; /Nur and denote
the corresponding coefficients as in eq. (3.4) by df. At the endpoint one readily obtains
that all df vanish except for d(l),ll’ which obey

1 1 ¢
CLO = CL” = — P}\p w_—

which is consistent with eq. (3.22). Note that due to isotropicity, the form factor w_ is

, (3.23)
A=Ay

cos Ox-independent at the endpoint, in accordance with the HHYPT results eq. (3.20).

It follows that the relations for B — K*¢¢ decay observables [20] hold at A for the
non-resonant decay, including the fraction of longitudinally polarized (l_( 7'['), Fr, being
1/3. Note that the endpoint values are assumed in general at different values of ¢ such
that the non-resonant modes do dilute the vector signal predictions. Phenomenological
consequences are discussed further in sections 4 and 5.1.

4 Angular distributions

We present angular distributions for B — K¢/ decays for the basis given in eq. (2.2) and
massless leptons. In section 4.1 we give the general expressions and discuss the special
point of zero recoil. In section 4.2 we discuss angular projections, where the K7 system
is in low angular momentum configuration, ¢ = 0,1,2, i.e., S, P, D partial waves. This
expansion corresponds to the lowest order terms in non-resonant decays as well as resonant
contributions from spin J = 0, 1,2 states subsequently decaying to K. In section 4.3 we
present the angular distributions in the low recoil region based on eq. (3.1).

1Relative signs depend on conventions for polarization vectors.



4.1 General case
The B — K7/l¢ angular distribution, with the angles 6,0k, ¢ defined as in [25], can be

written as

T = % [Z ci(e, 0)1; (q2, p?, cos GK)] dq?dp®d cos O d cos 0,d (4.1)
where

cp =1, c9=cos20,, c3= sin? 6, cos 2¢, ¢4 =sin260,cos¢p, c5 = sinfycos,

ce = cos by, c7 = sin @, sin ¢, cg = sin20,sing, c¢o = sin® Gy sin 26 . (4.2)
The phase space allows the angles to be within the ranges

—1<cosfrg <1, —-1<cost<1, 0<o¢<2m. (4.3)

The coefficient functions I; = I; (q2, p?, cos b K) are given in terms of transversity amplitudes
in eq. (3.1) as

B g imge g+ Do e+ e+ o m)} |

=1 :rHoLP (L R) — psin 0y {|HE? 4+ |HPP 4 (L R)}],

Iy = % :nyP —[H[?+ (L = R)] sin? O,

L= —é Re (HOLHHL*) (L R)| sinfx.

I = % Re (HOLHf*) (L= R)| sinox. (4.4)
Is = % Re (H”LHf*) (L= R)| sin?6x,

I = —i Im (H(%Hlf*) (L5 R)| sino,

Iy = —é I (HOLHF) (L= R)| s,

Iy = é I (HHLHf) (L R)| sin? 6.

After integrating over ¢, cos 6, and both, respectively, we obtain
d*T

— I} + Iy cos 20, + I cos L5
d?dp?dcos Oredcosf, 1 1T 2eos et lecosli, (4.5)
AT I/ L = _ ) ,
=Tyt —I7sin ¢ + > I3cos2¢ + - Iosin2¢ ), (4.6
dq?dp?d cos O d¢ 7T<1 3‘|'4 SCOS¢+4 7sm¢>+3 3 CO8 gb+3 g sin gb), (4.6)
’ I
dq?dp?d cos O 3

At zero recoil A = \,, see section 3.3, the following exact relations hold

I — L+ 1 I, — \/([1+Ig)([1—3[2)
3= — 2 ; 4 — — 9 ;

Is6780=0, (4.8)



and in addition the cos g and cos #,-distributions become isotropic,

d°T / d’T
dq?dp?d cos Ok dq?dp?

d3T / d’T
dq?dp?d cos 0, dq?dp?

while the ¢-distribution between the K7 and ¢¢ planes does not,

d3T d2T
dq?dp?de/ \ dq?dp?

in agreement with [20].

A=A

N~ N~

A=A

S <1 - %cos 2¢) ) (4.11)

A=A, 2T

4.2 S-, P- and D-wave angular projections

Using eq. (4.4) and substituting in the Legendre polynomials
1
PY(x)=1, P)(z)==x, Py (x) =5 (32°—1), Pl (z)=—V1—22, Pj(z)=—3zV1-22, (4.12)

we obtain the full angular distribution d°T'(S + P + D) for the K7 pair in S-,P- and
D-wave configuration. Since ¢ is fixed, all angular dependence can be made explicit. In
particular, the angular coefficients J;, = Ji, (qQ,pQ), stemming from I;,7 = 1,...,9 and
given in appendix E, do not depend on 6x. Higher partial waves can be included in a
similar manner. The angular distribution is given as

d°r(S+P+D) 13)
dq2dp®d cos O d cos Opdd :
1
5 Z G (Jicc 0820k + Jiss SIN20x + Jic cO8O0K + Jisse SIN20 co8O0x + Jigsce SIN20K COSQQK)
T list2
+ Z G (JiCc cos?0 + J; + Jic cos@K) sin?0
i=3,6,9

+ Z C; (JicC cos20x + Jiss sin?05 + Jic cosOx + Jigse sin?0x COSGK) sinf g
i=4,5,7,8

Explicit expressions of the J;; are given in appendix E. Integration over g yields

d*T(S+P+D) 1 2 4 4 4 4
dq?dpd cos Opddp o i21:2 Ci ngcc + ngs + I,)stscc +i; 902 1—5ch + §‘]’

T 3T
7 *Jicc 7Jiss 3 4.14
3 (et ) (4.14)

and integrating further over ¢ and 6y,

d’T(S+P+D) 4 2 1
( ) =35 |:ch0 + 2J153 + gjlsscc -3

3

2
dq2dp2 3 <J2cc + 2J253 + 5JQSSCC>:| . (415)
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Figure 1. The first few angular coefficients af (left i = 0, middle i =||) of the non-resonant form
factors Fj, given in eq. (3.2), for central values of the input parameters at p? = m%.. The blue
dotted, black solid and red dashed lines correspond to S, P and D coefficients, respectively. In the
plot to the right the form factor Fy is shown at p? = m%. and ¢*> = 18 GeVZin S (blue short-long
dashed), S+P (green dotted) and S+P+D (red dashed) approximation, together with the full result
(solid black curve).

For a pure P-wave, only a subset of coefficients contribute: Jjssicc for i« = 1,2, J;
for i = 3,6,9 and J;. for i = 4,5,7,8. Their relation to the ones from B — K*(—
Kr)tl analyses [6] (BHV) are: J;ss = 3/4J50Y | Jiee = 3/4JB1Y (i = 1,2), J; = 3/4JBHV
(i =3,6,9) and J;. = 3/2JP1V (i =4,5,7,8).

To approximate the non-resonant distribution, i.e., its form factors eq. (3.2) by its
S+P-+D-wave components turns out to be useful when discussing the P-wave decays B —
K*(— Km)ll to which the non-resonant ones constitute a background. The S+P+D
distribution will receive two types of corrections from higher waves: there will be additional,
higher trigonometric polynomials of the angle 8, and secondly the S+P+D coefficients J;,
will receive further contributions. Quantitatively, we find that near p?> = m%(* the S+P+D
approximation in the longitudinal part of the rate is at the few permille level, whereas the
corrections to the parallel and perpendicular ones are equal and drop from one percent
at ¢2 = 14 GeV? to sub-permille towards zero recoil. The corrections in the simpler S+P
approximation are about one order of magnitude larger. In our numerical estimate we used
the explicit form factors eq. (3.20).

To illustrate the features of the S+P+D approximation we show in figure 1 the first
few angular coefficients af;"‘ (q2, p2) of the non-resonant form factors Fj, given in eq. (3.2),
for central values of the input parameters at p? = m%(*. Due to the identical angular
dependence of the respective form factors w_ and h the angular expansion for the transverse
form factors F) and F'; is identical up to an overall kinematic factor and for brevity aﬂ is
not shown. Towards lower g?-values the S-wave contribution dominates Fy. Also shown in
figure 1 is Fy (18 GeVZ,m%{*,cos HK) in S, S+P and S+P+D approximation, and the full
result. Note that convergence of the angular expansion is achieved after cos 0 -integration
rather than locally. Since going to D-waves corresponds to one order more for Fp relative to
the two transverse form factors (not shown) the approximation works better for the former.

The observables based on the I;, and the derived J;;, in the B — K*(— Km)l
analyses contain different contributions from the non-resonant S,P and D-wave states.
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Generically, the following features hold, where we extend existing findings for the S-wave
background [7, 13-15] to include D-wave effects:

i) there is no S-wave contribution to I3 9.

ii) The D-wave contributions to I3 69 can be separated from the pure P-one by an angular
analysis, since both appear individually in separate coefficients .J;,.

iii) In I; o the S- and D-wave contributions need to be subtracted by sideband
measurements.

iv) The S-P and D-P interference to I457g can be separated from the pure P-wave con-
tribution by angular analysis, while S-D and pure D-contributions remain. In general,
the latter require sideband subtractions, unless they can be neglected, see below.

v) In the presence of a sufficiently dominating P-wave contribution, the S- and D-waves
can be considered small and S-S, S-D and D-D contributions are doubly suppressed
and hence may be neglected. This concerns about half of the 35 coefficients J;,, given
in appendix E, which receive in this approximation P-wave contributions, only.

vi) As discussed further in section 5.2, strong phase differences are experimentally ac-
cessible and signal the presence of interference.

vii) The separation of non-resonant contributions from resonant ones in the same partial
wave requires sideband subtractions.
4.3 Low recoil

At leading order low recoil OPE, the sensitivity of the angular coefficients to long- and
short-distance physics factorizes as follows:

1 _ 3. -
L= g []:0201 + 5 sin® O {7 Py + 1 FLPof } |
1 _ 1 -
L=-3 [fOQm — 5 sin” O {IF) Pr + ‘ﬂ‘%r}} ’
1 1.
Iy= o [IFLPel = |F[Ppr] sin® O,
1

Iy = —4Re(]-'o}""‘) py sinf ,
Is = [Re(}-ofi)ReP; + Im(fofjk_)lmpg_] sin O , (4.16)
Iy = — [Re (1) Repg + Im (F11) g ] i 0

I; = Im(}"o]-'ﬁ) 0p sinf ,

Is = = [Re(FoF})Impy — Im (FoFT) Rep; | sinfbg

N =N

[Re(}l}-ﬂ‘)lmp; + Im(}]_}"ﬁ“)RepQ_] sin? O ,
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where the short-distance coefficients are given in eq. (3.7) and the generalized transversity
form factors are defined as

Fo=Fo (¢*, 1%, cosbk) = Fo (¢, 9%, cosOxc) + Y P, (cosbk) - Fosy (a%07) . (4.17)
R
P; (cos@
Fi = .7-"( .2, cosé’K) F(q .2, COSGK —i—Z szeKK) Figg (QQJ)Q), i=l, L.

Here, the first terms on the right-hand sides are the non-resonant form factors, as given
in eq. (3.2), and the second terms denote contributions from resonances R with spin Jg
decaying to K7 with the corresponding polarization-dependent form factors Fo,,1) 7z
The latter can include either a parameterization of the line shape or, in the narrow-width
approximation, a delta distribution. The separation of the individual contributions to the
partial waves is non-trivial, in particular for very wide resonances such as the x(800). This
means that there is a risk to double-count contributions when the line shapes are extracted
experimentally.

The factorization of long- and short-distance factors with universal short-distance co-
efficients at low recoil can be seen in eq. (4.16). This separation allows suitable observables
to be formed that are sensitive to the electroweak physics, without the need for separat-
ing each of the different contributions to eq. (4.17). Strong phase differences between the
generalized form factors JF; can arise from the interference of non-resonant decays with
resonances or overlapping resonances. This provides an opportunity to probe the couplings
py and dp, which otherwise could not be accessed in B — K ()¢¢ decays.? At the same
time information on strong phases can be extracted experimentally. Particularly useful in
this regard are the (naive) T-odd observables I7g g [25].

In the SM basis, eq. (4.16) can be simplified using eq. (3.14) to give

1 3
I = g~ [|.7:0|2 fsm 9K{|'7:H|2+|]:i| }]

8

1 .
Ih=—-p [‘fo\Q — 5 sin” O {7 1° + ‘}1’2}] 7
[

1 .
§p1 | FL? = |F[?] sin® 0k,

I = _Zpl Re(foﬁ’r) sinfg ,

I3

Is = paRe(FoF])sinbg, (SM basis) (4.18)
I = —pa Re(F| F}) sin® b
I7 = pP2 Im(f()‘/—"ﬂk) sin 9[( s
1
Ig = _Zpl Im(fofj) sin QK 5
1
Io= o p1Im(FLF}) sin® O .

Note that the non-vanishing values of I7g ¢ in the SM basis are induced by non-vanishing
relative strong phases.

2These couplings can also be accessed in baryonic decays such as A, — ALl. We thank Danny van Dyk
for informing us about their forthcoming publication [24].
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5 Phenomenological analysis

A key feature of non-resonant B — K7l¢ decays is that at low recoil they are amenable
to the lowest order OPE, resulting in eq. (4.16). As in B — K®)¢¢ decays [6, 7], the
separation of short-distance from form factor coefficients allows to construct observables
that are sensitive to short-distance or hadronic physics separately. This makes non-resonant
decays useful by themselves, given sufficient data for an angular analysis. Here we discuss
only a few important phenomenological applications, leaving a more detailed analysis for
future work. The numerical estimates are based on HHyPT form factors, as given in
eq. (3.20), which are extrapolated in parts of the phase space beyond their nominal region
of validity. This means that the uncertainties in particular in rates covering such regions
are possibly underestimated. This highlights the importance of ratios and asymmetries to
be constructed from the angular analysis, which can have a much weaker dependence on
form factors, as well as independent and improved B — K form factor determinations.

We perform phenomenological studies at low hadronic recoil of non-resonant B —
Kl decays (section 5.1), discuss aspects of the angular analysis (section 5.2), including
resonances (section 5.3) and of Bs — K K/{{ decays (section 5.4).

5.1 Non-resonant B — Kmff decays

In the analysis of non-resonant B — Kmf¢ decays, the focus lies on estimating their
influence on B — K*(892)¢¢ (“P-wave”) analyses. To that aim, the ranges of interest for
the invariant mass of the (Kr) system are defined as follows:

2
— full phase space of the non-resonant decay: p2. =(mg+m;)? <p?< (mB— \/q2) ,

2
where the endpoint for the dilepton system is ¢ = ¢2.. = (mB — 4/ p?mn) =
21.58 GeV?.

— P-wave ‘signal’ window: 0.64GeV? < p? < 1GeV?, corresponding to the endpoint
¢® = 20.06 GeV?2.

— S+P-wave ‘total’ window: pfmn < p? < 1.44GeV?, corresponding to the endpoint
2 2
q" = Qmax-

We stress that both, the signal B — K*¢¢ and the non-resonant B — K¢/ background
decays, are |[AB| = |AS| = 1 FCNCs and need to be analyzed together in a model-
independent way.

Differential SM branching ratios for the non-resonant decays are shown in figure 2.
The curves are obtained by integrating eq. (4.7) over the accessible phase space. Form
factors from HHYPT are employed, as given in eq. (3.20), using the parametric input given
in table 3. The left-hand plot of figure 2 shows the impact of the p?-cuts defined above
on the ¢?-distribution. Without p? cut, the resulting integrated SM branching fraction
in the low-recoil region is in the few 10~% range, about an order of magnitude smaller
than the corresponding ones for B — K*{{, as given, e.g., in [7]. Since the very high-¢?
region is dominated by small hadronic masses, the distribution for the S+P window differs
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Figure 2. The non-resonant differential branching fraction dB (B — Kmll) /dg® (left)
without p?-cuts, in the P-wave ‘signal’ window and the S+P-wave ‘total’ window, and
d*B (B — Krtt) /dg*dp* (right) for fixed ¢ = 16,17.5,19 GeV> (from outer to inner curves) in
the SM, see text for details. B — K form factors are taken from HHYPT, eq. (3.20), and include
parametric uncertainties only. Dashed lines are for central values of the input parameters.

from the one without cuts only at smaller values of ¢?. This feature is shared also in
the following plots with other observables. Both, P- and S+P-window cuts reduce the
low-recoil branching ratios to around 10~®. The right-hand plot of figure 2 shows the p?
distribution for fixed values of ¢?. The spectrum is very different from the Breit-Wigner
resonance distributions.

Outside the K* region, the integrated SM branching ratio in non-resonant decays is
10- 10 above and 4 - 10~ below the signal window, and 4 - 10~ above the S+P window,
see figure 3 on the left, where the branching ratio for a variable cut in p? is shown for
@2, = 14,16 GeV*:

B (B~ Kntl) ,_,

ZFcut 2 dq2 dp2

min

mp—mp—mz)2
_ / e o / w000 -5 (B o Ret)™ . (5.1)
q Pout

Uncertainties in the B — Km/¢ decay distributions stem from the following sources:
i) the short-distance quantity p7™, i) parametric uncertainties, i.e. V;%V}; and the B-meson
lifetime, 4i7) subleading 1/m; corrections, and iv) form factors (parametric, especially g,
and systematic, from higher order HHxPT corrections, which would induce strong phases,
and SU(3) breaking). The latter (iv), which presently dominates the uncertainty budget,
can be reduced in the future through improved determinations of the form factors w4, h. We
recall that we employ the leading order HHYPT results including some part of the SU(3)-
corrections by using physical values for the decay constants, as detailed in appendix A.
Remaining systematic uncertainties, which are not included in the numerical estimates in
this work, can be at order few 10% in the form factors, making further determinations
from other means desirable. The uncertainties in p?M, which is known at next-to-leading
order in QCD, have been studied in detail in ref. [6] and amount to about 3%. The
contributions to the uncertainty in the branching ratio from the CKM factors and the
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Figure 3. Left: branching fraction of non-resonant B — Kml{ decays in the SM, integrated over
the low-recoil region from (14, 16) GeV? — ¢2,,. as a function of the lower p*integration boundary,
as defined in eq. (5.1). The vertical lines indicate (from left to right) the lower and upper bound for
the P window, and the upper cut for the S+P window. Right: R = (dB(B — Knrtl)/dq?)/(dB(B —
K*00)/dg*) in the SM basis for the three p*-regions of interest. In the ratios the short-distance
coupling p1(q?) cancels, see eq. (4.18). The endpoint behavior is discussed in the text. In both
plots dashed lines indicate central values of the input parameters. B — Kn form factors are taken
from HHYPT, eq. (3.20), and include parametric uncertainties only.

lifetime are about 5% and 0.5%, respectively. Further effects from charmonium resonances
B — (¢ — t0)K, not captured by insufficient bin size or unfortunate bin boundaries,
are known from related B — K®*)¢¢ studies and apply analogously. Factorizable resonance
effects drop out in several ratios [20], see [26] for a recent study. The latter works found
also sizable non-factorizable charmonium contributions in B — K puu data. If and at which
level this implies corrections to universality has to be settled experimentally in the future,
e.g., with B — K*¢¢ angular analysis. The result for the fully integrated branching ratio
of the non-resonant decay in the SM at low recoil reads

Thax dBSM  _ _
108 - / dg? (B — Krtt) 222708 +012) 0 (5.2)
1 g CKM

4GeV? dq2
The ‘signal-to-background’ ratio R = (dB(B — Kntt)/dq*)/(dB(B — K*tf)/dq?) in
the SM basis is shown in figure 3 on the right. Note that here the short-distance coupling

oo

p1(¢?) drops out, as shown in eq. (4.18), and the results hold model-independently. The
distributions for B — K*{ can be obtained from the general formula, eq. (4.13), by
projecting out the spin-1 component as shown in appendix E. These agree with previous
findings on the angular distributions in [6]. The form factors for B — K* used in this
work are taken from [27] as compiled in [6], and employ an uncertainty estimate for the
ratios V/A; of 8% and As/A; of 10% from [28]. The ratio R diverges at the K* endpoint
in the zero-width approximation, ¢> = (mp — mg+)? = 19.21 GeV?, but is regularized
in finite width by replacing the phase space factor Ax= by A. The remaining theoretical
uncertainties in R stem from the heavy-quark expansion and form factors in the numerator
and denominator, added in quadrature, where the latter could be reduced by an improved
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Figure 4. The angular observable Fy, for B — Km/{ with the three different p? cuts in the SM
basis. Dashed lines are for central values of the input parameters. The short-distance coupling
p1(¢?) drops out in the SM basis, see eq. (4.18). The horizontal dotted line marks the endpoint
prediction Fy, = 1/3, see section 3.3, the vertical one the endpoint of the K*(892) distribution.
B — K form factors are taken from HHYPT, eq. (3.20), and include parametric uncertainties only.

(and perhaps even combined) calculation of the B — K* and B — Kn form factors.
The p? cuts are seen to be rather efficient in suppressing the non-resonant decays over the
whole low-recoil ¢® region. However, a contribution of several percent remains, even for the
K*(892) signal region. As will be seen in section 5.3, this thereby constitutes the dominant
background.

The impact of the different p? cuts on angular observables is shown exemplarily in
figure 4 for F, the fraction of longitudinal transversity states. In the SM basis at low
recoil short-distance couplings cancel and F7, (locally) measures form factor ratios. In Fp,
also form factor uncertainties cancel; specifically, for HHYPT form factors this concerns the
decay constants and to a large extent the coupling g, although it enters the form factors
with different powers, cf. eq. (3.20), and this cancellation is not perfect. Note also that
systematic uncertainties in the form factors have not been included. We expect, however,
that some cancellations take place in ratios. Nevertheless, it shows that appropriately
constructed observables can be predicted with much higher precision than the differential
rate. The endpoint value of non-resonant decays equals 1/3 as predicted, yet the very
same K*(892) endpoint prediction is contaminated from non-resonant backgrounds because
Fy, = 1/3 is assumed at different values of ¢2. The steep approach towards the maximal
non-resonant ¢> is caused by Ap, which vanishes at this point.

5.2 Angular analysis

Approximating the non-resonant distributions by their S, P, D partial waves is a useful
approximation, especially when discussing interference with resonant contributions. The
following aspects of the resulting distribution, as given in eq. (4.13), are addressed: impact
of non-resonant contributions on the B — K*¢¢ angular coefficients (subsection 5.2.1), mea-
surement of strong phases, specifically impact of relative phases from the K* overlapping
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Figure 5. The ratio J{“/Ji{g* for p? = m2%.. in the SM basis for Jiec(= Jace), J1ss and Jogs (left

x
plot) and Js, Jy., Js. and Jg (right plot). Form factor uncertainties are not included.

with the non-resonant contributions (subsection 5.2.2) and predictions for contributions to
B — K*¢¢ SM null tests (subsection 5.2.3). We treat the K*(892) in zero-width approx-
imation. A full study of the physics reach of the angular analysis, including correlations,
beyond zero-width-K* or global fits, is beyond the scope of the present work.

5.2.1 Background to the angular coefficients in B — K*¢¢

In order to estimate the influence of the non-resonant contributions more generally, the
relative contributions in the angular coefficients of B — K*¢¢, J/ Jg*, are calculated
underneath the mass peak of the K* at low recoil in the SM basis, from which the influence
on all observables in the B — K*(¢ analyses can be estimated. In this basis the short-
distance physics cancels in these ratios. The results are shown in figure 5; the corresponding
curves for Jr.gc9 are discussed in the next subsection, as for those J K* are null tests in
the lowest order OPE. All ratios are at the few percent level, except for the ones of J3
and Jjss,4 = 1,2, which can be larger and increase towards lower values of ¢?. For J3
this happens because J§*  vanishes in the limit f(K*) ~ fi(K*). The latter can be
understood in terms of helicity conservation [29] and, while being formally a feature at
large recoil, starts setting in already at the lower g¢?-end of the low-recoil region. The
effect in Jiss,7 = 1,2 stems from the numerator and is predominantly caused by the sizable
non-resonant S-wave component in Fp, see figure 1.

These ratios are typically of the same size as the relative contributions of non-resonant
decays to the differential branching ratio, as shown in figure 3. However, some of the ratios
can also be significantly larger, implying an even larger influence on other observables,
rendering their inclusion mandatory.

5.2.2 Probing strong phases

The angular coefficients associated with I7r_g are particularly sensitive to relative strong
phases since they vanish without the latter in the SM basis, as shown in eq. (4.18). The
coefficients associated with Iy vanish even in the more general SM+SM’ basis in this case,
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Figure 6. Tests for relative strong phases: |J7./Js|, |Jsc/Js| and |Jo/J5] for p*> = m3. and
maximal relative strong phase dx+ = 7/2 in the SM basis, see text for details.

as can be seen from eq. (4.16). This offers opportunities to probe the relative strong phases
between resonant and non-resonant contributions, and between different resonances. For
interference effects to be sizable, the resonant P-wave contribution from B — K*¢¢ has
to be involved. The following observables therefore probe the interference of the non-
resonant P-wave with the K™ contribution cleanly. In particular, the normalization to J3¢
guarantees that is no additional S- or D-wave “pollution” in the denominator.

s ()

SO e LA (5.3)
Jo  Re(FjpFip)

Im (FypF't
J3 |F'p|? — |F)p|

Js  T|FLp|? = |Fpl*’

In figure 6 the absolute values of these ratios are shown in magnitude for a maximal strong-
phase difference, in order to see how large they can become. The curves would vanish for
O+ = 0,m. We recall that in general the phase is expected to vary over the phase space. It
is seen that contributions can be sizable and can be benefited from in an angular analysis.
Note that all these ratios depend dominantly on one relative strong phase between the K*
and the non-resonant contribution, dx+. Its extraction is possible even in the presence of
an extended operator basis, where the new combinations of Wilson coefficients, dp and p; ,
appear which are discussed in section 3.1. If §p and p, are complex, potentially further
contributions to Jg, and Jg, arise, while J7, still requires a finite relative strong phases to
be non-zero. In that case it useful that different combinations of form factors and these
coefficients enter the angular coeflicients J(7_g),, see appendix E. Note again that Ig is free
from S-wave contributions.
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Figure 7. SM predictions for j?gf%c’g/l"(Bo) for maximal relative strong phase dx+« = m/2. The
observables would vanish for a pure resonant contribution or dx~ = 0, 7.

5.2.3 B — K*¢¢ SM null tests

The coefficients discussed in the last paragraph vanish in the SM basis for a purely resonant
decay B — K*0/, thereby providing null tests of the standard analysis of this mode. In
figure 7, they are shown as a function of the dilepton invariant mass squared, for p? = m%(*

in the zero-width approximation and normalized to the total width I'(By):

T = —pMIm (ForFjp ) | (5.6)
SM

Joet = plj Im (FopF7p) (5.7)

jSM—piMI F pF*

9 =7 m( Lp HP>- (5.8)

The effect in J7. is the largest among the observables studied. When compared to the
differential branching ratio of B — K*£¢ in the SM, the induced change JSM/I'(By) can
be up to ~ 5% in magnitude.

5.3 Resonant S-wave contributions to B — Kmé¢

Semi-leptonic decays to the K7f¢ final state contain contributions from decays proceeding
via kaon resonances. The relevant states are detailed in table 1.
The angular distributions for semi-leptonic B to spin-0 kaons can be obtained from the
general formula, eq. (4.13), by projecting out the spin-0 component, as shown in appendix E.
The p? line shape of the resonant S-wave contributions to B — Km¢¢ can be described
phenomenologically by the coupled Breit-Wigner formalism set out in ref. [13],

1

—9k
BWs (p?) = 5.9
S(p ) NS [(mﬁ—irﬁ/Q)Q—pQ_‘_ (ng—iFKg/Q)Q—pz ’ ( )
with the normalization factor Ng fixed by
(o)
/ dp*|BWs (p*) P =1. (5.10)
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JP | mass [MeV] | width [MeV] | branching ratio to Kr

#(800) 0t 658 557 ~ 100 %
K*0(892) | 1~ 895.8 47.4 ~ 100 %
K*(1410) | 1~ 1414 232 ~ 7%
K;(1430) | 0F 1425 270 ~ 100 %
K39(1430) | 27F 1432 109 ~ 50 %
K*(1680) | 1~ 1717 322 ~ 39%
K3(1780) | 3~ 1776 159 ~19%

Table 1. Selected states decaying to K [23]. Data on (800) from [30].

We stress that we are not aiming at a first-principle description of the « line shape but
rather employ (5.9) as a simple, data-based parameterization.

The parameter g, is complex in general and the data on (f( 7T) line shapes is well
approximated at least in the ‘signal’ window by the parameter values |g.| < 0.2, 7/2 <
arg g, < 7.3 Since the resonances are considered within this formalism at finite width, the
appropriate phase-space factor is the function A introduced in section 3. A comparison of
different line shapes in a wider p? region can be seen in ref. [10].* After taking into account
that the agreement of the parametrization in eq. (5.9) with the other ones discussed there
improves for the value arg g, = /2 (this work, see below) when compared to arg g, ~ 0,
used in ref. [10], the difference between the predictions is at the 30% level. This can be
taken as an indication for the size of uncertainties in the resonant K7 S-wave background.

The differential branching fraction of B — Kml¢, where the K7 comes from a K (1430)
or k(800) state in the low-recoil region, is shown in figure 8. The value of the parameters
chosen are |g;| = 0.2 and arg(g,) = /2, in order to maximize the S-wave distribution
in the region preferred by experimental data. The dotted curves correspond to g, =
0, i.e. no resonant contribution from the x(800). When compared to the non-resonant
differential branching fractions shown in figure 2, the magnitude of the resonant differential
branching fractions is subdominant to the non-resonant one. This is further illustrated in
figure 9, which is the analogue to figure 3 for the resonant S-wave contributions. Again
form-factor uncertainties from the numerator and denominator enter and are added in
quadrature. Form factors for B — K{(1430) are taken from QCD sum rules (QCDSR) [31].
A calculation within the light front quark model [32] yields consistent values at low recoil.
The form factor estimates are considered rather uncertain already at large momentum
transfer; additionally, they have to be extrapolated to the large recoil region. Note that
they depend on the interpretation of the x(800) resonance; ref. [31] assumes that the
K(1430) is the lowest scalar sq resonance. A comparable estimate in pQCD [33] yields
very large values for the form factor at low recoil, which we consider unrealistic. It can be
seen that resonances with higher mass and J # 1, including the K3 (1430), have less overlap
with the K*(892) and/or a smaller rate to K, as shown in table 1, and consequently their

impact on angular analyses is even smaller.

3We thank Damir Becirevic for communication on this point.
4The dotted and dashed curves in figure 7 of ref. [10] are labeled erroneously and should be interchanged.
We thank the authors for confirmation.
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Figure 8. Differential branching fraction of resonant S-wave B — (K (1430) + #(800))¢¢ decays
using the line shape given in eq. (5.9) [13], as a function of ¢? for the three p® regions (left) and
for p? at two given values of ¢? (right). The branching fractions are given using the numerical
input in table 3, QCDSR form factors [31], |g,x| = 0,0.2 (dotted and dashed lines, respectively) and
arg g, = 7/2. Form factor uncertainties are not included.
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Figure 9. Ri:. = (dB(B — (K{(1430) 4 £(800))¢¢)/d¢*)/(dB(B — K*{()/dq?*) for the resonant
S-wave contributions, using the line shape given in eq. (5.9) for arg g,, = 7/2, |gx| = 0,0.2 (dotted
and dashed lines, respectively) (form factor uncertainties are not included) in the SM basis for the
three p?-cuts. In the ratios the short-distance coupling p;(¢?) cancels, see eq. (4.18). The endpoint
behavior is discussed in the text.

The J = 1 resonances with higher mass and their resulting P-wave contributions do not
change the structure of the B — K* (¢ angular distribution, while contributing to the gen-
eralized transversity form factors F; o< Y F;p. This way, the short-distance/long-distance
separation with universal short-distance coefficients of the low recoil region remains intact.
Since ratios of form factors extracted from data [34] are accessible only as superposition
of 1~ states with relative strong phases, information on the p?-dependence is necessary
before they can be compared to predictions for B — K* from lattice QCD or sum rule
calculations.
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We conclude that the non-resonant decays form the largest part of the background
in the B — K*#/¢ ‘signal’ window. While such effects are at the order of a few percent
in the decay rate, their size generically differs depending on the observable in question.
Some angular observables have been studied in this regard in the previous subsection. In
the future the accuracy to which these effects can be predicted can be further improved
with better knowledge of the B — K form factors. A sufficiently precise non-resonant
distribution may allow to circumvent sideband subtractions. We stress that this depends
on the angular coefficient involved. Note also that relative strong phases signal interference
from non-resonant or resonant sources and can quantify any such admixture.

5.4 Non-resonant B, — KK/¢ decays

The decays By — KK//¢ are similar to the B — K7ll ones and it is possible to obtain
similar predictions for the corresponding non-resonant contributions. A main difference
between the two decays is the narrow width of the resonant P-wave state, which allows for
much tighter cuts to isolate the signal. In order to understand the contributions to the
experimental distributions, the following regions of p? are chosen:

2
— full phase space of the non-resonant decay: pfnin = (2mg)? <p’< (mBS — \/q2) ,
2
with endpoint ¢ = ¢2,., = (mBS — 1/p§ﬁn> =19.18 GeV?.

— P-wave ‘signal’ window: 1.01GeV? < p? < 1.06 GeV?, corresponding to mg £
12MeV [35] and the endpoint ¢ = 19.03 GeVZ.

~ S+P-wave ‘total’ window: pZ, < p? < (mg + 50MeV)? = 1.14GeV?, and the
endpoint ¢2,,,, .

Note that the endpoint of the signal decay Bs — K K¢/ is at ¢°> = (mp, —mg)? =18.90 GeV?.

Another important difference between the decays B, — K K¢ and B — Kn/l/ is that
there are no low lying scalar (Ss) mesons, as can be seen in table 2, which contribute to
the signal window. This is because the low-mass (Ss) mesons have either small branching
ratios to K K or do not overlap significantly with the ¢. In this regard, the B, — ¢¢¢ decay
is cleaner than the B — K*{/ one as the latter contains resonant backgrounds at low recoil
from states such as the x(800). Furthermore, there are opportunities in By decays due to
the finite lifetime difference, including untagged CP-asymmetries related to I5 689 [25].

The differential branching fractions for non-resonant By — KK//¢ decays in the SM
at low recoil are shown in figure 10. The SM branching ratio as a function of the low
p?-integration cut is presented in figure 11. The form factors from HHyPT used in this
prediction are given in eq. (3.21). Theory uncertainties as discussed in section 5.1 apply
likewise. Due to the tighter P and S+P cuts the suppression of the non-resonant rates is
by one order of magnitude more efficient than for B — K¢/ decays.

Given the absence of additional interfering resonances, the neglect of doubly suppressed
contributions, i.e. S-S, S-D, and D-D interference, is clearly justified for By — K K¢, sim-
plifying the angular analysis greatly. Furthermore, the possibility to isolate the resonant
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JP | mass [MeV] | width [MeV] | branching ratio to KK
fo(980) | OF 990 ~ 70 subdominant
0] 1~ 1019 4 489% (KTK™)
f2(1270) | 2* 1275 185 4.6 %
f0(1370) | 0F ~ 1350 ~ 350 subdominant
f2(1430) | 2+ ~ 1430 unknown needs confirmation
fo(1500) | 0* 1505 109 8.6 %
15(1525) | 2F 1525 75 89 %
Table 2. Available information for selected (5s) mesons decaying to KK [23].
10 , . . 0.4 : .
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Figure 10. Non-resonant dB(Bs — KK/({)/dq? (left) without p?-cuts, in the P-wave ‘signal’
window and the S+P-wave ‘total” window, and d?B(Bs — KK/{)/dq*dp? (right) for fixed ¢* =
16,17.5 GeV? (outer and inner curve, respectively) in the SM, see text for details. By, — KK form
factors are taken from HHYPT, eq. (3.21), and include parametric uncertainties only. Dashed lines
are for central values of the input parameters.

contribution from By — ¢¢¢ so well offers opportunities for using the non-resonant decays
as a signal mode: outside the signal region for the ¢, they provide the dominant con-
tribution. The null tests discussed for vanishing strong phase differences in B — K7/l
in section 5.2.3 are actually probing new physics in the By — KK/¢ decay: a potential
significant measurement of one of the coefficients Jig g), in this decay would indicate new
physics. J7,, however, would remain zero to very good approximation.

6 Conclusions

We present model-independent distributions for non-resonant B — Km¢¢ and By — KK/
decays, where ¢ = e, u, at low hadronic recoil. To benefit from the OPE in 1/m; we
give improved Isgur-Wise form factor relations between the vector and tensor currents, as
shown in section 3.2. These relations follow from the equations of motion and make the
universal structure of the helicity amplitudes inherited from the kinematic endpoint [20]
manifest. The exact endpoint relations for weak decays [20] are extended to non-resonant

~93 -



II [14Gevz_4;ax]-

[16Gevi-g2,,]

-

T

TR

Tt -~
S

0.0 |:: - L L
1.0 1.5 2.0 2.5

piul(Gevz)

Figure 11. The branching fraction of non-resonant B, — K K¢/ decays in the SM, integrated over
the low-recoil region from (14, 16) GeV? — ¢2,. as a function of the lower p*integration boundary,
analogously to the definition in eq. (5.1). The vertical lines indicate (from left to right) the lower
and upper bound for the P window, and the upper cut for the S+P window. B, — KK form
factors are taken from HHYPT, eq. (3.21), and include parametric uncertainties only.

decays in section 3.3. The only non-vanishing amplitudes at the kinematic endpoint in
B — Kl decays come from P-wave states. The behavior of the non-resonant decays at
zero recoil therefore reflects features of B — K*(892)¢¢ decays, however at different values
of the dilepton invariant mass. This is shown explicitly for the observable FTp .

The non-resonant modes constitute a background to precision tests of the SM with
B — K*( — Km)ll and Bs — ¢(— KK)l decays. While the branching fractions of
non-resonant decays are at the level of 1078 in the SM, and hence only about an order of
magnitude smaller than the P-wave signal modes, kinematic cuts suppress the non-resonant
rates in the P-wave analyses efficiently. We also find that the branching fraction of resonant
S-wave background is subdominant to the branching fraction of the non-resonant decays.

Additional opportunities in B, — K K¢ follow from the fact that the K K distribution
is very simple and contains essentially only one pronounced resonance which is very narrow.
Once the ¢ is removed, the spectrum is given by the non-resonant decay which can be used
as an FCNC test.

Our numerical estimates are based on HHYPT B — Kn form factors which have
been extrapolated in parts of the phase space beyond their nominal region of validity.
However, this affects the lower dilepton mass region more than the region closer to the
endpoint. Improvement of these approximations would require complementary and more
precise information on the form factors available, for instance from lattice QCD [36].

Angular analyses when non-resonant decays are included become significantly more
involved as an infinite tower of states with different angular momenta is present. The
approximation of the non-resonant state to only the lowest S, P and D waves is sufficient
to a percent-level precision in the rate. The full angular distribution in this approximation
is given in eq. (4.13). We summarize the qualitatively new ingredients in the study of
non- resonant modes: i) Access to further combinations of Wilson coefficients dp and p; ,
as shown in section 3.1, that are not present in B — K®*)¢¢ analyses, i1) the possibility
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to probe strong phase differences using the interference with the resonant contributions,
and i1) new contributions to null tests of B — K®*)£¢ decays. The latter two items are
discussed in section 5.2.

Before closing we note that one may also consider lepton-universality breaking effects
between dielectron and dimuon final states through the ratio Ry, see eq. (2.3), and
its B, — KK/ counterpart. This is of interest in view of the recent preliminary data
by LHCD on the related ratio for B — K¢, R = 0.745 £3:320 £0.036 [37] in the bin
1GeV? < ¢% < 6GeV?. Comparing to unity and adding systematic and statistical errors
in quadrature, this constitutes a 2.60 hint for lepton-flavor non-universal physics beyond
the SM. Interpreted within the SM+SM’ basis, this yields (at 1o) roughly

~1.5 <Re(XF — X9) < —0.7, X'=CNPlqclf— (C%W + c{%) L l=epu, (6.1)

pointing without further correlations from data or model-constraints to new physics in
either b — see, b — sup, or both, the latter however not being universal. The study of
the impact of (6.1) on the non-resonant distributions presented here, in particular Rz, is
interesting but beyond the scope of this work. However, the recent data emphasize once
more the great potential of rare semileptonic decays to probe weak scale physics in and
beyond the SM.

In addition the B — Knf¢ distribution contributes to the high ¢?-tail of B — X ¢
decays where the latter cease to be inclusive [3]. While having smaller rates than B —
K00 the non-resonant modes have a richer angular structure and constitute the dominant
contribution to the forward-backward asymmetry for ¢? > (mp — mg+)>.

We expect that this work supports the exploration of flavored processes and look
forward to future analyses.
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A Parametric input

The lattice value of g [40] obtained in the B system is in good agreement with the one
extracted from the D*T — DO+ decay rate, g = 0.5940.07 [23]. The main uncertainty on
the latter stems from the D** total width [23]. The values should agree due to heavy quark
symmetry. We choose to use for the decay constants of the pseudoscalar mesons in the
SU(3) limit, f? and fg, the values frfx and fp,, respectively. Note that fp,/fr =~ fB./fK,
as can be inferred from table 3, albeit these corrections are beyond the scope of the HHyPT
calculation employed in this work.
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Parameter Value Source
ViVl 0.0407 + 0.0011 [38]
['(By) (4.333 £0.020) - 10713 GeV | [23]
I'(Bs) (4.342 £0.032) - 10713 GeV | [23]

fr 130.4 + 0.2 MeV 23]
fx 156.2 £ 0.7 MeV (23]
Iz, 188 + 4 MeV 39]
fB. 224 + 5 MeV [39]

g 0.569 + 0.076 [40]

fUncertainties added in quadrature.
Table 3. Numerical input used in this work. I'(By s) denotes the mean total width.
B Kinematics

We consider the decay B — K7nf*t¢~ and define

q =D~ + Do+, Q = p- — Do+ (B.1)
p=pk+pr=pB—4q, P=pKx—pr. (B.2)

This way, ¢> and p? denote the invariant mass squared of the dilepton- and Kr-system,
respectively. Assuming my = 0, the relevant scalar products read

1
PBPK = 15 [(mQB — @ +p%) (PP +mk —m2) — /AN cos@K] , (B.3)
1
DB Pr = @ [(mQB — ¢ +p2) (p2 — m%( + mgr) + \/ A\, cos HK] , (B.4)
1
PBPe- =7 [(mQB +q¢*—p?) - A2 cos 94 ; (B.5)
1
DB - Do+ _Z {(mB—i—q )+)\1/200804 , (B.6)
peper =L (B.7)
2 _ 2 2
I e S 53
Pp:m%(—m?r, (B.9)
Q-q=0, (B.10)
2 2 9
pg="8 ;1 r, (B.11)
p-Q:—% Acosfy, (B.12)
1
P.g= 52 [(mZB —p* = ¢*) (m¥k —m2) — /AN COSQK] : (B.13)
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1
P.-Q= 22 [(m% — ¢ —p2) )\11/2 cos O cos Oy — (m%( - mfr) M2 cos 0,
—24/q*p*\pcos psin O sin by | (B.14)
1 2
€upeP'p" QPq% = 3 )\Apz% sin ¢ sin O sin 0y , (B.15)
p*+ P?=2(mi +m2), Q'=-¢, (B.16)

where the phase space factors A and ), are defined after eq. (3.3).
These expressions confirm the ones given by Wise et al. [9] (LLW) when taking into
account the following differences (DHJS: this work):

oy =1= —epizn, OV =ma—0R5 MW= (74 ¢PMS) mod (27). (B.17)

Although stated differently, the definitions for 6, agree.

C Five-fold differential rate

The four-body phase space can be calculated by considering successive two-body transitions
with the momenta pp — p(— prpr)q(— pe+pe-), yielding (see, e.g., [41])

1 )\1/2)\]1)/2
4(4m)6 p? mZB

dRYPS = dp?dq®dcos g dcosbedg . (C.1)
Thanks to the proportionality of the two matrix elements in eqs. (3.15), (3.16), that is, the
Isgur-Wise relations given in eq. (3.19), the fully differential angular distribution for the
SM basis can be expressed as

1
Fre b 2 J LIPS 2
2mp S§S|M| B “
1 Q2GL\ViViEl? i y V1 ;LIPS
" 2mp 272 Hy, (1L = 2po L] dRy (€-3)
_NE [p1 L — 2po L] dg*dpd cos O d cos 0,de (C.4)
= Ton Thv pP1lig p2Liy q-ap K 8w, )

with the short-distance couplings p; 2 defined in eq. (3.14). This shows again that at
low recoil in the SM basis any observable can be sensitive to two combinations of Wilson
coefficients, only; including the primed operators then leads to the additional combinations
given in eq. (3.7). Since the form factors depend on p?, ¢%, 0k, only, we will group the
squared matrix element as follows, following [9]:

7
NI%rH;ZJI-/LMV = ’Cij|2 P1 Z Ci(‘gb ¢)IZ (q2ap279K) _2p2 Zci(efv gb)Il (q27p2a OK) s (05)
i=1-4,8,9 =5

with the coefficients ¢; given in eq. (4.2).
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For the explicit calculation, we start with the leptonic tensor:’

L = p L~ 2p,1H (C.6)
17 1 v v 174

Ly = [ - Q"QY — ig™] . (C.7)
v /L Q v

L = = 0@, (C8)

The hadronic tensor is given as
Hyj, = (K (pr) 7 (pr) |57 (1 = 75)b|B(pp)) (K (pi) 7 () |57 (1 = 95)b| B(pp))*,  (C.9)

where we parametrize the matrix element as in eq. (3.15). Clearly, the two contributing

terms are
LMHY, = pi L HY, o — 2p2 LV HY, (C.10)
We obtain
LA H, o = |IPLE {Re(wipy +w- Py + qur)(wipy + w-Py + 1)’
+ |h‘2€ua676Vp07p%p’BP7p%pJPT
+2Im [h*(wypy, + w_P, + q,r)] e“ag,yp%pﬁPV} , (C.11)
LY HS, 4 = ilc¢7PLY {Im[(w+Pu +w_ Py + qur)(wyp, + w_P, + q,r)7]
+2Re(h* (wyp, +w_P, + qyr)euamp%pﬁPV} , (C.12)

the calculation of which is lengthy, but straight-forward. Expressing the two contributions
in terms of the Lorentz-invariants calculated before, we get (y = wip + w_P)

L§' Hy,s = ’CZ'Q {fwsl? [0+ 0 = (0- Q) = *p"] + [w_* [(P-0)* = (P-Q)* — ¢*P?]
+ 2Re(wiw? )(p-qP g —p- QP - Q — ¢*p- P) — |h[*(€upo PP Q4"
+ | [¢ (p°P*—(p-P)?*) —p-q(p-qP>—p-Pq-P)+q- P(p-qp- P—p’q- P)]
+eupe PHpYQPq% [Im(wh")p - Q + Im(w_h")P - QJ} (C.13)
LYHY, =17 {Re [W*¢*(p- QP -y —p-yP-Q) + h*q-y(p-¢P-Q —p-Qq- P)]
—€upe PP’ QP ¢ Im(wiw® ) } (C.14)

D HHyxPT-non-resonant form factors

The B — K7 matrix element can be parameterized as, following ref. [3],

(K" (pg )7 (pr) |57 (1 = 75)b|B(ps)) = ici; [apw + bprcy + cpBu — 2ih€ua5wp%pf<p¥} : (D.1)

<f{i(pK)7Tj(p7r)|’§iqyoﬁu(1+v5)b|3(p3)>:*iciij {a/pwu+b/pr+c/pB;L*Qihlgyaﬁ'yp%p%pl}7 (DZ)

5The expressions in [9] correspond to Cy = +1, C1p = —1.
5We remove the 1/¢* employed in ref. [3] and add a factor mp for dimensional reasons in the definition
of the tensor matrix element.
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with form factors a,b", ¢” A", which depend on ¢%,p? and cosfx. To lowest order
HHxPT [3] they read

gfB  mp
=8BT8 _ b= D.

a 20 prt A 0, (D.3)
C_fBQ[ IV L v (pg—pr) g2 DK Pr—U KU P } (D)

2f V-prt+A v (pr+Dr) s V- pr+A]v- (DK + Pr)+10s]

2

1

= 9IE : (D.5)

C2f2 [vepr+ Ao (pr +pr) + A+ g

/ 9fB v prv - (PK + Pr) — PK - Pr — M%
a =——""—————\|mp—v -px—v-pp+ , D.6
Pl pra)y| " K g v (PK +Pr) + A+ ps (D-6)
Y — PfB P prtmE—v-pr v (px +Dr) .
r2 ) ( 7)
f (U-pﬂ+A) U'(pK+p7r)+A+,U«9
d=- 9/5 MBU - pr — M2 — P - P
Pmp(v-pr + A) T "
) ) Y 2 2.
+ng Pr v (pK pﬂ') MV Pr +MZV - DK ’ (D.8)
v (pr +Pr) + A+ ps
9fB mpB—V:PK — V- Pr
h = { . D.9
2mn(v - pe t D) | I0 (o +pe) + B+ pis (D-9)

Keeping leading terms in the expressions for the primed form factors only (with g ~ 1),
one obtains

W0 — __9fBms o g g 9fBv P
2o pr+A) ’ 2o pr+A)
2
h" g fp ! (D.10)

T 2200 pr+ A)vpt At

Note that ¢) /a = O(1/my,) holds.

E S-, P-, and D-wave contributions

From the full angular distribution, given in eq. (4.13), one can read off its contributions from
the S-, P-, and D-waves and their interference. At low recoil, the angular coefficients J;, can
be expressed in terms of short-distance couplings, presented in section 3.1, and form factors
Fy = Fy(q?,p?), i = 0,]|, L. The latter receive contributions from the angular expansion
of the non-resonant amplitudes, eq. (3.4), and from decays of spin 0,1,2 resonances as given
below in section E.1. Explicitly, the coefficients read as follows:

1 " _

J1ce = 3 [|Fos|2 + |Fop|* + | Fop* + 2Re(FosFip)] 1 (E.1)
1 1 3 _ 3

Jiss = 3 [(\FOS\Q + Z|FOD‘2 — Re(FosFyp) + 2’FP2> p1 + §|FLP’2PT ; (E.2)
1 * * —

Jie = 7 [Re(ForFog) + Re(ForEop)] oy (E.3)
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3 " " _ *
Jsse = 5 | (~Re(ForFip) + 8Re(FpFjp) ) pi + 3Re(FLrFi p)o | (E4)

9 1 _
J1ssce = 16 |:<_2|F0D’2+3“F||D’2> P1 +3‘FJ-D’2P1F:| ) (E.5)
JZCC = _J1c07 (E6)
1 2 1 2 * 1 A 2 4+
Tass = =3 [Fos|” + ;[ Fop|” = Re(FosFop) — 5l Ejpl™ ) py = 5lEelpr |, (ET)
JQC = _J107 (E8)
3 * - *
Jasse = % [(Re(FOPFOD) + Re <F||pF|TD)) p7 +Re (FLpFip) pﬂ : (E.9)
9
J2ssce = 16 |:< |F0D| + |F]|D’2> pr + ’FJ-D| p1:| ) (E.10)
1
J3 = 3 (IFLppi — |FyplPer) (E.11)
9
Jsce = g (IFLol*pf = 1Fpl ,01) : (E.12)
3
Jse =7 (Re (FLpFip)pi —Re (F||PF||D> P1 ) ; (E.13)
1 " x _
Jice = 7Re (RosFifp +3FopFip + FonFip) i (B.14)
1 . 1 N _
Jass = ERe <FOSFP - 2F0DF||p> P15 (E-15)
1 * * * —
Jie = 7Re (ForFjp + 3Ros Fiip + 3Fon Fip ) 1 (E.16)
9 " _
Jisse = —<Re(Fop Fip ) pi - (E.17)
J5cc = —Re (3F0PFJ*_D + F()DFJ*_p + Fostk_P) Rep;
—Im (3FopF[p + FopFlp+ FosFlp)Imp, , (E.18)

1 . . 1 % * -
555 = iRe (FopFip — 2FysF7| p)Repd + §Im (FopFip — 2FosF p)Impy ,  (E.19)
Jse = —Re (3FypF p + 3FosFi p + FopF1 p) Repy

—Im (3FypFp + 3FysFip+ FopFlp)Imp; | (E.20)

9 i} 9 i _
J5ssc = 5Pua(FODFw)Rep2+ + 5Im(z«})Dz«lD)Imp2 , (E.21)
Joce = —9Re (FypF p) Reps — 9Im (F|pF7 p) Imp; (E.22)
Js = —Re (F|pFlp) Repy —Im (FpF{p)Imp; , (E.23)
Joc = —3Re (F|pFip+ FipFip) Repy —3Im (FpFip+ FpFip)Imp; , (E.24)
Jree = ~Im (3Fop Filp + Fop Filp + FosFip) op. (E.25)
Jrss = Im (FODFH p — 2Fs ] P) 5p, (E.26)
Jre = —Im (3 o FTp + 3FosFlp + FopF P) 5, (E.27)
Jrsse = Im (FODFH D) 5p, (E.28)
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1 * * *
Jsee = —5Re (3FopFip + FopFip + FosFip) Impy
1
+ 51111 (SFOPFID + F[‘_)DFIP + FOSFIP) Repz_ s (E29)
1 1 " _
JSSS = ZRG (FQDFIP — 2FOSFIP) Imp;_ - ZIm (FODFJ_P — QFOSFIP) Rep2 y (E?)O)

1 * * *
Jge = —§Re (38FonF1p +3FosFip+ FopFl p) Impy

+ ;Im (3FopF?p + 3FosFt p + FopFt p) Repy | (E.31)

Jssse = %Re (FopF p) Impf — %Im (FonF" p) Repy , (E.32)
Joce = gRe (FLoFip ) g + glm (FLoFip ) Repy . (E.33)
Jo = %Re (FLpFjp) Tmpf + %Im (FLpFjp) Reps . (E.34)

3 * * 3 * * —
Joc = SRe (FLpFip+ FipFip) mpf + ~Im (FLpFip+ FipFip) Rep . (E.35)

E.1 Identifying resonant kaon contributions with Spin 0,1 and 2

The pure resonant S,P-contributions can be taken in the full dimension 6 operator basis
from [7], the D-wave contribution from [42]. Based on these expressions, one can identify
the S-, P-, and D-wave contributions in zero width approximation up to a strong phase ¢
as follows.

The S-wave decay rate can be written as

d*T'(9) d3T

P 2
T2 e ) dp? 5 - s == = = |F E.36
dquCOSGK / P p mK ) dg?dp?dcos O ¢ 3 | Fos|”, (E.36)
dr(s) 2p1
= —51F0 E.37
R (637

Comparison with the standard form, which can be extracted e.g. from eq. (65) in [7], yields

T .
Fos = f1\f 20 At etts (E.38)

where the B — scalar form factor f4(¢?) is defined as

(S(p)|57"15b|B(pB)) = f+(a°) (pB + )" +"(...). (E.39)

Estimates for fy (¢?) exist for K(1430) in QCDSR [31], the lightfront quark model [32] and
pQCD [33], where also the x(800) form factor has been estimated. All of these methods
work for large momentum transfer and their results have to be extrapolated to the small
recoil region. The normalization I'g is given by

G%aEH/Qth’;P _ 2 2 2
FOZW, )\0:)\<mB,mK3,q ) . (E40)

~ 31—



The pure P-wave contribution to the doubly differential rate in zero-width approxima-
tion is given as

d°T(P) 5 /o 9 d3T
- . . = d 5 - * o 1 5 . A
dg?d cos O / P o(p” — mi) dg?dp?dcosbk | p
1 _ . _
=3 [0052 Orpy | Fop|? + sin? O (pﬂFJ_p]Q + 01 ]FHP\Q)] , (E.41)
dl’(P 2. _ _
d((]2 ) = 3 [pl |Fop|2 + 2 (pir ’FLP|2 + pq |.FHp’2)] . (E.42)

Finite-width effects can be easily included by replacing the § distribution by the corre-
sponding distribution. Matching onto the standard form, as, e.g., given in [6], yields

. 1 - 1 ;
Fop = =3foe”", Fip= —3\/g fi e, Fip= 3\/;fL e, (E.43)

where the relative signs are from matching onto the angular coefficients.
The requisite B — vector transversity form factors are defined as

_ V2 Ak
S =N e
fi = NixvV2 (mp + mg+) Ar (E.44)
fo=Nx (m2B - m%(* - qz) (mp +mg+)2A; — A+ Ay
0= Ng~ ’

2mg+(mp + mi«)\/¢>

where A+ = A (mQB, m%(*,qQ), the normalization factor is

@V A

c = GpVy Vi | LYK
NK FVp tSa 3(47T)5m3B

(E.45)
and the B — K* form factors V, Aj o, are defined as in [6, 27].

Finally, we also match the D-wave projection onto the K3 contribution in zero-width
approximation:

d*T(D) o (2 o d°T
dq?d cos O / p (p s ) dq?dp?d cos O

D
1
= E]F0D|2p1_(1 + 3cos? O — 9sin? O cos? Ox)
+3(|Fpl’p1 + |FLpl?pi) cos® O sin® b, (E.46)

dr (D)
dq?

2 J—
= 15 [([Fonl* + 61Fp*) pr +61FLp*p]] . (E.47)

Matching onto eq. (10) of [42] (LLW’10) yields (note that 92178 = 7 — gLLW'10)

FOD =\ 15A0 GMD y F||D = \/;A” ez§D s FLD = —\/;AL eléD y (E48)
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where we defined

AV >\K* ~ )\K* ~
Ap = Nk = [(mQ —mZs— 2) mp+mpgx) Ay——2—As| , (E.49
O admg M Vi b= ) (mtmig) mptm (549
VAKg .
Ak Vv
Al = —Nys —23 (E.51)

5
22mp MKz MB + Uze; ’

with the normalization factor

N I VLY T yra——
NK; = GF‘/th;SOée m B (K2 — K’]T) . (E52)

For the definitions of the form factors in these equations, see [42]; note that we added a
tilde to distinguish them from the ones in the B — K™ transition.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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