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1. Introduction

Nature shows the existence of weakly bound systems in different sectors, ranging from atomic
to nuclear physics. Few-body systems with large scattering length exhibit universal features, which
are independent of the details of the interaction, and thus are common to nuclear and atomic sys-
tems. Very different methods are used to study the properties of few-body systems, from Faddeev-
Yakubovsky method [1]-[3] to diagonalization methods that rely on an expansion of the wave func-
tions in a complete basis set, like e.g. hyperspherical harmonics and no core shell model. In this
paper we present the Faddeev-Yakubovsky formalism to study the three- and four-boson bound
states in momentum space. To show the efficiency and accuracy of the method, we have recently
investigated the three- and four-boson weakly bound states in the unitary limit (for zero two-body
binding) and we have obtained a pretty complete picture of universal tetramers.

2. Faddeev-Yakubovsky Equations for Four-Boson Bound State

In this section, we describe the Faddeev-Yakubovsky (FY) formalism for the bound state of
four identical bosons. As shown in Eq. (2.1), in a 4B system (with particles called i, j, k and l)
there are 18 different coordinate systems, each associated with a specific two-body partition. These
chains have basically two different structures, 3+1 structure (i.e., a chain in which the four-body
system is subdivided into a three-body subsystem and a single particle) and 2+2 (i.e., subdivision
of a four-body system into two two-body subsystems). Clearly, as we know from the Faddeev
formalism, each three-body subsystem can also be devided into three 2+1 chains.

i jkl ⇒



3+1 →



i jk+ l →


i j+ k+ l ≡ K l

i j,k

jk+ i+ l ≡ K l
jk,i = Pi jPjk K l

i j,k

ki+ j+ l ≡ K l
ki, j = PikPjk K l

i j,k

i jl + k →


i j+ l + k ≡ K k

i j,l = Pkl K l
i j,k

jl + i+ k ≡ K k
jl,i = PklPi jPjk K l

i j,k

li+ j+ k ≡ K k
li, j = PklPikPjk K l

i j,k

ikl + j →


ik+ l + j ≡ K j

ik,l = PikPjkPkl K l
i j,k

li+ k+ j ≡ K j
li,k = PikPjkPklPi jPjk K l

i j,k

kl + i+ j ≡ K j
kl,i = PikPjkPklPikPjk K l

i j,k

jkl + i →


jk+ l + i ≡ K i

jk,l = Pi jPjkPkl K l
i j,k

l j+ k+ i ≡ K i
l j,k = Pi jPjkPklPikPjk K l

i j,k

kl + j+ i ≡ K i
kl, j = Pi jPjkPklPi jPjk K l

i j,k

2+2 →



i j+ kl →

{
i j+ k+ l ≡ Hi j,kl

kl + i+ j ≡ Hkl,i j = PikPjl Hi j,kl

ik+ jl →

{
ik+ j+ l ≡ Hik, jl = PikPjk Hi j,kl

jl + i+ k ≡ H jl,ik = PikPjkPikPjl Hi j,kl

il + jk →

{
il + j+ k ≡ Hil, jk = Pi jPjkPikPjl Hi j,kl

jk+ i+ l ≡ H jk,il = Pi jPjk Hi j,kl

(2.1)
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In the following we derive the FY equations. The bound state of four identical particles which
interact via pairwise forces Vi j(i j ≡ i j, ik, il, jk, jl and kl) is given by the Schrödinger equation
which reads in integral form [4, 5]:

|Ψ⟩= G0 ∑
i< j

Vi j|Ψ⟩ (2.2)

Here the free four-body propagator is given by G0 = (E −H0)
−1, and H0 stands for the free Hamil-

tonian. Introducing Yakubovsky components |Ψ⟩= ∑ |ψi j⟩, with |ψi j⟩= G0Vi j|Ψ⟩ leads to the six
coupled integral equations:

|ψi j⟩= G0ti j ∑
kl ̸=i j

|ψkl⟩ (2.3)

The operator ti j describes the two-body t−matrix in the two-body subsystem i j. We can rewrite
Eq. (2.3) as:

|ψi j⟩= G0ti j

(
|ψik⟩+ |ψil⟩+ |ψ jk⟩+ |ψ jl⟩+ |ψkl⟩

)
(2.4)

Among various possibilities to decompose |ψi j⟩ into three FY components we choose the following
one:

|K l
i j,k⟩ = G0ti j

(
|ψik⟩+ |ψ jk⟩

)
|K k

i j,l⟩ = G0ti j

(
|ψil⟩+ |ψ jl⟩

)
|Hi j,kl⟩ = G0ti j|ψkl⟩ (2.5)

The FY component |K l
i j,k⟩(|Hi j,kl⟩) belongs to a 3+ 1(2+ 2) partition. They fulfill the following

relation:
|ψi j⟩= |K l

i j,k⟩+ |K k
i j,l⟩+ |Hi j,kl⟩ (2.6)

It is easily seen that every |ψi j⟩ component contains two 3+1 type chains and one 2+2 type chain,
therefore the total wave function |Ψ⟩ contains twelve different 3+1 type chains and six 2+2 type
chains. So altogether one has eighteen FY components. If we consider identical particles (here
bosons, since we are omitting spin), the four-body wave function |Ψ⟩ has to be totally symmetric.
As a consequence all twelve components of 3+ 1 type are identical in their functional form and
only the particles are permuted. The same is true for the six components of 2+2 type. Thus it is
sufficient to consider only two independent FY components corresponding to the 3+ 1 and 2+ 2
partitions,

|K⟩= |K l
i j,k⟩

|H⟩= |Hi j,kl⟩ (2.7)

After the straightforward derivation the 18 coupled FY components shrink to two coupled FY
equations:

|K l
i j,k⟩ = G0ti jP

[(
1+Pkl

)
|K l

i j,k⟩+ |Hi j,kl⟩
]

|Hi j,kl⟩ = G0ti jP̃
[(

1+Pkl

)
|K l

i j,k⟩+ |Hi j,kl⟩
]

(2.8)
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where Pi j is the permutation operator between the i− th and j− th particle, and

P = Pi jPjk +PikPjk

P̃ = PikPjl (2.9)

The total four-body wave function is then given as:

|Ψ⟩ =
(

1+P+PklP+ P̃
)[(

1+Pkl

)
|K l

i j,k⟩+ |Hi j,kl⟩
]

=
(

1+(1+P)Pkl

)(
1+P

)
|K l

i j,k⟩+
(

1+P
)(

1+ P̃
)
|Hi j,kl⟩ (2.10)

The symmetry property of |K⟩ under exchange of particles i and j, and |H⟩ under separate ex-
changes of particles i, j and k, l guarantee that |Ψ⟩ is totally symmetric.

3. Representation of Faddeev-Yakubovsky Equations in Momentum Space

In this section for simplification of notation, we use the labels 1,2,3 and 4 for particles. So,
we can rewrite Eq. (2.8) as:

|K⟩ = G0t12P
[(

1+P34

)
|K⟩+ |H⟩

]
|H⟩ = G0t12P̃

[(
1+P34

)
|K⟩+ |H⟩

]
(3.1)

In order to solve the coupled Eqs. (3.1) in momentum space one should project them into
standard sets of Jacobi momenta, corresponding to both 3+ 1 (|u1 u2 u3 ⟩) and 2+ 2 (|v1 v2 v3 ⟩)
chains. The standard Jacobi momenta for 4B system are defined as:


u1 =

1
2

(
k1 −k2

)
u2 =

2
3

(
k3 −

(
k1 +k2

))
u3 =

3
4

(
k4 − 1

3

(
k1 +k2 +k3

)) (3.2)


v1 =

1
2

(
k1 −k2

)
v2 =

1
2

(
k1 +k2

)
− 1

2

(
k3 +k4

)
v3 =

1
2

(
k3 −k4

) (3.3)

Since we are going to study the weakly 4B bound state and we just consider the s-wave channel
contribution, we introduce the projection operators corresponding to each Jacobi momenta set in
partial wave representation as:

|u⟩ = |u1 u2 u3⟩
|v⟩ = |v1 v2 v3⟩ (3.4)
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where the projection operators follow the completeness relation:∫
D3A |A⟩⟨A|= 1 (3.5)

where A indicates each one of u and v vectors and D3A ≡ A2
1 dA1 A2

2 dA2 A2
3 dA3 . Clearly the pro-

jection operator |u⟩ is adequate to expand FY component |K⟩ and correspondingly the projection
operator |v⟩ is adequate for |H⟩. Let us now represent the coupled equations, Eq. (3.1), with respect
to the projection operators which have been introduced in Eq. (3.4):

⟨u|K⟩ = ⟨u|G0tP(1+P34)|K⟩+ ⟨u|G0tP|H⟩
⟨v|H⟩ = ⟨v|G0tP̃(1+P34)|K⟩+ ⟨v|G0tP̃|H⟩ (3.6)

It is convenient to insert again the completeness relations between permutation operators, it
results:

⟨u|K⟩ =
∫

D3u′′ ⟨u|G0tP|u′′ ⟩⟨u′′|K⟩

+
∫

D3u′′
∫

D3u′′′ ⟨u|G0tP|u′′⟩⟨u′′|P34|u′′′⟩⟨u′′′|K⟩

+
∫

D3u′′
∫

D3v′ ⟨u|G0tP|u′′⟩⟨u′′|v′⟩⟨v′|H⟩

⟨v|H⟩ =
∫

D3v′′
∫

D3u′ ⟨v|G0tP̃|v′′⟩⟨v′′|u′⟩⟨u′|K⟩

+
∫

D3v′′
∫

D3u′
∫

D3u′′ ⟨v|G0tP̃|v′′⟩⟨v′′|u′⟩⟨u′|P34|u′′⟩⟨u′′|K⟩

+
∫

D3v′′ ⟨v|G0tP̃|v′′⟩⟨v′′|H⟩ (3.7)

For evaluating the coupled equations, Eq. (3.7), we need to evaluate the following matrix
elements:

⟨u|G0tP|u′′⟩ (3.8)

⟨v|G0tP̃|v′′⟩ (3.9)

⟨u′′|P34|u′′′⟩, ⟨u′|P34|u′′⟩ (3.10)

⟨u′′|v′⟩, ⟨v′′|u′⟩ (3.11)

For evaluating the first term, Eq. (3.8), we should insert again a completeness relation between
the two-body t−matrix operator and the permutation operator P as:

⟨u|G0tP|u′′⟩= G0
(
u1,u2,u3

)
×

∫
D3u′⟨u|t|u′⟩⟨u′|P|u′′⟩ (3.12)

where the matrix elements of the two-body t−matrix (for a separable potential) and permutation
operator P are evaluated separately as:

⟨u|t|u′⟩ =
δ
(
u′2 −u2

)
u′22

δ
(
u′3 −u3

)
u′32

4π χ(u1)χ(u′1)τ(ε)

ε = E − 3u2
2

4m
−

2u2
3

3m
(3.13)
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⟨u′|P|u′′⟩ =
∫

dx
δ
(

u′1 −Π1(u′2,u
′′
2)

)
u′21

δ
(

u′′1 −Π1(u′′2,u
′
2)

)
u′′21

δ
(

u′′3 −u′3

)
u′′23

Π1(u′2,u
′′
2) =

∣∣∣∣1
2

u′
2 +u′′

2

∣∣∣∣=
√

1
4

u′22 +u′′22 +u′2u′′22 x

Π1(u′′2,u
′
2) =

∣∣∣∣1
2

u′′
2 +u′

2

∣∣∣∣=
√

1
4

u′′22 +u′22 +u′2u′′22 x (3.14)

For evaluation the matrix elements of permutation operator P we have used the relation between
Jacobi momenta in different two-body subsystems (312,4),(231,4) and (123,4). Inserting Eqs.
(3.13) and (3.14) into Eq. (3.12) leads to:

⟨u|G0tP|u′′⟩ = 4π G0
(
u1,u2,u3

)
χ(u1)τ(ε)

∗
∫

dx χ
(

Π1(u2,u′′2)
) δ

(
u′′1 −Π1(u′′2,u2)

)
u′′21

δ
(

u′′3 −u3

)
u′′23

(3.15)

Representation of the second term, Eq. (3.9), follows the similar steps:

⟨v|G0tP̃|v′′⟩ = G0
(
v1,v2,v3

)∫
D3v′ ⟨v|t|v′⟩⟨v′|P̃|v′′⟩ (3.16)

The matrix elements of the two-body t−matrix and the permutation operator P̃ are evaluated as:

⟨v|t|v′′⟩ =
δ
(
v′2 − v2

)
v′22

δ
(
v′3 − v3

)
v′32

4π χ(v1)χ(v′1)τ(ε∗)

ε∗ = E − v2
2

2m
−

v2
3

m
(3.17)

⟨v′|P̃|v′′⟩ =
δ
(
v′1 − v′′3

)
v′21

δ
(
v′3 − v′′1

)
v′23

δ
(
v′2 − v′′2

)
v′22

(3.18)

Inserting Eqs. (3.17) and (3.18) into Eq. (3.16) leads to:

⟨v|G0tP̃|v′′⟩ = 4π G0
(
v1,v2,v3

)
χ(v1)χ(v′′3)τ(ε∗)

δ
(
v3 − v′′1

)
v2

3

δ
(
v2 − v′′2

)
v2

2
(3.19)

For the evaluation of the third term, Eq. (3.10), we should use the relation between Jacobi
momenta in different chains (123,4) and (124,3), which leads to:

⟨u′′|P34|u′′′⟩ =
δ
(
u′′1 −u′′′1

)
u′′′21

1
2

∫
dx′

δ
(

u′′′2 −Π2
(
u′′2,u

′′
3,x

′))
u′′′22

δ
(

u′′′3 −Π3
(
u′′2,u

′′
3,x

′))
u′′′23

Π2
(
u′′2,u

′′
3,x

′) =

∣∣∣∣1
3

u′′
2 +

8
9

u′′
3

∣∣∣∣=
√

1
9

u′′22 +
64
81

u′′23 +
16
27

u′′2u′′3x′

Π3
(
u′′2,u

′′
3,x

′) =

∣∣∣∣u′′
2 −

1
3

u′′
3

∣∣∣∣=
√

u′′22 +
1
9

u′′23 − 2
3

u′′2u′′3x′ (3.20)
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And finally for evaluation the fourth terms, Eq. (3.11), we should use the relation between
Jacobi momenta in two naturally different chains (123,4) and (12,34), which leads to:

⟨u′′|v′⟩ =
δ
(
v′1 −u′′1

)
v′21

1
2

∫
dx′

δ
(

v′3 −Π4
(
u′′2,u

′′
3,x

′))
v′23

δ
(

v′2 −Π5
(
u′′2,u

′′
3,x

′))
v′22

Π4
(
u′′2,u

′′
3,x

′) =

∣∣∣∣1
2

u′′
2 +

2
3

u′′
3

∣∣∣∣=
√

1
4

u′′22 +
4
9

u′′23 +
2
3

u′′2u′′3x′

Π3
(
u′′2,u

′′
3,x

′) =

∣∣∣∣u′′
2 −

2
3

u′′
3

∣∣∣∣=
√

u′′22 +
4
9

u′′23 − 4
3

u′′2u′′3x′

(3.21)

⟨v′′|u′⟩ =
δ
(
u′1 − v′′1

)
u′21

1
2

∫
dx

δ
(

u′2 −Π6
(
v′′2,v

′′
3,x

))
u′22

δ
(

u′3 −Π7
(
v′′2,v

′′
3,x

))
u′23

Π6
(
v′′2,v

′′
3,x

)
=

2
3

∣∣∣∣v′′2 +v′′3

∣∣∣∣= 2
3

√
v′′22 + v′′23 +2v′′2v′′3x

Π7
(
v′′2,v

′′
3,x

)
=

∣∣∣∣v′′3 − 1
2

v′′2

∣∣∣∣=
√

v′′23 +
1
4

v′′22 − v′′2v′′3x

(3.22)

Finally inserting Eqs. (3.15), (3.19), (3.20) and (3.22) in Eq. (3.7) yields:

K
(
u1,u2,u3

)
= 4π G0

(
u1,u2,u3

)
χ(u1)τ(ε)

∗

[∫
du′2u′22

∫
dx χ

(
Π
(
u2,u′2

))
K
(

Π
(
u′2,u2

)
,u′2,u3

)
+

1
2

∫
du′2u′22

∫
dx

∫
dx′ χ

(
Π
(
u2,u′2

))
K
(

Π
(
u′2,u2

)
,Π2

(
u′2,u3,x′

)
,Π3

(
u′2,u3,x′

))
+

1
2

∫
du′2u′22

∫
dx

∫
dx′ χ

(
Π
(
u2,u′2

))
H
(

Π
(
u′2,u2

)
,Π4

(
u′2,u3,x′

)
,Π5

(
u′2,u3,x′

))]

H
(
v1,v2,v3

)
= 4π G0

(
v1,v2,v3

)
χ(v1)τ(ε∗)

∗

[∫
dv′3v′23

∫
dx χ

(
v′3
)

K
(

v3,Π6
(
v2,v′3,x

)
,Π7

(
v2,v′3,x

))

+
∫

dv′3v′23 χ
(
v′3
)

H
(

v3,v2,v′3

)]
(3.23)

By considering the following definitions of Yakubovsky components:

K
(
u1,u2,u3

)
= G0

(
u1,u2,u3

)
χ(u1)K

(
u2,u3

)
H
(
v1,v2,v3

)
= G0

(
v1,v2,v3

)
χ(v1)H

(
v2,v3

)
(3.24)
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the final form of coupled Yakubovsky integral equations can be obtained as:

K
(
u2,u3

)
= 4π τ(ε)

∗

[∫
du′2u′22

∫
dx χ

(
Π
(
u2,u′2

))
χ
(

Π
(
u′2,u2

))
G0

(
Π
(
u′2,u2

)
,u′2,u3

)
K

(
u′2,u3

)
+

1
2

∫
du′2u′22

∫
dx

∫
dx′ χ

(
Π
(
u2,u′2

))
χ
(

Π
(
u′2,u2

))
×G0

(
Π
(
u′2,u2

)
,Π2

(
u′2,u3,x′

)
,Π3

(
u′2,u3,x′

))
K

(
Π2

(
u′2,u3,x′

)
,Π3

(
u′2,u3,x′

))
+

1
2

∫
du′2u′22

∫
dx

∫
dx′ χ

(
Π
(
u2,u′2

))
χ
(

Π
(
u′2,u2

))
×G0

(
Π
(
u′2,u2

)
,Π4

(
u′2,u3,x′

)
,Π5

(
u′2,u3,x′

))
H

(
Π4

(
u′2,u3,x′

)
,Π5

(
u′2,u3,x′

))]

H
(
v2,v3

)
= 4π τ(ε∗)

∗

[∫
dv′3v′23

∫
dx χ

(
v′3
)

χ
(
v3
)

×G0

(
v3,Π6

(
v2,v′3,x

)
,Π7

(
v2,v′3,x

))
K

(
Π6

(
v2,v′3,x

)
,Π7

(
v2,v′3,x

))
+

∫
dv′3v′23 χ

(
v′3
)

χ
(
v3
)

G0

(
v3,v2,v′3

)
H

(
v2,v′3

)]
(3.25)

4. Zero-range interaction

The momentum space representation of a zero-range interaction V (r) = (2π)3 λ δ (r), charac-
terized by the two-body coupling constant λ is as:

⟨p|V |p′⟩= λ ⟨p|χ⟩⟨χ|p′⟩ ; ⟨p|χ⟩ ≡ χ(p) =
∫

d3r eip.r δ (r) = 1. (4.1)

The two-body t-matrix, t(ε) = |χ⟩τ(ε)⟨χ |, can be obtained by analytical solution of the inho-
mogeneous Lippmann-Schwinger equation as:

τ(ε) =
[

λ−1 −
∫

d3 p
1

ε − p2

]−1

(4.2)

The coupling constant λ is fixed by one physical input, for example, the pole position of the
two-body scattering amplitude at B2;

λ−1 =

∫
d3 p

1
B2 − p2 (4.3)

The above value of λ , when substituted in Eq. (4.2), provides the cancelation of linear divergence
of momentum integral and leads to renormalized two-body t-matrix as:
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τ(ε) =
1

2π2

(√
−B2 −

√
−ε

)−1
=

1
2π2

(
1
a
−
√
−ε

)−1

. (4.4)

5. Coupled Yakubovsky Integral Equations for Zero-range interaction

The coupled integral equations (3.25) can be simplified for a zero range interaction (χ(p) = 1).
If we ignore the fourth particle, the coupled Yakubovsky integral equations can be simplified to
Faddeev integral equation. The subtraction technique can be used to be able to obtain the converged
results for binding energy of trimer from solution of Faddeev integral equation by using a zero
range interaction. To this aim one need a three-body parameter, µ3, and the regularization of the
momentum integration is done through the substitution of the free three-body Green’s function by
a subtracted form:

G(3)
0 =

1
E −H0

− 1
−µ2

3 −H0
(5.1)

Now, by adding the fourth particle to the three-body system, one need also to regularize the
new terms which appear in presence of fourth particle in coupled Yakubovsky integral equations.
To this aim one can introduce a new parameter, i.e. four-body scale µ4, to regularize these new
terms and the free four-body Green’s function can be substituted by a subtracted form:

G(4)
0 =

1
E −H0

− 1
−µ2

4 −H0
(5.2)

So, for regularization of the first term of coupled integral equation (3.25), which describe the 3B
subsystem (i jk), one can use a three-body scale and for other terms, which appear in presence of
fourth particle, a new four-body scale can be used. By these considerations, he subtracted form of
the Yakubovsky integral equations are given by:

K
(
u2,u3

)
= 4π τ(ε)

∫
du′2u′22

∫
dx

×

[
G(3)

0

(
Π
(
u′2,u2

)
,u′2,u3

)
K

(
u′2,u3

)
+

1
2

∫
dx′G(4)

0

(
Π
(
u′2,u2

)
,Π2

(
u′2,u3,x′

)
,Π3

(
u′2,u3,x′

))
K

(
Π2

(
u′2,u3,x′

)
,Π3

(
u′2,u3,x′

))
+

1
2

∫
dx′G(4)

0

(
Π
(
u′2,u2

)
,Π4

(
u′2,u3,x′

)
,Π5

(
u′2,u3,x′

))
H

(
Π4

(
u′2,u3,x′

)
,Π5

(
u′2,u3,x′

))]

H
(
v2,v3

)
= 4π τ(ε∗)

∫
dv′3v′23

×

[∫
dxG(4)

0

(
v3,Π6

(
v2,v′3,x

)
,Π7

(
v2,v′3,x

))
K

(
Π6

(
v2,v′3,x

)
,Π7

(
v2,v′3,x

))

+G(4)
0

(
v3,v2,v′3

)
H

(
v2,v′3

)]
(5.3)

9



P
o
S
(
X
X
X
I
V
 
B
W
N
P
)
0
3
4

Faddeev-Yakubovsky Technique for Weakly Bound Systems M. R. Hadizadeh

The coupled integral equations (5.3) have been successfully solved for four-boson system and
similar to three-boson case a scaling plot has been obtained which describe the universal tetramers
[6, 7, 8].
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