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Abstract
This thesis aims to show the role of Generalized Geometry in string theory. It
is divided up into two parts. The first consists an introduction to bosonic and
super-string theory and a brief discussion of type II superstring theory’s low
energy limit: the so-called supergravity theories. The second part deals with
the problem of compactification in string theory and focusses on flux
compactifications. It is in that part that Generalized Geometry is discussed
and used to classify Minkowski compactifications.
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1 Introduction

The aim of this thesis is to offer an account on how a branch of geometry, called
Generalized Geometry, ties in with string theory. To that end, this thesis is split
up into two parts. The first part consists of an introduction in string theory.

String theory is based on the idea that particles are not point-like, but rather
tiny loops (i.e. closed strings) or (open) pieces of string. As we will see, this
assumption leads to the conclusion that the different vibrational modes of the
strings represent different kinds of particles. This set is the main reason why
string theory is interesting: it contains, among others, the graviton, different
kinds of chiral fermions and Yang-Mills gauge fields. This means that string
theory is a quantum theory that includes gravity, as well as roughly all the
types of fields that exist in nature; it may just be the sought-after theory that
consistently unifies all known particle fields and forces.

Still, string theory is not a very easy theory. It provides plenty of problems
that one has to deal with. One of these is the central theme of this thesis’ second
part—in this part we will focus on the ten dimensions that string theoy predicts
and how we can make the extra six disappear (almost, that is). The correct
term for this is compactification: it involves “wrapping up” the six additional
dimensions into a small, compact manifold—one that should be so small that it
is no longer noticeable (in a sense) at ‘long’ distance scaler (low energies).

Generalized geometry will come in handy when we consider a particular way
of compactifying that involves non-zero vacuum expectation values (or vewvs)
for some of the fields. It offers a very clean rephrasing of the conditions the
compact manifold will have to satisfy.

In the following few sections we will introduce string theory.

2 Bosonic string theory

The first subject we will consider is bosonic string theory. It is a string theory
that, as its name suggests, describes only a certain set of bosons. However far
removed from reality it may be, it is the simplest of several string theories and
serves, as such, as an introduction to string theory. Superstring theory, which
does include fermions, is constructed in a way similar to the bosonic theory, and
will be discussed after.

The way the theory will be developed in this section, is very much like the
standard way quantum field theory is introduced (see, for example, the lecture
notes on relativistic quantum mechanics by Mees de Roo). Firstly, the classical
action and the equations of motion are studied; secondly, the solution to the
equation of motion is expanded in modes and lastly, in canonical quantization,
the modes’ coefficients are promoted to creation and annihilation operators and
the corresponding Fock space is constructed.

The current discussion is based on a number of sources, all of which serve
as decent introductions to string theory, [1], [2], [3] and [4]. The lecture notes
by David Tong, [3], though, focus solely on bosonic string theory.



2.1 The relativistic string
2.1.1 The classical action

We start our discussion of string theory with a simpler and more familiar object:
the relativistic point particle. The action of a such a particle is given by:

Tf Sf A1 - -
S:m/ dT:m/ ds=m A\ =1 XrXY, (2.1)
Ti Si Ao

where 7, = diag(—1,+1,+1,+1) is the “mostly plus” Minkowski metric, and
XH = djf\“ (\). It is proportional to the length of the particle’s world-line,
starting at some initial and ending at some final point. Note that we work in
units where h = c=1.

The reason for this choice of action is that a classical point particle maximizes
its proper time, which corresponds to a linear trajectory.

In the case of a string, we have a one dimensional object tracing out a two-
dimensional “world-sheet”. In analogy to the point particle action, we take the
string’s action to be proportional to the worldsheet’s area. This defines the
Nambu-Goto action, which is given by

Sye =-T / dA. (2.2)

The constant T' plays the same role as m does in the point particle action: it is
there to make the action dimensionless. It has dimensions [length] =2 or [mass]?.

In order to calculate the world-sheet’s surface area, we will need a metric.
Let ¢%(i = 0, 1) denote the coordinates on the worldsheet and take G,,,, to be the
metric of the d-dimensional space-time in which the string propagatesﬂ Then

G, induces a metric on the worldsheet as follows:

oXH oXV
" ogT 0g

ds® = G, dX"dX" =G detde? = Gidetde?, (2.3)

G;j being the induced metric. In a flat Minkowski spacetime we have that
G v = M- The Nambu-Goto action then takes on the following form:

Sna = —T / V—det Gy, d?¢ = —T / \/ (X - X2 — (X2)(X?)drdo, (2.4)

where we redefined the world-sheet coordinates as 7 = £°,0 = &' and wrote

XH = %X—:, X'H = % See for a simple image, ﬁgure

nitially, we take the number of spacetime dimensions, d, to be arbitrary. The reason for
this will become clear further on

2Using coordinates X* = (t, ¥) and reparametrizing such that 7 = ¢, we find that in the rest
frame of the string (i.e. % = 0 and zero kinetic energy) S = —T [ dtdo|dZ/do|. Identifying
the Lagrangian as L = Fy;, — V, with Ey, = 0, we find that T = V/(string length). The
parameter 7" has dimensions energy per length and is therefore called the string’s tension.
As an unrelated note, it is often written as T' = ﬁ Note that is it only because of the
quantum theory’s zero point energy that a string does not minimize its potential energy by

shrinking to zero length [3].



Figure 1: Part of the worldsheet [3].

2.1.2 The equations of motion and boundary conditions

The equations of motion follow from the Euler-Lagrange equations. They are

0L oL

The momentum conjugate to X*, II#| is, as usual, given by:

L XXX — (X)2XH
I = ;)'(u =-T ( ) ( ) . (2.6)
VX2 - (X0
Using the conjugate momentum we obtain the following two constraints,
I-x'=0, TIP+7T?°X?=0. (2.7)

The dynamics of the string are fully governed by these equations as the Hamil-
tonian vanishes:

H:/O do(X -TI— L) =0, (2.8)

A similar situation arises in the case of the point particle, if we choose to describe
it by the rightmost version of the action in

For the integral above, the integration domain for o is usually taken to be
[0,5) = [0,27) for closed strings and [0,7) for open strings. Apart from the
range of o we also need to specify the boundary conditions for the two types of
string. In the closed string case the worldsheet is a tube and we will take the
condition to be periodicity

XH(o+2m) = X*(0). (2.9)

For open strings there are two kinds of boundary conditions that are frequently
used, the Neumann and Dirichlet conditions:

oL

m =0 (Neumann), (210)

o=0,m

3The constraints mean that not all momenta are independent and that not all degrees of
freedom (X* in the point particle case) are physical. In the point particle case the constraint
is TI2 + m? = 0 (the mass-shell relation) and the degree of freedom that is unphysical is X©:
a particle is forced to move in time in a way determined by its mass-shell condition. This
becomes obvious when one considers the reparametrization (or “gauge”) invariance A\ — 5\()\)
Gauge fixing then amounts to fixing the time parameter. The advantage of this action is,
however, that it is Lorentz invariance in an obvious way.



oL
6XH o=0,m

=Y,

=0 (Dirichlet). (2.11)

The Neumann conditions imply that no momentum flows off the ends of the
string while the Dirichlet conditions imply that the endpoints are fixed in space-
time. If Dirichlet conditions are applied to a subset of the d indices of X*, for
example to the indices p + 1,...,d, that would mean that the endpoints of the
string are confined to move on a p-dimensional hyperplane. This hypersurface
is called a Dp-brane, where p indicates its dimension and D stands for Dirichlet.
It turns out that these objects should be considered to be dynamical as well.
See, for an introduction to this particular subject, |5], or the short but insightful
remarks in [3].

2.1.3 The Polyakov action

Although we now have an action for the relativistic string, the square-root
makes it difficult to quantize. We can, however, get rid of it by introducing an
additional field on the world-sheet: a fluctuating metric go5. This allows us to
write the Polyakov action, which will turn out to be classically equivalent to the
Nambu-Goto action.

T
Sp = _§/d2£ —det g g*P0a X 03 X" Ny (2.12)

Here, space-time is taken to be flat again. In the following we will write /—¢g =

v —detg.
If we vary the action with respect to the metric gaﬂlﬂ we get, up to a factor,
the stress-energy tensor:

2  4Sp

T\/—gdg*#

Setting the variation of the action with respect to the metric equal to zero, we
find for g, that

Top = = 00X 05X — 19059"70,X - 0, X. (2.13)

Jap = 2f(0,7)0aX - 05X, (2.14)
where
Mo, 7) = g7 89,X -9, X. (2.15)

Inserting this expression for the metric into the Polyakov action, yields the
Nambu-Goto action, confirming that they are classically equivalent.
Varying the action with respect to X* yields the equations of motion,

1
——0a(v/—g g*PdsX") = 0. (2.16)
Nai ’
These equations correspond to d two-dimensional scalar fields coupled to a dy-
namical two-dimensional metric. That is to say, they describe a two-dimensional
theory in which gravity is coupled to mattexﬂ

4We use the identity 6/—g = %\/nga[; 5g°B.

5Actually, for this to be true, one should also add the Einstein-Hilbert action to the
Polyakov action: S = Sp — i fd2§\/ng, where R is the Ricci scalar and x = 8nG.
As this action is a topological invariant (it yields the Euler number of the worldsheet), it does
not influence the local dynamics of the string [2].




2.1.4 Symmetries of the Polyakov action

The Polyakov action in its current form is still relatively complicated. Luckily,
the action has a number of symmetries that can be exploited to simplify it. The
infinitessimal forms of these symmetries are listed below.

e Poincaré invariance, which is a global symmetry on the wordsheet:
IXH =wh XY +a,
dgap =0, (2.17)

where the w,, = —w,, are parameters defining an infinitessimal Lorentz
transformation. The a* correspond to a translation.

e Reparametrization invariance, or invariance under diﬁ”eomorphismsﬁ (or
changes of coordinates &'):

OXH =E£%0, X,
59@[3 = (y&ygaﬂ + 804519,67 + aﬂffyga'y = Vagﬁ + vﬂfav
0(V=g) = 0a(§*V~9). (2.18)
e Invariance under Weyl rescaling, or conformal invarianceﬂ

5XH =0,
59(15 = 2Mgap. (2.19)

Above, A and £ are arbitrary, infinitessimal functions of (o, 7). For the non-
infinitessimal versions of these transformations, see [3].

Using reparametrizations, the metric g,3 can be made conformally flat. This
choice of gauge is called the conformal gauge:

Jop = 62/\(5)77@5. (2.20)

Furthermore, using a Weyl transformation, the metric can be brought to the
standard Minkowski form: g.g = Waﬁﬂ
Using the flat metric, the Polyakov action becomes

Sp = —g /d2§ Do X - 0°X, (2.21)

while the equations of motion for the X* reduce to free wave equations,

D00 XH = 0. (2.22)

6This particular one is, of course, reminiscent of the point particle case.

"Non-infinitessimally this becomes: JaB — 62A(5)gaﬁ. It corresponds to an angle-
preserving, £*-dependent rescaling |3].

8This trick of simplifying the metric is only possible for trivial topologies in two dimensions:
reparametrization and Weyl invariance can be used to fix, respectively, d and 1 components of
the metric; the sum of this is equal to the number of independent components of the metric,
d(d+1)/2, only for d = 2, [2].



Although this looks particularly simple, there are still a number of constraints
for X* that need to be taken into account. They result from the equation of
motion for the metric: T,,4 = 0. Explicitly,

Tio=Tpn=X-X'"=0, (2.23)
Too = T11 = 3(X* + X?) =0. (2.24)
They are known as the Virasoro constraints. They may be rewritten as

(X +£X)?=0. (2.25)

2.1.5 Mode expansions

In this section we expand the X*(o,7) in Fourier modes. First, we switch to
lightcone worldsheet coordinates:

ot =1+o0. (2.26)
The equations of motion now read
04+0_X* =0. (2.27)

The most general solution is a sum of a left-moving (X/) and a right-moving
wave (X5),

XH(o,7) = XF(oT) + Xk(o7). (2.28)

As these will need to satisfy the periodicity conditions mentioned in section
they can be expanded in Fourier modes. Here we consider only closed
strings; the case of open strings (using Neumann boundary conditions) is quite
similar.

W w
Xt(ot) =L +—p + 4 § In —ino™*
L") = 5 TwT
_ h p“ _
" _ n o
XfoT) =5+ 2= ﬁ § : in (2.29)

In the mode expansions above, x* and p* are, respectively, the string’s centre of
mass position and momentum. This may be checked by computing the integral
over o of X* or X*, including the appropriate factors of T’ and 2. The reality
of X* requires the Fourier coefficients to obey

ap = (a,)",  ah =(al,)" (2.30)
The Virasoro constraints become
(0_X)*=(0.X)* =0. (2.31)

and may be expanded in terms of Fourier series as well. Their expansions can
be found by 1nsert1ng the expanswn for X* in the formulas above. The Fourier

coefficients, setting aly = afy = Fi= are

= % Z Ap—m * Qm, IN/n = % Z dn,m . dm (232)

meZ meZ



It follows that any classical solution of the string has to obey the constraints
L, = En = 0,n € Z. The Ly and I~/0 constraints are of special interest. As
they contain the square of the centre of mass momentum p*, they determine
the string’s mass in terms of the excited oscillator modes:

m? = —pup" = 81T Z Qp - Oy = 87T Z [ (2.33)
n>0 n>0

The equality of the two expressions for the mass, one in terms of right-moving
oscillators and one in terms of left-moving oscillators, is know as level matching.
In the quantum theory level matching implies that the number and type of right-
moving excitations of a string is equal to the number and type of its left-moving
excitations. The Hamiltonian, in terms of the modes’ coefficients, is simply:

H = Lo+ Lo. (2.34)

The last step we take before we quantize the string consists of determining
the equal-7 Poisson brackets that are of interest to the theory. In the Hamilto-
nian picture we have the following bracket for the dynamical variables X* and
their conjugate momenta (TX"):

{XH(o,7), X" (o', 7)}pB = %(5(0 — o)t (2.35)

The other brackets, {X, X} and {X, X'}, vanish. Using these, the Poisson brack-
ets for the modes are easily found to be:

{a’yn?a’;;} = {5%752} = _im6m+n,0nuyg
{a’%,ﬂ az} =0,
{a#,p"} = n". (2.36)

These in turn determine the brackets that define the classical Virasoro algebra:

{Lm, Ln} = —i(m —n) Ly in,
{Z/ma En} = _i(m - n)f/m—&-na
{Lpm,L,} = 0. (2.37)

2.2 The quantized relativistic string

In the following sections we consider two different ways of quantizing the bosonic
string: canonical quantization and lightcone quantization. For a discussion of
a third way, that of path integral quantization, see |2] or [3]. The canonical
and lightcone procedures are useful especially because they allow for an explicit
construction of the Fock space.

We will conclude tha chapter on the bosonic string with a few remarks
concerning the string’s spectrum and the particles its oscillations represent.

2.2.1 Canonical quantization

The most straightforward way to quantize the string, and perhaps also the most
traditional way to quantize any system, is to replace the fields, X*, by operators
and to replace the Poisson brackets by commutator brackets:

{,}p——i[,]. (2.38)



This is just the canonical quantization procedure. It leads to the following
brackets for the mode coefficients,

[a#, p"] = in"”
[ak,,ar] = [ah,, ar] = MOpmtn,on™”. (2.39)

The second relation becomes, after a redefinition of the modes:

a a_
ap = —, al = —=, with n > 0, (2.40)
vn "V
[alys '] = (@l a5 = 0. (2.41)

These are just the harmonic oscillator commutation relations for an infinite
set of oscillators, labelled by n € N. The positive frequency mode coefficients
a, become annihilation (or lowering) operators while the negative frequency
modes a], creation (or raising) operators. The use of commutators implies that
the theory’s excitations comprise only bosons.

The Fock space of the theory is to be constructed from the vacuum state,
which we will consider first. The vacuum state |0) is defined as the state that
is annihilated by all annihilation operators:

an|0) = @, [0) =0,  Vn > 0. (2.42)

This state needs to be defined still more precisely, since we have not yet con-
sidered the string’s centre of mass variables, * and p*. If we diagonalize p*,
the string’s vacuum state will be characterized by p. This state we denote by
|0; p). The other states of the Fock space are then built by acting on |0; p) with
the al’s. Each different state in the Fock space then corresponds to a different
excited state of the string.

There is one problem, though, that arises if one uses this procedure: it leads
to negative norm states, dubbed ghosts,

[[a® 110; p)|I* = (0; plaa’ 1|0; p) ~ =64 (p — p). (2.43)

This is due to the Minkowski metric that appears in the commutation relations.
Luckily, a no-ghost theorem can be proven stating that these ghosts decouple
from the physical spectrum if we impose the Virasoro constraints, under the
conditions that the number of spacetime dimensions d is 26 and that the normal
ordering constant a (which will be discussed below) is 1.

In order to impose the Virasoro constraints, we have to prescribe a spe-
cific ordering of the oscillator operators they include, as because they are non-
commuting, different ways of ordering lead to different constraints. The stan-
dard prescription is called normal ordering; it puts positive frequency modes to
the right of negative frequency modes. The Virasoro operators are now defined
as

L, = %Z S y—n  Op o, (2.44)
nez

where the colons indicate that the operators are normal ordered. Of the Ly,
only Ly (and similarly Lg) is sensitive to normal ordering. It becomes

Lo = %a% + Z G, * Oy (2.45)
n=1

10



Since the commutator of two operators is a constant, and as we do not know
what this constant should be in the case of Lg, we simply include an additional
arbitrary constant @ in the definition of Ly (Lo — Lo — a). This constant has
some physical significance as it appears in the mass relation for the string:

m? = 81T (—a + Z ap - a_n> =8nT (—a + Z Q- d_n> , (2.46)

n>0 n>0

and thus directly affects the mass spectrum.
The Virasoro algebra for the quantized string is given by

[Lony Ln]) = (M =)Ly + da 2

12m(m

= 1)dmtn,0, (2.47)
where d is the number of space-time dimensions. Looking at this equation, we
see that we cannot impose the constraints as L,,|¢) = 0, as this leads to

d

0 = (@|[Lm, Lom]|$) = 2m(|Lo|¢) + Em(m2 —1){¢l¢) # 0. (2.48)

So instead we impose on physical states, as in the Gupta-Bleuler approach to
quantizing QED,

Lm>0‘phys> = Oa (LO - a)|phys> =0. (249)

In the case of the closed string, equivalent expressions apply for the L operators.
This definition of the constraints is consistent with the classical picture, since
the expectation value of the operators vanishes: (phys|L,|phys) = 0.

2.2.2 Lightcone quantization

Lightcone quantization is similar to covariant quantization in that it also in-
volves replacing the Poisson brackets by commutators and the fields by opera-
tors. The procedure differs because now we will not quantize first and impose
the Virasoro constraints later, but we will do that in reverse order.

First, however, we consider the remaining gauge invariance. In the gauge
where gog = 1.3 We are still allowed to reparametrize o

ot =6t (o™), o —d (07), (2.50)

as this leads to a change of metric g — (o, 7)g which can be undone by a Weyl
transformationﬂ To fix this gauge freedom, it is easiest to work in spacetime
lightcone coordinates:

X+ = (X0 + x4, (2.51)

Although these coordinates do not look Lorentz invariant, as we picked out two
particular directions, we will find further on that it still is.

9The existence of this remaining gauge freedom does not contradict the earlier discussion
where we mentioned that we had to use all of our gauge invariances (1 Weyl, 2 reparametriza-
tions) to fix the metric. This is because 5% are functions of only one variable each and form
a set of measure zero among the original gauge transformations. This remaining freedom
implies that of the 2(d — 1) degrees of freedom of XZ/R (2d minus 2 because of the Virasoro

contstraints) 2(d — 2) are physical.

11



We fix a gauge by reparametrizing such that, X* = X (oF) + X}t (c7),

XZ_ = %x+ —+ %a,p+g+’ X—E = %;L‘+ —+ %O/p+0'7, (252)

Xt =2t +aptr (2.53)

This choice of gauge is called the lightcone gauge.

Note that the wave equation for X is satisfied, which confirms that we
made a valid choice of coordinates X#. Further restrictions on X cannot be
made as the requirement that X* should be periodic in the transformed o®
does not leave us with enough reparametrization freedom.

A consequence of this choice of gauge is that X~ is determined, up to an
integration constant, by the remaining d — 1 coordinates. This becomes obvious
when one rewrites for example the first Virasoro constraint as:

d—2
20, X0, X1 =)0, X'0, X", (2.54)
=1
and uses X~ = X (o1) + X (07):
1 d—2 ‘ .
0. X, = ——> 0, X0, X",
ap i=1
1 d—2 ‘ ‘
0 Xy = pra ;a,)ﬁa,xa (2.55)

The resulting mode expanded solutions for X, /R Are identical to expressions
with p replaced by —; = plays the role of the undetermined integration
constant. Because X~ is solved in terms of the other fields, its Fourier coeffi-
cients a,, can be expressed in terms of the d — 2 independent modes a,. Using
ag = ag = +/¢'/2p~, we can rewrite the mass relation as:

d—2 d—2 d—2
m?=2pTp — szpl = 32 Z a' ,a, = 3 Z Z at,a,,. (2.56)
i=1 i=1 n>0 i=1 n>0
In summary, we find that in the lightcone picture we end up with 2(d — 2)
independent oscillator modes a’, and a,, which we will refer to as the transverse
moded™ We were also left with the centre of mass and momentum variables
zt,p',pt and 2~. The other two, 1 and p~, are redundant: the former can be
compensated for by a shift in 7, while the second is defined in terms op the p°
and a!, through ag . p— is interesting though since it generates shifts in =™, or
equivalently, in 7, and may for this reason be thought of as being proportional
to the lightcone Hamiltonian.
In the quantized theory, the commutation relations turn out to be more or
less as expected:

[xivpi] = ié”v
[z7,p"] = [z, p7] = —i,
[a},, aly) = [l @] = 16" 6y 0. (2.57)

10 Although they are not necessarily physically transverse to X=*.

12



The Hilbert space of states is constructed in the same way as it is in covariant
quantization. First, the vacuum is defined:

prl0;p) = p*0),  al|0;p) = ak|0;p) =0, n>0. (2.58)

The excited states are then created by acting on the vacuum with the raising
operators a’, and ai, with n < 0. The only constraint left in the quantum theory
is the mass relation, which has to be imposed as p~ is not independent. The
mass relation will again include a normal ordering constant a. In the following
section we give a sketch of how to determine this constant, along with the
required number of spacetime dimensions.

2.2.3 Lorentz invariance

Let us first take a look at the action for the free scalar fields X* before light-
cone gauge fixing. This action is manifestly Poincaré invariant since Poincaré
transformations appear as a global symmetry on the world-sheet:

XF — AP XV 4 M, (2.59)

These transformations give rise to Noether currents and associated conserved
charges. For the translations X* — X* + ¢, we have the following current:

P =To*X,.. (2.60)

This current is trivially conserved as d, P’ = 0 is simply the equation of motion.
The d(d—1)/2 currents associated to Lorentz transformations can be computed
similarly. They are,

J%, = PYX, — P2X,.. (2.61)

The fact that these are conserved follows again from the equation of motion.
The corresponding charges are given by M,, = f doJ},, and become, after
inserting the mode expansion for X* into their defining equation,

(@”,ap —a,ay)

S|

o0 o0

wy oV oV l v o M vy _ g
M = (pHa¥ — p“z) an_:l n(a_nan a ay) znz::l
= [HV 4 S 4 GV, (2.62)
where [#¥ is the orbital angular momentum of the string, and S*” and S*
describe the angular momentum due to excited oscillator modes. Classically,
these obey the Poisson brackets of the Lorentz algebra. In the covariantly

quantized theory the corresponding operators obey the commutation relations
of the Lorentz Lie algebra:

[Mpa" MTV] — 77a“l‘z\4plz _ ,r}pTMo'l/ _|_ anMJT _ ’I’]JVMPT. (263)

In the lightcone gauge, however, the Lorentz algebra is not generally repro-
duced by the generators M*¥, implying that the theory is not Lorentz invariant.
Lorentz invariance requires, among other things,

[M*~, Mi™] =0. (2.64)
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This equality is the problematic one, as it is not generally satisfied due to the
presence of p~ and a,,, which are defined in terms of the transverse oscillators.
Now, if we first change {*” by replacing x*p” by é(m“p” + p”z#) such that it is
Hermitian, we may go on and compute the commutator. As the computation is
rather lengthy, we skip it and only quote the result:

2 d—2 1 d—2 s P
K2 J J 7
( )2n§>0<[ o 1}n+n [a—24 })(a nah —al, ar)

+ (a ¢ a) (2.65)

(M=, M77] =

The right-hand side of the equation only vanishes for d = 26 and a = 1, showing
that the relativistic string can only be quantized properly in flat Minkowski
space if we have 26 space-time dimensions [3], [4].

2.2.4 The string’s spectrum

With d and «a fixed, we may analyse the (closed) string’s spectrum. In this sec-
tion we will only consider the ground state and the first excited states, as these
will turn out to be the most relevant ones. As remarked before, all excitations
are bosonic since the mode operators satisfy commutator relations.

The ground state of the string, |0;p), is a tachyon. Its mass is given by

me=——. (2.66)

The presence of a tachyon indicates that the ground state is unstablﬂ An-
other, stable ground state might still exist, but it is unknown if there is any.
In superstring theory the tachyon disappears after imposing the so-called GSO-
projection.

The first excited states are of the form

a’ 1@’ ,[0;p). (2.67)

These (d — 2)? = 242 particles are massless. They are invariant under transfor-
mations of the little group of the Lorentz group: SO(24), which is the transverse
rotation group. The states can be decomposed into irreducible representations
of that group in the following manner

ai_IELj_1|O;p> :a[ild'ﬂ1|0;p> + [a{ildj} - iéijalildlil] |0; p)

+ 69 ak @k ]0;p). (2.68)

This corresponds to a decomposition into an anti-symmetric part, a symmetric
and traceless part and a trace. To each of these representations we associate a
field in spacetime, such that a string’s oscillation is identified with a quantum of
these fields. The anti-symmetric part corresponds to an anti-symmetric tensor

11n quantum field theory, the mass squared of a field T(X) is determined by the potential

2
part of the Lagrangian, V(T'). It is given by m2T = 88‘;<2T> o If at T = 0, which is our

reference value (i.e. the one that defines the ground state), m% < 0, T is a tachyon. This
happens if the potential V has a local maximum at this value for T'. In our case that means
that our ground state is unstable. Another example of a tachyon is the Standard Model Higgs
boson H at H =0 |3|.
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field B#E The trace part is invariant under SO(24) and is therefore a massless
scalar. It is called ®, the dilaton. The symmetric and traceless part corresponds
to a ditto tensor field G,,. It is a spin 2 particle and it can be shown that it
should be identified to the graviton or, equivalently, to the spacetime metric.
This is why string theory includes general relativity.

Up until now, we have more or less ignored the open string. In the open
string case we do not have the a! oscillator modes, if we choose Neumann
boundary conditions.

The open string’s ground state is tachyonic, while its first excited states are
given by

a’;]0;p), (2.69)
which is the massless vector representation of SO(24).

Remark 2.1. In this section we looked at the string spectrum only after we
determined d and a. A different argument leading to the same values for d
and a as we found, starts out by noting that the open string’s massless states
should transform under SO(d — 2), while its massive states should transform
under SO(d—1) for the theory to be Lorentz invariant [3]. This is because these
groups are the relevant little groups of the Lorentz group SO(d — 1,1). Now,
the first excited states of the open string form a d — 2 dimensional vector of the
transverse rotation group SO(d — 2) and should thus be massless. As its mass
is given by o’m? = (1 — a), which can be found by acting on the state with the
mass operator Ly — a, this implies a = 1.

The constant a came about as the result of normal ordering the expression

Z a’ al = Z cat al
} 270)

n#0 n#£0
Above, the last sum on the right-hand side is the Riemann zeta function, £(s) =

=%
—2{Za na;+ i

oo n~*, for s = —1. Although the function is converges only for s > 1, it

. . . . _ . 1 .
does have a unique analytic continuation at s = —1, namely {(—1) = — ;. This
identification leads to a = dz;f, implying d = 26.

In fact, it turns out that only for d = 26 and a = 1 do all the tachyonic, mass-
less and massive excitations fall neatly into representations of SO(25), SO(24)
and SO(25), respectively. Similar arguments apply for the closed string and
they lead to the same values for a and d.

Remark 2.2. So far, we have not yet talked about how string-string interactions
arise in string theory. As one can see from the Polyakov action, there are no
non-linear interaction terms present as there would be in a normal interacting
quantum field theory, so string interaction must come about differently. They
can in fact be introduced by allowing the topology of a worldsheet to change, so
that strings may split or fuse as in figure

Another thing that may happen is that open strings close, so that open-string
string theories necessarily contain closed strings as well. For most closed string

120r, in other terms, a two-form field with components Buv.
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Figure 2: A collision of two strings [4].

theories, such as the type I superstring theories we will focus on hereafter, there
exist arguments that show that open strings are required too.

In this thesis we will however not discuss these subjects further; for references
on this (and the related subject of conformal field theory) see the lecture notes
mentioned in the bibliography.

3 Superstring theory

In this section we extend the Polyakov action of the bosonic string to include also
fermionic fields. In other words, we will introduce fermions on the worldsheet.
The resulting string spectrum will turn out to also include fermions, which
means that the superstring is already one step closer to offering a realistic model
for particle physics than the bosonic string is.

The superstring version of string theory is constructed along the same lines
as the bosonic theory: first we consider the classical action, the solutions to the
equations of motion and their mode expansions and then we apply the canonical
and lightcone quantization procedures. Like in the bosonic case, we will focus
our attention on a particular kind of string: the oriented, closed string with a
supersymmelric action.

Unorientedness is the symmetry of a string under interchange of left- and
right-moving excitations. Oriented string are those that do not have this sym-
metry. Supersymmetry on the other hand is a property of the action: a super-
symmetric action is invariant under a certain transformation that transforms
fermions into bosons and vice versa. It implies that the number of fermionic and
bosonic degrees of freedom are equal. Supersymmetry and the GSO-projection
that was mentioned earlier together result in a supersymmetric, tachyonless
spectrum. The usefulness of having a supersymmetric spectrum is discussed at
the end of this section.

In concluding this section we will, as we did in the bosonic case, write a few
words about the theory’s low energy limit, which is physically perhaps the most
interesting. The most useful references are [1], [2] and [4]. A more comprehensive
one would be volume IT of [5].
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3.1 The relativistic string
3.1.1 Spinors on manifolds

Before we can actually write the superstring action, we need to know how to
include fermions on a general, possibly curved, manifold. The mathematics
required to do this we discuss below [4], [12]. In this discussion the dimension
d of the manifold under consideration will be arbitrary.

Spinors, on a d-dimensional flat Minkowski manifold R4~1!, have 25] com-
plex componentﬂ and transform under the spinor representations of the Lorentz
group SO(d —1,1).

Now, at every point p on a general d-dimensional curved Minkowski manifold
M one has a tangent space T, M which corresponds to flat Minkowski space. In
this tangent space Lorentz transformations are well defined. To bridge the gap
between flat and curved Minkowski space, we define an orthonormal basis each
point p for the corresponding tangent space: e? (z), a = 1,...,d. Orthonor-
mality means:

<ea7 eb> = gaﬁeaaebﬂ = nabv (31)

or, equivalently g.s = eaaebﬁnab. Here, 7% is the Minkowski metric and e, is
a so-called wielbein. Its index « is called curved as it transforms under general
coordinate transformations (diffeomorphisms) as a vector index, while its index
a is called flat and transforms under local (z-dependent) Lorentz transforma-
tions. Its inverse is denoted e} and obeys e% e} = d;'. Due to its two different
indices, the vielbein allows one to couple gravity (that is, the curvature of space)
to spinors.

The definition of the vielbein above is local, as it is defined on coordinate
patches U C M. In order for spinors to be well defined globally, the vielbein
should satisfy the following relation on the intersection of two patches, U, NUsg,

e(a) () = Aap) (T)es) (7)), (3.2)

where A is a local Lorentz transformation. In this context these are also referred
to as the transition functions. In a region of triple intersection, U, N Ug N Uy,
these functions should satisfy the compatibility condition

Aapy Mgy Aya) = 1. (3.3)

A spinor field 1 should then, on an intersection of two patches, transform as

Yia) = P(Aap))V(s), (3.4)

where the p(A) is the spinor representation of the Lorentz transformation. On
regions of triple intersection we should have

P(Aap)) PNy P(A(a)) = £1, (3.5)

allowing one to use both p(A) and —p(A). We allow for the sign ambiguity as the
spinor representation is double Valueﬂ Manifolds for which the above relations

13The brackets indicate that only the integer part of the enclosed number is used.
14E.g. in the case of ordinary rotations in three dimensions the spinor representation is
SU(2) instead of SO(3), for which we have that SO(3) = SU(2)/Z.
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holds, are called spin manifolds and are said to allow for spin structures (see also
the section on G-structures, section [). It has been proved that any oriented
two- or three-dimensional manifold is a spin manifold. The two-dimensional
case that is of our interest is of course the superstring’s worldsheet.

The next thing to do is to define the Dirac action on M. With respect
to the frame e?%, the Dirac gamma matrices are ¢ = e%~y*. They satisfy
{7%,7%} = 2n?®. The object we need is a covariant derivative V,, which should
be a local Lorentz vector and transform as a spinor when applied to a spinor:

Vath = p(A)AS V). (3.6)

The Lorentz invariant Lagrangian density will, with such a derivative, be given
by

L = p(iv"V 4 +m)i. (3.7)
We know that e *0,% transforms as
€a'0at) = Ag e up(A)) = Ages™(p(A)0ath + Dap(A)¥).  (3.8)
This seems to suggest us to take a derivative of the form
Votp = €. (0o + Q). (3.9)
The connection 2 then satisfies Q, — p(A)Qup(A)~! — Oup(A)p(A)~t. To

find its explicit form, we consider infinitesimal Lorentz transformations A =
52+ €l(x). Then p(A) = exp(5€™7ap) ~ 1+ Fic®*yap. (Note: yap = £[Ya, 7))
The 74p, being the Lorentz group generators of the spinor representation, satisfy
the commutation relations of the Lie algebra so(d — 1,1):

i[lyaln ’YCd] = NcbYad — NeaVbd + NdbYac — TdaYcb- (310)
Under the same infinitesimal transformation as before, 2 should transform as
Qo — Qa0 + %ieab[fyab, Q] — %i@aeab'yab. (3.11)

Now, if we define the connection coefficients for vectors in terms of the
vielbein: Vqé, = Vg, é, = I'¢ é., where é, = e ‘e,, with e, the coordinate
basis; we find

e (One, + e T7 ey =T eles, (3.12)
or
re, = ecﬁe;(aaelf + ebAFgA) = ecﬂeaavaeb’g, (3.13)

which, in a slightly modified form, transforms under infinitesimal transforma-
tions as

ng — ng + Ea ¢ Ficecb — aaeab. (314)

ctab

Combining these with the v, above as follows, we find an Q with the required
transformation properties:

Q. = %zf‘g ey = %ieaﬁvaebﬁ%b. (3.15)
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With it, the Dirac Lagrangian becomes
L= (i e (0o + 5iT0 Ye) +m)Y, (3.16)

while the action becomes
S:/ dz\/—g L. (3.17)
M

By adding certain total derivatives to this action, we obtain a Hermitian
version:

§=1 /M do/=gB(i7° D o + L e} +m). (3.18)

In d = 2 dimensions, the connection term vanishes (in both forms of the action),
which can be seen from the equation directly above. The only non-zero ~,; are
Yo1 x 73 (the two-dimensional analogue of v5) and {v*,v3} = 0, so that the
connection term drops out.

Here, for later use, we state some further facts about gamma-matrices and
spinors. The algebra for two-dimensional Dirac matrices p®, a = 0,1 is given
by

{p" 0"} = 29", (3.19)

where 7% = diag(—1,+1). A particular set of matrices satisfying the algebra

1S:
o (0 1 L (01

The charge conjugation matrix can be taken to be C' = p°. Majorana spinors
satisfy ¢ = fp0 = TC = T p°. Thus ¢p* = 9; the spinor has real components.
Now, using the zweibein (the vielbein in two dimensions) we can define curved
p-matrices as follows

Pt =eSp”. (3.21)

These satisfy a modified algebra: {p®,p°} = 2¢g®. The next two identities,
the first of which is valid for anti-commuting Majorana spinors and the second
for general anti-commuting spinors, will be useful in showing the string action’s
invariance under supersymmetry.

e The spin-flip identity:
Pipt . prihy = (1) hapn L p iy (3.22)
e The Fierz identity:

(WA)(@x) = =5 { (D) (SA) + (Wpx)(@PA) + (Pp"x)(dpa)},  (3.23)

where p = p°p'.
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Remark 3.1. The d-dimensional Clifford algebra is reducible, as there is a
matrix that commutes with all generators:

Va1 = e TNyl (3.24)

for d even, while for d odd 441 o 1 (’yfl_|r1 = 1, also [Yi+1,Vab) = 0). This
matrix is used to define the inequivalent and irreducible Weyl representations:
given a Dirac spinor 1, the left- and right-handed Weyl spinors are

Yr=5(1=v+1)%,  Yr=5(1+va11)0 (3.25)

Weyl and Dirac spinors are complex, but in some cases the Majorana con-
dition, which has been referred to before, can be imposed: ¢* = B, with
a matrix such that BB* = 1 is consistent with the Lorentz transformations
oY = %ie“b’yabw, ie vy, = —Bv.B~!'. The Majorana condition is allowed only
ind=0,1,2,3,4 mod 8 and Majorana-Weyl spinors can be shown to only exist
ind=2 mod 8.

For a useful reference on spinors, see [5] or [15].

3.1.2 The superstring action

As mentioned before, the superstring action is an extension of the Polyakov
action. It is based on two multiplets that are supersymmetric in two dimensions.
The first multiplet consists of d matter multiplets, labelled by pu:

(XH, 9, P (3.26)

It consists of the d bosonic fields X* of the Polyakov string, in addition to d
two-dimensional Majorana spinors ", and d real scalar fields F'*, guaranteeing
the equality of the fermionic and bosonic degrees of freedom off-shell. On-shell,
however, after the equations of motion for F* have been used to simplify the
action, X* and y* suffice.

The second multiplet is called the supergravity multiplet:

(€%, Xa,4). (3.27)

The second field, x., is a Majorana “spinor-vector”, called the gravitino; it has
9lslg independent components. The other two are A, a real scalar field, and e?,,
the vielbein. In two dimensions the vielbein and the scalar each have one degree
of freedom, while the gravitino has four. If, however, we have one supersymme-

try parameter (corresponding to one specific supersymmetry transformation),

that is a Majorana spinor, it would have ols] independent components and re-
duce the number of fermionic degrees of freedom by that number. The number
of fermionic degrees of freedom then matches the number of bosonic degrees of
freedom again off-shell.

The on-shell action takes on the following form:

1 )
§=-o /d%e (9P 06 X D3 X, + 200" 0% Dty
T
—iXap? PP (05X, — tXp1y)) - (3.28)

Here, e is defined as e = |det e?,| = y/—g. Note that the auxiliary fields A and

[e3

F* do not appear. That the kinetic term for the gravitino, which is given by
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)‘(a'yo"BVDQXV, does not appear either is due to the fact that we only have two
p matrices: the completely anti-symmetrized product of three Dirac matrices
v*B7 requires at least three to exist for it to be non-zero.

3.1.3 Symmetries of the action

The superstring action is invariant under five local symmetries. The infinitessi-
mal versions are listed below (o and 7 are again the coordinates on the world-
sheet; o € [0, 2m)).

e Local supersymmetry; (o, 7) is a Majorana spinor parametrizing the su-
persymmetry transformations.

0 XM =ieyh, S = 5p% (0 X" = FXat")e,

566?} = %_anou 6EXOL = 2Dge, (329)

where Dye = Jn€ — %waﬁe and w, is the connection with torsion w, =
wa(€)+ %)Zaﬁpﬁxg; wq(€) is the spin connection: w,(e) = —%eweﬂvvﬁeg,
as mentioned in section B.1.11

e Weyl invariance. The parameter in this case is the function A(e, 7).

WXt = 0, 5A1/)M = —%Aiﬁ”a
oaeh, = Aeth,,  aXa = 3AXa- (3.30)

e Super Weyl invariance. The parameter, 7, is a Majorana spinor. Only the
gravitino is affected by the super Weyl transformations; invariance follows
from the identity p“pgpo = 0.

67}Xu¢ = Pall- (331)
e Two-dimensional Lorentz symmetry. The parameter (o, 7) is a function.

aXH* =0, ot = %lﬁiﬁ”,

die, = leolljebow 0 Xa = %lﬁXow

e Reparametrizations (or diffecomorphisms); £%(o,7) is a vector parameter.
e X# =¢P0s X", bty = EPOpet, + €}0aE”,
557/JM = §Baﬁ1/1“, 6§Xa = fﬁaﬂXa + Xﬁaaéﬁ‘ (332)
As in the bosonic case, we simplify the action by using its symmetries. First
we will use local supersymmetry, Lorentz invariance and reparametrizations to
fix two degrees of freedom of the zweibein and of the gravitino.
The gravitino may be decomposed as
Xa = (95 = 5PaP”)X5 + 3Pap’Xa
= 50°paxs + 3Par’Xa
= Xa + Pal. (3.33)
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The supersymmetry transformation for the gravitino may be decomposed simi-
larly

OeXa = 2D €
=2(Ile)a + PaP'@DBGa (3.34)

where we defined (Ile), = (97 — 2pap”)Dge = 3p” poa Dge. Now, one can show
that locally there always exists a spinor &, such that Y, = p” paDgk. We then
find that, looking at the supersymmetry variation for the gravitino, x can always
be made to vanish using a supersymmetry transformation.

To simplify things further we use reparametrizations and local Lorentz trans-
formations. The zweibein can be transformed into e? = e?§% (this is just the
result of a transformation that makes g,3 conformally flat). Under these tran-
formations, the decomposition of the gravitino (xo = paA) does not change.
The gauge choice we have made is called the superconformal gauge, in analogy
to the conformal gauge in the bosonic theory. Using a Weyl transformation and
a super-Weyl transformation it may be further simplified to

a __ sa
ea_éa’

Xa = 0. (335)

An important issue that we did not consider in the bosonic case, and that we
will but mention here, is that the (super-)conformal gauge was derived locally.
For it to hold globally, there need to be a globally defined spinor x and a
globally defined vector field €%, both of which are non-trivial conditions on the
worldsheet.

Finally, the action in superconformal gauge is given by

S:féiﬁﬁﬂmX%%@+%&W%ﬂm, (3.36)

where we rescaled the fermions by e?/21) — ). The spin connection is now
Wo =€l Op¢ and indices are raised and lowered using the flat metric 7,5 and
P = dgp".

As in the bosonic case, there is still some gauge invariance left. Reparametriza-
tions and supersymmetry transformations satisfying P(£*) = 0 and Ile = 0
respectivelyiﬂ, do not change the action; though for the zweibein we need an
accompanying Lorentz transformation with parameter [ = %Eﬁ)x. The Weyl
degree of freedom ¢ then changes by d¢ = %E)\. The supersymmetry transfor-
mations can be made to be of the form

S XM = ieph

oy

1
37" X"e, (3.37)

if we redefine e®/21) and e~%/%¢ as 1) and e, respectively. The condition ITe = 0
then becomes p?p,dse = 0.

15P(¢) is defined as follows: (P8)ap = Valp + Vgé€a — (V4E7)gap. It gives the traceless
part of the metric variation under a reparametrization.
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The equations of motion derived from the simplified action are:

00" X" =0,
PO " = 0. (3.38)

These still need to be accompanied by boundary conditions. For the X* they are
the same as in the bosonic theory. For the fermions the boundary conditions
will be given somewhat further on. We also have two sets of constraints on
the system, that come from the equations of motion for the zweibein and the
gravitino:

e The stress tensor, which, for theories with fermions, is defined as:
2m 08

e 565

Top = — €aa =0, (3.39)

e and an object related to the stress tensor by supersymmetry, which we
will denote as Tw. It is the response of the action to variations in the
gravitino:

2w 48

F e 10x“ (340)

Both of these are conserved currents, as 0%Tng = 0“Trq = 0.
For the rest of the discussion we will again use lightcone coordinates o=*.
The action becomes

1
S = % /d20' (8+X an +'L(’(/}+ '871/J+ + ’ll)f -3+1/),)), (341)

where we used the notation ¢* = (¢, ") for the components of the spinors.
The equations of motion are given by

04+0_X* =0,
o_yl =0, t =0. (3.42)
We see that the X*# can again be split up into a left-moving and a right-moving
part, while for the fermions we have ¢ = ¢4 (0%). Using the same notation for

the supersymmetry parameter, the conditions on the allowed reparametrizations
and supersymmetry transformations become

& =0-6" =0,

dye” =0_€e" =0. (3.43)
Note that the indices + for the vector £ denote the vector components in light-
cone coordinates. To determine the aforementioned boundary conditions for the

fermions we simply require that the boundary term arising from the variation
of the action with respect to the fermions vanishes. Thus we impose

/ Aoy (4604 — ) =0, (3.44)
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or equivalently (for closed strings only)

’l/)-l— (0) = ﬂﬂ/’—s— (G + 27T)7
Y_(o) = £_(o + 2m). (3.45)

As the conditions for the two spinor components can be chosen independently,
they lead to four different combinations (R,R), (R,NS), (NS,R) and (NS,NS).
The R is used to denote the periodic boundary condition, which are usually
referred to as Ramond boundary conditions. Similarly the NS stands for Neveu-
Schwarz or anti-periodic boundary conditions.

In lightcone coordinates the stress tensor T,,3 and supercurrent T, become

Tiy = 504X -0: X + 514 - 0494, Tris =Try = 304 01X,

1 .
T = S0-X-0_X + 4y -0_y., Tp_ =Tp_ =1y -0_X,
T+_ == T_+ == 07 TF+_ = TF_+ == 0 (346)

Note that for Tr the first index is a spinor index, while the second is a vector
index.

3.1.4 Mode expansions

As in bosonic string theory we consider the mode expansions for the fields.
These will again yield the constraints and creation and annihilation operators
of the quantum theory. For the bosonic X* we have expansions identical to
those of section [2.1.5] The general solution for the equations of motion for the
fermions is given by

Wilor) = D e,
r€l+e¢
Yt (o, 1) = Z e ir(r=o), (3.47)

re€Z+¢

where ¢ = 0 when Ramond conditions apply and ¢ = % when Neveu-Schwarz
conditions apply. Reality of the Majorana spinors implies

b= (b)Y, b= (") (3.48)

The Dirac part of the simplified superstring action implies the following
brackets for the fermions

{W(o,7), 04 (o', 7)} = —2mid(c — o' )n". (3.49)

These are, however, not regular Poisson brackets, but Dirac brackets as the
Poisson brackets would vanish trivially. Some more words on this issue may be
found in [1]. In terms of the fermionic oscillator modes we have

(o, bs ) = =i 0150,
{08,0%} = —in"" S, 45,0,

TIYYS

{b,,bs} = 0. (3.50)
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The expansions of the constraints will again be of importance. For the right-
moving sector the modes are defined by:

1 2m ]
Lm - = dO'e_lmUT__,
271— 0
1 27 )
G, = f/ doe " Tp_, (3.51)
T Jo

and are given by

L, = %Zafn'aern"_%Z (TJV %) bfr'bmjtry
neZ r
Gr = a n brin. (3.52)

To find the analogous expressions for the right-moving sector, simply but bars
over every b and a. The modes satisfy the classical super-Virasoro algebra

{Lm, Ln} = —i(m —n)Lppin,
./m
{Lm7 Gr} = -1 (5 - ’I’L) Gm+r7
(G Gy} = —2iL, 4. (3.53)

3.2 The quantized relativistic string

In what follows, we only briefly consider canonical and lightcone quantization
of the superstring, as the story to be told is very similar to the bosonic version.

3.2.1 Canonical quantization

For the fields X* we replace the Poisson brackets by commutators, as is done in
section For the fermions we make the following replacement: {, } —
—i{, }, where the second bracket denotes the anti-commutator. The anti-
commutators for the fermionic modes become

{b8, 0%} = "0, 450. (3.54)

The oscillator mode coefficients with positive mode number become annihilation
operators, while those with negative mode number become creation operators.

The super-Virasoro operators still need to be normal ordered, which again
affects only Lg. As before, we allow for this by including a normal ordering
constant a in all expressions containing Lg. The super-Virasoro algebra is then
given by

d
[Liny L) = (M —n)Lppyn + gm(m2 —20)0m+n,0,

[Lm7 Gr} = (% - ’I’L) Gm-i—ra
(GG} = 2L+ 5 (7= 2) 6010 (3.55)
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The super-Virasoro constraints are to be imposed on physical states in a way
similar to the Virasoro constraints in the bosonic case.

The ground state for the quantum theory is defined by, ignoring for the
moment the dependence on the string’s centre of mass momentum,

ak |0) = bk|0) = 0, m,r > 0. (3.56)

The other states are constructed by acting on the ground state with the creation
operators.
The mass operator of the theory is given by

2 [ & —
mZZO/(Z a_m'am+zrb—r'br_a)' (357)
m=1

r>0

It implies that, in a Ramond sector, [m?,b5] = 0. That means that the states
|0) and bfy|0) are degenerate in mass. For n,r < 0 we have that a* and b
increase o/m? by 2n and 2r respectively, implying that in the NS sector we do
have a unique ground state, which must therefore have spin zerﬂ

The Ramond sector ground state is degenerate. Since the bl satisfy the
Dirac algebra {bfj,b§} = n**, we see that the Ramond |0) is acted upon by
what are effectively gamma matrices. It must thus be a spinor of SO(d — 1,1).
Furthermore, we can conclude that all states in the NS sector are spacetime
bosons, while all states in the R sector are spacetime fermions—this is because
the creation operators cannot change fermions into bosons or vice versa, as they
carry a spacetime vector index pu. We denote the R ground state by |a), where
a is the spinor index. The bfj act on this state as

bila) = L (0%)5 0, (3.58)
where the I"’s are d dimensional Dirac matrices.

As in the bosonic case, the definition of states given above leads to the
existence of negative norm states. In bosonic string theory we had a theorem
stating that these ghosts decouple from the physical spectrum in 26 dimensions
when a = 1. In superstring theory a similar theorem exists. It states that the
decoupling will take place if we have 10 spacetime dimensions, and if a = 0 for
the R sector and a = % for the NS sector [4].

3.2.2 Lightcone quantization

In section , the remaining reparametrization invariance of the bosonic theory
was fixed by choosing

Xt =dptr, (3.59)

this choice is also possible in superstring theory. The residual supersymmetry
can be used to transform the analogue of X, 1™ away, so that is in lightcone
quantization we have

Pt =0, (3.60)

16 A non-zero spin of the ground state would imply the existence of a, say, “preferred”
direction; it would break the ground state’s rotational invariance.
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where ¥* is defined as y* = %(wo + 41,

If we rewrite the Virasoro constraints using the newly defined lightcone com-
ponents, we find not only that X~ can be defined (up to an integration constant)
in terms of transverse bosonic and fermionic components, but also that 1)~ can
be defined in such a way. The only physical components are thus the transverse
ones.

The mass operator becomes

m? =m3 +m%, (3.61)

where m% is the mass due to right-moving oscillator modes; it is given by

m% = o ( E a' ,a; + E rb b, — a> . (3.62)
n>0

>0

A similar expression applies for m?%, the mass due to left-moving modes. For
physical states, we require mi—c = m?2. This level-matching condition derives
from the condition (Lo — Lo)|phys) = 0, which expresses the fact that no point

on a closed string is distinc

3.2.3 The string spectrum

We can now proceed to analyse the superstring’s mass spectrum. We will again
focus mostly on the massless states. First we consider the discuss the spectrum
of the NS and R sectors separately and last the spectra of the different possible
combinations, (R,R), (R,NS), (NS,R) and (NS,NS).

The NS-sector. The ground state is the oscillator vacuum |0), it has mass
m? = —a/a’ and is tachyonic. The first excited state is bil/2|0>, which is a
vector of SO(d — 2). By the same argument as in the bosonic case, we are lead
to the conclusion that the latter state must be massless. For the NS-sector we
then have ayg = % As the formal expression for this normal ordering constant

is given by

az—% Zn— Zr , (3.63)

n=0 r=1/2

we find, using again (-function regularization, that ) - (n+a) = ((-1,a) =
— L (6a® — 6a + 1) and that a = 452(L + &) = <2, Or, finally, that d = 10.
In the superstring case it can be shown that higher, massive, excited states fall

into representations of SO(9), as required.

The R-sector. We already found that the R ground state is a spinor of
S0(9,1). A Dirac spinor in ten spacetime dimensions would have 2° inde-
pendent complex or 64 independent real components. On-shell this number is
reduced to 32 as the Dirac equation I'*0,,9) = 0 relates half of the components to
the other half. Furthermore, in ten dimensions we may impose both a Majorana
and a Weyl condition, each of which divides in half the number of independent

17This interpretation stems from the fact that Lo — Lo generates translations in o.
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components, leaving only 8. These may then be interpreted as components of a
massless Majorana-Weyl spinor of SO(8). We can choose the ground state to be
either of the two possible chiral Weyl spinors, which we denote by |a) and |a).
The first excited states are a’ {|a) and b’ ,|a), along with their chiral partners.
They have mass m? = 1/a’ and can be assembled uniquely into representations

of SO(9).

Though we now have a string theory with both fermions and bosons, which
is what we were after, it turns out that in this form it is inconsistent. And, on
top of that, we still have not managed to get rid of the tachyon. These some-
what troubling problems may, luckily, be solved by considering only a specific
part of the string spectrum. The selection procedure that we use is called the
GSO projection, after Gliozzi, Scherk and Olive. Apart from solving the in-
consistencies, it succeeds in removing the tachyon, and in providing spacetime
supersymmetry in the resulting spectrum.

Looking at the massless part of the NS sector we see that it consists of a
vector of SO(8), and that the massless part of the R sector consists of two
spinors of SO(8). If we project out one of the two spinors, we will end up with
a supersymmetric theory as the NS and R degrees of freedom will match in
number. Mathematically, we define the projection as follows. First we define
an operator GG, which, for the NS sector, is given by

G=(-1)F,  F=> b,b-1, (3.64)
r=1/2

and we require that all states satisfy G|®) = 1|®). In particular, this ensures
that the tachyon is projected out. In the R sector G is defined as follows

G = (1) = by B (1) = Pt (3.65)

which is a generalized chirality operator (the 4° in d = 4), as b} --- b is the
chirality operator in the transverse dimensions. The sum is the worldsheet
fermion number. For the ground states we have that the eigenvalue of G that
applies, depends solely on their chirality, and we define G|a) = 1 and G|a) = —1.
Its eigenvalues for a general state are then again +1, since {G, "} = 0. For
the R sector we have two possible options, as we may demand that all states
satisfy either G =1 or G = —1.

The closed superstring has, as mentioned earlier, a left-moving and a right-
moving sector, each of which may be either an NS or an R sector. This leads
to the four combinations named in the first few remarks of this section. The
superstring states are then tensor products of left and right-moving states (such
that m? = m%). The GSO projection is carried out for the left and right-movers
separately, leading to two different supersymmetric theories. It turns out that
the (R,R) and (NS,NS) sector combinations lead to spacetime bosons, while the
(R,NS) and (NS,R) combinations lead to spacetime fermions.

First we consider what is called type IIB string theory. It is the result of

demanding that G = G = 1 in both the R and NS sectors (the bar on G indicates
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that it operates on the left-moving sector). The allowed massless states are then

b’ 5l0) L X b{1/2\0>R, in the (NS,NS) part,
(

la)r, x |b) R, in the (R,R) part,
la)p, x bi_l/g‘0>R7 in the (R,NS) part and
1321/2|O>L X |a) g, in the (NS,R) part. (3.66)

These may be decomposed into irreducible representations of the little group.
For the bosons this results in a graviton, two antisymmetric tensor fields of
rank two (or two-forms), one antisymmetric tensor of rank four (which is in
fact four-form with self-dual field strength, see section and two real scalars.
For fermions the decomposition results in two gravitinos of spin % and two
spin % fermions. As both gravitinos have the same chirality, the theory is
chiral. Furthermore, the presence of two gravitinos implies that the theory
has N' = 2 supersymmetry, i.e. that there are two different supersymmetry

transformations.

The second type of theory we consider is called type IIA string theory. It
puts the same requirement on the NS sectors, but demands for the R sectors
G = —G = 1. The allowed massless states are now

l_)i_l/2|0 L X b{l/z\())R, in the (NS,NS) part,
R,R) part,
R,NS) part and

NS,R) part. (3.67)

~—~ o~

L X |I.)>R, in the

I X b21/2\0>R, in the

—_~

b1 )5l0) L x |a) R, in the

The decomposition into irreducible representations results in, for the bosonic
part, a graviton, one real scalar (called the dilaton), one antisymmetric rank
two tensor, one vector (or one-form) and one antisymmetric rank three tensor
(or three-form). The fermionic part consists of two spin % gravitinos and two
spin % fermions called dilatinos. In this case we have, however, that each pair
of fermions contains one of each kind of chirality, leading to a non-chiral, N' = 2
supersymmetric theory.

3.3 The type ITA and IIB supergravities

In the previous section we wrote about the massless part of the type ITA and
type IIB theories’ ' = 2 supersymmetric spectra. We know however that these
theories contain an infinite number of bosonic and fermionic particles, with
masses m? = n/a’, with n € N. We would like to somehow be able to ignore
them when we consider for example collisions between particles that involve
energies up to several TeV. This is because the Standard Model, which we know
works quite well at those energy scales, does not contain an infinite number of
particles.

The reason why these particles effectively disappear at ‘low’ energies is in
fact due to the fact that they are massive. It turns out that if we choose to
identify the symmetric tensor field G, (henceforth referred to by a lower case
g) with the graviton, we need to relate the constant o’ to the Planck scale:
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o ~ Gn = Mp”, where p is some positive integer related to the number of
dimensions, G Newton’s constant in ten dimensions and Mp the Planck mass
that is about 10'°GeV/c? [3]. This implies that all of string theory’s massive
particles are much too heavy to be produced in any modern-day experiment.
This also explains our focus on the massless particles of the different string
spectra we wrote about; they are physically interesting if one tries to make
string theory tie up with our current knowledge of ‘low’-energy physics.

In the following we will describe the actions (which are highly constrained
by supersymmetry conditions [5]) that determine the behaviour of the massless
particles. They are the so-called supergravity actions. They naturally fall apart
in three pieces [3|:

Ssupergravity = Sl + 52 + Sferrni~ (368)

The first two parts contain only bosons, while the third contains all the interac-
tions and kinetic terms of the fermionic fields. The latter we will not describe
here. Stermi may be obtained by performing a supersymmetry variation of the
bosonic fields (using the fact that both type II supergravities should be N' = 2
supersymmetri@ and adding in the appropriate kinetic terms. The supersym-
metry parameters are sixteen—dimensiona@ Majorana-Weyl spinors; they are
of the same chirality in type IIB and opposite chirality in type ITA [9]. The
supersymmetry transformations are described at the end of this section.

The S; part is common to both ITA and IIB and contains the fields coming
from their NS-NS sectors. It is given by

_ 1
- 2K2

S /dl% —ge 2% <R + 40, 00"® — ;H2> : (3.69)
Above, we almost find the standard Einstein-Hilbert action; it’s standard form
may be obtained by a Weyl rescaling of the metric. The resulting 2 is then
the gravitational coupling in ten dimensions, x> = 87G, where G is Newton’s
constant in ten dimensions. The fields S; includes are: the graviton g,,,, a scalar
field ® called the dilaton and H, the field strength of B, H = dB.

The part Sy differs in ITA and IIB and contains the remaining (R-R sector)
bosonic fields. For type ITA these fields are a one-form, C7, and a three-form,
C3. The IIA S is, in form notation,

1 1 _
Sy = 13 /B/\ FyNFy— /dlox\/—g <|F2|2 + |F4\2) . (3.70)

Here, F5 is the field strength of Cy, Fb = dCf; F is defined by Fy=F,—C, ANH,
where Fy = dC'5 is the field strength of Cj.

The remaining fields in IIB are: a scalar that is called the azion, Cj, a
two-form Cs and a four-form C4 with self-dual field strength, i.e. F5 = dCy =
xF5. The self-duality condition must be implemented separately as it cannot be
enforced by some type of Lagrangian. S5 is given by

1 1 10 2 |2 L = 2
52:——4H2/C4/\H/\F3—74H2/d TN —g <F1| —|—|F3| —|—§|F5‘ .
(3.71)

8Hence the name “type I17.

19Sixteen-dimensional as 2[%] = 16 for d = 10.
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Now, F} = dCy, Fy = dCs, F5 = dCy, while F3 = F3; — Cy A H and F5 =
Fs — %02 AN H + %B A F3. In the case of IIB, however, the entire bosonic
sector may be rewritten completely as the four form part may be set to zero [2].
Defining 7 = Cy + ie~?®, one finds

1 10 10707 1 |Fs+7H|?
Sl+52 = ﬁ/d T\ —g <R 5 7_2 ﬁ - . (372)

Remark 3.2. As a side note, we remark that the free field action for a p-form
gauge field C}, with field strength Fj,.1 = dC), is generally given by, [12],

1 1
S =— | F o A4Fi=—— | d%%/—g|F,1*. (3.73
P 2(p+1)| /M p+1 * p+1 2(p+1)|/ &€ g‘ P+1| ( )

There is a gauge invariance of the form C, — Cp + dA,_; which may be fixed
by imposing dTCp = (—1)4P+D) w d x Cp = 0 (d is the dimension of the manifold;
the Lorentz condition of electromagnetism is of this form). The equations of
motion are, after gauge fixing

AC), = (d+d")?C, = (dd" + d'd)C,, = 0. (3.74)

A is the Laplacian. Lastly, the “x” above is the Hodge star, which is given in
coordinate basis dx™, for an p-form w, by

1 . )
W= 5w g, dx"t A ANda'r,
p:
w= 2:919)' Wiy € eI A A (3.75)

€iltd — 92131 "'gZdeGjl...jd and

+1 if (j1...jq) is an even permutation of (12...d),
=q—1 if (j1...Jq) is an odd permutation of (12...d), (3.76)

0 otherwise.

€j1...Ja

Note that %1 is the invariant volume element \/—gdxz® A --- A dz?, and that
sxw = (—1)1HP(d=P)y for a Lorentzian manifold M (like R4~11; an extra factor
—1 is to be added for a Riemannian manifold).

3.3.1 Remarks on supersymmetry

Throughout the whole section on the superstring we have insisted on keeping su-
persymmetry around, though we never explained why. Its importance is related
to the view that the Standard Model is, as more or less remarked in the previ-
ous section, a low energy limit of some underlying, more “fundamental” theory;
much like the old Fermi theory of the weak interactions is a low energy limit
of the later Glashow-Salam-Weinberg model of the electroweak interactions. In
this thesis, the assumed underlying theory is string theory.

Whether the “true” theory turns out to be string theory or not, we will in
any case need some sort of extension of the standard model that will be valid
up to higher energies and that needs to come up with solutions to a number of
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problems the standard model suffers from. One of these is lack of candidates
for dark matter, which is supposed to make up about 30% the energy content
of our universe. Another problem is dark energy (~ 70% of the energy content
of the universe): if it is interpreted as the energy of the vacuum, i.e. as the
cosmological constant A, the standard model predicts a value that is a hundred
orders of magnitude or so too large. A third problem is the so-called hierarchy
problem: the standard models Higgs boson’s mass receives highly divergent
contributions from loop-corrections, in order to cancel these an “unnaturally”
precise cancelling would have to take place by using counter terms.

Supersymmetric extensions of the standard model are interesting as some of-
fer solutions to at least some of these problemﬂ The minimal supersymmetric
extension of the standard model (called the Minimal Supersymmetric Standard
Model) for example solves the hierarchy problem by providing loop-corrections
that cancel each other. Furthermore, if the model’s supersymmetry is broken at
energies of about one TeV, it provides a weakly interacting interacting massive
particle that would be a candidate dark matter particle, and it would allow for
the unification of the standard model gauge groups in a larger grouﬂ

Although it is not (yet) known whether the idea of supersymmetry is cor-
rect, it seems to be a rather useful model and so we choose to keep it around
as part of our string theory based model. Hoping, of course, that one day a
four-dimensional low energy limit of string theory that is compatible with the
Standard Model will be found.

References. A good introduction of the Standard Model would be provided
by An Introduction to Quantum Field Theory (1995, Westview Press) by Michael
E. Peskin and Daniel V. Schroeder. For an introduction to supersymmetry (and
also to string theory), see the book by Michael Dine: Supersymmetry and String
Theory (2006, Cambridge University Press). A slightly more mathematical
alternative to these books is the three volume book written by Steven Weinberg,
The Quantum Theory of Fields (2000, Cambridge University Press).

3.3.2 Supersymmetry variations

From this point onwards, we will define the R-R fields somewhat differently (8],
19]. Before, they could be described as follows; the p—form fields (field strengths
or fluxes) were F,, with p =0,2,4 for type IIA and p = 1, 3,5 for type IIB.

The Fy field of type ITA does not have propagating degrees of freedom and
corresponds to a constant m = Fj, called the Romans mass. The F5 of type
IIB satisfies a self-duality condition.

In what follows we will however work with the so-called democratic formu-
lation, in which the number of R-R fields is doubled: p = 0,2, 4,6, 8, 10 for type
ITA and p =1,3,5,7,9 for type IIB. In order to undo the doubling of degrees of
freedom in the democratic formulation, we impose duality relations for all R-R

20 A problem these theories do not address is the inclusion of gravity; this is done in string
theory.

21Results from the LHC experiments have, however, shown that this particular model is in-
correct. There are, of course, a host of other models left. For the published results of the AT-
LAS and CMS experiments, see https://twiki.cern.ch/twiki/bin/view/AtlasPublic| and
https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResultsSUS.
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fields. They read

(n—=1)(n—2)

Fp=(-1)""> * F10—p, (3.77)

and should be imposed by hand after deriving the equations of motion from the
action. The action is thus only a pseudo-action as it does not imply the duality
relations.

Usually, we will work with the polyform F = Zp F,. The duality condition
can then be written as

F = xo(F), (3.78)

where o is the operator defined in definition [6.2}

The R-R potentials Cp,_; are also doubled in the democratic formulation,
and will be collectively denoted as C = Zp Cp—1. Now, using the fact that
dH = 0, we define the nilpotent H-twisted exterior derivative for polyforms as

dg =d+ HA,  d% =0. (3.79)

The relation between the potentials C),—; and the field strengths Fj, can then
be conveniently written as H-twisted Bianchi identities:

F=dyC for type IIB,
F=dyC+me B for type ITA. (3.80)

Furthermore, the field polyform F' satisfies the Bianchi identity
dgF =0, (3.81)

again in the absence of sources.
The action, in the string frame, of the democratic formulation is given by

S = 2—22 d"z \/—detg (6*2‘1’ (R+4(d¢)* — 3H?) — 5F2) + Soc,  (3.82)

where Sj, is the action corresponding to localised sources, which may include
a variety of objects, such as D-branes, orientifolds, NS5-branes, fundamental
strings and KK-monopoles [9].

The fermionic superpartners of the bosonic fields discussed above are two
Majorana-Weyl gravitinos, wﬁ, A=1,2and M =1,...,10, and two Majorana-
Weyl dilatinos A4. As mentioned before, the gravitinos are of opposite chirality
in type IIA and of the same chirality in type IIB; the dilatinos have chiralities
that are opposite to the gravitinos’. Again, both theories have N' = 2 supersym-
metry with two Majorana-Weyl supersymmetry parameters, e, with chiralities
equal to those of the gravitinos.

Finally, using the democratic formulation and working in the string framdﬁ
the supersymmetry transformations for the supergravity theories, of the grav-

22The string frame is what has been used in this section, and refers to the form of the
supergravity actions. The Einstein frame versions of the actions are obtained by a conformal
rescaling of the metric, such that the usual form of the Einstein-Hilbert action appears (S =

Jd%z /=detgR).
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itino and dilatino doublets, become
Sy = (Dpre)' = (VM + i@)el + %eQEFMFnﬁQ,
53 = (Due)® = (VM - i@)g — &e®o(F)I'yTiie,
ON' = (00 + 1H )€ + e TV FDyT e,
oA2 = (th - %ﬂ) €2 — Le®TM ()0 T e, (3.83)

Remark 3.3. In the equations above I'j; denote the gamma matrices in 10
dimensions; I'y; is the chirality operator. The fields that are underlined are
defined using the Clifford map:

1 L
= ¢= Z l*,@l...ilrh”'“, (3.84)
— 1!

where ¢ is a (poly-)form and, as usual, T%i» = Tlir | Tl where the brackets
indicate a complete anti-symmetrization. Note that for H in 614 the first index
is not contracted with gamma matrices through the Clifford map.

These equations are central to the discussion of compactification, that forms
the second part of this thesis. Before studying them in greater detail, however,
we first discuss compactification in more general terms.

4 Compactification

This section marks the beginning of what we referred to in the introduction as
being the second part of this thesis. In it we will discuss the compactification
of superstring theory. As remarked earlier, compactification is the “wrapping
up” of 6 of the 10 dimensions (see section into a small, compact manifold
such that only a d = 4 Lorentzian (i.e. locally Minkowski, meaning that we
have only one time dimension) manifold remains large. The latter part should
correspond to, at distance scales large compared to the d = 6 manifold, the
four-dimensional spacetime we experience daily.

We will study the subject in terms of field theory, not in terms of string
the01ry|§|7 and we will mostly pay attention to the massless supergravity fields
of the preceding section.

Useful references are 6], |7] and [8]. Several chapters in [5] are also dedicated
to the subject.

4.1 Compactified space

Essentially, the foregoing paragraph says this: we want to replace Mg, our
ten-dimensional manifold, by a product of manifolds: M, x Kg, where the
former is our spacetime and the latter is something compact, Riemannian and
‘small’. That this could be possible is however not evident; it is after all the

23When studying strings on compactified spaces, one might wonder about the possibility of
strings ‘winding’ around the compact space etc.. Such questions do not arise in a field theory
treatment.
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dynamical metric field g that determines the geometry of Mig. The sought-
after product form (of the vacuum) is possible whenever the metric field has a
vacuum expectation value of the form:

(0]g]0) = e2A(y)§#,,(x)dx“ ® dz” + Gmn(y)dy™ @ dy". (4.1)

Here z#, 4 = 0,...,3 are the coordinates of My and y™, m = 1...6 the co-
ordinates of Kg. A(y) is a warp factor, it depends only on the y—coordinates
and does not change the symmetry group associated to the spacetime vacuum
(e.g. the Poincaré invariance of a Minkowski vacuum). The manifold M, with
metric ezA(y)QW(x) is usually referred to as the external manifold, while Kg
with metric gy, (y) is referred to as the internal manifold.

The meaning of the earlier phrase “...[M,] should correspond to, at distance
scales large compared to the d = 6 manifold, the four-dimensional spacetime we
experience daily.” is, in more precise terms, that in the limit of low energies
(or, equivalently, long wavelengths and long distance scales), the compactified
ten-dimensional theory should yield an effective four-dimensional theory. Fur-
thermore, at energies of up to 1 TeV this effective theory should correspond to
the Standard Model.

In the following we will not try to determine whether the equations of motion
explicitly allow for product form solutions. Instead we will simply assume the
form of the metric vev given above. The solutions that are of interest are those
that preserve some supersymmetry, for reasons that were mentioned in section

B30

4.1.1 A simple example: dimensional reduction

The example we describe in this section illustrates how to determine the effective
theory after compactification, |6]. Furthermore, it gives a feeling for what the
word ‘small’, as used before, really means.

Suppose we have a real, massless scalar field ¢, living in a five dimensional
Minkowski space R*!. Its action is given by

S = 7% /d5:c Ompd™ o, (4.2)

where n"™ = diag(—,+,...,+) and n =0,...,4.

One way to compactify the fourth spatial dimension is to replace it by a
circle; that is, we replace R*! by R3! x S, where R%! is the standard four-
dimensional Minkowski spacetime and S! a circle of radius R. The coordinates
on this new manifold become z™ = (z*,y), with u =0,...,3 and y € [0, 2).

The field ¢’s equation of motion is,

O™ = 9,0"p + 020 = 0. (4.3)

We require @ to be single-valued, which means that it should be 27-periodic in
y. This implies that ¢ can be partially Fourier expanded:

1 n=oo

oY) = = Y enla)e™/n, (4.4)

n=—oo
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The Y, (y) = \/ﬁemy/ R are the orthonormalized eigenfunctions of 85 on S

The equation of motion now turns into

2
n
0,0" oy, — ﬁwn =0, (4.5)

and implies that the ¢, (z) are four-dimensional scalar fields with masses n/R.
This also shows in the action, which, after substituting the Fourier series and
integrating over y, becomes

=1 " n?
S =— Z §/d4x (61190716“9071 + R@ﬂ(pn> . (4.6)

n=-—oo

The limit we are interested in is that of R — 0, i.e. that of ‘small’ %] In
this limit all fields but the zero mode ¢ acquire very large masses and share
the same fate as string theory’s massive excitations discussed earlier: they may
be left out of the (effective, low energy) theory.

In this particular case, the only interesting mode, ¢o(z), is independent of
the internal coordinate y; this is called dimensional reduction. The most general
case in which it occurs is that of compactification on a d—dimensional torus 7°%.

In general, the determination of the effective theory proceeds more or less
along the lines described above: a particular product My x Kg is chosen, (the
fields are expanded around their vevs,) the equations of motion and the relevant
eigenfunctions on K¢ (the analogues of the Y;,(y) of 92 on S') are studied and,
whenever that is possible, the resulting massive modes or particles are ignored.

4.1.2 Decomposing fields

On any manifold, the fields that live on it transform under certain represen-
tations of the structure group of that manifold. The structure group G (or
G—structure) is, roughly, the group that is required to consistently patch the
tangent bundle together. See, for a more careful and precise definition, section
Bl

On a ten-dimensional Lorentzian manifold Mg this group is the group of
local changes of basis (of vectors in T, Mg, p € U C My where U is a small
patch—or equivalently, changes of coordinates—) that leave the metric invariant
(which, locally, can be made equal to the Minkowski n). This is O(1,9). For
a Riemannian manifold, the local metric to be left invariant is §;; and so the
stucture group is O(d). If these manifolds are also orientable, which means
that there exists a globally defined volume form, these groups further reduce to
SO(1,9) and SO(d), respectively.

In our case, we start out with fields that transform under SO(1,9), the
structure group of Mjg. After compactification, however, we should end up
with fields that transform under SO(1,3) x SO(6), the structure group associ-
ated to My x Kg, so we need to know how the original fields decompose into
representations of that group. Below, we list a number of examples.

24Smallness means, for a more serious compactification, that the internal space’s character-
istic size (which for the circle this is determined by R) should be smaller than, say, 1018,
which is roughly the de Boglie wavelength for a light particle with an energy of 1 TeV. If this
were not the case, the presence of an internal space (and the associated massive modes like
pn(x), n # 0) should have been noticed by the particle accelerators exploring particle collisions
at these energies (such as the Tevatron in the US: http://www.fnal.gov/pub/tevatron/).
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Example 4.1. A vector A, that transforms under the defining representation
10, decomposes as 10 — (4,1) 4+ (1,6). This means that the vector splits up
into two parts, A, and A, (0 =0,...,3 and m = 4,...,9), the former being
a vector of SO(1,3) and a scalar under the internal SO(6), and vice versa for
the latter. As the A,,, for each m, are singlets under SO(1, 3), they appear as
scalars on M.

Example 4.2. The antisymmetric tensor Bjsy decomposes into B,,,,, By, and
B,,»,—an antisymmetric tensor and a number of vectors and scalars on My. The
case of the graviton is similar.

In the decomposition of, for example, By;n above, each part is an n—form
on the internal manifold: a 0, 1 or 2—form respectively. After decomposing
B, what remains to be done is determining the number of massless n—form
eigenfunctions on Kg. Those numbers are defined by the topology of Kg, and
are equal to the number of tensors, vectors and scalars we end up with on M.
The g,,, and B, will be unique, but vectors and scalars may be multiplﬂ

Example 4.3. The case of spinors is somewhat different. As was mentioned
before, spinors have 242 components in d components, the d Dirac matrices
'™ being 2[4/2 x 2[4/2_matrices. The Dirac matrices can be decomposed as
below, into I'* and I'; these can then be used to construct the generators of
SO(1,D—1) and SO(d— D) respectively (when compactifying to Mp x K4_p).
As these are still 2[9/2] x 214/2l_matrices, they act on all spinor components, so
that an SO(1,d—1) spinor should transform as a spinor under both SO(1, D—1)
and SO(d — D).

The 16 Majorana-Weyl representation of SO(1,9), for example, decomposes
under SO(1,3) x SO(6) as 16 — (2,4) + (2, 4), where 4 and 4 are Weyl spinors
of SO(6) and 2, 2 are a Weyl spinors of SO(1,3) that are conjugate to each
other [5].

Remark 4.4. A standard decomposition in D = 10 of the Dirac matrices
'™ = (I'#,T™) is given by [§]

FN:7M®17M:0717273a FM:75®7m7m:17"‘76' (47)

And

)

vpo
9

V5 = 4i€uvpo" V7 = —&emnpgrsT" P, Ti1 =5 © 7. (4.8)

The 4™ and ~*, except for 7°, are Hermitian.

25The case of the gmn part is interesting in that it determines the geometry of the internal
space. Expanded around its vev: gmn = (gmn) + hmn; we find that h may vary as a function
of z# as long as it leaves the internal space Ricci flat (i.e. Rmn({g) + h) = Rmn({(g9)) = 0;
a condition that results from demanding the d = 4 theory to be supersymmetric). The h
that satisfy this condition are called moduli, they will appear again a little later on. Their
variation implies that the internal geometry changes (in terms of shape and size, not in terms
of topology) as a function on spacetime, changing physics from one place to the next. In
the circle example we had something similar, as the value of R was small but otherwise
arbitrary. This means that R shows up as a massless scalar field, with vanishing potential, in
the spacetime theory [6].
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4.1.3 The vacuum revisited

Earlier we stated that we were interested in a product form manifold My x Kg
with a metric vev of the form

(9) = AW g, (v)da @ da” + g (y)dy™ @ dy™. (4.9)

The case we will study further is that of §,..(z) = 7., that of a Minkowski
spacetime vacuum. This case is of course physically interesting as the universe,
or at least the part we inhabit, is approximately Minkowski. Variations of the
metric will be treated as perturbations with respect to this background metric.

The other property we wish the vacuum to have is maximal Poincaré sym-
metry. This means that the vacuum expectation values of the other fields should
be constants on spacetime (as we want the vacuum to be translation invariant)
and that they should transform as scalars—that is, trivially—under SO(1,9).
So, again, for ()|, only something of the form e24®)y,,, is allowed, while for
a d—form field (d < 4) only €,, .., is allowed@

All fermionic vevs should be zero: (14;) = (M) = 0, since fermions trans-
form non-trivially under the Lorentz group (, a non-zero fermion vev would thus
reduce the symmetry of the vacuum). Also, as we want our theory to be su-
persymmetric, the vevs of the supersymmetry transformations of the fermionic
fields, which are dependent on the bosonic fields, should equal zero: <5¢ﬁ> =
(6A4) = 0. The susy variations of the fermions were given in equations (3.83).

On the internal manifold, the story is different, as the symmetry condition
on the spacetime vacuum does not affect the internal vacuum. The internal
parts of the bosonic fields may therefore take on arbitrary y—dependent vevs.
Explicitly, the field strength polyform F appearing in the susy variations should
decompose as follows:

F =F +voly A e* F, (4.10)

if it is to preserve maximal spacetime Poincaré symmetry after compactifica-
tion. Here voly is the four-dimensional Minkowski volume element, which, in
components, is given by the aforementioned tensor €, - F and F denote,
respectively, the so-called “magnetic” and “electric” components of F'.

Hodge duality implies the following relation between the two

F = xgo(F), (4.11)

where x¢ is the six-dimensional (internal) Hodge star. This relation, written out
in forms, becomes

~ (n—=1)(n—2)

Fo_4s= (—1) 2 *g FlOfn; (412)

and we find that we can relate external components to internal ones, allowing us
to rewrite the susy transformation in terms of the internal fields only (F,, n =
0,...,6, by exchanging for example an F; with u-type indices with an ‘internal’
Fs with m-type indices, [§]).

In the following sections we will discuss two cases separately:

26Ignoring a possible y—dependent factor.
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e the fluzless case, where the bosonic fields vevs are all zero: (F,) = 0, for
all p—form fields (, which are often called fluzes),

o the case of flur compactification, in which not all (F},) are zero.

4.2 Fluxless compactification

The fluxless case is obviously the simplest to work out as the susy variations
simplify enormously. Initially, we will assume a general spacetime metric and
show that in fact, only a (warped) Minkowski spacetime is possible.

In the following equations we will no longer write the brackets (, ) to indicate
that we are talking about vevs. When we are, it will be remarked. A useful
reference

In the absence of fluxes, (F') = (H) = 0, the vev of the gravitino susy
variation reduces to

Sy = Varet. (4.13)

If this is to be zero, there needs to exist a covariantly constant spinor on the
ten-dimensional manifold: V ;e = 0.
The space-time components of this equation are

Vet 27,75 ® 7" Vi A)e = 0. (4.14)

Here the gamma matrices have been decomposed as described in remark [£.4]
The v* are defined with respect to g,,, and the v™ with respect to gmm.

From this equation we derive an integrability condition for the spacetime
manifold. First, we have

[V, Ve = =2 (Vi AV™ A)ye, (4.15)
and, from the definition of the Riemann curvature tensor, we know that
[V, Vy]e= iR,u,)\p'yApe = %fy,we. (4.16)

Above we used that for a maximally symmetric space, Ry, is given by R,,x, =
k(9urgvp — Gupguvr). For a Minkowski spacetime, k& = 0, while for the anti-de
Sitter and de Sitter spacetimes, £ < 0 and k£ > 0, respectively. Combining the
two equations, and using the fact that v, is invertible, we find

k+ Vi AV A = 0. (4.17)

On a compact manifold, the only possible constant value for (VA)? is zero. This
implies that the four-dimensional spacetime can only be Minkowski.

To analyse the susy variation equation in more detail, we split the susy
parameters e up into two parts: an external and an internal spinor. For the
internal spinor we use only one Weyl spinor. The reasons for this will become
clear later. For the type ITA supergravity the decomposition reads

=& o+,
e=gon +&an, (4.18)
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where v;1€! = €' and 71162 = —€? (they have opposite chirality). The external
and internal spinors obey, respectively, £4 = (£4)* and 7 = (n4)*; the e are
real. The IIB decomposition is different, as the e have the same chirality:

A=tlon +leon, A=1,2 (4.19)
These decompositions describe explicitly what we wrote in section as
16 — (2,4) + (2,4); (4.20)

a sixteen-dimensional Majorana-Weyl spinor is replaced by (real) tensor prod-
ucts of four- and eight-dimensional Weyl spinors.
If we insert these decompositions into the gravitino variation, we find

Vnie =0, (4.21)

which says that the internal manifold should have a covariantly constant spinor
on it. Supposing we have only one such spinor, we also find from the internal
gravitino equation that we have two external supersymmetry parameters, &
and &2, yielding N = 2 spacetime supersymmetry.

Requiring the internal space to allow for a globally defined, covariantly con-
stant spinor strongly constrains its topological properties. The condition im-
plies that the manifold has reduced holonomy, or a reduced holonomy group.
To understand how this comes about, let us first mention the definition of the

holonomy group (see also appendix [A.4)).

Definition 4.5. Let (M, g) be a Riemannian manifold, with metric g and affine
connection V. Let p € M. We consider the set of closed loops at p: {c(¢)|0 <
t <1,¢(0) = ¢(1) = p}. Now, take a vector X € T,M and parallel transport
it around a curve c¢(t). After this trip, we end up with a new vector X, €
T,M. Thus we see that the loop c(t) and the connection V induce a linear
transformation

P.: T,M — T, M. (4.22)

The set of these transformations is denoted by H(p) and is called the holonomy
grouﬂ (Spinors, when transported around a loop, transform under a spinor
representation of H(p).)

It has been proven that a manifold has a torsion free G—structure if and only
if there exists a torsion free covariant derivative so that the associated holon-
omy group is a subgroup of the structure group, [14]. Standard examples are
Riemannian manifolds (O(d)-structure and holonomy, torsion free Levi-Civita
derivative) and Kéhler manifolds, which are described in appendix (U(d)-
structure and holonomy).

Earlier we stated that fields, and so also spinor fields, transform under the
structure group; on K¢ they transform as the 4 under the spinor representation
of SO(6) : Spin(6) = SU(4). If Kg’s structure group is reduced to SU(3),
the 4 decomposes into irreducible representations of SU(3) as 4 — 3+ 1. The
1 is the sought-after globally defined, internal spinor. If it is also covariantly

27The holonomy group is, in fact, base point (p-) independent, but not connection indepen-
dent [14].
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constant, it forces the holonomy group to be contained in SU (3)@ Conversely,
it is known that a manifold with SU(3) holonomy admits a globally defined,
covariantly constant spinor, [14].

We arrive to the conclusion that Kg should be a manifold with SU(3)-
holonomy. Manifolds of this type (with SU(d) holonomy) are called Calabi-Yau.
A different, but equivalent definition is given in appendix[A-4] and a rephrasing
of this definition’s conditions is provided for by theorem [5.14]

In summary, a fluxless compactification can only be the product of a four-
dimensional Minkowski spacetime with a six-dimensional Calabi-Yau manifold,
having N = 2 spacetime supersymmetry.

In the presence of fluxes, the biggest change with respect to the fluxless case
is that the internal spinor no longer needs to be covariantly constant. The only
remaining requirement is that a globally defined spinor exists, which, as we have
seen, is the case if the internal manifold has a SU(3)-structure. The degree of
spacetime supersymmetry remains unchanged.

The subject of G—structures is discussed in much more detail than was
provided above, in section

Remark 4.6. Above, we found that the resulting degree of spacetime supersym-
metry is N = 2: there are two spacetime susy parameters £4. The extensions of
the Standard Model that are of particular interest, however, have only one susy
parameter (and thus N' = 1 supersymmetry). In order to achieve this degree
of supersymmetry we simply take the £ to be proportional to each other. The
proportionality factor used is in general a function of the internal coordinates

(see apppendix .

4.3 Flux compactification

In this section we briefly discuss flux compactification, which is in a sense the
subject of the rest of this thesis. One of the goals of the remaining sections on
G—structures and Generalized Geometry is to provide a mathematical frame-
work in which it is easier to work with the messy equations that arise in flux
compactifications. The central equations are again the susy variations of the
spinor fields.

In this section however, we keep the mathematics to a minimum and explain
why flux compactification is interesting and possibly useful. A good reference
at the introductory level is [7].

4.3.1 Moduli

Perhaps the main reason why flux compactification is useful has to do with
moduli. They were mentioned before in one of the footnotes of section [4.1.2

In the previous section we found that in fluxless compactifications we have
Calabi-Yau internal manifolds; these are Ricci flat (i.e. the Ricci tensor vanishes,
Rn({g)) = 0). The variations of the internal metric, at a certain spacetime
point, with respect to its vev gmn = (Gmn) + hmn that are allowed are those
that preserve the topology of the internal space. They are those that preserve

28This argument is repeated in slightly more careful wording in section
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its Ricci flatness. It is these h,,, that are called moduli. If they also vary as
a function of x*, which is perfectly allowable, they show up as massless scalar
fields on the spacetime manifold.

The space of moduli A,,,, is called the moduli space and is a manifold.

One explicit example of a modulus is a rescaling factor multiplying the in-
ternal metric: Agmn, A € R; it parametrizes a family of metrics (if ¢ is Ricci
flat, then \g is too).

The problem with moduli is the (interacting) massless fields that they yield
after going through the whole compactification procedure: physically, no such
particles are found to exist. Furthermore, they pose an arbitrariness problem
inherent to the theory as no particular set of moduli values is preferred. Flux
compactification might solve this problem. By introducing non-zero flux vevs on
the internal space, one introduces through the flux’s action a metric-, and thus
moduli-dependent potential. In trying to find a vacuum for the compactified
theory, we minimize this potential energy and we may in this way come up
with a (unique and) stable set of moduli values if the potential has a (global)
minimum. A slightly more mathematical sketch of this argument is given below.

The fluxes we are considering are the aforementioned F}, and H.

4.3.2 A sketch

First, let us consider a classical example, [7]. In the Maxwell theory, we have
a one form potential Ay, with field strength F5 = dA;. In the presence of a
magnetic monopole, we may compute its magnetic charge by taking the integral
of the magnetic flux over a two-sphere surrounding the monopole:

This charge has to satisfy the Dirac quantization condition, [12]: e-g = 27 (in
units such that h = 1, e is the electron charge).

In this case, the field strength of a magnetic monopole placed at the origin of
R3, restricted to a sphere centred on the origin, B(f, ¢) = gsin 0 df d¢, satisfies
the Maxwell equations restricted to that sphere. So we find that, if we start
out with Maxwell’s theory in six dimensions and compactify two on the two-
sphere, we may do so with a non-zero background field B on S?. This leads to
a potential energy term associated to S? that is proportional to B2, the square
of the magnetic field.

In string theory compactifications we may proceed similarly. Suppose we
compactify on a manifold with a non-trivial p cycle ¥, meaning that the corre-
sponding homology group H,(K') should be non-trivial, then we may consider a
field configuration on ¥, (with or without sources) with a non-zero total ﬂm@

1
p Y A .

As in the monopole case, this flux should be quantized: n € Z. If the homology
group contains multiple basis elements, we can turn on an independent flux on
each of them.

29Note, we are considering fields that satisfy standard Bianchi identities: dF, = 0, instead
of H-twisted ones.
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The potential energy associated to an internal flux is given by
V x / F, N xF),
K
= / d°y /= detg g7 - g*(Fp )ik (Fp)j.. (4.25)
K

The metric dependence enters in the definition of the six-dimensional Hodge
star *. A simple, explicit, though somewhat sketchy example may be found
in [7].

5 Manifolds and G-structures

In the preceding section on compactification, we encountered the notion of G-
structures and saw its relevance: the structure group determines in part the
fields that the final theory contains, and it needs to be (contained in) SU(3) if
we wish to end up with some degree of spacetime supersymmetry.

In this section we define the structure group and its context more carefully.
Furthermore, we examine a number of invariant tensor fields and the struc-
tures they define. Our focus will lie on the SU(3) structure. We also consider
equivalent descriptions in terms of forms and spinors of several structures.

A second theme of this section are the particular allowed kinds of internal
manifolds that lead to AV = 1 supersymmetry. In fluxless compactifications they
were necessarily Calabi-Yau and had A/ = 2 supersymmetry; in flux compact-
ifications the essential demand was SU(3)-structure, implying A/ = 2 susy as
well. So in the sub-sub-sections of this section we simply put A/ = 1, and study
the consequences in terms of so-called torsion classes; these will determine the
type of manifold the internal space will be.

The discussion of structures is geared towards a subsequent generalization in
Generalized Geometry. The reason why that branch of geometry is interesting
(or useful) will be explained at the beginning of the corresponding section.

The most relevant reference is (9] (although [8], [12], and [14] occasionally
come in handy as well).

5.1 Basic definitions

First we give the definition of fibre bundles, [12]. It is in the context of fibre
bundles that G-structures are defined.

Definition 5.1. A differentiable fibre bundle (E,w, M, F,G) consists of the
following elements:

1. A differentiable manifold F, which is called the total space,
2. a differentiable manifold M, which is called the base space (e.g. our Kg),
3. a differentiable manifold F', which is called the fibre.

4. A surjective projection map © : E — M. The inverse image 7~ '(p) =
F, = I is called the fibre at p.

5. A Lie group G that is called the structure group. It acts on F on the left.
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6. An open covering {U;} of M with diffeomorphisms ¢; : U; x F — 7~ 1(U;)
such that 7o ¢;(p, f) = p. The maps ¢; are called local trivializations as
they map parts of the fibre bundle E, 7=1(U;), onto the direct product
Ui x F.

7. If we write ¢i(p, f) = ¢ip(f) we have a diffeomorphism ¢, , : F' — F),.
On U; NU; # 0, we require that t;; = gb;; o ¢jp: F — F be an element
of G. Then ¢; and ¢; are related by a smooth map ¢;; : U; NU; — G as

The maps t;; are called transition functions.

In a nutshell, this definition says that a fibre bundle E is something that
is locally diffeomorphic to U x F, U C M. The transition functions serve to
smoothly glue these pieces together. As this needs to be done consistently, the
transition functions should satisfy:

t;i(p) = the identity map (p € U;),

tij(p) = t;i(p) ™" (pelU,nUj),
tii(p) - tin(p) = ti(p)  (p € Ui NU; N Uy). (5.2)

If, for example, all transition functions may be taken to be the identity, the fibre
bundle is called trivial and is simply a product M x F. Two simple examples
of fibre bundles over S' are: a) a cylinder, which is trivial as it is the direct
product of S* with an interval; and b) the Mobius strip, which locally looks like
a part of S! times an interval but is non-trivial.

Remark 5.2. Actually, the definition above defines a coordinate bundle
(E,m,M,F,G,{U;},{¢:}). Two coordinate bundles, (E,n, M, F,G,{U;},{¢:})
and (E,m, M, F,G,{V;},{¢;}), are said to be equivalent if (E,w, M, F, G,{U; }U
{Vi}, {#i} U {®;}) is again a coordinate bundle. A fibre bundle is then defined
as an equivalence class of coordinate bundles. In physical applications, how-
ever, one usually considers a certain definite covering and forgets about the
distinction.

Sections of a fibre bundle E are smooth maps s : M — E sucht that mos =
idps. The space of sections of E is denoted by I'(E). In a sense, they are nothing
but F-valued functions on M.

The type of fibre bundles that are of interest to us are vector bundles: fibre
bundles of which the fibre is a vector space. Two important examples are the
tangent bundle, the collection of all tangent spaces, and the cotangent bundle,
the collection of all cotangent spaces:

™™= |JT,M, TM=|]T;M (5.3)
peEM peEM

The sections of the former are vector fields, while the sections of the latter are
one-forms. If M has d real dimensions, the structure group of TM is GL(d,R).
A related fibre bundle is,

Definition 5.3. The tangent frame bundle F' M, associated to the tangent bun-
dle T'M, is the bundle over M with as its fibre at each point p € M the set of
ordered bases of the tangent space T, M.
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Given a patch U, C M with coordinates 2™, the fibre bundle elements can
be projected to the product of base and fibre using a local trivialization: (p,e,),
p € U;, where the basis e, may be expanded in the standard basis {9/0z"}
of T,M as eq = eia%. The a-indices are naturally acted upon by elements
of GL(d,R). Furthermore, given two local trivializations (p,e,) and (p,e},) on
overlapping patches U,, Ug, we find the following relation, inherited from the
associated tangent bundle

17

ax/i ;
. —el .
oxJ

(5.4)

This relation may be translated to one of the form e’ = ejb(tga(p))ba, with
taa(p) € GI(d,R), yielding the transition functions. As the elements of the fibre
bundle may be considered to be the d x d matrices e’, € GL(d,R), the frame
bundle is an example of a principal fibre bundle: a bundle of which the fibre is
the same as the structure group.

The cases that are of interest are those whereby through a particular choice of
local frame on each patch we may introduce a reduced tangent frame bundle such
that its structure group is a proper subgroup G C GL(d,R). The topological

properties of M determine whether this is possible or not.

Definition 5.4. A manifold M is said to have a G-structure with G C GL(d,R)
if it is possible to reduce the tangent frame bundle such that it has structure
group G. In other words, a G-structure corresponds to a principal sub-bundle
of FM with fibre G.

In the extreme case (e.g. M = R%), where a global frame may be defined,
the manifold is said to be parallelizable, as through changes of local frames the
global section may be made to be constant. Then G = {e}.

One way to describe G-structures is via one or more G-invariant tensors (or
spinors) that are globally defined on M and non-degenerate. For in this case,
frames e, may be chosen on each patch such that these tensors take on the
same form on all patches. It then follows that only those transition functions
are allowed that leave these tensors invariant, reducing the structure group to
G or a subgroup of G.

Typically, the set of G-invariant tensors is not unique, leading to several
descriptions of the same G-structure. Also, sometimes multiple tensors are
needed to specify a structure exactly. One example is the SO(d)-structure
defined by a metric and a volume form (see example .

The G-invariant tensors may be found using representation theory: one
starts by considering the representation of GL(d,R) in which the tensor trans-
forms and then one decomposes it into irreducible representations of G; if one
(or more) of these is an invariant (i.e. a representation transforming as a scalar
under G, such as the volume form in the case of SO(d)), that one will be the
structure defining, G-invariant tensor we were after.

In the case that the manifold has an SO(d)-structure and if its transition
functions may be lifted to the double cover Spin(d) in a globally consistent
way (as mentioned before, the manifold is then said to be a spin manifold),
we may also consider spinor bundles. Invariant spinors on such bundles are of
our interest since they appeared in the construction of susy parameters. As
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explained earlier, and as is repeated below, one globally defined spinor reduces
an SO(6)- (or Spin(6)-) structure to an SU(3)-structure.

Example 5.5. (Spinors and SU(3)-structures.) We are considering an ori-
entable, six-dimensional, Riemannian manifold, Kg. As has been remarked
several times before, it has the structure group SO(6). The standard four-
component spinor representation of the double covering Spin(6) = SU(4) is de-
noted by 4. The 4 can be decomposed in SU(3) representations as 4 — 3+1, [5].
The 1 is a singlet of SU(3) and depends trivially on the tangent bundle. This
means that, on a six-dimensional manifold with structure group SU(3), we have
a globally defined, non-vanishing spinor. The converse of this statement is true
as well.

The above example shows that an SU(3)-structure is indeed what we need
to be able to properly decompose the susy parameters when compactifying. The
following examples show how an number of related structures can be defined in
terms of tensors.

Example 5.6. (Metric and orientation.) Our first example here is that of a
metric tensor g: a globally defined, positive-definite (and thus non-degenerate)
symmetric two-tensor g € I'(S?(T*M)). The structure group can in this case
be reduced to G = O(d,R), by defining local orthonormal frames such that
locally (on each patch) g;; = 6;;. The manifold M is now called a Riemannian
manifold.

If there is also a globally defined volume-form vol, associated to g the man-
ifold is orientable and the structure group reduces to G = SO(d,R). This is
because the determinant of the O(d)-transformations can be fixed to plus or
minus one using voly.

Example 5.7. (Almost complex structure.) A third example is a globally de-
fined almost complex structure J with J, : T,M — T, M, Jg = —idg,p. It is
described in more detail in appendices and [A75] In this case the structure
group reduces to G = GL(d/2,C).

As mentioned in the appendices, when we consider such a structure we need
to work with the complexification of the tangent bundle: TM & C (which has
structure group GL(d,C)).

The +i eigenspaces of J, are denoted T, M*. Their bases can be extended
locally, for J is supposed to be smooth, to local bases of smooth vector fields
(that are elements of X*(U,)). Between patches, the transition functions of G
may mix these basis vectors, but as they leave J invariant, they will also leave
the decomposition into TM* (= U,T, M) invariant.

Furthermore, as J is real, X € TM™ implies that X € TM~, which in turn
implies that the dimensions of the sub-bundles TM* € TM ® C are equal (and
equal to d/2). These facts, taken together, imply that the structure group is
reduced to GL(d/2,C).

Example 5.8. (Pre-symplectic structure.) In the presence of a globally defined
non-degenerate two-form w € T'(A%2T* M), the structure group can be reduced
to G = Sp(d,R). Note that w is non-degenerate if and only if w%? # 0.

Example 5.9. (Hermitian metric.) The last example we mention here is that of
the Hermitian metric, which, as described in appendix satisfies (in index no-
tation) J% g;;J = gr1, where g is the metric and J an almost complex structure.
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In this case the structure group can be reduced to G = U(d/2) C GL(d/2,C).
Furthermore,

wl-j = gikJI;-, (55)

is anti-symmetric (this is just the Kéhler form, see appendix so that we
have a pre-symplectic structure as well.

Conversely, given a pre-symplectic structure w and an almost complex struc-
ture J that satisfy the compatibility condition

ikwijJJl. = Wki; (5.6)
one may define a metric by
gij = —wikJ’;-. (57)

Lastly, given a metric and a pre-symplectic structure, one can define an
almost complex structure, so that two out of three imply the third.

An important differential condition on is integrability, it is defined in ap-
pendix for almost complex structures (and for distributions in general). In
short, in an almost complex structure is integrable, the manifold is complex.

A pre-symplectic structure is integrable if dw = 0 and is then called a sym-
plectic structure. We will not provide a description in terms of distributions
for it, but we will see in section [6] that both the pre-symplectic and the almost
complex structure can be described in essentially the same way.

5.2 Forms

The spaces of real and complex forms we denote as follows:
DA'T*M) = QY(M,R), T(A'T*M)®C = Q(M,C). (5.8)

The goal of this section is to describe the G-structures mentioned in the
previous section in terms of forms. The first example we will discuss is that of
the almost complex structure.

Example 5.10. (Almost complex structure.) Earlier we saw that an almost
complex structure J divides the complexified tangent bundle TM ® C up into
two sub-bundles TM®*. Similarly, it splits the cotangent bundle into two sub-
bundles of dimensionality d/2,

AMT*M @ C = AYT*M @ A>T M, (5.9)

where 0 € AYOT*M if and only if §(X) = 0, VX € TM™, analogously for
A%IT*M (see definition . This leads to the decomposition of forms into
forms of bidegrees (p, ¢). The sets of smooth (p, ¢)-forms are denoted QP4(M) =
T(APAT*M).

Now, we may define a local frame of d/2 independent (1,0)-forms 6%, and a
corresponding local section Q € A¥20T*M | as:

Q=0"N--- NV (5.10)
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So, in the presence of an almost complex structure, we can define this particular
form €. Conversely, using ©Q we can construct TM~ and thus 7M™ and J.
TM~ can be defined as]

TM~ ={X € TM|1xQ = 0}. (5.11)

Note however that the % are determined only up to a GL(d/2, C)-transformation,
by an almost complex structure. This means that €2 is determined up to a com-
plex function. Between patches, the GL(d/2,C) transition functions may change
this complex factor, which implies that an almost complex structure does not
require the existence of a globally defined (d/2,0)-form. Requiring a globally
defined € reduces the structure group to SL(d/2,C).

The form  has to be decomposable (or simple): locally it should be possible
to write it as a wedge product of one-forms. In d = dﬂ this condition is easily
verified by constructing it as follows. We take a real three-form p and set

TG = €M pisiaPigiais (5.12)

The Hitchin function

H(p)=+v/—qlp) = (—% tr J~2>é , (5.13)

should be non-zero (p is then called stable). In the case g(p) < 0 a complex
decomposable form may be constructed, and in the case ¢(p) > 0 this form will
be real. Supposing the former, we can define the almost complex structure by

J=+J/H(p), (5.14)
and the complex decomposable form by
Re) = p, ImQ=p= %Jij(zi/\dacj—dwj/\zi)p. (5.15)

We see that J and ImQ are determined (up to sign) by the real part of Q
(=p)
In appendix the integrability of J was defined by VX,Y € X(M)* =
[X,Y] € X(M)*. As TM~ = {X € TM1xQ = 0}, we have the equivalent
condition VX, Y € X (M)~ = 2;x,y)Q = 0. That is, J is integrable if and only
i

Uxy]Q = tyixd2 =0, YX,Y € X(M)". (5.16)
This means that d©) should be of type (3,1) (dQ = 0 A Q, for some one-form ).

Example 5.11. (Hermitian pre-symplectic or U(d/2)-structure.) As discussed
before in example[5.9] this structure is partially defined by a pre-symplectic form
w € Q*(M,R). Actually, w € Qb1(M), if w satisfies the condition of equation
. As w is real, this may be reformulated as

wAQ=0. (5.17)

3O0Note: w1x : QM) — QI=1(M) is called the interior product and is defined by
ixp(Y1,...,Yio1) = ¢(X, Y1,...,Yi1).

31In general dimension this construction does not necessarily work for every real form p
with g(p) <0, |9].

32The Lie derivative of forms, Lx : Q' (M) — Q' (M) is given by Lx = {tx,d} = 1x d+dvx.
We then have i x y] = [Lx, 1y ]
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Example 5.12. (SU(d/2)-structure.) An almost complex structure and a com-
patible pre-symplectic structure reduce the structure group to U(d/2) (example
[(.9). A globally defined (d/2, 0)-form § associated to the almost complex struc-
ture further reduces it to SU(d/2). Expressed in terms of forms these statements
become: if there is a globally defined, decomposable, complex d/2-form 2 that
is non-degenerate everywhere:

QAQ#0, (5.18)

and a compatible, non-degenerate two-form w such that w A Q = 0 and such
that the associated (Hermitian) metric is positive definite, the structure group
reduces to SU(d/2).

Q is usually normalized such that

_ d(d—2 w d/2
QAQ = (1)(8)(11/)2)!' (5.19)

Using this normalization, a local basis of (1,0)-forms 6 can be found so that J
and (2 take on the standard form

J=4>0"A60"  Q=0"A--- NGV (5.20)

5.2.1 SU(3)-structure and torsion classes
Remark 5.13. As a reminder, let us again consider the decomposition of 1-
and [-forms in the presence of an almost complex structure (appendix [A.2.4)):
AT M = AYOT* M @ A% T M,
NT*M = @ APPT*M.
0<p<l

This, along with the definition of the exterior derivative d implies, that for a
(p, q)-forms ¢ € QP9(M) (see proposition and its footnotes):

dgPt € QPR (A U QPTH(M) U QPITH (M) U QPRI (M), (5.21)

This collapses to d¢P»4 € QPFTLI(M)UQP4TL (M) for complex manifolds (i.e. for
integrable almost complex structures). We will use this decomposition in what
follows.

In example we found the necessary form ingredients for an SU(3)-
structure in d = 6. The exterior derivatives of these forms may be decomposed
in SU(3)-representations as follows, using the so-called torsion classes W;.

dw = —%Im(WlQ) + Wi Aw+ Wi,

dQ = Wiw? + Wa Aw + Ws A Q. (5.22)
Here, W is a complex scalar, Wy a complex primitive (1,1)-form, W3 a real
primitive (2,1)+ (1, 2)-form, W, a real one-form, and W5 a complex (1, 0)-form.

In order to illustrate why this decomposition makes sense, consider the de-
composition of dw: it consists of a (3,0) + (0,3)-part and a (2,1) + (1, 2)-part.
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The former is described by Wi and transforms in the 1 + 1 of SU(3). As for
the latter: a (2,1)-form transforms under SU(3) as

3@3=6+3, (5.23)

and a (2,1)+ (1, 2)-form as 6+6+3+3; the (3+3)-part is described by the real
one-form W, and the (6 + 6)-part by W3, which must satisfy the primitiveness
condition W3 A w = 0 in order to remove its (3 + 3)-component.

Similarly, d€? consists of a (3, 1)-part and a (2, 2)-part. The first of these is
described by W5 which transforms as 3. The second transforms as 3@3 = 841
and is described by the primitive Wy (W2 Aw Aw = 0) and W7 respectively. As
the W; appearing in df) are complex, the representations count twice.

The conclusions we can draw from the decompositions of dw and df) are that
(see appendix [A]):

o if W7 = W5 = 0, the manifold is complex, as the almost complex structure
is integrable in this case,

o if W1 = W3 =W, =0, then dv = 0 and the manifold is symplectic,

o if Wi =Wy = W3 =W, =0, the manifold is both complex and symplectic
and thus Kahler, w is then called the Kéahler form and the manifold has
U (3)-holonomy,

o if all WW; are zero, the holonomy group reduces to SU(3) and the man-
ifold is Calabi-Yau. The holonomy does not change under the trans-
formation (w,Q) — (e?w,e?Q); the transformed forms define what is
called a conformal Calabi-Yau manifold. For the latter class of manifolds:
W1 = W2 = W3 =0 and %W4 = %Wg) = —dA.

The list above shows why the torsion classes are useful: they allow for a
clear classification of different types of (complex) manifolds. For Calabi-Yau
manifolds we have the following theorem>]

Theorem 5.14. (Calabi-Yau.) On a compact Kéhler manifold M of dimension
d with Kéhler form @ and complex structure J, for which there exists a globally
defined, nowhere-vanishing (d/2, 0)-form €2, there is a unique metric with Kéhler
form w in the same Kéhler class as @ (i.e. @ = w+da, for some function «) such
that (w, fQ2), for some appropriate normalisation function f, is Calabi-Yau.

This theorem states that metrics exist for Calabi-Yau manifolds; these are,
however, except in the case of tori, not analytically known, [9].

One thing we did not yet mention is the reason why the W, are called
torsion classes; they have that name because they derive from the torsion part
of covariant derivatives. We will say a little more on this in section In
that and the subsequent section we will also briefly discuss their role in flux
compactifications.

33The existence of a globally defined, nowhere-vanishing (d/2,0)-form is equivalent to the
vanishing of the first Chern class ¢ (M). It is in terms of the vanishing of ¢; (M) that Calabi-
Yau manifolds are defined in appendix@
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5.3 Spinors

The last way we define an SU(d/2)-structure is in terms of invariant spinors.
GL(d,R) does not have a spinor representation, so we will need to work with
spin manifolds. As remarked earlier, these manifolds have a structure group
SO(d,R) that can be consistently lifted to its double cover Spin(d, R).

As a slight variation of the discussion in section [3.1.1] we introduce the
vielbein as follows

Gij = 5abe“iebj. (5.24)
A spinor field n(x) is then a field which transforms under an infinitesimal rota-
tion, w € so(d,R), as

on = w0 Yab1, (5.25)

where for the gamma matrices v,: {Va, 1} = 20ab and Yap = [Va, s); the latter
form a basis for the Lie algebra spin(d) 2 so(d). The curved gamma matrices
are again defined as y; = e%y,. Contractions of a form ¢ involving gamma
matrices we denote as we did in section

1
T

? ll'(bil,,.il/y““.“ d)il.,,ilezél "'eztl”'yal.“al- (526)
For manifolds of even dimension, a globally defined, invariant, purﬂ spinor
n (, along with its complex conjugate 1’ = C'n*, where C' is the charge conjuga-
tion matrix, v = —C~14,C), reduces the structure group to SU(d/2). For the
case d = 6 we saw this explicitly in example [5.5
The forms w and €2 can be constructed using the invariant spinor and its

complex conjugate as follows

Wi =0y Qisigy = 1 Viriaa - (5.27)
For d = 6 we have that for the chirality operator v; = —C~1v7C so that n and
1’ have different chirality; for this reason we label them as n =4 and ' =n_.

5.3.1 The torsion classes revisited

The class of manifolds we are considering (but also more generally) always admit
a covariant derivative with torsion, Vr, that satisfies

ng = Oa
Vrny =Vieny +Tny =0, (5.28)
where V¢ is the Levi-Civita covariant derivativd®} The difference between

the two covariant derivatives, T, is called the contorsion tensor. In Riemannian
geometry, there is a one-to-one correspondence between the contorsion tensor T’

34 A spinor 7 is pure if v4m = 0 for half of the {v,}, which is the maximal amount. In d = 6
any Weyl spinor is pure.

35The Levi-Civita covariant derivative is the unique one for which Vg = 0 and which is
torsion-free (i.e. T(X,Y)=VxY — Vy X — [X,Y] = 0 for all vector fields X,Y").
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and the torsion of Vrr@ The contorsion tensor decomposes as follows in SU(3)
representations:

T,¢ € (su(3) + su(3)") @ V. (5.29)

The indices ab span the space of anti-symmetric matrices, which is isomorphic
to s0(6), the adjoint representation of which splits up into su(3) @ su(3)*. The
upper index transforms as a vector (indicated by V). Acting on an SU(3)-
invariant form, the su(3) part drops out. The remaining piece contains

(su(3)) eV =1+3+3)®(3+3)
=(1+1)+(8+8)+(6+6)+2(3+3),
Wi Wa W3 Wy, Ws. (5.30)
The SU(3) representations above correspond to the five torsion classes W; that

appear in the decompositions of dw and df2. The exact relations between the
contorsion components and the torsion classes may be found using equations

(5.22), (5.27), and (5.28]).

5.3.2 N =1 supersymmetry

At the end of section we concluded that using the following decomposition

of the susy parameters e,

=& o+ on,

e=gen+&en, (A

A=¢lon +fen., (1B
leads to N = 2 spacetime supersymmetry, with parameters €. As we are
interested in the case ' = 1 we take the £ to be proportionaﬁ to each other
and use instead, [8]:

e =& @ (ang) + & @ (an-),

=& @ (bn-) + & @ (bny), (5.31)
for ITA; for IIB

¢ =& @ (ang) + & @ (an-),
=& @ (bny) + & @ (bn-), (5.32)
where a and b are complex functions of the internal coordinates y™.

In the susy variations, the spinors {1 can be factored out. The other parts
should then equal zero (as () = (\) = 0); they are, rewritten using the basis

{04+, n-, 7™ 04, -}, schematically given by
0 s Py + Pny™n- =0,
m + QN QunY"n- =0,
0A: Rny+ Rpy"n- =0. (5.33)

361n fact, the connection coefficients T'¥., when separated into a symmetric, T'* and an

R (i5)’
anti-symmetric part Fﬁ‘j]’ correspond to the usual Christoffel symbols and the contorsion
tensor, respectively.

37Maximal four-dimensional Poincaré symmetry leaves us with no other option.
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Here, P, @, and R contain contributions from the torsion (as a covariant deriva-
tive appears in the susy variations), the NS and R-R fluxes, the warp factor and
derivatives of the functions a and b. We used that 7, is a Spin(6) vacuum: it
is annihilated by the 4™, y™ny = 0.

Through these equations, the functions a and b, the torsion classes W;, and
the fluxes are linked. Their solutions are quoted in appendix [Bland are given in
terms of the conditions on the fluxes and the torsion classes for given values of
a and b. The conditions on the torsion classes W; reveal what kinds of internal
manifolds are allowed in N' = 1 flux compactifications.

6 Generalized Complex Geometry

The formalism of Generalized Complex Geometry was introduced by N. Hitchin
and M. Gualtieri. In [10], Hitchin states that their research in this area was
part of a programme “for characterizing special geometry in low dimensions
by means of invariant functionals of differential forms.” As it turned out, the
formalism proved useful for describing background geometries in string theory.
P. Koerber names two applications at the beginning of his lecture notes, [9]: “the
description of supersymmetric flux compactifications and the supersymmetric
embedding of D-branes”. The former of the two is the one we will try to describe
in some detail.

In section [5] and appendix [B] we found that in flux compactifications, the
internal space can be either complex or symplectic or both (i.e. Kahler or
Calabi-Yau). Previously, these structures were described in different ways: a
symplectic manifold had a two-form w living on it, while a complex manifold
had a complex structure, J. In what follows we will see that both are really
just special cases of generalized complex structures. We will end our discussion
of generalized geometry with a discussion of the susy variations, rewritten in
terms of pure spinors, and their (generalized) implications.

Useful references are the lecture notes of Koerber, [9], the papers of Hitchin
and Gualtieri, and the review paper on flux compactifications by M. Grana, [8].

6.1 The basics

In this first section we describe the basic building blocks of generalized geometry.
We more or less adopt the notation of [9], but otherwise the treatment is similar
to that of any introduction to the subject (see, e.g. [10] or [11]).

6.1.1 Metric and structure

The name generalized geometry carries the adjective “generalized” perhaps be-
cause it does not consider T'M, the tangent bundle, but rather TM ©T* M, the
sum of the tangent and cotangent bundles (or its complexification). This object
is referred to as the generalized tangent bundle.

On it we naturally have a metric G, which is defined as follows:

G(XY) =5 (€(Y) +0(X)), (6.1)

where X = X + ¢ and Y = Y + 1 are generalized tangent vectors (to avoid
saying “generalized” all the time, we simply refer to them as vectors from now
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on—they will be easily distinguishable from normal vectors as we continue to
print them in boldface letters), with X, Y € TM and &,n € T*M. Note that it
has signature (d, d), so that the structure group reduces to O(d, d). A naturally
associated volume form, volg € T'(A24(TM @ T*M)), may be defined by

1 e“"“—a, A A —a.
(d)? Ox™ Oxtd
As the fully antisymmetric tensor € appears twice, this form does not depend
on the choice of orientation on M. This reduces the structure group further, to
SO(d, d).

The structure group is generated by elements of the form

(61 (ATO)‘l)’ eB:(é (1)> eﬁ:(é f) (6.3)

Here, A € GL(d,R), the structure group of the tangent bundle; B corresponds
to a two-form and 8 to an anti-symmetric “two-vector”. The action of the B-
and B-transforms, e® and €, is given by

B X=X+¢6- X4+ (€—1xB),
e’ X = (X —1eB) + & (6.4)

volg = A€y jadz?t Ao A dadd, (6.2)

They obviously leave the metric invariant.
For vector fields we define a substitute for the Lie bracket.

Definition 6.1. For two vector fields X = X +&, Y=Y +ne(TM&T*M)
the Courant bracket is given by

[X,Y]o = [X, Y]+ Lxn — Ly€ — 5d(1xn — 1y €). (6.5)

Note that the Courant bracket is not a Lie bracket as it does not satisfy
the Jacobi identity. It does, however, reduce to the Lie bracket if the one-form
components of the fields X,Y are zero. Furthermore, just as the Lie bracket, it
is invariant under diffeomorphisms (the endomorphisms of TM, i.e. under the
action of A as defined in (6.3)). The Courant bracket is also invariant under
B-transforms with closed B (dB = 0).

6.1.2 Spinors

In generalized geometry, the role of differential forms changes. They become
a Clifford module for the Clifford algebra defined by TM & T*M and G, [10].
This follows directly if we define the action of a vector X = X + £ on a (poly-)
form ¢ € Q*(M) (a polyform is defined as a sum of forms of different degrees)
as follows

X-p=1xp+ENp. (6.6)
This action leads to:
(X, Y} p=(X-Y+Y-X)-¢ = 26(X,Y)g. (6.7)

And so we find that the forms are acted on by a Clifford algebra, i.e. Q*(M) is
a module for the Clifford algebraf*}

38 A useful formula is the Cartan formula for the Lie derivative of a differential form a:
Lxoa=d(ixa)+i1xda, |11]. It was given earlier in footnote 32 of section

39 Any set of orthonormal vectors that form a basis with respect to G (i.e. a basis such that
G is diagonal with +1’s on the diagonal) correspond to a set of gamma matrices.
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Polyforms do, however, not quite correspond to actual spinors. Spinors
transform under Spin(d, d), the lift of the structure group SO(d,d) (this lift is
possible whenever M is oriented). The spin representation is given by

S =Q°(M)® (A"T*M)3. (6.8)
This means that there is an isomorphism between spinors and polyforms defined
by a particular choice of volume form e € A"T™*M:
p= e%gos, (6.9)
where @, is a spinor. It also means that there is an invariant bilinear form on
Q°(M) taking values in the line bundle A"T* M. This form is called the Mukai
pairing and is defined below.

The irreducible representations of Spin(d,d) are Majorana-Weyl; the Majo-
rana condition defines the spinors to be real, while the Weyl condition restricts
polyforms to be either of only odd or even degrees (corresponding to negative
or positive chirality). They are

St — Qe'uen(M) ® (AnT*M>%’
5~ = QM) @ (A"T*M)>=. (6.10)
Definition 6.2. The Mukai pairing of two polyforms @1, @9 is given by
i (25 d—2j 2j+1 d—2j—1
(p1,02) = > (—1) (%] Aoy 2+ ol Ay ) : (6.11)
J
where the superscript p denotes the p-form component of the form. Defining
o Qev/odd(M) — Qev/odd(M) by
o) = (F)TPT (@) = ()L (612)

the bracket becomes

(p1,92) = (a(p1) Aa)”. (6.13)

One can check that the result of a pairing transforms as a top(/d)-form under
Spin(d, d). Furthermore, the pairing is invariant under B-transforms:

(ePp1,eP02) = (1, 02). (6.14)
In fact, the Mukai pairing is the map of the usual bilinear form of spinors, [9):
01 Cps2, (6.15)

under the isomorphism of equation (C is the charge conjugation matrix).
This implies the pairing’s property

d(d—1) d(d—1)

C=(-1)"7 CT & (pr,p2)=(-1)"7 (p2,1), (6.16)

so that for d = 6 the pairing is anti-symmetric. Two other properties are:
<X “P1, §02> = _(_1)d<9017 X g02>a
/ (drpr, p2) = (—1)d/ (o1, dEp2), (6.17)
M M

where dy is the twisted exterior derivative: dy¢ = do + H N ¢.
From now on, polyforms will be often referred to as spinors, assuming im-
plicitly the isomorphism defined earlier.
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6.1.3 Twisted structures

One reason why generalized geometry turned out to be interesting for string
theory, is that it manages to incorporate the B-field in a natural way. To
achieve this, we introduce the H -twisted Courant bracket:

X, Y]y = [X,Y]c +xty H, (6.18)

for a closed three-form H that lives on our manifold (as is the case in string
theory with the NS-NS form). This bracket now satisfies

[€BX,eBY]y_ap = eP[X, Y]n. (6.19)

From this property we see that we have a choice to either describe our
geometry (T'M @ T*M) in terms of the twisted bracket, or to locally untwist it
by twisting our geometry, i.e. by locally B-transforming our vectors.

Locally untwisting means finding a two-form B, on each patch U, such that
H|, = dB, and B-transforming the vectors of TU, @ T*U,. As B functions
as a potential it may be shifted by a gauge transform B, — B, + dA, without
changing the physical field H. Also, since B is not necessarily globally defined
we need to allow for a gauge transformation on the overlap of two patches,
U, NUg,

B, = Bg + dA,g. (6.20)
Consistency requires that on U, NUg NU,,
Aaﬂ + A[gfy + Afya = dAag—y. (621)

In the following, we will not try to twist the geometry and untwist the H-
twisted bracket. The theorems and definitions of the following sections are the
same for both pictures, except that in them, the bundle TM & T*M should
be replaced by the twisted bundle F if one chooses to work in the untwisted-
bracket-picture.

From the preceding discussion we conclude that the structure group of F is
not SO(d,d), as the S-transforms are not symmetries of the Courant bracket.
The full structure group is

GL(dv R) X Qz(M)closeda (622)

the semi-direct product of the group of diffeomorphisms and the group of B-
transforms with B closed. It is this group that leaves both the metric and the
Courant bracket invariant.

Remark 6.3. In [11] it is shown that a B-field acts on spinors as follows
0 — e B, (6.23)

Now, on E, as on TM & T*M earlier, we have a spin bundle S, since E has
an orthogonal structure. A global section 1 of S is given by local forms ¢, g
such that

Do = e_dA“ﬁgpg, (6.24)
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or
P =eBag,. (6.25)

The operator d on the forms 1 € S is then equivalent to the H-twisted operator
dgr, which we encountered at the end of the previous section, on the original
untwisted forms. This follows from

dip = d(e Pop,) = —H AN + e Bodp,, (6.26)
and it is the operator we need to use in the twisted-bracket-picture. Note that
d% =0 as H is closed.

6.2 Generalized complex structures

In this section we extend the concept of (almost) complex structures to gener-
alized geometry.

6.2.1 Generalized (almost) complex structures

Definition 6.4. A generalized almost complex structure is a map
J:TMeT"M —-TMeT "M, (6.27)

that respects the bundle structure: 7(JX) = 7(X), and that satisfies the fol-
lowing two conditions; first, its square should be minus the identity:

J? =1, (6.28)
and second, the canonical metric G should be Hermitian:
G(IX,JY)=6(XY). (6.29)

Such a structure reduces the structure group from SO(d, d) to U(d/2,d/2).
Furthermore, it defines, as in the case of the normal almost complex structure,
two sub-bundles LT C (TM & T*M) ® C with fibres the (£i)-eigenspaces of J
at each point.

Definition 6.5. A sub-bundle L is isotropic if
G(X,Y)=0, forall X,Y € L. (6.30)

It is mazimally isotropic if its rank is half of the rank of TM ® T*M (i.e. d),
which is the maximal rank an isotropic sub-bundle can have for a non-degenerate

G [11).

Obviously, the L* introduced above, are maximally isotropic. The speci-
fication of a maximally isotropic sub-bundle L satisfying L N L = 0 is in fact
equivalent to the introduction of a generalized almost complex structure 7. The
correspondence being, of course, L = L™.

The integrability of 7 is defined as follows.

Definition 6.6. J is H-integrable, making it into a generalized complex struc-
ture, if L" is involutive under the H-twisted Courant bracket:

[X,Y]g €T(LY), forall X,Y e T(L). (6.31)
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In fact, there does exist a theorem analogous to the Frobenius theorem,
stating that if a generalized complex structure is involutive, adapted coordinates
can be found. We will however not go into this further, other than remarking
the following theorem.

Theorem 6.7. (The generalized Darboux theorem.) Any regular point in
a manifold with an H-twisted integrable generalized complex structure has a
neighbourhood that is equivalent, via a diffeomorphism and a B-transform for
which dB = H, to the product of an open set in CF, described by complex
coordinates, and an open set in the standard symplectic space (R?=2% ), de-
scribed by Darboux coordinates. The number k is the type of the associated
pure spinor, a number we define in the following section.

This theorem basically states that, in adapted coordinates, a generalized
complex structure interpolates between a complex structure and a symplectic
structure. The latter two are just special cases of generalized complex structures.

Example 6.8. (Almost complex structure.) Using an ordinary almost complex
structure we can construct a generalized version as follows

-J 0
J = ( 0 JT> . (6.32)
It follows that J is H-integrable if and only if J is integrable and H is of type
@2.1)& (1.2).

Example 6.9. (Symplectic structure.) Similarly, using a symplectic structure
w, we may construct a generalised complex structure, defining

0 w!
J = (w 0 ) . (6.33)
J is H-integrable if and only if dw =0 and H = 0.

6.2.2 Pure spinors

The definition of generalized almost complex structures can be easily recast in
terms of so-called pure spinors. To do so, we first define a spinor’s null space.

Definition 6.10. The null space of a spinor ¢ is defined to be the sub-bundle
L, consisting of all annihilators of ¢:

L, ={X|X ¢ =0}. (6.34)
The null space is an isotropic bundle, since
20X, Y)p=X-Y+Y - X) ¢o=0=6X,Y)=0,VX, Y€ Ly,. (6.35)
Definition 6.11. A spinor ¢ is called pure if its null space L, is maximally
isotropic.

In summary, a (complex) pure spinor defines a maximally isotropic bundle,
its null space L, C (I'M & T*M) ® C, which may be identified as the LT of
the previous section. This definition determines the complex pure spinor up to
a multiplicative factor, which may vary from patch to patch.

This conclusion is similar to that of section where we stated that pure
spinors of Spin(d) could be related to almost complex structures.

The integrability condition on a pure spinor is given in the following theorem.
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Theorem 6.12. A generalized almost complex structure J is integrable if and
only if its associated pure spinor ¢ satisfies

for some X € (TM @ T*M) ® C.
The first condition is equivalent to LT N L~ = 0.

Proof. Since dp is closed, we have that
(X, Y]a o =[{X,du}, Y] o —d(G(X,Y)) A, (6.37)

for all sections X,Y and all polyforms ¢. Restricting the discussion to the
isotropic null space of a pure spinor, the last term above drops out. For all
X,Y €I'(L,), we have:

[X’Y]H = [{X’ dH}7Y] p—dG(X,Y)) AN
=X Y -dgo. (6.38)

This implies that L, is involutive if and only if the bottom line above yields zero,
which means that dg = Z - ¢ for some Z. (It also means that dgp € T'(Ug/2-1),
which will be defined in the following section.) O

If a o satisfies the conditions stated in the theorem, then ¢’ = f¢ does so
as well for X’ = X + df. We find that the undetermined overall factor does not
influence the integrability condition. If the factor may be fixed, for a globally
defined, complex pure spinor, the structure group of the generalized tangent
bundle reduces to SU(d/2,d/2).

It is natural to consider a somewhat stronger constraint: X = 0.

Definition 6.13. A complex pure spinor ¢ is generalized Calabi-Yau a la
Hitchin ( [10]) if it satisfies

dyp = 0. (6.39)

This condition is, however, not a suitable generalization of the standard
Calabi-Yau geometry, as this will involve two generalized almost complex struc-
tures. The proper generalization will be discussed further on.

Remark 6.14. (The general form of pure spinors.) The origins of the gen-
eralized Darboux theorem mentioned in section become clear when one
considers a theorem proved by Gualtieri in his PhD thesis (see the references
in [9]). The theorem states that every non-degenerate, pure spinor ¢ can be
written as

©=Qp NetB, (6.40)
where w and B are real two-forms and ; a decomposable k-form such that

_ ke—n)  24/2—k _ a/2—k
(o) =(-1)"> mﬁk AQp Aw #0. (6.41)

The number k is called the type of the pure spinor.
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Definition 6.15. The type of a pure spinor is the lowest form-dimension ap-
pearing.

Example 6.16. The pure spinor associated to the generalized almost complex
structure J of example [6.8] is

¢ = fQ, (6.42)

where f is a nowhere-vanishing complex function and €2 the complex, decompos-
able three-form associated to the almost complex structure J (see example.
Its null space is given by Ew @ AODT*M | which is also the (41)-eigenspace of
J. The spinor’s type is 3. The integrability conditions of theorem become

dQ = Ws A Q, HAQ=0. (6.43)
Example 6.17. The pure spinor associated to the J of example is
o= fe™, (6.44)

for some function f; w defines a pre-symplectic structure. Its null space is given
by {X + ¢£|¢ = —iexw}, which is also the (+i)-eigenspace of J. Its type is 0.
The integrability conditions become

dw=0, H=0. (6.45)

6.2.3 The Lie algebroid L,

It has been shown (see the references in [9]) that the Courant bracket satisfies
the Jacobi identity on an integrable and isotropic sub-bundle, so that for the
aforementioned L, (Ly,[, ]n) is a Lie algebra. The projection map mras :
TM ®T*M — TM restricted to L, is a Lie algebra homomorphism: 7 :
L, — TM. The Lie algebra (L, [ , |g) is then what is called a Lie algebroid.
On the forms of L, one can now define a so-called Lie algebroid derivative dr,,
in way similar to the usual exterior derivative on forms.

Definition 6.18. Given a Lie algebroid (L, wras, [, |#r), the Lie algebroid deriva-
tive dr, : T(A'L*) — T'(A1L*) acts on a [-form a and produces a (I + 1)-form
dr,« as follows:

dra(Yo,...,Y) = > (~1)*mrar(Y,) a(YO,...,Ya,...,Yl)]
0<a<l
+ Z (—1)“+ba([Ya,Yb]H,Y0,...,Ym...,Ym...,Yl),
0<a<b<l

(6.46)
for all Yo,..., Y, e T'(L).

This derivative is related to the derivative dgy that was defined earlier. How
exactly, we find at the end of this subsection.

Now, a complex pure spinor ¢ and its associated isotropic null space L,
induce a decomposition of the space of polyforms

ANT*MeC= @ U (6.47)

—d/2<k<d/2
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where
Ur = (AY?7FL,) - 0. (6.48)

The last line says that Uy is the sub-bundle of polyforms one gets by acting
with an anti-symmetric product of d/2 — k generalized vectors X; € L, on ¢.
In effect, ¢ provides an isomorphism between

TAY2*L) = Uy a—a-p. (6.49)

The type of decomposition is called a filtration. One can consider the decompo-
sition as building up the spinor representation by acting with anti-holomorphic
gamma-matrices—taking the role of creation operators—on a “null state”, [9].

Remark 6.19. An alternative definition of the Uy consists of taking it to be
the ik-eigenbundle of J, acting in the spinor representation on forms. In detail,

given a local frame X,, a = 1,...,2d of the generalised tangent bundle, the
action of 7 in the spinor representation of an arbitrary spinor % is given by
T =3G"T(Xe) - Xp -, (6.50)

where G = (Gup) L, Gar = G(Xa, Xp).

Note that the original spinor ¢ we have ¢ € U%?2. For a polyform ¢’ € T'(Uy)
we have ¢’ € I'(U_y). The decomposition of polyforms is compatible with the
Mukai pairing, for @1 € T'(Uy)

(p1,2) =0, if 2|y, =0, (6.51)

where @2|y_, is the projection on U_y.
For the exterior derivative dg one can prove that

dp :T(Uy) = T'(Uk—3) @ T(Uk—1) ® T (Uk+1) ® T (Ukts), (6.52)

the right-hand part of which reduces to I'(Uy—1) @ I'(Ui41) in the case that L,
is integrable. In the latter case dy splits as

dyg = 0y + 5H7 (653)

where both parts behave exactly similar to the Dolbeault operators defined in
section [A.2.4

The relation between d; and dg follows from the aforementioned isomor-
phism provided by ¢: it maps dy, into O,

(dea)-¢ = Fula- ). (6.54)

6.3 Generalized Kahler structures

In the preceding sections we saw that a globally defined, invariant spinor—a
prerequisite for spacetime supersymmetry—puts an SU(d/2)-structure on the
internal manifold. We have also seen that such a structure corresponds to
having both a pre-symplectic and an almost complex structure that satisfy a
certain compatibility condition. Both of these turned out to be special cases of
generalized almost complex structures. In this section we generalize the notion
of an SU(3)-structure, which will be defined by two (in some sense) compatible
generalized almost complex structures, or equivalently by two compatible pure
spinors.
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6.3.1 Generalized complex structures

First we define the notion of generalized Kéhler structures. Ordinary Kéahler
structures were defined by a complex structure J and symplectic structure w.
These needed to be compatible: w ought to be of bidegree (1,1) with respect
to J and the Hermitian metric they define ought to be positive-definite. Using
the generalized complex structures of examples and these conditions
translate to those of the following definition, [11].

Definition 6.20. A U(d/2) x U(d/2)-structure consists of two commuting gen-
eralized almost complex structures Ji, Ja: [J1, J2] = 0; that define a (symmet-
ric) positive-definite metric G by G = —GJ1 J>. This metric is bihermitian.

Definition 6.21. A U(d/2) x U(d/2)-structure is an H -twisted generalized gen-
eralized Kdhler structure if both J; and J5 are H-integrable.

Using this ‘generalized’ definition, the class of generalized Kahler structures
is larger than that of ordinary Ké&hler ones. It does, of course, include the
ordinary U(d/2) Kéhler structures.

Example 6.22. (Kdhler structure.) The ordinary Kéhler structure defined by w
and J is now defined by the generalized structures of examples[6.8and [6.9} these
structures we refer to as J; and Ja, respectively. They satisfy the compatibility
condition [J1, Jo] = 0 and define the metric

[ —wd 0 (g9 O
G = ( 0 JTU.)l) - (0 gl>7 (655)

where g is the ordinary Kéahler metric defined by w and J.

The metric G defined above satisfies (G71G)? = (—J1J2)? = 1, so that
we have orthogonal +1-eigenspaces C'y. Splitting up vectors as X = X +
X_, Xy € Oy we find

G(- ) =9 Iloy =G(- e (6.56)

As the signature of G is (d, d), we find that dim Cy = dim C_ = d. Now, taking
into account that G is positive-definite, we find that the structure group of
(TM @ T*M) is reduced to O(d) x O(d).

In short, the description of the metric G as in its definition is equivalent
to the specification of a sub-bundle C, on which G is positive-definite. Once
we have defined the C associated to a given GG, we can further reduce the
structure group to U(d/2) x U(d/2) by adding a generalized almost complex
structure J; that commutes with G~1G.

Since for a U(d/2) x U(d/2)-structure, J; and J2 commute, they may be
diagonalized simultaneously. Then we can define

L =Ly N Ly,
L7 =Ly N Ly, (6.57)

where L; is the isotropic sub-bundle associated to [J;. From the positive-
definiteness of G we have that LT both have rank d/2. Furthermore, the bundle
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C, has as fibres the generalized vectors with equal eigenvalues of J; and J3,
while for C_ the eigenvalues are opposite, i.e.

C,®C=L{oLf,
C_.®@C=LyoL;. (6.58)

Remark 6.23. It has been shown that, in general, G~'G is a B-transform of
the metric appearing in the ordinary Kéhler example:

—1
g—1G=63< 2 ‘" >e—B. (6.59)

The easiest way to find these B and g is to use the fact that vectors X4 = X+4¢ €
C4 correspond to F1-eigenvectors of GG and thus take on the general form

X. = (X,€) = P (X, +gX) = (X, (g + B)X). (6.60)
We find, for X1, Y4 € Cy,

g(X:i:aY:I:) = ig(Xa Y)a
A(X+,Ys) = B(X,Y), (6.61)

where A(X,Y) = 1(n(X)—£(Y)) is the canonical antisymmetric bilinear prod-
uct.

6.3.2 Pure spinors

In terms of pure spinors, the U(d/2)xU(d/2)-structure is defined in the following
theorem.

Theorem 6.24. The generalized tangent bundle has a U(d/2)xU (d/2)-structure
if and only if there exist pure spinor line bundleﬂ 11 and o, that satisfy the
compatibility condition

Y2 € T'(Uy), (6.62)

where U; is the filtration associated to 11, and that are such that the metric
associated to their generalized almost complex structures is positive-definite.

Remark 6.25. The compatibility condition may, equivalently, be written as
Y1 € D(Vo), (6.63)

where V; is the filtration associated to 5. It expresses the condition that J;
and 7> should commute. For d = 6 it may be formulated as

<7/}13X'¢2> = <’¢)13X'1Z2> =0. (664)

The latter equation generalizes the compatibility condition for forms in the
ordinary U(d/2)-structure case.

40This is to say that we have two globally defined spinors that are defined up to a scalar
function.
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Fixing the overall factor of the spinors, such that they are globally defined
and non-degenerate, results in an SU(d/2) x SU(d/2). Subsequently, the spinors
may be normalized.

Definition 6.26. The generalized tangent bundle has an SU(d/2) x SU(d/2)-
structure if there exist globally defined pure spinors i1 and 19, that satisfy the
normalisation condition

<w1>&1> = <'¢)23’l[}2> ?A O, (665)

and the compatibility condition
Py € F(Uo), (666)

where U; is again the filtration associated to 11, and are such that the metric
associated to their generalized almost complex structures is positive-definite.

A stronger condition than H-integrability of both 7; that applies to the case
of an SU(d/2) x SU(d/2)-structure appears in the following definition.

Definition 6.27. A generalized Calabi- Yau geometry d la Gualtieri is an SU(d/2) x
SU(d/2)-structure such that

dgthr =0,  ds = 0. (6.67)

From example [6.22] and the remarks in section [5.2.1 we find that an ordinary
Calabi-Yau geometry is an example of a generalized Calabi-Yau geometry.

6.3.3 Spinor bilinears

In this section we consider the relation between spinors of Spin(d,d) and the
ordinary ones of Spin(d), [§], [9].

The generalized metric G(g, B) allows us to define the Clifford map isomor-
phism between polyforms and operators acting on spinors; it is given by

1 .
¢ =ePNpr o= Z l*,¢i1...il’7“”'“7 (6.68)
— 1!

where the gamma matrices on the left-hand side are defined using the vielbein
associated to g. In the following we will take B = 0 and work with untwisted
@’s, etc..

Now, we can define an SU(d/2) x SU(d/2)-structure using two (not nec-
essarily everywhere independent) spinors ' and n? that define two (again not
necessarily everywhere independent) SU(d/2)-structures. The spinors should
be normalized such that n'fn! = %1% = 1.

Using the Clifford map, we first construct two polyforms 1, and - from the
following spinor bilinears

Yy =dim(S)n'n*", ¢y = dim(S) n'n'*", (6.69)

where 1/ = Cn** and dim(S) = 2[%/? the dimension of the spinor representa-
tion. Using Fierz identities results in

0(7/)1)1'1,..1'1, = leT%l...iml,
J(QZ}Z)’LL..Z'L = 77/2T’Yi1.“il771~ (670)
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The action of elements Xy = (X, £¢X) € I'(C+) on polyforms is given by
X, -9 = X"¢, X_-¢=—Ppy X', (6.71)

where P = £1 is the parity of ¢. Elements of C; thus act as gamma-matrices
from the left and those of C_ as gamma-matrices from the right.

This action reveals that if n* and 72 are pure spinors of Spin(d) (a trivial
property of Weyl spinors in d = 6), then the polyforms ¢, and 19 as defined
above will be pure spinors of Spin(d,d). This is because the null spaces of
11 and 19 have dimension d at every point: they consist of d/2 basis vectors
of Cy, constructed from the annihilators of 7', and d/2 basis vectors of C_,
constructed from the annihilators of n? (or 1’2, in the case of ).

Furthermore, the conditions of definition [6.26] are also fulfilled for ¢; and
)2, which means that they do indeed define an SU(d/2) x SU(d/2)-structure.

Example 6.28. (The case d = 6.) We take n'? = ni2 to have positive chirality
and 752 = n*? to have negative chirality.

The most general relation between n' and n? is given by
ni = cni + %Vi’ymi. (6.72)
This relation we rewrite using two mutually orthogonal spinor@, N4+ and x4,
where x4 = $v'y;n- (and |[v|* = 2):

1 i0/2

Ny =e 2 _ e—iﬁ/Q(

N+, My cos pn4 +sinpxy). (6.73)
Above, 0 < ¢ < 7/2 indicates the angle between n' and n?, which may vary
over the manifold M. The relation between both descriptions is given by: ¢ =
e cosp, Vi =v'singp.

In points where sin ¢ = 0, x4+ need not be defined. In other points, 4 and
X+ define a local SU(2)-structure, which is described by the three forms:

v =l X,
[ N R A NV
Wij = 3Ny Yij N+ X+ Yig X+
Qs = X+ (6.74)

that satisfy
QNw=QAN0Q=0,
Lo = 1,0 = 1,Q =0,
QANQ =202 (6.75)
The pure spinors become
¥y = e’ 2V (cos e —sing Q) ,
Yo =—v A (cospQ+singpe™). (6.76)
In the case that sinp = 0 everywhere we have what is called a strict SU(3)-
structure. The types of (11,19) are (0,3). If cos¢ = 0 everywhere one speaks
of a static SU(2)-structure (with types (2,1)), while if both siny # 0 and
cos ¢ # 0 one speaks of an intermediate SU(2)-structure (with types (0,1)). In

the latter case, if ¢ varies over M, the structure is called dynamic and may
involve type-changing of the two ;.

41Here, spinor orthogonality is defined as 77177+ = XLX+ =1, x:rrrpr =0.
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6.4 Minkowski compactification

In this last section we once again consider compactification. It is here that the
usefulness of generalized geometry, as referred to in the introduction of section
[l becomes clear. The compactifications we are interested in, are of the form
R3! x K4, where Kg is the six-dimensional internal space as before; R*! denotes
the flat Minkowski space.

We consider vacuum solutions of type II supergravities and use the following
compactification ansatz for the susy parameters €, i = 1, 2:

'=& el 4o,
=& @0+, (6.77)

where the upper signs correspond to type ITA and the lower signs to type IIB.
Note that we use two internal spinors 7’, instead of one as in section

In the equations above, £ is a constant Weyl spinor on the flat Minkowski
space, with four real components, so that we have N’ = 1 spacetime supersym-
metry.

Had we chosen two different fi spinors the result would have been A/ = 2
supersymmetry. In this case, however, the susy variations of section [3.3.2] relate
€' and €2, often leading to N' = 1 supersymmetric solutions. The effective
theory on the other hand, will have a different degree of supersymmetry as
the two €' are not related off-shell. To achieve an off-shell relation and thus a
N = 1 effective theory, the presence of orientifolds is sufficient—the introduction
of these objects, that serve as negative-tension sources, is necessary to find
Minkowski solutions with non-zero fluxes, according to the no-go theorem of
Maldacena—Nﬁﬁeﬁ 19].

The two internal chiral spinors ni and 772 are fixed and characterize the back-
ground geometry. They (see section reduce the structure of TM & T* M
from SO(6,6) to SU(3) x SU(3). Supersymmetry thus imposes a topological
constraint on the internal manifold.

In the following the 1’ are taken to have the same norm: |a]. A more
general compactification decomposition of the parameters is discussed in section
5.3.2] appendix and The pure spinors ¥, and 1, may then be defined in a
way similar to that of equation (using only a different normalization
convention):

& 81
Y =y7 = —Wniniﬂ Py = F = r ‘ani, (6.78)

for types ITA and IIB. The difference between types ITA and IIB is that the
positive-chirality and negative-chirality spinors are interchanged.
The susy transformations, (3.83)), become:

(4A ¢R61/1) AF
L Ca )
dp(e

2A— (I)Im 1/}1)

e
0,
0.

(6.79)

42The no-go theorem basically states that compactification to a Minkowski (or a de Sitter)
space times a compact internal manifold in the presence of fluxes is impossible unless sources
with negative tension are introduced (8], [9].
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The calculation is given in the references of 9.

Looking back at the different generalized stucture classifications we discussed
in the preceding sections, we see that the susy variations imply that s is a
generalised Calabi-Yau structure a la Hitchin, and that its associated generalised
complex structure, Jo, is integrable. We also find that the generalized almost
complex structure Ji, associated to 11, is not integrable, due to the presence of
the R-R fluxes. Thus, the two 1; do, although they define an SU(3) x SU(3)-
structure, not form a generalized Calabi-Yau structure a la Gualtieri.

Example 6.29. An example of a solution is given in [9], it is an F-theory (for
a non-constant dilaton ®) or a (SU(3)-structured) warped Calabi-Yau solution
(for a constant dilaton) of a type IIB flux compactification. In this case the
pure spinors are

Py =€, P = Q. (6.80)

The two internal spinors satisfy ni = —ini. The equations we can derive from
the susy variations are:

d(e?’A_‘I’Q) =0, x6G3 = iG3,
d(e*A%w) =0, or =0,
HAQ=HAw=0, 4dA — dP = e® ¢4 F5, (6.81)

where G3 = F3 +ie"®H.

7 Summary

In this thesis, we have discussed a number of aspects of string theory. Our
starting point was bosonic string theory , which we used to point out some of
string theory’s essential features, such as the particle spectrum it predicts and
the number of dimensions it needs to exist in a consistent way. We then repeated
this discussion for the case of superstring theory and finished by describing
its massless sector (and low-energy limit): the (type II) supergravities .

The subsequent subject was compactification ; we discussed the effects
concerning the particle spectrum and the conditions on the nature of the internal
space. We found that in fluxless compactifications the internal space is neces-
sarily Calabi-Yau, if we wished to have some remaining, unbroken spacetime
supersymmetry . For flux compactifications the condition on the internal
space turned out to be that of SU(3)-structure, something we carefully defined
in the subsequent sections . In these sections, we also found, by studying the
supergravities’ susy variations, the kinds of manifolds that can be used for flux
compactifications (]%L and .

In the last section we turned to generalized geometry, a theory that offers
a unified description of complex and symplectic manifolds. In the concluding
paragraphs of this section, we found from the susy variations the generalized
conditions the internal manifolds has to satisfy (6.4). The conciseness and ap-
parent naturalness of the formulation of these conditions illustrated the (pos-
sible) usefulness of generalized geometry in a field theory approach to string
theory compactifications.

67



8 Acknowledgements

First, I would like to thank my supervisors Diederik Roest and Gert Vegter
for their useful advice and also their willingness to continue supervising me
throughout the year it took me to finish this document. Second, I would like to
send my thanks to my family and friends who kept motivating me.

68



A Symplectic and complex manifolds

This appendix serves as a short introduction to the different kinds of manifolds
that appear in (flux) compactifications.

A.1 Symplectic manifolds

The first class we consider is that of symplectic manifolds (for a short, but much
more in depth introduction, see [13]).

Definition A.1. A symplectic manifold is a pair (M,w), where M is a smooth
manifold and w a non-degenerate two-form (, which is called the symplectic
form).

The standard example is the phase space of classical mechanics, which is
defined as a 2n-dimensional Euclidean space R?® = R™ x R", with coordinates
(P1y- - sDPns@1,- - -, qn) and symplectic form:

i=1
A basic result is the Darboux theorem.

Theorem A.2. (Darboux.) Every symplectic manifold (M, w) is locally diffeo-
morphic to (R?",wyp).

A.2 Complex manifolds

This section will be notably longer than the previous one, as we took the time
to consider multiple kinds of complex manifolds—all of which will be of some
relevance to this thesis. The discussion here is mostly based on parts of |12],
though for the section on almost complex manifolds [9] was also used.

A.2.1 Definitions

Definition A.3. M is a complex manifold if it is a manifold whose charts are
open subsets of C™ and of which the transition functions between charts are
holomorphic.

The number n above is the complex dimension of M, denoted dim¢ M = n.
Interpreting the n complex coordinates of a chart, (2 = x#+iy*), p=1,...,n,
as 2n real ones: (z*,y"), we find that a complex manifold is also a differentiable
manifold with real dimension 2n. This is denoted dimg M = 2n. The analyticity
of the coordinate transformation functions ensures that the differentiability of
the real coordinates.

Definition A.4. Given complex manifolds N and M with dim¢ M = m and
dimc N =n. A map f: M — N is called a holomorphic map if, for charts
(U, ) of M (with p € U) and (V,4) of N (such that f(p) € V'), all component
functions of 1o f o~ : C™ — C™ are holomorphic functions.

A holomorphic map f : M — N that is also a diffeomorphism is called a
biholomorphism (as f~1 is then also holomorphic), and M is said to be biholo-
morphic to N.
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A holomorphic function is a holomorphic map f : M — C. Note that for
compact M, f is constant.

A.2.2 Complexifications

Given the set of smooth functions F(M) on a differentiable manifold M with
dimg M = m. Its complexification F(M)® is defined as the set of functions
f: M — C of the form f = g+ ih, g,h € F(M). Note that these do not
necessarily satisfy the Cauchy-Riemann equations. The complex conjugate of f
is f = g —ih; f is real if and only if f = f or, equivalently, f € F(M).
Similarly, the complexification VC of a vector space V consists of elements
of the form X +¢Y, where X,Y € V. This set becomes a vector space if we
define addition and scalar multiplication (with scalars a + ib € C) as follows

(X1 4+i) + (Xo +1iY2) = (X1 + X2) +i(Y7 + Y2),
(a4 i) (X +4iY) = (aX —bY) +i(bX + aY). (A.2)

The complex conjugate of Z = X +1iY is Z = X —iY. Again, 7 is real iff
Z = Z or, equivalently, Z € V c VC.
A linear operator A on V may be extended to act on VC by defining

AX +1Y) = A(X) +iA(Y). (A.3)

A linear function A € V* is thus extended to a linear function A : V€ — C.
More generally, any tensor defined on V and V* can be extended so that it is
defined on V¢ and (V*)C. And, similar to the vector case, an extended tensor
may be complexified as t = t; + ity, where ¢; and ¢, are of the same type.

Given a basis e of V, these vectors form, if they are regarded as complex
vectors, a basis for VC. To see this, take X = X*e,,Y = Y%e, € V, then Z =
X +4Y is uniquely expressed as (X* +iY*)ej. Then also dimg V = dim¢ VC.

The complexification of the tangent space T, M is T,MC. Its vectors Z act
on functions f € F(M)C as

ZIf] = X[fi +ifo] +iY[f1 +ifs]
= X[fi] = Y[fo] +i(X[fo] + Y[f1])- (A4)

The complexified dual space (7, M )€ consists of elements & = 7 + iw with
w,n € TyM. (In fact, (I M)® = (I,M©)* = TxM®.) Any tensor defined on
Tp,M and T,M* is first extended to the complexified spaces and subsequently
complexified itself.

The complexification of the set of smooth vector fields X'(M) is denoted
X (M)C. The Lie bracket of X +14Y,U +iV € X(M)C is

(X +iY,U+iV]= (X, U] - [Y,V])+i([X,V]+ [Y,U]). (A.5)

A.2.3 Almost complex structure

We again consider a complex manifold M with complex dimension m. Its
tangent space at p, T,M is spanned by {8%17 R (%im, aiylv e 83%}, where
zM = z# + iyt are the coordinates of p in a certain chart. T, M is spanned by

{dxt, ... dz™, dyt,... dy™}.
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The 2m vectors

o —1 [é) - 0 o —1 1o} o)
ger =§(W—’W)7 6725(@4"@)7 (A.6)
form a basis for the 2m-dimensional 7, M®. Note that E = 82#' The dual
one-forms are
dz" = dx* + idy*, dz" = dx* — idy*. (A7)

They span Ty M C and satisfy

(dz"',0/97") = (dz",8/92") = 0,
(dz",0/92") = (dz",8/9z") = o".. (A.8)

The linear map J, : T,M — T, M

) ) d o
To (5ar) = agis o (W) = o (A.9)
defines a real tensor of type (1,1) satisfying Jg = —idg,p. Its definition is
coordinate independent, because of the analyticity of the transition functions.

Jp is given by, in components, J, = (1(; 7(1)’" ), where 1,, is the m x m unit

matrix.

Such a map J (for which J? = —15,,) may be defined, locally, on any 2m-
dimensional manifold. However, only on a complex manifold may the local J be
patched together across charts to define a globally defined smooth tensor field
J. This J is called the almost complex structure of a complex manifold M.

J, may be extended to T, M© and can then be expressed in (anti-)holomorphic
bases as

: o . 9
Jp:ZdZ'u@W—ZdZM@W, (AlO)
. . . .lnz 0
which is, in components, J, = (Z 0" i, )
Jp is used to define the projectors

PE = L(lay Fidy). (A.11)

For any Z € T,MC®, we find J,P*Z = £iP*Z. Thus, Z* = P*Z € T,M*,
where T,M* = {Z € T,M"|J,Z = +iZ}. Evidently, T,M* is spanned by
{0/0z"} and T,M~ by {0/0z"}.

Because of the properties of Pi@ every vector Z € T, M € may be uniquely
decomposed as Z = Zt + Z~, implying a decomposition of T, M € into two
disjoint vector spaces:

T,M® =T,M* & T,M". (A.13)

43The projectors satisfy
Pt +P™ = lom,
PHPT =P Pt =0,
(PE)2 =P, (A.12)
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Z € T,M)7* is called a(n) (anti-)holomorphic vector. We have T, M+ = T, M~
and therefore dim¢ TpM+ =dimcT,M~ = % dim¢ TpM(c = % dim¢e M.

Similarly, complexified vector fields Z € X(M)® may be decomposed using
the field J: Z = Z+* + Z~, Z* = P*Z, where JZ|, = J, - Z|,. ZH(Z7) is
called a(n) holomorphic (antiholomorphic) vector field. So, given a J, X(M)®
decomposes as X(M)® = X (M)* @ X(M)~. Both X(M)* are closed under the
Lie bracket™]

A.2.4 Complex differential forms

Let M be a differential manifold. At p € M, complex g-forms are defined as
(e QZ(M)C : ( = w +in, where w,n € Q(M). A complex g-form ¢ € Qa(M)©
defined on M is a smooth assignment of an element of Qf(M )€, it may be
uniquely decomposed as ( = w + in, w,n € QI(M).

The exterior product of ( = w + in and £ = ¢ + 1) is defined by

CAE= (wtin) A (¢ +1iv)
=WAo—nAY)+i(lwAP+nAP). (A.14)

And the exterior derivative d acts as
d¢ = dw + i dn. (A.15)

It is a real operator: d{ = dw — idn = d(.

Next, we restrict ourselves to complex manifolds M with dim¢ M = m, on
which we have the decompositions T,M® = T,M* & T,M~ and X(M)¢ =
X(M)T®Xx(M)~.

Definition A.5. Let w € Qg(M)‘C with ¢ < 2m and let r,s € {0,1,...,2m}
with r+s = g. Let V; be g vectors be in either T, M or T,M~. Ifw(Vy,...,V,) =
0 unless 7 of the V; € T,M* and s of the V; € T,M~, w is said to be of bidegree
(r,5) or simply an (r,s)-form. The set of such forms is denoted Q7>°(M). A
smoothly assigned, to each point of M, (r,s)-form defines an (r, s)-form over
M. The set of such forms is denoted by Q™*(M).

From the definitions of {dz#} and {dz"}, we see that they correspond to
(1,0)- and (0,1)-forms at p respectively. Using these bases, an (r,s)-form is
written as

1

w= ﬁwmmm,,lm,jsdz“l Ao ANdzPr ANdZY N - ANdEYE (A.16)
r.Ss.

The set {dzt A -+ NdzHr NdZ" A -+ NdZ* } forms a basis for Q*(M). Using
this, one may prove the following.

Proposition A.6. Let w and £ be complex differential forms on M as defined
above.

o If we 0"*(M), then w € Q*"(M).
o If we O s(M) and € € % (M), then w A € € Q7 s+s" (M),

44This means that X,Y € X(M)* implies that [X,Y] € X(M)T, and similarly for X (M)~.
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e A complex g-form w is uniquely written as
w= Z w(™) (A.17)
r4+s=q
where w("*) € Q™%(M). We then also have

= @ o). (A.18)

r4+s=q

Next, considering the action of the exterior derivative d on an (r, s)-form

1 0 r, 0 7
dw :@ <az>\w,u1..»ll«rl/1...l/sd’z + ﬁwﬂl---ﬂrl’l"'ysd'z A

dzM Ao NdzHt NdEA - A dEY. (A.19)
we find that dw is the sum of an (r + 1, s)- and an (r, s + 1)-form. We define

the Dolbeault operators & and 9 such that d = 9+, 8 : Q" (M) — Q"F15(M)
and 0 : Q™%(M) — Q" TH(M). Explicitly, for w = w,zdz" A dz*{*°| we have

3w 157 A )
Ow = T;)\dz ANdzM N dz
B = %dz* Ade A dzY = &"Wd A RN A dF (A.20)

On a general g-form the actions of the Dolbeault operators are defined as
Do oW dw= Y owln) (A.21)
r+s=q r+s=q

Theorem A.7. The Dolbeault operators have the following properties. w €
Q4(M)® and ¢ € QP(M)C.

00w = (00 + 00)w = A0w = 0,
0w = 0w, 0w = Ow,
NwAE) =0wNE+ (—1)%w A0,
OwAE) =0wAE+ (—1)1€ A OE.
All properties follow from the identities d = 9 4+ 0, d = d and d? = 0.
Definition A.8. A holomorphic r-form is an w € Q9(M) such that dw = 0.

Holomorphic 0-forms are just holomorphic functions and holomorphic r-
forms w = %(,um”_#rdz”1 A - -+ AdzH" have holomorphic functions wy, ..., -

45The exterior derivative dw € Q1(M) of w € QY(M) is equivalently defined as

dw(Y07"'7Y2): Z (71)aYa[w(Y07"'7?ﬂ47~~'7Yll)]
0<a<l

+ > (D) w([Ya, Y5, Yo, -y Yay oo, Yoy oo, YD),
0<a<b<l

where ‘hatted’ vector fields are missing.
46The bar over the v is used to indicate that the index is to be contracted with an anti-
holomorphic (0, 1)-form
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A.3 Hermitian manifolds

Let M be a complex manifold with dim¢ M = m and g a Riemannian metric of
M as a differentiable manifold. Taking Z = X +4Y, W = U +4V € T,M®, we
extend g so that

gp(Z7 W)= gp(X, U) - 9p(Y, V) + i{gp(X, V) + gp(Y, U)}. (A.22)

The components of g with respect to the (anti-)holomorphic basis are

9uv(p) = 9p(0/02",0/02"),
9ur(p) = 9p(9/02",0/0%"),
9 (p) = 9p(8/02",0/02"),
9ur(p) = gp(0/07",0/0z"), (A.23)
satisfying
Guv = Gvps 9o = 9Gops 9w = v,  Guv = Gpvs  Guv = Yuo- (A.24)

Definition A.9. Let M and g be as above. The pair (M, g) is called a Hermi-
tian manifold and g a Hermitian metric if at each point p € M, for arbitrary
vectors X, Y € T,M, ¢,(J, X, J,Y) = g,(X,Y).

Note, the vector J, X is orthogonal to X for a Hermitian metric, as g, (J,X, X) =
gp(Jng JpX) = —gp(JpX,X) =0.

Theorem A.10. A complex manifold always admits a Hermitian metric.

Proof. Let g be any Riemannian metric of a complex manifold M. Then the
metric §,(X,Y) = 2{g,(X,Y) + g,(J, X, J,Y)} is Hermitian. O

From the definition of a Hermitian metric g we find g,, = —g,, = 0 and
9pv = —Ypv = 0, so that

9 = gupdz" ® dz" + gp,dz" ® dz”. (A.25)
Definition A.11. The Kdhler form Q of a Hermitian metric g is defined as
Q,(X,Y) = g,(JpX,Y), X, Y e T,M. (A.26)

It is anti-symmetric since Q(X,Y) = g(JX,Y) = g(J?X,JY) = —g(JY, X) =
—Q(Y, X). It is also invariant under the action of J.

If its domain is extended to T, M, Q becomes a real (2 = Q) two-form of
bidegree (1,1) with components

Quv =19 =0, Qup=—i950 =0, Qup =190 = —Qpp. (A.27)
That is,
Q0 =1ig,pdz" @ dz¥ —igp,dz” ® dz"' =igupdz! NdZ". (A.28)
Equivalently,
Q= —Jupdz! NdZ", (A.29)
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where J,; = Q;J\J)\r/ = —iGup-

On a Hermitian manifold, we may choose an orthonormal basis of the form
{é1,Jé1,.. . ém,Jém}. If g(é1,é1) =1, then Jé; is normalized and orthogonal
to é;. Now, taking a normalized és orthogonal to {é;,Jé;}, adding Jé; and
repeating this procedure will yield the aforementioned basis. Using it we can
prove the following.

Lemma A.12. Let Q be the Kahler form of a Hermitian manifold with dim¢ M =
m. Then

QAN (A.30)
N————

is a nowhere vanishing 2m-form.
Proof. For the orthonormal basis discussed above, we have

Q(é;,Jeé;) = g(Jé;, Jé;) = b4, Q(é,é5) =Q(Jé;, Jé;) = 0. (A.31)
Then

QA AQEr, Jér, ..., em, Jém)
—_——

m

= Z Q(ép), Jép)) - - - UEp(m)s JEP(m))
P

= mlQ(er, Jé1) ... Qém, Jém) = ml, (A.32)

where P is an element of the permutation group of m objects. This shows that
QA -+ AQ does not vanish at any point. O

Now that we have a real, nowhere vanishing 2m-form, we have, in fact, a
volume element. This implies the following.

Theorem A.13. A complex manifold is orientable.

A.3.1 Covariant derivatives

In this section we define a connection that is compatible with the complex
structure, on a Hermitian manifold (M, g). We start out by requiring that a
holomorphic vector V' € T,M™, parallel transported to a point ¢, be again
holomorphic: V(q) € T,M™". First, we define the derivative’s action on the
basis vector fields,

0 N 0
Vu—azy =T W(z)—az/\, (A.33)
and for the conjugate vector fields,
0 X 0
Vigs =@ g (A.34)

where I‘S‘ﬂl7 = F)\;w’ that are the only non-vanishing components of the connec-
tion coefficients. Then also V,0/0z" = V;0/0z” = 0. For the dual basis the
non-vanishing covariant derivatives are

Vudz = =T dz*,  Vpdz" = —T7 1dz>. (A.35)
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The covariant derivative of X = X#9/0z" € X(M)™ is now given by

VX = (0, X"+ X”FAW)%, (A.36)
where 9, = 0/0z". For X~ = X#9/0z" € X(M)~ we have
VX~ = auxxi, (A.37)
oz>
since FXW = FS‘W = 0. Similarly,
VXt = aﬁxk%,
ViX~ = (0 X + XDFXW)%. (A.38)

This may all be generalized to arbitrary tensor fields; for t = tW’_\dz” ®dz¥ ®
0/0z* for example, we have

(Vit)
(V&t)

A= aﬁt A - t{u)\rgn,u - tuEAFEnuv

nv nv
Y= Oxt,,) +1, T (A.39)

n% nv nv

We also demand metric compatibility, which in this case amounts to V,.g,» =
Vizgur = 0. In components, this becomes

anguﬁ - gAﬁFAnu = O? 8&9;1,17 - gHS\FA77 = 0 (A40)

RV

The connection coefficients are thus FAW = g’”‘@ngw and I"i\rﬂ7 = x“&;gwy,

where g”* is the inverse matrix of g,z: gus9"* = 6/1)\’ 9 g = 6%z A metric-
compatible connection for which I'(mixed indices) = 0 is called the Hermitian
connection. By construction, it is unique and given above.

Theorem A.14. The almost complex structure J is covariantly constant with
respect to the Hermitian connection,

(Vi) = (Ved) ! = (Vid)s" = (V)5 = 0. (A.41)

Proof. We use the fact that in the basis that has been used in this section, we
have J = (“0’" _Z.Olm ) Then for the first equality we find (the others are proven
similarly),

(Vi) } = 0xi, 1 —i6, "¢, +16,°T", . = 0. (A.42)
O
The torsion tensor T" and the Riemann curvature tensor R are defined by

T(X,Y)=VxY - VyX — [X,Y],
R(X,Y)Z =VxVyZ - VyVxZ - VixyZ. (A.43)

For the torsion tensor we find that

T, =T, —T",  =T%,, (A.44)

147 g
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all other components being zero. For the Riemann tensor all components of
the form R*5 , ., R¥\ 4p, R4, and RAB, are zero. Taking into account the

RA
trivial symmetry R") ., = —R", ., the independent components are reduced to
Ry, and RY = R, 5 for these we have

R\ = OpT", 5 = 0a(9°"8,9,50);
RRS\#D = aMFRﬁX = 8;t(gkgaﬁg§5\)~ (A45)

These satisfy certain other symmetries as well, which we will however not prove
here. Two of R’s indices may be contracted as follows,

Rup = R, = —05(9")0u9,6 = — 0,05 log G, (A.46)
where G' = det(g,5) = /g. For the last equality the identity 6G' = Gg"" 09,
was used. Now, the Ricci form is defined by

R = Rpdz" Adz” =id001ogG. (A.47)

R is a real closed form, real since R = —i0d1log G = —i0dlog G = R and closed
since d99 = d(—%d(d — 9)) = —4d*(0 — J) = 0. R is however not exact as
G is not a scalar and (9 — 9)log G is not defined globally. R thus defines a
non-trivial element ¢1(M) = [R/27] € H?(M,R), called the first Chern class.
Here, H"(M,R) = Z"(M,R)/B" (M, R), is the rth de Rham cohomology group,
where Z"(M,R) is the set of all closed r-forms and B"(M,R) is the set of all

exact r-forms.

Proposition A.15. The first Chern class ¢; (M) is invariant under a smooth
change of the metric g — g + dg.

Proof. We have §logG = g""8g,s. Then 6R = §iddlog G = i09g""6g,s =
—1d(0— 0)ig""5gup. As g'dg,p is a scalar, w = —3d(0 — 0)igh”dg,p is a well-
defined one-form on M. Then 6R = dw is an exact two-form and [R] = [R+0R],
that is, ¢1 (M) is left invariant under g — g + dg. O

A.4 Kahler manifolds
Definition A.16. A Kaihler manifold is a Hermitian manifold (M, g) whose
Kahler form  is closed: d€2 = 0; g is then called the Kdhler metric of M.

Theorem A.17. A Hermitian manifold (M, g) is a Kéhler manifold if and only
if the almost complex structure J satisfies V,,J = 0, where V, is the Levi-Civita
connection associated to g.

Proof. First we note that for any r-form w

1
dw =Vw= ﬁvuwylu,wdm“ Adz" A ANdar, (A.48)

where the first equality is a result of the symmetry I'*,, = I'",,. Secondly,
using Vzg = 0, we have the following equalities,

(VZzQ)(X, V) =Vz{QX,Y)} —-Q(VzX,Y) - Q(X,VzY)
= Vz{g(JX,Y)} = g(JVZzX,Y) = g(JX,VzY)
= (Vz9)(JX,Y) +9(VzJX,Y) - g(JVzX,Y)
=g(VzJX —JVzX.Y)=g(VzJ)X,Y), (A.49)
for any X,Y, Z. Thus we have that VzQ = 0 if and only if VzJ = 0. O
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Let g be a Kahler metric, from d2 = 0 we have
(0 + 0)igupdz" A dz”
=i07gupdz* N d2" A dZ¥ +i05gupdZ® A dz" A dZ”
:%i([“),\gw; — aﬂgA,;)dz)‘ AdzM A dz”

+ 2i(059up — Opg,x)dz NdzH Adz =0, (A.50)
that is,
8gul7 99xr0 agul‘/ 89#5\
= = A51
0z Ozr’ oz oz’ (A-51)

implying that the metric is, in fact, torsion free:

)

. (A.52)

A EX
T ing = gg (8,ugyg - 8119;1,5) =
b\ b
T =9 5(8;19175 — Opgpe) =
In this sense, the Kéhler metric defines a connection which is very similar to
the Levi-Civita connection. The Riemann tensor has, for this metric, an extra
symmetry

RH/\;W = _aﬁ(géﬁau%\é) = —3;(g£“8)\g#g) = RKMAD' (A.53)

This means that R,; = R"””WD = R"””MD = R, i.e. the components of the Ricci
form are the same as the components of the Ricci tensor. If R,p = R,up = 0,
the Kéahler metric is said to be Ricci flat.

Theorem A.18. Let (M, g) be a Kéhler manifold. If M admits a Ricci flat
metric h, its first Chern must vanish.

Proof. By assumption R(h) = 0. As was shown before, R(g) — R(h) = R(g) =
dw. Hence, ¢1(M) computed from g agrees with that computed from h and
hence vanishes. O

Compact Kahler manifolds with vanishing first Chern classes are called
Calabi- Yau manifolds. Calabi conjectured that if ¢; (M) = 0, the Kéhler mani-
fold M admits a Ricci-flat metric, a conjecture that was later proven by Yau.

The last remarks here consider the holonomy groups of Kahler manifolds.

Definition A.19. Let (M, g) be a Riemannian manifold with an affine con-
nection V and let p € M. We consider the set of closed loops at p: {c(t)|0 <
t <1,¢(0) = ¢(1) = p}. Now, take a vector X € T,M and parallel transport it
around a curve c(t). After this trip, we end up with a new vector X, € T,M.
Thus we see that the loop ¢(t) and the connection V induce a linear transfor-
mation

P.:T,M — T,M. (A.54)

The set of these transformations is denoted by H(p) and is called the holonomy
groug™}

47The holonomy group is, in fact, base point (p-) independent, but not connection indepen-
dent [14].
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(M, g) is taken to be a Hermitian manifold with dim¢ M = m. Now, if we
parallel transport a vector X € T, M around a loop ¢ at p, we end up with a
vector X’ € T,M™ for which X"* = X"h,*. As V does not mix holomorphic and
anti-holomorphic indices, X’ has no components in T,M ~, and as V preserves
the length of a vector, we must have h, *(c) € U(m) C O(2m).

Theorem A.20. If g is the Ricci-flat metric of an m-dimensional Calabi-Yau
manifold M, the holonomy group is contained in SU(m).

Proof. The proof will be sketchy. We parallel transport a vector X € T,M*

around a small parallelogram pgrs, the vertices of which have coordinates z#, z#+
€, 2t + et + 6" and z* + 6 respectively. For parallel transport from p to g we

have (up to first order) X"*(q) = X" (p) — X" (p)T'*,.(p)€”, etcetera. Around

the full loop this becomes

XM= X"+ X"R"

S50, (A.55)

and so

v v v KSA
h) =6,"+R", 5" (A.56)
U(m) decomposes as U(m) = SU(m) x U(1) in the vicinity of the unit element.
In particular the Lie algebra u(m) = T,(U(m)) is separated into u(m) = su(m)®
u(1), where su(m) is the traceless part of u(m) and u(1) contains the trace. Now,
since the metric is Ricci flat, the trace part vanishes

R",,€"8" = Rypetd” = 0. (A.57)
This shows that the holonomy group (or, strictly speaking, only the restricted
holonomy grouﬂwhicb remains true even when M is multiply connected) is
contained in SU(m). O

A.5 Almost complex manifolds

Definition A.21. Let M be a differentiable manifold. The pair (M, J), is
called an almost complex manifold if there exists a tensor field J of type (1,1)
such that at each point p € M, Jg = —idg,p. J is called the almost complex
structure.

Since Jg = —idr,n, Jp has eigenvalues 4. If it has m that are +i, it must
have also m that are —i, making J, into a 2m x 2m matrix. This means that
M must be even-dimensional. Complex manifolds are always almost complex
as well. The converse, however, is not true in general.

Next, we complexify the tangent space at a point p of an almost complex
manifold M so that the complex eigenvalues of .J, may appear explicitly. Once
extended to a C-linear map on T, MC, the identity Jg = —1g,, is of course still
valid. T,M € may be split up into two disjoint vector subspaces, according to
the eigenvalue of Jp:

T,M® =T,M* & T,M", (A.58)

48 The restricted holonomy group considers only closed curves that can be contracted con-
tinuously to a point.
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where T,M* = {Z € T,M®|J,Z = +iZ}.

Any vector V' € TpMC is then written as V = Wy + Wa, where Wy, W, €
T,M™*. We also separate X(M)® into X (M)¥, the treatment differing only in
the less strict condition J, is required to satisfy. A consequence is that there
does not necessarily exist a basis of T, M ™ of the form {9/0z"}. We may still
define the projectors

P* = Lidg,m FiJy) : T,MC — T,M*. (A.59)

A vector in T, M+(7) is again called a(n) (anti-)holomorphic vector and a vector
field in X(M)*() a(n) (anti-)holomorphic vector field.

Definition A.22. Let (M, J) be an almost complex manifold. If the Lie bracket
of any holomorphic vector fields X,Y € X(M)* is again a holomorphic vector
field, [X,Y] € X(M)*, the almost complex structure is said to be integrable.

Remark A.23. Actually, the definition above is a something of a shortcut. It
is the consequence of the Frobenius theorem, which states the following.

Theorem A.24. (Frobenius.) A distribution L is integrable if and only if it is
involutive.

To make sense out of this statement we need a few definitions.

Definition A.25. Sub-bundles L of the tangent bundle TM (T'M = U,T,M)
that are locally spanned by smooth vector fields are called distributions.

Note that if J is globally defined and smooth, the sub-bundles TM* =
UpTpyM * ¢ TM ® C will be distributions. Note also that the local bases are
not necessarily globally defined, this follows from the fact that the group of
transition functions (the structure group) preserves J from patch to patch, also
preserving the decomposition in T M=, but mixes up the individual basis vectors.

Definition A.26. A distribution L is called involutive if for any two vector
fields X, Y e I'(L) (I'(L) is the space of sections of L),

X, Yel(L)=[X,Y]eT(L). (A.60)
The last definition we need is the following.

Definition A.27. A distribution L is integrable if through every point P € M

there exists (a vector-valued funtion z that is) a solution z(\!, ..., Ar2k(L); p)
in a neighbourhood of p of the following equation:
oz
— X, A.61
7 (A.61)

where the vector fields X,, a =1,...,dim(L), locally span L.

As a side-note, the solutions of the equation above defines a new system
of coordinates (called adapted coordinates) such that L is locally spanned by
{8/0z%)i =1,...,rank(L)}.
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Also, on such a manifold M, we define the Nijenhuis tensor field N : X (M) x
X(M) — X(M) by

N(X,Y) = [X,Y]+ J[JX,Y] + J[X,JY] - [JX,JY]. (A.62)

N(X,Y) is linear in X and Y as J and the Lie bracket are linear. If J is a
complex structures, N trivially vanishes.

Theorem A.28. An almost complex structure J on a manifold M is integrable
if and only if N(A4,B) =0 for all A,B € X(M).

Proof. Let Z = X +4iY,W = U +iV € X(M)®. The Nijenhuis tensor field may
then be extended to act on X' (M)C as follows

N(Z,W) = [Z, W]+ J[JZ,W] + J[Z, W] — [JZ, W]
— {N(X,U) = N(Y,V)} + i{N(X,V) + N(Y,U)}. (A.63)

Suppose N(A, B) = 0for all A, B € X(M). The equation above then implies
that N(Z,W) = 0 for Z,W € X(M)®. In particular, for Z,W € X(M)*
we have, since JZ = iZ and JW = iW, N(Z, W) = 2{[Z,W] + iJ[Z,W]}.
N(Z,W) = 0 then implies J[Z, W] = i[Z,W] and [Z,W] € X(M)*. The
almost complex structure is integrable.

Conversely, suppose that J is integrable. Since X' (M)® = X (M)t o X (M),
we can separate Z and Winto Z =Zt + 272~ and W = W+ + W~. Then

N(ZW)=NZT W)+ NZ" W)+ NZ ,WH)+N(Z ,W~) (A.64)

and it is easy to compute that each of the contributions on the right hand side
yield zero. Thus N(Z,W) = 0 for all Z,W € X(M)® and, in particular, for
Z,WeX(M). O

We had already found that for a complex structure J on a complex manifold
the Nijenhuis tensor field vanishes. For the converse we have the following
theorem.

Theorem A.29. Let (M, J) be a 2m-dimensional almost complex manifold. If
J is integrable, the manifold M is a complex manifold with the almost complex
structure J.

B Type II N =1 flux vacua

The solutions of the susy variation equations of section for ITA and IIB
Minkowksi flux compactifications, are shown in tables 1 and 2.

The last column in table 2 corresponds to so-called intermediate “ABC” solu-
tions, satisfying the following two sets of equations. The first set, corresponding
to (x), is

2abW; = €® (a® + b?) %6 Fi,
(a? —b*)Ws = —(a® + b?) %6 HO),
2abH® = —¢®(a? — b*) Y. (B.1)
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(DA [ a=o0orb=0(a) | a=bef (BQ)

1 Wiy =HM =0
1 1
FY — 55 = ) _
F(l) :FFél) 2n
8 generic 8 B =
+ _ P (8) 8 8
Wy =F® =F® =0 Wy =e"Fy Wy = e?F® + P FY
W2 - 0 ng =0
6 W3 = F xg H©) W3 =H®) =0
W =2Wy = _ B ~
3 T2iH®) = o FY = 2iWs = —2i0A = 2id®, Wy = 0
0A=0a=0

Table 1: Possible N =1 vacua in ITA [§].

[IB [ a=00rb=0(4) | a = =+ib (B) \ a=+b (C) | (aBO) |
1 Wy = Fél) — g 9
8 Wy =0
©) _ Ws =0 H® =0
F7 =0 3 3

6 3 6 6 *

W3 ==+ H®) 6¢FL§)::F*H?(>) W3::|:e¢*F3(6) *)

Ws =2W, = eq)F(g) = 22W5 =iWy = ieiI)Fig) = 2_“7[/5 =
3 F2iH®) = 20® 5 s, 30 —2i0A = —4idloga = (k)

= = —2i0A = —4idloga =
F e‘bl_:‘l(g) = 2e¢Fé§i) =
iWs = iWy = 10

Table 2: Possible N =1 vacua in IIB [g].

Note that the upper ‘(n)’ indicate the representation under consideration. xg is
a six-dimensional Hodge-star. The second set, corresponding to (x%), is

- 2(a®—b%)2
F(3) —4i ab(a +b2 5a W4 T at— 21a3b+21ab3+b4 aa
T at— 21a3b+21ab3+b4 We = 2(a*—4a%b%+b%) 50,

@F(3) o —4ab(a®—b?) d 5 = @i- 21a3b+27,ab3+b4 (B 2)
€ s " = 4 24301 2iab3 167 90> JA — _ 4(ab)? da. :
H(g) _ =2i(a*+b?)(a®—b?) B - af-— 21a3b§2mb3+b4

= @ —2ia3bt2iabt 6% 90> 5% — 2(a24b%)

at— 2za3b+2zab3+b4

The complex functions a and b satisfy |a|? + |b|?> = e, reducing their four
degrees of freedom to three. A second constraint reducing that number to two
follows from gauge fixing their phase gauge freedom. That freedom amounts to
the transformation 7, — e¥n,, or, equivalently (a,b) — €'¥(a,b). Then also
Q — e2¥Q, while J is left invariant. Furthermore (Wy, Wa) — 2% (W, W)
and Wy — Wy + 2idip. As in the supersymmetry transformations, the gauge
transformation of (a,b) cancels that of Wj, the overall phase of ab may be
fixed (by rotating Way—table 1 is given in a fixed gauge), reducing the number
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of degrees of freedom by one. Because of this, all A/ = 1 vacua with internal
SU(3) structure may be parametrized by two angles, as follows

A2 cosae'2

a=e ,
B
22.

b=e*?sinae” (B.3)

These angles parametrize a U(1)g subspace in the SU(2)gr symmetry of the
underlying N" = 2 theory.

B.1 The susy variations in terms of pure spinors

In the previous section we discussed the supersymmetry variation equations for
the NV = 1 case. We mentioned that imposing 6,44, = §.\* = 0 translates to
certain differential conditions on the internal spinor 1. These conditions then
turn into differential conditions on the pure Spin(6,6) spinors 1. The result
is the following set of equations for the spinors. They are the generalization of
those of the section [6.4] for general a and b.

e 2Py (247 y) =0,

e AT (240 ) =dA N — 1—166<D [(|a\2 — |b|?)Fa_

—i(laf? + [b[2) * Fas] (B4)

for type ITA, while for type 11B

e M dy (24 ) =dAN Yy + F5e® [(|af* — (b)) Fiy
—i(lal* + [b*) ¥ Fp-],
e AT (A7) =0. (B.5)

In these equations we used

Fay = Fo+ Fy + Fy + Fg, Fpy = Fy £ F3+ F5. (B.6)

14 are non-normalized pure Spin(6, 6) spinors, they are constructed in the same

way as the 11 were earlier: ¥4 = ny nl, but now out of non-normalized 7',
defined by

i =an., i =bn. (B.7)

These are the internal spinors that help form the N/ = 1 supersymmetry pa-
rameter (note that in tables 1 and 2 we had ' = n'). The non-normalized v+
are related to the normalized versions by

by =abipy, o =aby_. (B.8)

N = 1 supersymmetry imposes the following relations on these norms (for both
ITA and IIB)

dla® = [b2dA,  dJb]? = |a|2dA. (B.9)

83



The conclusions of section [6.4] remain essentially unchanged. The R-R fluxes
still prevent the integrability of one spinor, while the other is Calabi-Yau a la
Hitchin.

In the case of the pure SU(3) structure, one finds from the generalized
complex structures corresponding to the ¢+ that internal manifold is complex
for type IIB and (twisted) symplectic for type ITA. In the general SU (3, 3) case,
the A/ = 1 vacua may be hybrid complex-symplectic manifolds with & complex
and 6 — 2k (real) symplectic dimensions. Given the chiralities of the preserved
Spin(6,6) spinors, k must be even in ITA and odd in IIB.
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