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INTRODUCTION. The study of the collective motions of the nuclei and their descrip-
tion via appropriate collective coordinates is an old problem in quantum mechanics.
One of the first succesful nuclear models of this type is the Bohr-Mottelson model,
with collective coordinates represented by nuclear rotational motion, [1]. A new devel-
opement to the subject was given by the pioneering work of Arima and Iachello, 2],
who used an algebraic method and established one of the most succesful application of
group theory to Physics: the interacting boson model (I.B.M.). Group theoretically the
I.B.M. is a realization of broken U(6) symmetry. The intervention of group theory and
its powerful techniques considerably simplifies the problem of finding an orthonormal
basis which diagonalizes the Hamiltonian H of the model, produces analytical solutions
to the eigenvalue problem for H, and gives an overall view in which the limit cases
appear as substructures (subgroups or contractions of groups).

The I.LB.M., based on the group U(6), represents a macroscopic viewpoint of the
nuclei. The microscopic explanation of the I.B.M., [3], led to new approaches based on
symmetry and to new groups.

Considerable progress has been made in the last few years in clarifying the concep-
tual basis and define, from a micriscopical point of view, the right collective variables,
4,5,6]. This paper presents a new group theoretical approach based on the group
SL(3,R) x T®, that is also denoted by CM(3), the semidirect product of the covering
group of SL(3, R) and the abelian group T (= RS).

The group SL(3, R) was introduced in nuclear physics by Tomonaga, [7], and inde-
pendently by Gell-Mann et al., [8]. It is the group of rotations and volume-preserving
deformations in 3-space, thus fitting an intuitive description of the nuclear matter, which
is nearly incompressible. It was noted by Biedenharn and Vanagas, [9], that:

1) SL(3,R) has a covering SL(3, R) which allows the existence of half-integer spin
representations;

2) using the Wigner-Indnu contraction SL(3,R) — T° x SU(2), in agreement with
the heavy nuclei rotational bands;

3) SL(3,R) has 5 collective degrees of freedom and 3 rotational intrinsic ones (vortex
spin). In order to enlarge the scope of the model one can add the quadrupole degrees
of freedom plus, necessarily for group theoretical reasons, a monopole degree of
freedom and obtain the group SI(3, R) x T® = CM(3);

4) CM(3) has a structure analogous to the Poincaré group P: they are both semidirect
products (P = SL(2,0) C) x T*, CM(3) = SL(3,R) x T*®); they both have two
invariants (mass and spin for P, volume and vortex-spin for CM(3)); the rest frame
for P corresponds to the spherical mass-quadrupole tensor, [9], and the boosts to
the deformation operators of CM(3); finally the intrinsic spin for P, namely the
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angular momentum in the rest frame, corresponds to the vortex-spin for CM(3),
the angular momentum in the spherical frame.

Vortex spin is fundamental in the study of the rotational properties of the nuclei:
absence of vortex spin implies irrotational collective motion, small moments of inertia,
spectra typical of vibrational degrees of freedom; non-vanishing vortex spin and large
moments of inertia correspond to rigid motion.

The new approach that I present, whose details will appear in a forthcoming paper,
[10], singles out the relevance of vortex spin. The analogy with the Poincaré group is
exploited in the study of the unitary (infinite-dimensional) representations of CM(3),
whose carrier space is the Hilbert space of the wave funtions of the nucleus on the
mass-quadrupole tensor, viewed as the space of physical variables. The mathematical
technique used in this study is the same used for studying the unitary irreducible rep-
resentations of the Poincaré group and is based on the induced representations for a
semidirect product and the imprimitivity theorem, [11].

UNITARY IRREDUCIBLE REPRESENTATIONS OF CM(3). We start by consider-
ing the explicit realization of the algebra s£(3, R) containing half-integer spin repre-
sentations given in [12]. Let us recall this construction. It is an infinite dimensional
representation of the algebra, written in terms of a pair of boson operators a;(i = 1,2)
obeying the canonical commutation relations

[aisa;] = &
The boson operators are defined on the space D = span (|j,m >) where
ljym > = [(j +m)l(j — m)] 72637+ a7 "0 > (1)

with ¢;|0 >= 0, where j = 0, %,1,. ..and —j £ m £ j. In D a natural scalar product
can be defined:
< j,ymlj ym' >
using the representation (1), the commutation relations between the boson operators
and defining < 0,0 >= 1. We denote by K the Hilbert space that is the completion of
D with respect to this scalar product.
The following operators are defined on D:

A o — * *
Jy = ajaz, J_ = aja;, Jo = i(ala; — aja;)

M = 3 v N +1)71/2
2 = [(2+M)!(2-M)!] (W + )7

[(a;)2+M(a;)2_M+(—02)2+M(a1)2_M] (N+1)—1/2

for —2 < M <2, M integer; N = ala; + ajaz.

The hermitian combinations of these operators generate s£(3, R).

Following the theory of Flato, Simon, Snellmann and Sternheimer, [13], one can
show that this representation of the algebra can be exponentiated to a unique repre-
sentation on K of the universal covering group SL(3, R) of SL(3, R). Let us denote by
V such a representation. We use V in order to build a representation U of SL(3,R)
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isomorphic to the representation U2 of SL(3, R) induced by a unitary representation L
of the subgroup SU(2), the vortex-spin rotational group. Omitting the details that will
appear in [10], the representation U on a suitably defined Hilbert space H reads:

g—-Ug: (Ugf)a) = V(g)f(&(g"z)q)
feH, geSL(3,R), g€ X =SL(3,R)/SU(2)
where § denotes the covering homomorphism.

The representation U has the necessary features for describing SL(3, R) as a sym-
metry group of a physical system: the carrier space of U is the Hilbert space of functions
defined on the space of the physical variables, which can be regarded as the space of
the positive symmetric matrices [g];; = E:=1 TinZjn, where z;, are the coordinates of
the A nucleons; the representation U is written in an explicitly covariant form,

We now have all the ingredients for building the irreducible unitary representations
of CM(3). In fact, appealing to a general result of the theory of the unitary representa-
tions of a semidirect product, {11], we have that the irreducible unitary representations
of CM(3) are in one to one correspondence with the induced irreducible imprimitivity
systems of SL(3, R) based on T'%; they are in turn in one to one correspondence with
the irreducible unitary representations of the vortex-spin SU(2). We do not enter into
details here but this result assures that any irreducible unitary representation of CM(3),
based on the orbit X, can be written as:

(Ugp ) (@) = 77D (U, £) (9)
where p € T the dual space of T'%.

CONCLUSIONS AND OPEN PROBLEMS. We have classified, up to isomorphisms, all
the unitary irreducible representations of CM(3) on the space of the physical variables,
and we have expressed them in an explicitly covariant form. The vortex spin plays a
crucial role in the theory. It naturally appears as an intrinsic degree of freedom, just
like the spin of the elementary particles in the case of the Poincaré group. The fact
that the covering group of SL(3, R) is a subgroup of CM(3) allows to get half-integer
vortex-spin representations.

One open problem is to find a bigger group containing the half-integer vortex-spin
irreducible representations of CM(3). $p(6, R), which contains as subgroup SL(3, R),
would not work since it can only contain integer vortex-spins. If one could find such a
group one could extend the success of Sp(6, R), [14]. Another problem is to carry on
the analysis of the model, write an Hamiltonian and compare the spectrum with the
experimental data. We shall face these problems in the subsequent paper [10].
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