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The effects of a paritcle’s spin and electric charge on its angular momentum, energy and radius on the
innermost stable circular orbit are investigated based on the particle’s equations of motion in a back-
ground of the Kerr-Newmann spacetime. It is found that the particle’s angular momentum and energy
have monotonous relationships with not only its spin but also its charge; it is also discovered that the
spinning particle’s radius may change non-monotonously with its charge. Hence, our result remarkably

indicates that particles owning identical spin but different charge may degenerate into a same last stable
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1. Introduction

The innermost stable circular orbit (ISCO), as the name indi-
cates, is the last stable circular orbit with a minimal radius for a
particle revolving around the black hole [1]. A particle will plunge
into the black hole if its orbit radius is less than that of the ISCO
(we denote this radius as rp).

There are at least three reasons as we investigate the ISCO.
Firstly, the spacetime geometry can be reflected by the ISCO of
the particle. Secondly, the binary system consisting of a test parti-
cle and a black hole can be a source of gravitational waves [2,3].
What is more, the investigation of ISCO can give us a knowledge
of the accretion disc and the related radiation spectrum [4,5].

For a massive particle without charge and spin, when it re-
volves around a Schwarzschild black hole, we know that the radius
of its ISCO (ry) is 6M, with M being the mass of the black hole
[6]. The radius of the ISCO for a Reissner-Nordstrom (RN) black
hole ranges from 4M (corresponding to an extreme black hole) to
6M (corresponding to the Schwarzschild limit) [7]. When the par-
ticle moves around a Kerr black hole, the situation becomes a little
more complicated. It was found that, in the background of extreme
Kerr black hole, r; = M for co-rotating orbits whereas r; = 9M for
counter-rotating orbits [8]. The investigation of the ISCO for the
Kerr-Newmann (KN) black hole can be seen as a combination of
the RN case and the Kerr case [9].

Other investigations about the ISCO can be seen in Refs. [10-35]
and many others, including the research for charged particles
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around KN black hole [36]. For convenience, we have listed typical
cases in Table 1, where M, a, Q respectively stand for the mass, an-
gular momentum and electric charge of the black hole, j;, e; stand
for the angular momentum and energy of the particle.

In fact, a classical test body may contain spin. Effects of spin on
the ISCO orbits are investigated for the Schwarzschild black hole
[37,38], the Kerr black hole [38,39] and the KN black hole [40].

What will happen when the particle contains not only spin but
also electric charge? In other words, what effects will the spin and
charge of the particle take on the ISCO? In this paper, we will an-
swer this question and show the interplay of the spin and the
charge carried by the particle on the corresponding ISCO in the
background of KN spacetime. We will write the equations of mo-
tion for a charged spinning test particle in KN black hole in Sec. 2.
The effects of the ISCO parameters j, e, r; of the charged and spin-
ning particle revolving around the KN black hole will be shown in
Sec. 3. Our conclusion will be given in Sec. 4.

2. The equations of motion of a charged spinning particle in KN
spacetime

The metric of the KN spacetime is
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Table 1

ISCO parameters for an uncharged and spinless particle (M =1).

a, Q Type of black hole

T Ji

a=0, Q=0 Schwarzschild

a=0, Q=1 Extreme RN
a=0,0<Q<1 RN

Q=0a=1 Extreme Kerr (co-rotating)
Q=0 a=1

Q=0 0<a<l1 Kerr (co-rotating)

Q=0 0<a<1 Kerr (counter-rotating)
a?+Q%2<1 (Extreme) KN (co-rotating)

@ +Q2<1

Extreme Kerr (counter-rotating)

(Extreme) KN (counter-rotating)
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where

E:r2+azc0529, A = a? — 2Mr + Qz—i-rz.
The gauge field reads

_ __Qr .2
F=dA Ag=—% (dt—asm 9d¢). )

The outer event horizon locates at

r=M+vVM?—a? - Q2. (3)

After choosing the tetrad

A )
el = /E (dt — asin? 9d¢) el = /Xdr,
sinf
el? = V3do, e = = [—adt + (¢ +12) o). (4)

the metric Eq. (1) can be rewritten as

ds® = naypea’e; - (5)

Actually, considering spin and electric charge endowed to an
astronomical test particle, the particle (which is supposed to be a
charged top, i.e., the charge of spinning body is gathered on a cen-
ter point and the magnetic moment of the particle can be ignored
[41]) does not move along the geodesic. Instead, its motion should
be described by the Mathisson-Papapetrou-Dixon (MPD) equations
[41]

DP4 1

oE =—5R“bcdvbsfd—Qngb, (6)

Dsab

o =2playbl, (7)
T

In Egs. (6), (7), P? stands for the particle’s 4-momentum, 7 is the
affine parameter (proper time), v? is the 4-velocity, S® represents
the spin tensor, Q is the charge of the particle, F® denotes the
electromagnetic field tensor of the spacetime.
A normalized 4-momentum u“ can be defined as
a
u“ = P— (8)
m

Three other supplementary conditions are

S®s., =252, SPpy =0, ulvg=—1.

The first one signifies that the magnitude of the spin S is con-
served; the second one ensures the conservation of the dynamical
particle’s mass m [42]; the last one is used to normalize the proper
time t [42].

Then, one can obtain [41]

« o 25%u¢(2QFsc + Rpcde SU)
—u = .
Sb¢ (2QFpc + Rpcde S¥) + 4m?

(9)

We can see that the 4-velocity is no longer parallel to the
4-momentum due to the emergence of Ehe par~tic1e’s spin.

There are two conserved quantities E and J, which correspond
to the timelike Killing vector (%)a and axial Killing vector (%)a
respectively and can be written as [41]

E 1
e=—=——S"Vy& — &u’ — g4, (10)

m 2m
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where
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Specifically, a spin vector s? can be choosed as
1

4 — _ﬂg(ﬂ)(b)(c)(d)u(b)S(C)(d)’ (12)

E@b)c)d here is a completely antisymmetric tensor and
£1y2)(3)@ = 1. We set the only nonvanishing component of s@ as

I — (13)

where s represents the magnitude of the spin and s > 0 manifests
that the direction of the spin is parallel to that of the rotating black
hole. As a result, the nonvanishing tetrad components of the spin
tensor can be obtained as

SOM — _mey® sO6) — ey MG _ ey ©) (14)

As the stable circular orbits of the particle around a rotating black
hole locates in the equatorial plane, we will set 6 = 7t /2 hereafter.
The conserved quantities can be further expressed as
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where Py =r* 4+ ar(a+s) +aMrs —asQ?2.
The nonvanishing normalized momentum can be obtained as
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where X =r* — Mrs2 + Q2s2, o =1 corresponds to a radially out-
going particle and o = —1 for a radially ingoing one. Applying
Eq. (9), the 4-velocity can be obtained as
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where
P2 = (452Q2 - 3Mr) @®)? +qQr?su®/m
+ s (Qz - Mr) +r4.
The 4-velocity of the particle can be expressed as
dt (9\* dr /3\* d¢ [ d\°
=\ ol R -\ - 22
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According to the tetrad transformation relations Eq. (4), one can
obtain

A (dt d
v = 5 (E - asin20£) ; (23)
X dr
m_ [ xdr 24
v Adr’ (24)
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Next up, the equations of motion for a charged spinning particle in
the background of KN spacetime can be obtained as

a _ X (a*P4X +aArPs + Pyr2X)
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where
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+r3(er —qQ) + js (Q2 - Mr) :
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As concrete expressions for Egs. (27), (28) can be obtained by sim-
ple algebraic calculation, we do not show them explicitly here.

It should be noticed that the motion of the particle must obey
the forward-in-time condition dt/dt > 0 as well as the timelike
4-velocity condition v#v, < 0. We should also keep in mind that
s« M [43] and g <« M.

3. The ISCO of a charged spinning particle around the KN black
hole

The trajectory of the test particle is stable iff

dr
— =0 29
=0, (29)
d?r
e 30
12 (30)

Eq. (29) ensures that the particle does not have radial velocity
while Eq. (30) gives a restriction that there is no radial acceler-
ation for the particle.

The effective potential can be defined as the minimum allow-
able value of the energy for the particle at radius r. As the radial
velocity dr/dt are proportional to the radial component of the
four-momentum u® [see Egs. (20), (27)], we can use u» to de-
fine the effective potential. According to Eq. (18), we can obtain
the square of the normalized four-momentum u" as
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Fig. 1. The diagrams show effects of spin and charge on the ISCO parameters jj,e;,r; for M =1,a =1/4, Q = +/15/4. Among them, (A1)-(A3) are ISCO parameters for

counter-rotating orbits and (B1)-(B3) are ISCO parameters for co-rotating orbits.
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Fig. 2. The diagrams show effects of spin and charge on the counter-rotating ISCO radius r; for M =1,a=1/2,Q =1/2.

2
Ys=—A (—Mrs2 +Q%% + r4)

from the diagram (B1) in Fig. 1, it is obvious that the conserved
angular momentum of the particle decreases with the increasing

+ j2r? [Q452 - Q% (2ars+2Msz +r3)] (36) charge taken by the particle while it increases with the spin for
the co-rotating orbit.

+ j2r4 [ZM (ars + r3) + M3s% — r4] . Secondly, we can know from (A2) in Fig. 1 that the conserved
energy of the counter-rotating particle increases with the charge
Then the effective potential can be defined as and spin hold by the particle. However, for the co-rotating particle
as shown in (B2) of Fig. 1, its conserved energy increases with the

V= —B+VB*—4ay ) (37) increasing positive charge but decreases with the spin.
2a We can see that the effects of the spin and charge taken by

The ISCO locates at a point where the maximum and minimum
of the effective potential merge, which means

d’v
dr2
These three conditions Eqgs. (29), (30), (38) can be used to calculate
the parameters r;, jj, e; for ISCO of the test particle. Generally,
we can only obtain the numerical results for the set of nonlinear
equations.

Here we will put our emphasis on elaborating the interplay of
spin and charge endowed to the particle. As shown, we have plot-
ted the diagrams reflecting the effects of spin and charge in Fig. 1.

Firstly, let us see the effects of charge and spin hold by the
particle on the conserved angular momentum. From the diagram
(A1) in Fig. 1, we can see that the conserved angular momentum
increases with the increasing electric charge and spin for the par-
ticles revolving on the counter-rotating orbit. On the other hand,

(38)

the particle on the conserved angular momentum and conserved
energy are monotonous. Though we only show results of limited
values of spin and charge for the particle in Fig. 1, we have checked
our conclusion for all possible values of spin and charge taken by
the particle in background of other extreme and non-extreme KN
black hole where no counterexample has been found.

Now we will focus our discussion on the ISCO radius. Though
the effects of spin and charge are monotonous in most cases, as
shown in Fig. 1; we can see counterexamples, as shown in Fig. 2.
Remarkably, as Fig. 2 shows, two particles with the same spin but
different charge can occupy a same ISCO orbit. In other words, the
radii of the ISCO orbit become degenerated for particles with the
same spin but different charges in certain spacetime background.
At the first sight, it seems incredible; however, this is a result
stemming from the interplay of the spin and charge taken by the
particle. In fact, one can find from the effective potential Eq. (37)
that there exists terms relating to gs, gsZ, g2s, g%s2.
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4. Conclusion and discussion

In this paper, we have done analyses for the effects of spin and
electric charge on the ISCO parameters jj, ey, r, representing the
conserved angular momentum, conserved energy, and innermost
radius respectively. To that end, we have written the equations of
motion for a charged spinning particle in the KN spacetime back-
ground at first, and then have numerically calculated the ISCO
parameters according to the effective potential for the charged
spinning particles.

Our results show that the spin and charge hold by the parti-
cle affect the conserved angular momentum j; and the conserved
energy e; monotonously. To be specific, we have shown that the
angular momentum and energy of the particle on the counter-
rotating ISCO increase with the spin and charge hold by the parti-
cle. For the particle on the co-rotating ISCO, the situation becomes
a little more complicated: the angular momentum decreases with
the increasing charge and spin of the particle; the energy increases
with the decreasing spin and increasing charge. These results are
in consistency with those in Ref. [36] where the effect of the parti-
cle’s charge is investigated and in Ref. [40] where the effect of the
particle’s spin is researched.

Our results also show that the spinning particle’s radius may
change non-monotonously with its charge. As a result, we can see
that particles owning identical spin but different charge may de-
generate into one ISCO. Thus, we reveal the coupling effect of the
charge and spin taken by the particle on the ISCO radius.

Investigations for particle motion in the vicinity of the black
hole can provide valuable references for the study of astrophysical
events [44] and high energy events [45] relating to the black hole.
Our result about the degeneration of the particle orbits may pro-
vide useful theoretical prediction of the observation of the electro-
magnetic waves as well as the gravitational waves. Thinking of the
spacetime background in Fig. 2, one can envisage that two particles
endowed with identical mass and spin (say, s = 0.12) but opposite
electrical charge (one can set g1 = 0.05, gz = —0.02) move at the
same ISCO in the same directions and have an elastic collision with
each other, resulting in other two particles with the same spin but
less charge (as the charge is neutralized), then both of these two
particles will have a smaller ISCO orbit after the instantaneous
event. We suspect that there must be astrophysically observable
phenomenon corresponding to this interesting collisional event.

There is another important fact relating to the degeneration
of the ISCO for particles with identical spin but different charge,
that is, particles on the same ISCO have different conserved angu-
lar momenta and conserved energies. According to the equations
of motion Eqgs. (26) and (28) for the spinning charge particle, the
angular velocities €2 (also called as Kepler frequencies) of the par-
ticles observed at infinity, which can be defined as

Q= ¢ _ d0/dT (39)
dt  dt/dt

will be different. So classically we can predict that two particles
with identical spin but different charge on the same ISCO will
release different electromagnetic [46] and gravitational radiations
[47,48] before they collide with each other. What’s more, on the
one hand, one must notice that semiclassically we should analyze
this scenario in the context of quantum field theory in KN space-
time [49-51], on the other hand, as gravitational radiations from a
spinning particle around a rotating black hole has been calculated
in Teukolsky-Sasaki-Nakamura formalism [24,42,52,53], it must be
interesting to extend their studies to the charged spinning particle
case.
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