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ABSTRACT

A method for normal coordinate expansion of superspace o-model actions
is developed and used to obtain a covariant f-expansion of the heterotic Green-
Schwarz superstring in curved superspace. It is shown that in the absence of
background fermions the expansion terminates at order 2 in the light-cone gauge.
An expression for the gauge-fixed action including background metric, torsion and

Yang-Mills fields is given.
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Two-dimensional nonlinear o-models seem to provide a suitable framework
for studying string propagation in background fields. Recent investigations [1-9]
of these models have given valuable insight into the structure of string theories.
A remarkable fact that has emerged is that quantum consistency of these models
requires the background fields to satisfy equations of motion identical to those
derived from the field theory limit of strings [2, 7-9]. Although these studies have
used both the Neveu-Schwarz-Ramond (NSR) [10] and the Green-Schwarz (GS)
[11] formulations of the superstring, virtually all detailed quantum calculations
have been carried out within the NSR formulation. The GS formulation has the
advantage of being manifestly space-time supersymmetric, but progress with it
has been hampered by the complicated form of the o-model superfield action and
by the apparent impossibility [12] of covariant quantization of the model. In the
light-cone gauge, however, the flat superspace action (the free GS superstring)
drastically simplifies and quantization of the theory is then straightforward. One
might expect a similar simplification in the curved superspace action in this
gauge. Should this be the case, a study of the quantum properties of the GS
o-models would then be no more difficult than that of the NSR o-models (al-
though of course manifest Lorentz covariance would be lost). To investigate this
possibility one needs a method for obtaining #-expansion of curved superspace o-
models. The purpose of this paper is twofold. First, we develop a general method
for obtaining normal coordinate expansion of any curved superspace o-model.
This method is essentially an extension to superspace of Mukhi’s method [13] for
normal coordinate expansion of ordinary bosonic o-models. The #-expansion is
then obtained as a special case of the superspace normal coordinate expansion.

Second, using our expansion rules we argue that in the absence of background



fermions the #-expansion terminates at order 62 in the light-cone gauge for the
heterotic string [15]. (The argument can be easily generalized to other super-
strings as well). We also derive the light-cone gauge-fixed action for the heterotic
string from the covariant action given in Ref.[9] involving background metric,

torsion and Yang-Mills fields. ™

Throughout this paper we will use the notation and conventions of Refs.[9]
and [16]. Consider, then, a curved superspace with points parameterized by
ZM — (X™, 6#). For any function of Z a 6-expansion can in principle be ob-
tained simply by Taylor expanding it around ¥ = 0. Such an expansion is,
however, noncovariant since the variables §# are the coordinates of superspace.
This is the same problem that one faces in carrying out background field expan-
sion of ordinary bosonic o-models and its resolution, as there, is to use normal
coordinates. Below we give a supersymmetric version of the ordinary bosonic
normal coordinate expansion method which is suitable for background field ex-

pansion of GS o-models."

Consider a point P in superspace with coordinates ZM in some neighborhood
of the origin Z}. The point P is connected to the origin by some geodesic ZM t).
Specifying which geodesic P lives on and at what value of the affine parameter
is equivalent to specifying its coordinates. But a geodesic through Zéu can be
characterized by its tangent vector y4 = yMeps 4(Z) at ZM. Therefore, one
can essentially adopt the components of the tangent vector at the origin and

the affine parameter to parametrize the neighborhood of Zéw . The connection

1 GS o-models in the light-cone gauge have previously been discussed, though not derived
from a covariant action, in Ref. [6].

#2 For more general applications see the superspace normal coordinate expansion method of
Ref. [14].



between ZM and these coordinates can be readily written down by solving the

geodesic equation
DVA=0, (1)

_dzM(1)
T dt

Djs is the covariant derivative along the geodesic, subject to the

where V4(t)
_ dzMp)
T dt

boundary conditions

eamr 4(Z(t)) is the tangent vector to the geodesic and

Dy

ZM = zM(t =1) = 20" + M(Z0,v) (2)
dZM(t
yA = VA(t =0) = ( dt( ) |t=0) er A(Zo)
(3)
= yMenr 4(20)
The result is
1
eM(Z0,y) = y™ — o y"v™ T M(20)
1
-3 yLyNyF [0pT L M(20) — 2T N ©(Z0)Tor M(Z0)) (4)
+ ...
where
1
FNL M = 5 [DNCL A + (_)[N][L]DLCN A] EA M .
In the normal frame, where all geodesics are straight lines, (4) simply reads
EIW(ZO, y) = yM ’ (5)

where the bar denotes quantities referred to the normal frame.
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Now, a general Taylor expansion of a curved-superspace o-model action I[Z]

about the point Zj related to Z by (2) has the form

5
8§23 (o)

1 ' ' 6 é
+ -2—!/[d20 ]/[dza]eN(a )GM(U)ﬁZé\’I(o) JZév(a') I[Z)

+ ...

112] = 1[Z0] + / (dZo]eM (o) 120]

where o' = (0°,0') are the world-sheet coordinates and [d%¢] is an appropriate

invariant measure. The central observation of Ref. [13] is that in the normal
frame in which €M is independent of Zy, (5), this expansion factors out in the

form

5
823! (0)

112) = 1126] + [ (&0l (0) 112

+o [l ()

. ©
s | ) s 120
+ ...

In (6) the operator

_ 6
[0 0) g

can obviously be replaced by the covariant expression
[ 122015 @) Dasto)

(since at each stage the derivative is acting on a scalar) which may then be
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referred back to an arbitrary frame,

[l (@) Duto) -
The expansion in (6) can then be written in the compact form
1|1Z) = eAlZovl 1] 7] , (7)

where
Al20,3] = [1doly*(0)Dalo) ®)
and

Dy(o) = E4 N (Zo(0))Dn (o)

is the functional covariant derivative defined through its action on a vector T2 (o)

as

By .1

DA)T?(0") = B4 M(2o(0)) S AZ) 4 500, o)(-) AT ()uica 2(0)
625" (o)

(9)

where 6(3)(0,0") is the invariant 2-dimensional é-function and wca P is the su-

perconnection. All we now need to obtain the normal coordinate expansion of I

is the action of A on the basic constituents of I, together with the equation
av4(0) = [12201v® (") Da(o" (o) =0, (10)

which simply states that the tangent vector y4 is covariantly constant along the

geodesic.



A covariant f-expansion can be obtained as a special case of the above normal
coordinate expansion by choosing the origin Zé\’! and the tangent y™ at the origin
to the geodesic linking Zéw and ZM = (X ™ 6#) in a specific way. Let us make

the choices

ZM=(xm0 yM=(0, "), (11)

and go to the Wess-Zumino gauge in which the # = 0 components of the super-

veilbein take the following form:

em *(X) em *(X)
em 4(X) = . (12)
em *(X) =0 ey *(X) = 63
Then
yv* = yMens *(20)
= vPe, *(X) (13)
=0 s
and
y* = yMen *(20)
= yte, *(X) (14)
=y 6% = 6°

Thus, if we set y* = 0 and y® = 0* and retain only the § = 0 components
of all the superfields appearing in the expansion in (7), we will end up with a

manifestly covariant f-expansion for the action I[Z].
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Let us now apply this method to the curved superspace heterotic string action

of Ref.[9]. In the conformal gauge the action is given by

112) = [ @ollnovevy+ VPV Bop +wpS] . (19
Here
VA =0;ZMeps °(2), Dyt = 8-y — A%yt
and A- = VB Ap is the projection on the world-sheet of the 10-dimensional

super Yang-Mills potential Ap. The subscript ‘—’ refers to the world-sheet;
d- = (0o — 1) and VA = (V# — V). ¢* are world-sheet fermions representing
the gauge degrees of freedom of the heterotic string. Also ¢(Z) is the dilaton
superfield and Bgp(Z) are the components of the 2-form potential B in terms
of which the gauge-invariant 3-form field strength H of the supergravity - super
Yang-Mills system [16, 17] is defined by

H =dB + cijwsyn , (16)

where way pr = tr(AF — % A3) is the super Yang-Mills Chern-Simons 3-form. If
curvature-squared terms are added to the supergravity Bianchi identities (16)
gets modified by a Lorentz Chern-Simons piece. We will briefly discuss this case

at the end. For now we restrict our attention to (16).

To obtain #-expansion of the action given in (15) we need to know the action
of the operator A on an arbitrary superfield and on V‘-A. A straight forward

computation gives

AFPS: =y DaFEgs (17)
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AVA = Dy +VEYBTpe 4 (18)

where Fgg_ ~ is an arbitrary tensor and Tgc A is the supertorsion tensor. Since
(18) involves a new object, D;yA, we also need to know the operation of A on it.

This, too, is straightforward to compute and the result is
A(D;y*) = yPVPy®Ropp 4 . (19)

The rules given in (10) and (17) - (19), the initial conditions (11) - (14) and
the solutions to supergravity Bianchi identities given in Ref. [16] are sufficient to
obtain f-expansion of the action in (15). With background fermions set to zero
only even powers of # contribute to the expansion. Even so one must derive the
general expression in each order in 8, before the fermions are set to zero and the
conditions (11) - (14) used, since the next higher order contribution is obtained
by a further application of A. Condition (13) is, however, an exception to this
since Ay® vanishes due to (10) and A(D;y®) vanishes if y* vanishes as can readily
be seen from (19). Thus y* can be set to zero at any stage of the #-expansion

and this considerably simplifies the algebra.

We can now expand (15) to arbitrarily high orders in 8 (the expansion of
course terminates at the 16th order). The zeroth order contribution is trivially

obtained from (15) by simply setting § = 0 in it. For vanishing background

fermions we get
10) = [ o 3 nIaVE(X)Via(X) + VXV (0 BalX) + WD ], (20)

where now V2(X) = 8;X™ em %(X) and the superscript ‘(0)’ denotes the order

in 8. The second order contribution is also not hard to compute. We only quote



the result which can be written in the following compact form:

1 = / o[- ¢(X) (0 }/_(X)f)+0)

+4l (o F-(X)T0) p* Fif (2)" (21)

S (o Fi(X)T0) tr (4;(X)Fup(X))] ,

where Fy;(X) is the Yang-Mills field strength, ¥;(X) = V#(X)T, and
(D48)* = 8,6 + % 82 (T%) 5 *VE(X)Dgpe (X) -
The connection @gp.(X) is defined by
Wabe (X) = wabe (X) + Tape(X) — (8(X)) ' napDgd(X) (22)

In this equation wgy(X) is the § = 0 component of the superconnection appearing
in the Bianchi identies of Ref. (16). Also the bracket [ | denotes antisymmetriza-
tion normalized to unit weight. In obtaining (21) we have used the gauge for the
superfield Ap(Z) in which Aqa(X) = 0 and D|gA,)(X) = 0. Such a gauge choice
is allowed by the (super) gauge symmetry of (15), under which Ag(Z) transforms
as 6Ap(Z) = DpA(Z), where A(Z) is a scalar superfield.”

The last term in (21) comes from the Chern-Simons piece in (16). The
appearance of this term may at first seem surprising, especially since the zeroth
order action (%) in (20) is gauge-invariant due to the anomalous transformation

law of B4 implied by (16). But in fact its presence is easily explained. The point

#13 Note that this does not fix a gauge for the x-space gauge invariance of the theory.
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is that in the total action I(9) + I(2) the effective gauge field that couples to the

chiral fermions ¥? is

A_=A_ — %(9 V_T%9)F,y

and not just A_. As a result the ¥-anomaly, which is given by
L [ @oeiro,04
e oeVir(9;A4;) ,

contains a piece equal to

3—;; d’a€'ltr[0;A (6 V;T°0) Fyy]

in addition to the one that is cancelled by the anomalous variation of the B4
term in I(®). This extra anomaly precisely cancels the variation of the non-
gauge- invariant piece in (21) under the gauge transformation 6 4; = DA, if we
use that ¢; = — 1/16x [9]. It may be remarked here that a non-gauge-invariant
counterterm, similar to the one under discussion, was also required in Ref. [3] for
one-loop gauge invariance of the heterotic o-model in the NSR formulation. In

the present case this term arises naturally as a consequence of having ensured

gauge invariance and k-symmetry of the original superfield action (15).

Calculation of the 4th and higher order contributions to the #-expansion
becomes increasingly laborious with increasing order (since terms involving an
increasing number of fermionic derivatives on background superfields appear and
calculating these in terms of physical fields is rather tedious), but no subtleties
are involved. In the light-cone gauge, however, there is a dramatic simplification

— the expansion terminates at order 62. In the following we present an argument
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to show that in the light-cone gauge and with background fermions set to zero
I + 1(2) is all that remains of the superfield action (15). To simplify matters
a little bit we will present the argument only for the pure supergravity case. An
identical argument can be given when background super Yang-Mills fields are

also present.

Our starting point is the following expansion for the (2n)th order contribution

to the f-expansion of (15):

2n-1
/d2 2 z:2n(2n—q—1)(q p)!p!

qg=0 p=0

[(AT971g) (ATPHIVE) (APV-) 23)

+ 3 (82(TaTy) (a2701v2) (a0r vE))]

Equation (23) can be obtained by applying the operator (—2%5; A1 o
10— AT= / Polg(AVE) Voo + S (WTTNVEV2],

before setting the background fermions to zero, and using the Leibnitz rule. In
(23) the conditions (11), (12) and (14) and the condition of vanishing background

fermions must be used only after all the A operations have been performed.

One additional result that we will need is
1
apgB _ af abe
0°0° = o6 (Tase) (GF 0) . (24)

This follows from the Majorana-Weyl nature of 6% and the properties of the 16

X 16 dimensional representation that we are using for the 4-matrices. Now, the
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light-cone gauge-fixing is achieved by imposing the conditions
I7,6° =0 z%(0) =z + pto® . (25)

We will additionally assume that the background fields depend only on transverse
directions and that tensors have only transverse components nonvanishing. In
the light-cone gauge (24) reduces to

1
32

6%0° = — (IT,;)°# (6T T%g) (26)

where a tilde on an index indicates that it takes transverse values only. Moreover,

in this gauge the only 8% contribution that is non zero is the bilinear
Q% = (6r—T%b) . (27)

An immediate consequence of (26) is that the following is true:

Q

S
a.
I

o

(28)

At this stage it may seem that because of (28) the f-expansion terminates at
the 2nd order. An examination of our expansion rules, however, makes it clear
that this need not necessarily be the case since these rules also involve covariant
derivatives on 8, D;f, and bilinears of these with § do not satisfy equations similar

to (28). The following more detailed analysis is, therefore, needed.

To evaluate (23) for arbitrary n we need to compute A?2™~1 (yT';T;)) for
m=1, 2, ... and A’™¢ and A?™V2 form = 0, 1, 2, .... In the light-cone

gauge the first two of these are especially simple to analyse. Each of them is
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(2m)th order in 8 and by using (26) we can write the 8’s as m bilinears of the
form given in (27) (since no D;8’s can appear here). It then follows from (28) that
they must both vanish for m > 2. Actually things are even simpler since A%¢
also vanishes. This is true because the indices of the 8-bilinear in A%¢ must be
contracted with some background tensor (which has only transverse components)
and because 9T = 0 as a consequence of the light-cone condition on #. Thus

we have
AM™p=0, m > 1
(29)
AT, Ty A) =0, m > 2

The result is that the double sum in (23) reduces to the following single sum:
2n—1

(2m) _ 2 1 2n—p y7a P
I /d ? pz___% 2n(2n —p—1)!p! [¢(a V) (AP Vo)

(30)

+ Za(TaTyn) (a77771vE) (a7 V2]

So, we now only need to analyse the quantity A?™V#. From our #-expansion

rules it is clear that the general expression for Aszi“ must be of the form
AMVE = WY, + WO 5D6P . (31)
Now since ¢ is the only fermion around, we must also have
We 5 =0"Ws, . (32)

Moreover, the most general v-matrix structure of Wgﬁ is

Wap = 5%Thap + M¥ (Toca)ag + G***/ (Tocae)gp - (33)
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Substituting (32) and (33) in (31) we get:

AMVE = WOV, + 5% (6T, D;0) + M*% (61,4 D;0)
(34)
+ G®¢f (0T, 47 D;0)
Thus the terms involving D;f that appear in Aszi" have been explicitly sep-
arated out. The argument leading to (29) can now be applied to the tensor
coefficients W, S, M and G appearing in (34) to conclude that each of these
can only be at most of order 2. The index structure of the last three terms
in this equation is, however, such that potential §* terms actually vanish. To
see this observe that the bilinear (T;; . D;0) vanishes in the light-cone gauge
unless exactly one of the indices a, b,... takes the value ‘+’ and all the rest
are transverse, namely, only the bilinear (0I‘+I‘55'_'D,-0) = (01“1‘55'”D,-0) is
nonvanishing. Then (34) reduces to
APVE = WOV, 4 SOt (4T~ D;6) + 3M*+4 (67T ,;D;0)
(35)
+ 5gotedef (0P_I‘z¢iafDi0)
Remembering now that the background tensors have only transverse components
we conclude that the last three terms in (35) contribute only if §9* = n3+§,
Mot+id — ot Méd and Gqot+idef — na+ Gédef
Equation (35) then becomes
APVE = WOV, 4+ 0o S (6T D) + 3M°%¢ (97T ,3D9)
(36)
+ 5G] (6T°T,5,:D;0)

An argument similar to the one leading to (29) now enables one to conclude that

S, M¢ and G%f must be order zero in 6. Consequently A?™V2 = 0 for m > 2.
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In fact the following more specific statement is true and can be easily verified

from (36):

Ayt =0, m>1 (37)

ATV =AMVE=0, m>2 . (38)

Using these results, (28) and the fact that A(yI',I',A) vanishes unless either one
of the two indices a, b is ‘+’ and the other is transverse, it is now straightforward
to see that I(2®) = 0 for n > 2. We omit the details but would like to point out
that the specific structure of (23), which is of course governed by the covariant
superfield action (15), is primarily responsible for this result. In other words it
is possible to construct actions in the light-cone gauge with nonzero 4 terms,
but these cannot be derived from a Lorentz-covariant and x-invariant action like
(15).

From the expressions given in (20) and (21) we can now write down the light-
cone gauge-fixed action for the heterotic string in background fields. With the

rescaling 6% — 0“/\/;)_+ the action we get is
7t _ /dza[% WISV + & VAVEB,
+ e DSyt — ST D, 6) + %(or—rﬁio)wF;gzpt (39)
—~ °4—1 (6T T®)tr(Ay — A_)Fy;]

where Via = 8;X™ ez (X) and the connection appearing in b+ is given in (22),
restricted to transverse indices only. To determine how this connection is related

to the ordinary connection and torsion, we use the definition of supertorsion,
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Tap € = —2D4E B Mgy, C, and the solution for Hy;, of the supergravity Bianchi
identities given in Ref. [16]. Using the § = 0 components of these equations in

22) we get
(22) we g

‘:)abc = nabc - ¢_177a[b-Dc]¢ - ¢—1Habc ’ (40)

where

nabc = E[b nEc] manema + E[G nEc] manemb - E[a nEb] manemc . (41)

is the torsionless connection. Equation (40) can be simplified by the rescaling
em * — ¢~ 1/2¢,, ¢, The second term then disappears and in terms of the rescaled

veilbeins the connection appearing in D, becomes

G)abc = Qa.bc - Habc s (42)

where, in terms of B, H,;. is defined by (16) and is given by

Habc =E, tEb mEc n-Hlmn ’
(43)
Hipn =3 a[Lan] + 6CI(WSYM)[lmn]

The rescaling of the veilbeins also has the effect that the factor of ¢ in the first
term in (39) disappears while the last two terms get multiplied by ¢ due to the
presence of F.; = Ej 'hEl; " Fgi in them. As a result all the 62 terms in (39)
have a factor of ¢ after the rescaling and so it can be absorbed in a redefinition

of . We then end up with the following expression for the light-cone gauge-fixed
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action

1 .. - s
1te) = / do [ nYViVia + ETVIVEB ; + ¢ D2yt

— (0T~ D) + 7 (6T ~Tg)y* Fiyt (44)

| -t

— 2 (T T0)tr((Ar — A-)Fy3)]

The connection now appearing in D is given by (42) and (43), restricted to
transverse directions only. It may be remarked here that precisely such a con-
nection has been previously advocated (3, 6] for the gauge invariance of the NSR
o-model action. The analysis carried out here suggests that the xk-symmetry and
gauge-invariance of the superfield action (15) are responsible for the appearance

of this specific connection in (44).

To summarize, in this paper we have developed a simple procedure for ob-
taining manifestly covariant #-expansion of any curved superspace o-model. On
the basis of our expansion rules we have argued that for the heterotic string in
background fields the expansion terminates at the 2nd order in the light-cone
gauge (for vanishing background fermions). It is perhaps worth mentioning that
in obtaining the f-expansion we have explicitly used the constraints of supergrav-
ity - super Yang-Mills theory and the solutions to the Bianchi identities. This
is not a limitation of our procedure since x-symmetry of the o-model anyway
requires these conditions. But what it does signify is that the action (44) is con-
sistent only if the background fields satisfy classical equations of motion, since
we have used the x-symmetry to go to the light-cone gauge. Also, in analogy
with what happens in the case of the free superstring we expect the action (44)
to possess some physical supersymmetries which must be a combination of the

k-symmetry and the N = 1 supersymmetry of the background. Of course, since
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background fermions have been set to zero in (44), the requirement of N = 1
supersymmetry (and hence that of physical supersymmetries of the action (44))
will impose constraints on the baLckground.u4 We must also point out that (44)
has a Lorentz anomaly. One expects that this problem will be cured by includ-
ing curvature-squared terms in the supergravity Bianchi identities. A detailed
calculation of the solutions of these modified Bianchi identities is underway. It
would be interesting to see whether the resulting modification in (44) actually
gets rid of the Lorentz anomaly. It would also be interesting to know precisely
what connection appears in the corvariant derivative f)+ since this question has
important implications for compactified solutions of string theory [6]. Work in

these directions is in progress.
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