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Abstract

This thesis is devoted to study some interesting cosmic issues in the context of modi-
fied Gauss-Bonnet theories. Firstly, we explore the instability ranges of a spherically
symmetric anisotropic collapsing fluid under expansion-free condition in f(G) grav-
ity. We apply the first order perturbation scheme to the metric components as well
as fluid variables and construct the corresponding field equations for both static as
well as perturbed configurations using viable power-law f(G) model. We establish
dynamical equations using contracted Bianchi identities to discuss the dynamical in-
stability in both Newtonian and post-Newtonian regimes. It is found that instability
ranges depend on energy density, anisotropic pressures and Gauss-Bonnet terms but
independent of adiabatic index for expansion-free collapsing fluid.

Secondly, we generalize f(G) gravity by introducing non-minimal coupling be-
tween Gauss-Bonnet invariant and trace of the energy-momentum tensor named as
f(G,T) gravity and explore energy conditions for two reconstructed models in the
background of homogeneous and isotropic universe. It is found that the massive test
particles move along geodesic trajectories due to the presence of extra force originated
from non-zero divergence of the energy-momentum tensor. The energy bounds are
expressed in terms of deceleration, jerk and snap cosmological parameters. We study
energy conditions for reconstructed models corresponding to de Sitter and power-law
cosmological background using pressureless fluid and obtain feasible constraints on
free parameters.

Thirdly, we discuss stability of the Einstein static universe against homogeneous
as well as inhomogeneous scalar perturbations in f(G,T) gravity. We investigate sta-
bility regions for particular f(G,T") models corresponding to zero as well as non-zero
covariant divergence of the energy-momentum tensor. The graphical analysis shows

that stable Einstein universe exists for both spatially closed as well as open universe
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models against homogeneous and inhomogeneous perturbations for appropriate choice
of parameters.

Finally, we analyze stability of some cosmic evolutionary models against linear per-
turbations in Hubble parameter and energy density of matter distribution in f(G,T)
gravity. We establish the field equations for both general and particular f(G,T') forms
in the context of FRW universe model. We apply the reconstruction technique and
found that this theory describes the de Sitter universe, power-law solutions as well as
phantom /non-phantom eras cosmological backgrounds. We also discuss stability of
de Sitter and power-law reconstructed f(G,T) models and find stable results against

linear perturbations.
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In this thesis, the metric signatures will be (+, —, —, —) and Greek indices («a, 3,7, ...)
will vary from 0 to 3, if different it will be mentioned. We shall use the following list

of abbreviations.

DE: Dark Energy

DEC: Dominant Energy Condition
EU: Einstein Universe

EoS: Equation of State

FRW: Friedmann-Robertson-Walker
GB: Gauss-Bonnet

GR: General Relativity

ACDM: A Cold Dark Matter

N: Newtonian

NEC: Null Energy Condition

pN: post-Newtonian

SEC: Strong Energy Condition
WEC: Weak Energy Condition
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Introduction

In the last few decades, cosmology has made tremendous progress in theoretical mod-
eling as well as in high-precision observations. A diverse set of observational data ac-
cumulated from supernovae type Ia, cosmic microwave background, baryon acoustic
oscillations etc have confirmed accelerated expansion of the universe. This cosmic
expansion is considered as a consequence of some mysterious form of energy with
anti-gravitational characteristics dubbed as DE. In GR, cosmological constant (A)
is the simplest candidate to comprehend the nature of DE. There are two main at-
tempts to address this issue. The first approach is obtained by modifying matter
part of the Einstein-Hilbert action such as K-essence, quintessence, Chaplygin gas
and its extensions etc. The second type modifies the geometric sector of GR lead-
ing to modified theories such as scalar-tensor theories, f(R) gravity (R is the Ricci
scalar), f(R,T) gravity (T is the trace of energy-momentum tensor), GB gravity and
its modifications, etc.

Gauss-Bonnet invariant (G) is a four-dimensional topological term and free from
spin-2 ghost instabilities. Nojiri and Odintsov [1] introduced the modified GB gravity
or f(G) gravity by adding generic function f(G) in the action of GR. This theory suc-
cessfully describes salient characteristics of late-time cosmology as well as effectively

demonstrates transition from decelerated to accelerated phases of the universe [2]. De



Felice and Tsujikawa [3] formulated explicit forms of f(G) models and constructed
conditions under which these models are cosmological viable. The same authors [4]
also found that these models are consistent with solar system constraints for a wide
range of model parameters. This theory avoids finite-time future singularities, in-
vestigates dynamics of gravitational collapse as well as examines traversability of
wormbholes [5].

The non-minimal coupled modified theories also cover a broad spectrum of appli-
cations in cosmology. Bertolami et al. [6] introduced this coupling between geom-
etry and matter such that scalar curvature admits direct interaction with matter
Lagrangian density (L£,,). Mohseni [7] extended this idea to quadratic curvature in-
variant (G). In these theories, the most interesting fact is the non-geodesic motion
of test particles due to the presence of an extra force originated from this direct in-
teraction. The non-minimally coupled f(R,L,,) theory explains the current cosmic
expansion, explores the presence of dark matter in galaxies or cluster of galaxies,
demonstrates the natural conditions for preheating in inflationary models and inves-
tigates the existence of physically realistic wormholes [8].

Gravitational collapse has a fundamental importance in structure formation of the
universe which takes place when the state of hydrostatic equilibrium of massive stellar
objects is destroyed. The existence of any static stellar object is significant only when
it remains stable against small perturbations. The perturbation technique is helpful
to measure stability criteria of self-gravitating objects. Chandrasekhar [9] was the
pioneer to explore dynamical instability for spherical star filled with isotropic matter
distribution using adiabatic index (I") also known as stiffness parameter. Herrera et

al. [10] analyzed these ranges in the presence of dissipative effects for spherically



symmetric spacetime and concluded that instability of matter distribution increases
due to heat flow at N approximation. Sharif and Kausar [11] discussed stability of a
collapsing spherical object in f(R) gravity under expansion-free condition and found
that instability ranges defined on external boundary as well as on internal vacuum
cavity depend on both f(R) model parameters and matter variables but independent
of A. Sharif and Azam [12] explored the role of pressure anisotropy on the instability
ranges for cylindrical as well as planar geometries in the presence of expansion-free
condition. Sharif and Bhatti [13] investigated dynamical instability in the presence
of electromagnetism under the same condition for cylindrical and planar geometries.
Energy conditions provide an interesting way to judge the physically realistic mat-
ter configuration. These fundamental constraints namely null, weak, strong and dom-
inant energy conditions give the positivity of energy density as well as its dominance
over pressure. These conditions have remarkable importance in various fascinating
phenomena like Hawking-Penrose singularity theorem, positive mass theorem and va-
lidity of second law of black hole thermodynamics [14]. Banijamali et al. [15] explored
the energy conditions in f(G) gravity with non-minimal coupling to £, and assured
the positivity of WEC. Sharif and Waheed [16] derived these conditions in generalized
second order scalar-tensor gravity using specific power-law form for scalar field. Sharif
and Zubair [17] studied energy bounds for two particular f(R, T, RasT*?) models as
well as analyzed the validity of Dolgov-Kowasaki instability for two specific f(R,T)
models. This has also been investigated in other modified theories of gravity like f(R)
gravity, Brans-Dicke theory, f(G) gravity, generalized teleparallel theory [18].
Emergent universe scenario has a significant importance in cosmology to avoid

the existence of big-bang singularity. In this scenario, the cosmic initial state is EU



rather than a big-bang singularity and then evolves to cosmic inflationary epoch [19].
Einstein universe is demonstrated by closed static FRW cosmological model filled
with prefect fluid in the presence of A. The stability of EU against any kind of
perturbation is the most crucial aspect of successful emergent universe. Eddington
[20] discovered that EU is unstable against small spatially homogeneous and isotropic
scalar perturbations in the presence of normal matter. Gibbons [21] concluded that
EU maximizes the entropy against conformal metric perturbations if and only if the
relation ¢, > 1/4/5 (c, is the speed of sound) holds or EU is stable against Jean’s
instability. Barrow et al. [22] investigated stability of EU filled with perfect fluid and
found stable solutions against small inhomogeneous vector and tensor perturbations.
They also observed that EU is always neutrally stable under adiabatic scalar density
inhomogeneities as long as the inequality 5¢? > 1 is satisfied and unstable otherwise.
Thus, the emergent universe mechanism fails in the context of GR since homogenous
scalar perturbations destroy the stability of initial static state of the universe.

The existence and stability of EU has widely been discussed in braneworld, Einstein-
Cartan theory, loop quantum cosmology, Brans-Dicke theory, non-minimal kinetic
coupled gravity etc [23]. Bohmer et al. [24] investigated its stability for specific
forms of f(R) models and concluded that f(R) gravity stabilizes the EU against
scalar homogeneous perturbations. Goswami et al. [25] found that EU is neutrally
stable against vector as well as tensor perturbations while for scalar perturbations,
the stable EU exists until the inequality ¢? > (v/5 — 1)/6 holds for a particular f(R)
model. Béhmer and Lobo [26] determined stable regions for all values of EoS parame-

ter against scalar homogeneous perturbations in f(G) gravity. The stable regions are



obtained against homogeneous as well as inhomogeneous scalar perturbations in hy-
brid metric-Palatini gravity [27]. Huang et al. [28] investigated stable regions against
both homogeneous as well as inhomogeneous scalar perturbations in f(G) gravity
and concluded that stable EU exists only for homogeneous perturbations in closed
universe.

The reconstruction technique in modified theories is a successful approach to re-
produce the cosmic history. In this scheme, any known cosmic evolution is considered
and used the modified field equations to get the particular form of Lagrangian density
which reproduces the corresponding background. The stability of these reconstructed
cosmic models is an interesting field of research in cosmology. In this stability crite-
ria, usually energy density and Hubble parameter are perturbed upto first order to
investigate the cosmic background stability as time evolves. Nojiri et al. [29] estab-
lished the reconstruction technique in terms of e-folding to reproduce the background
evolution corresponding to ACDM cosmology, phantom /non-phantom eras, late-time
cosmic acceleration crossing the phantom-divide line, transient phantom era and os-
cillating universe in f(R) gravity. Elizalde et al. [30] found that modified GB gravity
with and without scalar field can efficiently describe the ACDM cosmological back-
ground in the absence of A. Sdez-Gdémez [31] investigated the cosmological solutions
and analyzed their stability in f(R) Horava-Lifshitz gravity.

Myrzakulov et al. [32] studied cosmological models in f(G) gravity and con-
cluded that ACDM model, inflationary epoch as well as DE phase can be discussed
in this theory. Jamil and his collaborators [33] reconstructed the well-known cosmic
evolutionary models in f(R,T) gravity. de la Cruz-Dombriz and Séez-Gémez [34]

analyzed the stability of ACDM, de Sitter as well as power-law solutions in f(R,G)



gravity. Sharif and Zubair [35] illustrated that f(R,T") gravity can reproduce the pos-
sible phase transition from decelerated to accelerated phases, phantom/non-phantom
epochs as well as ACDM cosmological model and analyzed the stability of recon-
structed de Sitter as well as power-law solutions.

This thesis is devoted to study some interesting cosmological aspects in modi-
fied GB theories of gravity. In this context, we discuss instability of expansion-free
sphere, energy conditions, existence of stable EU and stability of some reconstructed

cosmological models. This thesis is arranged as follows.
e Chapter One provides basic concepts and definitions related to this thesis.

e Chapter Two analyzes the dynamical instability of an expansion-free collapsing
sphere in f(G) gravity. We consider N and pN approximations to discuss both

dynamical equations as well as instability ranges for a power-law f(G) model.

e Chapter Three investigates the effects of non-minimal coupling between G and
matter referred as f(G,T) gravity. The energy conditions are constructed as well
as expressed in terms of cosmological parameters for de Sitter and power-law

solutions.

e Chapter Four explores the existence of stable EU against homogeneous as well

as inhomogeneous scalar perturbations.

e Chapter Five presents cosmological reconstruction in f(G,T') gravity. The sta-

bility of reconstructed models is also discussed against linear perturbations.

e Chapter Six summarizes the results and also suggests some interesting issues

for future research.



Chapter 1

Preliminaries

This chapter deals with some important concepts that are useful for the better un-

derstanding of research work.

1.1 Modified Gauss-Bonnet Theories

The Einstein-Hilbert action for GB gravity (also dubbed as Einstein GB gravity) is

given as [36]
R+SG

2
2K

S = /de\/—_g< + L(m)) , (1.1.1)

where k2, ¢ and g represent the coupling constant in D dimensions, coupling coeffi-

cient of G and determinant of metric tensor (g,g), respectively. The GB invariant is
defined as
G = R* — 4R, 3 R*" + Rop RO, (1.1.2)

where R,3 and R,gp,, are the Ricci and Riemann tensors, respectively. Due to
its quadratic nature, it is non-linear in second derivative of g,s while it is four-
dimensional topological invariant. This topological invariance does not imply that

G is a constant quantity or vanishes in four dimensions rather than the integral



[ d*z/=gG turns out to be zero. Varying the action (1.1.1) with respect to g.g, we

obtain second order partial differential equations as

1 1
Rap = 59058 = 590659 + 2[RRag — 2Reu R — 2R Raypy + R Roun] = £ Tas,

where T,5 is the energy-momentum tensor. Einstein GB gravity is considered as the
direct generalization of GR in higher dimensions while in four dimensions, GR is
recovered since the contribution of G disappears from the field equations. In order to
discuss the effects of G in four dimensions, one needs to modify GB gravity either by

coupling with scalar field (¢) or by introducing generic function f(G) in the Einstein-

Hilbert action.

1.1.1 Scalar-Gauss-Bonnet Gravity

The action for GB gravity with scalar coupling as an alternative model for DE is of

the form [37]

s= [dav=g (2—122 ~ 0,606~ U(d) + w(é)g) , (1.13)

~ A~

where € = £1, U(¢) and w(¢) are arbitrary functions of scalar field. Variation in the

above action with respect to g,g yields the field equations as follows

1 1 1.~ ~ 1 A 1 n R
= (Raﬁ - §gaﬂR> —€ (§8a¢5ﬁ¢ - Zgaﬁa“¢au¢) ~ 5Yas <w(¢)g - U(¢)>

+ 2RRap(9) — BRup () + 2R Ry — 2VaV sl Re(3)] — 4V?[Rago(B)]

~ ~ ~

+ AV, Vao[Ryw(9)] + 4V, V[ Riw(9)] — 49asV iV [ w(9)]

—  AV*V[Rays@(9)] + 2005V [Rew(9)] = 0,



where V? = V,V* (V, is a covariant derivative). On the other hand, variation with
respect to (5 gives

V20 + w;(0)G — Uy(h) =0,
where subscript QAS denotes derivative with respect to scalar field. The coupling be-

tween G and quS naturally appears in the low-energy effective action of string theory

which elegantly describes the non-singular cosmological solutions [38].

1.1.2  f(G) Gravity

Without using scalar field, the dynamics of G in four dimensions can also be discussed

by adding the generic function f(G) in the action as [1]

5= /d4:c\/_< G )+£> (1.1.4)

Varying this action with respect to g.3, we obtain modified field equations as follows

1 1
K*Tog — Rap + §gaﬁR + §ga6f<g) —2RRupfg(G) + 4R, R f(G)
— 2R R f6(G) — 4RamsR" f6(G) + 2RV V5 f(G) — 29as RV f5(G)
— 4RIV, V5fe(G) — ARGV, NV afo(G) + 4RapV? [6(G) + 490 RV, YV, f6(G)

AR 0,5, V"V f4(G) = 0, (1.1.5)

where fg(G) is the derivative of f(G) with respect to G. It can be easily observed that
GB contribution disappears from the field equations for f(G) = G in four dimensions.

Equation (1.1.5) can be expressed identical to Einstein field equations as

Gap = KT5hs = K (Toap + Tos), (1.1.6)



10

where Gop = Rop — % gapR is the Einstein tensor while f(G) contribution is given by

1
'%QTagﬁ = §9aﬁf(g) - QRRaﬁfg(g) + 4RﬁuRgfg(g) - ZRauvvRﬁMng(g)

— 4RouwpR" f5(G) + 2RV V5 fg(G) — AR5V V. fo(G) — ARGV 5V, f5(G)
- QQaBRv2fQ(g) + 4Raﬁv2fg<g> + 4ga5RNVVMVVfg(g)

— 4Roup V'V f5(G),

Unlike GR, the field equations are fourth order differential equations while the energy-
momentum tensor remains conserved (7 af}a = 0) in this modified theory. The trace

of Eq.(1.1.5) is
KT + R+2f(G) — 2Gfg(G) — 2RV fg(G) + 4RapV V7 f5(G) = 0,

where T' = g,sT°. The viability of any f(G) model depends on the regularities of
generic function and its derivatives along with the condition fgg(G) < 0 while this
inequality is reversed for metric signatures (—, 4+, +, +) for all G [3, 39]. We remark

that the variation of action (1.1.3) with respect to ¢ under the substitutions

V) = o[£+ 01,0)] . =)= 22D

2K2

yield g5 = G. The f(G) gravity is recovered when inserting this result back into the

action (1.1.3) under the above transformations.

1.1.3 f(G,T) Gravity

The non-minimally matter coupling in the action (1.1.4) of f(G) gravity as [40]

S = /d4x\/—_g (w + £m) : (1.1.7)

2K2
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Varying this action with respect to g,3, we obtain

0=ss = [aey= (—égaﬁ[RH(g,Tﬂagaﬁ+6R+fg<g,T>6g

+ (G, T)0T — k*Tapdg™”) (1.1.8)
where we have used the following relations

5V5 = — 5V 9ade™, (G T) = fo(G.TVOG + [r(G,T)ST.  (119)

The subscripts G and T denote derivatives of f(G,T) with respect to G and T, re-

spectively while the energy-momentum tensor is defined as [41]

_ 2 6(V/=9Lm)
Taﬁ_—\/__g S (1.1.10)

The variation of G and T are as follows

6G = 2ROR — 46(RupR) + 0( Ropy R,

5T,
5geB’

0T = (Top+©43)09™", Oup = g" (1.1.11)

Using these relations, the action (1.1.8) takes the form

0=65 = [diay=g (—%gag[R + £(G,T))69" + R + fo(G, T)2RoR
— 46(RagB) + 6( Ry B)] + (T + Oup) f(G, T)3g"

— KTapbg™"), (1.1.12)

where the variations of R"

opvs Ran and R provide the following expressions

OR 5, = V() — Vi, (01'%,) = (9 Ve Ve + 915V Va) 9" + V[, V694,

0R., = OR\

apy’

6R = (Rag + gapV? — VaVs)dg°".
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We consider the following integrals used in the action (1.1.12)

[ V=086 16 Ra )

= 2 / d*z/=g69° fo(G, T) R Ry + 2 / d'v/=gfg(G, T)R R,

= 2 [ @y =58 o O TR Rapr, + 29 ([5(G. ) Py

— [ eV RGO TR Rap + 415(G. T)V* R — 115(G. T) R )

— 2fg(G.T)VoVsR + 4R a3, V"V f6(G. T) 4+ 4fg(G,T) Rapsn R, (1.1.13)
[ dev=ato(@. Ts(Rus R

- / d'z\/=9fg(G, T)[2Rau R0 + 2R 5 Rep)

— [ @582 15(G. T Run R - 29"V alfo( @, T) Rl + VV1f5(G. T Ru

+ 9asV'V"[f5(G, TR, ]

— [ g 26(0. T) R~ By V'V afo(0.T) ~ fo(0. TV

— 2f5(G, T)Rua R + 2f5(G, T) Rapp B — R V"V f6(G,T) + fo(G, T)V*Rag

£ sV 150, T) + 300350(G. T)V?R + RosV2fo(0,T)), (1.1.14)
/d4x\/—_g[1 +2Rfg(G,T)|0R

= [ @08 (R + 90V = V)1 + 2R1G(G.T)

= [ V5 R+ 2RRuaf5(G. ) + 2R0ua V(0. T) ~ 2RV fo(G.T)

+ 29apf6(G. T)V?R — 2f5(G. T)VVR], (1.1.15)
where we have used the following identities

1 1
VOV Ry = VPR VVaRj=5VaViR + RuaRj — R R,

VAV Rapsy = V2Rag — V, Vo R,
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Substituting Eqgs.(1.1.13)-(1.1.15) in (1.1.12), we obtain the field equations of f(G,T)

gravity as follows

Gop = K'Tag+ %gaﬁf(ga T) = (Top + Oup) fr(G,T) — (2RRap — AR R,
— ARuup R™ 4 2R Ry [6(G, T) — (2RgagV? — 2RV Vg
— 4gas RV, V, — 4R,V + 4RV 3V, + ARV WV,
+ 4Raus V'V fo(G,T). (1.1.16)
In the absence of curvature-matter coupling, this equation reduces to the field equa-

tions for f(G) gravity given in Eq.(1.1.5) while the Einstein field equations are recov-

ered when f(G,T) = 0. The trace of the above equation is given by
R+ T +2f(G,T) — (T +0O)fr(G,T) - 2Gf(G,T) — 2RV*f5(G.T)
+ 4R*PV,V5fe(G,T) =0, ©=06°.

Taking the covariant derivative of Eq.(1.1.16), we obtain
fr(G,T)

VT = 5 gy (oo + Oup) V(10 f2(G.T)) + V7 Ous
- %gaﬁV“T ; (1.1.17)

which shows that covariant divergence of the energy-momentum tensor is non-zero in
this theory.
We assume that matter configuration depends on the components of g,z rather

than its derivatives so that Eq.(1.1.10) takes the form

oL,
Tos = gaplm — 2——. 1.1.18
B8 = Yap agag ( )
Differentiating with respect to g.3, we obtain
5Tag 5ga5 6£m 82£m
= m + Ga -2 : 1.1.19
dghv — dghv T Jap oghv Ogtv 9 goB ( )
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Using the relations
5gaﬁ _ 5 5 = 69%

6g#1j - _ga’ygﬂc uv? uv 69/’“/’

where §7;, is the generalized Kronecker symbol. Substituting Eq.(1.1.19) in (1.1.11),

we obtain a useful expression for ©,4 as

O*Lo,

Oup = —2T, oplm — 29" ————.
s 8+ Jap 9 Dg P g

(1.1.20)

This shows that once the value of L£,, is known, one can find the expression for tensor
©.5. Harko et al. [42] discussed various forms of £, corresponding to perfect fluid,

massless scalar and electromagnetic fields.

1.2 FRW Model and Some Cosmological Measures

The central premise of modern cosmology is that the universe is spatially homogeneous
and isotropic at least at large scales (cosmological principle). The FRW universe
model is considered as standard model of cosmology as it describes homogeneity as
well as isotropy of the universe. This basic cosmological model was first established by
Alexander Friedmann in 1922 and later in 1935, Howard Percy Robertson and Arthur
Geoffrey Walker proposed its modified form. The line element for FRW universe

model is given by

1 .
ds* = dt* — a*(t) (1——1Cr2dr2 + 72(d6* + sin® 9d¢2)) ) (1.2.1)

where a(t) and K represent the scale factor depending on the cosmic time (¢) and
spatial curvature parameter, respectively. The parameter K corresponds to open
(K =—1), flat (X =0) and closed (K = 1) geometries of the universe.

Here, we briefly discuss some important parameters that are helpful to explore

characteristics of the universe.
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1.2.1 Scale Factor

The scale factor describes the cosmic evolution by measuring its size. It is dimension-
less positive function which evaluates distance between galaxies through cosmological
red-shift. Different forms of a(t) are helpful to characterize distinct eras of the uni-
verse. The expanding behavior of the universe in early times is identified by its

Ht g4 is constant at ¢ty and H is the Hubble parame-

exponential form (a(t) = ape
ter) while radiation, matter and DE dominated eras are described by a(t) = agt* for

A =1/2, 2/3 and greater than 1, respectively.

1.2.2 Hubble Parameter

In 1929, Edwin Hubble presented his noteworthy law about the expanding universe.
He observed that nearby galaxies are moving apart from each other, thus exhibits
larger red-shifts at larger distances. He established a proportionality relationship
between the recessional velocity V' of two galaxies and the distance d between them
known as Hubble law given by

V = Hd,

where H is a proportionality factor depending on time dubbed as Hubble parameter.

It measures expansion rate of the universe and is defined as
a
H(t) = -, (1.2.2)
a

where dot represents derivative with respect to time.
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1.2.3 Deceleration, Jerk and Snap Parameters

A dimensionless cosmological quantity which measures cosmic expansion is known as

deceleration parameter and is given by
q=———. (1.2.3)

Its negative value identifies accelerated expansion of the universe while positive value

determines decelerating rate. The third and fourth order time rate of a(t) yield [43]

a’a a’al

(1.2.4)

where 7 and s represent the jerk and snap parameters, respectively.

1.2.4 Equation of State Parameter

It is a dimensionless parameter describing a relationship between matter variables.
In cosmological background, EoS provides a linear relationship between pressure (P)

and energy density (p) of matter configuration as
P = wp, (1.2.5)

where w is an EoS parameter. For w = 1, 1/3 and 0, it corresponds to stiff matter,
radiation and matter dominated eras while negative values of w realize the concept of
cosmic acceleration. This DE energy dominated era further categorizes into phantom
and non-phantom phases for w < —1 and w > —1, respectively while w = —1 specifies

the phantom divide line.
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1.3 Einstein Universe

In 1917, Einstein tried to find static solution of his well-known field equations to study
the homogeneous and isotropic universe but unfortunately, his field equations have
no static solution. At that stage, he introduced A to obtain static solutions which
was considered as the most favorable choice to discuss static cosmos. After about
more than a decade, Hubble discovered cosmic expansion and in 1930, EU is found
unstable against homogeneous and isotropic scalar perturbations [20]. Consequently,
EU was no longer considered a realistic model of homogenous and isotropic universe.
A renewed motivation to discuss EU comes from the emergent universe scenario. In
this scenario, cosmic inflationary epoch emerges from a small static state and this
initial state is the Einstein static universe. Modified theories of gravity have become
fascinating approach to find stable static solutions.

The success of emergent universe is based on the stable EU against any kind of
perturbations to avoid the primordial singularity. These perturbations are usually
categorized into scalar, vector and tensor homogeneous as well as inhomogeneous
perturbations which are governed by energy density, vorticity vector and traceless
shear tensor, respectively. The stability criterion for static universe is determined by
the linearized perturbed equation of motion of the system. The solution of corre-
sponding differential equation contains frequencies of perturbations. In this context,
stability of perturbed system depends upon the behavior of frequency. For real values
of frequency, the exponential growth of the perturbations takes place providing the

unstable EU while purely complex frequencies lead to the existence of stable EU.
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1.4 Dynamical Instability

The evolution and stability of stellar objects during naturally occurring fascinating
phenomenon of gravitational collapse have become the subject of great interest not
only in GR but also in modified gravitational theories. This collapsing mechanism
plays a primal role in the structure formation. During collapse, stellar objects pass
through various stages which are described by dynamical equations. These differential
equations explore kinetics of a collapsing system, i.e., they provide information about
the evolution of the system parameters.

Stellar objects usually possess thermal as well as hydrostatic equilibrium. It is
a captivating issue to analyze what happens when the equilibrium phases of these
objects are perturbed? Will the disturbance be flourished (unstable state) or will it
diminish (stable state). Since there are two types of equilibrium, therefore one needs

to consider the following two types of stability [44].

e Secular stability: what happens when the state of thermal equilibrium is dis-

turbed?

e Dynamical stability: what happens when the state of hydrostatic equilibrium

is perturbed?

The stability criterion under hydrostatic equilibrium state can be established by
linearizing the field as well as dynamical equations against perturbations. In this
perturbation technique, initially the system is in static equilibrium, i.e., all metric
components as well as fluid variables possess only radial dependence but as time
passes, these quantities also have temporal dependence. If these perturbations reduce

gradually and ultimately vanish such that the system reattains its initial state, then



19

it is dynamically stable otherwise unstable. In case of collapsing fluid, it is in stable
state if it returns back to the state of hydrostatic equilibrium otherwise, it becomes

dynamically unstable.

1.4.1 Expansion-free Condition

A congruence is a set of curves in an open subset of spacetime such that through
each point in the open region, there passes one and only one curve. If all the curves
in this region are timelike, null and spacelike, then it is timelike, null and spacelike
congruences, respectively. Consider the timelike geodesic congruence along with the
corresponding timelike vector field v,,. A scalar quantity which measures the fractional

rate at which volume changes in unit time is known as expansion scalar defined as
U=V =0, + Fgﬁvﬁ. (1.4.1)

The timelike geodesics move farther for positive values of ¥ which lead to the diverging
congruence and hence the universe is expanding. If the fractional rate is negative, the
geodesics get closer to each other which indicates decelerating phase of the universe.
A fascinating phenomenon of cavity formulation has been observed inside the matter
configuration for ¥ = 0 dubbed as expansion-free condition.

The evolution of stellar objects under expansion-free condition has a notable im-
portance in astrophysics. Skripkin [45] observed this interesting phenomenon of cavity
formation inside non-dissipative isotropic matter distribution. Under this condition,
the fluid evolves without being compressed. In these collapsing models, the innermost
shell of matter configuration moves away from its center and thus initiates the for-

mation of cavity within fluid configuration. The expansion-free condition effectively
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describes the cosmic voids which are underdense enormous regions occupying approx-
imately 40% of the universe. They can be distinguished as minivoids and macrovoids
on the basis of their sizes. The basic concept about cosmic voids is that they are
spherical vacuum cavities enclosed by the fluid configuration but actually voids are

neither empty nor spherical [46].

1.4.2 Adiabatic Index

In stability analysis, the perturbed pressure P can be expressed in terms of perturbed

configuration of energy density p as [47]

_ P,
P=T . 1.4.2
i R” (1.4.2)

This determines the variation between matter contents via I' which measures the
stiffness of collapsing matter distribution. It indicates that stability /instability ranges
of stellar objects under expansion-free condition do not depend on I'. In our analysis,

we assume [' as a constant quantity to discuss instability ranges of collapsing fluid in

f(G) gravity.

1.5 Energy Conditions

General relativity proposes a convincing approach in which curvature of spacetime
is affected by matter contents defined by the energy-momentum tensor. This metric
theory does not provide information about what kind of matter configurations are
physically reasonable. For this reason, some constraints known as energy conditions
must be imposed on the energy-momentum tensor such that it characterizes physically

realistic matter distribution. These conditions are the coordinate invariant which
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incorporate the common features shared by almost every matter field as well as ruled
out non-physical solutions of the field equations. In GR, these conditions play an
important role in establishing various fascinating results.

We first discuss energy constraints in GR and then extend to modified gravita-
tional theories. Raychaudhuri equations play a primal role in formulating energy
conditions with the requirement that not only the energy density is positive but also
gravity is attractive. These equations describe the temporal evolution of ¥ for the
congruences of non-spacelike geodesics. For the congruence of timelike geodesics, the

Raychaudhuri equation is given by [48]

dg 1
. + 5192 — waﬁwag + aaﬁaag + Ragvavﬁ =0, (1.5.1)
-

where w,s and 0,4 represent vorticity (measures the rotation of curves) and shear
(measures the distortion of volume) tensors associated to the congruence, respectively.

Raychaudhuri equation for a congruence of null geodesics is given as follows

dg 1
d_ + 5792 — wo‘ﬁwag + UaﬁO'ag + Raglalﬁ =0, (1.5.2)
-

where [ is the corresponding null vector field. For non-geodesic (non-spacelike)
congruences, the temporal variation of 1 changes in the presence of acceleration term
as [49]

dd 1
. + 5192 — wo‘ﬁwaﬁ + 0“’60@5 — Va(v’gV5va) + Raﬁvo‘vﬁ =0, (1.5.3)
-

where the fifth term represents the divergence of four-acceleration which appears due
to the non-gravitational force (pressure gradient). Using the condition of attractive
nature of gravity (¢ < 0 implies converging congruence of geodesics) and neglecting

the quadratic terms, Raychaudhuri equations for non-spacelike geodesic congruences
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reduce to
Rogv™0” >0, Rapl®l’ > 0.
In GR, these inequalities can be expressed in terms of energy-momentum tensor as

1 1
(Ta/g - §g°‘ﬂT> ?)a?Jﬁ Z O, (Taﬁ - §ga5T> lalﬂ Z 0.

The four fundamental energy bounds for perfect fluid matter configuration are given

as follows
e NEC: T,450°1°P >0 = p+P>0,
e WEC: T, ;0" >0 = p>0, p+P>0,
e DEC: Taﬁvavﬁ >0, Ta,ngvav"Y <0 = p=>0, pxP>0,
e SEC: (Top— 39apT) v >0 = p+3P>0, p+P >0,

for all null and timelike vectors.

Raychaudhuri equations possess purely geometric nature such that they work for
all alternative theories of gravity. In these modified gravitational frameworks, the
physical motivation of focussing of geodesic congruences along with attractive nature
of gravity remains preserved. The energy conditions can be constructed with the
assumption that the total cosmic matter configuration behaves like a perfect fluid.
These constraints are simply obtained by replacing p and P with effective energy

density and effective pressure, respectively as
e NEC: pog+ Pog > 0,

e WEC: pig >0, peg+ Pog >0,
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[ ] DEC LPeft Z 0, Peft + Peﬁ‘ Z 0,

e SEC: peg +3FPg >0, peg+ Peg > 0.

It is interesting to mention here that NEC is the weakest energy bound whose violation
leads to the violation of all remaining energy constraints. Furthermore, the violation
of WEC ensures the violation of DEC while the validity of SEC cannot be judged

from the positivity of all other energy conditions.



Chapter 2

Dynamical Instability of
Expansion-free Spherical Star

This chapter is devoted to investigate dynamical instability of anisotropic spherically
symmetric collapsing star under expansion-free condition in f(G) gravity. We apply
perturbation scheme to metric components as well as matter variables and formulate
the field equations for power-law f(G) model in both static and perturbed config-
urations. We construct dynamical equations using contracted Bianchi identities to
analyze the dynamical instability in both N and pN regimes. The results of this
chapter have been published [50].

The scheme of this chapter is as follows. Section 2.1 covers some important
equations corresponding to the dynamics of collapsing star. In section 2.2, we apply
the first order perturbation scheme to construct static and perturbed configurations
of field as well as dynamical equations using power-law f(G) model. The instability
dynamics for N and pN regimes under expansion-free condition are investigated in

section 2.3.

24
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2.1 Field and Dynamical Equations

The matter distribution for collapsing fluid in comoving coordinate system is encap-
sulated by three-dimensional spherical hypersurface (X)) which separates the four-
dimensional spacetime into interior and exterior regions. The spherical symmetric

spacetime interior to X is
ds* = A%(t,r)dt* — B*(t,r)dr® — C*(t,r)(d6? + sin® Od¢?), (2.1.1)

where the metric coefficients are positive functions in which A(¢,r) and B(t,r) are
dimensionless while C'(t,r) has dimension of length. The line element outside to X

is of the form [51]

oM
ds® = <1 — —) d#? + 2drd7 — r*(d6? + sin? 0d¢?), (2.1.2)

r

where M and 7 represent total mass of the fluid and retarded time, respectively.
The energy-momentum tensor for non-dissipative anisotropic fluid is considered in

the interior region given by
Top = (P + Po)vavs — Pigas + (Pr — Pr)kaks, (2.1.3)

where P, and P, are the radial and tangential pressures of the matter configura-
tion, respectively. The quantities v, (four-velocity) and k, (unit four-vector in radial

direction) satisfy the relations v,v* = 1, k. k® = —1, v,k* = 0 and are defined as
v* = AT16g,  k* = BT (2.1.4)

The GB invariant (1.1.2) for the interior metric (2.1.1) takes the form
8 |(1, &) |A(AB A B(AB B
A2 B2 |B\AB A A\AB B

9 = ABc
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202 A/C BC' '_ +g £+A'c’
a8 \ ac T BC B\ A2 " B

, BCN 20 (BC BC\ 2 (an s
* (O B) 7(B2+A> a5 (¢ - <)

9B (Ac* BC?
A\ A3 B3

(2.1.5)

bl

where prime represents derivative with respect to r. Using Egs.(2.1.1), (2.1.3) and

(2.1.4) in

Iisz2

K’ B*P,

(1.1.5), we obtain the fourth-order field equations as follows
1, c? on AN?  4A (A [AB A
- —5“@)*(”@—@ ¢) Teei\B\aB "4

AB B . JA2B 4A
- 7 (AB B)}fg( ) — BCQfg( ) — Bg—(pfg(g) BQCQf( )

B'C' BC C"\ (242 8C . 8A2C" 4Af4(G)
¥ <32 +F_§> (B_O_B_C?fg(g)+B3—C2fg( )>+B—C’2
202 (AC  BC'\ [AC 2" 2 [(AC  AC
x + - o
Aap\Ac "o |\ac ¢ ) "B\ a2 B
(e BOY 20 (BO BON 2B (Act pen
B A\ B ") A\’ B
2 /o
+ = (¢ -cc )} (2.1.6)
2 [2 oo\ (A
= & 5<1+ﬁ—§>< fa(G) + S 16(G) — f&l ))
A'C  BC .,
L T T
1, C? C?\[B* 4B (A (AB A"
- §Bf(g>_(1+ﬁ ){02 A02{§<AB_Z

B 3 4B%A . AB*
- o E—E>}fg(g)+A3—C¢2f( ) + Acgfg( ) — —AQCQfg(Q)]

A'C’  AC  C\ (2B? 8B 4Bf5(G)
+ <B2 +F_Z> (E‘Asc*?f( )+ AC?fg( )>_ AC?




KZQCZPt

X
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202 [ A'C N BC'\ [(AC  2C + 2 (AC LA
AB\ AC " BC |\ AC C A2 p2
o BC N 2C (BT N BC\ 2B (AC* BC*
B A\ B2 A2 A | 43 B3
2 !
a5 (€7 =cc )} ’ (2.1.8)
c(ac A _c)_C(BC BC ') C*
A\ B2 " 42 A B\ B " A2 B AB
B(AB B\ A[AB A , 4£4(G)
A(AB_B>_B(AB A) * Cf(g>_ AB
(e o\ [A(ap AN B(AB B
A2 B2 |B\AB A A\AB B
202 A’C BC' C 2 ¢\, 2 (AC LA
AB \ ac T BC el TR
C// B Cl _C . _ AC2 N BCIQ
T A2 A\ A8 B3

B(AC+AC_C>+A

AB (C' CC)} A3B B2 A2 A

B'C'+@_C_" 24 A’C+BC’_C, YL
B A2 B B\ A ' B A

AB B\ A[AB A j(6) AC [, (AC
AB B B\ AB A g AB3 B2

AC C) ,(B’O’ BC o"> 2B <A’C BC'
Sn R

A2 A 2 ta B) al=a "B

e () s o
(Af 5 —O'> 150+ 4o (ABC a2 0) 2

j% (Bégl + igc - %) f3(9)- (2.1.9)
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The dynamical equations play a significant role to examine interesting character-

istics of collapsing stars. These equations are established through contracted Bianchi

identities
a3 _ af —
G gva =0, G gka =0,
as follows
p; B C | _
A—i—(p—I—P)AB 2(p—|—Pt)AC =0, (2.1.10)
P! A C’ _
B+(p+P)AB+2(PT—Pt)BC—H2_0, (2.1.11)

where the expressions for =; and Z, are provided in Appendix A. The expansion

scalar (1.4.1) for the line element (2.1.1) is given by

1 (B 20C
9 = vl <§+F>' (2.1.12)

Misner-Sharp mass function describes total energy of the spherical collapsing fluid

with radius C' as [52]
¢
2

m(t,r) == (1+¢g*C.Cp).

For the interior spacetime, it takes the form

m(t,r) = ¢ <1 + 0—2 - 0—/2> : (2.1.13)

10 1 0

Di=——, Dg=——. 2.1.14
T Aot YT Cor (2:1.14)
The proper time derivative of C(t,r) gives collapsing fluid velocity as
C
U(t,r) = D,C = (2.1.15)

Za
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which is always negative in case of collapse. Taking into account this velocity,
Eq.(2.1.13) gives
C/

2m 2
—=(1-= 2. 2.1.1
E 5 ( C+U> ( 6)

Taking the proper radial derivative of mass function, we obtain

1 TS TS (U
D = —K2C? —0 0L 2.1.1
cm 250 {p—i—fp B\ \E /| (2.1.17)

which shows the effect of energy density and GB terms on mass between consecu-
tive spherical surfaces which would decrease due to anti-gravitational nature of DE.

Integrating this equation with respect to C', we obtain

1, [ oy Ty (U
m—§H/0 |:C {p—i-ﬁ E E dC (2.1.18)

Darmois junction conditions are used for the smooth matching of interior and exte-
rior spacetimes over hypersurface [53]. These matching conditions involve continuity

of the line elements and extrinsic curvatures leading to
M =m(t,r), P =——7=——= (2.1.19)

on the boundary surface Y. It is well-known that expansion-free condition forms
a vacuum cavity inside the collapsing matter configuration. Such models require
an additional boundary surface ¥(;) between the cavity and fluid distribution. We
consider that the Minkowski line element is present inside the cavity and its smooth

matching to the collapsing fluid over ;) yields

TS  TY
m(t,r) =0, P.= —A—% — ﬁ
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2.2  f(G) Model and Perturbation Scheme

In this section, we consider a particular f(G) model and employ the perturbation
technique to the field as well as dynamical equations to examine the evolution of

collapsing matter distribution. The power-law f(G) model is given by [54]

f(G)=xG", n>0,#1, (2.2.1)

where y is an arbitrary constant. For the first order perturbation in metric compo-

nents as well as matter variables, we consider

At,r) = Aolr) + o7 (t)a(r), (2.2.2)
B(t,r) = By(r) + o7 (t)b(r), (2.2.3)
C(t,r) = Co(r)+ T (t)e(r), (2.2.4)
pt,r) = po(r)+ op(t,r), (2.2.5)
P.(t,r) = P(r)+ pP.(t,7), (2.2.6)
By(t,r) = Py(r) + pBi(t,r), (2.2.7)
m(t,r) = mo(r)+ pm(t,r), (2.2.8)
I(t,r) = it,r), (2.2.9)

where subscript zero and 7 (¢) represent static part of the corresponding quantities
and arbitrary temporal function, respectively whereas 0 < o < 1 is a perturbation

parameter. The expressions for G and f(G) model are given by

G(t,r) = Go(r)+ o7 (t)g(r), (2.2.10)
f(Gt,r) = xG§+exnT (t)g(r)Gy ", (2.2.11)

fo(t.r) = xnGg™" + pxn(n — )T (t)g(r)Gg . (2.2.12)
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Choosing Cy(r) = r as Schwarzschild coordinate, we obtain static configuration

of G as well as field equations as

8 1 Al B! 2A! B!
= —— |1 -—= VR VA 221
o = g () (5 o) ) 2219
1/1 1 2B 1 A”
2 — |z __—_,LZ=0) _Zyon 1-—
v po r (r rB2 + B3 ) 2Xg0 2A B2 ( )
AoB), 3 ne1y (n—1)
— 4 1— = 4 1— —
?Wﬂ%( %)(Ao B Ba
< (Go7%Gy) (2.2.14)

1 Aj 1 4xn [ AB] 3
Py = — (1=-B24+2r22) + —xGr — 0B ({3
i TZBS( ) 9 s | B B
1 n—1 AIO 3 n—2
-y (1 )|t - - vt (1- ) g
(2.2.15)
Al ABN\ /1 4xn 1 /A, B)\ 1
2P — i - _0 o _0 - n
= () (b )y () b
1 (Al 3ALB} ' A
dyn— n-l 4 —1
T (AO AOBO>< 0 ) +anln = 1) e
< (Go%Gy) . (2.2.16)

Using Egs.(2.2.2)-(2.2.12), the perturbed configuration of G and the field equations are
provided in Eqs.(A3)-(A7) of Appendix A. In static background, the first dynamical
equation (2.1.10) is trivially satisfied while the second equation (2.1.11) takes the

form
/

Ay, 2 2
Pl+(p0+PT0)AO+ (PTO_PtO) 4Xng _|: gO 338

e AL (0 INAY L (T A
B2 AO TQB(% Bg AO 7’238 Bg AoBO

L LNAA L sNAB 2 (03
r2 B2 B2) A? r2B? B2 ) AyBy 13B2 B2

Ay B 1 3 A()QB{) 3 5) A6B62
11— — 11— — =0. (2.2.1
8 AoBy * 7”238 ( Bg) A(Q)BO * 7”233 Bg AOBg 0 7)
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The perturbed configuration of dynamical equations (2.1.10) and (2.1.11) are

. b I .
p+ [(poJer)— +2(po +Pm); +:1p} T — 4xnGy ™!

B
2By 7 ..
= 0 = 2.2.1
< g (1 ) i 70 —
1 TR S i
P' o+ P, —(P.— P, P.)
%[ o+ PR+ 2 tw{m+o <)

+ - P,) (S)} } { 0+(p0+PTO)A +i

— E, =0, (2.2.19)

(P, Pt())} T

where =5, and Ey, are given in Appendix A. Integrating Eq.(2.2.18) with respect to

time, we obtain

b c ., - n—
p+ |:<p0+PT0)_+2(p0+Pto);+:1P} T_4Xng0 !

By

1 b 1 2¢B, 7 -
— s (1= = | = 52| T =0. 2.2.20
< e (1 ) - el (2220

The perturbed expansion scalar is given by
-1 /b 2\

9= —+— 7. 2.2.21
(5% (2221)

The expressions for static as well as non-static configurations of mass function are

B 1 1 e ) b
m0_§r<1—B—g>, m = B [2(1 B)—i—r(c Bo>}7' (2.2.22)

Under perturbation technique, the static background of second junction condition in
Eq.(2.1.19) is formulated using Eq.(2.2.15) while the perturbed configuration is ob-
tained from Eqs.(A5) and (A6). Substituting the corresponding static and perturbed

matching conditions in Eq.(A6), we have

T(t) +u(r)T(t) +v(r)T(t) =0, (2.2.23)
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on the boundary surface ¥(). The quantities u(r) and v(r) have the following ex-

v - ()} - )

2xn
b 3 240 [\

. . 1__ /__ . /
BO( Bg)go B3 <A0> goy
Aj
¢
a

pressions

1/b ¢ L) 2 _,_B+Ag<c
r\Bo r BZ) B2\ B,) " ABE\r

2b 1 Ay
— =) = — 252 AL
+ ) A, B2 <a B, + C A

Assume that u(r) and v(r) are positive functions for the instability regions. The

solution of the above differential equation (2.2.23) is

—u+ vu? —4v
2 )

T(t) = —exp(Qs@)t), Ose = (2.2.24)

which shows that the system initiates collapsing at t = —oo with 7 (—o0) = 0. At

this stage, the system is in static state but it continues collapsing as t increases.

2.3 Newtonian and Post-Newtonian Regimes

In this section, we discuss dynamical instability in N and pN regimes under expansion-
free condition. For this purpose, we convert the second dynamical equation into
centimeter-gram-second (c.g.s.) units from relativistic units in the background of

static configuration. Using Eq.(2.2.21), the expansion-free condition yields
b

2c
—_— = 2.3.1
BO r ( 3 )

Taking into account Eqs.(2.2.14) and (2.2.15) along with static configuration of m
from Eq.(2.2.22), it follows that

Ay r K23
AO N r— 2m0 2

(po + Pro) + 25t {1 = 2xn(n = 1)(6mo — 20)G3 G}
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dxn(n — 1)(r — 2m0) (QSL ’G) ] [r? = 2xn(n — 1)(6mg — 2r)
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Gr2g (2.3.2)

From Eq.(2.2.16), we obtain the expression for 5% 20 as

Similarly, one can obtain the value of

Substituting Eqgs.(2.2.22), (2.3.2), (2.3.3) and the value of

"
AO

4

/
P

+

X

rd 1 m m _
{RQP,:O - 5)(93 - 7“_30 — { TSO (r® — 8xn(r — 3mo)Gy "

T—ng

12xn(n — 1)r(r — 2mo)Gy—Gy) + ! (T —2my) (r + 4xn(n —1)

N Al
(r — 2myg) ( 3_296) )} _AO] [7“3 + 8xnmogg_1 +4xn(n —1)
0

r(r — 2mo)Gy2Gy] . (2.3.3)

1
- [ﬁ {r°(po + Pry) — 8xnmo(2r — mo)Gy~" — 8xn(n — 1)rmyg

r {/@27“3

(r~ 3m0)5 G4} { :

(n —1)(6mg — 2r) 6‘_2(]6} —4dxn(n—1)(r — 2m0)? ( 3_296)/]

mo 9
P+ 012 9
T (po+ Pry) + —5 {r* = 2xn

[r? = 2xn(n — 1)(6mo — 2r)G) G} _1} + %Xn(n —1)

7”4 mo mo

1
) n—2p/ 2P _ n__ 7Y {_
(r —2mo)Gy "G, {T ~omg {H to 2Xg0 3 o

(T3 — 8xn(r — 3me)Gy ! + 12xn(n — 1)r(r — 2my) 6‘_29())

L e~ 2m) (r +4xn(n — 1)(r — 2mo) (gg_Qgé)/>} {

r3

r

r — 2mg

"127”3 Mo 2 n—2p/
T(Po + Pr) + = {r® = 2xn(n —1)(6me — 2r)Gy Gy} — 4xn

(n—1)(r— 2m0) (gg *G) } [ = 2xn(n — 1)(6mg — 2r)

(’}_2%} _1H [r + 8xnm0g0_ + 4xn(n — 1)r(r — 2my) 61_296} _1}

4m0(27’ — mo) 8m0
- —1)(r—2
7“4(7“ _ 2m0) 7,4 Xn(n )(T mO)

2
;(PTO - Pto) + H2p6 +

by taking radial derivative of Eq.(2.2.14).

in Eq.(2.2.17), we have
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L= 2y@iay + 65200y + - 260 ()

2
293296’} + 280l = 1)(r = 3mo) {(n — 2)rGf G

2 8m
Mgg 2g0 - 298 2go} + _Xn<n — 1)(27’ — 77710)98 2g
24m3(2r — 5my)
r6(r — 2my)
mo
e

2 (r — 4mo) G5 G } (2.3.4)

xn(n —1)Gg*Gy + 8xn(n — 1)(n — 2)

In c.g.s. units, this equation becomes

/
P

B {T%G {r°(po +C72P,) — 8xnmg(2r — C2Gmo)Gy ™" — 8xn
- n—2 ! r
(n = Drmo(r —3C™*Gmo)Gy "Gy } { (r — 2C—2Gmy)
2,3
[R; (po +C2P,,) —I— — {r +4xn(n — 1)(r — 3C*Gmg) Gy~ 1g0}
dxn(n —1)(r —2C" QGmo) (G5 72Gh) | [r* + axnin — 1)(r

8Gm0

3C2Gmy) 872%]_1} xn(n — 1)(r — 2C"2Gmg)Gy2G,,
1 2 4p-2 . n__ [T /3
{(r—2C‘2Gm0) {’i PurC™ —rmo = 55 xGs { -
8xn(r — 3C"*Gmg)Gy~" + 12xn(n — 1)(r* — 2rC>Gmg) Gy >Gy)
r(r —2C2Gmy)
C2G

rC2G K23 _ m
{(7’ —2C~2G'my) { 2 (o +CFyy) + 7“_20 {r + dxn(n — 1)

(r—3C2Gmo)Gy "Gy} — 4xn(n — 1)(r — 2C_2Gmg)@( 8_2%)/]

(r +4xn(n —1)(r — 262Gm0)(g31%)/)}

(7% + dxn(n — 1)(r — 3C*Gmg) GGy 71}] (7% + 8xnmoC GGy

- 2
rxn(n — 1)(r ~ 207G GG "} + 2B — P+ 0

-2
4mo(2r — C72Gmy) g Mo

C3G—C G ~ Srgrnln = Dl =2 G
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{0- 26365560 + (6720 + (n - 230, ()

X

2gn72g// ] 1 3072G L 9 gn73g/2
- Y Yo +8xn(n —1)(r — mo)rﬁc_g {(n —2)rGy—>G;
. (2T — C_QGTTL()) n—2n01 n—2 0/ 8m0 .

(r —2C—2Gmy) Yo "%0 =29 Yo+ r5C—2 xn(n —1)

- B G(2r — 5C2Gmy)
_ 702 n=2gn — 1)mg
X (2r —7C7 Gmg)Gy "Gy + 24xn(n — 1)mg 5(r — 2C-2Gimp)

8
GG (- - 2G5 GR A0 Gmg)| . (285)

where GG and C represent the gravitational constant and speed of light, respectively.
Expanding the above equation upto order C~* and separating out terms of order C°,
C~2 and C~* which are related to N, pN and parameterized pN regimes, respectively.
Using Eq.(2.3.1) in (2.2.20), it follows that

2c _
p— 7(PT0 —P,,)T +=23=0, (2.3.6)

where =3 is mentioned in Appendix A. Substituting the value of p from Eq.(2.3.6) in

Eq.(1.4.2) (satisfied by radial pressure), we obtain

_ P, [2¢

= Fpo b |7 P~ )T — Zs
T0

In view of Egs.(1.4.2), (2.3.2) and (2.3.6), it is found that the terms ﬁng as well as

P, lie in parameterized pN regime.
In order to examine instability ranges for N and pN approximations, we discard
such terms belonging to parameterized pN regime. The metric coefficients for pN

approximation in c.g.s units are [55]

moG 1 moG
O Loy gy mym14+ TG

Ay=1-—
0 rC? 6

(2.3.7)

Substituting the value of P; from Eq.(A7) in (2.2.19) and applying the expansion-free

condition along with arbitrary chosen radial functions as a = agr, ¢ = ¢or and g = gor
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in the resulting equation, we obtain

a Aj 4¢ 4¢
(po + Py, (A—(;) {1 - rA—O} + 26 P! + r“ (P, — P,) + TOPtO

Sl (PR (R m e a) e {E
=i i [ () 0 ) +m (5 03)
)| o (o) (o) o0

(e (- 3) (B ) 50w} 5 i
o) () (g

3 g6 3@036 ao ]_OCO A”
2B(2)):| +T(n 1)Bogg |:A()B() r <A0 r > AO

X
N
[
|
D:J
l\)

X

X

X
/—\/\
—_ —

-t DA gy - T [ (e + 4 (i

x (& - A-) + 5052 + (0 — 2)do (rggi”ga)’}m + [27

- oG [‘QA_ {rAiBg (% o ) g G i i_>

_ (n_l%g}_%{%_%}g_gﬂQQ(r):o. (2.3.8)

Using Egs.(2.2.22), (2.3.2), (2.3.3) and (2.3.7) with G = C =1 for pN approximation

in the above equation, we have

a 1 _ 4c
—po+ By mo + gr(n = 1)XGE) + 200 P, + == (Pry = Pu)

4¢ 2a 1
+ =Py = (= 2mo)(r - my + 5" (n=1)xGg) —xnGg ™!
_ E() n—1 T‘(’I’L — ]_)g() ’ _ 2&0(71 — 1)
X (ngo + Tgo> — 4xngy 8—90(% + go) + W

X (r—4mg)(r +mo + %Tg(n — 1)ng)(gg_lg(l)),} {2:0 (r+2mg
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2 1
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1 2
(r 4+ 2mg + gr?’(n — l)ng)QZ(r)} A+ {—ﬁ(r — 2my)
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Y _ %(r — 3mo)(r — 2my) + (n— 1)90 (4 —4mo)(r —mgy — 17“3
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2dom0

(= DG 0G )] B~ |y {2 = o)+

ér3(n — 1)xGy) + %(T — 2myg)(3r — 10myg) — 2(n — 1)(r — 2my)
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e e )

4a 1
4xngGp—? [T_GO(T — 3mg)(r — 2my)(r + 2mgy + §r3(n — 1)xGg)

2 ( 4a 1 3a
. {_r—go(r — 2mg)(r — 3mg)(r + mo + 67“3(n - 1)xGpy) + _0
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< (e 2mat gt - 0ngp) (%2 - P (g + mb ) 970
X {—%(r + QmO)} + %(27“ + Tmy) [%Xngg_l(r —2my)
X (r+2mo + %7»3(71 — 1xGy) {res(r) - %(r - 3m0)}} — 0, (2.3.9)

where A;’s (1 = 1,2,3) are given in Appendix A. This equation shows that collaps-
ing fluid evolves without being compressed being independent of I' while instability
region completely depends on physical variables and some arbitrary constants with
considered f(G) model. Thus, the chosen gravity model reflects the compatibility
with physical results under the expansion-free condition. For N approximation, we
consider py > PF,,, po > P, and drop all terms belonging to the order of pN and

parameterized pN in Eq.(2.3.9) as follows

4c 3m. e
- (Pto Tgo) - 4Xng0 !

{i(ngo + Tgo) +r(n — 1)(96 + go)g_goo}

400

260’ ‘ +— (PTO _Pto)

X

a 2a . [2ag(n —1
- [70(,00 + P — T—f(r — 3myg) — 4xnGy {M

r—4m
T4g61—1 ( 0)

n—1,1\/ c0G; 2a0m 4 3G/
B )
1 3 n—1 0m2 1
X (r+mo+ 67‘ (n — 1)xGy) — 24xngGg p ( + Gr (n - 1)xGy)

1 G . 8ay . _
X (; - g—2> + [ C“Q?( ) — dxngG: 1{% (% — 3c092(r))
/ — 1 n
b g D@+ 000 | (o 2mat 350 - 1)

1M (0o = 2 L3 n
+ 8xng, 5 (77 + 36,2 ) (r+ 3" (n —1)xGy)

1
— 4xngg_1(n —1)(n—2)(r —2mg)(r +mg + ar?’(n - 1)xGy)

X

(r+ %TS(n 1)) % (gg Q2 (r) = 0. (2.3.10)
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The positivity of this equation is required to explore the instability ranges for col-
lapsing star. For this purpose, we assume that all dynamical quantities and constants
are positive while P/, < 0 represents decreasing behavior of radial pressure during

collapse. Furthermore, the following bounds must be satisfied

4 /
P.,>PF,, n<l, r>4my —>r—g°>0.
3 Go

Under these conditions, the system is unstable at N approximation. For Gy(r) = G.=

constant along with gy = 0, Eq.(2.3.10) takes the form

4¢ 4¢ 3m 2¢

260| |+ O(PTO _Pto) O(Pto"i_ﬁo)__oxngn

[a 2a 32a0m
(220 Pr) =~ (r = 3mg) + T xnGr 1]

) 1 96a m2 1
X (r+mo+ 67“3(71 —1)xG") — ——2\nG" (1 + o 2(n — 1)xG™)

[2¢2 . [ 8agm 3Gom 1
+ _T—QOQQ(r) — 4xnGr ™! ( i 092(7«))} (r+2mo + 5r(n — 1)

1

X XGM) + 8yngr 10 (7— £3692°) (14 52— G =0, (23.11)

Substituting the value of my for constant Gy from Eq.(2.1.18) in the above expression,

we have
4¢ 4¢ 3 | K2 [T 1
20| Py + = (Prg = Py) + — | Py + —/ r’podr + —xGr
r r re) 12
x (r®— ré(i))}) 2)(719”— +
1 n(..3 3 32@0 n—1 2 ' 2 1 n
+ EXQC (r —7“2(1‘))}) + 6 xng. r°podr + EXQC

K2 [T 1 1
X (r3 - rg(i))}] (7" + {?/ r podr + —Xgn(r — r%( ))} + 6r3(n - 1)
(i)

96@0

2

xnG"~ 1(1+(137“ (n —1)XQ?){K—

X XxGr)— 5

T 1
/ 2 podr + 3 xXGr
TS0
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8ag 3¢y

2
x (r®— r%(i))}2 + [%QQ(T’) — 4xng ! (F — —92(7’)>
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A L s 3
x {?/rm)r PodTJFEXQC (r* =15

/€2 r

r-+2 —/ r2p0d7“
2 S
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1 1 8 a
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x u+§ﬂm—1m¢v{%/r

s (i)

2
1 n
r?podr + EXQC (r® — r%(i))} =0. (2.3.12)

In order to discuss the effect of energy density, we take the power-law form as
= (r!, where ¢ and [ are positive and arbitrary constants, respectively. Using this

form in the above equation, we have
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provided that [ # —3. During collapse, the expansion-free matter distribution ap-

proaches to instability ranges for

P,>P,, 1> rlEJEf), > T, (2.3.14)

where the last inequality ensures the existence of Minkowskian cavity in the center of

anisotropic spherical fluid under expansion-free condition in f(G) theory of gravity.



Chapter 3

Energy Constraints in f(G,T)
Gravity

This chapter deals with the non-minimal curvature-matter coupling in f(G,T') gravity
to investigate energy conditions in the background of FRW universe model. We
construct the field equations as well as explore the effects of this non-minimal coupling
on the motion of test particles. We express energy constraints in terms of deceleration,
jerk and snap parameters. We apply the reconstruction technique using de Sitter and
power-law cosmological solutions and analyze the energy bounds for the reconstructed
models. Results of this chapter have been published [40].

The format of this chapter is as follows. In the next section, we formulate the field
equations, divergence of the energy-momentum tensor as well as equation of motion
for test particles in the presence of perfect fluid configuration. Section 3.2 covers the

energy constraints and investigates these bounds for reconstructed f(G,T) models.

43
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3.1 Dynamics of f(G,T) Gravity

In this section, we construct the field equations as well as discuss the motion of test
particles in the presence of perfect fluid. For this fluid configuration, the matter La-
grangian density can be taken as £,, = —P and the corresponding energy-momentum

tensor is given by

Top = (p+ P)vatp — Pgag. (3.1.1)
In this case, Eq.(1.1.20) becomes
Ons = =213 — Pgap. (3.1.2)
Equation (1.1.16) can be expressed identical to Einstein field equations as
Gap = KT = K (Tog + 197, (3.1.3)

where TgﬁT represents the f(G,T) contribution. In the background of perfect fluid,

the expression for TgﬁT is given by

1
KT = 5908f(G,T) + (p+ P)fr(G, T)vavs — (2RRap — ARG R
— 4Raup R + 2R R3un) f6(G, T) — (2RgasV? — 2RV, V5
— AgagR"V Y, — 4RV + ARV 3V, + ARGV VY,

+ 4Raus VIV (G, T). (3.1.4)
The line element for flat FRW universe model in Cartesian coordinates is
ds® = dt* — a*(t)(da® + dy* + dz?). (3.1.5)
The expressions of R and GB invariant for this metric are given by

R=—6(H?>+ H), G=24H*H?+ H). (3.1.6)
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The corresponding fourth order field equations are
3H? = Kpeg, —(2H + 3H?) = k° Py, (3.1.7)
where

= 0+ o (0 PURG.T) 4 31G.T) ~ 12HA(H + 1) 6(G.T)

K2
v 12H%fo(G, T)} , (3.1.8)

1|1

Py = P—— [—f(g,T) — 12H*(H? + H) fg(G,T) + 8H(H? + H)

2
X fo(G.T) +4Hjg(g.T)] . (3.1.9)

The covariant divergence takes the form

p+3H(p+P) = _1g - [<p+%T') F2(G.T) + (p+ P)jn(G,T)| . (3.1.10)

K2+ fr(

We need an additional constraint to obtain the standard conservation equation as
p+3H(p+P) =0, (3.1.11)
with
(P + %T) fr(G,T)+ (p+ P)fr(G,T) = 0. (3.1.12)
Now, we briefly discuss the motion of test particles in f(G,T) gravity. For this

purpose, using Eqs.(3.1.1) and (3.1.2) in (1.1.17), the divergence of energy-momentum
tensor for perfect fluid gives the following expression
Va(p+ P)vv” + (p + P)[PVau® + 02V g0°] — g*°V 3P

_ —2 [
262+ 3f7(G,T)

TV fr(G.T) + g™ V(P fr(G,T))] -

The contraction of this equation with projection operator (ho, = gau — Vav,) yields

(262 + fr(G. T)VsP
(p+ P)(2k* +3fr(G,T)) "

Jou?"V g0 = (3.1.13)
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where we have used the relations h,,v® = 0, v*Vgv, = 0 and h,,T*° = —Phﬁ.

Multiplying Eq.(3.1.13) with ¢"* and using the following identity [42]

Az
ds?

VPV g = + Fguvﬁv“,

we obtain the equation of motion for massive test particles in this gravity as

d?>z® o N
—7 H g =T, (3.1.14)

where
2x* + fr(G, 7))
(p+ P)(2r2+3f1(G,T))

represents the extra force acting on the test particles and is perpendicular to v® of

Fo =

(g°" — v*VP) V4P, (3.1.15)

matter configuration (F*v, = 0). For pressureless fluid, this extra force vanishes and
hence the geodesic trajectories are followed by dust particles both in GR as well as in
f(G,T) gravity. It is worth mentioning here that the equation of motion for perfect
fluid in GR is recovered in the absence of curvature-matter non-minimal coupling

[56).

3.2 Energy Constraints

In this section, we formulate energy bounds in the context of f(G,T) gravity and
express in terms of cosmological parameters. In section 1.5, we have found that the
concept of energy bounds in modified theories of gravity can be extended in a similar
way as in GR due to purely geometric nature of Raychaudhuri equations. The energy
conditions are formulated for non-spacelike geodesic congruences and dust particles

move along geodesic trajectories in this theory while the massive test particles follow
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non-geodesic lines of motion. Due to this reason, we consider pressureless fluid to

discuss the energy conditions. These bounds take the following form

NEC: pos + Pog = p+ % (0£(G.T) + 4H (H? = 2H) f5(G,T)
—4H2fg(g,T)} >0, (3.2.1)
WEC: pur = -+ 55 [202(6.T) + (G, T) — 24H*(H* + )

% fo(G,T) + 24H3fg(g,T)} >0, (3.2.2)
DEC: pur — Par = p-+ 5 [pfr(6.T) + [(G.T) — 4R (H? + )

% fo(G,T) + 4AH(5H? + 2H) f3(G, T) + 4H2j3(G, T)] >0, (3.2.3)
SEC: pu + 8P = p— 5 | /(G T) — pfelG,T) — A4H>(H + )

% fg(G.T) + 12H (H? + 2H) f4(G, T) + 12H2f5(G, T)} > 0. (3.2.4)

Using Egs.(1.2.3) and (1.2.4), we can express H(t), R, G and their derivatives in

terms of cosmological parameters as

= —H*(1+4¢q), H=Hj+3¢+2),

= H*'(s—4j —3¢* —12q — 6), (3.2.5)
—6H*(1—¢q), R=—6H(j —q—2),

= —6H"(s+8¢+¢* +6), (3.2.6)

= —24qH*, G =24H"(j+ 3q+2¢%),

Q Q 9=
I

= 24H%(s —6j — 6qj — 12q — 15¢* — 2¢%). (3.2.7)
The energy conditions (3.2.1)-(3.2.4) in the form of above cosmic parameters are

1 . .
NEC: per + P = p+ — |pfr + AH3(3 4+ 29)(fogG + forT)

—4H*(f366G" + 2faorGT + forrT* + fogG + forT)| > 0, (3.2.8)
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WEC: pur = p+ 5 |+ 20+ 2005 fg + 24H(faC

+forT)| >0, (3.2.9)
DEC:  peg — P = p + é [f + pfr + 24qH" fg + 4H*(3 — 2q)(f36G
+forT) + 4H?(faggG” + 2foarGT + forrT® + fagG + forT)| > 0, (3.2.10)
SEC: pur +3Pur = p+ 5 [~ + pfr — 24 fg + 126°(1 + 20

x(faoG + forT) — 12H?(fa66G° + 2farGT + forrT* + fog

+forT)| = 0. (3.2.11)

In the following, we discuss energy constraints for de Sitter and power-law universe

models.

3.2.1 de Sitter Universe Model

The de Sitter cosmic evolution is an interesting and well-known as it elegantly de-
scribes the expanding feature of the universe. Here energy density of matter and
radiation are negligible as compared to vacuum energy (energy density for DE domi-
nated era) and thus the universe expands forever at a constant rate. The scale factor
of this cosmological model grows exponentially with constant Hubble expansion rate
H(t) = Hy, defined as

a(t) = age™™. (3.2.12)

The values of R and GB invariant are

R=—12H}, G =24H;. (3.2.13)
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For dust matter configuration, the trace of energy-momentum tensor and its deriva-

tives have the following expressions
T=p, T=-3HT, T=09HT, (3.2.14)

where p = ppe 350! is obtained from Eq.(3.1.11). Using Eqs.(3.2.12)-(3.2.14) in

(3.1.7), we obtain
W+ 3 1(G.T) ~ 123 f6(G, T) + Tfr(G,T) — 36HIT for(G.T) — 313 =,
whose solution is given by
F(G.T) = cies (79T + T) + &T + &y, (3.2.15)

where c¢; and ¢y are integration constants and

1 (1 — 24c, H
=3 (=27

1 2,
= —— = —— = 6HZ.
92 1—3601H§>7 §2 27 53 3’% ) 54 0

The additional constraint (3.1.12) becomes

(1 — 24¢, H) (1 — 30c, HY)

0 socie  C T T +6T =0

C1C2

This equation splits Eq.(3.2.15) into two f(G,T') functions with some additional con-
stant relations between the coefficients. The model (3.2.15) can be written as a com-
bination of those functions, hence we analyze the energy conditions for this model
instead of analyzing them separately. For this model, the energy conditions (3.2.1)-

(3.2.4) become

1
NEC: peg+ Pg=p+ E [P {6162(&60197"(51—1) + §2T(€2—1)) + 53}

+12¢ieaéi Hy (1 — 3&;)e9T¢] > 0,
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Figure 3.1: Plots of energy conditions for ¢; = 0.001 (upper panel) and ¢; = 4 (lower

WEC:  pe = p + QLKQ [2p{c1ea(e9GTE D 4+ &TE D) 4 €5}
{102 (9T + T) + &T + &4} — 24ceo Hy e 9T (1 + 36)] > 0,
DEC: peg — Peg = p+ %[p{clcz(e“g&T(&‘” +6TEY) + &5}
+{e1ea(e9TS 4 T%) + ET + &) — 122 e, Hie9TS
x{2+&(5-36)} =20,

SEC: peg+3Pg=p— % [ClCQ(@Clngl +T2) 4 &T + & —p
x{cicy (&e9TO Y + &TE) 4 &} — 12¢iepe I Hy TS

x {2436 - 9¢7}] > 0.

Figures 3.1 shows the variation of NEC and WEC for the case ¢; > 0 and ¢; < 0 with
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Figure 3.2: Plots of energy conditions for ¢; = 0.001 (upper panel) and ¢; = 0.01
(lower panel).

k? = 1. We use the following values of cosmological parameters: Hy = 0.718, ¢ =
—0.64, j = 1.02 and s = —0.39 [57]. In these plots, we fix the constant ¢; for two
arbitrarily chosen values while ¢; € [—10,0]. The upper case of Figure 3.1 shows
the positively increasing behavior of NEC as well as WEC with respect to time in
the considered interval of ¢, while lower panel shows similar behavior for ¢; = 4. In
this case, both conditions are satisfied for all considered values of ¢; and ¢y. The
energy conditions for (¢1, ) > 0 are discussed in Figure 3.2. The left plot of Figure
3.2 (upper panel) shows that NEC is satisfied for ¢t < 3, ¢t < 2.28 and ¢t = 2 for
co = 0.005, 0.05 and 0.1, respectively. The lower case of Figure 3.2 (left) shows

similar decreasing behavior of time as the value of ¢y increases for ¢; = 0.01. It is also
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Figure 3.3: Plots of energy conditions for ¢; = —0.01 (upper panel) and ¢; = —0.001
(lower panel).

observed that as the value of ¢; increases, the time interval for valid NEC decreases
while the positivity of peg is shown in the right plots of both panels. For the case
(¢1,¢2) > 0, both NEC and WEC are satisfied for small values of ¢; and ¢ in a very
small time interval.

Figures 3.3 deals with the case ¢; < 0 and ¢y > 0. For arbitrarily chosen values
of ¢, the increasing behavior of NEC with respect to time is observed in the left plot
of both panels for all values of ¢;. The right plot of Figure 3.3 (upper panel) shows
positivity of peg for t < 34 while it remains positive throughout the time interval for
¢y = —0.001 as shown in the lower case of Figure 3.3 (right). The last possibility,

ie, c; < 0 and ¢ < 0 is examined in Figure 3.4. The left plot of upper as well
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Figure 3.4: Plots of energy conditions for ¢; = —0.001 (upper panel) and ¢; = —0.01
(lower panel).

as lower panels show the decreasing and increasing behavior of NEC as time and
integration constant ¢y increase, respectively. The effective energy density exhibits

constant behavior for assumed values of ¢; in the considered interval of c¢,.

3.2.2 Power-law Solution

The power-law solution has a significant importance to discuss different phases of
cosmic evolution described in subsection 1.2.1. The Ricci scalar and GB invariant

take the form

6
R="5(1-2)), G

24)\3

(A—1). (3.2.16)



54

In this case, the value of T and its time derivatives are

_3A
t

3\

T=p T= T, T= S (L3N, (3.2.17)

where p = pot =3}, Substituting Eqs.(3.2.16) and (3.2.17) in the first field equation

(3.1.7), we obtain

2

2T 4 %f(G, T) - %gfg(g,T) +Tfr(G.T) - <ﬁ) G*fo0(G.T)

3 T\
- (g orserto. = () o

whose solution is given by

FG.T) = didsTRGTFY) 4 dody7G=10N=%) 4 AT

+  dydy T + X5T, (3.2.18)

where d;’s are constants of integration and

—_

1

X = 3 [N(1+ 3da(3dy + 2)) + 2da(X — 16) + 3(2XA + 3)] 2,
1 2, 1
Xg = § [5 - )\(1 —|—3d2)], Xg = —glf, s X4 = —5,

183 2z 2
Xs = | —=< DX = —.
5 (2 + 3>\> pO ) 6 3)\
In this case, Eq.(3.1.12) becomes
dldgTd2gi(X1+X2) |:g_§\{3>\(2d2 — 1) -+ 2(_)('1 + X2)}‘| + deBnggfi(é\ﬁ*Xé)
d
X [6%{3“2612 —1) = 2(% - Xz)}} + X5T + dydo X2TY 4+ X X2T% = 0.

Solving Eq.(3.2.18) with the above equation as in the previous section, we obtain two

functions whose combination is equivalent to the model (3.2.18).
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Inserting the value of f(G,T) from Eq.(3.2.18) in energy constraints (3.2.8)-
(3.2.11), we obtain

1, 1

NEC: peg+ Pg =p+ = 4H°(3 + 2q)([—d1d3
1
X(Xl + Xg) |:4(X1 + Xz) — 1:| Td2g4 (X1+22)— + dgdg(.)(l Xg)
1

X {Z(xl X)) + 11 Teg-i(h-%)=2|g +[ d1d2d3(2q + X)) 7%
x Gt —d 2 (X — Xp) TG a1 T

1 1
—4H2([—d1d3(2(1 + Xs) [Z(Xl + X)) — 1} [Z(Xl + X)) — 2} T

1 1
xGi(H+X)=3 _ —dzds(Xl X») L—l()q — o) + 1} L—l()q — X)) + 2]
1 ; 1 1

XTdQQ*Z(XHsz)*?)]gZ + Q[Zdldeg(Xl + Xg) |:Z_l (Xl + XQ) — 11 Tdel

1 s
xGr(MtA=2 4d2d3()( Xy) LI(Xl — X)) + 1] TGN

.. 1 1
xGT + [ dydodsy(dy — 1)(X) + Xy)TR2ga(t2e)—1 _ —d2d3(d2 —1)

1 1

X(Xl - XQ)szfQQii(leXz)*l]T2 + [ZdldS(X1 + Xg) |i1(.)(1 + XQ) — 1:|
1 .

Xszg4 (X1+X2)— _|_ 4d2d3(X1 XQ) L_l(Xl _ X2) T 1] Td2g*1(X17X2)72]

xG + [ dydads(X) + Xp) T Galxitdo)—1 _ —d 2d4(X, — X)) T
xG il MR T P[dldzd:sTdTng (N+22) 4 B dy T

WG =) _ o g d, X TN 4 X5X6TX6—1]} >0,

WEC:  por = p+ 2%2 |d1ds TGS 4 dydg g
—XT + dydy T + X T 4 2p[dy dods TR 71 GH) 27
xGTIM=R) _ X dy Xy TV + X X T + 24g H

1 1 1 )
X[ZdldS(Xl + Xp) TGt =t zldgdg(Xl — X,)T2G-1h-*)-1)
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1 1 1
+24H3([Zd1d3(?¥1 + X2) |:_(X1 + Xs) — 1} Thgitr=2 7%2ds

4
1
X (X — Ab) L_l(Xl — X)) + 1] TdQQ_i(XI_ }g + [ didads( Xy + Xy)
Td2 1g4 X1+X2 _ _dzdg(X]_ XQ)TdQ—lg—%()ﬁ—Xz)—l]T) Z 0’

1
DEC: put — Pt = p+ ([ ds T GHHH) 4 gy T
xG M=) _ YT 4 didy TV + XsT™) + pldydods T
xGi1(Hi+a) | dad TdQ_lg_i(Xl_XZ) — X3+ dido Xy T + X T 5

+24qH* [ Ldydy(X, + Xp) TG+~ —zdzds(xl Xp) T

xGTAM =T L 43— 2q)([—d1d3(2€1 + ) E(Xl + ) — 1}
X ThGi(X+x2)=2 | d2d3(X1 X) E(Xl — X)) + 1} szg—i(xl—xz)ﬂ]
xG + | 4d1d2d3(2\f1 + X)) TGt —d2d3(X1 Xy) T
x G a(M=X) =17y 4H2([}Ld1d3(2(1 + X) E(;\a + Ay — 1}
B(xl + X)) — 2} ThGr(HitXe)=3 _ —dgdg(zq Xs) E(Xl —X)
+1] E(Xl X)) + 2} Thga(h-%)-31g2 4 2[ dydyds( Xy + X)
E(){l + Xy) — 11 Th1Ga(Mitde) =2 | 4d2d3(X Xy) E()q — Ay)
1] T g a2 g [ dydyds(dy — 1)(X) + X)

2 e (Al Z_Ld2d3<d2 — 1)(X; — ) Th2gm i)~ 2
1 1
+[Zd1d3<Xl + Xg) [4(X1 + XQ) — ].:| Td2g4 (X1+42)— + 4d2d3<Xl Xg)

1 - 1
X |:Z(X1 — Xg) + 1:| Td2g_%(X1_X2)_2]g + [Zdldeg(Xl + XQ)Td2_1

xg4(X1+X2 B —d 2,(X) — XQ)sz—lg—i(Xl—XQ)—l]j%) >0,
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SEC: pug + 3P = p + % [—[dldgTd2g%<Xl+X2> + dods T

x G YT 4 dydy T 4 X T + pldydods TG (¥1+42)

+ Bdy TR G0~ _ Xy 4 didy Xy TY ' 4 X X T — 24 H?
x [= 4d1d3(261 + X)) TGt -1 _ Zdzdg,(;\f1 X)) TG (M—2)-1]

+12H°(1 + ZQ>([id1d3(Xl + Xs) H(;‘(1 + ) - 11 T2 G (1+42) 2
+ }ldeg(Xl — Xy) E(Xl X)) + 1] Thgi(-%)=2)g 4 [ dydyds

X (X + )T GaatA) 1 Zd%zg()cl Xy) TG a(M= ) )
- 12H2([id1d3(2(1 + X) E(Xl + &) — 1] E(Xl + X)) — 2] 7%

1 1
xGi(Hit¥e)=3 _ —d2d3(X1 Xs) [ZL(XI — ) + 1} [—

1 4(X1—X2)+2]

. 1 1
Xngg—%(X1—X2)—3]g2 -+ Q[Zdldgdg(xl + XQ) |:Z(Xl + XQ) - ]-:| Td2_1
1 1
Xgi(?ﬁ-f—?@)—? _l_ngd?)(Xl . XQ) |:Z(Xl . Xg) 4 1:| ng—lg—i(.)ﬁ—Xg)—Q]
xGT + [4d1d2d3(d2 — D)X+ Xy TR 2t d)- 4d2d3(d2 —1)
1 . 1 1
X(Xl — XQ)Td2_2g_Z(X1_X2)_1]T2 + [Zd1d3<X1 + Xg) [Z (Xl + Xg)

1
]Td2g4(X1+é\’2 + 4d2d3(2\’1 Xs) [Z<XI — X)) + 1} T

G ARG | [4d1d2d3(?€1 Ay TG Zd2d3

X (X — ) TG BT | >

The NEC and WEC depend on four parameters t, d;, do and d3. We plot these
conditions against ¢t and d; for A = % with possible signs of dy and d3. The left plot

of Figure 3.5 shows positively increasing behavior of NEC for —10 < d; < 0 with



58

Figure 3.6: Energy conditions for dy = 0.1 and d3 = —0.5.

respect to time while invalid for d; > 0. The effective energy density remains positive
for all values of (¢,d;) as shown in Figure 3.5 (right). The same behavior of both
conditions are obtained for 0 < dy < 0.51 with ds > 0 as well as for dy > 0 with
ds = 0. The left plot of Figure 3.6 shows similar behavior of NEC for d; > 0 and
ds < 0 while p.g remains positive for 0 < ¢t < 23. Similarly, for d3 = —1 and —10,
WEC is valid for 0 < t < 14 and 0 < t < 4.5, respectively with dy = 0.1. The

right plots of Figures 3.7 and 3.8 show the validity of NEC for d; > 0 while does
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Figure 3.8: Energy conditions for ds = —0.1 and d3 = —1.

not hold for negative values of d;. The effective energy density remains positive for
time interval 1 < ¢ < 10 with d3 = 0.5 as shown in Figure 3.7 (right panel) while for
d3 = 1 and 10, the acceptable intervals are 1 <t < 7and 1 <t < 3, respectively. This
shows that the validity region of WEC decreases as the value of integration constant
d3 increases. The right plot of Figure 3.8 shows the positivity of peg for (ds,ds) < 0

which confirms the positivity of WEC with d; > 0.



Chapter 4

Stability Analysis of Einstein
Universe

In this chapter, we investigate stability of EU against homogeneous as well as inho-
mogeneous scalar perturbations in the context of f(G,T) gravity. We formulate static
and perturbed field equations in the presence of perfect fluid to analyze the stability
regions. This is done for particular f(G,T) models corresponding to conserved as
well as non-conserved energy-momentum tensor. Results of this chapter have been
complied in the form of two papers in which one paper for homogeneous perturbations
has been published [58] while the other for inhomogeneous perturbations is submitted
for publication [59].

The chapter is organized in three sections. Section 4.1 covers the basic formalism
of EU in f(G,T) gravity. In section 4.2, we analyze the stability of EU against homo-
geneous scalar perturbations for zero as well as non-zero covariant divergence of the

energy-momentum tensor while section 4.3 deals with inhomogeneous perturbations.

60
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4.1 Einstein Universe in f(G,T) Gravity

This section provides a basic framework to discuss EU in the context of f(G,T)
gravity using perfect fluid as matter configuration. We consider positive curvature
FRW universe model given in Eq.(1.2.1) to construct the corresponding field equations

as follows

%(1+a2) = n2p+1f(g T)+(p+P)fT(g,T)—12%(1—|—d2)
< fq(G, T)+12 S(1+a) f(G,T), (4.1.1)

—(144d*) —2ai = ~K%a*P — %a f(G, 1)+ 122(1 +a*) (G, T)

— Baiifg(G,T) — 4(1 + %) fg(G,T), (4.1.2)
where
24,
G=—(+a)i, T=p=3P (4.1.3)

In terms of conformal time (7), the FRW universe model takes the form [28§]

dR?

1——]C_R2 — R2(d02 + SiIl2 0d¢2) s (414)

ds® = a*(n) [dvf -

where a(n) represents the conformal scale factor satisfying the relation dt = a(n)dn.

The field equations are

~ 2
’ [(%) +K| = rdp+ %&2f(Q,T) +a’(p+ P)fr(G,T)
CE(S ) [()
a a a
— i, ( ) } Onfg(G,T) —12(a2, — adiy)
X (1 ~ ) O fa(G,T),

fo(G,T) + 122 [,

(4.1.5)
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a,\> 2a ~2 N
2a 1 12
N i o 2~92 -9 5 g n

(%) -2k = - @)+ 5 (am - 2) [<_) K
1
x  fg(G,T)+ 4a, {3&3(&? — Q) + ==
a i\’

X Oyfg(G,T)—4 [3 (d4d,2n — @Ay + %) -2 (Tn)

K
+ a2 am?fg(gvT)a (4.1.6)
where @, is the derivative of a(n) with respect to n and GB invariant is given by

24 [ a2 i, \2
g:$<a,m—€n> ’C‘f‘(?n)]

The Einstein universe is defined by static FRW universe model as

a(t) = constant = a(n) = ay.
At Einstein static state, the expressions for GB invariant and 7" become
g(ao) =Go=0, Ty=po— 3,

where py and F, denote the unperturbed energy density and pressure, respectively.

The field equations for static configuration are

3IC = ag </§;2p0 + %f(gO,TO) + (PO + po)fT(go,To)) R (417)
-K = a (/@QPO — %f(go,T0)> : (4.1.8)

It is interesting to mention here that EU is shear, expansion as well as rotation free

universe.
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4.2 Homogeneous Perturbations

In this section, we explore stability regions of EU against homogeneous scalar per-
turbations. For this purpose, we consider linear perturbations in the scale factor and

energy density as follows

a(t) = ao + agda(t),  p(t) = po+ podp(t), (4.2.1)

where da(t) and dp(t) are the perturbed scale factor and energy density, respectively.

Applying Taylor series expansion in two variables upto first order, we have

(G, T) = f(Go,To) + f5(Go, T0)0G + fr(Go, Ty)oT, (4.2.2)

provided that f(G,T) is an analytic function whereas 6G and 67" have the following

expressions
24
0G = —da, o1 =Tyop, (4.2.3)
a

2
0

where 6 = 4 (da). Using Eqs.(1.2.5), (4.1.7)-(4.2.3) in (4.1.1) and (4.1.2), we obtain

de2

the linearized perturbed field equations as follows

6da + 24po(1 4 w) fgr(Go, To)di + agpo[x* + (1 + w) fr(Go, Tp)

1
+ 5(1 — 3w)fT(g0, TQ) + po(l + w)(l — BW)fTT(go, TO)]ép = O, (424)
2 . 1
— zéa + 28 — z—f faa(Go, To)0a ™ + polrw — 5(1 — 3w) fr(Go, T)]6p
0 0
- 4%(1 — 3w) fgr(Go, To)dj = 0. (4.2.5)

0
These equations show that perturbations in a(t) are related with density perturba-
tions. In the following subsections, we investigative stability regions for conserved as

well as non-conserved energy-momentum tensor.
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4.2.1 Case I: V¥ ,3 =0

In this case, we assume that general conservation law (3.1.11) holds in f(G,T') gravity.

The conserved matter contents of the universe satisfy the relation given by
dp = —3(1 +w)da. (4.2.6)

To eliminate dp from Eqs.(4.2.4) and (4.2.5), we use the above equation and obtain

the fourth-order differential equation in perturbed a(t) as follows

[6K%aow — 3ao(1 — 3w) fr(Go, To) + 2a0 {K* + (1 + w) fr(Go, To)

+ %(1 — 3W)fT(g(),T0) + Po(l -+ w)(l — 3(,U)fTT(g0, T())}:| da

+ {24a0p0(1 +w) {sz — %(1 — 3w)fT(go,To)} for(Go, To)

_ { 12p0(1 + w)(1 = 3w) fgr(Go, To) } {r%ag + ai(1 + w) fr(Go, To)
ag

N %agu — 30) (G, To) + apo(1 + w)(1 — 30) frr (G, TO)H 5i

+ Z_? {“ ag + ay(1 4+ w) fr(Go, To) + ;ao(l — 3w) fr(Go, To) + agpo
0
X (1 -+ w)(l — 3Ld)fTT(g0, T())} fgg(g07 T0)5a(i”) = 0. (427)

Adding Eqgs.(4.1.7) and (4.1.8), it follows that

= po(1 +w)(x* + fr(Go, Tp)), K=1. (4.2.8)

Sl v

Using this expression in Eq.(4.2.7), we have

[po(1 4+ w){K* + fr(Go, To)} {k*(1 4 3w) + (1 4+ w) fr(Go, To)
— (1 =3w)fr(Go, To) + po(1 + w)(1 = 3w) frr(Go, To) }] da

+ | 1205(1 + w)*{&* + fr(Go, To)} {"6 W — %(1 - 3w)fT(Qo,To)}
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for(Go,To) — 2+ 6431 +)*(1 B} {w + Fr(Go. T0)} or (6o, T)]
(K24 (140112000 ) + (14 )1~ 300 (6o To) + 51 = 50)
TG o)) 0+ 2431+ PR+ (G, T {2+ (14 )
Fo(Go )+ 1+ )18 oG, T) + 50 = 3) (6. To) |

fa9(Go, Tp)sat™ = 0. (4.2.9)

X

X

X

X

The solution of this differential equation helps to determine the stability regimes
in EU. It is a complicated differential equation, therefore we consider the particular

form of generic function f(G,T') to find stable/unstable solutions as follows

(G, T) = f(G) + fo(T), (4.2.10)

which shows that the direct non-minimal curvature-matter coupling is absent. This
choice of model is considered as the correction term to f(G) gravity. For conserved
matter distribution, Eq.(3.1.12) leads to the following second order differential equa-

tion for the above model as
2(1 + w)Tf2TT(T> + (1 - w)f2T<T) = O?

whose solution is the unique representation of fo(7") for which the energy-momentum

tensor is conserved given by

1+ 1(1+3w
FAT) = C4 (1 . 3‘:) 7:(5%5) 4 0, (4.2.11)

where C} and Cy are constants of integration. It is worth mentioning here that f(G)

gravity is recovered for this choice of f(G,T) model if fo(7") = 0. Using the values
from Eqs.(4.2.10) and (4.2.11) in (4.2.9), we have

Ag(Ay + Ag)da — 24,6 + 24A, A3 f1,,(Go)dal™ = 0, (4.2.12)
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where

1 w—1 1
A = K+ 7O 1+ 5w)[po(1 = Bw)[eF = 2Capp(1 — w) (1 = 3w)
—(3+w)
X [po(1 — 3w)] 2T+ |
1 w—1
AQ = po(l + (,(J) HQ + Ecl{po(]_ — 3w)}2(w+1)

3 _w=1
Ay = 38w = SC1(1 = 3){po(l - 3w)} 2w
The solution of Eq.(4.2.12) is given by
Sa(t) = die! + dye™ M 4 dye™t + dye™

where d’s (k = 1...4) are integration constants whereas the parameters Q; and €2,

represent frequencies of small perturbations given as

Ay + /AT = 24A,A3(A; + As) fig (Go)
24A1A3 f154(G0) ’

07, = (4.2.13)

where Q7 , represent the frequencies 2} and Q3.

The existence of stable/unstable regions in EU depend on the nature of perturba-
tions. In order to avoid the exponential growth of da(t) or collapse, the frequencies
should be purely complex which lead to the existence of stable EU. Thus, the condi-
tion of stability is achieved when QF, < 0. In the limit of GR, QF diverges while 3
takes the form

1
Q2 = §H2p0<1 + 3w)(1 + w),

which provide stable region in the range —1 < w < —3 [26]. To discuss graphical
analysis of stable EU, we introduce a new parameter ¢; = 24f;,,(Go) for the sake
of simplicity and use xk? = 1, py = 0.3. Figure 4.1 shows the stable regions under

homogeneous perturbations of EU for Q2. Tt is found that for C; = 1 (left plot) the
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Figure 4.1: Stable regions in (w,(;) space for Q2 with C; = 1 (left) and C; = 5
(right).

stable EU exists for negative values of w while no stable region exists for its positive
values. The right panel shows the stable region for C;| = 5 and hence the stability
regions decrease as the value of integration constant increases while for negative values
of C1, no stable regions are found. The regions of stability for Q3 are shown in Figure
4.2 for both positive as well as negative values of C';. The negative values of (4
are obtained for fi,,(Gy) < 0 which is in agreement with stability condition of f(G)
models [39]. The stability of the whole system depends on all frequencies present in a
system such that their common regions reflect the stable solution of EU. Figures 4.1
and 4.2 show that stable EU is completely described by Q2 for C; = 1 and C} = 5

while no stable region exists for C; = —1.
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Figure 4.2: Stable regions in (w,(;) space for Q3 with C; = 1 (left) and C; = —1
(right).

4.2.2 Case II: V°T,3#0

Here, we analyze the stability of f(G,T) model when the energy-momentum tensor
is not conserved. We consider generic function f;(G) and a linear form of fo(7") in
Eq.(4.2.10) as follows

F(G.T) = f1(G) + T, (4.2.14)

where ¢ is an arbitrary constant. Substituting in Eq.(3.1.10), we obtain

I 214+ ¢)(1+w)
3e
= a y g = )
p=po 2+ p(3—w)

where py is an integration constant. The perturbed field equations (4.2.4) and (4.2.5)

take the following form

66a + K2a2py [1 - g(w - 3)] 5p =0, (4.2.15)

2 96 ,
20— 0+ 52 [1o— (1= 3w)] podp — g figg (Go)3a™ = 0. (42.16)
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The first equation shows the relationship between the perturbed energy density and

scale factor perturbations. Eliminating dp from Eqs.(4.2.15) and (4.2.16), we obtain

26&—% L+ 32w — (1 — 3w))
a? 2 —p(w-—3)

96 ,

0a — — fige(Go)da'™ = 0. (4.2.17)
g

In this case, the addition of static field equations gives

= r%po(1 + ) (1 + w). (4.2.18)

Sl v

Inserting this value of % in Eq.(4.2.17), the differential equation in perturbed a(t)
0
becomes
wpolp(L+ ) (1= w?) = (14 ¢)*(1+ w)(1+ 3w)lda + [2(1 + @)
+ (1 —w)]da — 126"p[2(1 + ¢)* (1 + w)® + (1 4 ) (1 — w)(1 + w)?]

X fige(Go)dal™ =0, (4.2.19)

whose solution provides the following four frequencies as

o2 _ 2 +9) — el —w) VRt ¢) + (1 —w)? — 48r05A4f155(G0)
34 24k p3lo(1 + )% (w — 1) (1 +w)? — 2(1 + ¢)3(1 + w)?] fige (Go) ’

where

Ay = 204914+ w)?+e1+¢)’1—w)(1+w)][(1+¢e)*(1l+w)

x (14 3w) — (1 +)(1—w?).

When f1(Gy) = 0 = ¢, the frequency Q3 recovers the GR result as obtained in
the previous case while Q% diverges. We simplify the expression by introducing a new
parameter (o = —48k°%pf f1,,(Go) which remains positive for fi,,(Gy) < 0. Figure 4.3

shows stable regions against homogeneous perturbations of EU for Q2. Tt is found
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Figure 4.3: Stable regions in (w, (y) space for Q2 with ¢ =1 (left) and ¢ = 5 (right).

that when ¢ = 1 (left panel), the stable EU exists for all values of w with suitable
choice of (, while less stable regions are obtained when ¢ = 5 as shown in the right
plot. In the case of non-conserved energy-momentum tensor, the stability regions
decrease as the value of model parameter ¢ increases while we have checked that no
stable regions are observed for ¢ < —0.6. The regions of stability in EU for Q3 are
shown in Figure 4.4. In this case, the stable regions of the whole system is obtained
by Q2 for all considered values of ¢.

Now, we consider the generalized model given by
(G, T) = f1(G) + K*T®, b#0. (4.2.20)
Following the same procedure, we obtain the following fourth-order differential equa-
tion in perturbed a(t) as follows
24k (1 4+ w)? [1 + bpph (1 — ?x,u)b_l}2 f1g6(Go)da™ — 25

b
+ /<;on(1 + w) (1 + bgppg_l(l — 3w)b_1) {1 +3 <w — 5@(1 — Bw)bpg_1>
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Figure 4.4: Stable regions in (w,(y) space for Q2 with ¢ = 1 (left) and o = —0.5
(right).

X (1 + bp(1 — 3w)P b (1 4+ w) + %(1 —3w)+(b—1)

x (1+w)))™"]da=0.

In this case, the four frequencies are

1+ \/1 - 24K6A5f1gg (g())
24 [12po(1 + w) (1 + bpph ™ (1 = 3)P=1)]" frgg (o)

2 _
Q5,6 =
where

: b
As = pd1+w)* (1+bppf (1= 3w)’ )’ {1 +3 <w - 5ol - 3w)"

X

(1-3w)+(b—-1)

N | —

pg’l) 1+ bp(1 — 3w)> bt ((1 +w)+
x (1 —|—w))]_1] .

The graphical analysis of Q2 is shown in Figures 4.5 and 4.6 where we have used

(5 = —24r°f1,,(Go) and p = 1. It is found that stable regions are obtained for all
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Figure 4.6: Stable regions in (w, (3) space for Q% with b = 2 (left) and b = 5 (right).
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the considered values of b for Q2 while stable EU does not exist for Q2. Thus, the
EU possesses no stable region in this case. It is interesting to mention here that for
f1(Go) = 0 = ¢, the frequency Q2 diverges while GR is recovered for Q2 as in the

previous case.

4.3 Inhomogeneous Perturbations

In this section, we study the stability regions of EU against inhomogeneous scalar
perturbations using Newtonian gauge (also known as longitudinal gauge). In this

gauge transformation, the perturbed line element is given by [28§]
2

+ R*(d6? +sin® 0d¢?) |,  (4.3.1)

where ® and ¥ represent the Bardeen potential and perturbation to spatial curvature,

respectively. The linear perturbations in energy density and pressure are
p=po+podp, P =P+ PoP.
The harmonic decomposition of these scalar perturbations are [60]

op = dpyp(n)Ty(a'), 6P =3Py(n)Ty(a"),

O = Dy Ty(?), T =U,nTy"),

where 2% denotes the spatial coordinates (R, 0, ¢) while summation over 1 is taken.
The harmonic function Y, = Y, (2") satisfies the following relations corresponding to
different geometries of the universe as
—(W?+ 1Ty,  Pr>0, K=-1,
ATy = BTy =3 —42T,, P2 >0, K =0,
(v +2)Ty, ¥ =0,1,2, .., K=1,
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where A is the three-dimensional Laplacian operator.

These perturbations generate continuous spectrum for flat as well as closed spa-
tial cosmic geometries while discrete spectrum is observed for open universe model
[28]. The first inhomogeneous mode (1) = 1) is known as gauge mode associated with
the gauge degree of freedom which depicts the freedom to change v, of fundamental
observers, so the physical modes have ¥ > 2 [22]. The homogeneous scalar pertur-
bations are recovered for ¢» = 0. Using these perturbations in Eq.(1.1.16), we obtain

linearized nn-component for the perturbed metric (4.3.1) as follows

1
6KV + 2a2h* W + aZpo |:Ii2 - §(w —3) fr(Go, To) + po(1 = 3w)(1 + w)

2
X frr(Go, To) — 4]§2h (1- 3W)ng(goaTo)} op + [agpo(1 + w) fgr(Go, T)

0
— AKR fgg(Go, Ty)] 6G = 0, (4.3.2)

where the linearized perturbed GB invariant is given by

8K [ 3V
0G = — (—2’7" + h2<I>> : (4.3.3)
o ap

The linearized diagonal components of Eq.(1.1.16) give the differential equation of

the form

2 [6KW — 3V, + agh?(2¥ — ®)] + ajpo [k*(1 — 3w) + 2(1 — 3w) fr(Go, To)

AKCh?
+ (14 w)fr(Go, To) + po(1 = 3w)(1 + w) frr(Go, To) + o2 (1 —3w)

0

X far(Go. To)] 6p + [agpo(1 4+ w) far(Go, To) — 4KH? fog(Go, To) ] 6G

12K 41C
+ 7fgg(go, 16)(0G) mn + ?Po(l — 3w) fgr(Go, To)(6p) 4y = 0. (4.3.4)
0 0

The corresponding off-diagonal components in the presence of perfect fluid provide

the relation ®(n) = W(n) while it does not hold for anisotropic matter distribution.
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Making use of Eq.(4.2.10), the field equations (4.3.2) and (4.3.4) reduce to

2(3K + agh*)V + aZpo | K* — %(w — 3) fo,. (To) + po(1 — 3w)(1 + w)
X fopp (T0)] 6p — 4KR? f14,(Go)G = 0, (4.3.5)
2 [6KV — 3V, + agh®(2¥ — @)] + agpo [k*(1 — 3w) + {2(1 — 3w)
+ (T4 W)} for (To) + po(1 = 3w) (1 + w) far (To)] 0p — 4R f144(G0)G
o 100(00)0G) 1y = (43.6)
Using Eqs.(4.3.3) and (4.3.5) in the elimination of ®, 6G and 6p from Eq.(4.3.6), it

follows that

2
X [ = 5= B)ar (1) 4 oL+ @)1~ 86 oy <To>} figg (Go) ¥

aj
16K212

- 6[&2_§<w—3>f2T<To>+po<1+w><1—3w>f2TT<To>— ag

X [R2(1 = 8w) + 2{2(1 — 30) + (1 +w)}far (To) + po(1 +w)(1 — 3w)

254
X f2TT<T0)]f1gg (go)} \IIJITI +2 |:<6]C + a3h2 - 16@#]%99 (go))
0

< (W 3= 9T+ (1 +0)(1 = 8 (1)) — (3K -+

2
_ %ﬁ’*ﬁgg@o)) (R2(1 — 3) + 20201 — 3) + (1 + )} far (T0)
£ poll )1 3) fap (T0))] ¥ = 0. (43.7)

Using Eqs.(4.1.7), (4.1.8) and (4.2.10), we obtain

2K

i po(1 + w)[K* + fo, (T0)].

Substituting this equation in Eq.(4.3.7), the resultant fourth-order perturbed differ-

ential equation in ¥ takes the form

1808(1 + )% + fo (To)]* |2 = 3w = 3)for (To) + po(1+ w)(1 — 30)
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< Lo (o) o GV — 6K+ )+ o ()] 5 (2 = 50 = )T
oL @)L~ 80) g (T0) — 268020+ )16 + oy (T2 — 30

4 20201 = 80) + (14 @)} (T0) + ol +@)(1 = 3 Fa (Ts) i (Go)] V.
22 [{3p0(1 + @)K+ fog ()] 4 12— A1+ )06 4 oy (T o (G0)
(2 = 5= Do)+ (14 )1~ 3 are(T)) = { G140

R g (T)] 4 12— AL w06 oy (T o ()} 201 — 3)

20201 8w) + (14 w) oy (Th) + pol1 +w)(1 = 30) for (T W = 0. (4.3.8)

Now, we explore stability regions for conserved as well as non-conserved energy-

momentum tensor.

4.3.1 Casel: VT, ,53=0
In this case, the perturbed differential equation (4.3.8) takes the form
AgU™) 1 AT, + Agl = 0,

where

1—w

1 ) ! 1
As = 18p5(1+w)* |K* + SCilpo(l - 3w)}2(1+w)] {lf - O1w=3)

X [po(1— 3w)] "2 (555) — iclpou — w)(1 = 3w)[po(1 — 3w)] "2 (152)

X flgg(go)a
A; = —6Kpo(1+w) [52 + %Cﬂpo(l _ 3w)]_%(}+i)}
X E {,12 - ;LCM — 3)[po(1 — 3w)] 2 (572 — }L(leo(l — W) (1 - 3w)

(=)
1+w

N|=

x  [po(1— 3w)]—%<ﬁ%)} — 20212 (1 + w)? {52 + %C’l[po(l — 3w)]”
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x - [52(1 = 30) + Cu{2(1 — 30) + (1 + )} po(1 — 3w)] H(52)

1 3tw

— ZClpO(l —w)(1 = 3w)[po(1 — 3w)]_é(1+w)] Jigo( 0)] ;

Ay = 2K2 H3p0(1 + w) {52 + %Cl [po(1 — 3w)]™

X

{Fﬂ +5Cilm(1 - 3@]—;(1;:)} 2 flggwo)} ( - 1Ci(w=3)

X [po(1 = 3w)]_%(ﬁ> - icmo(l —w)(1 —=3w)[po(1 — 3w)]_§<m))

3 1 1(1-w
— {§p0(1 + w) |:I<&2 + 56'1[;)0(1 — 3w)]2(1+w>} + 7? — 4p2 (1 + w)?

X

4 5Cilm(1 = 3 )| flgg<90>} (+(1 = ) + 1201 — 30)

F @)ool - 3] H05) — 21 - w)(1 - 30)

X [pof1 — 3w)] ).
The solution is given by
U(n) = die™ " + doe™™ + dze™ " + dye™s,

where dj;’s represent integration constants and frequencies 27 g are

A F /AZ _1AGA
02, = 2T T VETT PRl (4.3.9)

A
2A¢

To discuss stability of EU against inhomogeneous perturbations, we introduce
the notation ¢4 = —2p¢ f1,,(Go). Figures 4.7 and 4.8 show the stable regions for
closed and open universe models, respectively with C; = —1. Blue regions indicate
the existence of stable EU for Q2 while the regions occupied by red dashed lines

correspond to Q2 respectively. The stability of the system is described by regions



Figure 4.7: Regions of stability in (w,(y) space for = 1 with ¢» = 2 (left) and
1 =15 (right).

Figure 4.8: Regions of stability in (w, () space for K = —1 with ¢? = 2 (left) and
¥? =15 (right).
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shared by all frequencies. Figure 4.7 shows that the stability of EU increases as the
value of v increases in the background of closed universe whereas it decreases for
K = —1 as ¥? increases (Figure 4.8). The f(G) models satisfy the stability condition
f146(Go) < 0 for positive values of parameter (4. For C; = 0 = f1,,(Go), the frequency
02 diverges while QF = 1x%po(1 + w)(1 + 3w), which is in agreement with the results
of GR for -1 <w < —1/3 [26].

4.3.2 Case II: V°T,3#0

Here, we explore the stability of EU when the energy-momentum tensor is not con-
served. Using (4.2.20) in Eq.(4.3.8), a fourth-order differential equation in ¥ is ob-

tained whose solution provides four frequencies as follows

—Aj F VAL — 4A0A1y

Q3,10 = 2hy

where

B = 15081+ ) 120+ b1~ 3P |2 {1 Gt - 3
= 21+ w)(b—1))[po(1 = 3w)]" ' }] fige(Go),
2 b—1 1 2 1
Bo = O+ L+ ptlm(1 = 3] |5 (2 {1 bt —3
— 214 w)(b—1))[po(1 — 3w)]"'}) — 267 p5R* (1 + w)*[K*(1 + b
X [po(1 —3w)]" M1 — 3w + ©b{2(3 — 5w) + (1 +w)(b—1)}
X [po(1 = 3w)]" " fige (Go)]
Ay = 2K [{3po(1 4 w)[K*(1 + ¢b[po(1 — 3w)]* )] + B> — 4pgh* (1 + w)?

W21+ @blpo(1 = 3)]" P froy (Go)} [ {1
3

X
l\DI»—t

21+ w)b— D)1 — 3] — {—po<1+w>[ 1+ b

\)
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Figure 4.9: Regions of stability in (w, (4) space for K = 1, ¢ = 2 with b = 2 (left)
and b =5 (right).
< [polL = 3P ]+ B — 431 + 21 + eblpo(1 - )]

X figo(Go)}[1 = 3w+ @b{2(3 — 5) + (1 +w)(b — D1 — 3w)']].

Figures 4.9 and 4.10 show the stability regions of EU against inhomogeneous
perturbations for frequencies Qf . We have taken ¢ = 1 and K = 1 with different
values of f(G,T) model parameter b and inhomogeneous perturbation mode . Red
regions represent the existence of stable regimes for Q2 while the regions occupied by
blue lines indicate Q%,. It is observed that the region of stability for whole system
decreases as the value of b increases while stability region increases with the increase
in 1. The graphical behavior of stable EU with K = —1 is shown in Figures 4.11
and 4.12. The effects of b and ¥ on the stability plots are the same as for the closed

universe.



Figure 4.10: Regions of stability in (w, (4) space for K =1, ¢ = 15 with b = 2 (left)
and b =5 (right).

Figure 4.11: Regions of stability in (w, ;) space for K = —1, ¥? = 2 with b = 2 (left)
and b =5 (right).
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Figure 4.12: Regions of stability in (w, () space for K = —1, ¢? = 15 with b = 2
(left) and b =5 (right).



Chapter 5

Reconstruction and Stability

This chapter explores the cosmic evolution and analyzes the stability of some cos-
mological models against linear perturbations in f(G,T) gravity. We apply the re-
construction technique to reproduce different evolutionary phases corresponding to
de Sitter universe, power-law solutions as well as phantom/non-phantom eras in the
context of FRW universe model. The perturbation scheme has been employed upto
first order to investigate the stability of reconstructed models describing de Sitter
as well as power-law cosmological background. Results of this chapter have been
published [61].

The format of this chapter is as follows. Section 5.1 is devoted to reconstruct some
well-known cosmological solutions for general as well as particular form of f(G,T)
function. In section 5.2, we analyze the stability of reconstructed models against

linear perturbations around FRW universe model.

83
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5.1 Cosmological Reconstruction

In this section, we reconstruct some cosmological backgrounds such as de Sitter uni-
verse, power-law solution as well as phantom/non-phantom eras in f(G,T) gravity.
The cosmic history can also be discussed through red-shift parameter (z) instead of
cosmic time. We rewrite the field as well as conservation equations in terms of new

variable A/ known as e-folding which is related to z as [29]
N =—In(1+2)=1In(a/ayp).
Using the above definition of A/, Egs.(3.1.7) and (3.1.10) become

3H? = Wpt L f(G.T)+ p(l+ ) fr(G.T) ~ 12H(H + H,,) fo(G.T)

+ 288H°(HH,  +3H) +4HH, )foq(G.T)

+ 12H'T for(G,T), (5.1.1)
x (G, for(G,T)+ T, frr(G,T))], (5.1.2)

where H = dN'/dt and d/dt = H(d/dN') and H = dH/dN. The simplest choice of
f(G,T) model (4.2.10) splits the first field equation (5.1.1) into a set of two ordinary

differential equations as
1
288H°(HH, . +3ijv +4HH ) fi5,(G)—12H*(H+H, ) f1,(9)+ 5 f1(G)—3H?* =0,

o1+ @) for(T) + 5 FoT) + K29 = 0

The field equations for perfect fluid matter distribution in f(G) gravity is recovered

if fo(T') vanishes while GR is achieved for f(G,T) = 0.
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5.1.1 de Sitter Universe

This cosmological model explains exponential expansion of the universe with constant
Hubble expansion rate defined in Eq.(3.2.12). Equations (1.2.5) and (3.1.11) give

energy density of the form
p = poe St £ 7 (5.1.3)

Using Eqs.(3.2.12) and (5.1.3) in the first field equation (3.1.7), we obtain

1 1
5f(go,T) —12H f5(Go, T) + (1 jg:) Tfr(Go, T) — 36(1 + w)HyT
27
x for(Go,T) + 1“_ o — 313 =0, (5.1.4)

whose solution is

(1—24cy HE)(1-3w) .

1 A\ meme1 i)\ i oW _
f(g,T) _ ClcgeclgT 2 14w—36c) Hj (1-3w) +0102T_5 (1 3w)

14w
2k

T+ 6H?. 5.1.5
51+ 6H; (5.1.5)

It is worth mentioning here that this equation reduces to Eq.(3.2.15) for pressure-
less matter configuration. Since we have used the continuity equation (3.1.11) in
Eq.(5.1.4), so we must constrain its solution. Solving the above equation with

Eq.(3.1.12), we obtain the following two functions

(1—24¢1 HY)(1-3w)

_1 (=24 Hg)(A=3w) 2
f3(6,T) = C162A1661QT 7 Lrw—sbe Hi(l-sw) 4 2K

1—3w

T+6H;, (5.1.6)

1-3w 2

1 2
76, T) = clcg.A2T_5(1+w>+3 “wA3T+6H§, (5.1.7)

where A;’s are constants in terms of Hy and w provided in Appendix B. For the model

(4.2.10), we have

3HE — S 11(00) +12H3 11, (G) =0, w20+ SFoT) + (14 @)pfar (T) =0, (5.1
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where the first equation corresponds to de Sitter universe in the absence of matter
contents in f(G) gravity [3]. Using the constraint (3.1.12), the second differential

equation takes the form
1
KA1 —w)T + 5(1 —3w)(1 —w) fo(T) — 2(1 + w)*T?fo,..(T) = 0. (5.1.9)

The solution of Egs.(5.1.8) and (5.1.9) gives

o PR PRy
FGT) = ee™ 4art T e et T e
2K2T
- 6H{ 5.1.10
130 Mo ( )

where ¢;’s are integration constants. Equations (5.1.5) and (5.1.10) indicate that de

Sitter expansion background can be reproduced in f(G,T) gravity.

5.1.2 Power-law Solutions

In this case, the first field equation (3.1.7) becomes

éf(Q,T) — §Qfg(g,T) + %J‘}(Q,T) - 192fgg(g,T) N 1/{_ -

where we have used Egs.(3.1.11) and (3.2.16). The solution of this differential equa-

tion is given by
f(Q,T) _ d1d3Td2gi(@1+Q2) + d2d3Td2g%(Q1—92) + dydyT? + 04T + 05T, (5‘1‘12)

where the constants p;’s (k = 1...6) are given in Appendix B. Inserting Eq.(5.1.12)

in (3.1.12), we obtain

[5G, T) = didsB TG ) 4 4, dy BT + BsT + BT, (5.1.13)
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fo(G,T) = dodsRiT®G3@ %) 4 didyRyT + R3T + RaT®.  (5.1.14)

where B,’s and R;,’s are mentioned in Appendix B. Now we find the expression of
f(G,T) for the choice of model (4.2.10). The differential equation (5.1.11) splits into

two ordinary differential equations given by

F16) = G110(0) ~ 1 Fi00(6) =0,

4(1 4 w)? 2r*T T RE =
MO~ Gy e D s ()

The solution of these equations provide f(G,T) model as

N T S S s O B ]
f(G,T) = &G+&G T +6T + 4T
2*T 5421 (1 — w)(1 — 3w)

1 —3w - 9A2(1 —w)(1 — 3w) — 8[2 — 3A(1 + w)]

T ST
- - 5.1.15
<Po(1 - 3w)) 7 ( )

where ¢;’s are constants of integration. Thus, the power-law solutions are recon-

structed which may be helpful to discuss the cosmic background in f(G,T') gravity.

5.1.3 Phantom and non-Phantom Cosmic Eras

Here, we reconstruct f(G,T) model which can explain the system including both
phantom as well as non-phantom cosmic eras. In GR, the Hubble parameter describ-
ing the phantom and non-phantom matter configuration is given by [29]

H? = g(ppai’ + pqa_i’), (5.1.16)
where l;, pp and p, represent the model parameter, energy densities of phantom and

non-phantom matter distributions, respectively. When a(t) is large, the first term



88

on right hand side dominates which corresponds to the phantom era of the universe
with w = —1 — b/3 < —1. The non-phantom era is observed for w = —1 4 b/3 > —1

when a(t) is small and the second term dominates. We rewrite H(t) in terms of a

new function S(N') as H? = S(N) so that Eq.(5.1.16) becomes
S(N) = Spe?N + eV, (5.1.17)

where S, = %2 ppag and S, = %quag ®. The GB invariant takes the form

G = 24S5*(N) + 12S(N)S pr(N). (5.1.18)
Substituting Eq.(5.1.17) in (5.1.18), we obtain a quadratic equation in eV whose
solution is given by
i ~(188,5,-0) % v (185,5, — G2 = 5T6(4 - I3s7 L,
24(2 4+ b)S? ’

For the sake of simplicity, we consider b = 2 so that it reduces to

; —485,S

i _ 9= 85,5, (5.1.19)

48572
Using Egs.(5.1.17) and (5.1.19) in (3.1.7), we obtain

1 1 1
SHG.1) = SGfef(G.1) + (1 —

3(1 +w)G?T 1 3G2 k2T
a 4@-%@%SQE“ﬂQTO_Z G —435,5,  1—3w

) Trf(G.T) + G foaf(G,T)

=0,

which is a complicated partial differential equation whose analytical solution cannot
be found. To find the reconstructed f(G,7T) model, we consider Eq.(4.2.10) which

gives the following set of differential equations

1

S1(9) ~ 56514(6) + G F105(0)

1 3G2

“i\g-usss, — Y
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22T
T2 T =0
f2TT( ) + 1— 3w )

4(1 4 w)?
(1—-w)(1-3w)

fo(T) =

where we have used the additional constraint (3.1.12) in the second equation. The

solution of these equations leads to

~ - L1 V20-wi2e?) L1 /2(-w+20?)
f(g7 T) e d1g§ + ng + d3T2 14w + d4T2 14w

1 (136 =5,5) )
wers [gtan (12,/ 55 21/35,5,G

2K2T
In (g ~ 245,85, +1/6(G - 485,,511))] -

X

(5.1.20)

Thus, phantom and non-phantom cosmic expansion history can be discussed in this

gravity.

5.2 Stability Analysis

In this section, we analyze stability of some cosmic evolutionary solutions about linear

homogeneous perturbations in this modified gravity. We assume a general solution
H(t) = H.(t), (5.2.1)

which satisfies the basic field equations for FRW universe model in f(G,T) gravity.

In terms of the above solution, the expressions for G, and T, are
G, =24HX(H! + H,) = 24H}(H, + H, ), T. = p.(t)(1—3w).

For any particular f(G,T) model that can regenerate the above solution (5.2.1), the
following equation of motion as well as non-zero covariant divergence of the energy-

momentum tensor must be satisfied

1
SH2 = W2p+ (1 +w)pufi + 5f* — 12H}(H. + H. ) f + 288
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6 2 * 4 *
x HJ(H.H, -+ 3H,  + AH.H. ) [5q + 12HT. _ for,
-1 1 N X
ey T3 +Wpe = ——F [T, +2wp. Vfr+ (1 +w)p. (Ge for
K24+ fr]2

+ T*,Nf;”T)} )

where superscript * denotes that the function f(G,T) and its corresponding deriva-
tives are calculated at G = G, and T = T.. If the conservation law holds, we obtain

energy density in terms of H,(t) as

R
p*(t) _ poe—?)(l—i—w) H*(t)dt‘

The first order perturbations in Hubble parameter and energy density are defined as

H(t) = Ho(t) (1 +6(),  p(t) = pu()(1 4 0 (1)), (5.2.2)

where 0(t) and 6,,(t) are the perturbation parameters.
In order to analyze first order perturbations about the solution (5.2.1), we apply

the series expansion on the function f(G,T) as
F(G.T) =+ f5(G =G+ f7(T = T.) + O, (5.2.3)

where O? involves the terms proportional to quadratic or higher powers of G and T
while only the linear terms are considered. Using Eqgs.(5.2.2) and (5.2.3) in (3.1.7),

we obtain the following perturbed field equation
X104+ %20 + X360 + X40pn + X506, = 0, (5.2.4)

where X,,’s (b = 1...5) are given in Appendix B. Inserting these perturbations in

Eq.(3.1.10), the perturbed continuity equation is

30+ Usd 4 Usgd + Ly0, + Us0, = 0, (5.2.5)
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where 4,,’s are provided in Appendix B. If the conversation law holds in this modified

gravity, Eq.(5.2.5) reduces to
om +3(1 +w)H,6 = 0. (5.2.6)

The perturbed equations (5.2.4) and (5.2.5) are helpful to analyze the stability of any
specific FRW cosmological evolutionary model in f(G,T) gravity. For the particular

model (4.2.10), these perturbed equations reduce to

X160+ X20 + X30 + X506, = 0,

U168 + 8040, + Usd = 0,

where the coefficients of (4, d,,) and their derivatives are provided in Appendix B.
In the following subsections, we investigate the stability of de Sitter and power-law

solutions.

5.2.1 de Sitter Universe Models

Consider the de Sitter solution H,(t) = Hy, the perturbed equation (5.2.4) takes the

form

288 HS f350 + (864H  fog + 24p. Hy(1 + w) for — 864p, Hy (1 — 3w)
X (L+w)fogr) 0+ (—6HZ — 1152H; f35 + 12p, HZ (1 + w)[8H]
— 9H{(1 — 3w)] fgr — 3456, HY (1 — 3w)(1 4+ w) fogr) 6 + 12p. H}
X (1= 30 b+ (Kot 303 )2 21— 3N+ )
— 12p,H3(1 — 3w)[Hg + 3(1 + w)Hg| for — 36p2Hy (1 — 3w)?(1 + w)

X forr) Om =0, (5.2.7)
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Figure 5.1: Evolution of perturbations 6(¢) and d,,(¢) for model (5.1.6) with w = 0.

where the superscript 0 represents that the function f(G,7T) and its corresponding
derivatives are evaluated at Gy and Ty. We consider the conserved perturbed equation
for stability analysis since the de Sitter solutions are constructed using the relation
(3.1.10) in the previous section. The numerical technique is used to solve Eqs.(5.2.6)
and (5.2.7) for the model (5.1.6). The evolution of 6(¢) and d,,(t) are shown in Figure
5.1. We consider Hy = 67.8 and x? = 1 throughout the stability analysis of de Sitter
universe models whereas integration constants are ¢; = 1 x 107% and ¢, = —1 x 1073,
Figure 5.1 shows smooth behavior of §(¢) (left) and 4,,(¢) (right) which do not decay
in late times indicating that de Sitter model (5.1.6) is unstable.

The stability analysis of model (5.1.7) with same integration constants is shown
in Figure 5.2. In the left panel, it is observed that small oscillations are produced
about ¢ = 4 while it decays in late times, thus the model (5.1.7) shows stable behavior

against perturbations. For model (4.2.10), Eq.(5.2.7) becomes

288H{ 1. 0 + 864H] £ 0 — (6Hj + 1152HS f{ )6

1
+ (“Qp* + 5p*(3 —w) fe. 4+ p2(1—3w)(1+ w)ngT) om =0, (5.2.8)

Figure 5.3 represents the behavior of §(¢) and 0,,(¢) for model (5.1.10) with inte-



o(t)
25x10°° —
2.x10°° —
15x107° —
1.x107° —

5.x100F

8

10

t

Om(®)

0.00998655 |-

0.00998650 [

0.00998645 |-

0.00998640 |-

93

Figure 5.2: Evolution of perturbations 6(¢) and 0,,(¢) for model (5.1.7) with w = 0.
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Figure 5.3: Evolution of perturbations §(¢) and §,,(t) for model (5.1.10) with w = 0.
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Figure 5.4: Evolution of perturbations 6(¢) and d,,(¢) for model (5.1.10) with w = 0.
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gration constants ¢; = —10, ¢, = 0.001 and ¢3 = 1. It is observed that oscillations
in perturbation parameters are produced initially. This oscillating behavior is clearly
observed in Figure 5.4 which decays in future for both 6(¢) as well as d,,(¢) and hence

the solution becomes stable.

5.2.2 Stability of Power-law Solutions

Here we investigate the stability of power-law solutions. We first consider the recon-
structed power-law solution (5.1.13) and numerically solve Eqs.(5.2.4) and (5.2.6).
For this model, we choose integration constants d; = 10, dy = —0.5 and d3 = —1000.
Figure 5.5 shows the oscillating behavior of perturbed parameters (§(t), d,,(t)) for
the cosmic accelerated era. The perturbations around the power-law solutions decay
in future leading to stable results. The radiation as well as matter dominated eras
cannot be discussed for the model (5.1.13) because singular as well as complex terms
appear which lead to non-physical case.

Secondly, we consider the model (5.1.14) and analyze its behavior against linear
perturbations. Figure 5.6 shows the fluctuating behavior of considered perturbations
in the cosmic accelerated phase for d; = 0.001, dy = —0.61 and d3 = —1000. It is
observed that the oscillating behavior disappears in future while both perturbation
parameters will not decay in late times leading to unstable cosmological solutions. The
considered model cannot explain the cosmological evolution corresponding to matter
and radiation dominated eras like previous model (5.1.13). Lastly, we explore the
stability of model (5.1.15) with integration constants ¢; = —2, é = —0.6, ¢; = 1000
and ¢, = 0.01. Figure 5.7 represents the evolution of (d, d,,) versus time in which the

left panel shows that the oscillations of 4(¢) decay in late times while fluctuations of
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Figure 5.5: Evolution of perturbations §(t) and 6,,(t) for model (5.1.13) with w = —0.5
and \ = 2.
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Figure 5.6: Evolution of perturbations §(t) and d,,(t) for model (5.1.14) with w = —0.5
and \ = 2.

0 (t) remain present in future indicating that power-law model (5.1.15) is unstable.
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Chapter 6

Concluding Remarks

In this thesis, we have discussed dynamical instability for spherical star filled with
anisotropic fluid evolving under expansion-free condition in f(G) gravity. We have
presented a new framework to explore the cosmic evolution as f(G,T) theory of
gravity. We have investigated the effects of non-minimal curvature-matter coupling on
test particles. The energy constraints have been studied in the presence of pressureless
fluid for two reconstructed f(G,T) models. We have analyzed the stability regions
for EU against homogeneous as well as inhomogeneous perturbations. Some cosmic
evolutionary backgrounds have been reproduced and examined their stability against
linear perturbations. In the following, we summarize and briefly discuss the main
results of this thesis.

In chapter TWO, we have investigated the problem of instability in the back-
ground of f(G) gravity for expansion-free spherical anisotropic fluid configuration.
We have applied the perturbation approach upto first order to all metric and matter
variables. The field as well as dynamical equations are formulated for both static and

non-static configurations. We have characterized the terms belonging to N, pN and

97
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parameterized pN approximations by expanding Eq.(2.3.5) upto order C~*. The insta-
bility of expansion-free fluid has been discussed by Eq.(2.3.9) upto pN approximation.
We have found that instability of spherical matter distribution under expansion-free
condition depends on metric functions, matter variables and higher order curvature
terms but is independent of I'. The absence of I" shows that range of instability has
not been affected by fluid stiffness. For constant GB invariant, the inequality 7 > v,
appears in N regime due to f(G) gravity. This range of instability confirms the pres-
ence of vacuum cavity within the fluid configuration which indicates compatibility of
our results with expansion-free scenario.

In chapter THREE, we have investigated energy constraints in the context of
FRW universe model filled with dust fluid for the two reconstructed f(G,7T") models.

The results are summarized as follows.

e For de Sitter reconstructed model, the energy bounds depend on three parame-
ters t, c¢; and co. We have plotted NEC and WEC against ¢ and ¢y with four
possible signatures of ¢; and ¢y (Figures 3.1-3.4). It is found that NEC and
WEC are satisfied for ¢; > 0 and ¢ < 0 throughout the time interval while for
cases (¢1,¢2) > 0 and (c1, c2) < 0, energy conditions are satisfied for small values
of ¢;’s in a very small time interval. It is observed that NEC shows positively
increasing behavior for all negative values of ¢; with co > 0 while the validity

ranges of WEC have dependence on ¢;.

e For power-law reconstructed model, we have explored the behavior of four pa-
rameters t, di, do and d3. We have taken —10 < d; < 10 and found the valid
regions where energy conditions are satisfied for appropriately chosen values of

remaining parameters.
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Chapter FOUR explores the stability of EU against homogeneous as well as
inhomogeneous scalar perturbations in the presence of perfect fluid in f(G,T') gravity.
We have considered specific f(G,T) form (4.2.10) and constructed the fourth-order
perturbed differential equation whose solution provides four frequencies to analyze the
stability of EU. The stability analysis is carried out for both zero as well as non-zero

divergence of the energy-momentum tensor. The results are summarized as follows.

e For conserved case, the stable EU exists for all considered positive values of

integration constant C; while no stable region exists for C; = —1.

e For non-conserved case, the stable regions exist for all considered values of

model parameter ¢ with b = 1.
In case of inhomogeneous perturbations, we have obtained the following results

e For conserved case, the stable solutions are found for both closed and open
cosmic geometries for all considered values of parameters. The stability of EU
increases as the value of inhomogeneous mode v increases for closed universe

while it decreases for open geometry of the universe as 1)? increases.

e For non-conserved case, the region of stability decreases as the values of b in-
creases while stability regime increases with the increase in inhomogeneous mode

for closed as well as open geometries of the universe.

In chapter FIVE, we have employed the reconstruction scheme to f(G,T) gravity
in the background of FRW universe model to reproduce some important cosmological
models and have analyzed the stability of these reconstructed models. The results

are summarized in Table 1. In this table, v' and x represent that f(G,T) gravity
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reproduces and fails to reproduce the corresponding cosmological backgrounds, re-

spectively.

Table 1: Cosmological evolution in f(G,T) gravity.

Q

Cosmological Backgrounds | General f(G,T) Model | Particular f(G,T) Model

de Sitter Universe

Power-law Solutions

x|

v
v
Phantom/non-Phantom Eras v

In order to analyze the stability of f(G,T) models which reproduce de Sitter and
power-law cosmic history, we have applied the perturbations to H(t) and p(t) upto
first order. The perturbed configuration of field equation as well as conservation law

are constructed whose numerical solutions provide stable/unstable results.

e For the de Sitter universe, the evolution of perturbation indicate that models

(5.1.7) and (5.1.10) are stable against linear perturbations.

e For the power-law universe, the stability analysis shows that f(G,T) gravity
fails to reproduce matter and radiation dominated eras while stable results are

obtained for accelerated phase of the universe for model (5.1.13).

There are many open issues that need to be resolved in the newly developed

f(G,T) gravity. It would be interesting
e To explore ghost instabilities due to the presence of curvature-matter coupling.
e To construct viable models satisfying the solar system constraints.

e To discuss the dynamics of self-gravitating system with and without expansion-

free condition as well as determine the role of electromagnetic field.
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e To investigate the stability of EU against vector, tensor as well as anisotropic

perturbations.

e To study different cosmic eras corresponding to anisotropic solutions.

e To discuss black hole thermodynamics.
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The expressions for =;, and =, in Eqs.(2.2.18) and (2.2.19), respectively are
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The value of expansion-free higher curvature term Z3 in Eq.(2.3.6) is of the form
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The expressions for A;’s in Eq.(2.3.9) are given as follows
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Appendix B

The expressions for A;’s in Egs.(5.1.6) and (5.1.7) are
A = 18ciHj[8ci Hi{2(2 4 59w?) — 11w(5 — 3w} — (1 — 11w)(1 — w?)]
x [l 4w —36c,Hy(1—3w)] 2,
Ay = 18ciHy[(1 — 11w)(1 — w?) — 8c1 Hy{2(2 + 59w?) — 11w(5 — 3w?)}]
(14 w)(1 — 24c; HY){1 + w — 6e, Hy (5 — 4w — 33w},
As = —[18ciHy(1 — 32¢1Hy) — 3w{l — 6¢, Hy (3 — 352c, Hy)}
— 2wH1 — 9e  H (7 — 1248¢1 Hy)} + w*{1 — 5dey Hy (T — 480c1 Hy) }]
x (1 —3w)(1 —24c; H){1 +w — 6c, Hy (5 — 4w — 3302}~
The values for g;’s in Eq.(5.1.12) are

o = 35 AM1+3d(1+ ),
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The expressions for By’s and €’s in Eqs.(5.1.13) and (5.1.14), respectively are
2
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d
0s = é [6du A\ (1 + w)? — 3A(1 + 5w + 2w?) + 2(01 — 02)] -

The values of X;’s in Eq.(5.2.4) are given as follows
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X
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N+ x 4+ |
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288H? 5,
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1
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The expressions for 4;’s are
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For model (4.2.10), the coefficients of (J, d,,) have the following expressions

288H. 1.,
288HO(3H? + 5H.) f{,, + 6912HT (AH?H, + 2H? + H.IL)f;, .,
—6H? — 2AHH. ff, — 288HA(4H! — 23H?H, — 11H? — 6IL.11,)
Fiog +692HO (AH? + H)(AH2H, + 212 + H ) f7, .
1 , .

Kope = 5w =3)p.f5, + (1= 3w)(1 + w)pifs,,,
3(1 + W)P*H*(’f2 + fQT)7

3 . . 15
—SpH(L4w) (1= w)fs, + 2021+ W)L = 3w)f5,, ] = S P2,
(1=3w)(1+w)’fs.,,

po (W4 5605, )+ L+ )0 = 362,
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List of Publications

The contents of this thesis are based on the following research papers published
or submitted in journals of International repute. These papers are also attached

herewith.

1. Sharif, M. and Ikram, A.: Instability Analysis of Fxpansion-free Sphere in

f(G) Gravity,
Int. J. Mod. Phys. D 26(2017)1750104.

2. Sharif, M. and Ikram, A.: Energy Conditions in f(G,T) Gravity,
Eur. Phys. J. C 76(2016)640.

3. Sharif, M. and Ikram, A.: Stability Analysis of Einstein Universe in f(G,T)
Gravity,
Int. J. Mod. Phys. D 26(2017)1750084.

4. Sharif, M. and Ikram, A.: Inhomogeneous Perturbations and Stability in f(G,T)
Gravity,
Submitted for Publication.

5. Sharif, M. and Ikram, A.: Stability Analysis of Some Reconstructed Cosmo-
logical Models in f(G,T) Gravity,
Phys. Dark Universe 17(2017)1.

Also, the following papers related to this thesis have been published, accepted or
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1. Sharif, M. and Ikram, A.: Warm Inflation in f(G) Theory of Gravity,
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115



116

. Sharif, M. and Ikram, A.: Inflationary Dynamics f(G) Gravity,
Int. J. Mod. Phys. D 26(2017)1750030.

. Sharif, M. and Ikram, A.: Thermodynamics in f(G,T) Gravity,
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Submitted for Publication.
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Int. J. Mod. Phys. D 27(2018)1750182.

. Sharif, M. and Ikram, A.: Anisotropic Perturbations and Stability of Static
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. Sharif, M. and Ikram, A.: Cosmic Evolution of Holographic Dark Energy in
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The aim of this paper is to study the dynamical instability of expansion-free spherically
symmetric anisotropic fluid in the framework of f(G) gravity. We apply perturbation
scheme of the first-order to the metric functions as well as matter variables and construct
modified field equations for both static and perturbed configurations using power-law
f(G) model. To discuss the instability dynamics, we use the contracted Bianchi identities
to formulate the dynamical equations in both Newtonian and post-Newtonian regimes.
It is found that the range of instability is independent of adiabatic index for expansion-
free fluid but depends on anisotropic pressures, energy density and Gauss—Bonnet (GB)
terms.
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1. Introduction

Dark energy (DE) and dynamical instability of celestial objects are the most fasci-
nating issues of cosmology and astrophysics. The observational data from supernova
type Ia, cosmic microwave background radiation, large scale structure, etc. unam-
biguously proved this expanding behavior of the universe.! This cosmic expansion
is considered as a result of DE which possesses repulsive nature but its complete
characteristics are still not known. The modified theories are taken as the favorable
candidates to discuss the nature of DE. Such modified theories are obtained by
including the scalar invariants and their corresponding arbitrary functions in the
Einstein—Hilbert action.

Gauss—Bonnet (GB) invariant being a linear combination of the Riemann tensor,
Ricci tensor and Ricci scalar has attained special attention in cosmology defined as

G = R> — 4R, R" + Ryen RM4N.
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This possesses a remarkably interesting feature that it is free from spin-2 ghosts
instabilities.? It is a four-dimensional topological quantity which has trivial con-
tribution in field equations when added linearly in the Lagrangian. The coupling
of G with scalar field helps to study dynamical effects of G and naturally appears
in low energy string effective actions.® Without introducing the scalar field, Nojiri
and Odintsov? studied the effects of G in four dimensions by adding f(G) in the
Einstein—Hilbert action named as f(G) theory of gravity.

The interesting features of late-time cosmology such as transition from deceler-
ation to acceleration, crossing the phantom divide line and current cosmic acceler-
ation with effective equation-of-state have been discussed for a suitable choice of
f(G) model.* De Felice and Tsujikawa® studied cosmologically viable f(G) gravity
models and found that these models are consistent with solar system constraints
for a wide range of model parameters as well as responsible for late-time cosmic
acceleration. Zhou et al.% explored the phase space analysis for these models and
obtained conditions on their cosmological viability. Sharif and Fatima” discussed
the role of GB term for the early as well as late-time accelerating phases of the
universe in the background of flat FRW universe model.

Gravitational collapse of celestial objects is the captivating issue in general
relativity as well as modified theories of gravity. This naturally occurring phe-
nomenon takes place when the hydrostatic equilibrium state of stellar objects is
destroyed. During collapse, these heavenly objects pass through several stages which
are described by dynamical equations. The existence of static stellar objects are
interesting only when they show stable behavior against fluctuations. The issue
of dynamical stability/instability in collapsing stars is important in the formation
and evolution of celestial objects. In 1964, Chandrasekhar® analyzed the dynamical
instability for isotropic spherical star through adiabatic index (I"). This index mea-
sures the change in pressure with respect to given variation in density, thus leading
to fluid compressibility.

Herrera et al.” investigated the dynamical instability of spherical star filled
with nonadiabatic isotropic fluid and found that the instability range increases at
Newtonian (N) approximation. Chan et al.l® studied the instability ranges at N
and post-Newtonian (pN) regimes for spherical star filled with matter, anisotropic
pressures, dissipation and shear viscosity. Sharif and Bhatti'! explored the role of I'
in both N and pN regions for nonstatic axially symmetric spacetime with anisotropic
fluid distribution.

Expansion-free condition has a significant importance in astrophysics for
describing the evolution of collapsing fluid after explosion. The vanishing of expan-
sion scalar forms the cavity inside the fluid which was first observed by Skripin for
spherical nondissipative isotropic fluid configuration.!? Herrera et al.'® discussed
that the innermost shell of the collapsing fluid moves away from the center for
zero expansion condition and consequently, a vacuum cavity is formed within mat-

l.14

ter distribution. Herrera et al."* explored the evolution of cavities using kinemat-

ical condition (other than zero expansion) for dissipative anisotropic spherically
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symmetric matter distribution. Thus, expansion-free state is a sufficient condition
for the existence of cavities inside the fluid but the converse does not necessarily
hold.

Herrera and his collaborators!® investigated the dynamical instability under
expansion-free condition in N and pN regimes for nondissipative anisotropic matter

16 axamined

distribution using spherically symmetric spacetime. Sharif and Azam
the stability for cylindrical anisotropic fluid distribution and found that the stability
only depends on energy density inhomogeneity and pressure anisotropy. It is found
that the instability ranges for planar geometry is greater than the spherical under
zero expansion condition.!” Sharif and Bhatti'® discussed the effects of electromag-
netism on the stability for cylindrical as well as planar geometries using the same

19 investigated the stability of self-gravitating fluids

condition. Abbas and Sarwar
in Einstein GB gravity and analyzed the results graphically. Dynamical instabil-
ity under expansion-free condition is also widely studied in modified theories of
gravity.2?

In this paper, we study dynamical instability of spherically symmetric
anisotropic collapsing fluid under expansion-free condition in the framework of f(G)
gravity. The paper has the following format. In Sec. 2, we construct the field equa-
tions of f(G) gravity, dynamical equations and junction conditions while Sec. 3
covers the perturbation scheme. Section 4 is devoted to analyze the dynamical
equations at N and pN approximations under expansion-free condition and corre-
sponding instability ranges are examined. The results are summarized in the last
section.

2. Dynamics of f(G) Gravity

In this section, we construct the field as well as dynamical equations and matching
conditions in f(G) gravity for spherically symmetric spacetime. The action for f(G)
theory of gravity is defined as?!

Sie) = /d4x\/—_g<R+f(g) +£m), (1)

2K
where k, g and L,, denote the coupling constant, determinant of the metric tensor

and Lagrangian density associated with matter distribution, respectively. Variation
of f(G) action with respect to g,, yields the field equations as follows:

G = KLY = k(T +T7), (2)

where G, and ’]L(Zn ) represent Einstein tensor and energy—momentum tensor,
respectively whereas the GB contribution is given by

1

KT, = 59 f(G) = 2RRy F + AR,¢RSF — 2R,¢0o RS F — AR RF
+2RV,V,F — 4RV VcF — ARV, V¢F — 2g,, RV*F + 4R, V*F
+ 49, R*"V ¢V, F — AR,¢,, V*V"F, (3)
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where F' = df(G)/dG and V? = V,V*. The matter distribution for the collapsing
fluid is encapsulated by 3D spherical hypersurface Y.y which separates the 4D line
element into interior and exterior regions.

The spherical symmetric spacetime interior to ¥ () in comoving coordinates is
of the form

ds* = —A%(t,r)dt? + B2(t,r)dr* + C*(t,r)(d6? + sin?dp?). (4)

Assume that the metric coefficients are positive functions in which A(¢,r) and
B(t,r) are dimensionless while C(¢,r) has dimension of length. The energy—
momentum tensor for nondissipative anisotropic fluid is

TMV = (p+PJ_)VMVV +PJ_g/w + (Pr _PJ_)XHXVﬂ (5)

where p, P., P1,x, and V), are the energy density, radial pressure, tangential pres-
sure, unit four-vector in radial direction and four velocity of the fluid, respectively.
The quantities V), and yx,, satisfy the relations V,V* = -1, x,x* =1, V,x* =0
and are defined as

Vi=AT1SE, x* =B (6)

The expansion scalar (© = V*#, ) is given by

1(B 20
@—z<§+7)’ Q

where dot denotes the time derivative. Gauss—Bonnet invariant for Eq. (4) takes
the form
1, G2 C2) (A48 A\ BfAB B
A2 B? B\ AB A A\ AB B
Lezfac ey fac cry 2 fAC AC
AB \ AC  BC AC C B\ A? B2

B'C’ 20 [ B¢ BC 2 . .
><<c“— C>+—C< C+—C>+—(sz_cc”)

8
ABC?

g:

B A\ B? A? AB
2B (ic*  BC”
A\ )| ®)

where prime represents the derivative with respect to r. Using Egs. (2)-(6), we
obtain the following set of field equations:

e L (1 PN [(AV A faan a
rpA” = AT+ {1+ c) Be2YB\AB ~ 2

A2 B2
B(AB B)} AB . 4A2B' . 4A2
F+

F+ F F”

B(C? B3C2°  B2(C2

A

AB B
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The dynamical equations play a crucial role to discuss the fundamental charac-
teristics of collapsing stars which are formulated through contracted Bianchi iden-
tities G5V, = 0 and G/ x,, = 0 as follows:

p B C B
A+(P+PT)AB+2(P+P¢)AC A =0, (13)
P Al c’

where the expressions for A; and As are given in Appendix A. The mass function

for spherical symmetric spacetime is?2

C C'«Q 012
m(t,T):E<1+F—§>, (15)

which describes the total energy of collapsing star with radius C. The proper time
and radial derivatives are defined as

Do = ——. (16)
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The proper time derivative of C(t,r) gives the collapsing fluid velocity, i.e. U =
%, (U < 0). Taking the proper radial derivative of mass function, we obtain

1 T8 T4 (U
Do — ~ k(2 00 ‘o1 1
cm = [” A2~ AB <E>} (17)

where E = % =(1-22+ U?)2. This radial variation shows the effect of GB
terms and energy density on mass between neighboring spherical surfaces which
would decrease due to repulsive nature of DE. Integration of Eq. (17) yields

L [“Tef Tg T4q(U
== 200 _ o2 . 1
=g [ [c {p+A2 AB<E>HdC 1s)

We take the following line element outside to 3,

2M
ds? = — (1 — _> dr? — 2drdr + r?(d6? + sin?0d¢?), (19)

r

where 7 and M represent the retarded time and total mass of the fluid. We consider
Darmois junction conditions for the smooth matching of (4) and (19) spacetimes.?3
On the boundary surface ¥, the continuity of the line elements and extrinsic
curvatures yield the following relations
Ty T4
M—m(t,r), Pr—*E*E (20)
It is well known that vanishing of expansion scalar forms a vacuum cavity inside the
fluid. Such models require an additional boundary surface ;) between the cavity
and fluid distribution. The matching of Minkowski line element inside the cavity to
the collapsing fluid over ¥;) gives
15 TS
m(t,r) =0, P, = —A—% — ﬁ
It is worth mentioning here that the cosmic voids (underdense regions and sponge-
like structures) are the physical examples of expansion-free models. Voids vary
in size from minivoids to macrovoids and occupy 40% of the universe.2* They are
usually considered as spherical vacuum cavities surrounded by the fluid distribution
but generally voids are neither spherical nor empty.?®

3. Perturbation Scheme and f(G) Model

In this section, we take a particular f(G) model and use perturbation approach to
discuss the evolution of zero expansion collapsing matter distribution. The consid-
ered viable f(G) model is given by?°

f(G) = pBg", (21)

where n > 0,%# 1 and ( is an arbitrary constant. In the perturbation scheme, it
is assumed that initially all metric components as well as physical quantities are
in static equilibrium, i.e. they possess only radial dependence but as time passes,
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these quantities also become time dependent. For the first-order perturbation, we

consider
A(t,r) = Ao(r) + a1 (t)a(r), (22)
B(t,r) = Bo(r) + «T'(t)b(r), (23)
C(t,r) = Co(r) + aT(t)e(r), (24)
p(t, ) = po(r) + ap(t,r), (25)
P,(t,r) = Pyo(r) + aP.(t,r), (26)
Py (t,7) = Pio(r) + aPy(t,r), (27)
m(t,r) = mo(r) + am(t,r), (28)
o(t,r) = ad(t,r), (29)

where 0 < a < 1 is a perturbation parameter and subscript zero denotes the static
part of the corresponding quantities. The expressions for G and f(G) model are

G(t,r) = Go(r) + T (t)g(r), (30)
F(G(t,r)) = BGg + abnT(t)g(r)Gy ", (31)
F(t,r) = BnGy ™" + afn(n — 1)T()g(r)Gy . (32)

We take Cy(r) = r as Schwarzschild coordinate and static configuration of G
and field equations are given by

_ 8 LN\ (4BY )\ 24B)
o= | () (5 4) -5 o

1/1 1  2B)\ 1 Al 1\ .
Y 4 1— — n—1
P 7"<r rB§+BS’)+ ﬁg0+ﬂn2AB2 B2 )0

Ao B} 3 pt —1 .
(1) (5 -l (-

(34)

1 AN 1 Apn TABL (. 3
(1B rarto) -~ lagr 0%y 3
r2Bg( o+ er> 590 +r2AOB§{ Bo B

1 . A n—
Aé’(lB_%)] 0 1+4ﬁn(n1)r2A§B§( 32)90 G (39

Al ABI\ /1 46n 1 AL B\ 1
poo— (Zo_AoBo) 1 A0 oy Ao bo\ _Lloan
Lo (AO AOBO) <Bg 1252 Yo A, B,) 2%

HPTO =

]. A// 314/ Bo 1 ! AIO —2 7 /
— =0 _ )y -1 i .
4ﬁn <A0 A()B() ) ( 0 ) ﬁN(n )TAoBg (go go)
(36)
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Using Egs. (22)—(32), the perturbed configuration of G and the field equations are
given in Appendix B. The static perturbation scheme is identically satisfied for
the first dynamical equation (13) whereas for Eq. (14), we obtain the following
expression:

A2 11 2 1\ Al

P! Po)-2+Z(Po—P 4G =Gl — == (1- = | =2

fo+ (ot o) g+ 2P = P+ 40mG3 1|30~ 7 (1 3 ) 4

Lol INAY L (0 TNARB 1 (1) A
TQBg Bg AO Tng Bg A()BO TQBg Bg A%

1 3\ A,BY 2 3\ A,B) 1 3\ AZB)
~Sml\l T ; abe Tl R T o\l 52 ) 2

T BO BO A()BO T BO BO A()Bg T BO BO A()BO

3 5\ ALBf
——|(1- =5 00 | =0. 37
o (1) 0

The perturbed configuration of Eqgs. (13) and (14) are

. b c :
P+ |:(p0 + Pro)— +2(p+PJ_0); +A1p] T

By
[ b 1 2Bl ] ...
48nGR1 = l—— |- 52| T =0 38
4y R[TQA(%BO( Bg> r%ﬁl%Bé}T ’ (38)
1 |- AL 2
— |P +(p+P)2+=(P.—P
Be -+ (0 + )A0+'r( L)

+ {(po + Pro) <Aio>/ +2(Pro — P1o) (g)/} T

A2
_ﬁ |:P7£0+(100+P1"0)A_0+_(PTO_PJ_0):|T+A2p:07 (39)
0 o r

where Aj, and Ay, are given in Appendix B. Integration of Eq. (38) with respect
to time leads to

b c
p+ [(po + Pro)—= +2(p+ PJ_O); + Alp:| T

By
1 b 1 2¢B|, ..
4 (O [ ([ R ——— N i 0 40
+4bnGe LQAgBO < Bg) TQA?)BS’} (40)
Using Eqgs. (7) and (29), we obtain
~ 1 b 2c\
O=—|—+—|T. 41
A(] <Bo + T ) ( )

The static as well as perturbed configurations of mass function are

1 1 1 |c b
(L h—_—1%1_p2 2T 42
m=g(i-g) mo-glse-mr(e-g)]r @
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The static configuration of second condition in Eq. (20) is obtained by using Eq. (35)
while the perturbed one is formulated from Egs. (B.3) and (B.4). Inserting the
corresponding static and nonstatic configurations of the second junction condition
in Eq. (B.4), we obtain the following second-order differential equation over Y(e)

T(t)+ u(r)T(t) +o(r)T(t) =0, (43)

5 (1 )

oo a2} 2) 3 ()
-8 G- 1) R)

+A?gg <;+Aio—;—z) _ﬁBg <a’—2bg—2+c’A6)}

Assume that u(r) and v(r) are positive functions to discuss the instability regions.
We obtain solution of Eq. (43) as

where

5, A
u(r) =20n(n — 1)GY 27’0320

—u+ vVu? —4v
2 )

which represents that the system initiates collapsing at ¢t = —oo with T'(—oc0) = 0.

T(t) = _eXp(QE(e)t)a QZ(@) = (44)

At this stage, the system is in static state but it continues collapsing as ¢ increases.

4. Expansion-Free Newtonian and Post-Newtonian Regimes

In this section, we identify terms associated with N, pN as well as parameter-
ized post-Newtonian (ppN) approximations and discuss the dynamical equations
using expansion-free condition. For this purpose, the second dynamical equation is
converted into centimeter-gram-second (c.g.s.) units from relativistic units. Equa-
tion (41) yields the zero expansion condition as
b 2
By 1’
For Newtonian approximation, we assume py > P,y and py > Pjo. Adding
Egs. (34) and (35) then using the static configuration of m in Eq. (42), we have
Ay r
A_() o —2my

(45)

3
5 (po + Pro) + 23 {r + 26n(n — 1)

< (6mo — 20)G5 Gy} + 46n(n — 1)(r — 2mo) = (G5 ~GpY

x [r2 4+ 20n(n — 1)(6mo — 2r)GE 2G5 L. (46)
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17

Equation (36) gives the expression for io as follows:

<

Af rt

A_oir—ng

1 n mo mo 3 n—1
KPLo + 500 — o5 — {22 (% + 80n(r — 3m0)G

1
—128n(n — 1)r(r — QmO)QS‘_z%) + T—S(r —2my)

% (7‘ _ 4ﬂn(n _ 1)(7" — 2mo)(gg_2g(/))/)} j_g]

x [r3 — 8BnmoGy " — 4pn(n — 1)r(r — 2mo)Ge 2G4 L. (47)

Similarly, the value of ‘:—/(i/ is obtained by taking the derivative of Eq. (34)

177

with respect to r. Substituting Eqs. (42), (46) and (47) along with value of % in
Eq. (37), we obtain an expression in relativistic units

1
Py = — "G {7"6(,00 + Pro) + 88nmo(2r — mo)Gy~ + 88n(n — 1)rmg
3
e r KT mo . o
X(T_3m0)g0 gé}{T—Qm |: B (,00+Pr0)+r—2{7’ + 20n

X (n = 1)(6mo — 2r)G5 72Gh} + 4fn(n — 1)(r — 2mo) =2 (G72G4)’
x [r? 4+ 28n(n — 1)(6mg — 27“)96’_2%]_1} - %ﬂn(n -1)

4 mo

1 n
0 [I‘QPJ_O‘F §ﬁg0 — 7“_3

X (7“ — 2mo)gg_2% {m

—

% (r® +8Bn(r — 3mg)Gy " — 128n(n — 1)r(r — 2mg)Gy2Gy)

=

+ L 2mo)r — 4Bn(n — 1)(r - 2mo><93—2%>'>}

w

r

r K3 mo
— Pro) + —{r* +2 -1
< [ 0+ Py + L2+ 2800 - )

< (6mo — 20008260} + 45n(n — 1 — 2m0) 2 (65267)']
x [r? 4+ 26n(n — 1)(6mg — 27’)98_296]1}]

% [r3 — gﬁnmogg}—l —4fBn(n — 1)r(r — 2m0)93‘2%]1}

dmo(2r —mg)  8my
r4(r — 2myg) ré

2
+ ;(Pro — Pyo) + kpy + Bn(n — 1)(r — 2myg)
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. {(n—2>ga< 0+ (65720 + -2y (B - 293—293}
8 2r
— =5 Bn(n = 1)(r — 3mo) {(n —2)rGy G — %QS *G6

x Bn(n — 1)G72G} + 8Bn(n — 1)(n — 2)%( — 4mo)Gr 3G (48)

In c.g.s. units, this equation becomes

1
Ply=— [r_ﬁG {rﬁ(po +C72P,g) + 8Bnmo(2r — C_QGmo)gg_l + 80n

r

X (n —1)rmo(r — 3C‘2Gmo)g€72gé} { (r —2C2Gmo)

H?"s _9 mo 2 —2 n—1n/
[—(po +C *Pyo) + = {7’ —4pn(n—1)(r —3C “Gmo)G} QO}

+4pn(n —1)(r —2C~ 2Gmo) (g{; 2GoY ] [r? —48n(n — 1)

8G
TTO Bn(n — 1)(r — 20 2Gmo )Gl 2G),

X (r— 3C_2Gm0)g(7}296]_1} —

1 1
X {('f‘ — 2C_2Gm0) |:I€PJ_07'4C—2 —Trmo + ——=—= =TE 46g0

- {?(TS +86n(r — 3¢ 2Gmo)Gy ' —128n(n — 1)(r? — 2rC~2G'my)

— 902
<3 ~2Gh) + =2~ apnn - 1) - 2c—2Gmo><98‘1g6)'>}

rC2G K13
{(T2C_2Gm0) { 5 (po +C 2Pyp) —|——{r —4pn(n —1)

X (r = 3C2Gmo)Gy "Gy} + 48n(n — 1)(r — 2¢~2Gmo) “2(G5 2%)]

x [r? —4Bn(n — 1)(r — 3C"*Gmo)Gy*Gy| - H [r® — 88nmoC GG
Ko

—4rpn(n—1)(r — QCQGmO)QSZQB]l} + %(Pro —Pio)+ o2

47710(27‘ — C_QGTTLQ) mo L
—1)(r—2
e Crms +scigiz = (=20 G
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r2

) {(” = 2)G5(957*G0)" + (957795 + (n — 2)r*Gy G <g0>

2
% zgg} - Sn(n = 1)(r - 362G s { 0 - 20057007

2r — C2Gmg) o -, "2
—Er_ZCQszggo 2G + 205 2g0}+

&m
7,56—,025”(” —1)

5 G(2r — 5C72Gmy)
0 r6(r —2C—2Gmy)

X (2r — TC2G'mo)Gy %Gy + 24pn(n — 1)m

8m0

X g(?JALng(I) + 7"56—_2

Bn(n —1)(n —2)Gy 3G (r — 4C2Gmy) |, (49)
where C and G represent the speed of light and gravitational constant, respectively.
We expand the above equation upto order C~* and separate out terms of order C°
(N approximation), C~2 (pN approximation) and C~* (ppN approximation). Using
Eq. (45) in (40), it follows that

2c

p— 7(Pro —P1o)T — A3 =0, (50)
where Aj is given in Appendix B.
The relationship between p and P, is given by”10
IS PTO
Po=T——p. 51
po + Pro P (51)

The dynamical instability is well investigated by means of I" which measures the
compressibility of collapsing matter distribution. Since we consider zero expansion
condition for which the fluid evolves without being compressed, this means that
the instability of the system does not depend on I' under expansion-free condition.
Substituting the value of p from Eq. (50) in Eq. (51), we have

= PrO

2¢c
Bo=T—"0 2Py —P.o)T+As.
po + Pro 7"( 0 Lo) ’

In view of Eqgs. (46), (50) and (51), it is found that P, as well as ﬁA—é are in ppN
regime. Therefore, we discard such terms in order to investigate the instability
ranges for N and pN approximations. The metric coefficients for pN approximation

in c.g.s. units are?”

mgG
rC2

mOG
rC? -’

1
Ag=1— — 6r2(n —1)BGY, Bo=1+ (52)

Inserting the value of P, from Eq. (B.5) in the second perturbed dynamical equa-
tion (39) and applying the expansion-free condition along with assumptions a = agr,
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c = cor and g = gor in the resulting equation, it follows that

(o + Pro) (Z—Z) {1—ri—;}+200P/0+4 (PTO_PJ_O)—F@PJ_O
SR SRR
o [eli (£ () 82

- (G -2) (o m) oG

X{ﬁ(“%@)(%‘ijﬁ) %(go+go)}+%[%%g(1—%)%g

TAg 1 ag Jo 4CQ 3
——|1- = — —n-1Z=; - —(1—- —
- Ao B K B%) {Ao n )go r 283

Q{) 3&036 ao 1060 Ag r(n — 1)A/0/90
Frin=1) 4B, \A v ) AT Big !
r(n - 1)

ne Af e 10¢ a
Bign { (G5 *G0)" + A—O{ r(Gs 2%)( el Af))+ 90(Gg 2

o n—3 % 1 B—g — 2B6
2 (1 4 1 N
r2A0 \ 7 Ag 3A2 B3 rA3Bg

20 o 9_6_ B @}_M{%Jn— )%}G_é”
X{r coln —1)g = (n 1)90 rA0B2 v AdGo J Go
x Q%(r) = 0.

(152

(53)

Using Eqgs. (42), (46), (47) and (52) with C = G = 1 for pN approximation in the
above equation, we obtain

1 4
%(Po + Pr) <7’ + mo + 67”3(71 — 1)698) +2¢oPly + ﬂ(Pro — Pio)

4c 2a 1 _
+ =2 Pro— 7 (r — 2mp) <r +mo + ¥ (n — 1)6@3) + Angy !

X (ngo + 2?90) + 480Gyt [(l)go(go 90) + w

8 7“496171

<= tmo) 7+ ma+ £~ 1565 ) G560
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260

+ [7“_2 (r +2mg + %rg(n - 1)693) +4pnGyt

400m0 1 n Co
X { " (r +2mg + §r3(n - 1)ﬁg0> - r—4(n -1)

X (r — 2myg) <r +mg + ér?’(n — 1)ﬁgg>

x (2 —(n—2) <7’ +mo + %r?’(n - 1)593) g—g) g—g}] Q%(r)

+ [—ao(po + Po) <7“ +mg + %7‘3(71 — 1)593)
2 1 3 n
_ T_S(r — 2my) {600 — ap <r +mg + ar (n— 1)5go> }

+ %511(11 —1)(r — 4my) { [1000 —ap (1" +2mo + %T3(” - 1)ﬁg3)}

32moco

< (GE2GhY + 9o(GE2) + goln — 2><r93-3%>'} n Bngy

rd

X (r + 2mg + érg(n - 1)ﬁ96‘> QZ(T):| =1+ [%(r — 2my)

X {600 —ao (7" +mo + %7”3(71 - 1)593) } + 480Gyt [2@2:10 (1 — QTO>

X <r +mo + ér?’(n — 1)ﬁg8> + %(r —2myg)(3r — 10mg) —4(n — 1)

N mogo 2 |2mo, a0 s 1gen
x (r 2m0)r4g0 7”3{ . (r 2mo){r<r+mo+6r (n —1)BG;

(- 1)5—2} +(n—1)(r — mo) {ao (r 4 mo + érg(n _ 1)593) _ 1000}
o

2¢ (n —1)go
Go . (r=3mo)(r — 2mo) + ol

« (r o~ Sr(n - 1)ﬁgg> (rgg—2)'m =,

(4 — 4m0)

2(10777,0

+ [—‘wnggl { A (r —mp) (T +mo + %7“3(” - 1)598)

2c m _
+ T—40(r —2mg)(3r — 10mg) —2(n — 1)(r — 2m0)r3ng§H =3
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+ {—%(r—2mo) {600 —ap (T+m0 + éTS(”— 1)ﬁg3>}

—46nGy~ [4%( — 3myg)(r — 2my) <r +2mo + %r?’(n - 1)ﬁg8)
2 4 1 3
+t3 {— rago (r —2my)(r — 3my) (r +mo + gr?’(n — 1)593) + %

ér (n— 1)ﬂgo> gg H + [wngg—l {Tig(r ~ 9mp)
< (v amo s 310 ) (%20 - 2D fengy 4 00) ) }] 020

8
X {—%(r + 2m0)} + %(27“ + Tmy) [—Tjﬂnggl(r —2my)

X (r —myg) (r+mo—|—

x <r + 2mg + %7"3(71 - 1)5g3> {rcoQQ(T) - %(r - 3m0)}} —0, (54)

where =/ s are given in Appendix B. This equation shows that collapsing fluid evolves
without being compressed due to the absence of index I' but instability region
completely depends on physical quantities like energy density, anisotropic pressure
and some arbitrary constants with considered f(G) model. Thus, the chosen gravity
model indicates the compatibility with physical results under the condition of zero
expansion. It is observed that some ppN approximation terms also appear in the
above equation. In order to investigate the instability ranges for N regime, we drop
all terms belonging to the order of pN and ppN in Eq. (54) as follows:

200’ 0‘ + — 4co (PT() — PJ_()) + @ (PJ_() + 3ﬂ> +4ﬂngg_1
1 2
{3 (ngo + %go) o= 1)(G% + a0 - |
—1
|20+ Py~ 2520~ ) + 490Gy~ { 28D s — 4
4G,
! 2 4 3G
2
X <r +mo + %7’3(71 - 1)593) + 24nG; 1a(;m0 ( + 67" *(n — 1)59(,)
4 G 2¢3 . 8a
X (; - g—z) + [T—ZOQQ(T) +48nGyt {r_5 ( ro 3coQ?(r ))

+ %(n — 1)(coGg + 90)92(’")” <T et %Tg(n - 1)5g3}>
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_ 1m0 -0 2 1 3 _ n
868nGy~ G 7 0 4+ 3cof r+ 3r (n—1)BG{
1
+4Bngg_1(n —1)(n—2)(r — 2my) ('r +mo + 67“3(11 — 1)693)

< (re gt 0ag ) & (g§> 22(r) = 0. (55)

To find out the instability ranges for expansion-free fluids, the positivity of
the above equation is required. For this purpose, we assume that all dynamical
quantities and constants are positive while P/, < 0 shows the decreasing behavior
of radial pressure during collapse. Additionally, the following constraints need to
be satisfied
rgo
go
Under these conditions, the system is unstable at N approximation. If we consider
the constant GB curvature (Go(r) = G.) with go = 0 in Eq. (55), we have

P> Py, >0, n>2, 7r>4myg. (56)

400

4c 3m 2¢
2¢0l Plol + = (Pro — Pro) + —° (Pm + T—3°) + T%ngﬁ

2@0

[—(Po + Pro) = 25— 3mg)

1 2 1
r 4+ mg + 8r3(n — l)ﬁg(?) + -6 ﬁngg_l (1 + 67“2(71 — 1)ﬁg§>

76 7o

2
+ {_2:20 O2(r) + 48nG™! <8“°m0 _ 3eormo Q%))]
13 n n—1 mo 2
<T—|—2mo+ §T (n—l)ﬂgc> — 80ng. (7— + 3cof? )

X (1 + éTQ(TL - 1)ﬁg2> =0. (57)

Using constant GB condition in Eq. (18) and substituting the resulting expression
of mg in the above equation, we obtain

4¢
2¢0|Plo| + =~ >

2a Kk [
(pO + PTO) 40 r—34¢ = / T’2p0d7"
T 2 ree)

1 32 " 1
- Eﬂg?(Tg - T%(i))}) aoﬂ G {2 / 2 podr — T

Ts (i)

4co 3 |k [T 1
(Pro —Pg)+ — (PJ_O + = {— / 2 podr — Eﬁﬁ?
T (i)

x (13 — r%(i))}> —|—25ng"— +
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x (r® — T%(i))}

+ %rg(n - 1)5g}})

ko[" 2 1 n/.3 3

96@0

g (14 5200 - 10z )

2
£ [T, L oon 3 3 263 2 n—1
X {5/ r° podr — EBQC (r° — T‘E(i))} {—TQ O (r) + 46nG.

T (i)

8ao _ 3¢0 o 5/’“2 L on 33
+(7,6 7,59(7")){2 merﬂod?“ 125gc(7“ Tz(i))

T 1 1
x| r+2 {g/ r2 podr — Eﬁgﬁ(r?’ — 7’%@))} + §r3(n — 1)593)

Ts(4)
—-§5ng"—1(7ﬂ1+3qﬁﬁ) 1t L2 (n —1)pgn
rd ¢ r 3 ¢
2

A A L oongs 3 _
X {g/TE(i)r podr—ﬁﬂgc (r _Tz(i))} = 0. (58)

In order to discuss the effect of energy density, we consider py = (r* such that
¢ >0 and X\ € (—o0,+00). Using this power-law form in Eq. (58), it follows that

460

4cg 3 K
2¢o|Pro| + — (Pro —Plo)+— (Pm + = {%(TMS gzr:)),)

20\ + 3)

2@0

1
_Eﬁgf(r?’ —r%(i))}> —|—2ﬂngn_0 + |: (p0—|—PTO) 1"4

x(r—?{—(“ (5~ g??)—%ﬁﬁ?(rg—r%<i>>}> 2200 gy

2(A+3)
kC 7’%
g -t - mee -] (- {xhy
x (P8 — g?f)—-f;ﬁgf(rg-réa>)}‘+'%T3@1“1)5g3> 92 ~ong; ™!

2
X (1 + %7"2(71 - 1)ﬁg?> {2(;75_3)(7’A+3 /\+3) - _5gn( T%(i))}

2¢3 2 n1(8a0  3co o kG A+3 A+3

L s K L o
T —r%@))}] <r+2 {2(A Ty (7 i) - A9
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X (7“3 - 7“%(1))} + érg(n - 1)ﬁg§> - %ﬁ”gg_l (7% + 36092)

1 n HC 1 n ’
X <1 + 57"2(” - 1)5%) {M(THS - ngri:)))) - ﬁﬂgc (r® - T%(i))}

=0, (59)

provided that A # 3. During collapse, expansion-free matter distribution approaches
instability ranges for

Pro > Pro, 7 >adls, > e, (60)

where the last inequality indicates that Minkowskian cavity is present in the cen-
ter of anisotropic spherical fluid in f(G) theory of gravity under zero expansion
condition.

5. Concluding Remarks

In this paper, we have analyzed the problem of instability in the background of f(G)
gravity for expansion-free spherical nondissipative anisotropic matter distribution.
It is worth mentioning here that voids are the physical examples of expansion-free
models which are underdense regions in the large-scale structure of the universe.
Modified theories of gravity are considered to be the most promising candidate to
disclose some significant facts about the present cosmic large scale structures and
its evolution. At the large scales, the stellar objects are interesting only when they
are stable against fluctuations. This behavior motivates many researchers to discuss
the dynamical instability of celestial objects in modified theories of gravity. Among
such theories, f(G) gravity explains remarkable features of quadratic curvature term
called GB invariant which originates from string theories.

The presence of generic function f(G) in the action gives rise to the higher
order curvature terms in 4D which affects the collapsing phenomenon. In order to
discuss dynamical instability, we have chosen the power-law model of f(G) gravity
and applied the perturbation approach upto first-order to all metric and matter
variables. The corresponding field equations as well as dynamical equations have
been evaluated for both static and nonstatic configurations. We have obtained terms
belonging to N, pN and ppN approximations by expanding Eq. (49) upto order
C~*. The instability of expansion-free fluid has been discussed by Eq. (54) upto pN

approximation.
Instability of celestial objects can be well discussed by adiabatic index. Chan-
drasekhar® found the range of instability of isotropic spherical star for I' < %.

We have found that under zero expansion condition, instability of spherical matter
distribution depends on matter variables, metric functions and higher order cur-
vature terms but is independent of I'. The absence of I" shows that the range of
instability has not been affected by fluid stiffness as in general relativity'® as well
as in other modified theories of gravity.?? For constant curvature, the inequality
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r > 1y appears due to f(G) gravity in N regime. As long as this condition holds,
the system remains unstable. This range of instability shows the presence of vacuum
cavity with the fluid distribution which indicates the compatibility of our results
under zero expansion condition.!> We conclude that the stability of the spherical
star filled with anisotropic pressure increases in f(G) gravity as compared to general

relativity.

Appendix A.
The dark source terms in Eqgs. (13) and (14) are
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Gauss—Bonnet invariant and the field equations for nonstatic first-order perturba-

tion scheme are
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The zero expansion condition in Eq. (40) yields the dark source term in the following

form:
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Abstract The aim of this paper is to introduce a new mod-
ified gravity theory named f(G, T') gravity (G and T are the
Gauss—Bonnet invariant and trace of the energy-momentum
tensor, respectively) and investigate energy conditions for
two reconstructed models in the context of FRW universe.
We formulate general field equations, divergence of energy-
momentum tensor, equation of motion for test particles as
well as corresponding energy conditions. The massive test
particles follow non-geodesic lines of geometry due to the
presence of an extra force. We express the energy conditions
in terms of cosmological parameters like the deceleration,
jerk, and snap parameters. The reconstruction technique is
applied to this theory using de Sitter and power-law cosmo-
logical solutions. We analyze the energy bounds and obtain
feasible constraints on the free parameters.

1 Introduction

Current cosmic accelerated expansion has been affirmed
from a diverse set of observational data coming from sev-
eral pieces of astronomical evidence, including supernova
type la, large scale structure, cosmic microwave background
radiation etc. [1-4]. This expanding paradigm is considered
as a consequence of mysterious force dubbed dark energy
(DE), which possesses a large negative pressure. Modified
theories of gravity are considered as the favorite candidates
to unveil the enigmatic nature of this energy. These modified
theories are usually developed by including scalar invariants
and their corresponding generic functions in the Einstein—
Hilbert action.

A remarkably interesting gravity theory is the modified
Gauss—Bonnet (GB) theory. A linear combination of the form

G = RupenR¥S" — 4R,5R%F + R,

2 e-mail: msharif.math@pu.edu.pk

b e-mail: ayeshamaths91 @ gmail.com

Published online: 22 November 2016

where Rypgey, Rap and R represent the Riemann tensor, the
Ricci tensor, and the Ricci scalar, respectively, is called a
Gauss—Bonnet invariant (G). It is a second order Lovelock
scalar invariant and thus free from spin-2 ghosts instabilities
[5-7]. The Gauss—Bonnet combination is a four-dimensional
topological invariant which does not involve the field equa-
tions. However, it provides interesting results in the same
dimensions when either coupled with a scalar field or when
an arbitrary function f(G) is added to the Einstein—Hilbert
action [8—10]. The latter approach is introduced by Nojiri and
Odintsov; it is known as the f(G) theory of gravity [11]. Like
other modified theories, this theory is an alternative to study
DE and is consistent with solar system constraints [12]. In
this context, there is a possibility to discuss a transition from
decelerated to accelerated as well as from non-phantom to
phantom phases and also to explain the unification of early
and late times accelerated expansion of the universe [13, 14].

The fascinating problem of cosmic accelerated expansion
has successfully been discussed by taking into account mod-
ified theories of gravity with curvature—matter coupling. The
motion of test particles is studied in f(R) and f(G) gravity
theories non-minimally coupled with the matter Lagrangian
density (£,,). Consequently, the extra force experienced by
test particles is found to be orthogonal to their four velocities
and the motion becomes non-geodesic [15-17]. It is found
that, for certain choices of £,,, the presence of the extra force
vanishes in a non-minimal f(R) model, while it remains pre-
served in anon-minimal f(G) model. The geodesic deviation
is weaker in f(G) gravity for small curvatures as compared to
non-minimal f(R) gravity. Nojiri et al. [ 18] studied the non-
minimally coupling of f(R) and f(G) theories with £,, and
found that such a coupling naturally unifies the inflationary
era with current cosmic accelerated expansion.

In order to describe some realistic matter distribution, cer-
tain conditions must be imposed on the energy-momentum
tensor (Typ) known as energy conditions. These conditions
originate from the Raychaudhuri equations with the require-
ment that not only gravity is attractive but also the energy

@ Springer
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density is positive. The null (NEC), weak (WEC), dominant
(DEC), and strong (SEC) energy conditions are the four fun-
damental conditions. They play a key role to study the theo-
rems related to singularity and black hole thermodynamics.
The null energy condition is important to discuss the second
law of black hole thermodynamics while its violation leads
to a Big-Rip singularity of the universe [19]. The proof of
the positive mass theorem is based on DEC [20], while SEC
is useful to study the Hawking—Penrose singularity theorem
[21].

The energy conditions have been investigated in differ-
ent modified theories of gravity like f(R) gravity, Brans—
Dicke theory, f(G) gravity, and generalized teleparallel the-
ory [22-25]. Banijamali et al. [26] investigated the energy
conditions for non-minimally coupling f(G) theory with
L,, and found that the WEC is satisfied for specific viable
£(G) models. Sharif and Waheed [27] explored the energy
bounds in the context of generalized second order scalar-
tensor gravity with the help of a power-law ansatz for the
scalar field. Sharif and Zubair [28] derived these conditions
in f(R,T, Ry T*P) theory of gravity for two specific mod-
els and also examined the Dolgov—Kowasaki instability for
particular models of f (R, T) gravity.

In this paper, we introduced a new modified theory of
gravity named f(G, T) gravity, in which the gravitational
Lagrangian is obtained by adding a generic function f(G, T)
in the Einstein—Hilbert action. We study the energy condi-
tions for the reconstructed f (G, T') models using an isotropic
homogeneous universe model. The paper has the following
format. In Sect. 2, we formulate the field equations of this
gravity and discuss the equation of motion for test particles,
while general expressions for the energy conditions as well
as formulations in terms of cosmological parameters are dis-
cussed in Sect. 3. The reconstruction of models and their
energy bounds is analyzed in Sect. 4. In the last section, we
summarize our results.

2 Field equations of f(G, T) gravity

In this section, we formulate the field equations for f(G, T)

gravity. For this purpose, we assume an action of the follow-

ing form:
1

S=—
2k2

dxygIR + f(G. )] + / A2 gL,
M

where g and « represent the determinant of the metric tensor
(gup) and the coupling constant, respectively. The energy-
momentum tensor is defined as [29]

2 3(/=8Lm)

2
V=g 8% @

Talgz—

@ Springer

Assuming that the matter distribution depends on the com-
ponents of ges but has no dependence on its derivatives, we
obtain

ALy,
agep”

The variation in the action (1) gives

Taﬂ = gaﬂ£n1 -2 3)

1
0=268S8= 57 f d*x[(R + f(G, T))5v/—g + vV/—8(R + fg
x (G.T)3G + fr(G. T)ST)] + / xS/ gLw). @)

where fg(G,T) = % and fr(G,T) = 79/%%“, The

variations of ,/—g, Riﬁn, Ryy, and R provide the following
expressions:

5V7E = — 5 B8ap 38
SR, = Vp(OTS,) — Vy(8T5,).
= (8ar Vi V) + 8118 Vi) V)88 + Vi Vi 8810
SRay = O8R5, SR = (Rup + gupV* — VaVp)0g™.
(%)
where Fiﬁ and V, represent the Christoffel symbol and

covariant derivative, respectively. The variations of G and
T yield
8G = 2RSR — 45(Rap R®P) + 8(Ropen R¥PSM),
8T
5T = (Tup + Oup)dg™. ©Oup = g1 5" ©)
agaﬁ
Using these variational relations in Eq. (4), we obtain the

field equations of f (G, T) gravity after simplification as fol-
lows:

1
Gap = 1 Tas = (Tap + Oup) fr(G. T) + S8 f (G. T)
— (2RRap — 4R§[ Rgp — 4Rag/3nR§n
+2R5™ Rgens) fg(G, T) — (2RgapV?
— 2RVy Vg —42up RSV V) —4Ryg V2 +4RE Vg Ve
+4RE Vo Ve + 4Ruepy VEVT) fg(G. T, o

where Gop = Rop — %gaﬁR and V2 = 0 = V, V¥ denote
the Einstein tensor and the d’ Alembert operator, respectively.
It is worth mentioning here that, for £ (G, T) = f(G),Eq.(7)
reduces to the field equations for f(G) gravity, while A(T)
gravity (A is the cosmological constant) is obtained in the
absence of the quadratic invariant G [11,30]. Furthermore,
the Einstein field equations are recovered when f (G, T) = 0.
The trace of Eq. (7) is given by

R+ k*T — (T +©)fr (G, T) +2f(G,T)

+2Gfg(G.T) — 2RV fg(G. T)
+ 4RV, Vg f6(G,T) =0,
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where ® = ©F. In this theory, the covariant divergence of
Eq. (7) is non-zero, given by

o _ fT(gv T) o a
ViTup = m[(ﬂxﬂ + Oup)V¥(In fr (G, T))
+V‘1®a'3 — %gaﬁv"‘T}. (8)

To obtain a useful expression for ®.g, we differentiate Eq.
(3) with respect to the metric tensor

8Taup  88ap 3L 2Ly

sgfn 5g5n£m+g“5 gEn _zagsnagaﬁ' ©
Using the relations

Sgaﬂ v v ag;w

pgtn = Sansprlens Oy =G

where 85" is the generalized Kronecker symbol and putting
Eq. (9) into (6), we obtain

92L,,

Oup = —2T, Ly —2g5— "
of [7:] +gaﬂ m 8 agaﬂagg,]

(10)

This shows that once the value of £,, is determined, we can
find the expression for the tensor ®p.

We consider the matter distribution as a perfect fluid given
by

Top = (0 + P)Vo Vg — Pgog, an

where p, P and V, are the density, pressure, and four veloc-
ity of the fluid, respectively. The four velocity satisfies the
relation Vo, V* = 1 and the corresponding Lagrangian den-
sity can be taken as £,, = — P [31]. Thus Eq. (10) yields

Oup = —2Top — Pgop- (12)

Equation (7) can be written in a form identical to the Einstein
field equations as

Gop = 7Ty = KX (Tup + Tg ). (13)

where TgﬂT is the f(G, T) contribution. For the case of a

perfect fluid, the expression for TagﬂT is given by

1 1
T = p[(p + PYVaVsf1(G. 1)+ 38ap f(G. T)

- (2RRaﬁ - 4R§ Rg[B - 4Ragﬁy]REn + 2R§n6R13€,75)
X fg(G, T) — 2RgapV? — 2RV, Vg
— 484p RV V, — 4Rup V2 + 4REV Ve + AR5V, Vi

+4Raepy VEV) f6(G, T)]. (14)

The line element for FRW universe model is

ds? = dr? — a®(1)(dx? + dy? + dz?), (15)

where a(t) represents the scale factor. The corresponding
field equations are

3H? = k% per, —Q2H +3H?) = k% Pegr, (16)

where

1 1
pett = p + p[w +P)frG. 1)+ f(G.T) — 12H?
x (H*+ H) fg(G. T) + 12H3, fg(G. T)], a7
1[1 '
P = P — ﬁ[if(g, )~ 12H*(H + H) fg(G. T)

+8H(H? + H)3tfg(g, T)+4H28nfg(g, T)],
(18)
G =24H%(H?*+ H), H = a/a is the Hubble parameter and

a dot represents the time derivative. The divergence of Tyg
takes the form

—1
K2+ fr(G.T)

x [(P + %T) fr(G, T) + (p+ P)d, fr(G, T)] . (19)

p+3H(p+ P) =

To obtain a standard conservation equation,
p+3H(p+ P)=0, (20)

we need an additional constraint by taking the right side of
Eq. (19) equal to zero:

o1
(P+§T> 1@, T)+(p+ P)o fr(G.T)=0.  (21)

Now, we briefly discuss the motion of test particles in
f(G, T) gravity. For this purpose, using Egs. (11) and (12)
in (8), the divergence of the energy-momentum tensor for
perfect fluid is given by

Va(p+ P)VEVE + (o + P)VEVaV®
+VeVg VP — gV P
-2
=—— [1%vy , T
ey SR
+g“"Vp(Pfr(G. T)].
The contraction of the above equation with the projection
operator (hys = gaz — Var) gives the following expression:
@2k* + fr(G, TV,
8asVPVEVY = P E it
(p+ P)2k*+3fr(G, 1))
where we have used the relations V¥ VgV, = 0, hee V* =0,

and hos TP = —Ph?. Multiplying Eq. (22) with g* and
using the following identity [31]:

(22)

pove _ X g
VIVEVY = o+ T VAVE,
S
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we obtain the equation of motion for massive test particles
in this model of gravity as

d2 o
o TR VIVE =g, (23)
where
22 T
Ca 2k +fT(g ) (g"‘ﬂfV"‘Vﬂ)VﬁP (24)

T+ P)2K2+3£1(G. T))

represents the extra force acting on the test particles and is
perpendicular to the four velocity of the fluid (¢*V, = 0).
For a pressureless fluid, Eq. (24) gives ¢% = 0 and hence the
dust particles follow the geodesic trajectories both in gen-
eral relativity as well as in f(G, T) gravity. The equation of
motion for a perfect fluid in general relativity is recovered in
the absence of coupling between matter and geometry [32].

3 Energy conditions

The energy conditions are the coordinate invariant which
incorporate the common characteristics shared by almost
every matter field. The concept of energy conditions came
from the Raychaudhuri equations which play a key role in any
discussion of the congruence of null and timelike geodesics
with the requirement that not only the gravity is attractive but
also the energy density is positive. These equations describe
the temporal evolution of the expansion scalar (0) as follows
[33]:

de 1

i _392 + wupo™ — oapo™? — Rypuu”, (25)
T

do 1 2 ap aff ar B

= —59 + wapw™® — 0qpa ™’ — Rypk™k”, (26)

where wyp, 04, u® and k represent the rotation, shear ten-
sor, timelike, and null tangent vectors in the congruences,
respectively. For non-geodesic congruences, the temporal
evolution of 6 is affected by the presence of an accelera-
tion term which arises due to a non-gravitational force like
pressure gradient as [34,35]

do 1
i —592 + wep™ — g
+Vo (VAVEV®) — RygVOVPE, 27

Neglecting the quadratic terms due to rotation-free as well as
small distortions described by oug, Egs. (25) and (26) yield

0 = —tRupuu?, 6 = —TRupk*KP.

Using the condition for gravity to be attractive, i.e., 8 < 0,
we obtain Raﬁu“uﬂ > (0 and Ro,/gk"‘k/S > 0. The equivalent
form of these inequalities can be obtained by the inversion
of the Einstein field equations as

@ Springer

1 1
(Taﬁ - Eg@T) u®uf > 0, (Taﬁ - ngT) KkP > 0.

For a perfect fluid matter distribution, these inequalities
provide the energy constraints defined by:

NEC: p+ P >0,

WEC: p+P >0, p=>0,
SEC: p+P >0, p+3P>0,
DEC: p£P >0, p=>0.

These conditions show that the violation of the NEC leads
to the violation of all other conditions. Due to the purely
geometric nature of the Raychaudhuri equations, the con-
cept of energy bounds in modified theories of gravity can be
extended with the assumption that the total cosmic matter
distribution acts like a perfect fluid. The energy conditions
can be formulated by replacing p and P with per and Pegr,
respectively. The geodesic lines of geometry are followed
by dust particles in f(G, T) gravity, therefore we consider
a pressureless fluid to discuss the energy conditions. These
conditions take the following form:

NEC: et + Peft = p + %[pr(g’ T)+4H
x (H* = 2H)d, fg(G. T) — 4H?3,, fg(G. T)] >0, (28)
WEC: pur = p + ﬁ[zpff(g, T)+ £(G.T) — 24H?
x (H* + H) fg(G. T) + 24H?d, f5(G. T)] >0, (29
SEC:  peff + 3Peff = p — :7

x [f(g, T) — pfr(G. T) — 24H*(H* + H)
X fg(G, T) + 12H(H* 4+ 2H)d, fg(G, T)

+12H%3, fg(G, T)] >0, (30)

1
DEC: pefr — Peit = p + E[PfT(g, T)+ f(@G,T)
—24H*(H* + H)
x fg(G.T) +4H(SH* + 2H)d, fg(G. T)

+4H%8, f5(G, T)] > 0. 31

The Hubble parameter, the Ricci scalar, the GB invariant, and
their derivatives can be written in terms of cosmic parameters
as

H=-H*(1+q), H=H(+3q+2),
H=H's—4j -3¢ — 12q — 6), (32)
R=—6H*(1—q), R=—-6H(j—q—2),



Eur. Phys. J. C (2016) 76:640

Page 5 of 13 640

R=—6H*(s +8¢q 4+ ¢*> +6), (33)
G =—24gH* G =24H(j +3q+2¢°),
G =24H5(s —6j —6qj — 12q — 15¢% — 2¢°), (34)

where ¢, j, and s denote the deceleration, jerk, and snap
parameters, respectively, and are defined as [36,37]
1a 1 a 1 a
e 'Twe CTHa
The energy conditions (28)—(31) in the form of the above
parameters are

g=- (35)

1
NEC: pefr + Peft = p + Kj[ﬂfr +4H3

x(3+29)(fggG + forT)
—4H*(fgg6G° + 2fogr9T + forrT?

+ fo6G + ngT)] >0, (36)
1
WEC: peff = p + 272[]” +2pfr +24qH* fg
+24H?(fgg6 + fng')] >0, 37

1
SEC: peft +3Pett = p + p[ - f+ofr
—24qH* fg +12H3(1 4+ 2¢)
< (fggG + forT) — 12H(fgg6G* + 2 fggrGT

+ forrT? + fggl + fgm} >0, (38)

1
DEC: pefr — Peff = p + Kj[f + pfr +24qH* fg
+4H3(3 = 29)(fggG + forT) +4H (fggG”

+2fggrGT + forrT* + fggG + fgm] >0. (39)

4 Reconstruction of f (G, T) models

In this section, we use the reconstruction technique and dis-
cuss the energy conditions for de Sitter and power-law uni-
verse models.

4.1 de Sitter universe model

This cosmological model explains the exponential expansion
of the universe with constant Hubble expansion rate. The
scale factor is defined as [38]

a(t) = ape™, H = Hy, (40)

where ag is constant at fy. The values of R and the GB invari-
ant are

R=—12H}, G =24H;. (41)

For pressureless fluid, Eq. (20) gives the energy density of
the form

p = poe . 42)

The trace of the energy-momentum tensor and its derivatives
have the following expressions:

T=p, T=-3HT, T=9HT. (43)

Using Egs. (40)—(43) in Eq. (16), we obtain a partial differ-

ential equation

ﬂT+%ﬂgT%4uﬁm@Jv+nﬂgT)
—36HT for(G, T) —3H3 =0, (44)

whose solution is given by

G, T)=c1e2(e9T" +T7) + 15T + s, (45)

where the ¢; are integration constants and

1 (1—24ciHY R
Y= 5 1—36c1H6‘ , V2= o

2
V3= —ngy Y4 = 6H02~
The additional constraint (21) becomes
(1 —24¢1 HH(1 — 30c1 Hy)

(1 — 36c1 H)?
+ci1eT”? + 3T = 0.

cic 19N

This equation splits Eq. (45) into two f (G, T) functions with
some additional constant relations between the coefficients.
The reconstructed model (45) can be written as a combination
of those functions. We analyze the energy conditions for the
f(G, T) model given in Eq. (45) instead of analyzing them
separately. Using model (45) in the energy conditions (28)—
(31), it follows that

NEC: peff + Pefr = p

+ K%[P{CICZ(VIQCIQT(M_I) + T D) + 1)

+ 12¢ieayr Hf (1 = 3y1)e9T7] > 0, (46)
WEC: peft = p + glz[zp{clcz

X (19NTN™D 4 TP 4 ys)

{12 9T + T7) + 13T + 4}

—24c}e Hy e 9T (1 4+ 3y1)] = 0, (47)
SEC: peff + 3Pett = p — %[6162(6”‘QTV‘ +717)

+l+va—p

x {cch(yleClgT(Vl_]) + VZT(VZ—I)) + 73}

— 123" Hy T

x 243y —9vE}] = 0, (48)
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DEC: petf — Petf = p
1 _ _
+Slplerea @I TN 4 T027D) 4 y3)

+{c1ca (9T + T7) + T + ya} — IZC%CZHée”gTV'
x {2+ (5 =3yD}H = 0. (49)

Figures 1 and 2 show the variation of the NEC and WEC for
the case ¢ > Oand ¢; < O withx = 1. We use the following
values of the cosmological parameters: Hy = 0.718, g =
—0.64, j =1.02and s = —0.39 [39—41]. In these plots, we
fix the constant ¢ for two arbitrarily chosen values, while ¢
varies from [—10, O]. Figure | shows the positively increas-
ing behavior of the NEC as well as WEC with respect to
time in the considered interval of c,. Figure 2 shows a sim-
ilar behavior for ¢; = 4. In this case, both conditions are
satisfied for all values of ¢; and c;. The energy conditions
for (c1, ¢2) > 0 are discussed in Figs. 3 and 4. The left plot
of Fig. 3 shows that the NEC is satisfied for r < 3, r < 2.28
and r = 2 for ¢, = 0.005, 0.05 and 0.1, respectively. Figure
4 (left) shows a similar decreasing behavior of time as the

value of ¢; increases for ¢; = 0.01. It is also observed that
as the value of ¢ increases, the time interval for a valid NEC
decreases, while the positivity of per is shown in the right
panel of both figures. For the case (¢, c2) > 0, both NEC
and WEC are satisfied for small values of ¢y and ¢; in a very
small time interval.

Figures 5 and 6 deal with the case ¢; < 0 and ¢» > 0.
For arbitrarily chosen values of ¢, the increasing behavior
of the NEC with respect to time is observed in the left panel
of both figures for all values of c¢;. The right plot of Fig. 5
shows the positivity of pefr for # < 34, while it remains pos-
itive throughout the time interval for ¢; = —0.001 as shown
in Fig. 6 (right panel). The last possibility, i.e., c; < 0 and
¢z < 0 is examined in Figs. 7 and 8. The left panels of both
figures show the decreasing and increasing behavior of the
NEC as the time and integration constant ¢; increase, respec-
tively. The effective energy density exhibits a constant behav-
ior for the assumed values of ¢ in the considered interval of

ca.

Fig. 1 Energy conditions for ¢; = 0.001

Fig. 2 Energy conditions for ¢c; = 4
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Fig. 3 Energy conditions for ¢; = 0.001

Fig. 4 Energy conditions for ¢; = 0.01

Fig. 5 Energy conditions for ¢; = —0.01
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Fig. 8 Energy conditions for ¢; = —0.01

4.2 Power-law solution

The power-law solution is of great interest to discuss the
cosmic evolution and its scale factor is defined as [38]

a(t) =apt", H= ; (50)

@ Springer

wheren > 0.For0 < n < 1, we have a decelerated universe,
which leads to a radiation dominated era forn = % and a dust
dominated era for n = %, while a cosmic accelerated era is
observed for n > 1. The Ricci scalar and GB invariant are

3
2, (51)

6n
R="3(-2m, §==3
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The energy density for dust fluid is obtained from Eq. (20)
as

p = pot " (52)

The trace of Tyg and its time derivatives take the form

. 3n
T=p, T=

.. 3n
= _TT’ T = t—z(l +3n)T. (53)

Inserting Eqs. (50)—(53) in the first field equation (16), we
obtain

1 1
2T + 5f@G.1)=5Gf5@G. T)+Tfr@.T)

2 2
— (m) g fg’g(g, T)

3n (TN
- (m) nggT(gy T)—3n <%) =0, (54)

whose solution is given by

FG.T) = d1d3szg%(xﬁxz)+d2d3Td2g*%(x1fxz) + x3T
+didpT* + xsT%, (55)

where d; are constants of integration and

1 1
X1 = 5[nz(l-1—3c12(3dz-1—2))4—2112(n —16)+32n + 3)]2,

2, 1
= ——kK"°, = ——
0= 3K

5
[ 18a° -2 2
X5 = 2+3n Py s X6—3n~

In this case, Eq. (21) takes the form

1
x2=3 [5—n(+3dy)],

d
dyds TG+ [Gi{an(zdz — 1) +200 + m)}]
n
+d2d3szg—%(X1—Xz)
d
x [6—2{3n<2d2 —1) =200 - m)}]
n

+ 16T + didaxg T + xsxgT* = 0.
Solving Eq. (55) with the above equation as in the previ-

ous section, we obtain two functions whose combination is
equivalent to the reconstructed power-law f (G, 7)) model.

Inserting the model (55) in the energy conditions (36)—
(39), we obtain

1 1
NEC: peir + Peit = p + K—z[4H3(3 + 2q)([1d1d3
1
x Ot |7 On+xe) —1
1

X szgﬁ(xwxz)—z + Zd2d3(X1 — )

1 .
X |:Z(X1 —x2) + 1] Td2g—%()<1—x2)—2i|g

1
+ |:Zd1d2d3()(1 + )T !
X g%(XH'XZ)*l _%d%dS(X] _XZ)TJZ*IQ—%(XI,XZ),]]T>

1
—4H2([1d1d3<m + x2)

1 1
x 700+ x) -1 [Z(’“ +x2) — 2] "

1 1 1
x Geoata)=3 _ 2Bd00 =0 [Z(m —x2) + 1]

1
X Z(Xl —x2)+2

% T% g—%(}ﬂ —x2)-3

| I

. 1
G*+ Z[ZdledS(Xl + x2)

1 1 _
x| 700+ x) — 1 %!

1 1
x GEou+)=2 4 Zdzzds(m - x2) {Z()u —x2)+ 1]
x TdZ*lg*%(X]*XZ)*2:|
.. 1
< GF + [Zdld2d3(a’2 — DG+ )T
1
X g%(xwxz)—l _ Zd22d3(d2 -1
[ 1
x (1 — x2)T272g-100—12) 1]T2 + [ZdldB.(X] + x2)
1
X Z(Xl +x2)—1
1
x TGO =2 | 7200 —x2)
1
x |:Z(Xl —x2) + 1] T‘IZQ*%(X‘*“H]
- 1
x G+ 4d1d2d3()(1 +x2)T
X g%(Xl+X2>*l _ idzzdﬂ)(l _ X2)szfl

X g*%(XI*XZ)*l]T> + p[d1d2d3szil
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X g%()ﬂﬂ(z) + d22d3Td2*1
X GTRUTI) syt dyd s TH! +X5X6TX"_1]} =0,
(56)
1

WEC: pesf =p + —5 d1d3Td2
242

x g%(xﬁxz) + d2d3Td2g*%(X1*X2)

— 3T + dydoT™ + x5T* + 2p[didpds T
x GEOIH0) 4 2y !

« g—%(}m—xz)

— X3 + didaya T + ysxeT* '+ 24 H*

|

X [Zdld’;(xl + X2)Td2g4l(X1+X2)_l
1
— i - X2>Td29*%<>ﬂ*xz>*l}
!

+24H3(|:Zd1d3(xl + )

! botutn-2 1
X | 00+ x2) = 1 |TEGENTRI72 4 —dadsy

1
x (X1 — x2) Z(Xl —x2) +1
. 1

x szg—%“—xz)—z]g + [Zd1d2d3(xl +x2)

1
—d2d
4298

x szflg%(xﬁxz)*l _
(X1 — m)T"Z“g‘W"X”‘l]T')] >0, (57)

SEC: peft +3Pett = p
1
+7[ _ [d]d3szg%(X1+X2) + d2d3Td2
K

x G-in—x) _ 3T +dido T + x5T%0)
+p[dld2d3Td2—lg£(x1+xz)

+d3dy TR GTIN T — st dydy T
+ xsx6T* '] — 24gH*

x Bdldm + x)TEGE -1
- %dzds()m - xz)szg—Wl—Xz)—l}
+12H(1 +2q>([£d1d3(xl +x2)
X B(Xl +x2) — I]T‘IZQ%(X”“)’2

1 1
- — )| -0 - 1
+ 4012113()(1 X2)[4(X1 x2) + ]

« szg*%()(lfxz)*z]g + [%d1d2d3

@ Springer

1 _ 1
X (x1 4 xo)TE-1gh0n+=1 _ Zd%dg()ﬂ - x2)
x TdZ*lg*%(lexz)*l]T>

1 1
- 12H2<[Zd1d3()(1 + xz)[z(m + x2) — 1}

1
x [Z(m + x2) —2|T®

1

1 1
x Galatx)=3 _ Zdzda(XI - XZ)[Z(XI - x2) + 1]

1
—(x1 — 2
X {4()(1 x2) +

= |
X szg%(xwm% ¢? +2[1d1d2d3()(1 )
1 dy—1
X Z(xH—xz)—l T
Toa+x)—2 L5 1
x g1 +Zdzd3(X1—X2) Z(Xl—X2)+1
x T"z*‘gfﬁ(xrxz)*2i|
.. 1 B o
xGT + 4d1d2d3(d2 D(xi + x2)T
X g%(Xl+X2>*l _ id%d}(dz _ 1)
1 . 1
x O = Xz)T"Z’ZQ’Z(X‘*X””]T2 + [Zd1d3(X1 +x2)
1 &
X Z(X1+X2)—1 T
Lontn-2 4 1 1 0
x g1 +Zd2d3(X1—X2) Z(XI_XZ)-FI T%
.. 1
X g*%(xvxz)fz]g + |:Zd1d2d3(Xl + )
1
Th-1gia+x)-1 _ L 24
X g 2% 3
x (X1 — X2)Td2_lg_%(x‘_"2)_l]f>] >0, (58)
1
DEC: petf — Pett = p + p[[dlthdzg%(Xerz)

+drdsT®

x g*%(xwxz) — 3T +dydy T + XSTXG]
+ pldydads T

x g%(xﬁxz) T d22d3Td2*1g*%(X1*X2) -3

+didyxaT ' + XsXeTXﬁ_l]
1
+2451H4|:Zd1d3()(1 + ) TR G-

1
= 1bds (0 — x) T
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1
X Q_%(’“_“)_l] +4H3 (3~ 2q)([1d1d3()(1 + x2)
1
X Z(Xl +x2)—1
1 1 1
x TRGatnn)=2 4 Zdzd3()(1 - Xz)[Z(M —x2) + 1]
« szg—%(x1—xz)—2:|
. 1 1
x G+ [Zdldzda(xl +x) TR gt
1 _
- Zdzzds()m - x)T%!
. 1
x Q_%(’“_“)_I]T> + 4H2([Zd1d3(X1 +x2)
1
X Z(Xl +x2)—1

1 1 1
x [Z(xl +x2) — 2] Thgilnte)=3 _ 184300 = x2)

1 1
x| 700 =)+ 1] [Z(’“ - x)+ Z]sz

1 . 1
x g-ﬂXl-mH]gz + Z[Zdldzds()m +x2)

1 1 _ 1
x Z(xl+><2>—I]T"z—lgﬂmw) 4 a0 - x2)

1
S Z(Xl —x2) + I]TdZ—lg—%(Xl—xz)—z]

.. T1
X Gt + | yldadyd = 10 + )
1
x Th=2gitn+x)-1 _ Zd§d3(d2 D — )
X TdZ*Zg*%(xvxz)fl]Tz
1 1 1 B
+ [Zdlda(XI + Xz)[z()m +x2) — 1]Td2g4(Xl+X2) 2

1
+ Zdzds()u —X2)

Fig. 10 Energy conditions for d, = 0.1 and d3 = —0.5
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Fig. 12 Energy conditions for d» = —0.1 and d3 = —1

1 ..
x [Z(Xl —x2)+ I]T‘hg—%(Xl—xz)—Z]g
1
+ [ZdledS(Xl + )T !
Tou+x)—-1 ldzd
4 —_
X g 4 243

x(x1 — XZ)TdZ*‘g*ﬂXl*m)”]f)] > 0. (59)

The NEC and WEC depend on four parameters ¢, dj, da
and d3. We plot these conditions against ¢ and d; for n = %
with possible signs of d> and d3. The left plot of Fig. 9 shows
a positively increasing behavior of NEC for —10 < d; <0
with respect to time while invalid for d; > 0. The effective
energy density remains positive for all values of (¢, d;) as
shown in Fig. 9 (right). The same behavior of both conditions
are obtained for 0 < d» < 0.51 with d3 > 0 as well as
for d» > 0 with d3 = 0. The left plot of Fig. 10 shows
a similar behavior of the NEC for d» > 0 and d3 < 0,
while pef remains positive for 0 < ¢ < 23. Similarly, for
d3 = —1 and —10, WEC is valid for 0 < ¢t < 14 and

@ Springer

0 <t < 4.5, respectively, with d = 0.1. The right plots of
Figs. 11 and 12 show the validity of NEC for d; > 0, while it
does not hold for negative values of d;. The effective energy
density remains positive for the time interval 1 < ¢ < 10
with d3 = 0.5 as shown in Fig. 11 (right panel), while for
d3 = 1 and 10, the acceptable intervals are 1 < ¢t < 7 and
1 <t < 3, respectively. This shows that the validity region
of the WEC decreases as the value of integration constant
dz increases. The right plot of Fig. 12 shows the positivity
of pefr for (da, d3) < 0, which confirms the positivity of the
WEC with d; > 0.

5 Final remarks

In this paper, we have presented a generalized modified the-
ory of gravity with an arbitrary coupling between geome-
try and matter. The gravitational Lagrangian is obtained by
adding an arbitrary function f(G, T) in the Einstein—Hilbert
action. We have formulated the corresponding field equations
using the least action principle and calculated the non-zero
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covariant divergence of T,g consistent with f(R, T) theory
[31]. Consequently, the test particles follow non-geodesic
trajectories due to the presence of an extra force originat-
ing from the non-minimal coupling, while they move along
geodesics for a pressureless fluid. We have constructed the
energy conditions for an FRW universe model filled with dust
fluid in terms of the deceleration, jerk, and snap (g, j, s) cos-
mological parameters. The reconstruction technique has been
appliedto f (G, T) gravity using the well-known de Sitter and
power-law universe models. The results are summarized as
follows.

e In the de Sitter reconstructed model, the energy bounds
have dependence on three parameters #, ¢y and c;. We
have plotted NEC and WEC against ¢ and ¢, with four
possible signatures of ¢; and ¢; as shown in Figs. 1, 2,
3,4,5,6,7,and 8. It is found that NEC and WEC are
satisfied for ¢; > 0 and ¢; < O throughout the time
interval for cases (c1, ¢2) > 0 and (cq, ¢2) < O that the
energy conditions are satisfied for small values of the ¢;
in a very small time interval. It is observed that the NEC
shows a positively increasing behavior for all negative
values of ¢; with ¢cp > 0, while the validity ranges of the
WEC show dependence on c;.

e For a power-law reconstructed model, we have explored
the behavior of the four parameters #, d;, d», and dz with
n= % In this case, we have plotted the energy condi-
tions against (¢, d1) and analyzed the possible behavior
of remaining constants. In Figs. 9, 10, 11, and 12, we
have taken —10 < d; < 10 and found the valid regions
where the energy conditions are satisfied.

Finally, we conclude that the NEC and WEC are satisfied in
both reconstructed f (G, T') models with a suitable choice of
the free parameters.
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This paper explores the stability of the Einstein universe against linear homogeneous
perturbations in the background of f(G,T) gravity. We construct static as well as per-
turbed field equations and investigate stability regions for the specific forms of generic
function f(G,T) corresponding to conserved as well as nonconserved energy-momentum
tensor. We use the equation-of-state parameter to parameterize the stability regions. The
graphical analysis shows that the suitable choice of parameters lead to stable regions of
the Einstein universe.
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1. Introduction

The current accelerated expansion of the universe is one of the most astonishing
discovery in the golden era of cosmology. This has stimulated many researchers to
explore the enigmatic nature of dark energy (DE) which is responsible for the phase
of cosmic accelerated expansion. Dark energy possesses large negative pressure with
repulsive nature but its many salient features are still not known. Modified theories
of gravity are considered as the most favorable and optimistic approaches among
other proposals to explore the nature of DE. These theories are established by
replacing or adding curvature invariants and their corresponding generic functions
in the geometric part of general relativity (GR).

The Einstein field equations are derived from the first Lovelock scalar dubbed as
the Ricci scalar (R) in the Lagrangian density which corresponds to gravity while
a particular form of quadratic curvature invariants yields second Lovelock scalar
known as Gauss—Bonnet (GB) invariant. This invariant is a linear combination of
the form G = R? — 4R, R* + Rung“”aﬁ, where R, and R,,.s represent the
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Ricci and Riemann tensors, respectively. GB invariant is four-dimensional (4D)
topological term which has the feature like it is free from spin-2 ghost instabilities.!
There are two interesting approaches to discuss the dynamics of G in 4D either by
coupling with scalar field or by adding the generic function f(G) in the Einstein—
Hilbert action. The first approach naturally appears in the effective low energy
action in string theory which effectively discusses the singularity-free cosmological
solutions.?

Nojiri and Odintsov® introduced second approach as an alternative for DE
known as f(G) gravity which elegantly studies the fascinating characteristics of
late-time cosmology. Cognola et al.* investigated DE cosmology and found that
this theory effectively describes the cosmological structure with a possibility to
describe the transition from decelerated to accelerated cosmic phases. De Felice
and Tsujikawa® constructed some cosmological viable f(G) models and introduced
a procedure to avoid numerical instabilities related with a large mass of the oscil-
lating mode. The same authors® also found that the solar system constraints are
consistent for a wide range of cosmological viable model parameters.

The captivating issue of cosmic accelerated expansion has successfully been dis-
cussed by taking into account modified theories of gravity with matter-curvature
coupling. Harko et al.” presented f(R,T) gravity (T is the trace of energy-
momentum tensor (EMT)) to study the coupling between geometry and matter.
Recently, we introduced another modified theory named as f(G,T) gravity which
is a generalization of f(G) gravity.® This modification is based on the coupling
of quadratic curvature invariant with matter just as f(R,T) gravity. We studied
the nonzero covariant divergence of EMT due to matter—curvature coupling and
the massive test particles followed nongeodesic trajectories due to the presence of
extra force while the dust particles moved along geodesic lines of geometry. In such
matter—curvature coupled theories, cosmic expansion can result from geometric as
well as matter component.

The stability issue of the Einstein universe (EU) is as old as relativistic cos-
mology. Einstein tried to find a static solution of his field equations to describe
isotropic and homogeneous universe. Since the field equations of GR have no static
solution, therefore Einstein introduced the term known as cosmological constant
(A) to have static solutions. EU is described by static FRW universe model with
positive curvature filled with perfect fluid in the presence of A. Initially, this model
is considered as the most suitable model to discuss static universe but after few
years it is found that EU is unstable against small isotropic and homogeneous per-
turbations.” Harrison!? found that the unstable EU for dust distribution becomes
oscillatory in the presence of radiations and also observed that stable EU exists
against small inhomogeneous perturbations. Gibbons!'! proved that EU maximizes
the entropy against conformal changes if and only if it is stable against speed of
sound (cs) greater than % Barrow et al.'? demonstrated that EU is always neu-
trally stable in the presence of perfect fluid against small inhomogeneous vector as
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well as tensor perturbations and also under adiabatic scalar density inhomogeneities
until the inequality 5¢2 > 1 holds but unstable otherwise.

EU due to its analytical simplicity and fascinating stability properties has always
been of great interest to study in the extensions of GR as well as in quantum gravity
models. Emergent universe scenario is based on stable EU to resolve the problem
of big-bang singularity which is not successful in GR since EU is unstable against
homogeneous perturbations.'® To find stable static solutions, modified theories have
gained much attention to analyze the stability of EU. The stability of EU is stud-
ied in braneworld, Einstein—Cartan theory, loop quantum cosmology, nonminimal
kinetic coupled gravity, etc.!* Bohmer et al.'® explored its stability using scalar
homogeneous perturbations in f(R) gravity and found that stable EU exists for
specific forms of f(R) in contrast to GR. Goswami and his collaborators'® inves-
tigated the existence as well as stability of EU in the background of fourth-order
gravity theories. Goheer et al.'” studied the existence of EU for power-law f(R)
model and found stable solutions. Bshmer and Lobo!® discussed the stability of EU
in the context of f(G) gravity against scalar homogeneous perturbations and found
that stable regions exist for all values of the equation-of-state parameter (w).

Bohmer!? studied the stability of EU parameterized by the first and second
derivatives of scalar potential for linear homogeneous as well as inhomogeneous per-
turbations in the context of hybrid metric-Palatini gravity and found a large class
of stable solutions. Li et al.?® found stable regions for both open as well as closed
universe in modified teleparallel theory against linear homogeneous scalar pertur-
bations. Huang et al.?! obtained stable solutions for EU against homogeneous,
inhomogeneous scalar, tensor and anisotropic perturbations in Jordan Brans—Dicke
theory. The same authors?? also found the unstable solutions against homogeneous
as well as inhomogeneous scalar perturbations for open universe while stable EU is
obtained for a closed universe against homogeneous perturbations in f(G) gravity.

Béhmer and his collaborators??

analyzed stability regions against both homoge-
neous and inhomogeneous perturbations in scalar-fluid theories and found stable
as well as unstable results against inhomogeneous and homogeneous perturbations,
respectively. Darabi et al.?* studied the existence and stability of EU in the context
of Lyra geometry against scalar, vector as well as tensor perturbations for suitable
values of physical parameters. Shabani and Ziaie?> analyzed the existence as well as
stability of EU in f(R,T) gravity and found stable solutions which were unstable
in f(R) gravity.

In this paper, we study the stability of EU against scalar homogeneous pertur-
bations in the background of f(G,T) gravity. This analysis is helpful to examine
the effects of matter—curvature coupling on the stability of EU. The paper has the
following format. In Sec. 2, we construct the field equations of this theory while
Sec. 3 is devoted to analyze the stability under linear homogeneous perturbations
around EU for conserved as well as nonconserved EMT. The results are summarized

in the last section.
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2. Dynamics of f(G,T) Gravity

The action for f(G,T) gravity is given by®
T
5= /d4 {R”(g R+/GT) (1)

where T' = g, TH", k2, g and L,, represent coupling constant, determinant of the
metric tensor (g,,,) and matter Lagrangian density, respectively. The EMT in terms
of £, is defined as?%

=g ag

If £,, depends on the components of g,,, but does not depend on its derivatives,
then Eq. (2) yields

(2)

oLy,

T‘;w = g,ul/[:m - QW (3)

Varying the action (1) with respect to g,., we obtain the field equations as follows

1

1
Ruu - _guuR = K’QT/,LV - (Tuv + @uu)fT(ga T) + §gul/f(g7 T) - (QRRHV

2

— 4R Ray — 4R a3 R + 2RV Ry0p,) f6(G, T)

— (2Rg,y0 — 4R,,0 — 2RV,,V, + 4RV, V4 + 4R3V,,V,

- 49;U/Raﬁvav5 + 4leél/[3vavﬂ)fg (g’ T)a (4)
where fg(G,T) = 0f(G,T)/9G, fr(G,T)=0af(G,T)/0T, 0 =V,V* and V,, is a

covariant derivative whereas ©,, has the following expression

oT, 0L
O = g8 = T + gu Lom — 2g°F " 5
e g b 7+ I T Dgrrages )

The covariant divergence of Eq. (4) is given by

fr(G,T)

1
7 — u _ = u 7
VT = 5 gy |V O g9V T+ (T + ©,) V" In fr(G.T))).

(6)

In this theory, the field equations as well as conservation law depend on the
contributions from cosmic matter contents, therefore every suitable selection of £,,
provides the particular scheme of dynamical equations. The line element for positive
curvature FRW universe model is'®

ds® = dt* — a®(t) (

—3 dr? 4 r?(d6? + sin® 9d¢2)) , (7)
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where a(t) is the scale factor. The EMT for perfect fluid is given by
T,uu = (/) + P)”y“u - Pg/u/a (8)

where p, P and u, represent the energy density, pressure and four-velocity of the
matter distribution, respectively. For perfect fluid as cosmic matter distribution
with £,, = —P, Eq. (5) becomes”

@pu = _2Tp,u - Pg,ulw (9)
Using Egs. (7)—(9) in (4), we obtain the following set of field equations

S @) = R+ F(G.T)+ (p+ P)fr(G,T) 125 (1 +@)

X J(G.T) + 1251+ )0, o(G,T), (10)

—(14 a%) — 2ai = K*a®P — %azf(g,T) + 12%(1 +a*)f(G,T)
—8aidy fg(G,T) — 4(1 + a*)0u fg(G, T), (11)
where
24 9\
G="3(+a%)i, T=p-3P (12)

and dot represents the time derivative. The conservation equation (6) for perfect
fluid yields

) a A

p+32p+ P) = (P 37) 16.1)+ o+ PSR (G.7)].

(13)

—1
K2 + fT(g7T)

3. Stability of Einstein Universe

In this section, we analyze the stability of EU against linear homogeneous pertur-
bations in the background of f(G,T) gravity. For EU, a(t) = ap = constant and
consequently, the field equations (10) and (11) reduce to

1
% = k2po + 5f(gO,To) + (po + o) fr(Go, To), (14)
0
1_ 2p 1 Go. T 15
—a%—/‘f O_Zf( 05 0)) ( )

where Gy = G(ag) = 0, Ty = po—3Py, po and Py are the unperturbed energy density
and pressure, respectively. To explore the stability regions, we consider linear form
of equation-of-state as P(t) = wp(t) and define linear perturbations in the scale
factor and energy density as follows

a(t) = aop + agda(t), p(t) = po+ podp(l), (16)
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where da(t) and dp(t) represent the perturbed scale factor and energy density,
respectively. Applying the Taylor series expansion in two variables upto first order
with the assumption that f(G,T) is an analytic function, we have

f(g7T) = f(g07TO) + fg(go,To)(sg + fT(g07T0)5T7 (17)

where 0G and §T have the following expressions

5G = %5@, 5T = Todp, (18)
0

where da = j—;(c?a). Using Egs. (14)-(18) in (10) and (11), we obtain the linearized

perturbed field equations as follows

6da + 24po(1 + w) for(Go, To)di + agpo[k* + (1 + w) fr(Go, To)

1

+ 5 (1= 3w)fr(do, To) + po(1 + w)(1 = 8w) frr (Go, To)]dp = 0, (19)
—£5a+26d—%f (Go, To)da™) + 5%—1(1—3w)f (Go, To)| &
a(z) aégg 0,40 Po B 7\Y0,40 P

4551 = 3) for (G0, T)37 = 0. (20)
0

These equations show that the perturbations in a(t) are related with density pertur-
bations. In the following subsections, we discuss the stability modes for conserved
as well as nonconserved EMT.

3.1. Conserved EMT

In this case, we assume that general conservation law holds in f(G,T) gravity. For
this purpose, the right hand side of Eq. (13) must be zero which yields

1.
<P + QT) fr(G,T)+ (p+ P)ofr(G,T) = 0. (21)
The conserved matter contents of the universe satisfy the relation given by
0p =—-3(1+w)da. (22)

Using this equation in the elimination of §p from Egs. (19) and (20), we obtain the
fourth-order perturbation equation in perturbed a(t) as follows

l6/€2aow — 3a0(1 — 3w)fT(g0, To) + 2ag {HQ + (1 +4 w)fT(go,To)

+ %(1 — 3w)fT(g0,T0) + po(l + w)(l — 3w)fTT(go,T0)} da

+

24a0po(1 + w) {&Qw — %(1 — 3w)fT(go,T0)} for(Go, To)
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{2+ )0 - ) orGnTo) | {68 + a1+ ) fr G, T)

Qg

1
+ 0801 —3) (G0, To) + aipa(1 + )(1 — ) rr(Gn. To) | |
96 1
T {’f aj + aj (1 + w) fr(Go, To) + 2%( 3w) fr(Go, To) + agpo
0
X (1 +w)(1—3w)frr(Yo, To)} fa(Go, To)da™ = 0. (23)
Adding Eqgs. (14) and (15), it follows that
2
o = po(1 +w)(5* + fr(Go, T0)). (24)
0

Using this expression in Eq. (23), the resulting perturbation equation yields
[po(1+ W) {K? + fr(Go,To)} {/@2(1 +3w) + (1 4+ w) fr(Go, To)
— (1 =3w)fr(Go, To) + po(1 + w)(1 = 3w) frr(Go, To)}] a

+

12p5(1 + w)*{k* + fr(Go, Tv)} {"6 w— %(1 - 3w)fT(g07T0)}

x for(Go, To) — 2+ 6p3(1 + w)*(1 — 3w){x* + fr(Go, To)} for(Go, To)]

X {Hz + (1 + w)fT(gg,To) + po(l + w)(l — 3w)fTT(go,To) + %(1 — 3(4))

X fT(go,TO)}

6a + 24p3(1 + w)?{k* + fr(Go, To)}? {KQ +(1+w)

< Fr(Go. o) + po(L -+ £)(1 — 30) Frr (G0, T) + 5 (1 - 3w)fT<go,To>}

X fgg (gO,To)(SCL(iU) = 0. (25)

The solution of this equation helps to discuss the stability regions in EU. How-
ever, it would be difficult to find stable/unstable solutions due to its complicated
nature. We, therefore, consider the particular form of f(G,T') as follows

[(G,T) = f1(G) + f2(T). (26)

This choice of model does not involve the direct curvature-matter nonminimal cou-
pling but it can be considered as correction to f(G) gravity. In this case, we have
assumed that the EMT is conserved, therefore, we first constrain the above model
such that the conservation law holds for it. For this purpose, using the considered
form in Eq. (21), the resulting second-order differential equation takes the form

(1= w)f5(T) +2(1 + w)Tf3(T) = 0,

1750084-7
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where prime represents derivative with respect to x (z = T or G). The solution is
given by
c1(l+w)

T20+ey 27
2(1tw
1+ 3w tez (27)

f2(T) =

where ¢;’s (i = 1,2) are integration constants. This is the unique representation of
matter contribution for which conservation law holds with model (26). The modified
GB term f1(Go) acts like an effective A to the unperturbed field equations. It is
worth mentioning here that f(G) gravity is recovered for this choice of f(G,T)
model if fo(T) = 0.18 Inserting the values from Eqgs. (26) and (27) in (25), the
differential equation takes the form

Ag(A1 4 Ag)da — 20166 + 24, A2 f1(Go)da ™) = 0, (28)
where Aj’s (7 =1,2,3) are

1 w— 1
Ay =K+ 101(1 + 5w)[po(1 — 3w)] 7T — 10100(1 —w)(1—3w)

—(3+w)

x [po(1 — 3w)] 247

1 w—1
Az = po(l +w) |k + 5{/)0(1 — Bw) et

3 w—1
As = 3K%w — ch(l — 3w){po(1l — 3w)}2@+D .
Equation (28) provides the following solution
oa(t) = di1e + doe™ 0t 4 dgeft2t 4 dye 2,

where di’s (k = 1,...,4) are constants of integration and the parameters €, and
Qg are frequencies of small perturbations given by

Ay + /A2 — 24N, A3 (A1 + A3) f7(Go)
24A1 A2 f!"(Go) :

Q%,z = (29)

In order to avoid the exponential growth of da(t) or collapse, the frequencies
are purely complex which lead to the existence of stable EU. Thus, the condition
of stability is achieved when QF , < 0. In the limit of GR, Qf diverge while Q3 are
given by

1
02 = 5/@%0(1 +3w)(1 + w),

1
3

duce a new parameter (; = 24f{(Gy) as well as use k* = 1 and py = 0.3 (present
day value of density parameter) to discuss the graphical analysis of stable EU.2”
Figure 1 shows the stable regions under homogeneous perturbations of EU for
O2. It is found that for ¢; = 1 in the left plot, the stable EU exists for neg-
ative values of w while no stable region exists for its positive values. The right

which provide stable region in the range —1 < w < —+.® For simplicity, we intro-
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40F ] 4F - B
|
|
|
a |
i |
20+ [ B 20+ | B
O :
S0 ! 1 3 of J
& |
|
|
20+ | g 20+ g
V
—40p 1 1 1 1 | —40p 1 1 1 1 |
-15 -1.0 -05 00 -15 -1.0 -05 00
[} ®

Fig. 1. Stable regions in (w, ¢1) space for Q2 with c1 = 1 (left) and ¢; = 5 (right).

panel shows the stable region for ¢; = 5 and hence the stability regions decrease
as the value of integration constant increases while for negative values of ¢1, no
stable regions are found. The regions of stability for frequencies Q2 are shown in
Fig. 2 for both positive as well as negative values of ¢;. The negative values of (;
are obtained for f{'(Gp) < 0 which is in agreement with stability condition of f(G)
models.?® Figure 3 shows the stability regions for both Q2 as well as Q3 of the whole

System.
o T T T T 5 o — T T ]
201 B 20F —
W op — 0 = =1
. |
S |
20+ | 4 20+ q
—40f 1 1 1 1 —40 1 1 1 |
-1.5 -1.0 -0.5 0.0 -1.5 -1.0 -0.5 0.0
o [}

Fig. 2. Stable regions in (w, ¢1) space for Q2 with ¢1 = 1 (left) and ¢; = —1 (right).

1750084-9



M. Sharif and A. Ikram

40 b 40

20F \ B 20}

—40f L L n L 40 L L n L |

Fig. 3. Stable regions in (w, (1) space for 9%2 with ¢; =1 (left) and ¢; = 5 (right).

3.2. Nonconserved EMT

Here, we analyze the stability of f(G,T) model when EMT is not conserved. We
consider generic function f1(G) and a linear form of f5(7) in Eq. (26) as follows

£(G.T) = f1(G) + k*XT, (30)
where y is an arbitrary constant. Substituting in Eq. (13), we obtain
_ 2(1+x)(1 +w)
= 350 =

where po is an integration constant. The perturbed field equations (19) and (20)
take the following form

66a + x2apo [1 - %(w — 3)] 0p =0, (31)

2 96 ;
204 — —0a + K [w - K(1 - Sw)} Podp — —4f{’(go)5a(“’) =0. (32)

The first field equation shows the relationship between the perturbed energy density

and scale factor perturbations. Eliminating dp from Egs. (31) and (32), the resulting
differential equation in perturbed a(t) is given by

20a

3 3(20) — X(l - 3(.4})) _ % " (iv) _
Py e e o

0
In this case, the addition of static field equations yields

3 — 2po(1 4 )(1 + w). (34)

1750084-10
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Inserting this value of % in Eq. (33), we obtain
a5

K2po[x(1+x)(1 = w?) = (1 +x)*(1 +w)(1 + 3w)]da + [2(1 + x)
+x(1 = w))od — 126*p3[2(1 + x)3 (1 + w)? + x(1 + x)*(1 — w)(1 + w)?]
x f1(Go)dal™) =0, (35)

whose solution provides the following four frequencies as

—2(1+x) — x(1 —w) £ 21+ x) + x(1 —w)]2 — 4853 Au f{ (Go)
24523 (1 4+ x)?(w = 1) (1 +w)? = 2(1 + x)*(1 +w)?]f{"(Go)

2
T1,2 =
where

Ay =21+ x)*(1+w)+ x(1+x)*(1 — w) (1 +w)?[(1+ x)*(1 +w)
X (14 3w) — x(1+x)(1 — w?)].

When f1(Go) = 0 = ¥, the frequencies Y% recover the GR result as obtained
in the previous case while frequencies Y3 diverge. We simplify the expression by
introducing a new parameter (o = —48k5p3f]'(Gy) which remains positive for

7(Go) < 0. Figure 4 shows stable regions against homogeneous perturbations of
EU for frequencies Y?. It is found that when y = 1 (left panel), the stable EU
exists for all values of w with suitable choice of (5 while less stable regions are
obtained when y = 5 as shown in the right plot. In the case of nonconserved EMT,
the stability regions decrease as the value of model parameter x increases while no
stable regions are observed for x < 0. The regions of stability in EU for frequencies
T3 are shown in Fig. 5 for considered values of x while stability regions for whole
system is observed in Fig. 6.

40 m— 9 4 E

G
o
T

—40E n n P P 40 A - P PR

-5 -1.0 -0.5 0.0 -5 -1.0 -0.5 0.0

w (0]

Fig. 4. Stable regions in (w, {2) space for Y2 with x = 1 (left) and x = 5 (right).
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w [0

Fig. 6. Stable regions in (w, (2) space for Ti2 with x =1 (left) and x = 5 (right).

Now, we consider the generalized model given by
f(G,T)= f1(G) + k*xT™, n#0. (36)

Following the same procedure, we obtain the following fourth-order differential
equation in perturbed a(t) as follows

24k p5 (1 +w)? [1+ nxpy ' (1 — 3«1)"‘1]2 1(Go)da'™ — 25a

+12po (1 +w) (1 + nxpy ' (1 — 3w)™ 1) [1 +3 (w - gx(l - 3w)"p6‘_1)
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n—1 _n—1 1
X [ 14 nx(1—3w)""pg (1+w)+§(1—3w)+(n—1)
-1
x (1 +w)]) }(Sa =0,

whose solution provides the following four frequencies as

2 14 /1 —24k5A5 f]'(Go)
—1,2 — — )
24 [52,00(1 + w) (1 + nxpl 1(1 - 3w)"—1)]2 17(Go)

where
3 3 n—1 n—1\3 n n
As = po(1+w)’ (L +nxpg ' (1 —3w)" ) [1—|—3<w— §X(1—3w)

X p6‘*1> [1 +nx(1 —3w)" tpp~? <(1 +w)+ %(1 —3w)+(n—1)

X (1+w))}_1].

The graphical analysis of frequencies =5 are shown in Figs. 7 and 8 where we
have used (3 = —24x°f](Go), k% = 1, po = 0.3 and y = 1. It is found that
stable regions are obtained for all the considered values of n while stable EU does
not exist for the frequencies Z7. In this case, the stability region of whole system is
completely described by the frequencies Z3. It is interesting to mention here that for
f1(Go) = 0 = ¥, the frequencies =2 diverge while GR is recovered for the frequencies
=2 as in the previous case.

qo0f 7T = T T B 40

201 4 20 1

G
{
)
G

20+ 4 20}

Fig. 7. Stable regions in (w, ¢3) space for 22 with n = —5 (left) and n = 0.5 (right).
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40

40F

G
G
|

[ [0

Fig. 8. Stable regions in (w, {2) space for 23 with n = 2 (left) and n = 5 (right).

4. Final Remarks

In this paper, we have analyzed the stability issue of EU in the context of f(G,T)
gravity which is the extension of f(G) gravity and is based on the ground of
matter—curvature coupling. Due to this coupling, the conservation law does not
hold as in f(R,T) gravity.” We have considered the isotropic and homogeneous
positive curvature FRW line element with perfect fluid as matter content of the
universe. The static as well as perturbed field equations are constructed against
linear homogeneous perturbations which are parameterized by equation-of-state
parameter. We have formulated the fourth-order perturbed differential equation
whose solutions are analyzed for the existence and stability of EU for specific form
of f(G,T) = fi(G) + f2(T). For this choice, we have discussed both the models
when EMT is conserved as well as not conversed and obtained distinct results as
compared to f(G) gravity.

e We have assumed that EMT is conserved in this gravity and obtained a particular
form of fo(T") for which the covariant divergence of EMT becomes zero. We have
analyzed the regions of stability around EU and found that stable results are
observed for a suitable choice of integration constant c;.

e Two particular forms of f2(T") are considered for which the covariant divergence
of EMT remains nonzero and the value of energy density in terms of scale factor
is evaluated. It is found that stable EU exists in this case for both models if the
model parameter y is chosen appropriately.

We conclude that the stable EU universe exists against scalar homogeneous pertur-
bations in the background of f(G,T) for all values of the equation-of-state param-
eter if the model parameters are chosen suitably. EU against vector perturbations
(comoving dimensionless vorticity vector) are stable for all equations-of-state on

1750084-14
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all scales since any initial vector perturbations remain frozen. The mechanism for
stability analysis of EU against tensor perturbations (comoving dimensionless trace-
less shear tensor) suggests that these fluctuations may not break the stability of EU
in the background of f(G,T) gravity.!? It would be interesting to investigate the
complete analysis of tensor as well as inhomogeneous perturbations in this gravity
which will be helpful to explore the EU. It is worth mentioning here that our results
reduce to f(G) gravity in the absence of matter—curvature coupling.®
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Inhomogeneous Perturbations and
Stability in f(G,T) Gravity
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Abstract

In this paper, we study stability of the Einstein static universe
against inhomogeneous scalar perturbations parameterized by equa-
tion of state parameter in f(G,T) gravity (G and T represent the
Gauss-Bonnet invariant and trace of energy-momentum tensor, re-
spectively). We formulate static as well as perturbed field equations
in the presence of perfect fluid and analyze the stability regions. This
is accomplished for particular f(G,T) models corresponding to zero as
well as non-zero covariant divergence of the energy-momentum tensor.
It is found that stable Einstein universe exists both for spatially closed
as well as open universe models for suitable choice of parameters.

Keywords: Stability analysis; Einstein universe; f(G,T') gravity.
PACS: 04.25.Nx; 04.40.Dg; 04.50.Kd.

1 Introduction

Gauss-Bonnet (GB) invariant being a quadratic curvature invariant has gained
special attention in cosmology. It is a linear combination of Ricci scalar (R),
Ricci (R,p) and Riemann (R,ge,;) tensors. The interesting feature of this
four-dimensional topological term is that it is free from spin-2 ghost insta-
bilities [1]. To investigate the dynamics of G in four dimensions, Nojiri and
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fayeshamaths91@gmail.com



Odintsov [2] presented the modified GB theory (also called f(G) gravity) by
adding the generic function f(G) in the Einstein-Hilbert action. This the-
ory acts as an alternative to dark energy (DE) which efficiently describes
the late-time cosmological evolution with a possibility to discuss transition
between decelerated and accelerated phases of the universe [3]. De Felice
and Tsujikawa [4] constructed cosmological viable models and developed an
iterative mechanism to avoid numerical instabilities incorporated with large
mass of oscillating mode. They also found that these viable f(G) models
are consistent with solar system constraints for a suitable choice of model
parameters [5].

The significant curvature-matter coupling (CMC) in modified theories of
gravity has attained much attention to discuss the fascinating issue of current
cosmic accelerated expansion. Harko et al. [6] established such coupling be-
tween R and matter referred as f(R,T') gravity. Recently, we have introduced
f(G,T) gravity to explore the dynamics of quadratic curvature invariant cou-
pled with matter as the generalization of f(G) gravity [7]. It is found that the
covariant divergence of energy-momentum tensor is non-zero due to presence
of this coupling. Consequently, an extra force appears due to which the non-
geodesic lines of geometry are followed by massive test particles while dust
particles move along geodesic trajectories. Some cosmological viable f(G,T)
models are constructed via Noether symmetry approach using isotropic and
homogeneous universe model [8]. We have reconstructed and analyzed the
stability of f(G,T) models corresponding to cosmic evolutionary models such
as de Sitter and power-law solutions [9].

In addition to the discovery of current cosmic accelerated expansion, the
big-bang singularity is also a captivating issue in modern cosmology. To
resolve this singularity problem, several proposals have been presented like
emergent universe scenario [10]. In this scenario, the universe stays at an
Einstein static state (referred as Einstein universe (EU)) past eternally and
then evolves to cosmic inflationary epoch [11]. Einstein universe is described
by static isotropic and homogeneous universe model in the presence of prefect
fluid. The successful emergent universe scenario requires stable EU against
all kinds of isotropic as well as anisotropic perturbations.

The issue of stable EU has stimulated many researchers just after few
years of general relativity (GR). Einstein introduced cosmological constant
to his famous field equations in order to have static solution since these
equations have no such solution. Eddington [12] showed that this initial
static model is unstable against small isotropic and spatially homogeneous



scalar perturbations in the presence of normal matter. Harrison [13] found
that the unstable EU becomes oscillatory and observed the existence of stable
EU for dust distribution in the presence of radiations against inhomogeneous
perturbations. It is found that the EU is stable around inhomogeneous vector
as well as tensor perturbations in the presence of perfect fluid and under
adiabatic scalar density inhomogeneities until the inequality 5¢2 > 1 (¢, is
the speed of sound) holds [14].

The stability issue of EU has widely been discussed in quantum grav-
ity models as well as in the extensions of GR since EU is unstable against
homogeneous perturbations in GR. The existence and stability of EU is in-
vestigated in loop quantum cosmology, Einstein-Cartan theory, braneworld,
lyra geometry etc [15]. Bohmer et al. [16] observed stable solutions against
homogeneous scalar perturbations for particular f(R) models. Goswami and
his collaborators [17] studied the existence of stable EU in f(R) gravity and
found that EU is neutrally stable against vector as well as tensor perturba-
tions for only one particular choice of f(R) model. Béhmer and Lobo [18]
explored stable regions against homogeneous scalar perturbations for all the
considered range of equation of state parameter in f(G) gravity.

Bohmer et al. [19] analyzed the stability of EU in the context of hybrid
metric-Palatini gravity and found stable results against homogeneous as well
as inhomogeneous scalar perturbations. Huang et al. [20] investigated the
inhomogeneous scalar as well as tensor perturbations for both perfect fluid
and scalar field as matter contents of the universe in Jordan Brans-Dicke
theory and found stable solutions. The same authors [21] analyzed the ho-
mogeneous as well as inhomogeneous scalar perturbations in f(G) gravity
and found stable solutions only for a closed universe against homogeneous
perturbations. Stable as well as unstable regions of EU are obtained against
inhomogeneous and homogeneous perturbations, respectively in scalar-fluid
theories [22]. Shabani and Ziaie [23] discussed the stability of EU against ho-
mogeneous scalar perturbations and found stable solutions in f(R,T) gravity.
Sharif and Ikram [24] investigated the existence and stability of EU against
homogeneous scalar perturbations in f(G,T') gravity for both conserved as
well as non-conserved energy-momentum tensor and obtained stable solu-
tions.

In this paper, we analyze the stability of EU against inhomogeneous scalar
perturbations for perfect fluid as cosmic matter distribution in f(G,7T) grav-
ity. The paper has the following format. In the next section, we formulate
the field equations for EU while section 3 is devoted to analyze the stabil-
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ity of EU against inhomogeneous scalar perturbations for zero as well as
non-zero covariant divergence of energy-momentum tensor. In section 4, we
summarize the results.

2 Einstein Universe in f(G,T) Gravity

In this section, we review f(G,T) gravity, EU and construct the correspond-
ing field equations for FRW universe model. The f(G,T') gravity is governed

by the action [7]
A= [ (BT L) v, 0

where G = Rypen R*%" — 4R, s R’ + R?, K, L,, and g represent the coupling
constant, Lagrangian density associated with matter configuration and de-
terminant of metric tensor (g.g), respectively. The variation of action (1)
with respect to g.g yields the field equations as follows

1
Gop = Klup+ §9a,@f(ga T) — 2RRasfq(G,T) + AR5 Rs, fg(G,T)
+ RY"Ragpnfo(G,T) — 2R, Rpenfo(G, T) — (Tup + Oup) fr(G, T)
— 4RagpyVV" [6(G, T) + 4gap RNV, f6(G, T) — 4RV 5V e f6(G, T)
— 4RV Vefg(G,T) +4RasV? fg(G, T) + 2RV oV fg(G, T)
- QQaﬁszfg(g7T), (2)
where ©,5 = ¢*"(6T¢,/0g*?), V? = VV, (V, is the covariant derivative),

fg(G,T) and fr(G,T) represent derivatives with respect to G and T', respec-
tively. The CMC gives the non-zero covariant divergence of (2) as

a 1 o 1 N
Vo w— f7(G.T) (Tap + Oap)Vfr(G,T) — <§9aﬁv T
— V%ap) fr(G.T)]. (3)

The above equations show that the dynamics of this modified gravity theory
depends on the suitable choice of £,, and generic function f(G,T). The
energy-momentum tensor for perfect fluid is given by

Top = (p+ P)alts — PGas; (4)
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where p, p and p, denote the energy density, pressure and four-velocity
in comoving coordinates, respectively. The tensor ©,3 has the following
expression

Ous = ~2To — Pl (5)

where we have used £,, = —p with the assumption that £,, depends only on
gap rather than on its derivatives [25].
The line element for homogeneous and isotropic universe is [21]

d82 _ a2(V) dl/2 _ : kaXQ o X2(d92 4 Sin2 9d¢2) ’ (6)

where a(v) and k represent the conformal scale factor depending on the
conformal time (v) and spatial curvature parameter, respectively. The con-
formal time satisfies the relation dt = a(v)dv whereas k corresponds to closed
(k=1), flat (k = 0) and open (k = —1) geometries of the universe. The GB
invariant and 7' take the form

-\ 2

()
a

where dot represents derivative with respect to v. Using Eqs.(4)-(6) in (2),
we obtain the corresponding fourth-order field equations as

3[(g)lk

9 T:p_3p7

= Ha2p+%a2f(g T)+a*(p+p)fr(G, T)Jrg (;—d)

)

< J0.1) - 12— ai) (1 ) Fo(6.7), 7)

(g)Q—%—k = man—%af(gT)—F—(a——) ()

X fq(G,T)+4a [Sa (a* — ad) + E(a + k‘)] fo(G,T)

X

fe(G.T) + 12% {c‘ﬂ — ai (1 - i) + ﬁ}

at a?

Jo(G.T). (8)




The Einstein universe is defined by static FRW universe model as
a(v) = ap = constant.
At Einstein static state, the expressions for GB invariant and T" become
G(ao) =Go =0, Ty = po— 3po,

where pg and py denote the unperturbed energy density and pressure, respec-
tively. The corresponding field equations are

3k = al (/@po + %f(go, To) + (po + po) fr(Go, To)) ; 9)

~k = a (’fpo - %f(go,To)> : (10)

It is interesting to mention here that EU is shear, expansion as well as rotation
free universe.

3 Stability Analysis

In this section, we study the stability regions of EU against inhomogeneous
scalar perturbations using Newtonian gauge (also known as longitudinal
gauge) in f(G,T) gravity. In this gauge transformation, the perturbed line
element is given by [21]

dx?

1—kx?

ds* = a3(1 — 2®)dv? — aj(1 + 20) + X% (d9? + sin? 0dp*) |, (11)
where ® and W represent the Bardeen potential and perturbation to spa-
tial curvature, respectively. The linear perturbations in energy density and
pressure are
p = po~+ podp, P = po+ Poop,

where dp and dp are the perturbed energy density and pressure of the mat-
ter distribution, respectively. The harmonic decomposition of these scalar
perturbations are [206]

op = 6/)A(V)T/\(79i)v (5p:5p>\(V)TA(19i),
O = D\()Ta(Y), U =U,()T\(),



where 9" denotes the spatial coordinates (x, 6, ¢) while summation over \ is
taken. The harmonic function Yy = T, (") satisfies the following relations
corresponding to different geometries of the universe as

—(N2+ 1Ty, A2>0, k=—1,
AT)\ = —hQT)\ = —)\QT)\, )\2 Z O, k= 0,
“AA+2)Ty, A=0,1,2,...,  k=+1,

where A is the three-dimensional Laplacian operator.

These perturbations generate continuous spectrum for flat as well as
closed spatial cosmic geometries while discrete spectrum is observed for open
universe model [21]. The first inhomogeneous mode (A = 1) is known as
gauge mode associated with the gauge degree of freedom which depicts the
freedom to change pu, of fundamental observers, so the physical modes have
A > 2 [14]. It is worth mentioning here that the homogeneous scalar per-
turbations are recovered for A = 0. Using these perturbations in Eq.(2), we
obtain the linearized vv-component for the perturbed metric (11) as follows

1
6kW + 2a3h% W + adpo [/4 — §(w —3) fr(Go, To) + po(1 — 3w)(1 + w)

2
X frr(Go, To) — 4];? (1- 3W)ng(goaTo)] op + [agpo(1 + w) for(Go, To)
0

— 4kR? fgg(Go, To)] 6G = 0, (12)

where w is the equation of state (p = wp) parameter and linearized perturbed

GB invariant becomes
8k (30
0G = — (—2 + h2<1>> : (13)

ap \ Ao

The linearized diagonal components of Eq.(2) give the differential equation
of the form

2 [6kW — 30 + a2h2(20 — @)} +adpo [K(1 — 3w) + 2(1 — 3w) fr(Go, Tp)
4kh?

+ (14 w)fr(Go, To) + po(1 = 3w)(1 4+ w) frr(Go, To) + " (1—-3w)

X far(Go,To)] 6p + [agpo(1 + w) for(Go, To) — 4kh? fgg(Go, Tv)| 6G
12k LAk )
fa6(Go, 10)6G + ?Po(l — 3w) fgr(Go, To)op = 0. (14)
0

ag
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The corresponding off-diagonal components in the presence of perfect fluid
provide the relation ®(v) = W¥(r) while it does not hold for anisotropic matter
distribution.

To discuss the stability of EU, we consider the particular form of generic
function f(G,T') as follows [24]

J(G.T) = fi(G) + fo(T), (15)

which shows that the direct non-minimally CMC is absent. This choice of
model is considered as the correction term to f(G) gravity and modified GB
gravity is recovered for fo(7") = 0. Using Eq.(15), the field equations (12)
and (14) reduce to

2(3k + a2h®) W + a2po [F& - %(w —3) f5(To) + po(1 — 3w)(1 + w)

X f3(To)]6p — 4kN* £1(Go)dG = 0, (16)
2 |6k — 30 + a2h2(20 — @)} +apo [s(1 — 3w) + {2(1 — 3w)

(14 w)}H(To) + po(1 = 3w)(1 +w) f3 (To)] 6p — 4kB* f{'(Go )G
12k,

2 (G0)dG = 0, (17)
where f1(G) = df1(G)/dG and f5(T) = df2(T)/dT. Using Eqs.(13) and (16)
in the elimination of ®, 0G and dp from Eq.(17), it follows that

2 | 5 DA w1+ )1 = 3| G
— 6 o= DT + ol +)(1 = 31T -
x k(1 = 3w) +2{2(1 — 3w) + (1 + w) } f5(To) + po(1 + w)(1 — 3w)

. 16k%h*
< BENAGNT+2 | (oh+ and - 5T 1))

0

X (Fg — %(w —3)f5(To) + po(1 + w)(1 — 3w) é/(To)) — (3k + agh?®

— G ) (sl1 — 30) 4 24200 - 30) 4 (1) (T
1 @)1~ 30) )] W =0 19



Using Eqgs.(9), (10) and (15), we obtain

= = mll+ @)l + T

Substituting this equation in Eq.(18), the resultant fourth-order perturbed
differential equation in ¥ takes the form

1868(1 + )i + AT} [ = 5 = BAA(T) + pol1 + ) (1~ )

X

ﬂﬂﬂf@@@M—BMMLH@M+ﬁUB{ (m—— 3)£3(T)

po(1+w)(1 = 3w) f5(Tv)) = 2p5h" (1 + w)*[5 + fo(To)]*[(1 — 3w)
2{2(1 = 3w) + (1 +w)} f3(To) + po(1 + w) (1 = 3w) f3(To)] £ (Go)] ¥
2k2 [{3po(L +w)[k + fo(To)] + B* — 4pgh* (1 + w)? [k + f5(To)]* f1(Go) }
(1= 30 = 35T + o1 + )1 = 3T ) = { o1 +)
X[+ f(To)] + 1% = 4pgh* (1 + w)? [k + f5(To)]* £ (Go) } [5(1 — 3w)
+ 2{2(1 = 3w) + (L + w)} f5(To) + po(1 + w)(1 — 3w) £5(To)]] ¥ = 0. (19)
In the following subsections, we explore stability regions for zero as well as
non-zero covariant divergence of the energy-momentum tensor.

+ o+ o+

X

3.1 Casel: VT, ,53=0

In CMC theories, generally the conservation law does not hold. The conti-
nuity equation (3) for perfect fluid in the background of generic FRW model
is

| =)@, 1) + (L4 wpfr(@.T)
———— |-l —w , w ; .
K+ fr(G,T) |2 Pl P

For conserved matter distribution, the right hand side of this equation must
be zero which leads to the following second order differential equation for the
model (15)

) a

2(1+w)Tf5(T) + (1 = w) f5(T) =0,
whose solution is the unique representation of fo(7") for which the energy-
momentum tensor is conserved given by

F(T) = &1 (11::;’;) 72 (555 + ¢, (20)
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where ¢; and ¢y are constants of integration. Inserting Eqgs.(15) and (20) in
(19), the perturbed differential equation takes the form

where

0 =

Qy =

Qllp(iv) + QQ\IJ + ngj - 0,

—_
(o)
s
O~
—~
—_
+
S
\_/
=
N
+
Q
[
)
(=)
—~
—_
|
w
&
:
L\J\»—A
—~
:
E
S~—
| I
Ny
1
=N
|
|
)
R
—
€
|
w
~—

B {n - icl(w — 3)po(1 — 8w)] 3 (E) = iclpo(l — w)(1 - 8w)
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Figure 1: Regions of stability in (w, 7) space for k =1 with A = 2 (left) and
A = 15 (right).

The solution is given by
U(v) = die™ " + doeSt + dge™ 2" + dye?”,

where d;’s (I = 1,2,3,4) represent integration constants and frequencies (; o

are ~
9 -9 F Q2 — 40, Qg
= 2 E . (21)
The existence of stable/unstable regions in EU depend on the growth of
perturbations. The exponential growth takes place when the frequencies
satisfy the inequality CiQ > (0 and give unstable solutions whereas stable EU
exists for (7, < 0.

To discuss the stability of EU against inhomogeneous perturbations, we
introduce the notation 7 = —2p2f{'(Go). Figures 1 and 2 show the stable
regions for closed and open universe models, respectively with k = 1, ¢; =
—1 and py = 0.3. Blue regions indicate the existence of stable EU for (?
while the regions occupied by red dashed lines correspond to (3, respectively.
The stability of the system is described by regions shared by all frequencies.
Figure 1 shows that the stability of EU increases as the value of A increases
in the background of closed universe whereas it decreases for £k = —1 as
A% increases (Figure 2). The f(G) models satisfy the stability condition
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Figure 2: Regions of stability in (w,7) space for k = —1 with A\? = 2 (left)
and \? = 15 (right).

1(Go) < 0 for positive values of parameter 7. For ¢; = 0 = f'(Gy), the
frequency (7 diverges while (3 = 1rpo(1 +w)(1 + 3w), which is in agreement
with the results of GR for —1 <w < —1/3 [18].

3.2 CaselIl: VT3 #0

Here, we explore the stability of EU when the energy-momentum tensor is
not conserved. For this purpose, we consider the following form of f(G,T)

f(G,T) = f1(G) + keT",  b#0, (22)

where ¢ is an arbitrary constant. Substituting in Eq.(19), a fourth-order
differential equation in ¥ is obtained whose solution provides four frequencies

as follows
9 —Q5 F \/ Q% — 4Q4Q6
<3,4 = )
20
where

Q= 18p5(1 + w) k(1 + pb[po(1 — 3w)]"H)]* |:/<, {1 — %gob(w -3
— 2(1+w)(b—1)[po(1 = 3w)]"""}] f'(Go),
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Figure 3: Regions of stability in (w,7) space for k = 1, A = 2 with b = 2
(left) and b =5 (right).

Figure 4: Regions of stability in (w,7) space for k = 1, A = 15 with b = 2
(left) and b =5 (right).
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Figure 5: Regions of stability in (w,7) space for k = —1, A\? = 2 with b = 2
(left) and b =5 (right).

Figure 6: Regions of stability in (w, 7) space for k = —1, A\* = 15 with b = 2
(left) and b =5 (right).
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O = k(1 + )1+ b1 = 3] |5 ({1 bt -3
— 21+ w)(b—1))[po(1 = 3w)]"'}) — 2kpgh*(1 + w)?*[k(1 + @b
% [po(1 — 3w))" M1 — 3w + ©b{2(3 — 5w) + (1 +w)(b — 1)}
x[po(1 = 3w)" ' f{(Go)]

Qs = 2% [{3po(1 4+ w)[r(1 + bpo(1 — 3w)]")] + h* — 4pgh* (1 + w)?
X [K(1+ pb[po(1 — 3w)]*) {/@'{1— —pb(w —3

— 2(1+w)(b—1))[po(1 = 3w))"'}] - { o(1+w)[k(1+ @b

[po(1 = 3w))"™ )] + 1 — 4pgh* (1 + w)?*[K(1 + @b[po(1 — 3w)]"~1)]?
1(G0)} [1 = 3w + ¢b{2(3 — 5w) + (1 + w)(b = 1)}{po(1 = 3w)]" 1] .

Figures 3 and 4 show the stability regions of EU against inhomogeneous
perturbations for frequencies (3?74. We have taken k = 1, pg = 0.3, ¢ = 1 and
k = 1 with different values of f(G,T) model parameter b and inhomogeneous
perturbation mode A. Red regions represent the existence of stable regimes
for ¢ while the regions occupied by blue lines indicate (7. It is observed
that the region of stability for the whole system decreases as the value of b
increases while stability region increases with the increase in A\. The graphical
behavior of stable EU with £ = —1 is shown in Figures 5 and 6. The effects
of b and A on the stability plots are the same as for the closed universe.

4 Final Remarks

In this paper, we have investigated stability of EU against inhomogeneous
scalar perturbations in the presence of perfect fluid in f(G,T') gravity. This
modified gravity is based on the CMC due to which the law of conservation
does not hold. We have considered the generic FRW spacetime to construct
static field equations in EU while perturbed field equations are formulated
using perturbed metric in Newtonian gauge. The inhomogeneous scalar per-
turbations are introduced in energy density, pressure and metric coefficients.
We have considered the specific form f(G,T) = f1(G)+ f2(T) and constructed
the fourth-order perturbed differential equation whose solution provides four
frequencies to analyze the stability of EU. The two specific models are con-
sidered for this particular f(G,T") function for which the energy-momentum
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tensor is conserved as well as non-conserved. In these cases, we have found
that stable EU exists against inhomogeneous perturbations for both closed
and open cosmic geometries if the parameters are chosen appropriately.
Emergent universe scenario requires that EU must be stable against all
kinds of perturbations. In our previous work [24], we have investigated the
EU against homogeneous scalar perturbations and found the existence of
stable EU for suitable choice of model parameters. Furthermore, EU against
vector perturbations are stable on all scales for all equations of state since
initial vector perturbations are frozen. Here, we have found that stable EU
also exists against inhomogeneous scalar perturbations for appropriate chosen
values of parameters. To discuss the emergent universe successfully in f(G,T)
gravity, it would be interesting to investigate EU against tensor as well as
anisotropic perturbations. It is worth mentioning here that our results reduce
to homogeneous perturbations in f(G,7T) gravity for A = 0 [24] as well as to
inhomogeneous perturbations in f(G) gravity for fo(T") =0 [21].
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1. Introduction

Modified theories of gravity have attained much attention after
the discovery of expanding accelerated universe. The basic ingre-
dient responsible for this tremendous change in cosmic history
is some mysterious type force having repulsive nature dubbed as
dark energy. The enigmatic nature of this energy has motivated
many researchers to unveil its hidden characteristics which are still
not known. Modified gravity approach is considered as the promis-
ing and optimistic scenario among several other proposals that
have been presented to explore the salient features of dark energy.
These modified theories are established by adding or replacing
curvature invariants and their corresponding generic functions in
the Einstein-Hilbert action.

Lovelock theory of gravity is the direct generalization of general
relativity (GR) in n-dimensions which coincides with GR in 4-
dimensions [1]. The Ricci scalar (R) is known as first Lovelock scalar
while Gauss-Bonnet (GB) invariant is the second Lovelock scalar
yielding Einstein-Gauss-Bonnet gravity in 5-dimensions [2]. The
GB invariant is a linear combination with an interesting feature
that it is free from spin-2 ghost instabilities defined as [3]

G =R — 4R"PRyp + R*P"™ Rypn,

where R.p and R, are the Ricci and Riemann tensors, respec-
tively. This quadratic curvature invariant is a topological term in 4-
dimensions which possesses trivial contribution in the field equa-
tions. To discuss the dynamics of GB invariant in 4-dimensions,

* Corresponding author.
E-mail addresses: msharif.math@pu.edu.pk (M. Sharif),
ayeshamaths91@gmail.com (A. Ikram).

http://dx.doi.org/10.1016/j.dark.2017.05.001
2212-6864/© 2017 Elsevier B.V. All rights reserved.

there are two interesting scenarios either to couple G with scalar
field or to add generic function f(G) in the Einstein-Hilbert ac-
tion. The first scheme naturally appears in the effective action
in string theory which investigates singularity-free cosmologi-
cal solutions [4]. The second approach known as f(G) gravity is
introduced as an alternative for dark energy which successfully
discusses the late-time cosmological evolution [5]. This modified
theory of gravity is endowed with a quite rich cosmological struc-
ture as well as consistent with solar system constraints [6].

The current cosmic accelerated expansion has also been dis-
cussed in modified theories of gravity involving the curvature-
matter coupling. Harko et al. [7] established f(R, T) gravity to
study the curvature-matter coupling. Recently, we introduced the
curvature-matter coupling in f(G) gravity named as f(G, T) theory
of gravity [8]. This coupling yields non-zero covariant divergence
of the energy-momentum tensor and an extra force appears due
to which massive test particles follow non-geodesic trajectories
while geodesic lines of geometry are followed by the dust particles.
Shamir and Ahmad [9] constructed some cosmologically viable
models in f(G, T) gravity using Noether symmetry approach. It
is mentioned here that cosmic expansion can be obtained from
geometric as well as matter components in such coupling.

The reconstruction as well as stability of cosmic evolutionary
models in modified theories of gravity are the captivating issues
in cosmology. In reconstruction technique, any known cosmic so-
lution is used in the modified field equations to find the corre-
sponding function which reproduces the given evolutionary cos-
mic history. In stability analysis, the isotropic and homogeneous
perturbations are usually considered in which Hubble parameter
as well as energy density are perturbed to examine the background
stability as time evolves [10]. Nojiri et al. [11] formulated the
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reconstruction scheme to reproduce some cosmological models in
f(R) gravity. Elizalde et al.[ 12] applied the same scenario for ACDM
cosmology (A denotes cosmological constant while CDM stands
for cold dark matter) in f(R, G) gravity as well as in modified GB
theories of gravity. The stability of power-law solutions are also
discussed in modified gravity theories [13].

Sdez-Gomez [14] explored the cosmological solutions in f(R)
Horava-Lifshitz gravity and analyzed their stability against first
order perturbations around FRW universe. Myrzakulov and his col-
laborators [15] discussed the cosmological models and found that
f(G) gravity could successfully explain the cosmic evolutionary
history. Jamil et al. [ 16] reconstructed the cosmological models in
f(R, T) gravity and found that numerical analysis for Hubble pa-
rameter is in good agreement with observational data for redshift
parameter < 2. The stability of de Sitter, power-law solutions as
well as ACDM are analyzed in the context of f(R, G) gravity [17].
Salako et al. [ 18] studied the cosmological reconstruction, stability
as well as thermodynamics including first and second laws for
ACDM model in generalized teleparallel theory of gravity. Sharif
and Zubair [19] demonstrated that f(R, T) gravity can reproduce
ACDM model, phantom or non-phantom eras, de Sitter universe
and power-law cosmic history. They also analyzed the stability of
reconstructed de Sitter as well as power-law solutions.

In this paper, we reconstruct various cosmological models in-
cluding de Sitter universe, power-law solutions and phantom/non-
phantom eras in f(G, T) theory. We also analyze the stability
against linear homogeneous perturbations for de Sitter as well as
power-law solutions. The paper has the following format. In Sec-
tion 2, we formulate the modified field equations while Section 3 is
devoted to reconstruct some known cosmological solutions in this
gravity. Section 4 analyzes the stability of specific solutions against
linear perturbations around FRW universe model. The results are
summarized in the last section.

2. f(g, T) gravity

The action for f(G, T) gravity is defined as [8]
R ,T
7= / (ﬂ + cm> J—gd*x, (1)

2ic?

where «?, g and £, represent coupling constant, determinant
of the metric tensor (g,4) and Lagrangian associated with matter
distribution, respectively. Varying Eq. (1) with respect to g,z, we
obtain the field equations

1 1
KZTaﬁ —Rup + igaﬂR + igaﬁf(ga T) — (Tap + Oup)fr(G, T)

—[2RRup — 4R Ry g — 4RayupoR™ + 2RS Rene 1fo (G, T)

— [2Rgap0 — 4Rop0 — 2RV, Vg + 4Rgvavﬂ + 4RIV,

- 4g0(ﬂRMvvﬁlvv + 4Rauﬂvvuvu]fg(gs T)=0, (2)
where fr(G,T) = 9f(G,T)/dT, fg(G,T) = 9f(G,T)/3G, O =
Vo V¥ (V, denotes a covariant derivative) and T, is the energy-
momentum tensor. The expressions for T, and O,z are [20]

ILm
Top = 8upLlm — 2@’
ww 0*Lm
Oup = —2Typ + ZupLlm — 28 W’

where we have assumed that £, depends only on g, rather than
its derivatives. The non-zero divergence of T, is given by

1 1
VoTyg = ——— VeOyp — =8us VT ,T
“@ = TG |:< wp = 58ap )fr(g )

+ (Oap + Top)VOfr(S, T)] . (3)

The above equations indicate that the complete dynamics of f(G, T)
gravity is based on the suitable choice of £y,.
The energy-momentum tensor for perfect fluid is

Top = (0 + P)Ualp — DEup> (4)

where u,, p and p represent the four velocity, energy density
and pressure of matter distribution, respectively. In this case, the
expression for g becomes

(';)otﬁ = —D8up — ZTlx,‘ia (5)
where £, = —p. The line element for FRW universe model is given
by

ds? = dt? — a*(t)(dx® + dy* + dz?), (6)

where a(t) is the scale factor. Using Eqs. (4)-(6) in (2), we obtain
the corresponding field equation as follows
1
3H? = k?p + 2f(G. T) + (p + PYi(G. T)
— 12H*(H? + H)fg(9, T) + 12H*fg(g, T), 7

where H = g, T = p—3p, G = 24H*(H + H?) and dot represents
derivative with respect to time. The non-zero continuity equation
(3) takes the form

1
k2 +fr(G,T)

1. .
X [(i’ + 5T>fr(g, T)+ (p + p)fr(g, T)} - (8)

p+3H(p+p) =

The standard conservation law holds if right hand side of this
equation vanishes. For equation of state p = wp (w is the equation
of state parameter), Eq. (8) yields

p = —3H(1+ w)p, (9)
with additional constraint

1. . .

3P0 =i +p(1+ ) (Sfer + Tfr) = 0. (10)

We rewrite the above equations in terms of new variable &
known as e-folding instead of t which is also related with redshift
parameter (z) as [11]

N = —1In(1+2z) = In(a/ap).
Using the above definition of AV, Egs. (7) and (8) become

1
3H? = «?p + 5f + p(1+ w)fy — 12H3(H + H')f; + 288H"

x (HH" 4 3H"? + 4HH')f5 + 12H*T'fg1, (11)
-1
"+314w)p=—r
P+ 3( o peRnya

7 1 ! ! ’
x [(wp +5T )fr + o(1+ o) (¢'for + Tfn)] .
where H = dN//dt, d/dt = H(d/dN') and prime denotes deriva-
tive with respect to \V. The simplest choice of f(G, T) model is
F(G.T) = F(G) + F(T). (12)

which possesses no direct non-minimally coupling between curva-
ture and matter. For this particular model, the field equation (11)
splits into a set of two ordinary differential equations as

288HS(HH” + 3H™ + 4HH')Fgg — 12H3(H + H')Fg

1
+5F(9) - 3H? =0,
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1
P+ @)Fr + S F(T) + K’p =0,

where Fg = dF(G)/dG and Fr = dF(T)/dT. The field equations for
perfect fluid matter distribution in f(G) gravity is recovered if 7(T)
vanishes while GR is achieved for f(G, T) = 0.

3. Cosmological reconstruction

In this section, we reproduce different cosmological sce-
narios including de Sitter universe, power-law solutions and
phantom/non-phantom eras in f(gG, T) gravity.

3.1. de Sitter Universe

The de Sitter cosmic evolution is interesting and well-known
as it elegantly describes current expansion of the universe. This
solution is considered as the universe in which the energy density
of matter and radiation is negligible as compared to vacuum energy
(energy density for DE dominated era) and thus the universe ex-
pands forever at a constant rate. The scale factor of this evolution-
ary model grows exponentially with constant Hubble parameter
H(t) = Ho, defined as [17]

a(t) = age'’ot, (13)

where qy is an integration constant. Eq. (9) gives energy density of
the form

0 = ppe~ Mot (14)

where w # —1and py is a constant. Using Eqs. (13) and (14)in (7),
we obtain

1 1+o
/(G0 T) = 12Hgf5(Go, T) + (1 - w) Tfr(do, T)
2
= 36(1 + ©)HyTgr(do, T) + T—— — 3Hg =0, (15)

where Gy = 24H3 is the GB invariant at H(t) = Hy. The solution of
the above differential equation is

_1< (1-24c1 HA)(1-30) )
FG.T) = c16,¢79T Z\ Tro—36c K31 30) oo ) (1 - 3w>
1+o
2ic?
T + 6HZ, (16)

—w
where ¢;’s (i = 1, 2) are integration constants. Since we have used
the continuity equation (9) in Eq. (15), so we must constrain its
solution. Using the above equation with Eq. (10), we obtain the
following functions

1 (1—24c1H6‘)(173w)
fi(G, T) = 16, 51€99T # \ =36, (1-30)
,
" 22w
1

— W

T 4 6H2, (17)

1+ow 3—w

where Zj’s (j = 1, 2, 3) are constants in terms of w and Hy given in
Appendix. For the model (12), we have

1—-3w 2u?
H(G,T) = 1 BT 2 <7> + 25T + 6H, (18)

1 1
3H§—5F+12H§Fg:0, K2p+5f+('l+w)p]-}:0, (19)

where the first equation corresponds to de Sitter universe in the
absence of matter contents in f(G) gravity [6]. Using the constraint
(10), the second equation becomes

k21— )T + %(1 —30)(1 —0)F —2(1+ wl’T?Fr =0. (20)

The solution of Egs. (19) and (20) leads to

g 1 <1+ 2(17w+2w2)> 1 (17 2(1w+202))
FG.T) = 128 46T RN e
22T
T1-30
where ¢j’s are constants of integration. Egs. (16) and (21) indicate
that de Sitter expansion can also be described in f(G, T) gravity.

+ 6H2, (21)

3.2. Power-law solutions

Power-law solutions have significant importance to discuss
different evolutionary phases of the universe in modified theory.
These solutions describe the decelerated as well as accelerated
cosmic eras which are characterized by the scale factor as [17]

N A
a(t)=apt*, H= T A >0. (22)
The cosmic decelerated phase is observed for 0 < A < 1 including
the radiation (» = 1)aswell as dust (A = £) dominated eras while
A > 1 covers the accelerated phase of the universe. For this scale
factor, the GB invariant takes the form

23
g=2450-1). (23)
Using Eqgs. (9), (22) and (23), the field equation becomes
1 1 14+ w)T 2 201+ w)gT
o~ (1J_r3¢)u fr=5= 1g2fgg B £(A+— 1))9 ar
_3#(7T )ﬁ LT, (24)
po(1 — 3w) 1-3w

whose solution is given by
F(G, T) = &ET2GANT1) 4 &8, T2gin—7) 4 86T

+ yaT + ysT7, (25)
where ¢j's are integration constants and )g’s G = 1...6) are given in
Appendix. Inserting Eq. (25) in (10), we obtain
Fi(G.T) = EiE3A TG L 88 AT + AT + A4T7, (26)
(G, T) = &8, TG ™) 4 E16,2,T + 25T + 24T (27)

where Ay’s and £2’s (k = 1...4) are given in Appendix.

Now we find the expression of f(G, T) for the choice of model
(12). The differential equation (24) yields two ordinary differential
equations in variables G and T given by

— — 4 2 —
F = GFg = ———G"Fgg =0,

H1+oP 23T
e 0 2
A—w(l-3w) "1 34

2

612 T B
7 Lpo(1 = 3w) -

The solution of these equations provide f(G, T) model as

A/ 2(1-0+20?)
<1+ o )

F —

1
2

FG.T) =616+ 66T +&T

1 2(1-w+202)
_ 2\ e
+C4T

26T
1-3w

54241 — w)(1 — 3w)
9)2(1 — w)(1 — 3w) — 8[2 — 3M(1 + w)]

2

)m (28)

< T
o —1
po(1 — 3w)
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where ¢’s are integration constants. Thus, the power-law solutions
are reconstructed which may be helpful to explore the expansion
history of the universe in this modified theory of gravity.

3.3. Phantom and non-phantom matter fluids

Here, we reconstruct f(G, T) model which can explain the
system including both phantom and non-phantom eras. In the
Einstein gravity, the Hubble parameter describing the phantom as
well as non-phantom matter distribution is given by [11]

2
K _
H? = ?(ppab + pqa b)’ (29)

where b, p, and p, represent the model parameter, energy den-
sities of phantom and non-phantom matter fluids, respectively.
The violation of all four energy conditions leads to phantom phase
and the energy density grows while it decreases in a non-phantom
regime. The phantom energy density would become infinite in
finite time, causing a huge gravitational repulsion that the universe
would lose all structure and end in a big-rip singularity [21]. When
the scale factor is large, the first term on right hand side dominates
which corresponds to the phantom era of the universe with w =
—1 —b/3 < —1. The non-phantom era in the early universe is
observed forw = —1+ b/3 > —1 when the scale factor is small
and the second term dominates. We rewrite H(t) in terms of a new
function S(\') as H? = S(\) so that Eq. (29) becomes

S(V) = SpePN 4 567, (30)

2 2 . .
where S, =  pyab and S; = % pqay”. The GB invariant takes the
form

G = 24S%(N) + 12S(V)S' (V). (31)

Inserting Eq. (30) in (31), we obtain a quadratic equation in eV
whose solution is given by

a —(48S,S, — G) £ \/(4sspsq — G — 576(4 — b?)S2S2
B 24(2 + b)S? ’

b # 2.
For the sake of simplicity, we consider b = 2 so that it reduces to
oDN g— 485p5q_

32
4852 G2)
Using Eqs. (30) and (32) in (7), we have
1 1 14w ) 3(1 + w)G?T
_f - - Ti - 7
2 2gfg+<173w> I +G oo 4(g74ss,,sq)fgr
1 3g2 KT

>

T2\ g—4ss,s,  1-3w

which is a complicated partial differential equation whose analyt-
ical solution cannot be found.

To find the reconstructed f(gG, T) model, we consider its par-
ticular form (12) which provides the following set of differential
equations

LIS P 1 32
2 27 997 4\ g—48s,5,
41+ w)? ) 22T
Fo—— % 725 =0,
(—o)1-30) """ 1 3a

where we have used the additional constraint in the second equa-
tion. Solving these equations, it follows that

] (/)
(G, T) = diG2 4+ daG + dsT

1 2(1-w+202)
2| 1= T+o
+d4T

1 1 [3(6 -5,
+——|gtan™' [ = H9=5%)) _, 35,549
55 12 SpSq

2T
xIn (g = 245,5, + \/G(G — 485,5,)) ] ——

1-3w
where d’s are constants of integration. Thus, phantom and non-
phantom cosmic history can be discussed in f(G, T) gravity.

(33)

4. Perturbations and stability of cosmological solutions

In this section, we analyze stability of some cosmological evo-
lutionary solutions about linear homogeneous perturbations in
this modified gravity. We construct the perturbed field as well as
continuity equations using isotropic and homogeneous universe
model for both general and particular cases including de Sitter and
power-law solutions. We assume a general solution

H(t) = Hy(t), (34)

which satisfies the basic field equations for FRW universe model in
f(G, T) gravity. In terms of the above solution, the expressions for

G, and T, are
G, = 24H?(H? 4 H,) = 24H3(H, + H.), T, = p.(t)(1 — 3w).

For any particular f(G, T) model that can regenerate the above
solution (34), the following equation of motion as well as non-zero
divergence of the energy-momentum tensor must be satisfied

1
3H2 = k%py + (14 0)puff + - 12H2(H, + H))f} + 288
x HO(HH! + 3H2? + 4H,H.)f%; + 12HAT.f3;,

-1
K2+ frf
x @+ 1) |

where superscript * denotes that the function and its correspond-
ing derivatives are calculated at G = G, and T = T,. If the
conservation law holds, we get energy density in terms of H,(t)
as

1
L 30+ 0o, = | ST 200 + (1 0,

0.(t) = poe’3“+w)fH*(t)d[.

The first order perturbations in Hubble parameter and energy
density are defined as
H(t) = H(t)(1 +8(2)),  p(t) = pulE)(T 4 Sm(t)), (35)

where §(t) and §,,(t) are the perturbation parameters.
In order to analyze first order perturbations about the solution
(34), we apply the series expansion on the function f(G, T) as

fG.T)=Ff*+ 3G — G)+ f{(T — T.) + O, (36)

where ©? involves the terms proportional to quadratic or higher
powers of G and T while only the linear terms are considered. Using
Egs. (35) and (36) in (7), we obtain the following perturbed field
equation

x18 + x28 + Xx38 + Xabm + x58m = 0, (37)
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Fig. 1. Evolution of perturbations §(t) and 8,,(t) for model (17) with @ = 0.
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Fig. 2. Evolution of perturbations §(t) and §,,(t) for model (18) with @ = 0.
where xp's (h = 1...5) are given in Appendix. Inserting these x (1+ w)fé’gr) S+ 12p*H3
perturbations in Eq. (8), the perturbed continuity equation is . 1
o , x (1= 30)fgrbm + (sz* + 503 - o)ff
118 + 126 + 138 + Yudp + Ysbpn =0, (38) 2
201 _ 0
where 7}’s are provided in Appendix. If the conversation law holds + 000 23a))(] + w”;" 9100
in this modified gravity, Eq. (38) reduces to — 12p,Hy(1 = 3w)[Hg + 3(1 + w)H; Ifgr
8m +3(1+ @)H,8 = 0. (39) — 36p;Hy(1 - 30)*(1 + w)f§n> m =0, (40)

The perturbed equations (37) and (38) are helpful to analyze the
stability of any specific FRW cosmological evolutionary model in
f(G, T) gravity. For the particular model (12), these perturbed
equations reduce to

218 + 728 + %36 + Z58m = 0,
118 4 Tadm + T5dm =0,
where the coefficients of (§, &) and their derivatives are ex-

pressed in Appendix. In the following subsections, we investigate
the stability of de Sitter and power-law solutions.

4.1. Stability of de Sitter solutions

Consider the de Sitter solution H.(t) = Hy, the perturbed
equation (37) takes the form
288HGf358 + (864Hf9g + 24p.Ha(1 + w)f9y
— 864p,.Hj(1 — 3w)
x (1+ w)ffer) 8 + (—6H3 — 1152H5fS; + 12p,H3(1 + o)
x [8HF — 9H(1 — 3w)IfSy — 3456p.H5(1 — 3w)

where the superscript 0 represents that the function and its cor-
responding derivatives are evaluated at Gy and To. We consider
the conserved perturbed equation for stability analysis since the
de Sitter solutions are constructed using the constraint (10) in the
previous section. The numerical technique is used to solve Egs. (39)
and (40) for the model (17). The evolution of §(t) and 8,,(t) are
shown in Fig. 1. We consider Hy = 67.8 and k = 1 throughout the
stability analysis of de Sitter universe models whereas integration
constantsarec; = 1x 107%and¢; = —1 x 1073,

Fig. 1 shows smooth behavior of §(t) (left) and &p,(t) (right)
which do not decay in late times indicating that de Sitter model
(17) is unstable. The stability analysis of model (18) with same
integration constants is shown in Fig. 2. In the left panel, it is
observed that small oscillations are produced about t = 4 while
it decays in late times, thus the model (18) shows stable behavior
against perturbations. For model (12), Eq. (40) becomes

288HGF S + 864H]F358 + (—6HE — 1152H3FJ;) 8
1
+ <K2p* + 503 = @)+ pl(1 - 30)1 + w)f%) 8m

=0. (41)
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Fig. 4. Evolution of perturbations §(t) and 8,,(t) for model (21) with @ = 0.

Fig. 3 represents the behavior of §(t) and 8,,,(t) for model (21) with
integration constants ¢; = —10, ¢; = 0.001 and ¢z = 1.1Itis
shown that oscillations in perturbation parameters are produced
initially as shown in Fig. 3. This oscillating behavior is clearly
observed in Fig. 4 which decays in future for both §(t) as well as
8m(t) and hence the solution becomes stable.

4.2. Stability of power-law solutions

Here we investigate the stability of power-law solutions. These
solutions describe the accelerated as well as decelerated cosmo-
logical evolutionary phases in the background of FRW universe.
We first consider the reconstructed power-law solution (26) and
numerically solve Egs. (37) and (39). For this model, we choose
integration constants ¢; = 10, ¢; = —0.5 and ¢; = —1000.
Fig. 5 shows the oscillating behavior of perturbed parameters
(8(t), 8m(t)) for the cosmic accelerated era with @ = —0.5 and
A = 2. The perturbations around the power-law solutions decay
in future leading to stable results. The radiation (A = 1/2 and
o = 1/3) as well as matter (A = 2/3 and w = 0) dominated eras
cannot be discussed for the model (26) because singular as well as
complex terms appear which lead to non-physical case.

Secondly, we consider the model (27) and analyze its behavior
against linear perturbations. Fig. 6 shows the fluctuating behavior
of considered perturbations in the cosmic accelerated phase with
w = —0.5and . = 2. Here, we choose ¢; = 0.001, ¢, =
—0.61and ¢3 = —1000. It is observed that the oscillating behavior
disappears in future while both perturbation parameters will not
decay in late times leading to unstable cosmological solutions. The

considered model cannot explain the cosmological evolution cor-
responding to matter and radiation dominated eras like previous
model (26).

Lastly, we explore the stability of model (28) with integration
constants ¢; = —2, ¢; = —0.6, ¢c3 = 1000 and ¢4 = 0.01.
Fig. 7 represents the evolution of (8, d,,) versus time for A = 1.1
with @ = —0.5. The left panel shows that the oscillations of §(t)
decay in late times while fluctuations of §,,(t) remain present in
future. Since a complete perturbation against any cosmological
solution includes the matter perturbations therefore, the solutions
are unstable.

5. Concluding remarks

In this paper, we have employed the reconstruction scheme
to f(G, T) gravity in the background of isotropic and homoge-
neous universe model to reproduce some important cosmological
models. The basic aspect of this modified gravity is the coupling
between curvature and matter components which yields non-zero
divergence of the energy-momentum tensor. We have imposed
additional constraint to obtain the standard conservation equation
which has been used to explain the cosmic evolution in this gravity.

The de Sitter and power-law solutions have been reconstructed
for general as well as particular cases which are of great interest
and have significant importance in cosmology. We have also recon-
structed the f(G, T) model which can explain cosmic history of the
phantom as well as non-phantom phases of the universe. Similar
reconstruction technique is carried out for ACDM model and found
that this gravity fails to reproduce it for both general as well as
particular f(G, T) forms. The results are summarized in Table 1. In
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Fig. 7. Evolution of perturbations §(t) and ,,(t) for model (28) withw = —0.5and A = 1.1.

Table 1

Cosmological evolution in f(g, T) gravity.
Cosmological backgrounds General f(g, T) model  Particular f(g, T) model
de Sitter universe 4 v
Power-law solutions 4 v
Phantom/non-phantom eras X v

this table, v and x represent that f(G, T) gravity reproduces and
fails to reproduce the corresponding cosmological backgrounds,
respectively.

On physical grounds, the stability analysis of different forms of
generic function leads to classify the modified theories of gravity.

We have applied the first order perturbations to Hubble parameter
and energy density to analyze the stability of models which repro-
duce de Sitter and power-law cosmic history. We have perturbed
the field equation as well as conservation law whose numerical
solutions provide the stable/unstable results.
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e For the de Sitter universe, the evolution of perturbation
has been plotted against time as shown in Figs. 1-4. These
indicate that models (18) and (21) are stable against linear
perturbations.

e For the power-law universe, the stability analysis is given in
Figs. 5-7. It is found that f(G, T) gravity fails to reproduce
matter and radiation dominated eras while stable results
are obtained for accelerated phase of the universe for model
(26).

We conclude that the cosmological reconstruction and stability
analysis might restrict f(G, T) gravity in the background of FRW
universe. It would be interesting to discuss ghost instabilities due
to the presence of curvature-matter coupling.

Appendix

The expressions for Z;’s in Eqs. (17) and (18) are

= 18¢1Hg[8c1H{2(2 + 590%) — 11w(5 — 3w?)}
—(1 = 1)1 —?)]
x [1+ o — 36¢;Hy(1 — 30)] 72,

> = 18ciHy[(1 — 11w)(1 — w?®) — 8¢1Hy (2(2 + 590?)

—11w(5 — 30)}]

X [(14 w)(1 = 24cHH(1 + 0

—6c1HY(5 — 4w — 330171,

—[18c1Hg(1 — 32¢1Hy) — 3w{1 — 6¢c1HF(3 — 352¢;H3))

—20*{1 — 9c1HJ(7 — 1248c,Hy))

+ {1 — 54c1Hy(7 — 480c1Ha)}

x [(1 = 3w)(1 — 24c;H){(1 + o

—6C1HE(5 — 4w — 330?))] 7.

The values for %'s in Eq. (25) are

e

_

&3]

m
»
Il

Y ! [5 -1 {14 3501+ w)}],

2
2 = Bm(l + )36+ ) + 2 — 1) — 8)

1 - 1+o :
+o(h=1A+7)+4+ 850G —1) g
4 1-3w
1 (1-3w s
Y3 = AGEPYA Y4 = w—3"
32 (1+w)—2
B 18A3(1 — 3w) KT+ Wiw] _ 2
¥s= 1-30)+4 |7 T n0tw)

The expressions for Ay’s and £2’s in Egs. (26) and (27) are

2
1
A=1-2 a=1-5 A3=y4(1——>,
Y

2
A4:V5<1—yi>,
V8
1
@ =1-2 o=1-5 rzszm(l——),
V7 7
2
Q4=V5<1*VG),
v
where
& oros
v = é [66:1(1 + @) — 3A(1 + 50 + 20°) + 2(11 + 12)] .
& oros
Ve = — [66:A(1 4w — 34(1 + 50 + 20%) + 2(11 — 12)].

The values of x;’s in Eq. (37) are given as follows

x1 = 288HfZ;.
X2 = 288H2(3H? + 5H,)f;, + 6912H
x (4H2H, + 2H2 + H.H,)f} 56
+24(1 + w)p.H}fr — 864(1 + w)(1 = 3w)H pufior,
X3 = —6H2 — 24H2H,f} — 288H2(4H? — 23H2H,
—11H? — 6H.H.)f%g
+6912H5(4H? + HL)(4H?H, + 2H2 + H.H.)f} 6
+12(1 + w)p.H?
x [2(4H2 + H,) — 9(1 — 3w)H21f5r — 864(1 + w)(1 — 3w)
x pHS(AH? + H)f S or
xa = 12(1 = 3w)p.H 5,

X5 = €. = 20— pufi + (1= 301+ Wlfi
—12(1 — 3w)p,H?
x [(4 + 30)H? + H,1f%; +288(1 — 3w)
x o HA(4H?H, 4 2H% + H,H,)
x fhgr — 36(14 w)(1 — 30) p2H fim.

The expressions for 7},’s are

71 = 3(1 + 0)pHu(k? + fr) — 12(1 + 0)p,H,

x [3HX(1 — w)(4H? + H.)

— 2(16H?H, + 6H2 + 3H.H,)] f3r — 72p?H?

x (1= 3w)(1 + 0)*(4H? + H)f o

+576p,H3(1 + w)(4H2 + H, 4H?H, + 2H? + 4H,H.)f} 7.
Ty = —12p,HA(1 + 0) [3HA(1 — w) — 4Q2H? + 3H.)] f7

+576p.H? (1 + 0)(4H2H, + 2H? + H.H.)f

= 72p2H(1 — 30)(1 4+ ).

T3 = 24p HX(1+ w)f},

3
Ty = =S pH0+0) [ - ) + 20101+ 0)(1 = 30)fr ]
15 2 2 £
- TP*H*(‘I = 30)(1+ o) fir + 24p.Hi(1 + o)
X (4H2H, + 202 + H.H,) [f37 + p(1 = 30)frg] .
1
Ts = p. (Kz + E(3 - a))f.[*) +(1+ w)(1— 3w)pf o

For model (12), the coefficients of (8,
expressions

8m) have the following

%1 = 288HCF;,
%2 = 288H](3H? + 5H,)F}, + 6912H (4H2H,
- .
+2H; + HoH.Fogg. .
%3 = —6H? — 24H2H,F; — 288H2(4H? — 23H2H,
—11H% — 6H,H,)
x Fg + 6912HS(4H2 + H, Y4H2H, + 2H? + H.H,)F} .

5 1 kK K
X5 = sz* - i(w = 3)psFr + (1 = 3w)1+ w)pz]‘_n'a

71 = 3(1 + 0)pH.(x? + Fr),

3
Ta= —pH.(140) [(1— ©)FF +2p2(1 + w)(1 — 30y Fir]
15
_ 7ij,f(l —3w)(1+ wlFy,
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. 1
15 = pu <K2 + 5(3 - w)f;) + (14 o)1 — 30)p2F.
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