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Abstract 

We claim that if by a choice of the couplings the theory can be made conformally 
invariant (vanishing of the beta functions) it is automatically finite (absence of 
UV divergencies) and vice versa. The formalism is applied to the beta deformed 
N = 4 SYM theory and it is shown that the requirement of conformal invariance = 
finiteness can be achieved for complex parameter of deformations. 

1. The N = 4 supersymmetric Yang-Mills theory (SYM) attracts much attention 
these days providing the playground to test nonperturbative features of quantum field 
theory. This is related to the property of conformal invariance which is unique for four 
dimensional field theories [l]. Another remarkable feature of N = 4 SYM theory is 
that using the AdS/CFT correspondence [2] one can get deeper understanding of duality 
between the gauge theory and the supergravity theory. Combined information may lead 
to new insight in gauge theories beyond the usual PT. 

Note that AdS/CFT correspondence requires from field theory to be only conformal 
invariant and not necessarily obtain the full N = 4 SUSY. From this point of view it is 
interesting to consider other SCFT's. One of such SCFT's is the so called beta-deformed 
N = 4 SYM theory. It is given by the action [3] 

S = J d8zTr (e-gV <I>;e9v cI>i) + 2~ 2 J d6zTr(W"Wa) 

+ih J d6zTr (q<I>1<I>2cI>3 - ~cI>1cI>a<I>2) + h.c., q = ei"fJ, (1) 

where the superfield strength tensor Wa = iD2(e-gV DaegV) and <I>; with i = 1, 2, 3 are the 
three chiral superfields of the original N = 4 SYM theory; h and /3 are complex numbers 
and g is the real gauge coupling constant. In the undeformed N = 4 SYM theory one has 
h = g and q = 1. 

In the context of the AdS/CFT correspondence the dual supergravity background ad­
justed to the beta-deformed case was found in [2]. For a self-consistency of the AdS/CFT 
dual description it is crucial that the beta-deformed N = 4 SYM remain conformal in­
variant on quantum level. 

2. To study this question one have to choose some regularization and renormalisation 
scheme and to calculate the beta functions corresponding to each coupling of a theory. In 
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the present case, besides the gauge coupling g, one defines the couplings 

hi= hq, h~ = h/q, h~ = h1h1, h~ = h2h2. (2) 

In general /If = 1 SYM Lbcnry formulated in terms of /If= 1 superfields has two types of 
divergent diagrams Lhosu of the chiral field propagator and of the gauge field one. The 
chiral vcrticl:!S ar finite duci to the non-renormalization theorems [4] and for the gauge 
vertices one can choose the so called background gauge [5] where their divergent factors 
coincide with the propagator ones. Thus, one has to consider the field propagators ouly. 

This problem can be further reduced to chiral propagators since the gauge beta func­
tion can be expressed in terms of the chiral field anomalous dimensions using the explicit 
NSVZ gauge beta function [6] 

{3 _ 2 'L,T(R) - 3C(G)- 'L,T(R)'Y(R) g = g2/lGrr2. 
9 -

9 1 - 2gC(G) ' 
(3) 

where T(R) is the Dynkin index of a given representation Rand C2(G) is the quadratic 
Casimir operator of the group. In the beta-deformed case one has the same field content 
as in /If= 4 SYM [7] so T(R) = C(G), so what one needs is to get the vanishing of the 
chiral field anomalous dimensions 1(R). 

This can be achieved by choosing the Yukawa couplings h; (i = 1, 2) in the form of 
perturbation series over g [8]: 

(4) 

If the anomalous dimensions of the chiral fields vanish, so does the gauge and Yukawa 
beta functions and the theory is conformally invariant. One can also think that this chose 
of aki will cancel all singularities in Z<IPii» and the theory will be finite. 

3. The naive implementation of this program to the planar complex beta-deformed 
/If = 4 SYM in dimensional regularization (reduction) [3, 9] meets the following prob­
lem: in 4 loops one cannot simultaneously cancel contributions by some new nontrivial 
supergraph to the anomalous dimension/ and all poles in the Z<IP4» factor. So one may 
think that there is contradiction between conformal invariance and finiteness. However, 

(a) (b) 

Figure 1: The new nontrivial 4 loop supergraph and its scalar counterpart 

this is the result of mistreatment of dimensional regularization. In case of dimensional 
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regularization and MS renormalization scheme (we ignore the problem of inconsistency 
of dimensional reduction in higher orders [10] assuming that it is adjusted hy finite cor­
rections ) to achieve simultaneously the conformal invariance 11ml finiteness one has to 
use the two fold expm1sion [11] instead of one fold series ( 4) 

g2(a + C'<~3 )E3 ) + .1/1a\2
)E

2 + g6c~~l)E + g8a~o) + ... 
g2(b + f)~3)E~) + g·l/J~2)E2 + g6/Jil)E + g813jD) + .. ., (5) 

both in gauge coupling constant g2 and parameter of dimensional regularization E. (Nott• 
the total power of expansion terms equals 4 that reflects the fact that the first non­
v;utish iu r~· c:oul.ri lrn l.i 111 ro 111 1's in ' I loo ps.) Thi! •xisLiug l'n:1:dom uf d10ice of Lbe coefficients 

11·~ 111 ) :111d 1~!') ii; (~II( 111; 11 Lu gr•L .~it1ruli.rmcor1 sl!f Lhe wu1ishing of Uw :rnomiilo 11s dimensions 
(1'Nl.d t·ori.fornwl i1wariuw·1!) aml I. hr pole Lt>l'llt.~ in Z<'1,.1, '> fa.ct.or (rcw.I finiteness). 

T he explic:il calc11 lnt,iom1 111 1 to for loops lrHds lo t.lt l'ollowi ug resul t : 

h~ + h~ = hh(ijq + l/ijq) (6) 

= g2 {2 + ~r 04E3 + ~r 64(g2N)E2+5r,J1(g2N)2c+10( 61(g2N):i + } 
18 " 5 3 " 5 4rr2 '>o 4rr2 5 4rr2 ··· ' 

whl're we denot d rr - b ::::; c5 , a+ (J = 2. aH<J ~ = 0 corresponds L t,h r •al fl [3, 9]. Sri ii' 
o:~m) <L11rl tJt'1 salis( {G) condition up t,o 4 loops hem tile a11c111al1ms <lirnP11sio11 i and al l 
pu les in Z<lfl4"> va11 islt f!S and the thcor is c:ouformaJ irtV(Lrin uL 11ud fiuitc up l.O 4 fllopi;. 
NnLir • thai, if a;ml and fikl.) satisfy eq.(G) 1111 tJw pol · cx cpt a si mple Ott ' in r. loops in 
Z<•~·h also vanish. 'fo can cl a si 111pl1~ pole in 5 loops 011 1~ lt avti to n<ld uew l;ern1s in 
(5). Adclinp; new l.erms in (5) ou •«an obtain conforrrrnl invariant nu<l fmiLc tit •ory <\I, a11y 
giv(•n order of P.T. 

Conclusion 

We conclude that properly treated /3 deformed N = 4 SYM theory can be made (at 
least perturbatively) simultaneously conformal invariant and finite for any· complex value 
of the deformation parameter /3 since these two requirements are identical. This can 
be achieved by adjusting the Yukawa couplings order by order in PT. In the framework 
Of dimensional l'Cgnl arizatiou (rcducl.i011) t his rcquir(is tli r. d >lt blf' series over 1,ltr gn Ul-\P. 
conplil1g _q2 attd tile para.meter of di mensional rcg11 larizat.ion c. For I.h e~ I a l'e ·ou1 ling, 
011 t,lt 11 cc111Lrn.zy, only I.be 011t• fo ld series over e is enough. The whole proccd 11 re cl 1~p<'11ds 

cm rrgulariiaLiou (for bar • cptan iLirs) arnl rc11 orrnalizutio.n scheme (for the reno nmJio1.r•d 
om-s) . Ln tltfl t lwr regularizati011 1.echniq 11 s it looks difforcmtly bu the mai 11 co 11 cl usiou 
remains the same. 
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