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Summary 
When a bunch of stored particles passes a gap, it 

induces fields which affect the energy of the particles, 
and hence the bunch shape. An analytical formula giving 
the transient voltage is derived for a short bunch of 
any shape. The equilibrium bunch shape is calculated 
using Haïssinski's self consistant theory. The bunch 
lengthens, but comparison with experiment shows that 
beam-cavity fast interaction is not the main reason for 
bunch lengthening in rings having only one cavity. 

Introduction 

The longitudinal equilibrium shape of a bunch circulating 
in a storage ring is related to the effective 
accelerating voltage by1 

Ι(τ) = Κ exp {- 1 τ [eV(y) - Uo] dy} (1) Ι(τ) = Κ exp {- 1 ∫ [eV(y) - Uo] dy} (1) Ι(τ) = Κ exp {-To Ho ∫ [eV(y) - Uo] dy} (1) Ι(τ) = Κ exp {-To Ho 0 
[eV(y) - Uo] dy} (1) 

where τ is the time displacement between a particle of the bunch and an origin which will be defined below, 
Ι(τ) is the instantaneous intensity in the bunch, 
V(τ) is the effective accelerating voltage, 
Uo is the average energy loss per turn, 
To is the revolution period in the ring, 

Κ = I(0) is a constant which, as we shall see, is related to the total charge of the bunch, 
Ho is a constant which depends on ring characteristics 
and energy. 

The effective accelerating voltage V(τ) is the sum of two terms : the sinusoidal voltage VRF(τ), and a transient voltage U(τ) due to the self fields induced by the bunch V(τ) = VRF(τ) + U(τ). (2) 
VRF(τ) = sin(ωτ + Φs) is the accelerating voltage, taking into account sinusoidal beam loading. 

The time origin τ = 0 is defined such that eVRF(0) compensates exactly the average energy loss Uo. 
Since the bunches are much shorter than the wavelength, VRF may be linearized: 

eVRF(τ) = Uo + e × τ (3) 
where = ω cos ΦS = ω √V2 - (UQ/e)2 is the slope of the sinusoidal voltage at origin. 

At low current, the transient self fields are weak, and U(τ) may be neglected. 
Under such conditions, the instantaneous equilibrium current has a gaussian shape: 

Ι(τ) = Κ exp (- τ2/2σo2) 
where σo = √ΤoHo/e is the standard deviation of the 
gaussian distribution. 

At higher currents, the bunch shape depends on the transient induced voltage U(τ): 
Ι(τ) = Κ exp [-τ2 - 1 τ U(y) dy] (4) Ι(τ) = Κ exp [-τ2 - 1 

∫ U(y) dy] (4) Ι(τ) = Κ exp [-2 σo2 
-
σo2  ∫ 

U(y) dy] (4) Ι(τ) = Κ exp [-2 σo2 
-
σo2  0 

U(y) dy] (4) 

The transient voltage U(τ) results from interaction between the bunch and the elements of the ring (accelerating cavity, vacuum chamber, ...). Then it depends on Ι(τ) and geometrical environment. 
We give here below an analytical formula of U(τ) expressing only bunch-cavity interaction. Then we obtain the shape, length and position of the bunch for DCI and ACO. Finally, we compare the results with mea­surements on ACO. 
Evaluation of the transient voltage U(τ) 

The detailed calculations have been reported in the reference2. We restrict ourselves here to the main points. 
Geometry of the cavity gap 

Figure 1 shows the DCI cavity. The apertures for the beam are neglected. The field front generated by the bunch propagates radially at light velocity; the influence of the radius Ro of the gap plate appears on the axis only after a time 2Ro/c. Thus, if the bunch is short enough, the cavity may be replaced by any cylinder of height g and radius R > Ro (fig. 2). 

Fig. 1 : Actual geometry of the DCI cavity. 

Fig. 2 : Equivalent simplified geometry. 
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Self field and voltage generated by the bunch are calculated by summing the response to a unit step of current 
We denote by UH(x) the transient voltage acting on the particle entering the cavity at a time x later than the head of the unit step of current to which it belongs. If the actual instantaneous intensity Ι(τ) in the bunch is zero outside the interval [-b, + b], and continuous inside, the transient voltage U(τ) is: 

U(τ) = - b-τ UH(x) (τ + x) dx (5) U(τ) = -∫ UH(x) (τ + x) dx (5) U(τ) = -
0 

UH(x) (τ + x) dx (5) 

UH(x) is evaluated by eigenmode method3,4,5 
We obtain: 

UH(x) = - 1 
∞ ∞ αp {2 sinωonp x - (-1)p sin[ωonp(x+ g )] - (-1)psin[ωonp (x+ g )]} (6) UH(x) = - 1 Σ Σ 

αp {2 sinωonp x - (-1)p sin[ωonp(x+ g )] - (-1)psin[ωonp (x+ g )]} (6) UH(x) = π εoc Σ Σ von2J12(von) ωonp 
{2 sinωonp x - (-1)p sin[ωonp(x+ c )] - (-1)

psin[ωonp (x+ c )]} (6) UH(x) = π εoc p=0 n=1 von
2J12(von) ωonp 

{2 sinωonp x - (-1)p sin[ωonp(x+ c )] - (-1)
psin[ωonp (x+ c )]} (6) 

αp = 1 if p = 0 and αp = 2 if p ≠ 0. 
von is the nth root of Bessel function Jo_ and ωonp = c √(von/R)2 + (pπ/g)2. 
Using properties of Fourier series and Fourier-Bessel series, we find: 

∞ ∞ αp sin θ√( von )2 + ( p π )2 
= | - g ln θ when 0 < θ < 2g < R ∞ ∞ αp sin θ√( von )2 + ( p π )2 
= | - 2 ln 

θ when 0 < θ < 2g < R 
Σ Σ 

αp sin θ√( von )2 + ( p π )2 
= | - 2 ln R when 0 < θ < 2g < R 

Σ Σ 
αp sin θ√( R )

2 + ( g )
2 

= | - 2 ln R when 0 < θ < 2g < R 
Σ Σ νon2 j12(von) √(von/R)2 + (pπ/g)2 

= | 

- g (ln θ + ln θ
2 - 4g2 ) when 2g < θ < 4g < R 

(7) 
p=0 n=1 νon

2 j12(von) √(von/R)2 + (pπ/g)2 

= | 

- g (ln θ + ln θ
2 - 4g2 ) when 2g < θ < 4g < R 

(7) 
p=0 n=1 νon

2 j12(von) √(von/R)2 + (pπ/g)2 

= | 

- 2 (ln R + ln R2 ) when 2g < θ < 4g < R 
(7) 

∞ 
∞ 

(-1)P αp sin θ√( von )2 + ( p π )2 
= | 

0 when 0 < θ < g < R ∞ 
∞ 

(-1)P αp sin θ√( von )2 + ( p π )2 
= | - g | 

ln θ
2 - g2 when g < θ < 3g < R Σ Σ 

(-1)P αp sin θ√( R )2 + ( p π )2 
= | - g | 

ln θ
2 - g2 when g < θ < 3g < R Σ Σ 

(-1)P αp sin θ√( R )2 + ( g )
2 
= | - g | 

ln θ
2 - g2 when g < θ < 3g < R Σ Σ von2 j12(von) √(von/R)2 + (pπ/g)2 

= | 2 
| 
ln R2 when g < θ < 3g < R 

p=0 n=1 von2 j12(von) √(von/R)2 + (pπ/g)2 
= | 

- g 

| 

ln θ
2 - g2 + ln θ

2 - 9g2 | when 3g < θ < 5g < R 
p=0 n=1 von2 j12(von) √(von/R)2 + (pπ/g)2 

= | 

2 

| 

ln R2 + ln R2 | when 3g < θ < 5g < R 

Using (7), the double sum (6) simplifies into: 

UH (x) = 

| - 1 ln (1 + 2g ) when 0 < x < 2g 

UH (x) = 

| - 2πεoc ln (1 + cx ) when 0 < x < c 
UH (x) = 

| 

- 1 ln (1 + 2g ) when 2g < x < 4g 
UH (x) = 

| 

- 2πεoc ln (1 + cx+2g ) when c < x < c 
We can take for UH(x) practically without appreciable error: 

UH(x) = - 1 ln (1 + 2g ). (8) UH(x) = - 2πεoc 
ln (1 + cx ). (8) 

Expression for U(τ) 
From (5) and (8) we get: 

U(τ) = 1 b-τ ln(1 + 2g ) (x + τ) dx. U(τ) = 1 
∫ ln(1 + 2g ) (x + τ) dx. U(τ) = 2πεoc ∫ ln(1 + cx ) (x + τ) dx. U(τ) = 2πεoc 
0 

ln(1 + cx ) (x + τ) dx. (9) 

Determination of the bunch shape equilibrium 
From the formulas (4) and (9), we obtain the equation satisfied by Ι(τ): 

Ι(τ) = Κ exp [- τ2 - 1 Ι(τ) = Κ exp [- 2 σo2 
- 2π εo σo2  

(10) 
× 

τ b-y 
ln(1 + 2g ) (x + y) dx dy] × ∫ ∫ ln(1 + 2g ) (x + y) dx dy] × ∫ ∫ ln(1 + cx ) (x + y) dx dy] × 

0 0 

ln(1 + 
cx 
) (x + y) dx dy] 

This equation may be written in the form Ι(τ) = F[I(τ)] where F is the operator defined on the rhs of (10). Ι(τ) is determined by iteration as the limit of the set of functions 
In(τ) = F [In-1(τ)] 

where Ιη(τ) is an arbitrary function; for example I0(τ) = 0, then I1(τ) = Κ exp (- τ2/2σ2). 
Equation (10) is solved numerically using an IBM 1130 computer by noticing that: 

(i) given σo and , the solutions Ι(τ) of (10) depend on K. F or each value of K, we can solve Ι(τ) and find the bunch charge 
Q = +b Ι(τ) dτ Q = ∫ Ι(τ) dτ Q = 

-b 
Ι(τ) dτ 

It can be noticed that Κ determines finally the value of O. 
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(ii) according to the latter remark and to the form of (10), it follows clearly that the ratio I(τ)/Q depends only on the two parameters σo and Q / . 
σo is the standard deviation of the gaussian distribution when the self fields are disregarded. Q/  depends on the parameters of the storage ring 

Q = i To2 = 
2π h [ -(Uo/e)2]½ 

where i = Q/To is the mean current in the ring, and h is the harmonic number. 

Τo (ns) h i 
(mA) 

cos Φs 
(kV) 

Q/ 
(10-20CsV-1) 

Τo (ns) h i 
(mA) 

cos Φs 
(kV) 

Q/ 
(10-20CsV-1) 

ACO 73 2 30 17.5 .0726 
ADONE 350 3 60 120 .325 
SPEAR 780 40 50 400 .0302 
DCT 316 8 350 350 .198 

Table I gives the value of the parameter Q/ for some storage rings. 

Application to DCI 
With the above assumption we have calculated the bunch shape in DCI using the following characteristics: 

- number of accelerating cavities : 1, 
- operating frequency of the cavity : 25.352 MHz (h=8), 
- transit time through the gap g/c = .555 ns, 
- order of magnitude of (0) 1013 V/s, 
- order of magnitude of charge Q : 1010 to 1012 particles. 
The exact bunch shape and the transient voltage are shown in figures 3 and 4 for the particular case σo = 0.2 × 10-9 s and Q/ = .115 × 10-20 C.s.V-1. 

In figure 3, it can be noticed that the gaussian 
distribution which describes the bunch shape when the 
self fields of the cavity are disregarded is modified: 
the bunch is longer and the center of charge is shifted 
forward. The dotted straight line on figure 4, whose 
slope is /Q, allows comparison between the transient 
voltage and the RF voltage. We systematically study the 
deformation effect of the bunch versus σo and Q/ by calculating the following parameters: 

- half height bunch length l (for the gaussian bunch, this length is lo = 2.35 σo), 
- position τo of the center of charge defined by 

τo = 
1 +b τ Ι(τ) dτ, τo = 
1 ∫ τ Ι(τ) dτ, τo = Q ∫ τ Ι(τ) dτ, τo = Q 
-b 

τ Ι(τ) dτ, 

- average energy loss < U(τ) > defined by 

<U(τ)> = 1 +b U(τ) I(τ) dτ. <U(τ)> = 1 
∫ U(τ) I(τ) dτ. <U(τ)> = Q ∫ U(τ) I(τ) dτ. <U(τ)> = Q 
-b 

U(τ) I(τ) dτ. 

Fig. 3 : Bunch shape for σo = .2 ns, 
Q/ = .115 × 10-20 C.s.V-1. 

The dotted curve represents the gaussian 
obtained by neglecting the self-fields. 

Fig. 4 : Transient voltage for σo = .2 ns, 
Q/ = .115 × 10-20 C.s.V-1. 

The dotted line represents the sinusoidal 
voltage of the cavity. 
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The results are summed up in the curves of figures 5, 6 and 7 obtained by solving (10) for different values of σo and Q / . These curves stop where the iteration method becomes divergent and does not permit solutions. Notice in these conditions that the relative lengthening (l - lo)/lo is at most 30% and the relative center of charge shift τo/lo can reach 30%. 

Fig. 5 : Evolution of bunch half-height length. 

Fig. 6 : Relative shift of the center of charge. 

Fig. 7 : Average energy loss. 

Application to ACO 
The gap shape of ACO is quite complicated and can hardly be regarded as a cylindrical cavity. 
However, since the expression of U(τ) only depends on the transit time g/c, we determined the lengthening on ACO using g/c = 0.35 ns. 
Comparing with experimental results6 (fig. 8), we notice that the bunch-cavity interaction does not explain more than 25 to 40% of the total lengthening. 

Fig. 8 : Evolution of the ACO bunch length versus beam intensity. 
--- experimental length 
--- calculated length 
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Conclusion 

The bunch-cavity interaction is not the main cause 
of bunch lengthening observed at high intensity in sto­
rage rings using only one cavity. Actually, at each 
discontinuity of the vacuum chamber, the bunch loses 
energy and a transient voltage similar to those we have 
studied appears. The geometry of the vacuum chamber 
being very complicated, even a simplified calculation 
is difficult. However, when storage rings are equipped 
with several accelerating cavities, the bunch-cavity 
interactions can generate important bunch lengthening. 
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