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We survey strong i nteraction thermodynamics as obtai ned from l atti ce quantum 
chromodynami cs . At l ow temperature, quarks and gl uons are confined to col our 
s i ngl ets , formi ng hadroni c matter . At the deconfinement transition,  colour 
screening  decoupl es the consti tuents ; subsequently,  chiral symmetry restoration 
renders the quarks mass less . At suffi ciently high temperature , we obtai n a plasma 
of non-i nteracti ng quarks and gl uons . 

649  



6 5 0  

I .  INTRODUCTION 

Quarks and gl uons appear confi ned as l ong as we cons ider hadrons in the physi 
cal vacuum : any consti tuent can then travel a spati al  d i stance o f  not more than 
10- 1 3 cm before it reaches confi nement constrai nts . 

I n  suffic iently dense matter , we expect this  s i tuation to change . Colourl ess 
hadronic matter shou l d  then undergo a phase trans i ti on to col our conducting quark 
matter. With suffi c i ent overl a p ,  the consti tuents can no l onger be a ssociated to 
a g i ven hadron and can move over macroscop ic  d i s tances wi thout ever l eav i ng an 
overa 11 confi nement envi ronment . 

The i dea of a phase• trans i ti on from hadronic to quark matter i s  as o l d l } a s  
the quark structure o f ·  hadrons . S i nce then , a great vari ety of phenomenol ogical 
approaches to the two-phase nature of strongly  i nteracti ng matter have been pur
sued2 l . They al l have in common two phases as i nput .  The advent of quantum chromo
dynami cs ( QCD) gave rise  to the hope that both the two-phase character and the 
transition might be obtai ned from one bas i c  theory3 ) . Exci t ing recent devel op
ments i n  l attice QCD a.t fi n i te temperature seem to i ndi cate that such a hope i s  
justi fi ed4-l 4} ; these devel opments wi l l  b e  the subject of my su rvey . 

Quantum chromodynami cs sr�c i f i es the bas i c  i nteraction of quarks and gl uons ; 
from this  we are to obta i n  the descri ption of strong ly i nteracti ng matter i n  i ts 
d i fferent states . Not surpri s i ng l y ,  the fi rst attempts concentrated on l imit ing 
behavi ou r .  

Asymptotic freedom makes i n teractions at very short d i stances (or h igh  momen
ta ) arbi trari ly  wea k ,  so that a pertu rbati on expansion i n  powers of the effective 
coupl i ng may be expected to converge in the l imi t of h i gh temperature or dens i 
ty1 5l . Suffi c iently hot ·and/or dense matter shou l d  therefore become a gas of non
i nteracting quarks and gl uons . 

I n  the confi nement reg ion ,  at l ower temperatures and dens i t i es ,  strongly 
i nteracti ng matter shou l d  exh i b i t  hadroni c  behaviou r .  One has here considered on 
the l attice an expans fon in terms of the i nverse coupl i ng ( strong coupl i ng expan
sion3 ) ) or used in thE! conti nuum semi cl assical  soluti ons to the f ie ld  equati ons 
( i nstanton gas 16 l ) . The resul t i ng descr iption i ndeed provided many aspects of 
hadron phenomenol ogy , as g i ven e . g .  by dual str i ng or bag model s .  

Strong and weak coupl i ng approaches have evi dently spec if ied reg ions of 
appl i cabi l i ty and thus bas ical l y  g i ve one-phase descri pti ons . Neverthel ess , they 
al ready provide hi nts for a phase transi tion near the boundary of the ir  regi ons 
of val i d i ty .  In the perturbati ve treatment of the quark-gl uon gas , the pressure 
( i n  f i rst order) becomes negative at some temperature val ue ,  and th i s  has been 



i nterpreted as the onset of confi nement 15 ) . I n  the strong coupl i ng expans ion , 
there are i nd i cati ons for a phase trans i ti on due to Debye screeni ng of colour 
c harges3 l .  The suppress i on of l arge scal e i nstantons l eads to simi l ar conc l u 
s i ons 16) . I t  i s  c l ear ,  however , that these l imi ti ng approaches cannot g i ve us the 
uni f ied "whol e-range "  descri ption we woul d  l i ke to obtai n from a bas i c  theory . 

The Monte Carlo eval uation of f i n i te temperature QCD on the l a ttice now pro
vides us w i th such a un ifi ed pi cture . The eval uation method i tsel f was devi sed for 
and first appl i ed to the study of the confi nement probl em17l . I ts appl i cation 
to fi n i te temperature stat i s tical  mechanics i s ,  however,  qu i te stra ight-forward -
perhaps i t  i s  even more natural here , where the real phys i ca l  temperature pl ays 
the rol e  of the Eucl i dean time i n  the confi nement probl em .  I n  ei ther case ,  the 
l attice acts a s  scaffo l d i ng duri ng the eva l uati on : both d i screteness and f in i te
ness are to be removed at the end , to g i ve us conti nuum theory resul ts . 

I I .  TWO-PHASE PHENOMENOLOGY 

In order to i ntroduce some of the questi ons and concepts of cri ti ca l  strong 
i nteracti on phys i cs , we shal l i n  this secti on bri efly  cons i der s impl e phenomeno
l ogi cal model s for the two " l imi t i ng "  phases . 

For the stati stical mechan ics  of hadron ic  matter,  we cons i der an i deal gas  of 
ground state hadrons and a l l thei r resonance exc i tati ons . The parti tion function  
of such  a resonance gas  i s  

v = -13 /k2+;;;2 l n  ZH {l3 ,  V )  = f dm -.:(m)  f d 3 k  e T2Tif3 0 
( 2 . 1 ) 

for a system w ith zero chemi cal potenti a l  and , for s impl i c i ty ,  wi th Bol tzmann 
stati sti cs ; 13- 1 

= T i s  the temperature , V the spati a l  vol ume . From hadron 
dynami cs {dual stri ng 18l , bag 19l model s ) , the resonance spectrum -.:(m)  i s  known 
to have the form 

-.:(m) = d 6{m - m0 )  + c 8 {m - 2m0 ) m-a ebm 
( 2 . 2 ) 

a ,  b ,  c ,  d = cons t .  

a s  fi rst proposed by Hagedorn20l . The first term i n  eq . ( 2 . 2 ) corresponds t o  a 
ct-fol d degenerate ground state ; for c = O , we wou l d  thus simply obta i n  an i deal 
gas of ground state hadrons . Whi l e  a depends on the deta i l s  of the model 
usect2 l ,  b i s  rel ated qu i te genera l l y  to the stri ng tens ion  a ( b2 = 3a/4n 
i n  four d imens i on s )  or equ i va l ently to the Regge s l ope . 

From eq . ( 2 . 1 )  a nd ( 2 . 2 )  we obta i n  for the energy densi ty of the resonance gas 
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( 2 . 3 )  

( 2 . 4 )  

w ith £0 ( S) denoting the energy densi ty o f  an idea l  qas o f  ground state hadrons 
m0 The correspond i ng spec if ic  heat becomes 

cH ( S) = co (S) + e { �( EH - Eo ) + 
c j elm m-a + 7/2 e-m(S - b ) } ; 

( 2ni3) 372 2mo ( 2 . 5 ) 
aga i n  the first term descri bes the i deal ground state gas . 

It i s  wel l -known22) and from eqs . ( 2 . 3/2 . 4 )  a l so immed iately evi dent that the 
s pectral form ( 2 . 2 ) l ead s to cri tica l  behavi ou r .  Depend i ng on the exact va l ue of 
a , from some der i vative of the partition function on we wi l l  have d i vergent 
expressi ons at and/or above the cri tical  temperature Tc = b _ ,  

To� i l l ustrate what happens , w e  choose a = 4 , c = d = 1 . The s pecif ic  heat 
of the resonance gas then d iverges at Tc = b- 1 , whi l e  the energy dens i ty remai ns 
fi n i te there . Both are not defi ned for T > Tc . We have thus reached the end of 
hadron phys ics when T = Tc ; wi thout further i nformation , we cannot say what 
l i es beyond Tc . 

The stati stical mechanics of an i dea l gas of mas s l ess quarks and gl uons i s  
obtai ned from the parti tion fu nction 

l n  Zp (S , V) = (2�) 3 f d 3 k [gB l n  { :S l k l }  + gF l n  { :S l k l } l  1 - e l + e 
( 2 . 6 )  

Here gB and gF denote the bosonic and fermionic degrees of freedom, respec
ti vely ; for col our SU ( 3 )  and two quark fl avours , we have (with spins and ant i
fermi ons ) 

gB = s x 2 = 16 

gF = 3 x 2 x 2 x 2 = 24 

Th is  l eads to the Stefan-Bol tzmann form of the energy densi ty 

£�B/T4 = [ (8n2/15)  + (7n2/10 ) l "' 12 . 2  ( 2 . 7 )  

with the fi rst term correspond i ng to the gl uon and the second to the quark com
ponent of the gas .  

In  fi g .  1 ,  we compare the  energy densi ty of hadronic matter , eq . ( 2 . 4 ) , wi th 
that of an ideal gas of quarks and g l uons , eq . ( 2 . 7 ) . We E!Xpect that with i n
creas ing tempera tu re , the consti tuent degrees of freedom , "frozen" i n  the 



hadroni c  state , wi l l  " thaw" to make E atta i n  i ts p lasma val u e .  We hope that QCD 

wi l l  g i ve us  a unified descri pti on of thi s  devel opment,  i nc l ud ing the phase tran

sit ion ( s )  separating the two l imiting states . In the next sections we shal l f ind 
these expectations at l east i n  part fulfi l l ed .  

I I I .  YANG-MILLS THERMODYNAMICS ON THE LATTI CE 

We sha l l fol l ow the h i stor ica l  devel opment of QCD thermodynamics and treat 
first the case of pure Yang-Mi l l s  theory . Th i s  restriction to fini te temperature 
gl uon matter a l l ows us  to i ntroduce both formal i sm and eval uation method for a 
simpl er system al ready exh ibi ti ng many of the essenti al features of the fu l l  
theory ; a l so at present the preci sion of the eval uation i s  defi n i tely hi gher i n  
thi s  simpl ified case . S i nce cal cu l ati ons based on col our SU ( 2 ) 3-6 • 1 2 )  and those 
usi ng SU ( 3 ) 8 • 10)  do l ead to essential l y  the same resul ts ,  it  i s  moreover poss i 

b le  t o  reduce computer times by consideri ng the sma l l er colour group .  - The 

extension to ful l  QCD with fermi ons wi l l  be presented in section I V .  

The parti tion function for a quantum system descri bed i n  terms o f  fields A (x )  

by a Hami l tonian H (A )  i s  defi ned as  

Z = Tr e-13H ( 3 . 1 )  

where T = 13- 1  i s  aga i n  the physica l  temperature . The conventional l attice forma

l i sm is obtai ned from thi s  i n  three steps : ( 1 )  reformul ation of Z as path 
integral ; ( 2 )  i ntroductfon of the l attice ; ( 3 )  change of "variabl es" from gauge 
fi eld to gauge group . Let us  l ook at this procedure in a l i tt le  more detai l .  

The Lagrange density of g l uon QCD i s  g iven by 
dt_ 

= - 1 Fa . Fµv 
4 µv a 

with 

Fa = a Aa - a Aa - fa Ab Ac 
µv µ v v µ g be µ v 

( 3 . 2 )  

( 3 . 3 )  

Here the fabc are the structure functions of the rel evant u nderlying gauge 
group ,  whose generators Ai sati sfy [Aa ' Ab) = i f�b Ac ; for SU ( 2 ) , the colour 

i ndices a ,  b, c each run from one to two , for SU ( 3 )  from one to three . If we 
set the structure functi ons equal to zero , we recover the photon gas structure : 
i t  i s  the non-Abel ian nature wh ich gi ves us the g l uon-g l uon i nteraction .  The 
parti tion function Z can now be written23l i n  the form of a path i ntegral 

13 Z (l3 ,  V) = f [d Al exp { f d"t" f d 3x iR. [A{x , •) l } ( 3 . 4 )  
0 v 

u s i ng the Eucl idean Lagrange dens i ty ,  i1f. , with i t = '  , and wi th periodi c i ty 
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i n  T , A ( x ,  0)  = A(x , 13 ) . T he  three-dimensi onal i ntegra l of  the Hami l tonian  
form ( H � J d 3x  dC (x )  ) thus becomes an a symmetr ic  four-dimens ional one , 
wi th the " speci a l " dimens i on measuri ng the temperature .  

I n  the next step , we repl ace the Eucl idean x - T conti nuum by a f -i n i te 
l atti ce24 l , wi th N0 s i tes and spaci ng a0 in the spatia l  part, N13 s i tes and 
spac i ng a13 i n  the temperature d i rection .  To as sure the requi red peri odi c i ty i n  
T , w e  chose a l atti ce cl osed o n  i tsel f :  1 ; 1 + N13 . For economy i n  the l ater 
cal cul ation s ,  we work wi th l atti ces wh ich  are symmetri c  a nd a l so peri od i c  in the 
space part , a l though nei ther property wou l d  be necessary .  - The i ntegral s i n  the 
exponent of eq . ( 3 . 4 )  now become sums ,  and we have V = ( �0a0) 3  , 13 = N13a13 . The 
thermodynami c l imit requi res N0 -> = at fixed a0 ; the conti nuum l imit is ob
tai ned by a0 , a13 -> 0 with fixed N13a13 , wh ich  forces a l so N13 -> = . The 
success of the approach  rests on the ( l ucky )  facts that a·1 ready rather smal l 
l attices ( N0 � 5 - 10 , N13 � 3 - 5 ) seem to be a symptoti c ,  a nd such that scal e 
changes ( changes i n  l attice spac i ngs )  can be connected to changes i n  the coupl i ng 
strength g by the renorma l i zation gro�p rel ati on , i nd i cat in9 conti nuum behaviou r .  

I n  the l ast step24 l ,  w e  repl ace the gauge field  "vari abl e "  Aµ( ( xi + xj )/2 )  
associated to  the  l i n k between two' adjacent s i tes and  j by the  gauge group 
el ement 

x .  + x .  
Ui j = exp { - i (x i - xj )µ Aµ(�) ( 3 . 5 ) 

where Aµ(x )  = A.a A�(x )  . With th is  transformatio n ,  the pa.rtition function be
comes 

Z (l3 , V) = f IT dUi j exp{ -S ( U ) }  
{ l i nks}  

where the SU ( N )  l attice action i s  g i ven by 

S ( U )  

( 3 . 6 )  

( 3 . 7 )  

Here the sum { P0} runs over a l l  purely spacel i ke l atti ce pl aquettes ( i j kl ) , 
whi l e  { P 13} runs over a l l  those with two space l i ke and two "tempera ture-1 i ke" 
l i nks . - I f  we i nsert eq . ( 3 . 5 ) in eq . ( 3 . 6/3 . 7 )  and expand for sma l l  l a tti ce 
s paci ngs ( I x;  - xj I -> 0)  , then we recover i n  l ead i ng order the starti ng form 
( 3 . 4 ) . 

From eq . ( 3 . 6/3 . 7 ) ,  the energy densi ty 

£ = ( -1/V )  ( a l nZ/ d13 l v = - ( N�N13a�) - 1 ( a l nZ/ aa13 )a CJ 
( 3 . 8 )  



i s  found to be6 •25 l  

a 
E ""  2N ( N 3 N  a 3 a  g2 f 1 { < �  I: [ 1  - _N

l Re Tr UUUU] > o [3 o [3 ao {Po} 

ao 1 - <- I: [ 1  - N Re Tr UUUU] > a[3 {P [3} 

wi th < >  denoti ng the usual thermodynamic average 

( 3 . 9) 

( 3 . 10 )  

Eq . ( 3 . 9 )  is  our  starti ng point  for the  Monte Carl o eval uation of g l uon thermo
dynamics . 

The eva l uati on i s  now carri ed out as fol l ows26 l . The computer s imul ates an 

N� x N[3 l atti ce ; for convenience we choose a0 = a[3 = a . Starti ng from a g i ven 
ordered (a l l U = 1 , "cold start " )  or d i sordered ( a l l U random, " hot start " )  
i ni ti a l  confi guration ,  success ively each l i nk  i s  assi gned a new el ement U '  , 
chosen randomly wi th the wei ght exp { -S ( U ) }  . One traverse of thi s  procedure 
through the enti re l attice is cal l ed one i teration . In general , it is found that 
five hundred or so i terations provide reasonabl e first i nd ications about the 
behaviour of the energy densi ty ( 3 . 9 ) , but for some prec i si on one shoul d have 
more. The resu l ts to be shown here are obta i ned for col our SU ( 2 ) , wi th typical ly 
around three thousand i terati ons , after which we observe qui te stabl e. behavi our ; 
we have moreover reproduced our resul ts a l so wi th the fi n ite subgroup 

approximati on  to S U ( 2 ) 27 l . Our work was done with N = 7 ,  9, 10 for 
N[3 = 2, 3 ,  4 , 5 ;  apart from expected fi ni te l atti ce �i ze effects 9 l there was no 
stri king N0 dependence of E , suggesti ng that i n  general the thermodynamic  
l imit  i s  reached . To  g ive at l east some i ntui ti ve grounds for thi s ,  note that  a 
103 x 3 l a ttice has about 1 2 , 000 l i nk degrees of freedom . 

As resul t of the Monte Carl o eva l uation ,  we obta i n  for a l atti ce of gi ven s i ze 
( N0, N[3) the energy dens i ty E as function of g . I n  the conti nuum l imi t ,  g 
and the l attice spac ing a are for col our SU ( N )  rel ated through 

2 - 5 1 / 1 2 1 
a AL = ( 1 1Ng2/48n ) exp {-24n2/11Ng 2 }  ( 3 . 11 )  

this  rel ation i s  found by requir ing a dimensi onal parameter AL to rema i n  con
stant under sca l e  changes accompanied by correspond ing changes in coupl i ng 
strength . Hence once we are i n  the reg ion of val i d i ty of the conti nuum l imi t ,  eq . 
( 3 . 1 1 )  gives us the connection between g and a . Si nce ( N[3a ) - 1 i s  the tempe
rature i n  un its of AL , we then have the desi red conti nuum form of E ([3 )  . 

I n  fi g .  2 ,  we show the resu l ti ng energy densi ty E as function of the tempera
ture T . We first note that at h i gh temperatures ( T/AL ;:, 100) , the resul ts of 
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the Monte Carlo  eva l uation agree quite wel l w ith the anti ci pated Stefan-Bol tzmann 
form 

( 3 . 12 )  

Let us  now go  to  l ower T . At  about T = 50  AL , E drops sharpl y .  The deriva
tive of E g i ves us the specific hea t ,  shown in fi g .  3. At T ""  43 AL , it has a 
s i ngu l arity-l i ke peak , which s i gnal s the trans it ion from bound to free g l uons . 

Wi th AL taken i n  phys ica l  uni ts 28) , thi s  g i ves us  Tc "" 200 MeV . How do we 
know that i t  i s  the deconfi nement transition whi ch occurs here? There are two 
separate pi eces of evidence . We shal l see shortly that bel ow Tc the SU{2 )  Yang
Mi l l s  system fol l ows the behaviour of hadronic matter6 l , as g i ven i n  section 
I I .  Al ternativel y ,  one can study the behavi our of a static qq pai r  immersed i n  
a gl uon system of temperature T 4 •5 •8 l ; the free energy F of an i so l ated 
quark then serves to define the thermal Wi l son l oop  < 1- > = exp {-13 F} as order 
parameter. I t  is found that < L > i s  essenti a l ly zero bel ow and non-zero above 
Tc . Si nce < L >  = 0 corresponds to an i nfini te free energy of an i so l ated co
l our source, we have confi nement bel ow Tc . 

Coming now, as promi sed , to the temperature region just bel ow Tc , we show i n  
fi g .  4 the d ifference between energy dens i ty and pressure-, 

!::. = {E - 3P )/T4 ( 3 . 13 )  

a s  taken from the Monte Carl o eva l uation ,  compared to the correspond ing  hadronic 
gas form t:.H from section I I ;  both are gi ven as functi ons of x = (T/T) - 1 . 
This compari son ,  if i t  l eads to agreement on functional behaviour ,  a l so al l ows us  
to  determine the mass mG of the g l uebal l ,  as l owest g l uonium state . We see  from 
fig .  4 that mG "" 4 . 5  Tc "" 190 AL provides qui te good agreement wi th the Monte 
Carlo  data . Moreover, thi s  va lue  of mG (with physical parameters about 850 -
1000 MeV) i s  in reasonable  accord wi th other l attice QCD determi nat ions34) . 

Fina l ly l et us have a l ook at how the Yang-Mi l l s  system behaves just above 
deconfi nement12 l . Whi l e  we expect perturbative behavi our at very high  temperature , 
i t  seems l i kely that the form just above Tc i s  sti l l  non-perturbative.  If we 
parametrize the contributions of the phys ical  vacuum bubbles sti l l  present i n  the 
plasma c l ose to Tc in terms of a bag descri pti on ,  we have i n  the case of 

co l our  SU (2 )  for the pressure 

and 

_ n2 T4 
5a.s P - E [ 1  - Zill - B 

E = 3P + {i a� T4 + 48 

(3 . 14 )  

( 3 . 1 5)  

for the energy densi ty .  Here B denotes the bag pressure and as = 3n/ ( l l l n4T/A) 



i s  the runni ng coupl i ng constant ,  with A as sca l e  parameter . I n  fig .  5 we see 
that B1 /4 "" 190 MeV and A ""  100 MeV yield a very good descri ption of the func

tional form of � = (E - 3P )/T4 . Thi s  impl i es a basi cal ly  non-perturbative 
approach towards asymptoti c freedom at  l east up  to T � 2Tc . The rol e  of h igher 
order perturbation corrections is presently sti l l  uncl ear 29) . 

Al l l atti ce resu l ts presented here were obtai ned with the Wi l son form ( 3 . 7 )  of 
the action ,  whi c h  provides the correct conti nuum l imit .  There are, however, other 
l attice actions which a l so do thi s ,  and we may therefore ask if deconfi nement , 
both qual i tatively and quanti tatively ,  i s  i ndependent of the cho ice of action . I t  
was recently shown that this  i s  i ndeed the case30) . 

I n  cl osi ng thi s section,  we note that a l so the' extension to the SU ( 3 )  system 

has now been carried outB , lO ); i t  requires greater computational efforts , because 
there are ei ght group parameters i nstead of three . The behavi our observed i s ,  how
ever , in good agreement with that of the SU ( 2 )  system. In parti cul ar,  we note 
that at high  temperature the energy dens i ty now approaches lO) 

( 3 . 16 )  

i nstead of eq . ( 3 . 1 2 )  i n  the SU (2 )  case .  Both times we  thus find the number of  
degrees of freedom of a system of mass l ess , non-i nteracti ng g l uons for the corres
ponding col our group .  The deconfi nement transi tion in the SU ( 3 )  case occurs at 
Tc/AL "" 75 - 83 , which wi th the string tens ion  rel ation28 ) g ives Tc "" l50-170 MeV , 
a l so  i n  accord with the SU ( 2 )  val ue . 

I n  concl us ion : we have seen that Monte Carl o techniques appl i ed to l attice QCD 

a l l ow us to eval uate g l uon thermodynami cs over the who l e  temperature range . The 
resul ti ng behaviour shows the expected two-phase nature: at l ow temperatures , we 
have a hadroni c resonance gas of gl uonium states ; heati ng brings us to a decon
fi nement transition and beyond that to an ideal gl uon gas . 

I V .  QCD THERMODYNAMICS WITH QUARKS 

In this  section we want to extend the cons iderations of the previous chapter 
to i ncl ude quarks and antiquarks . We shal l see that thi s  brings in a bas ica l l y  

new feature - the questi on of ch iral symmetry restoration a t  h i gh temperature . 

The l atti ce formul ation encounters as a resul t the probl em of species doubl 
i ng24 • 3 1 l , and in add ition the Monte Carl o eval uation becomes considerably more 
compl ex . Neverthe l es s ,  first resul ts both on the ful l  QCD energy dens ity13 )  and 

on chira l  symmetry restoration 13 • 14 )  have now appeared ; we shal l here consider 
the former ,  returni ng to chira l  symmetry in the fol l owing section . 
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The QCD Lagrangian dens i ty for massl ess quarks of one fl avour only can be 
wri tten 

( 4 . 1 )  

Here, µ ,  v denote tensor , a ,  e spi nor and a ,  b ,  c col our i ndi ces . The fi n i te 
temperature Eucl idean action becomes e Se(lfJ, A) = - f d3x J d't' � (l!J, A) ( 4 . 2 )  

v 0 

wi th period i c  (anti peri odi c )  boundary condit ions i n  the tempera ture i ntegration 
of the boson ( fermion)  fiel ds .  The fu l l  action thus is  a sum 

( 4 . 3 )  

o f  the pure Yang-Mi l l s  part SG and the quark-� l uon part SF . The Yang-Mi l l s  
system was treated i n  the previous  secti on ; we sha 1 1  conc12ntrate here on SF . 

Fermion theories on the l attice genera l l y  l ead to speci es doubl i ng31 l , un less 
one is wi l l i ng to accept chiral symmetry break ing24 l . We shal l here use Wi l son ' s  
form24 l , i n  wh ich chiral symmetry i s  recovered only i n  thi: conti nuum l im i t .  We 
consider aga i n  an asymmetri c  l atti ce , with N0 spati a l  and Ne temporal s i tes . 

On thi s  l atti ce , the action SF of the quark-gl uon sector i s  wri tten13 • 25 l  

kF( g 2 )  4a 
SF = E { lj}nl!Jn - -S- 3a �a [lJJn ( l - yo ) Un , n + o l!Jn + o  n e a 

+ lj)n 

( 4 . 4 )  

where we have suppressed a l l but symbo l i c  l atti ce i nd i ces , The second term 
i n  eq . ( 4 . 4 )  refers to that part of the l atti ce summation i n  which the gauge 
group el ements Unm are associated wi th timel i ke l atti ce l i nks n ,  m ; in the 
thi rd ,  the l i nks are spacel i ke .  The fermionic coupl i nq K(g2 ) = kF (g2 } /8 i s  
the usual " hoppi ng" parameter24 •3 2 )  

In  terms o f  SF and SG , the Eucl idean form o f  the QCD parti tion function on 
the l atti ce i s  now g i ven by G F .  -

z = J II dU II dlfJ dlj) e-s (U ) - S  ( U ,  lfJ, lfJ) 
l i nks s i tes 

( 4 . 5 )  



wi th the dU i n te�ration to be carried out for al l l i nks , the d� dijj i ntegra
tions for al l s i tes of the l atti ce . S i nce the fennion action SF has the form 

( 4 . 6 )  

M = ( 1 - y ) u o A + ( 1 + y ) u+ o A µ µ nm n ,m - µ µ mn n ,m + µ ( 4 . 7 )  

the i ntegration over the anti -commuti ng spi nor fi el ds can be carried out33 l to 
give an effective boson form 

z = f II dU e-SG (U )  det( l - KM) 1 i n ks 
( 4 . 8 )  

The Eucl i dean energy dens i ty E i s  obtainerl from Z ; i t  a l so becomes the sum 
E = EG + /  of the pure gl uon part ( eq .  ( 3 . 9 ) )  and the quark-gl uon part25 l 

G II _ du e-s ( U )  det Q * 1 i n ks 

2 2 3 - 1 * { 3K( g' ) Tr(M0 Q- 1 )  - K ( gz ) E Tr(M Q ) � � µ=l µ 

wi th Q = 1 - KM ( U )  

( 4 . 9 ) 

The computati onal probl em beyond what i s  encountered i n  the pure Yang-Mi l l s  
case l i es i n  the eval uation of det Q and of Q- 1 • We shal l here use the ex
pansion of these quanti ties in powers of the fermionic coupl i ng K ( " hoppi ng 
parameter expans ion" 32l ) ,  and reta i n  in both cases only the l eadi ng tenn . By cal 
cul ati ng an i deal gas of mas s l ess fermi ons i n  the same approxima ti on , we shal l 
then get some i dea of how val i d  this  procedure may be . 

For det Q the l eading term i s  

det Q = det( 1 - KM) "' 1 ( 4 . 10 )  

( "quenched approximation" 34 l ) ,  whi l e  i n  the expansion 

Q- 1 = [l  - KM] - 1 = ; K£[M ( U ) l £  
Q,=0 

( 4 . 1 1 )  

because o f  gauge i nvariance , the fi rst contr i bution to Tr(Q-1 M)  ari ses for the 
shortest non-vani shi ng cl osed l oop obta i ned from M ( U )  � U . For N13 = 2 and 3 , 
thi s  i s  a thermal l oop , i . e . , one c l osed i n  the temperature d i recti on ; hence i n  
that cas e ,  the fi rst term i s  £ = N13 - 1 . For N13 _:: 4 , these 1 oops are not the 
only ones ; but the non-thermal l oops l ead to negl ig ib ly  smal l contr i butions , so 
that we obtai n on an i sotropic l atti ce 
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N N + 2 / a4 "" �  [K (g2 } J  13 2 13 < L >  ( 4 . 12 )  

with  < L > for the  expectation value  of the  therma l Wi l son l oop,  and a for the 
l atti ce s pac i n g .  

T o  tes t the convergence o f  the hoppi ng parameter expansion , we compare13 ) i n  
tabl e  1 the resul t i ng energy dens ity o f  an ideal gas of massl ess quarks w i t h  the 
exact form 9 ) for such a system , both cal cul ated on l atti ces of the same s i ze .  
For l ow N13 val ues , the approx imation  g i ven by just the l eadi ng term i s  found to 
be qui te reasonabl e ,  wi th l ess than 10% errors for N13 = 2 and 3 . Thi s  l eads 
us to expect that a l so for QCD we can obta i n  an i nd i cative estimate by reta i ni ng 
that term only.  Thi s  expectation i s  supported by prel imi nary resu l ts for SU ( 2 )  
fermions35 ) : the energy dens i ty obtai ned by i nc l udi ng a l "I terms up  to Q, = 2 0  i n  
eq . ( 4 . 1 1 )  d i ffers only by 10% from the l eadi ng term. 

We now return to eq . ( 4 . 12 )  for the quark-gl uon energy densi ty of SU (N )  QCD . 
The fermion coupl i ng K( g 2 )  for massl ess quarks has been eva 1 uated numerica l l y  
both at l arge3 6 )  and a t  sma 1 1 37 ) g2 • The thermal Wi l son l oop < L >  can b e  cal 
culated by the usual fi n i te temperature Monte Carlo techni ques . 

Wi th the connection between g2 , the l atti ce spac i ng a and the l atti ce 
sca le  '\ , as g iven by the renormal i zation group rel ation38 ) ( 3 . 1 1 )  
we can then from eq . ( 4 . 12 )  obta i n  EF a s  function o f  the temperature 
T = 13

- 1 = ( N13a f  1 • 

Comparing the l ead i ng term of the hopping parameter expansion for EF wi th 
F tha t of an ideal gas of mass l ess fermi ons , ESB , we have from eq . (4 . 12 ) 

F F Nl3 E /ESB = [SK( g2 ) l < L > I N 

wi th K = 1/8 , < L > =  N for the idea l  gas ana l og of the SU ( N }  case .  

( 4 . 1 3) 

For the SU(3) case, which  is obviously the phys i ca l ly most i nteresting one , we 
d isp lay i n  table  2 ,  for N13 

= 3 and 4 ,  the val ues of < L >  from ref . 10 ) ,  together 
wi th the coupl i ng K(g2 ) , which i s  taken from the u ,  d form of ref . 36 ) ,  and 
the resul t i ng energy densi ty ratio  EF/E�B . We note that the energy dens i ty very 
quickly approaches i ts asymptotic val ue - and not because K and < L > separately 
do so, but rather because these quanti ties , for each N13 , ,  together provide an 
almost asymptoti c energy dens i ty .  In f ig .  6 we d i sp lay the temperature behaviour 
of the combi ned N13 = 3 and 4 resul ts .  We note a sharp drop around T - 80 '\ 
(- 0 . 4  a1 /2 ) , whi ch presumably corresponds to the onset of confi nement. 



I n  fig .  7 we show the overal l  energy dens i ty E/T" , obtai ned by comb i n i ng our 
above resul ts for l wi th the pure Yang-Mi l l s  resul ts of sect ion I I I .  We con
cl ude that ful l  quantum chromodynamics wi th fermi ons i ndeed appears to l ead to 
the deconfi nement behavi our observed i n  the study of Yang-Mi l l s  systems al one . In  
particul ar ,  we  note that at temperatures T ;::, 2Tc essenti al ly  a l l  consti tuent 
degrees of freedom have been " thawed " .  

V .  DECONFINEMENT AND CHI RAL SYMMETRY RESTORATION 

Quantum chromodynamics , for massl ess quarks a pri ori free of dimensional 
scal es, conta i ns the i ntri ns ic  potentia l  for the spontaneous generation of two 
scal es : one for the confinement force coupl i ng quarks to form hadrons ,  and one 
for the chi ral force bind i ng the col l ecti ve exci tati ons to Gol dstone bosons39 l . 
These two l ead i n  thermodynamics to two pos s i bl e phase transi ti ons , characterized 
by two cri ti cal temperatu res , Tc and Tch . Above Tc , the dens i ty is h igh 
enough to render confinement unimportant: hadrons d i ssol ve i nto quarks and gl uons . 
Above Tch , chi ral symmetry i s  restored , so that quarks must be massl ess . For T 
bel ow both Tc and Tch , we have a gas of massive hadrons ; for T above both 
Tc and Tch , we have a pl asma of massl es s  quarks and gl uons . Conceptual ly  
s impl est woul d  be Tc = Tch ; the  possi bi l i ty Tc > Tch appears rather un
l i kely40 l . On the other hand , Tc < Tch woul d  correspond to a regime of unbound 
massive "consti tuent" quarks40 l , as they appear in the add i ti ve quark model for 
hadron-hadron and hadron-l epton i nteracti ons41 l . The ques tion of deconfi nement 
vs . ch iral  symmetry restoration thus confronts us wi th one of the most i ntri guing 
aspects of quark-gl uon thermodynami cs . 

The fermi onic acti on of Wi l son24) used i n  the l ast section avoids 
spec i es doubl i ng at the cost of chiral  i nvari ance.  Even an ideal  gas of massl ess 
quarks in thi s  formul ation is  not chi ra l l y  i nvari ant42 l , s i nce the expectation 
val ue < iWi >  is a l ways di fferent from zero . It has therefore been suggested42 ) to 
use the d i fference between thi s  "Stefan-Bol tzmann" val ue and the correspondi ng 
QCD val ue for W i l son fermions as the phys i cal ly meani ngful order parameter :  i t  
wou l d  vani s h  when the behaviour of a non-i nteracti ng system of massl ess fermi ons 
is reached. 

In f i g .  8 we s how thi s  order parameter as cal cul ated for colour SU ( 3 ) , .in 
l eadi ng power of the hopping parameter expans i on1 3 l . I t  i s  non-zero up to 
Tch "' 100 � , and vani shes for h i gher temperatures . Thi s  suggests ch iral  
symmetry restorati on sl i ghtly above deconfi nement , wi th 

( 5 . 1 )  
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I t  remai ns open a t  present to what extent thi s  wi l l  b e  mod if ied by the i nc l u s i on 
of v i rtual quark l oops , or i f  there are any s ignificant fi nite l atti ce effects . 

Us i ng for the SU( 2 )  case a chiral ly i nvari ant action with the resu l ti ng 
speci es doubl ing ,  i t  was found i n  ref . 14)  that chiral  sy11111etry restoration occurs 
at 

Tch = (0 . 55 ± 0 . 07 )  !CT ( 5 . 2 )  

here a l so vi rtual quark l oops are negl ected . S i nce i n  thi s  determi natfon only 
< t!n!J > i s  s tudied , i t  does not provide any i nformation about Tc . To obta i n  
Tch/Tc , one therefore has to rely o n  some other Tc determi nati on . W ith the 
rather l ow val ue of ref . 5 ) ,  i t  is found that14 } 

Tch/Tt = 1 . 6  ± 0 . 2  

Us i ng the 1 argest Tc obtai ned 6 } , we have i nstead 

Tch/Tc = 1 . 0  ± 0 . 1  

so that the question of whether o r  not Tc = \h appears to rema i n  open .  

V I .  PHASE TRANS ITION PARAMETERS 

( 5 . 3 } 

( 5 . 4 )  

I n  the l attice eval uation of QCD thermodynamics , we have cal cul ated a l l physi 
cal quanti t ies i n  terms o f  the dimensi onal l attice scal e � . To convert � 
i nto physi cal un its , we just have to measure one of these physi cal observabl es . 
String tension considerations g i ve for Yang-Mi l l s  systems { ( 1 . 1 ± 0 . 2 )  x 102 .Ta =  ( 4 . 4  ± 0 . 8 )  Mev43 } } 

AL 
= 

( 1 . 3  ± 0 . 2 )  x 10-2 .Ta =  ( 5 . 2  ± 0 . 8 )  MeV41�} 

i n  case of col our SU (2 } and 
- 3 1=: 45 ) � = ( 5 . 0 ± 1 . 5 ) x 10 vo = ( 2 . 0 ± 0 . 6 } MeV 

for colour SU ( 3 ) .  The deconfi nement temperature i s  found to be 

Tc ( 38 4J - 43 6 ) ) � 
for SU(2 )  and 

Tc = ( 75  8 ) - 8310 ) ) � 
for SU( 3 ) . Taki ng the average of eq . ( 6 . 1 ) ,  we have 

T = 
{ [ ( 1 70 - 210)  ± 30) MeV 

c [ ( 1 50 - 170) ± 50) MeV 

SU(2 )  } 
SU (3 )  

( 6 . 1 )  

( 6 . 2 )  

( 6 . 3 )  

( 6 . 4) 

( 6 . 5 )  

and thus 1 i ttl e o r  n o  dependence o f  Tc o n  the c o  1 our group .  This  Yang-Mi l l s  



val ue  of the deconfi nement temperature remai ns uneffected by the introduction of 
quarks i n  the scheme of section I V .  The temperature for c hiral  symmetry restora
tion is accord i ngly gi ven by rel ation ( 5 . 1 ) . 

From eq . ( 6 . 5 )  and the form of fi g .  7 , we can now estimate the energy dens i ty 
va l ues at the two transition poi nts . For the SU ( J )  Yang-Mi l l s  case, we obtain  

E(Tc } "" 200 - 300 MeV/fm3 ( 6 . 6} 

where we have assumed that the turn-over i n  E occurs at about hal f the Stefan
Bol tzmann val u e .  Thi s rang e ,  correspondi ng roughly to hadroni c energy dens i ty ,  
seems physical l y  quite reasonabl e .  I t  i s  not known a t  present i f  and how much i t  
wou l d  b e  i ncreased by the i ntroduction o f  quarks ; a shift proportional t o  that of 
the Stefan-Bol tzmann l imit  woul d  doubl e the val u e  of eq . ( 6 . 6 ) . Thi s suggests 
twi ce standard nuc l ear dens i ty (n = 1 50 MeV/fm3 } as  l ower and four times . 0 
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nucl ear dens i ty a s  u pper bound for the deconfi nement transi tion .  Present estimates 
for the energy densi ty expected in u l trarel ativistic heavy i on col l i s ions46 ) thus 
put deconfi nement within reach . 

Chiral  symmetry restoration , even i f  i t  occurs at only s l i ghtly higher tempera
tures , seems to be consi derably more d ifficul t to attain . Just a smal l i ncrease 
beyond Tc bri ngs  us to the top of the Stefan-Bol tzmann "shel f" , where the 
energy dens i ty is above 2 GeV/fm3 • 

VI I .  CONCLUSI ONS 

Our basi c  conc l us ion is certai nly that the l a ttice formul ation of quantum 
chromodynamics appears to be an extremely fru i tful approach to the thermodynami cs 
of strongl y  i nteracting matter . I t  i s  so far the only way to descri be wi thi n one 
theory the who l e  temperature range from hadroni c matter to . the quark-gl uon pl asma . 
I t  l eads to deconfi nement and provides first hi nts on chiral symmetry restorati on . 

We are sti l l  at the beg i nn i ng .  I t  i s  not real ly c l ear i f  Tc * Tch , fi ni te 
s i ze scal i ng near the phase transi tions has not been stud i ed at a l l  for T * O , 
and the l attice thermodynamics of systems wi th non-zero baryon number has not been 
touched . Neverthel ess , there seems to emerge today from QCD something a l ready 
suggested by percol ation methods47 l , i nstanton consi derations48 ) and mean fi eld  
cal cul ations49 l : a three s tate pictu re of  strong ly i nteracting matter. 
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FIGURE CAPTIONS 

Fi gure 1 : Energy dens i ty of hadronic matter ( H )  and of an i dea l quark-gl uon 
plasma ( P ) . 

Fi gure 2 Energy density of the SU (2 )  Yang-Mi l l s  system , compared to the ideal 
gas va l ue ESB , as function of temperature T . The curve is a fi t .  

Fi gure 3 The specific  heat of the SU (2 )  Vang-Mi l l s  system as fu ncti on of tempe
rature T , obta i ned by di fferentiating the fit of fi g .  2 .  

Fi gure 4 Interaction measure t; = ( E - 3P)/T4 as function of X ;  T/T - 1 
compared to the resonance gas predi cti on wi th gl ueba l l  mass 
mG ; 4 , 4 . 5  and 5 Tc . 

Fi gure 5 Interaction measure t; = ( E - 3P )/T4 as function of temperature , com
pared to the l eading order perturbati ve form 'wi th bag correction 
s 1 l4 ; 180 ( a ) , 190 ( b )  and 200 (c )  MeV . 

Fi gure 6 Fermionic energy densi ty of the SU(3 )  sys tem , compared to the ideal 
gas val u e  E�B , as functi on of the temperature . C i rc l es correspond to 
NS ; 3 , tri angl es to NS ; 4 . 

Fi gure 7 Compari son of the energy dens i ty of fu l l  QCD wi th that of the SU ( 3 )  
Vang-Mi l l s  theory , as obtai ned from a f it  t o  fi g .  6 and from ref . 10 ) . 

Figure 8 The chiral  order parameter [ ( <lJJlJJ >sB - <lJJ l)J > )  I <lJJ lJJ >sB l , where 
<lJJ lJJ >sB measures the ch iral  symmetry breaking of an i deal gas of 
mass l ess W i l son fermi ons on a fi n i te l atti ce . 
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Ni3 R 

2 1 . 0B6 
3 0 . 944 
4 0 . 764 
5 0 . 557 

Tabl e 1 Ratio  R of the l eadi ng term of the hopping parameter expansion for 
the energy den s i ty of an i deal gas of mas s l es s  fermions to the exact 
energy dens i ty on an i nfi n i te spatial  l attice , at several N13 val ues . 

Ni3 Tl'\ BK < L >  F F E /ESB 

3 BO 1 . 536 0 . 3 1  0 . 374 
B4 1 . 512 0 . 63 0 . 726 
B9 1 . 496 0 . 73 O . B 1 5  
95 1 . 472 O . BB 0 . 935  

100 1 . 456 0 . 96 0 . 9BB 
110 1 .  416 - 1.  44B 1 . 04 1 . 01 ± 0 . 03 
120 1. 3B4 - 1 .  440 1 . 0B 1 . 02 ± 0 . 07 
130 1 .  360 - 1 .  440 1 . 13 1 . 04 ± 0 . 10 
140 l . 32B - 1 . 432 1 . 17 1 . 03 ± 0 . 1 2  

4 76 1 . 456 0 . 29 0 . 434 
B4 1 .  416 - 1 .  448 0 . 60 O . B4 ± 0 . 04 
90 l . 3B4 - 1 . 440 0 . 64 O . B5 ± 0 . 07 

100 l . 32B - 1 . 432 0 . 73 O . B9 ± 0 . 13 

Tab le  2 Hoppi ng parameter K , thermal Wi l son l oop < L >  and ratio  //E�B 
for SU(3 ) .  
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