
symmetryS S

Article

The Riemann Zeros as Spectrum and the
Riemann Hypothesis

Germán Sierra

Instituto de Física Teórica UAM/CSIC, Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain;
german.sierra@uam.es

Received: 31 December 2018; Accepted: 26 March 2019; Published: 4 April 2019
����������
�������

Abstract: We present a spectral realization of the Riemann zeros based on the propagation of a
massless Dirac fermion in a region of Rindler spacetime and under the action of delta function
potentials localized on the square free integers. The corresponding Hamiltonian admits a self-adjoint
extension that is tuned to the phase of the zeta function, on the critical line, in order to obtain the
Riemann zeros as bound states. The model suggests a proof of the Riemann hypothesis in the limit
where the potentials vanish. Finally, we propose an interferometer that may yield an experimental
observation of the Riemann zeros.
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1. Introduction

One of the most promising approaches to prove the Riemann Hypothesis [1–7] is based on
the conjecture, due to Pólya and Hilbert, that the Riemann zeros are the eigenvalues of a quantum
mechanical Hamiltonian [8]. This bold idea is supported by several results and analogies involving
Number Theory, Random Matrix Theory and Quantum Chaos [9–17]. However, the construction of a
Hamiltonian whose spectrum contains the Riemann zeros, has eluded researchers for several decades.
In this paper we shall review the progress made along this direction starting from the famous xp model
proposed in 1999 by Berry, Keating and Connes [18–20] that inspired many works [21–45], some of
them will be discuss below. See [46] for a general review on physical approaches to the RH. Other
approaches to the RH and related material can be found in [47–63].

To relate xp with the Riemann zeros, Berry, Keating and Connes used two different regularizations.
The Berry and Keating regularization led to a discrete spectrum related to the smooth Riemann
zeros [18,19], while Connes’s regularization led to an absorption spectrum where the zeros are missing
spectral lines [20]. A physical realization of the Connes model was obtained in 2008 in terms of the
dynamics of an electron moving in two dimensions under the action of a uniform perpendicular
magnetic field and an electrostatic potential [29]. However this model has not been able to reproduce
the exact location of the Riemann zeros. On the other hand, the Berry–Keating xp model was revisited
in 2011 in terms of the classical Hamiltonians H = x(p + 1/p), and H = (x + 1/x)(p + 1/p) whose
quantizations contain the smooth approximation of the Riemann zeros [32,36]. Later on, these models
were generalized in terms of the family of Hamiltonians H = U(x)p + V(x)/p that were shown to
describe the dynamics of a massive particle in a relativistic spacetime whose metric can be constructed
using the functions U and V [35]. This result suggested a reformulation of H = U(x)p + V(x)/p in
terms of the massive Dirac equation in the aforementioned spacetimes [38]. Using this reformulation,
the Hamiltonian H = x(p + 1/p) was shown to be equivalent to the massive Dirac equation in Rindler
spacetime that is the natural arena to study accelerated observers and the Unruh effect [42]. This result
provides an appealing spacetime interpretation of the xp model and in particular of the smooth
Riemann zeros.
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To obtain the exact zeros, one must make further modifications of the Dirac model. First,
the fermion must become massless. This change is suggested by a field theory interpretation of the
Pólya’s ξ function and its comparison with the Riemann’s ξ function. On the other hand, inspired by the
Berry’s conjecture on the relation between prime numbers and periodic orbits [12,14] we incorporated
the prime numbers into the Dirac action by means of Dirac delta functions [42]. These delta functions
represent moving mirrors that reflect or transmit massless fermions. The spectrum of the complete
model can be analyzed using transfer matrix techniques that can be solved exactly in the limit where the
reflection amplitudes of the mirrors go to zero that is when the mirrors become transparent. In this limit
we find that the zeros on the critical line are eigenvalues of the Hamiltonian by choosing appropriately
the parameter that characterizes the self-adjoint extension of the Hamiltonian. One obtains in this
manner a spectral realization of the Riemann zeros that differs from the Pólya and Hilbert conjecture
in the sense that one needs to fine tune a parameter to see each individual zero. In our approach we
are not able to find a single Hamiltonian encompassing all the zeros at once. Finally, we propose
an experimental realization of the Riemann zeros using an interferometer consisting of an array of
semitransparent mirrors, or beam splitters, placed at positions related to the logarithms of the square
free integers.

The paper is organized in a historical and pedagogical way presenting at the end of each section a
summary of achievements ( ), shortcomings/obstacles (5) and questions/suggestions (?).

2. The Semiclassical XP Berry, Keating and Connes Model

In this section, we review the main results concerning the classical and semiclassical xp
model [18–20]. A classical trajectory of the Hamiltonian H = xp, with energy E, is given by

x(t) = x0 et, p(t) = p0 e−t, E = x0 p0 , (1)

that traces the parabola E = xp in phase space plotted in Figure 1. E has the dimension of an action,
so one should multiply xp by a frequency to get an energy, but for the time being we keep the notation
H = xp. Under a time reversal transformation, x → x, p → −p one finds xp → −xp, so that this
symmetry is broken. This is why reversing the time variable t in (1) does not yield a trajectory
generated by xp. As t → ∞, the trajectory becomes unbounded that is |x| → ∞, so one expects the
semiclassical and quantum spectrum of the xp model to form a continuum. To get a discrete spectrum
Berry and Keating introduced the constraints |x| ≥ `x and |p| ≥ `p, so that the particle starts at t = 0 at
(x, p) = (`x, E/`x) and ends at (x, p) = (E/`p, `p) after a time lapse T = log(E/`x`p) (we assume for
simplicity that x, p > 0). The trajectories are now bounded, but not periodic. A semiclassical estimate
of the number of energy levels, nBK(E), between 0 and E > 0 is given by the formula

nBK(E) =
ABK

2πh̄
=

E
2πh̄

(
log

E
`x`p

− 1
)
+

7
8

, (2)

where ABK is the phase space area below the parabola E = xp and the lines x = `x and p = `p,
measured in units of the Planck’s constant 2πh̄ (see Figure 1). The term 7/8 arises from the Maslow
phase [18]. In the course of the paper, we shall encounter this equation several times with the constant
term depending on the particular model.
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Figure 1. (Left): The region in shadow describes the allowed phase space with area ABK bounded by
the classical trajectory (1) with E > 0 and the constraints x ≥ `x, p ≥ `p. (Right): Same as before with
the constraints 0 < x, p < Λ.

Berry and Keating compared this result with the average number of Riemann zeros,
whose imaginary part is less than t with t� 1,

〈n(t)〉 ' t
2π

(
log

t
2π
− 1
)
+

7
8
+ O(1/t) , (3)

finding an agreement with the identifications

t =
E
h̄

, `x `p = 2πh̄. (4)

Thus, the semiclassical energies E, expressed in units of h̄, are identified with the Riemann zeros,
while `x`p is identified with the Planck’s constant. This result is remarkable given the simplicity of the
assumptions. However, one must observe that the derivation of Equation (2) is heuristic, so one goal is
to find a consistent quantum version of it.

Connes proposed another regularization of the xp model based on the restrictions |x| ≤ Λ and
|p| ≤ Λ, where Λ is a common cutoff, which is taken to infinity at the end of the calculation [20].
The semiclassical number of states is computed as before yielding (see Figure 1, we set h̄ = 1)

nC(E) =
AC

2π
=

E
2π

log
Λ2

2π
− E

2π

(
log

E
2π
− 1
)

. (5)

The first term on the RHS of this formula diverges in the limit Λ→ ∞, which corresponds to a
continuum of states. The second term is minus the average number of Riemann zeros, which according
to Connes, become missing spectral lines in the continuum [17,20]. This is called the absorption spectral
interpretation of the Riemann zeros, as opposed to the standard emission spectral interpretation where
the zeros form a discrete spectrum. Connes, relates the minus sign in Equation (5) to a minus sign
discrepancy between the fluctuation term of the number of zeros and the associated formula in the
theory of Quantum Chaos. We shall show below that the negative term in Equation (5) must be seen as
a finite size correction of discrete energy levels and not as an indication of missing spectral lines.

Let us give for completeness the formula for the exact number of zeros up to t [2,3]

nR(t) = 〈n(t)〉+ nfl(t), (6)

〈n(t)〉 =
θ(t)
π

+ 1, nfl(t) =
1
π

Im log ζ

(
1
2
+ it

)
,
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where 〈n(t)〉 is the Riemann–von Mangoldt formula that gives the average behavior in terms of the
function θ(t)

θ(t) = Im log Γ
(

1
4
+

it
2

)
− t

2
log π

t→∞−→ t
2

log
t

2π
− t

2
− π

8
+ O(1/t) , (7)

that can also be written as

e2iθ(t) = π−it
Γ
(

1
4 + it

2

)
Γ
(

1
4 −

it
2

) . (8)

θ(t) is the phase of the Riemann zeta function on the critical line, that can be expressed as

ζ

(
1
2
+ it

)
= e−iθ(t) Z(t), (9)

where Z(t) is the Riemann-Siegel zeta function, or Hardy function, that on the critical line satisfies

Z(t) = Z(−t) = Z∗(t), t ∈ IR . (10)

Summary:

The semiclassical spectrum of the xp Hamiltonian reproduces the average Riemann zeros.
5 There are two schemes leading to opposite physical realizations: emission vs absorption.
? Quantum version of the semiclassical xp models.

3. The Quantum XP Model

To quantize the xp Hamiltonian, Berry and Keating used the normal ordered operator [18]

Ĥ =
1
2
(x p̂ + p̂ x) = −ih̄

(
x

d
dx

+
1
2

)
, x ∈ IR, (11)

where x belongs to the real line and p̂ = −ih̄d/dx is the momentum operator. We shall show below
that despite of being a natural quantization of the classical xp Hamiltonian, it does not reproduce the
semiclassical spectrum obtained in the previous section. It is, however, of great interest to study it in
detail since it is the basis of the rest of the work.

It is convenient to restrict x to the positive half-line, then (11) is equivalent to the expression

Ĥ =
√

x p̂
√

x, x ≥ 0 . (12)

Ĥ is an essentially self-adjoint operator acting on the Hilbert space L2(0, ∞) of square integrable
functions in the half-line IR+ = (0, ∞) [23,24,30]. The eigenfunctions, with eigenvalue E, are given by

ψE(x) =
1√
2πh̄

x−
1
2+

iE
h̄ , x > 0, E ∈ IR , (13)

and the spectrum is the real line IR. The normalization of (13) is given by the Dirac’s delta function

〈ψE|ψE′〉 =
∫ ∞

0
dx ψ∗E(x)ψE′(x) = δ(E− E′). (14)

The eigenfunctions (13) form an orthonormal basis of L2(0, ∞), that is related to the Mellin
transform in the same manner that the eigenfunctions of the momentum operator p̂, on the real line,
are related to the Fourier transform [24]. If one takes x in the whole real line, then the spectrum of the
Hamiltonian (11) is doubly degenerate. This degeneracy can be understood from the invariance of xp
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under the parity transformation x → −x, p→ −p, which allows one to split the eigenfunctions with
energy E into even and odd sectors

ψ
(e)
E (x) =

1√
2πh̄
|x|−

1
2+

iE
h̄ , ψ

(o)
E (x) =

sign x√
2πh̄
|x|−

1
2+

iE
h̄ , x ∈ IR, E ∈ IR. (15)

Berry and Keating computed the Fourier transform of the even wave function ψ
(e)
E (x) [18]

ψ̂
(e)
E (p) =

1√
2πh̄

∫ ∞

−∞
dx ψ

(e)
E (x) e−ipx/h̄ (16)

=
1√
2πh̄
|p|−

1
2−

iE
h̄ (2h̄)iE/h̄

Γ
(

1
4 + iE

2h̄

)
Γ
(

1
4 −

iE
2h̄

) ,

which means that the position and momentum eigenfunctions are each other’s time reversed, giving a
physical interpretation of the phase θ(t), see Equation (8). Choosing odd eigenfunctions leads to
an equation similar to Equation (16) in terms of the gamma functions Γ( 3

4 ±
iE
2 ) that appear in the

functional relation of the odd Dirichlet L-functions. Equation (16) is a consequence of the exchange
x ↔ p symmetry of the xp Hamiltonian, which is an important ingredient of the xp model.

Comments:

• Removing Connes’s cutoff, i.e., Λ → ∞, gives the quantum Hamiltonians (11) or (12),
whose spectrum is a continuum. This shows that the negative term in Equation (5) does not
correspond to missing spectral lines. In the next section we give a physical interpretation of this
term in another context.

• xp is invariant under the scale transformation (dilations) x → Kx, p → K−1 p, with K > 0.
An example of this transformation is the classical trajectory (1), whose infinitesimal generator
is xp. Under dilations, `x → K`x, `p → K−1`p, so, the condition `x`p = 2πh̄ is preserved.
Berry and Keating suggested to use integer dilations K = n, corresponding to evolution times
log n, to write [18]

ψE(x)→
∞

∑
n=1

ψE(nx) =
1√
2πh̄

x−
1
2+

iE
h̄

∞

∑
n=1

1

n
1
2−

iE
h̄
=

1√
2πh̄

x−
1
2+

iE
h̄ ζ(1/2− iE/h̄) . (17)

If there exists a physical reason for this quantity to vanish one would obtain the Riemann zeros En.
Equation (17) could be interpreted as the breaking of the continuous scale invariance to discrete
scale invariance.

Summary:

5 The normal order quantization of xp does not exhibit any trace of the Riemann zeros.
The phase of the zeta function appears in the Fourier transform of the xp eigenfunctions.

4. The Landau Model and XP

Let us consider a charged particle moving in a plane under the action of a perpendicular magnetic
field and an electrostatic potential V(x, y) ∝ xy [29]. The Langrangian describing the dynamics is
given, in the Landau gauge, by

L =
µ

2
(ẋ2 + ẏ2)− eB

c
ẏx− eλxy , (18)
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where µ is the mass, e the electric charge, B the magnetic field, c the speed of light and λ a coupling
constant that parameterizes the electrostatic potential. There are two normal modes with real, ωc,
and imaginary, ωh, angular frequencies, describing a cyclotronic and a hyperbolic motion respectively.
In the limit where ωc >> |ωh|, only the Lowest Landau Level (LLL) is relevant and the effective
Lagrangian becomes

Leff = pẋ− |ωh|xp, p =
h̄y
`2 , ` =

(
h̄c
eB

)1/2
, (19)

where ` is the magnetic length, which is proportional to the radius of the cyclotronic orbits in the LLL.
The coordinates x and y, which commute in the 2D model, after the projection to the LLL, become
canonical conjugate variables, and the effective Hamiltonian is proportional to the xp Hamiltonian
with the proportionality constant given by the angular frequency |ωh| (this is the missing frequency
factor mentioned in Section 2). The quantum Hamiltonian associated with the Lagrangian (18) is

Ĥ =
1

2µ

[
p̂x +

(
p̂y +

h̄
`2 x
)2
]
+ eλxy , (20)

where p̂x = −ih̄∂x and p̂y = −ih̄∂y. After a unitary transformation (20) becomes the sum of two
commuting Hamiltonians corresponding to the cyclotronic and hyperbolic motions alluded to above

H = Hc + Hh, (21)

Hc =
ωc

2
( p̂2 + q2), Hh =

|ωh|
2

(P̂Q + QP̂).

In the limit ωc � |ωh| one has

ωc '
eB
µc

, |ωh| ∼
λc
B

. (22)

The unitary transformation that brings Equation (20) into Equation (21) corresponds to the classical
canonical transformation

q = x + py, p = px, Q = −py, P = y + px . (23)

When ωc � |ωh|, the low energy states of H are the product of the lowest eigenstate of Hc,
namely ψ = e−q2/2`2

, times the eigenstates of Hh that can be chosen as even or odd under the parity
transformation Q→ −Q

Φ+
E (Q) =

1

|Q| 12−iE
, Φ−E (Q) =

sign(Q)

|Q| 12−iE
. (24)

The corresponding wave functions are given by (we choose |ωh| = 1)

ψ±E (x, y) = C
∫

dQ e−iQy/`2
e−(x−Q)2/2`2

Φ±E (Q) , (25)

where C is a normalization constant, which yields

ψ+
E (x, y) = C+

E e−
x2

2`2 M
(

1
4
+

iE
2

,
1
2

,
(x− iy)2

2`2

)
, (26)

ψ−E (x, y) = C−E (x− iy)e−
x2

2`2 M
(

3
4
+

iE
2

,
3
2

,
(x− iy)2

2`2

)
,
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where M(a, b, z) is a confluent hypergeometric function [64]. Figure 2 shows that the maximum of
the absolute value of ψ+

E is attained on the classical trajectory E = xy (in units of h̄ = ` = 1). This 2D
representation of the classical trajectories is possible because in the LLL x and y become canonical
conjugate variables and consequently the 2D plane coincides with the phase space (x, p).

To count the number of states with an energy below E one places the particle into a box:
|x| < L, |y| < L and impose the boundary conditions

ψ+
E (x, L) = eixL/`2

ψ+
E (L, x) , (27)

which identifies the outgoing particle at x = L with the incoming particle at y = L up to a phase.
The asymptotic behavior L� ` of (26) is

ψ+
E (L, x) ' e−ixL/`2−x2/2`2 Γ

(
1
2

)
Γ
(

1
4 + iE

2

) ( L2

2`2

)− 1
4+

iE
2

, (28)

ψ+
E (x, L) ' e−x2/2`2 Γ

(
1
2

)
Γ
(

1
4 −

iE
2

) ( L2

2`2

)− 1
4−

iE
2

,

that plugged into the BC (27) yields

Γ
(

1
4 + iE

2

)
Γ
(

1
4 −

iE
2

) ( L2

2`2

)−iE

= 1 , (29)

or using Equation (8)

e2iθ(E)
(

L2

2π`2

)−iE

= 1 . (30)

Hence the number of states n(E) with energy less that E is given by

n(E) ' E
2π

log
(

L2

2π`2

)
+ 1− 〈n(E)〉 , (31)

whose asymptotic behavior coincides with Connes’s Formula (5) for a cutoff Λ = L/`. In fact, the term
〈n(E)〉 is the exact Riemann–von Mangoldt Formula (6).
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Figure 2. Plot of |ψ+
E (x, y)| for E = 10 in the region −10 < x, y < 10. Left: 3D representation,

Right: density plot.
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Summary:

The Landau model with a xy potential provides a physical realization of Connes’s xp model.
The finite size effects in the spectrum are given by the Riemann–von Mangoldt formula.

5 There are no missing spectral lines in the physical realizations of xp à la Connes.

5. The XP Model Revisited

An intuitive argument of why the quantum Hamiltonian (xp̂ + p̂x)/2 has a continuum spectrum
is that the classical trajectories of xp are unbounded. Therefore, to have a discrete spectrum one should
modify xp to bound the trajectories. This is achieved by the classical Hamiltonian [32]

HI = x

(
p +

`2
p

p

)
, x ≥ `x. (32)

For |p| >> `p, a classical trajectory with energy E satisfies E ' xp, but for |p| ∼ `p, the coordinate
|x| slows down, reaches a maximum and goes back to the value `x, where it bounces off starting again
at high momentum. In this manner one gets a periodic orbit (see Figure 3)

I{x, {pM

x

p

I{x, {pM

x

p

Figure 3. Classical trajectories of the Hamiltonians (32) (left) and (35) (right) in phase space with
E > 0. The dashed lines denote the hyperbola E = xp. (`x, `p) is a fixed-point solution of the classical
equations generated by (32) and (35).

x(t) =
`x

|p0|
e2t
√
(p2

0 + `2
p)e−2t − `2

p, 0 ≤ t ≤ TE ,

p(t) = ±
√
(p2

0 + `2
p)e−2t − `2

p , (33)

where TE is the period given by (we take E > 0)

TE = cosh−1 E
2`x`p

→ log
E

`x`p
(E� `x`p) . (34)

The asymptotic value of TE is the time lapse it takes a particle to go from x = `x to x = E/`p in
the xp model.

The exchange symmetry x ↔ p of xp is broken by the Hamiltonian (32). To restore it, Berry and
Keating proposed the x− p symmetric Hamiltonian [36]

HI I =

(
x +

`2
x

x

)(
p +

`2
p

p

)
, x ≥ 0. (35)
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Here the classical trajectories turn clockwise around the point (`x, `p), and for x � `x and p� `p,
approach the parabola E = xp (see Figure 3). The semiclassical analysis of (32) and (35) reproduce the
asymptotic behavior of Equation (2) to leading orders E log E and E, but differ in the remaining terms.

The two models discussed above have the general form

H = U(x)p + `2
p

V(x)
p

, x ∈ D, (36)

where U(x) and V(x) are positive functions defined in an interval D of the real line. HI corresponds
to U(x) = V(x) = x, D = (`x, ∞), and HI I corresponds to U(x) = V(x) = x + `2

x/x, D = (0, ∞).
The classical Hamiltonian (36) can be quantized in terms of the operator

Ĥ =
√

U p̂
√

U + `2
p
√

V p̂−1
√

V, (37)

where p̂−1 is pseudo-differential operator(
p̂−1ψ

)
(x) = − i

h̄

∫ ∞

x
dy ψ(y), (38)

which satisfies that p̂ p̂−1 = p̂−1 p̂ = 1 acting on functions which vanish sufficiently fast in the limit
x → ∞. The action of Ĥ is

(Ĥψ)(x) = −ih̄
√

U(x)
d

dx

{√
U(x)ψ(x))

}
−

i`2
p

h̄

∫ ∞

x
dy
√

V(x)V(y)ψ(y). (39)

The normal order prescription that leads from (36) to (39) will be derived in Section 7 in the case
where U(x) = V(x) = x, but holds in general [38]. We want the Hamiltonian (37) to be self-adjoint,
that is [65,66]

〈ψ1|Ĥ|ψ2〉 = 〈Ĥψ1|ψ2〉 . (40)

When the interval is D = (`x, ∞), Equation (40) holds for wave functions that vanishes sufficiently
fast at infinity and satisfy the non-local boundary condition

h̄ eiϑ
√

U(`x)ψ(`x) = `p

∫ ∞

`x
dx
√

V(x)ψ(x), (41)

where ϑ ∈ [0, 2π) parameterizes the self-adjoint extensions of Ĥ. The quantum Hamiltonian associated
with (32) is

ĤI =
√

x p̂
√

x + `2
p
√

x p̂−1√x, x ≥ `x , (42)

and its eigenfunctions are proportional to (see Figure 4)

x

ÈΨEÈ

Figure 4. Absolute values of the wave function ψE(x), given in Equation (43) (continuous line), and
x−

1
2 (dashed line).
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ψE(x) = x
iE
2h̄ K 1

2−
iE
2h̄

(
`px
h̄

)
∝

 x−
1
2+

iE
h̄ x � E

2`p
,

x−
1
2+

iE
2h̄ e−`px/h̄ x � E

2`p
,

(43)

where Kν(z) is the modified K-Bessel function [64]. For small values of x, the wave functions (43)
behave as those of the xp Hamiltonian, given in Equation (13), while for large values of x they decay
exponentially giving a normalizable state. The boundary condition (41) reads in this case

h̄ eiϑ
√
`x ψ(`x) = `p

∫ ∞

`x
dx
√

x ψ(x), (44)

and substituting (43) yields the equation for the eigenenergies En,

eiϑK 1
2−

iE
2h̄

(
`x`p

h̄

)
− K 1

2+
iE
2h̄

(
`x`p

h̄

)
= 0. (45)

For ϑ = 0 or π, the eigenenergies form time reversed pairs {En,−En}, and for ϑ = 0, there is a
zero-energy state E = 0. Considering that the Riemann zeros form pairs sn = 1/2± itn, with tn real
under the RH, and that s = 1/2 is not a zero of ζ(s), we are led to the choice ϑ = π. On the other hand,
using the asymptotic behavior

Ka+ it
2
(z) −→

√
π

t

(
t
z

)a
e−πt/4 e

iπ
2 (a− 1

2 )

(
t

ze

)it/2
, a > 0, t� 1, (46)

one derives in the limit |E| � h̄,

K 1
2+

iE
2h̄

(
`x`p

h̄

)
+ K 1

2−
iE
2h̄

(
`x`p

h̄

)
= 0 −→ cos

(
E
2h̄

log
E

`x`pe

)
= 0 , (47)

hence the number of eigenenergies in the interval (0, E) is given asymptotically by

n(E) ' E
2πh̄

(
log

E
`x`p

− 1
)
− 1

2
+ O(E−1). (48)

This equation agrees with the leading terms of the semiclassical spectrum (2) and the average
Riemann zeros (3) under the identifications (4). Concerning the classical Hamiltonian (35), Berry and
Keating obtained, by a semiclassical analysis, the asymptotic behavior of the counting function n(E)

n(t) ' t
2π

(
log

t
2π
− 1
)
− 8π

t
log

t
2π

+ . . . , t� 1, (49)

where t = E/h̄ and `x`p = 2πh̄. Again, the first two leading terms agree with Riemann’s Formula (3),
while the next leading corrections are different from (48). In both cases, the constant 7/8 in Riemann’s
Formula (3) is missing.

Summary:

The Berry–Keating xp model can be implemented quantum mechanically.
5 The classical xp Hamiltonian must be modified with ad-hoc terms to have
bounded trajectories.
5 In the quantum theory the latter terms become non-local operators.
5 The modified xp quantum Hamiltonian related to the average Riemann zeros is not unique.
5 There is no trace of the exact Riemann zeros in the spectrum of the modified xp models.
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6. The Spacetime Geometry of the Modified XP Models

In this section, we show that the modified xp Hamiltonian (36) is a disguised general theory of
relativity [35]. Let us first consider the Langrangian of the xp model,

L = pẋ− H = pẋ− xp . (50)

In classical mechanics, where H = p2/2m + V(x), the Lagrangian can be expressed solely in
terms of the position x and velocity ẋ = dx/dt. This is achieved by writing the momentum in
terms of the velocity by means of the Hamilton equation ẋ = ∂H/∂p = p/m. However, in the
xp model the momentum p is not a function of the velocity because ẋ = ∂H/∂p = x. Hence the
Lagrangian (50) cannot be expressed uniquely in terms of x and ẋ. The situation changes radically for
the Hamiltonian (36) whose Lagrangian is given by

L = p ẋ− H = p ẋ−U(x)p− `2
p

V(x)
p

. (51)

Here the equation of motion

ẋ =
∂H
∂p

= U(x)− `2
p

V(x)
p2 , (52)

allows one to write p in terms of x and ẋ,

p = η`p

√
V(x)

U(x)− ẋ
, η = sign p , (53)

where η = ±1 is the sign of the momentum that is a conserved quantity. The positivity of U(x) and
V(x), imply that the velocity ẋ must never exceed the value of U(x). Substituting (53) back into (51),
yields the action

Sη = −`pη
∫ √

−ds2 , (54)

which, for either sign of η, is the action of a relativistic particle moving in a 1+1 dimensional
spacetime metric

ds2 = 4V(x)(−U(x)dt2 + dtdx) . (55)

The parameter `p plays the role of mc where m is the mass of the particle and c is the speed of
light. This result implies that the classical trajectories of the Hamiltonian (36) are the geodesics of the
metric (55). The unfamiliar form of (36) is due to a special choice of spacetime coordinates where the
component gxx of the metric vanishes. A diffeomorphism of x permits to set V(x) = U(x). The scalar
curvature of the metric (55), in this gauge, is

R(x) = −2
∂2

xV(x)
V(x)

, (56)

and vanishes for the models V(x) = x and V(x) = constant. For the Hamiltonian (35) one obtains
R(x) = −4`2

x/(x(x2 + `2
x)) which vanishes asymptotically.

The flatness of the metric associated with the Hamiltonian (32) implies the existence of coordinates
x0, x1 where (55) takes the Minkowski form

ds2 = ηµνdxµdxν, diag ηµν = (−1, 1) . (57)
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The change of variables is given by

t =
1
2

log(x0 + x1), x =
√
−(x0)2 + (x1)2 . (58)

Let U denote the spacetime domain of the model. In both coordinates it reads

U = {(t, x) | t ∈ (−∞, ∞), x ≥ `x} =
{
(x0, x1) | x0 ∈ (−∞, ∞), x1 ≥

√
(x0)2 + `2

x

}
. (59)

The boundary of U , denoted by ∂U , is the hyperbola x1 =
√
(x0)2 + `2

x, that passes through the
point (x0, x1) = (0, `x), (see Figure 5).

{x

U

x1

x0

{x
x1

x0

Figure 5. (Left): Domain U of Minkowski spacetime given in Equation (59). (Right): The classical
trajectory given in Equation (33), and plotted in Figure 3-left, becomes a straight line that bounces off
regularly at the boundary (dotted line).

A convenient parametrization of the coordinates xµ is given by the Rindler variables ρ and φ [67]

x0 = ρ sinh φ, x1 = ρ cosh φ, (60)

or in light-cone coordinates
x± = x0 ± x1 = ±ρe±φ, (61)

where the Minkowski metric becomes

ds2 = −dx+ dx− = dρ2 − ρ2dφ2 . (62)

These coordinates describe the right wedge of Rindler spacetime in 1+1 dimensions

R+ =
{
(x0, x1) | x0 ∈ (−∞, ∞), x1 ≥ |x0|

}
= {(ρ, φ) | φ ∈ (−∞, ∞), ρ > 0} . (63)

Notice that U ⊂ R+. The boundary ∂U corresponds to the hyperbola ρ = `x that is the worldline
of a particle moving with uniform acceleration equal to 1/`x (in units c = 1). The Rindler variables are
the ones used to study the Unruh effect [68].

Let us now consider the classical Hamiltonian (35). The underlying metric is given by Equation (55)
with U(x) = V(x) = x + `2

x/x. The change of variables

t =
1
2

log(x0 + x1), x =
√
−(x0)2 + (x1)2 − `2

x , (64)
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brings the metric to the form

ds2 =
−(x0)2 + (x1)2

−(x0)2 + (x1)2 − `2
x

ηµνdxµdxν =
ρ2

ρ2 − `2
x
(dρ2 − ρ2dφ2), ρ ≥ `x , (65)

which in the limit ρ→ ∞ converges to the flat metric (62).

Summary:

The classical modified xp models are general relativistic theories in 1+1 dimensions.
H = x(p + `2

p/p) is related to a domain U of Rindler spacetime.
lp is the mass of the particle.
1/`x is the acceleration of a particle whose worldline is the boundary of U .

? Relativistic quantum field theory of the modified xp models.

7. Diracization of H = X(P + `2
p/P)

In this section, we show that the Dirac theory provides the relativistic quantum version of the
modified xp models [42]. We shall focus on the classical Hamiltonian H = x(p + `2

p/p) because
the flatness of the associated spacetime makes the computations easier, but the result is general:
the quantum Hamiltonian (39) can be derived from the Dirac equation in a curved spacetime with
metric (55) [38].

The Dirac action of a fermion with mass m in the spacetime domain (59) is given by (in units
h̄ = c = 1)

S =
i
2

∫
U

dx0dx1 ψ̄(/∂ + im)ψ , (66)

where ψ is a two-component spinor, ψ̄ = ψ†γ0, /∂ = γµ∂µ (∂µ = ∂/∂xµ), and γµ are the 2d Dirac
matrices written in terms of the Pauli matrices σx,y as

γ0 = σx, γ1 = −iσy, ψ =

(
ψ−
ψ+

)
. (67)

The variational principle applied to (66) provides the Dirac equation

(/∂ + im)ψ = 0 , (68)

and the boundary condition

ẋ−ψ†
−δψ− − ẋ+ψ†

+δψ+ = 0, (69)

where ẋ± = dx±/dφ = `xe±φ is the vector tangent to the boundary ∂U in the light-cone coordinates
x± = x0 ± x1. The Dirac equation reads in components

(∂0 − ∂1)ψ+ + imψ− = 0, (∂0 + ∂1)ψ− + imψ+ = 0 . (70)

If m = 0 then ψ± depends only x±, and so the fields propagate to the left, ψ+(x+), or to the right,
ψ−(x−), at the speed of light. The derivatives in Equation (70) can be written in terms the variables t
and x using Equation (58),

∂0 − ∂1 = −2e2t

x
∂x, ∂0 + ∂1 = e−2t(∂t + x∂x) . (71)
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Let us denote by ψ̃∓(t, x) the fermion fields in the coordinates t, x and by ψ∓(x0, x1) the fields in
the coordinates x0, x1. The relation between these fields is given by the transformation law

ψ− =

(
∂x

∂x−

) 1
2

ψ̃− = (2x)−
1
2 etψ̃−, ψ+ =

(
∂x

∂x+

) 1
2

ψ̃− = (x/2)
1
2 e−tψ̃+ . (72)

Plugging Equations (71) and (72) into (70) gives

i∂t ψ̃− = −i
√

x∂x
(√

xψ̃−
)
+ mxψ̃+, ∂x(

√
xψ̃+) = im

√
xψ̃− . (73)

The second equation is readily integrated

ψ̃+(x, t) = − im√
x

∫ ∞

x
dy
√

yψ̃−(y, t) , (74)

and replacing it into the first equation in (73) gives

i∂t ψ̃−(x, t) = −i
√

x∂x
(√

xψ̃−
)
− im2√x

∫ ∞

x
dy
√

y ψ̃−(y, t) . (75)

This is the Schrödinger equation with Hamiltonian (42) and the relation m = `p found in the
previous section. The non-locality of the Hamiltonian (42) is a consequence of the special coordinates
t, x where the component ψ̃+ becomes non-dynamical and depends non-locally on the component
ψ̃− that is identified with the wave function of the modified xp model. Similarly, the boundary
condition (44) can be derived from Equation (69) as follows. In Rindler coordinates the latter
equation reads

e−φψ†
−(`x, φ) δψ−(`x, φ) = eφψ†

+(`x, φ) δψ+(`x, φ), ∀φ , (76)

that is solved by

−ieiϑ e−φ/2 ψ−(`x, φ) = eφ/2 ψ+(`x, φ), ∀φ , (77)

where ϑ ∈ [0, 2π). Using Equation (72) this equation becomes

−ieiϑ ψ̃−(`x, t) = ψ̃+(`x, t), ∀t, (78)

that together with Equation (74) yields Equation (44). This completes the derivation of the quantum
Hamiltonian and boundary condition associated to H = x(p + `2

p/p). The eigenfunctions and
eigenvalue equation of this model were found in Section 5. However, we shall rederive them in
alternative way that will provide new insights in the next section.

Let us start by constructing the plane wave solutions of the Dirac Equation (70),(
ψ−
ψ+

)
∝

(
eiπ/4eβ/2

e−iπ/4e−β/2

)
ei(−p0x0+p1x1) , (79)

where (p0, p1) is the energy-momentum vector parameterized in terms of the rapidity variable β

(p0)2 − (p1)2 = m2, (80)

p0 = im sinh β, p1 = im cosh β, β ∈ (−∞, ∞).
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In Rindler coordinates these plane wave solutions decay exponentially with the distance as
corresponds to a localized wave function

ei(−p0x0+p1x1) = e−mρ cosh(β−φ) → 0, as ρ→ ∞ . (81)

The general solution of the Dirac equation is given by the linear superposition of plane waves (79).
The superposition that reproduces the eigenfunctions of the modified xp model is

ψ∓(ρ, φ) = e±iπ/4
∫ ∞

−∞
dβ e−iEβ/2 e±β/2 e−mρ cosh(β−φ) (82)

= 2e±iπ/4e(±
1
2−

iE
2 )φ K 1

2∓
iE
2
(mρ) ,

that replaced in Equation (77) gives

eiϑ K 1
2−

iE
2
(m`x)− K 1

2+
iE
2
(m`x) = 0 , (83)

which coincides with the eigenvalue Equation (45) with m = `p. Setting m`x = 2π and ϑ = π,
brings Equation (83) to the form

ξH(t) ≡ K 1
2+

it
2
(2π) + K 1

2−
it
2
(2π) = 0. (84)

Summary:

The spectrum of a relativistic massive fermion in the domain U agrees with the average
Riemann zeros.
? Does this result provide a hint on a physical realization of the Riemann zeros.

8. ξ-Functions: Pólya’s Is Massive and Riemann’s Is Massless

The function ξH(t) appearing in Equation (84) reminds the fake ξ function defined by Pólya in
1926 [69,70]

ξ∗(t) = 4π2
(

K 9
4+

it
2
(2π) + K 9

4−
it
2
(2π)

)
. (85)

This function shares several properties with the Riemann ξ function

ξ(t) =
1
4

s(s− 1)Γ
( s

2

)
π−s/2ζ(s), s =

1
2
+ it , (86)

namely, ξ∗(t) is an entire and even function of t, its zeros lie on the real axis and behave asymptotically
like the average Riemann zeros, as shown by the expansion obtained using Equation (46)

ξ∗(t) t→∞−→ 23/4π−7/4t7/4e−πt/4 cos
(

t
2

log
(

t
2πe

)
+

7π

8

)
. (87)

The zeros of ξ(t), ξH(t) and ξ∗(t) are plotted in Figure 6. The slight displacement between the two
top curves is due to the constant 7π/8 appearing in the argument of the cosine function in Equation (87)
as compared to that in Equation (47).
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1000 1001 1002 1003 1004 1005 t
Figure 6. From bottom to top: plot of − log |ξ(t)| (Riemann zeros), − log |ξH(t)| (eigenvalues of the
Hamiltonian (42) with `x`p = 2π) and − log |ξ∗(t)| (Pólya zeros). The cusp represents the zeros of the
corresponding functions.

The similarity between ξH(t) and ξ∗(t), and the relation between ξ∗(t) and ξ(t) provides a hint
on the field theory underlying the Riemann zeros. To show this, we shall review how Pólya arrived at
ξ∗(t). The starting point is the expression of ξ(t) as a Fourier transform [3]

ξ(t) = 4
∫ ∞

1
dx

d[x
3
2 ψ′(x)]
dx

x−
1
4 cos

(
t log x

2

)
, (88)

ψ(x) =
∞

∑
n=1

e−n2πx, ψ′(x) =
dψ(x)

dx
.

In the variable x = eβ these equations become,

ξ(t) =
∫ ∞

0
dβ Φ(β) cos

tβ

2
, (89)

Φ(β) = 2πe5β/4
∞

∑
n=1

(
2πeβn2 − 3

)
n2e−πn2eβ

.

The function Φ(β) behaves asymptotically as

Φ(β)→ 4π2e9β/4e−πeβ
, β→ ∞, (90)

which Pólya replaced by the following expression (see Figure 7).

Φ∗(β) = 4π2
(

e9β/4 + e−9β/4
)

e−π(eβ+e−β). (91)

-3 -2 -1 1 2 3 Β

0.2

0.4

0.6

0.8

F, F
*

Figure 7. Plot of Φ(β) (red on line), and Φ∗(β) (blue on line). Outside the region |β| < 1 the difference
is very small.
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The function ξ∗(t) is defined as the Fourier transform of Φ∗(β),

ξ∗(t) =
∫ ∞

0
dβ Φ∗(β) cos

tβ

2
, (92)

which finally gives Equation (85). The function (84) can also be written as the Fourier transform

ξH(t) =
∫ ∞

0
dβ ΦH(β) cos

tβ

2
, (93)

with
ΦH(β) = (eβ/2 + e−β/2)e−2π cosh β (94)

Observe that the term e−2π cosh β appears in ΦH(β) and Φ∗(β). The origin of this term in the Dirac
theory is the plane wave factor (81) of a fermion with mass m located at the boundary ρ = `x with
m`x = 2π. This observation suggests that the Pólya ξ∗ function arises in the relativistic theory of a
massive particle with scaling dimension 9/4, rather than 1/2, that corresponds to a fermion (this would
explain the different order of the corresponding Bessel functions). The approximation Φ(β) ' Φ∗(β),
that is e−πeβ ' e−2π cosh β, can then be understood as the replacement of a massless particle by a massive
one. Indeed, the energy-momentum of a massless right moving particle is given by p0 = p1 = Λeβ,
where Λ is an energy scale. The corresponding plane wave factor is e−πeβ

, with Λ = π. For large
rapidities, β � 1, a massive particle behaves as a massless one, i.e., e−2π cosh β ' e−πeβ

. However,
for small rapidities this is not the case. These arguments suggest that the field theory underlying the
Riemann ξ function, if it exists, must associated with a massless particle.

Summary:

The zeros of the Polya ξ∗ function behave as the spectrum of a relativistic massive particle
in the domain U .
? Polya’s construction of ξ∗ suggests that the Riemann’s ξ function is related to a massless
particle.

9. The Massive Dirac Model in Rindler Coordinates

Let us formulate the Dirac theory in Rindler coordinates. Under a Lorentz transformation with
boost parameter λ, the light-cone coordinates x± and the Dirac spinors ψ± transform as

x± → e∓λ x±, ψ± → e±λ/2 ψ±, (95)

and the Rindler coordinates (60) as

φ→ φ− λ, ρ→ ρ. (96)

Hence the new spinor fields χ± defined as

χ± = e±φ/2 ψ±, (97)

remain invariant under (96). The Rindler wedge R+, and its domain U , are also invariant under
Lorentz transformations. The Dirac action (66) written in terms of the spinors χ± reads

S = i
2

∫ ∞
−∞ dφ

∫ ∞
`x

d ρ
[
χ†
−(∂φ + ρ∂ρ +

1
2 )χ− + χ†

+(∂φ − ρ∂ρ − 1
2 )χ+ + imρ

(
χ†
−χ+ + χ†

+χ−
)]

, (98)

while the Dirac Equation (68) and the boundary condition (77) become

(∂φ ± ρ∂ρ ±
1
2
)χ∓ + imρχ± = 0, (99)
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and

−ieiϑ χ− = χ+ at ρ = `x . (100)

The infinitesimal generator of translations of the Rindler time φ, acting on the spinor wave
functions, is the Rindler Hamiltonian HR, which can be read off from (99)

i∂φχ = HR χ, χ =

(
χ−
χ+

)
, (101)

HR =

(
−i(ρ ∂ρ +

1
2 ) mρ

mρ i(ρ ∂ρ +
1
2 )

)
=
√

ρ p̂ρ
√

ρ σz + mρ σx, (102)

where p̂ρ = −i∂/∂ρ, is the momentum operator conjugate to the radial coordinate ρ. Notice that
the operator

Hρpρ = −i(ρ ∂ρ +
1
2
) =

1
2
(ρ p̂ρ + p̂ρρ) =

√
ρ p̂ρ
√

ρ, (103)

coincides with Equation (11) with the identification x = ρ (in units h̄ = 1). The eigenfunctions
of (103) are

Hρpρ ψE = E ψE, ψE =
1√
2π

ρ−1/2+iE, (104)

with real eigenvalue E for ρ > 0 (recall Equation (13)). Thus, HR consists of two copies of xp,
with different signs corresponding to opposite fermion chiralities that are coupled by the mass
term mρσx.

The scalar product of two wave functions, in the domain U , can be defined as

〈χ1|χ2〉 =
∫ ∞

`x
dρ
(
χ∗1,−χ2,− + χ∗1,+χ2,+

)
. (105)

The Hamiltonian HR is Hermitian with this scalar product acting on wave functions that satisfy
Equation (100) and vanish sufficiently fast at infinity, i.e., limρ→∞ ρ1/2χ±(ρ, φ) = 0. The eigenvalues
and eigenvectors of the Hamiltonian (102), are given by the solutions of the Schrödinger equation

HR χ = ER χ, χ±(ρ, φ) = e−iERφ∓iπ/4K 1
2±iER

(mρ), , ρ ≥ `x, (106)

which coincide with Equation (82) with the identification

ER =
E
2

. (107)

The factor of 1/2 comes from the relation e2t = x0 + x1 = ρeφ (see Equation (58)), that implies
e−iERφ ∝ e−iEt. The Rindler eigenenergies are obtained replacing E by 2ER in Equation (83).

Comments:

• The Dirac Hamiltonian associated with the metric (65) is

H =

(
h mρΛ

mρΛ −h

)
, h = −i

(
ρ∂ρ +

1
2
+

1
2

ρ∂ρ(log Λ)

)
, Λ =

ρ√
ρ2 − `2

x
. (108)

In the limit ρ� `x this Hamiltonian converges towards (102).
• Gupta, Harikumar and de Queiroz proposed the Hamiltonian (x/p + /px)/2 as a Dirac variant of

the xp Hamiltonian [37]. The Hamiltonian is defined on a semi-infinite cylinder and effectively
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becomes one dimensional by considering the winding modes on the compact dimension.
The eigenfunctions are given by Whittaker functions and the spectrum satisfies an equation
similar to Equation (29) in the Landau theory. In the limit where a regularization parameter goes
to zero one obtains a continuum spectrum with a correction term related to the Riemann–von
Mangoldt formula.

• Bender, Brody and Müller proposed recently a generalization of the xp operator [43]

H =
1

1− e−i p̂ (xp̂ + p̂x)(1− e−i p̂) , (109)

with the property that its eigenvalues En give the Riemann zeros as zn = 1
2 (1 − iEn).

This interesting result follows from the fact the eigenfunctions of (109) are given in terms of
the Hurwitz zeta function as ψz(x) = ζ(z, x + 1) and imposing the boundary condition

ψzn(0) = 0→ ζ(zn, 1) = ζ(zn) = 0 . (110)

Unfortunately, the operator (109) is not self-adjoint, so that the reality of its eigenvalues is not
guaranteed. However, the authors of [43] found that iH has a PT symmetry which, if it is
maximally broken, would imply the reality of the eigenvalues. This property though remains to
be proved. Further details can be found in references [44,45].

Summary:

The massless Dirac Hamiltonian in Rindler spacetime is the direct sum of xp and −xp.
The mass term couples the left and right modes of the fermions.

10. The Massless Dirac Equation with Delta Function Potentials

From analogies between the Polya ξ∗ function, the Riemann ξ function and the ξH function of the
massive Dirac model, we conjectured in Section 8 the existence of a massless field theory underlying
ξ. At first look this idea does not look correct because the Hamiltonian obtained by setting m = 0 in
Equation (102), is equivalent to two copies of the quantum xp model which has a continuum spectrum.
In fact, the mass term in that Hamiltonian is the mechanism responsible for obtaining a discrete
spectrum.

To resolve this puzzle, we shall replace the bulk mass term in the Dirac action (98) by a sum of
ultra-local interactions placed at fixed values `n of the radial coordinate ρ [42]. These interactions can
arise from moving mirrors, or beam splitters, that move with a uniform acceleration 1/`n (see Figure 8).
The fermion moves freely, until it hits one of the mirrors and it is reflected or transmitted. The moving
mirrors are realized mathematically by delta functions added to the massless Dirac action that couple
the left and right components of the fermion on both sides of the mirror. These delta functions provide
the matching conditions for the wave functions and can be parameterized by a complex number $n

with n = 2, . . . , ∞. The scattering of the fermion at each mirror preserves unitarity that is equivalent to
the self-adjointness of the Hamiltonian.
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Figure 8. (Left): worldlines of the mirrors with accelerations an = 1/`n = 1/n (n = 1, 2, . . . ).
(Right): A massless fermion (dotted line) at the point (x0, x1) = (0, 1) moves to the right until it hits a
moving mirror where it can be reflected or transmitted.

The model is formulated in the spacetime U defined in Equation (59). We divide U into an infinite
number of domains separated by hyperbolas with constant values of ρ = `n, as follows. First we define
the intervals (see Figure 9)

In = {ρ | `n < ρ < `n+1}, n = 1, 2, . . . , ∞ , (111)

where using the scale invariance of the model we set `1 = 1 (`1 plays the role of `x in previous sections).

Figure 9. Intervals In defined in Equation (111).

The partition of U is given by

U → Ũ = ∪∞
n=1 Un, Un = In × IR , (112)

where the factor IR denotes the range of the Rindler time φ. See Figure 8 for an example with `n = n.
The wave function of the model is the two component Dirac spinor (see Equation (101))

χ(ρ) =

(
χ−(ρ)

χ+(ρ)

)
, ρ ∈ I = ∪∞

n=1 In, (113)

and the scalar product is given by (recall Equation (105))

〈χ|χ〉 =
∞

∑
n=1

∫ `n+1

`n
dρ χ†(ρ) · χ(ρ). (114)

The complex Hilbert space isH = L2(I ,C)⊕ L2(I ,C) and the Hamiltonian is obtained setting
m = 0 in Equation (102)

H =

(
−i(ρ ∂ρ +

1
2 ) 0

0 i(ρ ∂ρ +
1
2 )

)
, ρ /∈ I . (115)
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H is a self-adjoint operator acting on the subspaceHϑ ⊂ H of wave functions that satisfy the boundary
conditions [42] (see [71] for the relation between self-adjointness of operators and boundary conditions)

χ ∈ Hϑ : χ(`−n ) = L($n) χ(`+n ), (n ≥ 2), −ieiϑ χ−(`
+
1 ) = χ+(`

+
1 ), (116)

where
χ(`±n ) = lim

ε→0+
χ(`n ± ε), (117)

and

ϑ ∈ [0, 2π), L($) =
1

1− |$|2

(
1 + |$|2 2i$
−2i$∗ 1 + |$|2

)
, $ ∈ C, |$| 6= 1. (118)

This means that H satisfies

〈χ1|Hχ2〉 = 〈Hχ1|χ2〉, χ1,2 ∈ Hϑ. (119)

This condition guarantees that the norm (114) of the state is conserved by the time evolution
generated by the Hamiltonian. The subspace Hϑ also depends on `n and $n but we shall not write
this dependence explicitly. Similarly, we shall also denote the Hamiltonian as Hϑ. The matching
conditions (116) describe a scattering process where two incoming waves χin

n collide at the nth-mirror
and become two outgoing waves χout

n given by (see Figure 10)

χin
n =

(
χ−(`−n )

χ+(`+n )

)
, χout

n =

(
χ−(`+n )

χ+(`−n )

)
, n > 1 . (120)

At the mirror n = 1, the components χ±(`
−
1 ) of these vectors are null, i.e., there is no propagation

at the left of the boundary. The scattering process is described by the matrix Sn

χout
n = Sn χin

n , Sn =
1

1 + |$n|2

(
1− |$n|2 −2i$n

−2i$∗n 1− |$n|2

)
, n > 1 , (121)

that is unitary,
Sn S†

n = 1 . (122)

Notice that the boundary condition at ρ = `1, is also described by Equation (121) with a
parameter $1

$1 = −e−iϑ , (123)

that is a pure phase for the Hamiltonian Hϑ to be self-adjoint. The matrix L($) satisfies

L(1/$∗) = −L($). (124)

Hence, replacing $n by 1/$∗n gives a unitary equivalent model because the sign changes at ρ = `n,
given in Equation (124), can be compensated by changing the sign of the wave function in the remaining
intervals. Hence, without losing generality, we shall impose the condition |$n| < 1, ∀n > 1.
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Figure 10. (Top): scattering process taking place at the mirror located at ρ = `n for n > 1
(Equation (121)). (Bottom): reflexion at the perfect mirror located at ρ = `1 (Equation (116)).

The eigenfunctions of the Hamiltonian (115) are the customary functions (see Equation (13))

H χ = E χ −→ χ∓ ∝ ρ−1/2±iE . (125)

From now one, we shall assume that E is a real number which is guaranteed by the self-adjointness
of the Hamiltonian H. In the nth interval we take

χ∓,n(ρ) = e±iπ/4 A∓,n

ρ1/2∓iE , `n < ρ < `n+1, (126)

where A∓,n are constants that in general will depend on E. The phases e±iπ/4 have been introduced
by analogy with those appearing in Equation (106). The boundary values of χ at ρ = `±n (n ≥ 1) are
(see Equation (117))

χ∓(`
+
n ) = χ∓,n(`n) = e±

iπ
4

A∓,n

`1/2∓iE
n

, χ∓(`
−
n ) = χ∓,n−1(`n) = e±

iπ
4

A∓,n−1

`1/2∓iE
n

. (127)

Let us define the vectors

|An〉 =
(

A−,n

A+,n

)
, n ≥ 1. (128)

The boundary conditions (116) together with Eqs. (127) imply

|An−1〉 = Tn |An〉 (n ≥ 2), |A1〉 = |A1(ϑ)〉 =
(

1
eiϑ

)
, (129)

where the transfer matrix Tn is given by

Tn =
1

1− |$n|2

(
1 + |$n|2 2$n `−2iE

n
2$∗n `

2iE
n 1 + |$n|2

)
(n ≥ 2). (130)

The norm of the eigenstate can be computed using Equations (114) and (126)

||χ||2 =
∞

∑
n=1

log
`n+1

`n
〈An|An〉, 〈An|An〉 = |A−,n|2 + |A+,n|2. (131)
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The log term comes from the integral of the norm of the wave function in the nth interval,∫ `n+1
`n

dρ/ρ (we used that E is real). If $n = 0 then Tn = 1 which implies that |An−1〉 = |An〉. If this
happens for all n, then |An〉 = |A1〉, in which case the norm of these states diverges, but they can be
normalized using Dirac delta functions, so they correspond to scattering states. In the general case,
iterating Equation (129) yields |An〉 in terms of |A1(ϑ)〉

|An〉 = T−1
n T−1

n−1 · · · T
−1
2 |A1(ϑ)〉, n ≥ 2 . (132)

For special values of `n and $n one can find the exact expression of these amplitudes. An example
is `n = en/2, $n = cte [42]. To make contact with the Riemann zeros, we shall consider a limit where
the reflection coefficients vanish asymptotically.

Summary:

The massless Dirac Hamiltonian with delta function potential is solvable by transfer matrix
methods.

The model is completely characterized by the set of parameters {`n, $n}∞
n=2 and ϑ.

11. Heuristic Approach to the Spectrum

Let us replace $n by ε$n, and consider the limit ε→ 0 of the transfer matrix (130)

Tn ' 1 + ε τn + O(ε2), τn =

(
0 2$n `−2iE

n
2$∗n `

2iE
n 0

)
(n ≥ 2). (133)

Plugging this equation into Equation (132) yields

|An〉 '
(

1− ε
n

∑
m=2

τm

)
|A1(ϑ)〉+ O(ε2), n ≥ 2, (134)

and in components

A−,n ' 1− 2ε eiϑ
n

∑
m=2

$m `−2iE
m + O(ε2), A+,n ' eiϑ − 2ε

n

∑
m=2

$∗m `2iE
m + O(ε2). (135)

For a normalizable state, the amplitudes A±,n must vanish as n→ ∞. In the next section we shall
study in detail the normalizability of the state. We shall make the following choice of lengths and
reflection coefficients [42]

`n = n1/2, $n =
µ(n)
n1/2 , n > 1, (136)

where µ(n) is the Moëbius function that is equal to (−1)r, with r the number of distinct primes
factors of a square free integer n, and µ(n) = 0, if n is divisible by the square of a prime number [4].
See Figures 11 and 12 for a graphical representation of Equations (136) and (135). The Moebius function
has been used in the past to provide physical models of prime numbers, most notably in the ideal
gas of primons with fermionic statistics [72,73] and a potential whose semiclassical spectrum are the
primes [46,74].
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Figure 11. Localization of the mirrors corresponding to the choice (136), together with the
values of µ(n).

Figure 12. Depiction of the amplitudes A±,∞ as the superposition of a principal wave with the waves
resulting from the scattering with all the mirrors along its trajectory (see Equation (135)). The terms of
higher order in ε correspond to more than one scattering.

Another motivation of the choice (136) is the following [42]. Consider a fermion that leaves the
boundary at ρ = `1, moves rightwards until it hits the mirror at ρ = `n where it gets reflected and
returns to the boundary. The time lapse for the entire trajectory is given by

τn = 2 log(`n/`1) (137)

where we used the Rindler metric Equation (62). If the mirror is associated with the prime p, that is
`p =

√
p, the time will be given by τp = log p. This result reminds the Berry conjecture that postulates

the existence of a classical chaotic Hamiltonian whose primitive periodic orbits are labelled by the
primes p, with periods log p, and whose quantization will give the Riemann zeros as energy levels [12].
A classical Hamiltonian with this property has not been found, but the array of mirrors presented
above, displays some of its properties. In particular, the trajectory between the boundary and the
mirror at `p, with p a prime number, behaves as a primitive orbit with a period log p. Moreover,
the trajectories and periods of these orbits are independent of the energy of the fermion because it
moves at the speed of light.

Let us work out the consequences (136). The condition for a normalizable eigenstate, that is
limn→∞ A±,n = 0, is

1 ' 2ε eiϑ
∞

∑
n=1

µ(n)

n
1
2+iE

=
2ε eiϑ

ζ( 1
2 + iE(ε))

, (138)

where we have included the term n = 1 in the series because it does not modify its value when ε→ 0.
We have employed the formula ∑∞

n=1 µ(n)/ns = 1/ζ(s) for a value of s where the series may not
converge. In the next section we shall compute the value of the finite sum that determines the norm
of the state. En(ε) denotes a solution such that limε→0 En(ε) = En, where 1

2 + iEn is a zero of the zeta
function. All known zeros of ζ(s) on the critical line are simple, but we shall also consider the case
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where 1
2 + iEn might be a zero of order r ≥ 1, that is ζ(r)(s) 6= 0. The Taylor expansion of ζ( 1

2 + iE(ε))
around 1

2 + iEn, in Equation (138) yields

1 ' 2ε r! eiϑ

ir(En(ε)− En)rζ(r)( 1
2 + iEn)

. (139)

Hence En(ε)− En is of order ε1/r, as ε→ 0 and

ζ(r)( 1
2 + iEn)

ζ(r)( 1
2 − iEn)

= (−1)re2iϑ . (140)

On the other hand, from Equation (9) one finds

ir ζ(r)(
1
2
+ iEn) = e−iθ(En)Z(r)(En) , (141)

that plugged into (140) yields
e2i(ϑ+θ(En)) = 1, ∀r . (142)

We can collect these results in the equation

If ζ(
1
2
± iEn) = 0 and e2i(ϑ+θ(En)) = 1⇐⇒ Hϑ χEn = En χEn . (143)

Observe that ϑ is fixed mod π. In the next section we shall fix this ambiguity. This equation is
heuristic. It has been derived by (i) solving the eigenvalue equation in the limit ε→ 0, (ii) imposing the
vanishing of the eigenfunction at infinity and (iii) using the Dirichlet series of 1/ζ(s) in a region where
it may not converge. In the next section we shall derive Equation (143) without making the previous
assumptions (see Equation (176)). Let us notice that this spectral realization of the zeros requires
the fine tuning of the parameter ϑ in terms of the phase of the zeta function, θ(En) (see Figure 13).
This realization is different from the Pólya-Hilbert conjecture of a single Hamiltonian encompassing
all the Riemann zeros at once. This Hamiltonian would exist if θ(En) = θ0, ∀n, but this is certainly not
the case.

Figure 13. Schematic representation of the array of mirrors that give rise to a spectral realization of the
Riemann zeros. The red and blue lines represent the left and right wave functions χ±,n(ρ). The wave
functions are discontinuous at the moving mirrors located at the positions `n =

√
n with n a square

free integer. The knob on the left represents the scattering phase at the perfect mirror that is set to
minus the phase of the zeta function at the zero En, namely ϑ = −θ(En) mod π.

Summary:

A Riemann zero, on the critical line, becomes an eigenvalue of the Hamiltonian Hϑ by
tuning the phase ϑ according to the phase of the zeta function.
5 The previous result is obtained in the limit ε→ 0 and is heuristic.
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12. The Riemann Zeros as Spectrum and the Riemann Hypothesis

In this section, we provide more rigorous arguments that support the heuristic results obtained
previously. Let us first review the main properties of the model discussed so far. The Hamiltonian,
Equation (115), describes the dynamics of a massless Dirac fermion in the region of Rindler spacetime
bounded by the hyperbola ρ = `1. The reflection of the wave function at this boundary is characterized
by a parameter ϑ, which is real for a self-adjoint Hamiltonian. At the positions `n>1 the wave
function is discontinuous due to the presence of delta function potentials characterized by the
reflection amplitudes $n that provide the matching conditions of the wave function at those sites.
An eigenfunction χ, with eigenvalue E, has a simple expression, Equation (126), in terms of the
amplitudes An,±, which are related by the transfer matrix Tn (130). The norm of χ is given by the
sum of the squared length of the vectors An, weighted with a factor that depends on the positions `n,
Equation (131). We introduce a scale factor ε in the parameters $n, which allows us to study the limit
ε→ 0, where the mirrors become semitransparent. In this way we found an ansatz for the parameters
`n and $n that heuristically led to an individual spectral realization of the zeros by fine tuning the
parameter ϑ.

12.1. Normalizable Eigenstates

Under the choice `n = n1/2, Equation (131) becomes

||χ||2 =
1
2

∞

∑
n=1

log
(

1 +
1
n

)
〈An|An〉 . (144)

This series can be replaced by

||χ||2c ≡
∞

∑
n=1

1
n
〈An|An〉 , (145)

which is convergent if and only if (144) is convergent. The vectors An are obtained by acting on A1(ϑ)

with the transfer matrices Tn (see Equation (132)). These matrices have unit determinant and can be
written as the exponential of traceless Hermitian matrices, that is,

Tn = eτn , τn =

(
0 rn`−2iE

n
r∗n`2iE

n 0

)
, ∀E ∈ IR , (146)

where taking |$n| < 1,

rn =
$n

|$n|
log

1 + |$n|
1− |$n|

, $n =
rn

|rn|
tanh

|rn|
2

. (147)

To derive Equation (146) we used the relation

exp

(
0 a
b 0

)
=

(
cosh(

√
ab) a√

ab
sinh(

√
ab)

b√
ab

sinh(
√

ab) cosh(
√

ab)

)
, ∀a, b ∈ C− {0} . (148)

If |$n| << 1 one gets rn ' 2$n, hence in that limit both parameters give the same result.
Using Equation (146), the recursion relation (132) reads

|Ak〉 = e−τk e−τk−1 . . . e−τ2 |A1〉, k ≥ 2. (149)
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12.2. The Magnus Expansion

It is rather difficult to find an analytic expression of the product of matrices of Equation (149).
However, we can estimate it replacing rn by εrn, and taking the limit ε→ 0. Under this replacement
Equation (149) becomes

|Ak〉 = e−ετk e−ετk−1 . . . e−ετ2 |A1〉 (k ≥ 2). (150)

The product of exponentials of matrices can be expressed as the exponential of a matrix given by
the Magnus expansion [75]

e−ετk e−ετk−1 . . . e−ετ2 = exp

(
−ε

n

∑
n=2

τn −
ε2

2

k

∑
n1>n2=2

[τn1 , τn2 ] + O(ε3)

)
(k ≥ 2). (151)

In the limit ε→ 0 we truncate this expression to the term of order ε,

e−ετk e−ετk−1 . . . e−ετ2 ' exp
(

0 −ε ∑k
n=2 rn `−2iE

n
−ε ∑k

n=2 r∗n `2iE
n 0

)
' exp

(
0 −εMz(k)

−εM∗z (k) 0

)
, (152)

which using (136)

rn =
µ(n)
n1/2 (153)

gives

Mz(k) = 1 +
k

∑
n=2

rn `
−2iE
n =

k

∑
n=1

µ(n)
nz , z =

1
2
+ iE . (154)

We have added the constant 1 to Mz(k), which does not affect the results in the limit ε → 0 .
Using Equations (148), (150) and (152) we obtain

|An〉 ' exp

(
0 −εMz(n)

−εM∗z (n) 0

)(
1

eiϑ

)
(155)

=

 cosh(|εMz(n)|) − εMz(n)
|εMz(n)| sinh(|εMz(n)|)

− εM∗z (n)
|εMz(n)| sinh(|εMz(n)| cosh(|εMz(n)|)

( 1
eiϑ

)

=

(
cosh(|εMz(n)|) −e−iΦz(n) sinh(|εMz(n)|)

−eiΦz(n) sinh(|εMz(n)| cosh(|εMz(n)|)

)(
1

eiϑ

)

'


e

i
2 (ϑ−Φz(n))

[
e−|εMz(n)| cos( 1

2 (ϑ−Φz(n))− ie|εMz(n)| sin( 1
2 (ϑ−Φz(n))

]
e

i
2 (ϑ+Φz(n))

[
e−|εMz(n)| cos( 1

2 (ϑ−Φz(n)) + ie|εMz(n)| sin( 1
2 (ϑ−Φz(n))

]
 (n ≥ 2) ,

where Φz(n) is the phase

e−iΦz(n) =
Mz(n)
|Mz(n)|

. (156)

From (155) follows an estimate of the norm (145)

||χ||2c ' Nz(ε) ≡
∞

∑
n=1

1
n

[
e−2|εMz(n)|(1 + cos(ϑ−Φz(n)) + e2|εMz(n)|(1− cos(ϑ−Φz(n))

]
, (157)

whose convergence depends on the asymptotic behavior of Mz(n) and Φz(n). Nz(ε) has the
lower bound

Nz(ε) ≥
∞

∑
n=1

2
n

e−2|εMz(n)| , (158)

that follows from the inequality

a(1 + b) +
1
a
(1− b) ≥ 2a, a ∈ (0, 1], b ∈ [−1, 1] . (159)



Symmetry 2019, 11, 494 28 of 37

If |Mz(n)| is bounded then the norm is infinite,

if |Mz(n)| < C, ∀n =⇒ Nz(ε) ≥
∞

∑
n=1

2
n

e−2|ε|C = ∞ . (160)

This case corresponds in general to eigenstates belonging to the continuum. Eigenstates with finite
norm require |Mz(n)| to be unbounded. Notice that Nz(ε) is the sum of two series with non-negative
terms. The convergence of the first summand in (157) is guaranteed if

∞

∑
n=1

1
n

e−2|εMz(n)| < ∞ , (161)

which occurs if |Mz(n)| diverges sufficiently fast with n. The convergence of the second summand
in (157) requires Φz(n) to have a limit when n→ ∞, and to choose the parameter ϑ such that

lim
n→∞

Φz(n) = ϑ . (162)

Moreover, 1− cos(ϑ−Φz(n)) must approach 0 sufficiently fast in order to compensate the factor
1
n e2ε|Mz(n)|. We now pass to analyze the latter conditions in detail.

12.3. Perron Formula

Let us define the function

M′z(x) ≡ ∑
1≤n≤x

′ µ(n)
nz , z =

1
2
+ iE, E ∈ IR , (163)

where ∑′1≤n≤x means that the last term in the sum is multiplied by 1/2 when x is an integer. Figure 14
shows |M′z(n)| as a function of E for several values of n. Observe that |M′z(n)| increases with n when
E is a zero. We shall derive below this behavior.

12 14 16 18 20 22
E

1

2

3

4

5

6

7

ÈM'zHnLÈ

Figure 14. Plot of |M′z(n)| defined in Equation (163), for E ∈ (10, 23) and n = 50, 100, 150 (blue, orange,
red curves) and 1/|ζ(1/2 + iE)| (black dotted line). Observe the increase with n at E = 14.13 . . . and
E = 21.02 . . . which are the first two zeros of ζ.

To compute M′z(x) we use Perron’s formula [76]

M′z(x) = lim
T→∞

∫ c+iT

c−iT

ds
2πi

1
ζ(s + z)

xs

s
, c >

1
2

, (164)



Symmetry 2019, 11, 494 29 of 37

where we have used that Re z = 1/2. The integral (164) can be done by residue calculus [42]

lim
T→∞

∫ c+iT

c−iT

ds
2πi

F(s) = ∑
Re sj<c

Ressj F(s), F(s) =
1

ζ(s + z)
xs

s
, (165)

where the sum runs over the poles sj of F(s) located to the left of the line of integration Re s = c,
which is Re sj < c. The poles of F(s) come from the zeros of sζ(s + z). The pole at s = 0 can be simple,
or multiple, depending on the values of ζ(z) and its derivatives. The remaining poles of F(s) come
from the zeros of ζ(s + z), say sj + z = ρj, and they lie to the left of the integration line, because the
trivial and non-trivial zeros of ζ, satisfy Re ρj < 1, which is

Re sj = Re(ρj − z) = Re ρj −
1
2
<

1
2
< c . (166)

To compute the residues of Equation (165) we consider the cases: s = 0, sj + z a trivial zero of ζ

and sj + z a non-trivial zero of ζ:

• s = 0. Let m ≥ 0 be the lowest integer such that ζ(m)(z) = dmζ(z)/dzm 6= 0. Then F(s) has a pole
of order m + 1 at s = 0 with residue (The expression for Res=0 F(s) corresponding to the case
m = 1 contains the term − 1

2 ζ ′′(z)/(ζ ′(z))2 which was omitted in the reference [42].)

Ress=0 F(s) =


1/ζ(z) if ζ(z) 6= 0,
log x/ζ ′(z)− 1

2 ζ ′′(z)/(ζ ′(z))2 if ζ(z) = 0, ζ ′(z) 6= 0.
...

...
(log x)m/ζ(m)(z) + O((log x)m−1) if ζ(z) = · · · = ζ(m−1)(z) = 0, ζ(m)(z) 6= 0.

(167)

• sn = −2n− z (n = 1, 2, . . . ), where F(s) has a simple pole due to the trivial zeros −2n of ζ.

Ress=−2n−z F(s) =
x−2n−z

−(2n + z)ζ ′(−2n)
, n = 1, 2, . . . , ∞. (168)

• sj = ρj − z 6= 0, then F(s) has a pole due to the non-trivial zero ρj of ζ

Ress=sj F(s) =


xρj−z

(ρj−z)ζ ′(ρj)
, if ζ(ρj) = 0, ζ ′(ρj) 6= 0

m(ln x)m−1xρj−z

(ρj−z)ζ(m)(ρj)
+ O((ln x)m−2), if ζ(ρj) = · · · = ζ(m−1)(ρj) = 0, ζ(m)(ρj) 6= 0, m ≥ 2

(169)

To make further progress we shall assume that all the Riemann zeros are simple, a statement
which is not known to hold. The eventual case where there is a zero with double multiplicity will be
considered elsewhere. In the former situation we are led to consider only two cases depending on
whether z is, or is not, a simple zero of ζ. Collecting terms, we get

Mz(x) =
1

ζ(z)
+ ∑

ρj

xρj−z

(ρj − z)ζ ′(ρj)
+

∞

∑
n=1

x−2n−z

−(2n + z)ζ ′(−2n)
, if ζ(z) 6= 0 , (170)

Mz(x) =
log x
ζ ′(z) −

ζ ′′(z)
2(ζ ′(z))2 + ∑ρj 6=z

xρj−z

(ρj−z)ζ ′(ρj)
+ ∑∞

n=1
x−2n−z

−(2n+z)ζ ′(−2n) , if ζ(z) = 0, ζ ′(z) 6= 0 . (171)

where the sum ∑ρj
runs over the non-trivial zeros of ζ. These equations are verified numerically in

Figure 15. The last term in these equations, which comes from the trivial zeros, converges quickly and
is finite for all x due to the exponential increase of ζ ′(−2n) [77]

ζ ′(−2n) =
(−1)nζ(2n + 1)(2n)!

22n+1π2n
n→∞−→ (−1)n√πn

( n
eπ

)2n
. (172)
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Figure 15. Plot of |M′z(n)| for n = 10, . . . , 50 and E = 20 (left) and E = 14.13. (right). In red the
values obtained doing the sum in Equation (163). In blue the sum of Equation (170) for E = 20 and
Equation (171) for E = 14.13.., including the first 100 Riemann zeros, and 20 trivial zeros. Observe
the accuracy of the approximation. The slow increase in the latter plot is due to the factor log n in
Equation (171).

We do not know an estimation of the term depending on the sum over the non-trivial zeros. If the
Riemann hypothesis is true the term xρj−z will oscillate as a function of x. We expect that for ζ(z) 6= 0,
|Mz(x)| will not yield a finite norm such that the corresponding eigenstate will not belong to the
discrete spectrum. When ζ(z)) = 0, ζ ′(z) 6= 0, we shall make the approximation

Mz(x) → log x
ζ ′(z)

x → ∞ , (173)

where we neglect the finite part ζ ′′(z)
2(ζ ′(z))2 ; and the possible contribution of the sum over the Riemann

zeros. Using that ζ(1/2 + iE) = e−iθ(E)Z(E) we find

Mx(z) →
i eiθ(E) log x

Z′(E)
as x → ∞, (174)

hence Φz(n), given in Equation (156), behaves as

e−iΦz(n) → i eiθ(E)sign Z′(E) as n→ ∞ , (175)

which has a well-defined asymptotic limit. We shall then choose ϑ according to Equation (162) namely

ϑ = lim
n→∞

Φz(n) = −
(

θ(E) +
π

2
sign Z′(E)

)
, (176)

that provides a necessary condition for the convergence of the norm. It remains to show that
Equation (176) is also sufficient but this requires the knowledge of the next to leading correction
to (174). Notice that ϑ depends on θ(E) and the sign of Z′(E), a feature that is not left fixed in
Equation (142). The norm (157) then becomes

||χ||2c '
∞

∑
n=1

2
n

e−2ε log n/|Z′(E)| = 2ζ

(
1 +

2ε

|Z′(E)|

)
< ∞ , (177)

that is finite for all ε > 0. This result indicates that a zero of the zeta function gives a normalizable
state, in agreement with heuristic derivation proposed in the previous section, but there are some
differences. First, the eigenvalue E does not need to be expanded in series of ε. It is taken to be a zero of
ζ from the beginning. This choice generates the log x term in Equation (171) and is responsible for the
finiteness of the norm after the appropriate choice of the phase (176) that also differs from the heuristic
value (142). On the other hand, if ϑ does not satisfy Equation (176), then the norm of the state will
diverge badly and so the zero E will be missing in the spectrum. Finally, if E is not a zero, we expect
that the state will belong generically to the continuum. Figure 16 shows the expected spectrum of the
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model, which recalls Connes’s scenario of missing spectral lines, except that in our case, one can pick
up a zero at a time by tuning ϑ.

Figure 16. Graphical representation of the spectrum of the model. It is expected to consist of an infinite
number of bands separated by forbidden regions of width proportional to ε. The latter regions may
contain a zero En if the phase ϑ is chosen according to Equation (176). Otherwise, the zeros will be
missing in the spectrum that is represented by the points En−1 and En+1.

If the RH is false there will be at least four zeros outside the critical line, say ρc = σc + iEc, ρ̄c = σc−
iEc, 1− ρc and 1− ρ̄c, with σc >

1
2 , Ec ∈ IR+. We shall choose the highest value of σc. The asymptotic

behavior of Mz(x) will be given by the zeros located to the right of the critical line,

Mz(x) → xρc−z

(ρc − z)ζ ′(ρc)
+

xρ̄c−z

(ρ̄c − z)ζ ′(ρ̄c)
as x → ∞ . (178)

To simplify the discussion let us choose E� Ec, which yields the approximation

Mz(x) → 2i xσc−1/2−iE

E|ζ ′(ρc)|
cos(Ec log x− φc) as x → ∞ , (179)

where eiφc = ζ ′(ρc)/|ζ ′(ρc)|. The phase Φz(n) is given by Equation (156)

Φz(n)→ E log n− π

2
sign (cos(Ec log n− φc)) as n→ ∞ . (180)

Correspondingly, the norm (157) diverges so badly, ∝ ∑n
1
n exp(Cnσc−1/2) . . . , for any value of

ϑ that the state will not be normalizable even using Dirac delta functions. This result occurs for all
eigenenergies E. Therefore, the Hamiltonian will not admit a spectral decomposition, but this is
impossible because it is a well-defined self-adjoint operator. We conclude that a zero outside the critical
line does not exist which provides an argument likely to be persuasive to physicists for the truth of the
Riemann hypothesis.

13. The Riemann Interferometer

The model considered in the previous sections looks at first glance quite difficult to simulate.
We shall next show that this model is equivalent to another one that can be implemented in the
Lab. We shall call this system the Riemann interferometer. The basic idea can be illustrated with the
mapping between the quantum xp Hamiltonian and the momentum operator p̂. Let us make the
change of coordinates x = log ρ and relate the wave functions in both coordinates, φ(x) and ψ(ρ),
as follows

φ(x) =
(

dρ

dx

)1/2
ψ(ρ) = ex/2ψ(ex) . (181)

An eigenstate of the Hamiltonian (ρ p̂ρ + p̂ρ ρ)/2, with eigenvalue E, is mapped by Equation (181)
into an eigenstate of the momentum operator p̂x = −i∂x with the same eigenvalue,

ψ(ρ) =
1

ρ1/2−iE =⇒ φ(x) = eiEx . (182)
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This shows that the energy E can be seen as momentum. For a relativistic massless fermion, this is
always the case. The measure that defines the scalar product of the corresponding Hilbert spaces are
one-to-one related ∫ ∞

`
dρ ψ∗1 (ρ)ψ2(ρ) =

∫ ∞

log `
dx φ∗1 (x)φ2(x) . (183)

The operator (ρ p̂ρ + p̂ρ ρ)/2 is self-adjoint in the interval (0, ∞) but not in the interval (1, ∞),
just like p̂x is self-adjoint in the real line (−∞, ∞) but not in the half-line (0, ∞) [23,66]. The former
case corresponds to the value ` = 0 and the latter one to ` = 1 in Equation (183). Let us now consider
the Dirac Hamiltonian in the Rindler variable ρ, given in Equation (115). It becomes in the x variable

H =

(
−i∂x 0

0 i∂x

)
. (184)

Unlike p̂x, this Hamiltonian is self-adjoint in the interval x ∈ (log `1, ∞). We choose for
convenience `1 = 1. The moving mirrors located at ρ = `n are now placed at the positions x = dn,
with dn = log `n, so for `n =

√
n, we get

dn =
1
2

log n , (185)

where n are square free integers and the reflection coefficients are given by rn = µ(n)/
√

n. Figure 17
shows the array of mirrors satisfying Equation (185). One can easily generalize this interferometer
to provide a spectral realization of the zeros of Dirichlet L-functions, by changing the reflection
coefficients rn,

Lχ(s) =
∞

∑
n=1

χ(n)
ns −→ rn =

µ(n) χ(n)
n1/2 , (186)

where χ(n) is the Dirichlet character associated with the L-function. It would be interesting to
replace the massless fermions by massless bosons, say photons and study what kind of Riemann
interferometer arise.

Figure 17. Graphical representation of the array of mirrors in Minkowski space that reproduce the
Riemann zeros. The phase at the boundary ϑ must be chosen according to Equation (176) in order that
E is an eigenvalue of the Hamiltonian. Recall Figure 13. Between the mirrors the wave functions are
plane waves.

14. Dirac Models for a Class of Modified ζ and L Functions

Grosswald and Schnitzer proved in 1978 two very surprising theorems that we shall use below
to generalize the construction done in the previous sections. Let us first consider a set on integers qn

satisfying the conditions
pn ≤ qn ≤ pn+1, n = 1, . . . , ∞ , (187)
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where pn is the nth prime number. With these numbers define the infinite product

ζ∗(s) =
∞

∏
n=1

(1− q−s
n )−1 . (188)

One then has [78]:

Theorem 1. This function is holomorphic for σ = Re s > 1 and has the following properties:

(i) ζ∗(s) 6= 0, for σ > 1,

(ii) ζ∗(s) has a meromorphic extension to σ > 0,

(iii) in σ > 0, ζ∗(s) has a simple pole at s = 1 with residue r, 1/2 ≤ r ≤ 1,

(iv) in σ > 0, ζ∗(s) has the same zeros as ζ(s) with the same multiplicity.

This theorem means that the relation between prime numbers and Riemann zeros via the zeta
function is less rigid that one may have though. We shall use this freedom to associate a Hamiltonian
to every series satisfying (187). Let us first write the inverse of (188) as

1
ζ∗(s)

=
∞

∑
n=1

µ∗(n)
ns , µ∗(n) = neven − nodd, (189)

where neven(nodd) is the number of times n can be written as the product of an even (odd) number of
qi numbers in the series (187). An example of a series satisfying (187) is

2, 4, 6, 8, 12, . . . qn = pn + 1, . . . (190)

for which we have

1
ζ∗(s)

= 1− 1
2s −

2
(26 · 3)s +

2
(23 · 3)s +

1
(28 · 3)s −

1
22s −

1
(2 · 3)s + . . . . (191)

Notice that µ∗(26 · 3) = −2 because 26 · 3 = 4 · 6 · 8 = 2 · 8 · 12. Obviously µ∗(n) = µ(n) if
qn = pn, ∀n. Using Equation (189) we define a massless Dirac model with reflection coefficients (recall
Equation (153))

rn =
µ∗(n)
n1/2 , n > 1 . (192)

Hence, by the arguments given in Section 12 and theorem 1, we shall find the Riemann zeros in
the spectrum of the Hamiltonian Hϑ by tuning the parameter ϑ in the limit ε→ 0.

The second theorem in reference [78] is an extension of theorem 1 to Dirichlet L-functions L(s) =
∏n(1− χ(n)n−s)−1, where χ is a character modulo k. The series (187) is replaced by

pn ≤ qn ≤ pn + K, pn = qn mod k (193)

where K ≥ k. The modified L-function is defined as

L∗(s) =
∞

∏
n=1

(1− χ(qn)q−s
n )−1 , (194)

that can be extended to the region σ > 0, with the same zeros (and multiplicities) as L(s). In this case,
too, we can construct a Dirac model with reflection coefficients (recall Equation (186))

rn =
χ(n)µ∗(n)

n1/2 , n > 1 . (195)



Symmetry 2019, 11, 494 34 of 37

whose associated Hamiltonian Hϑ contains the zeros of L(s) by varying ϑ. Theorem 2 of [78] was
mentioned by LeClair and Mussardo in [63] as a support to their approach to the Generalized Riemann
hypothesis based on random walks and the Lemke Oliver-Soundararajan conjecture on the distribution
of pairs of residues on consecutive primes [79] (for other statistical properties of the prime numbers
see [80,81]). It will be worth to investigate if there is a relation between our approach and the one
proposed in [62,63].

15. Conclusions

In this paper, we have reviewed the spectral approach to the RH that started with the
Berry–Keating–Connes xp model and continued with several works aimed to provide a physical
realization of the Riemann zeros. The main steps in this approach are: (i) spectral realization of
Connes’s xp model using the Landau model of an electron in a magnetic field and electrostatic
potential, (ii) construction of modified quantum xp models whose spectra reproduce, on average,
the behavior of the zeros, (iii) reformulation of the x(p + 1/p) model as a relativistic theory of a massive
Dirac fermion in a region of Rindler spacetime, (iv) inclusion of prime numbers into the massless Dirac
equation by means of delta function potentials acting as moving mirrors that, in the limit where they
become semitransparent, leads to a spectral realization of the zeros, (v) a route for proving the Riemann
Hypothesis, and (vi) proposal of an interferometer that may provide an experimental observation of
the zeros of the Riemann zeta function and other Dirichlet L-functions.

The Pólya-Hilbert (PH) conjecture was proposed as a physical explanation of the RH based on
the spectral properties of self-adjoint operators: there exists a single quantum Hamiltonian containing
all the Riemann zeros in its spectrum which are therefore real numbers. This statement can be called
the global version of the PH conjecture. Instead of this, we have found a local version according to
which a Riemann zero En becomes an eigenvalue of the Hamiltonian Hϑ provided the parameter ϑ,
which characterizes the self-adjoint extension, is fine-tuned to the combination θ(En) +

π
2 signZ′(En).

In this sense the Hamiltonian provides a physical realization of ζ( 1
2 + it), and not only of the

Riemann-Siegel Z function. We have given arguments for a proof of the RH by contradiction:
the existence of a zero off the critical line implies that the eigenstates of Hϑ are non-normalizable
in the discrete or continuum sense, which is impossible since Hϑ is a self-adjoint operator. These results
are obtained in the limit where the mirrors become semitransparent and assumes the convergence of
some mathematical series that need to be analyzed more thoroughly. Finally, we have proposed an
interferometer made of fermions propagating in an array of mirrors that may yield an experimental
observation of the Riemann zeros in the Lab.
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