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New and Topologically Massive Gravity, from the Outside In

Abstract

This thesis examines the asymptotically anti-de Sitter solutions of higher-derivative grav-

ity in 2+1 dimensions, using a Fe↵erman-Graham-like approach that expands solutions from

the boundary (at infinity) into the interior. First, solutions of topologically massive gravity

(TMG) are analyzed for values of the mass parameter in the range µ � 1. The traditional

Fe↵erman-Graham expansion fails to capture the dynamics of TMG, and new terms in the

asymptotic expansion are needed to include the massive graviton modes. The linearized

modes of Carlip, Deser, Waldron and Wise [1] map onto the non-Einstein solutions for all

µ, with nonlinear corrections appearing at higher order in the expansion. A similar result is

found for new massive gravity (NMG), where the asymptotic behavior of massive gravitons is

found to depend on the coupling parameter m2. Additionally, new boundary conditions are

discovered for a range of values �1 < 2m2l2 < 1 at which non-Einstein modes decay more

slowly than the rate required for Brown-Henneaux boundary conditions. The holographi-

cally renormalized stress tensor is computed for these modes, and the relevant counterterms

are identified up to unphysical ambiguities.
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Chapter 1

Two Paths to Higher-Derivative,

(2+1)-Dimensional Gravity

Recent years have seen a surge of interest in higher-derivative, (2+1)-dimensional models

of gravity. With the conjecture that topologically massive gravity becomes a chiral theory

at a critical value of the coupling constants, the work of Li, Song and Strominger [2] at

the beginning of 2008 motivated more than 200 follow-up studies addressing stability of the

theory. Similarly, the discovery in early 2009 of new massive gravity [3, 4] as the first higher-

derivative, non-linear extension of the Fierz-Pauli massive spin-2 model [5] has generated

more than 250 citations at last count. Since we live in a (3+1)-dimensional world with

gravitational interactions well-explained by general relativity, it is reasonable to question

the reasons for all this interest in higher-derivative, three-dimensional models.

This heightened attention is motivated from two di↵erent directions. From the three-

dimensional side, the study of general relativity and quantum gravity has been remarkably

productive; yet the theory lacks the dynamics of (3+1)-dimensional general relativity. This

lack of dynamics motivates consideration of higher-derivative models, which add gravita-

tional degrees of freedom that, it is hoped, make the theory more like its four-dimensional

counterpart. The second path finds motivation in 3+1 dimensions to explore massive grav-

ity models, a subset of which include the higher-derivative models explored here. Then a

reduction in dimensions provides a simpler setting for studying these models. These two
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Figure 1.1: Graphical depiction of the two paths to higher-derivative, (2+1)-dimensional
gravity. Both paths begin with general relativity in 3+1 dimensions. More complex theories
are obtained by moving up (increasing dimensions) or to the right (increasing derivatives).
These are not the only methods of complicating general relativity—in particular, other mas-
sive gravity theories can be obtained by adding non-derivative potential terms to the action.

paths are represented pictorially in Figure 1.1.

Let us begin by exploring the first path. The development of gravity tracks unsolved

problems, and we can look to Newtonian gravity for guidance on how a particular model

can resolve these problems. Shortly after Newton’s theory was developed, his force-law was

applied to planetary orbits, and a discrepancy between the observed and predicted orbit of

Uranus was noticed as early as 1788 [6, 7]. At the time, it was not known whether this

discrepancy indicated a flaw in the theory or in observations, and in fact it was neither. In

1846, nearly 60 years after this error was discovered, Adams and le Verrier independently

postulated the existence of “dark matter”—in this case, the planet Neptune—to explain the

observed deviations, and Neptune was instantly discovered [6, 7]. However, when applied

to Mercury, Newtonian gravity predicts a perihelion precession 43 arc sec/century less than

the observed value. Again a new planet, Vulcan, was expected to explain the deviation from
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the predicted value [7, 8]. However, Vulcan was never observed, and resolution in this case

did not occur until a major “modification” to gravity, with the introduction of Einstein’s

theory of general relativity (GR).

General relativity is a geometric theory of gravity in which the gravitational field is the

spacetime metric, and the curvature of the metric is determined by the matter and energy

content of other fields according to the Einstein equations

Rµ⌫ �
1

2
Rgµ⌫ + ⇤gµ⌫ = 8⇡GNTµ⌫ (1.1)

The Ricci tensor Rµ⌫ and scalar R are constructed from the metric and its derivatives and

measure the curvature of spacetime. The stress-energy tensor Tµ⌫ provides the contribution

from the matter and radiation sectors, and GN is Newton’s gravitational constant. Here, ⇤

is the cosmological constant. The geometric nature of the theory is summed up succinctly

in John Archibald Wheeler’s famous quote, “Spacetime tells matter how to move; matter

tells spacetime how to curve” [9]. Shortly after its introduction, Einstein applied general

relativity to the orbit of Mercury, and the theory was found to give a value for the perihelion

precession consistent with observation [10]. Additionally, general relativity makes other

predictions that have been confirmed by experiment or observation, including the bending

of light in gravitational fields, gravitational red-shifting of light, and time-dilation.

The lesson from the Newtonian examples is that deviations between observations and

predictions may result from insu�cient data—the existence of Neptune, in the case of the

orbit of Uranus—or they may indicate a flaw of with the underlying theory. We are now

at a similar juncture in cosmology. Evidence from Type Ia supernovae [11] indicate the

accelerating expansion of the universe, and general relativity together with the observed

matter content is insu�cient to explain this expansion. If general relativity is the correct

theory of gravity, then theory demands the existence of “dark energy,” with an energy density

accounting for 72% of the total energy density of universe. Another possibility is that general
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relativity requires modification in the infrared (IR), at ultra large distances, such that the

accelerating expansion can be explained without the need for dark energy. One possible

mechanism that achieves this is to give a small mass to the graviton. This possibility has

generated a resurgence of interest in massive gravity models (see [13] and [7] for reviews of

recent developments).

Additional motivations exist for modifying general relativity in the ultraviolet (UV)

regime. In particular, general relativity is perturbatively non-renormalizable, due to the

fact that the perturbation parameter GN has dimensions of length-squared [14]. It has long

been known that the addition of curvature-squared terms to the Einstein-Hilbert action im-

prove renormalizability in 3+1 dimensions [18]; however, these terms generically introduce

ghosts that spoil unitarity [19].

Still, it appears that general relativity requires modification at both the infrared (IR)

and ultraviolet (UV) scales. Higher-curvature terms may be able to accomplish both goals

by improving the renormalizability of the theory and by giving the graviton a small mass.

As with many other models, it is helpful to consider such theories in a lower-dimensional

setting. Thus concludes the first path toward (2+1)-dimensional, higher derivative gravity.

The second path begins with the final step of the first path: dimensional reduction of

general relativity to 2+1 dimensions. Lower-dimensional models have proven productive in

virtually every branch of physics. For example, one-dimensional potentials in quantum me-

chanics are su�ciently complex to provide examples of tunneling and quantization of bound

states. In quantum field theory, two-dimensional potentials of scalar fields demonstrate spon-

taneous symmetry breaking and Nambu-Goldstone bosons. Thus an obvious approach to

the study of gravity in 3+1 dimensions is exploration of its lower-dimensional counterpart.

Research into (2+1)-dimensional gravity has already proven remarkably productive, and

I mention three particular milestones here. First, the description of point particles as conical

defects [20] makes these systems realistic models of cosmic strings in 3+1 dimensions [24]1.

1For a review of early work on point particles in 2+1 dimensions, as well as the corresponding Aharonov-
Bohm-like e↵ect, see the introduction of [25], as well as Chapter 3 of [26].
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The discovery by Gott in 1991 that spacetimes with a pair of cosmic strings admit closed

timelike curves (CTCs) [27] makes the lower-dimensional model an ideal testing ground for

causality violation. Second, the formulation of (2+1)-dimensional general relativity as a

Chern-Simons theory [28, 29] permits computation of topology-changing amplitudes and

provides new tools for exploring the role of topology and topology change in the quantum

theory [29, 30]. Finally, the black hole of Bañados, Teitelboim and Zanelli [31, 32] has become

the focus of much work, since it is the simplest purely gravitational black hole that can be

constructed, and is therefore ideal for exploring microscopic state counting and questions

about the statistical mechanics of black holes.2

Gravity in 2+1 dimensions has also been useful for exploring many conceptual questions

relating to the classical and quantum theories. In particular, a large number of approaches

to quantizing the theory have been developed, and it has been possible to explore the re-

lationships between these various approaches. For a thorough review of the subject, see

[26].

General relativity in 2+1 dimensions shares the same conceptual underpinnings as the

(3+1)-dimensional theory, so it should come as no surprise that this research has been

valuable. What is surprising is that research in lower-dimensional gravity did not begin in

earnest until the mid-1980s. No doubt this lack of interest was due to the apparent triviality

of the theory: (2+1)-dimensional general relativity possesses no local degrees of freedom

(no gravitational waves) and has no Newtonian limit [34, 36]. This can be seen most easily

by noting that the symmetries of the Riemann tensor in n dimensions reduce the number

of independent components to n2(n2 � 1)/12. In three dimensions, the Riemann tensor

possesses six independent components, the same number as the Ricci tensor, and can be

written entirely in terms of the Ricci tensor

Rµ⌫�⇢ = gµ�R⌫⇢ + g⌫⇢Rµ� � gµ⇢R⌫� � g⌫�Rµ⇢ �
1

2
R(gµ�g⌫⇢ � gµ⇢g⌫�). (1.2)

2For a recent review, see [33].
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Then for metrics satisfying the vacuum Einstein equations (1.1), the curvature tensor is just

that of constant-curvature spacetime,

Rµ⌫�⇢ = ⇤(gµ�g⌫⇢ � gµ⇢g⌫�) (1.3)

For regions free of matter, spacetime is locally flat (⇤ = 0), de Sitter (⇤ > 0) or anti-de

Sitter (⇤ < 0). In other words, a nonzero source (stress-energy tensor) a↵ects the curvature

only locally, and its e↵ects do not propagate out.

This lack of dynamics can also be seen by counting degrees of freedom. In a foliation into

surfaces of constant time, the two-dimensional spatial metric has three independent compo-

nents, and its conjugate momentum has three more independent components. Three degrees

of freedom can be removed by the choice of coordinates, and the other three are removed

by initial value constraints, leaving no remaining local degrees of freedom. Additionally, a

simple look at the geodesic equation reveals that two point particles do not experience a

gravitational attraction [36].

Thus, general relativity in 2+1 dimensions is not a good model for dynamics in (3+1)-

dimensional spacetimes. Then an interesting question is whether the theory can be deformed

to give it dynamical degrees of freedom similar to those possessed by the higher-dimensional

theories. Perhaps the simplest way is to couple gravity to a scalar field (the dilaton). In

certain limits, these dilaton models even possess Newtonian-like behavior [37]. However, this

goes beyond the scope of this paper, and these models will not be explored here. Another way

to add degrees of freedom is to add higher-derivative terms to the action. Generically, such

terms introduce ghosts or tachyons, rendering the theory unstable. However, two notable

examples exist in three dimensions: the topologically massive gravity of Deser, Jackiw and

’t Hooft [38, 39]; and the new massive gravity of Bergshoe↵, Hohm and Townsend [3, 4].

These models are introduced in later sections.

And so both paths lead to the study of higher-derivative, lower-dimensional models of

6



gravity. I am motivated, in particular, to exploration of the asymptotically anti-de Sitter so-

lutions of topologically massive and new massive gravity. This thesis is organized as follows.

The remainder of this chapter briefly introduces the two theories, and also provides a review

of anti-de Sitter spacetime and the Fe↵erman-Graham expansion, which will be used in later

chapters. Chapter 2 finds that the original Fe↵erman-Graham expansion fails to capture the

dynamics of the TMG and proposes a new term in the expansion which captures the asymp-

totic behavior of the propagating massive graviton. Chapter 3 carries out the same analysis

for new massive gravity. In addition, new boundary conditions—relaxations from the Brown-

Henneaux boundary conditions—are identified, and the renormalized boundary stress-energy

tensor is obtained with these new asymptotics. These two chapters are based on the pa-

pers “Topologically Massive Gravity from the Outside In” [40] and “Non-Fe↵erman-Graham

Asymptotics and Holographic Renormalization in New Massive Gravity” [41]. The final

chapter discusses possible extensions of the methods presented here to higher-dimensional

and higher-derivative extensions of new massive gravity.

1.1 Asymptotically Anti-de Sitter Spacetimes

Because (2+1)-dimensional black holes only exist in spacetimes with a negative cosmologi-

cal constant, and because (2+1)-dimensional gravity provides a perfect setting for exploring

the AdS3/CFT2 correspondence, I will focus solely on asymptotically AdS3 solutions. Sec-

tion 1.1.1 begins with a review of pure anti-de Sitter solution, while Section 1.1.2 develops

the notion of “asymptotically” anti-de Sitter spacetimes.

1.1.1 Anti-de Sitter Space

General relativity with a negative cosmological constant permits anti-de Sitter space as an

exact solution. Anti-de Sitter space is a conformally flat, constant-curvature, maximally

7



symmetric solution to the Einstein equations, with curvature given by

Rµ⌫⇢� =
1

l2
(gµ⇢g⌫� � gµ�g⌫⇢) (1.4)

where l2 is the AdS radius (⇤ = �1/l2). Anti-de Sitter space can be obtained by restricting

a flat four-dimensional metric of signature (��++):

ds2 = �du2 � dv2 + dx2 + dy2 (1.5)

to the hypersurface defined by

�v2 � u2 + x2 + y2 = �l2. (1.6)

A system of coordinates covering the whole of the manifold may be introduced by setting

u = l cosh ⇢ sin ⌧, v = l cosh ⇢ cos ⌧ (1.7)

x = l sinh ⇢ cos ✓, y = l sinh ⇢ sin ✓

with 0  ⇢ < 1, and 0  ⌧, ✓ < 2⇡. Inserting (1.7) into (1.5) gives

ds2 = l2
⇥
� cosh2 ⇢ d⌧ 2 + d⇢2 + sinh2 ⇢ d✓2

⇤
(1.8)

for the metric of anti-de Sitter space. Note that both ⌧ and ✓ are angles, and this permits

closed-timelike curves. To avoid this, we can “unwrap” the ⌧ coordinate and remove the

identification ⌧ = ⌧ + 2⇡ to obtain the universal covering of anti-de Sitter space. This

metric can be written in Schwarzschild-like coordinates with the identification ⌧ = t/l and

r = l sinh ⇢:

ds2 = �[(r/l)2 + 1]dt2 + [(r/l)2 + 1]�1dr2 + r2d✓2, (1.9)
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which is the metric (2.7) with M = �1, J = 0 (and � replaced by ✓).

Another coordinate system that will be useful is the Poincaré system, defined in terms

of the embedding space by

z =
u+ x

l
, � =

y

u+ x
, � =

�v

u+ x
(1.10)

These coordinates cover only one of the regions where u+ x has a definite sign. The metric

in these coordinates reads

ds2 =
l2dz2

z2
+

z2

l2
(�d�2 + d�2). (1.11)

While Poincaré AdS3 and global AdS3 are locally equivalent, they have di↵erent global

properties. In particular, Poincaré AdS has zero mass, whereas global AdS3 has mass �1/8G

[42]. Thus Poincaré coordinates are not well-suited to studying global properties.

1.1.2 Conformally Compact Manifolds

In order to accommodate more general solutions, we need to define what it means for a

metric to “asymptotically approach” anti-de Sitter space. This discussion begins with the

definition of conformally compact manifolds. Consider a (d+ 1)-dimensional manifold with

metric (M, g), where M is the interior of a manifold-with-boundary M̄ , and the bulk metric

g becomes singular on the boundary, denoted @M . Suppose the existence of a smooth, non-

negative defining function z on M̄ such that z(@M) = 0, dz(@M) > 0, and z(M) > 0. This

can be used to define a non-degenerate metric on M̄ ,

ḡ = z2g. (1.12)

Then, in the language of Penrose [43], the pair (M, g) is labeled conformally compact, and

the choice of defining function determines a particular conformal compactification of (M, g),

9
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sponds to the portion of anti-de Sitter space covered by a single Poincaré patch.
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with boundary located at z = 0.

The metric ḡ induces a metric g(0) on the boundary @M . However, this metric is not

unique, as a di↵erent defining function conformally rescales the boundary metric. The bulk

metric (M, g) thus induces a conformal structure (@M, [g(0)]) on the boundary, where [g(0)]

denotes a conformal class of metrics.

The connection to anti-de Sitter space becomes apparent in the expansion of the curvature

tensor (of the bulk metric) in powers of z, yielding

Rµ⌫⇢� = �ḡ↵�r↵zr�z (gµ⇢g⌫� � gµ�g⌫⇢) +O
�
z�3

�
(1.13)

Note that ḡ�1 is of order z�2, so the leading term is of order z�4. If, in addition, there exists

a defining function that, to leading order, satisfies ḡ↵�r↵zr�z = 1
`2
, then the manifold M is

called asymptotically locally anti-de Sitter (AlAdS), in the sense that the curvature tensor

approaches that of AdS with radius ` near the boundary. Note that no restriction has been

placed on the boundary topology. This notion is more general than what is often defined as

“asymptotically anti-de Sitter” (AAdS), which usually indicates metrics which asymptote to

the exact AdS metric at infinity (see, for instance [44]). In a slight abuse of notation, I will

often use the term “asymptotically anti-de Sitter” interchangeably for both cases.

1.1.3 Fe↵erman-Graham Expansion

On the manifold-with-boundary M̄ , the defining function z can be used as one of the coor-

dinates to bring the metric ḡ to Gaussian normal form near the boundary,

ḡµ⌫dx
µdx⌫ = ds̄2 = dz2 + gijdx

idxj. (1.14)

11



where Greek indices run over d+ 1 dimensions, and Latin indices run over the d non-radial

coordinates. Then the bulk (physical) metric becomes

ds2 = z�2
�
dz2 + gijdx

idxj
�
. (1.15)

The d- dimensional metric induced on a hypersurface of constant z can be expanded in

powers of z

gij(z, x
k) = g

(0)
ij (xk) + · · · , (1.16)

where the subleading terms vanish on the boundary as z ! 0.

The specific form the expansion depends on the bulk theory. Fe↵erman and Graham [45]

first derived the asymptotic expansion for general relativity in d+ 1 dimensions

gij(r, x
k) = g

(0)
ij + z2g

(2)
ij + · · ·+ zd

⇣
g
(d)
ij + ln z h

(d)
ij

⌘
+ · · · (1.17)

They found that coe�cients of odd powers of z vanish, and subleading terms g(2k), 2k < d,

are fixed by the boundary metric g(0). However, only part of g(d) is determined by the

boundary. Specifically, the trace and covariant divergence of g(d) are solved in terms of the

boundary metric, leaving other components free. The “log” term h(d) is present only in even

dimensions d > 2 and is given by the metric variation of the conformal anomaly. In three

dimensions, the expansion truncates at fourth order, g = g(0)+z2g(2)+z4g(4), and the metric

can be found exactly [46].

However, these results are all consequences of the equations of motion and therefore are

specific to Einstein gravity. In general, di↵erent bulk theories lead to di↵erent asymptotic

expansions. Even with a gravitational action given by the Einstein-Hilbert action, gravity

coupled to other fields can yield di↵erent expansions. For example, three dimensional Ein-

stein gravity coupled to a free massless scalar field is of the form (1.17) with a non-zero log

term h(2) [47]. In this case, h(2) is determined by the boundary values of the fields and does

12



not indicate a new degree of freedom of the metric. Other potentials for a scalar field can

yield odd powers of z [48] and even log-squared terms [49] in the asymptotic expansion.

Higher derivative gravitational theories can have even more exotic behavior. For example,

topologically massive gravity (TMG) at the critical point µ` = 1 can also have the log term

h(2) in the asymptotic expansion [50, 51, 52, 53]. However, several points distinguish this

case from that of general relativity coupled to a free massless scalar. In that example, the

log term is fixed in terms of the boundary fields. But in critical TMG, one component

of the log term is unconstrained by the equations of motion. Its inclusion the asymptotic

expansion is allowed but not required, and this phenomena is related to the presence of new

bulk degrees of freedom in the metric. This apparent freedom in the asymptotic expansion

initiated a vigorous discussion in the literature about appropriate boundary conditions, with

some arguing that di↵erent boundary conditions yield di↵erent theories [54]. However, other

researchers, motivated by AdS/CFT, argued that the bulk theory determines the correct

asymptotic expansion [55].

Another unusual feature of critical TMG is that the log term in TMG is only available at

the critical point µ` = 1. At all other values of the mass parameter, the equations of motion

force the log term to vanish. So, unlike the case of GR coupled to a free massless scalar,

the asymptotic expansion of TMG depends not just on the form of the bulk action but also

on the parameters. This is reminiscent of Einstein gravity coupled to a massive scalar with

higher-than-quadratic polynomial potential [56]. In that case, the asymptotic behavior of

both the metric and scalar is dependent on the value of the mass, with the most relaxed

asymptotics occurring when the scalar saturates the Breitenlohner-Freedman bound [57]. So

the appearance of parameter-dependent asymptotic expansion in higher-derivative gravity,

though surprising, is not unique. The asymptotic expansion of TMG at non-critical values

of the mass parameter will be examined in Chapter 2.

New massive gravity exhibits some features similar to topologically massive gravity. As in

TMG, NMG possesses a critical point 2m2 = �� at which the log term h(2) is allowed but not

13



required, and either choice of boundary conditions seems acceptable. Also, as in TMG, this

term vanishes by the equations of motion at non-critical values. NMG also possesses another

critical point 2m2 = +� at which interesting new solutions have been found. In particular,

new type black holes [4, 58] have been discovered with relaxed asymptotics containing odd

powers of the radius

gij = g
(0)
ij + zg

(1)
ij + z2g

(2)
ij + z3g

(3)
ij + · · · (1.18)

Here, too, this expansion only works at this particular point in the space of parameters. At

generic values of the mass parameter, the coe�cients of the odd-powered terms vanish. Also,

similar to the log term at 2m2 = ��, the subleading term g(1) is allowed but not required, i.e.

it is not determined by the boundary metric but results from the increased bulk degrees of

freedom of the metric. Additionally, the theory at 2m2 = +� allows a new log term [59, 60]

g = g(0) + z ln zh(1) + zg(1) + · · · .

To date, the asymptotic behavior of NMG at generic values of m2 remains unknown.

That odd-powered and log asymptotics are allowed only at critical values of m2 hints at the

prospect that the correct asymptotic expansion depends on the value of the mass parameter.

This question will be explored in Chapter 3.

1.2 Topologically Massive Gravity

One of the early examples of a higher derivative theory of gravity is the topologically massive

gravity (TMG) model developed by Deser, Jackiw and Templeton [38, 39]. The theory is

obtained by adding the gravitational Chern-Simons term to the Einstein-Hilbert action

S =
1

22

Z
d3x

p
�g


� (R� 2⇤) +

1

2µ
✏µ⌫⇢

✓
�↵
µ�@⌫�

�
⇢↵ +

2

3
�↵
µ��

�
⌫��

�
⇢↵

◆�
(1.19)

with or without the cosmological constant ⇤, and with 22 = 16⇡G. Here � is used to control

the sign of the Einstein-Hilbert piece of the action; the sign of the coupling µ is not fixed;
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and ✏µ⌫⇢ is the three-dimensional anti-symmetric tensor, related to the Levi-Civita symbol

by ✏µ⌫⇢ = ✏̃µ⌫⇢/
p�g.

Though the Einstein-Hilbert action (in 2 + 1 dimensions) and the Chern-Simons action

separately are topological, the inclusion of both terms in the action (1.19) makes the theory

not topological. The name comes “topologically massive” comes from the massive nature

of the field excitations and from the importance of the Chern-Simons action on topological

field theories (see, for example, [61]), and it was later realized that this term arises naturally

in the e↵ective action for massless fermions coupled to Einstein gravity in three dimensions

[62, 63, 64].

Variation of the Chern-Simons action with respect to the metric yields the Cotton tensor

Cµ⌫ = ✏ ↵�
µ r↵

✓
R�⌫ �

1

4
Rg�⌫

◆
, (1.20)

which is also sometimes referred to as the York tensor [65]. In three dimensions, the Cotton

tensor plays the role of the Weyl tensor, since it is invariant under conformal transformations

and vanishes only if the three-dimensional space is conformally flat. Additionally, the Cotton

tensor is symmetric, traceless, and covariantly conserved by virtue of the Bianchi identities.

The resulting equations of motion

Rµ⌫ �
1

2
Rgµ⌫ + ⇤gµ⌫ +

1

µ
Cµ⌫ = 0 (1.21)

are now third-order in derivatives of the metric. Note that, because the Cotton tensor

is traceless, all solutions have constant scalar curvature. Additionally, the Cotton tensor

vanishes identically for solutions to the Einstein equations of motion, so all Einstein solutions

are also solutions of topologically massive gravity. Despite the additional derivatives, the

theory is unitary, with no ghosts or tachyons, and describes a single massive spin-2 degree

of freedom. To obtain the particle content of the linear theory, the authors of [38] were able
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to write the linearized action (without cosmological constant) as

� �

42

Z
d3x�

�
⇤� µ2

�
� (1.22)

where � is the transverse-trace part of the perturbation

� =
⇣
�i�j + @̂i@̂j

⌘
hij, with @̂i ⌘ @i/

p
�r2 (1.23)

The field � is the only dynamical part of the metric. In this form, it becomes apparent that

(1.22) describes a massive degree of freedom. Also, note that, independent of the sign of

the mass parameter µ, the mass-squared is always positive, which guarantees the absence

of tachyons from the theory. However, the sign of the kinetic term is controlled by the sign

of the Einstein-Hilbert piece of the action, and the absence of ghosts demands the “wrong

sign” Einstein-Hilbert action � = �1. This fact will become important in later discussions.

While (1.22) appears to be the action of massive scalar, its Lorentz transformation properties

confirm that it is a spin-2 field with helicity determined by the sign of µ.

After its introduction in the early 1980s, research into topologically massive gravity

continued sporadically. It was expected that the higher-derivative nature of the model would

improve renormalizability, and this was confirmed in [66, 67, 68], although see [69] for a

more recent study. Additionally, many new classical non-Einstein solutions have been found

[70, 71, 72, 73]. Quantization of the theory was explored early on in [74, 75, 76, 77], and

more recently in [78] and [79].

Cosmological completion of the theory—the addition of a cosmological constant—was

not examined until recently, with most attention paid to the case ⇤ < 0. Despite early

recognition that cosmological topologically massive gravity (CTMG) also contains the BTZ

black hole solutions of Einstein gravity [80, 71], exploration of their properties in CTMG

came much later [81, 82, 83, 84]. It is amusing to note that, as interest in cosmological

topologically massive gravity has waxed and waned, many new solutions have been discovered
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and rediscovered independently. For example, exact AdS pp-waves have been discovered on

at least five separate occasions [71, 82, 84, 85, 86], although the solutions of [82] were not

originally recognized as wave solutions.

Cosmological topologically massive gravity was approached from the perspective of the

AdS/CFT correspondence in several recent papers [87, 88, 2]. Kraus and Larsen [87] realized

that the Chern-Simons action is not completely di↵eomorphism-invariant. However, the non-

invariance is entirely located on the boundary and thus does not spoil the consistency of the

bulk gravitational theory. In the boundary theory, this gravitational anomaly shows up as

the non-conservation of the boundary stress energy tensor. Additionally, the left- and right-

central charges of the Virasoro algebras split,

cR/L =
3`

2G

✓
1± 1

µ`

◆
(1.24)

where ` is the AdS radius. Solodukhin [88] reproduced their results by integrating the bulk

equations to find the boundary stress energy tensor.

Research in the field exploded after the chiral gravity conjecture of Li, Song and Stro-

minger [2], which was motivated in part by Witten’s conjecture [89] that the CFT dual

to AdS3 is a chiral theory. Because cosmological topologically massive gravity is a maxi-

mal parity-violating theory, this o↵ered an ideal testing ground for Witten’s proposal. The

authors of [2] noted that the theory possesses a critical point µ` = ±1 at which one of

the central charges vanishes, and the asymptotic symmetry group is generated by a single

Virasoro algebra [90]. This theory will be explored in more detail in the next chapter.

1.3 New Massive Gravity

More recently, a parity-preserving three-dimensional model of massive gravity was discovered

by Bergshoe↵, Hohm and Townsend [3, 4] in early 2009. This “new” massive gravity, also
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referred to as BHT gravity3 is obtained by adding a specific combination of curvature-squared

terms to the action

S =
1

22

Z
d3x

p
�g


�R� 2�+

1

m2
K

�
, (1.25)

where the new term in the action is given by

K ⌘ Rµ⌫R
µ⌫ � 3

8
R2. (1.26)

This model describes a unitary theory of massive, spin-2 gravitons with both polarization

states of helicity±2. Variation of the action with respect to the metric yields the fourth-order

equations of motion

�

✓
Rµ⌫ �

1

2
Rgµ⌫

◆
+ �gµ⌫ +

1

2m2
Kµ⌫ = 0 , (1.27)

where the curvature-squared term is given by

Kµ⌫ = 2⇤Rµ⌫ �
1

2
rµr⌫R� 1

2
⇤Rgµ⌫ +4Rµ↵⌫�R

↵� � 3

2
RRµ⌫ �R↵�R

↵�gµ⌫ +
3

8
R2gµ⌫ . (1.28)

This new tensor enjoys the interesting property that its trace is just the Lagrangrian from

which it came, gµ⌫Kµ⌫ = K. Unlike the Cotton tensor considered previously, this new tensor

is not, in general, traceless, and the solutions of (1.27) are not restricted to constant-scalar-

curvature solutions. This can be seen by taking the trace of (1.27)

�R = 6�+
1

m2
K. (1.29)

By definition, solutions of maximal symmetry are those for which the Ricci tensor is propor-

tional to the metric, Rµ⌫ = 2⇤gµ⌫ . Plugging this condition into (1.27) produces an equation

3BHT is often used as a preservative to keep foods fresh, and I humbly suggest that the founders add
“preserves freshness” to the list of positive attributes of the theory.
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⇤2 + 4�m2⇤� 4�m2 = 0 (1.30)

relating the e↵ective cosmological constant ⇤ to the cosmological parameter � appearing

in the action. For most purposes, it is more convenient to work in terms of the e↵ective

cosmological constant.

Unitarity can be demonstrated by showing equivalence of the linear theory to the Fierz-

Pauli action [5]. The relevant part of the action is

S =
1

m2(⇤� 2m2�)

Z
d3x

p
�ḡ


�1

2
kµ⌫Gµ⌫(k)�

1

4
M2

eff (k
µ⌫kµ⌫ � k2)

�
, (1.31)

where kµ⌫ carries the physical content of the theory and is (roughly) the linearized Schouten

tensor. The kinetic term is just the linearized Einstein tensor,

Gµ⌫(k) ⌘ R(1)
µ⌫ � 1

2
R(1)ḡµ⌫ � 2⇤kµ⌫ + ⇤kḡµ⌫ , (1.32)

and the e↵ective massive is given by

M2
eff = ��m2 +

1

2
⇤. (1.33)

Thus the physical content of the linearized theory is defined by a second-order action (1.31),

which is nothing more than the Fierz-Pauli action for a massive spin-2 particle. The reverse

route is also possible—for example, Dalmazi and Mendonça [91] were able to derive new

massive gravity as a non-linear extension of Fierz-Pauli via Noether gauge embedment, and

this has also been achieved through other methods in [92]. This rather remarkable result

shows that new massive gravity is the first curvature-squared non-linear extension of Fierz-

Pauli theory.

Around an anti-de Sitter background, negative values of the mass are allowed (i.e.,

tachyons are avoided) as long as the mass satisfies the Breitenlohner-Freedman bound [93, 57]
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M2
eff � ⇤ (1.34)

It should be mentioned that this bound was derived for scalar fields, though several authors

have argued that it applies equally to spin 2 fields [86, 94]. Additionally, ghosts (with

negative kinetic energy) are avoided as long as

m2(⇤� 2m2�) > 0 (1.35)

Both conditions are required for unitarity of bulk gravitons. Several regions of parameter

space lead to unitarity (of the bulk theory), and these regions are categorized and explored

in [4]. Bulk unitarity has also been confirmed in several other studies [95, 96, 97, 98, 99].

Canonical analysis of the full theory is slightly more di�cult than in topologically massive

gravity, and the NMG equivalent of (1.22) will not be given here. Instead, I will simply note

some of the results. The pure-K theory, given by the action (1.25) without the Einstein

or cosmological terms, was first examined by Deser in [96]. The linearized “K-theory”

propagates massless spin-2 modes, and the linearized action is Weyl-invariant and power-

counting renormalizable. Introduction of the Einstein-Hilbert term breaks Weyl symmetry,

thus giving mass to the graviton [100, 101]. This result o↵ers an obvious interpretation of

the theory: the K-term provides the dynamics of the graviton, and the Einstein-Hilbert term

provides the mass. This perspective also explains the role of the sign � of the Einstein-Hilbert

part of the action: instead of determining positivity of kinetic energy, as in 3+1 dimensions,

� enters into the expression for the mass in a nontrivial way. Unfortunately, inclusion of

the Einstein-Hilbert term also seems to destroy the power-counting renormalizability of the

theory [96], although Oda [102] uses a di↵erent approach and concludes that the theory is

renormalizable. Other studies of the Hamiltonian structure of new massive gravity have also

been performed [103, 104, 105]

Since the initial publication, research has quickly spread in many directions. Methods
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for finding and categorizing solutions have been explored in [106, 107, 108, 109]. Many

new classical solutions have been found, including AdS waves and their generalizations

[59, 110, 111, 112], warped AdS and warped black holes [113, 114], new ‘hairy’ black holes

[4, 58, 115], and even asymptotically Lifshitz black holes [116]. The supergravity exten-

sion was given in [117, 118]. Asymptotically AdS3 boundary conditions were investigated

in [119, 120]. Newtonian limits were investigated in [98]. Bañados and Thiesen have also

explored the similarity between new massive gravity and certain bi-metric theories [121],

and this relationship was further explored in [122]. The theory with negative cosmological

correspondence has also been a productive setting for exploring the AdS/CFT correspon-

dence [123, 119, 124, 125, 126, 127, 128, 129, 130, 60, 131, 132] and black hole solutions

[133, 134, 135, 136].

A full accounting of all the research on new massive gravity is beyond the scope of this

introduction. A more targeted introduction will be given in Chapter 3.

1.4 Conventions

The metric has the “mostly positive” signature (�,+,+), and the Christo↵el connection is

defined as

��
µ⌫ =

1

2
g�⇢ (@µg⌫⇢ + @⌫g⇢µ � @⇢gµ⌫) (1.36)

and gives the unique metric-compatible covariant derivative rg = 0. The Riemann tensor

is defined by the commutator of covariant derivatives acting on a vector

[rµ,r⌫ ]V
� = R�

⇢µ⌫V
⇢ (1.37)

where

R�
⇢µ⌫ = @µ�

�
⇢⌫ � @⌫�

�
⇢µ + ��

µ��
�
⇢⌫ � ��

⌫��
�
⇢µ (1.38)
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is the Riemann tensor. The Ricci tensor and Ricci scalar are defined by

Rµ⌫ = R⇢
µ⇢⌫ R = gµ⌫Rµ⌫ (1.39)

The d’Alembertian is ⇤ = rµrµ. Greek indices run over all D dimensions. When one

coordinate is singled out in an ADM-like foliation (usually the radial coordinate in this

paper), Latin indices run over the remaining D � 1 dimensions.
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Chapter 2

Topologically Massive Gravity from

the Outside In

The asymptotically anti-de Sitter solutions of cosmological topologically massive gravity

(TMG) are analyzed for values of the mass parameter in the range µ � 1. At non-chiral

values, a new term in the Fe↵erman-Graham expansion is needed to capture the bulk degree

of freedom. The CDWW modes provide a basis for the pure non-Einstein solutions at all µ,

with nonlinear corrections appearing at higher order in the expansion.

2.1 Introduction

Topologically massive gravity (TMG) [38, 39] with a negative cosmological constant appears

to be the simplest theory that contains both black holes and local gravitational degrees of

freedom, making it a potentially useful toy model to explore various questions in quantum

gravity. However, at arbitrary values of the coupling constants, the theory appears to be

unstable, containing either positive mass black holes and negative energy gravitons, or the

reverse, depending on the choice of sign of the Einstein-Hilbert piece of the action. Recently,

Li et al. [2] proposed that with suitable boundary conditions, the local bulk degree of freedom

disappears at the “chiral” coupling µ` = 1, allowing the possibility of choosing the sign of

the action such that only positive mass black holes are included. With these boundary
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conditions, the theory becomes chiral, in that the asymptotic symmetry consists of a single

copy of the Virasoro algebra [90, 137, 50], and the theory was dubbed chiral gravity [2, 54].

The claim that chiral gravity admits only non-negative energy modes has been the sub-

ject of much debate in the literature. Several non-perturbative studies found a single local

propagating degree of freedom at all values of µ [137, 138, 139]; however, the boundary con-

ditions satisfied by these modes was not investigated. At the linearized level, other authors

found negative-energy modes at µ` = 1 [86, 1, 52, 140], but these modes either were not

chiral or required di↵erent boundary conditions than those used in [2]. After some confusion

in the literature, Maloney et al. [54] proposed that TMG at the critical value could be di-

vided into two theories depending on the choice of boundary conditions: chiral gravity with

Brown-Henneaux [44] boundary conditions and log gravity with relaxed boundary conditions

that include a logarithmic term in the asymptotic expansion of the metric. For related work

on boundary conditions, see [50, 51]. Additionally it was shown in [54] that all stationary,

axially symmetric solutions of chiral gravity are the familiar BTZ black holes [32] and have

non-negative energy. The authors found that the proposed counterexamples either required

the relaxed boundary conditions, and thus were solutions to log gravity, or developed lin-

earization instabilities at second order, and they speculated that all asymptotically anti-de

Sitter non-Einstein solutions at the critical point are in fact solutions to log gravity.

Recently, Compère et al. [141] discovered a new class of non-Einstein solutions of chi-

ral gravity using the Fe↵erman-Graham expansion [45] with Brown-Henneaux boundary

conditions. They further examined a subset of the general solution that included linear per-

turbations from AdS3 and BTZ backgrounds. Of the solutions examined, all contained either

naked singularities or closed timelike curves and, unless they can be excluded as unphysical,

may render chiral gravity unstable.

In an e↵ort to understand the asymptotic behavior of non-Einstein solutions, this paper

extends the work of Compère et al. to non-chiral values µ` > 1. New terms in the Fe↵erman-

Graham expansion are needed to capture the bulk degrees of freedom at all values of the
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mass parameter, and for each value of µ, a similar phenomenon occurs: one of the equations

of motion disappears, leaving one piece of the metric unconstrained by the equations of

motion. Section 2.4 gives the solution to second order in this new term. The division between

Einstein and non-Einstein solutions becomes explicit in this formalism: one set of terms in

the expansion captures all Einstein solutions, and the second set captures the non-Einstein

solutions. Section 2.4.1 examines the special case of chiral gravity, where the solution of

[141] is given in light-cone coordinates. In this formalism, we see the chiral point is just the

point at which the two sets of terms overlap. Section 2.5 compares the general asymptotic

expansion to two known asymptotically anti-de Sitter solutions that also exhibit modified

Fe↵erman-Graham asymptotics: the AdS waves of [85, 142], which are exact solutions, and

the linearized CDWW modes of [86, 1]. The CDWW modes provide a complete basis of the

non-Einstein solutions only, and additional ingredients are needed to include the Einstein

solutions. The solution given in Section 2.5.2 agrees with CDWW to second order; however,

nonlinear deviations from CDWW are found for several integral values of µ at higher order

and are likely to exist for generic µ. I conclude with a discussion on the significance of these

solutions on the stability of chiral gravity.

2.2 Setup and Equations of Motion for Topologically

Massive Gravity

The equation of motion for topologically massive gravity (TMG) [38, 39] with a cosmological

constant is

Rµ⌫ �
1

2
Rgµ⌫ + ⇤gµ⌫ +

1

µ
Cµ⌫ = 0, (2.1)

where Cµ⌫ is the Cotton tensor

Cµ⌫ = ✏ ↵�
µ r↵

✓
R�⌫ �

1

4
Rg�⌫

◆
. (2.2)
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In the discussion below, it will be convenient to work in units where ⇤ = �1. By the Bianchi

identity, the Cotton tensor is symmetric, traceless, and covariantly conserved. Taking the

trace of (2.1) reveals that solutions are spacetimes of constant scalar curvature

R = �6, (2.3)

and the equation becomes

Rµ⌫ + 2gµ⌫ +
1

µ
Cµ⌫ = 0. (2.4)

Pure Einstein solutions are those for which Rµ⌫ = �2gµ⌫ , and it is apparent from (2.2) that

the Cotton tensor is identically zero for all Einstein metrics. Thus topologically massive

gravity contains all of the ordinary Einstein solutions plus the massive propagating modes

for which the Cotton tensor is non-zero.

2.3 Failure of Traditional Fe↵erman-Graham Expan-

sion

In particular, topologically massive gravity admits asymptotically anti-de Sitter (AdS) solu-

tions which can be written in Gaussian normal coordinates as

ds2 = d⇢2 + gijdx
idxj, (2.5)

where

g
(0)
ij = lim

⇢!1
e�2⇢/`gij (x, ⇢) (2.6)

is the metric on the boundary, and ` is the AdS radius given by ⇤ = �`�2. Recall that

Greek indices run over all coordinates, and Latin indices run over the non-radial coordinates.

Fe↵erman and Graham showed that metrics satisfying the Einstein equations can always be
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expanded near the boundary in powers of e⇢ [45]:

gij = e2⇢/`
⇣
g
(0)
ij + e�2⇢/`g

(2)
ij + e�4⇢/`g

(4)
ij + · · ·

⌘
. (2.7)

It will be convenient to fix the AdS radius at ` = 1, since this can easily be reinstated through

dimensional analysis. In three-dimensional Einstein gravity, the expansion terminates at g(4)

(all higher order terms are zero), and the first three terms are su�cient to capture all AdS3

and BTZ solutions to pure Einstein gravity [46]. It is interesting to note that this result also

holds in higher-dimensional general relativity with a conformally flat boundary metric.

The perception exists in the literature (see, e.g. [88]) that the presence of higher deriva-

tives in the equations of motion turns on higher order terms in (2.7), and that the expansion

continues indefinitely. This belief is due to the existence of a propagating local degree of

freedom in the metric in TMG. After all, in higher- dimensional general relativity, which pos-

sesses local degrees of freedom, the metric generically has an infinite expansion. However,

the Cotton tensor modifies the equations of motion in a subtle way that does not guarantee

that (2.7) is the correct expansion to use in TMG.

This section addresses the assumption that (2.7) is the correct asymptotic expansion

for the metric in TMG by applying the expansion (2.7) to the equations of motion (2.1).

As in Einstein gravity, the “second-order” {⇢, ⇢} and {i, j} equations vanish identically,

leaving some components of the metric unconstrained. Since the Ricci scalar is constant, the

subleading terms in the expansion should vanish, and this is used to fix the trace of g(2) in

terms of the boundary metric,

Trg(2) = �1

2
R(g(0)), (2.8)

where the inverse boundary metric is used to take the trace, and R(g(0)) is the Ricci scalar

constructed from the two-dimensional boundary metric. The divergence of g(2) is also deter-
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mined by the boundary fields according to the {⇢, i} equations:

✓
�ki +

1

µ
✏ k
i

◆⇣
rjg

(2)
ij � @iTrg

(2)
⌘
= 0 (2.9)

Note that these are just the Einstein equations, with the divergence equation (2.9) multiplied

by a factor depending on the mass parameter µ. At generic values, they have the same

solution as Einstein gravity. However, part of the divergence constraint vanishes at the

critical point µ = 1, and this case is addressed separately in Section 2.4.1.

At “fourth order,” all three sets of equations are present, and these equations determine

the metric g(4) in terms of g(2) and the boundary metric. The {⇢, ⇢} equation fixes the trace,

Trg(4) =
1

4
Trg2(2) �

1

4µ
✏ijrirkg

(2)
kj (2.10)

while the {i, j} equations fix the other components

⇣
� k
i + 3

µ
✏ k
i

⌘
�4g(4)kj + 2

⇣
g2(2)

⌘

kj
+ g

(0)
kj Tr

⇣
4g(4) � 3

2g
2
(2)

⌘
+ 1

2g
(0)
kj

⇣
Trg(2)

⌘2

� g
(2)
kj Trg(2)

�

= 1
µ
✏ijTr

⇣
4g(4) � g2(2)

⌘
+ 1

µ
✏ k
i rk

h
rlg

(2)
lj � @jTrg(2)

i
. (2.11)

The {⇢, i} equations are simply derivatives of combinations of the above equations and place

no new constraints on g(4). These equations, and the Fe↵erman-Graham expansion of the

Ricci and Cotton tensors, are included in the appendix. Note that (2.11) also has a critical

point µ = 3 at which one of the constraints on g(4) is modified.

Analysis of these equations is greatly simplified when considering solutions which asymp-

tote to the exact anti-de Sitter metric at the boundary. In light-cone coordinates u, v = t±�,

this is equivalent to the choice g
(0)
uv = �1. An orientation is chosen so that

p�g✏⇢vu = +1.
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Then the equations (2.8) and (2.9) become

Trg(2) = 2g(2)uv = 0 (2.12)
✓
1� 1

µ

◆
@vg

(2)
uu = 0

✓
1 +

1

µ

◆
@ug

(2)
vv = 0 (2.13)

For all positive µ, g(2)vv = L̄(v), a function of v only; however, the equation for g(2)uu disappears

at µ = 1, leaving this component of the metric unconstrained by the equations of motion.

The critical point µ = 1 is considered in the next section, and for now only µ 6= 1 is

considered. At µ 6= 1, the solution reduces to the Einstein solution g
(2)
uu = L(u).

The fourth order equations simplify considerably from (2.10) and (2.11) to

g(4)uv = �1

4
g(2)uu g

(2)
vv � 1

8µ
@2
vg

(2)
uu

✓
1� 3

µ

◆
g(4)uu =

�1

4µ
@u@vg

(2)
uu

✓
1 +

3

µ

◆
g(4)vv = 0 (2.14)

These equations possess their own critical point µ = 3. When µ 6= 3, the equations com-

pletely determine the components of g(4) in terms of the g(2), and the solution is either the

chiral solution (2.36) when µ = 1 or the Einstein solution (2.21) for µ 6= 1, 3. However,

at µ = 3, one of the equations disappears, leaving g
(4)
uu unconstrained, and the full solution

depends on the three functions g(2)uu = L(u), g(2)vv = L̄(v), and g
(4)
uu = F (u, v).
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This feature is repeated in the sixth order equations:

g(6)uv =

✓
�1

3
� 1

6µ

◆
g(2)vv g

(4)
uu � 1

12µ
@2
�g

(4)
uu

✓
1� 5

µ

◆
g(6)uu =

✓
1� 6

µ

◆
�2

3
g(2)uu g

(4)
uv � 1

6

�
g(2)uu

�2
g(2)vv

�
+

1

24

✓
1� 3

µ

◆
g(2)uu @

2
vg

(2)
uu

� 1

6µ
@u@vg

(4)
uu +

1

6µ
@2
ug

(4)
uv +

1

24µ
g(2)vv @

2
ug

(2)
uu +

1

24µ

�
@vg

(2)
uu

�2

✓
1 +

5

µ

◆
g(6)vv =

✓
1 +

6

µ

◆
�2

3
g(2)vv g

(4)
uv � 1

6

�
g(2)vv

�2
g(2)uu

�
+

1

24
g(2)vv @

2
vg

(2)
uu � 1

6µ
@2
vg

(4)
uv

� 1

24µ
g(2)uu @

2
vg

(2)
vv +

1

6µ
@v@ug

(4)
vv � 1

24µ

�
@vg

(2)
vv

� �
@vg

(2)
uu

�
(2.15)

At µ 6= 5, g(6) is determined entirely in terms of the lower order terms. At the critical value

µ = 5, the g
(6)
uu component is unconstrained. The equations are easily solved in each of the

cases µ = 3, µ = 5 and µ 6= 1, 3, 5 and displayed in Table (2.1).

µ = 3 µ = 5 µ 6= 1, 3, 5

g
(4)
uu F (u, v) 0 0

g
(4)
uv �1

4L(u)L̄(v) �1
4L(u)L̄(v) �1

4L(u)L̄(v)

g
(6)
uu

1
12@u@vF F (u, v) 0

g
(6)
uv

�7
18 FL̄� 1

36@
2
vF 0 0

Table 2.1: The non-critical µ 6= 1 solutions to sixth order. In all cases, g(4)vv = g
(6)
vv = 0.

Together with (2.36), these are the complete set of solutions with the un-modified Fe↵erman-
Graham expansion (2.7) that asymptote to the exact AdS metric at the boundary.

When µ 6= 1, 3, 5, g(6) is identically zero, and the full solution (with the un-modified

Fe↵erman-Graham expansion (2.7)) is equivalent to the Einstein solution. For generic values

of µ, I have expanded the equations out to tenth order using Maple and have confirmed that

g(8) = g(10) = 0. Additionally,the Cotton tensor Cµ⌫ = 0 to tenth order, indicating that the

“traditional” Fe↵erman-Graham expansion (2.7) contains only solutions of Einstein gravity

at generic values of the mass parameter.

The solutions at µ = 3, 5 share several important features. First, the full solution is

characterized by three functions g(2)uu = L(u), g(2)vv = L(v) and the unconstrained term g
(4)
uu =
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F (u, v) in the case µ = 3 or g(6)uu = F (u, v) in the case µ = 5. The first nonzero component

of the Cotton tensor is

Cuu =

8
>>>><

>>>>:

�
1
2@u@vF

�
e�2⇢ µ = 1

12F e�2⇢ µ = 3

60F e�4⇢ µ = 5

(2.16)

Thus at µ = 3, 5, the requirement for a non-Einstein solution is simply that F 6= 0. In con-

trast, at the chiral point µ = 1, non-Einstein solutions require the more stringent requirement

that @u@vF 6= 0.

These results point to two possible explanation: either i) (2.7) is not the correct expan-

sion for asymptotically anti-de Sitter solutions of TMG, or ii) the non-Einstein propagating

modes exist only at µ = 1, 3, 5, . . ..1 However, the second explanation conflicts with earlier

research. Perturbative methods have found massive propagating modes for a wide range

of parameter space [1, 86, 2, 143, 144, 145]. Similarly, non-perturbative degree-of-freedom

counting techniques have found a single propagating (non-Einstein) degree of freedom at all

values of the mass parameter [138, 139, 137, 143]. Thus we are lead to the conclusion that

(2.7) is not the correct expansion for topologically massive gravity.

2.4 A Modified Fe↵erman-Graham Expansion for TMG

The failure of the traditional Fe↵erman-Graham expansion in TMG is not surprising, since it

was derived for metrics satisfying the Einstein equations. As noted in [55], the bulk equations

of motion determine the correct expansion, and we should expect modifications of general

relativity to exhibit di↵erent asymptotic behavior. The goal of this section is to determine

the appropriate expansion of TMG at all values of the mass parameter.

Because all solutions of Einstein gravity are also solutions of TMG, at least the terms in

(2.7) are needed in the expansion for TMG. However, these terms alone do not capture the

1Note that inclusion of a log term ⇢h(2) in the expansion (2.7) does not resolve this problem, since the
log term is only non-zero at the critical point µ = 1.
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propagating degree of freedom of TMG: at µ 6= 1, 3, 5, . . ., the series (2.7) still terminates

at g(4), and the Cotton tensor vanishes to all orders. Thus to include all Einstein and non-

Einstein solutions, at all values of the mass parameter, I propose adding a new term in the

expansion

gij = e2⇢
⇣
g
(0)
ij + e�2⇢g

(2)
ij + e�4⇢g

(4)
ij

⌘
Einstein (2.17)

+ e2⇢
⇣
e�n⇢g

(n)
ij + e�(n+2)⇢g

(n+2)
ij + · · ·

⌘
non-Einstein (2.18)

with the exponent n to be determined by the equations of motion. However, no assumptions

are made a priori about n.

Note that the presence of the g(n) term generically turns on an entire series of terms

of order mn + 2k, where m, k are positive integers. Thus, if n > 2, the next term in the

expansion occurs at order n + 2 and includes terms linear in g(2) and g(n). However, when

n < 2, the next term in the series occurs at order 2n and contains terms quadratic in g(n).

To keep things simple, I only address the case n > 2.

The technique now is to expand the equations of motion to “first order” in g(2) and “first

order” in g(n). As long as n 6= 1, 2, the “first order” equations for g(2) contain no g(n) terms

and are unchanged from (2.8) and (2.9). Similarly, the first order equations for g(n) will not

include g(2) for generic n. Note that this is true for both cases n < 2 and n > 2 discussed

above, and so the first order equations for g(n) are the same for both cases. The first contraint

comes from the expansion of the Ricci scalar,

R3 = �6 + e�n⇢(3n� n2)Trg(n) + · · · (2.19)

and the fact that subleading terms must vanish. Then the trace of g(n) must vanish for all

n 6= 3. The trace constraint from the Ricci scalar vanishes for n = 3. However, it is picked

up by the {⇢⇢} equation of motion at precisely this point (see appendix), and so the trace

of g(n) vanishes at all values of n.
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Other equations are derived in the appendix. Of particular interest is the {ij} equation

of motion:
n

2
(n� 2)


�ki +

n� 1

µ
✏ k
i

�
g
(n)
kj = 0 (2.20)

The constraints on g(n) from the {ij} equation vanish when n = 0, 2, and these correspond

to the Einstein solutions. Additionally, a “chiral half” of the equation vanishes when n =

µ + 1, and part of g(n) is unconstrained by the equations of motion. The {⇢i} equation

is essentially just the derivative of (2.20) and places no new constraint on g(n). Thus the

asymptotic behavior of the non-Einstein solutions, i.e. the propagating massive graviton

modes, is determined by the value of the mass parameter.

Again, the situation becomes transparent in the light-cone coordinates of the previous

section. The solution for g(2) and g(4) at non-critical values is

g(2)uu = L(u) and g(2)vv = L̄(v)

g(4)uv = �1

4
L(u)L̄(v). (2.21)

As noted previously, the solutions encompassed in these terms contain only the ordinary

Einstein solutions [46], including the BTZ black hole [32]. Equation (2.20) becomes

✓
1� n� 1

µ

◆
g(n)uu = 0 (2.22)

✓
1 +

n� 1

µ

◆
g(n)vv = 0 (2.23)

Now the solution for the non-Einstein branch becomes clear. For all positive µ, g(n)vv = 0,

and g
(n)
uu becomes unconstrained at n = µ + 1. Also, note that the equations are invariant

under a chirality flip, µ ! �µ and u $ v.

To “second order”, the equations of motion contain terms linear in both g(n) and g(2),
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and the generic solution for the non-Einstein branch is

g(n)uu = F (u, v) (2.24)

g(n+2)
uu =

1

2µ+ 6
@u@vF

g(n+2)
uv = �(µ+ 1)2 � 2

2µ(µ+ 3)
L̄F � 1

2µ(µ+ 3)
@2
vF

g(n+4)
uu = · · · .

For the full solution (2.21) and (2.24), we find a non-zero Cotton tensor (and therefore non-

Einstein solutions) only when F (u, v) 6= 0. The first non-zero component of the Cotton tensor

is Cuu =
�
1
2n

3 � 3
2n

2 + n
�
F e(2�n)⇢. Thus, the function F contains the massive, propagating

modes unique to TMG.

This explains the behavior observed in the previous section. There it was found that

the Fe↵erman-Graham expansion with only even powers of e⇢ yields only Einstein solutions

except at the critical points µ = 1, 3, 5, . . .. At these values, some of the equations vanish,

and only at these critical points does the Fe↵erman-Graham expansion contain non-Einstein

solutions. From (2.20), it is clear that these are precisely the values of the mass parameter

at which the non-Einstein branch of solutions labelled by n = µ + 1 overlaps with the

Einstein branch, i.e., these are the values at which n is a positive even integer. As with

the solutions at µ = 3, 5 in Table (2.1), the general solution is characterized by the three

functions g
(2)
uu = L(u), g(2)vv = L̄(v), and g

(n)
uu = F (u, v), and all higher-order terms in the

expansion (2.18) are fixed in terms of these three functions.

The non-Einstein branch of solutions satisfies Brown-Henneaux boundary conditions in

the parameter range µ � 1. The solution (2.24) indicates that larger values of the mass

parameter correspond to steeper decay, and this behavior has an obvious interpretation. The

coupling µ�1 gives the relative weight between the Einstein and Chern-Simons contributions

to the action (1.19). As µ increases, a TMG perturbation from an Einstein background

decreases in strength and the massive modes are more localized in the interior.
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2.4.1 Critical Gravity

At the critical point µ = 1, the non-Einstein branch of solutions “overlaps” the n = 2 Einstein

solutions. When two linearly independent solutions degenerate, a log branch appears, with

solution given by

hnew
µ⌫ = lim

µ!1

g
(n)
µ⌫ � g

(2)
µ⌫

µ� 1
(2.25)

Then the asymptotic expansion acquires a log term [52, 55]

gij = e2⇢
⇣
g
(0)
ij + ⇢e�2⇢h

(2)
ij + e�2⇢g

(2)
ij + · · ·

⌘
. (2.26)

The theory at µ = 1 with this expansion has been referred to as “critical topologically

massive gravity” (CTMG).

This approach was first used by Grumiller and Johansson [52] to construct new log

modes to the linearized equations of motion, and their discovery generated much discussion

regarding the consistency of these boundary conditions and their relationship to the chirality

and positivity conjectures of [2, 54]. While the log term in the expansion (2.26) breaks the

Brown-Henneaux boundary conditions [44] for Einstein gravity, this does not necessarily spoil

the asymptotic symmetries of the theory. Even pure Einstein gravity, coupled to massive

scalar fields, can acquire a di↵erent asymptotic expansion with relaxed fall-o↵ [47, 146, 48,

147, 49, 56].

The requirements for consistency were explicitly spelled out in [50], following early work

on boundary conditions by Henneaux and Teitelboim [148]:

1. They are invariant under the Anti-de Sitter group.

2. They decay su�ciently slowly to allow interesting solutions.

3. They decay su�ciently fast to yield finite charges.

Several papers explored this question [51, 50, 53] and confirmed that the asymptotic symme-

try of CTMG with expansion (2.26) consists of two copies of the Virasoro algebra. Addition-
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ally, the variational principle was explored, and a finite stress-energy tensor for CTMG was

constructed in [52, 55]. So with conditions (1) and (3) met, I proceed to construct interesting

asymptotic solutions for CTMG.

The procedure follows that of the generic case: plug the expansion (2.26) into the equa-

tions of motion; collect terms of the same order; and solve order-by-order. The equations to

first order in h(2) are

Tr h(2) = 0 (2.27)
✓
�ni +

1

µ
✏ n
i

◆
h
(2)
nj = 0 (2.28)

✓
�ni +

1

µ
✏ n
i

◆
rjh

(2)
nj = 0 (2.29)

Thus it appears as if the equations for h(2) follow the same pattern as those for g(n), namely,

that one component of h(2) is completely unconstrained. In light-cone coordinates, h(2)
uv and

h
(2)
vv vanish, and the above equations for h(2)

uu become

✓
1� 1

µ

◆
h(2)
uu = 0 (2.30)

✓
1� 1

µ

◆
@vh

(2)
uu = 0 (2.31)

Thus part of the divergence equation (2.29) vanishes at first order. However, precisely this

part that vanishes is recovered at second order

✓
�ni +

1

µ
✏ n
i

◆⇣
rjg

(2)
jk � @kTrg

(2)
⌘
� 1

2

⇣
rjh

(2)
jk � @kTrh

(2)
⌘�

+
1

µ
✏nkrkh

(2)
ni = 0 (2.32)

In light-cone coordinates, this reduces to

✓
1� 1

µ

◆
@vg

(2)
uu � @ug

(2)
uv � 1

2

�
@vh

(2)
uu � @uh

(2)
uv

��
+

1

µ

�
@vh

(2)
uu � @uh

(2)
uv

�
= 0 (2.33)

Thus, equations (2.32) and (2.29) together force the entire divergence of h(2) to vanish.
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These equations have a couple of interesting features. First, note that the equations of

motion force h(2) to vanish at µ 6= 1, and thus the log term is not present in the general

expansion (2.18). Second, the trace and divergence of h(2) vanish, unlike the non-Einstein

term in the general expansion, where only a chiral half of the divergence of g(n) vanishes.

Oddly, now the divergence of g(2) is not completely constrained. The solution to subleading

order in light-cone coordinates is

h(2)
uu = L(u) (2.34)

g(2)uu = F (u, v), g(2)vv = L̄(v) (2.35)

Similar to the solution at generic µ, the critical solution is characterized by three functions.

Now, however, the general solution possesses two features not available in Einstein gravity:

the log term is allowed, and the constraints on g(2) are relaxed.

After the existence of log modes with finite energy were discovered [52], Maloney, Song

and Strominger [54] modified their definition of chiral gravity to be the critical theory µ = 1

with Brown-Henneaux boundary conditions imposed. Log gravity was defined as the full

theory with relaxed boundary conditions, and chiral gravity was (thought to be) the subset

with the log branch turned o↵. They conjectured that solutions of chiral gravity have non-

negative energy, and they further conjectured that all solutions of chiral gravity are locally

AdS3, i.e. are Einstein solutions. They proved that all stationary, axially symmetric solutions

are just the ordinary Einstein solutions; however, they were not able to completely rule out

the existence of non-Einstein solutions, and indeed we can see from the general solution

(2.35) that non-Einstein solutions persist even without the log branch of solutions. In light
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cone coordinates, the solution to third order (g(6)) is

g(2)uu = F (u, v)

g(2)vv = L̄(v)

g(4)uu =
1

8
@u@vF

g(4)uv = �1

4
L̄F � 1

8
@2
vF

g(6)uu =
1

8
F@2

vF +
1

96
@2
u@

2
vF � 1

96
(@vF )2

g(6)uv = � 1

16
L̄@u@vF � 1

96
@u@

3
vF

g(6)vv =
1

9
L̄@2

vF +
1

144

�
@vL̄

�
(@vF ) +

1

288
@4
vF (2.36)

In agreement with [141], I find that Einstein solutions are the subset for which the function

F depends only on u. When @vF = 0, the Cotton tensor vanishes to all orders, and the

expansion (2.26) terminates at g(4). Note that the requirement for vanishing Cotton tensor at

the chiral value is more stringent that at non-chiral values, for which F = 0 $ Cµ⌫ = 0. As

noted in [141], the existence of non-Einstein solutions to chiral gravity does not necessarily

refute the positivity conjecture, since any solutions will have to satisfy regularity conditions

in the interior.

2.5 Comparison to Known AAdS Solutions

Partial confirmation for the validity of the general expansion (2.18) can be obtained by a

comparison with known asymptotically anti-de Sitter solutions. Many such solutions exist,

and I have chosen two to explore in more detail: AdS pp-waves, which are exact solutions

with finite Fe↵erman-Graham expansion; and the CDWW modes [86], which are solutions

to the linearized equations and do not have a terminating expansion. Both solutions exist

over a wide range of values for the mass parameter.

The surprising thing about the expansion (2.18) is not that it contains non-integral powers
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of e⇢, but that the general expansion was not discovered sooner. Indeed, to my knowledge the

earliest example of an exact solution with non-integral powers of the radius was discovered

nearly twenty years ago by Nutku [71]. Additionally, AdS waves have been discovered and

rediscovered several times over the years [71, 82, 84, 85, 142, 86], and these solutions are

discussed next.

2.5.1 AdS Waves

AdS waves are a kind of exact gravitational wave propagating on an AdS background, and

are conformally related to the plane-fronted, parallel-ray (pp) waves on a Minkowski back-

ground. As in the case of pp-waves, the wave fronts of AdS waves are null surfaces defined

by u, v =const., and the rays follow a null Killing field kµ. However, the wave fronts of

AdS waves are not planes but hyperboloids with constant curvature proportional to �`�2.

Additionally, the null Killing field kµ is a geodesic but is not a closed one-form and is there-

fore not covariantly constant, or, parallel. Thus AdS and pp waves have di↵erent geometric

properties. For a review of the properties of AdS waves, see [149, 150]

The metric of AdS waves is given by [151, 152]

gµ⌫ = gAdS
µ⌫ � Fkµk⌫ (2.37)

where F is a smooth function independent of the integral parameter along kµ. Choosing a

null vector field kµ@µ = @v, the AdS wave metric in Gaussian normal coordinates

ds2 = d⇢2 � 2e2⇢dudv � F (⇢, u)du2 (2.38)

AdS wave solutions of topologically massive gravity were found in [82, 85] and further de-

veloped in [84, 142, 153]. The solution can be written in terms of a single unconstrained

function of u,

F (⇢, u) = F1(u)e
(1�µ)⇢ (2.39)
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Note that this solution is a more restricted version of the general ansatz (2.18) that nonethe-

less has the same radial behavior. The solution (2.38) is exact, with finite Fe↵erman-Graham

expansion.

The AdS waves also exhibit the same critical points as the general solution. At the

critical points µ = 1, the solution is [85, 142, 154, 155]

ds2 = d⇢2 � 2e2⇢dudv � F1(u)⇢du
2 (2.40)

Also of interest is the fact that the profile function F satisfies the Klein-Gordon equation

⇤F = µ2
e↵F (2.41)

where e↵ective mass µe↵ is defined by µ2
e↵ = µ2 � 1, or µ2

e↵ = µ2 � `�2 with the AdS radius

reinstated. Thus the presence of a cosmological constant reduces the physical topological

mass. However, at the critical point µ = 1, the log mode (2.40) does not satisfy a Klein-

Gordon equation.

2.5.2 Revisiting CDWW

Previously, Carlip et al. [86, 1] found a complete set of solutions – the CDWW modes – to

the linearized equations of motion at all values of µ. These solutions share some important

features with (2.24), namely

• the solutions are invariant under µ ! �µ and a chirality flip (u $ v), and

• they exhibit a µ-dependent asymptotic behavior, with di↵erent fall-o↵ conditions for

each component of the metric.

Given the similarities, it’s natural to ask if (2.24) contains the CDWW modes.

However, CDWW solved for the linearized Einstein tensor, and these modes must first

be converted into perturbations of the metric in Gaussian normal coordinates before a direct
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comparison can be made. This can always be done in three dimensions, since a perturbation

of the Einstein tensor uniquely determines a perturbation in the metric. The solutions for

each component of the linearized Einstein tensor are the Bessel functions given in eqn. (A.28)

of [1], for example

Huu =
!2
+

!
exp[i(!+u+ !�v)]zJµ�2(!z) + h.c. (2.42)

is shown here for comparison. In this expression, z is the radial coordinate related to the

⇢ of the previous section by z = e�⇢; !+ and !� are eigenvalues of the SL(2,R) generators

i@u and i@v, and !2 = �2!+!�. Eqn (5.5) of [1] relates the Einstein tensor to the metric

perturbations via di↵erential equations such as

Huu = �1

2
z@z(z@z + 2)ĥuu, (2.43)

where the metric in this coordinate system is given by

ds2 =
dz2

z2
+

2

z2
dudv +

⇣
ĥuudu

2 + 2ĥuvdudv + ĥvvdv
2
⌘
. (2.44)

The final step is to expand the modes (2.42) in powers of z and solve (2.43) for the metric

perturbations order by order. The CDWW modes as metric peturbations are

ĥuu =
�!2

+!
µ�3 exp[i(!+u+ !�v)]

2µ�3(µ+ 1)�(µ)


zµ�1 +

!2zµ+1

22(µ+ 3)
+

!4zµ+3

25(µ+ 5)(µ+ 3)µ

�
+ · · ·

ĥuv =
!µ+1 exp[i(!+u+ !�v)]

2µ(µ+ 3)�(µ+ 2)


zµ+1 � !2

22(µ+ 5)
zµ+3

�
+ · · ·

ĥvv =
�!2

�!
µ+1 exp[i(!+u+ !�v)]

2µ+1(µ+ 5)�(µ+ 4)
zµ+3 + · · · (2.45)

With the identification

F (u, v) = � !2
+!

µ�3

(µ+ 1)2µ�3�(µ)
exp[i(!+u+ !�v)] (2.46)
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the CDWW modes can be written as

ĥuu = F (u, v)zµ�1 +
zµ+1

2(µ+ 3)
@u@vF +

(µ+ 1)zµ+3

8(µ+ 5)(µ+ 3)µ
@2
u@

2
vF +O(zµ+5)

ĥuv =
�zµ+1

2µ(µ+ 3)
@2
vF � zµ+3

4(µ+ 5)(µ+ 3)µ
@u@

3
vF +O(zµ+5)

ĥvv =
zµ+3

4(µ+ 5)(µ+ 3)(µ+ 2)µ
@4
vF +O(zµ+5) (2.47)

Note that the linear perturbation ĥij is related to the coe�cients in the modified Fe↵erman-

Graham expansion (2.18) by gij = z�2ĥij, i.e. the expansion used in (2.18) has an extra z�2

(or e2⇢) factored out. Comparison with the asymptotic solutions (2.24) and (2.36) reveals that

CDWW correctly gives all numerical coe�cients for pure derivatives of F (u, v). However,

the full solution is more than just a background Einstein solution plus the CDWW modes. It

also contains interactions between the background and CDWW, e.g. the piece proportional

to L̄F in (2.24). Additionally, nonlinear deviations from CDWW appear at higher orders.

In the chiral solution (2.36), for example, CDWW fails to include the non-linear terms F@2
vF

and (@vF )2 in the g(6)uu component, which is unsurprising given that the CDWW modes solve

the linearized equations of motion.

While the (µ + 5) and higher order solution at generic µ has not been found, solutions

at integral values of µ have been explored using Maple, and several patterns emerge. For

all µ examined, the first nonlinear deviation from CDWW appears in the guu component at

order 2µ + 4 and contains terms proportional to F@2
vF and (@vF )2. In the case of odd µ,

these deviations only appear at higher orders in the expansion (2.18). In the case of even

µ, this nonlinearity turns on a new series of terms in the expansion (2.18), although these

new terms do not represent new degrees of freedom. Note that, even at these higher orders,

CDWW still gives the correct numerical coe�cients of the pure derivative terms. I expect

these features to hold for generic µ. Table 2.2 shows the first departure from CDWW for

µ = 1, 2 and 3.
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first deviation from CDWW

µ = 1 g
(6)
uu = 1

96@
2
u@

2
vF + 1

8F@2
vF � 1

96 (@vF )2

µ = 2 g
(8)
uu = 17

320F@2
vF � 1

160 (@vF )2

µ = 3 g
(10)
uu = 1

11520@
3
u@

3
vF � 1

240 (@vF )2 + 11
360F@2

vF

µ = 4 g
(12)
uu = 9

448F@2
vF � 1

336 (@vF )2

Table 2.2: Non-linearities in the guu component.

The CDWW modes at µ = 1 were originally proposed as a counter-example to the

positivity theorem – while the modes blow up in the interior, Carlip et. al [86] created finite-

energy superpositions of the modes with negative energy. However, the original CDWW

modes (2.45), as well as several other proposed counterexamples to positivity, were shown to

develop a linearization instability at second order [54, 156]. For example, the GKP modes

[140] at second order require the relaxed logarithmic boundary conditions and thus are not a

linear approximation to an exact solution of chiral gravity. This is not the case with CDWW

– the nonlinear completion of CDWW, including a background Einstein metric, interaction

terms, and the nonlinear terms of Table 2.2, is a solution of chiral gravity satisfying strict

Brown-Henneaux boundary conditions. This extended CDWW should be reconsidered as a

potential candidate for violating the positivity theorem. The next step, left for the interested

reader, is to construct finite-energy superpositions of this extended CDWW.

2.6 Discussion

It remains an open question whether physical non-Einstein solutions of chiral gravity exist.

The technique used here - working from the boundary in and solving the equations of motion

order by order - o↵ers an alternative approach to the perturbative techniques used in most

of the papers on the subject. Using this approach, I have constructed the general solution of

TMG with strict Brown-Henneaux boundary conditions at all values of the mass parameter

µ � 1. The solutions at each µ share the same basic structure and can be written as the

sum of an Einstein metric, a purely non-Einstein metric, and interactions between the two.
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The non-Einstein solution is characterized by a single function F which can be expanded

on to the CDWW modes of [86], with nonlinear corrections to CDWW appearing at higher

order. In particular, the general solution at the critical value µ = 1 contains these extended

CDWW modes, and these modes do not require the relaxed boundary conditions of log

gravity. Since chiral gravity shares these features with non-chiral TMG, which is generally

thought to be unstable,2 this result raises questions about the classical stability of chiral

gravity. However, the task of constructing physically significant non-Einstein solutions to

chiral TMG remains incomplete. Of the solutions (2.36) examined in [141] all contained

either naked singularities or naked closed timelike curves which violate causality, rendering

the solutions unphysical. However, they considered only a subset of functions F with finite

Fe↵erman-Graham expansion, and some superposition of CDWW modes o↵ers an intriguing

possibility.

Additionally, this work o↵ers some insight on the proposals of Maloney, Song and Stro-

minger [54]. They originally envisioned chiral gravity as critical cosmological topologically

massive gravity with Brown-Henneaux boundary conditions, and conjectured that chiral

gravity may exist as a consistent theory by itself or as a superselection sector of log gravity.

They further claimed that the CDWW modes do not provide a counterexample to positivity

because the theory su↵ers a linearization instability at the critical point, and the CDWW

modes are not chiral.

However, this work does not support that claim. While the nonlinear completion of

the GKP modes does require the log boundary conditions, the nonlinear completion of the

CDWW modes at the critical point does not require a relaxation from Brown-Henneaux.

Instead, these results can be interpreted as supporting Carlip’s proposition [156] that the

theory contains three sectors: the log theory with relaxed boundary conditions, associated

with non-zero h(2); a sector with bulk modes, which requires g
(2)
uu (u, v); and a chiral sector

with no bulk modes, for which g
(2)
uu = L(u).

2See [157] for an argument that the BTZ black hole is stable to perturbations at all values of µ.
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Chapter 3

New Massive Gravity

The asymptotic behavior of new massive gravity (NMG) is analyzed for all values of the

mass parameter satisfying the Breitenlohner-Freedman bound. The traditional Fe↵erman-

Graham expansion fails to capture the dynamics of NMG, and new terms in the asymptotic

expansion are needed to include the massive graviton modes. New boundary conditions are

discovered for a range of values �1 < 2m2l2 < 1 at which non-Einstein modes decay more

slowly than the Brown-Henneaux boundary conditions. The holographically renormalized

stress tensor is computed for these modes, and the relevant counterterms are identified up

to unphysical ambiguities.

3.1 Introduction

Higher derivative extensions of general relativity have recently been the focus of much atten-

tion. String theory and other quantum gravity models generically predict the existence of

such terms, and they generally improve the renormalizability of the theory. This increased

focus is also partly motivated by recent models of low-energy modifications of general relativ-

ity that could provide an alternative to dark energy [13]. However, analysis of the dynamics

of such theories is in general a di�cult task, complicated by the nonlinearity of the equations

of motion. The situation is improved in lower-dimensional models, where the reduction in

degrees of freedom simplifies the dynamics while retaining many of the properties of higher-
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dimensional models.

New massive gravity (NMG) is a particular three-dimensional model with a specific com-

bination of curvature-squared terms in the action [3, 4]. Generically, theories with curvature-

squared terms contain massive spin-2 and massless ghost-like scalar modes; in NMG, however,

the coe�cients in the action are chosen in such a way that the scalar modes are excised from

the theory [96]. Unlike its cousin topologically massive gravity (TMG) [39, 38], the theory is

parity preserving, and was originally investigated as the non-linear completion of Fierz-Pauli

theory. NMG shares some features with TMG. In particular, it admits anti-de Sitter (AdS3)

spacetime as a vacuum solution and permits a larger class of asymptotically anti-de Sitter

solutions than Einstein gravity alone [59, 58, 110, 112]. Thus NMG formulated around an

AdS background has proven a fruitful toy model for exploring the AdS/CFT correspondence

[123, 119, 133, 115, 125, 130, 124, 136, 131, 129, 132].

NMG also shares with TMG the undesirable feature that massive gravitons and BTZ

black holes appear with opposite sign energy, reigniting discussions about the consistency

of 3D (topologically or new) massive gravity about an AdS3 vacuum. Discussions in TMG

centered on the consistency of strong boundary conditions that (it was hoped) could truncate

massive graviton ghosts and render the background stable [2, 54]. To be specific, TMG

possesses a critical point in parameter space at which both Brown-Henneaux [44] and relaxed

log boundary conditions [50, 51] seem acceptable, in the sense that they yield finite charges at

infinity and preserve the asymptotic symmetries. The theory with log boundary conditions

is conjectured to be dual to a logarithmic conformal field theory, which is known to be

non-unitary, while the theory with Brown-Henneaux boundary conditions is dual to a chiral

CFT and is conjectured to be stable (see [54] for a review). NMG similarly possesses critical

points in the space of parameters at which multiple boundary conditions are possible. This

discussion of boundary conditions in NMG is thus essential to conclude the stability of the

theory and to establish which geometries contribute to the partition function of the quantum

theory.

46



Early approaches to the question of appropriate boundary conditions used the linearized

theory to identify and determine the consistency of possible boundary conditions [123, 119].

Attention has primarily focused on two critical points at which novel solutions appear. NMG

possesses a chiral point, analogous to that of TMG, at which log deformations from BTZ

are allowed [59, 110]. At another critical point, new type black holes [58], characterized

by a kind of gravitational ‘hair,’ have been found that require a di↵erent relaxation of the

Brown-Henneaux boundary conditions. However, beyond these two critical points, only the

Brown-Henneaux boundary conditions have been investigated and shown to be consistent

at all points in parameter space [119]. The possible relaxation from Brown-Henneaux at

non-critical values has not been explored.

The Fe↵erman-Graham expansion [45] provides a natural tool for determining the asymp-

totic behavior of the metric and for addressing the question of appropriate boundary condi-

tions for asymptotically (locally) anti-de Sitter spacetimes. In Einstein gravity, it has already

proven to be an important tool in holographic renormalization (see [158] for a review), and

in computation of correlation functions in the boundary CFT. Recently, it has been applied

to NMG at a critical value of the coupling for the purpose of constructing the renormalized

boundary stress tensor [132]. However, the expansion used in [132] applies only at that

particular point in parameter space, and the authors point out that the generic asymptotic

expansion remains unknown.

This paper explores the asymptotic expansion of the metric at all values of the mass

parameter in NMG. After covering the basics of NMG, I review the definition of asymp-

totically anti-de Sitter spacetimes and the derivation of the Fe↵erman-Graham expansion,

drawing particular attention to those steps that rely on the bulk equations of motion. These

are the steps at which the derivation of the asymptotic expansion in NMG diverges from

that of Einstein gravity. The traditional Fe↵erman-Graham expansion is then applied to

NMG and shown to be insu�cient for recovering the non-Einstein solutions, except at a

few special points in the parameter space. The next section introduces a modified asymp-
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totic expansion that captures both Einstein and non-Einstein solutions. All known exact

asymptotically AdS solutions are shown to have asymptotic behavior given by this modified

expansion. This approach correctly identifies the weakened asymptotics at the critical points

found in previous studies and also finds new regions of parameter space at which the massive

non-Einstein modes obey weaker-than-Brown-Henneaux fall o↵. The Brown-York boundary

tensor is constructed for these modes in the parameter range �1 < 2m2 < 1. Several pos-

sible counterterms are considered, and the renormalized boundary tensor is obtained up to

unphysical ambiguities. The central charge of the dual CFT is determined by the trace of the

renormalized stress tensor. The final section summarizes the results, with some comments

on implications and future steps.

3.2 Setup and Equations of Motion for New Massive

Gravity

The bulk action of new massive gravity (NMG) is given by [3, 4, 92]

S =
⇠

22

Z
d3x

p
�g


�R + 2�+

1

m2
K

�
, (3.1)

where 22 = 16⇡G, and the constants ⇠ and � are introduced to control the overall sign of the

action and the Einstein-Hilbert piece and take the values ±1. In addition to the gravitational

constant G and the cosmological parameter �, NMG contains the mass parameterm2 of mass

dimension two.

The new tensor K is a specific combination of curvature squared terms defined by

K = Rµ⌫R
µ⌫ � 3

8
R2 . (3.2)
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The equations of motion given by variation of the action with respect to the metric are

⇠


�Gµ⌫ � �gµ⌫ +

1

2m2
Kµ⌫

�
= 0 , (3.3)

where

Kµ⌫ = 2⇤Rµ⌫ �
1

2
rµr⌫R� 1

2
⇤Rgµ⌫ +4Rµ↵⌫�R

↵� � 3

2
RRµ⌫ �R↵�R

↵�gµ⌫ +
3

8
R2gµ⌫ . (3.4)

I will allow both positive and negative values of m2 and consider both signs of the Einstein-

Hilbert action; however, ⇠ will be set to unity from this point forward.

NMG admits an AdS3 vacuum with e↵ective cosmological constant ⇤ related to the bare

cosmological parameter � by

⇤ = 2m2

"
� ±

r
1� �

m2

#
. (3.5)

The AdS radius is given by ⇤ = � 1
L2 . It will turn out convenient to use the e↵ective

cosmological constant and AdS radius through the remainder of the paper. Note that many

other papers express their results in terms of the cosmological parameter � appearing in the

action, and the parameter � = �`�2, and care must be taken when comparing this paper to

other work.

3.3 Failure of the “Traditional” Fe↵erman-Graham Ex-

pansion

Before investigating the possibility of a parameter-dependent expansion, I first demonstrate

the need for a modified expansion by explicitly showing the failure of the “traditional”

Fe↵erman-Graham expansion to capture the dynamics of NMG at all but a few critical values

of the mass parameter. As noted in the previous section, this failure is unsurprising, since
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the Fe↵erman-Graham expansion was originally derived for metrics satisfying the Einstein

equations.

First note that the coordinate system employed in (1.15) covers only part of the boundary,

and it is more convenient to work in a global coordinate system. The radial coordinate trans-

formation z = e�⇢/L moves the boundary to infinity, and the expansion for three dimensional

general relativity becomes

ds2 =
d⇢2

L2
+ gijdx

idxj

gij = e2(⇢/L)
⇣
g
(0)
ij + e�2(⇢/L)g

(2)
ij + e�4(⇢/L)g

(4)
ij + · · ·

⌘
. (3.6)

For simplicity, the AdS radius is fixed at L = 1, since it can always be reinstated later

through dimensional analysis.

The technique now is to plug this expansion into the equations of motion and solve order

by order. For the moment, consider the expansion (3.6) with the log term ⇢e�2⇢h(2) excluded.

This should not a↵ect the results, as previous work has shown the log term to be consistent

only at the chiral point 2m2 = +�, and the goal here is the solution at generic values of m2.

In general, the boundary metric g(0) is a free field and is not fixed by the equations of motion.

However, to simplify the expansion, attention is restricted to solutions which asymptote to

exact AdS3 with light-cone coordinates on the boundary, i.e. the boundary metric is chosen

so g
(0)
uv = �1 with diagonal components vanishing.1 Gauge-independent equations are given

in the appendix.

In general relativity, the second order equations of motion fix the trace and divergence

of g(2), and the other components are undetermined. This shows up in the vanishing of the

{ij} equations of motion. In new massive gravity, it is also true that the {ij} equations

1Note the distinction between “asymptotically locally anti-de Sitter” (AlAdS) spacetimes, in which the
boundary metric is treated as a free field and the curvature tensor approaches that of anti-de Sitter space
near the boundary, and “asymptotically anti-de Sitter” (AAdS) spacetimes, in which the metric asymptotes
to the exact AdS metric at the boundary. In a slight abuse of notation, I use AAdS to refer to both cases,
though the context should make clear which notion is appropriate.
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vanish identically, and only the {⇢⇢} and {⇢i} equations restrict the metric. In new massive

gravity, these equations become

✓
2� � 1

m2

◆
g(2)uv = 0 (3.7)

✓
� +

1

2m2

◆
@vg

(2)
uu =

✓
� � 1

2m2

◆
@ug

(2)
uv (3.8)

✓
� +

1

2m2

◆
@ug

(2)
vv =

✓
� � 1

2m2

◆
@vg

(2)
uv (3.9)

These are the same restrictions on g(2) that appear in Einstein gravity, multiplied by a pre-

factor dependent on � and m2. These equations exhibit the two critical points 2m2 = ±�

that have previously been explored in the literature. At the chiral point 2m2 = +�, the

constraint on g
(2)
uv vanishes, while the o↵-diagonal components have the same constraints

as in Einstein gravity. In a gauge-independent language, the constraints on the divergence

of g(2) are maintained, while the constraint on the trace disappears. Conversely, at the

critical point 2m2 = ��, the constraint on the trace of g(2) holds but the constraints on the

divergence of g(2) vanish. These solutions will be explored in more detail in the next section;

however, the solution at generic values of the mass parameter is just the Einstein solution

g(2)uu = L(u) g(2)vv = L̄(v). (3.10)

The program continues by plugging in the generic solution for g(2) and solving for g(4). The

fourth order equations generically constrain g(4) in terms of g(2) and g(0), but of course there

are now three sets of equations: one each for the critical points 2m2 = ±�, and the generic
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set using the second-order solution above. The equations for generic m2 are

{⇢⇢} :
�
� � 1

2m2

� ⇣
4g(4)uv + g

(2)
uu g

(2)
vv

⌘
= 0 (3.11)

{uu} :
�
� + 17

2m2

�
g
(4)
uu = 0 (3.12)

{vv} :
�
� + 17

2m2

�
g
(4)
vv = 0 (3.13)

{uv} : same as ⇢⇢-eqn (3.14)

{⇢u} :
�
� + 17

2m2

�
@vg

(4)
uu =

�
� � 1

2m2

�
@u

⇣
g
(4)
uv + 1

4g
(2)
uu g

(2)
vv

⌘
(3.15)

{⇢v} :
�
� + 17

2m2

�
@ug

(4)
vv =

�
� � 1

2m2

�
@v

⇣
g
(4)
uv + 1

4g
(2)
uu g

(2)
vv

⌘
(3.16)

Only the first three equations are necessary to solve for g(4), with the {uv} duplicating

the {⇢⇢} equation, and the {⇢xi} equations being derivatives of combinations of the other

equations. This system has a new critical value 2m2 = �17� at which some of the constraints

on g(4) vanish. The vanishing of constraints is related to the additional degrees of freedom

of the metric in NMG. However, at generic values of the mass parameter, the only non-zero

component is

2m2 6= ±�,�17� : g(4)uv = �1

4
g(2)uu g

(2)
vv = �1

4
L(u)L̄(v) (3.17)

At sixth order, the same pattern emerges. There are now four sets of equations: one each

for the critical values 2m2 = ±�,�17� and a generic set. Again, the generic equations are

just the Einstein equations multiplied by some pre-factor:

{⇢⇢} :
�
� � 1

2m2

�
g
(6)
uv = 0 (3.18)

{uu} :
�
� + 49

2m2

�
g
(6)
uu = 0 (3.19)

{vv} :
�
� + 49

2m2

�
g
(6)
vv = 0 (3.20)

As is the case for the fourth-order equations, the {uv} equation duplicates the {⇢⇢}
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equation, and the {⇢xi} equations are just derivatives of the other equations. These equations

exhibit a new critical value 2m2 = �49� at which some of the constraints on g(6) vanish.

However, at generic values of the mass parameter, all components of g(6) vanish. It seems

reasonable to assume that (at generic values of the mass parameter) all higher-order terms

vanish as in Einstein gravity, and this has been confirmed to tenth order. Then at generic

values of the mass parameter, the traditional Fe↵erman-Graham expansion (3.6) truncates

at fourth order and contains only the same solutions allowed in Einstein gravity.

Clearly, the expansion (3.6) fails to capture the dynamics of new massive gravity. If

(3.6) is the correct asymptotic expansion for NMG, these results suggest that the theory

at generic values of m2 contains only the ordinary Einstein solutions, but special values

yield more degrees of freedom. However, this conflicts with earlier work. Perturbative

methods have shown that new massive gravitons of NMG exist at a wide range of values

of m2. Non-perturbative degree of freedom counting techniques find the same number of

degrees of freedom at all values of the mass parameter [104, 103, 105]. Additional counter-

examples exist in the literature. For example, the AdS pp-waves of Ayon-Beato [59], and

their generalization to the Type N solutions [112, 108], are exact solutions that exist at all

values of the mass parameter. For the range 2m2  ��, the AdS waves are asymptotically

anti-de Sitter and satisfy the strict Brown-Henneaux boundary conditions. However, these

solutions can not be put into the form (3.6), except at the critical values mentioned earlier.

These solutions will be discussed in greater depth in the next section.

Taken together, these results indicate that (3.6) is not the correct asymptotic expansion

for new massive gravity at generic values of m2. Inclusion of the log term h(2)in (3.6) will

not help, since that term is only non-zero at 2m2 = ��. Similarly, inclusion of odd terms

g(1), . . . will not remedy this problem, as g(1) is allowed only at the critical point 2m2 = �.

Note again that this failure of the Fe↵erman-Graham expansion at generic values has

been obscured in the literature, since previous studies exploring the asymptotic expansion of

NMG have focused on the critical values 2m2 = ±� at which the FG expansion does capture
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the new degrees of freedom of the theory.

3.4 A Modified Asymptotic Expansion for NMG

3.4.1 Modified Asymptotics and Solution at Generic m2

The goal of this section is to remedy the failure of the Fe↵erman-Graham expansion noted in

the previous section, which is accomplished by adding new terms to the asymptotic expan-

sion. Note that, regardless of the value of m2, solutions of Einstein gravity are also solutions

of new massive gravity. Therefore, the generic expansion must still include the original terms

of the FG expansion. Another way of seeing this is that the constraints that fix the trace

and divergences of g(2) in terms of the boundary metric hold at all values of 2m2 6= ±�, and

so g(2) is required in the generic expansion. Similarly, the equations of motion fix g(4) in

terms of g(2) except at 2m2 6= �17�, so the fourth-order term is also present in the generic

expansion.

But the Einstein terms are insu�cient to capture the dynamics at generic values of the

mass parameter. To that end, I propose a new term in the expansion

gij(⇢, x
i) = e2⇢

⇣
g
(0)
ij + e�2⇢g

(2)
ij + e�4⇢g

(4)
ij + e�n⇢g

(n)
ij + · · ·

⌘
(3.21)

for some exponent n, to be determined later. For the moment, the expansion will be carried

through in a generic gauge, without any particular choice of coordinate system or boundary

metric. Next, the equations of motion are expanded to first order in n:

{⇢⇢} :
�
� � 1

2m2

� �n
2 Trg(n) = 0 (3.22)

{ij} : n(2�n)
2

⇥
� + 1

m2

�
n2 � 2n+ 1

2

�⇤
g
(n)
ij + n(n�2)

2

h
� + n(n�2)

2m2

i
g
(0)
ij Trg(n) = 0 (3.23)

{⇢i} : �n
2

⇥
� + 1

m2

�
n2 � 2n+ 1

2

�⇤
rkg

(n)
ki + n

2

h
� + n(n�2)

2m2

i
@iTrg(n) = 0 (3.24)
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The derivation is given in the appendix.

Away from the critical point 2m2 = �, the {⇢⇢} equation imposes the vanishing of

the trace of g(n), regardless of the value of n. The {ij} equations are more interesting. The

constraints on the non-trace part of g(n) vanish whenever the pre-factor, a quartic polynomial

in n, vanishes. This pre-factor has four roots:

n = 0, 2, 1±
r

1

2
� �m2 (3.25)

The four roots correspond to four branches of solutions, which should be expected since the

equations of motion are fourth order in derivatives of the metric. The first two roots n = 0, 2

are also present in the Einstein limit m2 ! 1 and match up with the terms g(0) and g(2)

which are already present in the ordinary Fe↵erman-Graham expansion. The next two roots

n± = 1 ±
q

1
2 � �m2 correspond to the non-Einstein solutions. These are the pieces of the

expansion, new to NMG, which capture the dynamics of the theory. Now the connection

between the asymptotic expansion and the linearized approach becomes apparent. The

exponential behavior of the non-Einstein solutions can also be written as n = 1±meff , where

m2
eff = 1

2 � �m2 is the e↵ective mass of the massive graviton modes found in [123, 120].

Additionally, the AdS pp-waves found in [59] satisfy the Klein-Gordon equation with the

same e↵ective mass. Note that imposing Brown-Henneaux boundary conditions n � 2

amounts to choosing only the positive branch and restricting to the parameter range 2m2 

��.

This explains the behavior observed in the previous section. There it was found that

the Fe↵erman-Graham expansion, containing only even powers of e⇢ in the expansion, yields

only Einstein solutions except at the special values 2m2 = ��,�17�,�49�, · · · . At these

values, some of the equations vanish, and only at these critical points does the Fe↵erman-

Graham expansion contain non-Einstein solutions. From (3.25), it becomes clear that these

are precisely the values of the mass parameter at which the non-Einstein branch of solutions
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n+ overlaps with the Einstein branch, i.e., these are the values at which n+ is a positive even

integer.

Restricting attention only to those solutions satisfying Brown-Henneaux boundary con-

ditions, we see that larger values of the mass parameter correspond to steeper asymptotics.

This phenomena has an obvious interpretation. The coupling m�2 gives the relative weight

between the Einstein and NMG contributions to the action. As m2 increases, an NMG

perturbation from an Einstein background decreases in strength, and the new degrees of

freedom are more localized in the interior. Conversely, when 2m2 = �, the NMG and Ein-

stein contributions in the action have the same relative weight, and NMG perturbations

from an Einstein background show up at the same order in the asymptotic expansion as the

Einstein degrees of freedom.

Additionally, the general theory possesses two points at which two branches of solutions

degenerate. When this occurs, the set of solutions labeled by (3.25) fails to span the space of

linearly independent solutions, and new log solutions appear. At the chiral point 2m2 = ��,

the negative branch degenerates with the boundary at n = 0, and the positive branch

degenerates with the n = 2 Einstein term. Here the generic solution is

gij = e2⇢
⇣
⇢h

(0)
ij + g

(0)
ij + ⇢e�2⇢h

(2)
ij + e�2⇢g

(2)
ij + · · ·

⌘
(3.26)

This is similar to what happens in topologically massive gravity at the chiral point, at which

the new log term h(2) is allowed.

NMG also possesses another critical point at 2m2 = +�, which has no analogue in

topologically massive gravity. Here, the two non-Einstein branches degenerate with each

other at n+ = n� = 1, and the generic solution is given by

gij = e2⇢
⇣
g
(0)
ij + ⇢e�⇢h

(1)
ij + e�⇢g

(1)
ij + · · ·

⌘
. (3.27)

The next section compares known exact solutions from the literature to the asymptotic
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behavior of the modified asymptotic expansion (3.21).

3.4.2 Comparison to Known Solutions in Fe↵erman-Graham Co-

ordinates

Only the sub-leading behavior of non-Einstein perturbations has been established. Finding

exact solutions is more di�cult. For generic values of the exponent n > 2, the next term in

the expansion occurs at order n+2 and contains mixing between the Einstein background and

the non-Einstein perturbation. However, self-interactions quadratic in g(n) occur at order 2n,

and a non-zero g(n) turns on an infinite series with exponential behavior ln+2k, where k and

l are positive integers. Thus a generic perturbation from an Einstein background seems to

generate an expansion that continues indefinitely, making this a poor tool for finding exact

solutions.

Still, exact asymptotically AdS solutions are known, and a test of the modified expansion

is whether it can accommodate all known solutions. BTZ black holes [31, 32] are solutions of

NMG at all values of the mass parameter. In Gaussian normal coordinates, the BTZ metric

can be written as

ds2 = d⇢2 �
�
r2+ sinh2 r � r2� cosh2 r

�
dt2

+
�
r2+ cosh2 r � r2� sinh2 r

�
d�2 � 2r�r+dtd� (3.28)

where r+ and r� are the inner and outer horizons. Properties of the BTZ metric are explored

in a later section, but for now we note that this solution corresponds to the Einstein branch of

solutions, with a nonzero traceless g(2), and a second-order piece given by Tr g(4) = 1
4Tr g

2
(2).

These solutions result from turning o↵ the non-Einstein branches g(n±).

Log deformations of extremal BTZ black holes have also been found at the chiral point

2m2 = �� [110, 59]. These solutions are the NMG analogues of the log black holes of
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topologically massive gravity, with metric

ds2 = d⇢2 + e2⇢(�dt2 + d�2) + (2k⇢+ r2+)(d�� dt)2 (3.29)

These solutions require turning on the log term h(2) in the general expansion (3.26), and

reduce to the extremal BTZ metric as k ! 0.

New “hairy” black holes, referred to in the literature as “new type black holes,” have also

been discovered at the critical point 2m2 = +� [4, 58]. These solutions have no counterpart

in TMG. The static solution is given by

ds2 = d⇢2 � a sinh2 ⇢dt2 + (a cosh ⇢+ c)2 d�2 (3.30)

and results from turning on the g(1) term in the general expansion at the critical point (3.27).

This solution can also be boosted to a rotating black hole without spoiling the asymptotics

[58].

No exact solutions have been found that make use of the new log term h(1) that becomes

available at the critical point (3.27). In particular, no one has yet found a log deformation of

a new type black hole, although I know of no reason forbidding such a solution. Linearized

modes have been constructed which require a nonzero h(1) [4, 60], although these modes do

not appear to have a terminating power series expansion. The linear theory at this point

has interesting properties, and massive excitations become partially massless in the sense

of Deser and Waldron [159], although see [105] for evidence that the “partially massless”

nature of the theory does not extend beyond the linear level.

While it is gratifying to see that the general solutions accommodates the asymptotic

behavior of the solutions given above, these solutions are not good tests of the generic

solution because they occur only at the critical points 2m2 = ±�, which have already been

well-examined in the literature. A better test is to compare the expansion at generic m2

(3.21) with non-Einstein AAdS solutions at non-critical points. The only known solutions
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that fit the bill are the AdS waves [59] and Type N solutions [112, 108], both of which exist

at all values of the mass parameter. AdS waves are a kind of exact gravitational wave,

conformally related to pp-waves, propagating on an AdS background with a null Killing

vector. In Fe↵erman-Graham coordinates, the AdS wave solutions can be written in light

cone gauge as

ds2 = d⇢2 � 2e2⇢dudv + F±(u)e
(2�n±)⇢du2 (3.31)

where F is unconstrained by the equations of motion. The exponent n is exactly the function

of m2 found for the generic perturbation, n± = 1 ±
p
1/2� �m2, and thus these solutions

represent a subset of the general asymptotic expansion given in (3.21) with an expansion that

terminates at first order in g(n). Interestingly, the profile function F satisfies a Klein-Gordon

equation

⇤F = m2
e↵F, (3.32)

with e↵ective mass give by m2
e↵ = m2 � 1

2 . This shifting of the bare mass is similar to what

happens for the AdS waves of topologically massive gravity. At the critical point 2m2 = +�,

this value for the e↵ective mass saturates the Breitenlohner-Freedman bound [57, 93].

Surprisingly, the expansion (3.21) also accommodates exact solutions that are not asymp-

totically anti-de Sitter. The Type N solutions of Ahmedov and Aliev [108, 112] are exact

solutions with constant scalar curvature that extend “beyond the boundary.” These are

generalizations of the AdS waves (3.31) in which the traceless part of the Ricci tensor can

be written as the exterior product of a null vector with itself. The metric for these solutions

is given by

ds2 = d⇢2 + 2 cosh2 ⇢dudv +
⇥
Z(u, ⇢)� (v)2 cosh2 ⇢

⇤
du2 (3.33)

where

Z(u, ⇢) = F1(u)
�
e(2�n�)⇢ + e�n�⇢

�
+ F2(u)

�
e(2�n+)⇢ + e�n+⇢

�
+ F3(u)

�
e2⇢ � e�2⇢

�
(3.34)
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and the exponent is again given by n± = 1 ±
p
1/2� �m2. These solutions were shown

to reduce to the AdS waves in an appropriate limit. While they have a more complicated

expansion than the AdS waves, the first sub-leading terms are still of order e(2�n±)⇢.

Thus, the generic expansion (3.21) with non-Einstein asymptotics determined by (3.25)

gives the correct asymptotic behavior of all known exact AAdS solutions.

3.4.3 Boundary Conditions

The near-boundary asymptotic expansion employed in the previous section provides a nat-

ural setting to address the question of appropriate boundary conditions. Early on, the

Brown-Henneaux boundary conditions were shown to be consistent at all values of the mass

parameter . The log solutions (at the chiral point 2m2 = ��) and the new type black

holes (at the critical point 2m2 = +�) spurred investigations into these relaxed boundary

conditions, and they were also found to be consistent at these points in parameter space.

Consistency, in this case, means that asymptotic symmetries of AdS preserve the boundary

conditions, and conserved charges, expressed as surface integrals at infinity, remain finite.

However, the possibility of relaxing the Brown-Henneaux boundary conditions has been

addressed only at the critical points 2m2 = ±�. The solutions associated with the non-

Einstein branches indicate several other possibilities for relaxing the boundary conditions

at generic couplings. The asymptotic behavior of these solutions can be divided into four

categories,2 to be addressed separately.

1. The negative branch in the parameter range 2m2 < �1, corresponding to exponent

n� < 0 and the new term e�n⇢g
(n)
ij in the asymptotic expansion;

2. The negative branch in the range �1 < 2m2 < 1, corresponding to exponent 0 < n� <

1;

3. The positive branch in the range �1 < 2m2 < 1, with exponent 1 < n+ < 2;

2For the moment, I restrict discussion to the case � = +1. The negative case can be easily identified from
(3.25).
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4. The positive branch in the range 2m2 < �1, with expansion exponent n > 2.

The first category consists of solutions that extend “beyond the boundary” and violate

AdS asymptotics. While some known exact solutions make use of this branch, these solutions

cannot properly be called “asymptotically AdS”. The second category consists of solutions

which asymptote to the AdS metric at the boundary but have slower-than-Brown-Henneaux

fall-o↵. Note that these solutions also decay more slowly than the fall-o↵ for the new type

black holes examined in [132].

The positive branch of solutions in the parameter range �1 < 2m2 < 1 also asymptote

to the AdS metric at the boundary but break the Brown-Henneaux boundary conditions. In

this range, the metric has asymptotic expansion

gij = e2⇢
⇣
g
(0)
ij + e�n+⇢g

(n+)
ij + e�2⇢g

(2)
ij + · · ·

⌘
(3.35)

with exponent 1 < n+ < 2. Though weaker than Brown-Henneaux, these solutions decay

faster than the n = 1 boundary conditions at the critical point 2m2 = +1, which have

already been shown to be consistent. This behavior o↵ers the intriguing possibility of new

boundary conditions in a previously unexplored region of parameter space. A next step to

determine the consistency of these boundary conditions is to tackle the subject of holographic

renormalization in this parameter range, which is addressed in the next section.

The fourth category contains solutions which decay faster than Brown-Henneaux. Be-

cause they appear deeper in the interior, they are unlikely to a↵ect either the counter-terms

necessary for holographic renormalization or the conserved charges.
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3.5 Holographic Renormalization with Relaxed Bound-

ary Conditions

Previously, investigation of appropriate boundary conditions has been limited to i) Brown-

Henneaux boundary conditions at all values of the mass parameter [119], and ii) relaxations

of Brown-Henneaux at the critical points 2m2 = ±�, and holographic renormalization of

the boundary stress tensor has only been achieved under these conditions [131, 129, 125,

132]. However, results from the previous section indicate other possibilities for relaxing the

boundary conditions over a range of parameters, and I explore one of these possibilities here.

In particular, the n+ branch of solutions in the range �1 < 2m2 < 1 falls o↵ slower than

Brown-Henneaux but faster than the e�⇢ fall-o↵ that was previously found to be consistent

[129, 132]. In this section I obtain the Brown-York stress tensor [160] with these relaxed

asymptotics and determine the appropriate counterterms necessary for renormalization.

Note that there are two further possibilities that will not be explored. The n� branch

in the range �1 < 2m2 < 1 asymptotes to the AdS metric but obeys weaker-than Brown-

Henneaux boundary conditions. However, the exponent falls in the range 0 < n� < 1, and

the Brown-York stress tensor must be expanded at least to second order in g(n�) to include

all divergent terms,

TBY
ij = e2⇢T (0)

ij + e(2�n�)⇢T
(n�)
ij + e(2�2n�)⇢T

(2n�)
ij + · · ·+ e0T (2)

ij + · · · (3.36)

This higher-order expansion is required for the negative branch because terms quadratic

in g(n�) are found at order e(2�2n�)⇢, which is also divergent. This more di�cult problem

is postponed for future research. Also, in the parameter range 2m2 < �1, the n� branch

extends “beyond the boundary” and breaks the asymptotic symmetries of anti-de Sitter

space. While a renormalized stress tensor can be obtained for some non-AAdS spacetimes

(see [131]), holographic renormalization for these cases will not be explored here.
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3.5.1 Brown-York Stress Tensor with Relaxed Asymptotics

I begin by reviewing construction of the holographic stress tensor, with special attention

paid to the variational principle. For a general (d + 1)-dimensional gravitational action S,

variation with respect to the metric takes the following form:

�S =
1

16⇡GN

Z

M

dd+1x
p
�g [(· · · )�gµ⌫ ] +

1

16⇡GN

Z

@M

ddx
p
�� [(· · · )��ij]

+
1

16⇡GN

Z

@M

ddx
p
��

"
X

k

(· · · )(@⌘)k��ij

#
(3.37)

where gµ⌫ is the bulk metric, and �ij is the induced metric on the boundary @M . The bulk

term vanishes when the equations of motion are satisfied. The second term vanishes by

imposing Dirichlet boundary conditions ��ij|@M = 0, and it is this term that identifies the

Brown-York stress tensor [160]

�S =
1

2

Z

@M

ddx
p
��T ij��ij. (3.38)

However, for an action containing up to n derivatives, the boundary term will also include

terms of the form (@⌘)k��ij, with k = 1, . . . , n � 1. Then solutions to the bulk equations of

motion satisfying Dirichlet boundary conditions fail to extremize the action, thus undermin-

ing the standard variational principle.

A well-posed variational principle can be restored in one of three ways. The first possibil-

ity exploits the fallo↵ conditions on the metric, and makes use of the fact that the boundary

term is evaluated at infinity. If the coe�cients of the terms (@⌘)k�ij vanish at infinity, then

the variational principle does not need to modified, and (3.38) yields a well-defined stress

tensor. This property was used, for example, to define the boundary stress tensor in cos-

mological topologically massive gravity [87, 52, 55]. More recently, the stress tensor for new

massive gravity at the chiral point was found by exploiting the fact that the coe�cients

in (3.37) decay at infinity [125]. However, this approach merely sidesteps the problem and
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does not provide a method for removing the unwanted terms (3.37) in the event that their

coe�cients do not decay. Thus the results of [125] are not expected to hold true at generic

values of the mass parameter.

A second possibility is to impose additional boundary conditions on derivatives of the

metric, (@⌘)k�ij = 0, forcing the boundary terms (3.37) to vanish. However, this approach

implies the existence of n� 1 new “stress tensors” on the boundary, which clashes with the

AdS/CFT conjecture.

The third approach is to add boundary terms to the action that, while leaving the

bulk equations of motion unchanged, precisely cancel the unwanted boundary terms (3.37).

For the second-order Einstein-Hilbert action, this is accomplished by adding the Gibbons-

Hawking term [161]. However, a corresponding boundary term for generic higher-derivative

theories may not exist except in a few special cases, for example [162]. In f(R) theories, the

problem is solved by using an auxiliary scalar �, and reformulating the action as second-order

in derivatives of the metric [163]. This process of reducing the number of derivatives in the

action greatly simplifies the task of constructing a generalized Gibbons-Hawking term and

restoring the variational principle.

Recently, Hohm and Tonni have extended the auxiliary field approach to new massive

gravity [131]. In this approach, the NMG action (3.1) is written in terms of an auxiliary

field fµ⌫ :

S =
1

22

Z
d3x

p
�g


�R + 2�+ fµ⌫Gµ⌫ �

m2

4

�
fµ⌫fµ⌫ � f 2

��
. (3.39)

whereGµ⌫ = Rµ⌫� 1
2Rgµ⌫ is the Einstein tensor. On-shell, the auxiliary tensor is proportional

to the Schouten tensor

fµ⌫ =
2

m2

✓
Rµ⌫ �

1

4
Rgµ⌫

◆
(3.40)
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and the equation of motion is

�Gµ⌫ + �gµ⌫ �
m2

2


f↵
µ f⌫↵ � ffµ⌫ �

1

4
gµ⌫

�
f↵�f↵� � f 2

��

+2f↵(µG
↵
⌫) +

1

2
Rfµ⌫ �

1

2
fRµ⌫ �

1

2
gµ⌫f

↵�G↵�

+
1

2

⇥
D2fµ⌫ � 2D↵D(µf⌫)↵ +DµD⌫f +

�
D↵D�f↵� �D2f

�
gµ⌫

⇤
= 0 (3.41)

In this form, the action is only second-order in derivatives of the metric, which allows

for construction of the generalized Gibbons-Hawking term. The original work [131] used a

generic ADM-like decomposition of the metric

ds2 = N2d⌘2 + �ij
�
dxi +N idr

� �
dxj +N jdr

�
(3.42)

to derive the generalized Gibbons-Hawking term and the boundary stress tensor. For our

purposes, it will be convenient to continue in the Gaussian normal coordinates of (3.6),

corresponding to the gauge-fixing N i = 0 and N = 1. Then in the discussion above, the

boundary metric �ij ! gij, and the radial coordinate ⌘ ! ⇢. For Einstein-Hilbert gravity,

the Gibbons-Hawking term is just the trace of the extrinsic curvature,

Kij = �1

2
@⇢gij and K = gijKij. (3.43)

It is also useful to decompose the auxiliary tensor in radial and non-radial components:

fµ⌫ =

0

B@
s hi

hi f ij

1

CA (3.44)

Then the generalized Gibbons-Hawking term for new massive gravity is just

SGH =
1

22

Z

@M3

⇣
�2�K � f̂ ijKij + f̂K

⌘
. (3.45)
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With this action, the Brown-York stress energy tensor for NMG was obtained in [131, 129],

8⇡GT ij
BY = �

�
Kij �Kgij

�
+

1

2
(ŝ� f̂)(Kij �Kgij)�r(iĥj) +

1

2
D⇢f̂

ij

+K
(i
k f̂

j)k + gij
✓
rkĥ

k � 1

2
D⇢f̂

◆
, (3.46)

where the first term is just the Brown-York tensor for Einstein gravity. Expressions for the

“covariant ⇢-derivative” D⇢ and hatted quantities are given in [131]. Note that in Gaussian

normal coordinates, D⇢ becomes the ordinary ⇢ derivative @⇢, and ˆ has no e↵ect: f̂ = �ijf
ij,

ĥi = hi, ŝ = s.

We are now in a position to expand the Brown-York stress tensor using the modified

asymptotic expansion given in (3.35). To simplify notation, I am dropping the subscript

from n+. Then

8⇡GT ij
BY = e�2⇢

✓
� +

1

2m2

◆
gij(0)

+ e�(n+2)⇢

✓
n� 2

2
� +

2n3 � 4n2 + n� 2

4m2

◆
gij(n)

+

✓
�n

2
� +

�n3 + 2n2 � 2n

4m2

◆
gij(0)Trg

(n)

�

+ e�4⇢


�1

4m2
R(0)gij(0) �

✓
� +

1

m2

◆
gij(0)Trg

(2)

�
+O(e�(n+4)⇢) (3.47)

There are now two divergences coming from the first two terms in the stress-energy tensor.3

3.5.2 Counter-terms and Renormalized Stress Tensor

In the AdS/CFT dictionary, the expectation value of the stress-energy tensor of the dual

CFT is just the Brown-York stress-energy tensor evaluated at the boundary,

hT ij
CFTi = lim

⇢!1
T ij
BY (3.48)

3Note that the stress-tensor with indices lowered (given in Appendix B) picks up two factors of e2⇢, and
this is the form of the stress tensor that will be used in Section 3.6 to compute conserved charges.
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However, the expression (3.47) diverges at the boundary. These divergences can be re-

moved through the process known as holographic renormalization, in which counterterms

constructed from quantities intrinsic to the boundary are added to the boundary action to

cancel the near-boundary divergences. The new renormalized stress-energy tensor can be

written

T ij
ren =

2p�g

�

�gij
(Sbulk + SGH + Sc.t.) . (3.49)

In this section I construct the relevant counter-terms and obtain the renormalized stress

tensor. This stress tensor gives the correct central charge of the dual CFT, as well as the

mass and angular momentum of BTZ black holes, and is consistent with previous results

obtained by other methods. Previous work has explored holographic renormalization at the

chiral point 2m2 = �� [131, 125] and the critical point 2m2 = +� [129, 132], and their

results are briefly reviewed next.

Holographic renormalization at the chiral point 2m2 = �� was first explored in [131, 125].

At this point, the correct expansion (3.26) corresponds to turning on the log branch h(2).

Then log divergences appear in the Brown-York stress tensor (3.47). The counter-term

required to remove both the leading order and sub-leading log divergences is just proportional

to the boundary cosmological constant, as in Einstein gravity:

Sc.t. = �
✓
� +

1

2m2

◆
1

8⇡G

Z
d2x

p
�g (3.50)

This counter-term is su�cient for solutions obeying Brown-Henneaux boundary conditions

at all values of the mass parameter. Interestingly, it is also su�cient to cancel the log

divergence at the chiral point – no new counter-terms are needed. This is reminiscent of

what happens in topologically massive gravity at the chiral point. The authors of [131]

explored the asymptotic symmetry algebra of the renormalized stress tensor and confirmed

that it reproduces the correct central charge of the dual CFT.

At the critical point 2m2 = +�, the counter-term (3.50) is insu�cient to cancel diver-
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gences in the boundary stress tensor. The full asymptotic expansion is given by (3.27);

however, previous work studying holographic renormalization at the critical point has con-

sidered only the solutions with the g(1) branch of solutions turned on [129, 132]. The log

branch associated with non-zero h(1) has not been considered in this context and remains an

open question.4 With a non-zero g(1), the Brown-York tensor (3.47) has a sub-leading diver-

gence of order e⇢. The counter-term necessary for removing both leading and sub-leading

divergences is

Sc.t. =
m2

2

✓
� +

1

2m2

◆
8⇡G

Z
d2x

p
�gf̂ . (3.51)

Note that NMG brings with it an expanded set of possible counter-terms, with the only

criterion being that they be constructed from purely local objects that are invariant under

boundary-preserving di↵eomorphisms. Here I consider the expanded set of counter-terms

given in [132]:

Sc.t. =
1

8⇡G

Z
d2x

p
�g

⇣
A+Bf̂ + Cf̂ 2 +Dfklf

kl
⌘
, (3.52)

with coe�cients fixed by the requirement that the renormalized stress tensor remain finite.

The expansion of the counter-terms is also given in the appendix. The leading-order diver-

gence is removed when

✓
� +

1

2m2

◆
+ A� 2

m2
B +

4

m4
C +

2

m4
D = 0 (3.53)

At sub-leading order, there appear to be two divergences: one proportional to g(n) and the

other proportional to Trg(n), which can be removed by the counter-terms when

n+ 2

2
� +

2n3 � 4n2 + n+ 2

4m2
+ A� 2

m2
B +

4

m4
C +

2

m4
D = 0 (3.54)

�n

2
� +

�n3 + 2n2 � 2n

4m2
+

n

m2
B � 4n

m4
C � 2n

m4
D = 0 (3.55)

4The linearized theory with non-zero h(1) has been referred to as “partially massless NMG”, and its
properties have been explored from the perspective of the dual CFT in [60].
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However, recall that the on-shell equations of motion (3.22) fix Trg(n) = 0, and so the

constraint coming from (3.55) is not needed. Also, recall that the exponent n is not an

independent parameter. The term g(n) is only non-zero when n = 1+
q

1
2 � �m2. With this

value of n, the equation (3.54) reduces to (3.53), and removal of the g(n) divergence places

no new restrictions on the counter-terms. Oddly, either counter-term (3.50) (with to B =

C = D = 0) or the relaxed asymptotics at the critical point (3.51) (with to A = C = D = 0)

is su�cient for removing divergences from the stress energy tensor. Thus the requirement

that counterterms remove divergences in the boundary stress tensor is not enough to fix

the counterterm. However, these ambiguities are unphysical, and any choice of A,B,C,D

satisfying (3.53) leads to the same renormalized stress tensor.

With divergences removed, the renormalized stress tensor is

8⇡GT ren
ij =

✓
� +

1

2m2

◆
g
(2)
ij + g

(0)
ij Trg(2)

✓
�� � 1

m2
+

2

m2
B � 8

m2
C � 4

m2
D

◆

+g
(0)
ij R(0)

✓
� 1

4m2
+

1

m2
B � 4

m2
C � 2

m2
D

◆
(3.56)

Recall the on-shell {⇢⇢} equation of motion fixes

R(0) = �2Trg(2), (3.57)

and so the on-shell renormalized stress tensor becomes

8⇡GT ren
ij =

✓
� +

1

2m2

◆⇣
g
(2)
ij � g

(0)
ij Trg(2)

⌘
. (3.58)

The trace anomaly can be written in terms of the boundary Ricci scalar

8⇡GT =
1

2

✓
� +

1

2m2

◆
R(0) (3.59)
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which is consistent with the central charge

c =

✓
� +

1

2m2

◆
3

2G
(3.60)

and reproduces results from [123, 131].

Several features di↵erentiate these results from the case 2m2 = +�, and the results above

do not hold smoothly in the limit n ! 1. The divergent terms in the Brown-York tensor

(3.47) give the correct expressions in this limit [132]; however, the equation of motion forcing

the trace of g(n) to vanish (3.22) disappears in the limit n ! 1, and thus the Brown-York

stress tensor has two independent constraints on the counter-terms needed to renormalize

the stress tensor. This explains why the counter-term found at 2m2 = +� (3.51) di↵ers from

the counter-term found at the chiral point 2m2 = �� (3.50). Second, the g(1) terms must

be expanded to second-order and mix with the g(2) terms. Thus, they modify expressions

for the conserved charges. However, the expression for the renormalized stress tensor (3.58)

makes it clear that, for generic 1 < n < 2, the non-Einstein mode g(n) does not contribute

to the boundary stress tensor or to the conserved charges.

This result is remarkably uninteresting. It is surprising that the renormalized stress

tensor, even with these relaxed asymptotics, is just proportional to the stress tensor for

AdS space [42], and that the conserved charges of the non-Einstein modes vanish in this

parameter range. The results from this paper and others on holographic renormalization

indicate that non-Einstein modes never contribute to conserved charges except at the critical

points 2m2 = ±�. At present, I do not have any explanation for why this should be the

case.

3.6 Conserved Charges and Black Holes

The machinery of the boundary stress tensor developed in the previous section allows one

to compute conserved charges, in particular the mass and angular momentum of specific
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solutions. Unfortunately, this is not a very interesting question for the parameter range

�1 < 2m2 < 1 examined in Sec. 3.5, since the non-Einstein solutions do not contribute to

conserved charges. Instead, I take this opportunity to examine previously explored black

hole solutions and verify their results using the holographic approach.

The holographic approach to conserved charges was first developed for Einstein gravity

by Balasubramanian and Kraus [42] and allows us to define a conserved charge associated

to a given asymptotic Killing vector ⇠i. The first step involves an ADM-like decomposition

of the constant-⇢ two-dimensional metric

�ijdx
idxj = �N̂2dt2 +R2(d�+ N̂�dt)

2. (3.61)

Then the charge associated to ⇠ is given by

Q(⇠) =

Z

⌃

dsui⇠jT ren
ij (3.62)

where ⌃ denotes a space-like surface with volume element (line element) ds, and ui is a

time-like unit vector normal to the constant-t surface. In Gaussian normal coordinates, the

integral over the spatial boundary becomes
R
⌃ ds !

R 2⇡

0 d�. Then the mass and angular

momentum are given by

M = Q[@t] =

Z 2⇡

0

d�T00 J = Q[@�] = �
Z 2⇡

0

d�T10. (3.63)

Now we are in a position to compute conserved charges of the asymptotically anti-de

Sitter black hole solutions of new massive gravity. Note that, in most cases, these results

have also been confirmed in the Abbott-Deser-Tekin method for conserved charges in higher-

derivative, asymptotically anti-de Sitter spacetimes [164, 165, 166].
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3.6.1 BTZ Black Holes

The BTZ black hole [31, 32] is a solution of pure three-dimensional Einstein gravity with a

negative cosmological constant, and is locally equivalent to AdS3. Despite the triviality of

Einstein gravity, the BTZ black hole has an event horizon, and nonvanishing entropy and

mass. The Schwarzschild form of the BTZ metric is

ds2 =
r2

(r2 � r2+)(r2 � r2�)
dr2 � (r2 � r2+)(r

2 � r2�)

r2
dt2 + r2

⇣
d�� r+r�

r2
dt
⌘2

(3.64)

These solutions exist for all values of m2. They can be converted to Gaussian normal

coordinates by the radial coordinate transformation

r2 = e2⇢ +
1

2
(r2+ + r2�) +

1

16
e�2⇢(r2+ � r2�)

2, (3.65)

and the Fe↵erman-Graham expansion of the metric now reads

e�2⇢gijdx
idxj = �dt2+d�2+e�2⇢


1

2
(r2+ + r2�)(dt

2 + d�2)� 2r+r�dtd�

�
+O(e�4⇢). (3.66)

From this metric, it is fairly straight forward to plug in to the stress tensor (3.58). The

conserved charges are found to be proportional to those for the BTZ black hole in general

relativity [42],

M =
r2+ + r2�

8G

✓
� +

1

2m2

◆
, J =

r+r�
4G

✓
� +

1

2m2

◆
. (3.67)

This result was first derived using the holographic stress tensor by Hohm and Tonni [131]

and was later confirmed in [132]. The mass and angular momentum also match those found

in [113, 167]5 using the Abbott-Deser-Tekin approach to conserved charges.

5The sign choice for them2 coupling is inconsistent in the literature, with no single convention dominating.
Clemént, for instance, uses a negative sign in [110], while I adopt the positive sign choice of Nam et. al in
[167], and simply allow m2 to take positive and negative values.
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Using Wald’s method [168] to compute the entropy, Clemént [113] also found the entropy

to be renormalized by a factor proportional to the central charge,

SBTZ =
AH

4G

✓
� +

1

2m2L2

◆
AH ⌘ 2⇡Lr+ (3.68)

The Hawking temperature and horizon angular velocity are derived in the usual way from

the metric in ADM form

TH =
1

4⇡
r@r(N

2)

����
r+

⌦h = �N�
��
r+

(3.69)

and give the same values as that for a BTZ black hole in general relativity:

TH =
r2+ � r2�
2⇡Lr+

⌦h =
r�
Lr+

(3.70)

Since the mass, angular momentum, and entropy are all renormalized by the same factor,

the first law of black hole thermodynamics is easily verified

dM = THdS + ⌦hdJ (3.71)

From (3.67), physical black holes M > 0 have positive mass whenever the central charges are

positive. However, the main results of [4, 123] show that unitarity of bulk gravitons requires

negative central charges. Thus new massive gravity presents the same bulk/boundary con-

flict that appeared in cosmological topologically massive gravity, and we cannot choose the

parameters in such way that both BTZ black holes and bulk gravitons have non-negative en-

ergy. Both theories also exhibit a chiral point that o↵ers a potential way out of the dilemma.

At the chiral point of topologically massive gravity, it was argued that the massive graviton

modes could be excised by imposing Brown-Henneaux boundary conditions [2, 54], and then

it would be possible to choose the ‘right’ sign of the Einstein-Hilbert action to give the BTZ
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black hole positive mass. The reverse may be true in new massive gravity: at the chiral point

2m2 = ��, the mass of the BTZ black hole vanishes for both signs of the Einstein-Hilbert

action, allowing us to choose � = �1 to allow for positive energy bulk graviton modes,

without the need to impose boundary conditions a priori. However, new ‘log’ black holes

also exist at the chiral point, and their mass is checked next.

3.6.2 Log Black Holes

The general solution at the chiral point 2m2 = �� features a new ‘log’ branch of non-Einstein

solutions (3.26), and log deformations of the extremal BTZ black hole were discovered shortly

after the introduction of new massive gravity [110]. These solutions are comparable to the

log black holes of topologically massive gravity, and are also locally equivalent to the log AdS

wave found in [59]. The metric in Schwarzschild coordinates can be obtained from (3.64) by

taking the extremal limit r+ = r� and adding a log piece to metric

ds2 =
r2dr2

(r2 � r2+)2
� (r2 � r2+)

2

r2
dt2 + r2

✓
d�� r2+

r2
dt

◆2

+ k ln |r2 � r2+| (d�� dt)2 . (3.72)

The same radial transformation

r2 = e2⇢ + r2+ (3.73)

converts the metric to Fe↵erman-Graham coordinates

gijdx
idxj = e2⇢(�dt2 + d�2) + (2k⇢+ r2+)(d�� dt)2. (3.74)

A couple points about this case are noteworthy. First, the divergent terms in the Brown-

York stress energy tensor disappear at this point in parameter space, and no counterterm is

required for renormalization. This can also be seen in the fact that the counterterm derived

in [131] (see (3.50)) vanishes at the chiral point. Second, the stress-energy tensor must

be derived using the full Fe↵erman-Graham expansion at this point (3.26), and in general
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will contain terms involving h(2). Thus, we cannot simply plug the metric (3.74) into the

renormalized stress-energy tensor derived in the previous section (3.58). The correct stress

tensor was previously examined in [131, 129], and the conserved charges were found to be

M =
2k�

G
J =

2k�

G
(3.75)

Again, it is gratifying to note that these results match conserved charges found using the

ADT approach to conserved charges [119, 110]. Clemént [110] showed this metric is devoid

of naked singularities when k < 0, so the mass is only positive with � = �1. Thus, at the

chiral point, positivity both for bulk graviton modes and black holes require the “wrong-sign”

Einstein-Hilbert term.

3.6.3 Static New Type Black Holes

First realized in [4, 58], new massive gravity at the critical point 2m2 = +� admits static

new type black holes, in Schwarzschild coordinates

ds2 = �(r2 + br + c)dt2 +
dr2

r2 + br + c
+ r2d�2 (3.76)

These solutions have scalar curvature

R = �6� 2b

r
(3.77)

and thus have no equivalent in topologically massive gravity. For a certain range of param-

eters, these solutions have inner and outer horizons given by r± = 1
2(�b ±

p
b2 � 4c). BTZ

black holes are recovered in the limit b ! 0, with mass given by c = �4GM .

The metric (3.76) can be cast in Fe↵erman-Graham coordinates via the radial transfor-

mation

r = e⇢ � b

2
+

1

4
e�⇢

✓
b2

4
� c

◆
(3.78)
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Then to leading order, the constant-⇢ two-dimensional metric becomes

gijdx
idxj = e2⇢(�dt2+d�2)�be⇢d�2+

1

2

✓
1

4
b2 � c

◆
dt2 +

✓
3

4
b2 � c

◆
d�2

�
+O(e�⇢) (3.79)

This case with exponential fall-o↵ n = 1 must be treated separately from the generic case

1 < n < 2 treated in the previous section, and the conserved charges cannot be obtained

by plugging the above metric into the general renormalized stress tensor (3.58). While

the expansion of the Brown-York stress tensor (3.47) produces the correct divergent pieces

in the limit n ! 1, the constant term in (3.47) will now include expressions quadratic

in g(1). Additionally, the trace of g(1) is no longer forced to vanish by the equations of

motion, and the second constraint on the counterterms (3.55) is required to remove this

divergence. Finally, the condition that the counterterms remove divergences from the stress

tensor is not su�cient to completely determine the renormalized stress tensor, and instead

the counterterms themselves contribute to the renormalized stress tensor. The renormalized

stress tensor was found in [132]

8⇡GTij = 2g(2)ij � g
(1)
ik g

k
(1)j +

1

2
g
(1)
ij Trg(1)

+g
(0)
ij


1

2
R(0) � Trg(2) +

✓
4(C +D) +

1

4

◆�
Trg(2)

�2
�

(3.80)

where C and D are the coe�cients appearing in (3.52). Thus, another condition is needed to

unambiguously determine the renormalized stress tensor. Matching with conserved charges

found through other methods requires the additional condition C+D = 0 [129]. With these

conditions, it becomes possible to use the renormalized stress tensor to compute the mass,

and we find

M =
b2 � 4c

4G
. (3.81)

This result matches the total energy found through other methods. In particular, the

Abbott-Deser-Tekin approach was originally used in [58] to compute the mass. Later [167]
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applied the super angular momentum method in the SO(2,1) reduction approach developed

by Clemént, supplement by the ADT formalism, to arrive at the same results.

The absence of a global charge associated to b implies b is a sort of ‘gravitational hair’.

This trait is reflected in the first law of thermodynamics by the fact that there is no chemical

potential associated to it, and a variation of b can be consistently reabsorbed by a shift of

the global charges. It is reassuring to find that the mass M is consistent with the first law of

black hole thermodynamics. The thermodynamics of these solutions have been investigated

in [58, 133, 136]. The temperature is given by the inverse of the Euclidean time period to

be

T =
r+ � r�

4⇡
(3.82)

The entropy has been computed using both the Wald formula [58, 135] and the Cardy formula

[133]

S =
1

4G
(A+ � A�), A± = 2⇡r± (3.83)

From here, it is straightforward to verify that

dM = TdS. (3.84)

3.6.4 Rotating New Type Black Holes

The solution (3.76) can be generalized to a rotating black hole by means of a boost in �� t

plane. The new metric takes the more complicated form

ds2 = �N2(r)F 2(r)dt2 +
dr2

F 2(r)
+ r2

�
d�+N�(r)dt

�2
(3.85)
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where

N(r) ⌘ 1 +
b↵

2H(r)
N�(r) ⌘

p
↵(1� ↵)

r2
(c+ bH(r)) (3.86)

F (r) ⌘ H(r)

r


H2(r) + b(1� ↵)H(r) +

b2

4
↵2 + c(1� 2↵)

�1/2
(3.87)

H(r) ⌘

r2 � b2

4
↵2 + c↵

�1/2
(3.88)

and ↵ is the rotation parameter 0  ↵  1
2 , which vanishes in the static case.

This metric can be put into Gaussian normal form, up to relevant order, by the radial

transformation

r = e⇢ + �1 + �2e
�⇢ +O(e�2⇢) (3.89)

where

�1 = � b

2
(1� ↵) �2 =

1

4


b2

4
(1� 2↵ + 2↵2)� c

�
(3.90)

Then the metric components have the expansion

gtt = �e2⇢ � b↵e⇢ �
⇥
b�1 + �2

1 + 2�2 + c
⇤
+O(e�⇢) (3.91)

g�� = e2⇢ � b(1� ↵)e⇢ + (�2
1 + 2�2) +O(e�⇢) (3.92)

gt� = b
p

↵(1� ↵)e⇢ +
p

↵(1� ↵)(b�1 + c) +O(e�⇢) (3.93)

The metric in this form can be plugged in to the stress tensor given in the previous section

(3.80) to yield the conserved mass and angular momentum [58, 133]

M =
b2 � 4c

16G

J

M
= 2

p
↵(1� ↵) (3.94)

Note that this solution still reduces to the rotating BTZ black hole in the limit b ! 0.
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3.7 Conclusion

In this chapter, I have adopted the Fe↵erman-Graham approach to examine the asymptotic

behavior of New Massive Gravity at generic couplings. At generic values of the mass pa-

rameter, the traditional Fe↵erman-Graham expansion fails to capture the dynamics of the

theory, demonstrating the need for a more general expansion. The expansion at all values

of the mass parameter is derived and used to find the asymptotic behavior of non-Einstein

solutions to first order. At the critical points 2m2 = ±�, some of the branches of solutions

degenerate, and new logarithmic solutions becomes possible at these values. The validity of

the general asymptotic expansion is confirmed by comparing to known exact solutions in the

literature, and all known asymptotically AdS solutions are shown to match the asymptotic

behavior found in this paper.

The solutions indicate a range of the mass parameter �1 < 2m2 < 1 in which the non-

Einstein solutions asymptote to the AdS metric with slower fall-o↵ than Brown-Henneaux.

In particular, the positive branch solutions, though weaker than Brown-Henneaux, decay

faster than the relaxed asymptotics at the critical point 2m2 = �, which have previously

been shown to be consistent. Using the auxiliary tensor formulation of Hohm and Tonni

[131], I have computed the Brown-York stress energy tensor with these asymptotics, and the

appropriate counterterms required to remove divergences are determined up to unphysical

ambiguities. The holographically renormalized stress tensor is found and gives the correct

central charge of the dual CFT.

However, the results are intriguingly vague. First, the new divergences in the unrenor-

malized stress tensor stemming from the relaxed asymptotics cancel on-shell, with no new

constraints on appropriate counterterms beyond those already needed for Brown-Henneaux

boundary conditions. Second, the renormalized stress tensor is exactly that of the theory

with Brown-Henneaux boundary conditions, i.e., without the non-Einstein modes. In other

words, the non-Einstein solutions, despite the weaker fall-o↵, do not contribute to the bound-

ary stress tensor or to the conserved charges. More work is needed to interpret these results,
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especially in the context of the boundary CFT, and it would be interesting to confirm these

results using the Abbott-Deser-Tekin method for conserved charges.

Another intriguing question is the possibility of holographic renormalization of non-AdS

asymptotics. Hohm and Tonni’s original approach was applied successfully to asymptotically

Lifshitz solutions [131], despite the fact that such solutions break the asymptotic symmetries

of AdS spacetime. The modified Fe↵erman-Graham expansion (3.21) found here contains

one branch of solutions – the negative branch associated with n� in the parameter range

2m2 < �1 – that extend “beyond the boundary” and also break the asymptotic symmetries,

and it would be interesting to see if the approach of [131] can be used to define a finite stress

tensor for these asymptotics. The existence of exact solutions with this behavior, namely

a subset of the AdS pp-waves and the Type N solutions, makes this question a potentially

interesting one.
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Chapter 4

Conclusion and Next Steps

Understanding the asymptotic structure of a theory has always been important for address-

ing questions related to the variational principle, global charges, and especially for under-

standing the relationship between bulk and boundary degrees of freedom. In particular,

the Fe↵erman-Graham expansion in asymptotically anti-de Sitter spacetimes has been an

important tool in the exploration of the proposed AdS/CFT correspondence. It has proven

useful (in Einstein gravity) in constructing the boundary stress tensor, finding conserved

charges, deriving correlation functions and obtaining the central charge of the dual CFT,

and identifying degrees of freedom. Thus it is reasonable to expect the Fe↵erman-Graham

expansion also to play a role in extensions to Einstein gravity. We have long known that

the expansion is modified for Einstein gravity coupled to other fields; however, the idea that

the expansion might also be modified for purely gravitational, higher-derivative extensions

to general relativity has only recently gained footing.

With minimal assumptions, I have determined the general asymptotic expansion for both

topologically massive gravity and new massive gravity in asymptotically (locally) anti-de

Sitter spacetimes. The general solution can be decomposed into Einstein and non-Einstein

terms, and the Einstein solutions obey the same fall-o↵ conditions as in general relativity.

The asymptotic behavior of the non-Einstein branches depends on the coupling parameters

µ and m2, requiring a modification of the usual Fe↵erman-Graham expansion.

For new massive gravity, I have continued the analysis a step further. The modified
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Fe↵erman-Graham expansion identifies a range of parameters for which the non-Einstein

branch decays more weakly than Brown-Henneaux, but still asymptotes to the AdS metric

at infinity. I have constructed the Brown-York boundary stress-energy tensor for this relaxed

fall-o↵ and determined the central charge of the dual CFT.

These techniques can be easily extended to other theories with asymptotically AdS sec-

tors. The research initiated by Bergshoe↵, Hohm and Townsend [3] has taken o↵ in many

new and exciting directions, and a modified Fe↵erman-Graham approach o↵ers important

tools for exploring these new models. The next obvious extension is the addition of the

gravitational Chern-Simons terms to the action of new massive gravity. This “generalized

massive gravity” (GMG) has many interesting properties, including mass-splitting of the

di↵erent helicities, and has been the subject of much investigation since the introduction of

new massive gravity.

More recent extensions include two di↵erent approaches to higher-derivative extensions

of new massive gravity: the sixth- and higher- order extended new massive gravity (ENMG),

and Born-Infeld new massive gravity (BI-NMG). Additional research has looked at extensions

of new massive gravity at the critical point 2m2 = +� to higher dimensions. Despite the fact

that unitarity is not preserved in higher dimensions, there is some indication that critical

NMG with appropriate boundary conditions is classically equivalent to Einstein gravity. I will

take a few moments to explore both extensions—higher derivative and higher dimension—in

more detail.

4.1 Critical Gravity in Arbitrary Dimensions

Critical gravity [169] is the extension of the action (3.1) to higher dimensions,

S =
�

2

Z
dDx

p
�g


R +

(D � 1)(D � 2)

`2
+

1

m2(D � 2)

✓
Rµ⌫Rµ⌫ �

D

4(D � 1)
R2

◆�
, (4.1)
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formulated around the critical point 2L2m2 = �(D � 2), where D is the (bulk) spacetime

dimension and L the AdS radius. The curvature-squared part of the action is just a particular

combination of the Weyl-squared and Gauss-Bonnet tensors. As with new massive gravity in

three dimensions, this particular combination of curvature-squared terms contains no scalar

modes, and the action can also be written in terms of an auxiliary tensor as a second-

order action. Additionally, the theory is consistent with the requirements of the holographic

c-theorem [170].

It was observed that ghost-like massive modes have asymptotic fall-o↵ slower than mass-

less modes, and the authors of [171] speculated that if these massive modes could be truncated

by appropriate boundary conditions, the theory would be classically equivalent to Einstein

gravity. This work was more recently extended to non-critical gravity [172, 173], where the

slower fall-o↵ of massive modes was observed for a range of couplings

D2 � 6D + 7

4(D � 2)L2
< m2  D � 2

2L2
. (4.2)

Most of these studies are based on the linearized equations of motion; however, the mod-

ified Fe↵erman-Graham approach employed here o↵ers a natural way to formulate ques-

tions concerning boundary conditions and could complement the linearization studies. For

D = 3, (4.2) is precisely the range at which both the positive and negative branches n±

of non-Einstein solutions i) asymptote to the AdS metric at infinity, and ii) have weaker

than Brown-Henneaux asymptotics. Imposing Brown-Henneaux boundary conditions would

excise both branches, leaving only the Einstein solutions. Thus the approach taken in this

paper may provide additional evidence of the equivalence of higher-dimensional (non-)critical

gravity and Einstein gravity.
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4.2 Extended- and Born-Infeld new massive gravities

Two higher-derivative extensions of new massive gravity were discovered concurrently less

than two years after the initial formulation of NMG. The extension to cubic curvature terms

was first derived by Sinha [124] with only the constraint that the theory satisfy a holographic

c-theorem. The action obtained is

S =
1

22

Z
d3x

p
�g


�R +

1

`2
+

1

m2
K +

1

12µ4
K 0

�
, (4.3)

where the first three terms comprise the familiar new massive gravity action, and the new

term is

K 0 = 17R3 � 72Rµ⌫R
µ⌫R + 64R⌫

µR
⇢
⌫R

µ
⇢ . (4.4)

The corresponding equations of motion are now sixth order in derivatives of the metric. The

action was also generalized to eighth order, and an algorithm was devised to extend the

action to arbitrary order in [174].

In the same month, a Born-Infeld extension was introduced [175], with the action

S = �2m2

2

Z
d3x

p
�g

r
det

⇣
�µ⌫ +

�

m2
Gµ

⌫

⌘
� 1� 1

2m2`2

�
, (4.5)

where G denotes the Einstein tensor. In some sense, this can be thought of as an infinite-

order extension of new massive gravity. A small-curvature expansion of the action (4.5)

precisely gives the action of ENMG (4.3), in particular the coe�cients of the cubic terms

(4.4). This action is also consistent with a holographic c-theorem. Moreover, equivalence of

the two actions has been now been verified to fourth order in the curvature.

Despite this equivalence, some important di↵erences arise at the non-linear level. In

particular, ENMG has degenerate vacua, while BI-NMG o↵ers a unique vacuum [176]. Ad-

ditionally, ENMG possesses a critical point, similar to the critical point 2m2 = +�, at which

new type black holes are allowed. These new type black holes have the same metric (3.76)
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as the NMG solution. However, these black holes are not allowed in BI-NMG, and it is not

entirely clear why this should be the case [177]. An asymptotic approach may provide some

insight.
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Appendix A

Appendices: Gaussian Normal

Coordinates

It may be useful to write recurring quantities in terms of the Gaussian normal coordinates

used throughout most of this paper. In these coordinates, the metric takes the form:

ds2 = d⇢2 + gijdx
idxj. (A.1)

Note that this is just a particular gauge of the ADM-like metric (see Hohm & Tonni [131]).

A.1 Ingredients for Einstein Gravity

Christo↵el Symbol components

�⇢
ij = �1

2
gij,⇢ or � 1

2
g0 (A.2)

�i
⇢j =

1

2
gikgkj,⇢ or

1

2
g�1g0 (A.3)

�i
jk =

1

2
gil (gkl,j + glj,k � gjk,l) or �2 i

jk (A.4)

where 0 denotes di↵erentiation with respect to ⇢. In these coordinates, the extrinsic curvature

of a fixed ⇢ surface is reduces to Kij = ��⇢
ij.
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Riemann Tensor components

Ri
⇢j⇢ =


�1

2
g�1g00 +

1

4
g�1g0g�1g0

�i

j

(A.5)

Ri
⇢jk =

1

2
r2 j

�
g�1g0

�i
k
� 1

2
r2 k

�
g�1g0

�i
j

(A.6)

Ri
jkl = R2 i

jkl �
1

4
gimg0mkg

0
jl +

1

4
gimg0mlg

0
jk (A.7)

where R2 i
jkl represents the curvature tensor for the two-dimensional surface at constant ⇢.

Similarly, r2 j is the covariant derivative on the surface at constant ⇢. From this point

forward, the pre-index on all covariant derivatives will be suppressed and will be written as

rj.

Ricci Tensor components

R⇢⇢ = �1

2
Tr

�
g�1g00

�
+

1

4
Tr

�
g�1g0g�1g0

�
(A.8)

R⇢i =
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�
g�1g0
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i
� 1

2
@iTr
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�
(A.9)

Rij = R2 ij �
1

2
g00ij �

1

4
Tr

�
g�1g0

�
g0ij +

1
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�
g0g�1g0

�
ij

(A.10)

Ricci Scalar

R = R2 � Tr
�
g�1g00

�
+

3

4
Tr

�
g�1g0g�1g0

�
� 1

4

⇥
Tr

�
g�1g0

�⇤2
(A.11)

Note that in these coordinates, the 3D Einstein-Hilbert action is

SEH =
1

16⇡G

Z

M

d2x d⇢
p
�g

�
R2 + (TrK)2 � TrK2 � 2⇤

�

� 1

8⇡G

Z

@M

d2x
p
�gTrK, (A.12)
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and so the Gibbons-Hawking term is just the negative of the boundary term

SGH =
1

8⇡G

Z

@M

d2x
p
�gTrK. (A.13)

A.2 Cotton Tensor

Levi-Civita Tensor

Let ✏̃ be the completely antisymmetric Levi-Civita symbol. Then the Levi-Civita tensor is

defined as

✏ij = ✏̃ij
p
�detg (A.14)

Cotton Tensor components

C⇢⇢ = ✏ij

riR⇢j �

1

2

�
g�1g0

�k
i
Rkj

�
(A.15)

C⇢i = �✏ k
n rkR

n
i +

1

2
✏kng0kiR⇢n (A.16)

Cij = �✏ k
i


@⇢Rkj �

1

2

�
g�1g0

�n
j
Rkn �rkR⇢j �

1

2
g0kjR⇢⇢

�
(A.17)

It may also be useful to construct higher-curvature terms, such as those appearing in

the new massive gravity, in the Gaussian normal coordinates of (A.1). However, this step

is not necessary for all purposes. For example, Hohm and Tonni [131] avoid this step when

deriving the generalized Gibbons-Hawking term by using the auxiliary tensor formulation of

new massive gravity. Similarly, I have sidestepped this question in the Fe↵erman-Graham

expansion of new massive gravity by first expanding the components of the Ricci tensor, and

then plugging in to the tensors in the NMG equations of motion. This process is used in the

next section to derive the Fe↵erman-Graham expansion for NMG.
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Appendix B

Fe↵erman-Graham Expansion

Expansion of same tensors as in first appendix.

B.1 “Traditional” Fe↵erman-Graham Expansion

I start by using the “traditional” Fe↵erman-Graham expansion for Einstein gravity, and

expand out to “sixth” order:

ds2 = d⇢2 + gijdx
idxj

g = e2⇢
�
g(0) + e�2⇢g(2) + e�4⇢g(4) + e�6⇢g(6) + · · ·

�
(B.1)

where indices have been suppressed. The inverse metric is given by

g�1 = e�2⇢
h
g�1
(0) � e�2⇢g�1

(2) � e�4⇢
⇣
g�1
(4) � g2(2)

⌘
+ · · ·

i
(B.2)

where indices are raised and lowered with the boundary metric g(0). The two-dimensional

Christo↵el symbols can also be expanded

�i
jk = �i(0)

jk + e�2⇢�i(2)
jk + e�4⇢�i(4)

jk + · · · (B.3)
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where

�i(0)
jk =

1

2
gil(0)

⇣
g
(0)
kl,j + g

(0)
lj,k � g

(0)
jk,l

⌘

�i(2)
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2
gil(2)
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g
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2
gil(0)

⇣
g
(2)
kl,j + g

(2)
lj,k � g

(2)
jk,l

⌘

�i(4)
jk = · · ·

However, it’s more useful to write the higher-order Christo↵el symbols in terms of covariant

derivatives using equations derived from metric compatibility rg = 0. The Christo↵el

symbols in the covariant derivative and the metric can both be expanded to give

r(0)
k g

(0)
ij = 0 (B.4)

r(0)
k g

(2)
ij = �l(2)

ki g
(0)
lj + �l(2)

kj g
(0)
il (B.5)

Using index permutation tricks, the higher-order Christo↵el symbols can be written in terms

of covariant derivatives:

�k(2)
ij =

1

2
gkl(0)

⇣
rig

(2)
jl +rjg

(2)
li �rlg

(2)
ij

⌘
(B.6)

From this point forward, all covariant derivatives and Christo↵el symbols have been

expanded using the rules above, and the superscript in r(0) is dropped to simplify notation.

Now, the Ricci tensor components expanded to “fourth” order are

R⇢⇢ = �2 + e�4⇢Tr
�
�4g(4) + g2(2)

�
(B.7)

Rij = �2e2⇢g(0)ij + e0
h
R

(0)
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(0)
ij Trg(2)
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+e�2⇢
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�
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�
ij
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�
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(B.8)
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h
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+e�4⇢
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4
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(B.9)
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where the left-hand side are components of the full three-dimensional Ricci tensor, and

the Ricci tensor/scalars appearing on the right-hand side are the two-dimensional Ricci

tensor/scalar components constructed from gij. The Ricci scalar is

R = �6 + e�2⇢
�
R(0) + 2Trg(2)

�

+e�2⇢
h
gij(0)R

(2)
ij � gij(2)R

(0)
ij + Tr

�
�4g(4) + g2(2)

�
�

�
Trg(2)

�2i
(B.10)

The fact that R3 = �6 (for TMG only) and R2 ij / gij can also be used to simplify the

expressions above and give the following:

R
2 (0)

ij = �g
(0)
ij Trg(2) (B.11)

R
2 (2)

ij = �g
(2)
ij Trg(2) +
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(0)
ij Tr

⇣
4g(4) � g�1

(2)g(2)

⌘
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g
(0)
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�
Trg(2)

�2
(B.12)

The Cotton tensor contains the Levi-Civita tensor, which must also be expanded before

the full Cotton tensor can be obtained. Let ✏̃ be the Levi-Civita symbol (a tensor density).

Then

✏ij = ✏̃ij/
p
�g (B.13)

= e�2⇢✏ij(0) �
1

2
e�4⇢✏ij(0)Trg(2) �O(e�6⇢) (B.14)
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Now the Cotton tensor components are given by

C⇢⇢ = �e�4⇢✏ij(0)rirkg
k

(2) j (B.15)
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it is now fairly straightforward to construct the equations of motion. The “second”

and “fourth” order equations of TMG are quoted in the text (2.8), (2.9), (2.10) and (2.11).

However, the fourth order {⇢, i} equations provide no new constraints on g(4) and are included

here for reference:
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In the light-cone coordinates with AdS boundary metric, these equations become

✓
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B.2 Critical TMG Expansion

At the critical point µ = 1, the full asymptotic expansion is given by

gij = e2⇢g(0)ij + ⇢h
(2)
ij + g

(2)
ij + · · · (B.21)

Plugging this expansion into the Ricci tensor gives

R⇢⇢ = �2 + e�2⇢Trh(2) + · · · (B.22)
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⇣
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+


R

(0)
ij + g

(0)
ij Tr

✓
g(2) � 1

2
h(2)

◆
+ h

(2)
ij � 2g(2)ij

�
+ · · ·

where again the boundary metric is used to raise and lower indices, and all covariant deriva-

tives are with respect to the boundary metric. The Ricci scalar is given by

R = �6 + 2⇢e�2⇢Trh(2) + e�2⇢
⇥
R(0) + 2Trg(2) + Trh(2)

⇤
+ · · · (B.25)

The Cotton tensor has components

C⇢⇢ = O(⇢e�4⇢) (B.26)
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Then the EOMs at first order are

Tr h(2) = 0 (B.29)
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Thus it appears as if one component of h(2) is completely unconstrained. In light-cone

coordinates, h(2)
uv and h

(2)
vv vanish, and the above equations for h(2)

uu become

✓
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Thus at µ = 1, the divergence equation vanishes at first order. However, precisely this piece

that is missing from the divergences equation is recovered at second order :
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In light-cone coordinates, this becomes

�
✓
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✓
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µ
@vh

(2)
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where I have used the vanishing of the trace of g(2) and h(2) to simplify the equation. It is

clear that, even at µ = 1, the divergence constraint @vh
(2)
uu remains.

B.3 CDWW Modes

The modes obtained in [1, 86] were first written as perturbations of the Einstein tensor. In

three dimensional gravity, perturbations of the Einstein tensor correspond to perturbations
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of the metric, and it is possible to map one onto the other.

The authors of [86] start in the Poincaré patch

ds2 =
dz2

z2
+

1

z2

h
2dudv + z2

⇣
ĥuudu

2 + 2ĥuvdudv + ĥvvdv
2
⌘i

(B.36)

Fluctuations of the Einstein tensor are given by

Hvv =
!2
�
!

ei[!+u+!�v]zJµ+2(!z) + h.c. (B.37)

Hvz = �i!�e
i[!+u+!�v]zJµ+1(!z) + h.c. (B.38)

Hzz = �!ei[!+u+!�v]zJµ(!z) + h.c. = �2Huv (B.39)

Huz = i!+e
i[!+u+!�v]zJµ�1(!z) + h.c. (B.40)

Huu =
!2
+

!
ei[!+u+!�v]zJµ�2(!z) + h.c. (B.41)

where the J are Bessel functions of the first kind.

The relationship between the Einstein tensor fluctuations and the metric fluctuations is

given by

Huu = �1

2
z@z (z@z + 2) ĥuu (B.42)

Huv =
1

2
z@z (z@z + 2) ĥuv (B.43)

Hvv = �1

2
z@z (z@z + 2) ĥuu (B.44)

It may not be possible to invert (B.44) and write the metric perturbations in terms of Bessel

functions, although [86] show this is the case for solutions at the chiral point. However, it

is always possible to expand the Bessel functions in (B.41) in powers of z, and then invert

(B.44) to get the metric perturbations to arbitrary order.
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B.4 Modified FG Expansion

Here I present various formulae useful in solving the equations of motion. The modified

asymptotic expansion

ds2 = d⇢2 + �ijdx
idxj

�ij = e2⇢gij = e2⇢
⇣
g
(0)
ij + e�n⇢g

(n)
ij + e�2⇢g
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ij +O(e�(n+2)⇢)

⌘
(B.45)

is used to expand the equations of motion, and all terms are expanded to first order in g(n)

and first order in g(2). The generic expansion holds for n 6= 1 and n not a positive even

integer. Note that when n = 1, expressions quadratic in g(1) appear at the same order as

terms linear in g(2), and this case must be treated separately. For the Fe↵erman-Graham

expansion when n = 1, see [132]. The same is true for, say, n = 4, where terms quadratic in

g(2) appear at the same order as linear g(4) terms.

For generic n, the Ricci tensor components are
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The Cotton tensor to first order in n is given by

C⇢⇢ = O(e�(n+2)⇢) (B.50)
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The new tensor in the equations of motion consist of several pieces, and it is useful to

expand each piece separately.
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The gauge independent equations for g(n) are given in the text. For g(2), the equations
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of motion are

{⇢⇢} : 1
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B.5 Brown-York Stress Energy Tensor in Fe↵erman-

Graham Coordinates

Here I present various formulae useful in computation of the Brown-York stress energy tensor.

The exponent n is taken to be in the range 1 < n < 2. In this range, all quantities need be

expanded only to “first order” in g(n) and g(2) in order to find all finite and divergent pieces

of the boundary stress energy tensor.

Using the metric (B.45), the inverse metric is given by

�ij = e�2⇢
⇣
gij(0) � e�n⇢gij(n) � e�2⇢gij(2) + · · ·

⌘
(B.76)

where indices are raised and lowered with the inverse metric. The extrinsic curvature and

trace are just

Kij ⌘ �1

2
@⇢�ij = �e2⇢g

(0)
ij +

n� 2

2
e(2�n)⇢g

(n)
ij +O(e�n⇢) (B.77)

K = Kij�
ij = �2 +

n

2
e�n⇢Trg(n) + e�2⇢Trg(2) + · · · (B.78)

The auxiliary tensor is proportional to the Schouten tensor, m2fµ⌫ = 2
�
Rµ⌫ � 1

4Rgµ⌫
�
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and is expanded as

m2f⇢⇢ = �1 +
�n2 + n

2
e�n⇢Trg(n) � 1

2
e�2⇢

�
R(0) + 2Trg(2)

�
+ · · · (B.79)

m2f⇢i = �ne�(n+2)⇢
�
rkg

ki
(n) � @iTrg(n)

�
� 2e�4⇢

�
rkg

ki
(2) � @iTrg(2)

�
(B.80)

m2f̂ ij = �e�2⇢gij(0) + e�(n+2)⇢

�
�n2 + 2n+ 1

�
gij(n) +

n2 � n

2
gij(0)Trg

(n)

�
(B.81)

+e�4⇢


Rij

(0) �
1

4
R(0)gij(0) +

1

2
gij(2) +

1

2
gij(0)Trg

(2)

�
(B.82)

m2f̂ = �ijf
ij = �2 + ne�n⇢Trg(n) + e�2⇢

�
R(0) + 2Trg(2)

�
+ · · · (B.83)

Some final pieces necessary for computation of the boundary stress tensor include

�r(iĥj) = O(e�(n+4)⇢) (B.84)

m2

2
D⇢f̂

ij = e�2⇢gij(0) + e�(n+2)⇢


n+ 2

2
(n2 � 2n� 1)gij(n) +

n+ 2

4
(�n2 + n)gij(0)Trg

(n)

�

+e�4⇢
h
�4Rij

(0) +R(0)gij(0) � 2gij(2) � 2gij(0)Trg
(2)
i

(B.85)

m2K
(i
k f

j)k = e�2⇢gij(0) � e�(n+2)⇢
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2
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2
gij(0)Trg

(n)

�
(B.86)

�e�4⇢


2Rij
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1

2
R(0)gij(0) + 2gij(2) + gij(0)Trg
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�

rkĥ
k = O(e�(n+2)⇢) (B.87)

�m2
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1

2
n2gij(0)Trg

(n) + e�2⇢
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R(0) + 2Trg(2)

⇤
(B.88)

In addition to some of the pieces above, possible counterterms (3.52) include

m4f̂ 2 = 4� 4ne�n⇢Trg(n) � 4e�2⇢
�
R(0) + 2Trg(2)

�
+O(e�(n+2)⇢) (B.89)

m4fijf
ij = 2� 2ne�n⇢Trg(n) + e�2⇢

�
�2R(0) � 4Trg(2)

�
(B.90)
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All together, the Brown-York stress energy tensor with indices lowered is

8⇡GTBY
ij = e2⇢

✓
� +

1

2m2

◆
g
(0)
ij (B.91)

+ e(2�n)⇢
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[104] M. Blagojević and B. Cvetković, Hamiltonian analysis of bht massive gravity, Journal
of High Energy Physics 01 (2011) 029, [arXiv:1010.2596].

[105] O. Hohm, A. Routh, P. K. Townsend, and B. Zhang, On the hamiltonian form of 3d
massive gravity, Phys. Rev. D 86 (2012) 084035, [arXiv:1208.0038].
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[172] H. Lü, Y. Pang, and C. N. Pope, Conformal gravity and extensions of critical gravity,
Physical Review D 84 (2011) 064001, [arXiv:1106.4657].

[173] S. Hyun, W. Jang, J. Jeong, and S.-H. Yi, Noncritical einstein-weyl gravity and the
ads/cft correspondence, Journal of High Energy Physics 2012 (2012) 054,
[arXiv:1111.1175].

[174] M. F. Paulos, New massive gravity extended with an arbitrary number of curvature
corrections, Physical Review D 82 (2010) 084042, [arXiv:1005.1646].
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