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ABSTRACT

We consider the open bosonic string moving in the constant background. We
investigate whether the solving of the constraints, obtained by applying the Dirac
procedure to the boundary conditions of the open string, which leads to effec-
tive closed string theory, and the T-dualization procedure are commutative. We
consider the string with mixed boundary conditions. We start by applying the
Dirac procedure to these conditions, which results in two parameter dependent
constraints. These constraints are solved and for their solution the effective the-
ory is obtained. On the other hand applying the T-dualization procedure to the
initial theory one obtains the T-dual theory. As usual, the form of the theory is
such that as if the T-dual boundary conditions are already chosen, so that the T-
dual coordinates satisfy exactly the opposite set of the boundary conditions then
the corresponding coordinates of the initial string. We apply the Dirac procedure
to the T-dual boundary conditions, obtain the parameter dependent constraints
and solve them to obtain the T-dual effective theory. We show that the effective
theories of the initial and T-dual theory remain T-dual, and find the effective
T-duality coordinate transformation laws.

1. Introduction

This article is based on our paper [1]. We consider the open string moving in
the constant background fields and its T-dual theory. We choose the mixed
boundary conditions, for both initial and T-dual coordinates and solve them
using techniques developed in [2, 3, 4]. The initial theory with Neumann
boundary conditions for coordinate directions x* and Dirichlet conditions
for the rest of the coordinates x* is by T-dual coordinate transformation
laws equivalent to the T-dual theory with dual coordinates y, satisfying
the Dirichlet and y; the Neumann boundary conditions.
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We treat all boundary conditions as constraints and follow the Dirac
procedure. The new constraints are found, first as a Poisson bracket be-
tween the hamiltonian and the boundary conditions, and every subsequent
as a Poisson bracket between the hamiltonian and the previous constraint.
Using the Taylor expansion, we represent this infinite set of constraints we
obtain, by only two o-dependent constraints [5, 6, 7, 8], one for each end-
point. Imposing 27 —periodicity, to the variables building the constraints,
one observes that the constraints at ¢ = 7 can be expressed in terms of
that at ¢ = 0, and that in fact solving one pair of constraints one solves
the other pair as well.

The o-dependent constraints are solved by separating the constraints
into their even and odd parts under world-sheet parity transformation
(Q: 0 — —0), and separating the variables building them into their even
and odd parts. Solving the o-dependent constraints, one reduces the phase
space by half. Halves of the original canonical variables are treated as ef-
fective variables: the independent variables and their canonical conjugates.
For the solution of the constraints we obtain the effective theories, defined
in terms of the effective variables. We examine their characteristics and
confirm that the effective theories of two T-dual theories are also T-dual.

2. The initial and T-dual open bosonic string

Let us consider two T-dual bosonic string theories

2
K / de?01 2y 1, 01" % / d€* 04y, 0" 0_y,, (1)
P X

describing the bosonic string and its T-dual moving in constant back-
grounds associated with the fields: a metric tensor G, a Kalb-Ramond
field B, and a dilaton field ®. The integration goes over two-dimensional

world-sheet . ¥ is usualy parametrized by £ (€0 = 7, ¢! = o), but here
we use the light-cone coordinates given by

§i:%(7:|:0), s = 0, +0,. 2)

(&), w=0,1,...,D — 1 are the coordinates of the D-dimensional space-
time, and y,(§) are the coordinates of its T-dual. The background field
composition is

1
H:I:uy(x) = Buu(x) + iGuV(x)7 (3)
and the dual background field composition is
T = SO = —(GETEGTYY, (GR)w = (G—4BG'B)u,  (4)
where G is the effective metric. The T-dual metric is its inverse

*Guu _ (GEI),uV’ (5)
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and a T-dual Kalb-Ramond field is

B = o, (6)

where 0" = —2(G, !BG~1)" is the noncommutativity parameter.
The coordinates of the initial and the T-dual theory are related by

Opat = —KGiyaj:yy, 513/# = _2H:F;wa:|:xy- (7)

We consider the block diagonal constant metric and Kalb-Ramond field
G, = const, B, = const

— Gab 0 o Bab 0
consequently the composition of the T-dual background fields is also block

ab
diagonal ©4" = ( O% 0,-]- ) with components
0 el

ST @t ) (Ml ) (90 6 )
(5 )2 o) "

where (Gg)ay = Gap —4Bac(G ) Bay, (Gp)ij = Gij—4Bir (G~ )" By and
eab — _%(Ggl)ac Bcd(G_l)db, 013 — —%(Ggl)ik Bkl(G_l)lj-

AN

W

@

2.1. Boundary conditions

We will consider the boundary conditions of the initial theory
7,80)5:17“ .= 0, 7&0) = k(4 0_a” +11_,,042Y). (10)

For each of the space-time coordinates of the open bosonic string one can
fulfill the boundary conditions (10) by choosing either the Neumann or the
Dirichlet boundary condition. Let us choose the Neumann condition for
coordinates %, a = 0,1,...,p and the Dirichlet condition for coordinates
2, i=p+1,...,D —1, which read

Neumann : 'yc(bo) =0, N'yg = 'yéo) = R(H+ab8,a:b + H_ab8+xb),

)

Dirichlet :  ki'| =0, pr)=ri. (11)

10)>
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The boundary conditions of the T-dual string are
0 g 0 ’{2 v v
*y (O 5yu‘0 =0, *HOr= 5 [@’i O_yy, + 0.y, . (12)

The T-dual theory is equivalent to a open string theory (1) with chosen
boundary conditions (11), if the T-dual boundary conditions are fulfilled in
a Neumann way for coordinates y; and in a Dirichlet way for y,

2

=0 =" =000y, + 070,y

L=0, 50 = (13)

Neumann : *~()?

Dirichlet : kyq 5

This is because of the T-duality transformation law (7), which gives

1o %, (0 ~ .
—rit 2Oy D (2) = kg, (14)
and consequently
Yo = kit 2 =0 = 4,
vYe =0 = —kga = — 110, (15)

So, T-dualization interchanges the Dirichlet and Neumann boundary con-
ditions.

3. Canonical form of the boundary conditions and their con-
sistency by Dirac procedure

We will treat the T-dual boundary conditions (11) and (13), of theories
(1) as constraints and we will apply the Dirac consistency procedure, fol-
lowing [2, 3]. This will be done in a canonical description, because the
conditions can be expressed in terms of the currents building the energy-
momentum tensors, and consequently the hamiltonians. So, to calculate
new constraints one only uses the algebra of these currents.

The canonical hamiltonian densities of theories (1) are

1 I ..
He=T1T_-T, = @(G 1)” []Jru]ﬂ/ “‘]f,u]fu]a (16)
and 1
*HC — *T_ — *T+ = @(*G—l)/ﬂ/ [*j+u*j+1/ + *jfu*jfzxi| 9 (17)

where Ty = F4- (G 1) jy,je, and *Ty = FA (G W 1" J ., are the
energy-momentum tensors. The currents are given by

Jip = mp+ 26, g ="+ 26 Ty, (18)



T-DUALITY BETWEEN EFFECTIVE STRING THEORIES 101

where the momenta are 7, = —2kB,,2" + kG, 3" and *m# = —Kk20H y], +
K(GZ)™ 5, = —2k*B"y,+k*G,. Using the last relations the currents
can be rewritten in terms of coordinates as

Jip = KGudra”, *ji = k(G )" vy, (19)

The algebra of the initial currents [9] in a constant background is given
by

{j4u(0),j10(5)} = £26 G, &' (0 — 7),
{Jxu(0),j50(3)} = 0. (20)

The initial Neumann (N) and Dirichlet (D) boundary conditions (11) are
in a canonical form given by

nyg = H+ab(G71)bcj—c+Hfab<G71)bcj+C7
1

D = ki = (G (G 5)- (21)

The T-dual conditions in a canonical form are
36 = Ty CGYR G T (G iy,

1
50 = 506 (3 +75). (22)

Although the Neumann boundary conditions transform into Dirichlet
conditions of the T-dual theory by (15), and Dirichlet’s to Neumann, one
can observe that the form of Neumann and Dirichlet conditions has not
changed in T-dual theories.

Following the Dirac procedure, one can impose consistency to these
constraints. The additional constraints are defined for every n > 1 by

N’Y(sz = {HC7N’7(711_1}7 DPY;'L = {HC7D77Z'1—1}7 (23)

with Ho = [ doH¢ being the canonical hamiltonian of the initial theory,
and similarly for the T-dual theory. All the constraints can be gathered into
only two o dependent constraints. They are obtained by multiplying every
constraint by an appropriate degree of the world-sheet space parameter o
and adding the terms together

n

N a’ i g i
Fa (U) :ZFN’Ya -0 FD(U) :ZFD’YTL —0
>0 : o= e : o=

(
(

(24)

We obtain the explicit form of the sigma dependent constraints of the
initial theory

Fév(o-) = H-i—ab(G_l)bcjfc(U) + H—ab(G_l)bcj+c(_a)a
1

Ih(0) = S(G™)7 |jss(=0) +i5(0)]. (25)
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and of its T-dual

i (o) = 5[@3Gﬁ*gﬁ(a)+@gcﬁ*]i(—a)},
1 ) .
TL(0) = 5GH[ (—0) + 75 ()] (26)

One can check that the o-dependent constraints are of the second class and
one therefore can solve them.

Obviously, the parameter dependent constraints are given in terms of
currents depending on either o or —o. So, it is useful to express the canon-
ical variables into their even and odd parts, with respect to o. For the
initial coordinates one has

2n 2n+1

o o
o = gt +q", ¢t = x@ﬂ)#‘ . = 2 (2n+Dp ,
; (271,)' o=0 7;) (27’L + 1)' o=0
(27)
and for the momenta one has
B o2 (2n) ) o2n+l (n+1)
M=t B 2= 2 o ey BT 2 i o
) ) (28)
Similarly, we separate the T-dual variables into the odd and even parts
Yu = kp + Eu’
k= *pht 4 *ph. (29)
After this separations the constraints become
Fév(o-) = Q(BG_I)ab Db+ Da — ’{(GE)abq,b7
'y (o) = (G™HY [pj — /ﬁijq’k + 2/<;Bjkcj'k}, (30)
and
Tivlo) = ~2G7BY; W+ s(GIE,
TP(o) = GH['D+ R0k, — (G, (31)
This form of constraints is solvable and has a solution
Pa=0, q%=—0"p,
¢"=0, pi=-2B;q", (32)

and in T-dual theory

. _ 9 4
*4:0’ k;/.:_EBij*pj’

7

p
" = —k*0%k;, kL =0. (33)
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Solving the constraints has reduced the phase space by half. The o-
derivative of coordinates and the momenta for the solution (32) are

q/a - eabplh H=a,
ot = (34)

=11 .
q, H=1,

and

DPas H=a,
Ty = (35)
Pi — 26Bi @7, u=i.
The T-dual coordinate o-derivative and the T-dual momenta for the
solution (33) are

Efp H=a,
Y, = ; . (36)
ki — <Bi*p’, =i,

and
*rh = (37)

When one considers the constraints at the other string end-point o = 7,
one multiplies every constraint with the appropriate power of o —m and sums
the products into 'Y (o) and I, (o). The sigma dependent constraints
at 7 and 0 differ by the following exchange

J+a(2m = 0) <= Jra(=0),  J+i(2m = 0) ¢ jri(=0). (38)

It follows that the extension of a domain [2] of the variables building
the currents, i.e. original coordinates and momenta and demand their 27-
periodicity z#(0+27) = 2#(0), and 7,(0+27) = 7, (o) makes the solutions
(32) and (33) the universal solution for both c—dependent constraints at
o=0,m.

4. Effective theories for the solution of boundary conditions

Next, we will substitute the solution of the constraints into the canonical
hamiltonians, to obtain the effective hamiltonians. Using the equations of
motion for momenta, we will find the corresponding effective lagrangians.
Effective theories describe the closed effective strings.
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Kk [dE20 2Pl 0_2" — %2 [ de?0,y, 0" 0 _y,

J ro yrzo

? ?

The solution of the initial boundary conditions is such that the effective
hamiltonian will be given in terms of odd ¢*, p; in Dirichlet directions and
even %, p, in Neumann directions. It reads

HS = 1 (4%, pa) + HET (T o), (39)

where

1
H (% pa) = = q’“Gﬁ,q’b+;pa(G )%py,

SIGp) == q’iG”q’J + ﬂﬁi(G_l)ijﬁf (40)

Simmilarlly, the effective T-dual hamiltonian is given in terms of odd
kq,*p® in Dirichlet directions and even k;,*p* in Neumann directions. The
corresponding effective lagrangians will consequently depend on both even
and odd coordinate parts ¢%, ¢* and k;, k,. The effective T-dual hamiltonian
is

HI =1 (ha,"0") +H (i), (41)
where
e 7 —a R - —1\ab7 1 —a i
H (o, "7") = 5 oG )Ry + 5P (G)an' D
*x /€ *x 1 R —1\%j 1 * 1 *x 7
HEL (ki p)=§k§(G I)Jk}JrﬂpGij P (42)

The effective Lagrangians of the above effective hamiltonians are

reff — [W-Uu} _ W et [*Wuyﬂ} et (43)

r,=0 *T,=0

The effective lagrangians can be separated into
LN = Ly(q,p) + Lo(@,D), *LY ="Lo(k, D)+ Ln(k,*p),  (44)
with
Lx(g,p) = pad® — H' (¢" 1), Lo(a,D) = 152-(? - HI (@ i),
*»CD(E‘,*ﬁ) _ *pa% */Heff(];: *pa)7 *,CN(k‘ p> k‘ */Heff(k;“ )
(45)
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The explicit forms of the effective lagrangians are found by eliminating
the momenta from (45), using the equations of motion for them

Pa = ’inbq'ba pz = I{Gqu]) (46)
and . . .
=G = RGN ()

For these equations the o-derivatives of the initial and T-dual coordinates,
given by (34) and (36), become

q/a 4 2(G71B)ab q'b’ p=a,
- (48)

—/1 .
q, K=,

a'H

and

7./
kaa H=a,

Y = 3 (49)
K —2(BG™Y) k=i,

In order to find the expression for the initial and the T-dual coordinate
we need to introduce a double coordinate ¢* of the even part of the initial
coordinate ¢®

“=q° §"=q, (50)
and a double coordinate l%z of the even part of the T-dual coordinate k;

ki =k, k= (51)

)

The coordinates become

¢" +2(G7'B)% ¢, u=a,
at = (52)

and

Yu = . (53)
k; — 2(BG71)~3 kj, U=i.

)

So, after elimination of the momenta the effective lagrangians become

LN = La(q) + Lo(@), LT =*Lp(k) +*La(k), (54)
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where the lagrangians (45) reduced to

— K fe' —ia —=J
Ly() = 3G 1" 0a"030",  Lo(2) = 5Gijn™0ad' 07,
"Lp(k) = g«; D Oakadske,  *La(k) = S(GT P 0kiOsh;.
(55)
5. T-duality between effective theories
Introducing the effective coordinates and T-dual effective coordinates
po |20 _ (Fa
and their corresponding canonically conjugated momenta
p,— |Pa|  spu_ |7 57
R
one can rewrite the effective hamiltonians (39) and (41) as
eff E / eff v nv
HY = QQ“G Q + P (Geff) Fy,
WA = DRG]+ *P“( Gop)w™ P, (58)

where

E —1\ab
eff _( Gay 0O sqm — ( (Gg) 0
Guu < 0 Gij )v Geff ( 0 (Gfl)zj : (59)
The T-duality relations
ra't = ok Ry, =, (60)
for the solution of the boundary conditions and separating the odd and

even parts reduce to

la ~v % =a

kg =", Kk, = pq,
Hq/l ~ )\'p’L7 k/ ~ ﬁu (61)
which gives
KQ'" = *PH, HKL = P,. (62)

Additionally, the background fields (59) are T-dual as expected, because by
T-duality the metric should transform to the inverse of the effective metric.
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In absence of the effective Kalb-Ramond field this means the T-dual metric
should be inverse to the initial metric, what is just the case

. B GE 0 -1 G—l ab 0 .
(Gm{f) b= ( (Slb Gij ) = ( ( %) (Gfl)ij ) = G’;ff. (63)

Using (62) and (63) we can conclude that the effective hamiltonians (58)
are T-dual to each other.
The corresponding lagrangians (54) are given by

L = QUP, = HI(Q,P), "L = K PY — HII(K,P),  (64)
which for the equations of motion for momenta (46) and (47)
P, =rG/Q", *P,=r*GJIK, (65)
become
et = gna'g 0aQ" GS1T 95Q7, LT = gno‘ﬁ 0ol "Gy p 05Ky (66)
Combining (62) with (65) one obtains
Q=G K, K, =GllQ". (67)

Therefore, the effective and T-dual effective variables Q* and K, are con-
nected by

0+ K, = +G/10.Q". (68)

This is the T-dual effective coordinate transformation law. Using it together
with (63), one can conclude that the effective lagrangians (66) are T-dual.
This law is in agreement with the T-dual coordinate transformation law
(7), for By, =0

a:I:yu = j:C;uua:tfzya (69)

keeping in mind that the metric is replaced by the effective metric G, —
Gl

6. Conclusion

In the present paper we showed that the T-dualization procedure and the
solving of the mixed boundary conditions, treated as constraints in the
Dirac consistency procedure, do commute. The results are summarized in
the following diagram
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T
K [d€204at Il 0_2" — %2 [ de20,y,0" 0 _y,

l =0 J*F:O
T

5 [d20, QG o Qv —— 5 [d0L K, GE 0 K,

We started by considering the string described by the open string sigma
model (left up). The string is moving in the constant metric G,, and
a constant Kalb-Ramond field B,,. We chose the Neumann boundary
conditions for some directions x* and the Dirichlet boundary conditions for
all other directions z*. We treated these conditions as canonical constraints,
and applied the Dirac procedure. The boundary conditions where rewritten
in a canonical form in terms of currents building the energy-momentum
tensor components. By Dirac procedure the new constraints are found
commuting the hamiltonian with the known constraints. The canonical
form of constraints allowed us a simple calculation of the exact form of
the infinitely many constraints. From these constraints we formed two
o-dependent constraints, for every string endpoint, by multiplying every
obtained constraint with the appropriate power of ¢ for constraints in o = 0
and power of m—o for constraints in ¢ = 7, and adding these terms together
into Taylor expansions. The constraints at ¢ = 0 and ¢ = 7 were found
to be equivalent by imposing 27-periodicity condition for the canonical
variables z# and 7.

The o-dependent constraints are of the second class. To solve them we
introduced even and odd parts of the initial canonical variables. We found
the solution and expressed the o-derivative of the initial coordinate z’# and
the initial momentum 7, in terms of even parts ¢, p, of z#, 7, in Neumann
directions and of their odd parts ¢*,p; in Dirichlet directions, see (34) and
(35.) For the solution of constraints I' = 0, the theory reduced to the
effective theory (left down). We obtained the effective hamiltonian (39).
For the equations of motion for momenta, we obtained the corresponding
effective lagrangian (54).

We also considered the T-dual (right up) of the initial theory. We
applied the Dirac procedure to the mixed boundary conditions of the T-
dual theory. The constraints where solved, which reduced the phase space
to kg, p® in D-sector and k;,*p" in N-sector. For the solution of T-dual
constraints *I' = 0, we obtained the T-dual effective hamiltonian (41), as
well as the corresponding T-dual effective lagrangian (54) (right down).

The canonically conjugated effective variables are now pairs ¢“, p, and
¢, p; for the initial and k;,*p’ and ke, *p® for the T-dual effective theory.
The effective variables in both effective theories satisfy the modified Poisson
brackets. This is different, in comparison to the choice of the Neumann
boundary conditions for all directions [2, 3, 4]. In that case, solving the
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constraints leads to full elimination of odd variables. For constant initial
background fields, considered in this paper the effective fields are constant.
But, the nongeometricity obtained earlier in [2, 3, 4] can still be seen. It
appears in a fact that coordinates of the initial and T-dual theories, can
not be expressed without an introduction of double coordinates, see (52)
and (53).

The obtained effective theories, defined in terms of the effective vari-
ables, where compared using the T-dualization procedure. It was confirmed

that the corresponding background fields (the effective metrics G,eﬂ;f and
*GZ;f (59)) are T-dual to each other. Also, the effective variables of the
initial effective theory are confirmed to be T-dual to the T-dual effective
variables of the T-dual effective theory, by obtaining the T-duality law con-
necting them. This law was an appropriate reduction of the standard T-
duality coordinate transformation law. Therefore, we showed the T-duality

of the reduced bosonic string theories.
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