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Abstract.

In this article we will find the entropy of a scalar field in the Reissner-Nordstrom black
hole backgrounds using the brick wall model of t’ Hooft. We will use the semi-classical WKB
approximation. We will consider the modes which are globally stationary so that the WKB
quantization rule used in the brick wall model remains valid. In the Schwarzschild black hole this
consideration had led to a new expression of the entropy different from the conventional expression
which is inversely divergent in the brick wall cut-off parameter and in terms of a proper distance
cut-off parameter, is proportional to the area of the event horizon. The new expression of the scalar
field entropy obtained in this article is logarithmically divergent in the brick wall cut-off parameter
and is not proportional to the area of the black hole event horizon. For the extremal Reissner-
Nordstrom black hole background the entropy of the scalar field is again divergent in the brick wall
cut-off parameter and vanishes if the temperature of the Hawking radiation and the black hole is
taken to be zero. We will next consider the entropy for a thin shell of matter field surrounding
the black hole horizon. When expressed in terms of a covariant cut-off parameter, the entropy of
a thin shell of matter field surrounding the horizon in the non-extreme Reissner-Nordstrom black
hole background is given by an expression proportional to the area of the black hole horizon. We
will briefly explain the significance of this result.

1. Introduction
The thermodynamical aspects of the black holes was first established by Bekenstein [1]. He obtained
an expression for the entropy of the black holes. This expression was proportional to the area
of the horizons of the black holes. Hawking obtained the exact expression for the entropy by
considering the behaviour of matter fields in the black hole backgrounds [2]. The entropy of a
black hole, considered as a thermodynamical system, was found out to be %. Here A is the horizon
surface area. The thermodynamical properties of a minimally coupled matter fields in black hole
backgrounds was discussed by 't Hooft [3]. The black hole is assumed to be in thermal equilibrium
with surrounding matter. For a static black hole the rate of particles radiated by the black hole
should be equal to the rate of absorption of matter by the black hole. 't Hooft [3] assumed that
the matter field wave function is vanishing near the horizon as well as at infinity, i.e, for a large
value of the radial coordinate. Since then a lot of works had been done on the entropy of matter
fields in the black hole backgrounds using the brick-wall model [4,5,6,7,8,9,10,11,12 13, 14].

In a previous article [15] we had discussed a few aspects of the entropy of a scalar field in
the Schwarzschild black hole background using the brick-wall model of 't Hooft [3] with a proper
consideration of the centrifugal potential. In the brick wall model of 't Hooft the semi-classical
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WKB quantization rule is applied to the radial part of the matter field solution for the purpose of
the counting of the states. We considered the fact that the modes for which the WKB quantization
rule, used in the brick wall model, remains to be valid should be stationary throughout the range of
the radial variable. We found that, with this consideration, the entropy of a scalar field is different
than that obtained in [3]. The expression of entropy obtained by ’t Hooft is inversely divergent in
the brick wall cut-off parameter and in terms of a proper distance cut-off parameter, is proportional
to the area of the event horizon. The new expression of the scalar field entropy obtained in [15] is
logarithmically divergent in the brick wall cut-off parameter and is not proportional to the area of
the black hole event horizon. We also note that the term logarithmically divergent in the brick wall
cut-off parameter is independent of the mass of the black hole although the leading order infrared
divergent term is dependent on the mass of the black hole.

In the present article we will find the entropy of a scalar field in the Reissner-Nordstrom and
the extremal Reissner-Nordstrom black hole background. We will use the brick wall model of t’
Hooft together with the counting of the states followed in [15]. The expression for the entropy of
a massless scalar field, obtained in this article, in the non-extreme Reissner-Nordstrom black hole
background is similar to that of the Schwarzschild black hole and is logarithmically divergent in
the brick wall cut-off parameter. For the extremal Reissner-Nordstrom black hole background the
entropy of the scalar field is again divergent in the brick wall cut-off parameter. In this case the
divergent part contains a term inversely dependent on the brick wall cut-off parameter and a term
logarithmically dependent on the same. The matter field entropy vanishes if the temperature of
the Hawking radiation and the black hole is taken to be zero.

In section:IV we will consider the entropy of a thin shell of massless scalar field surrounding the
black hole event horizon [3]. The thickness of the thin shell is taken to be the same as the brick
wall cut-off parameter. In the flat space-time the entropy of a thin shell of scalar field, obtained
by using the WKB approximation, is proportional to the volume of the thin shell in the limit the
thickness is small compared to the radius of the inner surface. The internal energy and the entropy
vanish when the thickness vanishes. In the black hole backgrounds we will find that the entropy of
a thin shell of massless scalar field surrounding the horizon following the procedure of section:III.
We will find that, in terms of a proper distance cut-off parameter, the scalar field entropy for a thin
shell surrounding the black hole horizon is proportional to the area of the black hole event horizon.
We will find that the free energy and the entropy are inversely dependent on the coordinate cut-off
parameter and is more strongly divergent in comparison to the earlier case of a scalar field occupying
the complete manifold. This is expected because for a thin shell of matter field surrounding the
horizon, the upper limit of the angular quantum number is restricted by eqn (16) and when the
thickness of the matter shell is small compared to the radius of the horizon, a greater number of
modes contribute to the free energy and the entropy. This is associated with the vanishing of the
centrifugal potential at the horizon. Similar situation will remain valid with the Schwarzschild
black hole [24]. It is remarkable that the entropy is given by a universal expression proportional
to the area of the horizon. The expressions of the matter field entropy obtained in this section are
important in the context of explaining the black hole entropy in terms of the near horizon states
[20] and also for the entanglement entropy approach to explain the black hole entropy [21].

2. Brick-wall model and the Entropy of a scalar field in the Reissner-Nordstrom
black hole background

The radial part of the wave equation of a massive scalar field in the Schwarzschild black hole
background is given by the following expression:

2M

(1= 25 B2 + S0l — 2M00,0() | () = 0 1)

Here [ is the angular momentum quantum number and E is the energy.
We follow the procedure of t” Hooft to calculate the entropy of a scalar field using the brick wall
model and the WKB quantization rule [3]. We consider massless fields but the discussions can also
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be extended for massive fields. The boundary conditions on the scalar field are the following:

BEM + h), (L) = 0 (2)

where h << 2M and L >> 2M. Here h is the brick-wall cut-off parameter. We consider the
solutions of the wave-equation obtained by the WKB approximation. The solutions are assumed
to be of the form p(r)exp[iS(r)]. The solutions are stationary w.r.t the radial variable throughout
the spatial manifold and the amplitude is assumed to be a slowly varying function of the radial
coordinate r. These solutions are also important for the analysis of the Hawking radiation.

We now consider the free-energy calculation using a proper density of states. Let us first consider
the WKB quantization condition together with the brick wall boundary condition. We have the
following condition:

L
7m:/ drk(r,l,E) (3)

Here r1 = 2M + h and k(r,l, E) is the radial wave number. We assume that for a given set of
values for F, [, r1 and L there exist one solution of the above integral equation. The upper value
of [ is restricted by the condition that k(r) should remain real throughout the complete region of
integration. We have,

K(r) = v@ \/E2 -V 4 (4)

Here we are considering a massless scalar field. At r = 2M +h with h — 0, [ can be varied freely.
However for a state for which k(r, E, 1) is real throughout the complete region from r = 2M + h to

r = L the upper limit of [ is restricted by the maximum value of VT(; ) which occurs at r = 3M for
the Schwarzschild black hole. The upper limit of [ is given by the following expression,

I(1+1) =27E*M? (5)

The expression for the free energy of a massless scalar field is given by the following expression
[17]:

Y dE L V(r)
"B = 5/ Ry ECER R UG

Here V(r) = 1— =%, The range of E integration is from zero to infinity although one should be
considering the back reactlon to the metric. The range of r integration is from 2M + h to L where
L >> 2M. The [ integration in eqn.(6) for the free energy introduces a factor % in the radial

integral. We can take the upper limit of [ integration to be I(I + 1) = s(27E?>M?), where s can be
taken to be arbitrarily close to one but not one so that k(r) is real for all values of r. The product

s%@? E2M?) is less than E? for all values of r. We first do the [ -integration. The free energy
is given by the following expression:

ABF = = 5/ = BE /W _{E2_5(27E2M2)‘/;;)}2] (7)

We can do a binomial expansion in s to find Out the leading divergent term in the brick-wall
cut-off parameter. The maximum value of the term 27M 2@ is one. We thereafter do the radial
integration and the energy integration respectively. It can easily be seen the term associated with
the linear order term in s is the most divergent term in the brick-wall cut-off parameter h. The

entropy is given by S = [32%. The entropy associated with the linear order term in ’s’ is given by,

27sl L L
W[ﬂ + 2111(%)] (8)



IC-MSQUARE 2012: International Conference on Mathematical Modelling in Physical Sciences IOP Publishing

Journal of Physics: Conference Series 410 (2013) 012137 doi:10.1088/1742-6596/410/1/012137
Where [ = [ Ooo(e)g’% = 7{—; The divergent part of the entropy associated with the brick-wall

cut-off parameter is logarithmically divergent in the cut-off parameter. The divergent behaviour is
expected as the constant-time foliations intersect at the horizon and can be related with infinite red
shift. We have assumed h << 2M and L >> 2M. Here (3 is given by the usual expression § = 8t M
and h is the brick-wall cut-off parameter. We find that with this expression of 5 the divergent part
of the entropy in terms of the brick-wall cut-off parameter is independent of the horizon surface
area. We also note that the term logarithmically divergent in the brick wall cut-off parameter is
independent of the mass of the black hole although the leading order infrared divergent term is
dependent on the mass of the black hole. The higher order terms in s are not divergent in h and
vanish in the limit L — co. We will later discuss the situation with the massive fields.

In passing we note that in the original reference, [3], the upper limit of the [ integration in
equation (6) was taken so that k is zero. This makes the upper limit dependent on r and many
solutions do not have a part stationary throughout the complete range of r and we can not apply
the WKB quantization rule for those modes. The scalar field entropy is given by the following
expression:

83 2M 4
Unlike eqn(8) this expression is inversely dependent on h. In terms of a coordinate invariant cut-
off, given by eqn (16), this expression is proportional to the area of the horizon and is independent
of the mass or charge of a particular black hole.
We now consider the entropy of a massless scalar field in the non-extreme Reissner-Nordstrom
black hole background. The procedure remains the same and only the metric function V(r) =

(1 — 2M) is replaced by the new metric function V(r) = (1 — 2 + %2), where @ is the charge of

the black hole and we have M > |Q|. The black hole horizon is at r = r;. = M + /(M? — Q?). In
V(r)
r2

this case finding out the maximum value of is little cumbersome and this occurs at,

P = %[3M +4/(9M2 — 8Q2)] (10)

which is outside the event horizon. Proceeding in the same way as above we obtain the following
expression for the most significant part of the scalar field entropy:

A3 s L r2 r 72
S = Tﬁg[lj + “J”(E) + ﬁl”(%)][m] (11)
Where r_ = M —+/(M? — @Q?). We thus find that the divergent part of the scalar field entropy in
the non-extreme Reissner-Nordstrom black hole background is similar to that of the Schwarzschild
black hole and in particular the near horizon contribution is again logarithmically divergent in the
brick wall cut-off parameter. The expression reduces to that in the Schwarzschild black hole in the
limit @ = 0. In the next section we will find that the expression of the entropy of a thin shell of
matter field surrounding the horizon is given by an expression proportional to the horizon surface
area with the proportionality constant being the same for both the Scwarzschild black hole and the
non-extreme Reissner-Nordstrom black hole.
We now consider the extremal Reissner-Nordstrom black hole in detail. In this case we have,
M,

Vi) =(0-=)

(12)

The maximum value of VT(QT ) occurs at r = 2M and is given by 16%. The divergent part of the

free energy, both ultraviolet and infrared, is given by,

71'3 2 2
e )+ Min() + 1 (13)
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Here 's’ is taken to be one. Hence the divergent part of the massless scalar field entropy is given
by the following expression:

6473 M2 M? L

The temperature of the Hawking radiation and hence that of the extremal Reissner-Nordstrom
black hole is zero and hence both the free-energy and the entropy of the scalar field vanish. However
it is well-known from the imaginary-time Euclidean sector analysis [18,19] that the temperature can
be taken to be arbitrary as there is no conical singularity to avoid in the corresponding Fuclidean
manifold. In this case the scalar field entropy is divergent. The topology of the extremal Reissner-
Nordstrom black hole is different from that of the non-extreme black holes and the corresponding
expressions for the scalar field entropies are also different.

S =

3. Entropy of a thin shell of scalar field surrounding the black hole event horizon

We now consider a thin shell of matter field surrounding the outer horizon in the non-extreme
Reissner-Nordstrom black hole background. The boundary conditions on the scalar field are the
following:

Y(ry +h),Y(ry +2h) =0 (15)

We again assume h << ry. We can proceed similar to the preceding section. Within the region
of interest the maximum of @ occurs at r = r4 +2h and to apply the WKB quantization rule, the

angular quantum number, [, should be less than the value obtained from the following equation:
E(ry)

NN+1)= ——— 16
(N+1) 2h(ry —r_) (16)
As before we consider the upper limit of the [ -integration to be given by sN with s < 1. With
this choice, k(r) is real throughout the region of interest. In this case the free energy calculation is
a little cumbersome. Unlike the previous cases, we will have near horizon contributions from the
higher order terms in ’s’. These terms are inversely dependent on the brick wall parameter and we

have,

31)gP —1_1)92—
F= —f2sin(2) - 35 (-1 s @i (17)
3 6

[-Z (r4) ]
60B%h (ry—r_)2

Where p > 2, is an integer, and A << r. In this case the integral for the free energy, for s < 1,
picks divergent contribution only from the near horizon region and can be associated with the brick
wall cut-off h. With the h-dependent part explicitly factored out, the remaining terms within the
third parentheses is finite and can be shown to be greater than In[dexp(3/2)] by a small value.

The brick wall cut-off parameter is a radial parameter and we can replace it by the covariant
cut-off parameter € given by the following expression:

(r4++h)
= / T _dr (18)
T+ V(r)
For h << r4 we have,
4o ?
2 +
=(—h 19
= () (19)

In terms of this covariant cut-off parameter we have the following expression for the scalar field
entropy,
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S = — 20
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Where "7/ is the numerical factor within the third parentheses of the equation (17). /A’ is the

inverse of the Hawking temperature and is given by, 3 = ﬁ%. With this value of /', the scalar
field entropy becomes proportional to the area of the event horizon and is given by the following
expression:

n
S=—
9607 €

Where A’ is the area of the black hole event horizon. Thus we have a universal expression for
the matter field entropy which is proportional to the area of the event horizon. If we now equate
this expression to the Bekenstein-Hawking entropy [3], we find that the value of the covariant cut-
off parameter becomes independent of the mass of the black hole and is given by the following

expression:
[N
22
‘ 2407 (22)

This expression is different from the corresponding expression obtained by 't Hooft,

€= \/goTw (23)

Similar situation will also remain valid for the Schwarzschild black hole background [24]. Thus
the value of ¢’ given by eqn(22) is a universal constant, independent of the black hole parameters.
It is same for both the non-extreme Reissner-Nordstrom black hole and the Schwarzschild black
hole. The value is expressed in terms of the Planck length. The situation for the extreme Reissner-
Nordstrom black hole is not much illuminating and the scalar field entropy vanishes when Hawking
temperature is taken to be zero.

S

(21)

[\

4. conclusion

To conclude, we have considered the entropy of a scalar field in the the Reissner-Nordstrom black
hole backgrounds. We have used the brick wall model of ’t Hooft. The scalar field is vanishing
near the horizon as well as far away from the horizon. The density of states is calculated using the
WKB approximation. We found that the entropy associated with the solutions which are stationary
throughout the region of interest so that the WKB quantization rule is valid is different from that
obtained by 't Hooft. The expression for the entropy is divergent in the brick wall cut-off parameter
and this ill-behavedness is associated with the intersection of the constant-time foliations at the
horizon which is a fixed point set of the time-like Killing vector. The scalar field entropy is not
proportional to the area of the black hole event horizon. It will be interesting to compare the
discussions in this article with the calculations of the matter field entropy made in the imaginary-
time Euclidean manifold [19]. The Euclidean sector topology of the extremal Reissner-Nordstrom
black hole is different from that of the non-extreme Reissner-Nordstrom black hole and leads to
a vanishing entropy for the black hole [17]. The entropy of the matter field also vanishes if we
choose the temperature to be zero. We also considered the entropy of a thin shell of scalar field
surrounding the black hole horizon. We have obtained an expression for the matter field entropy
which is proportional to the horizon surface area. This is valid for both the Schwarzschild and
the non-extreme Reissner-Nordstrom black holes and the proportionality constants are the same.
The expressions of the thin shell matter field entropy obtained in the article are important in the
context of explaining the black hole entropy in terms of the near horizon states [20] and also for
the entanglement entropy approach to explain the black hole entropy [21,22]. The fact that the
solutions of the matter field may not contain a global oscillatory term for all values of 'I’ is also
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important to discuss the scattering and absorption of matter fields in black hole backgrounds.
These discussions may also be important to consider backscattering and to find out the luminosity
of Hawking radiation [19]. The logarithmically divergent expression of the matter field entropy
may be significant for the optical metric analysis of the black hole thermodynamics [13].
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