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We study a conjectured correspondence between any codimension-two convex surface and a quantum
state (SS-duality for short). By applying thermofield double formalism to the SS-duality, we show that
thermal geometries naturally emerge as a result of hidden quantum entanglement between two boundary
CFTs. We therefore propose a general framework to emerge the thermal geometry from CFT at finite
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1. Introduction

The fascinating idea that spacetimes might emerge from more
fundamental degrees of freedom has attracted more and more at-
tention in the past few years. This idea was revived recently by
the discovery of the AdS/CFT correspondence [1-3]. Even though
it has lead tremendous progresses in the past few years, funda-
mental mechanism of the AdS/CFT correspondence still remains
a mystery. The situation became better not until the discovery of
Ryu-Takayanagi formula [4-6], which states that the entanglement
entropy of a subregion A of a d+1 dimensional CFT on the bound-
ary of d+2 dimensional AdS is proportional to the area of a certain
codimension-two extremal surface in the bulk:

S Area(ya)
A= —07177
4G4

where y,4 is the minimal surface whose boundary coincides the
boundary of A: dA.

A recent step for our understanding of holography is made by
Miyaji et al. in [7,8] where they proposed a duality called sur-
face/state correspondence (SS-duality). It claims that any codimen-
sion two convex surface is dual to a quantum state of a QFT. With
the help of the SS-duality, one can, in principle, find out the equiv-
alent description of any spacetimes described by Einstein’s gravity.
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In this way, we might encode the information of the boundary
QFTs into the bulk geometry, and vice versa.

There is a very different way in mapping states and operators
in the boundary Hilbert space to those in the bulk. This is known
as the tensor networks. One specific example which is of partic-
ular significance is the multi-scale entanglement renormalization
ansatz (MERA) [9-11] (see e.g. [12] for an introduction), and MERA
of the ground state of a lattice model at critical point is naturally
related to CFT [13]. The connection between the AdS/CFT and the
MERA was first pointed out by Swingle in [14], where he noticed
that the renormalization direction along the graph can be viewed
as an emergent (discrete) radial direction of the AdS space (see e.g.
[15-18] for further discussion on the resemblance between MERA
and AdS geometry). This elegant method was latter generalized
to continuous version (c(MERA), which makes entanglement renor-
malization available for quantum fields in real space [19]. Equipped
with this toolkit, the holographic (smooth) geometry can naturally
emerge from QFTs [20].

Though it is very successful, the full investigation of AdS/cMERA
is still very limited. Most past works paid their attention to zero-
temperature systems. In this paper, we take a step forward and
investigate how to emerge thermal spacetimes from boundary CFT
at finite temperature, by making use of cMERA and SS-duality. At
first glance the generalization is trivial and one can achieve this as
long as the boundary CFT is replaced by a thermal one. However,
there are two obstacles that prevent us from this generalization:
First of all, the appearance of black hole (BH) horizon leads to a
closed and topologically nontrivial surface in the bulk. This implies,
according to the SS-duality, that the dual state in the boundary

0370-2693/© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


http://dx.doi.org/10.1016/j.physletb.2017.07.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:ganwencong@gmail.com
mailto:shufuwen@ncu.edu.cn
mailto:menghewu.physik@gmail.com
http://dx.doi.org/10.1016/j.physletb.2017.07.011
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2017.07.011&domain=pdf

W.-C. Gan et al. / Physics Letters B 772 (2017) 464-470 465

QFT is no longer a pure state. All calculations must be replaced by
thermal mixed states. Secondly, for finite-temperature CFT, turn-
ing on a temperature introduces a scale which screens long-range
correlations and the state have thermal correlations in addition to
entanglement. One important effect is that the thermal correla-
tions become more relevant as one runs the MERA. The MERA,
therefore, truncates at a certain level, which is suggestive of a BH
horizon [14]. We often call it the truncated MERA [21]. In our pre-
vious work [22], we discussed the emergent thermal geometry by
generalizing the truncated MERA to continuous one.

An alternative way which is more natural is based on the ther-
mofield double formalism [23] and the emergent tensor network
is often called doubled MERA. This proposal [24] states that the
eternal black hole is dual to two copies of the CFT, in the ther-
mofield double state |TFD). Each asymptotic boundary of AdS is a
copy of the original dual CFT. With the help of the SS-duality, we
will find by this formulation that the thermal spacetimes naturally
appear as a result of hidden quantum entanglement between two
boundary CFTs. The road map is the following: we first propose a
TFD-like state in CFT which is dual to bulk locally excited state in
thermal spacetime background and then write down two TFD-like
states which differ by infinitesimal parameters. The bulk coordi-
nates can be naturally recognized as these parameters in CFT. Then
similar to the proposal in [8], the Fisher information metric dis-
tance between two nearby TFD-like states which we propose to
be dual to bulk local excitations is identified to the emergent bulk
metric distance. Once the bulk metric is obtained, we get the emer-
gent spacetime. In this way, we formulate a general framework by
which thermal geometries emerge from dual CFTs, without know-
ing the details of the thermal correlations of the CFT.

2. Thermofield dynamics and surface/state correspondence
2.1. Thermofield double formalism and doubled cMERA

We start by introducing a new QFT Hg, which is two copies
of the original QFT (with Hilbert spaces Hy and Hj respectively).
The thermofield double formalism treat the thermal, mixed state
p =ePHi (i =1,2) as a pure state in the new double sys-
tem Hior = H1 @ Ha. Thermofield double state (or Hartle-Hawking
state in the dual bulk) in this doubled system is defined as

1
ITFD) = > e By n),, (1)
n

VZ(B)

where |n)q, |n); are energy eigenstates of the two copies of QFT
respectively. This is a particular (entangled) pure state in the dou-
bled system. The density matrix of the doubled QFT in this state
is

Oror = |TFD)(TFD|. (2)

The thermofield double formalism can be applied to the case of
the AdS eternal black hole. The Penrose diagram of an eternal black
hole separates the whole spacetime into two asymptotically AdS
regions as depicted in Fig. 1. Each asymptotic boundary of AdS is a
copy of the original dual CFT. It is convenient to denote these two
identical, non-interacting copies of CFT by CFT; and CFT;, respec-
tively. According to Maldacena [24], this eternal black hole which is
described by the Hartle-Hawking state |HH), is dual to two copies
of the CFT in the thermofield double state |T FD).

Due to the presence of the horizon, observers in one of those
two asymptotically AdS regions (say, region I) cannot come in con-

CFT, CFTy

Fig. 1. Penrose diagram for an eternal black hole. There are two asymptotically AdS
regions which are dual to two copies of CFT. The bulk quantized fields 1/}; and
1@5 are put in the bulk points (p,¢) in the two asymptotically AdS time slices,
respectively.
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Fig. 2. Doubled MERA network. At the center there is a bridge state which glues two
copies of the standard MERA. This state is usually viewed as a black hole horizon.

tact with the other one directly.! From the viewpoint of the dual
CFTs, for CFTq, information from CFT, must be traced out. As a
consequence, the CFTy is in a thermal state described by

p1 = Trapror = e PHI. (3)
The above picture nicely agrees with the MERA at finite tempera-
ture as proposed in [25-28], which is known as the doubled MERA
network. It is composed of two copies of the standard MERA for
a pure state which are gluing together at infrared points by a
“bridge” state. Fig. 2 shows a schematic representation of the dou-
bled MERA network. The continuous version of MERA (cMERA) at
finite temperature has already been considered in [29], where the
authors found that, similar to the MERA, finite-temperature cMERA
can be constructed by doubling two copies of the standard cMERA.

2.2. SS-duality description of thermofield dynamics

Now let us generalize the above picture to a description in
terms of the SS-duality. The SS-duality argues a correspondence
between any codimension-two convex surface ¥ and a quantum
state of a quantum theory which is dual to the Einstein’s gravity.
It can be applied to any spacetimes described by Einstein’s grav-
ity and therefore can be viewed as a generalization of the AdS/CFT

T However, they connect with each other indirectly through hidden quantum en-
tanglement. The hidden quantum entanglement entropy of the thermal CFT can be
viewed as the black hole entropy.
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correspondence. More specifically, this duality states that a closed
topological trivial convex surface is dual to a pure quantum state
|® (X)), while a closed topological non-trivial convex surface’ T
corresponds to a mixed quantum state p(X), such as the surface
which wraps a black hole. In particular, the zero-size closed sur-
face (i.e. a point) is dual to a boundary state |B) [7,30,31]. When
31 and X, are related by a smooth deformation which preserves
convexity, the deformation can be expressed by a unitary transfor-
mation

P(E1) =U(s1,52)p(Z2)U " (51, 52), (4)
where U = Pexp{—i u”; M(s)ds} with P the path-ordering and

M (s) a Hermitian operator.

To proceed, let us turn to a cMERA description of the CFT state.
From [8], we learn that a CFT ground state can be expressed in
terms of cMERA as follows:

0
|0)cFT = P exp —i/duk(u) o), (5)

—00

where K(u) is the disentangling operator of cMERA at scale u,
and |Ip) is the Ishibashi state. The cMERA flow can be adjusted
by a conformal transformation. Specifically, for the case of 1+ 1
dimensions, it was shown in [8] that one has a transformation
g(p,¢) which takes the origin p =0 to any point (o, ¢). After
acting g(p, ¢) transformation, Eq. (5) can be rewritten as

0
|0)crr =P exp —i/dul?(p,q;)(U) o) =U(p, d)|lo), (6)

—00

where

Kip.oyW) = g(p, $)Kw)g(p0, ).

Similarly, the CFT excited states |Wy (0, ¢))crr can be expressed in
terms of Ishibashi states |Iy) for primary field ¥,

Wo (0, ) crr = U, a)- (7)

According to surface/state correspondence, there are dualities be-
tween quantum states in the CFT and states in the bulk gravity. In
particular,

10)crr < 10)puiks
[We (0, D)) cFT € [Wal(0, ) buk = Vo (0, $)10)bulk» (8)

where |0)puix € Hpuie is the vacuum state of the bulk gravity,
and |Wy (0, d))buik € Hpuik denotes the locally excited state in
the bulk. The proposal [8] is to find the dual state of |Wy)puk =
Wy (0, 0))puie by noting that the SL(2, R) subgroup of SL(2, R) x
SL(2,R) (whose generators are (Lq,Lg,L_1) and (L1, Lo,L_1))
which preserves the point p =t = 0 impose constraints on
W )pulk- This is equivalent to impose the same constraints on
[Wy) =|Wy(0,0))crr in the dual CFT, i.e.,

(Lo — Lo)|We) = (L1 + L-1)|We) = (L-1 + L1)|¥a) =0. (9)

In the same footing, as we try to generalize it to the thermal
case, we firstly insert a locally excited field 1/30, (p, ¢) on the time
slice of the thermal spacetimes, which is the Hartle-Hawking vac-
uum |HH)? for an eternal black hole as shown in Fig. 1. This

2 Topologically trivial surface is the surface which can be smoothly deformed into
a point, as a contrast, topologically non-trivial one fails to do so.

3 To make it more readable, we use |[HH) to denote the bulk TFD state, so as to
distinguish it from TFD state in the CFT.

implies that the following dual relation which is similar to (8)
holds

WL (0, D))cFT < [Wal(p, ))buik = Vi (0, $)U2(0, $)HH),
(10)

where two equivalent local bulk quantized fields v} and ¥2 act
on CFTy and CFT,, respectively, and superscript 8 introduced in
|\I/('§(3 (p, ¢)) to distinguish them from the one at zero temperature.
And the bulk coordinate (p, ¢) can be naturally recognized as pa-
rameters in CFT.

As the second step, we would like to learn what is the explicit
form of the states |\Il,§f (p, ®))crr. Without loss of the generality,
we only need to focus on I‘Vg)cm = |\L'5(O, 0))crr. Other cases
can be obtained by using |‘~I’£(p,¢))(_‘FT = g(p,¢)|\1/5)m. The
dual relation (10) implies that |\IJ£>CFT should satisfy the follow-
ing conditions:

(i) The duality (10) strongly favors that these are TFD-like
states;

(ii) |\I—’£)CFT should be the energy eigenstates of the dual CFT;

(iii) Just like the zero-temperature case, constraints imposed by
the generators which preserves the point p =t =0 in the bulk
will, through the duality, impose the same constraints on I‘Pg)cpr
in the dual doubled CFTs, equally. Each of them is similar to (9).

The above conditions force us to propose the following form of
1wl crr
1

VZ(B)

where |¥g); are eigenstates of the dual CFTs and as well, should
be solutions of the constraints similar to (9), which implies they
should be generated by some primary states |«) (and their de-
scendants) with conformal dimensions A. In the next section we
will show that in the case of BTZ black hole, |¥,); are nothing
but |Wy)crr in (8) i.e. the zero-temperature solution satisfying the
constraints (9).

The density matrix of the double CFTs which is dual to bulk
locally excited state is given by

\Wh)crr = ITFD — like)cpr = Y e PRl )11Wy),,
o

Ptot = |‘~IJ£)CFT(\I—’5| = |TFD — Iike)cpT(TFD — lik€|. (]1)

Note that the TFD-like state though is not the usual TFD states,
they are very similar. It can be viewed as a perturbative version
of the usual TFD state. The reason is the following: the duality (8)
shows that the vacuum |0)crr corresponds to a pure AdS configu-
ration in the bulk, and the excitations |Wy)crr are dual to pertur-
bative bulk states, which are perturbative configurations deviated
slightly from the pure AdS. The TFD-like state here is a generaliza-
tion of the above picture to the eternal black hole case, by putting
two equivalent local bulk quantized fields into the bulk. The in-
duced bulk configuration is a deviation from the unperturbed ge-
ometry.

Similar to the thermofield double, the thermal density matrix
in one of the copies of the CFT is obtained by tracing out the con-
tributions of the other copy of the CFT, as shown in (3). Explicitly,
for density matrix of the double CFT given by (11), the reduced
density matrix of one of the CFT is

PcFT; = TICFT, Prot

= S e iy (. ), (W (0. 91,
26) %

where Z(B) = TrY_, e P2 Wy (0, $)) (Vo (p, $)| is the partition
function.

(12)
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S

Horizon

Identify

Fig. 3. The 2+1 dimensional (spinless) BTZ solution in coordinates (t, p, ¢). All
points inside the cylinder belong to anti-de Sitter space, its surface (p = 1) rep-
resenting spatial infinity. The BTZ spacetime lies between the two surfaces inside
the cylinder which are identified under an isometry generated by (16)-(18). The
RG flow and the horizon (bridge states) are indicated by the dashed lines in the
constant time slices to the right.

To proceed, let us employ the idea of Fisher information metric

d52:DB =1 —Tr\/ p:/zpzp:/{ (13)

where
1 - -
pr=pcrr() =~ ;e*“a [We (W) crr (Wa ()], (14)
P2 = PcrT (A 4 8A)
1 - -
= D e g (1 52 (B G+ 1), (15)
a/

and it measures the distance between two infinitesimally close
states p1 and p, which parameterized by A = (p, ¢). As usual, we
identify this information metric with the metric of the time slice
of the emergent spacetime. In this way, the dual geometry of the
eternal black hole can be obtained, according to the SS-duality, by
considering the distance between two local excitations, which is
given by (13).

3. Emergent BTZ black hole

As an explicit example, in this section we would like to employ
our proposal to 2d CFT and to see how the expected BTZ black
hole is emergent. The quantum distance (13) plays a significant
role in the derivation of the geometry. The key to the derivation is
to find out the form of the states | Wy (0, ¢))crr = g(0, 0)|Wa)cFr
which is the building blocks of our proposal |l115)cp1. This can be
achieved by imposing conditions (ii) and (iii) as mentioned in the
last section.

Let us start with a brief review on how to make a BTZ black
hole (the AdS black hole in 2+ 1 dimensions [32,33]). Fig. 3 shows
a sketch of the way in obtaining a BTZ black hole. Roughly speak-
ing, we first find out the “identification surfaces” in AdS. These
are hypersurfaces that divide the whole spacetime into several re-
gions, some of them have the timelike or null Killing vectors. These
regions must be cut out from anti-de Sitter space to make the
identifications permissible. This means that they should lie entirely
within the region where the Killing vector field is space-like. Iden-
tifying corresponding points on these surfaces gives us the BTZ

black hole. Before identification, it is a patch of the whole AdS
space, whose isometry is given by SL(2, R) x SL(2, R) generated
by the (global) Virasoro generators (L1, Lo, L_1) and (L1, Lo, L_1)
of the dual 2d CFT. In the global coordinate, they are

9 - d
Lo=idy =i—rr, Lo=id_=i—o1, (16)
axt X~
-+ cosh2p i
Lii=1i +ixt _ 0_ F =adp], 17
e [sinth + sinh2p + 2 Pl (a7
- ix— cosh2p 1 i
L1 =iet™ - — d+ F - 0p], 18
* sinh2p sinh2p +:F2 Pl (18)

where x* =t & ¢. The identification breaks the symmetry group
from SL(2, R) x SL(2, R) to SL(2, R) x U(1), however, the BTZ black
hole (and its higher dimensional generalization [34]) remains lo-
cally AdS. Our procedures of deriving the thermal spacetimes in
the last section only need local information, it is therefore safe
enough to start with (16)-(18). For the same sake, the fact that
the BTZ geometry has the same local isometry as the AdSs; sug-
gests the same constraints should be imposed on [Wy)crr as the
one given in (9), which implies [Wo)crr has exactly the same so-
lution as the one for AdS, i.e., Yo )crr = |Wa)CFT-

Following [8], the excited state |Wy(p,¢))crr can be obtained
by acting the conformal transformation g(p,¢) to |Wy)crr =
| Wy (0, 0))cErT, that is

[Wo (0, P))crr = (0, &) Va)CFT, (19)

where g(p, $) = ei®oez\1=1-1) with Ig = Ly — Lo, |1 = L1 — L_1,
I = i,1 — L1. We will see later that the CFT parameters (p, ¢) can
be recognized as bulk coordinates. The state |V, )crr turns out to
be of the following form

Wy )crr oc e S+l T Lotlo)) j oy (20)

where § ~ 1/c is a UV cut off, |Jo) = pog k)L ® |k)g are bound-
ary states, and [k); o (L* ))la), [k)g oc (¥ ;)|er) are descendants of
the primary states |«). In the following manuscript, we just denote
[Wo)crT as |Wy) to simplify notation.

For later convenience, we first calculate the following inner
product,

{We (0, 9o (p+dp, ¢ +dg))|?

1 .
=[1- §<dp2 + sinh? pd?) (W 1111 + l11_1|Wg/) ]

1 .
=[1- @wpz + sinh? pd¢?)8a 1%, (21)

where in the second line the following relations have been em-
ployed [8]

(Vo (0, 9)Wa(p +dp, ¢ +dg))|
=1-— %(d,oz + sinh? pdg?) (Wy |l_111 + 1111 |Wy), (22)
and in the third line, we used (see Appendix A for more detail).
crT{Wall-1lt + -1 |We ) cFr
=crr{Wall-1lh + hl-1|¥e) cprlae = ;73aa/~ (23)
With the above preparation, we are now in the situation to de-

rive the Fisher information metric. In the limit 83513 <« 1, we have
(see Appendix B for more detail)
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ds? =Dg =1—Try/ p;/* pap;’?
~1-Try/pip2
=1— [Y (klp1li)(lp2lk)
k, j
=1— [ (kip1p2lk). (24)

k

After substituting (19) and (20) into (12) and making use of
(13)-(15) and (21) and (24), it becomes

1 1
dsz =1- J Z m Zefﬂ(A“JrA”')K‘I’n(Pv¢)Wu’(ﬂ+dps¢+d¢))|2

1 1 1
=1—= ooV 26801 — — (dp? -+ sinh? 212
=1 \/z Z(p+dp. ¢ +dg) ;e (1~ o3 (dp? + sinh? pdg?)]

=1 SN~ 5 (dp? + sin? pdg?)), (25)
where
f®= % ! S 260, (26)
Z7(0 +dp, ¢ +dp) &

If we treat (§1)2 = dp? + sinh? pd¢? as small perturbations in

the parameters A = (o, ¢), then F(8, A1, A2) = Try/ ,011/2:02:011/2 by
definition is the quantum fidelity of the field [35]. The explicit ex-

pression of f(B) can be calculated in this way. Noticing that the
metric is given by ds*> =1 — F(8, A1, X2), Eq. (B.5) implies that

F(Bra,dg) ~e KOV A ~q g(d/o2 + sinh? pd¢?) x
=1- 8’%(@2 +sinh? pdg?),  (27)
where x =1/8% has been used. This implies that
1— .
f(B)~1+ 852’3 (dp? + sinh? pd¢?), (28)

after plugging it into (25), the metric of time slice turns out to be*
(keeping only quadratic terms)

2 ~ i

T 852
This is the spatial part of the AdS metric in global coordinate up to
a constant factor, but now it involves temperature through the pa-
rameter B, and possibly can be viewed as thermal AdS for low
temperature (large B). However, for temperature larger than its
critical value the Hawking-Page transition [36] will be induced,
and it becomes a BTZ black hole. In this case, we define a set of
new coordinates

ds (dp? + sinh? pd¢?). (29)

ivBo ,_ Bt
2V2r 8 232ry8

the full thermal metric (29) after adding g (which is a prior given
by assumption) can be recast as

B

2__(2_2\g2, P
ds® = (r r+)dt+852r2_rgr

r=rycoshp, t=

(30)

+r2do?. (31)

This is exactly the BTZ metric as expected. With the help of the
thermofield double formalism, above procedures allow us knowing

4 This is correct only when 3813 « 1 as explained in Appendix B.

little information about the thermal CFT, which is one of the main
merits of the proposal.

We would like to make a comment here. The fact that the BTZ
metric relates to the thermal AdS merely through a coordinate
transformation (30) is based on an observation that BTZ geometry
is locally equivalent to AdSs [32,33]. However, this does not mean
the BTZ black hole is trivially the same as the AdS spacetime—
they have different topology [32,33] which can be influenced by
temperature. Therefore, there is finite-temperature phase transition
between AdS and BTZ black hole which is called Hawking-Page
phase transition [36]. Our method in this paper is to construct
bulk local excited sates to probe bulk metric. Thus, we can only ac-
cess to local information. The global topology, however, cannot be
obtained in the present approach. To probe global properties, e.g.
Hawking-Page phase transition, we need non-local objects such as
operator product expansion (OPE) block constructed by Czech et al.
[37], which is a new challenge and will be discussed in the future
work.

4. Conclusions

In this paper we have studied emergent geometries from CFT
at finite temperature in the setup of the surface/state correspon-
dence. We propose a general framework through which thermal
geometries emerge from boundary CFTs. Instead of introducing a
truncated level to the MERA tensor network, our proposal is re-
alized by applying the thermofield double formalism to the SS-
duality, and the thermal correlations are read off by tracing over
one of the copies of the CFT. The main advantage of this frame-
work is that the details of the thermal correlations of the CFT are
not required. As an explicit example, we computed the information
metric for a locally excited mixed state of two dimensional CFT at
finite temperature, and showed that the emergent spacetimes are
either thermal AdS or BTZ black hole as expected.

In the present framework, the information metric only depends
on the behavior of two nearby states. This implies, according to
the SS-duality, emergent bulk metric can be obtained by merely
knowing the local information. This is one of the advantages of this
framework. However, the other side of the coin is that nonlocal in-
formation is missing and the global symmetry cannot emerge from
local operators. Although it is important, it is a tough difficulty and
is out of the scope of the present paper. One possible clue is to
resort to the entwinement (long geodesics which is no longer the
one in the Ryu-Takayanagi prescription in BTZ case) which extracts
non-local information as shown in [38,39], where the authors de-
veloped tools for constructing bulk curves in spacetimes beyond
pure AdS, such as conical geometry and BTZ black hole, further, en-
twinement can be described well by kinematic space, and together
with entanglement, can be used to reconstruct bulk geometry [37,
4041].

Another important future problem which is of close correlation
is to find which factor determines the emergent spacetime to be
thermal AdS or BTZ black hole, or equivalently, the Hawking-Page
phase transition [36]. That is to say, how to determine the criti-
cal temperature of the transition? In our previous work [22] we
have found a cMERA description of the Hawking-Page phase tran-
sition in the framework of the truncated MERA. In the present
framework, however, its solution obviously depends on the details
of the global behavior, implying that the entwinement can be a
candidate. Nevertheless, the full picture is far from being achieved
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currently.’” We hope in the future work we can find its description
in this framework.
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Appendix A. Orthogonal relation of the fidelity susceptibility

In our main letter we show that (Wy|l_1l; +[1]_1|¥y ) can be
interpreted as fidelity susceptibility between two boundary states
associated with two different primary states |«) and |o’). Follow-
ing [8], we have

(Wollali +hl W) = 2(Wg|l111[Wy)

_ 2
=22 +e® +e ) (Wall 1L |Wo) = S(Yallo|¥e), (A1)
where
(We|Lo|Wyr)
_ Ua|efi%(L0+I:0)e78(L0+i0)Loefa(LoJrl:g)ei%(Lu+i0)Ug{/)
= (Jale 2o 4|1y, (A2)
Using the commutation relation [Lo,L_1] = L_1,[Lo,L_1] = L_;
repeatedly, we have
LolJar) = Y _(k+ Ag) (L) |o)L_1)"|er), (A3)
k
and
e~ 2oty 1y )
1 2k

= Z(k + Aa’)eimma/ (eza n ]> K)o 1K) (A4)

k
We therefore get
(Jale 200+ o 4] 1)

1 2K’

= Y M lal + A8 (g ) Wl

kK

2K’

= (kla (Kl (K + Ag)e™ 2 (625 - 1) K Yo K Yo S

k k!
= (Jale™ Mt Lo] Jo)dgar, (A5)

where we have used the orthogonality between the highest weight
states (a|a’) = 8y4q’. In the end, one has

5 Since the exact definition of entwinement in the CFT side is still missing, the
exact mapping of this quantity between gravity and gauge theory has not been ob-
tained.

1

_8(1(1/ )

(Woll_qli + 1Y) = )= 5
(A.6)

(W ll1lh + hlq|We)baa

which is the formula (23) in our main letter.

Appendix B. Simplification of noncommutative density matrix

In this section, we would like to give a simplification of

Tr,/p;/zpzp:/z (physically this is field fidelity) under a general
perturbation (8A) in the parameter space. Generally speaking,
p1 and p do not commute. Formally, we can write p; and p;
in terms of Hamiltonian

e—BH(A1) e—BH(2)

- 0y = B.1
=260 T 2802 B1)

where A; (i =1, 2) denotes the parameters with Ay = A + §A. The
Trotter-Suzuki formula [42] can be used to give an approximation

ot e
CZ(BM)Z(B. h2)
< B> Da[H (1), H(p) P IMDIHIREDN ~ (8533, (B2)
where
Az[H(A), HO)l = %2 (I [THA1), HGA2)1, HA)T |l
+ I THM1), HA2)L, HADT D - (B.3)
If 83523 « 1, then the fidelity becomes
F(B. 2, 42) =Try/ p; % pap;
| e=BHO1)+H(2)
~Tr m =Tr/p1p02. (B.4)

It was shown in [35] that in this limit, the fidelity has the follow-
ing behavior

B@2)x

F(B,r, ) ~e” 8 (B.5)

where x is the fidelity susceptibility.
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