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ABSTRACT: The exact solutions of the Dél)

either periodic or general integrable open boundary conditions are obtained by using the

model (or the so(6) quantum spin chain) with

off-diagonal Bethe Ansatz. From the fusion, the complete operator product identities are
obtained, which are sufficient to enable us to determine spectrum of the system. Eigenval-
ues of the fused transfer matrices are constructed by the T'— @ relations for the periodic
case and by the inhomogeneous T — () one for the non-diagonal boundary reflection case.

The present method can be generalized to deal with the D,gl) model directly.
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1 Introduction

Quantum integrable models play an important role in the condensed matter, cold atoms,
theoretical and mathematical physics [1, 2]. Recently, the models with general integrable
non-diagonal boundary reflections attract many attentions. Due to the U(1)-symmetry
broken, the traditional Bethe Ansatz does not work. People developed many interesting
methods, such as q-Onsager algebra [3-6], separation of variables [7—11], modified algebraic
Bethe Ansatz [13-16], off-diagonal Bethe Ansatz (ODBA) [17, 18] and others [19].

The exact solution of integrable models associated with high rank Lie algebra is a very
interesting issue. The case that the models with periodic or diagonal boundary reflection,
where the U(1)-charge is conserved, has been studied extensively. For example, Reshetikhin
derived the energy spectrum of the periodic quantum integrable models associated with
B, Cp, D, and other Lie algebras by using the analytic Bethe Ansatz [20, 21]. Martins
and Ramos studied this kind of models with periodic boundary condition by using the
algebraic Bethe Ansatz [22]. Li, Shi and Yue investigated the open boundary cases where
the reflection matrices only have the diagonal elements [23-25].

The ODBA is a universal method to treat the quantum integrable models with or
without U(1)-symmetry, even for the high rank cases. The nested ODBA was proposed



to study the spin chain associated with A, Lie algebra with generic non-diagonal bound-
ary reflections [26-28]. The ODBA also has been applied to the models associated with
Agz) [29], B2 [30] and C [31] Lie algebras.

In this paper, we develop a nested ODBA method to approach the quantum integrable
Dél) (simplest case of Dv(@l)) model with either periodic or non-diagonal open boundary
conditions. We have obtained the complete operator product identities based on the fu-

sion [32-36] and the eigenvalues of the system based on the (inhomogeneous) T'—() relations.

The paper is organized as follows. In section 2, we review the R-matrix associated
with the Di())l) model, which is the starting point. In section 3, we construct the Di(,)l) model
with periodic boundary condition. The Hamiltonian, closed functional relations among the
eigenvalues of the fused transfer matrices, and the spectrum of the system are obtained
with fusion techniques. In section 4, we study the D:gl) model with an off-diagonal open
boundary reflection. By constructing some operator product identities, we derive the exact
eigenvalues of the transfer matrix in terms of an inhomogeneous 1" — @ relation. Section 5

is attributed to concluding remarks.

2 The R-matrix

Throughout, V denotes a six-dimensional linear space which endows the fundamental vec-
torial representation of so(6) (or the Ds) algebra, and let {|i),i = 1,2,---,6} be an or-
thogonal basis of it. We adopt the standard notations: for any matrix A € End(V), A;
is an embedding operator in the tensor space V® V ® ---, which acts as A on the j-th
space and as identity on the other factor spaces; for B € End(V ® V), B;; is an embedding
operator of B in the tensor space, which acts as identity on the factor spaces except for
the ¢-th and j-th ones.



The R-matrix R(u) € End(V ® V) of the Dél) model is
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where the matrix elements are
a=(u+1)(u+2), b=u(u+2), =2,
d= —u, e=u(u+1), g=u+2,
and u is the spectral parameter.
The R-matrix (2.1) satisfies the properties
1
regularity : 75(0) = p1(0)2P;2,
unitarity :  R{5(u)Ry{(—u) = p1(u) = a(u)a(—u), (2.2)
crossing symmetry : V(u) = Vi {RYS (—u — 2)}2 Vi = Vo {RYY(—u — 2)}™ V4,

where Pj2 is the permutation operator with the matrix elements [Plg]z = 0;10k, t; denotes
the transposition in the ¢-th space, and R2; = P12 R12P12, and the crossing-matrix V is



Combining the crossing-symmetry and the unitarity of the R-matrix, one can derive the

crossing-unitarity relation
crossing unitarity : VO(u) 1 RYY (—u — 4)" = py(u + 2). (2.4)
The R-matrix (2.1) satisfies the Yang-Baxter equation
12(u — v) Riz(u) Rz (v) = Rog (v) Rz (u) Ryz (u — v). (2.5)
3 Di(,,l) model with periodic boundary condition

For the periodic boundary condition, we introduce the monodromy matrix
Ty (u) = Ry (u — 1) Rog (u — 02) - - Ry (u — ), (3.1)

where the index 0 indicates the auxiliary space and the other tensor space V& is the
physical or quantum space, N is the number of sites and {#;} are the inhomogeneous
parameters. The monodromy matrix satisfies the Yang-Baxter relation

12(u = 0)TY (u) T3 (v) = T3 (0) 17 (u) Ri3 (u — v). (3-2)
The transfer matrix is given by the trace of monodromy matrix in the auxiliary space
tP) (u) = troTY (u). (3.3)

From the Yang-Baxter relation (3.2), one can prove that the transfer matrices with different
spectral parameters commute with each other, [t)(u), tP) (v)] = 0. Therefore, tP)(u) serves
as the generating function of the conserved quantities of the system. The Hamiltonian is
given in terms of the transfer matrix (3.3) as

HP—MM 0,{6,}= o—ZHkkH, (3.4)
k=1
where 9
Hiy g1 = Prrst %Rkk+1(u) lueo > (3.5)
and the periodic boundary condition reads
Hyny1=Hpyi. (3.6)

3.1 The fusion

At some special points, the R-matrix (2.1) degenerates into the projector operators which
enables us to do the fusion. For example, at the point of ©u = —2, we have

w(-2) = PWsty), (3.7)

where Sg) is a constant matrix € End(V ® V) omitted here, P, () i5 the one-dimensional

projector
P Y = [wodwol, P = P, (3.8)



and the basis vector reads

1
75(116) +125) + [34) + 143) + [52) + [61)).

From the Yang-Baxter equation (2.5), we obtain the following fusion identities

|10) =

Py R (w)Ryy (u — 2) Pyt = a(u)e(u — 2) Py,
Py RS (w)Rys(u — 2) Py = a(u)e(u — 2) Py Y. (3.9)

At the point of u = —1, we have

w(-1) = P984, (3.10)
(16) .

where S}, is a constant matrix omitted here and va(m)

is a 16-dimensional projector
(16 16 16 16

with the basis vectors:

61'%) = 7<|12>—|21>> |¢516)>=\2(|13>—|31>>, 65'Y) = 7<114> [41)),
65'%) = 7<|15> 51)), |¢é16)>=j§(|16>—|61>>, 66'”) = 7<r23> [32)),
63'%) = 7<|24> 42)), |¢él6)>=j§(|25>—|52>>, 65 = 7<r26> 62)),
|¢116>>—7<|34> 143)), |¢§ﬁ6>>=\}<|35> 53)), |ofy)) = 7<136> 63)),
65)) = 7<|34>+\43> |¢§%f)>=7<l45> 54)),

+ |25) + 152)

+16) +161)),
a6, _ 1 B a6y _ L e
9157) = Z5(146) —l64),  [915”) = —(156) - [65).

From the Yang-Baxter equation (2.5) and the 16-dimensional projector P, (16), we obtain
the fusion identities

- o o - v 1\ s v 1\ —
Py R R VPO = (2SR (- ) 15 (- ) Sh

vv(16) Hov v (16 VS 1 VS _ 1 _
P12( )R31(u) v (u—1)Py 16) _ (u—1)(u+2)Syo Ry <u—2> R <u—2> Sl’%" (3.11)

In eq. (3.11), we take the fusion in the auxiliary spaces and obtain a 16-dimensional auxil-
lary space V13). We can show that the resulting 16-dimensional auxiliary space is exact a
direct tensor-product of two 4-dimensional auxiliary spaces V&+) and V() which endows



the (anti) spinor representation of so(6) respectively. The matrix Syo is defined in the
direct product space V&+) @ V5-) with the matrix form
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where the matrix elements are

a; —=u 2, 1=U 2.

The matrices R}, (u) have the properties

unitarity : Ry (W) Ry (—u) = ps(u) = ar(w)ar(—u),
crossing unitarity : RIS (W) Ry (—u — 4" = pg(u+2), (3.12)

and satisfy the Yang-Baxter equations

Ry (ur —ug) Ry (wn —us) RS3 (up —us) = RS (ua—u3) RIS (ur —ug) Ry (w1 —ug). (3.13)

Now, we consider the degenerate case of matrix R‘;TQU (u). At the point of u = —%, we
have
3 (+) g(H)
S+ U
RIB <—2> == P1/2 S1/2 5 (314)
where SS;) is a constant matrix omitted here and P1(/J;) is a 4-dimensional projector

4
PG =S 16y (e,
=1

with the basis vectors

67) = = (114) +[22) + J31), 057)) = 2= (115) = [23) + 41)),
Gy = L gy — 133y — Gy = L 196y —
047) = —=(116) —[33) — 42)) 947) = = (126) = [35) + [44))

Taking the fusion by using the projector Pl(fg), we obtain

v siv 3 s v 1
P RS (w) Ry <u - 2) PO = (u—1)(u+ 2R}, (u - 2) ,

VU Vs 3 VS 1
P RS (u) RS <u - 2> P = (u—=1)(u+ 2) Ry 1oy <u - 2) : (3.15)
We note that the dimension of the fused auxiliary space V /9 is 4.
At the point of u = —%, we also have
s v 3 Y (=
Ry, <_2> B P1(’2)S£/2)’ (3.16)
where Pl(,;) is a 4-dimensional projector

4
Pl =S 16767,
=1



with the basis vectors

(- _ 1 -)

o3 >—\/§(I13>+|22>+\31>), Dy >—\[(I15> 24) + [41)),
(- 1 _ _ () _ _

P >—\/§(I16> 134) — [42)), )4 >—\/§(!26> 35) + [43)),

and the Sg,;) is a constant matrix omitted here. Taking the fusion by using the projector

Pl(/;) , we obtain

— VU S_v 3 — SV 1
Pl(,2) b3 (w) Ry <u - 2) Pl(,2) = (u—1)(u+ 2)R<1+,2)3 <u — 2) ,
(=) pov VS 3 (=) _ Vs 1
Py R35(u)Ry), 5 Py = (u—1)(u+2)R, a2y (U~ 5 ) (3.17)
3.2 The operator product identities

From the fused R-matrices R(S)?;v, we can define the fused monodromy matrices
T (u) = Ry (u — 01) Ry (w — 02) - - - Ry (u — On), (3.18)
which satisfy the Yang-Baxter relations
Ryo (u — v)To(u)TOj,E (v) = Toj,E (v)To(u)Rpg (w — v). (3.19)
Taking the partial trace in the auxiliary space, we obtain the fused transfer matrices
10 () = try T (w). (3.20)

From the Yang-Baxter relations (3.2) and (3.19) at certain points and using the prop-
erties of projectors, we obtain

Ty(0;) To(0; — 2) = Por™ Ty(6,) To(0; — 2),
T1(6;) To(0; — 1) = Py "™ T1.(6) To(0; — 1),
no) T (0, 3) =PI o) T (- 5).
Ty(0,) T <9j—;’> P Th(0,) T <9j—2>. (3.21)

By using the fusion identities (3.9), (3.11), (3.15) and (3.17), we have following fusion
identities

Py T (u) Ty (u — 2) Py = PO T alu — 6:)e(u — 6; — 2) x id,
PO () T 1)Prris) = 1)S LY - L) g1
1( ) 2<U_ ) —Hpo u—0;)Sya T U—i 91 u_§ 17975
3 1
Pl('J;)T2(”) Ty <u - 2) Pl(’;) = Hpo Ty <“ - 2> ’

- , 3\ - 1
Pl(,2>T2(u) 1), <u - 2) Pf@) — H po(u 1,2> <u — 2) , (3.22)



where

po(u) = (u—1)(u+2).
Taking the partial trace in the auxiliary spaces and using the relations (3.21) and (3.22),
we obtain following operator product identities

t®)(0;)tP)(0; — 2) Ha e(f; — 0; —2) x id,
t()(g)t(p)g —1) Hpo 9._1 +P) 9,_1
J 92 — J 2 ’

1) (9,) £ <9 _) Ilﬁm (ej-;),
t<p>(ej)t‘_p)( ) H/’O 0; — 0;) 7 (aj—;). (3.23)

From the definitions, the asymptotic behaviors of the transfer matrices can be calculated
directly as
P (1) usdo0 = 6u xid + -,
HP () ustoe = duN X id 4 -+ (3.24)
Let us denote the eigenvalues of the transfer matrices t®) (1) and ¢ )( ) as AP (u) and
Agf) (u), respectively. We note that the eigenvalues AP (u) and A(i)( ) are the polynomials
of u with degrees 2N and N, respectively. Thus we need 4N + 3 conditions to determine
the polynomials A®) (u) and Agf) (u).
From the operator product identities (3.23), we have the functional relations among
the eigenvalues

AP (9,) AP0, —2) = Ha —0; —2),

AP (9,) AP (9, — 1) Hpo 0, —0,) AP (0, — ;) AP (ej - ;) :

=1

) (
A®)(g;) AP <9J' - g) = ﬁﬁo@j — ;) AV <91‘ - ;) ;
(

1
A@)(ej)A(_p)( ) Hpoe —0,) AP (0, - 2>. (3.25)

And the corresponding asymptotic behaviors read
AlP) (u)|uﬁ:too = 6u*N +e
AP (W) |usstoe = 4N + -+ (3.26)

Then we arrive at that 4N functional relations (3.25) together with 3 asymptotic behav-
iors (3.26) give us sufficient conditions to determine the eigenvalues.



3.3 The T — Q relations

Let us introduce some functions

N (1),
Jj=1 p
N (1) (2) (3)
7®) () = b(u — 0;) <2 (u+1)Qp " (u—1)Qp (u—1)
" H O P P el
N (2) (3)
7®) () = b(u — 0, Qp (u—1)Qp (u—l—l)’
" H ) P WP )
N (2) (3)
P (u+1)Qp (u—1)
N (1) (2) (3)
o 13( /) Q”<u+1>@ ()Qp()
N (1)
7 (u) = e(u—10 (u+2)
(u) ]:H1 ( él)( )
Ly L
Q) (w) = (u—u;u ;) QP = m? + )
k=1 k=1
L3
QW () = JJ(u—u +1). (3.27)
k=1

The relations (3.25) and (3.26) enable us to parameterize the eigenvalues of the transfer

matrices in terms of some homogeneous 17" — () relations as

AP () = 2P (w) + 78 () + 2 (u) + 2 (u) + 2P () + 2P (w),

o flo 0[S G b
e e

- flo-n[ S - i)
Aol e

,10,



The regularities of the eigenvalues A®) () and A(ip ) (u) lead to that the Bethe roots { u,gm)}
should satisfy the Bethe ansatz equations (BAEs):

1 1 2 1 3 1 N 1
SR I 1 S 1 L S R
D + DY (" = HW M 8 S + 10
Q)@ —2) _
O, @ @ @, b b=1,00 Ly,
Qp (Mz _1) D (Mz )
1 3 3 3
QY () —2) B
P S = L I=1,--,Ls (3.29)
Qp (Nl _1)Qp (Ml )

We note that the BAEs obtained from the regularity of A®)(u) are the same as those
obtained from the regularity of A(f ) (u). Tt is easy to check that A®)(u) and A(ip ) (u) satisfy
the functional relations (3.25) and the asymptotic behaviors (3.26). Therefore, we conclude
that A®)(u) and Agf) (u) are the eigenvalues of the transfer matrices ) (u) and tgf) (u),
respectively. It is easy to check that the homogeneous T'— @ relations (3.28) and associated
BAEs (3.29) coincide with those obtained previously by others methods [20-22].

Then the eigenvalues of the Hamiltonian (3.4) can be obtained by the A®)(u) as

dIn A®)(y
By = Oo,u()’uzo,{oj}zo- (3.30)

4 D:gl) model with non-diagonal open boundary condition

In this section, we consider the system with general integrable open boundary condition.
Let us introduce a pair of reflection matrices K¥(u) and K?(u). The former satisfies the
reflection equation (RE)

12 (u — v) K7 (u) Ry (u + v) K3 (v) = K3 (v) Ri5(u + v) Ki (u) Ryy (u — v), (4.1)
and the latter satisfies the dual RE
15 (—u+0) K7 (u) R3{ (—u—v—4) K3 (v) = K3 (v)R{5 (—u—v—4) K7 (u) R3] (—u+v). (4.2)

For the open case, instead of the “row-to-row” monodromy matrix 7;j(u) given by (3.1),
one needs consider the “double-row” monodromy matrix to describe the reflection process.
Let us introduce another “row-to-row” monodromy matrix

A

15 (u) = Rijo(u+0n) - - Rag(u + 02) Rig (u + 01), (4.3)

which satisfies the Yang-Baxter relation

15 (u — 0)TY (u)T3 (v) = T3 (0) I} (w) Ry (u — ). (4.4)
The transfer matrix t(u) is defined as

t(u) = tro{ K (u) T§ (w) K§ (w)T5 (u)}. (4.5)

— 11 —



From the Yang-Baxter relation, reflection equation and its dual, one can prove that the
transfer matrices with different spectral parameters commute with each other, [t(u), t(v)] =
0. Therefore, t(u) serves as the generating function of all the conserved quantities of the
system. The Hamiltonian is constructed by taking the derivative of the logarithm of the
transfer matrix

N—-1

Olnt(u) KY(0)  tro{K{(0)Hno}
H=——"|,_010.1=0 = E H + T 2 4.
ou lu=0,{6;}=0 2 kk+1 2¢ tro K3 (0) + constant,  (4.6)

where Hy 1 is given by (3.5) and K¥(0) = ¢ x id.

4.1 Reflection matrix

In this paper, we consider the general integrable open boundary condition where the re-
flection matrix has the non-diagonal elements which breaks the U(1)-symmetry of the
system. Here we chose the reflection matrix K~ (u), which is the solution of reflection
equation (4.1), as

Ki(w) 0 0 0 0 0
0 KL 0 Ky 0 0
0 Kiuw) 0 K 0 0 ’ '
0 0 Khw) 0 Kh(w 0
0 0 0 0 0 Kg(u)
where the non-vanishing matrix elements are
K () = (2 — ca — 2c0u)(2 + c2 + 2cou)
11 2 )
(2 —c2 —2cu)(2 + c2 + 2c2u)
K3(u) =
52 (1) 9 ’
K3, (u) = —c1u(2 + c2 + 2cou),
(24 co — 2cu)(2 — ca — 2cou)
Kl(u) =
33(u) 9 ,
K3s(u) = cqu(2 — ca — 2cou),
Kjiy(u) = —c3u(2 4 c2 + 2cau),
(2 —ca+2cu)(2 + c2 + 2c2u)
K7 =
4a(u) 9 ’
KZ5(u) = —csu(—2 + co + 2cou),
(24 ca + 2cu)(2 — c2 — 2cou)
K2 (u) =
55 (1) 9 )
(2 — co — 2c0u) (2 + c2 + 2cou)
Kg(u) = : . (45)

Here ¢1, co and c3 are free boundary parameters, where ¢ is expressed in terms of them as

62 = Cg — C1C3.

— 12 —



The general off-diagonal reflection matrix for the trigonometric Dg) vertex model has been
constructed by Lima-Santos and Malara [37, 38]. The reflection matrix (4.7) adopted in
this paper can be obtained from that of the Dél) with 3-free parameters case in [37, 38] by
taking the rational limit.

The dual reflection matrix K?(u) is also a non-diagonal one and given by

KU(U) = KU(_U’ - 2)‘(c1,02,03)—> (chchch)s (49)

where ¢}, ¢, and ¢ are the boundary parameters at the other side. For a generic choice of
the three boundary parameters {¢;, c;|i = 1, 2,_3}, it is easily to check that [K?(u), K (v)] #
0. This implies that the matrices K¥(u) and K"(u) cannot be diagonalized simultaneously.

Following the method developed in [39] and using the crossing-symmetry (2.2) of the
R-matrix, the explicit expressions (4.7) and (4.9) of the reflection matrices, we find that
the transfer matrix (4.5) possesses the crossing symmetry

tH(—u— 2) = t(w). (4.10)

4.2 Fusion of the reflection matrix

In order to seek the relations that the transfer matrix (4.5) satisfies, we first consider the

v(1)

fusion of the reflection matrix. The fusion of the one-dimensional projector Plv2 gives

va(l)K2( ) (2u . Q)KU(U . 2)va(1) (u _ 2) <u — 2) h(u)h(—u)P{;’(l)’

VU r I VU 3 7 7 VU
PR} (= )R (-20 - DR @PEY = (e 2) (w3 ) B-u P, (410

h(u) = (2 — ca — 2cou) (2 + c2 + 2cou), h(u) = (2 — ¢y — 2chu) (2 + cy + 2chu).  (4.12)

The fusion of the 16-dimensional projector Py, (16) gives

Py K () R (20— 1)K (u — 1) Py
S ]‘ S_8 ]- —
= 2(’LL — ].)h(’LL)Sl/Q/Kl;F (’LL — 2) R2/1/+(2U - 1)K <U - 2) Sll%/;

3)KY
_ 1
= —2(u+ 2)h(u)Syy K < > RIS (—2u - 3)K,, (u - 2) Sy, (4.13)

,13,



where

as
as
as
bs 1 —1 1
as
as
1 b 1 —1
_ as
R - - ,
—1 1 by 1
as
as
1 1 1 b
as
as
as
l—cu cu 0 0
1
Ko+ (u) = csu l+cu 0 0 ’ (4.14)
0 0 14 cou 0
0 0 0 1—cou
1+ cou 0 0 0
1—
K (u) = 0 I (4.15)
0 0 l—cu cu
0 0 csu 14 cu
and
a3:u+2, b3:u+1.
The matrix R/, (u) has properties
unitarity : RIS (RS (—u) = (24 uw)(2 —w), (4.16)
crossing unitarity : RIS (W) Ry T (—u— 4N = ps(u) = —(u+ 1) (u+ 3),

and satisfies the Yang-Baxter equations
Rijr;7 (u1 — uQ)Ri%v(ul — u;;)R;f; (UQ — U3) = R;,}’U(UQ — U3)Rif; (u1 — U3)Ri§7r2f7 (U1 — UQ).
(4.17)
The matrices K**(u) satisfy the reflection equations
Ry5"(u =) K7* (u) Ry (u + 0) K5 (v) = K3 (v)Ry3” (u + v) K7 (u) Ry (u — v). - (4.18)

The dual reflection matrices K** (u) are constructed as

K™ (u) = K™ (= = 2) | (01 00.05)— (¢ i) (4.19)
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which satisfy the dual REs
Ry (—u+0) K7 (u) Ry (—u — v — 4) K3 (v)
= Ky()R13" (—u — v — 4) K{* (u) Ry (—u + v). (4.20)

The fusion of the 4-dimensional projector Pl(i) gives

+ ) S4v 3 s 3 + 3 s 1
P KR, <2u - 2) KF (u — 2) P = <u — 2) h(u) KT, (u - 2) :

S 3 VS 5 ) + 7 S 1
PR (u - 2) RyF (—2u - 2) K3 (w)PS) = —(u+ 2)h(w) Ky <u - 2> . (4.21)

4.3 Operators product relations

Define the fused monodromy matrices 77+ (u) by using the fused R-matrix R"** as
T(?’E (u) = Ryg(u+0n) - Ropt (u+ 02) Ry (u+ 61), (4.22)
which satisfy the Yang-Baxter relation
Ryo (u —0)Tp(u) T (v) = 15 (v) To(u) Roi (u — ). (4.23)

From the Yang-Baxter relations (4.4) and (4.23) at certain points and using the properties
of projectors, we obtain

T (=0;) To(=0; = 2) = iy Ti(=0)) Ta(=6; — 2),
1(=6)) To(=0; = 1) = P30 Ti(=60;) To(—6; = 1),
. . 3 . A 3
(-0) 7 (05— 3) = P -0 T (05— 5 ).
; - 3 (=) 7 - 3
To(-0) Ty (0, -5 ) = By Ta(=0,) Ty (=0, -5 ). (4.24)
By using the fusion identities (3.9), (3.11), (3.15) and (3.17), we also obtain the fusion

identities
N
Py T (u) Ty (u — 2) Py = PO T alu + 6:)e(u + 6; — 2) x id,
=1

N

v ~ ~ VU ~ T 1 [ 1 .

P12 (16)T1('LL) T2(u _ 1)P12 (16) = | I po(u + 91‘)51/2/ T;',_ <U - 2> TQ/ <U - 2) Sl’%’y
i=1

N
. A 3 N A 1
P;;)Tg(u) Tf,r (u — 2> Pg;) - Hpo(u +6;) T<1,2> <u — 2) ,
i=1

N
RN A\ 3 _ B . 1
P Ty () T <u - 2) P = Tt + 00 Ty <u _ 2) | (4.25)
The fused transfer matrices are defined as

te(u) = tro {K (u)T&E(u)K(‘;,i (u)TOj,E(u)} (4.26)
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Direct calculation shows

H)t(utA) = [p1(2utA+2)] Hro{ KY (ut A) RV (—2u—4—A) (4.27)
X KV (w)T1 (u)To(u+A) K (u) RS (2u4A) K3 (u+A) Ty (u) T (u+A)},
t(u)te(ut+A) = [psQutA+2)] ri{ Ky* (u+A)R)5E (—2u—4—A) (4.28)
x K7 (u)Th (u) T3 (ut D) K7 (u) Roy ¥ (2u+A) Ky * (ut A) Ty (u) T (ut- A},
tr(u)t_(utA) = [pss(Qu+A)] Hrp{ Ky (u+ AR5 (—2u—4—A) (4.29)

X Kyt ()T (u)Ty (utA) K (u)
X Ryt (2u+A) K™ (u+A)T (u)Ty (u+A)}.
Here A choose —2, —1, —%, 0 for eq. (4.27),eq. (4.27),eq. (4.28) and eq. (4.29), respectively.
With the help of relations (3.21), (3.22), (4.11), (4.13), (4.21), (4.24), (4.25) and con-

sidering eqs. (4.27)-(4.29) at certain points, we arrive at

L (0~ 2)(50; + 2)(40; ~ (0 + ) N
21 (2, — 1), + 1), — (a, + )OO

H(0;) H(£0; — 2) =

N
h(F0;) [ [ a(£0; — £0:)e(£0; — +0; — 2)
i=1
xa(j:Gj + ﬂ:@i)e(iﬁj + 46, — 2) X id,

t(+0;)t(+0; — 1) = ((i(f? — ;;Ei? i ?) H po(£0; — £0;)po(£0; + £6;)
J J i=1

~ 1 1
X h(£0;)(£0;)t 4 <iej - 2> . <igj - 2) ’
3 1 (6, — 3)(+6; +2) £
;) by (0, — 5 ) = 2 (20, )i@ .y Hp (0, — +6;)po(£0; + +6;)

x h(£0;)h(£0;)t <iej - ;) :

3 1 (£60; — 3)(+0; +2) 75 . )
t(:l:ej) t_ <:|:(9j — 2> = 2 (j:g] — 7)<iej ey 2llllpo(j:@j — :I:Qi)po(iej + :EHZ)
(0, (+0,)t + <iej - ;) . (4.30)

Meanwhile, from the definitions we also know the values of transfer matrices at some special
points

=

10) = 22— )@+ e)@ - d)2+d)

N
t (—i) s | CEUE)

t1(0) = t-(0) = 4] [ ps(—00). (4.31)
=1

p1(=01),

—

1
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The corresponding asymptotic behaviors read

Beach((ch)?e? + 5 — c3(ch)” — ¢3(ch)® — 2ec/cach — cacachch) a4

t(u)‘u%ioo = - c;;cé x id
+ I
O (deg — e — ches — cgcg)(/c/c3 — dye+ ches + cg02)u2N+2 Cid o
b ()i = (deg — che — ches — chQ)(lclcg, — che+ ches + 6502)U2N+2 id e (4.32)
63C3

Denote the eigenvalues of the fused transfer matrices ¢(u) and ¢4 (u) as A(u) and Ay (u),
respectively. From eq. (4.30 ), we obtain the functional relations among the eigenvalues of
the transfer matrices

A(£0;) A(£0; — 2) =

h=y
H_
Ny
>
—~
-+H
>
~—
bk

1 0~—2)(19'+2)(i9'—%)(igj"‘%) (+6,)
2

2 = 1) + (= 5+

h(F6; Ha +0; — +6;)e(£0; — +0; — 2)
=1
xa(j:Hj + :E@i)e(:tgj + +0; — 2),

(£6; — 1)(£6; +2) 1 - )
(igj, _ %)(i&j T %) Hpo(iej — iﬁi)ﬂo(iej + +6,)
i=1

X h(£60;)h(£0;) A <iej ~ ;) A <iej - ;) :

A(£0;) A(£0, — 1) =

3 1 (£60; — 3)(£0; +2) &
ANEOH AL [0, — = | = = +0; — £6;)po(£0; + £6;
w00 (20-3) = 3 e L o6, + £0)

X h(£0;)h(£0;)A <iej - ;) :

3 1 (£0; — 3)(20; +2) & N
A(:l:@j) A (:l:@j — 2) = 52 (:I:Hj — ;)(:I:H] n 1) il;[lpo(:tej — iei)po(ﬂzej + +6;)
X h(£0;)h(£0;) A (iej — ;) . (4.33)

Egs. (4.31) and (4.32) give rise to the relations
3 N
AO) = 52- )+ e - e+ [[n(-

1 N
A (—2) k| ISR

Ap(0) = A-(0) =4 [ ps(—00), (4.34)
=1
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and

8cach((ch)?c? + 22 — c3(ch)? — c3(ch)? — 2ccescly — CQCgC/ZCé)u4N+4
c3ch

Au)|ustoe = —

_|_ S
/ / / / / / / /
(ces — che — chyes — cse2)(des — dhe + ches + 6362)u2N+2
c3cy

A ()]urboo = Fe

/ / / / / / / /
(c'es — dhe — ches — chea)(des — dhe + ches + C3CQ)u2N+2

A_ =
(] L

+o. (4.35)

From the definitions, we know that the eigenvalues A(u) and A4 (u) are the polynomials
of u with degrees 4N + 4 and 2N + 2, respectively. Meanwhile, A(u) and AL (u) enjoy the
crossing symmetries

Al—u—2)=Au), As(—u—2)=As(u). (4.36)

Therefore, in order to determine the explicit expressions of the polynomials, we need 4N +7
conditions, which are all listed by eqgs. (4.33)—(4.35).

4.4 Inhomogeneous T-Q relations

Let us introduce some functions

- 2(u+2)(u—|—% N B
Zi(u) =2 (u+1)(u+%)j21a(u 0;)a(u+6;)
1 1\ - 1\ - 1\ QW (u—1)
i (w3 ) <“‘z>’“ (w3) i (+-3) o
oo uw(ut2)(u w—0,)b(u
Zo(u) = 2 (u+1)(u+1 Hb 0;)b(u+6;)

3\ - 1\ - 3\ QW (u+1)QP (u—1)Q® (u—1)
*) " (“*2) 2 (“*2) QWP (WQD ()

1
X hl <u+ ) h2

(
u(u+2) H

Zs(u) = 2° (ut1)(u+1) 1b )b(u+6;)
)
el )
Zy(u) = 2° u+1u+uQ+1 lj_vllb )b(u+0;)
e (v Jou (o) (o o (o) S
Zafa) = 20D T g arsy)

(ut1)(ut1)(u+3) -

o oo o)
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J

3\ ; 5\ - 3\ QW (u+2)
(“*2)’“(“*2)"2(“2)@<1><u+1>’
3
2

u+1 i
- (2) (4 — (3) (9 —
x hy u+;> hy <u+;> Q7w Qil))c()u) (u 1),
+2)(u+ ) &
fa(u) = 22xu(u uj—(f 2)jl;[la(u—éj)a(u+9j)(u—Hj)(u—i-@j)
- (2) (3)
X ho (u—l—;) ho (u—l—;) @ (2—1_1}21?+1§u+1)’
where
QW (u) = ﬁ <u_ (1) +1> <u+ (1) +1>
1 Ky 9 Ky 9 )"
Lo
QPw) = [[(w—pu? + D+ p +1),
k=1
Ls
Q¥ = [ - + D)+ p¥ +1),
k=1

hi(u) = 14 cou, ha(u) =1— cou, iLl(u) =1 - dyu, iLQ(u) =1+ chu.

The constraints (4.33)—(4.35) enables us to parameterize the eigenvalues of the transfer
matrices A(u) and Ay (u) in terms of the inhomogeneous 7" — @ relations

A(u) = Z1(u) + Zo(u) + Z3(u) + Za(u) + Z5(u) + Ze(u) + f1(u) + f2(u),

N
Ay (u) = [ a2 (u = 62)as (u+ 6:)ha (w)ha (u)
=1
" u+2Q?(u—3) wu+2)  QW(u—H®P(u+1l)
ut 3 QP(u—3)  (ut1)(ut3) QW (u+5)QP(u— ;)

N
+ H by (u — Gl)bl(u + ez)hQ(U + Q)hg(u + 2)
=1

+3) uwu+2)  QW(u+3HR® (u-1)
+3) (wtD(u+3)QW(u+ QB (u+3)

QP(u+ QW (u - 3)
QW(u+3)

N
+zu(u + 2) H a1 (u — 0;)ar (u+ 0;)by (u — 0;)by (u + 6;)
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N
A_(u) = H a1(u — 0;)a (u + 0;)ha(u)hi (u)

i=1

u+2Q(3)(u—%)+ uwu+2)  QW(u—1 .
ut3Q(u—3)  (ut+1)(utz) QW (u+35)Q® (u—3)

N
+ H by (u — Gl)bl(u + Hz)hg(u + 2)?12(’& + 2)
=1

w QPu+d)  uu+2) QUu+HQP -3
ut3QP(utz)  (utD(u+3) QW (u+ 5)QP (u+ 3)
N
QP (u—HQV(u+3})
+ +2 —0; +60;)b1(u — 0;)b1(u + 0; .
LU’LL(’U, )il—[lal(u )al(u ) 1(“ ) 1(” ) Q(l)(u‘i‘%)

The regularities of the eigenvalues A(u) and Ay (u) lead to that the Bethe roots {M,(Cm)}
should satisfy the BAEs

() + e — O’ -1 QU )
T () = 2 =0l — L +6;) QO (i — HQ® (u!) — 3)
= Db + Doy +1) W +3)
1

TES, (g + & = 0)) () + 3+ 6,) Q@ (1) — HQ® () - 1)

1 1
= —apu <u§3) - 2) (u;ﬁ” + 2) L k=10 Ly,

2 2 2
QNP -2 wP+s
1,2 @@y @ _1 b=1 s Lo,
QW(w” =P (™) ™~ —3
QRO WY —2) P +%
1,3 @,y 0B _1 b=1- 13 (4.37)
QW (™ = 1QW (™) Hp = — 3
where the numbers of Bethe roots should satisfy the constraint
Ly = Lo+ L3+ N, (4.38)
and the parameter x is given by
. (deg — e — ches — chea)(eg — dye + ches + cher) s, (4.39)

c3ch
Again, the BAEs obtained from the regularity of A(u) are the same as those obtained
from the regularity of Ay (u). The function Q"™ (u) has two zero points, and the BAEs
obtained from these two points are the same. It is easy to check that A(u) and Ay (u) satisfy
the functional relations (4.33), the values at the special points (4.34) and the asymptotic
behaviors (4.35). Therefore, we conclude that A(u) and Ay (u) are the eigenvalues of the
transfer matrices ¢(u) and t4(u), respectively.

Finally, the eigenvalue E of Hamiltonian (4.6) can be obtained by the A(u) as

Oln A(u)
E= T|u:0,{€j}=0- (4.40)
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5 Discussion

In this paper, we study the exact solution of Dél) model, with various boundary conditions

including the periodic one and the non-diagonal reflection one. By using the fusion tech-
nique, we obtain the complete operator product identities of the fused transfer matrices.
Based on them and the asymptotic behaviors as well as the special values at certain points,
we obtain the Bethe Ansatz solutions of the system. The method and the results in this

paper could be generalized to the DS) case directly.
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A Spinorial R-matrix

In this appendix, we show that the vectorial R-matrix R"’(u) (2.1) and the fused ones
R**+"(u) (see above (3.12)) can be obtained from the spinorial R-matrix of Dél) model [40]
by using the fusion. The spinorial R-matrix R, (u) of the Dél) model is the fundamental
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R-matrix of su(4) one, and is a 16 x 16 matrix with the form

u—+1

u—+1

i/s2f (u) =

u+1

The spinorial R-matrix has following properties
unitarity : Vo (W) RS (—u) = (1 4+ u)(1 — u),
crossing — unitarity : S (W) RS (—u — 41 = —u(u +4), (A1)
and satisfies the Yang-Baxter equation
Ry (w1 —u2) Ry (w1 —us) R3Psy (ua—us) = R57s (ug—ug) Ry’s (w1 —us) Ry (w1 —u2). (A.2)

At the point of u = —1, we have

Py (1) = PRSI, (A.3)
where P, is a 6-dimensional projector
P = i 66, (A.4)
=1
and the corresponding basis vectors are
67) = (12— 20). 1) = (13— 30). 16§ = (14 - 41,
67) = (2 =32, 1o = (20— 142). 1) = (134 - 43)).

The S@, is a 6 X 6 constant matrix omitted here. The fusion of the 6-dimensional projector

Pl(,62), gives

6 SS 1 SS 1 6 1 S1vU
P2(/3)/ 179/ <u + 2> 173/ <U - 2) P2(13)/ = (U — 2> R17L<2,3,> ('LL), (A5)

6) pstv 1 S4v 1 6 Vv
P1(/2)/R27r3 (U —l— 2) ng (U — 2) Pl(’Q)’ — <1/2/>3(U). (A6)
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The dimension of the fused space V(9 is 6. From eq. (A.5), we obtain the fused R-
matrix R*+?(u). The R*~Y(u) can be obtained via eq. (3.15). From eq. (A.6), we obtain
the vectorial R-matrix R"(u) (2.1).

For the open case, the spinorial R-matrix R**(u) and the spinorial reflection matrix
K*(u) satisfy the reflection equation

R’y (v — v) K/ (u)R57 (u + v) K5 (v) = K5 () Ry (u + 0) K (u) R57 (u —v). (A7)

One can check that matrix (4.14) is a solution of eq. (A.7), K**(u) = K*®(u). By using
eq. (4.21), we arrive at K°-(u) (4.15). The vectorial reflection matrix K"(u) (4.8) is
obtained from K**(u) by using the fusion with 6-dimensional projector Pl(,62),

6 S 1 SS S 1 6 1 v
P1(/2)1K2/+ <U + 2) R1/2/(2U)K1/+ (U — 2) Pz(/l)/ = (U — 2> K<1/2/>(U). (AS)
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