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Abstract

This thesis explores the BPS-stability of T-brane configurations of 7-branes
including a-corrections as well as stability on compact 4-cycles in the absence
of defects and including them.

First, we study «’-corrections in multiple D7-brane configurations with non-
commuting profiles for their transverse position fields. We focus on T-brane
systems, crucial in F-theory GUT model building. There o’-corrections mod-
ify the D-term piece of the BPS equations which, already at leading order,
require a non-primitive Abelian worldvolume flux background. We find that
o/-corrections may either i) leave this flux background invariant, i7) modify the
Abelian non-primitive flux profile, or i) deform it to a non-Abelian profile.
The last case typically occurs when primitive fluxes, a necessary ingredient to
build 4d chiral models, are added to the system. We illustrate these three cases
by solving the o’-corrected D-term equations in explicit examples, and describe
their appearance in more general T-brane backgrounds. Finally, we discuss
implications of our findings for F-theory GUT local models.

Secondly, we analyse global aspects of 7-brane backgrounds with a non-
commuting profile for their worldvolume scalars, also known as T-branes. In par-
ticular, we consider configurations with no poles and globally well-defined over
a compact K&hler surface. We find that such T-branes cannot be constructed
on surfaces of positive or vanishing Ricci curvature. For the existing T-branes,
we discuss their stability as we move in Kdhler moduli space at large volume
and provide examples of T-branes splitting into non-mutually-supersymmetric
constituents as they cross a stability wall.

Lastly, we consider the effects of defects on the stability of T-brane systems.
Such defects are induced by the presence of 7-branes on additional four-cycles
intersecting the locus of the T-brane system. Coupling of the fields on both
stacks modifies the BPS-equations and we find that it allows for T-branes on
four-cycles that do not allow for stable T-branes in absence of defects due to the
topological obstructions mentioned before. One class of these solutions feature
poles in the Higgs-field profile. By performing a Kaluza-Klein expansion we

show that in four dimensions the presence of these poles translates to defect-



zero-modes giving a vev to KK-modes. Finally, by taking a suitable limit, we
show that in the case of a self-intersecting four-cycle, the defect picture can be

linked to an eight-dimensional Higgs-field valued in a larger gauge algebra.



Resumen

Esta tesis explora la estabilidad BPS de configuraciones de T-branas de 7-
branas incluyendo tanto correcciones o’ como estabilidad en 4-ciclos compactos.

Primero estudiamos correcciones o’ en configuraciones de varias D7-branas
con un perfil no-conmutante de los campos de posicion transversa. Nos enfo-
camos en sistemas de T-branas, los cuales son esenciales en el contexto de la
construcciéon de modelos GUT en teoria F. En estos sistemas las correcciones
en o modifican los términos D de las ecuaciones BPS, requiriendo un flujo
Abeliano no-primitivo ya a primer orden. Encontramos que las correcciones o
pueden por un lado ) dejar este flujo invariante, ii) modificar el perfil del flujo
Abeliano no-primitivo, o 4ii) deformarlo a un perfil no-Abeliano. Este tltimo
caso ocurre tipicamente cuando se anaden flujos primitivos, un ingrediente nece-
sario para construir modelos quirales en 4d, al sistema. Ilustramos estos tres
casos resolviendo las ecuaciones D, incluyendo las correcciones o/, en ejemplos
explicitos y describiendo su aparicién en casos méas generales. Por dltimo discu-
timos las implicaciones de nuestros resultados en modelos locales de GUTs en
teoria F.

En segundo lugar analizamos aspectos globales de fondos de 7-branas con
perfiles no-conmutantes de los escalares de la teoria en la superficie de la brana,
conocidos como T-branas. En particular, consideramos configuraciones sin po-
los que son globalmente bien definidas sobre superficies de Kéhler compactas.
Encontramos que no se pueden construir dichas T-branas en superficies con
curvatura de Ricci positiva o cero. Discutimos la estabilidad de las T-branas
existentes, en funcién de la posiciéon en el espacio de Kahler moduli en el limite
de gran volumen. Ademéas anadimos ejemplos de descomposicion de T-branas
en sus componentes no-supersimetricos cruzando un muro de estabilidad.

Finalmente consideramos defectos en sistemas de T-branas y sus consecuen-
cias para la estabilidad. Dichos defectos estan inducidos por la presencia de 7-
branas en cuatro-ciclos adicionales que cortan el locus del sistema de T-branas.
El acoplamiento de los campos en ambos conjuntos de branas modifica las ecua-
ciones BPS. En consecuencia, vemos que permite T-branas en cuatro-ciclos que,

en ausencia de defectos topoldgicos, no dan lugar a configuraciones estables de



T-branas. Una clase de estas soluciones muestra polos en el perfil del campo
de Higgs. Haciendo una expansién Kaluza-Klein, demostramos que en cuatro
dimensiones se puede entender la presencia de estos polos como modos-cero de
defectos dando vev a KK-modes. Por ultimo, tomamos un limite adecuado para
demostrar que en cuatro-ciclos con auto-intersecciones, se puede relacionar la
perspectiva de defectos con un campo Higgs en una algebra gauge més amplia

en ocho dimensiones.

10



Acknowledgements

Quisiera agradecer en primer lugar a Fernando, no solo por haberme dado la
rara oportunidad de poder pasar estos ultimos cuatro anos aprendiendo algo
que realmente me gusta, sino también por su paciencia, su apoyo y por haber
actuado como mi guia en el complejo mundo cientifico. Fernando: Gracias
por aguantarme chapurrear el espanol en nuestras conversaciones de fisica. Me
siento realmente afortunado de haber sido tu estudiante.

Non potrei che continuare con Raffaele, il quale mi ha insegnato moltissime
cose. Grazie per avermi dedicato tutte quelle ore. Ogni volta che venivo da te
per una domanda me ne rispondevi a cinque. I mesi passati a Roma mi hanno
fatto crescere non solo professionalmente ma anche a livello personale. Sei un
grande insegnante ed amico.

I would also like to thank Aldo, Michael, Raffacle and Wieland for helpful
comments and corrections on this thesis.

Mil gracias a Aldo y a Michi por haber convertido mis altimos anos en los més
divertidos. Gracias por haber compartido conmigo tantos cafés en el instituto
y tacos lejos de él, pero sobre todo, gracias por haberme hecho disfrutar y reir
durante horas y horas, por las calles y los bares de Malasana y Lavapiés.

Danke Clemens, fiir endlose Kochabende, die Einfiihrung des Koch-Gins,
viel, viel Sport und alle unsere Wanderungen. Es war eine gute Zeit mit dir in
Madrid und ich hoffe du wirst noch oft hierhin zuriickkommen!

I also want to thank Aitor, Clemens, Francisco, Sjoerd and Wieland not only
for the great pleasure of those many lunch and coffee discussions about physics
but mostly about everything but physics: Our hikes, poker rounds, pub crawls
and opera visits really made my time at the IFT a great one!

Many thanks to my officemates Eduardo and Federico, for our endless and
heated discussions about physics. I have understood a lot about string theory
in all the conversations we had — especially, when I thought I had already
understood something.

Gracias a Alvaro y Eduardo. Siempre era una pasada viajar a conferencias

con vosotros: Explorar los bosques de Virginia y sus pueblos de rednecks fue



una experiencia inolvidable!

Grazie anche a Francesco, Francisco, Gianfranco e Massimo per aver reso
questi tre mesi a Roma cosi belli. Grazie a voi mi sono sentito veramente
benvenuto a Tor vergata.

Aparte de Aldo y Michi, también quiero dar gracias a nuestro dual non-fisico:
Kathi y — la Rarita ™ — Arancha. Todas las cenas de tacos, ramen y noches
de fiesta espontanea habrian sido muy sosas sin vosotros!

Grazie alla migliore coinquilina ed insegnante d’Italiano, Silvia. Hai reso gli
ultimi due anni molto divertenti e belli. Manchi qui a Madrid!

Muchas gracias a Inés por todas aquellas cenas riquisimas que compartimos
y sobre todo por aguantar mis pobres intentos de baile!

Estos agradecimientos no estarian completos sin dar gracias a Anette, Isabel,
Maria, las dos Moénicas y a Rebeca. Son incontables las ocasiones en las que me
habéis ayudado con la burocracia espanola y mucho més. Gracias por vuestro
apoyo paciente.

También doy las gracias al Ministerio de Ciencia por la beca que me ha
permitido hacer este trabajo, asi como conocer Espana, su cultura y sobre todo
a Madrid.

Robert, danke fiir all die Male, die wir iiber Mathe, Schach oder alles andere
gequatscht haben.

Danke an meine Eltern. In ein paar Zeilen kann ich unmoglich zusammen-
fassen wie sehr ihr mich immer unterstiitzt habt und kein Versuch wiirde euch
gerecht. Ohne euch hétte ich niemals diese Arbeit schreiben kdnnen.

Y por dltimo le agradezco a Lina haber estado ahi estos ultimos meses. Sin

ti no tendria tantas ganas de todo lo que esta por venir.



Contents

|2

The World-volume Theory of 7-Branes|

2.1 The maximally symmetric 8d SYM] . .

2.2 Intersecting brane models| . . . . . ..

.............
[2.3.2  The Rank of Yukawa-Couplings|

B

Tachyon Condensation|

13.2  Physical Sheaves| . . . ... ... ...

3.3 Spectrum between two sheaves| . . . .
[3.3.1  Sheat Cohomology| . . . . ...
3.3.2 pectral . . . ... ... .. ..

3.4 tability| . . . . ... 0oL

[3.4.1  The mapping cone construction|

Progress 1in understanding T-branes|

21

29
29
35
42
46
48

51
51
93
o4
96
38
62
66

69
69
70
78
78

81



0.2 D7-branes, D-terms and their o’-corrections| . . . . . . .. .. ..

p.3 a’-corrections for intersecting branes| . . . . . . . ... ...

b4 a’-corrections in simple T-brane backgrounds| . . . . . . .. . ..
[5.4.1 A simple SU(2) background| . . . . . ... ... ......
[5.4.2 A simple SU(3) background| . . . . . ... ... ... ...

5.5 More general backgrounds| . . . . .. ... ... ... 0.,

5.6 Applications to local F-theory models| . . . . .. ... ... ...

Compact T-branes|

6.1 Global aspects of T-branes|. . . . . . ... ... ... .......

6.1.3  Generalising the Ansatzf . . . ... ... ... .. .....

6.2 A no-gotheorem| . . . . . ... ... ... L ..

6.3.2  Intersecting branes| . . . . . . . ... ... oL,

Compact T-branes with Defects|

[7.1.1 Compact T-brane systems|. . . . . . ... .. .. ... ..

[7.1.2  Introducing defects|. . . . . . . . . ... ... ..

[7.2  Defects and Hitchin systems|. . . . . . ... ... ... ... ...

[7.2.1 'The meromorphic scheme| . . . . . . ... ... ......

[7.2.3  The holomorphic scheme|. . . . . . ... ... .. ... ..

7.3 'The 4d perspectivel . . . . . . . . . . ... oL,

[8__Conclusions|

3.1 nglish| . . . . . . L

8.2 spanol| . . . .. ..

[A_D-terms from the Chern-Sumons action!

B Globally nilpotent T-brane backgrounds|

18

107
108
110
113
115
117
122
123
129

133
133
133
137
147
147
152
159
162

171
171
177

185

188



|IC Non-Capital Hux backgrounds|

[D Further SU(2) T-brane backgrounds|

| 4d interpretation of lux non-harmonicity|

I Examples of wall crossing for coincident branes

|G Lie algebra conventions|

IH BPS equations with defects|

I Examples of holomorphic and meromorphic scenario

lJ__4d reduction and massive modes|

19

190

194

199

202

206

209

211

214



Chapter 1

Introduction

During the last century our understanding of physics has been deeply altered by
insights that eventually led to the formulation of what today constitutes the two
pillars of modern physics: The realisation that time is not an absolute quantity,
but instead depends on the observer’s velocity, led to the formulation of special
relativity at the beginning of last century. A decade later, the insight that
spacetime itself is dynamically shaped by the matter and energy it contains,
rather than being a static stage upon which history unfolds, gave us general
relativity and ultimately what lies at the core of present day cosmology and the
laws governing the largest structures in our universe. At the same time, looking
ever closer at the smallest structures in the matter surrounding us, forced us
to first abandon our deterministic world view in lieu of the probabilistics of
quantum mechanics and then, in the 1920’s, to depart from the idea that, what
we see is comprised of inseparable, elementary particles: The central premise
of quantum field theory is instead, that fields and their interactions with one
another are the fundamental entity; what is conserved is energy, momentum
and local charges rather than the number or type of particles. Quantum field
theory in its incarnation in particle physics — the standard model — is what
forms our current understanding of physics at small scales since its formulation

during the 60’s and 70’s.

Both theories, general relativity in its description of cosmology, as well as the

standard model in explaining subatomic interactions are incredibly successful
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— perhaps more so than its inventors anticipated. Crucially, both theories
contain a characteristic scale at which their effects become relevant compared to
classical Newtonian physics. Most fields of science lie entirely within the realm
of either one of the two theories, while effects of the other are insignificant.
There are however phenomena that require to take into account effects of both
theories, such as early universe physics and certain properties of black holes.
Moreover, a theory incorporating effects of both realms could potentially also
lead to insights in beyond the standard model physics such as for instance dark
matter or dark energy. Unfortunately, the task of uniting the two theories into
a common framework has proven to be hard, so far. On a technical level, this
is because general relativity is a non-renormalisable field theory. Of course
it is extremely desirable to find such a unified description. Perhaps the most
convincing attempt to do so has been provided in the mid 1980’s by string theory,
with its study still continuing at present day. A theory parting from the assertion
that both general relativity as well as the standard model are effective theories,
valid only at low energies, because we are neglecting microscopic degrees of
freedom that become important at higher scales. String theory suggests, that
matter is not comprised of particles but instead strings, whose vibrations provide

these aforementioned additional degrees of freedom.

While string theory does indeed provide a unified quantum description of
gravity and the standard model, it is not a is well-understood one. Fifty years
after its initial results we are far from a working description of our universe in
terms of string theory. More so, there are no falsifiable predictions made by
string theory, which led to the famous criticism that anything can be explained
using string theory. Of course the lack of such predictions is due to our current
inability to construct experiments at the relevant energy scales, rather than a
shortcoming of the theory itself. The key difficulty in making predictions with
string theory can be understood from the last paragraphs: Most of historic
progress in physics was driven by an interchange of experiment and theory; new
discoveries required explanations which in turn predicted new discoveries. To-
day however, the situation is different: Predictions of general relativity as well
as the standard model have proven exact to a staggering degree and while there

are many unexplained observations, we most often miss a smoking gun in the
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form of a new particle not contained in the standard model, for instance. More
importantly, the energy scale at which new physics becomes visible may be very
high: Combining the characteristic scales of gravity and quantum physics deter-
mines an energy at which effects of both theories become relevant and thereby
provides an upper bound to where we should expect physics beyond the stan-
dard model. This upper bound lies sixteen orders of magnitude above current
accelerator ranges. While it is of course true that — depending on your personal
beliefs — you might expect new physics to be visible at lower scales, such as
supersymmetry-breaking scale, GUT-scale, Kaluza-Klein scale or string-scale,
there is little justification for those scales to be close to the energies we observe
at current colliders. In fact in some cases there exist bounds that place these
scales very high compared to energies probed by current experiments. The only
exception perhaps being supersymmetry. So one key challenge of string theory
is, that it provides a consistent and convincing quantum-theory of gravity, but
its characteristic energy scale may lie well out of range of everything we are
going to observe today and in the near future. For that reason, string theorists
try to understand what predictions can be made at the energies of accelerators
and cosmological observations. So far this has proven to be a challenging task.
In addition to the lack of experimental data, it is fair to say that today’s under-
standing of string theory is still rudimentary and many of the phenomenology-
inspired local models of the last decades may prove to lack a global embedding
at closer inspection. Of course these obstructions are no shortcoming of string
theory itself or make it any less probable as a candidate for a theory of quantum
gravity. Indeed, the simplicity of its assumptions as well as its deep connection

with geometry make it very convincing to anyone studying it.

While string theory has been formulated as a perturbative theory of one-
dimensional dynamical objects — strings — one of the most important insights
has been the realisation that at the non-perturbative level, there is more to the
story: There are five distinct (but supposedly dual) formulations of superstring
theory, all of which contain closed strings, that is to say loops. Three of these
theories however also contain open strings, that may end on subloci of the ten-
dimensional spacetime. While these subloci were first seen as simple boundary

conditions, it was soon realised that they encode non-perturbative objects that
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are themselves dynamical and should be seen on the same footing as fundamental
strings, albeit their excitations lie at higher energies. The dynamics of these so
called D-branes may be described via the theory of open strings ending on them.
These theories are of great phenomenological interest as they naturally give rise
to non-Abelian gauge theories. By considering more complicated constructions
featuring intersecting stacks of branes, semi-realistic models for particle physics

have been designed in the past.

While it is correct to think of individual branes as dynamical objects wrap-
ping certain subloci of the ten-dimensional spacetime, the physics of multiple of
such objects is more complicated. We refer the reader to standard text books,
such as [1], for a general introduction on these topics. Since there may be
strings stretching between these distinct objects, such brane configurations may
also form bound states. These bound states were first investigated in [2H5], the
latter of which introduced the term T-brane for this class of states. On a classical
level, one may think of this bound state as being supported by a standing wave
on the string stretching between two branes. These states, T-branes, amount to
inherently non-Abelian phenomena of the worldvolume gauge theories. In the
past these bound states have not only been studied for their phenomenological
properties, especially in relation to realistic Yukawa-couplings [3H8], but also
because of their role in string dualities [9H13]. Moreover, considering the central
role, in particular of 7-branes, it is important to study not only the set of simple
intersecting brane configurations, but instead all 7-brane configurations. In the
following thesis we will study aspects of stability for this class of string theory

vacua in the case of 7-branes.

One of the key tools in the study of T-branes is the worldvolume theory
living on a stack of branes [14], which allows to study stability properties as
well as dynamics of such a bound states from a local perspective. That is to say
it is a theory on the 4-cycle wrapped by the 7-brane stack and does not take
into account the embedding into its ambient space. This perspective allows us
to study a T-brane state without specifying data about the global threefold
geometry. More so, both D7-branes in perturbative IIB as well as (p,q)-7-
branes in F-theory [15517| share the same worldvolume theory, such that this

local analysis holds in both contexts. We will review the relevant aspects of this
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worldvolume theory in chapter [2]

A different perspective on the study of T-brane vacua in perturbative string
theory has been provided by Sen’s tachyon condensation [18]. Not only does
this provide a global point of view on D-brane bound states, but moreover
gives insights on how a single bound state may decay into several distinct brane
configurations when moving in K#hler moduli space [10]. We will therefore

study this complementary perspective to the worldvolume theory in chapter [3]

A particularly interesting aspect in the study of T-branes is its interpretation
in terms of string dualities: While these bound states arise completely natural in
perturbative string theory as well as in the local worldvolume theory of 7-branes,
their interpretation in a global F-theory compactification is less understood.
This is due to the fact, that T-brane data is not translated to the geometry
of the elliptic fibration. Instead to fully specify a global F-theory vacuum, one
needs to give extra data. Recently, there have been two independent proposals
on how to encode this additional information [9,/11], which we will discuss in

chapter [ along with other recent advances in the study of T-branes.

After these introductory chapters we pass to the focus of this thesis, which
is the study of aspects related to T-brane stability. We begin, in chapter [5
by investigating the role of o/-corrections and discuss in particular how they
are distinct in the case of intersecting brane configurations in comparison with

T-brane states based on our publication [19].

Most analysis of T-branes that take into account D-term stability have been
performed either in an ultralocal picture on a patch of flat space or for specific
global configurations that allow for simplification of the equations. In chapter
|§| we will therefore present our results from [20] on general T-brane vacua on
compact 4-cycles. In particular we present a no-go theorem that T-branes with
Abelian gauge bundles cannot be stable on 4-cycles with positive or vanishing

Ricci-curvature.

In chapter [7] we generalise this analysis to T-brane systems intersecting addi-
tional four-cycles. From the point of view of the eight-dimensional field theory,
this corresponds to the introduction of defects along the intersection curve. We
show that giving a vev to these defect fields allows for T-branes in set-ups that

pose topological obstructions to their stability in absence of such defects and in

25



doing so we generalise our previous no-go theorem. Since some of the solutions
we find induce poles in the Higgs-field, we adopt a four-dimensional perspec-
tive by performing a Kaluza-Klein expansion to show that these poles can be
understood as defect-zero-modes giving vevs to higher order KK-modes in the
Higgs field. Lastly, in the case of self-intersecting four-cycles, we link the defect
picture to a Higgs field valued in a larger gauge-algebra.

Finally, we conclude in chapter |8 and relegate some technical aspects to the

appendices.
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Chapter 2

The World-volume Theory of

7-Branes

2.1 The maximally symmetric 8d SYM

This thesis is concerned with bound states of 7-branes, such that we should start
by reviewing the necessary concepts to describe the physics of these systems.
One important tool in doing so is the worldvolume theory living on a stack of 7-
branes, which captures the dynamics of open strings ending on it but is blind to
the compactification the branes are embedded in. Under this local perspective
we need not be concerned whether we are dealing with perturbative D7-branes
in a IIB-compactification or if work instead with more general 7-branes coming
from F-theory, such that the gauge group living on the brane stack may be of
ADE-type. In the following paragraphs we will work out the field content of this
worldvolume theory, largely paraphrasing the discussion presented in [14]. The
general idea in this reference is, to constrain the possible theories by requiring
that they preserve four-dimensional N' = 1 supersymmetry.

From the expansion of the DBI-action it is clear that the worldvolume theory
of perturbative D7-branes is given by a supersymmetric eight dimensional Yang-
Mills and furthermore, by adiabatic arguments, this should continue to hold
also for 7-branes of general type. Such theories can be obtained via dimensional

reduction from the maximally supersymmetric Yang-Mills in ten dimensions
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whose field content is given by the ten-dimensional SYM-multiplet consisting
of the gauge field A;pq and an adjoint-valued fermion Wiy, transforming in the
positive-chirality spinor representation 16,. This theory preserves 16 super-
symmetries, the generator e€1pq of which also transforms under 16,. In the
following we will start with the simple case of 7-branes on eight dimensional flat
space and then successively generalise this to arrive at 7-branes wrapping an
arbitrary 4-cycle S. So in a first step we consider the 10d maximally SYM on
ten dimensional Minkowski space and reduce it to eight-dimensions, such that
the structure group decomposes as SO(9,1) — SO(7,1) xU(1)g. Under this re-
duction, the ten-dimensional gauge field decomposes into its eight-dimensional
cousin Agy and two real scalar fields ®g, ®g corresponding to the two com-
pactified dimensions. As usual we may combine them into a complex scalar
® = Og + iPgy and its conjugate ®, the two of which are charged under the
U(1) g-symmetry

o (1,-1), O:(1,+41). (2.1)

Similarly, both U144 and €194 decompose into two eight-dimensional components

transforming as

1
\Pi,ei : (Si,ﬂ:2> 5 (22)

where we denote by S+ the positive and negative chiral spinor representations
of SO(7,1).

In the next step, we reduce this system further by decomposing the structure
group SO(7,1) of R™! into SO(3,1) x SO(4), corresponding to 7-branes on

R13 x C2. Under this decomposition the spinorial representations behave as
SO(7,1) x U(1)r —s SO(3,1) x SO(4) x U(1)x 2.3)

<g+,+;) — [(2,1),(2,1),+ } @ {(1,2),(172)#;]

1
>
(5--3) — |@v.a2.-3] e a0,

where we made use of the isomorphism SO(4) = SU(2) x SU(2) and gave the
representations in terms of the component SU(2)’s, such that by (2, 1) we denote
the left-handed chiral spinor and by (1,2) the right-handed chiral anti-spinor
of SO(4), or equivalently SO(3,1).
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Now, clearly we want to generalise this to arbitrary four-cycles S. Crucially,
however, such submanifolds wrapped by 7-branes are always embedded into a
K&hler-manifold — no matter if we are dealing with perturbative D7-branes
or 7-branes in an F-theory vacuum. This implies of course, that S inherits a
Kéhler-structure from its ambient space. Consequently, the structure group of
S is not in fact given by SO(4) but instead by U(2). In terms of the spinor

representations of SO(4), this means that we further decompose
(2, 1) — 20, (1,2) — 1+1 D 1_1, (24)

where the subindices are the charges under the central U(1). Applying this to
the decomposition of the eight-dimensional spinors ¥, and ey, we therefore

have

SO(7,1) x U(1)r —s SO(3,1) x U(2) x U(1)x (2.5)

<S+,+;> — [(2,1),20&;} ® {(172),1“,%} ® {(1,2),11,%]

(S,—;) —s [(2,1)71“,—;] @ [(2,1),11,—;} o {(1,2),207—;] .

For phenomenological reasons we are interested in theories that preserve
N =1 in four dimensions and such theories have four supercharges that are
charged under the U(1)z-symmetry of the 4d theory and should be scalars in
the internal space. In principle this 4d R-symmetry can be a linear combination
of the central U(1); coming from the Kéhler structure and the 8d R-symmetry,
such that we should perform a basis change in U(1); x U(1)g to a basis where
two scalar representations are charged under one U(1) factor giving the 4d
R-symmetry and uncharged under the second factor. This change of basis is
called topological twisting. From we see that there are two ways to do this

corresponding to
Jiop = J £ 2R, (2.6)

where we denoted the generator of U(1); by J and that of the U(1)g by R.
A priori these two embeddings might result in a differently charged spectrum

under the 4d R-symmetry. In the case at hand, however, one may confirm that
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the result is the same for the two of them

[(271)72+1] 3] [(1a2)7271] (27)

® [(17 2)7 1+2] D [(]-a 2)7 10] D [(27 1)7 10] D [(27 1)7 172] :
The four supercharges of the 4d theory are then given by
[(17 2)5 10] @ [(2a 1)7 10] . (2-8)

Under the same embedding the complex scalar ® then transforms as [(1,1),1_o].
So in summary fermionic fields are uncharged under the central U(1) of the
structure group of S whereas the complex scalar is charged under it. In other
words they transform as sections of some exterior power of the holomorphic
tangent bundle of the four-cycle S, in particular ® transforms as Q% = Kg,
where by Kg we denote the canonical bundle.

Of course all of these fields are also charged under the gauge group of the
7-brane stack. In consequence, we conclude that the two bosonic fields of the

eight dimensional theory transform as
A€ QY(S,End(V)), ® € %S, End(V) ® Kg), (2.9)

where by V' we denoted the associated vector bundle of the gauge bundle.
Knowing the field content of the worldvolume theory, the next step is to find
the BPS equations, which can be derived by use of the variational principle on
the action. For the sake of brevity we do not derive them here, and only state
the result, referring the interested reader to the appendices of [14]. The external

space components of the equations of motions read

F/,J,V:F;Lm:Fp,ﬁ’L:O (210&)
D,® =D,d =0, (2.10b)

where we denoted by F' the flux associated to A. In words, the flux has no
external legs and the complex scalar does not vary over the four-dimensional
spacetime. The internal part of the flux may be written as ' = 044 + 04 AT —
i[A, AT] where by A we denote the holomorphic component of the gauge field,

IThe commutator for Lie-algebra valued forms n € QP ® g,y € Q9 ® g is given by [n,7] =
Ay — (=1)P4yAn.
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that is its (0, 1)-part, and conversely by A its hermitian conjugate (1,0)-form.
In terms of these fields, the internal components of the equations of motion can
be split into two parts, according to their role in the four-dimensional effective

theory. There are two F-term equations, given by

F20 =0 (2.11a)

da® = 0. (2.11b)

Notice that these two equations imply that the two holomorphic fields ®, A are
closed with respect to the covariant derivative 94. Moreover, shifting A by an
exact form is just a gauge transformation, such that the solutions to the F-term

equations are counted by

Ae ng(s, End(V)) (2.12)

P e Hgf(s, End(V) ® Kg) = Hgf(s, End(V)), (2.13)

In the following we will refer to ® as a two-form unless otherwise indicated. We
will see in a moment that we may drop the subindex in J4 and that indeed
the standard bundle cohomologies with respect to the Dolbeault operator count
F-term solutions. On top of these two F-term equations, there is a D-term

equation, given by
Lo ot
wAF + 5[(1), o' =0, (2.14)

where we denote by w the Kdhler form of S. Notice, that the F-term equations
depend only on the holomorphic fields A%' and ®, whereas the
D-term equation mixes holomorphic with antiholomorphic fields At, ®f.
Moreover, the D-term equation depends explicitly on the K&hler-form of the
four-cycle S, which in turn implies that it receives a’-corrections, while the F-
term equations are valid at all orders in o’. These two properties of the D-term
equations make them much harder to solve than the F-term equations.

For some properties of the resulting low-energy theory it is fortunately not
necessary to solve the D-term equations explicitly. The massless spectrum
around a supersymmetric background (A), (®), for instance, may be computed

without doing so. This is due to a property of many supersymmetric theories,
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that may be summarised as

D- & F—ter;n solutions ~ F—termgsolutionsl (2.15)
C

In words, the space of solutions of D- and F-term equations modulo gauge
transformations is isomorphic to the space of solutions of the F-term equations
modulo complexified gauge transformations

To see in detail how to compute the massless spectrum, we split the fields

into a background and a fluctuation piece
A= (A)+a (2.16)
D = (D) + ¢, (2.17)
where we will drop the (-) immediately. Recall that the action and therefore
the equations of motion, that is D- and F-terms, are invariant under gauge
transformations
® —B'®-B (2.18a)

iA—iB~'-A-B- B (0B) (2.18b)

for some B € g. If we take B = e'X for some y € g we may write infinitesimally

a—>a+0ax (2.19a)

o — @+ [P, x] (2.19b)
Equivalently, we may take the gauge parameter in the complexified algebra
X € gc and work on the right hand side of the isomorphism (2.15). Using
(2.18), we may therefore adopt the following strategy: We pass to a gauge
where A%! = 0, such that in particular all covariant derivatives are normal
exterior derivatives 4 = 0. This is the so-called holomorphic gauge. In this

gauge we expand the F-term equations (2.11)) in fluctuations and background

and consider the linear piece

da =0 (2.20a)

dp = 0. (2.20b)

We see that solutions to the F-term equations are given by closed one- and two-

forms. However, this is not the physical spectrum as we are overcounting all
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the gauge-equivalent solutions; we still need to mod out by complexified gauge

transformations, which are given as

a— a+0x (2.21a)

© — @+ [Pn, X] (2.21b)

for some x € gc- Note, that by @, # ®, we denoted the scalar background
in holomorphic gauge. In the following sections we will subsequently consider
increasingly complicated classes of backgrounds and derive the spectrum for

some examples

2.2 Intersecting brane models

The simplest class of non-trivial backgrounds is given by a Higgs-field vev sat-

isfying
(@, ®1] =0, (2.22)

which implies that ® can be taken to lie within the Cartan of g by some unitary
gauge transformation. Such a vev is simple to deal with because the D-term
equations only require the worldvolume flux F' to be primitive. What is
the unbroken gauge symmetry of such a background? As has been shown in [4],
any generator of g that commutes with & also commutes with A. This means
that the unbroken gauge group for a non-trivial background is given by the
commutant of ®. Consider for instance the case of a rank r Lie-algebra and give
® independent vevs along all of its Cartan generators. Clearly, the symmetry
is broken down to U(1)" in this case — the symmetry group of r independent
7-branes. Indeed, we may understand giving a vev to ® as taking the 7-branes
of a stack apart from each other. Doing so renders strings stretching between
different branes massive, implying that at massless level the symmetry is broken
to that of individual branes.

Consider for instance two 7-branes on a 4-cycle S. For a trivial background
this would give a U(2) gauge group and we may discard the centre of mass for
now, leaving us with SU(2). Take the vector bundle carried by these branes to

be V = L @ L~ for some holomorphic line bundle £. If we give a vev to the
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scalar field as
a
Py, = (2.23)
—a

The only generator commuting with this background is the Cartan itself, such
that the gauge group is broken to U(1). Not surprisingly, we can also see
this in the spectrum of the theory. From our previous discussion we see that
the gauge inequivalent fluctuations in ¢ around this background are given by

H°(S,End(V) ® Kg) modulo gauge transformations (2.21). In the case at hand

we have

H°(S,End(V) ® Kg) (2.24)

=~ HO(S,Ks) & H°(S,L* ® Kg) ® H°(S, L7 ® Kg),
corresponding to Cartan, upper-right corner and lower-left corner mode of .
We denote the generators of su(2)c by

1 0 0 1 0 0

: Et = , E- = (2.25)
0 -1 00 10

P =

and expand ¢ = pp P+ ¢ E, + ¢p_ E_. If we make a gauge transformation
X = —39+ B4 + 2¢_ E_ as in (2.21), we see that indeed ¢ — ¢p P, that is,
only the Cartan mode is a gauge inequivalent solution.

Note, that so far we have assumed that the section a € H°(S, Kg) has no
zeros. Generically, this is not true however. Instead, it has zeros along the
self-intersection two-cycle C = S N S. What happens along these loci? From
the field theory point of view ® vanishes along C and therefore the generators
of the full su(2)c commute. By the same argument as before we therefore find
that along C we may not gauge away any of the fluctuations contained in ¢ and
correspondingly the gauge inequivalent fluctuations contained in the scalar are

given in total by one scalar on S and two more on C

H°(S,Ks) ® H(C, (L © Ks)|e) ® H(C, (L™ @ Ks)lc)- (2.26)
The intuition behind this is simply that we are describing two 7-branes wrap-
ping the cycle class S, but are displaced by the section a. If S has a non-trivial
self-intersection, it means that the two branes intersect along this curve and cor-

respondingly strings stretching between them become massless along the locus C.

From the worldvolume theory perspective we see this as a gauge enhancement.
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The correspondence between Higgs-field and 7-brane loci can be made ex-

plicit by defining the spectral polynomial
Pg(n) =det(n-1—9), (2.27)

where by n we label a section whose zeros define the 4-cycle S within its ambient
space. Note, that Pg(n) is invariant under complexified gauge transformations
such that we may evaluate it in holomorphic gauge ® = 0. The loci of the
individual 7-branes are now given by zeros of Pg(n); take for instance the back-
ground in (2.23), which has Py (n) = (n—a)(n+ a), meaning that there are two
individual branes along the loci n +a = 0 and n — a = 0. Such that at generic
loci on S we should find the massless spectrum of two separate branes and if
the intersection a = —a exists, that is, if the section a has zeros, we should
find an enhancement along this intersection locus; just as we did in the explicit
computation of the spectrum above.

The transformation properties of the additional matter fields along inter-
section curves can be understood from a group theory perspective: Each set
of coinciding 7-branes carries some gauge group G7, G2 and the bosonic fields
transform in their respective adjoint representations. Along intersection curves

this gauge group enhances to Gs D G1 x G2 and we may decompose
ad(Gs) = ad(G1) @ ad(Ga) @ | P U; @ U; (2.28)
J

for irreducible representations U;, U J’ of the two gauge groups G, Go. For special
unitary groups this will be the bifundamentals. Clearly the first two terms in this
decomposition give the bosonic fields living in the worldvolume of the two sets of
7-branes, whereas the last term contains the additional matter fields we found at
the intersection. Let us be more explicit by considering the phenomenologically
most interesting case of a low-energy theory resulting in an G; = SU(5) gauge
group, which from the 7-brane perspective means five coinciding 7-branes. Now,
to find extra matter, these coinciding branes would need to be intersected by
additional branes. If we consider the case of just one brane intersecting the

stack, there are two possibilities corresponding to the decompositions
SU((6) — SU(5) x U(1) (2.29)
SO(10) — SU(5) x U(1), (2.30)
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under which the adjoint according to (2.28)) decompose as

35— 24,®1,®5, ®5_1 (2.31)

45 —3 240 ® 19 ® 105 + 10_,. (2.32)

So we read off, that depending on the enhancement, the additional matter we
find transforms in the 5 or 10 of SU(5) and their conjugates. From the per-
spective of GUT-phenomenology this leads to the natural question of whether
Yukawa-couplings of down-type 10 x 5 x 5 and up-type 10 x 10 x 5 may form in
compactifications that contain both kins of enhancements ,. Indeed,
this is possible: As we discussed, we find this additional matter on complex
curves within the 4-cycle S, implying that the wavefunctions of these fields lo-
calise sharply along them. Intuitively a coupling can be formed at loci along
which both fields are localised. Put differently we expect these couplings at
the intersection points of the corresponding curves. Intuitively these are triple
intersection points of 7-branes, which from the group theory point of view, cor-
respond to further enhancements to SO(12) or Eg, respectively. In terms of the
worldvolume field theory of 7-branes these couplings come from the superpo-

tential corresponding to the F-terms (2.11)), given by
W = mf,f/ Tr (FA®), (2.33)
5

where m, is the characteristic scale of either F-theory or IIB. Since the super-
potential depends only on holomorphic quantities, it is invariant under com-
plexified gauge transformations, implying that we may read off the structure of
Yukawa-couplings in holomorphic gauge. It is only when we want to compute
the actual value of the couplings, that we need to pass to physical, unitarity
gauge El Note moreover, that the localisation of Yukawa couplings in points
means that their characteristics can be computed in an ultra-local approach,
treating the environment of the points as a patches of flat space, since they
do not depend on far-away geometry. This implies in particular that Yukawa-
couplings are particularly general quantities in the sense that the same kind of

Yukawa coupling may be embedded into a plethora of 7-brane models.

2The name unitarity gauge refers to the fact, that in this (complex!) gauge, the hermitian
bundle metric is simply the identity, whereas in all other gauges it takes a more complicated

form.
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The intersecting brane models we may construct by simply giving a vev to
® along the Cartan of g are all of the type that all 7-branes contained in the
stack wrap a 4-cycle in the same homology class. How can we describe a system
of a stack of 7-branes on a 4-cycle class S intersecting a second stack on a
different 4-cycle class S’? From our previous discussions it is clear that both
stacks host an eight-dimensional A’ = 1 SYM and from our physical intuition we
expect additional massless degrees of freedom to appear along the intersection
curve ¥ = SN S’. As has been argued in [14] these new massless excitations
can be described by a six-dimensional defect field theory coupled to the eight-
dimensional theories. We denote by Gs and Gg- the respective gauge groups
carried by the two stacks. From a group theory perspective this is no different
to our previous discussion, in that we expect a gauge enhancement along ¥ to

some larger group
Gy D Gg x Gg (2.34)

and correspondingly the adjoint representation decomposes as
ad(Gy) = ad(Gs) @ ad(Gs) @ | PU; @ U; (2.35)
J

for irreducible representations Uy, U; of the two gauge groups. It is this last
summand that once again contains the additional matter we find along >. The
additional fields are described by a six-dimensional hypermultiplet coupled to
the gauge fields of the two 8d SYM. Such a configuration has been described
in [21]. The six-dimensional hypermultiplet contains in particular two bosons
0,5¢. Moreover, its supersymmetry generator e transforms in the 4’ ® 2 of
SO(5,1) x SU(2)g, where the latter factor is an additional R-symmetry that
the most general action exhibits. Similar as before we decompose these rep-
resentations under the reduction to find the necessary topological twisting in
order to preserve four-dimensional N/ = 1 supersymmetry. Reducing to four

dimensions, corresponds to the decomposition

SO(5,1) — SO(3,1) x U(1) (2.36)

4 ((2, 1),_;) ® ((1,2),%) . (2.37)
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Once again we need to embed the central U(1)g of SU(2)p into the U(1) struc-
ture group of 3. To see how the supersymmetry generator e is charged under

it, we decompose

SU(Z)R — U(l)R (238)

2— 1,01, (2.39)

Now, an embedding of U(1)g into the structure group of X is specified by
Jiop = J + a R, where once again R, J denote the generators of the two U(1)’s
and « is some real number. If such an embedding is to preserve four-dimensional
N = 1 supersymmetry, four of the supersymmetries generated by e need to

transform as scalars such that we are left with
1
Jiop = J £ §R, (2.40)
which corresponds to the decomposition
(4,2) — (2,1)0 @ (2,1)-1 & (1,2) & (1,2);. (2.41)

Without loss of generality we now take the twisting given by Jiop = J — %R

under which the two scalars transform asd]

ceT(KY?ouUal) (2.42)

5¢ e TRy U o U)), (2.43)

for the associated vector bundles ,U’. By ~ we denote the corresponding anti-
holomorphic bundle and by -* the dual bundle. Instead of dealing with ¢ it

will be more convenient to consider its conjugate
c 1/2 * 7N *
cCelN(KS " oU e U')), (2.44)

Note, that this ties in naturally with our previous discussions: Namely, if ¥ is
the self-intersection curve SN S, we have by adjunction that K;/Q = Kglyx, such
that the fields o, 0¢ have the right transformation properties to be understood
in terms of a larger ® incorporating them as components. We will make this

correspondence much more explicit in chapter [7}

3They arise from fields (1,41) under SO(5,1) x U(1) g, such that following the decomposi-
tion to SO(3,1) x U(1) x U(1) g and the topological twisting, they are mapped to ((1,1), :I:%)
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Now, that we understand the bosonic matter appearing along intersection
curves X, we need to understand how it couples to the eight-dimensional theories
and which backgrounds are stable. Once again we limit ourselves to give the
BPS-equations and refer to the original reference [14] for details. Both of the

scalars satisfy a six-dimensional F-term condition
Oara0=0a140°=0. (2.45)

Moreover, they couple to both F- and D-term equations of the eight-dimensional

theories by introducing source terms with delta-function support along X
04d = o5, ({c¢,0))s (2.46)
1 1
WAF + 5[@, i = 5w/\52 (us (7,0) — pg (6°,09), (2.47)
where by 5, we denote the Poincaré dual (1, 1)-form of the intersection 2-cycle X.
We will be quite explicit in defining the outer product ((-,-))s and the moment
map ps(-,-) in the following. Feel free to skip ahead to the next paragraph if

you are not interested in these details. We denote the natural outer product

between the vector bundle ¢/ and its dual by
(U U — O, (2.48)

where O is the trivial bundle. If we label the generators of gs by 7§, they act

as linear operators mapping to the adjoint of gg
Ts: U — End(V) U (2.49)
U — End(V) @ U*.

Locally, this may be understood as taking the generators Ts in the representa-

tion U — typically the fundamental — and acting on the vectors in & by matrix

multiplication, of (T’l); o’. For a split-bundle this intuition holds also globally.

Using and , we may compose the outer product

{(Ns: (KQ2 QU ® (u’)*) ® (K;/z ®U ®u’> — Ky, ® End(V)

(¢ Naaey = (T )u @ (- (2.50)
Now from this prescription, we have that

((6¢,0)) € H*Y(Z,End(V) ® Kx) = HY (X, End(V)). (2.51)
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The moment map may be composed from the three metrics

H:UoU— O (2.52a)
H -UU — O (2.52b)
h!?: Ko KY* — o0 (2.52¢)
as follows
2 o7 o gt 1/2 ’
IR <K2 ®U®Z/I>@<KE ®U®Z/{> — End(V) (2.53)
—1/2
s = (hs /%) o/ (TH- (G (2.54)

In all of the following discussions we will drop the clumsy S in the subscript
as we will only every refer to one of the two relevant 4-cycles. See [7] for more

details.

2.3 T-branes

In the last section we started out by describing backgrounds with the property
[®, ®'] = 0 motivated by making an ansatz with simple BPS-conditions. We
then argued that the intuition behind this class of vacua is in fact that of 7-
branes on a 4-cycle class S that intersect each other. Clearly, this kind of vev

for @ is not the most general one, as there are many vevs for which we have
(@, 1] # 0. (2.55)

Such a background is called a T—bmneﬁ Clearly, their BPS-conditions are much
more intricate because the D-terms will require the presence of non-
primitive flux precisely cancelling this contribution. Since also ® implicitly
depends on the bundle metric via the F-term equations , this boils down
to solving a set of coupled partial differential equations on the compact 4-cycle
S — or at least in a relevant patch of flat space, as we will see in the following.
The nature of this new class of 7-brane vacua is different from the simple back-
grounds we considered in the last section: As we have seen, intersecting brane

configurations on a 4-cycle § amount to giving a vev to ® within the Cartan,

4In the original reference only upper triangular configurations have been called T-brane

and this is in fact the origin of the term itself.
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that is, in the end we are dealing with an Abelian configuration. Contrastingly,
a T-brane configuration is an inherently non-Abelian bound state.

Why should we care about this kind of 7-brane vacua? First of all 7-brane
vacua form one of the richest set-ups for realistic phenomenology and as such
we should aim to have an as broad as possible understanding not only of its
simple configurations but also seemingly more complicated ones. On a related
matter, it has indeed been shown that T-branes provide an elegant mechanism
to give a realistic hierarchy to Yukawa couplings [3}4}|7,22H29|. Lastly, as we
will later review, the dictionary between a local 7-brane model as we discuss
it here and the global F-theory picture is far from clear and indeed T-branes
contain data whose role in global F-theory compactifications is still puzzling,
albeit considerable progress has been made recently [9HL1].

This section is structured as follows: First we will introduce a number of
different T-brane vevs in order to highlight their phenomenologically distinct
behaviour as compared to intersecting branes, following [4]. In we will
show why the fate of T-branes in global F-theory compactifications is less clear
from that of intersecting branes. Lastly, in we will review the mechanism
of realistic ranks for Yukawa couplings relying on the presence of a T-brane
bound state.

Let us begin by considering the simplest T-brane background given in uni-

tarity gauge by

0 m
o = (2.56)
0 0
mAm 0
= [@, 1] =
0 —mAm

for a vector bundle, once again given by V = L& L' in terms of some holomor-
phic line bundle £. From we read off that ® does not commute with any
of the generators of su(2), implying that the gauge group is broken completely
on generic loci, while it is restored along the curve m = 0. Note, that this infor-
mation would not have been visible by just considering the worldvolume flux:
From the D-term equation , we see that F' needs to have a non-primitive
component along the Cartan of su(2). So by just considering the flux, one would

expect the symmetry to be broken down to its Cartan U(1). Note moreover,
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that the spectral polynomial of is simply given by Pp(n) = n?, i.e. it
is the same as for a trivial Higgs vev ® = 0. That is, from the spectral poly-
nomial the configuration at hand seems to describe two coinciding 7-branes,
but its gauge group is completely broken by a non-trivial bound state. To
make matters more curious, we find a gauge enhancement along a curve that
does not seem to correspond to an intersection curve of two 7-branes. In sum-
mary, we see that neither ' nor Pg(n) carry the whole information about this
vacuum, but instead one needs to consider the full ®. To better understand
the situation at hand, we also compute the massless spectrum. As before, we
parametrise ¢ = ¢p P+ ¢4 E4 + ¢_ E_ and observe that on generic loci we
may gauge this to ¢ = p_ E_ by making an infinitesimal gauge transforma-
tion y = — 22 P+ 2“0—5 elrl?+. Clearly, this gauge transformation is ill-defined along
the curve m = 0 and indeed we recover the full fluctuations of su(2) along this
locus. Since, this background is the simplest example of a T-brane, we also take
the opportunity to show how the non-commutativity of ® renders the task of
solving the BPS-equations much more complicated. To be explicit, let us pass
to a patch of flat space C? with local coordinates (z,y) and assume without loss
of generality that m|(C2 =z dzAdy and w = % (dzAdZ 4+ dyAdy). In holomor-
phic gauge the F-term equations simply require ®y, to be a function only of the
holomorphic coordinates ®y,(x,y). However, if we are interested in the specific
wavefunction profiles, we need to pass to unitarity gauge. Even though we are
guaranteed the existence of such a gauge transformation by the isomorphism
(2.15)), it may be difficult to find in practice. In the case at hand we make the
ansatz’]

N~

B= (2.57)

MY

for the gauge transformation introduced in (2.18), where f = f(x,Z) is some

5The form of this ansatz can be inferred from the fact that [®, ®1] lies in the Cartan and

therefore so does the flux.
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real function yielding gauge- and Higgs-field in unitarity gauge as

0 me S % 0
P = , A= o (258)
0 0 o -=f
i00 0
= Fbl = ) ! oor) (2.59)
—1

Since the F-terms are invariant under complexified gauge transformations, we

only need to solve the D-terms ([2.14), which are given as
e 1 o _
wNiQdf P + ¢ mAm P =0 (2.60)
Plugging in for m and w, this gives
8m5§:f = |x|2€_2f7 (261)

such that it becomes clear that even in a local patch it may be challenging to
solve the D-terms explicitly.

The background we just discussed already exhibits most of what we are going
to need in the following chapters. In order to motivate the topic a bit better, let
us however, consider some more examples of T-branes to highlight some further
interesting aspects. To keep matters simple we consider them in flat space C?
with coordinates (z,y).

Another interesting behaviour can be found for instance for the background

d = , (2.62)
which by considering the spectral equation Pp(z) = (2 — z)(2z + x) seems to
encode two 7-branes intersecting along the curve z = 0. We would therefore
expect to find U(1)? at generic loci, with an enhancement to SU(2) and the
corresponding matter fields along x = 0. If we consider, however, the full
background @ instead of its spectral equation, not only do we see that the
symmetry is broken completely along generic loci, and that along x = 0 only
a U(1) factor is restored, but in addition we do not find any localised matter
along this curve! So our intersecting brane intuition fails completely to describe

the background adequately.
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As a last example consider the background

P = (2.63)
y 0

2 _ zy. Along generic loci this background

with spectral equation Pp(z) = z
breaks the underlying SU(2) gauge group completely, while it enhances to the
full SU(2) at « = y = 0. More curiously, the mantra to find gauge groups
in codimension one, matter fields in codimension two and finally couplings in
codimension three, does not apply to the background at hand as we find no
additional matter on the mentioned curves, but instead at their intersection

in codimension two. So once again we recover behaviour that is completely

invisible from the spectral data.

2.3.1 F-theory

So far we have dealt with 7-branes in a local way, in the sense that we have
described them in terms of their worldvolume theory on a (compact) 4-cycle S.
From this perspective it did not matter whether we are describing a stack of
D7-branes in perturbative IIB string-theory or whether in fact we are describ-
ing a stack of more general 7-branes in F-theory [15]. The only difference in
our analysis up to this point would have been that F-theory allows for general
ADE-type gauge groups whereas this is not possible in perturbative IIB string
theory. The formalism itself is however, independent of this distinction. Re-
call, that in global F-theory, the information about gauge groups, matter curves
and couplings is encoded in singularities of the elliptic fibration along loci of
codimension one, two and three in the baseﬂ Correspondingly, the informa-
tion contained in the 7-brane Higgs-field ® about symmetry breaking related to
brane intersection patterns should translate to the singularity structure of the
elliptic fibration in a global F-theory model. Clearly, the worldvolume theory
does not contain all information about the vacuum it is embedded in, such that
this dictionary should be understood locally around the 4-cycle S.

To make contact between the field theoretic description of the worldvolume

theory of 7-branes and global F-theory, let us first review how a global elliptic

6 An introduction to F-theory would exceed the scope of this thesis, and we refer the reader

to |30H32| instead.
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fibration with singularities along a codimension one locus w = 0 can be trans-
lated to a local ALE-fibration, which we will then link to the worldvolume vev
®, following [33]. Recall, that an elliptic fibration 72 < B can be described as

the solutions to the Weierstraft polynomial
2 _ .3
y =2+ fr+y, (2.64)

where z,y are coordinates in the fibre ambient space and f, g are sections of
appropriate line bundles over the base. The vanishing order of f,g and the
discriminant A = 27¢% + 4f3 along a divisor z = 0 then indicates the gauge
symmetry corresponding to the 7-branes wrapping this locus. If we are only
interested in a local neighbourhood of such a divisor, we may express the elliptic

fibration as [14]

Ay | 4?2 = 22 4 ot
D, | y* = 2%z + 271

Eg | y? = 23 + 24 . (2.65)
E; | y? =23 + 223

By | y? = 2% 4 25

How does this relate to our local worldvolume perspective? Let us focus on
Ay, that is SU(n + 1) for ease of exposition and refer to the original references
[14L33] for the general cases. From an intuitive point of view, the Higgs field ®
breaks the gauge symmetry, such that its components should translate to the
deformations of the local Weierstraft polynomial. Indeed this relation is given
in terms of the Casimir operators of ®

1 1
59 = —§Tr(<1>2), Sp = —Eﬁ(é’“), Spp1 = det(®P) (2.66)

parametrising the most general deformation of an A,, singularity as

n+1
y? = 2? + w4 Z spw" TR, (2.67)
k=2

Now, consider for simplicity the case for SU(2) given by
y? =2 +w? + s (2.68)

If we parametrise a generic Higgs vev as

P = , (2.69)



the Casimir is given as sy = mp + v%. As we can immediately read off an
intersecting brane type vev along v is contained in the Casimir. If, however, we

consider a T-brane of the type

0 m

0 0

o= , (2.70)

we have sy = 0. That is, the information about the symmetry breaking is not
visible from the Casimirs and therefore the elliptic fibration . So while
intersecting brane configurations can be translated to a local F-theory model
via the dictionary we presented, this is not the case for T-branes. Much of
the recent interest in T-branes originates in this puzzling behaviour and indeed
there has been made some progress in understanding how the local information
of this symmetry breaking should be translated to global F-theory [9H11]. We

will come back to this issue in [4.11

2.3.2 The Rank of Yukawa-Couplings

In we have already discussed the potential phenomenological applications
of 7-brane models to engineer viable SU(5)-GUT models and how additional
matter and their Yukawa couplings arise. From experiment we know that there
are two light families of quarks and one heavy family. Such that at leading
order in perturbation theory Yukawa couplings should be of rank one, rendering
one family heavy. Indeed this statement has been made precise in [26], in the
form of the rank theorem, stating that for smooth matter curves intersecting
transversely in a point, the rank of the Yukawa coupling is at most one. Sub-
sequently it has been shown that higher order corrections may give mass to
the remaining two families by making the Yukawa of rank three at subleading
orders. Indeed, it has been shown [22H24]26] that for the down-like Yukawa
coupling 10 x 5 x 5 a rank one structure can be generated if there is only one
triple intersection point generating this coupling. Subsequently it was shown
in [25)29] that D3-brane instantons or gaugino condensates on a second 4-cycle
may generate non-perturbative corrections leading to a Yukawa couplings with
fermion mass hierarchy (1,¢,€?).

For up-type Yukawa couplings 10 x 10 x 5 the situation is more complicated

in that a coupling of rank one at leading order requires additional ingredients
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apart from the restriction that there should be only one point giving rise to the
coupling at hand. There are two known mechanisms to generate such a rank
coupling, one relying on 7-brane monodromy [27], the other one on a T-brane
background [3,/4]. For the latter one it has later been shown |7], that a rank
three structure at subleading order can once again be generated by instanton
effects, in analogy to the down-like coupling. Clearly, this application makes
T-branes also interesting from a phenomenological point of view and while the
physics of Yukawa couplings can largely be computed in an ultra-local approach,
they rely on the existence of a T-brane background on some cycle. As we have
seen in the previous paragraphs the BPS-stability conditions for this class of
backgrounds are very delicate and we will see in later chapters that strong no-
go theorems may be formulated, rendering T-branes unstable on certain 4-cycles
with potential implications for the existence of such Yukawa couplings in a given

vacuum.
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Chapter 3

Tachyon Condensation

The description of 7-brane vacua we gave in the last chapter is intrinsically
local as it is based in the worldvolume theory on the 4-cycle S. Here we will
introduce a complementary picture that is fully global in the setting of 1IB
string theory. This alternative picture is based on the realisation that the natural
mathematical tool to describe D-branes globally is provided by sheaves and that
correspondingly physical information such as the spectrum can be extracted
from them. In the following we will largely follow the reviews [34,35]. For
mathematical details we refer to [36], for instance. Let us begin by introducing

the mathematical objects we deal with.

3.1 Sheaves

From the description of gauge theories, we are used to the language of vector
bundles and how a stack of branes on some p-cycle hosts such a vector bundle.
This description seems somewhat artificial, because we are dealing with some
threefold compactification, but the vector bundles we are dealing with are only
well-defined on given subloci. So the natural question is whether we can gener-
alise vector bundles to something that is well-defined over the whole threefold.
We will see that a subclass of sheaves provides precisely this correspondence,
while sheaves of different kind may still describe valid D-brane configurations.

We start by defining a presheaf S on a topological space X as the association

of a group, ring or field to every open subset U C X which we will denote by
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S(U) and call elements of it sections. Additionally, S has a restriction map for
every subset V. C U C X, acting as pyy : S(U) — S(V), which is transitive
for chains of subsets W C V C U. That is, we have pyw = pvw © puv
and moreover pyy = id. If it is clear from the context, the restriction map is

typically denoted as |V = puv.

Now, a sheaf satisfies extra glueing conditions, giving it more structure than
a presheaf. These additional conditions relate the sections of different subsets
U,V C X. Firstly, for any two sections agreeing on the overlap U NV, there is
a section on the union U UV restricting to them. That is, for any o € S(U) and

7 € §(V) that satisfy J|Uﬁv there is a p € S(U UV) with p|U =0

= T’UOV’
and p’v = 7. Secondly, for any 0 € S(U UV) with O"U = U‘V = 0 we have
o=0.

A simple example of a sheaf is for instance given by the holomorphic func-
tions over X. Let us denote this sheaf by Ox. One can confirm that Ox indeed
forms a sheaf and we will henceforth call it the structure sheaf of X. Any sheaf
that is just given as a direct sum @;_, Ox, is called free and any sheaf that
at least has this structure locally, is called locally freeE| Now, clearly the sec-
tions of any line bundle locally look like Ox and the sections of any arbitrary
vector bundle of dimension n locally look like a direct sum @;_, Ox. Put dif-
ferently, the set of vector bundles over X is isomorphic to the set of locally free
sheaves over X. Clearly, these sheaves will therefore play an important role in

the following.

A less trivial example of a sheaf is the so-called skyscraper sheaf, which only

has support over some point p € X. It is defined by

S = C, ifpeU (3.1)
0, otherwise ' '

So in particular, the dimension of the sections of sheaves may jump over subloci,
as opposed to the fibre dimension of vector bundles. Something we would nat-
urally expect from a global description of D-branes on subloci. Indeed we can

make this concept more precise by introducing the so-called torsion sheaf: Given

IWe follow 4.1.3 of [34] here.
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a sheaf S on Y and an embedding i : Y — X, the torsion sheaf is defined by
S(U) =S (i7'(U)). (3.2)

Consider for instance a stack of 7-branes on a 4-cycle Y, supporting a vector
bundle V embedded into a Calabi-Yau threefold X. Above we learnt that the
sections of V form a sheaf on Y and now we also have a way to lift it to a sheaf

on X. How does i, S look like? Spelling out (3.2) gives

] 0, if does not intersect the image of Y’
.S(U) = (3.3)
S(V), for the "biggest" V C Y s.t. i(V) CU
That is, the torsion sheaf is just given by the sections of the original sheaf S
for a subset U that overlaps with the image of Y and has no sections otherwise.
So in summary we have seen that we can simply lift any vector bundle on a
submanifold and get its corresponding sheaf over the full space. E| Clearly, there

are many sheaves that do not come from vector bundles over submanifolds. This

leads to the question what constitutes a "physical" sheaf.

3.2 Physical Sheaves

From the previous section we have seen that vector bundles over subloci corre-
spond to locally free sheaves and moreover how to extend them to the full space
via the construction of torsion sheaves. Physically, we expect these sheaves to
form the building blocks out of which we construct any other physical sheaves.
Indeed, this notion has been made precise in the statement that physical sheaves
in IIB string theory are given by objects in the category of coherent sheaves. We
call a sheaf S coherent, if there are finitely many locally free sheaves &;, such

that the following sequence is exact
0—& — &1 ——&—S—0. (3.4)

A sequence (3.4)) is called locally free resolution and is non-unique in general.
In intuitive terms (3.4)) tells us, that every physical brane configuration can

be described by a set of vector bundles (2 locally free sheaves) over the whole

*

2 Actually we need to perform an additional twisting by K3, related to the Freed-Witten

anomaly.
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spacetime. It is natural to associate these vector bundles to D9- and anti-D9-
branes then. So the locally free resolution can be understood as the recipe
to reach a given brane configuration via D9-anti-D9-brane tachyon condensa-
tion, where the maps in the locally free resolution correspond to open strings
stretching between the constituent stacks. Let us consider some examples to

understand this better. As a starting point take
0—&-5F—8—0 (3.5)

for two locally free sheaves £, F. Now, clearly the sheaf at hand is just given
by S = coker(T) = F/Im(T). As we pointed out, intuitively, T plays the role
of a vev for the strings stretching between a stack of D9’s £ and (relative) anti-
D9-brane stack F. If this map is trivial T = 1, we see that Im(T) = F and
therefore S = ). So two equally large stacks of D9’s and anti-D9’s without any
non-trivial vev annihilate completely, as they should. Let us consider a slightly

more interesting case and take £ = F = Ox & Ox and

T= (3.6)
0 n

for some holomorphic function n. Now, for any open subset U C X in which
n has no zeros, we have S(U) = () by the same argument as in the trivial case.
Along a zero of n, however, Im(T)({n = 0}) = 0 and therefore S({n = 0}) =
Ox @& Ox. So we are describing a sheaf that is trivial on generic loci in the
threefold X and looks like a rank two vector bundle over a codimension one
locus. Clearly something like that corresponds to two coinciding D7-branes.
We may switch on more complicated vevs to reach T-branes or consider longer
resolutions to construct D5-brane or D3-brane configurations, but we leave it
here for the moment and provide more examples in chapter @l Let us instead

bring this language to use and try to extract information from it.

3.3 Spectrum between two sheaves

If we believe that any stack of (topological) B-branes can be described as an
object in the derived category of coherent sheaves, then one of the first questions

is clearly how we can extract the spectrum of open strings stretching between to
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such stacks. It has been argued that it is counted by the so-called Ext-groups. In
order to understand what they are and how they can be computed we will need
to make quite a long mathematical digression. Consider two coherent sheaves

S, T and assume we know their locally free resolutions

0, as ¢
0 g, g S b, g S 0
(3.7)
4z a7 F
0 Fo 5 Fuoq =25 0 S5 7y T 0.

Now, we are interested in inequivalent ways to switch on a component for a string
stretching between the two sheaves or equivalently its locally free resolutions.
Put differently, we are interested in inequivalent maps f, from &, to F,. This

is much easier to understand diagrammatically

Epg —— -+

&
VT

"'4>-Fk—1 —>-Fk—2 N

We are looking for maps f, that cannot be composed out of some diagonal map
he and the differentials of the complexes. That is we are interested in the set of

inequivalent maps under
fo~ fotheod® +d oh,. (3.9)

This set is called Ext! (e, Fe). Now clearly, strings may also stretch to other
positions in the locally free resolution, so we should consider them as well. We

denote therefore by F,[n] the complex F, shifted n places to the left and define
Ext? (€, Faln]) = Ext?*" (&, Fu), (3.10)

that is, in particular Ext?(&,, Fs) = Ext' (&, Fe[p — 1]) Moreover, for n =
—1, we have Exto(é'.,]-'.) = Hom(&,, F.). Lastly, one may work out that on a
threefold the highest such group is Ext®. We have worked out which mathemat-
ical objects count the physical spectrum in the language of sheaves, but clearly
the definition is not very helpful when it comes to actually computing them. To

do so, we need to dive deeper in our mathematical digression and in doing so

3Note, that the definition given here agrees with the more mathematical definition in terms

of the right derived functor of Hom.
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we will also derive some other interesting relations. The aim of the following
two sections is to first introduce sheaf cohomology and then show how we can

relate the aforementioned Ext-groups in terms of them.

3.3.1 Sheaf Cohomology

Before we start let us point out that we will actually introduce Cech-cohomology,
which is a less general form to define a cohomology for sheaves than later devel-
oped. However, both notions of cohomology agree on the spaces of interest to
us, and the former has a more intuitive formulation. So we proceed with Cech
cohomology and call it sheaf cohomology interchangeably in the following.
Given a sheaf S on a topological space X and an open cover {U,} of X, we

define cochains of degree n as follows

co(S) =11,8(U,) (3.11)
Cl(s) = lazp S(Ua NUs)

C™(S) =agt-2an, S(Uay N---NUy,).

Now, we introduce a boundary operator

§:CP(S) — CPTL(S) (3.12)
p+1 .
g (5U)i0---ip+1 = Z(—l)j%o,...,ij,“.ipﬂ )
j=0 U,;Oﬁ~~~ﬁU7-,p+1

where by the hatted index i; we indicate that it is omitted. Note, that by (—1)o
we mean the inverse element with respect to the relevant group operation — it
is not necessarily addition. Armed with these two ingredients, we can go ahead
and define Cech cocycles as closed cochains do = 0 and correspondingly Cech
coboundaries as exact cochains ¢ = d7. Note, that cocycles are skew-symmetric
under permutation of indices. We are now ready to define Cech cohomology
H™(X,S) as cocycles modulo coboundaries. Crucially, it has been shown that
the resulting cohomologies do not depend on the choice of open covering. We
refer to the maths literature for a proof of this statement. Note moreover, that
for constant sheaves as for instance Z, R, C, the notions of sheaf cohomology

and cohomology with respect to the exterior derivative, agree.
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Let us try to get some intuition on these definitions by spelling them out
and by considering examples. The zeroth cohomology group H°(X,S) is just
given by the d-closed O-chains, i.e. an element o € H°(X,S) satisfies 0 = do =
(00 —0p) |UaﬂU5' By the glueing conditions, this just means that o is a global
section. So H?(X,S) counts the global sections of S.

To gain an understanding of the first cohomology, consider as an example the
sheaf C>° (U(1)). By the definitions above an element g € H* (X,C° (U(1))) is
a collection of nowhere-vanishing holomorphic functions defined on overlaps of a
collection of open sets. Since the group operation on C'*°(U (1)) is multiplication,

we have that a d-closed Cech one-cochain satisfies

1=4g= gﬁwgc;}mxﬁ = 9aBY9B~yYGva- (3-13)

To get the cohomology we need to mod out by d-exact cochains, which is
just the statement that {gn.s} and {fa.s} are equivalent if there is a ¢ €
C°(X,C>(U(1))), such that

focﬁ = ¢o¢gal‘3¢51' (314)

What is the point? Functions with the property define transition func-
tions for U(1)-bundles and is just the statement that two different sets
of transition functions define the same bundle. So H'(X,C>(U(1))) classifies
all inequivalent U (1) bundles on X.

Let us consider a final example giving a well-known result as a byproduct. We
want to consider the cohomology of the sheaf C*°(R) on X with open covering
{Uq}. Now, C*°(R) has the property that we can always find a partition of
unity p, on X such that > p, = 1. Sheaves with this property are called
fine and behave particularly nice, because of the following: Take a p-cocycle

o € ZP(U,C*>(R)) and define

e CP 1 ({U,},C>®(R)) (3.15)

From this follows immediately, that 7 = ¢ and so in conclusion all §-closed

forms are also §-exact for this sheaf. Correspondingly, we have

H?(X,C*(R)) =0, for p > 0. (3.16)
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We could have replaced C*°(R) by (r, s)-forms Q™ (X, C*°(R)) or by any other
fine sheaf in the previous lines without changing the argument.

Apart from the fact that we wanted to get some intuition on sheaf cohomol-
ogy, we have not chosen the last examples randomly, but instead they actually

tie together as follows: Consider the following exact sequence
0 —— zindusion coo Ry €y oo ((1)) —— 0, (3.17)

which induces the following long exact sequence in cohomology

- —— HY(X,0®(R)) —— HY(X,C>(U(1)))

/ . (3.18)

H*(X,7Z) ——— H?*(X,C*®(R)) —— -

Now, we have just argued why the first and the last cohomology in vanish
and moreover we previously learnt that H(X,C>(U(1))) classifies inequivalent
transition functions of U(1)-bundles. Finally, the quantity H?(X,Z) should be
familiar to the reader as the group of Chern-classes and from the above we see

that
HY(X,C=(U(1)) = HY(X, Z), (3.19)

that is, Chern-classes classify inequivalent line bundles.

Before we proceed, let us make two useful comments. First, it has been
shown that sheaf cohomology can be understood as differential forms with spe-
cial coefficients if and only if the sheaf is locally free. Secondly, for a holomorphic

vector bundle £ we may relate sheaf and Dolbeault cohomology as
H"(X,€) = H*"(X,§), (3.20)

from which it follows that the highest degree n for a non-vanishing cohomology

is dich.

3.3.2 Spectra

We can finally come back to our actual goal to compute physical spectra. To
do so, we aim to express the Ext-groups we introduced in [3.3] in terms of the

more intuitive sheaf cohomologies of the last section. In spirit this will consist
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of two steps: First, we compute the local Ext, which are sheaves denoted by
Ext"(S,7) and can be thought of as the "fibre-by-fibre" equivalent of the Ext-
groups. Secondly, we use the so-called local-to-global spectral sequence to obtain
the Ext-groups. We will proceed with examples afterwards.

To start with the first part, recall that Hom(S,T) are the globally defined
homomorphisms from S to 7. In contrast, we denote by Hom(S, 7) the sheaf of
homomorphisms from S to 7 by which we mean that to any open subset U C X
we assign the homomorphisms that are well defined on U. Consequently, the
global sections of Hom(S,T) is the group Hom(S,7). We take S, T to be
coherent, such that they enjoy a locally free resolution as in . This induces

an exact sequence in the Hom-sheaves

Hom(&,7) —— Hom(&,7) —— -+ —— Hom(&,, 7)) —— 0,
(3.21)
where the maps in this sequence are just composition with the derivatives of
the Eq-resolution. Take for instance f € Hom(&,T)(U) and compose it to
fod§ € Hom(E,T)(U). Note the reverse ordering of as compared to
. Now, we define the cohomology of this complex as the Ext-sheaves

Ext"(S,7) = h* (Hom(&,, 7)), (3.22)

where by h¥(-) we mean the cohomology computed at the k-th position of (3.21]).
The second step now consists of applying the local-to-global spectral se-

quence
EPT = HY (X.Ext'(S,T)) =  Ext"™(S,7). (3.23)

We refer to the maths-literature for more information on this. Typically, the
sheaves S and T will have support only over subloci S of X, such as for instance
a four-cycle in the case of D7-branes. If this is the case and T X ] 5 splits holo-
morphically into 7°'S' and N.S, then the spectral sequence terminates after
the initial leaf. The same is true for vanishing worldvolume flux [35]. Indeed
in many cases of interest the spectral sequence is trivial and ES'? is the final
leaf. Unfortunately, this is not true for generic T-brane configurations, making
it challenging to compute their open string spectrum with these methods.

We are finally ready to compute spectra. Let us start with the simplest
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example two D9-branes, that is two locally free sheaves E,]—'H So the induced

sequence of Hom-sheaves is simply
0 —— Hom(&, F) —2- 0 (3.24)
and therefore we compute the only Ext-sheaf as
Ext’(€, F) = ker(0) /Im(i) = Hom(£, F) = £V @ F. (3.25)

As we have explained the spectral sequence terminates at EY'? and therefore

the Ext-groups can be computed as

Ext®(&, F) = HY(X,EV @ F) (3.26a)
Ext!'(,F) = HY X,V @ F) (3.26b)
Ext?(£,F) = HX(X,EY @ F) (3.26¢)
Ext}(&, F) = H3(X,EV @ F). (3.26d)

This seems to give the correct results, but let us try to look at a less trivial
example.

Take two D3-branes in flat space, which we take to lie at the origin p =
(0,0,0). That is we consider the spectrum between two skyscraper sheaves with

support at p. As one may check the following is a locally free resolution

My Mo M3

0 O o3 o3 O O, 0 (3.27)
for
—x 0 -z -y
M, = Y s My=|—-2 0 xz |, Mz = (:c y z) . (3.28)
—Zz y z0

As before, this induces an exact sequence in the Hom-sheaves, which is given

by

M Hom(0,0,) » 0 .

(3.29)

0 -+ Hom(0O, O,) Mo Hom (03, 0,) M Hom (03, 0,)

We may now compute the Ext-sheaves by computing the cohomology at each

step of this sequence, keeping in mind that O, has support only over p and by

4In relation to our previous notation, £ can be seen as its own locally free resolution.
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extension the same is true also for Hom(-, Op)

Ext’(0,,0,) = Hom(0,0,) = 0¥V @ 0, = O, (3.30a)
Ext'(0,,0,) = Hom(0% 0,) = (0*)" ® 0, = 03 (3.30b)
Ext*(0,,0,) = Hom(0?,0,) = O3 (3.30c)
Ext*(0,,0,) = Hom(0, 0,) = 0,,. (3.30d)

Since once again the spectral sequence terminates at F5*? the global Ext-groups

are given by

Ext’(0,,0,) = H(X,0,) = H({p},0) = C (3.31a)
Ext'(0,,0,) = HX,0,) ® H'(X,03) = H*({p}, 0*) = C? (3.31b)
Ext*(0,,0,) = C? (3.31c)
Ext?(0,,0,) = C, (3.31d)

where we used again that O, has support only over {p} to reduce the cohomology
groups over X to those over {p}. Moreover, H'({p}, O) = 0 because a point
is zero-dimensional. Note, how encodes the degrees of freedom of a
complex scalar field — the D3 Higgs field — and those of a vector,
while , encode their antiparticles.

As a second example let us compute the spectrum between two intersecting

D7-branes. So take two T-branes given by the complexes

LiePrt 2 (3.32)
Lo® Py L2 L, (3.33)

where £; and P; are (coherent) sheaves and P; are sections of P;. The flux one

the branes — and therefore the bundle carried by them — can be computed as [37]

P = er(L1) %cl(Pl) (3.34)
Fy = e1(L) — %61(732). (3.35)

We have argued in the last subsection that the physical spectrum is counted by
the extension groups. We start out by resolving the first complex and make use

that P; lifts to a map between the complexes to obtain the exact sequence

0 — Hom (/31,/:2 N 0) % Hom (,cl ©P ! Lo 0) — 0. (3.36)
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We proceed to compute the Ext-sheaves

Ext’ = ker(Py)/{0} =0 (3.37)

Ext' = ker(0)/Im(P,) = Lo ® LT @ P, (3.38)
C:{P1=P»=0}

Ext® =0, (3.39)

where C is the intersection curve of the two branes. Once again we evaluate the

local-to-global sequence,which gives the physical spectrum as

Ext® =0 (3.40)
Ext! = HO (EQ QL7 ® 791’6) (3.41)
Ext? = ' (L0 L7 @ Py ’C) (3.42)
Ext® = 0. (3.43)

Now that we know how to compute the open string spectrum between two brane
stacks, we should come to the next point: So far we have just assumed that the
stacks we are dealing with, describe stable brane configurations. But in analogy
to the last section we only expect a subset of possible brane vacua to actually

be stable.

3.4 Stability

To describe configurations of D-branes in IIB string theory in terms of coherent
sheaves and how to compute their spectra can also be motivated from a more
rigorous point of view from topological field theory as is done in the references
given at the beginning of this chapter, [34,35]. From this perspective it is
also clear that our expressions inherently capture the holomorphic data of the
vacuum. That is to say, in the language of chapter [2f The F-terms are satisfied
by construction and moreover, it is clear why we could compute the spectrum of
open strings stretching between two branes without considering the equations
of motion. However, as we recall from the last chapter the BPS-conditions
consist not only of the F-terms, but also the D-terms, which mix holomorphic
and anti-holomorphic data and depend on the position in Kihler moduli space.

Clearly, we have not taken this into account in our description in terms of
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coherent sheaves, so far. So, while we might be able to compute the spectrum
or tell if two different complexes encode the same brane, we cannot be sure if a
brane is actually stable. In this section we aim to remedy this by introducing
a suitable notion of stability. We will do so in two steps. First, we need to
find which decay processes are potentially possible and secondly, we introduce a
condition of stability to see whether this decay actually happens, depending on
the position in Kdhler moduli space. The first task proves to be mathematically
quite involved.

What we aim to do in the following is to put an extra structure on the
category of B—branesﬂ in the form of so-called distinguished triangles, which
intuitively simply encode the notion that two branes may potentially bind to a
third one. To make things more accessible we will present physical intuition and
mathematical definitions side by side. We turn the category of B-branes C into
a triangulated category by introducing two extra ingredients: Firstly, the shift-
functor A[n] introduced in section which denotes the complex A shifted n
places to the left. Secondly, a set of distinguished triangles of objects A, B,C
of C

C
y "X , (3.44)
A—9 B

which may equivalently be written as the exact sequence

A—*s B0 —5 4. (3.45)

Crucially, the objects in these sheaves are branes, that is we may think of
the objects A, B,C as complexes like (3.4). The way to read these diagrams
physically is as follows: Brane B can potentially decay into branes A and C.
Vice versa A and C' can bind via the string ¢ to form the bound state B. Such
distinguished triangles can be constructed using the so-called mapping cone,
which we will introduce at a later point in In the next chapter, in
we will see a specific example of a D7-brane and an anti-D5 brane binding to
a non-trivial bound state. On top of the two ingredients we just introduced,

a couple of axioms need to be met: (i) For any object A, the following is a

5Mathematically, this is the derived category of coherent sheaves.
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distinguished triangle

y '\ . (3.46)

This is just the trivial statement A may decay to A and nothing else. (ii)
A triangle that is isomorphic to a distinguished triangle, is also distinguished,
which just means that irrespective of the (non-unique) complex in which we
choose to represent a D-brane, the decay conditions are always the same. (i)
Any morphism a : A — B gives rise to a distinguished triangle as in for
some C, making formal the notion that if an open string stretches from A to B,
they may form a bound state C. (iv) If we have a distinguished triangle (3.44]),

the following is automatically distinguished as well

C
/ N : (3.47)
Ap — g

which is again more intuitive written as an exact sequence

B —t5 ¢ — All] — B[1] . (3.48)

In plain English, this just translates to the assertion that if B can potentially
decay into A and C|, then also C' may potentially decay into B and anti-A, which
is A[1]. (v) Given two distinguished triangles in A, B,C and A’, B’,C" and two

morphisms f, g as in

A B C A[1]
[
Al B c’ A1)

then a map h as in the diagram can be constructed from them, meaning that if
open strings may stretch between the branes A and A’ on the one hand and B
and B’ on the other hand, then there may also stretch an open string between
their bound states C' and C’. (vi) The last axiom is a criterion for associativity,

in the following sense. Assume that there are two distinguished triangles BED
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and ABC, as the bold arrows in

B
(1]
D E
T
[N s
1] o (3.50)
I / I
i N ’ |
N N / I
(1] /

0 — N
AN N ; 1
AN \ / P
SR A
\\\ \\\ // ///

\\ \ // //

\>1\ Vs
F

We see from the diagram that by composition there are strings stretching from
D to C and from A to E and from axiom (iii) we know that this implies the
existence of an object F for each of the two dashed distinguished triangles. The
last axiom is just the condition that these two objects are the same, as indicated
in . We have now constructed a framework telling us which bound states
may be formed. However, if this bound state is actually stable, depends on the
position in Kahler moduli space as we stressed before.

What we are missing then is a condition that tells us which side of the
triangle constitutes the stable part, the bound state, or the two component
states. This condition is called mw-stability. The way to derive it, is to use mirror
symmetry to translate the ITA expression. Since we will not be dealing with any
more ITA physics, we skip this derivation here and refer the interested reader
to the references given, instead. Here we will just give the results: At leading

order in ¢/, the central charge of a D-brane can be computed as
Z(E) = /X e BT ch(&,)/td(X). (3.51)
We define furthermore the "angle"
£(E) = g (2(62)), (352)

which has the property & (E¢[n]) = £ (£s) + n. The stability condition may now

be formulated as follows: Given a distinguished triangle
C
y "X (3.53)
A—>— B
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with A and C stable branes, then B is stable with respect to the decay B —
A+ C if and only if £(A) < £(C). Clearly, we are not making the statement
that B is stable; there might exist other distinguished triangles including B,
that allow for a decay and to be sure, we need to check all of them. Secondly,
one might wonder how we can know that A and C' are stable. The w-stability
condition does not give us a set of stable branes, but instead only stability
relations between branes, given such a set. Nevertheless, we need to provide
this extra data at one point in moduli space to make meaningful statements
about stability. However, since we know that the worldvolume description from
chapter [2] is exact in the extreme large volume limit, we have such a point in
which we can give the set of all stable branes. For completeness and future
reference we introduce aforementioned mapping cone construction. The reader

not interested in this, may skip to the next chapter.

3.4.1 The mapping cone construction

The mapping cone construction is a mathematical tool to formally add two
coherent sheaves to form a third one. Put differently it is a means to explicitly
construct bound states of constituent branes. Given two coherent sheaves S, T

with locally free resolutions &,, F,, we may form a bound state as

de 0 P
Eit1 ; & i1

i dr fi-1 dF

- (3.54)

Fit1 Fi Fi1

where the maps f, are the open strings stretching between the two branes. We

will give examples of the use of this construction in the next chapter.
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Chapter 4

Progress in understanding

T-branes

In this paper we want to give a brief overview over the progress in understanding
T-branes in recent years. Firstly, there has been considerable effort to improve
our comprehension of T-branes from the point of view of global F-theory models,
in which their role was previously unknown. We will discuss the two proposals
[9L[11] on how to encode this data in a global F-theory compactification in
Secondly, we would like to discuss various constructions relying on T-brane
vacua, such as the proposal to construct a de Sitter uplift using a T-brane
background [38], which is especially relevant in light of the recent discussions
about de Sitter solutions of string theory vacua in general [39] and moreover

field theory applications in of T-branes.

4.1 T-branes under Dualities

As we have described in 2:3.3] the dictionary from a local 7-brane model in
which we may define a T-brane background, to a global F-theory model is far
from clear. This is due to the fact that only part of the information contained in
the worldvolume Higgs-field ® is mapped to the F-theory singularity structure
whereas part of it is not. However, since also this second part breaks the gauge

symmetry, the information contained in it needs to be encoded in different
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structures in the global F-theory picture. Recently, two proposals as to how
to package this T-brane data have been made. On the one hand side, in [9] a
suitable generalisation of the intermediate Jacobian has been constructed that
holds in singular limits. It is argued that this structure contains the missing
data, at least in compactifications to six dimensions. This approach has later
been confirmed to work also in the presence of defects [40]. Secondly, it has
been argued in [10] that T-branes in 7-brane vacua may be understood as bound
states of 7-branes with lower dimensional branes when applying the language
of Sen’s tachyon condensation of chapter |3] In a companion paper the authors
then propose how to lift this language to global F-theory vacua using so-called

Eisenbud matrix factorisations [11].

4.1.1 Tachyon Maps and Matrix Factorisations

As we have reviewed in chapter [3] brane configurations in IIB string theory
may be described as coherent sheaves. Furthermore, we have outlined how one
can understand certain configurations as bound states of different branes taking
advantage of additional structure on the category of physical branes, that is
induced by the so called mapping cone. In [10] it has been argued that this
language may be used to show that many T-brane configurations can in fact be
understood as bound states of 7-branes with lower-dimensional branes or even
simpler configurations. Recall, that any 7-brane configuration represented by a

coherent sheaf S can be described as a two-term complex

0 e F S 0, (4.1)

where £, F are locally free sheaves and correspondingly we may identify S =
coker(T). This complex is called locally free resolution of S. However, as we
pointed out before, a locally free resolution is not unique and moreover S and
the complex may be (quasi-)isomorphic to seemingly different complexes. If we
find such a second resolution,we may understand S not only as the bound state
indicated by , but also as a bound state indicated by this second resolution.
Let us show how this works for a number of examples taken from the reference
given. In the following we will always work in flat space to keep matters simple,

where we denote by S = Clz, y, z] the coordinate ring,.
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Consider as a first example the simplest T-brane given by a constant nilpo-

tent Higgs-vev

o= , (4.2)
which breaks down the U(2) gauge group to the centre of mass U(1), as we
explained in chapter 2] In the tachyon condensation language this corresponds

to the locally free resolution]]

z 1
T=
0 =z
§®2 N 7, go2 (4.3)
Y U
9po 9D9

where we also indicated the automorphisms, i.e. the gauge transformations, act-
ing on the stack of D9 and anti-D9, respectively. Crucially, these automorphisms
are independent of each other which allows for a larger class of transformations

T — gpo-T- ggé. Indeed we may use these transformations to show that
T —T= T = (4.4)

where now clearly, the second line yields no contribution to coker(f), such that

we have shown that (4.3)) is equivalent to the complex
s = 9. (4.5)

This is the complex of a single 7-brane on the locus z? = 0. From this perspective
the initial statement that the gauge group is broken down to the centre of mass
U(1), is obvious, because this is precisely the gauge group we would expect from
a single brane.

As a second example consider, the background

o= : (4.6)

0 0

INote, that in the following we omit the trivial parts of the exact sequence for brevity That
is, all sequences start in 0 — --- and end in --- — & — 0, where S is the cokernel-sheaf of

the preceding map.
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for which we found matter localised on the curve {z = 0} in chapter [2] invisible
to the spectral polynomial Py (z). From the tachyon condensation picture, this

corresponds to the sequence

S®2 S§P2 coker(T) . (4.7)

Already in this form we may read off that the dimension of the cokernel sheaf
enhances to one on the location of the brane stack {z = 0} and enhances to two
on the sublocus {z = z = 0} as expected from the Higgs-picture. Since this
enhancement is invisible to the spectral polynomial, it cannot be related to the
intersection of 7-branes, such that it is natural to expect a D5 or anti-D5 brane
to play a role, purely on dimensional grounds. Indeed we consider a 7-brane

given by

892 T G992 (4.8)

and an relative anti-D5 brane given by

S . (4.9)

We reviewed in chapter |3, how bound states of branes may be constructed
from their components using the mapping cone, by giving a vev to the open

strings stretching between the two stacks. Indeed, we consider the bound state,
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specified by the following diagram EI

5’@2 - 3692

\ (4.10)
(0 1)
D2

Adding up the individual components and maps, we recast this into the single

complex
z 1 0
0 =z 0
0 1 —=z
0 0 =z
ges S L gea O L = H g (4.11)

which can be simplified even further by applying automorphisms on the three
terms of the sequence and subsequently omitting trivial components as in the
previous example. The final result of which is the sequence in , such that
we have shown that we may see this D7-brane bound state also as a bound state
of a D7-brane with an anti-D5-brane.

Note, that in the language of distinguished triangles, introduced in section
the complex or equivalently represent the object B and (4.8),
represent objects A, C. It is in this way that we can make sense of the ear-
lier statement that distinguished triangles can be constructed using the mapping
cone.

We refer the interested reader to the original reference, for further examples

as well as a classification of T-brane backgrounds in these terms. In the following

2The relative position of the two complexes and hence the maps stretching between them
determines that we are binding to a relative D5. That is to say, if we were to shift the complex
by one place, we would form a bound state between a D7 and a D5. The reason for this is,
that we a making a choice which of the locally free sheaves in the complex are D9 branes and

which are anti-D9 branes.
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we will review the authors proposal [11] on how to lift this language from IIB
to F-theory.

As we have pointed out in previous sections, the dictionary from the Higgs-
bundle of a 7-brane stack to the geometry of an F-theory compactification is
blind to certain moduli in the Higgs-vev. This missing information has been
dubbed T-brane data in the past. Correspondingly, the full information about
an F-theory vacuum should consist of the geometry itself as well as some addi-
tional structure holding this data. The proposal of |[11] is that this information
can be represented in the form of so-called Eisenbud matrix factorisations, which
can be related to the language of tachyon condensation in IIB string theory as
well as the theory of non-commutative crepant resolutions.

Consider once again an arbitrary D7-brane bound state in IIB string theory
given as . Now, the sheaf S = coker(T) is only non-trivial over the D7-brane
stack with potential enhancements over subloci. Correspondingly, if we denote
the locus of the stack by {Pp7 = 0} for some polynomial, then any section
s € S(U) satisfies s o Ppy = 0. That is to say, at the level of the cohomology of
the complex Ppr is the zero-endomorphism and thereby pure homotopy. As a

consequence we may always construct a map 7', such that the following diagram

commutes
E—L L F
Ppr T/’// J{PD7' (4'12)
=

ET>F

In equations, this is the requirement
T-T=T-T=Pp;-1,. (4.13)

A pair of matrices (T, T) with the property is called an Eisenbud matrix
factorisation of the polynomial Pp7. Note, that such matrix factorisations are
not unique. So as we have seen any D7-brane tachyon map automatically implies
the existence of a second map T to form a matrix factorisation of the locus of
its D7-brane stack.

Recall, now that an F-theory vacuum is given as a hypersurface in some am-
bient space, defined as the zero locus of a Weierstrak-polynomial P = 0. Now,
the proposal of [11] is, that this polynomial needs to be supplemented by an

adequate matrix factorisation, which will contain the T-brane data. Put differ-
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ently, two F-theory vacua with distinct spectrum may be defined by the same P
and only differ in the choice of a matrix factorisation. The crucial claim is, that
one may compute the spectrum directly from this matrix factorisation without
passing to a smooth geometry either by resolution or deformation, similar to
how one computes the open string spectrum in IIB using a tachyon map. The
intuitive difference between these two approaches is that performing a resolution
amounts physically to passing to the Coulomb branch from which T-brane vacua
are inaccessible, such that instead we need to deal with the singular manifold
directly to describe these vacua. Let us discuss this in more detail.

Given the definition of a matrix factorisation we have two basic goals: First
of all to identify which matrix factorisations are inequivalent and secondly to
compute the massless spectrum from them, focussing in particular on chiral and
anti-chiral matter. The findings of these computations should be compared to
cases with known weak coupling limit as a test. From the definition in it
is clear that we can enlarge any matrix factorisation by the pairs (1, P) or (P, 1)
and it will later be clear that this does not change any physics, such that we
should consider matrix factorisations equivalent if they are the same up to direct
summands of this form. So we define the stable category of matriz factorisations
MFE(P) as any arbitrary matrix factorisation up to such direct summands (P, 1).
The second part of the question on how to compute the massless spectrum
and compare it to the weak coupling limit is harder to tackle. This is true in
particular, because so far we have given no prescription on how to translate an
F-theory matrix factorisation into the weak coupling limit.

The proposal of [11] is that, given an F-theory matrix factorisation(¢,)
of the Weierstrafi-polynomial P, we may define their cokernels M = coker(¢)
and M = coker(%)) in terms of which the chiral and anti-chiral spectrum can be

computed as

Ext! (Myor, Miot) = Ext! (M, M) @ Ext' (M, M) (4.14)

@ Ext' (M, M) ® Ext'(M,M) .

chiral matter anti-chiral matter
Checking the results of this claim by comparing to weak coupling computations
can be achieved in some cases by a mathematical theorem known as Knorrer’s

periodicity, which assures: Given a polynomial P € S for some ring S and a
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second polynomial (P + uv) € S[u,v] by which we mean the ring S enlarged
by the two coordinates u, v, the stable categories of matrix factorisations are

isomorphic
MF(P) = MF(P + uv). (4.15)

Given a matrix factorisation (¢,v) € MF(P) of size n, we may construct a

matrix factorisation in MF (P + wv) of size 2n as

10} —u-1, u-1,
, v . (4.16)
v-1l, P —v-1, 10}
With this statement at hand let us now consider an example.

Take IIB on X x RY3, where X is given by the non-compact Calabi-Yau

such that we read off that the intersection curve z; = 2, = 0 is a P!. Now,
let us put a D7-brane each on z; = 0 and z3 = 0 by giving a vev to the tachyon

as

O(ny +1) T= O O) O(n)

22

@ - o (4.17)
O(ng + 1) O(na)
such that the D7-branes lie on the locus Pp7 = z125. The line bundles allow

for flux on each of the branes. As we have shown in chapter [3] the chiral and

anti-chiral part of the spectrum can be computed as
HO(P', O(ny —ny — 1)) @ H' (P, O(ny — nqy — 1)). (4.18)
Now, the F-theory uplift is given by the hypersurface
V2=X?+ X277 - :1202° CC*x P}, (4.19)

which is singular along the locus ¥ = X = 2z; = 22 = 0. In vicinity of the
singularity we may discard the cubic term in X and use the projective rescaling

to fix Z = 1, such that we get the local form

Y2 =X2%— 212, (4.20)
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which in turn can be brought to a manifestly conifold form by defining u = Y+ X
and v =Y — X, giving

w+ 2120 =0 € Clzy, 22, u,v]. (4.21)

So we found that in this local approximation of the example at hand, the

Weierstraf-polynomial P and the D7-brane locus are related by
P = Ppr + uv. (4.22)

This is clearly the scenario in which we can apply Knorrer’s periodicity (4.15),(4.16)

to get a matrix factorisation of P as

zZ1 —Uu z92 u
¢ = ; Y= ; (4.23)
v 2o -v z
which are maps
O(n1 +1) O(n1) O(ng + 1) O(na)
&) LN &) and &) LN e . (429
O(n1 +1) O(n1) O(nz +1) O(ng2)
——— —— ———— ——
::Vl ::VO ‘71 VO

Now we are interested in the groups Ext' (M, M) and Ext' (M, M) hosting chiral
and anti-chiral matter. From (3.8), we know that we may understand them as
the morphisms F' ~ F' + ¢ o Hy + Hg o ¢ and F~F+¢Oﬁ1+ﬁoow in the

diagram
i —2 v TNy
11— Vo Vi—— V)
F and 7 . (4.25)
0 Ha -~ Ho R .7 Hy
Ky Yo <, IS
Vi——W Vi——— W

Indeed one may work out, that the inequivalent F and F are then counted by
H(P',O(ng —ny — 1)) @ HY(PY, O(ny — ny — 1)), (4.26)

which is indeed the same as in the IIB case.

The interested reader may find more involved examples, in particular also
T-branes, in the original reference, where it is also explained how the theory of
Eisenbud matrix factorisations is related to so called non-commutative crepant
resolutions of singularities. For the sake of brevity we will not delve into further

details here, however.
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4.1.2 Abelian Duals

Another interesting approach to understand the nature of T-branes in the light
of string dualities has been provided by [41,42]. It has been known for some time
that non-Abelian Dp-brane configurations with three non-commuting worldvol-
ume scalars allow for a dual Abelian description in terms of a Dp-brane [43].
Such a description is however, not available for T-brane vacua where only two of
the worldvolume scalars are non-commuting. The analysis of [41] instead shows
that non-Abelian T-branes vacua of D7-branes have a dual description in terms
of a single D7-brane with non-trivial worldvolume curvature. Where the former
perspective is valid for small field vevs in units of the string scale and the lat-
ter is valid for large field vevs — corresponding to a small worldvolume flux in
the dual description. For large numbers of branes N both descriptions become
increasingly valid and their overlap enlarges. The basic idea to this conclusion

may be summarised as follows

N non-ab. D7 w/ T-brane abelian D7

T-duality T-duality (4.27)

NDG6 bound state M abelian D8

In [42] this was generalised to T-branes of D2-branes.

4.2 Other Developments

Recently, the question whether stable de Sitter vacua can be constructed in
string theory has generated lots of attention following [39|. It is therefore par-
ticularly interesting to review a proposal [38] to construct such vacua using a
T-brane background for a D7-brane stack. In this reference a de Sitter uplift-
ing term at the right scales is induced by the presence of non-trivial three-form

fluxes G3 = F3 — 7H3 in conjunction with a T-brane of the type

o=| 7). (4.28)
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The basic mechanisms relies on the fact that the expansion of DBI- and Chern-

Simons-action contains a term

LD —2¢,|GPTr|®|? = 29,|G[*pNp (4.29)

1
GP?P= —
o = -

2gmm gnn gkk G3|mnkG3\m’n’k’a (430)

which is indeed positive definite and may therefore lift an AdS vacuum to a dS
one. Clearly, for this mechanism to work, stable T-branes need to exist on the
four-cycle wrapped by the D7-brane stack. As we will see in later chapters, this
is not always possible.

Moreover, T-branes have also attracted some attention from the field theory
community, claiming that certain field theories are in fact related to T-brane
configurations in F-theory. In [44] for instance, it has been claimed that the
Higgsing of six-dimensional SCFT’s can be understood as a T-brane vev for
7-branes in F-theory via the duality to M-theory with M5-branes.

In [12,/13] T-brane configurations for D6-branes have been explored using
probe D2-branes. By using three-dimensional mirror symmetry it is shown how
the T-brane data is mapped to the singular geometry of the corresponding M-
theory compactification. As a byproduct of this analysis a new class of 3d N' = 2
field theories is introduced.

[41,[42] [40]
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Chapter 5

T-branes and o’-corrections

5.1 Introduction

So far all of our introductory discussions have assumed that we were in a scenario
in which the four-cycle carrying the D7-brane stack is sufficiently large and and
only weakly curved, such that effects at higher orders in o/ or I, are irrelevant.
However, as we pointed out in the introduction this is not true in general.
Instead, the worldvolume theory and by extension its supersymmetry conditions
receive corrections in o/. In the case of multiple D7-branes such o/-corrections
are encoded in the non-Abelian DBI4CS actions, and their effect can in principle
be extracted directly from there. In practice it is however simpler to see how
these corrections modify the BPS equations for multiple D7-branes, and then
analyse the configurations that solve the corrected equations. The purpose
of this chapter is to apply this strategy to analyse a’-corrections in T-brane
systems of D7-branes, including all those ingredients that appear in F-theory

GUT model building.

Since D7-branes wrapping holomorphic four-cycles are examples of B-branes,
we expect that o’-corrections do not modify their F-term equations and only
affect their D-term BPS equations. In other words, if we describe the corrected
BPS equations as a Hitchin system, the holomorphic 7-brane data will remain
unaffected and o’-corrections will only modify the stability condition [45]. This

result, which we review from the viewpoint of [46}/47], allows to solve for o'-
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corrected T-brane backgrounds with the same strategy used in [4]: we first
define their holomorphic data and then solve the D-term equation in terms of
a complexified gauge transformation acting on ® and A. We will then see that
o/-corrections will not only change the initial T-brane profile quantitatively, but
also qualitatively.

Indeed, a standard class of T-brane configurations features a Higgs field ®
along a set of non-commuting generators F; and a non-primitive worldvolume
flux of the form

F = —ipdf P (5.1)

that solves the classical D-term equation. Here P is a Cartan generator of the
gauge group G, while f is a function of the 7-brane coordinates that solves a
certain differential equation and that also enters in the profile for ® [4]. While
non-trivial, this Abelian profile for F' is relatively simple, in the sense that it
could involve several, non-commuting generators of G. In this chapter we will
consider the o/-corrected version of this class of systems. As a general result we

find that several things can happen:

i) In the most simple example of this setup, which preserves eight super-
charges, the same background is also a solution of the o’-corrected D-term

equations.

ii) We may lower the amount of supersymmetry to four supercharges by

a) modifying the Higgs background as & — ® + A®, with [®, Ad] =
[Fv A(I)] =0,

b) introducing a primitive worldvolume flux H that commutes with ®

and F.

Ignoring «o'-corrections a) and b) do not modify the T-brane piece of the
background. However, taking o’-corrections into account the profile for

the function f is modified.

ii1) If we perform a) and b) simultaneously while preserving four supercharges
then, in general, (5.1) may not solve the o’-corrected D-term equations

and the non-primitive flux F' will have to develop new components along
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the non-Cartan generators E;. The T-brane profile for ¢ will also become

more involved.

Interestingly, a) and b) are standard features that one needs to implement
in local F-theory GUTs in order to engineer realistic 4d chiral models [7.[8l[48].
One may therefore expect that, in general, the description of T-brane systems
leading to realistic F-theory models will be qualitatively modified when taking
into account the effect of o’-corrections, at least at the level of non-holomorphic
data.

The chapter is organised as follows. In section [5.2]we derive how a/-corrections
enter systems of multiple D7-branes, and in particular how they modify their
D-term equations. In section [5.3| we solve such o'-corrected D-term equations
for system of intersecting D7-branes, relating the corrections to the pull-back
on each individual D7-brane embedding. Then, in section we turn to solve
the a’-corrected D-term equations for simple T-brane backgrounds, which al-
ready illustrate the three cases described above. In section we discuss how
to solve o'-corrected D-term equations in more general T-brane systems and
how the same phenomena arise in there. In section we briefly comment on
the implications of our findings for some local F-theory GUT models.

Several technical details have been relegated to the Appendices. Appendix
contains an alternative derivation of the o'-corrected D-term equations by
means of the non-Abelian Chern-Simons action. Appendix [B| shows that o/-
corrections are trivial for certain T-brane systems with globally nilpotent Higgs
field. Appendix [C] shows how adding non-Cartan flux backgrounds can solve
the corrected D-term equations in the T-brane backgrounds of section [5.4] that
correspond to case iii), at least to next-to-leading order in the o’-expansion.
Appendix [D] shows the results of the analysis of section [5.4] applied to further
SU(2) T-brane backgrounds.

5.2 D7-branes, D-terms and their o’-corrections

Let us consider type IIB string theory compactified on a Calabi-Yau threefold
X3, and then quotiented by an orientifold action such that the presence of

03/07-planes is induced. In order to cancel the related RR charge of these
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orientifold content one may add different stacks of D3-branes and D7-branes,
the latter wrapping four-cycles S, C X3 in the internal space and with internal
worldvolume fluxes F' switched on along S,.

In the simplest configuration that one may consider, each stack would only
involve a single D7-brane, wrapping a collection of different, isolated four-cycles
{Sa}. For each of these D7-branes one can check if the energy is minimised by
looking at its BPS conditions, which amount to require that the four-cycle &
is holomorphic that the worldvolume flux threading it is a primitive (1,1)-form
in S [49-51][] These BPS conditions are captured by the following functionals
[52,53]

W = . P [QO/\e_B] A M (5.2)
5

D= / P [Ime' ne P ner? (5.3)
S

that in 4d are respectively interpreted as a superpotential and D-term for each
D7-brane. Here J is the Kihler form and Qo = e/2Q a holomorphic (3,0)-form
in X3, normalised such that %J:’ = —%Q A Q. In addition, B is the internal
B-field, FF = dA the worldvolume flux and A = 27a’. Finally, X5 is a five-chain
describing the deformations of the four-cycle S, which infinitesimally can also
be parametrised by the complex position coordinates ®°, and PJ...] stands for

the pull-back on the D7-brane worldvolume, namely

P [V,d2"], = Vo + AVip,®’ (5.4)

[0}

with o a coordinate in S.

More generally, one would consider configurations involving stacks of several
7-branes, with non-Abelian bundles on them and wrapping four-cycles that
intersect each other. On a given patch of the internal manifold one can describe
such configurations in terms of an 8d twisted super Yang-Mills theory with a
given non-Abelian symmetry group G [14}54H56]. The bosonic field content of
this theory is given by a gauge field A and a Higgs-field ® transforming in the
adjoint of G, and whose background profiles will break G to a smaller gauge

symmetry group. In this chapter we are interested in configurations in which

1n our conventions S is calibrated by —J2 and so a BPS worldvolume flux is self-dual

FZ*SF.
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the profile for ® is intrinsically non-Abelian, and more precisely in the kind of
profiles considered in [3H5L[9H11] and dubbed T-branes in [4].

Just like in the Abelian case, the non-Abelian profiles for ® and A need to
satisfy certain equations of motion that are captured by 7-brane functionals.
In order to describe the non-Abelian generalisation of and one may
proceed as follows |46,47|E| First one uses the equations of motion of the back-
ground to locally write Qg A e = dv, and so rewrite the integral in as
fs P[y] Ae*". Then one observes that, since both W and D have both the form
of the D7-brane Chern-Simons action, their non-Abelian generalisation should
go along the same lines as described in [43]. More specifically, we replace the
derivatives in the pull-back by gauge-covariant ones and symmetrise over the

gauge indices. We finally obtain
W = / STr{P [eireaey /\e/\F} (5.5)
s
D= / S{P [eiMeteIm e e P /\e’\F}. (5.6)
s

where 1 stands for the inclusion of the complex Higgs field ¢, and S for sym-
metrisation over gauge indices. Just like egs.(5.2) and (5.3), these functionals
describe the D-brane BPS equations whenever the approximations leading to
the D-brane DBI + CS actions hold, namely internal volumes with are large
and slowly varying profiles for ® and F in string length units. In this regime
the D-term functional should take into account all the o/-corrections to
the BPS equations for a non-Abelian system of D7—branesE|

In order to bring these expressions to a more familiar form let us introduce

local complex coordinates x,y, z and take the four-cycle S along the locus {z =

2See [45] for a previous, alternative derivation of these equations.
3That is, if we neglect higher derivative corrections of the Riemann tensor. After taking

such curvature corrections into account one expects a non-Abelian D-term of the form [45]

D= /S P [im et neB] AM A/ A(T) AN

with A the A-roof genus of the tangent 7 and normal A bundles, and F/ = F — %FN with
F)r the normal bundle curvature [57H61]. Here 1/ A(T)/AWN) =1— =P1(T) —pr(M)] + ...
with p; the real four-form given by the first Pontryagin class. Note that this correction does
not affect the Abelian D-term but it is non-trivial in the non-Abelian case. In the following
we will consider a local patch in which the Kdhler metric is locally flat, and therefore take
p1 = 0 and F/ = F. Tt would be interesting to see if our results could change qualitatively

when these curvature corrections become important.
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0} — that is = and y are the coordinates of S. In this local description the Higgs
field is given by

o=p 452 (5.7)
pz Pz

where ¢ is a matrix in the complexified adjoint representation of G and ¢ its

Hermitian conjugate. Locally, we may also take v = zdxzAdy, such that in

particular we have 14y = 0. Performing a normal coordinate expansion of -y

and plugging it into (5.5)) then gives
W = /\2/ Tr {¢p deNdynF} = /\2/ Tr {ta QAF}. (5.8)
s s

which is the 7-brane superpotential considered in [14}54, 55|ﬂ Crucially, the
integrand does not depend on A, which implies that the F-term conditions are
entirely topological and receive no a’-corrections.

We will now see that this is not the case for the D-terms , which are

evaluated as

) N
D = S )\P[J]/\F - EL@L@J + TL@Lq)J/\F/\F
S

—P[JAB] — iX%1p1a(JAB)AF + Z\L@@(J/\Bz)}, (5.9)

where we have kept terms of all orders in A in this expansionEI In our local

patch we may take the flat space K&hler form to be

J= %dx/\df + %dy/\dy +2idzAdZ, (5.10)

=W

decompose the background B-field as B = B st B,zdzAdZ and write F =
AF — B|g, yielding

D= /SS{P[J]/\}'—F % (totad) (F? — w?) (5.11)

— X (tate B) wAF — wAP[B,zdzAdZ] }

4Notice that in these references the two-form 15 is denoted by ®.
5Tncluding curvature corrections there would be an extra term of the form %up e Jp1(T)—

p1(N)].
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Here we defined the Abelian pull-back w to Sy as indicated in (5.10), such that

we have

Lotad = 2i[¢, 9]
tpta > = 6i[o, &]wQ.

To proceed we note that 2i[¢, ¢| is a zero-form and secondly, that 6i[¢, ¢]w? has
no transverse legs to S. That is, in both cases the pull-back P acts trivially.

Lastly, one may compute
P[J] = w + 2iA* (D) A(D). (5.12)
so at the end we have that the D-term equations amount to D = 0 with

D= / S{w/\f—l— N2 DPADGA (2iF — B.zw) (5.13)
S

+ A [¢, 6] (w* — F? — iBzwAF) }
For vanishing B-field, this simplifies to
D= )\/ S{w/\F + 2iN’DPADGAF + [¢, ¢] (w? — N F?) } (5.14)
s

These expressions reproduce those found in [45], and can be recovered by analysing
the non-Abelian Chern-Simons action of a stack of D7-branes, as discussed in
Appendix [A]

Note that both terms at leading order in A, namely wAF + [rb, a] w?, are
purely algebra valued. Crucially, this is not the case anymore when we include
higher orders, because these additional terms contain products of generators.
From the original formula in it is clear that these products have to be un-
derstood in the same way as in the exponentiation map, which implies that for
matrix algebras g C GL(n,C) they are simply the matrix products in the funda-
mental representation of said algebra. Taking into account the symmetrisation
procedure, we end up considering terms of the form

S{1...T,} = m Z Ty, Ty, . (5.15)

all perm. o
Formally speaking, including higher order corrections in A means that the D-

terms are valued in the universal enveloping algebra U(g) rather than g itself.
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5.3 «a’-corrections for intersecting branes

To get some intuition on the meaning of the o’ corrections on D-terms, let us
first consider the case where the Higgs field ¢ and the gauge flux F' can be
diagonalised, as is for the case of intersecting D7-brane backgrounds. Then the

D-term equations amount to

D=2\ / Pu[JIAF = A / (w + 2iN°ppAIP) AF, (5.16)
S S

that is to say the a’-corrections are given entirely by the Abelian pull-back of
the K&hler-form J to S, Pup[J] = (w + 2i)\2p¢/\87¢). This implies that flux
needs to be primitive with respect to this pull-back rather than with respect to
w = J|s = % (dzAdT + dyAdy), the difference being the o corrections to the
D-term.
Let us be more specific and consider the background
2z 0
o=" (5.17)

0 —u’x

and a flux F' that commutes with ¢. Namely we have

F = Fyzda NdZ + Fygdy Ndg+ Frgde Ndg + Fyz dy A dZ (5.18)

where F = FT imposes F,; = F,; and a reality condition for F,z, F,;. In
particular, due to our Ansatz these components must be of the form i(acs+5b1),
with a, b real functions.

Imposing that dF' = 0 and the leading order D-term condition wA F' = 0 sets
these functions to be constant and such that F,z = —Fyy, while F,y is constant
but otherwise unconstrained. The latter is also true for the o/-corrected D-term

constraint, while the relation between F,z and Fyy is modified to
Fuz = —(1+4X|u[ Fyy, (5.19)

Notice, that this condition reduces to the naive primitivity condition F,z+F 5 =
0 in the limit A\ — 0, while for finite X it gives a correction that grows with the
complex parameter pu € C, [u] = L1

Physically, the o/-corrected D-term condition is quite easy to understand.

Indeed, notice that the Higgs-field vev in (5.19)) describes an SU(2) gauge theory
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which is broken completely over generic loci, and in particular there is no D7-
brane on the naive gauge theory locus {z = 0}. Instead we may compute the
D7-brane loci via the discriminant det (z -1 — X-¢) = (2 — M\u22) (2 + A\plx),
which indicates that the system contains two D7-branes located at {z = £Apu2z}
and p? is their intersection slope. A more suitable description can be obtained

by passing to a new system of coordinates

u=z+ M\ilx (5.20)
v=z— M\l (5.21)
w =y, (5.22)

in which the branes loci are given by {u = 0} and {v = 0}, and then analysing
each of the D7-branes individually in term of their Abelian D-terms. For in-
stance, to have primitive flux along the D7-brane located at {u = 0} translates

into

0= J|{u:0}/\F (5.23)
1

= quj - — <4A2|M|4 + 1) quj (524)

= Foz = — (1 +4X°|u|!) Fyy (5.25)

and similarly for {v = 0}. This is precisely the result we obtained earlier in
from the perspective of the gauge theory on {z = 0}. So intuitively
the D-term equations in this description just tells us that the flux should be
primitive along the actual brane world-volumes, rather than the locus S from

which we describe the parent gauge theory.

5.4 «’-corrections in simple T-brane backgrounds

After seeing the effect of o’ corrections for intersecting D7-branes, let us investi-
gate which types of effects we receive for T-brane backgrounds. In general, these
backgrounds are such that [¢,¢] # 0 and so a non-primitive flux F, satisfying
F Aw # 0, is needed to solve the D-term equations at leading order [4].

In order to find BPS solutions for these backgrounds one may apply the
strategy outlined in [4]. Namely, one first defines the T-brane Higgs background
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in a unphysical holomorphic gauge [23,26]
A0 POhol = 0 (5.26)

and then rotate these fields by a complexified gauge transformation of the sym-

metry group G
AOD 5 AOD 4 jngt ¢ — gog" (5.27)

in order to attain a unitary gauge in which the D-term condition is satisfied.
In the following we will apply this same strategy to solve for the o’-corrected
D-term equations. We will consider two simple examples in which the leading
order non-primitive flux lies in the Cartan subalgebra of the symmetry group
G, as this also simplifies the Ansatz to solve the D-term equations at higher

order in o'.

5.4.1 A simple SU(2) background

Let us first analyse a simple SU(2)-background already considered in [4] where
the Higgs field profile in the holomorphic gauge reads

0 1
Pnol = m = —imE" +imazE~ (5.28)
ar 0
where m,a € C and [m] = [a] = L™, and the generators E* are defined in

Appendix[C] This time the discriminant gives the D7-brane locus 2% = X\2am?z.

Moreover, since we have det ¢no, = —m?az, we see that this is a reconstructible
brane background according to the definition given in [4]. To solve the D-term
equations we proceed as above and pass to a unitarity gauge via a complexified

gauge transformation in SU(2). More precisely we take
ia’
g =e2% (5.29)
which implies that in the unitarity gauge the D7-brane backgrounds reads

0 ef
o=m . , (5.30)
azxe

F = —ipdf -03. (5.31)
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At leading order in A the D-term equations read

(p.0z +p,07) fos=[¢,0] = (p,0z+Dp,0p) f = |m|? (e* — |az|?e™2T).

(5.32)
Finding f at this level amounts to solve a partial differential equation of Painlevé
IIT type on the radial coordinate |x|, as has been already discussed in [4]. More
precisely, we may solve it by making the Ansatz f = f(|x|) and parametrise

x = re'?, yielding
d? 1d 2 2f 2,2 —2f
(2 5ar) £ =P (@ et ). (539

Redefining /(") = r|a|e® (") further simplifies this to

2 14 ,
- = i ). .34
(dr2 + rdr) J = la||m|*r sinh(25) (5.34)

Finally we define s = 2,/2]a||m[?>r3 such that we are left with
2 1d
— 4+ —— | j = sinh(2j 5.35
<d82+8d8>1 sinh(2j), (5.35)
which is the standard expression for a particular kind of Painlevé III equation

analysed in [62]. Finally, we may directly solve (5.32)) asymptotically near |z| =
0 by

[m|? |2
4c2

f = fo(z,Z) = logc + ?|mz|* + (2[m[*c® — |af®) +... (5.36)

with ¢ an arbitrary dimensionless parameter whose value should be close to 0.73
if we want to avoid poles for large values of |z|? |7].
Let us now consider the o/-corrected D-term equation. Applying (5.14) to

this setup we obtain the following equation
(0,07 +p,5) f = m|* (€2 —|az[’e™>!) (1 +4X°Qy) + N°RIf, ], (5.37)
where

Qr = (0.921)(0,95.f) — (0,07.1) (0, 0=f) (5.38)
R[f,g] = |m[*[ (4pfADfe*! + |al*e ! (pz — 22p f)N(OT — 2TD f)) ApDyg]

TTYY
describe the new operators that appear due to the o/-corrections. Notice how-

ever that by keeping the Ansatz f = f(z,Z) both Q; and R[f, f] vanish iden-
tically and we are back to eq.(5.32)). Therefore, the solution to the corrected
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D-term still amounts to f = fo(z,Z) and the above T-brane background does
not suffer any modification due to o’-corrections. Notice that in this case the T-
brane background preserves 1/4 of the supercharges of flat space. Further exam-
ples of T-brane systems preserving eight supercharges are analysed in Appendix
again obtaining the result that o/-corrections do not modify the background.

The analysis becomes more interesting if we consider a more general flux
background, with a new component which will lower the amount of preserved
supersymmetry. As usual we may consider adding such fluxes along generators
that commute with the T-brane background. For instance we may add a world-
volume flux along the identity generator of u(2), which could arise either from
the D7-brane itself or form the pull-back of a bulk B-field. We first consider the
case where this flux is

Hy = Im (kdz Ady) 1 (5.39)

with ¥ € C and [k] = L~? parametrising the local flux density. At leading
order in o/, the vanishing D-term condition would allow for an arbitrary x
without modifying the T-brane background, as the above flux is primitive. Its
o/-corrected counterpart, however, has non-trivial components along the gener-

ators o3 and 1, implying two independent D-term equations. Namely

(pmgg—l— pygg) f=1m)? (62f - |ax\2672f) (1 + 4/\2Qf + /\2|H\2) (5.40)
+ N R[f, f]

0= Re(|a\26_2fmcpyf (2z0zf — 1) + 262flipyf55f)

with the second line corresponding to the D-term constraint along the iden-
tity generator. Such equation is automatically satisfied if we again impose the

Ansatz f = f(z, ), while the first one becomes
(p.0z +p,07) f = m|* (¥ — |az|*e ) (1+ N2|[?). (5.41)
Hence, we are back to eqs.(5.32) and with the replacement
m — m' =my/1+ \2[k[2, (5.42)

Finally, let us consider the case where the flux background on the identity
is

H = Hy + H, — ipph1 (5.43)
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where H; is again given by (5.39), and H is an different piece of primitive
constant flux

Hy; = pi(de ANdT —dy Ndy) 1 (5.44)

with p € R and [p] = L=2. In addition, we consider h = h(z,7,y,7) to be
an arbitrary function that we may expand around the origin as a polynomial,

starting at quadratic order. In addition, we write the gauge transformation

(5.29) as the following expansion

f= folz,®) + Y (M) fi(=T,y,7) (5.45)

i=1
with fo(z,Z) the solution found for p = 0, which near the origin behaves as

(5.36)) with the replacement ([5.42]).

In this case solving the D-term equations becomes more challenging, but one
may perform a perturbative expansion on the dimensionless parameter A\p and
keep the terms up to O((A\p)?) in order to simplify them. On the one hand, for

the D-term constraint along the generator o3 we find
(P07 +p,07)f 03 = [6,9] (1 +4)\°Qn) , (5.46)
where now
= = = i = T_

Qu = (p,9zh — p) (p,d5h + p) — (pgﬁyh - 2f’v> (Pyawh - 2“) - (547)

On the other hand, for the constraint along the identity we have
(0,5 + p, 05 = N [Alm? (2 — Jaxf*e ) p, B (,D5h + p)
—2R[f, b+ ply[’]]

with R defined as in (5.38). We find the following solutions for h at lowest

orders in Ap and near the origin
2
h = A\ p|mal|? (|m’m|2 (Ja* +2¢%m/|?) — = (Jaf*> - 206|m’|2)> (5.48)
+ O(N3p?)

while from (5.46)) we find that the leading correction to fy is

fi = 2lma|* (8X*|m|?*|m/ 2’ — 2¢ — 4N |am|* — 2¢°|m/z|?) + (5.49)
2 2 /\2 4
—|—2|mx|4( "”;’" + 'fj‘ +A8N2|m A/ 4B — 16/\2|a,m|2|m|2\m’|262)
C C
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where we have again Taylor-expanded around = = 0.

To summarise we find that, if we add a primitive constant flux H; that com-
mutes with the Higgs background and of the form , the D-terms equations
can be solved by an appropriate choice of gauge transformation , that in-
duces a non-primitive flux along the su(2) generator o3. When we also include
the constant primitive flux Hs of the form the same is essentially true,
but now we must also add a non-primitive flux pph along the identity generator

of u(2) to solve the D-term constraints.

5.4.2 A simple SU(3) background

Let us now consider a slightly more complicated SU(3) T-brane background,
again preserving four supercharges. The Higgs field profile in the holomorphic

gauge is given by

py 1 0
Proo=m|azx py 0 | =—-imE"+imaxE" 4+ muyQ, (5.50)
0 0 —2uy

where the form of the generators E*, Q and P = [E*, E~] is detailed in Ap-
pendix [C]

As before, we may solve for the D-terms equations by performing a gauge
transformation of the form (5.27). Because [¢, ¢] ox P, the natural choice is now
g = exp( %P) and so in the unitary gauge we have a background given by

¢ = —ime! ET +imaze ™ E7 +muy Q (5.51)
F = —ipdf P,
With this Ansatz there is only one non-trivial D-term constraint, corresponding

to the generator P. The o' corrections complicate the form of this equation

with respect to the leading order counterpart, and we obtain
(p.0z +p,0y) f = |m|? (€2f — |aa:|2672f) (144X°Qy) (5.52)
— SRS f] — 4AX%0mf P, D
By using the Ansatz f = f(x,Z) this expression simplifies to

3 ‘m‘z 2 2 -2
O f = T (2 f 5.53
Pz f 1 +4)\2| |2|,LL|2 (6 ‘G/SL‘| e ) ( )
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which is asymptotically solved by ([5.36]) with the replacement

m — m= m (5.54)

NeEwerEmE

Let us now add further worldvolume flux to this background. For simplic-

ity we will add it along generators that commute with the su(2) subalgebra

generated by {E*, P}. Namely we consider the following generators

1
7= "% (5.55)

B= 7 (5.56)

Notice that an arbitrary combination of these generators does not belong to
su(3) but rather to its central extension u(3). Indeed, only if we consider a
worldvolume flux satisfying F'Z 4+ 2FT = 0 we will have an SU(3) background.

Similarly to the SU(2) example one may first consider a flux that commutes

with the generators of the T-brane background, namely of the form
Hy =Im (kdandy) T (5.57)

G = M (dzAdT + dyAdy) B + N (deAdZ — dyAdy) B + Im (O dendy) B
(5.58)

where M, N € R and k,0 € C. We may also generalise the Ansatz to f =
f(x,Z,y,7). The corrected D-term equations then read:
0 =8\ mu/*(M + N)+ N
(pmgz—k pygg) f=1Im)? (e2f - \ax|2672f) (1 + N|k|2 + 4)\2Qf)
2 _
= VRIS f] = AN m [ uf*p, D= f
0= /\QRe(|a|26_2fﬁxpyf (2z0zf — 1) + 2€2f;‘€pyf55f)
+ <€2f - |ax|2672f) Re(npygyf)
0= X2xfmuf? (lafe 2! [1 = 2ep, 1" — 4 |p, f12)  (5.59)
Here the first equation correspond to the generator B and it is identical to the

D-term constraint found in (5.19) for the case of intersecting 7-branes. It fixes

the relation between M and N and decouples from the rest of the equations,
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that will not depend on M, N,O. The second equation corresponds to the D-
term along the generator P and it is again given by . The third and
fourth equations are new, and correspond to the D-term constraints along the
generators T' and E¥, respectively. From the last one we see that the only way
to have a non-vanishing flux & is to take the limit 4 — 0, which would essentially
take us to the previous SU(2) example.

Despite this result, one is able to accommodate a background flux along the
generator T' by considering a slightly different Ansatz. Indeed, let us proceed

as in the previous SU(2) example and generalise the above flux Ansatz to

H = H, + Hy —ipphT (5.60)
Hy =pi(de ANdT —dy Ndy) T

h=h(z,Z,y,7).

while returning to the Ansatz f = f(z, ) for the flux along P. The corrected

D-term equations now read:

0 =8\ |mul* (M + N) + N (5.61)
(1 +4X?mul?) p,0zf = Im|? (¥ — |az|?eT) (1 + 4X°Qp) (5.62)
and
(p.0z +p,0y) h = AN} m?|pl® (p — poOzh) (5.63)
+2)* (p+p,Igh) (4|m|2e2f|pwf|2 +2[¢, 9] — |am[*e™? |2ap, f — 1|2)
0= N[mp|* (2p,95h + r) (|a|2e—2f 20p, f — 1]* — 4e*f |pr|2) (5.64)

with Qg again given by . Notice the last equation now imposes 2px5gh +
k = 0, which essentially requires that the effective flux of the form (5.57) van-
ishes. Naively, this seems to imply that o’-corrected D-terms do impose con-
straints on worldvolume fluxes commuting with the Higgs field T-brane back-
ground, contrary to what happens at leading order in o/. Nevertheless, one can
show that a non-trivial  is allowed if one generalises the gauge transformation
Ansatz g = exp(%P) to include complexified transformations along the non-
Cartan generators E+ as well. We leave the somewhat technical proof of this
statement to Appendix [C] where such generalised transformations are studied

in more detail.
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If for simplicity we set xk = 0, make the Ansatz (5.45) and solve again

perturbatively in A\p we find the following asymptotic solutions around = = 0:

- m|?|z|*
fo =loge+ lmal? + % (2¢°|m* = Jal? (1 + 4X*|mul?)) (5.65)
f1 = 4|mz? (2X%|m]? (|a]* — 2¢*) + &%) (5.66)

~ 14 4 2
Nl (||:1|202 +2 (A2 (Jaf* — 4laf?e (¢ — |ul?)) - 2¢%)

+ 8\ m[* (4XYul* (Jal* — 4lal*c*) + 2¢°X|ul? (|al® + 6¢*) + ¢*?)

ct

+ 4N m[? (—4|p? (S = Nalt) + |al*c® (4N (|uf* — 42 |ul?) + ') + 6010))

and
21 ~ 12 4 20,,12) — |42
o 2 Imx|p(2(ccjc|“|) o) (5.67)
N |ma|p |a|? 2 (92 21,2
T E A ) (|m|z (Il (3¢* = 4N*|uf*) — 1)

+ 268 m? (¢ + 4N2uf?) + 1) )

To summarise, in this more complicated SU(3) background that preserves
four supercharges we also find different kinds of solutions for the o/-corrected D-
term equations. One first class of corrections comes from the intersection slope p
that appears in ¢y,;, and which corresponds to a generator  commuting with
the T-brane su(2) subalgebra {E*, P}. Such corrections are relatively easy
to take into account, as they only modify the parameters of the Painlevé 11
equation. Further non-trivial corrections come from adding worldvolume fluxes
commuting with the Higgs background. One the one hand, adding some of these
primitive fluxes require a modification of the non-primitive flux pdf along P
and adding one of the form poh along T. On the other hand, adding some other
components requires a more drastic change: to generalise the standard gauge
transformation g to also include non-Cartan generators E*. In the next section
we will analyse from a more general viewpoint when each of these two cases

occurs.

5.5 More general backgrounds

With the two examples of the previous section in mind, let us describe how o

corrections affect the D-term equations for more general kinds of T-branes. As
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before we will take the simplifying assumption that, given the gauge group G
and its corresponding Lie algebra g, the leading order D-term equations can be

solved via a complexified gauge transformation (5.27)) of the form
fi p.
g=e?" (5.68)

where f; = fi(z,T,y,7) and P; belong to the Cartan subalgebra of g. We then
write the Higgs field profile in the holomorphic gauge in the block diagonal form

W
2
Phot = ™ Vil _ , (5.69)
Phiol

with [m] = L™!, and where the entry 1{ , is an n x n matrix of holomorphic
functions on x,y. One simple example of such structure is the SU(3) example
of section [5.4.2] which contained a 1 x 1 and a 2 x 2 block. As discussed below
eqs., the o/-corrected D-term equations do not couple one block to the
other. The same statement holds for the more general T-brane structure with
the block-diagonal form : for the purposes of analysing o’-corrections we
can focus on each individual block ¢¢ ; at a time, an forget about the rest.

In the case that ¢, is a 1 x 1 block, the effects of o’-corrections will be
similar to the ones studied in section As in there, the o/-corrections will
impose primitivity with respect to the standard pull-back of J on the spectral
surface

z = Amy Sz, y). (5.70)

More interesting is the case where v , is a 2 x 2 block, as these contain
the T-brane nature of the background. As we have already seen in section
for these cases the a’-corrected D-term equations may become rather involved
to solve, specially when we add additional primitive worldvolume fluxes. In

general, within that block we will have a holomorphic Higgs field profile of the

form

2x2 __ _ - + . -

hol = Uol +ui0o1 + U202 + ugos = upl —iuy ET +iu_ET +ugos (5.71)
where u;, u are complex functions on x, y, [u;] = [uy] = L. Near the origin, we

can approximate such functions up to their linear behaviour, so each of them is
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characterised by three independent complex numbers. However, we may absorb
three numbers in constant shifts of the local coordinates x,y, z. More precisely,
by a shift in z we may remove the constant term in wug, rendering it a linear
function in z,y. Similarly, by shifts on z and y we may remove the constant
pieces in uz and u_. Then we are left with only one function, namely u_
that may contain a constant term, and therefore with essentially two different
possibilities
0 1 0

0
Yol o= and Yol o= . (5.72)
hl|_y_0 0 0 hl}_y_o 00

Examples of backgrounds of the first kind are those analysed in section [5.4] while
several of the second kind are studied in Appendix [D} In both cases the holo-
morphic Higgs background is parametrised by eight dimension-full parameters,
namely
Uy = o,z + po,yY Uz = [3,2T + U345y (5.73)
U— = fo g+ ey Ut = Py o+ fg Y + €
where [p; o] = L™ and € = 0, 1 describes the two cases in . Imposing that
the leading order D-term equation is solved by means that at A — 0 we

need a complexified gauge transformation of the form

g2*2 = e3(fosthly) (5.74)

for solving the 2 x 2 block which we are analysing. In practice, this is only
possible if [)7 %2 ¢22%?] € Cartan, which requires p3 . = p3, = 0. We then have

that in our setup

2T+ 2T+ + €
}2u>)<l2 _ Mo, HoyY M+, Mt yY . (5.75)

Mz + fe yY Ko,z + flo,yY

One may now wonder if taking into account o/-corrections will drastically
change the form of the complexified gauge transformation (5.74]) solving for the

D-term equation. For this we observe that

e If no background fluxes along 15 are present, then the Ansatz (5.74) re-
mains invariant (with & = 0), although o/-corrections may vary the specific

form of f with respect to its leading order value.
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o If we switch a background flux H along 15 then, for a generic wﬁ:f, some
components of H will preserve the Ansatz ([5.74]), while others will force
to consider a gauge transformation including non-Cartan generators E=,

as discussed in Appendix [C]

Let us be more precise on the last point, since adding non-Cartan generators
to implies having a non-Abelian flux background that will complicate the
T-brane system. By inspection (see e.g., Appendix one quickly realises that
the relevant D-term equations for this problem are those along the non-Cartan
components E*, which may or may not have solution for the Ansatz . If
there is no solution, one needs to generalise this Ansatz to include the generators
E* and therefore a non-Abelian gauge background appears through .

Due to the symmetrisation procedure, the D-term equations along E* re-
ceive contributions only from the middle term in eq.. More precisely,
assuming the Ansatz we have that

Dy**? = (D)1 13 + (DY) L ET + (D) _E~ (5.76)
= (po,zdz + po,ydy) 12

+ (4 wdz + py ydy +2pf (g 22 + py yy +€)) ! B
+ (e oda + pydy — 20f (pe 0w+ p_yy)) € TE,

and that the D-term equations along E* read

0= Da = 200 ((DY)2AD)1 + (DUADD)Z)AH . (5.77)

2x2

From here we see that these equations are non-trivial only if the Higgs-vev ¢},

has components simultaneously along the identity and a (non-Cartan) generator
of su(2), which will be generically the case. Moreover, the total background flux
H along the identity (including the piece —ipph) must be non-vanishing for
this equation to be non-trivial. Let us discuss how this condition constrains
the background flux H. Recall that H must satisfy the corrected primitivity

condition

0= w A H+ X (2i(D)1 ADD)1 — 2Em[(DY) s A(DY) ] = Te([6, ]F) ) AH
(5.78)
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and satisfy the Bianchi identity dH = 0. Then we find that only some profiles
for H may satisfy the complex equations and the real equation
simultaneously. Those profiles that satisfy but fail to satisfy will
not be compatible with the initial Ansatz and therefore will require the
presence of a non-Cartan flux background at O(A?).

In practice one may find by inspection which profiles for H are compatible
with the Abelian Ansatz , although in some simple cases one may be more

specific. In particular, let us consider the cases where

e DY) A (DY) =0

Or equivalently (D), = «v(D%)_ for some complex function v. In this

case one finds that all fluxes H of the form

H o i(Dy)1A(DY)1 (5.79)

H « i(D)_AD)_ (5.80)

satisfy eq.(5.77). Moreover if ¥ = y~! then both equations in (5.77)

become the same. In particular for v = n = +1 they become a real

condition and
H x Re {fn (Dw),A(Dw)l] (5.81)

also becomes a solution to (5.77). Any combination of these allowed com-
ponents satisfying dH = 0 and ((5.78) will not require a non-Abelian flux

background, while the rest will.

e DY)x A (D)1 =0
Or equivalently (D¢)1 = (D), for a complex function +. In this case
again both equations in (5.77)) becomes conjugate to each other and

H o i(DY)1A(Dy)s (5.82)

H o Im[y(D6)sA D] + L (DW)ADD: (589

automatically satisfy (5.77). Again, a combination of those satisfying
(5.78) and dH = 0 will be compatible with an Abelian flux background.

o (DY)4 A (DY) = (D)4 A (D)1 = (D) A (D)g =0
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In this case we have that (5.77)) will be solved by

H o i(DY)1A(Dy)s (5.84)

H o Tm[y(Dy)1AT] (5.85)

for arbitrary complex function v and one-form 7 € Q9. Such that we
have more freedom to satisfy primitivity condition and Bianchi identity

than in the previous cases.

One can check that this general discussion reproduces the results found in
the two simple examples of section On the one hand, for the SU(2) example
of section we have that (Dv); = 0. Hence is trivially satisfied and
so non-Cartan fluxes are absent in the corrected solution. On the other hand,

in the SU(3) example of section [5.4.2] the 2 x 2 T-brane block is such that

(D¢)4, (DY)~ o< dz, (Dep)a o dy (5.86)

We are then in the case (Dy); = v(D)_, with v a complicated function. It is

then easy to see that
H = pi(dz Adz — dy Ady) + O(\?), pER (5.87)

is a linear combination of the two-forms and which satisfies the
Bianchi identity and the primitivity condition at leading order. This is pre-
cisely the flux component denoted as H in section [5.4.2] explicitly shown to
be compatible with the Abelian Ansatz therein. On the contrary, a flux
of the form is shown to be incompatible with such an Ansatz, and non-
Cartan flux generators need to be added as described in Appendix[C] This again
matches our general discussion, as for some choices of x the flux (5.57) can be
made of the form (5.81). But since in this example v # +1 such a flux is in-
compatible with the naive Abelian Ansatz, and non-Cartan generators need to

be included.

5.6 Applications to local F-theory models

The T-brane backgrounds that we considered in the previous section are very
similar to those used to generate phenomenological Yukawa hierarchies in F-

theory GUTs , with the main difference that there ® and F' are valued
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in the Lie algebra of the exceptional groups FEjg, 7 and Eg. Nevertheless, in
order to build models of SU(5) unification the Higgs background is embedded
in unitary subalgebras of these exceptional groups and, at least naively, one may
use this fact to apply our results.

Let us for instance consider the Fg T-brane background constructed in [7]
o=m (efE+ + mxe_fE_) + 12 (b —y)Q, (5.88)

where the generators ET generate a su(2) subalgebra via [E+, E~] = P and Q

a commuting u(1) subalgebra, see [7] for precise definitions. This background is

quite similar to the one considered in section [5.4.2] as one can see from acting

with ¢ on the doublet sector (10,2)_; within the adjoint of es [7]

(¢, Ry Ero+ + R_Eqo-] = e =) " fiBro-
m*x —p? (b — y) R_Eo-

(5.89)

Naively, this action can be identified with a 2 x 2 Higgs block 12*2 of the sort

discussed in section [5.5] In fact, it is identical to the 2 x 2 block that arises from

eq.(p.51) if there we perform the replacements
y — y—bx, a — m, mu — p’. (5.90)

One can now apply the analysis of the previous section to this case. As in
the SU(3) example of section [5.4.2) we are in the case (Dy); = v(Dvy)_ for
v # +1. Therefore, primitive fluxes of the kind H,.12x2 with a component of

the form

Hye o Re((D)_A(D¥)1) o Re(dzA(bdT — d)) (5.91)

are not allowed at order A\? without adding further non-Cartan fluxes. Interest-
ingly, for the case b = 1 used in [7] to compute physical Yukawas, we have that

such problematic flux reads
Hye ' Re(dzAdy) (5.92)

which allows for some primitive fluxes. In fact, the worldvolume primitive fluxes

considered in [7] were of the form
F, = iQr(dyndy — dzAdT) + iQs(dxAdy + dyAdT) (5.93)
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with Qr, Qs some Cartan generators that reduce to the identity for the sector
of interest. Therefore, according to our naive analysis the presence of these
primitive fluxes may modify the non-primitive Abelian flux Ansatz given by
g = exp(%fP) with f = f(z,Z), but it will not require the presence of non-
Cartan generators in the flux background. Hence it seems that the computation
of physical Yukawas made in [7] may be affected by o’ corrections but not
drastically, in the sense that the Ansatz for the T-brane background taken
there survives at the next-to-leading order in «’. This will change as soon as
the worldvolume flux is chosen more general or b is chosen such that
Imb #0.
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Chapter 6

Compact T-branes

Since initial interest in T-branes comes from the construction of realistic Yukawa
points, most analyses have been carried out in local patches of flat space. While
this is sufficient to capture much of the relevant data for the rank structure of the
Yukawa couplings, it is blind to most information. This chapter aims to make
progress in by analysing the conditions to construct T-branes with a compact
embedding. That is, we analyse D7-branes with a non-Abelian profile for its
worldvolume scalar ®, globally well-defined over a compact Kahler four-cycle .S
and without any poles. We dub such configurations as compact T-branes, and
analyse them by inspecting the related Hitchin system of equations over S. We
therefore extend previous analysis of this sort, which so far have been essentially
performed only at a local level[T]

As usual, obstructions may be found when trying to extend a local solution
globally. In our case we find that constructing compact T-brane solutions cru-
cially depends on the Ricci curvature of the surface S, and more precisely on
its cohomology class. Indeed, we find obstructions to the existence of compact
T-branes over complex four-cycles of vanishing or positive-definite curvature,
like K3 or del Pezzo surfaces. On surfaces of negative-definite curvature, in-
stead, solutions can always be constructed, generalising the result of Hitchin

for Riemann surfaces of genus g > 1 [63]. Finally, for surfaces of indefinite

T An alternative treatment is via tachyon condensation techniques, particularly suitable for
T-branes defined over 7-brane intersections. In this case a global analysis can also be carried

out, as shown in |10].
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curvature the construction will depend on the particular region of the Kéahler
moduli space where we sitE| This latter case raises the question of the fate of
T-branes when we move in K&hler moduli space and, in particular, when we
pass from one region to another by crossing stability walls. In this respect, we
find that a T-brane is either converted into a different BPS object as it crosses
the wall, or it splits into non-mutually-BPS constituents. As could be expected,
the T-brane’s fate will ultimately depend on its topological data, and we analyse
several interesting cases in terms of them.

The chapter is organised as follows. In section we specify the class
of T-branes that we will be studying, with special emphasis on their global
description in terms of a compact four-cycle. We then turn to discuss solutions
to the BPS equations, first the analogous of the original Hitchin solution and
then generalisations thereof. In section [6.2| we prove a topological obstruction
to building compact T-brane solutions: they cannot be hosted by four-cycles
of vanishing or positive-definite Ricci curvature class. Finally, in section [6.3]
we analyse the stability of the allowed T-brane constructions as we move in
large volume Kéahler moduli space, and in particular their fate after crossing a
stability wall.

Some technical details are relegated to the appendices. In appendix[E]we give
a four-dimensional interpretation of the non-harmonicity of the worldvolume
flux in T-brane solutions. In appendix [F] we construct several explicit examples

of the stability-wall transitions discussed in section [6.3]

6.1 Global aspects of T-branes

Consider a stack of 7-branes wrapping a compact Kihler surface S. Follow-
ing [14./54-56], the 7-brane configuration and degrees of freedom can be charac-
terised in terms of an eight-dimensional action on R*3 x S with a non-Abelian
symmetry group G. In particular, such data are encoded in terms of two two-
forms on S: the field strength F = dA — iA A A of the 7-branes gauge boson
A, and the (2,0)-form Higgs field ®, whose eigenvalues describe the 7-brane

transverse geometrical deformations. Both A and ® transform in the adjoint of

2More precisely, we find that, if p is the Ricci form of S and J its Kahler form, then

compact T-branes can be constructed when fs pNJ <O.
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the initial gauge group G, which is nevertheless broken to a subgroup due to
their non-trivial profile. Finally, such profiles need to satisfy certain equations

of motion, which in the case of supersymmetric configurations are given by

op® =0 (6.1a)
F©2 =0 (6.1b)

1
J/\]F+§[<I>,<I>T]:0, (6.1c)

where J is the Kdhler two-form of S. These equations are a generalisation of the
celebrated Hitchin system [63] to a four-manifold. Upon dimensional reduction
to four dimensions, the first two equations ensure the vanishing of the F-terms,
while the third equation ensures the vanishing of the D-terms.

In this chapter we will analyse 7-brane backgrounds with non-commuting
expectation values for the worldvolume scalar ®, namely such that [®, ®T] # 0,
also known as T-branes in the string theory literature. We will restrict to those
T-brane configurations that are globally well-defined over a compact K&hler
surface S and such that the Higgs field profile is absent of polesﬂ We dub such T-
brane configurations as compact T-branes, in the sense that the spectral equation
for @ describes a compact surface. Notice that poles are naturally associated to
field-theory defects originating from additional 7-branes intersecting the stack,
so we may interpret a compact T-brane as a stack of 7-branes in isolation from
the others. In other words, we may see them as basic building blocks of BPS 7-
brane configurations in type IIB/F-theory compactifications. We will moreover
focus on solutions of equations involving an Abelian profile for the gauge
field. Said differently, in our backgrounds the source of non-commutativity of
the 7-brane system will come entirely from .

In order to describe the essential features of compact T-branes, in this section
we will focus on the simplest possible example, namely a stack of two D7-branes.
This case allows to generalise the original example of Hitchin on a Riemann
surface [63] to a compact complex four-cycle. From there one may generalise the
T-brane Ansatz in a number of ways, finding backgrounds with a non-harmonic
worldvolume flux. As we will see, the departure from harmonicity is governed

by certain non-linear differential equations, and this will allow to connect our

3See |40| for a recent account of Hitchin systems with poles.
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constructions with the literature of T-brane solutions in flat space.

6.1.1 T-branes and non-harmonic fluxes

Let us focus on a stack of two 7-branes wrapping S, and therefore on a super-
Yang-Mills theory on R'3 x § with symmetry group G = SU(2). We will
always assume that S is simply-connected, i.e. m1(S) = 0. This will simplify
our analysis considerably because it implies, in particular, that holomorphic line
bundles on S have their topology completely specified by the first Chern class.
As mentioned, we will also restrict attention to a rank-two gauge bundle V on
S of split type, i.e.

V=°LaoL, (6.2)

where £ is a line bundle whose curvature we denote by F. The F-term (6.1b]) of
the eight-dimensional super-Yang-Mills theory forces F' to be a differential form
of Hodge-type (1,1), which gives £ a holomorphic structure. Moreover, since F'

is closed, using the Hodge decomposition, we can uniquely write it as
F=F"+da, (6.3)

where the superscript * denotes the harmonic representative and « is a globally
well-defined one-form. Note that the absence of non-trivial first-cohomology
classes on S, following from its simply-connectedness, forbids harmonic repre-
sentatives for a. We can thus always choose (globally) a gauge that kills the

exact part of «, such that we can write

o= _w ’ (6.4)

where g(x, mfz) is a globally well-defined real function on S (with local complex
coordinates collectively denoted by x) such that ngdvolg = 0, and d° =
i(0—0). Using that S is Kihler, it is easy to see that the co-differential operator
6 = — x dx annihilates the expression , and hence « is co-closed. In this

way, the gauge field strength becomes
F=F"—iddg. (6.5)

The function g, or equivalently «, will play a key role in the sequel. It will be

the unknown of the non-linear partial differential equation governing T-brane
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backgrounds, which arises from the equation of the eight-dimensional
super-Yang-Mills theory. In an ordinary intersecting-brane background, where
® is diagonalisable, this equation forces F' to be primitive. By a standard
result in K&hler geometry (see e.g. [?]), every primitive (1,1)-form on a Kéahler
two-fold is anti-self-dual with respect to the Hodge-star operator. Since F' is
closed, this implies then that F' is also co-closed, and hence harmonic. Now,
reversing the argument, a T-brane supersymmetric configuration will involve a
gauge field strength which is closed but not anti-self-dual, and therefore F' will
not necessarily be given by the harmonic representative of a certain cohomology
class. This departure from harmonicity is described by g.

As we will see, the information that g encodes is lost in the four-dimensional
effective theory. It can only be recovered when we include the D7-brane Kaluza-
Klein modes into the four-dimensional description, as we discuss in appendix [E]
In other words, g determines the microscopic details of the T-brane background,
which only the eight-dimensional theory is sensitive to.

In order to determine g let us for convenience define the global real function

o(x,mfr)os = x[®, 7], (6.6)

where, compatibly with our choice of gauge bundle V, we restrict our attention
to commutators proportional to the third Pauli matrix o3. Then one can see

that ¢ > 0 all over S and that equation (6.1c) reads
F/\Jz—%JQ. (6.7)
Using the Lefschetz decomposition of harmonic forms, we can write
h_ ¢ h
F :iJ—ka, (6.8)

where ¢ is a constant, ng is primitive and the numerical factor is for later
convenience. Of course this splitting depends on the K&hler moduli of our
string compactification, and the periods of the two summands are generally real
(moduli-dependent) numbers which must add up to (half-)integer numbers to

satisfy the quantization condition for FE|

4Recall that, in cohomology, %[F} =ci1(L).
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Using that S is Kihler, one can show that 2i00g A J = *Ag, where A is the
Laplace operator in real coordinates. This leads us to an elegant rewriting of
equation (6.7)):

Ag(x,mfz) = c+ @(x,mfz). (6.9)

At this point, one fixes an hermitian metric on .S, and solves equation
for g, or equivalently for the unitary connection A on £. Notice that a necessary

requirement to solve this equation is that its r.h.s. integrates to zero, i.e.

c= —ﬁl(s) Tr[q[@,@T]037 (6.10)

which is nothing but the condition for vanishing D-term potential in the four-
dimensional low-energy effective theory.

Practically, equation can only be solved analytically in few situations,
because in general ¢ will depend non-linearly on g. Nevertheless this equation
is always of elliptic type [63] and, as such, on a compact manifold it admits
a unique smooth solution if the input function ¢ is smooth and provided that
is satisfied [64].

The most convenient and adopted [4,)5] approach to formulate the problem
is to fix the holomorphic structure of £ such that A%! = 0, which turns the anti-
holomorphic covariant derivative of equation into the simple Dolbeault
operator 0. In this frame, equation (6.1c) (or else (6.9)), becomes an equation
for the hermitian metric h on £, which appears in the gauge field strength. The
latter is indeed the curvature of the associated Chern connection A% ~ h=10h,
i.e. locally F = —iddlogh. Given that we can locally write F* = —iddlog hg
and that F and F" are in the same cohomology class, we see that the unknown
function g is globally-well defined and enters the metric h as a conformal factor,
i.e. h = hged.

For concreteness, let us consider a nilpotent Higgs field profile

0 m
P = (6.11)
0 0

where m € H*9(S, £?). Equivalently, we can also see m as a scalar holomorphic
section of the line bundle M = £2® Kg, with Kg the canonical bundle of S. By
a slight abuse of notation, in the following we will describe both kinds of object

with the same symbol, being clear from the context which one we are referring
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to. As it stands, this profile is a solution of equation (6.1a)) in the holomorphic
gauge. However, equation (6.1c) contains the adjoint ®', which depends on the

metric as

o' =H 'otH, (6.12)

where the superscript * indicates complex conjugation and matrix transposition,
and H = diag(h,h™1). This brings a non-linearity in the partial differential
equation (6.9), which can now be written as

2 2
hg |m| 029

Ag=c+ xS )

(6.13)

where h¥, the determinant of the fixed hermitian metric on S, appears because
of applying the Hodge-star operator on a four-form. This is a rather non-trivial
equation that reduces to a Liouville-like equation when m is constant and h°
is the flat metric [4]. Nevertheless, there is a particularly nice setup in which
simplifies even further, as we discuss explicitly in the next subsection.

As a side remark, note that, for the split-type configurations we consider
in this chapter, the stability-based algebro-geometric criterion [?] for existence
and unicity of solutions of the non-Abelian BPS equations is trivially
satisfied. For instance, it is immediate to see that the only sub-bundle of V
preserved by the Higgs field (i.e. £) has negative J-slope, as enforced by
the D-term equation (|6.10)).

6.1.2 The Hitchin Ansatz

The most emblematic class of Higgs-bundle configurations is probably the one
originally studied by Hitchin in the case of Riemann surfaces [63]. One can
straightforwardly extend this Ansatz to the present context of complex surfaces,
as first suggested in [64]. This would correspond to taking the nilpotent Higgs
field such that the line bundle M is the trivial one, which amounts to
demanding thatﬂ

L~KG'V? (6.14)

5 At weak coupling this is made compatible with cancellation of the Freed-Witten anomalies
of the individual branes by considering a suitably-quantised primitive flux associated to the

centre-of-mass U(1).
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Since S is compact, this choice implies that the quantity m in (6.11) can only
be a constant. Notice also that equation (6.14)) only fixes the cohomology class
of the gauge curvature in terms of that of S, but not its actual representative.

Therefore, let us write the Ricci form of S as
p=p" —2i0ds(x, mfz), (6.15)

where s is another globally well-defined smooth real function on S such that
fs sdvolg = 0, and the factor of 2 is for later convenience. Then, eq.(6.14)
states that F" = ph/2, or equivalently, using (6.5), that]

F= g —i0d(g — s). (6.16)

Loosely speaking, e?~° is the conformal factor needed to rescale the hermi-
tian metric on the surface S to get the hermitian metric on the line bundle L.
More precisely we have

ho = VhSe™®. (6.17)
Using the above relation, our partial differential equation (6.13)) becomes
Ag = c+ |m|?e29) (6.18)

where, as said, in this Hitchin set of solutions m is a complex number. Let us

now analyse two possible sub-cases of this setup.

Kaihler-Einstein metric

The easiest possible situation is analogous to the one originally considered by
Hitchin in the case of Riemann surfaces [63]. This arises when g = s. Taking into
account the D-term condition (6.10]), which now simply says that ¢ = —|m|?,

equation (6.18) reads
Ag(x,mfr) =0, (6.19)

whose unique solution on S is g(x,mfz) = 0. This, in turn, means that also
s = 0, and thus that both the gauge flux F’ and the Ricci form p are harmonic.
If in particular h*'(S) = 1, then F = 0 in equation and therefore we
have

[m?

5 (6.20)

p:

6Recall that, in cohomology, %[p] = cl(Kgl).
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Thus the metric on our surface S is Kihler-Einstein with Einstein constant
—|m|?/2, that is it has constant negative Ricci curvature.

We can reverse the above argument and get a more useful statement. If we
fix the metric on S to be Kéihler-Einstein, then p = kJ with k a real constant,
which in particular means that s = 0 in equation . Equation now

reads

Ag = |m|? (629 — Voll(S) /5629dv0l5> , (6.21)
where we substituted the value of ¢ fixed by the D-term . The above
equation automatically implies that g(x, mfz) = 0, because it admits a unique
smooth solution. Therefore we conclude that, if we fix a (negatively curved)
Kéhler-Einstein metric on S, the vacuum solution for a constant nilpotent Higgs

field involves a non-primitive, but still harmonic gauge flux.

Beyond Kihler-Einstein

If instead we consider a non-Ké&hler-Einstein metric on S, the vacuum profile
of the gauge flux will necessarily depart from the harmonic representative, and

will be uniquely fixed by the equation

1
— 2 29—2s __ 2g—2s
Ag = |m)| (e Vol(S) /Se dVOls> . (6.22)

As before, there will be a unique smooth solution for g. Note that this extension
beyond Ké&hler-Einstein is also possible in the case of Riemann surfaces, thus

directly generalising the type of solution discussed in [63].

6.1.3 Generalising the Ansatz

There are a few ways of generalising the above simple set of solutions, namely
by considering Higgs field profiles that are non-nilpotent and by considering
line bundles £ that do not meet the topological condition . In the follow-
ing we will consider and combine both generalisations, comparing the resulting

equations for the function g with the local T-brane solutions in the literature.

Non-nilpotent Higgs field

Let us first consider the case of four-cycles where the condition (6.14) is met,

but now we have a non-nilpotent profile for the Higgs field. Namely we consider
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it to be of the form
0 m
P = (6.23)
p 0
where p € H*%(S, £L=2), or equivalently a scalar holomorphic section of the line
bundle P = £L72? ® Kg. Notice that due to (6.14) we have that P ~ K2. Such

a bundle will have sections in many four-cycles of negative curvature, like for

instance in those where Kg also does. In this case eq. generalises to
Ag=c+ hgl (|m|2h%e29 — |p|2h626_29) , (6.24)
and so, using eq. (6.17), we arrive to
Ag =c+ (Im[*e* — hy*|p|*e29) e 2. (6.25)

As before, |m|? is a constant, while kg *|p|? is a globally well-defined smooth
function on S. Finally, enforcing the 4d D-term condition implies that c¢ is given
by

1

o=~y [ (e i) vy, (620

so that eq. has a (unique) solution.

Notice that now g will not vanish in the K&hler-Einstein case s = 0. Instead,
eq. (6.25)) will become a complicated non-linear equation for g. Near the locus
where p = 0 we can Taylor expand the function hy *1p|?, and recover an equa-
tion very similar to that obtained in the local T-brane Zs background of [4]. As
pointed out in there, such an equation can be rewritten as a Painlevé III dif-
ferential equation. Hence one would expect that, at least in a local patch near
p = 0, the profile for g can be expressed in terms of solutions to that equation.
Finally, one may depart from a K&hler-Einstein metric by considering s # 0.
This will modify the (unique) solution for g, which will depend on the profiles

of the functions |m|e™* and hy?|ple™*.

Non-trivial bundle M

Let us now consider relaxing the topological condition (6.14), or in other words
assume that M = £2 ® Kg is a non-trivial bundle with sections. Given its

definition, we can express the hermitian metric on M as
hat = hgthZ e = hpg o979 (6.27)
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where haqo corresponds to the metric with curvature 2F® — pP and s is again

defined by (6.15). We can then express (6.13)) as
Ag = c+ [[ml3 e, Iml34 = haolm]?, (6.28)

with ||m||p a globally well-defined, smooth function on S that vanishes over the
same locus as m. This corresponds to an obvious generalisation of eq. ,
where now the input function that determines g is given by e *||m|/a¢. Since
|m|lam is non-constant, g will be non-trivial even in the K&hler-Einstein case
s =0, and so the gauge flux F will depart from harmonicity.

Finally, one may combine a non-trivial bundle M with a non-nilpotent Higgs
field , again assuming that P = £7? ® K has sections. In that case, we

may express the metric for this bundle as
hp = h§1h0_2 6729 = ]’L'p70 eiz(ngS) 5 (629)

with hp o the metric of curvature —2F" —ph. We then consider the globally well-

defined, vanishing smooth function on S given by ||p||» = hpo|p|>. Together

with the above definition for |[m||3,, we obtain an equation for g of the form
Ag = e+ (Imliae® = lIpllpe™7) e (6.30)

While arising from a more general setup, this new differential equation is in fact
very similar to (6.25)), with the new functions that determine g now given by

e *[mlr and e=*p|lp-

6.2 A no-go theorem

The simple examples discussed in the previous section suggest that it is relatively
easy to construct global T-brane configurations on four-manifolds with negative
Ricci curvature. While it may seem that this preference comes from imposing the
Hitchin Ansatz or generalisations thereof, there is in fact a deeper reason behind.
Indeed, in the following we will see that compact T-brane configurations with
Abelian gauge bundles cannot be implemented on four-manifolds of vanishing or
positive Ricci curvature. We will first show this no-go result for the configuration
with symmetry group G = SU(2) and split gauge bundle of the type , and

then generalise it to groups of higher rank.
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The case of SU(2)

In order to investigate the possible obstructions to the construction of compact
T-branes, let us first consider the stack of two D7-branes wrapping a simply-
connected Kahler surface S, and with split gauge bundle V = £LHL . As before,
we may start considering the T-brane background given by the nilpotent Higgs

vev

0 m
P = , (6.31)
0 0

where m € H°(S, M). Now, the very fact that an holomorphic section m exists
implies that the divisor associated to M = £? ® Ky is effective. That is, for J

in the Kéhler cone we have
/ J A Cl(./\/l) = / J A (261(£) + Cl(Ks)) >0 (632)
s s
with the equality holding if and only if M is trivialﬂ Moreover, the 4d D-term
condition (6.10), or equivalently

/S[@?qﬂ] :—2/SJ/\F -0y, (6.33)

for a Higgs field of the form (6.31) implies that
2/ JAcei(L) <0, (6.34)
s

where we just used that F'/27 represents ¢1(£) in cohomology. Subtracting the
Lh.s. of (6.34) to the middle expression in (6.32)), we get the statement that we

can construct such a T-brane in a region of Kéhler moduli space where

/ JAer(Ks) > 0. (6.35)
S

This conditions forbids S to be K3 or a manifold with positive-definite Ricci
curvature. Indeed, if it were positive definite, the canonical class, which is
represented by minus the Ricci form, would necessarily have a negative volume
everywhere in Kdhler moduli space. Kéhler surfaces with negative-definite Ricci

curvature certainly satisfy the necessary requirement (6.35)), but surfaces with

"We will always be at large volume, so in particular well away from boundaries of the

Kahler cone.
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indefinite curvature may also do so. The second inequality we get from (6.32)
and (6.34)) is
/ J/\Cl(M) < / J/\Cl(ffs)7 (636)
s

S

which simply states that the volume of the holomorphic curve {m = 0} must
be strictly smaller than the one of the self-intersection curve of S E| As a result,
given a surface of non-positive curvature and a point in Kéhler moduli space,
selects a subset of the lattice of bundles [£] that one can use to build a
T-brane background.

As an example, take the case where S has only one Kiahler modulus, i.e.
hY1(S) = 1. Together with the fact that S is simply-connected, this implies
that every gauge “line bundle” £ on S is of the form £ ~ K~"/2, for some non-
zero integer n. Then, the two conditions and boil down ton <1
and n > 0 respectively, which are both solved only by the choice n = 1. This is
nothing but the generalisation of Hitchin’s class of solutions to a four-manifold,
as already analysed in [64] .

Let us now consider the most general Higgs vev compatible with a split

rank-two gauge bundle, namely

0 m

d = , (6.37)

p 0
where now m € H°(S, M) and p € H°(S,P), with P = L2 ® Ks. Suppose
now, without loss of generality, that the Fayet-Iliopoulos (FI) term in (6.33)
is positive, namely condition (6.34)) is satisfied. Then we obtain the following

inequalities among the areas of the various curves involved

OS/SJ/\cl(M)</SJ/\cl(KS)</SJ/\01(73), (6.38)

where again the first inequality (with equality if and only if M is trivial) comes
from requiring that M admits at least one holomorphic section, as otherwise
equation with positive FI term would be violated. Conversely, if the FI
is negative, we get the same statement with M and P swapped. In other
words, the modes determining the sign of the D-term define the curve with the

smallest volume. In any of these cases we have that (6.35) must be satisfied,

8Note that such a curve needs not be holomorphic.
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which again obstructs the construction of compact T-brane configurations on
four-manifolds of vanishing or positive-definite Ricci curvature.

Incidentally, notice that the product mp transforms as a section of H°(S, K32),
and it appears in the spectral equation for the Higgs field. Therefore for
the background one could have guessed the obstruction to realise it on
del Pezzo surfaces from a more standard, spectral-surface-based reasoning, see
e.g. [65]. Nevertheless, our analysis provides more detailed information about
the obstruction, like for instance the inequalities that select a subset of

possible line bundles [£].

Higher rank groups

Let us now consider a general simple Lie group G, of Lie algebra G specified by
a Cartan subalgebra H; and the set of roots E,. In the canonical basis, they

satisfy the following set of relations
[Hi, E,] = PiEp
[Eva;g] = ZZ‘ piHi

For our purposes it is more convenient to instead consider the algebra in the

i=1,...,rank(G). (6.39)

so-called Chevalley basis. The latter is specified with respect to a chosen set of
simple roots:

[hisej] = Cjie;
o= il

J

i,j=1,...,rank(G), (6.40)
[e:, e

where h; are the Cartan generators and e; the generators associated to the
simple roots in this basis. Finally, C;; the Cartan matrix, that can always be
decomposed as
251']'
C:DS, Dijzi, Sij:ai-ozj, (641)
@ - Qj
where «; stand for the simple-root vectors in the canonical basis (6.39). There,

a general root vector can be decomposed as
p = vajai vf) €z, (6.42)
i
and then for its corresponding generator in the Chevalley basis we have that

[hisep] = e, b= viCji. (6.43)
j
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In this setup, let us take the following Ansatz for our T-brane background
F
% = Zwlhz = ch(ﬁz)hl (644)
and

D= Z mley, (6.45)

YER'

where m? € H2’0(®i(ﬁi)qi) and « runs over a root subset R’ such that

e ef] =0.5 Y Y'hi,  Vy,BER. (6.46)
As a result we have
[, 07 = "m? Am? ol by, (6.47)
v,
with

J

Given this background, the fact that m” are holomorphic sections implies

/ (Z qi Cl(ﬁi) + Cl(Ks)> ANJ >0 Vv € R'. (649)
S\
In addition, the D-term condition implies that
/q(ci)AJ: A Ll (6.50)
s
gl

where we have defined

1
[m?]|? = = / m? Am7 . (6.51)
2Js
Therefore
Sdh [ eleins == dy oy P == X o\ DSDus [P e R
i S 0,8 BER’
(6.52)

Now, notice that the matrix
Ay = v DSDvg = ol Sop (6.53)

is semi-definite positive, and definite positive when the set of vectors {v,}, {0}

or {¢y}, v € R’ are linearly independent. Therefore, when {v,} are not linearly
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independent there are zero modes of A,z that correspond to D-flat directionsﬂ
Going along them one can switch off the necessary number of vevs in the subset
of roots R’ such that it gets reduced to R”, that corresponds to a set of linearly
independent vectors. For this new subset R’ we have that A, is positive

definite, and then we have that

S [ ealEand == 3 sl P <0 (659

V7,8

where now 7,8 € R”. As a result

i lm e (£)
/Sm(Ks)AJ>/S< ORI +01(K5>) ATZ0. (656)

where in the second inequality we have made use of (6.49). Notice that when

we have only one « this equation reduces to

/Cl(KS /\J>/ <Zq,\{01 +01(Ks)> ANJ >0 (6.57)
S

familiar from the SU(2) case.

6.3 T-branes and stability walls

Starting from a T-brane configuration, we now want to study its stability when
we move in the moduli space of Kédhler structures. Changes are expected to
arise simply because the r.h.s. of the D-term equation depends on the
Kahler form. In particular, if S has more than one K&hler modulus, there will
generically be real codimension-one loci in the Kihler moduli space where the
r.h.s vanishes, possibly resulting in a decay of the T-brane, or in its transmuta-
tion into a different type of supersymmetric vacuum. In this section, we would
like to make a systematic study of what may happen to the T-brane background
as we cross such stability walls. We will first consider the sort of T-brane con-
figurations considered in section [6.1] and then extend our analysis to a system

of two D7-branes intersecting at a curve.

9Moreover, in this case one is able to form a product of sections of the form
mtmr2 . omn e HO(Kg) (6.54)

which cannot exists in a positive curvature four-cycle. Therefore, in positive curvature four-

cycles one can consider the {po} to be linearly independent
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6.3.1 Coincident branes

Let us consider two D7-branes wrapping a simply-connected K&hler surface S,
holomorphically embedded in a Calabi-Yau threefold. As in section [6.1] we
consider a split rank-two gauge bundle of the form , specified by a line
bundle £ of curvature F. We moreover consider a Kahler structure compatible
with a T-brane of the nilpotent type (6.31). Because of the D-term ,
the size of the vev (m) is controlled by the FI term [ F A J, and thus it is
proportional to the distance from the wall, which is defined by the condition
JFAJ =0. There we get a vanishing vacuum expectation value for ® and
therefore a standard system of two coincident D7-branes with a worldvolume
flux along the Cartan. We are now interested in studying the open-string moduli

space in a region around the origin
®=0, (6.58)

and to see how the D7-brane system evolves when the FI term is switched back
on, at the other side of the wall.

To carry such an analysis one may first consider the spectrum of light open-
string modes at the wall, where the effective theory has a U(1) x U(1) gauge
group and a set of bifundamental chiral fields charged under the relative U(1),
associated to the Cartan. By standard results [66] (see also [67]), the full spec-
trum of charged massless fields is provided by the appropriate sheaf extension
groups. More precisely, as in section let us define the two line bundles
M=L2® Kg and P = L2® Kg, with Kg the canonical bundle of S. Then
one has

(+) € Eat'(i,L7'i,L)~H(S, M) @ HY(S, P),

—_———— —

m a4

(6.59)

(=) € Eat'(i.L,i.L7") ~ HS,P) @ H'(S,M),
—— ——
p a_
where the signs on the left indicate the relative-U(1) charge and 4 is the em-
bedding map of S in the Calabi-Yau threefold. Here the H? parts correspond
to massless off-diagonal fluctuations of the Higgs field, whereas the H' parts

correspond to off-diagonal components of the non-Abelian gauge field living on
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S. Notice that a non-vanishing vacuum expectation value for the latter would
correspond to a non-Abelian gauge bundle, and so the vevs for such fields a+
were assumed to vanish in the T-brane configurations of section We must
however take them into account in the following, to study how the D-brane
configuration may react as we cross a stability wall.

On top of the charged modes there are also uncharged zero modes, which
however only appear as fluctuations of ® and not of the gauge field, because
we are taking S to be simply-connected. Such fields originate from open strings
with endpoints on the same D7-brane and thus corresponding to its normal
deformations inside the ambient Calabi-Yau manifold. Here we only focus on
relative deformations of the two branes wrapping S, and ignore the movements
of their centre of mass. Therefore, these deformations appear in the Higgs-field

fluctuation as

v 0 0
6q)|neutral = s veEH (S, K,s) . (660)
0 —v
Note that these vevs were also set to vanish in the T-brane configurations of
section

Finally, the absence of modes with negative norm (ghosts) for the strings

connecting the two branes [54] leads to the following important requirements
HY(S,£%) = H°(S,£L7?)=0. (6.61)

These conditions are automatically satisfied if the FI term vanishes and we are
inside the Kihler cone.

Given the above spectrum one may analyse how the system behaves at both
sides of the wall. For simplicity, we will first consider the case where the modes
are absent. Then, in a sufficiently small region in Kahler moduli space

around the wall, and upon dimensional reduction to 4d, the D-term condition

becomeﬂ
STmP Y o P =Y =D e P =€, (6.62)
m a4 p a_

10We use the same symbol for the eight-dimensional fields and the corresponding four-

dimensional zero modes, and suppress the symbol (-) to indicate the vev. We moreover work

in units of .
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which is nothing but the vanishing of the 4d D-term scalar potential. By as-
sumption, on one side of the wall we have a supersymmetric configuration where
only m-type zero modes have a non-vanishing vev, and so there £ > 0. Then we
reach the wall by moving in the K&hler-structure moduli space. After crossing

the wall the FI term flips sign, so

{E—Z/SJ/\cl(E)<O. (6.63)

Therefore from equation (6.62) it is manifest that if H°(S,P) = H!(S, M) =0,
there is no solution for the D-term equation as we cross the wall. Microscopi-
cally, this means that the T-brane we started with disappears as we cross the
wall, by decaying into its D7-brane constituents, which are not mutually super-
symmetricE
Interestingly, by using the index theorem we are able to formulate a practical
necessary criterion for such a decay to occur. In particular, applying the index
theorem to the line bundle P, we get
ho(S,P) — h(S,P) = / ch(P) ATd(S), (6.64)
s
where the symbol A’ indicates the dimension of the corresponding group H?,
“ch” is the total Chern character and “Td” is the Todd classE In (6.64) we
have used that h?(S,P) = h%(S,L£?) = 0, where the first equality comes from
Serre duality, and the second from equation (6.61)). Likewise, the index theorem
for the line bundle M means that
ho(S, M) — h* (S, M) = / ch(M) ATd(S), (6.65)
s
where again we used that h2(S, M) = hY(S,L£~2) = 0, because of Serre duality

and equation (6.61) respectively. By subtracting equation (6.65) to equation
(6.64), with some trivial algebra we get to the chiral index of the theory:

I=#(+) - #(-) =2 / (L) Aer(Ks), (6.66)

S

HNote that we are considering the D7-brane stack in isolation, neglecting other D-branes
that may yield further chiral zero modes charged under the Cartan U(1). One clearly needs
to take into account the full brane content of the compactification to see if crossing the wall

really breaks supersymmetry.
12For a line bundle F, ch(F) = 1 + ¢1(F) + c3(F)/2, and for a surface S one has Td(S) =

1—c1(Ks)/2+ (e1(Ks)? + c2(S))/12.
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where the symbol #(=£) denotes the number of zero modes with U(1)-charge =+.
Finally, from equation we obtain the following implication

I= 2/ all)rnea(Ks) <0 = No T-brane decay, (6.67)
S

because if there were no negatively-charged modes available to turn the T-brane
into another supersymmetric system, the integral on the l.h.s. would necessarily
be positive.

On the contrary, if conditions are met for some negatively-charged modes
to exist, the T-brane simply turns into a different supersymmetric state on the
other side of the W&HE The latter could be another T-brane, if just the p-
type modes get a vev, a non-Abelian bundle configuration (T-bundle) if just the
a_-type modes get a vev, or a more complicated mixed object. The indices of
the individual bundles, quoted in equations and (6.65), can turn useful
to guess what type of object the T-brane may turn into, although most of the
times they cannot give definite answers. In practice, one may compute the
cohomology groups in case by case, as illustrated in appendix |[F} to find
out the fate of the T-brane at the other side of the wall. There are however a
few classes of constructions where a more general statement can be made, as we

discuss in the following.

The Hitchin Ansatz

An interesting case of T-branes is the one constructed using what we have
dubbed the Hitchin Ansatz, namely when M is trivial, or equivalently £ ~
K;l/ %2 One important remark regarding this case is that, if the Ricci curvature
of S is negative definite, then there will be no stability walls. Indeed, for £ ~

K§1/2 we have that the FI term becomes

¢ = /S JAei(Ks), (6.68)

which for negative curvature cannot be taken to zero while moving inside the

Kahler cone.

130ne particular case is when I = 0, which in the literature corresponds to a wall of threshold
stability. Indeed, by looking at the definition one realises that —I corresponds to the

intersection product used in |68] to classify stability walls.
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Let us then consider the case where the Ricci curvature of S is indefinite.
This in particular implies absence of holomorphic sections for the canonical bun-
dle (thus S is rigid) and for any power thereof (positive and negative). Therefore
no p-type modes are available and, since by assumption .S is simply-connected,
no a_-type modes are available either. Hence, in this class of configurations, our
T-brane is forced to decay into a non-supersymmetric vacuum when the wall is
crossed.

A simple instance of a K&hler surface with the above properties can be ob-
tained as follows. Consider P* with homogeneous coordinates z1, ..., x5, blown
up along a four-cycle, e.g. {x1 = xo = 0}. The toric weights of this manifold

are
r1 T2 X3 T4 X w

1 1.0 0 0 -1 (6.69)
0 0 1 1 1 1

where FE : {w = 0} corresponds to the exceptional divisor, homeomorphic to
P? x P'. In this ambient manifold, we consider the Calabi-Yau threefold CY3
given by the zero-locus of a smooth polynomial of bi-degree (1,4), and the D7-
brane stack wrapped on S : E N CY3. It is easy to show that this surface is
rigid (as a consequence of the rigidity of the exceptional divisor), and moreover

has indefinite Ricci curvature, because e.g.

/ r(Kg) =4, / o1 (Kg) = —3. (6.70)
Sﬁ{x1=0} 50{363:0}

By using the Hirzebruch-Riemann-Roch theorem, we can also easily show that
this surface has no cohomologically non-trivial one-forms

ROY(S) =1 - 1% A(Kg) +c2(S) =0, (6.71)
S

where we used that h%2(S) = 0. If we label H : {x; = 0} and expand the Kéhler
form in this basis, J = vy H +vg F, we may compute the Fayet-Iliopoulos term
as £ = 5(4vyg —Tvg), which can indeed acquire both positive and negative values

within the Kahler cone.

Negative curvature

Let us now consider the case where the Ricci curvature of the surface S is

negative definite. Note that this does not necessarily imply that S can be
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holomorphically deformed, a subcase to be considered momentarily. By the
observation made above, in the negative curvature case we must consider a T-
brane whose m-type mode transforms under a non-trivial bundle M. The fact
that M is effective and non-trivial, together with the ampleness of Kg due to

the negative curvature, implies that

I> —/Scf(KS), (6.72)

where the r.h.s. is a negative integer number. Applying the same reasoning
to the bundle P, we have that the existence of p-type modes implies that I <

[sc1(Ks), and so whenever

I> / A(Kg) >0 (6.73)
S

there will be no such p-modes. Notice that imposing implies (6.72).
Therefore, if we consider a case where is satisfied and h'(S, M) = 0 (see
appendix [F| for an example), then there will be a T-brane decay. Alternatively,
if h(S, M) > 0 then the T-brane will turn into a supersymmetric non-Abelian
bundle configuration on the other side of the wall.

One particular case of a negative curvature four-cycle is when S can be
holomorphically deformed, namely when the modes exist. Then there is

a self-intersection curve defined by C = {v = 0} and with a genus g such that

/ A} (Ks)=g—1. (6.74)
S

Note that by the adjunction formula one finds that g = 1 + [S]3, where [S]
stands for the divisor class of S in the Calabi-Yau. Since [ c3(Kg) > 0, we
have that [S]? is a positive number and so g > 2.

In this particular case there is the open-string field v defined in , which
is a modulus along the wall. One may then wonder what happens when the wall

is crossed with a non-vanishing Higgs-field vev, namely at

v 0
P = . (6.75)
0 —wv

In this case, by dimensionally reducing the D7-brane superpotential

W= /STr(IE‘/\(b), (6.76)
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one obtains Yukawa couplings of the form
W D dijpv'a’ a® | (6.77)

which generically give an F-term mass to the negative-chirality modes a_. Now,
if we impose and cross the wall at , for h'(S, M) > 0 there will
be an F-term potential that will make vanish and take the system to
the supersymmetric configuration of coincident D7-branes with a non-Abelian
bundle created by the vev of a_.

Notice that at we have a system of two homotopic D7-branes inter-
secting at a curve C, with opposite worldvolume fluxes. This is nothing but a
particular case of a more general configuration, made of two intersecting D7-
branes with arbitrary worldvolume fluxes. As we will now see, one can formulate

the T-brane wall-crossing conditions for this more interesting case as well.

6.3.2 Intersecting branes

Let us consider two D7-branes wrapping different simply-connected Kahler sur-
faces S1,S2, holomorphically embedded in a Calabi-Yau threefold. Let £, L5
be the holomorphic gauge line bundles on each of the two branes, with fluxes
Fy, F5 respectively. As in the coincident case, the four-dimensional effective the-
ory hasa U(1) xU(1) gauge group and bifundamental chiral fields charged under
the relative combination. The 4d D-term condition that controls the vacuum

expectation values of their scalar components is now given by

> omPe Y WP =

J/\FQ—/ JAF =€, (6.78)
me(+,—) pE(—,+) S2 S1

where the two sums extend over zero modes with U(1) x U(1)-charges (+,—)
and (—, +) respectively. They correspond to open strings stretching from brane
2 to brane 1 and to strings going the opposite way respectively. Assuming that
the intersection curve C = S N Sy is connected, such zero modes are counted

by the following sheaf extension groups [66] (see also [67]):

(+,—) € Bat'(ineLo,irnLy) ~ H(C,L; e ® L1|c ® KX/,
(6.79)

(—,4) € Eat'(i1.L1,i2.L0) = H(C, Lole ® L7 e @ Ké/2)7
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with K¢ its canonical bundle, and i1,i5 the embedding maps of branes 1,2
respectively.

In this case the wall is defined by the Kéhler structure slice where [ Fy AJ =
f Fy A J. There we have a system of two intersecting D7-branes, and thus the
spectrum of massless fluctuations is given by equation . Notice that, unlike
in the coincident case, now the spectrum of zero modes is only counted by modes
of the Higgs field. We now assume that there is at least one of these two types
of modes, say a m-type mode with charge (4, —), so that, at one side of the wall
(€ > 0), there is a supersymmetric bound state with a T-brane profile localised
at C. As we cross the wall to the other side, either this T-brane turns into a
different kind of T-brane or, if no p-type mode is available, the T-brane decays
into the two mutually non-supersymmetric constituents@

Since in this case the spectrum of charged zero modes is simpler, we are
able to formulate a sufficient criterion for our T-brane to decay across the wall.

First, notice that the chiral index of the theory is given by
1
IEdeg£1|c—d€g£2|c :7/F1—F2. (680)
21 C

Let us for now assume that the surfaces Sy, S do not have holomorphic de-
formations or, if they do, that none of them will split the intersection curve
into multiple connected components. Then, calling g the genus of C and using
the Riemann-Roch theorem, the existence of the m-type mode we began with
implies that

I >1—g, (6.81)

with the equality holding if and only if m is constant, which is the analogue
of the Hitchin Ansatz for a system of intersecting D7-branes. This relation
comes from the fact that the degree of a line bundle on a curve coincides with
the number of zeros minus the number of poles of any of its rational sections.
Moreover, we have the analogue of , with the index theorem adapted to
this case

I1I<0 = No T-brane decay . (6.82)

Finally, by the same reasoning, if the condition

I>g-1 (6.83)

14 This decay process has been discussed in [10].
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is satisfied, there are no p-type modes to form a T-brane on the side of the wall
where the FI term is negative. Therefore, we readily see that, if the two D7-
branes intersect on a sphere, the fate of our T-brane is to decay when we cross the
wall. The same statement holds true when C is a two-torus and fc F # fc Fs.
We therefore obtain a simple picture for the decay possibilities of intersecting

D7-branes, summarised in figure [6.1

no decay decay
1-g 0 g-1
: : 1
uncertain

Figure 6.1: Different possibilities of decay into non-BPS constituents as a T-

brane constructed from two intersecting D7-branes crosses a stability wall.

If on the other hand the surfaces Sy, S> contain holomorphic deformations
such that C splits into multiple components, the wall-crossing picture just de-
scribed may change. Indeed, when the matter curve C = U,C, is disconnected,
one needs to apply separately to each individual component C, to obtain
the massless spectrum. While then the relations and continue to
holdE the sufficient condition for decay gets replaced by a significantly
weaker one. This is because it is enough to find at least a p-mode localised on
any of the connected components of C, in order for the two branes to bind back
again into a supersymmetric system across the wall. In other words, decay will
only occur when all the available holomorphic deformations of S; and Ss split

C in such a way that on every component C, one has I, > g, — 1.

15 More precisely, (6.81) should be written in terms of topological invariants as I > h09(C) —
ROL(C).
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Chapter 7

Compact T-branes with

Defects

7.1 T-branes with defects

7.1.1 Compact T-brane systems

Let us consider F-theory on RM3 x M, with M a Calabi-Yau four-fold, and a
stack of 7-branes wrapping a compact K&hler surface S of the three-fold base
of M. In general, the precise 7-brane configuration and its lightest degrees
of freedom can be specified by an eight-dimensional super-Yang-Mills theory
on R x S with symmetry group Gg [14,/54-56]. The two objects defining
such an action are the field strength F = dA — iA A A of the 7-branes gauge
boson A, and the (2,0)-form Higgs field ®, whose eigenvalues describe the 7-
brane transverse geometrical deformations. Both A and & transform in the
adjoint of the symmetry group Gg and, whenever they have a non-trivial profile,
they break the gauge group to a subgroup of Gg. The 7-brane configurations

that preserve supersymmetry correspond to those solving the following set of
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conditions

0p® =0, (7.1a)
F©2 —q, (7.1b)

1
J/\]F+§[<I>,<I>T]:O, (7.1c)

with J the Kéhler two-form of S. From the four-dimensional viewpoint, the first
two equations imply vanishing F-terms, while the third one ensures vanishing
D-terms.

In [20] we analysed supersymmetric 7-brane backgrounds with non-commuting
expectation values for the Higgs field ®. In other words we considered configu-
rations solving and such that [®, ®] # 0, also known as T-branes in the
string theory literature [2}/4,[5,/65]. We imposed that such T-brane configura-
tions are globally well-defined over S and that the Higgs field profile is absent
of poles. In the remainder of this subsection we will review some of the main
results obtained in [20], and in the next one we will see how these results are
modified when we allow for the presence of poles.

The simplest T-brane configuration that one may construct is based on the
symmetry group Gs = SU(2), which in applications to F-theory GUTs one
may identify with the su(2) factor in (??) or some other subgroup transverse
to Ggur. In this case, the simplest non-trivial gauge bundle that one may
consider on S is of rank two and split typeE namely V= £ @ £~'. Due to
the BPS equation , L is endowed with a holomorphic structure. Then, if
{Ty,T_,T5} with [T, T_] = T5, are the generators of s[(2) this translates into a
flux background of the form F = F T3, which in the fundamental representation

reads

F= , F =F" —iddg, (7.2)

0 —-F
with F" a harmonic (1,1)-form and g real function, both globally well-defined
on S. Fixing the holomorphic structure of £ such that A%! = 0, a choice usually

dubbed holomorphic gauge [23}26], allows to rewrite everything in terms of the

L As in [20], we will always assume that S is simply-connected, i.e. 71 (S) = 0. This implies
that holomorphic line bundles on S have their topology completely specified by their first

Chern class.
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hermitian metric 2 on £. In particular locally we can write F = —iddlogh,
with h = hg e and hg the metric that corresponds to F™.
One may pair up this flux background with a nilpotent Higgs background of

the form & = mT,, or
0 m
o= . (7.3)
0 0
where, in the holomorphic gauge, m € H*Y(S, £2). Equivalently, we can also
see m as a scalar holomorphic section m of the line bundle M = £2 ® Kg, with

K the canonical bundle of S EI The existence of m implies that M is effective

in S, and therefore

/J/\cl(/\/l):/JA(201(£)+61(KS)) >0 (7.4)
S S

with the equality holding if and only if M is trivial and m is constant. On the
other hand, the D-term condition ([7.1c) for this background reads

1
/SJ/\ c1(L) = —g’I‘r/S[(I),q)T]Tg <0. (7.5)

Taking both equations into account one obtains the following set of inequalities

/J/\cl(Ks)>/J/\c1(M)207 (7.6)
S S

which constrains the viable choices for the bundle £ and forbids .S to be K3 or a
manifold with positive-definite Ricci curvature. One may complicate the Higgs

field background and replace (7.3)) by

0 m
® = , (7.7)

p 0
where p € H?9(S, £72) defines an element of H°(S,P), with P = L2 ® K.
Now P also needs to be effective and, as discussed in [20], from the D-term
equation one recovers a hierarchy of curve areas that imposes [¢ JAci(Kg) > 0
and restricts the possible choices for [£]. This is consistent with the fact that
mp transforms as a section of HO(S, Kg), and as such implies a holomorphic

deformation for the surface S that is forbidden in the case of, e.g., del Pezzo

surfaces [65].

2Throughout the text, boldface quantities like m will denote holomorphic (2,0)-forms,
while the same letter in italic will stand for their scalar counterpart through the canonical

isomorphism H?°(L) ~ H°(Ks ® £) for an arbitrary bundle L.
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The no-go for SU(3)

This no-go result generalises to arbitrary T-brane backgrounds with higher rank
gauge group G, as long as the worldvolume fluxes lie along its Cartan subalgebra.
For concreteness here we will only review the case of Gg = SU(3), which will
become useful at the end of this section for understanding how the no-go result
can fail in the presence of defects. We refer the reader to [20] for the general
proof of the no-go theorem.

Let us consider F and ® taking values in the complexification of the SU(3)
algebra, with their profiles expressed in terms of the Chevalley basis
{n1,m2, €1, €2, €12, 01, 02,012} of s1(3) (c.f. Appendix for explicit expressions).
By assumption we have a worldvolume flux valued along the Cartan subalgebra.
That is

F=Fn+ Fns. (7.8)

In addition, we have a Higgs field profile valued outside of the Cartan subalge-
braﬂ but such that the commutator [®, ®1] lies within it in order to satisfy the
D-term equations. This condition restricts the possible profiles for ®, allowing
it to have non-vanishing components only up to three independent roots. For
instance, one may consider the profile ® = mqyn; + mone + p12f12. That is, in

the fundamental representation of s[(3) we have the profiles

F 0 0 0 m O
F=| 0 FR-F 0 , ¢ = 0 0 my |, (7.9)
0 0 —F2 P12 0 0

where Fj 5 are closed (1,1)-forms such that [F;] = 2meq (£;) and, in the holomor-
phic gauge, m; € H>*(L?®L51), my € H>Y(LT'®@L3), p12 € H>O(L7'®L5 1),

with some of these sections possibly vanishing. The D-term equation implies

thatf

ar [ (€) AT ==l + P (7.100)
S
47T/ c1(L2) AT = —=[[mall* + [|pr2]|*. (7.10b)
S
3Notice that deformations along the Cartan subalgebra are forbidden in positive curvature
manifolds.
4Given a split bundle metric Hoyzy = diag(hl,hflhg,hgl), we define ||m1]|2 =

fS h%h;lnn Amy, ngH2 = fS h;lhgmz A msa and Hp12H2 = fS h;lhglplz A Pi12.
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In addition, each non-vanishing holomorphic section implies an effectiveness

constraint.
ml—Lamhyzlkkﬂcg—c¢£g+c¢K@)AJzo, (7.11a)
ms —>ALNQ)=:£(—cﬂ£1)+2cﬂ£g—%q(KS»/uizO, (7.11b)
puAAAU%Q:iéﬁﬂﬁﬁﬁgcﬂﬁﬁ+ch@)AJ20. (7.11¢)

Notice that the product mimapi2 transforms as a section of H°(S, K3) and so,
if we would like to consider surfaces of positive curvature at least one of these
three sections should vanishﬂ Without loss of generality let us take p1o = 0.
Then by using one has that

a2 /S (2e1(L1) — e1(£2)) A T + [lmal? /S (—ex(£2) + 261 (L)) A T

1
= =4 2 Cullmilllmy |* < 0. (7.12)
’L’]

where C;; is the Cartan matrix of su(3), and where the last inequality follows

from its positive definiteness. Finally, one can derive the set of inequalities

[mi]PA(M1) + [[ma||>A(My)

>0
[ma [ + [m2]?

>0, (7.13)

/QﬂKgAJ>
S

with the first inequality following from and the second from and
(7.11b)). It is easy to check that a similar result is obtained for any other
choice of holomorphic profile for ® such that [®, ®T] lies within the Cartan
subalgebra. These inequalities are the generalisation of for the SU(2) T-
brane background and, as in there, they constrain the allowed choices for the

bundles £1 and L5 and forbid a positive curvature for S.

7.1.2 Introducing defects

Let us now consider coupling a defect theory to the super-Yang-Mills theory on
S, following [14]. Such a theory will be localised on R*? x ¥, where ¥ = SN S’
arises from the intersection with a surface S’ € M wrapped by a second stack

of 7-branes. If the symmetry group of that second stack is Gg/, then in general

5If one is interested in surfaces where the product mimapi2 can exist, one can see that
the D-term equation has a flat direction that allow to reach points in which one of these

components vanishes.
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there will be matter fields transforming under irreducible representations of
Gg x Gg and localised at the intersection locus R'3 x ¥. The lowest component
of such multiplets are complex scalars (o, 0¢) whose internal profile is determined

by sections on ¥, namely
o€ F(K§/2®U®u’), o eF(K§/2®M*®(u’)*). (7.14)

Here U, U’ are the vector bundles associated via the corresponding irrep to the
principal bundles on the 7-brane stacks on S, S’, respectively, and restricted to
the curve . Non-trivial vevs for such 4d fields correspond to localised sources
for our previous Hitchin system describing the internal 7-brane background.
More precisely, from the viewpoint of the 7-brane theory on S we have that the

BPS equations ([7.1]) are deformed to

n® =dx A (0%, 0),, (7.15a)
F©2 —q, (7.15b)

1 ; 1
J/\F+§[<I>,<I>]:75J/\52u (7.15¢)

Here dy is the two-form on S with delta-function support along > and which
represents the Poincaré dual of its cohomology class. Multiplying it appear the
complex outer product (o€, o)) g5 and the real moment map p. Both quantities
are bilinear in the defect fields, and in the case that U’ is a line bundle they

locally read"|

(00N, = of(TTio"tr, (7.16)

po= hg'/? h’*lﬁ’EH,—cj(Tf)J;ai—h/ag(Tf)inj’%g} t,(7.17)

with t; the generators of gg = Lie(Gs) and T the representation under which
the defect fields o transform. In addition hyx, is the hermitean metric on the
defect curve, and H, h’ are the metrics of the bundles & and U’, respectively,
that in eq. have been restricted to X. Finally, the defect fields satisfy the

following equations of motion

5A+A’U = éAJrA/O'C =0 (718)

6In the particular case where U is split, as will be the case in our disucussion below,

egs.([7.15a)-([7.15c)) are in fact globally well-defined.
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where A, A’ act on the appropriate representation and are restricted from S,
S’ to X, respectively. An important point is that, as a consequence of ,
{(o¢,0) 4, can be considered as a gs-valued (1,0)-form on X, as it is implicitly
assumed in . On the other hand p is a real scalar. We refer to Appendix
and [14] for more details.

A simple setup

Rather than describing the most general configuration involving defects, let us
focus in a simple setup that already shows the new possibilities that adding
them brings. Consider type IIB string theory compactified on a Calabi-Yau
three-fold orientifold and a pair of holomorphic four-cycles S and S’ within
it. The divisor S is wrapped by two D7-branes, therefore hosting a symmetry
group Gg = U(2), while S’ is wrapped by a single D7-brane and hosts the group
Gg = U(1). At their intersection ¥ = SN S’, the symmetry group enhances to
Gy = U(3), and as a consequence X localises matter fields o, ¢ transforming
in the bifundamental representations of u(2) x u(1). From the viewpoint of S
we will have a 6d defect theory on R':3 x 3 coupled to the U(2) theory on
R!3 x S. The existence and internal profile for such defect fields will depend on
the worldvolume fluxes threading the four-cycles S an S’, restricted to the curve
3. By analogy with the setup of section let us consider a U(2) split gauge
bundle V=L® QO® L' ® Q threading S, and a line bundle N threading S’. It
is easy to see that the defect fields are only sensitive to following combination

of restricted worldvolume bundles
f,g = ‘C‘E ﬁg = Q|Z®N_1‘E (719)
together with the canonical bundle on X. In particular we have that [141(67]

el (K@ Ly o L), o2 €T (K> @ L7 @ Ls) (7.20)
a;er(K;”@ﬁgl@ﬁgl), ager(K;”@ﬁg@ﬁgl). (7.21)
In terms of the enhancement group Gx; = U(3), the bundles (7.19)) can be related

to the canonical generators of the su(3) Cartan subalgebra or its complexification

5((3), see eq.(G.3)). In this sense, one can arrange the different defect fields as
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entries of the fundamental representation of the sl(3) algebra, namely

0 m 01
p 0 oo |- (7.22)
of o5 0

For completeness, we have also added the modes m and p that extend along the
bulk of S, and that correspond to elements of T'(.S, M) and I'(S, P), respectively,
with M = £2® Kg and P = L2 ® Kg defined as above. Notice that there is
no field charged under the trace of u(3), which completely decouples from the
remaining degrees of freedom and will not play any réle in the following. In this
sense, one may treat this system as a bulk theory with Gg = U(2), coupled to
a defect theory with enhanced symmetry group Gy, = SU(3).

The complex outer product reads

(0% 0Ny(o) = 0105 T + 0207 T (7.23)
1 1
+ 3 (o107 — 090%5) T3 + 5 (010f + 0205) 19

_ [ et e (7.24)

020y 0205
where in the second line we have expressed it in the fundamental representation
of s[(2). Recall that each of these entries will generate a pole for the Higgs field
along the corresponding 1(2) generator. Having poles along the diagonal entries
would correspond to a recombination between the two stacks of D7-branes, and

would depart from the SU(2) T-brane profiles of section Therefore, in

order to reproduce SU(2) T-branes we are left with four possibilities:

o1 =03=0, of=05=0, (7.25)

o1=05=0, of =02=0. (7.26)

Notice that for either choice in , the product vanishes identically. As
aresult, in the holomorphic gauge, the Higgs field ® needs to have a holomorphic
profile, just as in the absence of defects. On the contrary, for either choice in
® will develop a pole in one of its off-diagonal entries. As a consequence,
® should be described by a meromorphic profile with a pole on top of the defect

locus 3. In the following we will discuss each of these two possibilities separately,
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and see how either of them may give rise to an SU(2) T-brane background on

S, even when S is a four-cycle of positive curvature.

The holomorphic scheme

Let us first consider the case (7.25)), with the particular choice of = 0§ = 0.

The BPS equations on the four-cycle S are given by

0p®g =0, (7.27)
F% — o, (7.28)

1 ; 1
J/\FS+§[(I)S7(I)3] = —§J/\62,u. (7.29)

where the real moment map expressed in the fundamental representation of s[(2)
is
p=hys s halouf  hadroz ) (7.30)
h§15201 h§1|02|2

Here hy = he|s and hg = hghxﬂg are the metrics for the bundles £3 and Lg
in , defined from the restriction of the metrics hg, he and hpr of the line
bundles Q, £ and N, respectively. Since we are assuming a split bundle V on
S, the lhs of has vanishing off-diagonal elements, and the same must be
true for its rhs. From we see that this can be achieved by either setting
01 = 0 or o3 = 0. In manifolds of positive curvature, the appropriate choice is
linked to the profile for ®g.

Indeed, let us consider that ®g is given by (7.3). Then, if we write Fg =
Fyls + F5T3, the D-term equation amounts to

1
JA(Fy+F3) = —ih%mmm (7.31)

1 h
JA(Fy—F3) = ih%m/\ﬁl—ﬁbgﬁ]/\ég, (7.32)
3ty

where we have set o; = 0. On the other hand, the BPS conditions on S’ read

0®5 =0, (7.33)
F&¥ =0, (7.34)
_ hg 2
INFs = —7|oa* TASs . (7.35)
2hshy!
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As an immediate consequence of these equations we have that

2/J/\F0+/ JANFg =0, (736)
S ’

and so Fayet-Iliopoulos term for the center-of-mass U(1), the one that would
correspond to the trace of u(3), vanishes identically. This is consistent with
the fact that there is no field charged under this U(1), as pointed out before.
In other words, eqs. (7.31), (7.32) and (7.35) can be understood as D-term

equations for the pair of Cartan generators of su(3). They can be understood
as a Laplace equation as follows. We consider the linear combination of the two

equations that determines the flux Fj3, which is given by

1 h
JAF3 = —=h% mAm + ——— o[> J A8 (7.37)
2 4h

3h12/2

Now, similarly to (7.2) we may decompose the flux as
Fy=Fy EJ — ipdg, (7.38)

where F;,l is primitive and harmonic, ¢ is a constant and ¢ is a function. We can
now make use of the identity 2ipdgA.J = x*Ag, and the Poincaré-Lelong formula
§s; = dd¢log |n/|?, with n’ the embedding of S’ into S, to rewrite (7.37) as

b2 he
Ag=c+ -L|m]® - a2 Alog |n/|. 7.39
9=t Gl — o Alegl (7.39

where |m|? = hs * m A m. In terms of integrals, their solution is given by

1
&= [InF =l + Gloal?, (7.40)
S
1
= [InE = ~3ll?, (7.41)
S
where
1 i 1 hs
i =5 [ imnm, ool = 3 [ 5 ioa . a2
2Js " 2 Js 2hsn 12

Notice that, whenever S has positive curvature, the existence of the holomorphic
section m implies that the lhs of must be positive. Then, by appropriately
tuning the vev of the defect field o2, one can find a solution for this system even
for this case. Had we chosen instead that oo = 0, the above solution would

be replaced by one of the form [¢ J A Fs = —||m||> — §[|o1||* and [ J A Fy =
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—2|lo1]|?, and there would be no actual solution in positive curvature manifolds.
The roles of o1 and o9 are reversed if we choose the profile &g = p7_. Finally, as
similar set of solutions can be achieved if in we choose that o1 = 02 = 0.
In particular, o, 0§ play the réle of o2, o1 in the above discussion, respectively.

It is interesting to compare the set of solutions with only o5 # 0 to the SU(3)
T-brane model discussed in section Indeed, from a SU(3) viewpoint we
are turning on vevs for a pair of fields (mq, mo in one case and m, o in the
other) with exactly the same charges, as can be seen from comparing with
(7.22). From a 4d viewpoint, this implies that these fields have the same charges
under the U(1) x U(1) that survives as a gauge symmetry when worldvolume

fluxes are primitive. As a result their D-term potential is the same, as can be

seen explicitly by rewriting (7.40) and (7.41) as
& + & = —[Im|” 260 = — o (7.43)

which corresponds to with p1a = 0.

Despite their similarity, in one case we have a no-go theorem preventing S to
have positive curvature, while in the other this obstruction is absent. From the
viewpoint of the no-go proof for SU(3), the difference relies on the effectiveness
constraints , which are modified in the holomorphic scheme. Indeed, while
the analogue of is still valid in this defect scheme, due to the existence
of the bulk mode m, eq.(7.11D) is dramatically modified. Instead of a positivity
condition on S we will have a condition on the degree of the corresponding
bundle on the defect curve ¥. Indeed, the fact that the defect fields satisfy the
F-term equation

Oprnro =0 (7.44)
implies that, in the holomorphic gauge, o2 is a holomorphic section of . Its
existence then imposes the following condition

deg Ls —deg L3 >1— gy, (7.45)

where gy, is the genus of ¥. When going from an SU(3) configuration to the

above holomorphic defect scheme, eq.(7.11b)) is replaced by (7.45)). Since in gen-
eral the latter is neither related to the Fayet-Iliopoulos terms ([7.43)) nor to the
canonical bundle of S, one cannot deduce the first inequality in (7.13)), and the
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no-go theorem is evaded. An explicit example of a surface S with positive cur-
vature and endowed with bundles satisfying the effectiveness conditions
and the analogue of is constructed in Appendix

Of course, in the case where S’ is homotopic to S, ¥ is a self-intersection
curve and and can be related. Indeed, one can always see the
bundles under which the defect fields are charged as bundles in S restricted to

the curve ¥, namely
Ké/Q ~ Kgls, Ls = Ls]x, Ls = Ls]s, (7.46)

with L3, Lg defined on S. In terms of the bundles £, £o defined below ((7.9)
we have that L3~ L1 ® [32_1/2 and Lg ~ Eg/Q, so considering the bundle

Ks®L3'®@ Ly~ Ks® L1 ® L7 (7.47)

we may assume that o5 is the restriction of one of its sections. This promotes the

condition (7.45) to the stronger one (7.11b)), and so the inequality (7.13]) must

be satisfied. We will analyse in greater detail the relation between homotopic

four-cycles and defects in self-intersection curves in section

The meromorphic scheme

Let us now turn to the case (7.26), and for concreteness take the choice o1 =

05 = 0. Now the BPS equations on the four-cycle S are given by

Op®Ps = 0s N ooo$ T, (7.48)
F% =0, (7.49)

1 ; 1
JAF5+§[(I>S,(I)S]=—§JA52M. (7.50)

with the real moment map given by

—hg'lof)? 0

“1/2p-1
3 2
O h8|0'2|

= hy (7.51)

again expressed in the fundamental representation of s[(2). Notice that in this
case keeping both defect fields with a non-trivial vev is compatible with a split
U(2) bundle, and in particular a split SU(2) bundle if we restrict ourselves to

hg'|o§| = hg|oz|. On the other hand, the non-trivial source term for the Higgs

144



field F-term suggests that ®g has to be of the form (7.7), with at least p # 0.

Since we have a split bundle V| this mode needs to satisfy the F-term equation
PAP = 0x A 0207 (7.52)

and so, in the holomorphic gauge, has the profile of a meromorphic section of
P = L"2® Kg. As such, P does not necessarily need to be effective. Instead,
the only requirement that needs to satisfy is containing meromorphic sections
with poles of some order. More precisely, if v is the divisor function of ¥ on S,

then we have the identity

_/pV 2m
1% (W) = Ul,152 (753)

from which we infer that the pole must be of first order. Therefore, in the
absence of holomorphic sections for P, the effectiveness constraint corresponding

to the existence of p is given by
/ TAet(P) + A(S) = / TA(cr(Ks) — 261(L)) + A(R) >0 (7.54)
s s

with A(X) = fz J. Finally, if the mode m in exists, it must correspond to
a holomorphic section, and so the effectiveness constraints applies. Notice
that, as before, the product mp transforms as a section of H°(S, K%), but now
the fact that it is meromorphic is not in conflict with S being a manifold of
positive curvature.

To build the meromorphic scheme, we will assume that P only has mero-
morphic sections, so that applies, and that M may contain holomorphic
sections, in which case would apply. Notice that this implies that both
defect fields o4 and of have a non-trivial vev. Writing again Fg = Fyla + F375,

the D-terms that correspond to this scenario are

1 1. _ 1 1.
JANFy = —fh%m/\ﬁl+fh£2p/\p+7l/2(h8|02|2—|—h81|01|2)J(\7<§5)
2 2 4hzhs,
1
JNFy = ————— (hgloa|® — hgto$?) J A ds, (7.56)
4h3h12/2( 8 1)

and the BPS conditions on S’ read

0bg =0, (7.57)
F29 —o, (7.58)
JNFsr = ————— (hg|oa|? — hgto¢|?) JAds . (7.59)

2h3hi? ( s 1oil)
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As in the holomorphic scheme, we have that the relation (7.36) holds. In this

case the solution to the two independent D-term equations is given by

1 (&
& = /SJAFS = lplP = lml? + 5 (lo512 + loo]?)  (7.60)
1 (&
& = /SJ/\FO = 3 (”01”2 _ ||02H2) : (7.61)

with the definitions ((7.42)) and

1 _ _ 1 |Uﬂ2J
Hpn?:f/h 2pAD Hocu%f/ il (762)
2 Js * 2 )5 onghshll?

Clearly, the simplest set of solutions correspond to those where ||o$| = ||o2]|
and m = 0, so that necessarily {5 > 0. Notice that such a FI sign, together with
the effectiveness constraints (7.4) and (7.54) imply that

/ J/\Cl(./\/l) > / J/\Cl(Ks) > —A(E), (763)
S S

which are in principle compatible with manifolds of positive curvature. In gen-
eral, we expect to find solutions satisfying for values of the defect fields
oY, o2 and m such that &3 is positive and not excessively large. Since the prod-
uct ofoy sources the meromorphic profile for p, one would presume that its
contribution to the D-term is fixed by their value. The analysis of sections [7.2]
and [7.3] will provide a more precise picture to this expectation. Finally, when
compared to the the SU(3) T-brane model discussed in section we get a

very similar set of D-term equations
& + & = —[m* + [loF] + [|p[? 260 = —loa|* + [loF)*  (7.64)

which is essentially with the dictionary (mq,mg,p12) — (m,o2,0¢) and
the addition of the contribution from p. One can check that adding a contribu-
tion of this form to would not change the results below, in the sense that
would still be valid and positive curvature manifolds excluded. Again, the
fact that we may construct T-brane backgrounds with S of positive curvature
using the meromorphic scheme is due to the different effectiveness constraints
imposed by this class of constructions. These would be (7.4), and those

related to of, oo being holomorphic sections of X
deg L3 < gs—1, degLs < g5 —1—degLs. (7.65)
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As before, these conditions are unrelated to the values of {3 and &g, except in
some specific cases like when X is the self-intersection curve of S, and we assume
that oo and of are the restriction of holomorphic sections of the corresponding

bundles on S. An explicit construction of positive curvature surface satisfying

(7.65) can be found in Appendix

7.2 Defects and Hitchin systems

As described in the previous section, defect fields arise at the intersection of two
stacks of 7-branes wrapping holomorphic four-cycles S and S’. One particular
case is when S has an effective canonical bundle Kg, and S’ is a homotopic defor-
mation of S. The curve ¥ hosting the defects is, in this case, the self-intersection
curve of S, which represents the Poincaré dual of ¢; (Kg). Interestingly, the en-
hancement group Gy O Gg X Gg over this curve can now be extended to the
whole of S, in the sense that this is the symmetry group of the system when S
and S’ coincide. Therefore the information of the whole system, including the
defects, should be contained in a Hitchin system with group Gy, and the BPS
equations with defects discussed above should be recovered in the limit in which
the intersection fields are ultra-localised at X.

In the following we would like to explore the dictionary between Hitchin
systems on self-intersecting curves and systems with defects in further detail, in
order to understand how to recover the latter from the former. To simplify our
discussion we will consider a setup with enhanced gauge group Gy, = SU(3),
in which two D7-branes wrap S and a third one its homotopic deformation
S’. This will allow to easily connect with the simple defect setup analysed in
the previous section, and in particular with the holomorphic and meromorphic
schemes discussed there. As we will see, from the viewpoint of the SU(3) Hitchin

system these two configurations are not that different.

7.2.1 The meromorphic scheme

Let us consider a Hitchin system with gauge group SU(3), defined on a surface

S with effective canonical bundle Kg. We introduce a Higgs field which in the
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holomorphic gauge reads

v 0 0 0 0 0
1
=zl o v 0 [+ 0 0s | (7.66)
0 0 —2v s; 0 0

On the one hand, v € H®Z%(S) corresponds to a holomorphic deformation
of the cycle S. The piece of ® proportional to v has the effect of separating
the initial SU(3) stack into two stacks of two and one 7-branes, each wrapping
surfaces homotopic to S and intersecting at the curve ¥ = {v =0} ¢ S. On
the other hand, the (2,0)-forms so, s§ can be considered to be sections of line
bundles on S. Indeed, notice that in the limit of coincident 7-branes v — 0 the
system reduces to the SU(3) system in , upon the identifications ms <> so,
p12 <> s{. There we may consider a split gauge bundle with a corresponding

worldvolume flux of the form

F3+1iF 0 0
]F:Fg H3+F8 Hg = 0 —F3+%F8 0 ’ (767)
0 0 ~2F

where the su(3) Cartan generators Hs, Hg are defined in terms of the canon-
ically normalised ones in as H3 = 2H; and Hg = %Hg. As usual,
the (1,1)-forms F;, i« = 3,8 are related to the corresponding line bundles as
[Fi] = 2meq(L;). The particular choice of flux in allows to relate the cor-
responding bundles with the pair f,g, Lg that appear in the defect schemes of
subsection [7.1.2] or more precisely to identify them with the extensions L3, Ls
introduced around eq.. Using the relation specified there with the bundles
L1, L5 that correspond to the flux in one finds that

so € H*? (L5 ® Ls) | s e H*O (L' e L") . (7.68)

As we turn on the four-cycle deformation v, the flux will no longer yield a
solution to the D-term equation , and we will need to consider a non-split
bundle. In general, for non-split bundles one may not identify individual entries
of ® as sections of line bundles as done above. However, as in our case the

no-split bundle is continuously connected to a split one in the limit v — 0, one

may impose (7.68) for arbitrary values of v.
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The information of the non-split bundle is encoded in the complexified gauge
transformation that allows to solve the D-term equations. Let us take it to be
of the form

efs/2+fs/6 0 0 1 0 0
B = 0 e B 0 |- Slge 1 -6 | (T69)
0 0 e~ fs/3 13 0 1

with £f € T(L3' ® £3') and & € T(L3' ® Lg). The unitary gauge Higgs field

then is
0 0 0
_ 1 fs . f
d=pBo"p! = EVH3+ —e T3 (s§€y + €889 + vESES) 0 e T (sy 4 vEy)
e B (5§ 4+ ve) 0 —v

(7.70)
whose individual entries are globally well-defined (2,0)-forms in S. One the one
hand, one expects that the sections &£f, & vanish in the limit v — 0. On the
other hand, as we increase the vev of the deformation v, they should implement
the localisation of the unitary profile for the fields s, so along 3. We find that
an appropriate choice to reproduce both features is

g =2 (e’””'z - 1) , g =2 (e**‘”'z - 1) : (7.71)

v v

where v, s§, so are the scalar holomorphic sections that correspond to v, s{, ss.

In addition, X is of the form
A

Vs

with A\, a globally well-defined function of S that, for most purposes of the

A=

(7.72)

discussion below, can be considered to be a constant. Notice that away from
the self-intersection locus ¥ = {v = 0} the exponential factor in can be
neglected, and &5, £; become the entries that take ((7.66) into its Jordan canonical
form. Near ¥ the exponential becomes relevant and renders &5, & regular. In

fact, they both vanish at v = 0, so their effect on ®" will be irrelevant near this

locus. Indeed, plugging (7.71)) into (7.70) one obtains

0 0 0
1 L .c
¢ = §VH3 + | ez (1 — 6_2’“”‘2) v 0 e‘ng'*fTse_/\‘”'sz . (7.73)
e~3-%e M”|2s‘f 0 -V



which displays a clear localisation of the fields s§, s2 around the self-intersection

—Alvl* " In fact, the entries for such fields

locus via the exponential factor e
corresponds to the wavefunction profile along the Higgs field component that
one would expect for the fluctuation fields at the intersection of two 7-branes,
cf. [23}/24}26,[28]. The remaining off-diagonal entry is also localised around ¥
but unexpected from the viewpoint of such a wavefunction analysis, which only
detects up to a linear dependence on intersection fields. We will however see
below that it corresponds to the appearance of a pole in the meromorphic defect

scheme.

In this unitary gauge the su(3) gauge connection is given by

$Dfs + &0 /fs 0 0
A — _BpB~! = 0 —1pfs+ipfs 0O (7.74)
0 0 %f)fs
0 0 0
+ | e 25 (656 — &pEf) 0 e B tEpe |
—e#Ep 0 0
which after plugging the Ansatz becomes
A0 = %H:af)f:a + %Hsf)fs (7.75)
0 0 0
+ 0 0 —e%F+%s | e p(00) .
e*%&*%ssi 0 0

Notice that as expected the su(3) bundle is not split but, due to this particular
Ansatz, we recover a split bundle if we restrict ourselves to the u(2) subalgebra
that contains Hs. This is in agreement with the simple defect setup discussed
in section and in particular with the meromorphic scheme that we are
trying to reproduce. In addition, note that the off-diagonal entries in
reproduce the expected wavefunction profile along the gauge boson components
for the fluctuations of fields localised at 7-brane intersections.

Given the profiles for @ and A in the unitary gauge, the next step is to
introduce them into the D-term equation to find a solution in terms of
f3, fs and A. For simplicity, let us consider the particular case where s§ and s9

differ by a constant phase, so that we can rewrite the D-term equations in terms
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of a section s such that s = e~ ¥15§ = e~¥23,. This can only be a solution if
the bundle Lg is trivial, so we may take fs = 0. Then, one can see that the
following structure is recovered
C 0 e 1D
JAF + %[fb,@*] = 0 —C %D (7.76)
1D ez 0

and the D-term equation reduces to two independent differential equations C' =
D = 0 with unknowns f3 and A. The off-diagonal components of vanish

if one imposes
0=2iJAp (s e~ fam Al ()\17)) (7.77)
4 e fs Al (s A+ e Trsnss (e*”w - 1)) ,
v
while the vanishing of the diagonal components amounts to
1
0=iJ Appfs + e f3~ 22l <25/\S + |s|22'J/\p()\v)/\p()\17)) (7.78)
+ e 2 Lons ‘5’2 (e’”'“‘2 - 1)2
2 v
Although they look quite formidable, one can simplify these equations in certain

limits. For instance, if we consider eq.(7.77) for small values of s we can neglect

the cubic term in the lhs and recover
e A 127 A (pp(Ast) — sp(f + Al?) AB(AD)) +8A¥] =0.  (7.79)

This is nothing but the linearised D-term equation J A p 4ya — 5[(®)T,¢] = 0
imposed in the literature to solve for the internal wavefunction profile of fields
at matter curves, with (®), ¢ the pieces of at zeroth and linear order in
s, respectively, and similarly for (A4), a in . Notice that the prefactor in
essentially localises the equation along ¥ = {v = 0}, so we may focus
on a tubular neighbourhood around the self-intersection locus, as done in local
wavefunction computations. Note as well that is a complex equation, so
together with we have three real equations for the two real unknowns f3
and \. One may see this as a limitation of our Ansatz and (7.71), that

could be generalised to solve for the most general set of equations. Nevertheless,

one may still find solutions with this Ansatz if near ¥ one imposes

JAp (se T Xpv) =0, (7.80)
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after which becomes a real equation. In fact, under these assumptions the
dependence of s disappears from ([7.79)), and one obtains a much simpler equa-
tion. In particular one may connect with the ultra-local wavefunction results by
considering a neighbourhood around a point p € ¥, and approximating the met-
ric on S to be flat and the 7-brane worldvolume flux to be constant on that neigh-
bourhood. More precisely, if locally we have v = myz, J = £(dz AdZ + dy A dij)
and Fy = L(M,dz A dz + Mydy A dy). is solved by a constant A of the

form

M, M\
maf?r = =55 () + (7.81)

which reproduces the corresponding local wavefunction solutions, cf. eqs.(2.27)
and (2.29) of [28]. Notice that in this particular case a constant A implies,
through the first condition in , that s only depends on the coordinate y
of X. In this sense, this simple local setup reproduces one of the assumptions
of the defect schemes of last section. In the following we will see how to make
this connection more precise and how, by taking the appropriate limit, one can
connect the Hitchin D-term equation with the defect D-term equation
(17.55)).

7.2.2 The defect limits

As it is clear from the unitary gauge profile for ® and A, the SU(3) Hitchin
system above localises the charged fields s{ and s2 along the self-intersection
curve Y. In a limit in which such localisation can be approximated by a delta
function, one would expect that a defect system should be recovered, and the
BPS equations of the SU(3) Hitchin system should become the BPS equations
of the meromorphic scheme. In general, one would expect that such a limit is
obtained when the intersection slope of the two 7-branes becomes infinite. As
we will now see, there are in fact two ways to attain such a limit and recover the
defect system. One of them corresponds to increase the vev of the holomorphic

deformation field v, and the other to decrease the volume of the four-cycle S.
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The small volume limit

Let us assume that we have found a solution for the above SU(3) Hitchin system

and consider its behaviour under the following rescaling of the four-cycle metric:

lgs| = a®|gs| (7.82)

with a € R. As we perform this rescaling the wavefunction profiles for & and A

are modified, since

A|v]? 10?2 1
Aofp = 2L LA Ly e (7.83)
|95 a/lgs| @
Taking the limit a — 0 one for instance finds [4]
e 2 91— H(jw)?)] =1- Hy, (7.84)

where H is the Heaviside step function, using the half-maximum convention in
which H(0) = , and we have assumed that A # 0 everywhere in S. By (7.84),
Hy is a function that vanishes on ¥ and is equal to 1 everywhere else on S. As

a consequence

v 0 0 0 00
D, 50 = % 0 v 0 + S;)—‘;?v 0 0 |eHy
0 0 —2v 0 00
0 0 0
+ 0 0 e F+%s, |[1-Hx]. (7.85)
e F-%s 0 0

Notice that only the first line of survives away from X, while the second
line is fully localised on top of ¥ as the corresponding, defect fields in the
meromorphic scheme. The surviving off-diagonal component is very suggestive
in the sense that, again away from ¥, corresponds to the naive solution to the
meromorphic defect equation (|7.48)).

Now, considering the gauge field in this limit, we have that
A a
eMPp () — emallp (v) 229 poms@(v), (7.86)
with 62 (v) the two-dimensional Dirac delta function with support in . One
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then finds

A = % 3Df3 + %Hsﬁfs (7.87)
0 0 0
+ 0 0 —eF+%s, |pomas®(v),
e % %85‘13 0 0

again finding that the profile for the fields s{, ss is localised on top of ¥, now
in the form of a ¢ function. Putting these two result together and using the
identities

Lo (o) =p (5 ) =m0 wpo. (7.58)
one can see that the F-terms vanish identically. This is to be expected, since
the field space direction that we are taking to reach this limit does not affect
the F-term equations of the Hitchin system. The correct way to extract the
F-term is to look at the su(3) Hitchin system from the viewpoint of the

su(2) subalgebra of the corresponding defect scheme. Indeed, one may always

rewrite (7.73)) and (7.75) as

1 i) 0
@ = vy + Sg<2) + Dyes (7.89)
—V
and
iA 0
A0 — su(2) Los +ifdes , (7.90)
0 —3bJs
3
where, after the rescaling (7.82)),
0 0 c
Doy = e 2 A%y (1 - 6_2%|U‘2> (7.91a)
10/ v
A — Ioem 4 1o 7.91b
WBey(2) = §pf3 3+6pf8 2 (7. )
and
0 0 0
Paes = 0 0 e F+%s, emall’ (7.92a)
e~ F-%s¢ 0 0
0 0 0
A
iNgey = 0 0 —eB+85, |ealFp <a@) (7.92b)
e~ 3% 0 0
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In terms of these quantities, the F-term (7.1a)) of the su(3) Hitchin system reads

by, ® 0 A
pud = PAM.@)O ol o | e Ap(av)u (7.93)

—i |Adey, 0 —i[Adef, Paef]

One can check that

0
A
(I)def/\f)(a1_1>1)+i Agey, 0 =0, (7.94)
—V
and that
0 0O
. —_ = c (A —f3—22|v|?
i[Ades, Pacsl=1 Z 0 0 |, HE=2s{so AD e a U (7.95)
0 0 O

Therefore, satisfying the F-terms for the su(3) Hitchin system amounts to im-

pose that
I3A5u(2) ¢5u(2) = E ) (7.96)

and taking the limit a — 0 one obtains
=92 e Fa S12y 0\ pv 6@ (v). (7.97)
v

The defect F-term ([7.48]) is recovered from (7.96) and (7.97) upon the identifi-

cations
o] = e_%ﬁsi oy =e 335, (7.98)
The large angle limit

Even if the small volume limit reproduces the F-terms of the meromorphic
scheme, the D-term equation (|7.1c) cannot be trusted in the regime where it
applies. One may nevertheless conceive a second limit, which amounts to in-

crease the vev of the intersection field vev v
v — bo (7.99)
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with b € R, while keeping the four-cycle metric fixed. Taking b — oo will
ultra-localise the fields at the self-intersection 3, and so one would expect to
recover again the delta function behaviour of the defect scheme. This time,
because we are at large volume, it makes sense to try to solve the D-terms as we
vary b. In fact, one should impose that the off-diagonal D-terms in are
identically satisfied as we move along , because these correspond to the
D-term potential for massive fields at the self-intersection. Since such fields are
assumed to be very massive and completely integrated out in the regime where
the defect picture is valid, one would never attain the defect limit unless one
sets their D-terms to zero. For doing so, let us take the simplifying assumption
|s| = |s§| = |s2| that takes us to and assume that we have a configuration

such that can find a solution of both D-term equations C' = D = 0 with our

Ansatz (7.71)). Performing the rescaling (7.99), eq.(7.77) transforms as
0 = 2iJ A (bpp(Ast) — sp(fs + b*AvD) A bp(AD)) (7.100)

+bs AV + e*f?’s/\gbi (e*2>‘b2|“|2 — 1) ,
v

where we have discarded overall exponential factors. In the limit b — oo, we

will be able to find a solution only if A also scales with b in the following form
A —=b7iX (7.101)

where this should be interpreted as a rescaling of the function A, in
and not of the metric factor therein. Notice that the rescalings and
have the same combined effect on A|v|? as in , with the replacement
a~! — b, so as in the previous limit we expect a strong localisation for the
intersection fields as we reach b — oo. This time, however, we also need to

consider the behaviour of non-holomorphic data like kinetic terms. Indeed, the

kinetic term integrand for the intersection fields scale like
- i 1 i
i N [Adef, Als] + 5[%#, P.s]
1
—_ (z’sl2J AP(Av) AP(AD) + 58 A §) e~ fs =2l
1
- = <i|s|2J Ap(Av) AD(AD) + 28 A §> e fs—2Al®

and so the kinetic terms will vanish in the limit b — oo. This can be fixed

by rescaling the normalisation factor of the fields at the intersection, which in
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practice amounts to

s — b'/2%s. (7.102)

Notice that, compared to (7.82)), the effect of the combined rescaling ((7.99),
(7.101) and (7.102) on ® and A is slightly different. Nevertheless, the effect
on (7.95)) is similar, and so we recover the same limiting behaviour (7.97) that

reproduces the F-terms of the meromorphic scheme.
Let us now consider the D-term equation, and in particular the non-Cartan
components of (7.76)). After taking the limit b — oo most of its terms vanish

automatically, except one proportional to
JAp (se™ 72 \pD) ’2 . (7.103)

As pointed out before, the vanishing of this quantity is what allows to convert
D = 0 into a real equation and to find solutions for the D-term equations
within the Ansatz . As we are using such an Ansatz to connect with the
defect scheme it seems reasonable that, by consistency, we should restrict to
configurations where vanishes.

Finally, the diagonal component of scales as

2

iJ ApPfs + e a2 g 2 (

+ iJAp()m)Ap(/\@)> (7.104)
44/lgs|

+ e—2f3%p/\p (e—2b/\|v\2 _ 1)27

where we have defined p = i—iv. Taking the limit b — oo, and assuming that in

a neighbourhood of ¥ the following relation holds
1
2iA*\/|gs|J A pv A po = 5J2, (7.105)
we recover the following D-term equation
eff?:

1
—iJ Appfs = e 23 _pAp Hy + A\ ——|s|* 2o A J (7.106)

2 V195
where we have used the identification

oy = %5(2)pv/\f)77. (7.107)

We then see that we recover the D-term equations of the meromorphic scheme

(7.55), upon identifying hy = hs = /2, \/|gs| = hlz/2 and 47\, |s]? = |o|?.
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In fact, strictly speaking we only reproduce the defect equations away from
the self-intersection locus X, due to the appearance of Hy, in (7.106). This is
nevertheless consistent with the regimes in which the su(3) Hitchin system and
the su(2) system with defects are reliable descriptions.

Indeed, the su(3) Hitchin system description that we are using should only
be valid in regions of S where |v| is small compared to the string scale, and
beyond that the Hitchin description should only be strictly valid for the su(2)
sector. The degrees of freedom that are left out from the Hitchin system are
those outside of su(2), and in particular the non-Cartan entries of ® and A that
include the fields localised at the self-intersection curve ¥ = {v = 0} and their
massive replicas. As we increase the vev of v though the rescaling , this
region of validity narrows down as a tubular region around X. This limits the
computation of certain non-holomorphic 4d couplings by dimensional reduction,
namely those whose integrand does not converge sufficiently fast in that region.
This does not seem to be a problem for the kinetic terms of the light localised
modes s1, s§ if we perform the rescaling , but it should affects the kinetic
terms of massive modes in the same sector that have a mass comparable to
the string scale. In order to correctly integrate out these massive modes one
needs to solve their corresponding D-term equations, which are encoded in the
non-Cartan D-term equation . Remarkably, solving this equations at an
intermediate stage of the large angle limit implies imposing the relations
and in the corresponding tubular neighbourhood.

This region of validity is somewhat opposite for the defect description. For
instance, let us look at the entry of ® that gives rise to the F-term pole, namely

at the piece

%s (1 - e_2b>‘|”‘2> . (7.108)

Whenever |gs|~/2|v]? > (A\b)~! this piece reduces to the meromorphic (2,0)-
form 2s, so at this distance from X it looks like the su(2) 7-brane sector develops
a pole. In fact, as disucssed above, at this distance the Hitchin system is only
good to describe the su(2) subsector of su(3). Therefore, it is more useful to
think of the non-Cartan fields s as a separate sector, as the defect picture does.
As we enter the region |gs|~*/2|v|?> < (\.b)~! the Hitchin system description

starts being reliable to describe the su(3) system. Then we see that the pole-like

158



S

72 starts being softened by the exponential, and that the (2,0)-form
(7.108]) actually vanishes at v = 0. The norm of (7.108]) looks like a volcano-

shaped profile: from far away it seems to develop a pole at v = 0, but close to

behaviour

Y there is a turning point that makes the function go down to zero. In the limit

2
s

2
| Hy that appears in (7.106). The su(2)

modes whose profile is mostly outside of this region will see a pole, because their

b — oo this becomes the function

coupling is given by an integral that does not care much about the interior of
the volcano. It is for those modes that the defect picture is useful. In the strict
limit b — 0 this set amounts to essentially all su(2) modes, in agreement with
the fact that Hy is a function of measure zero and its presence does not affect

the integrals that give rise to the 4d D-term potential.

7.2.3 The holomorphic scheme

Let us now consider the SU(3) Hitchin system that is related to the holomorphic
scheme in the self intersecting curve S. As many of the ingredients are similar
to the meromorphic scheme, our discussion will be more sketchy for this case.

We start from the following holomorphic Higgs field

v 0 0 0 m O
1
=l o v o0 |+][0 0 s |, (7.109)
0 0 —2v 0 0 0

with s, € H20 (£5' ® Ls) and m € H?° (£%). We choose a complexified gauge

transformation of the form

ef3/2+fs/6 0 0 1 0 —&&n,
B = 0 e—fs/2+fs/6 0 1o 1 -4 (7.110)
0 0 e=fs/3 00 1
where &5 is given by (7.71)) and
e = 2 (e—ulvlz - 1) : (7.111)
v

with 4 = |gg|~'/?pu, and p, a function on S. The Higgs field in the unitary
frame is now given by
0 efsm —eB+F e nll’ (e”"”‘2 - 1) 2m
d = %v113+ 0 0 e~ BHE Mg, . (7.112)
0 0 -V
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while the gauge connection is given by

1
WOD = Hipfa + = Hopfs — ¢ TR ()51 (7113
f3 , 18

—e2TT [e—MUF (e—u\vlz _ 1) p (\D) + e Hlvl? (e—>\|v ms

- 1) p (m;)] 72 €12.

‘ 2

Where we have used the notation of Appendix [G] for the algebra generators

{H1, Hs,€9,€12}. These two expressions simplify considerably in the small vol-

ume limit:
0 efsm 0
1

Poo = VI +| 0 0 e~ FHE 1 - Hylsy |, (7.114)

0 0 -V

0 0 0

. 1 1 __

A = §H3Pf3+§H8pf8+ 0 0 —eBt+%s, |[pors®(v), (7.115)

0 0 0

again displaying a split bundle for the su(2) subalgebra and field localisation
for s5. The main difference with respect to the meromorphic case is that now
the dependence on the defect field s is completely localised on X, and a conse-
quence no pole arises. Indeed, performing the split of eqs. and and
repeating the computation below them, one again finds the result , but
now with = = 0 due to the absence of a vev for s{.

Let us now analyse the D-terms, whose structure in this case is general

¢, F E
1 _
JAF + 5[@,@] =| F 0 D : (7.116)
E D —-Cy—Cy

The D-term equation then amounts to three complex and two real equations,
while our Ansatz contains four unknown functions: {f3, fs, A, #}. To solve the
D-term equations within this Ansatz one then needs to make further assump-

tions. For instance, let us consider the condition D = 0, which reads

%JAp (326—f3+f8—k‘“|2p ()\17)) (7.117)

e fatfe (efMUlQSz AT + e 2l am 22 (672MU|2 - 1)) =0.
v
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If again we impose ([7.80) (now with the replacement f3 — f3— fg) in a neighbor-
hood of ¥, this complex equation becomes a real one. In fact, upon performing

the rescaling

v — bu, A — b, uw— by, 82—>b1/282, m — m,
(7.118)
and taking the large angle limit b — oo, satisfying amounts to impose
(7.80) on top of ¥, in analogy with the corresponding non-Cartan equation in

the meromorphic scheme. Regarding the condition £ = 0, which is equivalent

to
QiJ/\p [@eﬁr‘rﬁ (e—MUF (e—l‘h)‘z _ 1) p ()\T}) + e—l1|v|2 (e—M”|2 _ 1) D (/“7)):|
v
| efa+fs gmnlvl? (e—lez _ 1) 2mAv=0, (7.119)
v

one can see that all the terms vanish as we take the large angle limit. Something

similar happens for the condition F' = 0:
2T A |sof2 els A () (7.120)
v
A {e_’\|”|2 (e‘“‘“'2 - 1) p (AD) + e+’ (e‘””‘2 - 1) p (;w)}

— ofs—(uN)vf? (e—lez _ 1) 2 mAS,,
v

Indeed, one can check that both sides of the equation vanish as we take the limit
b — oo. Finally, we have two D-term equations corresponding to the Cartan

generators of su(3). The condition C; = 0 amounts to impose

1 _
2iJ A pp (ng +f3) + 2ief3 s |msy|P T A CAC (7.121)
— 23 m Am + efatfs (e—>\|’“\2 _ 1)2 e—u|v\2 52 2 mAm
v

where

L A (el —2pfv]? ( ,—Alv]?
¢ = = {e (e - 1) p(Av)+e (6 - 1) p (;w)} . (7.122)
The equation Cy = 0 reads in turn
, /1
2iJ N\ pp (st - fs)
— 2ie =I5 HIse 2201 15012 T A p (Av) A P (AD) (7.123)

2
= ¢ ftfse=2Al g, A5y — e2Pm Am.
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Upon taking the large angle limit ¢ vanishes, as does the second term in the rhs

of (7.121). In addition, (|7.123| simplifies after using the relation ([7.105)) on top
of 3. We are finally left with

—iJ A pp <;f8 + fg) = —%eQﬁ"m Am, (7.124)
o~ Fatfs
Vlgsl
and so we recover and upon the identifications hy = hg = efs,
V1gs] = hil? and 47\, |sq]? = |02

1 1
—iJ A pp <3f8 — fg) = 5e%m A — )\, |so|?2mds AT, (7.125)

7.3 The 4d perspective

In this section we would like to take a four-dimensional perspective on the
meromorphic scheme introduced in section [7.I] In particular, we will analyse
the space of F-flat directions around the origin of moduli space (i.e. (®) = 0)
and deduce how the vevs of the various 4d fields are constrained. As a warm-up,
we first work in the absence of defects, where, as expected, we will find that the
massive KK modes of all fields must all have vanishing vev. Then we will add
the defect contribution to the superpotential [14] and look for solutions to the
F-term equations with two of the intersection fields having non-vanishing vev.
As in section [T we will focus, for definiteness, on the fields of and oy, i.e.
those responsible for creating a pole for ® as in . In this case, we find two
important results. On the one hand, from integrating such an F-term equation,
truncated at the zero-mode level, we get a necessary condition for solving it. On
the other hand, expanding in a basis of KK modes, we realise that the singular
profile for ® can be understood as a sum of non-trivial vevs for massive KK
replicas, rather than that of a zero mode[]

Schematically, upon dimensional reduction on a four-cycle S of positive cur-
vature (or simply without holomorphic deformations) we find a superpotential

of the form

W= 11a¥a®0 — caVaoios (7.126)

"This in turn is analogous to what happens to the KK modes of the Cartan vector field in

the presence of a non-primitive flux (see Appendix B of [20]).

162



where ¥, and ®, run over the KK modes of (0,1) and (2,0)-forms, respectively,
of mass p, and of, oo are the 4d fields corresponding to the massless defect
modes. As a vev is given to the defect fields o, oy the F-term for ®, implies

that
(@0) = “(050) (7.127)

o
and so the massive (2,0)-forms develop a vev due to their coupling to defects.
When such a vev is combined with their wavefunction along S, one obtains
a profile that reproduces the pole of the meromorphic scheme. Finally, the
couplings of the form coWyo{os, with ¥ a zero mode, provide an obstruction
to give a vev to the product ofo2 and so to realise the meromorphic scheme.
When the S has holomorphic deformations, extra Yukawa coupling involving
Uy must be added to (7.126]), modifying the corresponding F-term for ¥4 and
relaxing the above obstructions. In the following we will sketch the main idea of
this computation, deferring all technical details of this discussion to Appendix

[J] where we also give a complete presentation of the F-term constraints.

The spectrum of bulk KK modes

We start with som preliminary material which will allow us to perform the
dimensional reduction from 8d to 4d. The Hodge duality operation can be
defined to act as follows on the space of (p,q) forms of the internal Kahler

surface:

x: QP9 Q2-0.27p) (7.128)
This allows us to define the adjoint of the Dolbeault operator
pl = — % px (7.129)

with respect to the hermitian product on S

/ aNx3, (7.130)
S

for any two (p, q)-forms a, 5. In these conventions the (2,0) forms, which are
all primitive, are self-dual [?]. Hence, the holomorphic entries of the Higgs field
® are all harmonic, self-dual forms. For the purpose of this section, however,

we will need to take into account the non-zero modes of ® too, and thus the
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space of exact (2,0)-forms. Let {xa}a be a complete basis for the space of

(2,0)-forms, normalized such that

L _B 1 oB B
— A = — AE =68, 7.131
VS/SXA *X VS/SXA X A ( )

where, in the first step, we applied self-duality. We take each of the elements of
this basis to be eigenstates of the Laplacian operator A = pp' +p'p. For future
convenience, let us split the collective index A as (ag, ), to divide the basis into
zero and non-zero modes. That is, we have that Ay,, = 0 and Ay, = —k2Xaq-
In order to expand the KK modes of the vector field, we also pick a complete

basis of (0, 1)-forms, {1!}; normalised such that

i/z/ﬂ/\*qzj:(sfj. (7.132)
Vs Js

As before, we take them to be eigenstates of the Laplacian, and separate the
zero-modes indicated with the index 4y from the non-zero modes indexed by 7, so
that Ay =0 and Ay* = —I?¢)". It turns out that the subspace of ezact (2,0)-
forms is isomorphic to the subspace of coezact (0,1)-forms. They are mapped

into one another by a pair of invertible matrices p, fi as follows

pyYt = iulx”, (7.133)

PIXT = iy (7.134)

By applying A to any of the above equations, and using that [A,p] = [A, p'] =0,
one easily finds that the eigenvalues k2 and [? must be equal to each other, and
in this sense the indices o and 4 can be identified. Moreover, by applying p' to
the first equation and p to the second one, we get the following set of equations

respectively:

. . 2 i

i iy k305 , (7.135)

with no sum on the rhs. This gives u, i the meaning of (complex) mass matrices.
Note that all the (p,q)-forms we will deal with are bundle-valued. Since
we consider a split SU(2) bundle, this amounts to having three different basis

of (2,0)-forms {xea}s and three different basis of (0,1)-forms {t!};, where
o = {+,—,3} runs over the generators of s[(2) (cf. Appendix|G) and indicates
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positive, negative and zero charge respectively. Each of these basis will satisfy

orthonormality relations of the form (7.131)) and (7.132). Accordingly, we will
have to consider three different pairs of mass matrices in (|7.135|).

F-terms without defects

Let us start with the case where no defects are present. As is well known [14154],

the holomorphic sector is regulated by the following 4d superpotential
W:/TTIF/\@, (7.136)
s

which imposes that p,® = F(0:2) = (0. We are now interested in studying the
space of infinitesimal fluctuations for an SU(2) Hitchin system, around a BPS
background such that (®) = 0, (A) = AT5 and F A J = 0. By working in the
holomorphic gauge, we can simply ignore the vacuum profile for A, and hence

have

PP = pod+[0ACY §d],=0 (7.137)
FO2 = 5dA®b - imww SACD] =0 (7.138)
2 b) b) .
where we have defined the matrices of fluctuations
v m

5P = , A0 =
P -V a- 0

0 a
* (7.139)

We did not consider the fluctuation of the gauge field along the Cartan because,
due to the simply-connectedness of S, it does not admit zero-modes, and we
will focus on solutions where its KK modes have vanishing expectation values
(see Appendix [J| where the latter are taken into account).

It is immediate to see that, from the off-diagonal components of and
from the diagonal component of we get respectively the three F-term

equations
pm = 2ay AV, (7.140)
PP = —2a_Av, (7.141)
0 = ayANa_. (7.142)

Assuming that zero-modes for a_ exists, we may wedge both sides of eq.([7.140))
with each of them, namely with the basis {z/Jif}iO. Since in the holomorphic
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gauge each of the elements of this basis has a holomorphic profile, the left-

hand-side is a total derivative and its integral over S vanishes. Similarly, we

may wedge eq.(7.140) with the zero modes of a,, {%f}io, and eq.(7.142) with

{X3a0 }ay, and integrate over S. Using the expansions a1 = ayr¢l and v =

vA4x3.4, such integrals give us the following constraints
t0Jo ap _ Atojo A _ Atojo _
Agx'ay jov™ = Mg a jov” = Agjiayia—j, =0, (7.143)

where the indices 7y, jo and «g run over the subspace of zero-modes, and we

have defined the Yukawa couplings

Agy = / AT Axsa (7.144)
S

From equations ([7.143) it is clear that at least two among the three sets of
massless modes {a i, }ig, {0 i }io and {0}, must attain trivial vacuum ex-
pectation values. As one would expect, the F-terms also constrain their massive

KK replicas to a zero vev, see Appendix [J] for details.

F-terms with defects

Let us now introduce defects and see how equations are modified, in-

ducing for non-trivial vevs for non-zero KK modes. As anticipated, this will be

the 4d counterpart of the meromorphic profile introduced in section
Defects are localized on the curve > C S and affect the holomorphic sector

through the superpotential

Wy = /S 85 A (0, Dro)y, - (7.145)

For definiteness, let us consider non-trivial vevs for the defect fields of and o9,

which, as seen in section generate a first-order pole for the Higgs field along

® = pT_, see eq.(7.52). Hence, while equations (7.140) and ([7.142)) remain

unmodified and can be both satisfied by just setting all modes of ay to zero

vev, equation ([7.141)) becomes
pp = —2a_ AV + s Aojos. (7.146)

Since the bilinear ofos behaves as a (1,0) form, we expand it as ooy =

(o$03)"™ 4, , assuming non-vanishing vevs only for their zero-modes. Again, in

166



the hypothesis that zero-modes for a, exist, we wedge the above equation by a
complete set of them {1 };,, and integrate over S. The left-hand-sides vanish

because they are total derivatives, and we get the equations

I’ (of02) — 2007 q_ ;00 = 0. (7.147)

30(0

In the above we have assumed non-vanishing vevs only for the zero-modes of
v and a_. Hence all indices run over the subspaces of holomorphic (0,1)- and

(2,0)-forms. Moreover, we have defined the pairing

+J7/¢+A¢+J 2/52/\«0 o) AT (7.148)

The 4d F-term constraints (7.147) are necessary conditions for the existence
of solutions of ([7.146]), and play an analogous réle of the 4d D-terms equations

obtained in section[7.] see e.g. eqs.(7.40) and (7.41). But now we get something
more, by considering the expansion of equation along the non-zero modes
of the basis of negatively-charged (2, 1)-forms, i.e. along {*1_;};. Using the
self-duality of x_ o and the definition (7.129), we can take the complex conjugate
of and get

PX—a = i % (7.149)
Expanding the profile for p in non-zero modes as p = p®x— o, and using (7.149),
eq. leads to

(2

pa = _k2 ﬂ(iz (F-‘r]o (0102) - 2A Ep a—]ovﬁ ) : (7150)

Recall that the indices «, i run over the subspace of non-zero modes, such that
we could invert the mass matrix and make use of . As a consequence,
those appearing in parenthesis in the above equation are generally different
combinations than the ones appearing in (7.147).

Let us now consider that a single zero-mode of a_ is switched on, say a_g

and a single zero-mode of v, say v°. We may then pick one of the equations in

(7.147)), solve for agv® and plug the result in (7.150]), such that we get
« Z —a
pY = — =N cho (0102) (7.151)

where we have defined the coefficients

oY,
Sy =T 5o = Moo (7.152)
30
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To summarise, the presence of defects oblige certain non-zero KK modes (cor-
responding to the 8d field p in this example) to attain non-vanishing vacuum

expectation values, inversely proportional to their mass.
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Chapter 8

Conclusions

8.1 English

In this thesis we have analysed BPS-stability for T-brane configurations of 7-
branes, putting emphasis on curvature corrections and on the effects of working
on compact 4-cycles with potential defects instead of local environments. The
results of this work are therefore organised in three chapters: Chapter [5| has
been dedicated to the role of o’-corrections in T-brane systems, while chapters
[6] and [7] have been dedicated to obstructions to BPS stability when putting
T-branes on compact 4-cycles. We will therefore draw conclusions separately.

In chapter [5| we have analysed the effect of o/-corrections on BPS systems
of multiple D7-branes, with special emphasis on T-brane configurations. Our
main strategy has been to compute how o'-correction modify the D-term BPS
condition, solve for the new background profiles for & and A, and compare
them with the previous leading-order D-term solution. Since «/-corrections do
not enter holomorphic D7-brane data, this comparison can be made in terms
of the complexified gauge transformation in terms of which we solve the
D-term equations.

In D7-brane T-brane systems, solving the D-term equation is quite involved
already at leading order, which renders our analysis somewhat technical. Nev-

ertheless, we have drawn several lessons from the cases that we have analysed:
e When the Higgs background takes a block-diagonal form ([5.69)), o’-corrections
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can be analysed block by block, as they do not couple different blocks.

For system of intersecting D7-branes o/-corrections have a simple interpre-
tation in terms of the pull-back of the Kahler form on the actual D7-brane
embedding. It would be interesting to see if T-brane systems allow for a

similar interpretation.

In all the examples that preserve eight supercharges, o’-corrections do not
modify the background. The classical solution also solves the corrected
D-term equations. A trivial example of this are intersecting D7-branes

without fluxes.

One may lower the amount of supersymmetry to four supercharges by
modifying the Higgs field by a constant slope A® or by adding a constant
primitive flux H, both commuting with the group generators involved the
T-brane background. At leading order these additions do not modify the
T-brane background at all. When «'-corrections are taken into account
the T-brane background is modified, but there are several degrees of com-

plexity at which this may happen

i) In the simplest case o’-corrections only modify the dimensionful pa-
rameters which enter the differential equation for the non-primitive
flux background and the related complexified gauge transforma-
tion (5.27), as in eqgs.(5.42) and (5.54). Hence they can be typically

absorbed into a coordinate redefinition.
i1) In slightly more complicated cases we need to generalise the com-

plexified gauge transformation to

g = ex(/PHhD) (8.1)

to absorb the effect of some primitive flux H. The corresponding
non-primitive flux is therefore still Abelian, with f being modified
from the leading-order expression. The equations governing f and
h are rather complicated, but one may solve them by performing a
perturbative expansion in o/-suppressed parameters. More precisely

we have assumed the following hierarchy

o'p; < o'mi < 1 (8.2)
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to find solutions to next-to-leading order in o’. Here p; are primitive

flux density parameters and m; T-brane slope parameters.

i11) In the most complex case the Abelian Ansatz is not sufficient to
solve the corrected D-term equations, which develop non-trivial com-
ponents along non-Cartan generators (in particular those which the
holomorphic T-brane data depends on). One then needs to consider a
complexified gauge transformation that depends on such generators,
as in Appendix [C] The analysis for these corrected backgrounds is
even more involved and one again needs to resort to a perturbative

expansion to find solutions to next-to-leading order in o’.

e This last, more complicated case contains all the ingredients that are
generic in the construction of 4d chiral local F-theory GUT models, so
one may speculate that o’-corrections could change qualitatively the de-
scription of these configurations, as we have briefly discussed. In any
event, the holomorphic data of these models will not be affected by o'-
corrections. In particular the holomorphic Yukawa hierarchies of [7,[8l/48],
which only depend on such holomorphic data, will still be present after

o'-corrections are taken into account.

Based on these results, one may conceive of several directions to pursue the
analysis of o/-corrections in T-brane systems. First, it would be interesting to
extend our background solutions to higher orders in the o’ expansion and beyond
the limit . Second, it would be interesting to see if the interpretation of
o’-corrections for the intersecting D-brane case can be incorporated in some
form for T-brane backgrounds. Moreover, it would be interesting to verify our
naive analysis of a’-corrections in F-theory local models based in exceptional
groups, and compute how o’-corrections modify the normalisation of chiral mode
wavefunctions in realistic models. Finally, it would be interesting to see the
consequences of our findings for the recent proposal to use T-branes in the
construction of de Sitter vacua [38].

In chapter |§| we have analysed global aspects of T-branes in type IIB/F-
theory compactifications. Recall, that in this context T-branes were first pre-

sented as interesting configurations that allow for hierarchical Yukawas in F-
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theory GUTs. Since the computation of Yukawas can be essentially done within
a local patch of the four-cycle Sgyr, only a local description of the T-brane
background is needed to realise this property. Nevertheless, this local picture
inevitably misses some crucial features of T-branes, including possible obstruc-
tions to their existence, that can only be revealed by a global analysis.

In this spirit we have given a global description of such T-brane configu-
rations from the viewpoint of the Kahler four-cycle S where they are defined.
We have focused on T-branes with a pole-free holomorphic Higgs field ®, and
an Abelian gauge flux F', which we have dubbed compact T-branes. We have
observed several general features that mainly depend on the topology of S and

the pull-back of the threefold Kahler form J. Namely we have found that:

- In general, the worldvolume flux F' lies in a non-harmonic representative
of its cohomology class. The departure from harmonicity is codified in a
globally well-defined function g on S satisfying certain non-linear PDEs.
In local patches, such equations reproduce the ones already found in the

T-brane literature.

- There is an obstruction to building these T-brane backgrounds on sur-
faces where the Ricci curvature class vanishes or is positive definite. In
the remaining surfaces the existence of T-branes depends on the classes
[p], [F] € H?(S) of the Ricci form and the worldvolume flux, respectively,
as well as on the point in Kahler moduli space. For instance, in the sim-

plest case, the following condition needs to be satisfied:

og/JA(zF—p)<—/JAp. (8.3)
S S

Hence, given a four-cycle S and a point in Kdhler moduli space, only the
subset of quantised fluxes F' satisfying will be suitable to construct
a compact T-brane. Notice that whenever the Ricci form has a negative
sign when projected into the Kahler form, one may choose [F] = [p]/2 (i.e.

the Hitchin Ansatz) to satisfy (8.3).

- In those regions of Kahler moduli space where 0 < £’ = —% /. AT K
1, we may interpret our T-brane background as a 7-brane bound state

obtained after switching on a Fayet-Ilioupoulos term &, and see the slice
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& = 0 as a T-brane stability wall. The fate of the system as the wall is
crossed to the region £ < 0 again depends on the T-brane topological data,
and in particular on the two classes [p] and [F]. A similar statement holds

for a T-brane built at the intersection of two 7-branes.

In chapter [7] we have analysed the role of defects for the stability of T-branes.
Defects arise due to the presence of further 7-branes on different four-cycles
that intersect the T-brane stack and give rise to additional degrees of freedom
localised on the intersection curves. Since these new fields couple to the eight-
dimensional SYM theory of the T-brane, they modify the BPS-equations. In
section [Z. 1.2l we have shown that these modifications allow for T-branes on four-
cycles that possess topological obstructions to stability in the absence of defects.
In doing so, we showed that there are two distinct mechanisms to do so. The
so-called holomorphic scheme leaves the 8d F-term equations unchanged, but
introduced contributions of opposite sign to the D-terms, while the meromor-
phic scenario introduces a source term in the F-terms thereby modifying the
effectiveness constraint. This source term in particular induces poles in the
Higgs field.

In section we have investigated the meromorphic scheme from a four-
dimensional point of view to give a complementary picture of the pole. Indeed
we have shown that the pole can be seen as defect-zero-modes coupling to higher
order KK-modes from the Higgs-field. By acquiring a vev, these defect fields in
turn impose a vev for the KK-modes of ®.

Lastly, in section we consider the case of a self-intersecting four-cycle.
This set-up allowed us to identify both the T-brane locus as well as the in-
tersecting 7-brane locus with the same cycle class. In such a setting we have
two analyses available: On the one hand side we may apply the defect theory
formalism discussed in the paragraphs above, but on the other hand we may
also embed the whole system into a larger gauge algebra and identify the defect
fields as components of this larger Higgs-field. We were able to carry out this
dictionary in detail for both holomorphic as well as meromorphic scenario.

These general results already suggest many avenues for further investigation.
The most pressing question is perhaps what are the implications of our findings

for concrete F-theory GUT models. We may for instance consider a model where
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SquT hosts an exceptional symmetry group like G = Eg 7 s and a T-brane sector
within a subalgebra of G, as it is the case for local models of Yukawas [4},6-8.48].
Then our no-go result implies that either a) Sgyr cannot be del Pezzo or b) the
T-brane sector contains some poles. In the latter case, one might interpret such
poles as being sourced by further 7-branes intersecting Sgyr on matter curves,
and it would be interesting to engineer compactifications that reproduce such a

setup.

An additional generalisation would be to look at T-brane backgrounds where
the gauge bundle is not of the split form . One simple way of obtaining
non-split bundles is by switching on any of the bundle moduli ay,a_ in on
top of a T-brane background near the stability wall. Obviously, the no-go result
of section still holds for these more complicated configurations. In general,
for any non-split bundle that can be taken to the split form by moving in open-
string moduli space the no-go result will apply, and equation (6.35) should be
satisfied. It would be therefore very interesting to analyse the structure of the

open-string moduli space around general T-brane backgrounds.

Another direction would be to examine how «’ corrections modify the T-
brane constructions considered in this chapter. At moderate volumes of the
compactification one may in principle apply the same strategy as in [19] to
see how such corrections affect the differential equations of section that
govern the 7-brane background. However, as these corrections do not affect the
holomorphic T-brane data and are sufficiently mild not to flip the FI-term sign,

the no-go theorem of section [6.2] should still hold.

Finally, as the necessary conditions for the existence of compact T-branes
depend on the point in the Kéhler moduli space of the compactification, it would
be interesting to see if our results could have any implications for Kahler moduli

stabilisation.

In summary, as argued in the introduction, our findings can be seen as one
further step in the classification of the full set of BPS branes in type IIB/F-
theory compactifications. As such, they should have direct consequences for
the model-building applications that triggered the recent study of T-branes in
this context, and it would be interesting to fully explore such implications.

In any event, we expect that having a good understanding of global T-brane
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configurations will give rise to new insights in the comprehension of string theory

vacua.

8.2 Espanol

En esta tesis hemos analizado la estabilidad BPS de configuraciones de T-branas
de 7-branas incluyendo correcciones de curvatura y trabajando en 4-ciclos com-
pactos con posibles defectos. Los resultados de este trabajo estan entonces orga-
nizados en tres capitulos: El capitulo[5|ha sido dedicado al papel de correcciones
o en sistemas de T-branas, mientras los capitulos [f] y [7] han sido dedicados a
las obstrucciones a la estabilidad BPS que ocurren si construimos T-branas en
4-ciclos compactos. Presentamos las conclusiones capitulo por capitulo.

En capitulohemos analizado el efecto de correcciones o’ del sistema BPS de
varias D7-branas con énfasis especial en configuraciones de T-branas. Nuestra
estrategia principal ha sido calcular las correcciones o’ modificando las solu-
ciones de los términos D de las condiciones BPS, resolviendo para el nuevo
perfil de fondo en ® y A, y compararlos con la solucién de los términos D a
primer orden. Como las correcciones o’ no entran en los datos holomorfos de
las D7-branas, se puede hacer esa comparacion en términos de transformaciones
complexificadas , en funcion de las cuales resolvemos las ecuaciones de los
términos D.

En sistemas de T-branas con D7-branas, resolver las ecuaciones de los térmi-
nos D es considerablemente complicado ya a primer orden, lo cual hace nuestro
analisis algo técnico. No obstante, hemos obtenido varios resultados de los casos

que hemos analizado:

e Si el perfil de fondo del Higgs tiene forma de bloque diagonal (5.69)), las
correcciones o pueden ser analizadas bloque por bloque, puesto que difer-

entes bloques no se acoplan.

e Para sistemas de D7-branas intersecantes, las correcciones o’ tienen una
interpretacién sencilla en términos del pull-back de la forma de Ké&hler
en el encaje de las D7-branas. Seria interesante analizar si sistemas de

T-branas permiten una interpretacién parecida.
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e En todos los ejemplos que preservan ocho supercargas, las correcciones o/

no modifican el fondo. La solucién clasica resuelve también las ecuaciones

corregidas de los términos D. Un ejemplo trivial de esto son D7-branas

intersecantes sin flujo.

e Se puede bajar la cantidad de supersimetria a cuatro supercargas modifi-

cando el campo de Higgs con una elevacion constante AP o afiadiendo un

flujo primitivo constante H para ambos generadores del grupo involucra-

dos en la T-brana. A primer orden estas adiciones no modifican el perfil

de la T-brana. Es solo cuando se incluyen correcciones o’ que la T-brana

estd modificada en distintos grados de complejidad

i)

ii)

En el caso més sencillo, las correcciones o' solo modifican los paramet-
ros dimensionales que entran en la ecuacién diferencial para el perfil
del flujo non-primitivo y las transformaciones gauge complex-
ificadas relacionadas , véase eqs. y . Correspondi-
entemente se pueden absorber los cambios en una redefinicion de las

coordenadas.

En casos modestamente mas complicados, tenemos que generalizar

las transformaciones gauge a

g = e%(fp‘i'hl) (84)

absorbiendo el efecto de parte del flujo primitivo H. El flujo no-
primitivo correspondiendo a eso, sigue siendo entonces Abeliano, con
f modificado de la expresion a primer orden. Las ecuaciones que de-
terminan f y h son mas bien complicadas, pero se pueden resolver ex-
pandiendo pertubativamente en parametros suprimidos con o/. Més

precisamente hemos supuesto la siguiente jerarquia
a'p; < o'mj < 1 (8.5)

para encontrar soluciones a segundo orden en o/. Aqui p; son paramet-
ros de densidades de flujo primitivo, mientras que m; son pardmetros

de paso de la T-brana.

En el caso méas complejo, el ansatz Abeliano (8.4)) no es suficiente para

resolver las ecuaciones de los términos D corregidas, desarrollando
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componentes no-triviales a lo largo de los generadores no-Cartan (en
particular de los que dependen los datos holomorfos de la T-brana).
En estos casos, se necesita considerar las transformaciones gauge com-
plexificadas dependiendo de estos generadores, como en el apéndice
[C] Este anélisis para los perfiles corregidos es todavia mas complejo
y es necesario limitarse a una expansién pertubativa para encontrar

soluciones a segundo orden en o/'.

e Este ultimo caso més complicado contiene todos los ingredientes que son
genéricos en la construccion de modelos quirales locales en 4d de GUTs en
teoria F, tanto que se puede especular que las correcciones o’ puedan cam-
biar cualitativamente la descripcion de estas configuraciones, como hemos
discutido brevemente. En todo caso, los datos holomorfos de estos mode-
los no seran afectados de correcciones o/. En particular las jerarquias de
los acoplamientos holomorfos Yukawa de [7[8l/48], las cuales solo dependen
de estos datos holomorfos, van a estar presentes incluyendo correcciones

o

Basandose en estos resultados, se pueden concebir varias direcciones de fu-
turo para el analisis de correcciones o’ en sistemas de T-branas. Primero, seria
interesante extender nuestras soluciones a ordenes més altos en o’ y més alla del
limite . Segundo, seria interesante investigar si la interpretacion de correc-
ciones o/ para el caso de D-branas intersecantes se puede incorporar de alguna
forma para sistemas de T-branas. Ademas seria interesante verificar nuestra
analisis de correcciones o’ en modelos locales de teoria F basados en grupos ex-
cepcionales, calculando como las correcciones o/ modifican la normalizacién de
las funciones de onda quirales en modelos realistas. Por ultimo, seria interesante
observar las consecuencias de nuestros resultados en las propuestas recientes de
utilizar T-branas en la construccion de vacios de Sitter [38].

En capitulo [6] hemos analizado aspectos globales de T-branas en compactifi-
caciones de tipo IIB y teoria F. Recordamos que en este contexto las T-branas
han sido presentadas primero como configuraciones interesantes permitiendo
jerarquias Yukawa en GUTs de teoria F. Como se puede hacer el célculo de
Yukawas alrededor de un punto del 4-ciclo Sgyr, solo la descripcion local del

perfil de la T-brana es necesaria para esa propiedad. Sin embargo, esta per-
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spectiva local inevitablemente es insensitiva a unas propiedades esenciales de
las T-branas, incluyendo posibles obstrucciones a su existencia, las cuales solo
son visibles desde un punto de vista global.

Con esa intencién hemos dado una descripcién general de tales configu-
raciones de T-branas desde la perspectiva del 4-ciclo Kdhler S donde estan
definidas. Nos hemos enfocado en T-branas con un perfil holomorfo, sin polos
del campo Higgs @, y un flujo Abeliano F', las cuales hemos nombrado T-branas
compactas. Hemos observado varias caracteristicas que, principalmente, depen-
den de la topologia de S y el pull-back de la forma de Kahler J del threefold.

Mas especificamente, hemos encontrado:

- En general, el flujo en el worldvolume F' es parte de un representante
no-arménico de su clase de cohomologia. El desvio de la armonicidad
estd codificada en una funcién g globalmente bien definida en S, la cual
satisface ciertas PDEs non-lineares. En entornos locales, tales ecuaciones

reproducen las conocidas en la literatura de T-branas.

- Existe una obstruccién a construir dichos fondos de T-branas en superficies
con curvatura de Ricci cero o definida positivo. En las otras superficies,
la existencia de T-branas depende de las clases [p], [F] € H?(S) de la
forma de Ricci y del flujo del worldvolume, respectivamente, tanto como
del punto en el espacio de Kahler moduli. Por ejemplo, en el caso mas

simple, las siguientes condiciones tienen que ser satisfechas:

og/JA(zF—p)<—/JAp. (8.6)
S S

Por lo tanto, para un 4-ciclo S y un punto en el espacio de K&hler moduli,
solo el subconjunto de flujos cuantizados F' que satisfacen va a ser
adecuado para la construcciéon de T-branas compactas. Obsérvese que,
siempre que la proyecciéon de la forma de Ricci en la forma de K&hler tenga

signo negativo, se puede elegir [F] = [p]/2 (es decir el Hitchin Ansatz) para

satisfacer .

- En las regiones de espacio de Kéahler moduli en las cuales 0 < £’ =
1

ol

| ¢ F'AJ < 1, podemos interpretar nuestro fondo de T-brana como

un estado ligado de 7-branas obtenido después de encender un término de
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Fayet-Ilioupoulos &, y vemos el locus £ = 0 como un pared de estabilidad
de T-branas. El destino del sistema cruzando esta pared para £ < 0 de
nuevo depende de los datos topolégicos de la T-brana y, en particular, de
las dos clases [p] y [F]. Una observacion parecida esta satisfecha para una

T-brana construida en la intersecciéon de dos 7-branas.

En el capitulo [7] hemos analizado el papel de defectos para la estabilidad
de T-branas. Los defectos aparecen por la presencia de 7-branas adicionales
en cuatro-ciclos distintos, intersecando el locus de la T-brana y dan lugar a
nuevos grados de libertad localizados en la curva de intersecciéon. Dado que estos
nuevos campos se acoplan a la accién del 8d SYM en la T-brana, modifican las
ecuaciones BPS. En la seccion [7.1.2| hemos demostrado que estas modificaciones
permiten T-branas en cuatro-ciclos que poseen obstrucciones topologicas en la
ausencia de defectos. Hemos demostrado que eso puede suceder de dos formas
distintas: el esquema holomorfo deja invariante las ecuaciones de los términos F
en 8d introduciendo contribuciones de signo opuesto a los términos D, mientras
que el esquema meromorfo introduce un término de fuente en los términos F
modificando la condicién de efectividad. En consecuencia ese término de fuente
induce polos en el campo de Higgs.

En la seccion[7.3]hemos investigado el esquema meromorfe desde un punto de
vista de cuatro dimensiones para dar una perspectiva complementaria al polo.
Hemos comprobado que se puede entender el polo como modos-cero de defectos
acoplando con modos KK mas altos del campo Higgs. Obteniendo un vev, estos
campos defectos entonces imponen un vev a los modos KK de ®.

Por tltimo, en la seccién hemos considerado el caso de un cuatro-ciclo
auto-intersecante. Este escenario nos permite identificar tanto el locus de la
T-brana como de la 7-brana intersecando con la misma clase. En una com-
pactificacion asi, podemos hacer dos anélisis distintos. Por un lado podemos
aplicar el formalismo de la teoria de defectos, y por otro lado podemos entender
el sistema completo en términos de una algebra gauge mas amplia identificando
los campos de defectos como componentes del este campo de Higgs més grande.
Hemos hecho este diccionario en detalle tanto para el esquema holomorfo como
meromorfo.

Estos resultados generales ya sugieren varias vias de futura investigacion. Las
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dos preguntas mas urgentes son quizas i) como generaliza todo si permitimos
polos en nuestros sistemas de T-branas y i) qué son las implicaciones para
modelos GUT especificos en teoria F. Podemos, por ejemplo, considerar un
modelo en el que Sqyr soporte un grupo simétrico excepcional como G = Eg 7 g
y un sector de T-branas en una subalgebra de G, tal como es en el caso de
modelos locales de Yukawas [4,/6H8,/48]. Entonces nuestro resultado del no-go
implica que o a) Sgyr no puede ser del Pezzo o b) que el sector de la T-brana
contiene polos. En el dltimo caso, se puede interpretar el origen de dichos
polos como 7-branas adicionales cruzando Sgyr en curvas de materia y seria

interesante construir compactificaciones reproduciendo una configuracién asi.

Otra generalizacion adicional serfa investigar fondos T-branas con fibrados
gauge que no sean de la forma "split" como en . Una manera sencilla
de obtener fibrados no-split es encender uno de los moduli a;,a_ en
encima de un fondo de T-brana cerca de la pared de estabilidad. Obviamente el
resultado no-go de la seccion [6.2] todavia esta en vigor para estas configuraciones
méas complicadas. En general, para cualquier fibrado no-split que puede ser
relacionado con la forma split moviéndose en espacio de moduli de cuerdas
abiertas, el no-go aplica y la ecuacién debe ser satisfecha. Seria entonces
muy interesante analizar la estructura del espacio de moduli de cuerdas abiertas

para T-branas més generales.

Otra direccion seria examinar como las correcciones o/ modifican las con-
strucciones de T-branas consideradas en este capitulo. A volumenes moderados
de la compactificacién se puede, en principio, seguir la misma estrategia que
en [19] para ver como dichas correcciones afectan a las ecuaciones diferenciales
de la seccion [6.1] las cuales determinan el fondo de las 7-branas. Como esas cor-
recciones no afectan a los datos holomorfos de T-branas y son suficientemente
suaves para no cambiar el signo del término FI, el teorema no-go de la seccién

[62 est4 satisfecho.

Por fin, como las condiciones necesarias para la existencia de T-branas com-
pactas dependen del punto en espacio de Kahler moduli de la compactificacion,
seria interesante ver como nuestros resultados pueden tener implicaciones para

el espacio de Kdhler moduli.

En resumen, como hemos argumentado en la introduccién, se pueden consid-
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erar nuestros resultados como un paso adelante en la clasificacion completa de
branas BPS en compactificaciones de tipo IIB/teoria F. En consecuencia, deben
tener consecuencias directas para aplicaciones de model-building, las cuales mo-
tivaron el estudio reciente de T-branas en ese contexto, y seria interesante ex-
plorar estas implicaciones. En todo caso, esperamos que un mejor conocimiento
de configuraciones globales de T-branas dé lugar a nuevas revelaciones en la

compresiéon de los vacios de teoria de cuerdas.
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Appendix A

D-terms from the

Chern-Simons action

In section we discussed how to derive the D-terms for non-Abelian stacks of
D7-branes in IIB orientifolds with O3/7-planes via their generalised calibration
conditions. As we will now show, one can reach the same result by consider-
ing the 4d couplings that arise from the Chern-Simons action. Indeed, as was
argued in [69], the D-terms of the four dimensional effective action are related
by supersymmetry to terms of the form fég/\F, where B, is a 4d two-form
dual to an axion and F' the field strength of a gauge group generator. As in
other D-brane setups here the two-forms B, arise from RR p-forms, and so such
couplings will be contained in the D-brane Chern-Simons action.
The non-Abelian Chern-Simons action for a stack of D7-branes is given by
(3]
Scs = ,up/ STr (P [e“‘“’“’ Z C’(")/\efB} /\e)‘F> , (A.1)
R3S
where we will use the same parametrisation for the Higgs-field as in the main
text
o = qs% +$%. (A.2)
For simplicity, let us assume that the odd cohomology groups of the compactifi-

cation manifold H? (X3) = H* (X3) vanish. Then the harmonic components of
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the internal B-field are projected out, and the same applies to the 4d two-forms
that could arise from the dimensional reduction of the RR forms C5 and Cg.
The only relevant 4d two-forms and their axion duals arise from the expansion

of the orientifold-even RR forms

CW = 3wy + pad® + ... (A.3)

C® = eqwg + ... (A4)

where w,, @* run over the bases of integer two- and four-forms in the internal
space, respectively (such that J = e?10/2y%,) and wg = dvoly/,/gx is the
unique harmonic six-form with unit integral over X3. Plugging this into (A.1)

gives

Scs D )\Q,up/ STr< Fug A [eg/\uu@w(; (A5)
R1:3xS

a Z/\Q 2
+ SN PlwaAF + 5 tele (wq) F ,

where Fy, stands for the components of the D7-brane field strength with legs
on R™3, and we have imposed the absence of internal B-field.
The two-forms coupling to Fyy have as 4d duals
ab

dcg = jﬁ *R1,3 dpb d€2 = €2¢10 *R1,3 dCO (A6)

where 7 = Cj + ie~%10 is the type IIB axio-dilaton, K = %Kabcvavbvc with
Kape the triple intersection numbers of X3, and ¢% is the inverse of g, =
& / X, Wa N *Wwp Such duality relations tells us how a vector multiplet coupling
to ¢ and ey enters the type IIB Ké&hler potential. Let us start from the usual

expression

Kip = —log(S + S) — log(K?) — log (/Q A Q) (A.7)

where S = —ir. Here K2 should be seen as a function of ReT,, with T, =
—3Kapev®v® — ipy. Then a vector multiplet V; coupling to these axions via a
Stiickelberg coupling @, should enter the Kihler potential (A.7) through the

replacements
S5+58 = S+S5-Qiv;, To+Ty = To+To—QLVi.  (A8)
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Finally, the Fayet-Iliopoulos term corresponding to V; will be given by

pK
: (pVi>V—o (4.9)

This prescription has been applied in [70] to reproduce the D-terms of intersect-

ing D6-brane models, which automatically include the o’ corrections of mirror
type IIB setups. The latter have been analysed from this viewpoint in the
Abelian case in [71]. In the following we will see that it can also be used to
reproduce the D-terms of o/-corrected non-Abelian D7-brane systems.

Indeed, we may apply the above prescription generator by generator of the
non-Abelian gauge group of the D7-brane stack, extracting the Stiickelberg
charges Q! from the couplings me C~’§‘ A F;. At the end we obtain that the

above prescription amounts to perform the following replacement in (A.5))

ey — ePo ) & — —%, (A.10)

that is, to trade the two forms by their partners in the corresponding linear
multiplet. We then finally obtain a non-Abelian D-term proportional to
32

A%,/ S{P[J]/\F + %(@L@J)ﬁ - éL@L@J?’}.
S

where we have used that J = e?10/2y%,. Hence we precisely recover the ex-
pression as in (5.14). Finally, a similar analysis can be done for the case of
non-vanishing internal B-field to recover (5.13]).
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Appendix B

Globally nilpotent T-brane

backgrounds

In [41] it was recently shown that certain non-Abelian D7-brane vacuum solu-
tions may be described in terms of a single curved D7-brane. More specifically,
these vacua are compactifications of IIB string theory on R x C? with a glob-
ally nilpotent Higgs-vev in SU(N). Taking (z,2) to parametrise the C?-factor,
the D7-brane stack on {z = 0} is described by

0 ¢
0 ¢ 0
¢ = : ; ¢a = a(N —a)el/2  (B.1)
0 0 on-1

0

where Cy is the Cartan matrix of SU(N) and the {f,} are functions of the

D7-brane world-volume coordinates (x,Z). The flux is given as
F = —pdf,Ca, (B.2)

where the C, are the Cartan generators of SU(N). In this reference, explicit
solutions {f,} to the D-term equations have been computed at leading order
in o/. This leading order solution was then used to provide a description of
this system in terms of a single, curved D7-brane. The latter description is in

principle valid whenever the field vevs are large compared to o', but the authors
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of [41] noted that their solution should also be valid in regions where such vevs
are small, due to the characteristic of their solution.

In the following we will take a complementary viewpoint and analyse the
above background via the non-Abelian Hitchin system, better suited for for
small field vevs. We will compute their o/-corrections explicitly and see that, just
like in other T-brane backgrounds preserving eight supercharges, the classical
solution is still valid after o/-corrections are taken into account. This implies
that the classical analysis encodes all the information of the system, and that
the dictionary built in [41] is not affected by o’-corrections.

Indeed, from eq., we know that the corrected D-term equations are of
the form D = Dy + A\2Dy = 0, with Dj the leading order D-term and D, given
by

Dy = / s{zmmww X FZ}. (B.3)
S

However in this background F, D¢ and D¢ only have legs along dz and dz,
and therefore Dy vanishes identically. Hence, the whole system is insensitive to

o/-corrections irrespective of how large the values for (¢), (D¢) and (F) are.
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Appendix C

Non-Capital flux backgrounds

When analysing non-Abelian D-term equations in section [5.4 we have always
made the Ansatz that the gauge transformation g that defines the non-primitive
flux lies entirely within the Cartan subalgebra of the gauge group G. However,
when analysing o’-corrected D-terms, the gauge derivatives generically intro-
duce contributions to the D-terms also along the non-Cartan generators. Hence,
it is natural to wonder whether adding worldvolume fluxes along non-Cartan

generators may provide new solutions to the D-term equations.

In general, introducing non-Cartan fluxes via a gauge transformation leads
to very involved BPS equations. For the setup at hand we may, however, follow
a simple approach. Since we know that at leading order in A no such flux is
required to solve the D-term equations, we may assume that it is purely a \-
correction. This suggests that we capture the relevant physics if we perform an

infinitesimal gauge transformation

¢ — ¢+ [dg, ] (C.1)
A — A+iddg, (C.2)

with §g proportional to some small parameter A2a, [a] = L~%. In the following

we will implement this strategy for the two T-brane backgrounds analysed in

section [5.4]
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SU(2) example

Let us consider the SU(2) background analysed in subsection [5.4.1] which we

reproduce here for convenience

0 ef

¢=m ; (C.3)
axe=f 0

F = —ip0f o3 —ipOh 1. (C.4)

On top of this background we perform a gauge transformation of the form

g = A2 (;‘E+ + ;‘E—) : (C.5)
where
0 i 0 0
Bt = : Jom : (C.6)
00 —~i 0

Notice that the relation between the gauge parameters multiplying E¥* is nec-
essary for the resulting flux to satisfy the Bianchi identity. Acting on the above

background such gauge transformation gives

iX’m

0 = — (aaxe_f + &ef) o3 (C.7)

§F = —i\°pd (e ET —@E7). (C.8)

We then plug this into the D-term equations and consider the linear terms

induced by this infinitesimal transformation

2
WASF + w? ([¢,60) + [66, 9]) = an (p.0z +1p,05) (kET+aE")+ (C.9)

2
)\2|m|2

(5

+

(2aaz + ae?l + a|ax\2672f) Et
A2lm|?
+ % (2aaz + ae? + E|a£c\2672f) E~.
Interestingly the infinitesimal gauge transformation only introduces components
in E*, which means these new contributions are entirely decoupled from the
D-term equations within the main text and may be considered independently.
From ([C.9) we read off, that the parts in E+ and E~ are conjugate to each

other, and so we only need to satisfy one new D-term equation:

(P07 + p,0y) a = —2aaz|m|? — a|m|? (€2f + |ax|2672f) . (C.10)
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which we may solve asymptotically near the origin by plugging in the solution

for f given in (/5.36)
4 2
a=r (1—02mx|2— [ma <c6—|— la )) , (C.11)

4¢? |m|?

where v € C and [y] = L~*. We may interpret this one-parameter solution as
a massless deformation to the T-brane background allowed at the infinitesimal
level by the F- and D-terms. As pointed out in [4], this SU(2) background con-
tains one zero mode precisely along the generators E*. Therefore it is natural

to relate the parameter v with the vev of this zero mode.

SU(3) example

Let us now apply this strategy to the SU(3) background of subsection [5.4.2]

more precisely we act with the infinitesimal gauge transformation
5g = \2 <;‘E+ + ZE) : (C.12)

on the background (5.51)). Now

0 i 0 0 0 0 1 0 0
Eft=100 0|, E-=1| =i 0 0 |, P=1lo0 -1 0
00 0 0 0 0 0 0 0

so this transformation takes us to

. 2
d=0¢+ %m (amze™ —a@el) P (C.13)
= A% o

so that we get new contributions to the D-term equations given by
6D = —iN*wApda ET + N mz|m|*a Et (C.15)
)\2
— ?a\m\Q (€2f + |mx\2672f) ET +he.

again exclusively along the non-Cartan generators £*. This time the D-term

equations have already some components along such non-Cartan generatorsﬂ

More precisely, the fourth equation in (5.64)) is a linear combination of those in the gen-

erators ET and E~ — which are conjugate to each other. The equation in E+ reads

DT = —iX2|m/? (ZEeprf (prggh +E) — pae=! (%Eff - 1) (2p155h + n)) (C.16)
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Recall from the discussion in the main text that it is precisely this equation
that forced to set xk = 0. Therefore one may wonder if these new contributions
proportional to o may allow for a non-trivial k. Indeed, one can confirm that a

gauge transformation given by
a=Tag + |z]Poq + T)z|Pas + .. ., (C.17)

where the constant coefficients «; depend intricately on k, f,... is such a solu-
tion. For instance we have that

_ 46@2

ot (A mpu)2A2 + 1) (58 4 402 (|k[2cS + (B + 2) [mpl?) + 2)

Qo
X ( — 32X u*m|® + AN (|KPA2C + O — 4) m|m|*

+ |m[* (A (4N?|6]* + 9]K[%) ® + 5% — 2) — [af? (|K°A* + 1) (4)mpu|>\* + 1))

2642 (m*)?
.

(C.18)

o] =
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Appendix D

Further SU(2) T-brane

backgrounds

We have analysed in section [5.4] two different cases of T-brane backgrounds,
whose non-commuting Higgs field generators lie entirely within an su(2) subal-
gebra of the Lie group. As discussed in section whenever that is the case one
may focus on such su(2) subalgebra when solving for the o’-corrected D-term
equations, as the equations corresponding to other generators decouple. In this
appendix we will apply the analysis of section to further SU(2) T-brane
backgrounds, which are also examples of the 2 x 2 T-brane blocks discussed in
section [5.5] Unlike the examples in section [5.4] here none of the backgrounds
will be associated to a monodromy. In general we find that the presence or
absence of monodromy does not really affect the behaviour of o’-corrections in

T-brane systems.

In general we will follow the strategy of subsection when analysing the
backgrounds below. First we consider an Ansatz with a gauge transformation of
the form with f = f(z,7,y,7) and a worldvolume flux of the form ([5.39).
In general we find that the Ansatz for the gauge transformation can be reduced
to f = f(x,Z). Moreover the effect of k can be absorbed in the parameter m’
defined in in some cases, like in the T-brane examples 1 and 2, while others
like T-brane example 3 seem to require a vanishing x or a non-Cartan gauge

transformation (c.f. Appendix . Second we generalise our flux background to
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the form and consider the expansion for the gauge transformation,
which in practice result in functions f and h that only depend on (x, ), at least
at lowest order in the expansion parameter Ap. As the procedure is identical for
all the cases we present our results in a sketchy way, displaying the independent

D-term equations for each Ansatz and the asymptotic solutions near the origin

for the second one. All of the following examples satisfy [¢, ¢] = Cog for some
C depending on the Higgs-vev, which we will use to abbreviate the following
expressions. We will compute the D-term equations for the same two Ansétze

as in [5.4] That is, on the one hand for a flux consisting of the two components

Fifipgf'dg fzf(x,f,y,@)

H =1Im(kdxANdy) 1, (D.1)
henceforth called Ansatz 1, and on the other hand for

Fifipgf'gg
H=Im(kdx ANdj) 1+ pi(dz ANdZ —dy Ndgy) 1 —ipph1l

f=f(zz)h=h(z,Z,v,7), (D.2)

called Ansatz 2 in the following.

T-brane 1

0
¢h01 =m 0 (D3)

Ansatz 1:

(p,O0z + pyag)f =C (1 + N2|k|? + 4)\2Qf)

] _ _ _ _ _ _
- g/\2|m|2€2f (pyayfaifpr - pyfaffpwayf + 0gf (pyfpmaff - pyaffpr))
Ansatz 2:

p,0zf = C (1+4X*Qp)
(0,07 + p,Op)h = —8X*|m[*e* Oz fp,. f (p,05h + p) + ACN°p, 0=z f(p + p,Ogh)
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Asymptotic solution

fo =logc+ Plm'z|? + %c4|m/x\4

f1=—4ima|* (AN m P/ |? + %) — 4c* i/ [PmPx|* (10¢* N2 |/ 2 m|? + 1)
h = —4c* N plm|?|m/z|? — 6 \p|m | |m/z|*
T-brane 2
0 ax
Phol =M (D4)
0 0
Ansatz 1:

(0,07 + 1, 07)f = C (1 + N[5> + 4\°Qy)
2 — _
— X imal®e®! (p,yf [22p,f + 17 + dlaflp, f|*p, D=

— 4Re (xpyf (2§5§f + 1) ngﬂf) )
Ansatz 2:

p,0zf = C (1+4X*Qp)

— 2\%mal*e*! |2zp, f + 1|* (p,0gh + p) + 4A\?Cp, 0z f (p + p,Ozh)

Asymptotic solution

1
fo=loge+ ch|m’a\2|x|4

fi = —clam|?|z|* (2X*¢P|am|* + 1)
h = —2X\%pc?|ama|?
T-brane 3
by ax
d)hol =m (D5)
0 by
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Ansatz 1:

(L4 4X?mb|*) p,0zf — p,05f = C (1 + N|k|* + 4X*Qy)
2 , — _

— N mal*e?/ (pyf’)yf 22p, f +1° + 42|’ |p, f|*p, Oz

— 2Re (gcpyf (2@5;]” + 1) pwggf) )

0 = —i2ab|m|*Re! (2xp, f + 1)

Ansatz 2:

p.0zf (14 4X*|mb|*) = C (14 4X*Qp)
+4X2Cp, 0z f (p + p,O5h)

0= (22p,.f +1) (2p,0zh + F)

Asymptotic solution

i toges lamPlal'e
0= BT 16N b2 + 4
f1 = —=clam|?|z|* (2A*¢*|mal® + 1)
b 2X%plmz|? (|al® — 2[b]?)
B AN2|bm|2 41

T-brane 4

0 ax
¢hol =m (b 0 ) (DG)
Y
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Ansatz 1:
(P07 + P, 07)f = C (1+ N[5> +4)\°Qy)

2 _ _
= N mal*e?/ (pyayf 2ap,, f + 11> + 4|z*|p, f|*p, 0z f
— 4Re (mpyf (2205 f + 1) p,Oyf) >

P _ _
= N mb?e™ (pr)mf 2y, f — 1|° + 4ly[*p, f1*p, Dy f

+4Re (y (1 — 2905 f) p,0z/D..f) )

0 = |a>¢* Re (/ixpyf (QTEIf + 1))

+ |b|%e~ % Re (kyOzf (Zypyf -1))
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Appendix E

4d interpretation of flux

non-harmonicity

In section We defined da = —i00g to be the exact part of the worldvolume
flux that typically appears in T-brane solutions. For intersecting branes, a non-
harmonic exact flux profile would break supersymmetry, and it would be seen as
turning a non-vanishing vev for a Kaluza-Klein mode for the gauge vector field.
If we consider a T-brane in the vicinity of a stability wall of the sort analysed
in section this correspondence between non-harmonic fluxes and Kaluza-
Klein modes remains to a good extent accurate. Therefore, it is natural to
interpret a as a set of KK modes that got a vacuum expectation value when the
4d Fayet-Iliopoulos term was switched on and the system evolved to a T-brane
background. In the following we would like to give a more precise description
of this intuition, in terms of the 4d effective gauge theory.

Let us begin with the D-term part of the 8d action, which is given by [14]
SD / Tr (D A D) (E.1)
R1:3xS
1
D=—x <JAF+2[¢>,<DT]> (E.2)
c 1
:*(—4J/\J—J/\da—2*gp) o3,

where we have applied the general Ansatz of section[6.3.1and in particular made

use of egs. and . To convert this to a 4d action, we need to expand
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the relevant fields in eigenbasis of the Laplacian, and then perform dimensional
reduction. More precisely, we denote by 1, a real 0-form basis of the Laplacian,

normalised as

Aotpn = —Chtpn (E.3)

1 J—
vS /S qun A *wm == 5nm 9 (E4)

where Vg stands for the volume of the four-cycle S. As said before, a should
contain the eigenmodes of the gauge vector field A. Now, given the relation
(6.4) and the fact that [A,d°] = 0, if the function ¢ is an eigenmode of the

Laplacian so will be a. Therefore, one naturally expands « as

2 e¥n
o= ng;oan(x)d o (E.5)

where a,,(x) are interpreted as canonically-normalised 4d fields, which are even-
tually going to acquire a vev. Additionally, we can interpret the function ¢
defined in in terms of the internal profile of the Higgs-field zero mode.

More precisely, near the wall of stability we have that

where m,, € R and ¢(z) is the 4d charged field whose vev generates a T-brane
profile of the form . On the one hand, the fact that ¢ is canonically
normalised translates into mo = 1. On the other hand, the fact that we obtain
a finite quartic coupling for this field when we plug into translates
to the fact that the sum Y. m?2 must converge. Finally, one may easily extend
this decomposition to a more general non-nilpotent-Higgs-field profile. Here for
simplicity we will focus on the nilpotent case.

Plugging both expansions in the above action we obtain
1
SD —/ d'z ( (cVs + |¢>|2)2 + Z (4enan — mn\¢|2)2 , (E.7)
2Vs Jpis 20
which is nothing but eq. expanded in a basis of eigenmodes of the Lapla-
cian. In other words, we have that at the wall there are cubic couplings of the

form a,|4|®. If now ¢ # 0 and ¢ develops a vev to cancel the first term, that

is the usual 4d D-term, the Kaluza-Klein modes of the gauge vector field must
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also do so. In particular we have that
My | o
n>=-— . E.8
<an>= 100 ()

As the m,, are bounded from above, these vev’s for the KK modes will typically

decrease as their mass ¢,, increases.
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Appendix F

Examples of wall crossing for

coincident branes

As a proof of existence, we will construct different examples of 4-cycles inside a
compact Calabi-Yau showing the properties discussed in section Consider
the toric ambient space P; x P; x Py, where we label coordinates and divisor

classes as given in table Using the Stanley-Reisner ideal, we can read off

X1 X2 X3 X4 X5 Tg Ty
1 1 0 0 0
0 0 1 1 0

0 0 0 0 1 1 1
T

) )
H, H, H;

Table F.1: Ambient space P; x Py x Ps.

that the only non-vanishing intersection product in the ambient space is given by
Hy-Hy- H? = 1. We define a Calabi-Yau 3-fold X inside this ambient space by
the zero locus of the most general polynomial in the class [X] = 2H;+2Hy+3Hs.
One may check that X is non-singular. Using Lefshetz hyperplane theorem we

know that H%!(P; x Py x Py) = HY1(X), such that X inherits the Kihler form

J=U1H1+UQH2+U3H3, ’Uizo (Fl)
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from the ambient space. Similarly, we have H%!(X) = H%}(P; x Py x P3) = 0.
In the following we will show different wall-crossing phenomena present on three

4-cycles inside the Calabi-Yau.

Decay

First, consider the 4-cycle S defined by the vanishing locus S = {5+ ¢ + 27 =

0}. Using the adjunction formula, we compute its total Chern class as

o C(X) - C(]P)l X ]P)l X Pg)
=T = e (-2)

=1—Hz+- -,

from which we can read off in particular that S is negatively curved, R =

—c1(Kg) = ¢1(S) = —Hjs. In the notation of section [6.3.1} we take

M =H, (F.3)
>P=M'oKs®=2H;s—H,, (F.4)

where we can identify line bundles and their Chern classes, because h%! = 0 and
therefore Pic(S) = H>'(S) N H?(S,Z). To determine the physical spectrum of
the coincident branes we need to compute the zeroth and first cohomologies of
M and P. We can simply read off the zeroth cohomologies from the toric data,

where wee see, in particular, that M is effective whereas P is not. To determine

the first cohomology groups we use cohomCalg [72[73], and in summary we have
h*(M) = (2,0,0) (F.5)
h*(P) = (0,0,0). (F.6)

From here we see that T-branes can only be stable on one side of the wall.

Moreover, from
¢ = _2/ L (L)AT = —5/ (cr(M) —ex(P)) AT
S S
= 2’01 — V2 — 21)3 5 (F?)

we see that the Fayet-Ilioupoulos term can indeed acquire both signs depending
on the position in Kéhler moduli space. Notice that fs A(Ks)=0and I =2,
in agreement with the necessary condition of section for a decay.
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T-brane to T-brane crossing

Let us repeat the analysis of the last subsection for the different combination of

4-cycle S and line bundle M given by

[S] = 2H, + 3H; (F8)
M = H; +4H; (Fg)

where S should be defined for instance by the most general polynomial in the
given class in order to be non-singular. The line bundle cohomologies are given

by

h*(M) = (30,0,0) (F.11)
h*(P) = (24,0,0) (F.12)

and the Fayet-Ilioupoulos
f = *6111 — 3’02 + 27)3 . (F13)

From the above we read off that the Fayet-Ilioupoulos term can acquire both
signs, and T-branes are stable on both sides, due to the condensation of either

the modes of M or of P.

T-brane to T-brane or bound state of gauge field

Last, consider

S] = 2H, + 2H; (F.14)
M = 3H, (F.15)

where the bundle cohomologies are given by

h* (M) = (10,1,0) (F.17)
h*(P) = (9,0,0), (F.18)
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and the Fayet-Ilioupoulos is given by
§ = —4vy —vg + 2v3, (F.19)

which can acquire both signs depending on the position in K&hler moduli space.
We read off that on one side of the wall T-branes are stable, whereas at the
other side we may either have T-brane bound states, non-Abelian gauge profiles

or a combination of the two.
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Appendix G

Lie algebra conventions

In section we made use of both the generators of the complexified Lie-
algebra su(2)c = s[(2) as well as su(3)c = sl(3). Let us therefore summarise the

conventions used for the generators here.

s[(2) generators

As already indicated in [7.1.1] we use the following conventions

Ty =
0 —1 0 0 10

satisfying the commutation relations

[T}, T-] =Ts, (T3, T4 = 217, [T5,T-] = —21_. (G.2)

s[(3) generators

In the main text our examples were constructed in an su(3) background, where
we made use both of the generators in the Cartan-Weyl basis as well as in the
Chevalley basis, that has only integer structure constants. For convenience we

give both bases explicitly here.

We denote the generators in the Cartan-Weyl basis by capital letters. Two
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elements of the Cartan are given by

1 0 0 1 0 0
1 1
H:, — H:4 9 G3
1=50 -1 0 2N§010 (G.3)
0 0 0 00 -2

whereas the simple and highest roots are given by

01 0 0 0 O
1
Ey=—1]10 0 0 |E2=—7=|0 0 1 (G-4)
V2 \f
0 0O 0 0O
0 0 1
E\y = [E1, Eo] = 5 0 00
0 0 O
Correspondingly, the negative roots are
0 0O 0 0O
1 1
©i=—7=]1 0 0 ©=—1]0 0 0 G.5
1 \@ 2 \/§ ( )
0 0 O 01 0
0 0 O
1
O12 =[02,0,] = 5000
1 0 0

Conversely, we denote the generators in the Chevalley basis by lower-case

letters. The Cartan elements are

1 0 0 00 0
m=| 0 -1 0 m=| 01 0 , (G.6)
0 0 O 00 -1
while we denote simple and highest roots as
0 1 0 0 00
a=[0 00 e=[0 01 (G.7)
0 00 0 00
0 01
€12 =ler,e2] =] 0 0 0
0 00
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and the negative roots correspondingly as

0 00 0 00
b= 1 0 0 o= 0 0 0 (G.8)
0 00 010
0 00
012 =[02,61]=| 0 0 0O
1 0 0
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Appendix H

BPS equations with defects

For convenience, here we spell out in detail the notation concerning the defect-
BPS equations used in the main text, based on [14]. The setting we are in-
terested in, is a 7-brane stack hosting an 8 SYM, which is coupled to defects
localised at the interesection with another 7-brane stack. Take S and S’ to be
these two 4-cycles intersecting in a complex curve ¥ = SN.S’, which we take to
be irreducible and smooth for simplicity. If we denote the two gauge groups as

Ggs,Gg, the matter content of the theory can the be decomposed as
ad(G,) = ad(Gs) @ ad(Gs) & | PU; @ U] |, (H.1)
J

where the last part corresponds to additional matter localised on Y transforming
in bifundamental representations U, U’ of the two gauge groups and G, denotes
the gauge enhancement found along this locus. In particular the defect theory

contains a pair of complex scalars (o, c¢) transforming as

sel (K;/2 QU ®u’> (H.2a)

ot el (K;/2 QU* ® (u’)*) , (H.2b)

where we denoted by U, U’ the associated vector bundles of U, U’, which are
determined by restricting the principal bundles on the 7-brane stacks to X.

In the following we will denote by (-, -);; the natural product between U and

its dual bundle U/* and accordingly for ’. This product induces a map to the
Lie-algebra gg of Gg. If we denote the action of the generators of gg in U by
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T, it is given by

T:U SU— gs (H.3)

(u,v) = (T, Hy-

Note, moreover that the bundles U/, U’ and K é/ 2 are all hermitian and there-

fore equipped with a metric

H:U—U (H.4a)
H U —U (H.4b)
he'? KY? — K2 (H.4c)

With these maps at hand, we may now construct the product and moment

map introduced in Recall that they are maps
(s Dgs (Kg/2 QU ® (u’)*) o (Kg/2 QU x u’) — Ky ®gs
(H.5)
o (f(é“@a@l]’) ® (K§/2®U®u’) — gs,
(H.6)

the first of which can now be composed out of the natural product of /' and

L3 as

Dgs = (T )u @ e,y (H.7)
while the second also involves the hermitian bundle metrics G, H, h;/ ? as
b= <h£1/2', '>K;/2<TH" SlH' e (H.8)
Locally, we may therefore write
{0, 0N s = U]C-(Tl)jiai 19 (H.9)

p= by ok Hiy (1) 0 — H/PA0t P(TT) Va4,
(H.10)

where we denoted t; the generators of gg = Lie(Gg) and by T their action on
U. Note, that this equation holds globally on ¥ in the case that both ¢/ and U/’

are split bundles.
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Appendix 1

Examples of holomorphic and

meromorphic scenario

In this section we will construct an explicit example of a stable T-brane on a
positive curvature 4-cycle intersecting a second 4-cycle in a curve. To keep it
short, we present an example that allows both for the holomorphic as well as
the meromorphic mechanism. Of course not all combinations of intersecting 4-
cycles allow for this, in general. More specifically, we will construct a del-Pezzo
surface S embedded into a Calabi-Yau 3-fold X3 intersecting a second 4-cycle
S’. We consider the toric ambient space Y; given in tab. We may cut out
a CY-3 fold X3 given in class by [X3] = 12D3 — 4Dy + 5D3 + 6Dy, where the
divisor classes D; are associated to {x; = 0}. This Calabi-Yau has previously

been contructed in [74]. An explicit, non-singular representative may be found

— = N
— = N

0 0
0 O
1 0
0 1

o O O ==
o O ==
o O = O
W N O =

Table I.1: Toric ambient space Yy with Stanley-Reissner ideal of Y} is given by

{122, X225, X123, T1T4, T4, T3T7TS, T5LeTT7Ls )
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but is omitted here for brevity.

We reproduce also the intersection polynomial from [74] as
Ix, = 2D3 —2DyD2 4+ 2D3 4 3Dy D3 Dy — 2D, D3 — 6D3D3 4+ 8D3.  (1.1)

The KD"ahler cone is given by
5
J = ZviGu 0 < v, (I1.2)
i=1
where we used

G1 = Do, Go = 2Dy + D3 + Dy, (13)
Gs= 2Dy + 6Dy +2Ds + 3Dy, Gy = —2D; + 6Dy + 3Dy +3Dy,  (L4)
G5 = 6Dy +2Ds + 3D, (L5)

Given this ambient 4-fold and Calabi-Yau 3-fold data, we may consider the
two 4-cycles S, S’ C X3 given as

[S] = Dy, [S] = 3D», (1.6)

both of which have non-singular representatives and intersect transversally.
Note, that S is a rigid dP; = P! x P'. Since all of our computations will

be on S from now on, we also give the intersection polynomial of S as
Is =3DyD3 — 2Dy Dy — 6D3D4 + 8D3. (1.7)

In order to construct examples for the holomorphic and meromorphic sce-
nario respectively, we will neeed to make different bundle choices, such that we

deal with the two cases independently.

Holomorphic Scenario
We take the two bundles as

C1 (,Cg) = —2D1 - 2D2 - D3 - 2D4 (18)

C1 (Ls) = 2D1 + 2D2 + 2D3 + D4. (19)

Finally, we have fixed all the necessary data to define the holomorphic scenario

and may check if all requirements are ment. First of all M is indeed effective,
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since we have

/SJ/\cl(./\/l) = 2uy + 6v4 > 0. (1.10)
Moreover, because of

degs; (ﬁgl ® L5 ® K;/Q) — 6, (L11)

holomorphic sections o5 exist.

Meromorphic Scenario

Let us repeat this exercise for the meromorphic scenario. We define the two

bundles in question as

Cl(ﬁg) = 72D1 - 2D2 - 2D3 - 4D4 (112)

C1 (ﬁs) =2D1 + 2Dy + D3+ 2Dy,. (113)

Indeed this choice satisfies the effectiveness constraint for M ® [X], since we

may compute
/ JA (c1(M) + [X]) = 2v1 4+ 13v3 + 3904 > 0. (1.14)
s
And moreover, because of

degy: (ﬁ;l ® L5 @ Ky 2) =30 (L.15)

degy. (251 ® L5 ® K;/Q) =18, (1.16)

holomorphic oy and ¢f modes exist.
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Appendix J

4d reduction and massive

modes

In section we discussed the four-dimensional picture related to the previous
sections, but restricted ourselves to the most relevant subcase and omitting
many technical details. As stated in the main text, we will give these details
here. We have organised this appendix in the same way as section to make
the comparison as simple as possible. Before we begin with the physical analysis,
let us discuss the different form-eigenbases of the Laplacian we will need for the
computation as well as some mathematical conventions. Note that we sum over

repeated indices, except for the dummy-index e.

The spectrum of bulk KK modes

Let us quickly review the notation we use with respect to the notation with
respect, to Hodge star, scalar product and adjoint operators. We denote by

the map
x: Q0 Q-a.2-p) (J.1)
which induces a scalar product

(mﬁ)z—/ga/\*ﬁ (J.2)



and it is with respect to this scalar product, how we define the adjoint differential

operators
(90, 8) = (@, 0 ) (4:3)

:ET:—*p*. (J.4)

Recall, that our T-brane example form the main text is given in su(2), such
that all forms each are valued in three different bundles, corresponding to the
three generators of su(2). We, therefore denote by ¥4 and 11 these three (0,1)-

form eigenbases of the Laplacian
Ag, e = —(10)*g (J.5)
and accordingly the (2,0)-form bases as x§ and x§
Ag,xa = — (kX3 (J.6)

where there is no summation over the repeating indices. Moreover, we take both

bases to be orthornormal. That is

1
§4F = — / XeAXS (J.7)
Vs Js
1 _
o= — / VIl (J.8)
Vs Js
Recall the gauge covariant derivative and its Laplacian
1
Oy = — kP (J.9)
— 7T —_t —
Ay, =340y + 0404, (J.10)

and let us define its action on the one-form bases as

T3 = i axy (J.11)

(0av") . = ink X%, (J.12)

Note, that this equation gives us a relation between the eigenvalues under the
Laplacian for the two bases. Namely, by acting with the Laplacian on both sides
of the equation we get

(k) 1 _a

= 51/}§ =1 (lé)g H3AX3 5

(J.13)
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such that for a given pair (i, ) eqs. and may only be satisfied if
either pl, =0 or (k42 = (1£)2.

As we will see below, the superpotential couples one- and two-forms in the
Yukawa-couplings and therefore we will need to give relations between the (0, 1)-

form and the (2,0)-form basis, such that we define the set of constants A as

Mg = [ el nw! Axan (J.14)

Ay = /S%{ AL A X3a (J.15)

ALY :/¢§A¢{ A X3A. (J.16)
S

Lastly, to integrate the 6d superpotential on 3, we need introduce a set of

constants parametrising the norm on X

FUE/wf/\z/_J;]. (J.17)
b

F-terms without defects

We will start by computing the four dimension superpotential from 8d SYM and
then in a second step compute the additional contributions induced by defects.

Recall that
Wg = / Tr ®AF. (J.18)
S

As in section we will work in the case of an SU(2) split-bundle and are now
interested to study infinitesimal fluctuations around the background (®) = 0

and A = A T3, such that FAJ = 0. We denote the fluctuations by
6A0D = , 60 = . (J.19)

Let us now pass to four dimensions by expanding the modes in suitable basis.

To this end, recall that the relevant fields transform as

as € Q%1(S,0), ax € QUH(S, L), (J.20)
v e 0*0(8,0), m e Q*0(8, £?), pe029(s,£72).  (J.21)
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Each of these six spaces needs to be expanded in its own basis, defined in egs.

(1-5)and (J.6).
v =vaxd, cee e = aortl. (J.22)
Plugging this into (J.18)) gives

Wyg = iugAvAagj — 27:'UACL+[(I_JA§:£ (J.23)

T . 1J T . IJ
+ip- gmaa_g + 2imaasra—gA, + Ly APAGLT — 2ZpAa3[CL+JA+A

We may read off the equations of motions for u, v, m and p from each line, while

those for a, are given by

0=vaph 4 +maa_jAY —pray AL (J.24)
0=map’ , +4vaay jAL) — 2maagz ;A7 (J.25)
0=paph o —dvaa_ JALL + 2paas ALY, (J.26)
where we have used that A’/ = —A!’. Note, that the uf’a vanish if either a or

i are harmonic forms. Restricting to the remaining forms, p is in fact invertible
and we may express the equations of motion with respect to derivation by the

u,v,m and p as

/L?Iagj = 2a+KCL_JA§<AJ (J27)
0= (u' 4 —2a3,A")) a_; (J.28)
0= (/’d—A + 2&3JA5_{4) a4g. (J29)

Zero-modes

Let us focus for a moment on zero-modes, that is all the u’s vanish. Let us
moreover assume that as contains no zero-modes because .S is simply-connected
so in particular the e.o.m with respect to it does not exist for zero-modes. Then

the zero-modes need to satisfy

0= a+1a,JA§fl (J30)
= UAa_JAéi (JS].)
0= UACL_;_JAé:{l. (J.32)
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Apart from pathological cases, this implies that for each set of indices two of

the three fields vanish[f]

Massive modes

For the massive modes the u are diagonal, invertible matrices. We can see from

eq. (J.27) - (J.29) that one solution is given by a3 = a+ = 0 and from ((7.142]) -
(J.26]) that this allows for v = p = m = 0. This is the solution we are after. In

general there are no other solutionsﬂ

F-terms with defects

Let us now compute the additional defect contributions to the superpotential.

The six-dimensional defect superpotential is given by

Wz =/<UC,5AU>
b

= / (ac,5<A>o —i0A(0)),
i

where by dA(c) we denoted the action of JA in the fundamental representation
of su(2) on o. Recall from egs. (7.20)) and (7.21) that the fields o€, o transform
as sections of Ké/z, whereas the product (o) transforms as a section of Ky,

such that it is much more convenient to expand the product of the two fields in

L1f for every «, the matrices Aéi regarded as a map to C have the same non-trivial kernel,
then these conditions do not imply the vanishing of the individual fields in the above equations.

I.e. The double sum over ¢, 7 might allow for cancellations.

2 Assume we want to find a solution with a_ = 0, then to solve a3 needs to acquire
a vev in order to cancel the term in parenthesis. Correspondingly, then forces a4 to
acquire a non-vanishing vev a4 # 0, which in turn implies that can only be solved if the
term in parenthesis vanishes. This is generically not possible as there is no relation between
the p4’s and A+’s. To be more precise: For such a cancellation to happen, either we need to
have M{F,a = Auﬂ}a and Ai{a = AA{#{Q for some A € C or that supp(Ay) C ker(A_) and
vice-versa.
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our previous bases {13, 1,%_}, than to expand the individual fields E|

ofor = (0501); 4, o500 = (0502),; 4 (71.33)

afos = (0§02); ¥4, 501 = (0501), 9L
Pluggin all of this into (J.33]), gives

Wy =i(0502), T agy —i(0501), T a3, (J.34)

—i(0§02); T ar; —i(o501), T a_.
With both superpotential contributions eqs. (J.23) and (J.34) at hand, we
may now compute the equations of motion. Those for the component fields of

0® can be easily read off from eq. (J.23) and do not depend on the defect fields.
On the other hand those for the components of A are given by

rt/ ((afol)j - (0502)j> =vapsy +maa_ A7 —paai ALY, (J.35a)
I (0501); = mapl , + 2vaay jA5% — maas ;AL (1.35b)

I (0%09); = paply o — 2vaa—sASh + paas AL, (3.35¢)

while those for the defect fields themselves are given as

0=ob (M) T"a,, (1.36a)
0=ol (M), T"a_, (J.36b)
0=o5" (M) Ta_, (J.36¢)
0=0fX (M), Ta,, (3.36d)

Let us now try to solve them, at least partially. We proceed separately for

zero modes and massive modes.

Zero-modes

Let us focus for a moment on zero-modes, that is all the p’s vanish. Let us

moreover assume that az contains no zero-modes because .S is simply-connected

3 At the cost of more notation, one might also expand the the fields individually and then
define a set of additional coefficients, that relate the basis of 0-forms valued in K;/Q ® LT to
those of (1,0)-forms valued in £+ and O.
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so in particular the e.o.m with respect to it does not exist for zero-modes. Then

the zero-modes need to satisfy

0= G+KCL,]A§<AJ (J37a)
7 (0501); = 2vaa4 AL, (J.37b)
7 (0502) ; = —2vaa_jALL. (J.37c)

The same comments regarding a non-trivial kernel of the A’s as in the case
without defects also apply here. Note, that the index I runs only over zero-

modes whereas in particular o may run over massive modes!

Massive modes

For the massive modes the story is more interesting. First, under the same
caveats as for the non-defect case, we have as = ax = 0 — so we may have only
non-trivial vevs in the zero-mode part of the a4 modes. Let us therefore denote
by a the zero-modes of a to emphasise that the massive modes vanish. In this

notation the equations of motion for the massive modes in v, m, p read

v=(uha)" TV ((0f00), = (0502),) (J.382)
— (1) (mpa— sy — ppas sAY) |

m=(uh o) T (0501), — 2 (uh0) " vpdy ALY, (J.38b)

pa= (1l o) T (050s), +2 (uh o) vga sALS. (3.38¢)

These are the generalised version of the constraints found in eqs.([7.150)).
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