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ABSTRACT

A systematic study of a gravitational action possessing local conformal in-
variance is undertaken. The spontaneous breaking of the conformal symmetry
induces general relativity as an effective long distance limit through the vacuum
expectation value of an unphysical scalar field. The Ward identities of the bro-
ken theory guarantee the stability of Minkowski spacetime or, equivalently, the
vanishing of the cosmological constant to all orders in any consistent perturba-
tion expansion. This result persists when the theory is coupled to the standard
U(1) X SU(2) X SU(3) model with its electroweak symmetry broken by radiative
corrections. A particularly natural small parameter is the ratio of the gravita-
tional degrees of freedom to the matter ones, 1/N. In this perturbation expansion
the theory is asymptotically free and renormalizable in a simple way. We show
that this expansion predicts the spontaneous breaking of local conformal symme-
try. Furthermore, all ghost degrees of freedom acquire gauge fixing dependent

masses.
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1. Motivation

There is no experimental evidence for the quantization of the gravitational
field but one expects quantization should apply to all the fundamental fields of
physics. They all interact with one another, and it is difficult to see how some
could be quantized while others not. Of the four fundamental forces determin-
ing low energy physics, three have been adequately described as quantum field
theories. All experimental results indicate these quantum theories possess gauge
symmetries based on the group U(1) X SU(2);, X SU(3)¢. The remaining force,
gravity, has a similar gauge symmetry, the coordinate invariance in a spacetime
manifold, but resists quantization. This prevents us from constructing a quan-

tum theory of all known interactions based on the gauge principle.

Classically, the gravitational force at large distances is very well explained
by Einstein’s general theory of relativity which relates it to the curvature of
spacetime. The underlying spacetime manifold is Riemannian and the associated
curvature tensor can be obtained by noting that under parallel transport around
a closed loop the final direction of a vector differs from its initial direction.

Weyl, in his attempt to unify the gravitational and electromagnetic forces [1],

generalized the Riemannian space by allowing the final vector to have a different

length as well as a different direction, which is a very natural generalization of

the manifold’s gauge invariance.

Although there exists a range of classical distances in which Einstein’s theory
has no experimental confirmation, there is no overwhelming reason to modify it
on the classical level. It is quantum physics which reveals the serious problems
of general relativity. The experimental upper bound on the value of the cosmo-
logical constant is [2] approximately 1048 (GeV)*, a very small number indeed.
However, the presence of a single fundamental particle in the Einstein universe
induces an infinite contribution to the vacuum expectation value of the energy
momentum tensor or, equivalently, to the cosmological constant. Unless severe
unnatural fine tuning is employed, general relativity contradicts the observed

world.



There are two equivalent ways to quantize a classical theory; the first involves
the canonical formalism while the second the functional integral formalism. Us-
ing generalized canonical methods, Einstein’s theory can be put-into Hamiltonian
form [3] whose consistency cannot be established on the quantum level due to
the presence of singular order ambiguous operator products [4]. This problem is
intrinsic to the canonical formulation of any coordinate invariant metric theory
[5]. Nevertheless, the naive expression for quantum inner products as a func-
tional integral weighted by the classical action does define some quantum theory
of gravity. It is this definition of quantum gravity which is employed to analyze
its properties. The same methods developed for the renormalization of non-
abelian gauge theories can be applied to Einstein’s gravity and demonstrate its
perturbative nonrenormalizability [6]. This phenomenon, which becomes more
transparent when general relativity is coupled to renormalizable matter theo-
ries [7], can be traced to the dimensionful coupling constant entering Einstein’s
Lagrangian and defining the perturbation series. Consequently, the perturba-
tion series of quantum general relativity leads to uncontrollable ultraviolet di-
vergences. It could be that by solving exactly the quantum theory sensible finite
results emerge. However, the intricate nonlinearity of gravity makes such hopes

infinitesimal. Another possibility, within perturbation theory, is to reorganize

-the terms of the perturbation series consistently and hope to obtain answers that

are finite or renormalizable order by order. One such effort considers expectation
values of invariant Green’s functions which correspond to physically meaningful
experiments in curved spacetime but calculational difficulties prevent definitive

conclusions [8].

It is reasonable to assume that quantum gravity is not derived by quantizing
general relativity but some other renormalizable gravitational Lagrangian which
leads to Einstein’s theory at large distances in the same way that the Glashow-
Weinberg-Salam U(1) X SU(2)L gauge model leads to Fermi’s four-fermion La-
grangian. Although this analogy is not exact since gravitation, unlike weak

interactions, is a long-range force, it provides physical insight.



Consider the four-fermion interaction Lagrangian:
- 1 -
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which in terms of an auxiliary field A, takes the form:

DAY+ gPTa0) AR + 5 AL

This Lagrangian is not renromalizable since it has one-loop higher derivative
counterterms of the form aFﬁV + ﬂ(é?,,A“)2 which give kinetic energy to A,. By
adding kinetic terms to the classical Lagrangian, one obtains a new theory which
at low energies reproduces the four-fermion interaction and is renormalizable but
not unitary. The introduction of gauge invariance restores unitarity but, at the
same time, eliminates the A, mass term and, therefore, the desired low energy
limit is lost. This limit is recovered by supplying a mass to A, through the
vacuum expectation value of a scalar field which spontaneously breaks the gauge

invariance.

Starting from the Einstein Lagrangian and calculating quantum corrections,
we obtain higher derivative coordinate invariant counterterms [6]. By analogy, we
.are led to consider theories containing additional terms quadratic in the curvature
tensor. Dimensional analysis concludes that the linear Einstein term dominates
the long distance behavior of the theory while the quadratic terms dominate
at short distances. Furthermore, it can be shown that such Lagrangians define
perturbatively renormalizable quantum theories [8]. Nevertheless, these theories
are not unitary in the ordinary loop expansion although nonperturbative tech-
niques seem to suggest that no ghosts are present [10-12]. Independent of their
unitarity properties, higher derivative gravitational actions still suffer from the

cosmological constant problem.

A new gauge symmetry is needed. It is an old idea in particle physics that,
in some sense, at sufficiently high energies the masses of the elementary particles
should become unimportant. On the other hand, Weyl’s generalized Riemannian

space naturally incorporates this idea by possessing local conformal invariance.



In the resulting Lagrangian, which is quadratic in the Weyl curvature tensor, a
cosmological constant term is forbidden by the extra symmetry. At the same
time, in analogy with the previous example of the weak interactions, Einstein’s
theory at large distances is not reproduced as long as the symmetry remains un-
broken. By analogy with the Higgs mechanism, general relativity can be induced
[13,14] if a scalar field acquires a vacuum expectation value which spontaneously

breaks the conformal invariance [15].

In this work, we construct a spontaneously broken conformally invariant
quantum theory, Weyl's gravity, and study its general properties. There are
two problems which have to be faced immediately. On one hand, the unresolved
question of unitarity can be powerfully attacked using an expansion in a naturally
small parameter, 1/N, where N is the number of fundamental matter fields
[10]. In this expansion higher derivative gravity theories are unitary to leading
order but require the Lee-Wick prescription [16] from there on. On the other
hand, one expects that conformal invariance is explicitly broken through the
renormalization scale [17]. However, we directly connect this scale with the
vacuum expectation value of the scalar field which induces the Einstein term.
At the same time, the scalar is the dilaton which in turn is the Goldstone boson
of the spontaneously broken dilatation invariance, the global counterpart of the

‘conformal gauge symmetry.
In the context of Weyl's gravity {30]:

(a) We review the classical Weyl theory and present the properties of its
1/N expansion. The theory has one coupling constant, in the simplest

case, and is asymptotically free [10] (section 2).

(b) Independent of the expansion parameter, we demonstrate that the
Ward identities of any spontaneously broken conformally invariant
theory imply a zero cosmological constant to all orders in a pertur-
bation series around flat spacetime and an extremum of the dilaton

potential (section 3).



(¢) There exists an extension of dimensional regularization using the dila-
ton field which preserves the Ward identities of the spontaneously bro-

ken conformal invariance without anomalies [15] (section 4).
(d) The theory is renormalizable in a simple way (section 5).

(e) To realize the spontaneous breakdown of the conformal symmetry,
the vacuum expectation value vg of the dilaton field has to be deter-
mined in terms of the renormalization group invariant scale A where
the gravitational coupling constant becomes strong. We achieve this
by using the equations of motion of the dilaton to determine the ratio
vo/A. Thus, the theory has a single scale parameter of the order of
the Planck mass and the dilaton becomes the Goldstone mode of the

spontaneously broken dilatation invariance (section 6).

(f) Any matter theory can be extended to a spontaneously broken confor-
mally invariant theory coupled to Weyl's quantum gravity such that
the cosmological constant vanishes. As a simple example, we demon-
strate this explicitly in scalar quantum electrodynamics, the general-
ization to the standard U(1) X SU(2)r X SU(3)¢ model being straight-
forward (section 7).

(g) We show that all ghost degrees of freedom receive a gauge dependent
mass suggesting that the theory may be unitary in the 1/N expansion
without using the Lee-Wick prescription (section 8).

2. Weyl’s Gravity and the 1/N Expansion

We wish to study Weyl's gravity coupled to /N matter fields. The classical
action of the theory consists of two parts:

S=8Sc+Sm (2.1)

and possesses coordinate and conformal invariance, the two elements of Weyl's

local symmetry. The fundamental classical gravitational field variable is the real,



symmetric tensor g,,(r) with signature (+ — ——) and z a point in some four-
dimensional spacetime manifold (greek suffixes take on spacetime values). Under
local coordinate transformations with infinitesimal parameter-w#(z), the metric

changes by:

Aguu(z) = —gup(z) Oy wP(T) — gup(z) 8y w(2) — W(2) Bp guu(z)  (2:20)

while the result of a local conformal transformation parametrized by ¥(z) is

bguv(z) = 2Q(z) guu(z) . (2.26)

The curvature tensor R"ﬂqé(z) can be expressed in terms of the connection

I'“4.(z) which is a well known function of g,,(z) and its first derivatives:
R%,5(z) = 04T %4(z) — 95 7%, 5(z) + T, (2) Fpéﬁ(z) —T%, I‘pw(z) . (2.3)

Weyl’s tensor C ﬂ*yé( r) can be constructed out of the curvature tensor and its
contractions. It vanishes for all contractions of its indices, is conformally invari-

ant since:

5C% 5(z) =0 (2.4)

and its square, which equals:

C¥(z) = Cupys(z) C*P7(2)

(2.5)
= Raﬂ’yé(z) Raﬂqé(z) - 2Ra7($) Ra7(£) + % RQ(:I:)
provides the simplest Weyl invariant action term depending only on g,.(z):
/ dz \[=g(z) C¥(z) (2.6)

where G is some dimensionless coupling constant while g(z) is the determinant

— of gu(z).



However, Weyl's theory needs a scalar field ¢o{z) as part of the gravitational

piece of the action. The transformation properties:

Ado(z) = —wP(z) 0, dolz) (270)
and

6¢o(z) = —Qz) po(z) (2.7b)

of the scalar field imply that, up to an overall sign, after normalizing its kinetic
energy term to have the standard coefficient, only one combination containing

derivatives of @g(z) is invariant under both symmetries:

£ [ az gle) [5 ()0 d0l2) 0, b0(2) + 1 REDER)] - (29)

The requirement on our theory to induce the Einstein action, after ¢o(z) acquires

a vacuum expectation value (VEV), fixes the overall sign of (2.8) and we infer:

So= [ d'z \/=9(2) [ g3 C*(0) - 5 9 (2) u d0l@) By do(2) — 35 R(2) ¢5(2)] .

(2.9)
Thus, as a direct consequence of the conformal part of the full invariance, the
‘gravitational action contains only one coupling constant. The addition of the

Weyl invariant self-interaction term:

[ &'z J=g(2) r068(=) (2.10)

would introduce another coupling constant but, for simplicity, we do not consider
it now as our conclusions are not affected (the most general case is treated in
sections 4 and 6). Furthermore, the scalar ¢o(z) has to enter with a negative
kinetic energy term; the correct Einstein term forces it to become a ghost. For
spacetime manifolds topologically equivalent to Minkowski spacetime, the Gauss-

Bonnett theorem relates the various quadratic terms in the curvature:

= [ 2 J=o(@) [Rapysla) R (2) - dRag(e) R*(@) + R¥2)| =0 . (211)



The equations of motion following from (2.9) are:

= — 52 V=52) [5 *(2) Caplz) C2(2) 4 2RI ()5

+2R**P(z).5, — 2Rh 5 (2) R™*P1(2) — 2¢*" R*P(2).05 — 2R*"(2).%,
+2R**(2)." , + 2R"%(2). 5 + 4RV*(2) R¥o(z)

+2 @) R(), % — 3 RE)™ - % R@) R (o)

+3 V=10) (%) (2) — 5 () °2(2)) (Gasol))( 360(2))

+ 2 e (R - L o Ri)) 882

+9"(2) 8§(2), % — F(x),*| = 0 (2.12)
o — — & \/=g(a) Rix)do(2) + 0 (y/=0(2) 5°7(2) 35 60(2))
=0 (2.13)

-where the semicolon denotes covariant differentiation. The scalar field variational
equation contains no additional dynamics being the trace of the gravitational

equation:

B __ 14 3;%‘;—) (2.14)

This result is due (o the conformal invariance present and is most clearly
exhibited by redefining [18]:

_ () S9u(z) 2

9pT) = v5 2 83(2) guu(z) ; vp #£O (2.15)

in the gravitational action (2.9). The latter becomes:

- S& = / diz \[—g'(z) [_C% C'?(z) —tl)—(z R'(z) (2.18)



and the scalar field is entirely removed; it is a “gauge” degree of freedom. Weyl’s
gravity, based on Sg, needs conformal gauge fixing and, provided ¢g(z) has a
nontrivial VEV, the action SC’: is the form the theory takes in the gauge ¢o(z) =
vp which can be thought as the “unitarity gauge” for the c_onformal symme-
try. Notice that the general theory of relativity is induced by defining vg =
3(47Gn)~1, where Gy is Newton’s constant.

The equations of motion (2.12) and (2.13) have a one-parameter family of

solutions given by:

guu(x) =NMuw do(z) = v (2.17)

which classically spontaneously break the conformal invariance; 5,, denotes the

Minkowski spacetime metric.

The matter part Sy of the action will in general contain Ng scalars ¢, Np
Dirac-fermions ¥ and Ny vector bosons Ay all of which, in a realistic theory,
are associated with a Lie group H. There are many such fundamental matter
field in nature and consequently a small expansion parameter is the ratio of the
gravitational degrees of freedom to the matter ones. Thus, the perturbation

theory of the action:

S=[ dbz g2 |~ 2y Ca) =} ¢*(2) 34 $0(2) 90 d0lz) — 15 Rl2) 63(2)]

+ Sum (9, ¥, Ay (2.18)

will be organized in powers of 1/N, where N = Ng+6Nfp +12Ny [see below eq.
(2.27)], such that the product G2N is fixed. The background fields corresponding

to the vacuum of (2.18) determine the expansion points of our perturbation:

9uv(z) = Npv + Ghyo(z) (2.19q)

do(z) = vo + o(2) . (2.186)

The matter fields, with the possible exception of some scalars, have trivial back-

_ grounds. Finally, a simple set of gauge fixing conditions for all local invariances

10



is:
Bkt () =0 , hi(z)=0 ; 9A%z)=0 . (2.20)
The first two conditions correspond to the coordinate and conformal symmetries

respectively while the third to the gauge symmetry which Sys[¢, 1, A,] may have.

In the 1/N expansion, the quantities vg/N and g?N , where g; denote the
matter coupling constants, are fixed as well. As a result, the free graviton prop-

agator is given by (see Appendix A):

¢ 2
Do slp) = ———s— P s(p) (2.21)

and can be decomposed into two terms:

24 |t t (2)
D = - P 2.22
aﬁ,’yé(p) mg Eg p2 _ vag aﬂ,7§(p) ( )

the first of which represents the massless spin-two graviton state while the second
a massive spin-two state appearing in (2.22) with a negative sign. Since all
_physical states of a quantum theory must have positive-definite norm and energy,
an appropriate causal prescription for shifting the poles of the propagator is
needed. The massless part of Dyg 5(p) when replaced by:
{

B T (2.23)

leads to a good quantum state. However, when the massive part is changed to:

¢

- 2.24a
L
or
i (2.24b)
P°— g T

11



the corresponding physical state has either negative energy (2.24a), resulting in
a perturbatively unstable theory, or negative norm (2.24b), resulting in a pertur-
batively nonunitary theory. Unless the massive pole is shown to be unphysical,

Weyl’s gravity will be perturbatively meaningless.

Our perturbation expansion is in powers of 1/N and, therefore, matter loop
corrections to the free graviton propagator should be included as part of the
leading order graviton propagator. Consider the renormalized contribution of

Ng scalars to the one loop graviton self energy (fig. 2.1):
; 2
ms) 2y —=__"* G*Ng (2)
Mop6(P") =~ 245 Tamp P ten ,, Paﬂ 15(P) (2.25)

where dimensional regularization has been used with 12 as the subtraction point;
the nonlogarithmic p*-terms have been absorbed in the definition of #2. Analo-

gous diagrams for fermions and vectors bosons are simple multiples of (2.25):
105 (%) = 201575 (6%) = 12115 6%) (2.26)

and the total contribution:

i G2 2
Mapele®) = =555 G (Vs +6Np + 12Ny) p* tn ( 17) P2 (p) (2.27)

‘is gauge invariant and, moreover, justifies the choice N = Ng 4+ 6 Ng + 12Ny

as the overall expansion parameter. The complete leading order 1/N graviton
propagator Dg .5 (p) is given by the sum of all graviton diagrams with an arbi-
trary number of one loop matter corrections (fig. 2.2). The sum of the resulting

geametric series is:

(2)
1Py 5 5(P) 1
Dop s lp) = — 22200 (2.28)
p( 1+G2°) 1- z%o(—;z( 1+m”°) ﬂn(—‘lfz)
and simplifies to:
.p(2) +(p)
Dop s (p) = Fasi . (2.29)

G?y? G2N 2
p [—p + =71 — oo {4y P2 {0 (—,%z)]

12



Furthermore, the beta-function of the coupling constant G can be calculated
to leading order in 1/N:

1 N 3 - -

BlG) = ~240 (4n)2 (2.30)

and the theory is asymptotically free [10]. Each matter field gives a negative
contribution to the beta-function in contrast to gauge theories where the opposite
happens. Therefore, there exists a “QCD-like” renormalization group invariant

scale A at which the coupling constant becomes strong:

120(47)?
A= pexp {—_5’(5—37\7_)_} (2.31)
In term of A, the propagator takes the form:
(2)
_ tP p
D apys'P) (2.32)

aBy (p) =
8,76 pg[g’zﬂvﬁ 2%0‘47;?1’2‘"( p2)]

The benefits of the 1/N expansion are apparent. Weyl’s theory, due to its
asymptotic freedom, defines a well behaved nontrivial continuum quantum the-

ory. This theory is studied by using a completely invariant expansion parameter

-so that the resulting perturbation series is insensitive to the strength of the

coupling constant at all scales. The graviton propagator (2.32) possesses better
ultraviolet convergence properties due to the presence of the logarithm. More
importantly, the troublesome massive propagator pole may be avoided, again due
to the logarithm. In Euclidean space, with signature (++++), the condition for

the existence of such a pole is:

2,2
1607 UO

N +zénz=0 (2.33)

where the variable z = A™2p? is always positive. Equation (2.33) has no real

solutions provided (fig. 2.3):

16072v% _ 1
>

N (2.34)
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However, as Tomboulis showed [10], in the Minkowski complex p? plane a pair
of complex conjugate poles exists on the physical sheet. Thus, these poles do
not contribute to the absorptive part of the graviton propagator (2.32) and the
theory is unitary to this order. In higher orders of the 1//N expansion unitarity
violations may be avoided by using the Lee-Wick prescription [16] which is a

well-defined but potentially problematic diagrammatic procedure [19].

Finally, we note that the presence of a scale A breaks the conformal sym-
metry. A true conformally invariant quantum theory would have a zero beta-
function for its dimensionless coupling constant. Upon quantization of Weyl's
gravity, however, infinities are encountered and a momentum subtraction is
needed to absorb them. As a result, the theory acquires a scale A and a nonzero
beta-function; conformal invariance has been broken explicitly. Suppose we could
break the symmetry spontaneously and not explicitly by directly associating the
scale A with the VEV of some scalar field. Then, the existence of a conformally
invariant regularization scheme would imply that all the information extracted
from the spontaneously broken theory can be preserved order by order in the

perturbation.

3. Ward Identities and the Vanishing of the Cosmological Constant

Let us assume that a well-defined spontaneously broken Weyl invariant quan-
tum theory exists. Then, the regularization and renormalization scheme will pre-
serve its Ward identities (W-I's) a subset of which implies the vanishing of the
induced cosmological constant term to all orders in the perturbation expansion.
There is such a scheme [15] (see section 4) based on writing the theory in a Weyl
invariant way in n dimensions where the conformal transformations on our fields

take the form:

8guy = 2Qguy (3.1a)

w=-"" 2 vy + ) (3.18)

14



bp = ———— Q (3.1¢)

for the graviton and any spin 0, 1/2, 1 field. Moreover, assume that the presence
of a nonzero scalar field VEV v, drives the spontaneous breaking of the conformal

invariance.

Consider the n-dimensional Weyl invariant Lagrangian:
Linv = LG("#U+Ghuu,'v0+‘7)+LM(U¢+¢;¢>AIJ) (3.2)

with general linear gauge conditions (¢, ®,) for the coordinate symmetry, (£, ®)
for the conformal and (a, ® 4) for any gauge symmetry of the matter Lagrangian.

The effective Lagrangian L consists of two parts:
L=Linv + LgF (3.3)

.and possesses the following Becchi-Rouet-Stora (BRS) [20] symmetry:

Sh[“/ == - [auCu + aVCp + G(h#paycp + hupal‘cp + Cpaph#u)]

+ 2¢(nuv + Ghyy) (3.4a)

B n—2
8¢ =—GcPd,p — —5 Gelvg + @) + 849 (3.4b)

n—1
s =— GcPo,) — Gey + 84y (3.4¢)
sAy = — G(ApBucP + cP0,AL) + 84A, (3.4d)

_ 1

SC“ =E Qu, (346)

15



8t = l ® (3.49)

e .
- sc=—GePdye - I (3.4h)
sEA=1 d4 (3.41)
a
scq=—GcPOjycqs+ 8404 (3.47)

where (cy,¢,c4) represent the coordinate, conformal and gauge ghosts respec-
tively, s4 is the internal gauge piece of the BRS invariance and all indices are
raised and lowered with the Minkowski metric. Elementary inspection of (3.4)
shows the BRS transformation acting on hy,, ¢, ¥, Ay as the sum of a coor-
dinate, conformal and internal transformation with infinitesimal parameter the
respective ghost fields (cy,¢,c4). Furthermore, BRS tranformations leave the
functional integral measure invariant, have unit functional Jacobian [9] and are
nilpotent (s2 = 0 except when acting on antighost fields). The part Lgp of the
effective Lagrangian containing the gauge fixing and ghost interaction terms is

given by:

1 1 1
=_— 0,0+ ®2+ _— d4 —tsb,—Ccsb 2454 . (35
LGF 2% v + 2€ + 2 A p—CS AS®PA ( )
in the presence of fermions, the vierbein must be introduced as the fundamental
gravitational field since it transforms spinor into coordinate indices. Conse-
quently, local Lorentz gauge fixing and ghost terms must be added leading to a

straightforward generalization with no effect on our conclusions.

The generating functional W [Jg, J¢] for connected Green’s functions has a

functional integral representation:

exp (tW [Jp, J§]} E/ [H dF] exp{i/ d"x(L+Z Jp-F+ ) J%~sF\}
F F F#t,
(3.6)

where Jp, J§ are the sources associated with the field F' and its BRS trans-

— formation sF respectively. A Legendre transformation leads to the generating

16



functional T [F, J #] of one particle irreducible (1-PI) Green’s functions:
T[F,J8) =W, J§] - / d"z {Z JF-FJC%—_ éﬁ} (3.7)
F o a

where the classical field ' is defined by:

- 6 s
and the subscript “a” is a generic index for all gauge fixing conditions. The

equations of motion are:

W 6T

5E = 5 (3.90)
JF=—%—$%%¢G . F 2, (3.95)
Jeg = :_éra (3.9¢)
Iy, = :—fa (3.94)

The Ward identities of a theory express its invariance under the BRS tran-
formations; only the source terms break the BRS invariance in the functional

integral (3.6) and as a result the W-I's emerge:

(Z Jp - sF> =0 (3.10)
- F
where

(0) E/ [H dF] 0 exp{i/ d"z(L+z Je-F+ ) JIf«-sF)} (3.11)

F F F#z,
for any operator 0. Combining (3.10) with (3.9) and the antighost equation:
]
(E) —0 (3.12)

17



the familiar form of the W-I's is reached:

6T &
Y —= ——611 =0 (3.13a)
Fstz, 0F 0Jp LT

> §&, 6T &I

. — =0 (3.13b)
Fotae OF 6Jg  beq

Finally, we note the existence of a conserved quantity, the ghost number N,:
Ncléa] =1 y Nc[éa] = —1 ) Nc[Jga] == ""'2 (3140)

NJFl=0 , NJJg]=—-1 for Fs#2;,cqa . (3.14b)

Implications for the Cosmological Constant

Let us functionally differentiate (3.13a) with respect to the classical ghost
field ¢ of the conformal symmetry and then set all /' and JE equal to zero. By
using ghost and fermion number conservation together with Lorentz invariance,

we obtain:

5T &°r T 621

= — + —_— = 3.15
Shyy 0J5,6¢ ' 56 8J36¢ (3.15)

evaluated at zero momentum. Furthermore, the BRS transformations (3.4a) and
(3.4b) imply:

8°r :

. m = 2(77,“/ + Xﬂ,u) ’ with ny = ﬂ”uX (316(1)
T P2 Gy +Y) (3.160)
5z6e 2 ¢ '

where X, and Y are the one ghost matrix elements (1-PI) of the operators

Gchyy and cg respectively (see fig. 3.1). Thus, eq. (3.15) becomes:

T n—2 6T
1+ X — = G +Y) — . 3.17
(14 X) g ="0= G L +Y) (3.17)
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The action principle implies that, for all ¢, the constant background vy
should take the value minimizing the effective potential V(@) of the theory. At
this value, the scalar tadpoles 6I'/6 ¢ vanish and (3.17). automatically guarantees
the simultaneous elimination of the graviton tadpoles 8I"/8 iz,,u. Therefore, the
cosmological constant is zero or, equivalently, Minkowski spacetime is stable
to all orders in the perturbation expansion around the minimum of the scalar

potential.

Any coordinate invariant metric theory coupled to matter contains graviton
tadpoles 6I'/6 il,w which in general will diverge. As a result, a cosmological
constant term A. [ diz v/—9¢ has to be introduced to eliminate these infinities
and Minkowski spacetime will not be a solution of the equations of motion any
more. To retain flat space as a solution, the bare cosmological constant must be
fine tuned order by order to make its renormalized value equal to zero. One would
expect the spontaneous breaking of the conformal invariance to induce both the
Einstein and the undesirable cosmological term. However, the W-I (3.17) of the
broken theory relates the graviton to the scalar tadpoles. The latter vanish at an
extremum of the scalar effective potential order by order. Then, the W-I implies

a zero cosmological constant without fine tuning.

In the Landau type gauges (2.20) the W-I (3.17) assumes a particularly simple
form (see fig. 3.2):

oT n—2 or
—_ = = G Vg — 3.18

since the graviton propagator becomes transverse and traceless so that the rel-
evant (see fig. 3.3) ghost-ghost-graviton vertex vanishes when contracted with

propagators leadingto X =Y = 0.

We conclude by noting the validity of the above results for both perturbative
expansions: ordinary loop and 1/N. The corresponding effective actions are

— related to each other by a proportionality factor N [10].
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4. Regularization of the Theory Without Anomalies

Any renormalizable classically Weyl invariant local quantum field theory
needs a renormalization scale which explicitly breaks the scale invariance and
is the source of the conformal, or trace, anomalies [21]. In the context of dimen-
sional regularization this scale p is naturally introduced once any dimensionless
coupling constant e acquires dimensions as the theory is continued to n < 4

spacetime dimensions:

e = eq plt—M/2 (4.1)

where e( is dimensionless. By replacing the scale p with the unphysical dilaton
scalar field ¢¢ raised to an appropriate number of dimensions, a conformally

invariant theory in n dimensions can be written when [15]:
e — e ¢g4_n)/(n—2) i (4.2)

However, the theory at the background solution ¢y = 0 is not analytic and a
perturbation expansion exists only around ¢g = vg 7 0 or, equivalently, when

the conformal invariance is spontaneously broken [see eq. (2.19b)]:
e — eg(vg+ 0')(4—")/("‘2) . (4.3)

As a result, the spontaneously broken theory appears to have two scales, vg and

the subtraction point g. This is clearly exhibited by substituting (4.3) with:

L. (1+.‘_’_)“‘””‘"'2)=eop(4-n)/2 (1+1)(4—n)/(n—2) "

Y0 Yo

which we use from here on.!] Nevertheless, the requirement of a stable per-
turbation expansion around ¢ = 0 will determine the ratio vg/p and prove the
existence of a single scale parameter for the theory directly associated with the
VEV v of the scalar field @g (see section 6).

_ ["Since the Lagrangian (2.9) has a reflection symmetry ¢g — —¢@g, we can always
choose ¢g and, therefore, vg to be positive. Then, 1 + !‘,’—o >0.
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The general rule for constructing n-dimensional Lagrangian terms in a spon-
taneously broken Weyl invariant theory is quite simple. Start with any coordinate
invariant theory of gravitons and matter fields. Introduce anunphysical scalar
field o, the dilaton, and perform conformal transformations [see egs. (3.1)] with

a o-dependent parameter to all the dynamical variables:

4/(n—2)
Juv — gpu(l"r:—o) (4.5a)
a1
¢ — ¢(1+56) (4.56)
o\~ (n—1)/(n-2)
Y — w(ug) (4.5¢)
Ay — Ay . (4.5d)

The parameter has been chosen such that the transformed fields are conformally
invariant when the transformation properties of the dilaton itself are taken into
account. When the replacements (4.5) are effected in the coordinate invariant
terms of the theory, they trivially become conformally invariant as well. Then,
by making the dilaton a dynamical field we obtain a Weyl invariant theory of
‘the metric, dilaton and matter fields. The “unitarity gauge” o0 = 0 of the
conformal symmetry naively reproduces the original coordinate invariant theory.
This corresponds to performing the inverse transformations (4.5) to the fields as
we have already seen in section 2 [see eq. (2.15)]. A list of all Weyl invariant

Lagrangian terms containing up to four derivatives of the metrie is the following:
(1) Pure gravity terms,
n—4

1 9 1 ( 0)23:2 n—2 o
— — - — — — .6
e A A @V Ity o€ (4.60)

n—4

20=
TR = B =avmg(14 2)

(e ) o GO e
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~ V=9 R —~ =3 {5 ¢ (0u0)0u0) + o

23(";_21) R(vo + 0’)2}

n—4 -
0_2

Aev=g = 2ov=a(1+5) T ok 5 d=

(ii) Scalar field terms,

V=i

_.\/q{

v 2
g* (6u¢)(6u¢)+ ( )R¢}

o (Oug)38) + 7= Re*)

D] =t DO

BV—g R$* — B(v=g R$>) = B v=7 ¢*

n—2

% {R _4(n-1) [( duo )m p (8uo)(ayo)]}

v+o (vo + 0)2

_2n-4

SV - v (1) e

2"—4

g miVEg et - = o f‘(1+ Z) T ok 0)%e?

A

¢
;2_

(iii) Fermion terms,
iV 7 ViV — iV, Vi VY

n—4
g

~IVEE e = — =g (14 2) 7T Do

_n—4
] m

my V=g % = =1V (14 ) " oo £ =T

Yo

(iv) Gauge boson terms,

4e

22

(4.6¢)

(4.6d)

(4.6e)

—

4.6)

(4.69)

(4.6h)

V=9 uv )‘pTF F 1 g 2:"_:% BY N T F
42 9 9 ATt = —a VY 1+;)6 9 g TrFy Fyp .

(4.61)



In eq. (4.6i), V}(z) is the vierbein field with coordinate index g, Lorentz index
a and determinant V(z), while V# is the covariant derivative formed out of the
spin_connection. Furthermore, F,,(z) is the nonabelian field strength with the
trace acting on the gauge Lie algebra and G, v > 0, 8, X\, f, e are the various
coupling constants. Finally, the n-dimensional conformally invariant Weyl tensor

C"Oﬂ,’(z) is given by:

1
Cﬂaﬂ7 = Rﬂaﬂv Tn—2 (5;;/3 Roy — 8% Rap — gag R* y + gay R",s)
) (4.7a)
- B _sb
(n—1)n—2) R(5 19ap 6 [ ga’y)
while its square:
C? =R, v poRwy 2 g2 (4.7b)
S N TR CE)

The passage from coordinate invariance to Weyl invariance is not equivalent
to the inverse process. In a Weyl symmetric theory, the spontaneous breakdown
of the conformal component provides a relation between the parameters of the
theory and enables us to naturally achieve a zero cosmological constant. Thus,
‘the “conformal unitarity gauge” of the Weyl theory is a coordinate invariant
action containing one less parameter, namely no cosmological constant term. We

shall see how this happens in section 6.

It is easy to verify the invariance of (4.6) under the set of the spontaneously
broken conformal transformations (3.1). Therefore, the Ward identities of the
regularized theory are preserved and no anomalies appear in the regularized quan-

tities.2l The renormalization should be done with a similar spirit. In contrast

[2Since in two dimensions any scalar field becomes dimensionless it looks as if
the theory could develop a singularity at n = 2 from the regularization factors
[see eq. (4.6)]. However, by normalizing the coefficient of the Rd)% term to
unity, the kinetic energy term for ¢ is multiplied by 4(n —1)/(n — 2) resulting
in a dilaton propagator which vanishes at n = 2. Therefore, a smooth n = 2
limit exists for the dimensional continuation of the theory.
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with gauge theories whose n-dimensional continuation has no explicit n depen-
dence in the Lagrangian, Weyl invariant theories need such dependence. Thus,
the naive minimal subtraction, which provides gauge- invariant finite answers,
does not give traceless finite results for the conformal symmetry. The correct
algorithm consists of subtracting n-dimensional conformally invariant countert-

erms as an elementary example shows.

Consider the result of a regularized diagram in the theory:

= 1) (v 9° = mpum) (49

which is traceless in n dimensions; the function f(€) has a power series expansion
f(e) = f(0)+ €¢f'(0) + ..., where ¢ = (4 — n)/2. If minimal subtraction is used,
the pole part:

= 110) (muw 8° = 4pupy) (49)

is traceless in 4 dimensions but the resulting finite part is not:

f'(o) (nuy P2 —4pupy) + 2f(0)pupy - (4.10)

On the other hand, by subtracting the n-dimensional traceless counterterm:

£(0) (npw p* — npupy) (4.11)

N |

the renormalized diagram:

£'(0) (nuw p* — 4pupy) (4.12)

is traceless in 4 dimensions.

The above method of regularization and renormalization preserves the W-I's
of the spontaneously broken Weyl invariant theory and trace anomalies do not
arise as they cancel against the new vertices the regularization introduces. This
has been shown in explicit examples in ref. [15]. In this context, it is interesting
to study the relation between internal conformal transformations and dilatations,

~ since the latter are the ultimate source of the anomalies.
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In a Weyl invariant theory, a dilatation D with infinitesimal constant param-
—_— eter w is the sum of a coordinate transformation A with infinitesimal parameter
wk(z) = wz* (Killing vector) and a conformal transformation$ with infinitesi-

mal parameter )(z) = w : 3l

Dhyy = —wzl 0y hyy (4.13a)
Do = —w [n—2 v0+(n—-2 )a] (4.13b)

2 2
Dy =-w (1’-;—1+ 2 a,,) ¥ (4.13¢)
DA, = —w (14 2°0,) Ay (4.13d)

and is spontaneously broken since vg 7% 0. For simplicity, we assume that only
¢o develops a VEV.

Under a dilatation, the effective Lagrangaian (3.3) is invariant up to a total

derivative:

L=(n+2°8,) L=2, (2" L) (4.14)

provided the gauge fixing terms &, have dimensionality two. The W-I's obtained

from dilatations take the form:

<2Fj Jp-DF>=0 (4.150)

or
[ {F# (dp+:t ap)F+:—1:[dovo+(da+zﬂap) ]}:o (4.15b)

where df is the canonical dimension of the field F' and equals n—2 1'2'—1, 1,0
for spin 0, 1/2, 1, 2 fields respectively. When eq. (4.15b) is applied to a 1-PI

Green’s function I'™) with m external legs we get in momentum space:

o m
[Zl Pi 5 —n+2mde] ™) (p;) + do v TS Npj) =0 (4.16)

[BlWe thank S. Coleman for pointing this oﬁt.
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where mp is the number of external F fields (m = X mp) and rf,’"“) is the
same Green’s function with I'(™) except for the extra zero momentum external
o field it contains. - - -

The renormalized Green’s functions I‘g")(pj) in four dimensions satisfy:

(Z Pi o 3p; a—+w 'a—a—'*‘l‘ 6;4) (m)(PJ)_de(m)(PJ) (4.17)

\3—1

where dyy is the dimension of I'\™). Combining (4.16) with (4.17) we find:

0 m m
(”5;7-“)06 )I‘( ) = F( +l) . (4.18)

Recall that the scale parameters g and vg are not independent (see section 6);
eq. (4.18) becomes (see fig. 4.1):

i}

1
P I‘%n) = 1 I‘g:g ) (4.18")

and corresponds to the low energy theorem for the dilaton field ¢ which is the

Goldstone boson of the spontaneously broken dilatation invariance. Equation

(4.18) does not contradict the renormalization group equation:

0 d m
(y5;+zijﬂ,-a—w+;mmp)rk)=o (4.19)

where j; is the beta function of the coupling constant g; and 7 the anomalous

dimension of the field F. Let us verify the above claim with a simple example.
Ezample

Consider a non-abelian gauge field A,(z) interacting with fermions. We will
check the validity of (4.18) for the self-energy II*¥ of the gauge boson up to one

loop. The relevant Lagrangian terms for the calculation are:

283 -
-i Z (1 +§-) " I Fu F*™ +iZ, % D v (4.20)
0
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where D, is the gauge covariant derivative. There are five diagrams contributing
to II#¥ (see fig. 4.2) and the sum of the first four is given, in the Landau gauge,

by:
| 2 2 1 P2 ‘
‘«"f — y I[U — -— ——
I tp© 6 [ 1+e . f(e)( 7) ] (4.21)
where 9V = g#¥ — ﬁpz—p * and

- 2 _
&)= ﬁz:z T(1+€¢)B(1—¢,1—¢) [26 4(33:;;4‘ Cy— %1_2_? T¢] (4.22)

with C4 and T, the group Casimirs for the gauge bosons and fermions. The
fifth diagram (4.1e) is the one loop counterterm:

M = —ie? % #(€) p2 04 (4.23)
where

Z =1+ % 2(e) (4.24)

such that 2(0) = f(0). Therefore, the renormalized self-energy Hﬁ” is:

g =ny + 05"
(4.25)
= ip? o# [—1 +¢e? (— f(0)¢n (— l-':;) + f'(0) — z'(O))] .

There are three diagrams contributing to II5” (see fig. 4.3). The two new

vertices are:

I n—4 2 puv
n_2ZAp 6 (4.264)

I
&
sl-
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and

, 5 |
|
2 n—-4
P P3 = n_2 Z4 (4.26b)
H p2 A
v
It is easy to check, up to order €2, the identities
|
o
4 n—14
=—— 4.
v n—2 (4.27a)
0~
Ve 4 n—14
= a3 (4.275)

so that the sum of the last two contributions to IT5” is zero. Thus, the first
diagram gives the full answer:

M, = z—' p2 0% €2 2(0) (4.28)
g 0
and (4.18) is trivially verified when we use f(0) = 2(0) = ;1 (¥ Co -4 T).
This simple example shows the kind of inconsistency arising when the above
regularization scheme is not used: there are no new vertices (4.26) and I15” = 0
which does not verify the W-I (4.18).

The vg = 0 limit of the theory does not exist in perturbation theory reflecting
the nonanalyticity at ¢g = 0. We shall see in section 8 that this is due to the
existence of a nonvanishing beta-function which forces vg to be nonzero and the

"~ conformal symmetry to be broken spontaneously. The symmetric limit can be



approached at extremely high energies only for an asymptotically free theory.

However, the limit could be reached exactly if some unified theory was finite.

Finally, in our theofy the dilatation transformations D = A + 8, given by
(4.13), define a conserved current J#(z). The entire contribution to the current

comes from the coordinate part A and J# has the form:
J¥(z) = z, 8*¥(1) (4.29)

where ©#Y is the energy momentum tensor. The conservation of the dilatation

current implies that:

ek (z) =0 . (4.30)

In the Minkowski spacetime limit, ©# becomes the improved energy momentum

tensor [22].

5. Renormalization

The perturbative renormalizability of gravitational actions including terms
quadratic in the curvature tensor has been demonstrated by Stelle [9]. More
precisely, it was shown that in a class of linear gauges coordinate invariant as
-well as coordinate noninvariant divergences appear. The invariant infinities can
be absorbed by redefining the parameters and fields of the bare action while
the noninvariant infinities require nonlinear renormalizations of the gravitational
and ghost fields (and of their BRS transformations). However, in the Landau-
type gauge or a class of linear gauges containing more than two derivatives, the
coordinate variant divergences disappear and the renormalization procedure is

considerably simplified.

The above results are not directly applicable to a Weyl invariant theory due
to the presence of local conformal invariance. The spontaneous breakdown of
the latter and the particular regularization scheme required present additional
departures from the analysis of Stelle. Therefore, we carry the renormalization
program for a Weyl symmetric gravitational action along the same general lines

~ with ref. [9] and prove the renormalizability of the theory.
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It is adequate to consider a matter Lagrangian with N scalar fields ¢; any
renormalizable Weyl invariant matter coupling gives the same results. The classes

of coordinate and conformal gauges we use to study the renormalization are:
1
&4 = 9, h*¥ — ; o hy (5.1a)

with parameter ¢, and

1
b=_ h—9 | L .

2 =1) (Dh“ p Ou B¥Y) (5.1b)
with parameter ¢, respectively. These gauge conditions force the ghost propaga-
tor matrix of the theory to be diagonal to lowest order (see Appendix A). Further
restrictions on (5.1) lead to a set of gauge fixing conditions in which one expects,
in analogy with ref. [9], that the renormalization becomes simple. The restric-
tions consist of taking ¢ = 0 and introducing extra derivatives in the conformal
gauge fixing term:

1 0®
= lim — &,%"* + —<1>—— -t sb, —2sd 5.
LgF oy g0 Yt og ¢ sby—Cs (5.2)
.where the dimensionful constant m ensures that £ stays dimensionless. Notice
that when £ = 0 as well, we recover the simple covariant gauges (2.20) which

provide a transverse traceless graviton propagator.

The effective Lagrangian (3.3) with (5.2) as its gauge fixing part, is still BRS
invariant provided (3.4g) changes to:

'=% e . (5.3)

The coordinate ghost term contributes:

-t sd, —c“(

)c +Gc“[6,,(h"8,,c +hy,d¥ P+ c”a,,h")

- = 6 2hy, 3V ¢? + P A, by )| + 2G e | —8"| hyye + Aul hic
n p p p m
S (5.4a)
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and the conformal:

—tsbd=—clle+ E[E](2h,wa“c”+c“a,,h5) )

1
2(n—1)

~ 0,025 00+ P B, )|+ L e [2u0(hve) ~ O hie)
(5.4b)
Before analyzing the ultraviolet behavior of the various propagators, which are
derived in Appendix A for the gauges (5.1), we note the presence of a nondiag-
onal graviton-dilaton free propagator. The §-dependent part of all propagators
behaves like 1/k8, as k — oo, while the £-independent pieces of the graviton and
dilaton propagators behave like 1/(k* ¢n k%) and 1/k* respectively.

The renormalization of the theory is most easily proved by using its BRS
invariance which is preserved by the regularization scheme (see section 4). Then,
the Ward identities (3.13) are satisfied by the regularized 1-PI Green’s functions.
We wish to show, by induction, that the renormalized 1-PI functions satisfy the
W-I's as well with the appropriate redefinitions of the bare parameters and fields
only. It is obvious that the W-I's are verified to lowest order in perturbation
theory. Assume this to be true to kt* order and try to prove the assertion for
the (k + 1) order. Thus, we consider the superficial degree of divergence D of a

‘general 1-PI diagram.

Let Er be the number of external lines of the field F'; I g, the number of
internal propagators F1 Fo; Vf, F, F, the number of vertices with fields F) FoF; V,f
and Vh2 the number of graviton vertices with four and two derivatives; V;, V‘,2
and V, the number of dilaton vertices with four, two and zero derivatives and an
arbitrary number of gravitons; V22¢, Vo4, Vag the number of vertices possessing
the indicated number of scalar fields and derivatives as well as arbitrary numbers
of gravitons and dilatons; Of,, the number of insertions of the operator which is
the nonlinear part of sF [see egs. (3.4)]; L the number of loops. In terms of the

above quantities:
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D=dL+(4+ OV + 2+ OV] + 4V +2V7 + 2VE, + 2Vo o, + Voo
+3Vahe, +2Vene — (4+ Olpp — 8Iho — 4loo — 213y — 21, (5.5)
+ Oc“cu + Occ“ + Ohcﬂ + O¢c“ + OUC“ - EE“ - 2EE

where £ represents the extra convergence of the #n k2 factor in the 1/N graviton
propagator and the last two terms reflect the action of at least one derivative on

¢, and two on ¢ [see egs. (5.4)]. The well-known formula:
L=ZI,-—ZV,-—Z:O,-+1 (5.6)
i i i
implies:
D=4— Iy, — Vi) = (2— OV — 2V} — 4V5 — 2V, — 4Vpy — 4V,

— 2V, he, =3V he = Vone, — 2Vene — 4lpg + 2134 + 2Iz,c, — 30c,c,

—30cc, — 30hc, — 40hc — 30pc, — 300c, — 404 — 40c — Ez, — 23
(5.7)
Finally, using the topological relations for the conservation of o, ¢, &,, 2+ ¢
field lines:

2V + 2Vay + 4Vig + Ope, + Ope = 214y + E, (5.80)
Vauhe, + Vouhe = Inye, + Bz, (5.8b)
Ve + Vayhe + Vahe, + Occ, + Ope + O+ Opc = 2o + Ex + Ec (5.8¢)
the superficial degree of divergence D becomes:
D =4— Iy, — Vi) — (2 - OV — 2V}E — 4V, — 2V, — 4l}, — E

(5.9)
- 3Ez,‘ - 3Ez - Ec - 30c”cv - 20cc“ - 30}10‘ - 20¢c¢ - 300(:4

The divergent part of any diagram has a §-independent piece, which is given

— by calculating in the £ = 0 gauge, and a §-dependent one. But when the ¢ =
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§ = 0 gauge conditions are used, inspection of (5.4) shows that at least one
derivative acts on the ghost fields ¢z and the degree of divergence (5.9) becomes
D—-E.,—E.. Also, the {-dependent part of the propagators, which is responsible
for the ¢-dependent divergences, behaves like 1/k2 in the ultraviolet and either
lowers D by four, when at least one graviton or dilaton propagator is used, or in

(5.9) Iy, 2> 1 when at least one graviton-dilaton propagator is used.

As a result, all divergent diagrams (D > 0) involving external ghost lines
are given in fig. 5.1 and have zero degree of divergence. Certain diagrams with
an odd number of external dilaton lines are excluded since either V? or I,
is different than zero in (5.9). Moreover, all these diagrams of fig. 5.1 have &-
independent divergences. Adding an arbitrary number of external gravitons and
dilatons does not change D, leads to an infinity of divergent graphs and causes
nonlinear renormalizations of the fields and the operators. The conclusions of

this paragraph are valid in the ordinary loop expansion [¢ = 0 in (5.9)].

In the 1/N expansion the é-independent piece of the graviton propagator,
which is the only relevant part for the divergences of fig. 5.1, has better ultra-
violet behavior than the ordinary one. Because of (5.4) all divergent diagrams
involving external ghost lines satisfy I, > V,;l and become finite using the 1/N
‘graviton propagator when two or more internal graviton lines are present (see
Appendix C). The absence of ghosts-dilaton couplings forces these diagrams to
contain at least one graviton propagator except for the diagram of the operator
Ogc, Which has at least two such propagators and hence always converges. Fur-
thermore, the degree of divergence D in fig. 5.1 remains unchanged by adding
arbitrary numbers of gravitons but becomes negative when even one dilaton line
is attached. As a result, nonlinear redefinitions of hyy, cq, shyy, scq, 8¢ are
needed to absorb the infinities. The only remaining divergences are those of
L;nv which can be shown [9] to be independent of the gauge parameter. In
fig. 5.2, the divergent diagrams involving scalar field external lines are shown
with their degree of divergence which is unaffected by the addition of arbitrary
numbers of gravitons and dilaton lines. In the 1/N expansion, the infinities of

~ the scalar sector come from dilaton, scalar and one graviton internal lines.
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If the connection with the simple covariant gauges (2.20) and the resulting
convenience of a transverse traceless graviton propagator is sacrificed, there exists
a class of gauges where the renormalization program becomes very simple even

in the ordinary loop expansion. In LgF, given by (5.2), instead of {(5.1) use:

2

b wr B /
) o, H i 0o (5.1a)
—_— 2 1 /
o=_2 o (5.16)

where the perturbation expansion is in terms of the fluctuating field H#"(x)
defined by:

—g(z) g**(z) = 9*¥ + GH*(z) . (2.19a)

In these gauges, all graphs involving external ghost lines become convergent
since, in the ¢ = £ = 0 limit, inspection of (5.2) shows that two derivatives
always act on ¢, [9] and one on ¢ modifying the degree of divergence (5.9) to
D—2E., — E.. Thus, the theory is renormalized by simple £-independent redef-
initions of the parameters and fields of the Weyl invariant part, Ly, of the

effective Lagrangian L. The renormalized Lagrangian is:
Lp=Leg+Lpm+ LgF (5.10a)

where

n

- ZG n—2 —4 2 2)2 2
le=-F =3 )(1 ) V=9 ¢ +32 2 211 (V=9 E)

~ Zo V=3[ 01040)000) + s Rl + o))
+ 2y, xo(l + )'Q—2 V=7 (v + o)’} (5.108) i
vo

and L[ gp remains unchanged [see eq. (5.2)] while L ps acquires its usual coun-

— terterms.
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In the “conformal unitarity gauge” of (5.10) we obtain the most general
higher derivative gravitational action with zero cosmological constant. Since the
latter is renormalizable as well the infinite parts of the various counterterms
should be the same in both gauges. Furthermore, the metric field g,, does not
get renormalized. The fluctuating field H,,, defined in (2.19a), acquires a Zp
such that GHy, stays unrenormalized. However, by using different definitions
for hyy, for example \/—g g’ = n#¥ + ﬁ HH#Y ', the fluctuating field remains
unrenormalized by itself.

We conclude by observing that although the conformal gauge fixing term (5.2)
makes the renormalization program simpler, it introduces §-dependent artificial
infrared divergences which can be avoided by an appropriate change of the gauge
fixing term ok 2¢ b = D ® to A 2% ] %m_)a ®. The only effect of the modified term
is to replace the 5 dependent part of the propagators (see Appendix A):

17'l4 m4
§ Tc‘g' - m . (5.11)

All invariant quantities are £ and m independent.

6. Realization of the Spontaneous
Breakdown of Conformal Invariance

We consider the simplest framework for studying the spontaneous breaking
of the conformal symmetry; the most general one will be discussed later in this
section. This is achieved when only the field ¢ can potentially receive a VEV.
Thus, the matter Lagrangian should contain no scalar fields since they mix with
¢o and could develop VEV’s. The only possible remaining ¢g-matter mixing term
is the Yukawa coupling % ¢ot which for simplicity, is excluded by using chiral

invariance; as we shall see its presence does not affect any results.

The nontrivial beta function (2.30) of the asymptotically free theory (5.10)
implies the existence of a renormalization group invariant scale A and signals the
breakdown of the conformal invariance. By using an appropriate regularization

— scheme (see section 4) the W-I's of the theory are preserved and the breakdown
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is spontaneous and due to the VEV yg of the dilaton field. By perturbing the
theory around a solution of the equations of motion the ratio vg/A is determined,
order by order in the perturbation, and the theory has only one scale as well
as vanishing cosmological constant. We show this by explicitly calculating the
effective potential of the dilaton to leading order in 1/N. For the calculation we

will use Landau type gauges (2.20) in LgF.
To leading order in 1/N, where G2N = v/N = XN = fixed, in the

Lagrangian (5.10) only the gravitational coupling constant G is renormalized
and Zy = Z), = Zo = 1; this is exhibited in Appendix B where the relevant
Feynman rules are given. Therefore, the calculations presented in section 2 are
valid to this order. Moreover, to study the breaking of the conformal invariance
to first order in 1/, it is consistent to assume \g/N = /N = 0. Although the
effective potential Ve rr[o] is zero to tree order, the leading 1/N corrections are
calculable, finite and demonstrate the spontaneous breakdown of the conformal

symmetry.

The diagrams contributing to Vs [o] are given in fig. 6.1. Let V), represent
a vertex with v o-fields at zero momentum and two gravitons. Then, a general
such diagram Fn;nj withn=n; +...+n;+... + n, external o legs, where n;

is the number of V; vertices present, equals:

I '=/ L Ll W0 Vo e DY ()
™ (2m)" ny!  ny! SATTLE e v '
where the symmetry factors of the diagram have been included and the trace is

over the indices of the graviton propagator Duu’)‘p [see eq. (2.32)]. The effective

potential is:

Veff[‘-"]=' 2_:1 nz Fn;nj (62(1)
n= nx+...-(!ny=n
51 d*k =
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whers:

D = ¢ (6.3a)
ST

and:
2 @ vy =& el ; (4_1"721:4@ a(1+ )+k2(02+2voo')] . (6.3b)

The logarithmic term in (6.3b) comes from the cancellation of the ﬁ pole of Z
and the vertices proportional to (n — 4); the Feynman rules and the counterterm

Z are given in Appendix B. By substituting (6.3) in (6.2b), we obtain:

5[ dk k2en(1 + 2) + 892% (02 + 2vp0
eff[a] ' o ﬂn[l + ( 21}0) W_( 3 0 )] (6.4)
2/ (2m) 1607 v2 — k2¢n (—%2)
Define the variables:
16072 o3 _ o\? _k?
and perform the integration in Euclidean space:
5AY o 1—e a +% én %
Vsslel = g [, e enl ] (6.8)

where the angular integrations have been done.

_We are interested in finding the value of vg at which the effective potential has
a minimum for ¢ = 0, since ¢ is the translated field. The necessary and sufficient
condition for which V,s;[o] has no imaginary part is « > %and this inequality,
which is identical to the unitarity condition (2.34), guarantees a stable minimum,
provided one exists. It is amusing to observe that had we used a positive kinetic
energy for ¢g in our action, the variable a in equation (6.6) would have to be
replaced by —a and the condition for lack of imaginary part would become
a < —-l forcing vy and, consequently, o to be imaginary and us to change its

— kinetic energy sign. In the region a > 1 ¢, where (6.6) is real, the remaining
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integration can be done using methods of complex analysis and dimensional con-
tinuation and gives a finite answer (see Appendix C). The latter justifies why,
except for the radial integration measure, we can use four dimensional quantities

in célculating the effective potential.

The final answer is:

5 4[( ) _ ] o sin 29, sm219 . '
Verrlol = ——AY(1+ Z=:0 ; +2m ; 0<9; < (6.70)
19 +2m) %%2',:—1

S0 9; (6.7b)

At the minimum for ¢ = 0 the first derivative vanishes (see Appendix C):

v,
Vearlell  _ o 5 s 162 (6.8a)
do  |,—p
N
2 ~ 2

Therefore, as claimed, eq. (6.8b) shows that the theory (5.10) has a single scale
parameter vg such that vy/ VN, as required by a consistent 1/N expansion, is

fixed. In terms of the Planck mass Mpy:

3
vg = \/;Mpt ~ 49Mpy , (6.9a)
- AZ ~ 2N£ My . (6.95)

At extremely high energies we have an asymptotically free Weyl invariant theory.
Using the presently known number of fundamental matter particles, 233/ is
almost unity so that close to the Planck mass, as eqs. (6.9) reveal, the gravi-
tational coupling constant G becomes strong, the spontaneous breaking of the
conformal symmetry is driven by vy and Einstein's term is induced; Planck’s
mass is the natural mass scale of the theory. As NN increases, however, the mass

— Mp; becomes larger than the scale A.
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Having found vg/A, we can check to one loop the vanishing of the cosmolog-
ical constant as predicted by the W-I (3.18). The graviton tadpole ¢, (see fig.

6.2 and Appendix B for Feynman rules) is given by: -

51 © sin 29; sin?¥;
ty = —— GAta? R 6.10
and verifies (3.18):
1 dVerrlol
prp o — — eff ) .
Ll PR 2UOG( I o (6.11)

For the solution (6.8), {,, vanishes and so does the cosmological constant to this

order.

The most general renormalizable Weyl invariant action requires the introduc-
tion of a four derivative term for the scalar field o [see eq. (4.6b)]. Therefore,
one expects a doubling of the degrees of freedom and, by inspecting the pole
structure of the o-propagator [see Appendix A, eq. (A.9c)], infers the presence

of a massless ghost, the dilaton, and a physical scalar particle with mass vg/ ~.

Notice that for the solution (6.8) the complete effective potential (6.7) is zero.
This realizes the field o as the “Goldstone mode” of the spontaneously broken
dilatation invariance. Now we can interpret the W-I (4.18') as the low energy
theorem for the massless Goldstone boson &. The above properties can be shown
to all orders with the W-I's.

Consider the action of the following functional operations on (3.13a):

6
s ¢ (6.12a)
6¢ §hyy FJr=0
6 46
— — .12b
6¢c é6lF Jr=0 (6.126)

~ Using vp such that the dilaton (and, therefore, the graviton) tadpole vanishes,
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one finds:

82T 521 §r  &r
< < 5= + = - T s =0 - - (6.13a)
hyybhy, 605,68 ° §hy, b6 8J36¢
52 62F 2 2
r 6T o 0o . (6.13b)

5,50 8I3 3¢ T 5506 BIg6E

When the graviton tadpole is zero, coordinate invariance guarantees the vanishing
of the zero momentum piece of the graviton self energy. Equations (3.16) show
that §2I'/6J26 & is not zero and, therefore, at zero momentum:

§°T 871 57T

< < = — = — =20 6.14

so that to all orders in the perturbation the dilaton field ¢ is massless. By taking
successive derivatives §/6 izaﬂ and §/6 6 on (3.13a) and using the same procedure,
it is elementary to prove, by induction, the vanishing of an arbitrary 1-PI function

involving only dilaton and graviton external legs at zero momentum. (4l

Moreover, the dilaton field, like a Nambu-Goldstone boson, is unphysical. Its
most striking property is its dual role as a Higgs scalar, acquiring a VEV which
.breaks a local symmetry, and a massless Goldstone boson, depositing its degree

of freedom to the metric field and disappearing from the physical sector.

Besides using the conformal unitarity gauge (see section 2), we can see that
the dilaton is unphysical by attempting to give it a £-dependent mass. In spon-
taneously broken gauge theories the t'Hooft class of gauges gives a gauge de-
pendent mass to the Goldstone bosons and eliminates all Goldstone boson-gauge
field mixings. The analogous condition for the conformal symmetry is obtained
by requiring the cancellation of the dilaton-graviton mixing term coming from

the Lagrangian (5.10). The resulting gauge fixing condition is:

1

¥ =y

(Dhﬁ — 0,0, h‘“’) - ¢ n—2—2 G’(voa + %Da) (6.15)

[4IThis is not true if matter fields are added as external legs at zero momentum.
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and becomes & /2 in LgF providing a §-dependent mass to the dilaton:
b2

(oo) =i — 1

: (6.16)
-3 2(F+ 22 OF) —£(n—20G%

As § — oo the o-propagator vanishes and the dilaton decouples.

In the most general case, we allow all coupling constants of the theory to be
nonzero. According to the analog of the Coleman-Weinberg [23] mechanism a
value vy extremizing the dilaton effective potential exists provided \g is of the
order of G%. Since, to leading order in 1/N, Bro = 0 while g < 0, there is a
region in which Ag ~ G* and a solution vy is always available; it is consistent
to assume G2N = ~/N = \oN? = fixed. Then, the coupling constant \g
gets renormalized since the divergent one-loop four-point function constructed
only out of o-vertices proportional to v becomes of order 1/N2. Notice that
for \g # O the classical background solution about which we should expand
possesses curvature. However, to leading order in 1/N one can expand around
flat space (using the A\g = O classical solution). Indeed, the one-loop corrections
in general would give terms of the form G*, 7~* as well as terms proportional to
Ao which are necessarily suppressed [they are o(1/N®) at least]. This algorithm

_persists for higher orders.

There are three independent parameters in the general theory and the so-
lutions have a more complicated form: vg = uf(G,~, ). To get an insight,
consider the extra contributions to the dilaton tadpole ¢y given in fig. 6.3(b):

t()j =1 n2_n2 22y, vg’ (6.17a)

7= 2 vo d"k 1
0 n-24 (2m)" 42 _ %

(6.17b)

where the counterterm X\gZ), is given by the pole part of the o field four-point

function:

1 1 1
= N\g — ] 6.18
)\OZon 0 —4 3202 2 | (6.18)




In four dimensions the sum is:

;.3 2
X ) t v N ) . =3
1y + t§ = 4idord + (@) ?02 [en 47327»+ NE — 5] (6.19)

where g is Euler’s constant. The sum of the corresponding graviton tadpoles

is:

Y ~ t AnG 4 t GU& ¢ vg 3

tﬂV + t#U = -2- oGV, Nuy + (47!')2 8’72 n47rp2; + TE — i]']uy (620)
and the W-I (3.18) is satisfied (see fig. 6.3). To obtain the solution vg extremizing
the total dilaton effective potential to leading order in 1/N, we require:

t§ + 6] + =0 (6.21)

where tg; = —1 %Ml o [see eq. (6.7)]. Then, a consequence of egs. (6.11},

o=
(6.19) and (6.20) is the vanishing of the cosmological constant.

The generalization of the above analysis when the matter Lagrangian contains
scalar fields which can acquire VEV’s is straightforward. In the simplest case,
fhere is the field ¢g with VEV 1y, such that ¢g = vg + o, and a scalar field ¢,
with VEV v; < yg (to preserve the sign of the induced Einstein term), such that
¢, = v1 + ¢;. Then, ¢ — ¢; mixing terms will appear and we define:

B o\ _[chx —shx o
(¢'1) - ( shx —chy ) (¢l) (6.22)

where ¢/ is the dilaton field, ¢} is the Higgs field and the Lorentz rotation is
dictated by the relative sign difference of the kinetic energies of & and ¢;. The
angle x is:

shy = —— . (6.23)
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At zero momentum, in the Landan-type gauges (2.20) X =Y = 0 [see eq. (3.16)]
and the W-I's analogous to (6.13) give:

521 —9 52
Mo == =" G vg - v% —:—F— (6.24a)
T  n-—2 §°T
. _ G 2 __ 92 .
L N A %~ 55 (6.248)
2 _ 2
M ,6 FA, =" 2G’ v — v} 6 FA, (6.24¢)
§hy, 60, 4 666 ¢,
and with the same arguments as before:
§2 §2 2
r r 6<T (6.25)

= = == = = = " =0

at zero momentum. Thus, all the properties of the o field in the case without
other scalars are inherited by ¢ which is the new dilaton field. At the same time,
the Higgs field ¢'1 is not prevented from getting a mass. In terms of the rotated
fields, the W-I (3.18) takes the form:

6T  n-2 2 7 6T
"“”5/1,,,, = - G \Jvg — vf 55 (6.26)

and the necessary and sufficient condition for the vanishing of the cosmological

constant is the vanishing of the tadpole of the dilaton field in the theory.

In concluding, we note that when physical scalar fields are present there
is no a priori symmetry preventing them from acquiring masses of order My,
the natural mass scale of the theory, even if their VEV is zero. This is the
usual hierarchy problem which can be unnaturally solved by fine tuning without

affecting the vanishing of the cosmological constant.

43



7. Theories with Zero Cosmological Constant

As an outcome of all the previous results, the following is true:

Theorem: Any matter theory can be extended to a spontaneously broken confor-
mally invariant quantum theory coupled to Weyl’s quantum gravity. The Ward
identities of the total theory imply a zero cosmological constant to all orders in
a perturbation around an extremum of the dilaton field potential - if one exists

- and around Minkowski spacetime for the metric field.

Low energy physics is adequately described by the standard model, a gauge
theory based on a U(1) X SU(2);, X SU(3)¢ local symmetry. Its electroweak part
can be studied in the ordinary perturbation expansion but, for simplicity, we
consider scalar QED which is perfectly adequate for demonstrating the validity
of our theorem with explicit calculations. The complete Lagrangian is given by:

2("“)

_ Zg (n—2) o\*(=2 _,
=G (1)
- Zo |5 (0u0)0,0) - 5 Rl +0)’]
2 # 8(n — 1)
Z o' 2((::;)F 1 2
_Z (1 + v—(,)) P PP Fys Fup+ Zyg*| L 3 (067)(008)
i=1

+ ey ((0081)02— (Budior +61)) 45 @ 4401 + 6112+ ¢%)]

+2Z, R((vl +¢1)% + ¢5)

n—2
8(n — 1)
(n—4)

A N2 2
a3 (145) 7 [mr e+ o)

+ Lgr (Landau-type gauges)+ L (7.1)



where A, and e are the photon field and coupling constant and @y, ¢; are the
real components of a complex scalar field. The Lagrangian L contains all possible
remaining Wey! invariant terms [see eqs. (4.6)] which we do not use for simplicity.
The field ¢/ is used in the regularization factors and the higher derivative scalar
term (4.6b) since it is the unphysical dilaton [see eq. (6.22)] with VEV o} =
\/vg - v%. Moreover, [ may contain additional matter fields; we only consider
their contribution to the effective number NV [see eq. (2.27)].[1]

The minimization of the scalar effective potential to determine vg and vy is
equivalent to requiring the respective scalar tadpoles to be zero and organizing
the perturbation theory such that A ~ e* [24]. Let tuv, to and ¢; denote the
gravitational, dilaton and Higgs tadpoles respectively (the relevant Feynman rules
are derived in Appendix B). The tree level tadpoles ¢{0) [see fig. 7.1{a)] contribute:

0 ¢
tw =-15 Guv N2y, v} (7.2a)
O n g (7.2b)
0 = " qn—32" " v '
t(lo) = A2, v? 2‘% (7.2¢)
2 Y5

and verify the W-] (6.26):

n—2

v fo) = 17 L (7.3)

{2 The general validity of the 1//N expansion is based on the fact that the graviton
is the only field which couples universally to all matter. This expansion reduces
to the ordinary loop expansion when the matter Lagrangian is a gauge theory;
notice that in (2.27) for a gauge group SU(J), Ny = J=—1. For a consistent
1/N expansion, attention must be given to the dilaton field which through the
regularization of the theory, could couple to all fields [see egs. (4.6)].
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There are one-loop tadpoles!? of similar order [see fig. 7.1(b)] coming from A,:

) = ,,Zl = ety (7-4a)

=4 "1 a4 U 7.4b

(n— 2)2 v{) (4) (7.4b)

A n—1
t(l ) = -2 - et v:i; —S—g I(A) (7.4¢)
where
_ d*k 1 o e? % n
Iy = [ (27)" (k2 —e203)2 ~ (47)? (411';: ) r (2 - E) ’ (75)

The identity (6.26) still holds:
-2

Finally, the one-loop graviton tadpoles ¢(k) [see fig. 7.1(c)] give:
5

B = ~foagazy CoAt I (7.7a)
) = 2—%2 ﬁ: Iin) (7.79)
M=o (7.7¢)
where
Ip) = Ooo dr '~ a_——(:-——;_;;_a? = 487 azjgo sx(no 23_ 28::;) i (7.8)

of2
with a = L‘%— —02- and ; provided by (6.7b); see Appendix C. As expected:

1
nt () = 5 Gvd S (7.9)

2lIn dimensional regularization, tadpoles with massless loops vanish.
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Combining (7.2), (7.4) and (7.7), we find to one-loop:

. el 2
by = . Gnuv va 31 Gn,we ”1 (_’n +— (h) (7.10a)
wv 16 12872 4 ,ﬂ 6
: 4 : 4 2,,2
__tyvp 3 4y e“vy 51, )
2,,2
Vg 31 43 20 e“vy 1

t =—X 3 —{f -—— . .

=5l B o el e b0 (7:100)

The counterterm Zy has been evaluated in the symmetric matter theory (v; = 0)

and is the pole part of the four-point scalar 1-PI Green'’s function:

XZX:X—n—‘iW*‘... . (7.11)

The full one-loop results (7.10) satisfy:

i

n*Y tyy = - Gv(; to (7.12)

[ 3]

and, to achieve a stable perturbation theory, we determine vg and vy such that

the dilaton and Higgs tadpoles are zero:
to=16=0 (7.13a)

which, through (7.12), implies the vanishing of the cosmological constant to this

order:

Relation (7.10c) does not contain the graviton loop and, thus, the Higgs
tadpole vanishes for a value v; independent of the presence of gravity; there
is no hierarchy problem to this order but in principle it will appear in higher
loops. The dilaton tadpole ¢y, which controls the value of the graviton tadpole
tuy, vanishes for vj; this value differs from its original value vp given by (6.8) by

terms of order v;/vp as eq. (7.10b) indicates. When the ratio v; /vg is very small,
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as it would be in the standard model, the value of vj is essentially equal to vg
and, therefore, gravitation supplies the dominant contribution.

The addition of fermions with Yukawa couplings: - -~ ~

_n—4
n—2

[
I3 (”ZT',) B (01 +61)¥ (7.14)

and the requirement A ~ e2f2 for a consistent perturbation expansion, introduces
three tadpoles t¥) to one-loop [see fig. 7.1(d)}:

) = — 2 G 12 o Iy (7.150)
V) — _(n#ﬂf e2f2 g% Ip) (7.15b)
() =2 " o2} :—2 Iy (7.15¢)
where: | .
Iy = [ f2 7= 4;)2 (f{;ﬁ)r ri2-3) . (119

Equations (7.15) venfy the W-1 (6.26):

pv i) = P2 qupdF) (7.17)

.By coordinate invariance, since ¢y, = 0, an arbitrary 1-PI function involving
only graviton and dilaton external legs at zero momentum vanishes. To gain an
insight, we show this to first order for the graviton self-energy I1,,, 5 ,, as well as
the graviton-dilaton mixing Il,, o and the graviton-Higgs mixing Il,, 1, taking
into account only matter corrections. The relevant tree order diagrams [see fig.
7.2(a)] are:

0
HLJ \p = 2 )‘Z)\ G* ”1 (v Mg — NuXMvp — Npp ) (7.18a)
1 4
n® __
pV 0= "8 n— (7.18b)
) = xz G 718
1 A vl 6 Nuv - (7.18¢)
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There are one-loop diagrams proportional to e?, which also contribute:

Lblxp—n22G2e le(A){[_n— n(nl-l-_2) n—l]'hw'l)\p
+[-—n(n1+ 2)+n;l](flw'lup+ﬂup'lu)\)} (7.19q)
ffgl=_;_3_§Ge4u§z—gI(A,(—";3—%+";l)wu (7.19¢)

[see fig. 7.2(b)]

n—3 n—2
Hg N T p_2 G2e4vf I(A)[ ) Nuv Mp — on ("pX Nvp + Nup f)u)‘)] (7.20a)
w 4 4q n—3 1 n—1 n-—1
ul/ o=~ (n _ 2)2 Ge I(A)( - ; +2 n - 2 Nuv (720b)
¢ -3 1
HLB 1= T o 2 Ge* ”1 I(A)( + “’;) Nuv (7.20¢)

[see fig. 7.2(c)]

d 1
HE"’) N T = G2e U1 I(A)[ n(n + 2)'hw Mo
1 1
+ (n(n +2) 2n ) ("uk Mvp + Nup 'M)] (7.21a)
Moo= 0 (7.21b)
Ldu) 1= 90 (7.21¢)
[see fig. 7.2(d)].
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Summing the one-loop diagrams, we find:

A n—
ngw),)«p = 2n(n — ) Gze vl I(A) ('hw ’hp Nux nvpﬂ." Nup ’7@) (7.220)
g _An—1) 40}
o= W22 Y L gy npy (7.22b)
A) __n-1l.,43%
Lu)l Thn_29 Ge” vy w Igynpw - (7.22¢)

Combining (7.18) and (7.22) with (7.2) and (7.4), we get:

A 1 0 A
Hiw) at st),kp = G"aﬂ(t( )+ tgﬂ)) ('7#” Mo =~ Mux MTvp — Nup 'qu) (7.23a)

2n
HLOJ ot U(A) ; ( i) + t(A)) uv (7.23b)
nfzoxz,l + Hfﬁ),l ; (t(o) t(lA)) Nuy (7.23¢)

and by setting the tadpoles equal to zero, the constant parts of all the self-
energies vanish as well. The graviton corrections would be included in a similar
way to both sides of (7.23).

8. Gauge Invariance and Unitarity

Einstein’s gravity can be written in Lagrangian form with the metric tensor
as the dynamical field variable and the curvature scalar, reflecting the coordinate
invariance of the theory, as the Lagrangian up to a dimensionful constant. The
metric tensor has ten independent components only two of which are the physical
degrees of freedom: there exist four constraint equations of motion and four
coordinate gauge conditions. In the gravitational theory of Brans and Dicke
[13] a scalar field is coupled in a Weyl invariant way to the curvature scalar: in
addition to the four coordinate gauge conditions we have to impose one conformal
gauge condition and the metric tensor, which is left with one physical degree of

frgedom, recovers its missing degree of freedom from the scalar field. In Weyl’s
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gravity (5.10), the addition of the higher derivative terms implies, naively, the
following spectrum: a massless spin-two graviton, a massive spin-two ghost and
a massive scalar. The presence of the massive ghost state is a characteristic of
all gravitational actions quadratic in the curvature and is the source of their

non-unitarity in ordinary perturbation theory [see egs. (2.21)-(2.24)).

However, non-perturbative techniques, like the strong coupling expansion [12]
and lattice reqularization [11], seem to suggest that no ghosts are present. The
latter methods are more relevant to the Weyl theory since, as shown in the 1/N
expansion, it may strongly interact at its natural mass scale [see eq. (6.9)] and

the loop expansion breaks down.

The 1/N perturbation theory shifts the massive spin-two pole of the tree
propagator to the complex plane and makes the theory unitary to leading or-
der in the expansion [10]. This becomes transparent by writing the “Lehmann

representation” of the full graviton propagator DW’X p on the physical sheet:

b (p) = 241 { 1 + r ¥ r* + (analytic terms)}
uvap\P) = UOQGQ FZ FZ_ M2 pQ_ M*2 y
(8.1)

) ( longitudinal )

X le,)\P(p) and trace terms

where M, M* and r, r* denote the positions and residues of the complex poles.

The quantities appearing (8.1) are calculated order by order in the 1//N expan-

sion:
V9 = \/N vo(o) + vo(l) +.-- (82(1)
2 a2 Xoagzoo
and to lowest order:
O 1 (8.3)
r) = ] )
14 o
1607 vo(o)

Due to the presence of complex poles in the propagator, the proper way to

djstribute the contours of integration in a Feynman integral is not obvious.
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The correct prescription is to place the contour in the complex pg-plane above
all singularities in the right half-plane and below all singularities in the left half-
plane [19].

In this section we argue that our theory may be unitary order by order in
the 1/N expansion without use of the Lee-Wick prescription: all physical quan-
tities, like S-matrix elements, involving only helicity two massless gravitons and
physical matter particles as external lines never need ghosts or other unphysical
degrees of freedom as intermediate states. It is straightforward to extend the
standard demonstration of the gauge invariance of physical quantities to this
theory and guarantee the £-independence of the S-matrix. This is proved by
relating a change of the gauge fixing condition in the functional integral with a
local invertible change in the sources by nonlinear terms which do not affect the
S-matrix [25]. Consequently, if a particle has a gauge dependent mass it should
not contribute to any physical process.

The decoupling of the dilaton was proved section 6; we now establish the
&-independence of its VEV vy and the {-dependence of the spin-two mass M.
Notice that in gauge theories exactly the opposite happens: the VEV of the Higgs
field is gauge dependent while the mass of the vector boson gauge independent.
But in gravity the physical quantity is the Planck mass, which is associated with
the VEV of the dilaton, while the spin-two ghost is an unphysical particle.

The derivation of the Ward identities for the £-dependence of 1-PI Green’s
functions follows that of ref. [9]. Define a new total Lagrangian Ly:

where L is given in (3.3) and n is an anticommuting constant (2 = 0). Using
the extra term in (8.4) we can conveniently take derivatives with respect to the
gauge parameter {. The generating functional of 1-PI Green’s functions I [see
eq. (3.7)] is defined by:

1

r=w-[ & {ZJF-F * 3
F 8

&2 qé&} . (8.5)
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The equation of motion (3.9b) changes to:

ST 16, ; 5%
Jr=m=———a—— — = € ’ F E, 8.6
F==5F woF o tspt 3 FHFTe (88

Jc. = r)(b . (S.Gb)

Tisiantimnae (2 0aY 2 d {9204\ aarnain tha oo 134 thama Ia & maesr Anae
undblUUD ‘O.Ud) a4alu \O.UL} ICliidlll VLT 54lllC VUL VUTIC 1D 4 LW LLCe,

dw a1 .2
f—JE_—€E‘ﬁ¢ . (8.6¢)
The W-I's replacing (3.13a) are:
dar or or

M€ =

— o 8.7
A€ gz, 6F 8Jp (1)

Notice that for 5 = 0 we recover the old effective action I' and W-I's. Further-
more, since the counterterms in our theory are £-independent (see ref. [9] and
section 5), there is only explicit {-dependence in the Green’s functions and the
d/d€ appearing in (8.7) gives the total gauge parameter dependence of the 1-PI
functions.

Initially, all Green’s functions depend on the various coupling constants g;,
the subtraction point g, the parameter vy and € as independent variables. By
requiring the vanishing of the dilaton tadpole we obtain vy as a function of the
remaining parameters: vg = Vo(g;, B, §). To calculate the £-dependence of vy,

consider the action of the following functional operation on (8.7):

d §

s 2 8.8
dn 66 1F 18 n=0 (88)
One finds:
ge 49 _ 6T a 6T Lord §°T
d€ 66 6hy, dn 6J3,66 66 dnbJi66
(8.9)

N 821 d61‘+ 8r d or
6h,, 66dn6J3, " 6666 dnéJS
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“tadpole is zero and eq. (6.14), the right hand side of (8.9) vanishes:

- By using vg = Vo(g;, #, §) so that the dilaton (and, therefore, the graviton)

d ér d
4 o —0= Zy=0 8.10
2E 56 |1y, a "0 (8:10)

establishing the gauge independence of vg and, consequently, the Planck mass.

In (8.10) the following identity was employed:

d 6T dVg( a 51‘)

4E 5 loyy,  dE \Bvg 56 (8.11)

vo="o
The action of the functional operation:

d & &
dn §hyy 6hy,

(8.12)

F=UJt=1=0; vo="Yp
on the W-I (8.7) gives:

d 52r 83r d 6T 82r d &

< — == - = = — + = = — —x

2

N 5°T d oF , 6 d &7
Shyy6hy,66dn8J5 " §hy, 86 dn Shy,60;

(8.13)
Since the transverse traceless part of the graviton self-energy contains the com-

plex poles [see eq. (8.1)], we multiply both sides of (8.13) with Pﬁ), xp and set the
external momentum p? = M*:

d p@) 82T _p@ 83T d 6T

2 T A — - Y ~ A i
CTE TN SRy BTy PN BT By b hap 1 875

(8.14)
2) 6°T d or
+Pu)\ ‘ A ~ dn 8§38
BUAP § hyy b hy, 66 dn 8J5

where the field lines ﬁaﬂ and & carry zero momentum. The relation:

d 2 62T 5 v3G? 8 .o 9 g2
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which is obtained from (8.1), when combined with (8.14), the identity:

d . o 0 .2 dVO( 2)
EM =M e Gy M

and (8.10) shows that 4 i M?2 £ 0 unless miraculous cancellations happen in the

- (8.16)
vo="Yo

right hand side of (8.14). However, with an explicit calculation to leading non-

vanishing order in 1/N we exhibit this is not the case.

The three graviton and two graviton-dilaton vertices behave like 1/ VN to
lowest order (see Appendix B):

3 .
e b 5N Gy e Mo ()
Fuoro § s 6y iy 24 \00) ¥ Tg0r2 Mo))PePo 0\ s

(8.17a)

3 /N G2
(2) 6°T 51 VNG ( 1 2 ) ) ( 1 )
Pyore §hyyb i,)‘pga 12 Y0(0) %(0) + 16072 Mi0) Mgy +o N3/2
(8.17b)

where vy ) and M(O) are given by the expansions (8.2) and egs. (8. 17) are eval-
uated at p2 = M2. The lowest order contributions of -& E%I"‘ and d 57, are the
one-loop vacuum diagrams of the operators forming the nonhnear part of shyg
and so respectively [see eqs. (3.4)]. These diagrams, shown in fig. 8.1, contain
the additional vertex of the Lagrangian (8.4) once and when the gauge fixing

and ghost terms (5.1), (5.2), (5.11) are employed, produce results proportional to

1/V/N:

B d or 6 | ( 1 ) &.180)
dr) 6Js = N 872 0 N3/2 (8.18a

d 6T  Evp)G? 1
= sz VN + o(—fN3 2) (8.18b)

where the various propagators used can be found in Appendix A. Substituting
(8.17) together with (8.18) in (8.14) and using (8.3), (8.15) as well as (8.16), we
find:

- :_f M = %(327#’ ¢ NM(")) " 0(1\1r2) - &9

-85 .-



Thus, as £ — oo, the pole M? goes to infinity along a ray in the complex plane;
both its real and imaginary parts become gauge parameter dependent. Physical
quantities, being gauge invariant, should not depend on the gauge variant pole M.

Consequently, the spin-two ghost associated with the pole should be unphysical.

The same analysis can be applied to gauge theories. In particular consider
the scalar QED Lagrangian (7.1) without any gravitational interactions. We
choose covariant gauges (a,®4) and a Lgp such that the ultraviolet behavior
of the a-dependent piece of the photon propagator is sufficient to ensure only
a-independent counterterms. Similar reasoning gives for the VEV v; of the Higgs
field ¢1:

o460 & d T
da §¢; 64, 6¢; dn 8J3,

(8.20)

at zero external momenta and for vy = Vj(e, \, p, @) so that the Higgs tadpole is

zero. Using (8.11) we obtain to lowest order:

d 1 d é1©

and, in contrast to (8.10), v; is gauge parameter dependent.

-However, this is not the case for the physical photon mass. The W-I, corre-

sponding to (8.14), which provides the a-dependence of the photon propagator

pole M4 is:
52 83 d
2a i 0‘“_; 4;— = 0'“/ = AI‘ = - 61; (8.22)
- da 0 AL Ay 6¢18A, 6A, dy 8J%
at p? = Mﬁ and vy = V. To lowest order we infer from (8.22):
d .0 o d éTO
QEEMA—e UIEW . (823)

Since v; is a-dependent, when the identity (8.16) is applied in this case both

terms contribute and cancel each other [see egs. (8.21) and (8.22)):

- %W:o. (8.24)
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In Weyl's theory the gauge invariance of vy eliminated the second term of
- (8.16) and left a ¢-dependence to the unphysical pole M. The full complex
pole M has a £-invariant lowest order term M(O)‘ and the ¢-dependence starts
from the M(l) piece. However, when the position of a propagator pole changes
order by order in the expansion, perturbation theory breaks down at values of
the momenta close to M(zo) and the full propagator should be used in cutting
diagrams [27,19]. But the pole of the full propagator is £-variant and can be

made arbitrarily large.

It is important to note that the question of unitarity in the context of a higher
derivative quantum theory of gravity is very complex. Thus, the interpretation
and consequences of the gauge variance of the troublesome pole M may not be

as clear as one would like. We feel that a more careful analysis is needed.

9. Concluding Remarks

Weyl's gravity has a more complicated dynamical structure than general rel-
ativity and satisfies a very powerful theorem which, under very general assump-
tions, explains the stability of flat spacetime. The theory contains an unphysical
degree of freedom, the dilaton field, that expresses the unavoidable spontaneous
breakdown of the conformal component of the full symmetry. The theorem
states that the ability to set equal to zero the vacuum expectation value of the
translated dilaton field of a Weyl invariant physical system, is the necessary and
sufficient condition for the vanishing of the cosmological constant. The class of
physical systems fullfilling this condition includes gauge theories. Consequently,
the standard model U(1) X SU(2);, X SU(3)¢ of low energy physics when cou-
pled to Weyl's gravity provides a theory describing all four known interactions
with zero cosmological constant. A natural small parameter in this theory is
the inverse of the effective number of matter degrees of freedom N which equals
1/292 [see eq. (2.27)] and gives a natural mass scale A, where the gravitational
coupling constant G becomes strong, practically equal to the Planck mass [A =
9 M, see eq. (6.9b)]. At these high energies the three gauge coupling con-
stants g1, g2, g3 have the same value (g; ~ g2 ~ g3 ~ .5). At low energies,
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the spontaneous breakdown of the electroweak symmetry, in its simplest form
- involving elementary scalars, occurs through radiative corrections as dictated
by the Weyl invariance. The lack of an appropriate symmetry will eventually
drive the electroweak breaking scale up to the Planck energies unless severe fine
tuning is performed. There exist alternative Weyl invariant methods to break
U(1) X SU(2)L, and avoid the hierarchy problem: technicolor [27] and possibly

conformal supergravity [28] are good candidates.

The vacuum expectation value of any physical scalar field should never equal
or exceed the Planck mass since the highly desirable induced Einstein term would
vanish or acquire the wrong sign. This is an additional problem scalars create,
in particular those of various grand unified models. A description of nature in
terms of Weyl's gravity and a gauge theory containing only fermions and vector

bosons seems to be preferred.

Besides being naturally small, 1/N is insensitive to the scale dependence of
the coupling constant G. Thus, we could penetrate the potentially strong cou-
pling regime of the theory and extract information demonstrating the sponta-
neous breakdown of conformal invariance by determining the vacuum expectation
value of the dilaton field in terms of the intrinsic scale parameter A. However, the
cosmological constant theorem is valid for any perturbation expansion parame-
ter. If the dilaton tadpole can be consistently set equal to zero order by order
in some perturbation expansion, the Ward identity will force the cosmological
constant to vanish to all orders in that expansion. Finally, the strong arguments

presented for the unitarity of the theory relied heavily on the 1/N expansion.
The quantum theory of gravity analyzed in this work:
(i) Has a stable Minkowski solution and the correct long distance gravitational
limit.
(i) Easily incorporates the standard low energy model.

(iii) Is renormalizable and probably unitary.

Therefore, it provides a well-defined quantum theory in which cosmological and

other gravitational implications can be calculated.
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APPENDIX A: PROPAGATORS

The complete set of n-dimensional proj ectors for symmetric rank-two tensors
is (see ref. [29]):

P2 1

1
wrrp 2 (011)\ oVP + oﬂp 91/)\) - n—1 o;w 0)\,; (A.la)
Py ! (Oux Wrp + Bupwyy + Oppwyy + 0y wyp) (A.1b)
BV D 2 X “vp wp Cux vp “u vA Wp .
pO= — 1 4 4 (A.1c)
By Ap n—1 uv Vxp ) .
0—
P,(w,ff,) = Wy W), (A.1d)
(0—sw) __ 1 00w (A1)
BV NP vn—1 u P
P(O—ws) _ 1 (A1)

wWyy 0
pyNp Jn—1 #e

where the quantities 6,, and wy, are the transverse and longitudinal vector

pro}ection operators:

__ Pubv

O = Nu 2 {A.24a)
T ”_"p’g’ﬁ (A.2b)

In equation (A.1), the projectors (A.1a)-(A.1d) select out the spin-two, spin-one
and two spin-zero parts of a massive tensor field at rest while (A.1e) and (A.1f)

are the two spin-zero transfer operators. The completeness is expressed by:

1= P 4 ptt) 4 pl0=2) 4 plO-v) - (A3)
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while the orthogonality by:

pli—a) pli=b) — giigebp(i=o) . i =0,1,2 and a,b=sw (Ada)

pli—ab) pli—cd) _ gij gbc p(i—a) (A.4b)
pli—e) pli—be) _ ij gab p(i—ac) (A.4¢)
pli—ab) pli—c) __ gij gbe pli—ac) (A.44d)

Some useful relations are:

wPl) = 0, wpPl0~®) = 0, wpO-v)_— w,

w(P(O_sw)+P(O‘“’3))= 1 (A.5a)

n —

i

6P) =0, oP(0-9) =9 opl0-v)_o,

0(P(°‘”’) + P(O‘w")) =vn-1lw . (A.5b)

The free propagators for the various fields appearing in the theory can be

derived from the general formula:

[AP(Q) + BPO) 4 cPl0=9) 4 p(p0-sw) 4 p(0-ws)) , EP("‘"’)]_1

1 1 FE D
— - pl2) * p(1) _ (0—s) (0—sw) (0—ws)
AP__+BP D——Q——CEP +D——§——_CE(P + P )
___¢ plo-v
D —CEP (A.6a)

-61-



. and its simple matrix extension:

( AP(®) + BP() 4 CP(0-9) 4 p(PO-sv) 4 p(0-us)) . Ep(O-u) —py )"
Fo G

- (0—s) 0—sw) 0—ws —NWF2- 0—w S
1p(2) 4 1 p1) 4 ~GEP +GD(PO—10) 4 pO-wi) 4 tn_1)F2-GC| PO®)  ERy—/n=1DRu

G(D?—CE)+(n—-1)EF? G(D*-CE)+{n-1)EF?
EFY—y/n—1DFw D2—CE
G(D*-CE)+(n—1)EF? G(D*-CE)+(n~1)EF?
(A.6b)

Using the gauge fixing conditions (5.1):
(¢, ®#) such that &¥ = 9, h*Y — hl—a”h,'ﬁ (A.7a)
(€, ®) suchthat &= 2('1—1_17 (Dh;; - a,,a,,h”") (A.7b)

in the Lagrangian (5.10) with Lop given by (3.5), we obtain:

4, 72 2 1 o
— B=——
A P+ , 5P
1 n—1 (n—2)2
C = — _2L22 4 2 G2 4
~{n—1*2 , (n—1)% , 2,7 .4
= — — 240 A8
nZe ', E nzgp,G p+vgp, (A8)
. on-2 2, n—2 G 4
F 4n—1) wGP +4(n—-1) vo'yp,
P22 G(D2-CE)+(n—1)EF2="_1p8("’p2—1)
n—1 anZe " \od
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where [? = _2=2 G Specializing to the ¢ — 0 limit, the propagators take
16(n—1) ¥

- the form:

‘ . 1 4 .

(hﬂu h)\p) =1 -mp(2) +”¥P(o— )
4 AVl Vpﬁ_l (PlO=2v) 4 plO-ws)y 4 %fp("-w)] (A.9a)
(hupo) = —i(n —2)¢ 29 Nuv (A.9b)

1 L?

(0o} = z[m + 4(n — 2)(n — 1)55{] (A.9¢)
(EII CV) = - ";f [ouv + 2(Tn_:T)wﬂV} (Agd)
(ec)= 2 (A.9e)
(Cuc)=(cr)=0 . (A.9f)

When explicit calculations are done with equations (5.2) and (5.11) as Lgp, in
the propagators (A.9) the substitution:

should be carried.



APPENDIX B: FEYNMAN RULES

The definition of the gravitational ﬂuctuat'mg‘ field hy,:
Guv = v + Ghyy (B.1)
results in the following expansions of useful quantities to cubic order in hy,:
g* =" — Gh* + GPhER™ — G3RERGRPY (B.2)
V=g =1+ %th + %GQ(hghg — 2hhE)
+ Z%G%hghgh’; — 6h3hORY + 8hGhERY) (B.3)
V=g ¢ ="+ G(%n‘”’hg - h"”)
+ GE{ER® — SRS + Ln (hghS — 2hghd)| (B.4)
V=9 ¢ ¢ =" + G(%ﬂ”"ﬂ*”hg —nH R — ﬂ“’h’“’)
+G? [%n‘“’n“’(hﬁhg — 2h3h%) + nH Lk
+ P PRERCY 4 RHY RN %q‘“’h"”hg -%q*"hﬂ'/hg} (B.5)
v—¢ R25.; =302(aﬂa7ha5 + 0ashgy — 0505hay — dadyhgs)?
+ G¥(3p0yhos + 0adshgy — 8pBshay — Dadrh gs)
X |—h$(8P TR 4+ 92 a%hPT — 3P RMT — 9> 5T RP?)
+ %hi(aﬂmh“‘s +9°9°hPT — 8P3% KT — 5237 hF?)

1
+

1
o |

(3K + 9P R e — 97 hS)(aP ] 4 TR _ ath)] (B.6)
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VT Bl =3 GH0adsh] + 0p93h] — Badphl — Olhgp)?
- + G*(0a0yh} + 0504hY — Badph] —Ohgp) . - —
x [§hA(0°0%hE +80%hg — 90Phg — Cihe?)
- %hx,(a"'&"hﬁ‘x + 3PP hor — 529> — 9 gPpeP)
- -;-h;'(a*a%g +8%0%h) — 8*0PhS —On*P) + %(8,,]13’)(8‘%‘” )
— 3 (OshENOPAP) + 2(9%hs, N3P K) — (°KE)(0°HY)
+ 3(0°RENOPHE) + L (9,h2)(0°KY) — X (0,n ) 7)) (B.7)
V=9 R? =G%0,05h%" — ORY)?
+ G300,k —Oh)) [%hg(aﬂa,,h gy —Ohgg)
— 2hay(20%0P ) — 3“6’7hg —Oh") + g(aahﬂ,,)(aahﬂv)
— (Bahp, )P h®T) — 2(0ohG)D4hP)

+ 2(9ah3)(9PhT) — %(aahg)(aahz,)] (B.8)
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V59 R=G(0,04h°% —[1hg) L
+ G2 AR (8,0, 2P - (IhS) — haq(20%8%R7 — 520715 — [Ih)
5h1(9adp a) = hay g 8
1
+ 4 [30ahs,)(07HT) — 2(0ahs,)(07) — 4(2ahg)(07HE)
+ 4(0ahS)(9Ph7) — (aahg)(aah;)}}
1
+ 63 {g(aaaﬁ hef — (Ih2)(3hIRE — 20T hE)
- %hghm(w“aﬁhg — 997k — [Ir*7)
+ L1300k 5, )(0%RPT) — 2Bah g, 9PHT) — 4(32hS)(0hET)
8 6 alt By al’ gy altg 7
+ 4(02h5) 9 h]) — (aahg)(aahg)]
+ harhgs(90°hPT — 8%07hPP) + h,5hE(20°0P K] — 920 7hf) — IR
1
~ 5o 2(8ah3)(8”h*%) + 2(8ah})0%A%P)
— 4(3ah})8°hP) + (87hG)(0°hE) — 4(9ah7*)(05h%)
— 4+ 4(0ah™)(0%hG) — (amg)(aﬁhg)]
1
~ 5 hay ~2(0ghg)0°hPY) + 2(35h5)(3°hPY)
+(8°h5)(O7h]) — 4(8°K])9°h]) + 2(9*h})(07 k)

+ 205h*7)(05h%°) - (95h%7) (21D)}



The Feynman rules presented below use the following definitions:

(a) Graviton line (hyy): AN
Dilaton line (o): —_——_—— R

Scalar line (¢;):

Goldstone boson line (¢2): —e—o— (B-10)
Vector boson line (Ay): AAAAAN

Fermion line :

Ghost line : (XXX XX YY)

(b) The indices of diagram lines which will be contracted with transverse

traceless projectors are encircled: ’\f\/\f\@ OF AAAAAA @

Note that most of the calculations are performed in Landau-type
gauges (2.20).

(¢) 1/N corrected graviton propagator: AR
(B.11)

1/N corrected graviton vertex:

(d) Pair symmetrization in (o, 8), (v,6), (B, V), (X, p) is indicated with
parentheses around the indices.

In Lagrangian (5.10), the one-loop matter contribution to the graviton self-
energy and three point vertex is:
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ARA

e e ®

A Dl

(B-12b)
1 1
- ﬂ(ap')ﬂ)\'h/p)p ] o Pabp 'l(p)\”up)}
where the counterterm Zg used is:
Zg=1+ G'N 1 ~ + finite parts (B.12¢)
240(47)2 ¢ P e

with n = 4—2¢ and N = Ng+6Ng+ 12Ny for Ng scalars, N Dirac-fermions
and Ny vector bosons. The relevant Feynman rules in Landau-type gauges to
leading order in 1/N are:

| P2,
IEN, Y, YaVaURN- e 24w ; i (B.13)
p p?|L2— 1G2N p2en (-2)]
2
& opoeme( G
0]
1 2 1 0
P X {(Z MapP” — PaP l’) Nuxvp) — 3 ManlsnMvp)P }
@ ) 2 2A7 2
*+3 G[L +7G*Np ]PaPﬂ N(ur ) (B.14)
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- P[L2 +7GPN 12| g,y

¢

il

PQ[LQ -GN P2] N(urMvp)

=)™ Ym — 1) 7 G®N pingpm,)

1
tG( -3 nagp® + PaPﬂ)

.G~
+!;2—
0
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(5 napp? — 2papﬂ92)

(B.15)

(B.16)

(B.17)

(B.18)
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Additional Feynman rules for the scalar QED Lagrangian (7.1):

Ny — o S 20
K AMAMAA Y g R (B.20)
p
¢
—‘+‘—- ;2 (B.2l)
p

]
—3 G(’hwﬂaﬂ - ”(pa"uﬂ)) (P2 - 820%)

af
0
p
® o G Ny Pabp (B-22)
]
~ 1 G2[("aﬂ"’75 - ”(aq"ﬂ&)) Nuv
af yd
A 5+ et — 2’7aﬂ'7(u'7'7u6)] (p? — €%0)
P { o
~3 G [ﬂ(aryPﬁP&) - 'hw(ﬂaﬂp'rpa + 'quPaPﬂ)
® O L
o + Papp N(yuNsv) + P1Ps MNauMpr) — 3 'l(ay"’wpﬂp&)]
(B-23)
af3
O
1
p ~3 eGuy ('Iaupﬂ + ')ﬂppa) (B-24)
2
S

-70 -



g:; (_n —4 p? + ezv%) Nuw (B.25)
v n—2

B.26

— 2i e?yy ;,vg' Nuv ( )
0

—_ 2
—% n—4 97 (flaﬂﬂpup2 - n(“a'],,p)P - 2'hwl’apﬂ)
n—2uv,
2

B.27

+ iGeQ :))—(l; (ﬂpunaﬂ - "(ap"ﬂu)) ( )

.28

- iG6201 % ('luuﬂaﬂ - 'l(ap"ﬂu)) (B.28)
0

B.29

=0 (B.29)

B.30

= (B.15) ( )
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In the case of fermions [see egs. (4.6j) and (7.14)):

U

Y
b7
7
)

'laﬂ(l fu)—5 '7(apﬁ)]

2¢ V1
/\ —"—2'{;5
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APPENDIX C: INTEGRALS

At zero momentum, a general one-loop dlagram contnbutlon can be reduced

to the following Euclidean space integral:

v

o) = / o ¥ GTs (C.1)

where a and z are given in (6.5) and as shown in section 6, & > % Changing

variables z = e¥:

00 v+
/ (o + uewym
+1) (C.2)
1 o elv+1)u e—(+1)u
~ 2 du {(a + uet)™ + (o~ ue'“)m}

There are pairs of complex conjugate solutions (u s u;‘) of the equation a +ue® =
0, with:

where:
9+ 2n5 ; .
p; = .ﬁ_t@—] and o= P e i cos 9; . (C3b)
J

Thus, the integration can be performed using the residue theorem when
v+l < m:

, 00 elvt1)u
Ij(a) = —2rIm j;ORes{m, UJ] ; m=234,... . (C.4)
Notice that:
T
lim 9, == C5
J-Ego ) (C.5a)
and:
- lim |uj| = hm Pj ~J . (C.5b)
J—oo .
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Then, the series (C.4) converges at least like - j"2. If a Feynman graph in 4-
dimensions is divergent, v+ 1 is an integer bigger than m. But using dimensional
continuation v is replaced by v — ¢, where ¢ = 4—2—, and the integral can be
made convergent. Furthermore, in the final answer (C.4) no pole is recovered
in the limit ¢ = O [see egs. (C.5)]; when m > 2 the integral (C.1) contains
no logarithmic infinities and dimensional regularization is insensitive to higher

divergences: [ dzz¥({nz)™" = 0.

Equation {C.4) is valid for m = 1 as well, although the integrand does not
satisfy the asymptotic condition needed to apply directly the residue theorem.

Consider the integral:

Ii’(a):——/ da/ * dz _____71:"
0 (x+ztlnz)

2I d (U l)u, 1
oo /“ +17( u,-+1)

(C.6)
(o o] d uu,-
= —27 Im / du;, —
_7;0 J duJ uj +1
o o} eUUj
= 27 Im Jgo |

and the result agrees with the m = 1 value of (C.4). The final answer for I{(a):

I{(a) = —2x (=) o* }: Im ———— (€.7)
_ J J (u] + 1)
can be evaluated using the formulae:

1 (=) .

Im — = sin 19 ; (C.8a)
J
&
. sin 9 :

Im = pj Y (C.8b)

uj+1_ l+p?—2pj cos ¥

Using egs. (C.5), we observe that the series (C.7) converges for v > 0 but

diverges like ¥ =1 when v = 0; the integral I{(a) has ultraviolet logarithmic
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divergences, since | dzz ! (fnz)”! ~ [(dénz)(¢nz)™), and acquires an 1/e
- pole in dimensional regularization. The diagrams of fig. 5.1 have degree of
divergence D = 0 and when only one graviton propagator is present correspond
to I7 %(a) which diverges. However, if these diagrams contain two or more internal

gravitons they are convergent since they behave like [ dz =1 (¢nz)™™, m > 2.

The effective potential integration (6.6) is proportional to [Il"‘(a)-alll—‘(a)]:

(2 g, [XTEME - _

Iy, _/0 dr z Zn[ﬁ Py s / dr £17¢(3 1)én(a + zénz)
_ 1 2—¢ _ ® l-¢e _T—0@C
o ——e(ﬂ 1)./0 dz z a+zinz (C9)

where we integrated by parts and ignored integrals of the form f§° dz z¥~¢ which

vanish in dimensional regularization. Using (C.7) and (C.8) we find:

Iy, ==(8*-1) 21m2 —g : (C.10)
j=0Y

Therefore {see (C.3)]:

00 o . ainl 9.
51n219J sin 191

— 2 _ 2
Iy, =#(f°-1a JZ__:O (@, + 2m)° (C.11a)
00 _ 6j+21rj
=n(f2—1) Y sin29;e % (C.11b)
=~

and by substituting (C.11) in (6.6) we recover (6.7). The series {C.11) can be
evaluated numerically and converges very fast. In fact, the contribution of the
first pair of complex conjugate poles (5 = 0) almost provides the full answer. At
the minimum of V,ys[o] for o = 0 (see section 6), the infinite sum in (C.11) has
to vanish. The resulting numerical solution is @ ~ 1.62 and all the poles lie very
close to the imaginary axis. Notice that the solution coming from the j = 0
approximation is @ = 5 ~ 1.57.
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FIGURE CAPTIONS

The correspondence between fields and diagram lines is given i Appendix B,

eq. (B.10).

Figure 2.1.
Figure 2.2.
Figure 2.3.
Figure 3.1.

Figure 3.2.
Figure 3.3.
Figure 4.1.
Figure 4.2.
Figure 4.3.
Figure 5.1.

Figure 5.2.
Figure 6.1.
Figure 6.2.

Figure 6.3.

Figure 7.1.
Figure 7.2.

Figure 8.1.

Matter corrections to the one-loop graviton self-energy.

Leading 1/N graviton propagator.

Graph of z n z versus z.

One ghost matrix elements of the operator Geh,, (a) and c¢ (b) at
zero momentum.

Ward identity for the cosmological constant in Landau-type gauges.
Ghost-ghost-graviton vertex.

Low energy dilaton theorem.

Vector boson self-energy diagrams up to one-loop.

Zero momentum dilaton-vector boson vertex diagrams up to one-loop.
Divergent diagrams involving external ghost lines with their degree
of divergence D.

Divergent diagrams involving external scalar and dilaton lines with
their degree of divergence D.

Dilaton effective potential to leading order in 1/N.

Leading 1/V graviton tadpole.

Corrections to the graviton tadpole (a) and the first derivative of
the o-potential coming from A\ and 4 contributions.

Graviton, dilaton, Higgs tadpoles up to one-loop in scalar QED.
Matter contributions to graviton-graviton, graviton-dilaton,
graviton-Higgs self-energies up to one-loop.

One-loop vacuum diagrams of the operators forming the nonlinear
part 8hyy of shy, (a) and 80 of so (b).
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