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Abstract. This paper describes a mechanical monolithic tunable sensor prototype with
elliptical hinges, shaped with electric-discharge-machining, that can be used both as seismometer
and, in a force-feedback configuration, as accelerometer in the control of mechanical suspensions
of interferometric gravitational waves detectors. The monolithic mechanical design and a laser
optical readout make it a very compact instrument, very sensitive in the low-frequency seismic
noise band and with a very good immunity to environmental noises. The theoretical sensitivity
curves and the simulations show a very good agreement with the measurements. Very interesting
scientific result its measured natural resonance frequency of ≈ 70 mHz with a Q ≈ 140 in air.

1. Introduction

The Folded Pendulum (hereafter FP), also known as Watt-linkage, is a system developed in
1962 [1], consisting of a simple pendulum and of an inverted pendulum connected together, as
shown in Figure 1, recently been rediscovered for applications in gravitational wave research
as ultra-low frequency mechanical isolator [2]. More recently, taking advantage of the progress
in precision micro-machining, this architecture has been proposed for the implementation of
single-axis monolithic accelerometers to be used as sensors for the control system of advanced
mechanical attenuators [3]. In fact, a monolithic mechanical design has the great advantage of
avoiding the shear effects at the contact surface among mechanical parts that can generate
hysteresis and dissipation, resulting in a very compact sensor with a high Q-factor. The
monolithic mechanical design guarantees also a very good sensor directivity: coupling factors
of less than 10−4 among the different degrees of freedom have been obtained in monolithic
structures [3]. A broadband single-axis monolithic Folded Pendulum of reasonable size with
natural frequencies ≈ 700 mHz has already been built [3]. Following this direction, we have
developed an improved version of this monolithic seismic sensor, with good performances in
terms of noise, sensitivity and frequency band. In the following sections we will describe the
status of the monolithic FP sensor prototype and its mechanical and optical performances.
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2. Monolithic Sensor Mechanical Model

An accurate description of the dynamics of a Folded Pendulum is given by the simplified
lagrangian model developed by J.Liu et al. [2], shown in Figure 1. The FP is modeled as
two vertical beams of lengths l1 and l2 and masses ma1

and ma2
, respectively. The central mass,

which connects the beams, is modeled with two equivalent masses, mp1
and mp2

, located near
the hinge points at distances lp1

and lp2
with respect to the pivot points of the pendulum arm

and of the hinging point of the oscillating mass.

Figure 1. Folded Pendulum me-
chanical model

Figure 2. Picture of the monolithic FP Sensor.

Assuming that the center of mass of the pendula is in li/2 and using the approximation of
small deflection angles, then potential energy of the FP is given by:
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where θ is the angle of deflection, k is the cumulative angular stiffness of the joints and Keq is
the equivalent stiffness of the FP. The mechanical response of a FP to an external strain can be
changed by modifying the shape of the potential energy: it is sufficient to change the values of
the masses mp1

and mp2
by adding an external mass (tuning mass) Ml placed at a distance D

from the pendulum suspension point, as shown in Figure 1. In fact, defining S as the distance
between the FP hinges points, then the values of the masses mp1

and mp2
change according to

the relations
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Therefore, the new values of the masses mp1
and mp2

change the value of the equivalent stiffness
Keq, and, as consequence, the value of the potential energy and so the FP resonance frequency.
Hence, as a conclusion, the FP resonance frequency can be easily modified by changing the
value, Ml, and the position, D, of a tuning mass.

Defining the coordinates of the pendulum frame (fixed to the ground), xs, and of the FP
central mass, xp, (see Figure 1), then the mass displacement transfer function with respect to
the ground displacement is

xp − xs

xs

=
(1 − Ac)ω

2

ω2
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(3)
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is the FP resonant angular frequency and Ac is the parameter related to the centre of percussion
effects [3].

3. The monolithic folded pendulum prototype

The FP mechanical monolithic sensor prototype has been implemented in Aluminum
(Alloy 7075-T6), shaped with electric discharge machining (EDM) [4], [5]. Aluminum is a very
good material for our purpose due to its good thermal conductivity, immunity to electromagnetic
fields, good elastic properties and low internal friction characteristics, with the further advantage
that it is not expensive and the EDM is relatively easy. The monolithic FP sensor prototype is
shown in Figure 2. The monolithic FP sensor has been obtained by machining a 134×134×40 mm
bulk of metal. The four torsional flexures, connecting the pendulum arms to the central mass
and to the frame, are elliptical notch hinges 100µm thick with ellipticity ration of ǫ = 16/5. The
pendula arms (81.5 mm length and spaced by 102mm) are designed to minimize the mass and
the moment of inertia without reducing rigidity and symmetry. The gap between the central
mass and the external frame is large 1mm to reduce the effects of friction with air. In fact,
the original FP sensor has a very high Q in vacuum (Q ≈ 3000), very close to the theoretical
value for Aluminum, but this decreases down to a value of Q ≈ 3 in air. The gap enlargement
has produced a large increase of the Q in air (Q ≈ 140). Moreover, the values of the masses
of the pendulum arm, of the inverted pendulum arm and of the central mass are ma1

≈ 40 g,
ma2

≈ 50 g and (mp1
+mp2

) ≈ 600 g respectively. A mass of 336 g is positioned in the opening of
the central mass for the FP resonance frequency tuning. Two more tuning masses of 40 g each
are used instead for a more accurate calibration. The FP readout is instead based on laser optics
techniques (optical lever and interferometry). Finally, the sensor is positioned on a platform for
its levelling.

3.1. Elliptical hinges

The most critical part of the FP are the eight flex joints supporting the test mass, whose angular
stiffness can be modeled using the Tseytlin formula [6], that is

k =
Eat2

16[1 +
√

1 + 0.215(2ǫR/t)
(5)

where a is the width of the joint, t is the thickness at the center, R is the radius of curvature, E
is the Young’s modulus of the material and ǫ is the hinge ellipticity; the first series of monolithic
FP sensors is characterized by circular notch hinges (ǫ = 1), actual accelerometers have ǫ = 3.2.

Analyzing with finite elements method the characteristic of elliptical hinge, using the
COMSOL c© simulation program, we see (Figure 3) that the natural frequency of an hinge,
with a tensile stress similar to a typical stress of one hinge of the accelerometer, decrease to the
increasing of the ellipticity of the hinge, as it is also clear from Equation 5. In particular we
note that the stress is below the elastic limit of 550MPa of the material when the hinge has
the maximum deformation (corresponding to an extreme position of the test mass), that is a
guarantee of robustness and long-term durability of the mechanics. This trend have also a recoil
on the behavior of the frequency of an ideal hinge (the analysis is made only on an hinge without
oscillating mass), demonstrating that the frequency contribution is minor with high ellipticity.

3.2. Optical Readout

The readout system of the sensor is based on laser optics. This solution gives a very high
readout sensitivity together with very low coupling effects with environmental noises. The
optical readout system, shown in Figure 4, is basically a combination of an optical lever and a
homodyne Michelson interferometer. This redundancy was introduced in order to compare the
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Figure 3. Eigenfrequencies and the first principal stress
of the hinge as function of the hinge ellipticity, ǫ.

Figure 4. Optical scheme of the
implemented readout system.

sensitivities of the two readout systems with respect to the theoretical ones and to test a two-step
control strategy. The two steps of the control strategy are shortly described in the following. At
the startup, the optical lever provides the error signal for the FP in order to reduce, within an
interferometric fringe, the movement of the mirror M3, attached to the inertial mass (step one).
Then, the Michelson interferometer provides a more accurate error signal, allowing the locking
of the test mass position with respect to the frame (step two).

The optical readout works in a very simple way. The stabilised laser beam (λ = 632.8nm,
P = 3mW ) is divided into two beams by the cubic beam splitter BS1. The first beam, reflected
by the mirror M1, and the 2D Position Sensor Detector (PSD S2044 by Hamamatsu c©) are
used to implement an optical lever to measure the position of mirror M3, that is attached to the
lateral side of the sensor test mass. The signals, coming from PSD, are combined and amplified
using an ad hoc developed electronic board. Therefore, the optical lever provides a signal, that
after some elaboration, is proportional to the relative motion of the test mass with respect to
the sensor frame. The second beam is used for the implementation of a polarimetric homodyne
Michelson interferometer [7], consisting of the beam splitter BS, the λ/4 retarder (WR), the
polarizing plate P0, the reference mirror M2 and mirror M3. The interference beam is split using
a polarised beam splitter (PBS). Then the polarised beam is read by the photodiodes PH1 and
PH2 always differing each other of 1/4 of a fringe (or π/2). Finally, the mirror displacement is
reconstructed with a quadrature correction algorithm and a phase-unwrapping technique [8].

4. Experimental Results

The first series of tests were related to demonstrate the possibility of mechanically tuning its
natural frequency at values better that 100mHz, a frequency low enough for application in
mechanical suspensions of interferometric detectors. For these tests we have used both the
tuning mass of 336 g and the fine tuning masses of 40 g each placed in the central opening, as
shown in Figure 2. The tuning masses have been moved in small steps, of less than 1mm. The
resonant frequency and the quality coefficient were evaluated measuring the amplitude and the
time distance between two, or more peaks of the step response of FP in the time domain.

We have made several sets of measurement in order to evaluate the stability of the
measurement procedure. In Figure 5 the measured frequency versus the tuning mass position
are shown for different sets of measurements. The data have been interpolated using Equation
3 with adaptive parameters (mp1

+ mp2
) and k. Figure 5 shows the very good agreement

between the experimental data and the 3σ error bars of the theoretical model. The interpolated
parameters with an error bar with a level of significance α = 0.05 are in good agreement with
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Figure 5. Measured natural resonance frequencies of the monolithic folded pendulum sensor
prototype. The best measured frequency, fr = 70 mHz, is circled.

the experimental ones, such as the distributed masses and the angular stiffness interpolated
are in good agreement with the measured ones in this case, too. The lowest natural frequency
measured is about 70mHz, that is a very good result for a monolithic FP sensor with these
dimensions, if one takes into account also the measured Q of the FP that is Q ≈ 140. Note that
the position of the calibration mass has been fixed with an accuracy of about ±1 mm in this
experimental setup. Considering Figure 5, we note that to further decrease the natural frequency
without reaching the FP instability, it is necessary to improve the calibration procedure, refining
the tuning mass positioning system.

The second series of tests has been aimed to evaluate the sensitivity curve of the monolithic FP
sensors using the two optical readout systems, the optical lever and the Michelson interferometer.
Actually up to now we have performed only measurements with the optical lever readout, being
the test phase on the Michelson interferometer readout still at the beginning. The double
readout system has been developed for signal validation, as a backup readout system in case of
failures and for control strategies testing. We remind here that all the tests were performed in
air, with no thermal stabilization and with the FP sensor clamped. The results of these tests
are shown in Figure 6. In this figure the measured FP sensing noise is shown together with the
theoretical sensing noise. Moreover, the best theoretical sensitivity curves for the monolithic
FP sensor at T = 300K with laser optical lever and laser interferometric readouts are shown.
For completeness and for understanding the monolithic FP sensor real sensitivity limits, the
theoretical thermal noise, the Peterson New Low Noise Model (NLNM) [9] and the Newtonian
noise [10]are shown. The tests in closed loop configuration (force-feedback) have just started.
In this configuration the sensor behaves like an accelerometer. Preliminary results seems to be
quite good.

5. Conclusions

We have described a mechanical monolithic tunable sensor protoype with elliptical hinges,
shaped with EDM, that can be used both as seismometer and, in a force-feedback configuration,
as accelerometer in the mechanical suspensions control of gravitational waves interferometric
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Figure 6. Theoretical and experimental noise curves of the monolithic FP sensor prototype
with optical lever and laser interferometric readouts.

detectors. The monolithic mechanical design and the laser optical redout make it a very
compact sensor, very sensitive in the low-frequency seismic noise band and with a good immunity
to environmental noises. The theoretical sensitivity curves and the simulations show a good
agreement with the measurements. Very interesting scientific result is the measured natural
resonance frequency of ≈ 70 mHz with a Q ≈ 140 in air. Further tests are planned to evaluate
its performances as accelerometer, although preliminary results seem to be very positive.
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