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Abstract

The standard model (SM), which describes the gauge group SU(3)cxSU(2), x U(1)y
related to strong interaction, weak theory and electromagnetic interaction, explains
most of the phenomena in the nature. However, there remain some problems which
can not be explained by the SM, such as the the origin of CP violation, the baryon
asymmetry of the universe, the hierarchy problem related to the weak scale and
Plank scale, the strong CP problem, the light neutrino mass, and the number of
fermion generations. In this thesis I will focus on three of these problems, which are

listed as follows.

1. The topic related to the source of CP violation. In order to explain the source
of CP violation we introduced a multi-Higgs model with nonzero spontaneous
CP violating phase, and regarded the phase, which is assumed to be identical
in magnitude to the phases in quark mixing matrices, as the source of CP vio-
lation. This assumption will lead to some simpler Yukawa coupling matrices.
We also applied the idea to the lepton sector. The Jarlskog invariant in PMNS
matrix can be predicted, which can be used to distinguish different models we

take.

2. The topic related to the light neutrino mass and Higgs decay in seesaw mod-
els. The seesaw mechanism, involving right-handed neutrinos with very large
Majorana mass, explains the light neutrino masses successfully. But the too
huge mass of the heavy neutrino and the too tiny coupling with this heavy
neutrino the other particles cause the difficulty in verifying the seesaw mech-
anism. We investigated the effect on Higgs decay in some seesaw models with
large heavy-light mixing, which can increase more than 20% than that in the
SM. The subsequent four body decays are also different from the prediction in
SM.



3. The topic related to the lepton flavor violation in SM with four fermion gener-
ations. The SM with more than three generations, e.g., with four generations,
is also a possible candidate. We studied the lepton flavor violating process
such as p — e conversion in atoms in the SM with sequential four generations.
We found that the current experimental bound on p — e conversion with Au
constrains the relevant coupling constant most stringently. The experiment on

it — e conversion in Ti will lead to the most stringent constraint in the future.

Keywords: standard model, spontaneous CP violation, CKM matrix, PMNS ma-

trix, seesaw mechanism, Higgs decay, four generation standard model
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Chapter 1

Introduction

The standard model (SM) has been proved and verified in the past forty years.
Glashow, Weinberg and Salam succeeded to unify the electromagnetic interaction
and the nuclear weak interaction together in 1967 [10]. In 1973 Kobayashi and
Maskawa [14] extended the SM to three generations fermions which elegantly ex-
plains the CP violation in several hadronic processes. From the discovery of neutrino
oscillation, it is confirmed that more than one neutrino are massive, which conflicts
with the structure of SM, under which neutrinos should be massless exactly. Besides
the massive neutrinos, there are still several theoretical predictions and experimental
observations which cannot be explained solely by the SM.

The source of CP violation is an interesting research topic. In the SM the CP
violation is arisen from the complex Yukawa couplings. However, the source of
the complex couplings has not been understood yet. A good way to explain the
source of CP violation is by the two Higgs doublet model (2HDM), in which CP
violation is generated from the relative phase of vacuum expectation values (VEVs)
between Higgs doublets. The three Higgs doublet model (3HDM) with appropriate
discrete symmetry can generate a flavor conserved neutral current with the existence
of spontaneous CP violation. We proposed an idea that the CKM matrix phase as
well as the PMNS matrix phase come from and are identified with the spontaneous

CP violating phase in magnitude [1, 2]. To realize this idea with Peccei—Quinn



symmetry simultaneously three Higgs doublets and one Higgs singlet are imposed
into this model, where Yukawa couplings for quark and lepton sectors are only
functions of fermion masses and mixing angles.

The seesaw mechanism is usually applied by introducing a very heavy fermion
called heavy neutrino to generate very light active neutrinos. The generic feature of
such models is that there is some mixing between the heavy and light neutrinos, and
the scale of the mixing strength is approximately proportional to the inverse of the
square root of heavy neutrino mass. One way to enlarge such heavy-light mixing is
to build it as an approximately rank-1 matrix, which is shown in details in Ref. [85].
Such a model will enhance the Higgs decay rate significantly if the Higgs is heaver
than the heavy neutrino masses [4]. This model is expected to be verified at the
Large Hadronic Collider (LHC) in the future.

The SM with three generations have been shown to possess good agreement with
experiments. However, the existence of the fourth generation is still not precluded,
although there are stringent bounds on corresponding fermion masses and couplings.
One of the possible approaches to search for the existence of the fourth generation
is by the lepton flavor violating processes, such like ;1 — ey, u — eee and pu — e
conversion with the nucleus in the atoms; which might be affected significantly by
the fourth generation neutrino in the loop diagram. It is worth to compare these
processes in order to find which one could provide the tightest constraint on the
fourth generation coupling constants, with the heavy neutrino mass in different
range [5].

In this thesis, I will describe these topics and their corresponding implications
in details. In Chapter 2, the structure of the SM, especially in electroweak part, the
CKM matrix together with CP violation, and some of the extension by adding the
right-handed neutrinos will be introduced. In Chapter 3, with brief introduction
to spontaneous CP violation, I will describe how to identify the spontaneous CP
violating phase with the phases in quark and lepton mixing matrices [1, 2, 3]. In

Chapter 4, I will describe about some of the seesaw models, and the effect of large



heavy-light mixing on Higgs decay and other relevant processes [4]. In Chapter 5, I
will show the comparison between p — e7y, u — e conversion in nucleus and p — eee
in the sequential four generations model [5]. In the last chapter, the Chapter 6, I

will conclude these topics.






Chapter 2

Standard Model

The standard model (SM) is built on quantum chromodynamics and electroweak
theory. The former is related to the SU(3) gauge symmetry, and the later is the
unification of electrodynamics and weak interaction into the SU(2) x U(1) gauge
group, which is performed by Glashow, Weinberg, and Salam (GWS) [10]. Another
important contribution to SM is the three generations of fermions, which is proposed
by Kobayashi and Maskawa (KM) [14]. The SM has been well verified by electroweak
precision test, and many of the processes such as hadronic and semileptonic decays
of hadrons, flavor changing neutral current processes, and CP violation for meson
mixing and decaying [6]. In this chapter I will briefly introduce the GWS electroweak
theory followed by the KM theory. Neutrino mixing and neutrino mass will also be

introduced in the end of this chapter.

2.1 Electroweak Theory

2.1.1 The Full Lagrangian

The SM is built on the gauge symmetry of the group SU(3)c xSU(2)L, xU(1)y. A
set of numbers are assigned to describe the transformation of a particle under some
gauge group. For example, in the SM gauge group, the first two numbers in the

set are shown the dimensions of representation for SU(3)¢ and SU(2)y,, respectively,



and the last number is related to the charge for U(1)y. In the following we list the

SM paricles with the corresponding gauge group representation

UL 1 2 1
QL@' = : (37 27 _> ) URZ' : (37 17 _> ) DRi : (37 1’ __) ’
d 6 3 3
Lt
VLi 1 1
LLi = : (]-7 27 _5) ) lRi : (]-7 ]-7 _1) ) H: (17 27 5) ’ (21)

lLi
where 7 means that there might include several generations for fermions. H is a spin-

0 scalar, which will be discussed later. Under the SM gauge group the covariant

derivative is define as
Dy = 0, +ig1Y By, +igoa T*WS +igsT" G, (2.2)

with Y the hypercharge operator, T the SU(2) generators for a = 1,2,3, and 7"
the SU(3) generators for b = 1,2,...,8. The B, W,, and G/, are the spin-1 gauge

bosons with the gauge group representation given by
BH : (17 17 0) ) Wll i (17 37 O) ) GH ’ (87 17 O) ) (23)

where the numbers for these gauge bosons indicates the adjoint representation di-
mension of the gauge group. With the information of gauge representation of SM

particles, the full Lagrangian for SM is written as follows

_ 1 b buv 1
L= —GLG™

+QriilPQri + UpiilDUp; + Dgiil)Dg; + LgIDLy; + lpiiIDlg;

1
Wi, WO — 2B, BY + (D H) (D" H) — V(H)

+(QLY P HUg; + QY HDg; + LY, Hlg; + h.c.) (2.4)

where B, W,

1> and GZV are defined as follows

B,, = 0,B,—0,B,,
Wy, = 9.W5—o,Wi— gQGWWjo ,
G, = 0.G,—0,G — g3 f GG (2.5)



with € and f*"" are the structure constants for SU(2) and SU(3), respectively.
H = iooH* is also SU(2) doublet with hypercharge opposite to H. V(H) is the

Higgs potential given by
V(H)=—p*(H'H) + \(H'H)?, (2.6)

with p? and A are real couplings in general.

2.1.2 Spontaneous Symmetry Breaking

In the following we will focus on the GWS theorm, which is, to break electroweak
gauge group SU(2), x U(1)y into the electromagnetic gauge group U(1)gy. There
are massless photon A and massive spin-1 bosons W= and Z in our world, governed
by the electromagnetic gauge symmetry U(1)gy. From gauge theory the existence
of massive gauge bosons implies some breaking of a bigger gauge group in the under-
lying theory. The spontaneous symmetry breaking is manifested by minimizing the
Higgs potential V(H). First we take a look at the Higgs potential V (H). Assuming
there is a scale of temperature, below which the parameter p? is positive. At this
situation H acquires a vacuum expectation value (VEV) in order to stablize the
ground state and to obtain the physical state of H. That is, (H) = (0, v/v/2)7,

where v is the VEV, and it make us to expand H as follows

h+

H= , (2.7)

%(v + h +ia)
where h and a are the scalar and pseudoscalar particles, respectively, and h™ is the
charged component, whose hermitian conjugate is h~. By definition, v is chosen
to minimize the Higgs potential with respect to all of the components A", h and a
vanishing. This minimal condition leads to the relation
112

V= N (2.8)

Substituting the above relation into Eq. (2.7) and Eq. (2.6), the Higgs mass can be

obtained from the quadratic terms in Higgs potential, which are given by

m; =2\, mi=mi. =m;_ =0. (2.9)

a —

7



Only the neutral scalar Higgs component acquires mass, whereas neutral pseu-
doscalar and charged component are massless, which are just the well-known Nambu—Goldstone
bosons [11]. In the following context, we will express p? and ) in terms of v and my,.
The gauge boson masses can be extracted from the Higgs kinetic term, which gives
ra 02 v?

(DBt S W H) = Z@W W' + (0B, — W) (210)

where W# is defined as W* = (W' 5 W?2/4/2), which are eigenstates of the electric
charge operator. It is straightforward to obtain the mass eigenstates of neutral

component by the rotation

w3 cos ) sin @ 79
. v u " with sing = —2— . (2.11)
B, —sin Oy cos Oy A, V91t g2
The masses for gauge bosons are given by
1 1
miy = 190", my = 7(g7 + 3)v° , mi = 0. (2.12)
The tree level my, and my satisfy the relation (my /myz) = cosfy. The W*

and Z° acquired masses from the Goldstone Boson, which is the famous Higgs
mechanism [12]. The original gauge group SU(2);, x U(1)y has been broken, which
is easily known from the massive gauge boson W= and Z°. The massless photon

field A* corresponds to the unbroken gauge group U(1)gm

2.1.3 Electroweak Parameters

There are thousands of processes which are governed by the electroweak interac-
tion. Physicist defined some of the parameters which are useful and can be directly
measured by experiments. We will briefly mention some of the important parameters
as follows.

The electromagnetic fine-structure constant o, = (e?/4m) can be obtained pre-
cisely from the electron anomalous magnetic dipole moment at higher order loop
correction, which gives 1/a, = 137.035999084(51) [15]. The Fermi constant Gp =

(v/2g2/8m?,) is related to the order of four fermion electroweak interaction. The

8
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Figure 2.1: The electroweak test constrains my, in my —m; plane. Figure is captured

from Ref. [6].

measurement of muon life time provides G = 1.16637(1) x 107°GeV 2 [7]. sin fyy is
also a sensitive quantity to test the electroweak theory. From Ref. [7], this quantity
is sin Oy = 0.23116(13).

The gauge boson Z° and W¥ have also been measured precisely. The most
famous process involving W boson exchange is the § decay of neutron. Its mass is
my = 80.367 £ 0.026GeV [16], from the measurement of W — ev. Z boson mass
is measured very precisely at LEP experiment [18], which give m; = 91.1876 +
0.0021GeV. The final SM particle which has still not been found is the Higgs boson,
whose mass has been constrained by theoretical and experimental limits [17]. The
electroweak precision test provides a sensitive search for m; with the results for my,
and my, shown in Fig. 2.1 from Ref. [6]. Recently LHC result [19, 20] has ruled
out much of the Higgs mass range. In CMS result 110 < m;, < 112.5GeV and
127 < my, < 600GeV at 95%C.L., and a excess observed around my ~ 125GeV,
with five statistical significant deviation from the background [20]. We will discuss
more about the Higgs decay in Section 4.1.

One part of the SM, the electroweak theory has been measured very precisely.

There is still another important topic that needs to be understood. This topic is the



number of fermion generations for SM, which can be related to the CP violation of

the particle physics. We will discuss it in next section.

2.2 Quark Mixing Matrix

After the symmetry breaking, quarks and leptons acquired their masses from
the Yukawa coupling. In the SM with n generations of fermions the charged current

interaction and mass matrices for fermions are given by [13, 14]

‘CCC—I—mass = - \g/—%

—(UM,Ug + D MyDg + [, Myl + h.c.) . (2.13)

(U_L’YMDLWM—’— + E’YMVLWM_)

In this formula we omit the index ¢, 7 and regard )y, Ug,... as n-plet objects which
can be multiplied by matrix such as M,, M, and M;. At this stage, the quarks and
leptons in the above formula are the so-called weak eigenstates, under which the
charged current interaction is diagonal. In other words, there is no mixing between
different generations of fermions in the electroweak gauge interaction. By contrast,
the mass matrices are not diagonal in general.

We need to diagonalize the mass matrices M,, My, and M; by transforming @,

Ugr, Dg, L1, and [y field operators

U, = VUL, Uy = V¥Ur, D, - V"D, , Dr = Vi Dy ,

v, = Vil = VI g — Vg, (2.14)

where the above V’s are the corresponding transformation matrices for each types of
fermions. Note that V)’ can be taken arbitrary since there is no neutrino mass matrix
in SM. After applying the above transformation the charged current interaction and

mass terms are given by

g
‘CCC—I—mass = - 725

—(ULMUg + Dy MyDg + [, Mz + h.c.) . (2.15)

T (VEVENy DWH + T (VEVE )y W]

10



In the charged current interaction there is mixing between different generations. For
quark mixing matrix VL“VLd T is usually denoted as the Vckw, the so-called Cabibbo-
Kobayashi-Maskawa mixing matrix [13, 14]. For the lepton sector the mixing matrix
VLZVL”T is just taken to be identity since we can take V¥ = V] to achieve it. If
the neutrino eigenstates are fixed by other mechanism, then the mixing matrix for
lepton sector would exist, which is named as the Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) matrix [29, 30].

2.2.1 CP violation and Complex Elements

In this section, we will show briefly how the relation between charged current
weak interaction and CP violation is. First of all, recall that the parity transfor-
mation and charged conjugation for spin-1/2 particle ¢ and spin-1 particle A, are

given by

YFo= 01, ° =0 | with C ="y ,

C
ATE= AR, AY =4, . (2.16)
The charged current weak interaction for quark is

Ly = —%[U—M(VCKM)ij%DLjW”+—D—Lj(Vé‘KM)z‘ﬂuULiW“_]- (2.17)

Under the parity transformation, we have

Ly = —%[U—M(VCKM)ij%DRjW“++D—Rj(Vé‘KM)z‘ﬂuURz‘W“_]- (2.18)

Then following by the charge conjugation, we get the CP transformation of the

Lagrangian

LY = _%[U—M(VSKM)WMDLJ‘W”+D—Lj(VCKM)ij%ULiW“_]- (2.19)

From the above results, it is straightforward to show that the action is invariant
under CP transformation when Vg is real.
Now we focus on the structure of Voky, which is in general a n X n unitary

matrix for n generations. There are n? free parameters including rotating angles

11



and complex phases for an n x n unitary matrix. The number of angles is equal to
that of the corresponding orthogonal matrices, which has C§ = n(n — 1)/2 angles.
So the number of complex phase should be n(n + 1)/2, which can be reduced to
a less number by the redefinition of quark fields. We can absorb n phases from
one side, and n — 1 phases from the other side of Voky. Finally there are only
(n — 1)(n — 2)/2 irreducible phases in Vogy. Therefore, the minimal number of
generations to have CP violation in charge current of quark sector is three. This is

the so-called Kobayashi-Maskawa theory [14].

2.2.2 CKM Matrix Elements and CP Violation

The CKM matrix is related to the mixing between quarks of different generations

in the charged current, which is denoted by

Vud Vus vub
Vorm = | Vg WVas (Vi | 5 (2.20)
Via ' Vis Vi

where V;;’s denote the coupling of ¢; —¢; —W interaction. We parametrize the CKM
matrix by the standard parametrization in which the four parameters 65, 023, 613,

and d;3 are involved in the form [21]

C12C13 $12€13 Syge” 01
Vs = | —s12c03 — C12523513€™1%  ClaCoz — S12593513€712 $23C13 .(2:21)
1013 1013
512823 — C12€23513€ —C12523 — S12€23513€ C23C13
where s15 = sinfis, c19 = cosbia, ... and so on. The d;3 characterizes the CP

violation of the charged current interaction. It is also useful to write down the
above CKM matrix parametrization in terms of the Wolfenstein parameters A\, A,

p, and 7 as follows [22]

1-22%/2 A AX3(p — in)
Vs = - 1-22/2 AN? +0(\Y . (2.22)
AN —p—in) —AN? 1

12



In the above formula Vg is expressed as the expansion of A up to third order.

Now we discuss some of the experimental evidence of CP violation. There are
three types of CP violation in the meson system. One of these comes from decay
of meson purely, which is also called the direct CP violation. The source of such
CP violation is the difference in magnitudes between a decay amplitude and its CP
counterpart. Another type of CP violation is originated from the mixing of neutral
meson in which the CP eigenstates do not coincide with the mass eigenstates. We
also name this type of CP violation as the indirect CP violation. The last type of CP
violation is the interference between the meson decay and meson mixing. Obviously
it only occurs on neutral mesons. We take the kaon system as an example to explain
the above three types of CP violation.

The neutral kaon system is usually deseribed by a 2 x 2 matrix with K° and
KO as the basis. The CP eigenstates are just the maximal mixing of these kaon
states, Ko = (K° F K9)/+/2, where K, and K5 are CP even and odd eigenstates,
respectively. The mass eigenstates of neutral kaon system is obtained by solving the
corresponding 2 x 2 Hamiltonian, which is non-Hermitian since the kaon might decay
into other lighter states. If the mass eigenstates coincide with the CP eigenstates,
then the neutral kaon system is CP conserving. On the other hand, if there are
small deviation between the CP eigenstates and mass eigenstates, for example,

1 1

Ks=—— (K, — ¢Ky); Kp = ——— (K, + ¢K)) | (2.23)
VI+ [P

where € is a small quantity, then CP symmetry is violated. It will leads to the
oscillation between two CP eigenstates K; and Ks. Such effect was first discovered
in 1964 [23], which is also the first evidence of CP violation, from the study of
K° — 7. They found that the CP even eigenstate 77 comes not only from Kg but
also slightly from K. It has been verified that there is indeed a small mixing of CP
even component K in K, with |é] = (2.44 4+ 0.04) x 1073 [24].

The CP violation from meson decay comes from the amplitudes of loop cor-
rection. The complex loop function with complex coupling constants leads to the

difference between the amplitudes for a process and those of its CP transformation.
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The dominant contribution to K — 77 is from the tree level diagram with W boson
exchange, and the penguin diagrams. We need to extract the direct CP asymmetry
from the total CP asymmetry results. It is convenient to define the quantities ¢ and

¢ as follows

A(Kp — n%70)
A(Kg — m070)

A(Kp — nhr)
A(Kg — mtm)

=e—2¢, =e+¢€, (2.24)

where € and € correspond to the indirect and direct CP violation contribution,
respectively. Finally, the imaginary part of € represents the CP violation caused by
interference between meson decay with and without mixing. The present numerical

results are given by [7, 25]

/ s f Re(e) = (1.66£0.02) x 10-2,
Re(€') = (2.5 4 0.4) x 107°, (2.25)
Im(e) = (1.57 £ 0.02) x 1073,

From the unitarity condition of CKM matrix we have one of the relation, V,4V,5+
VeaVy + ViaVy; = 0, which is associated with a triangle in the complex plane, with

three angles defined as follows

Vchc?,) < ViaViy ) ( VudVJb)
=arg| ——— |,a=arg| ——— |,y =arg| ——+= ). 2.26
= (- T )0 = Ty )

Note that the area of this triangle is also an important quantity, twice of which is
the Jarlskog invariant J. It is also worthwhile to understand that J, «, 3, and ~
are independent of the phase redefinition of quarks.

The three angles can be found by the experiments at B factory. We will follow
the discussion in Ref. [7]. The time dependent asymmetry of the process B — J/¢Y K
can help to get 5. HFAG shows the average as sin25 = 0.673 & 0.023 [26]. The «
angle is extracted by the combination of the three process B — nm, B — pp, and
B — 7p, which are related to the quark level process b — duu. Also note that the
CKM structure makes the tree level and one loop diagrams of the same order. The
result is @ = (89.0775)° [27]. The ~ angle can be obtained from the interference
between B~ — DK~ and B~ — DYK~, which is the tree level dominated process.

The final result is v = (73132)° [27].

14



O e B [T g T T [T
L excluded area has CL > 0.95 ' ’é’% ]
C Y% ]
1.0 — : \‘% 1
F | 5 Amy& Amg ]
05— —
L Amd |
I 0.0 o PSS ess -
-05 — —
1.0 &
= i ol. w/cos2B<0
- y ‘ ?exc‘lltlatCL>0.95) -
15 oo b v b b v b v by 4y
-1.0 -0.5 0.0 0.5 1.0 15 2.0

p
Figure 2.2: The experimental fit for the p and 7. Figure is captured from Ref. [6].

Combining all kinds of experiments related to CKM element magnitudes and
angles provides the global fitting of CKM matrix parameters. The CKMfitter sum-
marized the result in Fig. 2.2 which is excerpted from Ref. [6], also with the fitting

values of Wolfenstein parameters which are given by [6]

A = 0.2253540.00065; A= 0.811700% ;
p = 01317505 ; 7= 0.3457001% . (2.27)

These fitting values lead to the value of Jarlskog invariant J as J = (2.96707) x

1075 [6], and other kinds of parameters can also be obtained directly.

The CKM matrix is well consistent with almost every experiments involving
hadronic process. The CP violation in meson decay have been detected and ex-
plained elegantly by the CKM matrix. In the following we will discuss the matrix
in the charged current interaction with leptons, which plays the analogous role as

CKM matrix.
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2.3 Lepton Mixing Matrix

2.3.1 Neutrino Oscillation and Mixing Angles

From Eq. (2.15) we know that the Vpyng = VeV, is the mixing matrix of mass
eigenstates of charged lepton and that of neutrino, which is also the mixing matrix
between the neutrino flavor eigenstates and the mass eigenstates. The 3 X 3 Vpyins

is expressed as [29, 30]

Ver Veo Ves
Vemns = | Vg Vi, Via | - (2.28)
Yoy, 3

The common parametrization of three generations Vpyns is the same as Eq. (2.21).
To distinguish from quark mixing parameters we will add the superscript “¢” to the
mixing angles and phases. If the active neutrinos are Majorana, the phase of neutrino
fields can not be transformed freely. In this case, the general form of Vpyng should
be matrix in Eq. (2.21) multiplying a phase matrix diag( exp(iaq ), exp(iaz),1) to
the right-handed side. The phases o 2 are called the Majorana phases, which cannot
be absorbed into neutrino fields.

If there is deviation between flavor eigenstates and mass eigenstates, neutrino
oscillation would appear. To measure the oscillation, experimentalist detected the
flavors of the neutrinos both near and far away from the detector. Roughly speaking,

the amplitude of initial state v, propagating to the final state v, is given by [7]

M(va =) = Y VaVewexp[—i( Byt — [pe|L)]
k

) exp(—i(Ejt — |p;|L)) (2:29)

~ Vi Vi —1
Zk: ak Vo exp(—ig e —

where we have use the approximation in the last step, with £ and Amzj = m3; —

m? the numbers for the energy of the propagating neutrinos and the mass square

difference of neutrino eigenstates in MeV and eV?, respectively. L is the length of
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propagation for neutrinos ,and |p| is the momentum of the travelling neutrinos. The

corresponding probability is then given by [7]

Pva(ma) = n(@) = D |Vai[Viyl

42> " ViV ViV cos( Sp T (Vo Vi Var Vi) (2.30)

j>k

w_»

where the is for neutrino and “+4” for antineutrino. From the obtained prob-
ability of v; — v;, the mixing angles and the mass square differences of neutrino
mass eigenstates can be extracted.

Up to now, there are three mixing angles observed in experiments. One is the
solar neutrino angle, which comes from the electron neutrino produced from sun.
SNO collaboration utilized heavy water as the target to detect the ratio of flux
of electron neutrino to that of other types of neutrinos, where the mixing angle is
sin? 260%, = 0.86170035 [33], and the corresponding mass square difference is Am2, =
(7.597529) x 10~%e¢V? [31]. Another mixing angle is the so-called atmospheric neu-
trino mixing angle, which is related to the disappearance of muon neutrino from
the cosmic ray. The corresponding mixing angle is given by sin® 265, > 0.92 [34].
The mass square difference magnitude is |Am32,| = (2.43 £ 0.13) x 10~3eV? [32],
although the sign of it remains unknown. The sign of Am3, leads to two differ-
ent scenario of neutrino mass spectrum. The normal hierarchy is the spectrum
mi; < mo < mg; the inverted hierarchy is for mz < m; < mo. T2K collabo-
ration proposed the first direct result showing that the #{; is non-zero [35]. Re-
cently Daya Bay collaboration announced a more accurate result for 6%,, which is
sin? 26¢, = 0.092 £ 0.016(stat) £ 0.005(sys) [36]. The above data of mixing angles
and phases are obtained from individual experiment results. Fig. 2.3 from Ref. [7, 37]
shows the current experimental results about possible ranges of mixing angles and
mass square difference.

The standard model, including electroweak theory and Kobayashi-Maskawa the-
ory, can explain most of the phenomena in our world. Almost every CP violating

processes known in the present can be explained. However, for the evolution of the
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Figure 2.3: The neutrino oscillation experiment results, shown by the allowed area

in Am? — tan? @ plane. Figure is captured from Ref. [7, 37].

universe, we can not explain why the number of baryons is so much larger than that
of antibaryons, which is also called the baryon asymmetry. From the observation we
know that the ratio of the baryon number density ng to the photon number density
n., is about ng/n, &~ 1078[39]. For theoretical calculation we need the CP violation
to saturate the experimental results. However, the Kobayashi-Maskawa theory can
only provide np/n. ~ 10~ [38], with very high temperature. This implies that the
phase in CKM matrix might not be the only source of CP violation. It is well known
that the phase of the CKM matrix comes from the complex Yukawa couplings, but it
remains an open question on the explanation of the origin of the complex numbers.
The SM doesn’t tell us the origin of these complex numbers, and it could be solved
in an elegant way in the next chapter.

Another one is the explanation of light neutrino mass. One way to obtain the
massive neutrino is to add one or more right-handed neutrinos to the SM. The
Yukawa couplings with neutrinos should be very tiny, if the Majorana mass terms
are not allowed. But it is necessary to explain why the scale of Yukawa couplings

for charged leptons (< 107%) and neutrinos (< 107!) are so different. It turns out
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that seesaw mechanism can solve this problem, and we will focus on some specific
seesaw models which can be tested in the LHC.

It is also worthwhile to study the possibility of existence of the fourth generation,
although many of the corresponding coupling constants are constrained by many

experiments, both in CKM and PMNS matrices.
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Chapter 3

Spontaneous CP Violation and

Fermion Mixing Matrix Phases

In this chapter we will focus on a type of models, in which more than one Higgs
doublet is introduced. Each Higgs can have its own VEV. The main idea is that
there might be a relative phase between the VEVs of Higgs. Such an irreducible
phase can cause the CP violation. We call such a mechanism spontaneous CP
violation (SCPV), since it happens due to the spontaneous symmetry breaking. We
will briefly introduce the background of these models, and then proceed to the most
important topic in this chapter, which is to understand how to connect spontaneous

CP violating phase to CKM and PMNS matrices phases.

3.1 Spontaneous CP Violation

We discuss several models in this section. The simplest extension beyond SM
to include the spontaneous CP violation is the two Higgs doublet model. Another
one is the model built to exclude the flavor change neutral current and keep the
spontaneous CP violation, three Higgs doublet model. The last one is about the

multi-Higgs models with some global symmetry, to solve the strong CP problem.

21



3.1.1 Two Higgs Doublet Model

The model with two Higgs doublets (2HDM) was first proposed by T. D. Lee in
1973 [40]. One of the special features of this model is that there could be a phase
different between the two Higgs doublets. Generally, we can write down the two
Higgs doublets with SM gauge group (1,2, —1/2) as

T5(vi + R +1i4))

¢; = €"H;=e" . i=1,2, (3.1)
hi

where R 5 and A; 5 are real scalars. v; 2 and 6, » are the magnitudes and phases for

VEVs of ¢ 9, respectively. The Higgs potential is then given by

V(Hy, Hy) = —m?H H, —m2HIHy+ M\ (H{H))? + \o(H) H,)?
1 .~ ,
+A(H{H,)(H Hy) + M\ (H{ Hy)(H3 Hy) + §[>\12(H1TH2)(H1TH2)€225
+ 1 (HYHy)(HHY) e + Moo (HI Hy) (HY Hy)e +heel, (3.2)

where § = 6, — 6 is the only phase appear in the Higgs potential. m}, m3, A2,
are automatically real, and we assign 5\12,11,22 to be real, since we hope to construct
this model to be CP conserving at the beginning. Also note that the term HlT Hye?
and its hermitian conjugate can be eliminated by appropriate rotation between ¢,
and ¢,. The values of v; » and ¢ should make the ground state achieve the minimal
values in the potential. One of the condition required is to differentiate the potential

with respect to ¢ at the ground state, which leads to

A3 4 Aggv?
sin d(cos 0 + M) =0. (3.3)
4120109

For general choices of \’s, the minimal can occur at cosd # +1, which means that ¢§
is nonzero. After symmetry breaking ¢ will appear in the potential, which violates
the CP symmetry. Such mechanism is called the spontaneous CP violation.

The 2HDM is more complicated than SM, since there are five physical Higgs

existing under spontaneous symmetry breaking, with other three components eaten
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by gauge bosons W* and Z°. The general form of Yukawa coupling is given by

L = Qu(Yuidr + Yuato)Ur + Qr(Yard1 + Yaah2) Dg

+L_L(Y21<51 + Y12<ZB2)ZR +h.c., (3.4)

where Y1 2, Y1 2, and Y} o are real coupling matrices in the beginning. After sym-
metry breaking, the complex phase ¢ will appear in the Yukawa coupling, and the
complex CKM matrix can be obtained. Also, the two coupling matrices coupled to
the same chiral fermion can not be diagonalized simultaneously in general. The tree
level flavor changing neutral current (FCNC) would appear for quarks and leptons
sectors, which is difficult to be determined, and also constrained stringently by a lot
of experiments.

The common methods to simplify the Yukawa coupling is to introduce a discrete
symmetry on Higgs and chiral fermions. For example, The model is presumed to
be invariant under the transformation Hy — Hy, Hy — —H,. With some choice of
such transformation on fermions, it would prohibit the Yukawa coupling in which two
Higgs doublets are coupled to the same chiral fermion. Therefore, FCNC vanishes
successfully in the model, which is also regarded as the natural flavor conservation.
However, imposing this discrete symmetry will sacrifice the spontaneous CP viola-
tion of this model. The reason is that the discrete symmetry prohibits the terms
proportional to Aj; and A in Eq. (3.2), and the phases ;5 in Yukawa coupling
can be also absorbed by chiral fermions. Then 26 is the only phase appearing in
the Higgs potential, but the minimal condition in Eq. (3.3) will result in sin 26 = 0.
Finally the CP is conserved in the model. In summary, if one hope to build a model
with both spontaneous CP violation and natural flavor conservation, a model with

more than two Higgs doublets is required.

3.1.2 Three Higgs Doublet Model

The three Higgs doublet model (3HDM) was first proposed by Weinberg in

1976 [41] in order to generate a natural flavor conserving model with also the sponta-
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neous CP violation. The three Higgs doublets with the gauge group representation

(1,2,—1/2) are given by

b = €% Hy, = ' . k=1,2,3, (3.5)

Hy;
where all variables in the above formula are the same as that in 2HDM discussed
previously, except for the three copies of Higgs particles and VEVs. Ref. [42] shows
that for arbitrary numbers of quarks it is possible to build a natural flavor conserved

model by imposing a discrete symmetry, which is given by

Dy: ¢ — ¢1; 2 = =025 ¢35 — ¢33 QL — Qr; Dp — —Dpg; Ug — Ug,

Dy: ¢1— ¢1; 9o = g3 3 = —¢3; Qr — Qr; Dr — Dp; Up — Ugr .(3.6)
The Higgs potential satisfying the discrete symmetry given above is written as [43]

V = —miHI H — m3H]Hy — m}HIHy + A\ (H] H1)? + Mo (HI Hy)? + \3(H H3)?
+ Njo(H] H)(HYHy) + A3 (H Ha) (H} Hs) + Ny (H] Hs) (H] H))

+ Ny (HT Hy) (HS Hy) + Mg (H Hy ) (HY Hy) + Nsy (HS Hy)(H] Hs)
1

o Daa(H]H)2e1% o Do ()28 4 Ay (H3H) PO 40) 1 he], (37)

+

where all the coupling constants are real in the model. 65 = 05 —06; and do3 = 05—05
are regarded as the two independent phases in the potential. Differentiating V' with

respect to d12 and do3, we have [43]

)\—122 sin 2815 = )\—223 sin 2093 = —>\—123 sin 2(d12 + d23) - (3.8)
U3 Uy U3
Because nonzero 1o and do3 are allowed, the spontaneous CP violation exists and
comes from the mixing of neutral and charged Higgs mass matrices [43].

Another important feature of this model is the natural flavor conservation in
Yukawa couplings, which is due to the imposing of the discrete symmetry. The

Yukawa coupling in this model is given by

Ly = QLY 1 Ug + QLYs0sDr + LrYidsER + hc. (3.9)
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where Y,, Y;, and Y, are real matrices. The phases of VEVs can be absorbed into
chiral components of fermions, and so the coupling matrices keep real, which will

lead to a real CKM matrix. The Yukawa coupling is then given as

11— - 11— - 11— -
L = _U_ULMUUR(R? + iAl) — U—DLMdDR(Rg + iAg) — U_LLMllR(Rg + iAg)
1 2 2
V2

U1

- Y . Vo .
DLV(JgKMMuURHl + 2}—2ULVCKM]WdDRfIQJr + U_3LLVCKMMIZRH§F + h.c.,

(3.10)

There is no FCNC in the above formula.

As we know the CP violation relevant to CKM matrix has been well confirmed
by the present experiments, as given in Section 2.2.2. The Weinberg model predicts
|sin23| < 0.05[44, 45], with sin 2/ being the analogous quantity to that in CKM
matrix when discussing B — J/¢¥ K. This quantity has been ruled out by experi-
mental data sin § shown previously. The present experiment result also provides an
upper bound on neutron electric dipole moment (nEDM) |d,| < 0.29 x 107%°¢ cm
[47]. This result has ruled out the 3HDM as the source of CP violation, which pre-

dicts |d,| &~ 10723e cm [46]. Other evidences to rule out this model were proposed

by Ref. [44, 45].

3.1.3 Peccei-Quinn Symmetry

The SM Lagrangian has been shown in Eq. (2.4). Besides these terms, however,
a surface term with the non-abelian gauge bosons involving, (6g3/ 327?2)G““”C~¥fw,
with é’fw = %ewpo(}"w" and 6 as a free parameter, should also be considered. This
term violates P and CP symmetries, thus one often names it as strong CP violating
term. If one apply an axial U(1) transformation to a quark ¢, the corresponding
axial current is j% = gv,7sq, which is not conserved due to 9,j° = 2migysq, with

the quark mass m,. The famous Adler-Bell-Jackiw anomaly [54] implies that this

situation still holds even if quarks are massless, which reads

2
B g3 a Apva
0,5 = G G, (3.11)
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This will modify the strong CP violating term in the SM to be

2 ~ —
Lstrong = élgj’ﬂ G,G" . with 0 = 0 — arg(det(M,,)) — arg(det(Mgq)) . (3.12)

Thus the strength of the strong CP interaction is characterized by §. The inter-
action should contribute to neutron electric dipole moment (nEDM). The current
experimental result gives an upper bound which is still larger in several order than
the contribution from complex CKM elements about |d,,| < 1073'e cm [50, 51, 52].
It will result in a very stringent constraint on § with |6 < 1071 [9], which is a very
tiny and unnatural coupling. This is the strong CP problem. The # terms can also
be induced at loop diagram related to complex quark mass, in SM the contribution
is very small [53]. However, in multi-Higgs models the mixing between Higgs bosons
would generate a very large correction to 8, of order 1073 [49, 48]. Thus it is required
to impose some other mechanism in order to solve the problem.

There is a elegant way to solve the problem, which is first proposed by Peccei and
Quinn [55]. Take the two Higgs model as an example. By imposing a global axial

symmetry U(1)pq to the 2HDM, The U(1)pq transformation is given as follows

Qr — e Qr, Up = €*Ugr, Dg— €*Dg,

H1 oA ei2°‘H1 s H2 ——= eiiQO‘HQ s (313)

which corresponds to the chiral transformation for quarks. It turns out that a natural
flavor conserving 2HDM satisfies this U(1)pq symmetry, except for the strong CP
violating term. It means that we can always reduce the strong CP terms with the
form of other terms kept in the Lagrangian. In other words, the change from chiral
transformation of quarks can be absorbed into Higgs sector. Indeed 2HDM is also
the minimal extension of SM to have the U(1l)pq symmetry. After spontaneous
symmetry breaking, U(1)pq is broken. A Goldstone boson with very light mass
arises, which is the Peccei-Quinn-Weinberg-Wilczek (PQWW) axion a [55, 68]. From
the detection of @ — v, a — etTe™ and other detection from the universe, the visible
axion has been ruled out [69]. Ref. [57] proposed that in order to build a model with

invisible axion, the original PQ model needs to be extended.
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3.2 SCPV and CKM matrix

In Section 3.1 we have briefly introduced the spontaneous CP violation in several
multi-Higgs models. But in general these models can not explain the CP violation
and FCNC processes very well, which have been established by experiments. In the
following we will build some models in which the phase of CKM matrix is connected

from spontaneous CP violating phase.

3.2.1 Identifying CKM matrix phase with SCPV matrix

phase

We consider a sort of models in which flavor changing neutral current appears in
Yukawa coupling with Ug or Dg involving. At least two Higgs doublets are required

in order to construct such Yukawa coupling. We list two type of models as below

Model(a) : Ly = Qrn(Yui¢pr + Yaato)Ur + QrYusdsDr +hc.,  (3.14)

Model(b) : ,Cy — @YugqbgUR e @(Ydlél + Y;lgqgg)DR + h.c. s (315)
where ¢’s are Higgs doublets

1 .
A —=(vg + Ry + 1A
b = € V2 Repfscige fork=1,2, ., (3.16)
hye
and Y'’s are real 3 x 3 coupling matrices. In Model (a), two Higgs are coupled to
Ur and the other one is coupled to Dg. The situation is opposite for Model (b), in
which two Higgs coupling to Dg, and only one couple to Ug.

After spontaneous symmetry breaking the quark mass matrices arise, which are

given in the form

Model(a) : £, = —Up (M1 + Mye?)Up — D, Mgze ™ Dp + h.c.
Model(b) : L,, = —Up M3 Up — Dp.(Mgie™™ + Mgpe )Dg +h.c. (3.17)
where M,; = v;Yy;/v/2. In Model (a), we can absorb the phase 6, to Uz and —5 to

Dg. Similarly, in Model (b) the phases —0; and 3 can be absorbed to Dy and Uk,
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respectively. Then Eq. (3.17) can be expressed as

L, = —U,M,Ur — D M;Dg+h.c., where for
Model(a) : M, = My + Mye®, My = My ;

Model(b) : M, = M,s , Mg = My + Mge ™™ .

The mass matrix M, in Model (a) and M, in Model (b) can be diagonalized directly

by the following transformation

Model(a) : Dy — VD, Dr — Vi Dg,

Model(b) : U, — VA UL; Ug — ViU, (3.18)

with also U, — VU, in Model (a) and Dy — V"' Dy in Model (b). We can regard
this type of quark states as the the flavor eigenstates, with the charged current
weak interaction in quark sector in diagonal form. The mass matrice of the flavor

eigenstates can be diagonalized by the relations

Model (a) : M, = (V;ViM! Vit with M, = VM, ;

Model (b) : My = (VAV MV with M, = VM, .

We will focus on the special cases that V% in Model (a) and V# in Model (b) are real.
Also note that VL“VI‘Iﬁ is just the CKM matrix, up to the phases redefinition in both
sides of it. We will substitute VﬁVLd f by different CKM matrix parametrizations,

and they will lead to completely different models in the following.
At first we introduce the modified standard parametrization (M-parametrization)

matrix Vi, which is given by

Vi = diag(e ™13,1,1)V4q

i513 i513

c1ac13€ S12€13€ 513
J— '6 6
= — 51923 — C12593513€"018  C1aca3 — 512503513€°01%  spzepz [ o (3:19)
i i
512823 — C12€23513€"°13  —C12593 — S12C23513€"1%  C23C13

where Vg is the standard parametrization shown in Eq. (2.21). The above parametriza-
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tion can be expanded by two real matrices Vj; and V] as follows

0 0 513 €12€13 s12c13 0
Vii = —812€23 C12€23 $23C13 | > Vl\?{ = | —c12823513 —S12823513 0 | 5
$12823 —C12523 C23C13 —C12C23513 —812¢23513 0
Vi = Wi+ VEe®e and Vi VE = VIIVE =0 (3.20)

If we take V*VT = V4, then we get

Model (a) : M!VE = ViM,; (3.21)
Model (b) : MV =V M,. (3.22)

At this step we will introduce a crucial assumption to connect the identification
of spontaneous CP violating phase 0 and CKM matrix phase 13, which means
0 = —d13 for both Model(a) and (b), with 413 = (69 &+ 4)° from CKM parameters
fitting result [6]. The mass matrices for flavor basis Mz’t(l,2) = VM, is then
obtained by
Model(a) : M., Vil =ViiM,, M,Vi' = VM, ,
Model(b) ": My, VE = Vi My, MV = vEM, . (3.23)
The mass matrices under mass basis are given by
Model(a) : M" =V M, Vi = ViViiM,
Mle = VM, Vet = VEVE M,
Model(b) : M}, =V M,V = viivi My,
Me™ = Vi M, VAT = ViPvE N, . (3.24)
Also note that the combinations Vy;Vy; and V2V are given by

2
C13 —C13523513 —C13C23513
1Pt _ 2 9 2 ryrt 1 _ ypypt
VMVM — | —C13523513  S93573 523C23573 7VMVM =1 VMVM ) (3-25)

2 2 .2
—C13C23513 S23C23S73 23513

C%Q C12512 0
Vl\l/)[Tvl\I/){ = | crzs12 s, 0 ,VI\TVI\CI =1- Vl\l/)[Tvl\I/)[ , (3.26)

0 0 O
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which depend only on the mixing angles in CKM matrix.
This kind of model is parametrization dependent. Different parametrization of
VL“VLd " will lead to different model. We can also take the original Kobayashi—Maskawa

parametrization as the choice, which is given by [14],

C1 —S81C3 —S8183
Vikm = S81Cy C1CaC3 — 5253ei‘5KM C1C983 + SQCgei(SKM ) (3-27)
$1S89  €152C3 + €253 KM 18955 — CoC3€™0KM
where s; = sinfy, ¢; = cos#, ..., and so on. Following the same steps which we have
done for modified standard parametrization Vj;, also the identification § = —dk,
with dxym = (91 & 4)° [6], the final mass matrices in the mass basis is obtained in
terms of V7, and V%, which are the analogy of Vi7,; and V{} in V) parametrization.

The explicit form is given by

0 0 0

VAVE i =10 2 —seep | VimVics = 1= VBV - (3.28)

2
0 —s9c9 &

0 0 0
ViV = [0 83 =saes | VieVikm = 1 — Vil Vi - (3.29)

0 —s3c3 c?,,
We have show that it is possible to make the spontaneous CP violating phase be
identified with CKM matrix phase. In the next section, we will build a specific

model to realize the idea.

3.2.2 Higgs potential and mass matrices

In section 3.1.3 we have understood that the loop correction in multi-Higgs mod-
els will enlarge the 6 in general. The model with spontaneous CP violation as the
sole source of CP violation would be ruled out if there is no mechanism to suppress
0. The supplementing of the PQ symmetry will solve the problem. In two Higgs

doublet model, however, the PQ symmetry will exclude some of the crucial terms
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in Higgs potential, which will lead to the vanishing of spontaneous CP violating
phase. So the model with more than two Higgs doublets is required [56]. To real-
ize our idea in previous section, we need at least three Higgs doublets. Also note
that, the present experimental results only allow the possibility of invisible axion,
corresponding with a singlet with very large VEV [57]. In summary, we will take

the three Higgs doublets and one Higgs singlet to build our model.
In our model, three Higgs doublets ¢y : (1,2, —1/2) with k¥ = 1 ~ 3 and one

Higgs singlet S : (1,1,0) are given by

1 .
or = e H, = Vel By +idy)
hi
A e
€8 = ¢ (vg4 R, +i4,). (3.30)

V2

where the definition for three Higgs doublets is the same as that in Section 3.1.2.

e

For the Higgs singlet, vs and 6, are the magnitude and phase of the VEV, and R,
and A, are real scalars. ‘Note that as mentioned in the Section 3.1.3, to get an
invisible axion a very large v, is required. Since we would like to build a model
with PQ symmetry, assigning the PQ charge for each particle is required. The PQ

charges for the Higgs doublets and singlet are given by
G141, b 41, ¢y —1, S:+2. (3.31)

The above assignment ensures that ¢; and ¢5 coupling to the same chiral fermions
in the Yukawa coupling. The assignment is different for Model (a) and Model (b),
which is given by

Model (a): Qr:0, Ug:—1, Dgr:—1, (3.32)

Model (b): Qr :0, Ug:+1, Dg:+1. (3.33)
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The Higgs potential under P(Q) symmetry is then written as

V= — mlHIH —m2HIH, — m2HIHs — m?,(H|Hye” + h.c.)

— m2STS + M (HH,)? + \(HIHy)? 4+ N (HIHs)? + A, (ST9)?
As(H{Hy)(HHy) + Ny (H{Hy)(HJ Hs) + \j(H} Hy)(H{ Hs)
Ni(HHy)(HJHy) + Ny(H{ H3)(HYHy) + N{ (H} Hs)(H3 Hs)
%AS((HIHQ)%Z‘% +h.c.) + Ng(HIHy) (HI Hye? + h.c.)

Ao (HIHy)(H Hye® + h.c.) + As(HIHs)(H] Hye® + h.c.)
dyo(HI Hye® +h.c.)STS + N ((HI Hg) (HIHy)e?® + h.c.)

fL(HIH,)S'S + fo(HIH2)StS + fs(HIHs)STS

+ o+ 4+ o+ o+ o+ o+

fis(HI HsSe®* ) 4 hc.) + fos(H] HsSe™ + h.c.), (3.34)

where the phases appearing in Higgs potential are d, which is same as given in
Section 3.2.1, and ds = 05 + 0, — 6. All of the coupling constants in Higgs potential
are real to reveal the fact that our model is CP conserving before spontaneous CP
violation. We will investigate the allowed values of these phases. By differentiating

with respect to ¢ for minimization of the potential, we get the relation
f13v1v3vg sin(ds + ) + fogvavsvssinds = 0. (3.35)

In the above formula the nonzero ¢ and ds are allowed, and § is the only source
to generate CP violation in the model. Note that since a large separation for the
magnitudes of VEVs between Higgs doublets and Higgs singlet, the fine tuning for
parameters of Higgs potential is required in the model and other invisible axion
models.

The next step is to extract the Goldstone boson modes related to gauge boson

W=, Z%nd the PQ symmetry breaking. These Goldstone states are given by

1
h; = ;(’Ulhl_ + ’UghQ_ + ’Ugh??) s
1
h, = ;(2}1141 + v Ay +v343)
a = (—vviA; — v Ay + Vi3 As — v 0, AL) /N, (3.36)
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where v? = v} + v3 + v3. hy, h, are the Goldstone bosons eaten by W* and Z°,
respectively. a is the axion, with N, = v/v%v3 + v202 the normalization factor, in
which v%, = vi+wv2. To extract the Goldstone boson modes and to transfer the FCNC
coupling to only one Higgs boson, the transformation matrices for pseudoscalar and

charged components are shown as

Ay va/via  —v1v3vs/Nag w1 /v —vlvg/Na ay

A, B —v1/v1e —vou3vs/Na wve/v —vav3/N, as

As 0 V305 /Na  wv3/v  viyus/N, h ,

A 0 v35v3/Na 0 —v%us/N, a

hy va/v1e  viv3/vvie V1 /v Hy

hy = —v1/vig VU3/vvI2 V[V Hy > (3.37)
hy 0 —vig/v  v3/v h,

with Na = /v}(v},03 +v2v2) the normalization constant of second column in
pseudoscalar transformation matrix. In the limit v, > v123 we have a good ap-
proximation N, = v?v, and Ny = v1o0v,. For the neutral scalar components
(Ry, Ry, R3, R,)T, we simply implement the same transformation as that in pseu-
doscalar transformation matrix to get a simpler form in Yukawa coupling, with the
neutral scalar state (HY, HY, HY, H?)T taken. Note that we don’t mix the scalar
and pseudoscalar components to get the mass eigenstates, so that when we study

some realistic problem we need to consider the mixing between different neutral

components.

3.2.3 Some Implication

Since the mass matrices for Higgs sector in our model is already known in the

rotated basis given in last section, The Yukawa interaction can be derived directly,
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which is given by

£ = T2 - vyt 22y, UR(H1+za1)

V1202 V1V2

+ULM UR[ U(H2 +Za2) — —H3 —|— (H4 —i—za)]
V12

2
_Dy NI, DR[U;Q (HY — iay) + H3 0”15 (H? - ia)]

S

+v2Dy, DLVCTKM[ L v e |NLURH
V1V
—\/_HDLVCKMMUURHQ__\/__ULVCKMMdDRH;+h'C'a
12 U3
W = D2 — vVt 2N DR(HD — iay)
V120V9 V1V9

2
+D MDg| 12@(}13 —iay) — H3 T 3_(HY —ia)]

2
~UL M, UR[ (H2 + ias) + H3 12 (H4 +ia)]

U12 ]

—\/_ULVCKM[ =

MyD RH1

+\/_—ULVCKMMdDRH+ i \f DLVCKMM UrHy +hec., (3.38)

where V" can be V} or V¢, depends on which parametrization of CKM matrix we
take. The couplings of HY and a are suppressed by 1/v,. In both model only HY
and a; have tree level FCNC coupling due to our choice of Higgs states. The FCNC
couplings are associated with V"V in Model (a) and V"TV" in Model (b).
Neutral meson mixing has been observed in K° — K° By, — Bg’s, and D° — DY
system [7]. In the SM the neutral meson mixing is generated by box diagrams with
W boson exchange. In this model tree level FCNC with HY exchange, a; exchange,
and the mixing of HY and a; in the propagator should be also taken into account.
The Yukawa coupling with HY and a; related to the neutral meson mixing is given

in the form
L= —qa;+ bz‘j%)%‘H? +1q;(bij + aijv5)q;a1 , (3.39)

where the tree level FCNC couplings a;; and b;; are related to what we show in

Eq. (3.38). With the equation of motion ¢;vsq; = (pi — pj) @V Y59;/ (s +m;), the
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mixing element of mass matrix of neutral meson system is given by

1 1 F2m3 1
My = ——[(0% — —(a% +b2))—1EP 4~ (12— g2 f2
12 quo [( ij 12(&1] =+ l]))(mi T, )2 + 12( i al])meP]
]_ 2 ]- 2 2 f%m?ﬁ 9 9 9
_m—?“[(aij o E( i T bz]))m + E(aij - bij)meP]
i2m3o. 5ab f2md
+ . Hiay 04_7 (7] meP ’ (340)

mH?m?L1 6 (m; +m;)?
where fp is the meson decay constant defined from (0|gv*y5q;|P) = ifppls. The
vacuum saturation approximation is also applied to Eq. (3.40) . The meson decay
can provide some information about the mass of HY. For the numerical analysis,
we use the CKM mixing angles s;o = 0.2254, so3 = 0.041, s13 = 0.0035, sin d13 =
0.94 in M-parametrization (equivalently s; = 0.2254, s, = 0.039, s3 = 0.0156,
sin 0gyr = 0.9999 in KM-parametrization), which are obtained from central values of
Wolfenstein parameters given in Eq. (2.27). We take the values of decay constants
frx =156 MeV, fp = 201 MeV, and fp, = 260 MeV from Ref. [59]. The light quark
masses m, (1 GeV) = 3.1 MeV, my(1GeV) = 6.5 MeV, my(1 GeV) = 129 MeV and
the heavy quark masses m.(m.) = 1.275 GeV, my(my) = 4.18 GeV, m; = 173.5 GeV
are given in Ref. [6].

The structure of flavor changing coupling for different CKM matrix parametriza-
tion are very different. For example, in Model (a-M), the modified standard parametriza-
tion in Model (a), there is tree level D° — D® mixing, but no contribution to K°,
BY, and BY mixing. We will discuss the numerical analysis of neutral meson mixing
for M- and KM- parametrization in Model (a) and Model (b) as follows.

Model (a-M): It can contribute to D° — DO mixing. The experiments by BaBar
and Belle [60] provide that = Amp/T'p = (5.5 +£2.2) x 1072 at 68% C.L. [61],

which can be used to compare with the new contribution

_ f3m3, 1 1
=5.7x107° - 3.41
v % (sin 26)2’1}%21—‘[)(7)1?{(1) mgl) ’ (3-41)

with tan 8 = (v;/v,). New physics may contribute significantly [61]. If one hope
the Higgs mass of order hundred GeV, with the assumption that one of v; and vy is

large, around 240 GeV, then sin 8 ~ 0.05, which indicates that the magnitudes of
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vy and vy are different by forty times. In contrast, the tree level contribution with
all VEVs of the same order of magnitudes does not produce enough x to saturate
the measured value.

Model (b-M) The only nonzero flavor change neutral current comes from s —
d — HY(ay) interaction, which contributes to the neutral K meson mixing. The

related mass difference from tree level interaction is given by

A 1 1 1
SR 44 x1072— — - (100GeV)? . (3.42)
mi sin® 25v3, Mo m2

The current experimental result gives Amyg /my = 7.000 x 1071 [7]. It constrains
the mass of Higgs stringently. The scale of lightest Higgs mass between HY or a,
should be larger than TeV scale.

Model (b-KM) In this model the FCNC only occurs in b — s — HY(a;) interac-

tion. It leads to the By — B, mixing which is shown as

AmBs

_ 7 x 10712 (1 —ml )(1OOGeV)4. (3.43)

- 29032 2 2
mp, sin® 28vi, Mo 3

Comparing with the experimental result Amp, /mp, = 2.2 x 1072 for Amp, =
17.77ps™1 [62], with the knowledge that only 10% of the experimental result can
comes from contribution beyond the SM [63], the lightest one between HY and a,
should be larger than 300GeV if we take v; = vy = v3.

In the next step we study the neutron EDM (nREDM) in our model after imposing
the constraints from meson and anti-meson mixing discussed in the above. It has
been known that the prediction of nEDM in the SM is very small when comparing
with presented experimental upper bound. The one loop contribution for quark
EDM is usually proportional to light quarks masses to the third power for a diagram
in which the internal quark is the same as the external quark. For heavy quark in
the loop, its coupling is too small in the model. In our model the related operators

for quark EDM are given by [64, 65]

dg y fo. v
0] = —5/ia0wsF"q, Of = =7ligs70 56" q,

1 ~
0f = =5 C G GG (3.44)

g va )
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where d,, f, and C' come from two loop contribution dominantly in most of the
multi-Higgs models [64, 65]. They are usually given [64, 65]

O 1

Glg), €= —H(g), (3.45)

eQem @
dg = qqu(Q)a Jo= @mq St

2473

where the function G(q) and H(q) are given by

60 = |(#GED) ~ 1) Jimzi + (a0 —ol(2) Jmz]

TnHl0 ag HP 62%
m2 m2

H(g) = <h(m2t0)_h(m_;))1mzjf, (3.46)
H; ak

e _ 2 2
where ImZ;7 = 2ak,a% N /mim;, and Ay, = mHlOOLk/(mHl0

2 . . .
105 — mag) is the mixing factor

in the loop. The functions f, g, and h defined as

o - [
o(z) = z/ dn 1_196) ln$(1;x),

_ & 7 3 w33 (1 — )
hz) = / . / 1 lza(1—ux) + (1 —u)(1l —2)? (347)

The valence quark model is usually used to associate the neutron EDM with quark

EDM. It provides that [50, 51, 52]

4 1 4 2 eM
A =ng|l=dg — =d,| ,d¢ = - ~fl ,d, ~ —£C, 3.48
i 77d|:3 a7 3 L ~ enf[gfd+9fj|/\ 47r§ (3.48)

where A is the scale for the hadrons; d,, contributed from gluon color EDM is esti-
mated by naive dimensional analysis (NDA). M = 1190MeV is the chiral breaking

scale and 74, 1y, and { are the factor coming from the renormalization group evolu-

tion [66, 67]

s (my) 16/25 s (me) 16/27
~ 0.1
) oa(h) 0.167,

Na = ( )
as(m 14/23 m 14/25 s (me 14 27asm
ny = (as((mj)> / b)> / <as((A))> o 2) 00118,
(4 : <a5<mb§>‘54/23 <a8<mc>>‘54/25< as<A>)>“”4/ T3k 104,

(3.49)

Model (a-M): the two loop contribution to nEDM due to the Higgs bosons ex-

change in the loop are proportional to the mixing factor Ajx(f, g, h). These factor
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will be taken to be approximately equal to estimate the contribution from different
Higgs exchanges.

In this model we will take the parameters tan 3 = 40, vy = 240GeV, which
has been used in D° — DO mixing previously. Then the dominant contribution to

neutron EDM comes from the mixing of HY and ay, which is given by

m
d, ~ —2 x 10_2527026 cm. (3.50)
mHg - mal

For another case with v; = v9 = v3, and m,, ~ 100GeV. If Hg — a1 mixing is larger

than other mixing, then we have
miro
dp 9 x 1070222 _ccm. (3.51)

For both cases the d,, can be close to the current upper bound.

Model (b-M): in this case H{ and a; do not couple to ft, so the two loop contri-
bution to the quark EDM and the quark and gluon color EDM from the HY and a,
are small. The contributions to the neutron EDM are about the same from the H?,
as, and Hgﬁ, a; exchange, with different mixing factors. Explicitly as an example,
for the case HY and ay exchange, we take the Higgs mass mpgo to be around 1TeV,

which is obtained from K° — K0 mixing terms. It leads to

—or_ "H{a
dp = —8 x 107" ————ecm. (3.52)
mH? - ma2
If m?, s not too much smaller than m?, —and m?3, , the neutron EDM can be
1,02 H2 ,a1 Hg ,al

close to the experimental upper bound.
Model (a-KM): We just take v; = vy = v3 in this model, and for Higgs mass it
can be around 100GeV since there is no constraint on it from meson mixing. The

nEDM contribution coming from HY — a, mixing is given by
Mo
dp~7x 107 ——"2_ccm. (3.53)

Model (b-KM): As in the M-parametrization case, the contributions from the H?

and a; exchange are small. With the parameters v; = vo = v3 and mpgo & 100GeV
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from B, — B, mixing, the nEDM contribution coming from HY — ay mixing is given

by

d, ~6x 1072

. .54
- ecm (3.54)

2
HY

—m2,
All the results for neutron EDM given in the above are close to the experimental
upper bound in the present.

In summary, with the fixed Yukawa couplings in our model, we can constrain the
Higgs mass mpo or m,, from different type of neutral meson mixing. The neutron
EDM in our model can also be close to the current experiment upper bounds, with
the Higgs mass constrained from the neutral meson mixing.

We have proposed a model that the CP violating phase in the CKM mixing
matrix be the same as that causing spontaneous CP violation in the Higgs potential.
Specific multi-Higgs doublet models have been constructed to realize this idea. In

our previous discussions, we have not considered Yukawa coupling for the lepton

sector. An analogous study will be carried out in the next section.

3.3 SCPV and PMNS matrix

In this section, we will apply the idea in the previous section for quark sector
to the lepton sector. Also in order to have non-zero neutrino masses in the model,
we need to introduce the right-handed neutrinos. The main different feature for
the lepton sector is that the Majorana mass term of the right-handed neutrino is
allowed. It will make the progress more difficult since we need to apply the seesaw
mechanism to relate the Dirac mass with heavy and light neutrino masses. We will
take the models built for quark sector in the last section, and extend them to the

lepton sector, for both Model (a) and Model (b).
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3.3.1 Identifying PMNS matrix phase with SCPV phase

First of all, we assign the PQ charges of leptons in two types of model for quarks

discussed previously as follows

Model (a): LL(O), lR<_1)7 NR(—l),

Model (b): Lp(0), lg(+1), Nr(+1) . (3.55)
The Yukawa couplings satisfying the above PQ symmetry are given by

Model(a) : £ = L (YiH; + YyHye®)Ng + LpYsHslp + (Ng)°Y,SNp + h.c.;
Model(b) : £ = LpY3H3Ng + Li(YiHy + YoHye ®)ig + (Ng)°Y.S'Ng + hec.

(3.56)

where Y] 53 are 3 x 3 real matrices, and Y, can be chosen to be real in general. For
the lepton sector the Higgs singlet S is also coupled to the right-handed neutrinos.

After spontaneous symmetry breaking, the relevant lepton mass terms are shown as

= b
L= —lLMllR - DLMDNR i §<NR)CMRNR 4+ h.c. ) (357)

with M;, Mp, and Mg defined by

1 1 .
Model (a): M, = ——=Y3v3, Mp = ———=(Yiu1 4 Ya2e®), Mg = —V2Y,0, ;
( ) l \/§ 3U3 78] \/5( e By id | 202 ) R
1 . 1
Model (b) Ml = _7§(Y1U1 + }/2'026_16), MD = —EY},U:{, MR = —\/§Y;1)8 .

(3.58)

To get neutrino masses, we express the neutrino mass terms in the usual mass matrix

for seesaw mechanism, and it is convenient to define the 6 x 6 mass matrix

0 Mj
Mseesaw = . (359)
Ml My
Note that since vs > vy, vy, the Mg should also be larger than Mp. We can apply

the seesaw mechanism (discussed in Sec. 4.1 and Appendix B) to our model. Then

we obtain the familiar relation
MpM ML = VM, Vs = (iV/Y)M, (VY | (3.60)
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where M ~ is the 3 x 3 diagonal matrix with three heavy eigenvalues of Meesaw as its
diagonal elements, and M, is the three light neutrino diagonal mass matrix. V} is
the transformation matrix to transform the weak eigenstate v, into mass eigenstate.

The general solution for Mp of Eq. (3.60) is given by [70]
Mp = (iVyYMPONY? (3.61)

where O is a arbitrary complex matrix satisfying OO = 1. It is difficult to deter-
mine the explicit form of O, so we will take it identity in the following.
In Model(a), in the mass basis of charged leptons, the Dirac mass matrix for

neutrinos are given by
Mp = Mpi + Mpe = Venns MM20M* . (3.62)

The right-handed side of the above equation is more complicated than its analogue,
Eq. (3.21) for quark sector, since there are more than one complex phases which
are required to be considered there. In general Vpyng has a Dirac phase and two
Majorana phases. It is also not easy to decompose and parametrize the complex
orthogonal matrix O into the addition of two matrix with a uniform related phase.
Here we will just consider the PMNS matrix with the Dirac phase existing in the

model. As a first example we express the PMNS matrix in the modified standard

parametrization
0 L idt 0 4 _id13 V4
CipCi3€13 S12C13€ 513
M — 0 0 0 L b idt 0 0 0 L b st 0 0
Veumns = —879C93 T C19893813€ 13 CipCo3 — S19893513€ 18 Sa3Ci3 | > (3.63)
VA 0 0 L it 0 A 0 0 L it VA
S12893 — C19C3813€ 13 —Ci9S93 — S19Cy3813€ 13 Co3Cq3

where the angles and phases belong to the lepton mixing matrix. Make the crucial
assumption &{; = §, and then we have 0{; = —d;3 = —(69 4= 4)°, where the last step
comes from the assumption in quark sector. The magnitudes of the phase in CKM

and PMNS matrices are then identical. The mass matrices Mp; and Mpy can be
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obtained as follows

0

L L

M __
My, —3812C93

0 b
812593

¢ 0

C12C13

M _ 0 ol b
Mp; = —C12523513

AV
—C12C23513

0

¢
C12Co3

0 b
—C12593

¢ 0
S12C13

VA
—512523513

L L

‘
S13

00
S23C13
¢ 0
C23C13

0
0

14

—812C93513

0

Mo/, (3.64)
MM2PONL? (3.65)

Since in this model we can determine the PMNS matrix phase, which is identical
to CKM matrix phase up to a minus sign, the Jarlskog, the rephaseing invariant of
PMNS matrix can also be predicted. By using the fitting angles and mass square

differences with 1o in Ref. [6]

+0.018

sin? 0%, = 0.3127301% | sin? 05, = 0.42759% "sin? 0%, = 0.0251 + 0.0034 ,

Am3, = (7.58703) x 107% V2, [Ama,| = (2.3570gg) x 107%eV*,  (3.66)

we obtain directly J*(M) = —(0.033 + 0.002).

The KM-parametrization for PMNS matrix can also be taken as another example

Vi 00 VAN
1 —51C3 38153
VKM 0l bl 0l it 0l st (3.67)
00 000 00 06t 0l 0 4 i8¢
§185 C€1S5C3 + C583€ C1S983 — CyC3€

With the assumption parallel to the modified standard parametrization case, §¢ =

0 = —(91 £4)°, the mass matrices Mp;  are obtained directly and given by

& sl sl
MEM = | stch et clebst | MMPOM?, (3.68)
st chsbch chsbsh
0 0 0
Mt = | 0 —sbst  shcl MYPoM?. (3.69)
0 cgsg —cgcg
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In order to obtain the Jarskog J&,, it is necessary to know the three mixing
angles in KM parametrization. The corresponding angles can be obtained from the

magnitudes |V.1], |Veo|, and |V.3] with the input parameters from Eq. (3.66). We get
sin#f = 0.57 4+ 0.02, sin 5 = 0.28 £ 0.02 . (3.70)

The derived phase 6 given from the assumption with the above two angles can help

to determine the last angle from the magnitudes |V,,3| and |V;3|. The result is given

by
sin 05 = 0.64 £+ 0.07 , (3.71)

The rephaseing invariant of PMNS matrix then is obtained as J*(KM) = —(0.035 =
0.003) by using the above derived values for mixing angles and phase. We emphasize
that the above two ways of parametrizing the mixing matrices are two different ways.
In principle measurement of J can be used to distinguish different models, but the
difference is small making it practically difficult.

The probe of neutrinoless double beta decay is one of the useful processes to ob-
serve the exist of Majorana neutrinos. With the central values of PMNS parameters
for M- and KM-parametrization and the central value of mass square differences in
Eq. (3.66), We plot the effective Majorana mass (mggz) = | >, m,, V3| as a function
of the light neutrino mass m,, for the normal hierarchy in Fig. 3.1. The range of m,,
is taken from 0 to 0.088, which satisfies one of the stringent cosmological constraints
> my, < 0.28¢eV for the model ACDM + m,, [72]. Here we emphasize that the two
different PMNS matrix parametrization lead to different models. It explains why
there is some deviation between two parametrization for (mgz). However, the tiny
deviation results in the difficulty to distinguish them by the future experiments.

Another quantity related to neutrino mass is (m,,) = (3, m2|Ves|?)/?, which
can be measured in tritium decay. This quantity is the same for the two models we
considered above. With the central values for mixing angles, it is given by 0.089 eV
for a normal hierarchy, with m,, = 0.089eV taken to approach the upper bound on

the sum of light neutrino masses, for example. For an inverted hierarchy with the
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Figure 3.1: Comparison of Model (a-M) and Model (a-KM) by (mgs) as a function

of light neutrino mass m,, .

same m,,, we get almost the same results as we have in a normal hierarchy. This
quantity is again not useful in distinguishing different models considered above.
For Model (b), the charged leptons are coupled by two Higgs doublets. The
form of Dirac mass matrix for neutrinos in this model is simpler than that in Model
(a). The lepton sector of Model (b) can completely parallel the quark sector of this
model. For simplicity we will work in a basis with V}/ =4. The Dirac mass term is

given by
Mp = MY?ONL? (3.72)

Again, O is arbitrary matrix satisfying OOT = 1. The charged lepton mass matrix

is given by
M, = Mpy + Mlge_ié = VF]’LMNSMI . (373)

Taking the M-parametrization in the basis Vpyns = —iV}, we apply the same idea
in Model (a) that the Dirac phase §¢; is identified with §, and the mass matrices are

obtained directly as

0 0 0 0
0 —siaCh3  S12823
M _ o
My = 0 0{2053 —ct{ngg M ; (3-74)

¢ 0 0 00
513 S23Ci3 C23C13
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CiaCly —Ciash3sis  —Ciach3sis
My = 512013 —51a8h3813 512053503 My . (3.75)
0 0 0
Similarly, the KM-parametriztion with §° = § will lead to
i sy sis)
MEM = | —steh dcbet chshed M, (3.76)
—sisy cichsy Cis)sy
0 0 0
ue= | o g s [ 31
0 sgcg —cgcg

The mass matrices only depend on charged lepton masses and mixing angles. The
Jarlskog invariant in Model (b) is identical to that in Model (a).

The choices of O = I and Vi = i in Model (b) are by assumptions. it would be
interesting to see if models with some symmetries can naturally give such options.
We have not been able to find a model to achieve this. Our choices should only be

taken as some particular working ansatz.

3.3.2 Effect on Charged Lepton Flavor Violating Processes

The different ways to identify the CP violating phase from the lepton mixing
matrix with that from the the spontaneous symmetry breaking sector also restrict
the forms of the Yukawa couplings in the model differently. New interactions due to

Higgs exchange can generate some interesting phenomena. The Yukawa couplings

for Model (a) and Model (b) are given by

o 2 0, 1
Model (a): Lupo = —Ip Milg [;}vlizg (HS — ia) + —HS + v}, /No(Hy — m)} +he.,
7 U1 V12 0 .
Model (b) Lllho = —lL — Ml + —VPMNSMll lR<H1 — ZCLl)
VaV12 V1V2
A V3Us . 1 v3 )
+lLMllR |:N—A(Hg — ’La,g) — ;HS + ﬁ?;(Hél — m)] + h.C. .
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There is no FCNC process for charged leptons in Model (a). In contrast, there exists
tree level FCNC interaction for charged leptons when coupling with HY and a; in

the Model (b), which can be expressed by only mixing angles and charged lepton

masses
(s13) S53513C13 C53513C13
Veans My = s33515C1s  (c3)” + (s23)*(cls)? —853C53573 M,
C55C13513 —553C33(513)” (s33)% + (c23)*(cl3)?
1 0 0
Vonns Mt = 0 (c5)?* cbsh M,. (3.79)
¢

0 sy (s3)°
For Model (b-M), Yukawa coupling constants for 7 —e interaction and 7 — u interac-
tioin are larger than e — y interaction, while in Model (b-KM), only 7 — e interaction

exists, with other two coupling constants vanish at tree level. Present experiments

provide tight constraints on l; — l1ll3, which are listed as follows

Br(7 — €€€)ep < 3.6 X 107° [73] , Br(1 — pjipt)exp < 3.2 x 1078 [73] ,
Br(7 — p1€)exp < 2.7 x 1078 [73] , Br(7 — efift)exp < 3.7 x 107°[74]
Br(7 — pep)exp < 2.3 % 1078 [73] , Br(7 — efie)eyp < 2.0 x 1072 [73] ,

Br(p — eée)ep < 1.0 x 10712 [75] . (3.80)

In the following we study these decay modes in more detail to see if it is also
possible to distinguish Model (b-M) and Model (b-KM). If H; is the lightest higgs
boson, then the tree level contribution with HY exchanged should dominate the
above processes. As an illustration, take v; o < v3, with vy o are of order a few GeV,
and HY = 100GeV, with flavor mixing angles chosen to the central values given
previously for each kind of parametrization, we plot in Fig 3.2 to show the allowed
regions in v;-v, plane constrained by the above lepton flavor violating processes. For
Model (b-M), all I; — 111515 processes can constrain v; and ve. The most stringent
constraints come from the 7 — epfp and p — eeée current experimental upper

bounds, for which v; > 10 GeV and vy > 3 GeV. For Model (b-KM), only 7 — ppp
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Figure 3.2: The allowed range in v;s plane constrained by p — eee and 7 —
L1515, where M- and KM- indicate the modified standard parametrization and KM

parametrization, respectively.

and 7 — pee can constrain v;», and the present 7 — i upper bound leads to
the most severe limit. The future experimental signals for any of the processes, for
example, p1 — eee at MUSIC [115], may help to fix the v; 5 or rule out these models

if no intersection allowed among these curves.
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Chapter 4

Higgs Decay in Large Heavy-Light

Mixing Seesaw Model

The observation of neutrino oscillation forces the SM to be extended in order
to have the massive active neutrinos. The simplest way to extend the SM is to
add the right-handed gauge singlet fermions. The seesaw mechanism can be applied
if the Majorana mass term of the gauge singlet fermions is allowed. The seesaw
mechanism explains the light neutrino mass successfully by taking the very huge
Majorana mass for the right-handed neutrinos, but these heavy neutrinos are too
heavy to be detected at LHC, and the related heavy-light mixing is also too small. A
specific type of seesaw mechanism with large heavy-light mixing might be possibly
verified in the future experiments. The search of Higgs decay is a good way to prove
such kind of seesaw models. In this chapter we will introduce briefly the Higgs decay
channels in the SM, and then discuss the type-I and type-III seesaw with the large

heavy-light mixing and the corresponding effect on Higgs decay.

4.1 Higgs Decay

The probing of Higgs decay is a direct way to search the existence of Higgs. The
study of the Higgs decay in the SM and in many other models have been performed in

detailed in many years. We will follows the discussion of Higgs decay from Ref. [76]
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in this section. In the SM the related Lagrangian is shown as

1 1 5., 3mih® 3mih* 1.2m% m% 5 0.0
Eh = 5(8uh)(8‘uh)—§mhh —75—754‘5( h—i‘?h )ZMZ‘u
2m3 m} _h .
(= W —;E myff, (4.1)

where the couplings h— f — f are proportional to fermion mass; h—V —V and h—h—
V —V are proportional to m?,. The two body decay channels and the corresponding
subsequent channels are dominant Higgs decay processes. In theoretical point of
view, all possible Higgs decay channels can be predicted for different choice of my,.
The main channel of Higgs decay are the two body decays h — ff and h — V'V,
with V' can be on-shell or off-shell massive gauge boson.

One of Higgs decay channels is of the type h — ff, the Higgs decay into two
fermions. Tree level diagrams dominate these type of processes. Since the relevant
Yukawa coupling is proportional to the the fermion mass mg, h — bb should be
dominant mode among these type of decay rates if m;, < 130GeV. The tree level

formula related to this type of processes is given by [76]

L(h— ff)= 3G—thmfc(1 —Am3/mp)*? . (4.2)

427
The h — V'V channels, with V' to be the gauge boson W or Z are important
and dominated for m; = 150GeV. In the SM the decay channels h — WW and
h — ZZ occur at tree level. If the Higgs mass is less than 2my, or 2my, then the
corresponding channel h — V'V will become off-shell and it will lead to a three or

four body decay. The two body decay is given by [76]

GFmi 2 m%/
Lh—VV) = T oyvV1—dx(l —4r+1227) , o = —-, (4.3)

2m m;,
where for W boson dyr = 2 and for Z boson 6, = 1.
The h — ~~ can provide cleaner signal to probe physics beyond the SM, although
its leading order contribution from one loop processes is small. h — gg is the process
which could be found from analysis of jets including hadronic final states at LHC.

We can summarize this section by Fig. 4.1, in which the plots of the Higgs branching
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Figure 4.1: The left panel is the mainly branching ratios of the Higgs decay channels
as a function of my, , and the right panel is the total decay rate of Higgs as a function

of my,. The numerical results is calculated by the package HDECAY [81].

ratios and total decay rate versus m, are given, with numerical results calculated
by HDECAY [81]. Note that h - WTW ™~ and h — ZZ have already included the
subsequent three body decays and four body decays. From the right panel of the
figure, for 100GeV < m;, < 130GeV the total decay rate is about 0.02 ~ 0.04GeV,
with the channel h — bb dominated; for 130GeV < mj; < 160GeV, the two body
decay h — WTW ™~ channel are almost open and dominates over other channels. For
160 < my, < 180GeV, T'y, is around 0.08GeV ~ 0.6GeV with the open of the decay

channel h — Z°Z°. Finally, h — tt channel will be open at m;, = 300GeV.

4.2 Type-1 Seesaw

4.2.1 Introduction

Type-I seesaw is the original and simplest seesaw model, in which one or more
gauge singlet fermions are introduced into the SM [77]. It will induce not only the
Dirac neutrino mass term but also a Majorana mass term which will violate the
lepton number conservation. In the following and later we will focus on models with

three such fermions included. In type-1 seesaw the new interaction beyond the SM

51



is shown as
- - - 1— -
‘Cnew = NRZIDNR - [LLYRHNR - éNjc%MRNR + hC] s (44)

where Mpy is the Majorana mass matrix, which can be transformed by a unitary
matrix into real diagonal form in general. After spontaneous symmetry breaking,

the relevant neutrino mass terms is given by
_ 1— ~
Lmass = _LLMDNR - §NEMRNR + h.c. y (45)

where Mp = (v/v/2)Yg are 3 x 3 Dirac mass matrices. By re-arranging the above

formula, we obtain

1 S vy
Lonass = —= (5, Ng)Miou | | +hc. (4.6)
2 N
R
where M eeaw 15 defined as a 6 X 6 matices
G <] 8 0, /e
Moo = E P, with mp = M}, (4.7)
Mz) MR mp MR

In order to diagonalize Meesaw, We define the transformation matrix U by the left-

handed fermions redefinition

M, O
R = UM, U , with U is defined as
0 My
vy, VUmlL Uw/ Ul/N VUmlL
= U = , (4.8)
(NR)C NmL UNV UNN NmL

where U, = V/ T is approximately unitary, and MM ~ are diagonalized mass matrices
for light and heavy neutrino mass eigenstates, respectively. From the above equation

we directly obtain the following relation
U, M, UL = U,y MU, . (4.9)

The above formula provides us an important information, that is, if U, is of order
O(1), then U,y should be of the order (m,,/my)"2. According to the procedure in

Appendix B we get the following relation
—MpMy'ME ~ U, MU . (4.10)
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This is the famous seesaw relation. The heavy neutrino mass can generate a very
light neutrino mass, like a “ seesaw ”. In the other hand, the scale of the light neu-
trino also sets the lower bound for the heavy neutrino mass to be around hundreds
GeV to TeV scale, even if Mp is set to be 1MeV. The next section will provide
a interesting and special way to circumvent the constraints from Eq. (4.10), or in

equivalence from Eq. (4.9).

4.2.2 Heavy-Light Large Mixing

Type-I seesaw has solved the problem about the origin of the very light active
neutrino mass. The observation of light neutrino masses also provides the lower
bounds of heavy neutrino masses. By looking at Eq. (4.9), we find that the order of

12 which is too small to be

magnitude of elements in U, should be about (m,/my)
proved in the experiment such like LHC. In the presence of more than one generation
of light and heavy neutrinos, there are circumstances in which the mixing can be
much larger [82, 83, 84], offering greater hope of observing its effects on various
processes. The combination of such large mixing, with my ~ 100 GeV, and the
tiny light-neutrino masses can occur naturally if the underlying theory has some
symmetry that is slightly broken [84]. Ref. [85] provides a special type of U,y,
which can be large and evade the limitation from Eq. (4.9). We will show how to

achieve it in the following. Consider the heavy-light mixing U,y which is expressed

in the sum of a dominant part Uy and a small perturbation Us, which is given by [85]
Uy = Uy + Us . (4.11)

It is also assumed that Uj satisfying the equation [85]
UoMyUE = (UMY (UMY =0, (4.12)

in which Uy can be of arbitrary unlimited size. The next step is to find the general
solution for such a U,. It is convenient to consider the rank of the matrix K =
UoM ]1\,/ ?. From mathematical analysis we know that K can not be of rank three

because there is no such a nonzero vector whose hermitian products with all elements

53



of a basis are all vanished. If K is of rank two, then the corresponding orthogonal
space should be of only dimension 1, but this conflicts with the fact that the rank of
K should be equal to that of KT'. So the only possible choice is a rank-1 one matrix
for K. This means that Uy should be also of rank one if My is of rank-3.

Since K satisfying KKT = 0, with the understanding that K is a rank-1 matrix,

in general K can be expressed in the form

av?

K ox | pvT | ,where a,b,c € C, (4.13)

CVT

with v a 3 x 1 complex column vector satisfying v'v = 0. This form of K helps us

to get the form of Uy as follows [85]

av?l
Uo= | bvT | R with R = diag(y /57 /554 / 5 ) (4.14)
cvl

where M3 are the masses of heavy neutrinos, and we can take my to be the
smallest of M;o3. The parameters a,b, and ¢ and the perturbation term Us are
constrained by the experimental results of neutrino mass square differences Am?j.
the detail is given in Appendix C. We will use the scenario of large U, x to investigate

the Higgs decay in the following.

4.2.3 h—vN

From the idea of Section 4.2.2, there is a special structure of U,y which can
make the magnitudes of its elements become larger than before. Some of the effect
and implication has been discussed in Ref. [85]. In this chapter, we will focus on
the effect of such a large U, on Higgs decay, and also the related implications.

In Type-I seesaw, The SM Higgs decay width increases by the channels in which
the final states includes a light neutrino and a heavy neutrino. The amplitude of

such a process is given by

M. ;
Mh = vidNy) = 5 L (UL Uy )P + (UL, Ui Prlon (4.15)
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where M; is the mass of heavy neutrino N;; vy and w, are the 4-spinors of heavy
and light neutrino, respectively. The projection operators in Dirac space are defined
by P, = (1 —15)/2 and Pr = (14 ~5)/2. By ignoring all the light neutrino masses
and applying the approximation U,, U ~ 1 to the calculation, the total decay rate

of h — v N is given by

2
T'(h — vN) Z gimu MUy Un)a (| MF (4.16)
32mmi, m3 ’ ’

Before obtaining the decay rate of this channel, it requires to choose a appropriate
U,n as our input. U,x can be as large as we hope theoretically, but it is still
constrained by several experiments. From the gauge-boson mass fitting we can

constrain the diagonal elements of the matrix e = U,y U as follows [87, 88]
€1 <3.0x 1073, €9 <32x 1072, ¢33 <62x 1072, (4.17)

On the other hand, the off-diagonal elements can be constrained by lepton flavor

violating process such as ¢; — £;~y [87, 89
le1a] < 1.0 x 107%, Jeyz] < 0.01, |esz) < 0.01 . (4.18)

The most stringent constraint comes from neutrinoless double beta decay [79]

3

> (Ui

i=1

| <5 x1078GeV . (4.19)

The L3 and DELPHI in LEP [80] for neutrino singlet search from Z — vN also
constrain (U, )9 and (U, n)s;, which might be more stringent than Eqs. (4.17, 4.18).

Now we turn to take some U, in Appendix C as our examples, for which we will
ignore the small perturbation terms Us. As the first example we take U,y = U§ with
the only free parameter b = 0.006 which is the largest allowed values by experimental
constraints. Also note that this choice of U,y satisfying Eq. (4.19) since we take M;’s
to be almost degenerate, and from this inequality the deviation between these M;’s
should be less than 1GeV. This property is similar for other choices in Appendix
C. As the illustration, we plot the ratio of new Higgs decay channel to the SM

total Higgs decay width as a function of my; from 100GeV to 180GeV, with my
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Figure 4.2: The ratio of decay width of h — v N to total Higgs decay width in SM
as a function of my,, for my = 70, 80, 90, 100GeV as marked in the figures, with (a)
Un = U§, and (b) U,y = U§. The numerical result of the SM Higgs decay width
is calculated by the package HDECAY [81].

chosen to 70, 80, 90, and 100GeV, as shown in Fig. 4.2(a). In the plot we find that
the largest enhancement of Higgs decay width is around 1% for my = 70GeV with
my, ~ 120GeV. If we take U,y = Ug with free parameter a = 0.0089 allowed in
maximum, the corresponding graph will be similar to that for Uj. We emphasize
that the recently experiments for the detection of ;1 — ey by MEG collaboration
with the results B(u — ey) < 2.4 x 1072 [112] should lead to a more stringent
constraint on the allowed magnitudes of U§ and Ug.

It is possible to make a larger enhancement for Higgs decay width if we take the
other kind of U,n. Choosing U,y = U§ with a = 0.02(0.04) for my = 70GeV (>
80GeV), or U,x = U with a = 0.02(0.039) for my = 70GeV (> 80GeV) can achieve
the goal, with the special case for my = 70GeV constrained by LEP [80]. The data
of total decay rate and branching ratio of SM we use here and later comes from
the program HDECAY [81]. These choices evade the stringent constraint for |e;2| in
Eq. (4.18) because the first or second row of U,y vanishes. The result relevant for
U§ is given in Fig 4.2(b), in which the enhancement can achieve to more than 25%
for my = 80 GeV with my ~ 125 GeV. The graph for Uof is similar to that for U§.

The enlarged U, increases the total Higgs decay rate significantly. However, it

should also increase the decay rate of Z boson, for which the SM prediction I'M =
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2.4954 + 0.0010 GeV [90] is in agreed with experimental results I';? = 2.4952 +
0.0023 GeV [8]. So it is necessary to check if the decay rate Z — vN becomes so
large that makes such a model be ruled out. The leading order transition amplitude

of Z — v N which comes from tree level interaction, is given by

€
M(Z = v;N;) = —ZQC 21,7 [ (UL U0 )ii Pr — (UL Un )i Prlvy - (4.20)
%%

14

Square and sum over all mass eigenstates to get the total decay rate

(Ul U, 3m? :
[(Z — vN) ZngZ o Uon)is (1 Ty IV (4.21)
48mm3;, 2m%  2m§,

where we have used U,, Ul ~ 1. By the formula, the most influential choices,
Un = Ug’f will lead to I'(Z — vN) ~ 0.12, 0.16, 0.002MeV for my to be 70, 80,
and 90 GeV, respectively. It is clear that these channels are too small compared
with both the deviation of experimental result and SM prediction.

In type-I seesaw the dominant decay mode of heavy neutrino is the decays into
three light fermions, which will be described in more details later on. The heavy neu-
trino three body decay following the electron-positron annihilation ete™ — Z*
vN will lead to the scattering into four fermions, whereas in the SM such processes
are dominated by that with two W boson mediating. The spin-averaged amplitude

square for ete™ — vN in type-I seesaw is given by

4l§+r§ t —m2)t+ (u—m3)u
(M(ete = viN;)|? MI(UJVUVN)MIQ( ) ( miv)

4cyy (s —m%)?
95 (u—miJu  (t—mR)t
+ZQ|(U3V)2‘1(UVN)1J|2 [( - mé{i)z = mg/) ]
95! Re[(Uw VN)U(UJV)ll(UVN)jl] [(u — mi)u 4 (t — m%\,)t]
2c%, (s —m%) t—mi, u—mé, |’
(4.22)

where the Mandelstam variables s = (po+ +pe- )2, t = (per —pn)? and u = mi —s—t;
le = s%, —1/2 and r, = s¥,, with sy = sinfy. All external fermion masses are
ignored except for my. The approximate cross section o(ete™ — vN — vifvly)
is approximately equal to o(e*e” — vN) multiplying by branching ratio Br(N —
vifly) ~ 0.3, which will be given in details later. LEP2 collaborations [91, 92]

have already obtained the cross section for different lepton flavor final states with
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US:\/E/mN 70GeV  80GeV 90GeV 100GeV  Data [92]

161GeV 0.001 0.005 0.005 0.004  0.28+0.22
183GeV 0.001 0.003 0.003 0.003 1.63+0.21
207GeV 0.001 0.002 0.003 0.002 1.87+0.13

Ul : s / my 70GeV  80GeV 90GeV 100GeV  Data [92]

161GeV 0.013 0.047 0.050 0.040  0.2840.22
183GeV 0.014 0.052 0.057 0.048 1.63+0.21
207GeV 0.014 0.056 0.063 0.055 1.87+0.13

Table 4.1: Cross section for different center-mass energy +/s with different my,
which is compared with experiment result. The values in last column are taken

from Ref. [92]. All cross-section numbers are in pb.

the center-mass-energy 161, 183, and 207GeV The related new contribution to the
cross section for the choices U§ and U({ is given in Table 4.1, where the last column
shows the corresponding experimental results [92]. It is found that the effect on
such process for U] is larger than that for U¢ due to the vanishing of first row in

U§, but both are smaller than experiment deviations given in Ref. [92].

4.2.4 Three-Body Decays of N and Four-Body Decays of
Higgs

The heavy neutrino N is produced by h — vN. To explore such a process
we need to understand the property of N first. The dominant decay mode of N
is the three body decay, and we write down the related transition amplitudes as
follows. For N — vvw, the main contribution is from the processes with Z boson

intermediated, which is given by

g% ﬂ;’ya[(UILU,,N)jiPL — (UT U:N)jiPR]UNaufYaPLUV

vv

4012/11 m% — (py + pp)? — il zmy

M(NZ — VijDk) = , (423)

where the same index k for v and 7 means that we only consider the approximation

UWUUTV ~ 1 in Z boson gauge interaction between rv’s. There are two kinds of
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processes for N — vl~I". One is related to the different lepton flavor final states.

The amplitude is given by

M(N; = vl 1) =

g_ (Ul/ ) (U;u>jnﬂ17aPLuNau7aPLvl
2 mW (p,, + p+)2 - ’lFWmW
g_%( oz ni(Up) jm Uy PrUN Ty P

+ .
2 mi — (p+p-)? = ilwmw

, (4.24)

where m # n, and the Z mediated processes are ignored. The other one is for the
processes in which charged lepton pair in the final state is of the same flavor. Such

processes are constituted by three sub-amplitudes

U, i Ut Yo~ P i, vo P
M(N; — vl ) = g_( >k( o)k Y 2LU{Vu Yo Pruy
2 mW (pu + p+) —il'ymw

92 ( )]ﬂ(Uuu)jkuV,Y PRuNalfYaPLvl

i) — (p, +p-)? — ilwmw
95 %VO‘[(UJVUuu)ﬁPL (Un Usn)ji Prlun@rya (L Py + 71Pr)v
20, m% — (ps +p_)2—ilzmy
(4.25)

The amplitudes of the processes N — vqq are given by

g% QVVQ[(UJVUvN)ﬂ (UT UuN)ﬂPR]uNuq'Ya(l Pr+ 70(1]31'%)

M(N; = vqq) =
(o= 300 = 52 12 (o 4 5y)? il

)

(4.26)

in which only five quarks are involved. The processes N — lud with u and d
denoted to up or down type quarks respectively are dominated by tree level process
with W boson exchange

g_% (UVN)szudal’YQPLuNﬂu’}/aPLvd
2 miy — (pu+ pa)? — iTwmw

M(N; = 15 ud) = , (4.27)

where V4 is the related CKM matrix element.

The decay rates of N of the above three body decay processes are shown in
Table 4.2. The decay rates for my = 90GeV and my = 100GeV increase sharply
due to the open of W and Z channels separately. The travelling distance for N born
from Higgs decay is estimated to be less than 107'%m, which is so small that it is

very hard to detect it directly.
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Decay mode 70GeV  80GeV 90GeV 100GeV

N — vvv 0.06 0.6 2 16

N = vt~ 0.24 3.4 38 128
N — vt~ 0.11 1.5 19 71
N — vqq 0.25 2.4 7 63

N =l ud 0.37 5.1 57 192
N — I*du 0.37 5.1 57 192
N — 3 fermions  1.40 18.1 180 662

Table 4.2: Decay rates of three body decay modes for different m .

The effective four-body decays of Higgs following h — v N include H — vvvv,
H — will, H — vvqq, and H — vvud. In the SM these channels are dominated
by Higgs decaying into two gauge bosons and then subsequently decaying into two
fermions for each vector bosons. The branching ratios of these processes are eval-
uated approximately by multiplying the branching ratio of gauge boson decaying
into two leptons to that of the Higgs three body decays with one gauge boson. This
means that Br(h — vf f'f”) = Br(h — Vv f)Br(V — f'f”). The new contribution
to the above four-body decays in this model is h — v N followed by the three body
decay N — ff’f"”. The results is shown in Fig 4.3.

Evidently, for my, less than 140GeV or so, the N-mediated contributions to each
of the four-body modes are comparable to, and can be a few times bigger than,
the corresponding SM contributions. This is clearly the case when it comes to the
viud and vvll curves for the three values of my considered. We remark that it
doesn’t include possible interference between the N-mediated and SM contributions
for our analysis here, but it should be taken into account in a more refined analysis.
Nevertheless, this exercise serves to demonstrate the potential importance of the
effect of large light-heavy mixing on Higgs decays. Accordingly, if the Higgs boson
is detected, with my;, < 140GeV, and its decay modes can be studied with sufficient

precision, these four-body Higgs decays may offer useful information on the seesaw
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Figure 4.3: (a,b,c) Decay widthes of the channels h — vN — vff'f” versus my

with my = 80,90,100GeV, respectively, with heavy-light mixing U,y =

Ug- (d)

The branching ratios of four body decay channels in SM. The numerical result of SM

total and partial decay rates in these figures is calculated by package HDECAY [81].

mechanism.

4.3 Type-1II1 Seesaw

4.3.1 Introduction

For this type of seesaw the fermion SU(2), triplets are introduced into the

SM [86]. The gauge transformation of this type of fermions is Ng :
which can be expressed in symmetric tensor form (Ng);;

1 _
%N}O% ; (Nr)22 = Ny .

Under SU(2) transformation (Ng);; becomes

(Np)1 = NE , (Ng)i2 =

(NR)ij — wiirwjjr(NR)irjr
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(4.28)

(4.29)



where u is the transformation matrix in SU(2) fundamental representation. We
can define another matrix form to represent Npg, which is usually given by X;; =

— (NR>ik6kj7 Where

NY%/V2 E}
5o [(r/v2) f , with Ej; = =N, E; = Nj; , (4.30)

By —(Np/V2)
and it transforms under SU(2);, as
Yr — —(uNgu'e) = —u(Nge)u' = uXgul . (4.31)

where € is the antisymmetric rank-2 tensor with €5 = 1. Also note that the trans-
formation of ¥ and ()¢ = CE—RT with the 4 x 4 matrix C' and the transpose T

acting on only spinors, is shown as
Yr— uXgul, (Zr)° — w(Zg)ul . (4.32)

Apply the materials given in the above to write down all the possible gauge invariant

renormalizable new interaction terms

_ | 1] L |} 2
Loew = Tr(SgiDSg) + [—V2LL YIS H — STo( (Sp)°MeXp) +he],  (433)

where My, is a 3 x 3 matrix, which should be real and diagonal in general. The form
of mass matrix for neutral fermions is exactly the same as that in type-I seesaw.
Note that for the heavy charged fermions one can define E¥ = E}, 4+ (E%)¢ and then
Et = (E7)° The corresponding mass eigenstetes are also the mixing of heavy and
light charged leptons. The Yukawa coupling about heavy-light interaction is given

in the form

Lp=—2 (1 UnMsEnp + EmpMs U loup )i + ... | (4.34)
V2my

where l,,r 1 and E,,r 1 are the heavy and light mass eigenstates, respectively.

4.3.2 h—vN and h = (F

The effect on Higgs decay in type-1II seesaw is more complicated than that in

type-I seesaw, because there are additional Higgs decay channels with heavy and
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light charged leptons included in the final states. The amplitude for h — v N is the
same as that for type-I seesaw. For h — (FE the corresponding amplitude is written

as

M;
M(h — l E+) \jz (UVN)ijﬂlPRan (435)
2my

J

where vg and u; are the spinors for E+ and [~, respectively. The decay rate by the

summation over all charged leptons is

2\ 2
T'(h— "Et) = Zg2mhM Uyt U )i (1—MZ’) . (4.36)

327TmW

In type-III the experimental constraints for the FCNC factor € are more stringent
than in type-I seesaw, since FCNC can be generated by tree level interaction at this

moment. The FCNC constraints for type-III seesaw are given by [87, 8§]
€11 3.6 107 €0 £ 229 X 10 % €33 L T3 x 1074, (4.37)
The off diagonal elements of € are constrained as [93]
le12] < 1.7 x 1077 |es] € 4.2 x 1074 |ea3] <49 x 1074 (4.38)

The U,y can be chosen to be UY or UJQ given from Ref. [85], in order to evade
the most stringent constraints on €;5. For the choice U,y = US with @ = b, the
largest allowed value is a = 0.012; it is similar for the choice U,y = UJ? in which
b = (0.0013 + 1.03¢)a with a = 0.013 is allowed. These allowed values are smaller
than what we took in type-I case. The new Higgs decay width including h — v N
and h — [~ E™ are plotted as a function of my, shown in Fig. 4.4. In both figures the
enhancement can only reach to 5% in type-III seesaw. This is due to the stronger
experimental constraints on the elements of the mixing matrix U,y and also to the
lower-limit on the heavy-lepton masses. As a consequence, the Higgs decays into
four light fermions in this case would be less sensitive for probing the underlying

seesaw mechanism than their type-I counterparts.
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width is calculated by package HDECAY [81].
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Chapter 5

Lepton Flavor Violation in
Standard Model with Four

(Generations

The standard model is built with three fermion generations included, which is
the minimal numbers of generation to generate CP violation. Although most of the
present experimental results are in agreement with three-generation standard model
(SM3), the existence of fourth generation fermions (SM4) is still not be decisively
ruled out by experiments. Considering the SM3 with right-handed neutrinos, the
massive neutrinos lead to the non-identity PMNS matrix appearing in the charged
current interaction, which results in the lepton flavor violation (LFV). The light
neutrinos in the SM can only violate the lepton flavor with very small amount,
which is also consistent with current experimental results. If the fourth generation
fermion exist, their masses should be very heavy, and their loop contribution to
flavor violating processes could be large enough to be verified.

In order to keep the cancellation of the gauge anomaly, each type of fermions
for the fourth generation should be introduced, which are denoted by t', ¥/, I, and
vy for up-type quark, down-type quark, charged lepton, and neutrino of the fourth

generation, respectively. Their quantum numbers of the SM gauge group are the
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same as their counterparts of other three generations. Such model is named as the
sequential four generation SM. The SM4 is constrained by the “oblique” parameters
S,T and U in studying the eletroweak precision. One of the parameter, S, which
is related to the deviation of the self-energy from the scales 0 to m%, changes from
the SM3 when appending a additional generation of fermions to SM. The result is
given by [94, 95]

2 1 my

—log 2l (5.1)

dm 37w My my
In order to reduce the deviation §S due to the fourth generation, the condition
my > my and my > m,, is required [94, 95]. Precisely speaking, it implies that
my — my ~ 55GeV and my — m,,, ~ 60GeV [95] as the necessary condition for the
existence of fourth generation. From the study of the perturbative unitarity bound,
critical masses determined by perturbativity for charged leptons and neutrinos are
about 1.2 TeV [96].

There are also some direct bounds on masses of fourth generation fermions from
experiments. The probe of the process pp — t't" — WHbIW ~b by CMS at the LHC
with /s = 7 TeV gives a lower bound my > 557 GeV [97]. Also from the study
of ¥b' — tW~tW™ the range my < 611 GeV has been ruled out at 95% C.L. [98].
The bounds on I’ and v, from LEPII experiment has been discussed in Ref. [99)].
For unstable charged lepton heavier than heavy neutrino, the bound is given by
myp > 101.9 GeV at 95%C.L. [99], while a heavy Dirac neutrino with v, — eW as
its dominant decay mode the bound is m,, > 101.3 GeV at 95% C.L. [99]. It means
that the fourth generations, if exists, with a large mass in the range of about 100 GeV
to the unitarity bound are not ruled out. The current experimental bounds can be
used to constrain model parameters, FCNC interaction with SM4 has been studied
for a long time [100] and can also help for solving some of open questions in FCNC
quark interaction [101, 94]. Leptonic FCNC effects, including p — e conversion, in
SM4 have also been studied extensively [102, 103, 104, 105]. In this chapter we
carry out a more detailed systematic study by taking account of all available u — e

conversion experimental results, which has been measured in several kinds of nuclei
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as the targets by experiments, and also been studied theoretically [110, 111]. The
experimental upper bounds for different nuclei are given by B2% < 7 x 10713 [106],

pu—e

BS,, < 7x107" [107), BY,, < 4.3 x 1072 [108], and BF", < 4.6 x 10~ [109].

We will also compare constraints obtained from p — e conversion using experimental

bounds on various nuclei with those from p — ey and pu — eée.

5.1 Charged Lepton Flavor Changing Processes

We focus on the model with massive neutrinos in order to satisfying the results
from the neutrino oscillation experiments. Depending on the nature of the neutrinos,
there may be right-handed neutrinos, vg : (1,1,0) which may pair up with the left-
handed neutrinos to have Dirac or by themselves to have Majorana masses. For a
model without Majorana neutrino mass, the charged lepton and neutrino masses

are generated by the Yukawa interaction
Eﬁ = _L—Lininle | L—LiYUij]:IVRj + h.c.. (52)

In four-generation case ,j = 1,...,4. After spontaneous symmetry breaking, the

lepton mass terms appear, which are given by

Léc-}—mass = _%<EWHVLWH + V_Lfy'ulLW'uri»)
_L_LMllR - L_LM,,UR + h.c.. (53)

The diagonalization of lepton mass matrices M; and M, leads to the mixing in

charged current interaction

‘CéC—l—mass = _%(EVMVPMNSVLWM_ + V_L’YMVPTMNSZLWM—F)
_L_LMllR - L_LM,,VR + h.c. y (54)

where lepton mixing matrix Vpyng of dimension 3 x 3 has been discussed in Sec. 2.3.1.
In the SM4 the Vpyns becomes a 4 x 4 matrix. There are a lot of FCNC processes
for charged leptons, and most of which is induced at one loop level. Due to the

GIM mechanism the terms independent of fermion mass are cancelled with each
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other. The leading order contribution of these processes should be proportional to
(m2, /miy ), which is very tiny for SM3 neutrinos in the loop. The SM4 can enhance
the contribution to these LFV processes with the fourth generation neutrino v, in
the loop. What we will focus on in the following are the following processes: u — ev,
it — e conversion, and pu — eee. The strength of these processes are governed by the
factor A, = V;4\/'e4, the multiplication of the PMNS matrix elements.

The 1 — ey can be described by a dimension 5 dipole operator. In SM4, the
main contribution comes from the fourth generation neutrino v4 in the loop, and it

is written down explicitly in the leading order as

4Gr e —
L(p—ey) = —T;%)\WGQ(JJQeJ“ (muPr+mePr)pF,, , (5.5)
z(1 — 5z — 22?) 323
here G = 1 5.6
where Go(x) =17 +2(x_1)4 nr, (5.6)
with x4 = (m2 /mj,). Note that the mass inversion for initial and final state

fermions makes the right-handed coupling larger than left-handed one by a factor
(myf/m.).

Another useful process is the u — e conversion which occurs by the scattering
with the target nuclei. It is convenient to normalize it in the ratio of the u —e

conversion rate to the rate of capture of muon by the same atom, which is given by

4 T +AN,Z)—e + AN, 2))
Bioe = D(u=+AN,Z) > v, +AN+1,Z-1)) "’ (5:7)

where A indicates the type of atom in which the nucleus is taken as the target.
Different types of targets would lead to different conversion-to-capture ratios. In
SM4, the interaction related to p — e conversion is dominated by penguin and box

diagrams with v, exchanging in the loop, which is given by

_ Gr e? ~ _
‘C(:u — qu) = _TI;EAMe[Vu(ZLA)U’WAu + V;i(x4)d7ud

+ Ay (24) 0y, 750 + Ag(z4)dy,ysd)ey Pop (5.8)
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where 0, = i[y*,7"]/2, and

Vi) = ~QUGi() + 5o (I~ Qi) Cale) — Ty Ciyla) (5.9
1 v 1 v

Alr) =~ HOA ) + (o). (5.10)

Gy(z) = mé&i};f ) _ 2 (12(; 1_031‘70 nz | (5.11)

Gylz) = x<x4(x__7x1; 6 4 Zitﬁg Inz, (5.12)

Gp(z) = —— — T _Inax, GY(z) = 4Gp(x) , GL(z) = Gp(x) . (5.13)

r—1 (z—1)2
I and Q7 are the isospin and electric charge of g, respectively.

The effective interaction for y — eée in SM4 is given by

Gk & |
/2 4m?
+evH (ar(z4) Pr, + ar(xa)Pr)eey, Pyl , (5.14)

L(p — eee) = ue[Gg(m)evue%ew“"(mMPR +mePr) 1

which is constituted by the contribution from the penguin diagrams and the box

diagrams, with the corresponding functions given by

ap(z) = Gi(x) + % ( X % + S%V) Glz) — %GB(:E) Can(@) = Gi() + Gu(a)

(5.15)

The function Gy(x) is related to the dipole operator, which can also contribute to
other LF'V processes. G;(z) corresponds to the charge radius contribution, which
contributes to both y — e + ¢ and u — eée. Gz(x) is the Z-penguin contribution,
which increases linearly with large x, as mentioned in Ref. [104]. Finally, G (z) is

the box diagram contribution.

5.2 i — e Conversion

To calculate the p — e conversion in nucleus we need to deal with the related
initial and final hadronic states. Ref. [110, 111] have provided several results. In this
section we will use these consequences as well as the notation of functions relevant

for ;1 — e conversion at hadronic level in Ref. [111]. The general interaction related
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to i — e conversion is given by [111]

4G
Leg = _T;[muEU“”(ARPR + AL Pp)pFuw + h.c.]
Gp,_ _ _
_TI;[G(QLS(q) Pr + grs(q)PL)ndq + €(9rpq) Pr + 9rp(q) Pr)ndysq + h.c.]

Gr_ _
7 [e(grv 7" P + 9rv o)V PR)HGYWY

+e(gra)" Pr + 9rag) Y Pr)1GY. Y59 + hec.]

Gr|1_ _
V2 56(9LT(q)UWPR + 9r1(g)0" PL)1Gowq + hoc.| . (5.16)

By comparing with Eq. (5.5) and Eq. (5.8) related to SM4 contribution, it leads to

€ AuGal(za), Ap = 22 A :
= — e €T s fry s = —
3972 M 2(T4 L m, R, 9LV (q) A2

Ar eV - (5.17)

Note that g1 r(S,P,T(q)) vanish in SM4, and the contribution of gr g is sup-
pressed since fraction of the coherent process is larger than incoherent one by ap-
proximately the factor of mass number of target nuclei in general [111]. All of the

related contributions are proportional to A,.. The conversion-to-capture ratio is

given by
2GZm? ! 2
Bise =i 1ArD + GV + GOV (5.18)
cap

where the overlapped functions D, V® and V' are defined in Appendix D. It is

also useful to define the ratio of ;1 — e conversion and p — ey as follows

Bive g a1y ZVOA) GV
By — ey) pe ARrD(A) ArD(A) |~
G2m5
0 _ Fou 2
Bioed) = fogara IPAIF. (5.19)

We take the numerical values of D, V) and V™ shown in Table 5.1 given from
method 1 in Ref. [111], with saturating the conversion-to-capture ratio to the ex-
periment bounds [106, 107, 108, 109]. The bound on coupling |\,| as a function
of x4 is acquired, given in Fig 5.1. It shows that the i — e conversion in Au pro-
vides the most stringent constraints in the present, mostly due to the tightest upper
bound from experiment. With m,, 2 100GeV, |),.| is constrained to be less than

1.6 x 1072, which is still allowed by the current neutrino oscillation observation.
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A | D(A) V@A) VvI(A) RO

2TA1 | 0.0362 0.0161  0.0173 0.0027
325 1 0.0524 0.0236  0.0236 0.0029
BTi | 0.0864 0.0396  0.0468  0.0041

197Au | 0.189  0.0974 0.146 0.0039

28Pb | 0.161  0.0834 0.128 0.0028

Table 5.1: The overlapped functions D, V® and V™ related to u — e conversion

on different atomic nuclei [111]. The numbers in last column is the values of R, ..

5.3 Comparison with y — ey and u — 3e

Besides the p—e conversion with the nuclei of atom, ;1 — ey and p— eée are also

useful to give the tight bounds on |A,.|. The branching ratio of u — ey is shown as

I'(e = e7)

5 2(|AL )2 2. 2
Fo o ey BT AL + | 44 (520)

B(p—e7) =

In the above formula m, is neglected. If m, is kept, one should divide, in the above
expression, a phase factor I(z) = 1 — 8z + 82° — 2* = 122% Inz with 2 = m2/m?.
Radiative corrections from QED also modify the above expression by dividing a
factor 1 + dqep with dqep = (e /2m)(25/4 — m2). For u — eée, with the functions

Go(z), ag(z), and ar(z) given previously, the related branching ratio reads

B(p — eee) = 1?;;2 Asee|? {a%(m) + 203 (z4) — 4Gy (z4) (ar(z4) + 2ar(74))
4G (2y) <4ln Z“ - %)} . (5.21)

Recently MEG obtained a tighter upper bound Br(u — ey) < 2.4 x 10712 [112],
which is five times smaller than than the older result Br(y — ey) < 1.2x 107! [113].
The current experimental bound on p — eée is Br(u — eee) < 10712 [75]. We also
plot the bounds on |A,| constrained by experimental bounds on these two processes
in the SM4 in Fig. 5.1, too. The constraint on g — eee becomes tighter with
larger x4 due to the property of Z-penguin contribution. However, it shows that

p — ey and g — e conversion can not provide smaller upper bounds on |A,e| than
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Figure 5.1: The upper bounds of the coupling |A,e| from experimental constraints

on p — e conversion in Au, S, Ti, Pb, u — evy, and u — 3e, as the functions of m,,.

that provided by p — e conversion in Au or Ti.

Fig. 5.2 shows the ratios B;}, /B(j = ey) and B(u — eee)/B(u — e) as the
functions of m,,. These ratios are independent of ||, and they imply the com-
parison of constraints on coupling among different LFV processes with the situation
that these LFV experimental bounds with the same order. B.', /B(u — ey) is
larger than 1 for most of the range of m,,. B(u — eee)/B(u — e7y) is smaller than

1 for lower m,,, and it becomes larger than 1 when m,, = 800GeV. Each curve

in the figure increases with x4, since the Z-penguin G'z(z4) increases faster with z4
than Gy(z2) for u — ey,

There are several projected experimental sensitive which may be performed in
the future. MEG plans to perform the sensitive for B(u — ey) with the order
10713 [114]; B(u — eee) will also be improved to 107! [115]; u — e conversion
in Ti and Al may also be done in the future with the sensitive 107'® and 10716,

respectively [116, 117, 118]. We also plot them in Fig. 5.3 to constrain |A,.|. It

shows that the y — e conversion in Ti can provide better constraint in the future.
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Figure 5.3: The upper bounds of |\,|, constrained by projected sensitivities of

future experiments for y — ey [114], p — 3e [115], and p — e conversion on Al [117]

and Ti [118], as functions of m,,.
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Chapter 6

Conclusion

The standard model has been studied for a long period of time. It has been
examined and regarded as a very successful model in electroweak precision test, the
fitting of CKM matrix parameters. However, there remain some problems in the
SM which require further explanation. Three of theses have been discussed through
this thesis. We conclude these as follows.

We have built a model which constructs the CKM matrix by the spontaneous CP
violation, with the assumption that the spontaneous CP violating phase is identical
to the CKM matrix phase, up to a minus sign. In order to evade from the strong CP
problem for general multi-Higgs model, PQQ mechanism should be applied into our
model. So we take three Higgs doublets and one Higgs singlet in the model to keep
the spontaneous CP violation and PQ symmetry with invisible axion simultaneously.
We have classified our model into Model (a), with two Higgs coupled to Ug and
Model (b), with two Higgs coupled to Dg. In each of these models different CKM
matrix parametrizations lead to different sub-models. Yukawa couplings just depend
on CKM mixing angles and quark masses. Then we knew the lightest Higgs mass
allowed by neutral meson mixing in experiments. In Model (a-M), D — DY mixing
allows the Higgs mass around 100GeV. From K° — K° mixing lightest Higgs mass
should be at least TeV level in Model (a-KM). In Model (b-KM) 300GeV Higgs

mass is allowed by B? — B mixing. The neutron EDM in our model can also be
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close to the current experimental bound.

We also applied the same idea to the lepton sector. The three gauge singlet
right-handed neutrinos acquire heavy Majorana masses after spontaneous symmetry
breaking. In Model (a) we also couple two Higgs to Ng. The situation becomes more
complicated since the neutrino Dirac mass matrix depends on not only light and
heavy neutrino mass matrix but also a complex orthogonal matrix. In Model (b),
the building of Yukawa coupling in the lepton sector is almost the same as that in
quark sector. Two Higgs doublets are coupled to lg. We identified the PMNS matrix
phase with the spontaneous CP violating phase, which has already been identified
with CKM matrix phase. These models depend on PMNS matrix parametrization.
The Jarlskog invariant for modified standard parametrization (M-parametrization)
is —(0.033 4 0.002); for KM-parametrization it is —(0.035 4 0.003), which could be
probed to distinguish different model in the future.

In the second topic we discussed the Higgs decay in the seesaw models with large
heavy-light mixing U, y. In type-I seesaw, by the previous choices of U,y = U, 607 s> the
decay channel h — v N can enhance more than 20% of total Higgs decay width from
the SM contribution. The choice of large U,y can satisfy experimental constraints
from total Z° decay width and the cross sections of e~e™ — [“viTv. The dominant
decay channel of heavy neutrino N is the three body decay. Because of the very
short propagation distance of N from where h decays, N decays into three light
fermions before it can be detected. The detection of four body decay h — v ff'f”
might be a signal to look for such seesaw models. The Higgs decay can also be
enhanced in type-III by the decay channels h — vN and h — [E. However, the
enhancement can be only about a few percent, not as large as that in type-I seesaw.

In the last topic we studied the lepton flavor violating processes yu — ey, 4 — e
conversion, and p — eeé in the SM with sequential four generations. The one loop
contribution involved with the fourth generation neutrino is the dominant contribu-
tion to these LF'V processes. By comparing with current experimental upper bounds

for these processes, we found that  — e conversion for Au nucleus provides the most
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stringent constraints on the coupling |\, the couplings relevant for lepton flavor
mixing with fourth generation. For m,, larger than 100GeV the coupling A, should
be less than 1.6 x 107°. We also applied the expected experimental upper bounds
for these LF'V processes in the future to constrain A,.. The experiment for 1 —e
conversion for Ti nucleus could result in the tightest constraint on fourth generation
coupling.

In this thesis I have completed the work about the phenomenology of relation
between spontaneous CP violation and CKM, PMNS mixing matrices, the Higgs
decay in seesaw model, and the comparison among lepton flavor violating processes
in SM4. These work may be helpful to improve the SM and solve some of its
problems. These models beyond the SM could be tested more precisely and more

accurately by experiments in the future.
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Appendix A

Higgs Mass Matrices

The neutral mass matrix elements will be given in the basis (HY, HY, HY, HY,
ai, asz, ag, a). We will introduce some of the notation for simplicity. A sequent of
three characters of s or ¢ appearing in the formula indicates sine or cosine applied
to 0, s, and O + J,, respectively. The prime on the first of the three characters
corresponds to 20 instead of §. For example, ‘scs’ means ‘sin § cos d sin(d + d,)” and
‘‘’ss” means ‘cos 20 sin ds sin(0 + d5)’. The neutral mass matrix elements are shown

as

20303
m?{oHo = %()\1 + A=Az = \y)
171 ’U12
1

_ 2.2 1g/s]
201903y sin d, sin (8 + )

{svivs[vis’es + dvivid'ss — v5s'sc

+ Vi [v](ses — 3ess) + 6vivaess + vy(—3css — ssc)]
+A\vi v (scs — 3ess) + 6vivacss + vy(css — ssc)]
+((Ag + Ap)va + dipv?)[vi(ces + scs) + 2vivacss 4 vy(css — ssc)]} ;

(A1)
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2
— 12,2 //

12
/2 2 "2 92 2 92 2 2 4
+)\4U1U2 AgUTVTy — AyU3V75 — f1U1U12_f2U2U12+f3U12)
V102

- by e o A
R g, (s 1 5y Lt (s'es = ofsc) — dugdss]

+A\vi[vt(ses — ssc) — Svsess] + Ava[v?(ses — ssc) — Svsess]

+(\s + Xp)vi[vt(scs — ssc) + 8vi,vicss] + digvivt(scs — ssc)};

(A.2)
2
Mgy = (MUl Aavy + A + (g + AaJuies + (A + Ny)oivs
2
+(N5 4+ N])vavd} — Ulvz{ 50109 €OS 20
—2(A6v] + Arvy + (Ag +Ag)v3) cos }; (A.3)

2
m?{ngg = i3 {()\11)1 + X053 + Mv3v, 4 A0t (As + A )vivivs

503 (N5 + N)) — v3usuia(Ag + AY) + vvZo(fiv] + fovs — vihf3)}
2’011)2

2 2 / / 4
~v2sind sin(d + 0,) {Asu10z (V1507 (5'es — s'5¢) — V3¢ 53]

+ A2 [v3,0%(scs — 85€) — 2uscss] + Avs[v,v?(scs — ssc) — 2ugess]
+(As + M) v3 v (scs = ssc) + 2vi,v5cs8]

+d1av2[v,v (scs — ssc) + 2(viy — v3)viess]}; (A.4)
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2 —
My =

2 _
MHony =

2 _
Mugny =

U1U203
v,
FA (V] = v3) + Njviy — N[vfy + frogy — foviy)

1
203002, sin 6, sin (6 + d,)

+vav3(2d 55 + s'sc) + viva(s'cs — 2¢'ss)]

(=202 A1 + 2029 + A3(v? —v3) + )\gva — )\gvfz

{Asviva[vis’cs + vys'sc 4+ v2vi(s'cs + s'sc)

+ 0% [v]scs + v ssc + vivs(ses + ssc)
2 2 22

+v3v5(6css + ssc) + vivs(scs — 2¢ss)]

+Avavises 4 vyssc 4+ v2vi(scs + ssc)
2 2 2, 2

+vyv5(2¢ss + ssc) + vivs(scs — 6¢ss)]

+(Ag + A)vi[vi(2css + scs) + vy (ssc — 2css) + v2v3(scs + ssc)

Hvavissc + viviscs] 4+ digv?[uises + vyssc + vivy(scs + ssc)

+vsvissc + viviscs)}; (A.5)
U102 2 2 2 2 / " / m, 2
1
—W{)\g,vlvz(vf — v32) cos 26 + Ngvi(vi = 3v3) cosd
12
+ 703 (3v] — v3) cos 6 + (A + Ag)v3 (v — v3) cos 8} ; (A.6)
vf:zﬂ {—2X107 — 209v5 + 20 0%03 — 2(A3 + A\y)vivs

+ (A5 4 XvT (v3y — v3) + (X5 + X)v3 (v, — v3)

+(fiv] + fovs + f3u3)viy}
2’01’02

R T {(Asv1v2 08 28 + 207 cos § + 2A7v3 cos §)v3
1203
A N, 20,2 2 S d1zv1zv1vgv3(ssc — 8CS — 2033) )
—(As + Ag)vs(vip — v3) cos 6} —

v2sind sin(d + dy) ’

(A7)
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2
My g

2
M 770 170
H2H4

2
M 770 70
H3H4

V1VV3

(=207 + 22903 + (Ag + M) (0] — v3) + (N5 = Aj + A\j — A])vi,

V120205
’U1U2’U
" ~(fi=12)
1
—— { X510 (V7 — v3)v3 cos 20 — Agvi (v — 3v3)va cos§
V*V19Vg

— A3 (307 — v3)v3 cos § + (Ag + A\g)v3(v] — v3) cosd — dipv2viyvs cosd};

(A.8)

21)3

4.9 49 2,2 2
T {10103 4 A3 + AUiav3 — A02030

+va§v§()\3 + Ag) — (X + A )1’1”12”3 ()‘” + X/)USU?Q,U%Q

V3V
+=2{ fiv] + fov3 — fyvi,}
VV12

V1U2

_ b 2452 _ —9
v303v120; SIN dg SIN (I + 05) Psutalviyui(s'es — 'sc) — 2v5c'ss]
+ A2 [V2,0% (ses — ssc) — 4vsess| + Ava[viv?(ses — ssc) — dvsess]

+(Ag + M)vs[uT,v? (ses — ssc) + dviyvicss] 4+ digv2[viv? (scs — ssc) — 2v*viess]};
(A.9)

V2
{22007 2205 H2M\ 0502 — 20305 (X £ M)

v%s

(A3 + X Uiy = vg) + (Ng + N3 (vf, —v3) }

Us
{f1U1 + fovs + f3v3}
V1U2

REETY Sin(d + d,) {sv1v5[(8'es — 8'sc)v?, + 205 s3]

+ A2 [(scs — sse)v? + dviess] + A\va[(scs — ssc)v? + dviess]
+(As + Mp)v3[(ses — ssc)v? — 2(viy — v3)ess| + dipv2v?(scs — ssc + 2¢ss)};

(A.10)
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Mo, = —sind{As(v] — v3)cosd — viva(Ag — A7)} ; (A.11)

101
2 __sin g 2 2 2 2/ 2 2
Mhgey, = 50— {2X5v102(v] + v3 + 3v3) cos 0 + Agv (V] + 303)
3

FA705 (v + 303) — (As + Ag)v3 (v, — v3) + dipviv®};  (A12)

V12 8in §
m%,gal = 22 - {2X50109 cos 0 + Agv? + Arvg + (Ag + M\p)va};  (A.13)
V19 8in d
Mo, = — 112)2% {2X5010903 cos § + (Ag7v3 + Aqvivs
—(As + Xg)vip + digviv®)} ; (A.14)
m7 = vsin5{2)\vv cos d + Agui + A7vs — (A + A)v3 + digv2}; (AL15)
Hlay — 203 50102 6Y1 7Uo 8 8/V3 12Vg g5 (L2
ng@ = még‘)GQ = m?_lga2 =0 5 (A16)
1
2 4 4 4
ml,. = - GRS gy Bl {50105 (v s cs — v58' sc + 207, s5)

+(X6V] + A3 4+ (A + A3 + dipv?)(vyses — vyssc + viycss)};

(A.17)
2
2 V1U2V , )
= — )\ —
Mazaz 202,03 sin ¢ sin(d + 9) Psvivals'es =s'sc)
+(X6Vi + Arvs + (Ag + Ag)v3 4 dpv?) (scs — ssc)} ; (A.18)
2 v 2. 2.1
frd J— >\
M 202,03 sin § sin(d + ) Psvrva(vysies + v 'sc)
+(X6Vi + A7v3 4+ (Ag + Ag)v3 + digv?)(vises + vassc)} . (A.19)

The charged mass matrix elements are given by

1
M = g Oy + el + Xied)

12
— ! {Asv1va[vis’cs — vys'sc + viy s3]
201903, sin &, sin(d + ds) ! 2 12
4

+(Aev] + A3 4 Agv3 + diov?) [vscs — vy ssc + viyess]

+A\gu3[v? (css + ses) + v3(ess — ssc)]}; (A.20)
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v? ’2 " 2
= _%()‘4?}1 + Ajv3)
VU902
2030%, sin 0, sin(d + d)

+(X6V] + A7v3 + Agv3 + diav?)(scs — ssc)

{\sv109(8"cs — §'sc)

+M\gv3(scs — ssc + 2¢ss)} ;

v
20303, sin 0, sin (0 + ;)

V1U203V
B 2
201,

{50102 (vEs'cs + v3s'sc + iv2,ys'ss)

(N = N)) +

+(A6V] + A3 + Agv3 + diov?) (viscs + vissc + iv]ysss)

+M\gu3[v3(css + scs) + v3(ssc — ess)]} .
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Appendix B

Light Neutrino Mass in Seesaw

Mechnism

The formalism related to seesaw mechanism with more than one generation heavy
neutrinos have been solved very early [78]. We use the notation in Ref. [85] to obtain
some relations in type-I seesaw. At the beginning the relation between transforma-

tion matrix U and Meegayw is given by

U, Un ) [M, 0 Uil _ |0 ]\AJD B1)
Uny Unn 0 My UL, Uy ML Mg
The above relation leads to the following formulae
U, M, UL + U,nMyUL, = 0; (B.2)
U, M, UL +UNMyUL, = Mp; (B.3)
Uy M,UL + Uy MyULy = Mg . (B.4)

Eq. (B.2) is the usual relation to determine the scale of U,y in type-I seesaw. The
unitarity property of U provides that U,y and Uy, should be of the same order of
magnitude. Eq. (B.4) with the condition that the magnitude of My is larger than

that of M,, gives Uyy =~ 1, which leads to

Uyn ~ MpMy' (B.5)

85



from Eq. (B.3). Finally, the unitary condition Uy, = —(U]T\,N)_lUjNUW leads to
Uny ~ =M MLU,,. (B.6)
Combining Eq. (B.2) and Eq. (B.5) provides a useful relation

U, M,UL ~ —MpMy* MY (B.7)
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Appendix C
Large Mixing Matrix

There are a lot of ways to choose the form of such Uy, and only several cases

taken in this thesis are shown below [85]

a a iv2a Uag «70
Us=|b b iv2b |R.Ui=]0 b ib|R,
c ¢ i\ 0 ¢ 1c
0.0 0 0 a ia
Ué=10 aia R, U =100 0]|R. (C.1)
0 b b 0 b b

Note that for different Uy the appropriate choices of a and b are also different. The

parameters we take from Ref. [85] are given by
Ug : a=(0.58—0.813)b, ,b = (0.58 + 0.41i)b, ,c = (0.58 + 0.41i)b;
Ul © a=-0.82a,,b=(0.41+0.66i)a, ,c = (0.41 — 0.66)a;
U5 + b=a;

Ul b=1(0.013+1.03i)a. (C.2)
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Appendix D

Overlapped functions in Nucleon

The appendix follows the discussion in Ref. [111]. The electron and bounded
muon in a nucleus can be described by wave functions satisfying time independent

Dirac equation with a Coulomb potential V' (r)
[—ia- V +mB + Vi(r)p(r) = EY(r) . (D.1)

The general solution of Dirac equation for muon and electron is expressed in the

form

“(r)x_(0, e (r)x-(9,
gl — 9y (r)x—(6,8) v (r)x-(0,9) 7 (D2)
Zf;(r)x-l—(e?(ﬁ) Zf;(T)X+(97¢)

where the symbols + and — correspond to the eigenvalues of K operator in Dirac

space. The 1s muon bound state is given by [119]

~(r) (2mZa)3/? 1+
T =
In VT 2I(1 4 27)

(2mZoz)3/21—7 14+~

(2mZar) " temmAor

- om7 y—1_—mZar D.3
where v = /1 — Z2a2. The electron wave function with x = —1 is given by [121]

27em 22T (y +iaZ)|
— — (E y—1

Re[(y + iaZ)eme*iErF(l +v+iaZ, 1+ 2v;2iEr)],

27220 (y 4 i Z)|
_ - _(E y—1
Im[(y 4+ iaZ)e®e ™ P F(1 + v+ iaZ,1 + 2v; 2iEr)], (D.4)
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where the approximation m, ~ 0 is taken, and exp(2i¢) = —E/(vy + iaZ), F is
the hypergeometric function. To calculate the ; — e conversion rate, some of the

overlapping functions D, V®) and V™ are defined as follows

D — %mu /Ooodrrz[—E(r)](g;f,: toifD)

1 [ e
v m/0 drr*Zp® (g, f, + 9, 10 5

1 o o e
V(n) = 2—\/5/0 dTT‘Q(A — Z)p(n)(ge fﬂ + gu fe ) . (D5)

where p® | p(™ are the density distribution for proton and neutron, respectively.
E(r) is the electric field with the distance r from the nucleus, which also depends on
the proton distribution function. Experiments have determined the p® for many of

the atomic nuclei [120]. We only list two types of the functions to fit the p, [120]

ayjolvrr/R) ,r < R,
Fourier-Bessel expansion: p® (r) = {ZU Jofomr/R) (D.6)
0,r>R;
Two parameter Fermi model: p® (1) = Po (D.7)

1+ exp[(r = ¢p) /2] ’
where a, is the coefficient, jy is the zeroth order Bessel function, and R is some
radius. ¢, and z, are two parameters in the Fermi model, and p, is used to normalize
the density distribution. For neutron distribution function, one of the method in

Ref. [111] is to take it simply as the same function as that of proton.
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