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Standard models describing the radiation transfer of the cosmic microwave background (CMB) through
Compton scattering predict that cosmological scalar perturbations at linear order are not able to source V
and B polarization modes. In this work, we investigate the possibility that such CMB polarization modes
are generated even in the presence of linear scalar perturbations only. We provide a general parametrization
of the photon-fermion forward-scattering amplitude and compute mixing terms between different CMB
polarization modes. We discuss different general extensions of Standard Model interactions which violate
discrete symmetries, while preserving the combination of charge conjugation, parity and time reversal. We
show that it is possible to source CMB circular polarization by violating parity and charge conjugation
symmetries. Instead, B-mode generation is associated to the violation of symmetry for time-reversal. Our
results provide a useful tool to constrain new physics using CMB data.
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I. INTRODUCTION

CMB radiation represents a crucial observational tool of
modern cosmology. The standard models describing the
radiation transfer of the CMB from the recombination
epoch until today predict the presence of some level of
linear polarization, the so-called E- and B-modes, which
have been widely studied and reviewed in the literature (see
e.g., Refs. [1–8]). This is the result of the Compton
scattering between CMB photons and electrons and gravi-
tational redshift, induced by cosmological perturbations of
the metric. Instead, the generation of CMB circular
polarization (the so-called V-mode) is usually not consid-
ered, because the electron-photon Compton scattering
cannot generate it at the classical level.
However, some models have been proposed that can

lead to the generation of CMB circular polarization.

One possible way is via Faraday conversion of the linear
polarization generated at the surface of last scattering by
various sources of cosmic birefringence (see e.g., Refs. [9,10]
for a recent review). For instance, in Refs. [11–20],
V-mode formation due to magnetic fields is discussed. In
Refs. [21–24], V-mode formation due to photon-photon
interactions via Heisenberg-Euler interaction is considered.
V-mode generation due to interactions coming from exten-
sions of QED is studied, in particular, in Refs. [17,25,26],
where Lorentz-violating operators are considered. In
Ref. [27], it is shown that a cosmological pseudoscalar field
may generate circular polarization in the CMB, while in
Ref. [28] it is shown that V-mode generation can be obtained
in axion inflation. Moreover, in Refs. [29,30], it is shown
that forward scattering between CMB photons and neutrinos
can source V-modes through Standard Model interactions.
Also, in Ref. [31], forward scattering between photons and
gravitons is shown to lead to circular polarization, under
some conditions. In Ref. [32], circular polarization of CMB
photons via their Compton scattering with polarized cosmic
electrons is considered. In Ref. [33], it is shown that
V-modes in the CMB may arise from primordial vector
and tensor perturbations. In particular, in Refs. [34,35], the
case of chiral gravitational waves is considered.
Despite the fact that CMB circular polarization has not

been explored so much up to now, these examples show
how its detection might reveal interesting phenomena
occurring in the evolution of the universe.
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Most of the mechanisms to produce V-modes proposed in
recent years are based on the forward scattering of CMB
photons by a target. In fact, the generation of V-modes
depends on the refractive index of the material, which is
related to the forward scattering amplitude Mfor of a funda-
mental process (see e.g., Ref. [36]). In particular, circular
polarization is generated when the refractive index of the left-
handed (LH) waves differs from the refractive index of the
right-handed (RH) ones. As a result, the existence of a
nonvanishing V-mode implies that MR

for ≠ ML
for.

In the language of quantum mechanics, the forward
scattering amplitude of a beam of radiation γ and a target A
is given asMR;L

for ¼ hγ; AjÔjγ; AiR;L, where jγ; Ai represents
the quantum state of the target and of the beam, andO is the
interaction operator. The condition MR

for ≠ ML
for is satisfied

either if (i) the state of target jAi is not a parity eigenstate,
namely PjAi ≠ �jAi or if (ii) O is not invariant under
parity transformation, namely POP−1 ≠ O. There are
several ways in which the first condition can be met.
For example, forward scattering of photons with a back-
ground of particles can produce V-modes when the power-
spectrum of this background violates parity symmetry.
Instead, Compton scattering in the presence of a magnetic
field is an example of the second condition. Historically,
Ref. [37] was the first literature that pointed out the
possibility to use the CMB to search for parity violating
interactions.
From the observational point of view, CMB circular

polarization is not excluded. As an example, the SPIDER
collaboration has recently provided new constraints on the
Stokes parameter V at 95 and 150 GHz, by observing
angular scales corresponding to 33 < l < 307 [38]. The
constraints on the circular polarization power-spectrum
lðlþ 1ÞCl

VV=ð2πÞ are reported in a range from 141 μK2

to 255 μK2 at 150 GHz for a thermal CMB spectrum. Also,
in Ref. [39], some interesting detection prospects are
discussed.
In this work, we will study V-mode polarization gen-

eration in the CMB radiation from its direct coupling with
linear polarization states induced by the forward scattering
of photons with generic fermions at or after the recombi-
nation epoch. In particular, we will assume a completely
general photon-fermion interaction which may also go

beyond QED, but still preserving the combination of charge
conjugation, parity and time reversal (CPT), which up to
now is observed to be an exact symmetry of nature at a
fundamental level. In order to do so, we will use a generic
parametrization of the photon-fermion scattering amplitude
which follows only by the imposition of gauge-invariance
(see e.g., Refs. [40–42]). Moreover, we will work in the so-
called “quantum Boltzmann equation” formalism (see e.g.,
Refs. [1,17,22,24,26,29,31,43–45]) for computing the time
evolution of CMB polarization. It is possible to show that
this formalism is equivalent—at lowest order in scattering
kinematics—to the classical radiation transfer; hence, it
provides a more general framework to work with. Our
results fall either in category (i) or (ii) (or both) as defined
above, according to the different cases considered.
We will show that V-modes can be produced by forward

scattering for a generic interaction preserving all the C
(charge conjugation), P (parity), and T (time-reversal)
discrete symmetries, if the stress tensor of the fermion
contains anisotropies. In addition, we will show that V-
modes can be sourced also from an interaction violating C
and P symmetries, but preserving the CP combination. In
this case, together with the anisotropies in the fermionic
stress tensor, we need the fermion to interact with the
photon only in the L- or R-handed helicity state, like the L-
handed neutrino in the Standard Model interactions. In
particular, this last case confirms and generalizes the results
found in Ref. [29]. We will also analyze the cases in which
C, T and P, T symmetries are violated individually, while
preserving, respectively, the combinations CT and PT. We
will show that in these cases it is impossible to generate V-
modes by forward scattering, but we can have formation of
CMB B-modes. In particular, in the case of a generic
interaction which violates P, T symmetries, it is possible to
generate B-modes with no conditions on the fermions the
photons interact with, while in the case in which C, T are
violated we need the fermion to be in the L- or R-handed
helicity state. All these conclusions, which represent the
main results of this paper, are summarized in Table I.
Thus, our general study shows that the forward scattering

term produced by interactions beyond the Standard Model
may produce V-modes in the CMB and, at the same time,
can provide an additional source of B-modes. Our final
Boltzmann equations are expressed in terms of unknown

TABLE I. The conditions one needs to impose on the fermion to directly convert CMB E-modes into V- and
B-modes through fermion-photon forward scattering in the different cases analyzed.

Symmetries broken V-mode formation B-mode formation

All preserved Anisotropies in nfðK; qÞ /

C and P
Anisotropies in nfðK; qÞ

/
Only R- or L-handed fermion

C and T / Only R- or L-handed fermion
P and T / No conditions
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free parameters. Thus, in the future we could use our
general approach to put constraints on new physics using
CMB data.
The paper is organized as follows. In Sec. II, we will

introduce a set of equations and useful notations and results
that we will use in this work. In Sec. III, we will see a
generic way to parametrize the photon-fermion scattering
amplitude and apply this parametrization in specific cases.
In Sec. IV, we will derive the general form of the forward
scattering term in the photon-fermion interaction. In Sec. V,
we will study general interactions generating V-mode
polarization in the CMB. In Sec. VI, we will see some
cases where also CMB B-modes can be sourced. In
Sec. VII, we will comment about the difference in the
results, by considering the fermion as a Majorana particle,
instead of a Dirac particle. Finally, in Sec. VIII, we will
present our main conclusions.

II. THE TIME EVOLUTION OF STOKES
PARAMETERS

The intensity and polarization of CMB anisotropies are
completely characterized by a 2 × 2 polarization matrix1

ρij ¼
1

2

�
I þQ U − iV

U þ iV I −Q

�
; ð1Þ

where I, Q, U, and V are the so-called Stokes parameters,
satisfying the inequality I2 ≥ Q2 þ U2 þ V2 [1]. The com-
ponents of the polarization matrix ρij satisfy the relations
ρii ¼ 1 and ρij ¼ ρ�ij or, better to say, the ρij matrix is
Hermitian. Consequently, the diagonal components ρ11 and
ρ22 are real (with ρ11 þ ρ22 ¼ 1), while ρ21 ¼ ρ�12.
For unpolarized CMB radiation Q ¼ U ¼ V ¼ 0, and

the parameter I describes the overall radiation intensity.
The Q and U Stokes parameters represent the linear
polarization of the CMB. In particular, taking two orthogo-
nal (x, y) axes on the polarization plane, the Q-mode gives
the difference in intensity between CMB photons with
polarization vectors along the x and y axes, respectively,
while the U-mode gives the difference in intensity between
CMB photons with a polarization vector along axes rotated
by 45 degrees with respect to the x and y axes. Finally, the
V-mode describes the CMB circular polarization or, better
to say, it gives the difference in intensity between the two
circular polarization modes of CMB radiation.
The generation and evolution of CMB intensity and

polarization can be characterized through the quantum
Boltzmann equation [1]

ð2πÞ3δð3Þð0Þð2k0Þ dρijðkÞ
dt

¼ ih½HIðtÞ;DijðkÞ�i −
1

2

Z
∞

−∞
dth½HIðtÞ; ½HIð0Þ;DijðkÞ��i;

ð2Þ
where h· · ·i denotes the expectation value of operators,
DijðkÞ ¼ a†i ðkÞajðkÞ is the photon number operator, a†

and a are the photon creation and annihilation operators,
respectively. The effective interaction Hamiltonian HI is
defined through the expansion of the S matrix up to second
order as

Sð2Þ ¼ −i
Z

∞

−∞
dtHð2ÞðtÞ; ð3Þ

where HI is the component of Hð2Þ that describes the
Compton scattering between CMB photons and other
particles. The first term on the right-hand side of Eq. (2)
is the so-called forward scattering term, while the second
term is the so-called damping or nonforward scattering
term. In this work, we will focus on the forward scattering
term which is able to generate couplings between different
polarization states.2 In fact, Eq. (2) is derived adopting a
perturbative approach so that increasing powers of the
interaction Hamiltonian HIðtÞ reduce the strength of the
corresponding term. For this reason, in any fundamental
interaction in perturbative regime in which the forward
scattering term is nonzero, a priori it is expected to give the
relevant physical effects on the CMB polarizations. Of
course, this is not the case of the standard QED interaction
between photons and electrons where such a forward
scattering term vanishes (see e.g., [1]), and all the relevant
effects arise from the damping term only. This is also of the
main reasons why in this paper we focus on the forward
scattering term only.
The Stokes parameters inside the polarization matrix can

be expanded in terms of a spin-weighted basis as

Iðk̂Þ ¼
X
l;m

aIlmYlmðk̂Þ; ð4Þ

Vðk̂Þ ¼
X
l;m

aVlmYlmðk̂Þ; ð5Þ

P�ðk̂Þ ¼ ðQ� iUÞðk̂Þ ¼
X
l;m

a�2;lm�2Ylmðk̂Þ; ð6Þ

where k̂ denotes the photon direction. Moreover, using the
spin raising and lowering operators ð and ð̄, we get

Eðk̂Þ ¼ −
1

2
½ð̄2Pþðk̂Þ þ ð2P−ðk̂Þ�; ð7Þ

1When we refer to the Stokes parameters, we take only the
fluctuations over the respective mean value.

2This is the same physical mechanism that generates neutrino
flavor mixings; see e.g., Ref. [46].
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Bðk̂Þ ¼ i
2
½ð̄2Pþðk̂Þ − ð2P−ðk̂Þ�; ð8Þ

where we have introduced the so-called E and B polari-
zation modes. These modes offer an alternative description
of CMB linear polarization which, differently from Q- and
U-modes, is invariant under a rotation of the polarization
plane. In the following, we will use a description of the
radiation transfer both in terms of Q- and U-modes and
E- and B-modes.
The standard Boltzmann equations in the presence of

only linear scalar perturbations are given by [1]

d
dη

IðSÞ þ iKμIðSÞ þ 4½ψ 0 − iKμϕ�

¼ τ0
�
IðSÞ − I0ðSÞ þ 4μvB −

1

2
P2ðμÞΠ

�
; ð9Þ

d
dη

P�ðSÞ þ iKμP�ðSÞ ¼ τ0
�
P�ðSÞ þ 1

2
½1 − P2ðμÞ�Π

�
; ð10Þ

d
dη

VðSÞ þ iKμVðSÞ ¼ τ0
�
VðSÞ −

3

2
μV1ðSÞ

�
; ð11Þ

whereK denotes the Fourier conjugate of x and we are in a
coordinate system whereKkẑ axis. Here η is the conformal
time, the prime denotes differentiation with respect to
conformal time, ψ and ϕ are scalar cosmological (gravi-
tational potential) perturbations, vB is the electrons average
velocity, μ ¼ k̂ · K̂ ¼ cos θ, PlðμÞ is the Legendre poly-
nomial of rank l andΠ≡ I2ðSÞ þ P2ðSÞ − P0ðSÞ, P being the
strength of the polarization field. The quantities IlðSÞ, PlðSÞ,
and VlðSÞ represent the lth order terms in the Legendre
polynomial expansion of the corresponding modes.3

Finally, one defines the optical depth τðηÞ as

τ0ðηÞ ¼ −aðηÞnBxeσT; τðηÞ ¼ −
Z

η0

η
τ0ðη0Þdη0; ð13Þ

where nB is the electron density, xe is the ionization
fraction, and σT is the Thomson cross section. For
more details about the derivation of Eqs. (9)–(11), see
Refs. [1,6,7].4

In particular, it is possible to show that Eq. (10) admits
the general integral solution

P�ðSÞðη0; K; μÞ ¼
3

4
ð1 − μ2Þ

Z
η0

0

dηeiKðη−η0Þμ−ττ0Πðη; KÞ:

ð14Þ

Since scalar perturbations are invariant under rotations and
so axially symmetric around ẑ, we get Pþ ¼ P−; thus,
UðSÞ ¼ 0 and scalar perturbations source only Q-modes.
Moreover, in this case (i.e., for scalar perturbations) the
spin raising and lowering operators act like (see e.g.,
Ref. [47])

ð̄2P�ðSÞ ¼ ð2P�ðSÞ ¼ ∂2
μ½ð1 − μ2ÞP�ðSÞðη0; K; μÞ�: ð15Þ

Therefore, using the definitions (7) and (8), we get

EðSÞðη0; K; μÞ ¼ −
3

4

Z
η0

0

dηe−ττ0Πðη; KÞ

× ∂2
μ½ð1 − μ2Þ2eiKðη−η0Þμ�; ð16Þ

and

BðSÞðη0; K; μÞ ¼ 0: ð17Þ

This is the well-known result that linear scalar perturba-
tions cannot source B-mode polarization. In fact, it is well
known that the B-mode polarization in the CMB is
generated mainly by weak gravitational lensing and by
tensor perturbations [7,8]. Alternatively, a small amount of
B-modes can be generated also by second-order vector and
tensor modes sourced by scalar perturbations (see e.g.,
Refs. [48,49]).
Moreover, since in the right-hand side of Eq. (11) the

Stokes parameter V has no source terms in the case of
vanishing initial conditions for V, neither V-modes can arise
with linear scalar perturbations only.
From the next section, we will start to study the general

conditions for generating both V- and B-modes in the
presence of only linear scalar perturbations through their
direct coupling with E-modes generated by the photon-
fermion forward scattering. We will first write down a very
general form for the photon-fermion scattering amplitude
(Sec. III), and then we will apply it to the forward scattering
contribution in Eq. (2) (in Sec. IV).

III. GENERAL FORMOF THE PHOTON-FERMION
SCATTERING AMPLITUDE

We are interested in the Compton scattering of a photon
by a fermion (Fig. 1)

γðpÞ þ fðqÞ → γðp0Þ þ fðq0Þ; ð18Þ

3We adopt the convention

IlðSÞ ¼
Z

1

−1

dμ0

2
Iðk; μ0ÞPlðμ0Þ; ð12Þ

and an analogous expression for VlðSÞ and PlðSÞ.
4We note that the Boltzmann equations do not coincide

between the different references. This is due to the fact that
each reference uses its own formal conventions. In our results,
we have followed the conventions of Ref. [1].
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where pðp0Þ is the initial (final) momentum of the photon
and qðq0Þ is the initial (final) momentum of the fermion. It
is possible to construct the invariant amplitude of this
process using a general method. The amplitude of such a
process can be written in the form [40–42]

Mfi ¼ Fλμϵs
0�
λ ϵsμ; ð19Þ

where ϵsμ and ϵs
0
ν are the polarization vectors of incoming

and outgoing photons and s, s0 ¼ 1, 2 label the physical
transverse polarization of the photons. Gauge-invariance
requires ϵs · p ¼ ϵs

0
· p0 ¼ 0. Moreover, the rank-2 tensor

Fμν, which is called “Compton tensor,” must satisfy the
conserved current condition pμFμν ¼ p0

νFμν ¼ 0, as a
consequence of gauge-invariance. It is possible to provide
a general parametrization of Fμν satisfying the previous
condition from the linear combination of basis vectors
defined below.
We first construct a general form for the Compton tensor

Fμν and then study its parity conserving and parity violating
aspects. Using the procedure of Refs. [40–42], we can write

Fμν ¼ G0ðêð1Þμêð1Þν þ êð2Þμêð2ÞνÞ
þ G1ðêð1Þμêð2Þν þ êð2Þμêð1ÞνÞ
þ G2ðêð1Þμêð2Þν − êð2Þμêð1ÞνÞ
þ G3ðêð1Þμêð1Þν − êð2Þμêð2ÞνÞ; ð20Þ

where Gi are invariant functions and eð1Þ and eð2Þ are
two 4-vectors satisfying the orthogonality condition
êð1Þ · êð2Þ ¼ 0. In order to construct these two vectors,
we have to use only the kinematic variables p, p0, q, and q0
and define a system of orthogonal vector basis of the form

Qλ ¼ ðqλ þ q0λÞ − Pλ

P2
ðqþ q0Þ · P; ð21Þ

Pλ ¼ pλ þ p0λ; ð22Þ
Nλ ¼ ϵλμνρQμtνPρ; ð23Þ

where tλ, for the tree-level contribution to the scattering
amplitude, is given by

tλ ¼ qλ − q0λ ¼ p0λ − pλ: ð24Þ

A possible choice of the normalized êð1Þ and êð2Þ four-
vectors is given by (see e.g., [40])

êð1Þλ ¼ Nλffiffiffiffiffiffiffiffiffi
−N2

p ; ð25Þ

and

êð2Þλ ¼ Qλffiffiffiffiffiffiffiffiffi
−Q2

p : ð26Þ

From these definitions, it is easy to verify the conserved
current condition as

ðPν þ tνÞFμν ¼ ðPμ − tμÞFμν ¼ 0: ð27Þ

In this paper, we are interested in the forward scattering
limit in which tλ ¼ 0 and P2 ¼ 4p2 ¼ 0. Under this
condition, Nλ vanishes and the second term in Qλ becomes
singular. Therefore, êð1Þλ and êð2Þλ are not well-defined. In
order to overcome these problems, we firstly change the
normalization in êð2Þλ as

êð2Þλ ¼ Qλffiffiffiffiffiffiffiffiffiffiffi
−4q2

p ¼ Qλffiffiffiffiffiffiffiffiffiffiffiffi
−4m2

f

q ; ð28Þ

by noting that the second term in Qλ does not contribute to
the amplitude. Second, we introduce a new general quantity
Δλ replacing tλ in Eq. (23). This quantity Δλ has to be
expressed in terms of kinematic variables and invariants of
the interaction. However, in the forward scattering limit,
any linear combination of the photon and electron four-
momenta pμ and qμ leads to a negligible value of êð1Þλ when
doing the contractions with the Levi-Civita pseudotensor in
Eq. (23). Hence, Δλ has to be given only in terms of scalar
invariant quantities. Thus, the only possibility to define Δλ

reads

Δλ ¼ ðΔ0; 0Þ; ð29Þ

where Δ0 is a generic function of scalar invariants in the
interaction. Therefore, in the forward scattering limit, the
four-vector Nλ becomes

Nλ ¼ ϵλμ0ρQμΔ0Pρ

¼ 4ϵλμ0ρqμΔ0pρ; ð30Þ

and êð1Þ is now defined as

êð1Þi ¼ Niffiffiffiffiffiffiffiffiffi
−N2

p êð1Þ0 ¼ 0; ð31Þ

where N2 will stand for the modulus square of the three-
vector

FIG. 1. Figurative representation of photon-fermion interaction.
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Ni ¼ 4ϵij0kqjΔ0pk; ð32Þ

which gives

N2 ¼ 16ðΔ0Þ2jp × qj2: ð33Þ

It is easy to verify that Fμν, with the new definitions of êð1Þλ

and êð2Þλ in Eqs. (31) and (28), satisfies the conserved
current condition.

Before proceeding, it is worth to rewrite the factor of G2

in Eq. (20) in a new form for the case of forward scattering.
Using the following identity regarding the Levi-Civita
pseudotensor [50]:

gλμϵναβγ − gλνϵμαβγ þ gλαϵμνβγ − gλβϵμναγ þ gλγϵμναβ ¼ 0;

ð34Þ

we obtain

êð1Þμêð2Þν − êð2Þμêð1Þν ¼ 4ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q qλΔβqαpγðgνλϵμαβγ − gμλϵναβγÞ

¼ 4ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q qλΔβqαpγðgλαϵμνβγ − gλβϵμναγ þ gλγϵμναβÞ

¼ 4ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ðq2Δβpγϵ
μνβγ − q · Δqαpγϵ

μναγ þ q · pqαΔβϵ
μναβÞ: ð35Þ

Thus, in the end we have

êð1Þμêð2Þν − êð2Þμêð1Þν ¼ 4ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ðq2Δαpβ − q · Δqαpβ þ q · pqαΔβÞϵμναβ: ð36Þ

Notice that the second term on the right-hand side of Eq. (36) is equal in form to the one that appears at quantum level in the
interaction of a photon with the magnetic moment of a neutrino (see the Appendix B). Using the definition ofΔλ in Eq. (29),
we can further simplify Eq. (36) into5

êð1Þμêð2Þν − êð2Þμêð1Þν ¼ 4ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ½ðq20 − q2ÞΔ0pk þ ðq · p − q0p0ÞΔ0qk�ϵμνk0 ð37Þ

¼ 4Δ0ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ½jqj2pk − ðq · pÞqk�ϵμνk0: ð38Þ

Moreover, it is worth noticing that êð1Þ is an axial vector and
êð2Þ is a vector. Using this property, it is straightforward to
verify that the second and third brackets in Eq. (20) change
sign under parity transformation, while the first and fourth
brackets remain unchanged. Both these two combinations
of the Compton tensor satisfy the crossing symmetry and
gauge-invariance. However, Fμν can be even or odd under
parity.
In order to discuss these cases, we first provide the

general expression for the coefficients Gi, and then we start
from the parity-invariant case by deriving all nonvanishing
terms of each Gi under the parity-invariance condition of

the scattering amplitude. The coefficients can be repre-
sented in terms of the following bilinear covariant terms
[40–42]:

G0 ¼ ūr0 ½f1 þ f2=Pþ f3γ5 þ f4γ5=P�ur; ð39Þ

G1 ¼ ūr0 ½f5 þ f6=Pþ f7γ5 þ f8γ5=P�ur; ð40Þ

G2 ¼ ūr0 ½f9 þ f10=Pþ f11γ5 þ f12γ5=P�ur; ð41Þ

G3 ¼ ūr0 ½f13 þ f14=Pþ f15γ5 þ f16γ5=P�ur; ð42Þ

where ur and ūr0 are Dirac spinors associated to the
fermion; r, r0 label fermion spin, =P ¼ Pμγ

μ, γμ, and γ5

are Dirac matrices and fi are constant coefficients.

5Here we are implicitly assuming that Greek indices take only
Latin values. In fact, as we will see later on, only the Latin
components of the Compton tensor will be important.
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The invariant functionsGi involve four possibilities. One
can show that the =Q and =t terms are nothing else than
numbers due to the Dirac equation and hence they do not
appear in the Gi invariants. Similarly, all higher powers of
the γμ matrices are reduced to the above four possibilities.
With the above representation, the time-reversal and parity
transformations of each bilinear term are evident.

A. Even-parity amplitude

In this subsection, we determine the form of the fermion-
photon scattering amplitude with the condition that the
amplitude is even under parity transformation. As we have
seen, the photon scattering amplitude is represented by
(19). Since under parity transformation, the polarization
vectors change as

ðϵ0; ϵÞ ↔ ðϵ0;−ϵÞ; ð43Þ

the condition of parity invariance of scattering amplitude
Mfi implies

ðF00; Fi0; FikÞ → ðF00;−Fi0; FikÞ: ð44Þ

Using the fact that êð1Þ and êð2Þ are a pseudovector and a
vector, respectively, G0 and G3 must be scalars and G1

and G2 must be pseudoscalars. Consequently, we can
obtain the following constraints, as a result of the even-
parity condition:

f3 ¼ f4 ¼ f5 ¼ f6 ¼ f9 ¼ f10 ¼ f15 ¼ f16 ¼ 0: ð45Þ

Then, we impose the condition of time-reversal invariance.
Under time-reversal, we have

ðq0;qÞ ↔ ðq00;−q0Þ; ðp0;pÞ ↔ ðp0
0;−p0Þ; ð46Þ

and

ðϵ0; ϵÞ ↔ ðϵ0�0;−ϵ0�Þ: ð47Þ

Hence, invariance of the scattering amplitude Mfi under
time-reversal yields

ðF00; Fi0; FikÞ → ðF00;−F0i; FkiÞ: ð48Þ

Similarly, the relations in Eq. (46) imply

ðQ0;QÞ → ðQ0;−QÞ; ðt0; tÞ → ð−t0; tÞ;
ðP0;PÞ → ðP0;−PÞ; ðN0;NÞ → ðN0;−NÞ; ð49Þ

so that

ðêð1;2Þ0 ; êð1;2ÞÞ → ðêð1;2Þ0 ;−êð1;2ÞÞ: ð50Þ

Thus, invariance under time-reversal implies

G0;1;3 → G0;1;3; G2 → −G2; ð51Þ

and based on the following properties of spinor bilinear
terms under a time-reversal transformation:

ū0γ5u → −ū0γ5u; ū0γ5=Pu → ū0γ5=Pu; ð52Þ

one can verify the following additional conditions:

f7 ¼ f12 ¼ 0: ð53Þ

Consequently, under parity and time-reversal invariance,
the number of free coefficients is reduced to

G0 ¼ ūr0 ½f1 þ f2=P�ur; G1 ¼ ūr0f8γ5=Pur;

G2 ¼ ūr0f11γ5ur; G3 ¼ ūr0 ½f13 þ f14=P�ur: ð54Þ

For further investigation, we analyze the transformation
under charge conjugation and crossing. The charge con-
jugation leads to

ðϵ0; ϵÞ ↔ −ðϵ�0; ϵ�Þ: ð55Þ

As a result, invariance of the scattering amplitude Mfi

under C transformation leads to

ðF00; Fi0; FikÞ → ðF00; F0i; FkiÞ: ð56Þ

On the other hand, the crossing leads to

p ↔ −p0 and μ ↔ ν; ð57Þ

and

êð1Þλ ↔ êð1Þλ êð2Þλ ↔ −êð2Þλ; ð58Þ

and we find that under charge conjugation and crossing

G0;2;3 → G0;2;3 G1 → −G1; ð59Þ

that is satisfied by the results presented in (54). Therefore,
we can claim that the amplitude will be invariant under
CPT and crossing symmetry.
In particular, let us discuss the standard Compton

scattering amplitude, which is based on QED. Using the
standard Feynman rules, the amplitude of Compton scat-
tering is given by

Mfi ¼ −e2ϵsμðpÞϵs0�ν ðp0Þ½ūðq0ÞQμνuðqÞ�; ð60Þ

where
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Qμν ¼ 1

s−m2
γνð=pþ=qþmÞγμ þ 1

u−m2
γμð=q− =p0 þmÞγν;

ð61Þ
and the kinematic invariants are

s ¼ ðpþ qÞ2 ¼ ðp0 þ q0Þ2 ¼ m2 þ 2p · q ¼ m2 þ 2p0 · q0;

u ¼ ðp− q0Þ2 ¼ ðp0 − qÞ2 ¼ m2 − 2p · q0 ¼ m2 − 2p0 · q:

ð62Þ
After some straightforward algebra, we can find the
following values of the coefficients fi’s [42]:

f1 ¼ −maþ; f2 ¼ 0; f8 ¼
1

2
iaþ;

f11 ¼ −maþ; f13 ¼ maþ; f14 ¼
1

2
a−; ð63Þ

where

a� ¼ 1

s −m2
� 1

u −m2
: ð64Þ

B. Odd-parity amplitude

In this subsection, we impose the odd-parity condition.
In this case, Fμν is a pseudotensor that under parity
operation must transform as

ðF00; Fi0; FijÞ → −ðF00;−Fi0; FijÞ: ð65Þ
Imposing the odd-parity condition and using the properties
of bilinear terms under parity transformation, we get

f1 ¼ f2 ¼ f7 ¼ f8 ¼ f11 ¼ f12 ¼ f13 ¼ f14 ¼ 0: ð66Þ
Therefore, those terms that remain after imposing the above
condition are

G0 ¼ ūr0 ½f3γ5 þ f4γ5=P�ur; G1 ¼ ūr0 ½f5 þ f6=P�ur;
G2 ¼ ūr0 ½f9 þ f10=P�ur; G3 ¼ ūr0 ½f15γ5 þ f16γ5=P�ur:

ð67Þ
Afterward, imposing the even-time-reversal condition,
we find

f3 ¼ f9 ¼ f10 ¼ f15 ¼ 0: ð68Þ
Thus, we remain with

G0 ¼ ūr0f4γ5=Pur; G1 ¼ ūr0 ½f5 þ f6=P�ur;
G2 ¼ 0; G3 ¼ ūr0f16γ5=Pur: ð69Þ

One can show that the resulting amplitude will be odd
under charge conjugation. Therefore, the final form of the
amplitude is even under CPT transformation. In this case,
the Fμν tensor is determined in terms of four free param-
eters. It is possible to compare our amplitudes with those of
Kim and Dass in Ref. [51]. Our results are consistent with
the calculation of Kim and Dass which can be found also in
Appendix A.

IV. FORWARD SCATTERING TERM

In this section, we will provide a general expression for
the forward scattering term on the right-hand side of the
Boltzmann equation (2).
The general form of the interaction Hamiltonian defined

in (3) can be written as [1]

HIðtÞ ¼
Z

dqdq0dpdp0ð2πÞ3δð3Þðq0 þ p0 − q − pÞ

× exp½itðq00 þ p00 − q0 − p0Þ�
× ½b†r0 ðq0Þa†s0 ðp0Þūr0 ðq0ÞFμνðqr; q0r0; ps; p0s0Þ
× urðqÞϵsμðpÞϵs0ν ðp0ÞasðpÞbrðqÞ�; ð70Þ

where

dq ¼ d3q
ð2πÞ3

mf

q0
; dp ¼ d3p

ð2πÞ32p0
: ð71Þ

as and a†s0 are photon annihilation and creation operators,
respectively, which satisfy the canonical commutation
relations

½asðpÞ; a†s0 ðp0Þ� ¼ ð2πÞ32p0δð3Þðp − p0Þδss0 ; ð72Þ

and bðrÞ and bðrÞ† are fermion annihilation and creation
operators, respectively, obeying the canonical commutation
relations

fbrðqÞ; b†r0 ðq0Þg ¼ ð2πÞ3 q
0

mf
δð3Þðq − q0Þδrr0 ; ð73Þ

where mf is the fermion mass.
Using Eq. (70), the commutation relation in the forward

scattering term of Eq. (2) becomes

½HIð0Þ;DijðkÞ� ¼
Z

dqdq0dpdp0ð2πÞ3δð3Þðq0 þ p0 − q − pÞūr0 ðq0ÞFμνðqr; q0r0; ps; p0s0ÞurðqÞϵsμðpÞϵs0ν ðp0Þ

× ½b†r0 ðq0ÞbrðqÞa†s0 ðp0ÞajðkÞ2p0ð2πÞ3δisδð3Þðp − kÞ − b†r0 ðq0ÞbrðqÞa†i ðkÞasðpÞ2p00ð2πÞ3δjs0δð3Þðp0 − kÞ�:
ð74Þ
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After this step, in order to evaluate the forward scattering
term, we will need to take the expectation value of Eq. (74).
For this purpose, we provide the following expectation
values [1]:

ha†mðp0ÞanðpÞi ¼ 2p0ð2πÞ3δð3Þðp − p0ÞρmnðpÞ; ð75Þ

and

hb†mðq0ÞbnðqÞi ¼
q0

mf
ð2πÞ3δð3Þðq − q0Þδmn

1

2
nfðqÞ; ð76Þ

where ρmn is the photon beam polarization matrix and nf is
the number density pf fermions of momentum q per unit

volume. After using the Dirac delta functions, one can
easily perform the integrations over p, p0, and q0 and obtain
the limit p ¼ p0 and q ¼ q0 of the integrand, in agreement
with the forward scattering condition.
At this point, we can fix the Coulomb gauge for the

photon polarization vectors, where we have ϵμ ¼ ð0; ϵÞ.
As a consequence of this gauge-fixing, we are interested
in only “Latin” components of the Compton tensor Fμν

(thus, Latin components of the vector bases êð1Þ and êð2Þ)
to do the contractions in Eq. (74). In particular, using the
definitions (31) and (28) and the result (36), the Fij

components in the forward scattering limit can be
represented as

ūr0 ðq0ÞFijurðqÞ ¼ ðG0 þ G3Þêð1Þiêð1Þj þ ðG0 −G3Þêð2Þiêð2Þj þ G1ðêð1Þiêð2Þj þ êð2Þiêð1ÞjÞ þ G2ðêð1Þiêð2Þj − êð2Þiêð1ÞjÞ

¼ ðG0 þ G3Þ
ð4Δ0Þ2
N2

ðq × pÞiðq × pÞj þ ðG0 −G3Þ
qi

mf

qj

mf
þG1

4Δ0ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ½ðq × pÞiqj þ qiðq × pÞj�

þ G2

4Δ0ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ½jqj2pk − ðq · pÞqk�ϵijk0: ð77Þ

In the next sections, we will study the phenomenological
consequences for CMB polarization of the forward scatter-
ing term in specific cases.

V. GENERAL CONDITIONS FOR GENERATING
CIRCULAR POLARIZATION

In this section, we will give the most general conditions
for generating circular polarization from photon-fermion
forward scattering. Thus, we will consider specific expres-
sions of the Compton tensor (77), evaluate Eq. (74), and
study the effects of new interactions on the Stokes
parameters.

A. Even-parity amplitude

We start by considering the even-parity terms. The
general forms of the Gi coefficients invariant under
time-reversal have been derived in the previous section.
We have also determined the coefficients for the QED case.
The coefficients Gi read

G0 þ G3 ¼ ūr0 ðf̃1 þ f̃2=PÞur; G1 ¼ ūr0 ðf̃3γ5=PÞur;
G2 ¼ ūr0 ðf̃4γ5Þur; G0 −G3 ¼ ūr0 ðf̃5 þ f̃6=PÞur;

ð78Þ

where f̃1 ¼ f1 þ f13, f̃2 ¼ f2 þ f14, f̃3 ¼ f8, f̃4 ¼ f11,
f̃5 ¼ f1 − f13 and f̃6 ¼ f2 − f14.

Using the well-known spinorial relations

ūr0 ðqÞγ5urðqÞ ¼ 0; ð79Þ

and

ūr0 ðqÞγμurðqÞ ¼ δrr0
qμ

mf
; ð80Þ

we find

G0 þ G3 ¼
�
f̃1 þ f̃2

P · q
mf

�
δrr0 ; G1 ¼ f̃3ūr0γ5=Pur;

G2 ¼ 0; G0 −G3 ¼
�
f̃5 þ f̃6

P · q
mf

�
δrr0 : ð81Þ

Using these results, the scattering amplitude is simplified
considerably to

Mfi ¼
�
f̃1 þ f̃2

P · q
mf

� ð4Δ0Þ2
N2

ðq × pÞ · ϵsðq × pÞ · ϵs0δrr0

þ
�
f̃5 þ f̃6

P · q
mf

� ðq · ϵsÞ
mf

ðq · ϵs
0 Þ

mf
δrr0

þ f̃3ūr0γ5=Pur
4Δ0ffiffiffiffiffiffiffiffiffiffiffiffi
m2

fN
2

q ½ðq × pÞ · ϵsðq · ϵs
0 Þ

þ ðq · ϵsÞðq × pÞ · ϵs0 �: ð82Þ
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In this equation, the main effects are expected to come from
the term multiplying the f̃5 and f̃6. In fact, other terms,
containing at least one factor of Δ0, will appear only when
considering loop quantum effects. For this reason, in the
next steps we will ignore them, since in a perturbation

quantum field theory framework they are supposed to be
an higher-order effect. Thus, the time evolution of polari-
zation matrix elements is given by (from now on we will
explicitly account for spatial dependence in the Boltzmann
equations)

d
dt

ρijðx;kÞ ¼
i

2k0m2
f

Z
dqnfðx;qÞ

�
f̃5 þ 2f̃6

q · k
mf

�
ðδisρs0jðx;kÞ − δjs0ρisðx;kÞÞðq · ϵsÞðq · ϵs

0 Þ

þ standard Compton scattering terms ðs:C:s:t:Þ: ð83Þ
Now, expressing Eq. (83) in terms of the different components, we have

d
dt

ρð1Þ11 ðx;kÞ ¼
i

2k0m2
f

Z
dqnfðx;qÞ

�
f̃5 þ 2f̃6

q · k
mf

�
ðq · ϵ2Þðq · ϵ1Þ½ρð1Þ21 ðx;kÞ − ρð1Þ12 ðx;kÞ� þ s:C:s:t:; ð84Þ

d
dt

ρð1Þ22 ðx;kÞ ¼ −
d
dt

ρð1Þ11 ðx;kÞ; ð85Þ

d
dt

ρð1Þ12 ðx;kÞ ¼
i

2k0m2
f

Z
dqnfðx;qÞ

�
f̃5 þ 2f̃6

q · k
mf

�
½ðq · ϵ2Þðq · ϵ1Þðρð1Þ22 ðx;kÞ − ρð1Þ11 ðx;kÞÞ

þ ½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�ρð1Þ12 ðx;kÞ� þ s:C:s:t:; ð86Þ
d
dt

ρð1Þ21 ðx;kÞ ¼ −
i

2k0m2
f

Z
dqnfðx;qÞ

�
f̃5 þ 2f̃6

q · k
mf

�
½ðq · ϵ2Þðq · ϵ1Þðρð1Þ22 ðx;kÞ − ρð1Þ11 ðx;kÞÞ

þ ½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�ρð1Þ21 ðx;kÞ� þ s:C:s:t: ð87Þ
We can also convert the density matrix elements to the normalized Stokes brightness perturbations after changing
momentum to the comoving one, kc ¼ ak, and going to the Fourier space. We find

d
dη

IðSÞðK;kcÞ ¼ s:C:s:t:; ð88Þ

d
dη

QðSÞðK;kcÞ ¼ −
a2ðηÞ
k0cm2

f

Z
dqnfðK;qÞ

�
f̃5 þ 2f̃6

q · kc
aðηÞmf

�
ðq · ϵ2Þðq · ϵ1ÞVðSÞðK;kcÞ þ s:C:s:t:; ð89Þ

d
dη

UðSÞðK;kcÞ ¼
a2ðηÞ
2k0cm2

f

Z
dqnfðK;qÞ

�
f̃5 þ 2f̃6

q · kc
aðηÞmf

�
½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�VðSÞðK;kcÞ þ s:C:s:t:; ð90Þ

d
dη

VðSÞðK;kcÞ ¼ −
a2ðηÞ
2k0cm2

f

Z
dqnfðK;qÞ

�
f̃5 þ 2f̃6

q · kc
aðηÞmf

�
½−2ðq · ϵ2Þðq · ϵ1ÞQðSÞðK;kcÞ

þ ½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�UðSÞðK;kcÞ� þ s:C:s:t: ð91Þ
From the last set of equations, we see that the V-modes in the CMB can be generated even with a parity preserving
interaction. In particular, it is straightforward to verify that the fermionic number density nfðK;qÞ has to contain
anisotropies in order to achieve a nontrivial coupling. In fact, under the assumption that nfðK;qÞ does not contain
anisotropies, using the generic parametrizations (106) the angular integrals over the fermionic momentum q are vanishing
as we show in the following:Z

π

0

dθ0 sin θ0
Z

2π

0

dφ0
�
f̃5 þ 2f̃6

q · kc
aðηÞmf

�
ðq · ϵ2Þðq · ϵ1Þ ∝

Z
π

0

dθ0 sin θ0
Z

2π

0

dφ0

×

�
f̃5 þ 2f̃6

cos θ cos θ0 þ cosðφ − φ0Þ sin θ sin θ0
aðηÞmf

�
sinðφ − φ0Þ sin θ0½cos θ0 sin θ − cosðφ − φ0Þ cos θ sin θ0� ¼ 0; ð92Þ
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andZ
π

0

dθ0 sin θ0
Z

2π

0

dφ0
�
f̃5 þ 2f̃6

q · kc
aðηÞmf

�
½ðq · ϵ1Þ2 − ðq · ϵ2Þ2� ∝

Z
π

0

dθ0 sin θ0
Z

2π

0

dφ0

×

�
f̃5 þ 2f̃6

cos θ cos θ0 þ cosðφ − φ0Þ sin θ sin θ0
aðηÞmf

�
½ðcos θ0 sin θ − cosðφ − φ0Þ cos θ sin θ0Þ2 − sin2ðφ − φ0Þsin2θ0� ¼ 0:

ð93Þ

Moreover, from the current model of particle physics, we
know that a fermion can have a parity preserving inter-
action with a photon only through QED vertices. If we take
the values of f̃5 and f̃6 for the case of QED, Eq. (63), and
we evaluate them in the forward scattering limit, we find
that f̃5 ¼ f̃6 ¼ 0. Thus, QED does not provide mixing
terms among different polarizations, and only a parity
preserving theory which goes beyond the standard para-
digm could provide some kind of V-mode generation.

B. Odd-parity amplitude

The general form of scattering amplitude for odd-parity
was derived in Sec. III. In that section, we found the general
form of coefficients Gi for the odd-parity case

G0 ¼ ūr0 ðf4γ5=PÞur; G1 ¼ ūr0 ðf5 þ f6=PÞur;
G2 ¼ 0; G3 ¼ ūr0 ðf16γ5=PÞur: ð94Þ

The amplitude can be constructed using the tensor (77) and
replacing the values of the coefficients (94). As in the
previous subsection, we focus only on the terms which are
expected to give the dominant contributions. Thus, our
amplitude reads

Mfi ¼ ðf4 − f16Þūr0 ðqÞγ5=PurðqÞ
ðq · ϵsÞ
mf

ðq · ϵs
0 Þ

mf
: ð95Þ

Using this result, we can find the time evolution of
polarization matrix elements as

d
dt

ρijðx;kÞ ¼ i
fp

4k0m2
f

Z
dqnfðx;qÞðδisρs0jðx;kÞ − δjs0ρisðx;kÞÞūrðqÞγ5=kurðqÞðq · ϵsÞðq · ϵs

0 Þ þ s:C:s:t:; ð96Þ

where fp ≡ 2ðf4 − f16Þ. Therefore, we have

d
dt

ρð1Þ11 ðx;kÞ ¼ −
ifp

4k0m2
f

Z
dqnfðx;qÞūr=kγ5urðq · ϵ2Þðq · ϵ1Þ½ρð1Þ21 ðx;kÞ − ρð1Þ12 ðx;kÞ� þ s:C:s:t:; ð97Þ

d
dt

ρð1Þ22 ðx;kÞ ¼ −
d
dt

ρð1Þ11 ðx;kÞ; ð98Þ

d
dt

ρð1Þ12 ðx;kÞ ¼ −
ifp

4k0m2
f

Z
dqnfðx;qÞūr=kγ5ur½ðq · ϵ2Þðq · ϵ1Þðρð1Þ22 ðx;kÞ − ρð1Þ11 ðx;kÞÞ þ ½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�ρð1Þ12 ðx;kÞ�

þ s:C:s:t:; ð99Þ

d
dt

ρð1Þ21 ðx;kÞ ¼
ifp

4k0m2
f

Z
dqnfðx;qÞūr=kγ5ur½ðq · ϵ2Þðq · ϵ1Þðρð1Þ22 ðx;kÞ − ρð1Þ11 ðx;kÞÞ þ ½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�ρð1Þ21 ðx;kÞ�

þ s:C:s:t: ð100Þ

Here, we convert the density matrix elements to the normalized Stokes brightness perturbations and go to the Fourier space
to obtain

d
dη

IðSÞðK;kcÞ ¼ s:C:s:t:; ð101Þ

d
dη

QðSÞðK;kcÞ ¼
aðηÞfp
2k0cm2

f

Z
dqnfðK;qÞūr=kcγ5urðq · ϵ2Þðq · ϵ1ÞVðSÞðK;kcÞ þ s:C:s:t:; ð102Þ
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d
dη

UðSÞðK;kcÞ ¼ −
aðηÞfp
4k0cm2

f

Z
dqnfðK;qÞūr=kcγ5ur½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�VðSÞðK;kcÞ þ s:C:s:t:; ð103Þ

d
dη

VðSÞðK;kcÞ ¼
aðηÞfp
4k0cm2

f

Z
dqnfðK;qÞūr=kcγ5ur½−2ðq · ϵ2Þðq · ϵ1ÞQðSÞðK;kcÞ þ ½ðq · ϵ1Þ2 − ðq · ϵ2Þ2�UðSÞðK;kcÞ�

þ s:C:s:t: ð104Þ

The quantity
P

rūrγ
μγ5ur vanishes when we sum over

spins if the interacting fermion exists in both left- or right-
handed helicity states. Thus, looking to this final set of
equations, circular polarization in the CMB photons can be
generated from a parity violating interaction only if the
following condition is satisfied:X

r

ūrγμγ5ur ≠ 0; ð105Þ

implying that the fermion particle must interact only in left-
or right-handed helicity state. Now, in order to perform the
integral over q, we choose the momentum and photon
polarization vectors in the following form (see Fig. 2):

K̂ ¼ ð0; 0; 1Þ;
k̂ ¼ðsin θ cosφ; sin θ sinφ; cos θÞ;
q̂ ¼ðsin θ0 cosφ0; sin θ0 sinφ0; cos θ0Þ;

ϵ1ðkÞ ¼ðcos θ cosφ; cos θ sinφ;− sin θÞ;
ϵ2ðkÞ ¼ð− sinφ; cosφ; 0Þ: ð106Þ

In particular, we can expand nfðK;qÞ as [52,53]

nfðK;qÞ ¼ nfðK; jqjÞ
X
l;m

clmYm
l ðq̂Þ: ð107Þ

The number density mediated over all the possible fer-
mionic momenta is given by

n̄fðKÞ ¼
X
l;m

Z
d3q
ð2πÞ3 nfðK; jqjÞclmYm

l ðq̂Þ

¼ c00
ð2πÞ2 ffiffiffi

π
p

Z
djqjjqj2nfðK; jqjÞ: ð108Þ

Now, considering a left-handed fermion and including only
the lowest multipole moments of expansion (107), the final
mixing terms produced by the forward scattering term read
as (for the complete equations, see Appendix C) as

d
dη

QðSÞðK;kcÞ

¼ −i
ffiffiffiffiffiffi
2π

15

r
aðηÞfp
16π3m2

f

Z
djqj jqj

5

q0
nfðK; jqjÞ

× ½ðc2−2e−2iφ − c22e2iφÞ cosθ− ðc21eiφ þ c2−1e−iφÞ sinθ�
×VðSÞðK;kcÞ þ s:C:s:t:; ð109Þ

d
dη

UðSÞðK;kcÞ

¼
ffiffiffiffiffiffi
2π

15

r
aðηÞfp
32π3m2

f

Z
djqj jqj

5

q0
nfðK; jqjÞf

ffiffiffi
6

p
sin2θc20

þ ½ðc21eiφ − c2−1e−iφÞ sin 2θ
þ ðc22e2iφ þ c2−2e−2iφÞð1þ cos2θÞ�gVðSÞðK;kcÞ
þ s:C:s:t:; ð110Þ

d
dη

VðSÞðK;kcÞ

¼
ffiffiffiffiffiffi
2π

15

r
aðηÞfp
32π3m2

f

Z
djqj jqj

5

q0
nfðK; jqjÞf2i½ðc2−2e−2iφ

− c22e2iφÞ cos θ − ðc21eiφ þ c2−1e−iφÞ sin θ�
×QðSÞðK;kcÞ − f

ffiffiffi
6

p
sin2θc20 þ ½ðc21eiφ − c2−1e−iφÞ

× sin 2θ þ ðc22e2iφ þ c2−2e−2iφÞð1þ cos2θÞ�g
×UðSÞðK;kcÞg þ s:C:s:t: ð111Þ

From this set of equations, we find the following second
condition for generating circular polarization:

ðc2−2e−2iφ−c22e2iφÞcosθ−ðc21eiφþc2−1e−iφÞsinθ≠0;

ð112ÞFIG. 2. Pictorial representation of the polarizations and mo-
mentum direction of the photon.
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implying that in the lowest multipole moment, at least
quadrupolar anisotropies in the stress tensor of the fermion
have to appear. The same results hold considering a right-
handed fermion apart for a negative overall sign in the
Boltzmann equations.

VI. GENERAL CONDITIONS FOR GENERATING
B-MODE POLARIZATION

As we have seen in the previous section, new interactions
which are even or odd under party and even under time-
reversal can generate V-modes, but are unable to generate
B-mode polarization through the forward scattering term.
This is due to the fact that in Eq. (77) the term multiplying
the G2 coefficient vanishes being the amplitude even under
time-reversal. Let us briefly explain this fact. After doing
the expectation value of Eq. (74), the forward scattering
contribution to the Boltzmann equations schematically
reads as

dρijðK;kcÞ
dt

∝ i
Z

dqðδisρðγÞs0j ðkcÞ − δjs0ρ
ðγÞ
is ðkcÞÞ

× δrr0nfðqÞMr;r0;s;s0 ðq0 ¼ q;p ¼ p0 ¼ kÞ;
ð113Þ

where M is the scattering amplitude of the process taken
in the forward scattering limit. Now, we can express the
Q-mode taking the difference between the ij ¼ 11 and
ij ¼ 22 components of the polarization matrix. So, we have

d
dt

QðSÞðK;kcÞ ∝ i
Z

dq½ðρðγÞs01ðkcÞMr;r;1;s0

− ρðγÞ1s ðkcÞMr;r;s;1Þ − ðρðγÞs02ðkcÞMr;r;2;s0

− ρðγÞ2s ðkcÞMr;r;s;2Þ�nfðqÞ: ð114Þ

Now, summing over the remaining s and s0 indexes, the
coupling with the U-modes is given by the following term:

d
dt

QðSÞðK;kcÞ ∝ i
Z

dqUðSÞðK;kcÞ

× ðMr;r;1;2 −Mr;r;2;1ÞnfðqÞ: ð115Þ

From this last equation, we get that only scattering
amplitudes that are antisymmetric in the final s, s0 photon
polarization indexes can give a direct coupling between
Q- and U-modes. This coupling converts E-modes directly
into B-modes and vice versa. The only term in the
amplitude of the process to have this property is the one
proportional to the G2 coefficient due to the Levi-Civita
tensor contracting the photon polarization vectors in
Eq. (77). All the other terms turn out to be symmetric in
the s and s0 indexes, thus not providing any direct coupling
between the Q- and U-modes.
Now, in this section, we will investigate the case in

which the fermion-photon scattering amplitude is odd
under time-reversal, leading for a non-negligible value of
theG2 term, thus providing a direct source term for B-mode
polarization.

A. Even-parity and odd-time-reversal amplitude

As we discussed in Sec. III, after imposing the even-
parity condition, the G2 coefficient is restricted to be [see
Eqs. (41) and (45)]

G2 ¼ ūr0 ðf11γ5 þ f12γ5=PÞur: ð116Þ

After imposing the odd-time-reversal condition, the only
nonzero coefficients are

G1 ¼ ūr0 ðf7γ5Þur and G2 ¼ ūr0 ðf12γ5=PÞur: ð117Þ

Moreover, we impose the odd charge conjugation con-
dition, so that the amplitude is even under CPT. As a
result, we get f7 ¼ 0. Finally, the scattering amplitude is
reduced to

Mfi ¼ −4f12ūr0=Pγ5ur
Δ0

mf

ffiffiffiffiffiffi
N2

p ½jqj2p · ðϵs × ϵs
0 Þ − ðq · pÞ½q · ðϵs × ϵs

0 Þ��: ð118Þ

The only term which survives multiplies a factor of Δ0. Hence, the corresponding effect will be a loop quantum effect. The
time evolution of the brightness Stokes parameters is given by

d
dη

QðSÞðK;kcÞ ¼ −
aðηÞf12
k0cmf

Z
dqnfðK;qÞūr=kcγ5ur

1

sinψ
½ðjqjk̂c − ðq̂ · k̂cÞqÞ · ðϵ1 × ϵ2Þ�UðSÞðK;kcÞ þ s:C:s:t:; ð119Þ

and

d
dη

UðSÞðK;kcÞ ¼
aðηÞf12
k0cmf

Z
dqnfðK;qÞūr=kcγ5ur

1

sinψ
½ðjqjk̂c − ðq̂ · k̂cÞqÞ · ðϵ1 × ϵ2Þ�QðSÞðK;kcÞ þ s:C:s:t:; ð120Þ

and hence
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d
dη

P�ðSÞ þ iKμP�ðSÞ ¼∓ iα0P�ðSÞ þ s:C:s:t:; ð121Þ

where μ ¼ k̂c · K̂ ¼ cos θ, and α0 is defined as

α0ðηÞ ¼ −
aðηÞf12
k0cmf

Z
dqnfðK;qÞūr=kcγ5ur

1

sinψ
½ðjqjk̂c − ðq̂ · k̂cÞqÞ · ðϵ1 × ϵ2Þ�; ð122Þ

with

αðηÞ ¼ −
Z

η0

η
α0ðη0Þdη0; ð123Þ

and

sinψ ¼ ½ðsin θ sin θ0 sinðφ − φ0ÞÞ2 þ ðcosφ cos θ0 sin θ − cos θ cosφ0 sin θ0Þ2 þ ðcos θ0 sin θ sinφ − cos θ sin θ0 sinφ0Þ2�1=2:
ð124Þ

As a result, Eq. (121) can be rewritten as

d
dη

½P�ðSÞeiKμη�iαðηÞ−τðηÞ� ¼ eiKμη�iαðηÞ−τðηÞ
�
1

2
τ0½1 − P2ðμÞ�Π

�
; ð125Þ

where again Π ¼ I2ðSÞ þ P2ðSÞ − P0ðSÞ. Integrating the last equation gives the general solution

P�ðSÞðη0;K; μÞ ¼ 3

4
ð1 − μ2Þ

Z
η0

0

dηeiKðη−η0Þμ�iαðηÞ−τðηÞτ0ðηÞΠðη;KÞ: ð126Þ

Then, using Eqs. (7), (8), and (15), we get the following expressions for the E- and B-modes:

EðSÞðη0;K; μÞ ¼ −
3

4

Z
η0

0

dηgðηÞΠðη;KÞ∂2
μ½ð1 − μ2Þ2eiKðη−η0Þμ cos αðηÞ�; ð127Þ

BðSÞðη0;K; μÞ ¼ −
3

4

Z
η0

0

dηgðηÞΠðη;KÞ∂2
μ½ð1 − μ2Þ2eiKðη−η0Þμ sin αðηÞ�; ð128Þ

where gðηÞ ¼ τ0e−τ is the so-called visibility function.
Also in this case we need the fermion to be left- or right-

handed, otherwise α ¼ 0 since
P

rūrγ
μγ5ur ¼ 0. Anyway,

in this case, the angular integral inside the definition of α,
Eq. (122), is not equal to 0 if nfðK;qÞ is isotropic. Thus,
we do not have to impose any particular condition to the
fermionic stress tensor.

B. Odd-parity and odd-time-reversal amplitude

The expressions of the coefficients Gi’s under odd-parity
condition have been presented in Eq. (67). Hence, G2 is
restricted to

G2 ¼ ūr0 ðf9 þ f10=PÞur: ð129Þ

Then applying the odd-time-reversal condition on Gi,
we get

f4 ¼ f5 ¼ f6 ¼ f16 ¼ 0: ð130Þ

Therefore,

G0 ¼ ūr0 ðf3γ5Þur; G1 ¼ 0; G2 ¼ ūr0 ðf9 þ f10=PÞur;
G3 ¼ ūr0 ðf15γ5Þur; ð131Þ

which are all even under charge conjugation. Hence, the
final form of amplitude will be even under CPT.
Using these results, the final form of the amplitude is
simplified to

Mfi ¼ 4
Δ0

mf

ffiffiffiffiffiffi
N2

p
�
f9 þ f10

P · q
mf

�

× ½jqj2p · ðϵs × ϵs
0 Þ − ðq · pÞ½q · ðϵs × ϵs

0 Þ��δrr0 :
ð132Þ
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The corresponding E-mode and B-mode polarizations are
derived using the same method that we used to derive
Eqs. (127) and (128). The only difference is that the
parameter α0ðηÞ changes into the following form:

α0ðηÞ ¼ a2ðηÞ
k0cmf

Z
dqnfðK;qÞ

�
f9 þ 2f10

q · kc
aðηÞmf

�
1

sinψ

× ½ðjqjk̂c − ðq̂ · k̂cÞqÞ · ðϵ1 × ϵ2Þ�: ð133Þ

As a result, in this case there is no restriction on the
handedness of the fermion. In fact, α0 can be different from
zero if the fermion interacts both in the left- and right-
handed states. Moreover, also in this case, we do not have
to impose any particular condition in the fermion stress
tensor since we do not need anisotropies for providing a
value different from zero to the angular integral contained
in the α0 expression.

VII. MAJORANA FERMIONS

In the previous sections, we assumed the fermion to be a
Dirac spinor. In this section, we will analyze what changes
when the interacting fermion is a Majorana spinor, instead
of a Dirac spinor. Analogous considerations have already
been made in Ref. [30] for the case in which the fermion is
a neutrino.
A Majorana fermion is a particle which coincides

with its own antiparticle and hence it has no electric
charge [54–56]. The Majorana spinor is defined as

ψM ¼ γ0Cψ�
M; ð134Þ

where C is the charge conjugation operator. The properties
of Majorana bilinear terms under parity, charge conjuga-
tion, and time-reversal transformations have been summa-
rized in Refs. [54–56]. The Majorana condition implies
ψM ¼ ψc

M. As a result, a Majorana spinor transforms under
charge conjugation as

C−1ψMC ¼ ψM: ð135Þ

Thus, in general we can write

C−1ðψ̄MAψMÞC ¼ ψ̄MAψM; ð136Þ

that for A ¼ γμ becomes

ψ̄Mγ
μψM ¼ 0: ð137Þ

However, one can show that the transformations of the
other Majorana bilinear terms under P, T, and C are the
same as Dirac bilinear terms. It was discussed in Ref. [57]
that the Compton scattering amplitude for Majorana fer-
mions is given by

Mfi ¼ ūr0 ðq0Þϵsμ½Fμνðq; q0; p; p0Þ
þ CðFνμð−q0;−q; p; p0ÞÞTC−1�ϵs0ν urðqÞ; ð138Þ

Fμν being as in Eq. (20). Now, if in general

CðFνμð−q0;−q; p; p0ÞÞTC−1 ¼ −Fμνðq; q0; p; p0Þ; ð139Þ

we find that MM
fi ¼ 0 identically. However, if

CðFνμð−q0;−q; p; p0ÞÞTC−1 ¼ Fμνðq; q0; p; p0Þ; ð140Þ

then the scattering amplitude becomes

MM
fi ¼ 2MD

fi: ð141Þ

Thus, when the Compton tensor Fμν transforms like a
pseudotensor under C, we get no fermion-photon forward
scattering mixing. On the contrary, when Fμν is invariant
under C, we get the same coupling as discussed in the
previous sections, but with an additional factor of 2 with
respect to the Dirac fermion case.

VIII. CONCLUSIONS

In the standard lore, circular and B-mode polarization of
CMB photons cannot be generated via Compton scattering
with electrons from linear scalar perturbations. In this
work, we studied the conversion of CMB E-modes into
V- and B-modes due to the forward scattering with a
generic fermion in the presence of just linear scalar
perturbations. We assumed interactions which may also
go beyond the Standard Model of particle physics, keeping
only gauge-invariance and the preservation of CPT sym-
metry. We derived various sets of Boltzmann equations
describing the radiation transfer of CMB polarization.
Our final results are qualitatively summarized in Table I.
We can have conversion in V-modes both preserving all the
discrete symmetries and breaking the C and P symmetries.
Instead, conversion into B-modes may arise only from the
breaking of the T symmetry. Since our results are expressed
in terms of free parameters, they offer a viable tool to put
constraints on fundamental physics properties beyond the
standard paradigms. An interesting extension of our work
would be deriving the effects on CMB polarizations of the
damping term in Eq. (2) for the different interactions
considered. We leave all these intriguing and interesting
possibilities for future research.
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APPENDIX A: COMPARISON OF OUR
AMPLITUDE WITH THE KIM
AND DASS’S AMPLITUDE

In Ref. [51], Kim and Dass calculated the parity violating
part of Compton amplitude using the procedure of
Ref. [58]. They constructed Fμν using the minimal pseu-
dotensors violating parity. The general parity violating
amplitude is defined as [51]

Fμν ¼
X
i

Li
μνAiðx; yÞ; ðA1Þ

where x ¼ p · q ¼ p0 · q0 and y ¼ p · q0 ¼ p0 · q. We
change the kinematic variables defined in [51] to syn-
chronize their notation with the notation of this paper.
Moreover, we define a new variable Q0 as

Q0 ¼ qþ q0; ðA2Þ

and remove the factor 1=2 adopted in [51] for kinematic
variables. Hence, based on our notation, the Li

μν tensors
defined in [51] are reconstructed as

L1
μν ¼ Q0 · PϵμναβQ0αPβ þQ0

μNν þ NμQ0
ν; ðA3Þ

L2
μν ¼ −=PðQ0

μNν þQ0
νNμÞ þQ0 · PðγμNν þ γνNμÞ; ðA4Þ

L3
μν ¼ γ5=PðP2gμν − PμPν þ tμtνÞ; ðA5Þ

L4
μν ¼ −P2ðQ0

μNν þQ0
νNμÞ þQ0 · PðNμPν þ NνPμÞ;

ðA6Þ

L5
μν ¼ γ5=P½P2Q0

μQ0
νþðQ0 ·PÞ2gμν−Q0 ·PðQ0

μPνþQ0
νPμÞ�:
ðA7Þ

We can express the Gi coefficients defined in (20) in terms
of the Ai coefficients. The results are

G0 ¼
1

P2
f2ϵμνρσPμQνtρQ0σ½ðA1 − A4P2ÞðP ·Q0Þ2 þ P2ðA2=Pþ A4P2 − A1Þðt2ððP ·QÞ2 − P2Q2Þ þQ02Þ�

þ P2½2A2t2ðP ·Q0ÞððP ·QÞ2 − P2Q2Þγ5=Pþ γ5=P½ðP ·Q0Þ2ðA5t2ðP ·QÞ2 − A5Q02 − A3Þ
þ P2½t2ðA5Q02 þ A3ÞðP ·QÞ2 − P2t2ðQ2ðA5Q02 þ A3Þ − A5ðQ ·Q0Þ2Þ þQ02ðA5Q02 þ A3Þ�
− 2A5P2t2ðP ·QÞðQ ·Q0ÞðP ·Q0Þ�� − 2A2P2ðP ·Q0Þ=QϵμνρσPμQνtρQ0σg; ðA8Þ

G1 ¼
2

P2
ft2½ðA4P2 − A1Þ½ðP ·QÞ2ððP ·Q0Þ2 − 2P2Q02Þ − P2ðP2ðQ ·Q0Þ2 þ 2Q2ððP ·Q0Þ2 − P2Q02ÞÞ

þ 2P2ðP ·QÞðQ ·Q0ÞðP ·Q0Þ� þ 2A2P2ðP ·Q0Þ=Q0ððP ·QÞ2 − P2Q2Þ þ A2P2=QðP ·Q0ÞðP2ðQ ·Q0Þ
− ðP ·QÞðP ·Q0ÞÞ� þ P2=P½A2t2ððQ ·Q0Þ½ðP ·QÞðP ·Q0Þ − P2ðQ ·Q0Þ� − 2Q02½ðP:QÞ2 − P2Q2�Þ
− γ5P2ðA5Q02 þ A3ÞϵμνρσPμQνtρQ0σ�g; ðA9Þ

G2 ¼ 0; ðA10Þ

G3 ¼
1

P2
f−2ϵμνρσPμQνtρQ0σ½P2ðA2=Pþ A4P2 − A1Þðt2ðP2Q2 − ðP ·QÞ2Þ þQ02Þ þ ðA1 − A4P2ÞðP ·Q0Þ2�

þ P2½2A2t2γ5=PðP ·Q0ÞððP ·QÞ2 − P2Q2Þ þ γ5=P½ðP ·Q0Þ2ðA5t2ðP ·QÞ2 þ A5Q02 þ A3Þ
− P2½−t2ðA5Q02 þ A3ÞðP ·QÞ2 þ P2t2ðQ2ðA5Q02 þ A3Þ − A5ðQ ·Q0Þ2Þ þQ02ðA5Q02 þ A3Þ�
− 2A5P2t2ðP ·QÞðQ ·Q0ÞðP ·Q0Þ�� þ 2A2P2ðP ·Q0Þ=QϵμνρσPμQνtρQ0σg: ðA11Þ

As one can see, G2 ¼ 0 is consistent with what had been
found in Eq. (69).

APPENDIX B: INTERACTION OF PHOTONS
WITH NEUTRINO MAGNETIC MOMENT

To be able to consistently define the basis vector êð1Þλ in
the forward scattering limit, Eq. (31), we introduced a new

variable Δλ, which takes the place of tλ in the general
definition (23) and claimed that the subsequent new terms
in the Compton tensor may arise from loop corrections in
the Feynman diagrams. Here, we consider an explicit
example and compare the Compton tensor of this example
with the general forward scattering Compton tensor derived
at the end of Sec. IV.
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If the neutrino has a magnetic moment, its interaction
with photon is characterized by the following effective
Hamiltonian [59–61] (for a recent review, see Ref. [62]):

H ∼ μeμνūνðq0ÞσαβuνðqÞF αβ; ðB1Þ

where F αβ is the field strength of the photon, μe is the
magnetic moment of the electron, and μν is the magnetic
moment of the neutrino. From Eq. (B1), we can derive the
forward scattering amplitude in the following form:

Mfi ¼ Fλτϵs
0�
λ ϵsτ; ðB2Þ

where

Fλτ ∼ ðμeμνÞ2ϵλταβpαqβ; ðB3Þ

p being the photon momentum and q the neutrino
momentum.

It is immediate to verify that this term is equivalent in
form to the second term of Eq. (36), which contains the
quantity Δλ. This simple example shows that effectively the
new definition of êð1Þλ is sensitive to loop quantum effects
and provides a more general expression for the Compton
tensor that, as discussed in Sec. VI, may cause B-mode
generation in the CMB.

APPENDIX C: FORWARD SCATTERING
MIXING INDUCED BY P AND C
BREAKING INTERACTIONS

Here we present the full expressions of the forward
scattering polarization mixing terms in the Boltzmann
equations obtained in the case in which parity symmetry
is broken (Sec. V B). In the Dirac representation, the
helicity spinors are given by [63]

uRðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0 þmf

2mf

s
0
BBBBBB@

cosðθ0
2
Þ

sinðθ0
2
Þeiφ0

jqj
q0þmf

cosðθ0
2
Þ

jqj
q0þmf

sinðθ0
2
Þeiφ0

1
CCCCCCA
; uLðqÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0 þmf

2mf

s
0
BBBBBB@

− sinðθ0
2
Þ

cosðθ0
2
Þeiφ0

jqj
q0þmf

sinðθ0
2
Þ

− jqj
q0þmf

cosðθ0
2
Þeiφ0

1
CCCCCCA
: ðC1Þ

Hence, the bilinear term ūγμγ5u reads

ūγμγ5u ¼ −
1

m
ðjqj; q0 sin θ0 cosφ0; q0 sin θ0 sinφ0; q0 cos θ0Þ: ðC2Þ

Now, using Eqs. (107), (C2), and integrating over the fermion spherical angles φ0 and θ0, Eqs. (102)–(104) become

d
dη

QðSÞðK;kcÞ ¼ i
ffiffiffi
π

p
420

aðηÞfp
16π3m2

f

Z
djqj jqj

4

q0
nfðK; jqjÞf−28

ffiffiffiffiffi
30

p
jqj½ðc22e2iφ − c2−2e−2iφÞ cos θ þ ðc21eiφ þ c2−1e−iφÞ

× sin θ� þ 10
ffiffiffiffiffi
21

p
q0 sinð2θÞðc31eiφ þ c3−1e−iφÞ þ 4

ffiffiffiffiffiffiffiffi
210

p
q0 cosð2θÞðc32e2iφ − c3−2e−2iφÞ

− 6
ffiffiffiffiffi
35

p
q0 sinð2θÞðc33e3iφ þ c3−3e−3iφÞgVðSÞðK;kcÞ þ s:C:s:t:; ðC3Þ

d
dη

UðSÞðK;kcÞ ¼ −
ffiffiffi
π

p
420

aðηÞfp
32π3m2

f

Z
djqj jqj

4

q0
nfðK; jqjÞf−168

ffiffiffi
5

p
jqjsin2θc20 − 14

ffiffiffiffiffi
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