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1 Introduction and summary

Conformal blocks are fundamental building elements for constructing various correlation
functions in conformal field theories, they allow us to disentangle the model-dependent dy-
namical CFT data from universal kinematical pieces constrained by conformal symmetries.
Once the operator product expansion (OPE) channel is specified, we can expand confor-
mal correlation functions in terms of conformal blocks, and the expansion coefficients are
precisely the product of OPE coefficients. A similar situation occurs in elementary quan-
tum mechanics, we expand arbitrary wave functions in terms of the eigenfunctions, which
are often determined by the symmetries and the physical spectra of a given system, and
the probability amplitudes describe the underlying dynamics. These eigenfunctions solve
the appropriate Sturm-Liouville equations which ensure their orthogonality, moreover the
corresponding equations can often be transformed into the defining differential equations
of various well-known special functions.

It is natural to ask whether conformal blocks can also be systematically studied in
the same vein, in other words, whether they arise as the eigenfunctions of suitable Sturm-
Liouville type of equations? Are they orthogonal with respect to given integration measure,
and can be connected with certain well-studied mathematical functions? The answers to
these questions are affirmative. Various crucial ingredients have become available starting
with the important work of Dolan and Osborn [1, 2], where a second order partial differ-
ential equation known as “quadratic Casimir equation”, determining the four-point global



conformal blocks as a function of cross ratios was derived. The scaling dimension A and
spin J of the exchange primary operator in the OPE governs the asymptotic behavior,
and in even spacetime dimensions, compact solutions can be expressed in terms of Gauss
hypergeometric functions oF}. For general spacetime dimensions, conformal blocks were
given in terms of an infinite summation over Gegenbauer polynomials [1] or more recently
for three dimensions, where the expression is again an infinite summation over 9Fjs [3].
During these investigations, it was realized that conformal blocks share a close resemblance
with a special class of two variable generalization of Jacobi polynomials studied extensively
by Koornwinder and collaborators [4-7]. These polynomials are defined through a pair of
commuting second and fourth order partial differential equations whose eigenvalues are
labeled by two integers,! and their orthogonality can be subsequently defined with known
integration measure. In a related recent development [13, 14], it was shown that quadratic
and quartic conformal Casimir operators can be mapped to linear combinations of two com-
muting conserved Hamiltonians of the trigonometric BCs Calogero-Sutherland integrable
system via a similarity transformation. The conformal blocks can therefore be directly
identified with the explicit eigenfunctions of the BCy Calogero-Sutherland system known
as “Harish-Chandra functions” [15], which can again be expressed in terms of an infinite
summation over hypergeometric functions.

Even when the explicit compact form of conformal blocks is available, integration
involving them over spacetime coordinates or cross ratios still requires more diligence,
as there are a few subtleties. First, because of the non-compactness of the conformal
group, SO(1,d + 1) for Euclidean and SO(2, d) for Lorentzian respectively, this means the
eigenvalues for conformal Casimir operators are functions of continuous variables (A, J).
This is similar to the scattering states in quantum mechanics which are generally non-
normalizable. Second, the naive integration range often extends beyond the radius of
OPE convergence for a given channel, additional analytic continuations are needed for the
integral to be well-defined. Besides purely mathematical interests, obtaining an explicit
and succinct form of conformal blocks and understanding their general properties also fits
well with the conformal bootstrap program (See [16—18] for reviews). Specifically, consider
the crossing symmetry equation arises from expanding a single correlation function in
terms of the basis for different OPE channels, in order to extract the OPE coefficients or
to relate the spectra in different channels, we need to understand the orthogonality and
analytic continuation to perform OPE inversion [20, 21] or compute the corresponding
mixing matrices known as the “crossing kernel” or “6j symbols” [22-25].2 In addition,
it should be noted that we can consider large spin perturbation, i.e. when the spin of
the exchange primary operator becomes large, we can recover the OPE data using the
corresponding inversion formula for any twist and all orders from the double discontinuities
in cross-ratio plane [26].

In this note, we contribute some useful results in several directions towards this sys-
tematic study. In section 2, we provide an alternative expression for conformal block with

1This operator was also recently considered in [11, 12] in embedding space.
2See also [34-37] for a closely related computation of crossing kernels in the form of mixing coefficients
among Mellin amplitudes.



integer spin exchange in general spacetime dimensions by considering its Mellin-Barnes
representation [38], and showing that the integrated result can be written in a finite sum-
mation of Appell’s hypergeometric function Fy over an integer partition.? We demonstrate
its validity by numerically matching it with known compact expressions in even dimensions
and provide several other analytic checks and simplifications which can be useful for con-
formal bootstrap computations. We then further explicitly construct the conformal block
for primary exchange operators with continuous spin by constructing a continuous version
of the Mack polynomial or more appropriately named “Mack function”. The result can be

(s)

expressed as linear combination of certain g)’;(z, z) functions given in (3.15) and its spin

4 These results provide us with the necessary ingredients for the

shadow transformation.
computation of the crossing kernel in general spacetime dimensions in section 4, where we
applied the Lorentzian inversion formula derived in [20] (see also [21]). We demonstrate
the final result can be written in terms of double integrals containing Kampé de Fériet
functions, this representation is useful for us to identify the singularities associated with
the double trace operators. Finally in section 5, we provide complementary computations
by considering the holographic dual configurations for conformal partial waves in Anti de-
Sitter (AdS) space, and demonstrate their orthogonality which can be understood as the
orthogonality of AdS harmonic functions. We also consider some simple expansions in
terms of these natural bases. In a few appendices, we provide some useful details about
multi-variable hypergeometric functions and computation details.

2 Conformal blocks with integer spin and Appell’s hypergeometric func-
tions

In this note we will primarily focus on the four point correlation function of conformal field
theories in general spacetime dimensions, which contain external scalar primary operators
O, 0(x;) = O;(z;) with scaling dimension A;, i =1,2,3,4:

4
<HOZ(95,)>—TA(SZ)(371) Z )\12(9)\34(9G(AS?J(Z,5). (2.1)
i=1

{0a,s}
Here we have decomposed the correlation function into summation over the s-channel
exchange primary operator {Oa j(z)} and A\20A340 are the product of OPE coefficients.

Here we can further factor out the overall kinematic factor depending only on the external
scaling dimensions {A;}:
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31t is interesting to note that similar multi-variable generalization of hypergeometric equations were also
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used to describe the propagation of scalar field in the integrable deformations of AdS, x S? geometries [27,
28]. It was also brought to our attention after this work is completed, when study conformal correlation
functions constrained by conformal Ward identities in the momentum space, expressions in terms of multi-
variable hypergeometric functions can also naturally arise, as discussed in [29-32].

4See also the earlier paper [19] about constructing Lorentzian conformal blocks in a simpler setting.



and introduce the notation Af; = (A; £ 4Aj). The remaining function GS) ;(2,2) is called
the s-channel conformal block which depends only on a pair of conformally invariant cross

ratios (u,v) or (z, 2):

2 .2 2 .2
= _ T12T34 = T14%23 2 2
u=zz= v=(1—2)(1—2)= i = (x; —xi)°. 2.3
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2
ij
complex conjugate to each other z = z*. While in Lorentzian spacetime M4~ z

> 0 which implies u,v > 0 or the cross ratios (z, z) are
2
]
become negative instead, (z,Z) are treated as independent complex variables in general,

In Euclidean spacetime RY, z
can

this distinction becomes important when we consider integration over the conformal blocks.

It is well known that the conformal block GS? ;(z, %) satisfies a so-called quadratic
Casimir equation, which is a second order partial differential equation in (z,Zz) and is
parameterized by (a®), b®) [2]:

<Dz(a(s),b(s)) + D5 (a®), b®) (2.4)
2Z 0 0
+2<€Z — ((1 - z)& - (1- Z)az> >GA7J(Z72) =Cy(A, )G,y (2, 2),
where:
D(ab)—22(1—z)d—2—(1+a+b)22i—abz h=® c—ho1 (2.5)
A dz? dz ’ 2 ’ '
and the eigenvalue Ca(A, J):
Co(A,J)=AA—d)+ J(J+d—2), (2.6)

depends on the scaling dimension A and the spin J of the exchanged operator Oa j(x).
It is interesting to note that treating (A, .J) as parameters, the eigenvalue Cy(A,J) has
following three independent Zo symmetry transformations:

Shadow : A & d — A, Spin Shadow:J < 2—d—J, Light Ray:A<1-J, (2.7)

these imply that (2.4) has eight-fold degeneracies of independent eigenfunctions, only dis-
tinguished by their different asymptotic behaviors. The first one in (2.7) corresponds to the
well-known shadow transformation introduced in [2] which maps a local primary Oa j(x)
to a non-local operator @d—A, J(x) with shadow scaling dimension d — A via an integral
transformation. The remaining two transformations in (2.7) generally map J to negative or
even continuous values, as explained in details in [42] (The close connection of these trans-
formation with the Weyl group of BCy group was also detailed in [15]), these values can
only be physical in Lorentzian instead of Euclidean spacetime. A primary operator O j(x)
now transforms under SO(2, d) instead of SO(1,d + 1), it is labeled by the two continuous
Cartan numbers (A, J) of SO(1,1)a x SO(1,1); € SO(2,d), and they can be mixed under
the Weyl group of SO(2,d). It is useful to introduce here the spectral parameterization for
Lorentzian spacetime:

A=h+iv, J=—c+il, (2.8)



such that the eigenvalue (2.6) can be rewritten as:
Co(v,1) = (B2 + 1) + (% + £?). (2.9)
The transformations in (2.10) can be succinctly recast in terms of spectral parameters (v, [):
Shadow : v < —v, Spin Shadow : £ < —¢, Light Ray:v & —¢, (2.10)

which clearly leave (2.9) invariant. We will return to these parameterizations when we
consider the conformal block with continuous spin and the inversion formula of [20].

In this note, we will ultimately be interested in constructing so-called “crossing kernel”
for general d-dimensional conformal field theories, which will be introduced momentarily.
To begin with, we first construct an orthogonal basis in R? which will be called conformal
partial wave (CPW) [2]:

S 1 AL -
() = /R L A%20(0n, (1) O, (2) Op it (20) (OF 3115 (20) O, (3) O, (4)).
(2.11)
J

Here the two copies of three point functions contain OZ}HV“:} (z9) and its shadow @Zli;/y (o),

they are related through following integral transformation:

~ 1 F(h—ZU+J> d 1 HZ v ([L‘—ﬂ?,)
O v [ U R RS TRRL i O _ y / ,
h—iv,p1...,pu g (.’E) ﬂ_h (h +iv— I)JF(ZV) / x ((ZL’ — x/)g)h,“, h+iv,vy,..., J(‘T )
(2.12)
where Z,,, . 01,0, (y) is the inversion tensor of symmetric traceless tensors. The func-

tional forms of these three point functions are fixed kinematically through conformal sym-
metry.” Notice that the CPW is also an eigenfunction of the conformal Casimir equation

and it can be expanded in terms of a conformal block and its shadow as follows:
\Ill(’S,)J(xZ) - Tﬁ(i) (xl) Z Cglsj-iasu,JGELS—a-iasy,J(z’ 2) (213)
os==%

where the expansion coefficients are given by

o 1 (h—igw—1),D(—iow) T (wo, £a®)) T (wo, £ b)) (2.14)
h+iosv,J 27¢; I'(2wy, ) H{lil T (’%(S)) ) .
with c¢; = ((288))"J and (z); = F(I?(;)J ) being the Pochhammer symbol. In the above, we have

also introduced the notation I'(x+a) = I'(x+a)'(x—a). We have also defined the following

combinations of scaling dimensions and spins:

_ htiosww+J _ h+tioww—J

s 2 ) Tos 2 , Og = +. (215)

Wo

while {'yz-(s)} are given in (2.22). The integer spin-J operators O 4, 7(20) and Op_s, 7 (20)
carry the complex scaling dimensions, we can recover the conformal block with physical

®In this paper we follow the normalization convention of conformal partial wave \Ilff?,(xl) explicitly
constructed in [2] by fusing two copies of three point functions together, this also fixes our expansion
coefficients hence the normalization of conformal blocks.



real dimensions by integrating the conformal partial wave (2.13) over the v-plane together
with the spectral function for v, see for example [46].

It is well-known that the conformal partial wave (2.13) also enjoys the Mellin repre-
sentation [2, 38]:

s S ioo ds @00 dt st (s s
m%mg:zg@g/'(Mw/'(ﬁﬂmvmg@ﬁwhy&w. (2.16)

Here the Mellin space integration measure is given by:
o (s,0) =TT (5(S ) (2.17)
1<J

where in principle we have three Mandelstam-like variables (s, ¢,u) satisfying s +¢ + u =

Z?Zl A;, such that we can substitute u away and express {51(]8)} only in terms of (s, t):

S AT — s 5 AT — s s s+t s
5%2) _ 122 7 5&4) — 342 7 553) — : + b )7
S t S t S t
58 =2 o), 58 = L a0, 58 = L, (2.18)
2 2 2
such that ot ” = A;. Notice the number of independent Mellin parameters is exactly

the same as the independent cross ratios, we can regard the Mellin representation as trading
(u,v) with (s,¢). While the remaining integrand:

(s) _ 1 U(re—3)
Moo = e Gy () e ()
(S)(

is the corresponding s-channel partial Mellin amplitude. The polynomial P)’;

(s,1), (2.19)

s,t) origi-
nally due to Mack [38] is given by:

__ ©
A0 =3 (m-3) T (), fIF< a L)
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where the abridged double summations:

—

! (J+ 5)_1- kis+k (J — 27’)‘
D= () s Y, (ke (2.21)
rk 27 r=0 ri(J —2r)! S kij=J—2r Iij) Kis!

is over r which comes from the expansion coefficients of Gegenbauer polynomial arising
from tensor contraction of three point functions, L%J denotes integer part of % and the
four-fold integer partition {k;;} with (ij) = {13,24,14,23} such that > . ki = J — 2r.
The remaining parameters {%(s)} arising from the integration via Symanzik formula are
given by:

’YES) =Wt — a‘(S)7 758) = W4 + a‘(S)7 7§S) =w_ + b(S)u ’YA(LS) =Ww- - b(S) (222)



Despite the rather complicated looking expression for Pﬁ?}(s,t) in (2.20), the most im-
portant analytic information we need about it is that it does not contain any additional
singularities in (s,¢) variables, but only zeroes which cancel some of the poles in the (s, )-
contour integrations. It is also useful to note that Mack polynomial (2.20) enjoys a some-
what non-obvious but important reflection symmetry P! },(s t) = Pﬁsll ;(s,t) [39], which is
needed for consistently extracting the conformal block from integration over v-plane.
Using the Mellin representation of \I'( ) 7(x;) (2.16), we can readily integrate it into a

summation over regularized Gauss Hypergeometric functions o F:

sz@meZH<7
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where we have defined the following combinations:
kol =75, —al + kg + ks, 129 =75, +al) + kg + ke,
Hi(ss) = T, + e + k13 + ko3, Hé(ss) =Ty, — b® + k14 + koa, (2.24)

) = (k5O 1) + (529 4 1) = (h+iogw) = —(a® + D) 4+ kay — kug),  (2.25)
(

o) = (120 4 0) + (K3 4 1) — (h+iowr) = a® + b + kg — kg, (2.26)
and the function:

™

@ b§ x] - F(a)F(b)Qﬁl a, b
c

L

sin e c

o /+i°°dt1“(—t)r(a+t)r(b+t)

e 2mi T(c+ 1) (—x)". (2.27)

sin e
Moreover in the second equality of (2.23), we notice that for fixed {r, k;;}, the infinite sum-
mation over ng labeling the conformal descendants can also be performed, and the final
result is expressed in terms of Appell’s fourth hypergeometric function F4. Appell’s hyper-
geometric functions are two parameter generalization of Gauss’s hypergeometric function.
For a nice introduction, please see [40], and we will follow the series definition there for Fy



as given in (A.4) and summarized the relevant details in appendix A. Here we have also
defined the following function:

C ap, az
F4 T, Y
C1, C2

= F(al)I‘(ag)F(l - Cl)r(l - 62)F4

ay, az
T, Y
C1, C2

ﬂ2

sin ey sin ey
/’Oo dt /“X’ ds T'(a1 + s+ t)I'(az + s+ ) I'(—s)['(—1)
2mi 2mi I(c1 4+ s)I(e2 + )

(—2)*(-y)", (2.28)

to absorb additional I'-functions. In the last equality above, we introduced a Mellin-Barnes
representations for F4 and the integration contours close in the right half planes to enclose
the poles where s,t € N>g.

Naively each individual Fy in (2.23) is strictly convergent when ]u]% + |V‘% < 1, which
is impossible in Euclidean signature z = z*, however \I/VS’ 7(z;) and the conformal blocks
G;LSLV’ ;(z, %) are convergent near (u,v) = (0,1) which is allowed in both Euclidean and
Lorentzian spacetimes. To see this, we can use a well-known hypergeometric function
identity (A.2) to rewrite (2.23) as follows

W) = 70w X ST
J l
Y os==% rk i= IF( J+T+Z kﬂ)
00 4
_1 nsuns . .
X Z (718!1“(—2051/ —ng) H r (,ng(ss) +ng + 7“)
ng= =1
. 2(s) 3(s)
sy | fios TNsH T Kow s 70 ) (2.29)
h+iosv + 2n,

which is clearly convergent near (u,v) = (0,1). This form (2.29) is also useful for us to
analytically continue to other convergent series for other values (u,v), e.g. near (u,v) =
(0,00), we can use another hypergeometric identity (A.3) to further rewrite (2.29) into:

© () = TO( w7t
\I/,,,J(xz A, (1) Z ZH ( J+7“+Z kﬂ) <v>

os=*% rk i= 1F
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-U S ERE O Rt (2.30)
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1
X 5®
vb® +kis

L1
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<&

which are clearly convergent near (u,v) = (0,00). The expressions in (2.29) and (2.30) are
also useful for computing the non-trivial monodromy around z = 1 and zZ = —oo when we
apply the Lorentzian inversion formula [20].



By integrating over the spectral parameter v, we can obtain the expression for the
d-dimensional conformal blocks G(AS) ;(z,2) with integer spin .J 0

s _ 1 = 1 -
G(A)J(Z7Z) = ®) -z +TVk23
7 CAJ rk i=1 I <7Z(S)( )—J+r+Y; kw)
XZ( )Su F(h— A —ny) Hr(z(s) +7“—|—ns>
ng=0
- 2(s) 3(s)
xoFy | (T)+T+An8_;;+ (T)+T+ns;1_V]
nS
o 1 A 1 uA7J+T
cg} ik i=1 [ <’YZ(S)( )= J+r+3; kﬂ) M

o 16 4(s)
14 F, Ky (T)+ 1, Ky (T)(S—)l— r; Wy
1-h+A, 14+wy

S ORC >+r;w] ] (231)

+ +7r, Ky
1—h+A 1+8)

where %(S) (1) and /il_'ﬁs) (1) denote we have set 74 =7 = % in %»(S) and x'® respectively.

+
We can check that (2.31) satisfies the shadow identity:

s _ NONERE) _
GR(2.2) |asa,camn,= (1= 2)(1 = 2)*776Q) (2, 2). (2.32)

In the J = 0, i.e. scalar exchange limit, using the same hypergeometric identity for obtain-
ing (2.30), we can rewrite (2.31) into:

G(S) (Z 2) = u% S u7n (% _ a(S))TL (% — b(S))n i (% + a(S))m—l-n (% + b(S))m—l-n (1_V)m
S n=0 n! (A —h+ 1)n m=0 m!(A)Qn-i-m
é A S A S
_ W g 2 +al, £4pl oy
c® 1—h+A, 14+a® b6
A0
1 - A _46) A _p0)
- 2 12 )
TRk [ L—h+ A, 1—a® @Y (2:33)

which precisely coincides with the general d-dimensional scalar conformal block given in [2].
Numerically we have also checked that (2.31) has the following desired small (z, Z) asymp-

®Note that for the scalar J = 0 exchange, it was also noted in [10] that the conformal block can be
written in terms of Appell’s F4 functions, our result obtained from a different approach generalizes it to
arbitrary integer J.



CcB cB

N

N

0.2 0.4 0.6 0.8 1.0

0.2 0.4 06 0.8 1.0

(a) d=2and (A,J) =(2.1,3) (b) d=4 and (A, J) = (2.1,2)

Figure 1. Numerical match of (2.31) with known 2 and 4-dimensional conformal blocks in [2] for
each (A,J) and a® = b® = 0. We have also set z = Z in the horizontal axis. The black curves
correspond to the conformal blocks in [2] and the blue, pink and orange curves correspond to the
conformal block expansions given in (2.31) which are truncated at n, = 2, 4 and 6 respectively. We
can see that as we increase the number of terms in the summation for Appell’s Fy function, our
result quickly approaches the known existing results given by the black curves.

totic behaviors given in [2]:”

(e)s _a—u [A;f+a(s>7 ALT 4 )
241 5

a9, (2,2) - +0 (25,

A+J

1>2>2z2>0, (2.34)

Z+Z
2V/zZ

and coincide with the finite sum of hypergeometric functions in terms of cross ratio (z, 2)

¥ (o )+O(( 5)2 +1), 2550, o= fixed (2.35)

when d = 2,4, as given in [2]. By comparing (2.33) with (2.31), we can also regard
conformal block with integer spin J as the partition summation of scalar conformal blocks
with shifted external scaling dimensions:

©
GRy(z2) = >ZH o ACNG) L 40

75 Gao(%2) [aisams, by -
¥, TF i (r)—J+r +ka) n

(2.36)
This is consistent with the observation made in [41] (see (5.37) there), where the authors
considered the holographic dual configuration to a d-dimensional conformal partial wave,
namely “geodesic Witten diagram”, and pointed out a simple relation between the scalar
and general tensor exchange cases. Essentially the Gegenbauer polynomial arising from
the restriction of spin J propagator along the geodesics can only depend on the external
coordinates {a: -} and geodesic parameters. After the integration along the geodesic pa-
rameters, the functlonal form of individual terms in the integrand does not change, only
the external scaling dimensions are shifted by integer units which are determined by the
multinomial expansion.

"Unless otherwise stated, here we follow the normalization of conformal block given in [2].

~10 -



We should stress here that an explicit expression for general d-dimensional confor-
mal block with integer spin J was already available in terms of a double infinite series
expansion of Gegenbauer polynomials [1] (See also [15] for the connection with Harish-
Chandra functions of BCy Calogero-Sutherland system), where the expansion coefficients
can be determined recursively through the quadratic Casimir equation. Our result (2.31)
provides an alternative explicit expression in terms of a finite summation over Appell’s
hypergeometric functions F4 which will facilitate the crossing kernel computation through
its Mellin-Barnes representation (2.28) later.

It would be highly non-trivial to demonstrate the equivalence of the two expressions,
to this end we can first consider the following non-trivial identity between F functions
and the so-called zonal generalization of hypergeometric function [8]:

o

a, b [2 O” _ I'(c)
c’0,z I'(2 - o)L(a)T'(b)I(c — a)T(c — b)

Cc —

f—a,c—b ;u,v]), (2.37)

where (u,v) and (z, z) are related as in (2.3) and the two variable zonal generalization of
oF is explicitly given in terms of the Legendre polynomial P, (x):

—3h(3 m+l
aC b, [ z, 0]] Z Z % _(bl))";((é)) (Ql)l(z)mlug 1 (o). (2.38)
p) m

m=0 =0 3 )m(3)m—1
2(b)

oy

+r, b= /@3(5)

we can express the three dimensional scalar conformal partial waves in terms of an infinite

This implies that in our case if we set d = 3, a = kg +7rand c= % + iosv,

summation over Legendre polynomials. More explicitly we have:

r (9 +7)

Gg)J Z Z = ZH uA;J-H"szS
C(Asjrk:zl ( )_J+T+ijji)
— (G +m) T(h—A—1)
x 3N (-1 ey (2.39)
m=0 [=0 N2/me
2(s) 3(s) 2(s) 3(s) _1
v Ky (T)"'TaHJr (7)+7)m(k Ky () +r — 27’{+ (7)+r z)lumT“C(%) (o),

(A +m) m—l

and notice that we have used the fact C’T(L%)(a) = P,(0) for h = 3. It would be interesting
to perform the explicit summation over {r, k;;} to demonstrate their equivalence. Finally,
it is useful to note that at the so-called crossing symmetric point z = z = % oru=v= %
which is popular in conformal bootstrap computations, we can reduce to a generalized

hypergeometric function:

citeo—1 citco
ai, az ai, az, )
Fy su,u| = 4F3 2 2 4u|, (2.40)
c1, €2 cl, €2, ¢ +c2—1

this is much easier to be implemented numerically than the F,4 function.
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Starting with the s-channel conformal partial wave, we can obtain other equivalent ¢-
and u- exchange channels by performing the crossing transformations:

st o (z2,A9) < (24,A4), s<<u : (z2,A2) < (3,A3), (2.41)

or in terms of the conformally invariant cross ratios (2.3), the crossing transformations act
on them as:

st (wv) = (vyu); (2,2) > (1—2,1—2),
seou: (u,v) = (1/u,v/u); (2,2) = (1/2,1/2). (2.42)

By performing the crossing transformations (2.3), we can write down the corresponding
conformal partial waves in the ¢- and u-channels:

- 4
00 ) = 7060 S 1 :

a(t) 15 (6) _ gy — ke
ot=% rk i=1 r <7z(t) —J+r+ Zj ka) uw

Toy+T

=® B 1(t) 2(t) 2 3 3(t) A(t)
< |u 2Ry | T Koy 42;)“;"’“ LR, | e + 7, Koy —{Zg)ﬁ;V,u ,
1 +i0’ﬂ/, 1 —l—w12 1+iUtV7 1+w34
(2.43)
(u) (u) Z /Z\:/ 4 1 (l)Tau—i-r
T Ay 2 45 g
1% ou==% rk 1=1 F (fyz(u) _ J"_ r -+ Z] kjl) (%)w
)
x (X) - ros) 4 ko 1 1 v
u 1+ ioyv, 1+w§'i)’u’u
(u)
w23 2(11) 3(11)
V\ 3 = | Koy t+T, Ko, +T 1V
+ (*) LE i 2.44
u 4o, 14+ @) uu” (2.44)

Here we have used the crossing transformations (2.42) to change the cross ratios, while var-
ious remaining parameters (lif;(tt), fyi(t); nf,(,ll), fy.(u)) and pre-factors (TA(E)(QJZ‘), TA(IZ)(.%Z‘)) can be
obtained from (2.22) and (2.24) using the crossing transformations (2.41). It is interesting
to note that the s and ¢-channel conformal partial waves are both convergent within the
square given by 0 < u,v < 1 or equivalently 0 < z,z < 1, this becomes important when
we compute the crossing kernel, as we need to use the expressions for the integrand which
are convergent in a given integration region.

3 Generalization to continuous spins

For our computation of the crossing kernel using the inversion formula of [20] in the next
section, here we would also like to consider the scalar conformal block in arbitrary di-
mensions with continuous spin J by generalizing our earlier construction. Recall that the
Mellin representation for conformal partial wave with integer J (2.16) can be derived from
pairing two copies of three point functions related through a shadow transformation and

- 12 —



the contraction of their symmetric traceless tensor structures yields a Gegenbauer polyno-
mial CSE) (n) in the process, see for example [2, 48]. Now for continuous spin .J, we need to
generalize the shadow to “full-shadow” transformation [42], this involves contracting two
copies of three point functions whose spins are also related via the spin shadow transfor-
mation [44]. The net result here is to replace the Gegenbauer polynomial arising from the

contraction of two symmetric traceless tensors with identical integer spin J:

1 —J, J+2 1—n 1 2 (e) PN

XU X0 Yoy = gg2H [ ! ;2] ~ g, O w= XY
(3.1)
where X,V are unit vectors and C‘SE) (n) = (2‘2 ')JC(E)( ), by its continuous spin generaliza-

tion through integration over the null polarization vector z” [42]:

/DQez(Qz X)) (=22 V)

['(g) —-J, —J 1—n
— € ’ . 3.2
7TF(26)21 €+% ) 2]7 ( )
I'(J+e) - < =1 L(J+e¢) i — I 1=
— € ) 5 F 20 2 . et ) o F 2 2.
7T{F(J+2e)(77)2 "l2—h—J 2 +F(J+25)(n)2 "o—nh—J
Here we have introduced the shadow spin J = —2¢ — J and the scale-invariant integration
measure over polarization vector z#:
dd 0(29)§(22
pe, = T20(0)0(=") (3.3)
V01R+

where the division by the volume of the group of positive rescaling volR  ensures the finite
result. In the second equality of (3.2), we have separated the dependence on continuous
spin J and its shadow J using hypergeometric identity. It is clear that unless in even
dimensions, i.e. € = 0,1,2,... etc., the I'-functions in the pre-factors ensure that when
J € Zxq or equivalently J + 2¢ € Z<q, the J-dependent term vanishes identically and
vice versa.

The rest of the computation proceeds almost identically as in the integer spin case,
the Mellin representation for the conformal partial wave with continuous spin is now given
by two distinct spin-dependent parts:

T (s s i00 ds io0 dt st (s
‘Pu,%@i):TifW/ (477)/ ~usvipl) (s, 1)

—100 —1400 (47TZ)
I'(4i6) (s L'(=il) )
—M t)+ =———M
% (I‘(s a0 M3 )+ Fe M5 )
F(“?sf) (s) _
E E Ch—i—wgu —e+inst gh_Hgsy +i g( ) (34)
i I'(e 4 inst) e

Here we have also parameterized continuous spin J = —e +i¢ and shadow spin J = —e — i/

through spectral parameter ¢, putting it on equal footing as the scaling dimension. In the
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last line of (3.4), we have made both shadow and spin-shadow transformations manifest af-
ter (s,t)-integration by expressing them in terms of the building blocks gg_i av—etins (2, 2)
whose explicit form will be given momentarily. Here the normalization constants:

e vinge_<D(zios)T(<iow +ins() T (Woan, £a®) T (we,p, £b)

s =2 R S e
Ms

(3.5)
are fixed by comparing (3.2) with (3.1) and (2.31), such that J becomes an non-negative
integer, we recover the conformal block given in (2.31) from gg) ;(2,2). We can also define
the following parameters:

h+iosy — (—e +insl) h+iosv + (—e +insl)
Tosns = 2 ) Wosns = 2 y OsyMs = :ta

(3.6)

7&;1 = Wip, — a®), ’Yén)s = Wip, + al®), 7;)5 =w_p, + b, ﬁi]) =W_y, — b (3.7)

Kotn, = Toum, —a® + iz + kug, Kol = Touns + 8 + kg + kaa,
mi’,’gsgs = Togns + b + ki3 + kogs, ﬁ(ssgs = Touns — b® 1 K1y + Koy (3.8)

and the precise definition of non-integral summation indices {k;;} is given around (3.12).
We can now write down M( ) ,(s,1), each contains two pieces related by shadow transfor-
mation after the Mellin varlable (s,t) integrations:

€ r (7} §)
M®) (s,t) = T s QY ,(s,1), (3.9)
[, T (4)) TeEhres) ™
r (5( Y4 kw>

QI(/SZ; o(s,1) —/E/(Tins - ;>mHF(5(S)>

mk () ij

T ()
)

= 11—‘(’}/”] ( €+in5€)+m+zjki]’>

(3.10)

We can regard QV ne(s, t) as a continuous spin generalization of a Mack polynomial, here

{51-]- } containing Mellin variables are parameterized as before (2.18). The abridged infinite
summation is given by:

6 znsf)m( h—insf)m

Z Z 22m 2 1 - Znsz)m

m,k

e~ —

I(—e+insl —2m+1)
X (—1)kstha o (3.11)

> kij=—c+insl—2m

where the first infinite summation over m comes from the expansion of a o F; function, while
the remaining summation comes from analytically continuing the multinomial theorem to
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continuous power [33], such that it is also an infinite summation:

P

Z EZ Z vy koa = —e+insl —2m — p. (3.12)

S kij-=—ce+insl—2m  p=0kig+kos+kiz=p

In other words, we generalize the earlier four-fold partition of integer spin by picking one of
the four k(Z]),

we now have five (non-independent) summations, even though the range now expands to

say ko4 to be a continuous parameter. Altogether, as in the integer spin case,

infinities to account for continuous spin.

To obtain the conformal block in general d-dimension with continuous spin G(A) 5(2,2),
we can explicitly integrate over Mellin variables (s,t) as before to obtain the building
block gg?J(z, z) and gi)j(z, Z) in terms of Appell’s hypergeometric function Fy, as the pole
structures remain the s’ame here. We can then consider the following linear combination:®

D(J+2)0(J +¢) (s _
(] +2e)[( +¢) )j(z,z), (3.14)

(s) (9 - (
Cas(52) = 95,050+ {7 T+ o) %

where the building blocks are given explicitly by
i

02 = 2> ][ ! .

al8) 4 b(s) _gq,—
A m.k i= IF( (A J) — J+m+2jkij)vw

A—J
T+m

=0 [ 410 4(s)
x |v 2 Fy HA ) dm ey (A(js;]) i m; u,v
1-h+A, 1+wy
e 2(s) 3(s)
B, | S A) K (A, ) +m,u,V] ] (3.15)

1—h+A, 1+

while wgi) and wg remain the same in (2.25) and (2.26). Here 'y(s)(A J) and nz(s)(A J)
) and /@Q defined in (3.7) and (3.8),

(2,%) can be obtained by obvious J — J replacements in the parameters, such

are given by setting h+iv = A and —e+il = J in v,
(s)
AT

as setting h+iv = A and —¢ — il = J in 'yz(i) and nﬂﬁs_) to obtain V(i)(A, J) and lif@(A7 J)

(2

while g

respectively. One should keep in mind that one of {k(;;} is now a non-integer, we should
perform infinite summation as in (3.12) instead. We have numerically checked that our
expression matches with the known results for the conformal blocks with continuous spin
in d = 2,4 dimensions, i.e. directly taking J to be continuous in the argument of hyperge-
ometric functions as was done in [24].

We should note previously the explicit form of scalar conformal block with continuous
spin J was also constructed in [15], where the authors constructed the following linear

8Notice that we could have chosen slightly more symmetric combination such as:

I'(J+e¢)
I(J+2e)74

L(J+e) (o

(S) > ~\JTEe) B
[N (sz) + F(J-f— QE)QA,J

GR 1 (2,2) ~ (2, %), (3.13)

however the normalization of the conformal block will need to change accordingly.
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combination:
_ al®) +2A
1S, o e oo, ©Ia® oo a® oo 2 () . -
Gy (272) = (2€)J(I)A,J(Z’Z)+ (25)j(I>A,J(Z’Z)’ Dpy(2,2) = (22)0 Dp (2, 2).
(3.16)

Here q%(AS) ;(2,2) is the so-called twisted Harish-Chandra function which is related to the

eigenfunction of the BCy Calogero-Sutherland Hamiltonian via a similarity transformation.

The explicit form of i)(AS?J(z, Z) depends on (A, J, a®) b, h) and can be written in terms

of a double infinite series involving oF). While in [20], it was proposed that the scalar
conformal block with continuous J exchange can be decomposed as

D(J+2e)T(J +€) pure
T(J +2e)0(J +)7a7
where the function gX';'(z,2) in [20], which is also a solution of the quadratic Casimir

equation (2.4), but with different asymptotic behavior from GX) s(z,2), ie.

GRT"(2,2) = R (2,2) +

(2, 2), (3.17)

s _ A -J, - 71— A
O e G N I R (C B BT
’ e+ 3 2
_J 1=J 1
52 TR | 20 (R ),
2250, 0= 22 fixed.  (3.19)

2V/2Z
The two distinct asymptotic behaviors (3.18) and (3.19) can be reconciled using the hy-
pergeometric function identity given in (3.2), this also implies that (3.16) and (3.17) can
be directly matched if @S) ;(2,%) and ggirje(z,z) are identified up to an overall constant
factor, as it was indeed done in [15]. We have also numerically checked asymptotic be-
havior of our expression for continuous spin conformal block (3.14), which also matches

with (3.18) up to an overall constant for continuous (A, J). This implies that our expression
(s)
N

tion @S) 7(#, Z) hence gR"; (2, 2) as derived from the corresponding Mellin amplitude (3.9)

(2,2) (3.15) provides an alternative expression for the twisted Harish Chandra func-

and (3.10). It would be interesting but non-trivial to analytically demonstrate the full
functional equivalence of (3.15) and @S) 7(2,Z) using appropriate hypergeometric function
identities, while it seems obvious to us they should match, as they both solve the quadratic
Casimir equation and their asymptotic behaviors numerically match.

4 Lorentzian crossing kernel and Kampé de Fériet functions

In the Euclidean space R?, the conformal partial wave \Ill(ls?](acl) (2.23) for integer spin

J is known to satisfy the orthogonality condition [20, 21] with respect to the following
inner product:

4 d
) ) [T,—; d%x; (5) , \=(s)
v i)y, (@i = v DY (s
( vt (@), Wy (@ )> /Vol(SO(l,d+1)) (@)W ()

= 2ﬂNy7J (6(1/—1//) —|—’C,, (5(1/4—1//)) 5J,J/, (41)
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where N, s is the overall normalization factor.” The factor K, arises from the property
of CPW: ¥_, ; = ,C%\If,,, 7 and we will obtain the expression of this coefficient from the
bulk calculation as in (5.16). Here “¥” denotes performing the shadow transformation on
all scaling dimensions involved, i.e. {A;,h + o'} = {d — Aj,h —iosr'}, and ;7 5 arises
from the orthogonality of the Gegenbauer polynomial C§€) (z). The integration over {z;} is
necessarily divided by the volume of Euclidean conformal symmetry group Vol(SO(1, d+1)).
We will provide the an alternative derivation for this orthogonality condition by considering
the harmonic function in Euclidean AdS space [41] shortly in section 5.

As the s-channel conformal partial waves \Ill(fz,(x,) form an orthogonal basis, it is inter-
esting to ask whether we can expand a conformal partial wave in other exchange channels
in terms of them. To obtain the relevant expansion coefficients for t-channel conformal
partial wave \I/l(/t?](xz), we naturally consider the following integral:

dx;
v ® (), 08 Ui d%vi g0 g6 4.
( V,J(xl> v J xl VOl SO 1 d—+ 1)) uJ(x) v, J (xl) ( 3)

this is an example of what sometimes referred as (Euclidean) “crossing kernel” [22] or “6j
symbol” [24] (See also [25] for earlier work), we will give its more explicit definition, i.e. in
terms of appropriate spectral parameters momentarily.

To perform the integral in the (4.3), we can rewrite the integration measure in terms
of the cross ratios (z, z). However in Euclidean signature, the natural integration range for
(z,Z) spans the entire complex plane C, this requires us to consider the analytic contin-
uation of F4 or infinite summation of o F}s around their branch points, these occur when
pairs of external points coincide, i.e. z = zZ = 0,1, 00. This seemingly complicated problem
was greatly simplified, as deduced first in [20] and later in [21], if we gauge fix some of the
coordinates and wick-rotate the remaining ones into Lorentzian signature. In Lorentzian
spacetime signature, (z,z) are no longer related by complex conjugation but rather inde-
pendent variables, we can now consider the singularities and the associated monodromies
for each variable independently. The detailed analysis in [20] and [21] show that the inte-
gration range now factorize into different regions and the respective integrands now involve
certain “double discontinuities”. The more general results in [20, 21] stated that for the in-
ner product involving an arbitrary four point scalar correlation function, we can explicitly
evaluate it through the following integrals:

(<Ho > W) e >)

AJ i TA(SZ)(:CZ)

9Here we take the overall normalization factor to be:

Ny = 22 7t vol(897?) (20 4+ 26)T(J 4+ 1)I(J + 2¢) I'(xiv) (4.2)
022 (J+2) vol(SO(d — 1)) ['(J + h)2 T(h+iv—1DT(h+iv—J—1) :
where Ao = jgt’i“) is the ratio of the conformal partial waves between (2.13) and the one used in [21],
INUAS)

which takes care of difference in normalization conventions.
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/ / dzdz _ 2|25 G(As)j(z z) ‘Ai ([O4, 0(281[017 Os)) . (44)
TAi (z:)
This is sometimes referred as “Lorentzian inversion formula”, as it can be used to invert
the operator product expansion by extracting the corresponding OPE coefficient (up to
overall normalization constant) for a given conformal partial wave. Moreover this formula
gives the natural analytic continuation of OPE coefficient in spin J to continuous value.
More precisely, the conformal blocks G(A? J,(z Z) |a, and G(A? J,(z Z) |a, are now strictly
Lorentzian, they are associated with the non-local primary operator Oz, J generated by
the spin-shadow, light ray then spin-shadow transformations considered in (2 7) (sometimes

it is called “flood light transformation” [42]), with the quantum numbers:'®
Flood light : (A, J) > (A=J+d-1,J=A—-d+1),
or (h+iv,—e+il) = (h+il,—e +iv), (4.6)

such that the spectral parameters (v, £) in (2.8) are also exchanged.

To apply (4.4) in our subsequent computations, we will use our scalar conformal block
for continuous spin given in (3.14) with the transformed parameters (4.6). The subscript
| A, denotes the external scaling dimensions {A;} has been replaced by their shadows {A; =
d—A;}. Moreover GS) j(z, Z) is defined as the conformal block such that for negative cross

A—J A+J

ratios |z| < |Z| < 1, it scales as ~ (—z) 2z (—z) 2 . The two double commutators are
defined using the appropriate i€ prescription as in computing a Feynman propagator:

([03, 05][01, O4])
T (i)

= —2dDiscy [}"(S) (z, 2)}

— _9cosm (a(s) n b(s)) FO(z,5) + eiw(a(5>+b(5))f(s),ccw(Z’2)

_i_e*’iﬂ'(a(s) +b(s) )f(S),CW (Z, 2) , (47)
([04,0:][O1, O3])

T ()

= —2dDiscy [.F(S)(z, 2)}

= —2cosm (a(s) — b(s)> F(S)(Z, zZ) + eiﬂ(a(5)+b(5))~7(s)’cw(2’v z)
_l_e—iﬂ'(a(s)—l-b(s))‘/T.‘(S)vCCW(Z’ 2) , (48)

where we have parameterized the four point correlation function as:

<H0m>-<WaﬂW@. (4.9)

10The overall constant d(AS? + here is given by:

(s an,s 1 I'(J +2e)I'(e)
CI() = 7)\()
A 24+J vol(SO(d — 1)) T'(J +¢)['(2¢)’
wn, = 2O I+ DEA - 1) P(857 4a)P(U=522 £ b)) (5)
’ 2 T(J+hI(A-1) I'(J+ AT (J + A)
©) (o
where Ao = ;,PZ}J (( L)) takes care of difference in normalizations.
INWASE
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The superscripts “cw” and “ccw” in (4.7) denote if we take z around its branch point z = 1
in the clock-wise and counter-clock-wise direction, while keeping z fixed; while for (4.8),
we take Z = —oo while keeping z fixed.

Now returning to the evaluation of (4.3) using (4.4), we further restrict (O;020504) =
\Ifl(/t?](xl) For two and four dimensions, where closed form expressions for Euclidean scalar
conformal blocks with integer spins were previously available in [1, 2], this computation
was done in [24], and the authors analytically continued the spin J to continuous values, we
also showed numerically earlier that such continuations match with our result (3.14). Using
the t-channel conformal block (2.43), the double commutator can be readily computed
from (4.7):

v (2) 1 1
—2dDiscy Vsi = —4 Z sin <Tgt - Aﬁ) sin (Tgt - A;r3>

T (2:) o 2 |

TA) (i)
(t) A; (t) -
><Ch+iatu,JT(sl) @) Giogw.g(7:2),
(t)

v (x
—2dDisc, (”;’() = 0. (4.10)

Ta, (i)

The vanishing of the second double discontinuity can also be readily verified by consid-
ering the expansion around z = oo and use the identity (2.30) for t-channel conformal
block. Collecting all the pieces together, we have the following integral expression for the
Lorentzian crossing kernel between s- and t-channels:

dzdz
(\Ill(’?](xz)’ qu?EL*A’),]’ (xz)> = _QQA/ J’ / /

x G (z,z)dDiscy A , (4.11)

Ar 7-(8)( )

2¢e

- - e

where we used the identity (2.32) to revert {A;} to {A;} in the s-channel conformal block.
The Lorentzian inversion formula now truncates the integration range to 0 < 2,z < 1, where
both s and ¢ channel conformal partial waves given in (2.23) and (2.43) are convergent, we
can therefore use their Mellin-Barnes representations to perform the integration in (4.11).
We can now parametrize (4.3) in terms of the following summation:

t S
(‘1’1(/,?1(332‘)7 ‘llz((l)z—A’),J’ (xi)>

= 468 ()7 T i NAL LAs
= —day p(-1) N Z SN | To, — 5 AL | SInT | 7o, — 5 A
A/ j/ ot=%
1
>33 36 (

Tk’m’k’Hz 1 J‘|‘T‘+Z k]z)H/ 1 (’}/Z/SJ)F(A/,JN/)—j/+m/+2]/kgrj/)
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i(t) j(t) i'(s) A1 Fr J'(s) I ’
I (ts, =(ts) . Koy +7T, Koy 4T3 n++(A,J)ij K++(A,J)+m
><(z’j)={zl2 34} (i/j/)=z{14 23} [Cr” o Ci 1+iow, 1+ @l 1+ (A—h), 1+ @),
T(J +2) T(J L= .
—4a%) ,,(-1)’ (J +2) T(J' +e) {J’—>J’:—25—J’} (4.12)
L(J' +¢) T(J + 2)

(s) (s)

i (2 %) and 95 (z z), and have

defined the integral over the cross ratios in terms of following multi- Variable function:

. 1 1
I [a,ﬁ,v; @ a2 b b2] :/ dz/ dzlz — 2[7(22)°[(1 - 2)(1 - 2))°
0 0

where we have again split the contributions from g

c1, c2; di,do

= = | b1, b
xFy a az;u,v Fi| 7 Ziviu (4.13)
C1, C2 d17 d2
In (4.12), we have also defined the following combinations of parameters for the gg 5 (2,2)
contributions: 7
4 , , (s)
(ts) _ 1 kis + Koy | @iy
<,’,,7Z'S/j/ —Tat_4;Ai+r+ 2 + ;j )
4 (t)
(ts) 1 ~ k12 + k34
Conr 7 —T/—ZZAi—i—m, St (4.14)
where 7/ = Algj/ =(d—-1)—7"and 7’ = A/g‘]/ such that:
A+ AT
Cr(tlsz); = Toy 23 + Ky + 1, <7(~t281)1 =Toy — # + kg + 7, (4.15)
AT ~ AT
(o = =2 =7+ kiz b — 1, Coha = =2t =7 Fhaatm/ — 1 (4.16)
We can similarly define the corresponding combinations for the g(~) (2, 2) contributions

by the J' — J' transformation.

To perform the integral (4.13), we first use the Mellin-Barne representation (2.28) to
express Fys. Next we perform the simpler (z, Z) integration using the Selberg integral for-
mula:!!

J(Oéyﬁﬁ):/ dz/ dz(22)*[(1 — 2)(1 — 2))P|z — 2>

_T+al+at+ )T +5,1+B+7T(1+27) (4.18)
- TQR+a+B+y.2+a+B8+29)I(1+y) '

_ lzi2|lz34]|

"'Notice that for d = 1, there is only one conformal cross ratio z = (215 [@aa]

the corresponding conformal
integral (4.18) can be further reduced to Beta-function, i. e.

F(la+1)I(B+1)
Fla+p+2)

while for d = 2, the integral factorizes to produce two copies of (4.17).

1
1 dim. : / dzz(1—2)? = (4.17)
0
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The integral (4.13) can now be written in terms of following Mellin-Barnes form:'2-13

ai, az; by, by

Ia,B,7;
! c1, c2; di,do

71'4

sin ey sin meg sin wdy sin wds

100 dx 100 dy 100 dx’ 100 dy/ ) vy
/ 271-1/ 27”/ / 7(—1) +t+s'+t F(—x)F(—y)F(—x’)F(—y/)

27 oo 270
Mar+x+y,a0+x+y,bi +2' +y,bo+ 2" + )

I(er+z,c0+y,di +2',d2 + )

71'4

= — . - - I'(a1,a2)'(b1,b2) T (e, B,7)

sin ey sin meg sin wdy sin wdsy
(o]

Z 1 (a17a2)m1+n1 (bla b2)m2+n2
milng!me!ng! F(Cl +mi,co +nq,d1 + ng,do + TTLQ)

Ja+z+y,B+y+a,7)

X

mi,mz2,n1,n2=0
J(a+mq +mg, B+ n1+n2,7)
J (e, 8,7) '

(4.19)

In evaluating (4.19), we have enclosed the poles at s,t, s',t' = Z>¢, and express the resultant
infinite summations over ratios only containing Pochhammer symbols in the numerator
or I'-function in the denominator, i.e. the parameters involved in the summation do not
introduce additional singularities. It would be interesting to know if we can express this
infinite summation in terms of a possible four variable generalization of hypergeometric
function, similar to the ones considered in [51]. To the best of our knowledge however,
we can express the infinite series in (4.19) into a more compact form as the following
double integral:

_ay, ag; by, be

B, c1, co; di,ds
B w4 (14 2y)
 sinme sinweg sinwdy sintda T'(1 + )
0 dy [0 dy ai, az by, bo
= : = : 4.20
= 1 R I AN (4.20)

XFOA cartra+rl+B8+y 1+ B8+ y+yihi+y bty l+atx,l+a+y+ 2, 1,1
2,1 24a+fB+y+r+y2+a+tf42y+aty: c;d

2Here we have introduce the obvious notations: T'(ai,...,ax) = I'(a1)...T(ax) and (a1,...,ax)m =
(al)m . (ak)m

131t is interesting to note that the similar four variable Mell-Barnes integral was also considered in [43]
in computing so-called 6j-symbol for the simplest scalar exchange case. However the key difference is that
the computation there was done in Euclidean signature, such that the integration range for the cross ratios
(2, %) extends the entire complex plane. In this case, the integral over (z,Zz) can also be performed using
Symanzik start formula after gauge fixing instead of Selberg formula, however the resultant integrand in
Mellin-Barnes integral will be different.
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Here the measure factor is:

= [,B,CU, ai, a2] _ (_1)111(7‘%)11(@1 + Z, a2 + (L‘)F(l + /8 + x, 1 + B + v + :E)’ (421)

cs I'(co + )

the second measure factor in (4.20) is given by obvious exchange of parameters
(B,x,a1,a2,c2) — (a,y,b1,ba,d2). The integration contours for (z,y) again close in the
right half plane to pick up the poles of I'(—x) and I'(—y) at z,y = 0,1,2,.... Here we
have introduced Kampé de Fériet hypergeometric function which is a further two variable
generalization of hypergeometric function:

. . /
]prq al,...,ap. bl""’b‘I’bl’""bq.xy
e td ds; df d. "’
Cly...,Cp: 1yeeey gy Ay, ey

_ Z a17"'aap)m+n (blv"'7bQ)m( a""vb;)n xmyn (4 22)
== 1y esCr)man (diy .o ds)m(dy, ... dL)n, minl’
and its regularized version:
~. aj,...,a blbb/b/
foa | GOy DL bl B 123
T’s[cl,...,cr:dl,...,ds;d’,...,d’s 4 (4.23)
. /
_ . 15 ng a1y...,0p bl, bq7b b, z,yl,
szlF(ck)lelF( ) (d/) Cly...,Cp: dl,...,ds;dll,... d/
which does not contain any singularities in all the parameters {a1,...ap}, {c1,...,¢}

and others, similar to regularized Gauss hypergeometric function. In other words we can
express (4.19) in terms of a double infinite summation of regularized Kampé de Fériet
functions of unit arguments.'*

Despite the complicated looking expression of crossing kernel in (4.12), we can how-
ever use the expression in (4.19) and (4.20) to extract the important information such as
¢ ) defined

m’ij
n (4.14) and (4.15), all the potential singularities associated with them are contained in

the operator spectrum. More precisely, consider the dependence of ((T it

the I-functions of the measure factors (4.21). The remaining dependences of (Cﬁl it ans Z])
are contained in the parameters of the regularized Kampé de Fériet functions, such that
they only play the role of residues in the analysis.

Let us focus on ggsz j,(z,é) contributions in (4.12), and their singularities appear
through the overall I'-functions in (4.19):

P10 )T (14800, +e) i =1234, (4.24)

while keeping fixed t-channel (v, J), they encode the spectrum of s-channel exchange op-
erators when expanding t-channel conformal partial waves in terms of s-channel ones. For

Very recently, Kampé de Fériet function has also appeared in the computation of crossing kernel in
the simplified light cone and identical scalar limit [45], as it naturally arises from the inner product of two
single variable hypergeometric functions.
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arbitrary e, the simple poles come from the first -function in (4.24) and are located at:

w AL (A=)

L+ Gy = 2 = = kb = 0,-1,-2,.., (4.25)
- A+ A —
1+, = ;4—( 5 ) kg = 0,—1,—2,..., (4.26)

they precisely correspond to the following two infinite towers of double trace operators:

A —J = A+ Ag + 2n19, AN —J = As+ Ay + 2n34, M12,M34 € Zzo. (4.27)

(s)

A j,(z, Z) contributions, the sin-

Similarly, when we now consider the singularities from g

gularities now located at:

- AT d— AN —J

L+ G = ;2—( 5 ) byl = 0,12, (4.28)
Z(ts AT d—A —J

1+Cq(7§/,)34 = 234 _ 2 )+k34+m':0,—1,—2,..., (4.29)

these correspond to the shadows of the two infinite towers in (4.27):
(d — A/) —J = A1+ Ag + 2049, (d — A/) —J = Az + Ay + 2034, Ti12,M34 € Zzo. (4.30)

The double trace poles (4.27) and (4.30) are consistent with the general comment about the
singularity structure in the crossing kernel made in [24], it would be interesting to perform
the full analysis of the singularity structures of the crossing kernel (4.12) and the explicit
residues in terms of hypergeometric functions with multiple variables, as they correspond
to the various expansion coeflicients.

5 Orthogonality and decomposition in AdS space

In this section, we present few complementary computations using the holographic dual
configuration of the conformal partial wave (2.23) to demonstrate they indeed form an
orthogonal basis in d + 1-dimensional Euclidean Anti-de Sitter space. In particular, as an
advantage of this approach, in demonstrating the orthogonality we do not need the explicit
integrated form of kinematical basis but only the property of Euclidean AdS harmonic
function. We will next demonstrate how contact Witten diagrams can be decomposed in
terms of them.

5.1 Conformal partial wave in AdS space

We start with the following definition of CPW written in the embedding space coordinates
where we will be mostly working in this section:

s 1
v (p) =

S 4 p P, P - 1(Py, D
, J!(h—l)Jﬂ'h /3Adsd+1d 0<0A1( 1)0A2( 2)0h+w,J( 0, Zo))

X <(7)h—i1/,J(P07 ZO)OAS (P3)OA4 (P4)>’ (5'1)

for a good review on embedding space and our conventions, please refer to [46]. As the
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Figure 2. \IIE,S?](PZ) can be expressed as a bulk exchange diagram. Here the blue lines are bulk-to-
boundary propagators and the internal dashed line denotes the AdS harmonic function.

three point CFT correlation function and three point Witten diagram are proportional up
to an dynamical factor, the definition of conformal partial wave can be expressed in terms
of a integral over d+1 dimensional AdS space [47]:

2
(s) 1 1 1 /
v (p) = dP, (5.2)
! B,ﬁ;ﬁf,lﬁfj’;ﬁf] JU(h = 1) ymh [J!(h — 5| Joads,

X/ dXy Ta, (X1, Pr) (K - V1) Ay (X1, Po) Wi, (X1, Po; Wi, D)

AdSqis

></ dXo Ta, (X2, P3) (Ko - V) TIa, (X2, Py) T, i1 (Xa, Po; Wa, Zo) .
AdSqis

where B,ﬁﬁf] and BhAf;ﬁf‘] are the dynamical factors arising from integrating the interaction

vertices over the entire AdS space. The bulk to boundary propagator for spin J tensor

field is given by:

(—2P-X)(W-2)—(2W - P)(Z - X))’
(—2P - X)A+J ’

Ha, (X, P)=Cna,; (5.3)

where {P;, Z;} denote the boundary position and polarization vectors, and {X;, W;} denote
their AdS counterparts. The dynamical factor is fixed through the following integral:

ll/ X HAl (X, Pl) (K : V)JHA2<X, PQ) HAO(X; P();I/V,Z()> (54)
JU(h = §)J AdSa 1

= BAYS? (04, (P1) Oy (P2)Ong.s(Po. Z0)),

Explicitly B§3’§2 is given by:

h
Bﬁé,’?Q = %(_Q)Jcﬁlcﬁcho,J
52 8rtsd i}
y F( 2 ) F(Ao:ﬂ:Am—FJ)F(AE—Ao-}-J). (5.5)
F(Al)F(AQ)F(AO + J) 2 2

In this expression, the Py integration is nothing but the definition of the AdS harmonic
function. By substituting its definition:

Q7 (X1, Xoy Wy, Wa) (5.6)
2
= 7 / dPolly i, 7 (X1, Po; W1, Dz)1j,_s, 1 (Xa, Po; W, Z),
U (h —1); Joadsy, .
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we obtain the AdS representation of the conformal partial wave (2.23) in terms of AdS
harmonic function:

2
1 s 1
whP) =
T T BBy [T )

x/ dX,dXo TIa, (X1, Py) (K1 - V1) A, (X1, Py)
AdSgiy

XIIa, (Xo, P3) (Ks - Vo) A, (X2, Py) Q, 7 (Xq, Xo; Wh, Wa). (5.7)
Diagrammatically, this expression can be described as in figure 2. As an important property
of the AdS harmonic function, it satisfies the following orthogonality relation:

1
,1/ dXo Q,7(X1, Xo; W1, Ko) Qur_ (X0, Xo; Wo, Wa) (5.8)
J! (h - §)J AdSg41

1
=3 Sp0 [0(v =)+ 8 +1")] Qg (X1, Xo; Wi, Wa).

Let us briefly comment here on the connections between our computation in this section,
and another well-known holographic dual configuration of conformal partial waves in the
literature, i.e. “geodesic Witten diagram” in [41]. As explicitly demonstrated in [46] using
the split representation, when we decompose the four point geodesic Witten diagram into
its kinematic building blocks in this construction, which was called “three point geodesic
Witten diagram” and was in turn proportional to the three normal Witten diagram, the
four Witten exchange diagram is proportional to conformal partial wave up to an overall
dynamical factor.!® This relation therefore also allows us to express conformal partial wave
\Ill(js?,(x,) in (2.23) in terms of the AdS bulk integral (5.2).

5.2 Orthogonality in AdS space

Having rewritten the conformal partial wave in terms of AdS integral (2.23), we will see

their orthogonality can be identified directly as the consequence of orthogonality of the

Euclidean AdS harmonic function. Let us reconsider the inner product of two \Pl(,s?](Pl)s

which appears in the Lh.s. of the orthogonality relation in terms of these AdS integral:'®
(w8, = / [Tiy d'P,

i ’ OAdS 441 vol (SO(1,d + 1))

Here for the two \III(IS?IS, by substituting the bulk integral form (5.7), the inner product (5.9)
can be represented as follows:

vl (P) TS, (P). (5.9)

) 4
<\II(S) o® )_ 1 1 m 1
V,J’ V’,J/ - 2h Al,AQ Ag,A4 d—Ahd—AQ d—Ag,d—A4 2 12 | _ l
T Bt i By Bh i By g R v [ JH (= 3)g

d D, ~ ~
% / Hd Pl / dX12dX34dX12dX34
Rd VOI (SO(l,d+ ].)) Ade+1

15Please note however the overall dynamical factor depends on spectral parameter, such that upon inte-
gration yields combination of single and double trace operators.

1Here in writing out the inner product, we drop the dependence of the coordinate such P; on Lh.s. which
are integrated over.
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X2 p Xa
P P,
P2 y, P3
Xi2 -" X34
4 T \

Figure 3. The diagrammatic expression of (5.10). The white circles are bulk points and the black
circles are boundary points.

x I, (P, X)) Hg_a, (P, X'?) (K2 - Vi)’
X I a, (Py, X'2) (K2 V1) TIi_p, (P, X12)
X Ta, (Ps, X3 g a, (P3, X3 (K3 - V3y)!
X HA4(P X3 )(K34-@34)Jnd,A4(P4,X34)
x Q, (X2, X2, w2 Wiy, ;(X3, X34 W3t Wi, (5.10)

Here X'2, X34 X'2 and X34 are bulk interaction points to be integrated over AdS, the
indices in X% and X% denote the specific boundary points it is connected with. In each bulk
point X% and X%, we have chosen particular interactions with AdS covariant derivatives.
Although we can choose another type of interaction vertices, the final result would not
be changed. In the above expression, each boundary integral has the same form of the
definition of the AdS harmonic function (5.6) again, and the pairs of bulk-to-boundary
propagators are also combined into AdS harmonic functions. Finally, the inner product
becomes the following bulk integral:

4 ~ -
( o® \I’(S, /) NA/ / 1 / dX12dX34dX12qx3
v g SN =15 Jaas,,, Vol(SO(1,d+ 1))

X Qo (X1, X12) (K1 - Vi) (K12 - V12) Q4 (X2, X12)
> QO&B (X34, X34)(K34 . @34)](}{34 . V34)JQQ4 ()(347 X34)
x Q, (X2, X3 W2 wAhQ,, (X2 X3 W2 Ws, . (5.11)

Here in the indices of harmonic functions, we have introduced the associated spectral
parameters {«;} through the relation A; = h + iq;, and clearly for J # J’ the contraction
of polarization vectors vanish. The coefficients are combined as N Vg which is given as:

4

2

A, 1 1 m us

Nowrgn = 72h gBLAY pRs Ay pd—Ard—A; pd—Asd—As Haz 2 ,//Q‘SJ,J’- (5.12)
h+iv,J~h—iv,J ~h—iv' J’ h+iav',J' =1 7
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d—
(\II}L-I-M/J lI] h—iv’ J’) =

Figure 4. The inner product of two ¥, ;(F;)s can interpreted as a bubble diagram in bulk. The
bulk points are integrated over AdS.

BN (X, Xos Wi, Wa) = / dy

Figure 5. The summary of the calculation of =);** (X1, Xo; Wi, Wa). According to the complete-
ness of the AdS harmonic functions, a loop of harmomc functions can be expanded as a series of
harmonic functions and due to the orthogonality, finally, it is proportional to a single harmonic func-
tion.

Diagrammatically, the inner product can be expressed as in figure 4. Each dashed line in
the bulk is an AdS harmonic function, not the usual AdS bulk to bulk propagator. The
blue dashed lines are the scalar functions and the red dashed lines are the functions with
spin. To compute the diagram in figure 4, we need to evaluate the following bulk integrals
with three harmonic functions.

Oé (03 1
Ep " (X, Xos W, Wa) = ————— dY Qo (X1,Y) (W1 - V1)’ (Ky - Vy)”
J'(h = 3)7 JAdSe
XQO@ (Xla Y) QV,J(Ya X2$ WY7 W2) .
(5.13)

Each bulk point in figure 4 has the same form as Ei{,’az (X1, Xo; Wi, Wa), and it is
the building block of what we call the “bubble diagram”. The explicit computation of
E0LA2( Xy, Xo; Wi, Wa) is done in appendix B. Applying the above result to X'? and X34
1ntegral in (5.11), the inner product can be simplified as:

2
) 76\ _ ArA 1 / dX34dXx12
\I] ,\P/ ’ —N /. 12 5.14
(W 000) = N [th 2>J] aise, vl OLarn) O

X F(ag, a9, v) Q, (X2, X34 K12 1734)
XF(O{g,O[4, )Q,/J(XlQ X34 W12 K34)6JJ/
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Now we can use the orthogonality of the AdS harmonic function which is given in (5.8) for
one of the bulk integrals to conclude that the inner product of two ¥, ;s is given in the
following form:

) 1
(qjl(j?h\pz(/s’),(]') - NVA,J’;J,J'F(O‘haQ?V)F(O‘&OZ%V/)*

5 [(5(1/ — 1/,) + 5(V + V/)] (5‘]“]/

1 dX
X—— O (X, X; K, W
JU(h—3); I )/Adsd+1 vol (SO(1,d + 1))
= %TL%J [5(V—V/>+,CV5(V+I//)] 5J’J/, (5.15)

where C, is given by:
I'(w_+£a®)T (wy £b®
K, = ( ‘) (wr ), (5.16)
[ (wy +£a®))T (w- £b®)
and this factor comes from the ratio of ./\/'VA;,,J 5and F(ag, aj,v"). Q(X, X; K, W) is the
norm of the AdS harmonic function (5.6) by setting X = Y and using X? = —1. The
normalization factor n, ; is now given as:

A 1
g =N, Flon,az,v)F(as, a4, v)
wilid J(h—1);
dx
x O (X, X K, W / 5.17
I ) AdS,., VOL(SO(1,d + 1)) (5.17)
B (71' L(J+1) )2 1 Q. (X, X; K, W) / dx
22T+ ) ) T (= 5)s (Chsivg)? AdSg., YOL(SO(1,d+1))

Here we can evaluate the normalization factor of the AdS harmonic function as:

1 Q. (X, X; K,W) _ «'T(@h+J)L'(h) v* 1

= — ) 5.18
JU(h—13), (Chetiv,g)? I(J+1)I(2h)* 7 Chtivyg (519
and the bulk integration is evaluated as well:
Vol (SO(1,d + 1))
dX = Vol(AdS = 5.19
/Adsdﬂ (AdSan) = om0+ 1) (5.19)

The volume of SO(1, d+1) is infinite because it is a non-compact group, however, this factor
is precisely cancelled by the regularization factor in the definition of the inner product.

In the following sections, using this expression, we will consider conformal block de-
compositions of certain AdS Witten contact diagram as an example. By applying the
Euclidean inversion formula, an arbitrary four-point AdS contact Witten diagram A(F;)
can also be decomposed by CPWs as follows:

A=y [T (aw) v, (5.20)
J=0

—00 nl,J ’

where the parenthesis in the integrand denotes the Euclidean inner product. Computing
the inner product of a diagram A(P;) and \IJZ(IS?](PZ), we can obtain the spectral function
for the diagram A(P;). After performing the v-integral by picking up poles in the spectral

function, we can obtain the conformal block decomposition of the diagram A(F;) .
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(A wims: ) =

Figure 6. The inner product (.A¢4, \Il(;?]) as a bulk diagram.

5.3 Contact diagram

Next we consider the conformal block decomposition of a contact diagram with ¢*
interaction:

*(p) =
A% (P) —/AdeXH 2P X (5.21)

1=

The spectral integral for this diagram is given through the inversion formula:

Z / s (4, 98)) wi(p). (5.22)

In the following, we will compute the inner product in the above integration. After the

computation, the poles in the spectral function tell us what kind operators are contained
in the contact diagram. Using the bulk representation of \III(/S?,(P,) and gluing the bulk-to-
boundary propagators through the AdS harmonic function, the inner product is evaluated

as the following bulk diagram:

4
ot 2 (s) 1 T s 1
(“4 v, ) Th (H Og) V2 gd- Ay,d— AQBd Az, d—Ay

i=1 h—iv,J h+iv,J

X

2
1 dXdX;dX
: / LAAR (5.23)
JIh—35)s AdSgy, VOL(SO(1,d + 1))
X Qo (X, X1) (KL - V1) Qay (X, X1)Q0,3 (X, Xg) (Kg - VR)Q0, (X, XR)
x Q7 (X, Xr; Wr, WR).

Next we will focus on the Xy integration. This integration has the almost same
structure as Ef:ljm function which is defined in (5.13) except for the derivatives at the bulk
point X . Due to the lack of derivatives within the interaction vertex for contact Witten
digram, only Eiljo” with J = 0 can have non-vanishing value, and it is easily evaluated as:

Hal’az(X XR) /dXL Qal(X,XL)QQQ(X,XL)QV(XL,XR)
= F(oaq,a2,v),(X, XR) . (5.24)
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Now the X integration is also easily computed using the previous formula, and we obtain
the following result:

4
4 (s 1 m \ 7™ Flay, a0, v)F(as, aq,v)
(Ad) ‘I’(V?J) = <H 2) 2

—h 2 od—A1,d—Ag pd—As,d—Ay
v . 1% ’ 5
=1 Y Bhﬂ'u,J Bthiu,J

dX
Qy X?X '
xd50 (X, X) /Ads vol (SO(1,d + 1))

The result is proportional to a Kronecker’s delta ¢ according to the reason argued above.

(5.25)

Substituting this result into (5.22), we obtain the spectral representation for the contact
diagram:

A% (p) = N?' / dv wl' (v) ¥ (5.26)

h+ivt A7 h—iv+Ag,
o) _p (Dl hEi L (AG -hxiv F( > 12>F( 2 3“)
wy (v) = B D)

8 I'(Liv)

Now the function omega is called the spectral function because this function is regarded as
the integration kernel and its pole structure determines the spectrum of operators in the
conformal block decomposition. It is obvious that the spectral function contains sets infinite
series of double trace poles at h +iv = AE +2n and h+1iv = AE))Z +2n,n=0,1,2,... The
remaining poles are unphysical, and these are canceled with the zeros in the coefficient
CSL-VO- We can perform the v-integration picking up the relevant poles in the gamma
functions and obtain the conformal block decomposition of the contact diagram. This
result is consistent with the fact that the contact diagram can be decomposed into conformal
blocks of scalar double trace operators, and the coefficients we obtain from the residues
match with the results obtained from recursive approach in [49].
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A Useful facts and identities for hypergeometric functions

In this appendix, we list out the definitions and useful identities for the hypergeometric
functions with one and multiple variables used in the main text, following [40] and [50].
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Starting with the series definitions of regularized Gauss Hypergeometric function:

2F1

and it satisfies the following identities:

~ b T ~ a, b
F 1 - = F ’ ; A2
S B V] sinm(c—a—0) [F(c—a)F(c—b)2 Watb—ecr1" (4.2)
yema—b 2 c—a, c—b .
Ta)I®)> ' 1—(a+b—2c) ||’
-~ | a T v e ~ | a c—b 1
F Tl — = A3
S V] sin(b— a) [F(b)F(c—a)2 l+a—-10 V] (A.3)
B vb ~ b,c—a 1
Tl (c=0)>"|1-a+bv||

We also consider Appell’s hypergeometric function F4, which can be defined as the following
double infinite series:

ai, az,
7x7y
C1, C2

Z Z CLl m+n (12 m—i—nxmyn, ’l"% + ’y‘% < 1’ (A4)
m!n!(c1)m(c2)n

Fy

m=0n=0
[eS)

= T'(c1)(e2) Z TEM "afl
m=0

ar+m, az +m

3
C2

ay+s, az+s.

)

_ T(e)l(e2) /ZOO ds I'(ay + s)I'(az + 5)I'(=s)(—2)* =

F
[(a1)T(a2) J_js 2mi I(c1 +s) 21 Cco

The power series expression for Fy (A.4) is in fact satisfies the following associated partial
differential equations:

x(l_x)82F4 G 0PFy . 0°F 4
oz Y Oy? y&x@y
OF, 0F4
_ D) == — Ny—— — Fy = A.
+(c1 — (a1 +ag+ D)x) o (a1 + a2+ 1)y oy arasF,4 =0, (A.5)
82F4 282F4 82F4
y1-9)%55 522 2 gnay
OF OF
+(c2 — (a1 +ag + 1)95)8—y4 — (a1 +az + 1)9zta—$4 —aragFy =0, (A.6)

near the origin (z,y) = (0,0). These are analogous to Gauss’s hypergeometric equation
which admit different series solutions in different regions of (u,v). Using the integral
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representation (A.4) and the hypergeometric function identity (A.3), we can show that Fy
obeys the following identity:

F4 F4

a, az, _ [(c2)T(ag —a1) 1
7 [(c2 — a1)T(az) (—y)»
F(CQ)F(CLl — CLQ) 1
['(c2 — a2)l'(ar) (—y)*

ap, ag—c2+1 x 1]

) ) T
C1, C2 C1, al_a2‘|‘1 yy
as, ag —ca+1 = 1

C1, a2_a1+1,§7y

F, . (A

which is useful for evaluating the double commutator (4.8). Finally F, also enjoys the
highly non-trivial factorization and summation identity [52, 53]

F4 )
1+017 1+02

o 2 'x<1—y>,y<1—x>]

_ i (a1)m(az)m(a1 +az — ¢ —ca — 1)m$mym
m!(l + Cl)m(l -+ CQ)m

m=0
air+m, az +m air+m, az +m
X oF} ;| 2 'Y
IL+e+m l1+c+m
T+ e)l(1+c2) i I(a; + m)T(az +m)(a1 + a2 —c1 —ca— 1)y
F(al)F(ag) m—0 m!
~(m) | @1, G2 | ~(m) | @1, Q2 A
X .8
g 14e” 14¢” (4.8)
where we have defined:
b ~ b
g™ [ @ ;z] — o | ¢ tm, Ot m; z (A.9)
c c+m

In the main text, when expressing conformal blocks in terms of Fu, e. g. (2.31), we have
u=zzand v=(1—-2)(1-2),and a; +az —c; —ca —1 = h — 1, we can consider the
symmetric combination:

2 o
- T T
P, ai, as S il (a1 +m) (a2+m)(h_1)m
1+e, 14+c9 2sin ey sin weg — m!
~(m) | @1, Q2 | ~(m) | A1, G2 . _ _
X 1 > .
{g RN IR + (2 ¢ 2)
(A.10)
In particular when h = 1, we have
ai, az 1 ai, az ai, as _ _
F ; = — < oF} ; F 01— > . (A.11
e, 1+cQ’u’V] 2{2 B RN N R Rt 2)} (A-11)

This identity allows us to directly recover the J = 0 conformal block in two dimensions.
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B The computation of 745 (X, Xa; W1, W)
Here we will show the details of computation of =0 %*(Xy, Xo; Wi, Ws) introduced
n (5.13), and the result is proportional to AdS harmomc functlon

S 2 (X1, Xos Wi, Wa) = F(an, a2,v) Qg (X1, X2; Wi, Wa),

(B.1)
where the coefficient of proportionality F'(aq, s, V) is given by
J! ﬂ'h 2 a-2 1/2 1 A1 A A A
Floy,an,v) = ———— et N BA1A2 giLae B2
(Oq a2 l/) 2J-1 F(h—i—J) (E T T Chiiu,J h+iv;J ~h—iv;J ( )

where A; = d—A;. Because of the completeness of the AdS harmonic function, the function
El‘flj‘m which depends on two bulk points can also be expanded in terms of them

Basically = ”O‘l’az contains one bulk integral and three boundary integral which come

from the deﬁmtlon of the AdS harmonic function. In terms of AdS harmonic function
25 is expanded as the following integration:

205 (X, Xo; Wh, Wa)

No / 1 1

_ dPOdpldPQ/ dy y .

JUh—3) 7 Jonds,., AdSqr,  (—2Xq - Pp)hfion (22 . Py)h—iea
1

X (W1 . V1)J

1
. J
(—2Wo - CP - Xo)! (—2Wy - CZ - Y)/
0 0

)J (_2X2 . Po)h+iu+J (_2Y . Po)h—iu+J : (B3)

1
X
T =
2 2.2
atasv
No = =5 Chatias CiasChaiv, s

(B.4)
where in COD , Z()4 is replaced with the differential operator Déo in 0643 = Z()“P({B - P(f‘ZéB
to perform contractions. Firstly we focus on the following bulk integral
1 / 1 J
_— ay — (Ky - Vy)
JUh—3)s Jads,,, (—2P; - Y)h=in

1 (—2Wy - CZ - Y)7 B.5)

(_2P2 . Y)h*iaz (—2P0 . Y)hfiquJ ’ ’

IyE

This integral is a usual three-point Witten diagram with two scalars and one tensor, and
was already evaluated in [47]:

—2P, - Cy - Py)’
Iy = Ny (7,+, ! 7+,0, 32,+ , (B.6)
Foo P Pro
Ny = EDT ORI T ()P ()
QF(h — ial)F(h — iag)r(h —ww+ J) ’
where v~ ", ... depend on the relative signs among the spectral parameters and are de-
fined as:
70'1020'0 =

N~

(h—i—J—l—l(Ulal—l—Ugaz—i-JoV)) (B.7)
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Next we focus on the boundary P; integral:

1 (—=2P, - C¢ - )’
T, = dpP, — 1 —
OAdS.,  (—2P1- Xp)htiea (—2py . P )T (2P, - Py)Y

(B.8)

Using the generalized Symanzik formula which is given in [48], and introducing a Mellin
variable t, it can be evaluated as:

T —N/ioo dt (1) 2P - CF - X1)’
FT e m MY (R X T (2 Xp)T (2B, - Py) e

—100

ah

L(h+ia)T(y=+)T(y==F)’
p(t) = T(=t)T(—iar = t)L(yT =+ T (" +1).

Now the original bulk integration has the following form:

Hal,az(Xl,Xg,Wl,Wz) (Bg)
1 (—2Ws - CP - X5)7
— NNy N [ deP[W-VJ | P
Xl/dt ) 2Py - CZ - X1)!
Th=1)s ) 2mi" (C2Ry X )T (2R P e (—2By Xy

The remaining P> integration is also evaluated by the Symanzik formula:

(W - ) (2X1-Cy - Pg)
(—2X1‘P2)h+‘]+'7++++t( 2P, - PQ) Tt
(—2W7-Cy - Xl)‘]

(=2Py - Xq)v ¢

, JUrh Ty + ¢
Na(t) = (_1)J(h+m2)‘]r(hj— Jf7+++ —|—)t) .

I, =27 (h+z’a2)J/dP2 (B.10)

= Na(t)

Eventually, =" becomes a boundary Py integral and a Mellin integration, however the

boundary integration is the same integral in the definition of the AdS harmonic function
with spin J. Thanks to this fact, the integral is replaced with a harmonic function, and

Q1,02
B becomes

ot T

%u(t) No(t) Qy,7(X1, Xo; Wi, Wa) .

(B.11)
The remaining ¢ integration gives the following gamma functions through the Barnes’s

002 (X1, Xa3 Wi, Wa) = No Ny Aj /

—100

V2Chaiv,g

second formula:

o dt . Dyt + 1)
/ PGy ey
N CARED) NGRS NCARD N SO D) N CAnnD

- C(h+ JT(h+ias + J)T(h +iv + J) (B.12)

—100
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Finally we can conclude that the boundary integration Eg‘lj‘m is proportional to a AdS

harmonic function and the coefficient is given as the following expression:

B (X1, Xos Wi, Wa) = F(an, ag,v) Qu (X1, Xo; Wi, W2)

Flaa3,0) = o0 H(ﬁ2 L phids ()
1, &2, 2J_1F(h+.]) Pl T Chiiu,J h+iv;J ~h—iv;J * :

Note here the AdS function is a even function in v, which means it is invariant under
v — —v, and the function F(«1, g, a3) is also even in each «;. The result of this calculation
is summarized in figure 5 in the main text.
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