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Abstract

At the nematic quantum critical point that exists in the d>_ ,>-wave superconducting dome of
cuprates, the massless nodal fermions interact strongly with the quantum critical fluctuation of
nematic order. We study this problem by means of the renormalization group approach and show
that, the fermion damping rate | Im 3 (w)| vanishes more rapidly than the energy wand the
quasiparticle residue Z; — 0inthelimit w — 0. The nodal fermions thus constitute an
unconventional non-Fermi liquid that represents an even weaker violation of Fermi liquid theory than
amarginal Fermiliquid. We also investigate the interplay of quantum nematic critical fluctuation and
gauge-potential-like disorder, and find that the effective disorder strength flows to the strong coupling
regime atlow energies. Therefore, even an arbitrarily weak disorder can drive the system to become a
disorder controlled diffusive state. Based on these theoretical results, we are able to understand a
number of interesting experimental facts observed in curpate superconductors.

1. Introduction

Alarge amount of experimental and theoretical studies have been devoted to studying the unusual properties of
high temperature cuprate superconductors in the past thirty years [ 1-9]. Although some consensuses have been
reached, many fundamental problems are still in debate, including the microscopic pairing mechanism[1, 2, 7—
9], the origin of pseudogap [2, 6], and the description of non-Fermi liquid behaviors of the normal state [ 1-3]. In
the past decade, there have been accumulating experimental evidences for the existence of a strong anisotropy in
many of the physical properties of YBa,Cu30 4.5 (YBCO) [10-12] and Bi,Sr,CaCu,0 545 (BSCCO) [13, 14].
Such an anisotropy is widely believed to be driven by the formation of a novel electronic nematic order [15-19],
which spontaneously breaks the C, symmetry down to a C, symmetry. In case the nematic transition line goes
across the superconducting transition line and penetrates into the superconducting dome, there exists a zero-
temperature nematic quantum critical point (QCP). The nematic quantum phase transition and the associated
quantum critical behaviors have been investigated extensively in recent years [20-31].

From a theoretical perspective, there are two widely studied scenarios to induce an electronic nematic order.
First, the nematic order can be generated by melting a stripe order that spontaneously breaks both translational
and rotational symmetry [15—19]. The other way is related to Pomeranchuk instability which refers to the
deformation of the shape of the Fermi surface of a metal due to Coulomb interaction [15-19, 32-36]. In the
simplest case, Pomeranchuk instability occurs when the circular Fermi surface of a two-dimensional metal
becomes ellipse-like via quadrupolar distortion. [15-19]. The Hubbard model defined on square lattices [35, 37—
44] provides a pertinent platform to investigate the electronic nematic order. Halboth and Metzner [35] studied
atwo-dimensional Hubbard model using functional renormalization group (RG) method, and revealed
Pomeranchuk instability and nematic order. More recently, the square lattice Hubbard model is studied by
variational cluster approximation [45, 46] and found to display a local nematic phase under certain
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circumstances, which might be applied to understand the intra-unit-cell electronic nematicity observed in the
scanning tunneling spectroscopy (STS) measurements by Lawler et al [13].

Another context of studying nematic order is provided by the superconducting dome of cuprate
superconductors. For a pure d,:_2-wave superconductor, the discrete C4 symmetry is preserved. However,
when superconductivity coexists with a nematic order, the gap nodes are shifted from their original positions
and the C, symmetry is broken down to C, [20, 22—24]. Such an anisotropic superconducting state is physically
equivalenttoa d,:_,» + s-wave superdconducting state [20, 22]. At the nematic QCP, the massless fermions
excited from the d,_,2-wave gap nodes couple strongly to the quantum critical fluctuation of nematic order
parameter, which can be effectively described bya (2 4+ 1)-dimensional field theory [20—31]. This model was
first analyzed by Vojta et al [20-22], who made an e-expansion and argued that the nematic phase transition is
turned to first order. Kim et al [23] later tackled the same model by means of 1 /N -expansion, where Nis alarge
fermion flavor, and concluded that the transition remains continuous. Huh and Sachdev [24] performed a
renormalization group analysis, and showed that the fermion velocity ratio vo /vg — 0 in the lowest energy
limit, where v is the Fermi velocity of nodal fermions and v the gap velocity [20—31].The unusual velocity
renormalization leads to significant changes of a number of quantities, including density of states (DOS) [25],
specific heat [25], low- T thermal conductivity [26], superfluid density [28], and London penetration depth [31].

In this article, we revisit the issue of unusual physical properties caused by the strong interaction between
massless nodal fermions and critical nematic fluctuation. We will apply the powerful RG approach to calculate
the fermion damping rate | Im X® (w) |, where Im 3R (w) is the imaginary part of retarded fermion self-energy,
and the corresponding quasiparticle residue Z. Kim et al [23] have previously computed the fermion self-energy
and spectral function. Interestingly, it will become clear below that the RG analysis give rise to different results
once the singular renormalization of fermion velocities is taken into account. In particular, we will show that the
fermion damping rate vanishes upon approaching the Fermilevel more rapidly than the energy w, namely
lim,, o | Im 3R (w)|/w — 0. According to the conventional notion of quantum many-particle physics, one
would expect the system to behave as a normal Fermi liquid. However, by analyzing the RG results, we find that
the quasiparticle residue vanishes, i.e., Zf — 0, inthelimit w — 0. Therefore, the system is actually anon-
Fermi liquid that represents an even weaker violation of Fermiliquid theory comparing to a marginal Fermi
liquid (MFL). To the best of our knowledge, this type of unconventional non-Fermi liquid behavior has not been
reported previously.

In realistic materials, there are always certain amount of disorders, which may play an important role. As
demonstrated earlier by Nersesyan et al [47, 48], the most important disorder in cuprates behaves like a
randomly distributed gauge potential. Thus, we will mainly study the influence of random gauge potential on the
physical properties of nodal fermions and also the stability of nematic QCP. In the absence of nematic order, the
coupling between nodal fermions and random gauge potential has attracted considerable interest [47-49]. Here,
we consider the case in which nodal fermions couple to both the nematic order and random gauge potential, and
then study the interplay of these two interactions by means of RG method. We find that the effective strength of
gauge potential disorders tends to diverge at the lowest energy. This behavior signals the emergence of a finite
zero-energy DOS p (0) and the happening of quantum phase transition from an unconventional non-Fermi
liquid to a disorder dominated diffusive state. The nodal fermions acquire a finite scattering rate ~, which in turn
affects the thermodynamic and spectral behaviors of nodal fermions.

The RG results for the self-energy of nodal fermions can be used to understand a number of experimental
facts observed in cuprate superconductors. We will show that the RG results are qualitatively consistent with
some recent measurements of specific heat, fermion damping rate, and temperature dependence of fermion
velocities.

The rest of the paper will be organized as follows. We first present the effective low-energy field theory for the
interaction between nematic order and nodal fermions in section 2. The random gauge potential is also
introduced in this section. In section 3, we make detailed theoretical analysis for the self-consistent RG equations
of the fermion velocities in the clean case. Based on the RG solutions, we proceed to compute the fermion
damping rate, quasiparticle residue, and other physical quantities. We will show that the quantum critical
fluctuation of nematic order leads to unconventional non-Fermi liquid behaviors of nodal fermions. We
consider the influence of random gauge potential in section 4 and find that the effective disorder strength flows
to the strong coupling regime at low energies. Therefore, even weak disorders play a significant role and drive the
system to enter into a disorder controlled diffusive state. In section 5, we discuss the possible application of the
RG results to some experimental findings of cuprates. In section 6, we briefly summarize our main results.
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2. Effective field theory
We start from an effective action S = Sy + S + Syy. The free action for the nodal fermions is [20—24]

dwd’k .
Sy = f (‘;’Tf\mﬂ(—w + vkt + kT,

dwd’k _; . %
+ f W%a(_w + vEk, T 4+ Ak T Wy,

where 7% denote the Pauli matrices. The two component Nambu spinors are defined by ¥, = (f,,» €a f;b )
and Uy, = (f,,, €af, Ib ) where € = — €. f; 2> han> f3, a0d fu, represent fermions excited from the nodal points
(K,K), (=K, K), (—K, —K),and (K, —K) respectively [20—24]. The repeated spin index a is summed from 1

to N, where Nis the number of fermion spin components with the physical value being 2. The action S4 describes
the nematic order parameter, which is expanded in real space as

_ (a2 L 2, ¢ 24 P aoy Moy
%]Hde[zaL¢)+ 2(V¢)—+2¢ 424¢], )

where 7is imaginary time and c velocity of field ¢. It is convenient to choose ¢ = 1. Mass parameter r tunes a
quantum phase transition from d,:_,2-wave superconducting state to a state where the superconducting and
nematic orders coexist, with r = 0 defining the QCP. Moreover, u is the quartic self-interaction strength. The
nematic order couples to fermions via a Yukawa-coupling term

Sus = Ao f drdxe (U 750y, + W 70, 3)

where ), is the coupling constant. In addition to the nematic order, the nodal fermions also couple to gauge-
potential type disorders, which is described by

S = vp f PxA (x) (U T, + U T0y,). (4)

with ' = (7%, 7®)and vp = (vr}, v12). Here, the random gauge potential A (x) is assumed to be a Gaussian
white noise, defined by

(A®)) =0, (AXAX)) = gb(x — X)), (5)

where gis the impurity concentration and v measures the strength of a single impurity.

We will follow Huh and Sachdev [24] and perform RG analysis by employing 1/N -expansion. The inverse of
free propagator of ¢ behaves as g + r. After including the polarization, there will be an additional linear-in-g
term. The g-term dominates at small g over g>-term, so the g>-term can be neglected. Near the nematic QCP, we
keep only the mass term and rescale ¢ —> ¢/\oand r — N;rAj, leading to

2SN T ox Toox
S=Su+ [drax 0 ST+ U] ¢ ©)
The free propagators for fermions ¥, and W, are written as
1
G2 (w, k) = R 7
la( ) —iw + VFkXTZ 4 VAkyTx ( )
1
Gou w, k) = s 8
2 ( ) —iw + VFkyTZ + VAkxTx ( )
respectively. At the nematic QCP, r = 0, the propagator for the nematic order field ¢ is
D, q) = = — ©)
’ (e, q’
where the polarization II(€2, q), to theleading order of 1 /N -expansion, is given by
N 2
e, =33 f dw d kz Tr[7°G2 (k, w)T* G (k + q, w + Q)]
i“T20=1 2w (2m)
N P + viq;
- 2 2 2 2 ™ (qx - qy)‘ (10)
tovens Q2 + vig? + viq,

After carrying out RG calculations [24, 27], we find that all the physical parameters flow with a varying length
scale /as follows
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d
L= (G- G- Cown (an
di
dVA
— = (G — G = G, 12)
di
A _ ¢, e, (13)
dl VE
dvry
=G -G — Cg)VFlr (14)
di
dVrz
=(G -G — Cy)vra, (15)
di
where we have introduced a quantity
2 2
Co= Mt Vi, (16)
2TVEVA

The expressions of C, , ; can be found in the A. We emphasize that the impact of disorders is characterized by the
quantity C,, rather than vr; with i = 1, 2. It will be shown below that C, flows to strong coupling at large /, leading
to remarkable physical properties.

3. Unconventional non-Fermiliquid behaviors of nodal fermions

Itis well established that conventional metals can be described by the standard Fermi liquid theory, which states
that the fermionic excitations of a normal Fermi liquid must have a sufficiently long lifetime and exhibit a sharp
quasiparticle peak in their spectral peak despite the existence of Coulomb interaction [50]. The conventional
notion is that the fermionic quasiparticles constitute a normal Fermi liquid if their zero- T damping rate

| Im 2R (w)| vanishes more rapidly than win the limit w — 0. This criterion can be mathematically expressed as

. ImXR(w)
lim ———= —

w—0 w

0. (17)

Another criterion to identify normal Fermi liquid is to define an important quantity: the quasiparticle residue,
also called renormalization factor, Z The residue Zsis usually calculated through the definition

1

Zs(w) = - ,
1 - a% Re YR (W)

(18)

where the real part of retarded fermion self-energy Re XX (w) is related to Im ¥R (w) via the Kramers-Kronig (K.-
K.) relationship. The residue Zis finite in a normal Fermi liquid, but vanishes in a non-Fermi liquid. Generically,
the fermion damping rate in an interacting fermion system can be formally written as

Im X (w) = Cg |wf*, (19)

where Cris a constant. With the help of K.-K. relation, the corresponding real part of the fermion self-energy, in
the low energy limit, is given by

Crsgn(w)|w*I(x), if 0<x<1,

2 W .
Re YR (w) = Cp;w In (ﬁ), if x=1, (20)
%%w, if x>1,

where wy is a cutoff, and I(x) is a function that depends only on x.

It can be easily checked that Z = 0 for0 < x < land Zr =0 for x > 1. Therefore, the above two criteria
are actually equivalent because Zrautomatically takes a finite value whenever equation (17) is fulfilled.

However, in the present nodal fermion system, the above two criteria are no longer equivalent. We will show
by explicit calculations in this section that the damping rate of nodal fermions vanishes more rapidly than the
energy, but the residue Zsvanishes, i.e., Zy — 0.

3.1. Fermion damping rate and quasiparticle residue

Now we calculate the fermion damping rate and the residue Zutilizing the solutions of the RG equations (11)—
(15). The unusual renormalization of fermion velocities need to be taken into account in an appropriate manner.
We only present the results obtained in the clean limit C, = 0 in this section, and include the effect of random
gauge potential in the next section.
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Figure 1. (a), (b), and (c) show how v, va, and va /v flow with a varying length scale I respectively in the clean case. The initial values
of velocity ratio are va/vpo = 0.075, 0.2, 1, 2.

After solving RG equations (11)—(13) self-consistently, we show the I-dependence of fermion velocities
vg, ¥a and ratio vz /vy obtained at different initial values of ratio vao/vr in figures 1(a), (b) and (c) respectively.
All the quantities vg, v, and vz /vp decrease with growing land flow eventually to zero as | — + o0, but
apparently v decreases much more slowly than va. If we use the ratio va /v to characterize the velocity
anisotropy, it is clear that the nematic order drives an extreme velocity anisotropy va/vr — 0. For later use, itis
helpful to extract an approximate analytical expressions for the velocities. Considering the leading and sub-
leading terms, the solution for vz /v is given by

w  wN 1 TN 1

= ) (21
VE 8 Iln(cl) 8 I[In(l) + In(cs)]
with ¢, &~ 0.3809/N, which is consistent with the expression in [24]. In the long wavelength limit,
I — o0, In(¢)/In(l) — 0, so the sub-leading term can be ignored. Retaining only the leading term, the
asymptotic behavior of velocity ratio can be well approximated by
2
wo mN_1 @)
VE 8 IIn(])
Substituting the asymptotic form of vz /vr into equation (11), we obtain
dﬁ ~ — ﬁ vr (23)
dl 8 Iln(])
with ¢ & 0.078 for large I. Solving this equation, we express the renormalized vz as
1
ve(l) ~ 24
b~ (24)
with g = % It can also be found that v, at large I behaves approximately as
2
wy~TN__ 1 (25)

8 I[In()]+e

According to equations (24) and (25), both vrand v vanishas I — +oc.
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Figure 2. [-dependence of Zsin the clean case is presented in (a), and of Z;! in (b). The initial values of velocity ratio are
Yao/vro = 0.075, 0.2, 1, 2.

To examine the impact of singular fermion velocity renormalization and extreme velocity anisotropy on the
properties of nodal fermions, we will compute a number of physical quantities. Coming first is the quasiparticle
residue Z;. Apart from the widely used definition given by equation (18), the residue Z; can also be calculated
within the RG framework. The interaction induced renormalization of fermion field ¥ is encoded in the residue
Z which exhibits the following I-dependence

! ’
7= o)y G-coa (26)
or alternatively
dz
d_lf — (G- C)Z. 27)

The I-dependence of Zrcan be easily obtained from the above equation, and is presented in figure 2(a). We
find that Zy flows to zero in thelimit | — + o0, which indicates the breakdown of normal Fermi liquid and the
absence of well-defined Landau quasiparticles. However, Zrdecreases very slowly with growing L, thus the
deviation of the system from a normal Fermi liquid ought to be quite weak. To see this point, we plot the I-
dependence of Z¢! in figure 2(b), and find that

lim Zfl — +o0. (28)
I—+400
Therefore, the residue Zobtained at nematic QCP vanishes with growing ! more slowly than that ofa MFL [51],

where Z; ~ 1/1. According to equation (18), one can speculate that
ZR
im R Znem @) 29)
w—0 W ln(wo/w)

since a large length scale / corresponds to alow energy w. This speculation in turn implies that the imaginary part

of the retarded fermion self-energy Im 2%, (w) should display the following low-energy behavior,

Im 2R
llm m nem(w)

w—0 w

— 0. (30)

To make the above discussions more quantitative, we are now going to make a detailed analysis of the
asymptotic behavior of Z. Atlarge runningscale [, the equation of Z;can be approximated by

dz
_fN_ﬁV_AZfN_iZ, (1)
dl N vgp I1nl
where ¢4 &~ 0.426 and ¢s = % ~ 0.523. Solving this equation leads to the asymptotic behavior
1
Z ~ — 0 32
T (D (32

in thelimit / — +o00. To proceed, it proves convenient to utilize the relationship between wand I:

w = wee ), (33)
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where wy is a cutoff. Then the real part of retarded self-energy is approximated by

ReXR (W) ~ w {ln [ln (ﬂ)]} ’ (34)
w

as w — 0. Using the K.-K. relation, we obtain the imaginary part of self-energy

SR (W)~ T |1 —.
“ zln(w){ln[ln(w)]} ‘

From equation (35), it is easy to verify that this fermion damping rate is smaller than that in a MFL and manifests
the asymptotic behavior lim,_,oIm ©X, (w)/w — 0, confirming the above analysis based on numerical results.
According to the conventional notion of quantum many-body physics, one would expect the system to behave
like a normal Fermi liquid. However, in the low energy limit w — 0, the residue Zractually vanishes:

1

7 EN)

which clearly implies that the system under consideration is actually a non-Fermi liquid and the nodal fermions
do not have a well-defined quasiparticle peak in the spectral function. We see that the above residue Z¢flows to
zero atalower speed than that of a MFL, i.e., Zf ~ . Therefore, the quantum critical fluctuation of

(35)

— 0, (36)

In(wy /w)
nematic order gives rise to an even weaker violation of ordmary Fermi liquid theory than a MFL. To the best of

our knowledge, this sort of unconventional non-Fermi liquid state has not been reported previously.

Itis now interesting to compare this unconventional non-Fermi liquid state with graphene. In graphene,
early perturbative calculations revealed that Dirac fermions exhibit MFL behavior with damping rate
Im YR (w) ~ wand vanishing Zs[52]. Nevertheless, subsequent careful RG studies [53-56] have found that, the
fermion damping rate actually depends on energy as Im X (w) o w/In? w at zero temperature due to the long-
range Coulomb interaction, whereas the corresponding Z¢flows to a finite value as w — 0. Therefore, graphene is
anormal Fermi liquid. In contrast, the massless nodal fermions constitute a non-Fermi liquid at the nematic
QCP, because Zsvanishes in the lowest energy limit. The crucial difference between these two cases can be
understood as follows. At nematic QCP, the fermion velocities are driven to vanish by the nematic order, so the
effective fermion-nematic interaction is significantly pronounced. In graphene, however, the fermion velocity is
dramatically enhanced atlow energies by Coulomb interaction, which then weakens the effective Coulomb
interaction and guarantees the validity of the Fermi liquid description. These two interacting Dirac fermion
systems provide interesting new insight on the effects of strong electron correlations and also on the criterion of
non-Fermi liquid states.

Moreover, an important lesson one can learn from the research experience of graphene is that RG may lead
to qualitatively different spectral properties of fermions from that obtained by ordinary perturbative expansion
approach. Indeed, this is the main motivation that has promoted us to make an extensive RG analysis of the
spectral properties of nodal fermions at the nematic QCP.

3.2. Density of states and specific heat
We have showed in the last section that the nodal fermions exhibit unconventional non-Fermi liquid behaviors
at the nematic QCP. In this section, we will compute two important quantities, namely DOS and specific heat,
on the basis of the RG solutions with the goal to gain a better understanding of the non-Fermi liquid state.

The fermion DOS can calculated from the retarded Green functions of nodal fermions via the definition [25]

dk.dk, 1

p(w )— 7rT r[Im Gt (veky, vaky, w) + Im Gy (vrky, vaky, w)]
1 dk dk’
= r L Gy (kys k)y w) + Im Gag (Y, Ky w)]. 37
WFEJ D TG K] K, )+ 1m G (K, K, ) (7)

In the absence of interactions, the fermion DOS is well-known to be linear in w, namely p (w) o w. Thislinear
behavior will be changed once the interaction effects are considered. After including the fermion velocity
renormalization, employing the method presented in [25], the flow equation for p (w) is given by

14C-C—C—G,

dlnp 1-C+G+C if v <vr (38)
dlnw T )1+G-G-G-C .
1-CG+GC+C if A > v

In cuprates, the initial value of velocity ratio vao/vro is known to be much smaller than 1 [57]. Additionally, due
to the quantum fluctuation of nematic order, v /vr decreases monotonously as the energy scale is lowering.

7
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Figure 3. Fermion DOS p (w) in the clean limit at different initial values va/vpo = 0.075, 0.2, 1, 2.
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Figure 4. Specific heat Cy (T') in the clean limit at different initial values va/vpo = 0.075, 0.2, 1, 2.

Therefore, for a given initial value vao/vpy < 1, we only need to consider the case o < vr. In order to show that
the conclusion is independent of the condition vao/vry < 1, we also plot the curves for the case vp¢/vpy = 21in
figures 3 and 4. The RG equations of DOS and specific heat are also given with a generalized form. In the clean
limit, we plot the results for p (w) in figure 3. We see from figure 3(a) that p (w) is apparently not linear in w, but
displays the asymptotic behavior

lim 2
w—0 W

+00. (39)

On the other hand, figure 3(b) implies that

i 1R/ py)
im—
In(w/wq)
This DOS p (w) is qualitatively different from the power law function p (w) ~ w'~%, where o is a small finite
value, obtained previously in [25].

In the non-interacting limit, the fermion specific heat depends on Tas Cy (T) o< T?. Asshownin B,
including the influence of the quantum fluctuation of nematic order and random gauge potential leads us to

1. (40)

w—0

26— G, — C5— 26,

dInCy B 2+ GGG if v <vp an
dinT |34 020022 iy sy,
Atlow T, Cy (T) behaves as
lim LD o, (“2)
T—0
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which is visualized in figure 4(a). Apparently, the original quadratic T-dependence of Cy (T') obtained in the
non-interacting limit is significantly altered. According to figure 4(b), we can express Cy (T') at very small T as

L@ (M/Cr)

1 2, (43)
=0 In(T/Tp)

which is also distinct from the power law T-dependence Gy, (T) ~ T2, where (3is a small finite constant,
obtained previously [25].

Simple analysis reveal that the three parameters C;, C,, and C; appearing in the RG equations (38)and (41)
all flow to zero in the lowest energy limit [24]. This asymptotic behavior makes it impossible to express p (w) and
Cy(T) by power law functions. As given in appendix C, the low energy behavior of p (w) and the low-T behavior
of Cy(T) can be approximately expressed as

a, 2
p(w) ~ (i)ln(ﬂ)(lnln(ﬂ)) exp [l(lnlnln(ﬂ)) ], (44)
Wo w w 2 w
T\ (% 1)) 1( (1))
Cyv(T) (To) ln( T )(lnln( T exp 5 Inlnln T , (45)

where a, and ac are two negative constants. At N=2, a, =~ —1.896 and ac ~ —1.466.
We notice that our RG equation for Cy(T) (41) is not exactly the same as that obtained by Xu et al [25]. This
difference does not affect our conclusion that C(T) is not a power law function at low T. Indeed, if we start from

the RG equation of Ci(T) presented in [25], we reach the same conclusion. A more detailed discussion is
presented in appendix B and appendix C.

4. Impact of random gauge potential

In this section, we investigate the impact of random gauge potential on the quantum critical behaviors near the
nematic QCP. We will first show the RG solutions obtained in the presence of random gauge potential, and then
re-calculate the fermion DOS and specific heat after considering the influence of disorder scattering. To this end,
we need to retain a nonzero C, in the RG equations (11)—(15), (27), (38), and (41), and then solve these RG
equations numerically.

4.1. Flow of effective disorder strength

In order to make a direct comparison to the clean case in which C, = 0 and to explicitly see the influence of a
nonzero C, on the running behaviors of various parameters, we plot the I-dependence of vg, va, va/ Vs, and Zsin
figures 5(a)—(d). Moreover, we show the w-dependence of p (w) in figure 5(e) and the T-dependence of Cy in
figure 5(f), respectively. We will discuss under what circumstances these RG results are modified in the next
section.

Comparing figures 3(a) and (b) with figures 5(a) and (b), we see that the detailed I-dependence of vpand va
are both altered dramatically by the random gauge potential. As shown in figure 3(c) and figure 5(c), the velocity
ratio va /vr exhibits exactly the same [-dependence in the clean and disordered cases, which originates from the
fact that C, does not enter into the RG equation of velocity ratio v /v¢. According to figure 2(a) and figure 5(d),
the renormalization factor Zsflows to zero in the disordered case much more rapidly than the clean case.

As shown in figure 5(e), the DOS p (w) is divergent in the lowest energy limit due to random gauge potential.
This is completely different from the behaviors of clean case presented in figure 3. In figure 5(f), we plot the ratio
between CL*/C, where CP* and C' are the specific heat obtained in disordered and clean cases, respectively.
Since the solutions of the RG equations about DOS and specific heat are modified substantially in the disordered
case, it turns out that random gauge potential is a relevant perturbation in the present system. To verify the
relevance of random gauge potential, we should appeal to the RG analysis of the effective disorder strength.

In the action term Sg;s given in equation (4), the parameters that characterize the fermion-disorder coupling
seem to be v and vp,. It can be seen from the RG equations that vp; flows in precisely the same way as vy, and
that vp; as va. Thus, both vp; and vr; are strongly renormalized and driven to vanish as I — +oc0. However, this
does not mean that the disorders can be simply neglected. Indeed, whether disorders are important is
determined by the ratio between the interaction energy given by Sy;; and the fermion energy
Ep o< (vikZ + v} kf )!/2. We can see that this ratio is defined by C,, which enters into the RG equations for the
parameters Vg, Va, vr1, and vr,. The effective strength of random gauge potential should be measured by C,,
rather than vr; and vr. Recall that C, is a function of five parameters, i.e., v, ¥a, V11, V12, and g. Among these
parameters, gis assumed to be a dimensionless constant, but the other four parameters flow strongly with the
varying l. Detailed RG analysis revealed that C, goes to infinity, namely
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Figure 5. Flows of the quantities vk, va, VA /v Zf> p> Cy areshown in (a), (b), (c), (d), (e), and (f) respectively at the initial value
a0/ vro = 0.075 in the presence of random gauge potential. We have chosen v#,g/vZ, = 0, 006, 0.008, 0.01and vy = vra0 = vro
for random gauge potential.

2 2
8 [ YT VF VI YA

Co=— S — + 5 —|— t+ox (46)
2\ Vg A ViAo VF

in thelimit ] — 400 as a consequence of the singular renormalization of the fermion velocities ratio v /v.
More quantitatively, the large scale behavior of C, can be described by

Cg ~ csllnl, (47)

48 v
N vEy

Itis necessary to explain here why the effective strength of random gauge potential should be represented by
C,, rather than solely by the coefficients vr; with i = 1, 2,and why C;, — oo in the lowest energy limit. In an
interacting fermion system, the effective strength of the interaction is characterized by the ratio between the
interaction energy scale and the kinetic energy of fermions. This ratio is widely used in condensed matter physics
to judge whether an interacting fermion system can be defined as a strongly correlated system or not. For
instance, the normal metal with a high density of itinerant electrons is believed to be a weakly interacting system
since the energy scale of Coulomb potential is much smaller than the Fermi energy. In a massless Dirac fermion

where ¢; =

10



10P Publishing

NewJ. Phys. 18 (2016) 073023 J-R Wang et al

system (such as graphene), the effective strength of long-range Coulomb interaction is defined as av ~ —, ", where
¢’ appears in the action of the Coulomb interaction as a coupling coefficient and the fermion velocity vg reﬂects
the order of the kinetic energy [54, 56]. Another example comes from the effective BCS model of Dirac fermion
systems, where the effective strength of pairing interaction is characterized by g ~ 1% with u being the coupling
coefficient of pairing interaction and vy fermion velocity [58, 59].

This criterion also applies to disordered systems. When massless Dirac fermions couple to random gauge
potential, the effective strength of random gauge potential should be defined by C, ~ %, rather than the
coefficient of fermion-disorder coupling vr; [47, 48]. When vr; flows to zero in the lowest energy limit, C, does
not necessarily vanish since there is a possibility that vpand vA may vanish more (or equally) rapidly than vp;.
When the nodal fermions couple to both the quantum fluctuation of nematic order and random gauge potential,
the four parameters vg, ¥a, vr1,and vr; all flow to zero in the lowest energy limit, but the effective strength of
random gauge potential becomes very large, namely C; — oo. This originates from the fact that —= ML — M0 and

% = VV”“ are constants, while at the same time the velocity ratio vo/vg — 0. The behavior C, — oo atlow
A ‘A0

energies indicates that random gauge potential is relevant. To see this point, we neglect the nematic order and
consider only the coupling of nodal fermions to random gauge potential, which results in simplified RG
equations:

VFo

dve dva d(va/vr) dvry dvr,
— = —Covg, — = —Cywa, =0, = —C,vp, — = —C,vp. (48)
di ST $ di di ST $oh
Using the two relations “™* = “™and 2 = "2 jtis easy to show that
VE VEo VA
C, = g v + Vrz _ & Vot v _ Ceo. (49)
2T VEWA 2T VeoVAao
In this case, v, VA, V11, and v, depend on length scale [ as
V_F:V_Azﬁzﬂzefgol (50)

VFo VAo YT1o Vr20
which all vanish rapidly in the limit | — oo. Since C,is a constant, random gauge potential is marginal. From the
above calculations, we can conclude that the behavior C; — obtained in the presence of both nematic
fluctuation and random gauge potential is directly related to the extreme velocity anisotropy va /v — 0induced
by the quantum fluctuation of nematic order. The flow of C, towards strong coupling regime is a clear signature
that random gauge potential should have substantial physical effects on the low-energy behaviors of nodal
fermions, which will be discussed in the next section.

We notice other interesting correlated electron models in which the coupling coefficient of an interaction
vanishes atlow energies, but the interaction is not negligible due to the more (or equally) rapid decrease of the
kinetic energy of electrons. Recently, Sur and Lee studied the influence of quantum fluctuations of an
antiferromagnetic (AF) order at an AF quantum critical point in a metal supporting one-dimensional Fermi
surface [60]. In particular, they showed that the coupling coefficient of the interaction flows to zero at low
energies. However, the fermion velocity also vanishes, thus the interaction cannot be simply neglected. Actually,
Sur and Lee found that the interaction drives the system to become a so-called quasi-local strange metal that is
apparently qualitatively different from the free fermion system.

4.2. Physical effects of random gauge potential

How should we understand the divergence of C,? In order to answer this question, we first consider the non-
interacting system that contains only nodal fermions and random gauge potential. In this case, the RG equation
of fermion DOS becomes

dlnp 1 —Cyo

= , (51
dlnw 1 + Cqo
with
Coo = i"lglo + Vi (52)
¢ 2T VEoVAo
If Cyp < 1, wehave
- C
p(w) ~w® with o= i (53)
1+ Cyo
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where acsatisfies 0 < « < 1. In this case, the RG equation for specific heat is given by

2C
dInCy o, 20 (54)
dln T 1 —|— CgO
The solution of this equation is given by
3 . 2Cg0
Cv(T)~TF with 8=2— ———. (55)
1+ Cg()
If C, > 1,itiseasyto get
p(w) — o0 (56)

in thelimit w — 0. The divergence p (w) indicates the emergence of a disorder dominated diffusive state, in
which a finite disorder scattering rate yand a finite zero-energy DOS p (0) are generated [49, 61, 62]. The value
C,; = 1definesa QCP for the quantum phase transition between the ballistic and diffusive states of nodal
fermions. Therefore, a weak random gauge potential gives rise to power law behavior of p (w), whereasa
sufficiently strong disorder can trigger the quantum phase transition to a diffusive state.

In the presence of both nematic critical fluctuation and random gauge potential, the fact that C, — oo inthe
lowest energy limit signals the development of a disorder dominated diffusive state and the generation of a finite
~and a finite p (0) even in the case of weak random gauge potential. Although the perturbative RG method
provides a powerful tool to judge whether and when a phase transition takes place [63—65], it is not a suitable
method to compute the precise value of . To calculate 7, one usually needs to construct a set of self-consistent
equations for the retarded fermion self-energy by properly considering both the fermion-disorder scattering and
the influence of quantum critical fluctuation of nematic order [66]. This is an interesting yet complicated issue,
which is beyond the scope of the present work and subjected to future research. However, it is technically
possible to make a rough estimation for the energy scale of y by means of the RG method. As shown in
figure 5(e), for small given values of Cyo and va(/ v, the solution of the RG equation of DOS should have the
following properties: p (w) decreases as the varying energy scale decreases, but tends to increase when the energy
scale exceeds a critical value E (Cgo, A0/ VFo), Which is a function of Cyo and v¢/vgo. The magnitude of  should
be an increasing function of E.. In the following calculations of p (0) and C\(T), we will regard yas an
undetermined constant. Fortunately, the qualitative behaviors of p (0) and Cy(T) in the low energy regime is
independent of the precise value of .

The imaginary part of retarded fermion self-energy can be generically written as

ImXR(w) ~ v+ Im32R _(w), (57)

nem

where Im XX, (w) is the contribution induced solely by the nematic order. The disorder-induced scattering rate
~represents a characteristic energy scale. At energies higher than , namely w > ~, Im XX, (w) dominates over
~yand all the RG results for vg, s, Zf, p (w), and Cy(T) shown in figures 5(a)—(f) are still applicable. At w < ,
the diffusive motion of nodal fermions and its interplay with critical nematic fluctuation govern the low-energy
properties of the system.

Once a finite 7y is generated, the renormalized velocities vpand vA no more vanish at low energies, which is
apparently different from the clean case. Instead, as the energy scale decreases, both vpand v are saturated to
certain finite values, denoted by vf, and vA, below the energy scale set by 5. Hence, there is no extreme velocity
anisotropy in the diffusive state. The fermion DOS and specific heat also exhibit different behaviors comparing
to the clean case. To demonstrate the difference in DOS, we write the retarded propagators of nodal fermions in
the forms:

Gl k) = - — (58)
—(w + 1) + vpoke T 4+ vpok, T
1
GR (w, k) = . 59
a0 B0 —(w + i7) + vigk, T + vaokeT* (9
Calculations find that the fermion DOS depends on w as
N 2 — W+ vhgVAON)? + 4wy?
p@)=—"—|In o _—f0°a0 )2 =
2TVEg VAo (7" — w)” + 4wy
22 1A P 2 _ .2
+ 2—warctan v W™t VYroVao — —warctan r-v . (60)
v 2wy Y 2wy
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In the case /vpo VAo A > 7, we have

2 VEhovao A
p(0) ~ /N'y, In| YE0 207 | (61)
TVFoVAo Y

In order to compute the specific heat, it is convenient to invoke the standard Matsubara formalism of fermion
propagators, i.e.,

1
Gla (wn) k) i ! z ! x’
—i(wy + ysgn(wn)) + vpoks 7% + vagk, T
G (W k) = !

—i(wy + ysgn(wy)) + V[:OkyTz + VAoksT* ’

where w, = (2n + 1)7T with n being integer. The fermion free energy is given by

T &k L
F=— ZI(ZW)Z In[(w, + ysgn(w,))?> + k2.

!/ !/
VFEoVAo w,

Summing over w, leads to

2
Fr — %N/ f &k k arctan k —|—lln[(7rT—|—fy)2+k2] . (62)
TVgoVAo ¥ (27)* 7T + 2
Now the fermion specific heat in the low energy regime can be approximately given by
6NT A
Cy =~ - In (—]a (63)
VFoVao gl

which depends on T 'linearly. We can see that DOS and specific heat obtained in the diffusive state exhibit entirely
different behaviors from the unconventional non-Fermi liquid state below the energy scale ~.

We finally make a brief remark on the behavior of the system staying away from the nematic QCP. Suppose
the system stays at a distance r to the QCP, the RG results are still valid and the fermion velocity ratio is still
renormalized at energies higher than the scale corresponding to r. However, the renormalization terminates at
certain low energy scale. Therefore, the effective strength of random gauge potential is moderately enhanced
compared its bare value, though C, does not diverge.

5. Comparison with experiments

In this section, we address the possible connection between the theoretical results obtained in the last sections
and the phenomenology of cuprate superconductors. We are particularly interested in three existing
experimental findings about some of the unusual properties of the superconducting dome.

5.1. Anomalous residual linear-T term of specific heat in cuprates

We first discuss the residual specific heat in cuprates. Due to the line nodes of d-wave gap, the specific heat in the
superconducting phase of cuprates is expected to exhibit a T* behavior, i.e., Gy (T) o T2, atlow T. This
expectation is generically consistent with experiments [67]. In the lowest T'limit, experiments have observed a
residual linear- T'term of Cy(T) [67-70], which is usually attributed to the finite fermion DOS generated by
disorder scattering and is also well consistent with the result given by equation (63). There is, however, an
unexpected experimental finding [67-70] that the residual specific heat of YBCO is obviously larger in
magnitude than that of La ;. Sr,CuQO,4 (LSCO), although the former material is known to be cleaner than the
latter. Apparently, disorder scattering alone is not capable of accounting for this experimental fact. Recently,
coexistence of d-wave superconductivity with a loop current order was proposed to give a possible explanation
[71-73] for the large residual linear-T'term of specific heat in YBCO. In this scenario, when d-wave
superconductivity coexists with aloop current order, two of four nodal points are converted to finite Fermi
pockets of Bougoliubov quasiparticles, which then generates a finite p (0) and a residual linear- T term of specific
heat [71-74]. The recent ultrasound measurements showed the possible evidence for the existence of loop
current order in YBCO [75, 76].

Here we propose an alternative explanation for the above anomalous experimental results of residual specific
heat. Our RG analysis found that the effective strength of random gauge potential, being the most relevant
disorder to cuprates [47-49], is strongly enhanced by the critical nematic fluctuation, which in turn increases the
residual value of the specific heat. To understand the role of quantum nematic fluctuation, we firstly consider
only the coupling of nodal fermions to random gauge potential. In this special case, C; does not flow and thus
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remains a constant, namely C, = Cgq. If C is very small, which means the system is only slightly disordered, the
behavior of p (w) and specific heat would be governed by equations (53) and (55), respectively. In this case, the
system does not develop a finite p (0) and there is no residual liner- T term of specific heat. If the system is quite
disordered such that C,y > 1, itenters a diffusive state with a finite scattering rate -y, which induces a finite p (0)
and aresidual linear- T term of specific heat. Apparently, the residual specific heat is larger in more disordered
systems, which is not consistent with the aforementioned experiments of residual specific heat. If we consider
both the quantum fluctuation of nematic order and random gauge potential, C,is significantly enhanced and
flows to strong coupling at low energies even if Cyq takes an arbitrarily small value. This implies that a cleaner
compound might acquire a larger amount of yand naturally larger p (0) and residual liner- T term of

specific heat.

To make a more careful comparison between theories and experiments, we now briefly discuss the doping
dependence of our results. We use 6 to denote the doping concentration and ¢, the nematic QCP. At zero
temperature, the mass of nematic field ¢ is proportional to the difference between § and ., namely r ~ |6 — &
When the cuprate is at a distance r away from the nematic QCP, the quantum fluctuation of nematic order is not
critical, but remains important for small 7. At the energy scales larger than r, the fermion velocity anisotropy is
still considerably enhanced, which leads C, to flow to larger values. For a given small value of Cy, C, can flow to
asufficiently large value to induce a diffusive state and generate a finite scattering rate y, provided that r is made
sufficiently small. In this case, the quantum fluctuation of nematic order can result in a finite p (0) and a finite
residual linear- T term of specific heat. If the bare value C is large enough, random gauge potential itself suffices
to generate a finite . Including the quantum fluctuation of nematic order leads to larger values of both C,and .
In any case, the quantum fluctuation of nematic order tends to amplify , which naturally increase p (0) and the
residual specific heat.

A number of recent experiments provided strong evidence supporting the existence of nematic order in
YBCO, whereas there is little evidence for nematicity in LSCO. Although YBCO is cleaner than LSCO, the
quantum fluctuation of nematic order in the former superconductor can drive C, to flow to much larger values.
As a consequence, the residual linear-in- T term of specific heat of YBCO would be larger than that of LSCO. We
emphasize that, disorder itself cannot explain the anomalous behaviors of the residual specific heat observed in
YBCO and LSCO, and it is necessary to consider the interplay of quantum nematic fluctuation and random
gauge potential.

From the above elaboration, we know that the roles played by the quantum nematic fluctuation and random
gauge potential depends on doping 6. To simplify discussion, we assume the bare value Cy displays only a weak
6-dependence. Since the quantum fluctuation of nematic order is most pronounced at the nematic QCP, the
scattering rate yand consequently the coefficient of the residual liner- T term of specific heat are maximal at the
QCP, and decrease as the system moves away from this QCP. This doping dependence is observable, and can be
examined by experiments. Within the loop current order scenario, both the zero-energy DOS p (0) and the
residual linear-T'term of specific heat are proportional to the order parameter of loop current order [71-73],
which may increase with lowering doping in the underdoped region.

Early experiments found that the coefficient of linear- T term of specific heat in optimally doped YBCO is
roughly 2mJ-mol ~“K~?[67-69]. Recent measurements performed in underdoped YBCO revealed that this
coefficientis 1.85 &+ 0.06mJ-mol ~LK 2 [70]. We feel that the currently available experimental data about the
doping dependence of the coefficient are still quite limited. We expect more extensive measurements would be
performed in the future to extract a more quantitative doping dependence of the coefficient, which could help to
judge whether the scenario proposed in this paper works.

5.2. Strong damping rate of nodal fermions in optimally doped BSCCO

We next apply the RG results to understand the observed damping rate of nodal fermions in cuprates. Valla et al
[77] have performed extensive angle resolved photoemission spectroscopy measurements in optimally doped
BSCCO. Their main discovery is that the nodal fermions exhibit a MFL-type damping rate in the normal state
above T,, which is in general consistency with the observed linear resistivity. They further found [77] that the
linear damping rate is not sensitive to the onset of superconductivity and persists well below T. This was out of
expectation since previous BCS weak coupling analysis [ 1, 78] had predicted a quite weak damping rate, i.e.,

Im YR (w, T) o max(w?, T?),in the superconducting phase. Several scenarios [1, 20, 79] were proposed to
account for the nearly MFL behavior. In particular, Vojta et al [20] and Khveshchenko and Paaske [79] have
argued that the strong fermion damping may arise from a secondary phase transition froma d,2_,2-wave
superconducting statetoa d,2_ 2 + is or d,2_,2 + id,,-wave superconducting state.

Experimentally, the existence of a nematic phase was observed in BSCCO by Lawler et al[13]. More recent
experimental studies of Fujita et al provided further evidence pointing towards the existence of a nematic QCP in
the vicinity of optimal doping in BSCCO [14, 19]. Therefore, it seems natural to account for the experimental
finding of Valla et al by considering the quantum critical fluctuation of nematic order. We have showed through
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RG analysis that the nodal fermion damping rate caused by critical nematic fluctuation, described by

Im ©X, | (w), is slightly weaker than that of a MFL. In realistic experiments, it is difficult to distinguish this non-
Fermi liquid state from a MFL state. Therefore, presence of a nematic QCP provides an alternative scenario for
the nearly MFL behavior observed in optimally doped BSCCO. However, the nearly MFL behavior occurs only
at energies higher than the value w, set by disorder scattering rate . Indeed, at w < w,, v dominates over

Im ¥X . (w), thus a finite zero-energy DOS p (0) is generated. To summarize, our RG results are qualitatively
consistent with the quasiparticle self-energy Im ¥(w, T') = v + max(w, T) observedin [77].

5.3. Temperature dependence of fermion velocity in BSCCO

Another experiment is the observation of Plumb et al [80] that the fermion velocity vralong the nodal directions
increases as T grows in BSCCO. We know from RG results that the critical nematic fluctuations drive the
fermion velocities to vanish in the lowest energy limit. This means the velocities must increase as the energy scale
is growing. Therefore, the nematic quantum fluctuation will induce increment of fermion velocities when the
thermal energy increases with growing T, which is qualitatively well consistent with the observation of Plumb

et al. Technically, one can translate the I-dependence of fermion velocity to a T-dependence by making the
transformation T = Tye ™' [31, 81]. With the help of this transformation, it is easy to show that the fermion
velocity vgis an increasing function of T. Therefore, the singular renormalization of fermion velocities of nodal
fermions induced by the quantum fluctuation of namatic order, which is first discovered by Huh and Sachdev
[24], agrees with the T-dependence of vgobserved in [80].

6. Summary and discussions

In summary, we have found that the nodal fermions of d-wave superconductors constitute an unconventional
non-Fermi liquid, which exhibits a weaker violation of Fermi liquid description than a MFL, due to the quantum
critical fluctuation of nematic order. This unusual state represents a novel quantum state of matter that cannot
be well captured by the traditional classification of (non-) Fermi liquids and thus enriches our knowledge of
strong electron correlation effects. We also have calculated the fermion DOS and specific heat after
incorporating the unusual renormalization of fermion velocities. When a gauge-potential-type disorder is added
to the system, we analyzed its interplay with the quantum fluctuation of nematic order, and found that the
effective disorder strength flows to strong coupling, leading to diffusive motion of nodal fermions. Therefore,
even a weak random gauge potential can drive a quantum phase transition from an unconventional non-Fermi
liquid state to a disorder dominated diffusive state. However, the unusual fermion damping induced by the
nematic order is more important than disorder scattering at high temperatures, where the nodal fermions still
display the unconventional non-Fermi liquid behaviors. We finally discussed the connection between our
theoretic results and a number of interesting experiments in the context of some cuprate superconductors.

We now would like compare our work to the existing extensive works on the non-Fermi liquid behaviors in
two-dimensional metals produced by the quantum critical fluctuation of nematic order. At the QCP of
Pomeranchuk instability in two-dimensional metals, the quantum fluctuation of nematic order can lead to very
strong fermion damping [36, 82—86]. To theleading order, it is found [36, 82—86] that the fermion damping rate
behaves as Im ¥ (w) ~ w?/?and the quasiparticle residue Z; ~ w'/>. Since Zsvanishes in the limit w — 0, this
QCP exhibits non-Fermi liquid behavior. In this paper, we have considered the interaction between the
quantum fluctuation of nematic order and massless nodal fermions in the superconducting dome of cuprate
superconductors. Itis apparent that the quantum critical fluctuation of nematic order gives rise to a stronger
fermion damping effect in metals than in the superconducting dome of cuprates. This difference should be due
to the different forms of the kinetic energies of fermionic excitations. In the context of cuprates, the kinetic
energy of the massless Dirac fermions excited from the superconducting gap nodesis E = \/vik2 + v} kf .In
contrast, in a two-dimensional metal with a finite Fermi surface, the kinetic energy of fermions can be written as

2
E = vpk, + 2%, where k, is the momentum component perpendicular to the Fermi surface and k, is the
momentum component along the tangential direction [36, 82—86]. In the low-energy regime, the latter kinetic
energy is smaller that the former for the same given values of momenta, which indicates that the interaction plays
amore important role in the latter system than the former. To further demonstrate this difference, we consider
the different roles of the long-range Coulomb interaction in a two-dimensional Dirac semimetal and a two-
dimensional semi-Dirac semimetal. In a Dirac semimetal, the kinetic energy of Dirac fermions is simply
E = vekwith k = [k + kf .RG analysis showed that the residue Zrapproaches a finite value at low energies,

so the system is a normal Fermi liquid [53—-56]. In a semi-Dirac semimetal, the kinetic energy of fermions is
. k; . . . . -
writtenas E = | vik? + 4—’:12 [87, 88]. In this case, the long-range Coulomb interaction drives Zsto vanish in the

lowest energy limit, i.e., Zf — 0, which apparently implies the breakdown of Fermi liquid behavior [87]. Once
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again, we see that the ratio between the interaction energy scale and the kinetic energy is a crucial quantity to
determine the low-energy behaviors of an interacting fermion system.

The coupling of nodal fermions to the quantum fluctuation of AF order is also an interesting problem
[7,89]. Uemura [7] considered the coupling of nodal fermions to the (7, 7) AF fluctuation, and suggested a
possibility that the (7, 7) AF fluctuation can connect two nodal charges in different hole pockets and then
generate abound state of two nodal charges. More recently, Pelissetto et al studied a number of different
couplings between nodal fermions and AF fluctuations using RG method [89]. An interesting result is that,
though most of these couplings are irrelevant, a nearly marginal coupling between nodal fermions and an
effective AF-order induced nematic fluctuation emerges. This nearly marginal coupling is found [89] to result in
afermion damping rate that is nearly linear in energy or temperature.

The electronic nematic state has been observed not only in some cuprate superconductors, butalsoina
number of iron-based superconductors: 122 family, such as hole doped Ba - <K, Fe,As,, electron doped
Ba(Fe-xCo,),As,, and isovalent-doped BaFe,(As 1 —xP,),; 111 family, such as NaFeAs; 1111 family, such as
LaFeAsO; 11 family, such as FeSe [90, 91]. In most of these compounds, the nematic order emerges in
accompany with a spin density wave (SDW) order. However, there are also exceptions. For instance, the nematic
order is observed in FeSe without any evidence for SDW order [90-98]. Whether the nematic order observed in
iron-based superconductors is generated by the fluctuation of SDW order or the orbital degrees of freedom is
still in fierce debate [90-99]. Recent experimental studies have unambiguously showed that there isa QCP in the
superconducting dome at the optimal doping of BaFe,(As 1 —xP.),. This QCP may correspond to the critical
point for a SDW order or nematic QCP [100, 101], and is expected to exhibit rich quantum critical phenomena.
Moreover, there are clear evidences that the superconducting gap of BaFe,(As1—P,), has nodal line points
[100]. Since the quantum fluctuation of nematic order is peaked at zero momentum [31, 91, 102], the nodal
fermions excited from the nodal line points might couple strongly to the quantum fluctuation of nematic order
at the nematic QCP [31]. This coupling is physically analogous to the model considered in this work, and it
would be interesting to study this coupling by means of RG method. The RG analysis performed in this work
could be generalized to study the possible non-Fermi liquid behavior and disorder effects in the context of
BaFe,(As1-«P,), and other iron based superconductors, where the multi-band effects and different gap
symmetry need to be seriously taken into account.
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Appendix A. Expressions of C, , ;

The expressions of C;, C;, and C; that appear in equations (11)—(15) are given by

2(m/vE) [ 2m x% — cos?0 — (va/vp)?sin?0
CG=—-—+= dx do , 0), Al
: N3 »/:oo j; (x? + cos?0 + (va/vp)?sin? )2 G(x 6) A1)
2(va/vE) [ x4+ cos’O — (va/vE)?sin? 0
C=—7F— dx do G(x, 0), A2
2 N3 k/:oo ‘fo (x2 + cos20 + (va/vp)?sin? §)? (x, 0) (A.2)
200/ vE) [ 2m x% 4+ cos?0 — (va/vE)?sin?f
Cy=—"— dx do , 0), A3
’ N73 'f:oo J; (x? + cos?0 + (va/vr)?sin 0)? Gtx. 6) (&.3)
with
2 2 2 a2
Gl = x* 4+ cos* 6 + x* + sin“ 0 . (A4)
\/xz + cos20 + (va/vp)?sin®0 \/xz + sin?0 + (vo/vE)?cos®0
Appendix B. RG equation for specific heat
The free energy density 7 = T In Z/V is formally given by
F=(&8)" (B.1)
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where £ ~ %, & = vrpand §, = ¢, . Wecanrewrite F as

F o~ ! T3, (B.2)
VEVA
which yields the following specific heat:
2
Cy = fTa—}- ~ L T?. (B.3)
OT*  vewa
Itis then easy to get
dlnC dln( ! )
nCy VEVA
— =24 — 7 B.4
dinT dinT (B.4)

Atagiven T, the corresponding momentum scale should be determined by the larger component of the fermion
velocities [25], i.e.,

. T
p =, (B'S)
max (Vg, VA)
which then gives rise to
dlnY: _1 dlnmax(vf:, VA)‘ (B.6)
dlnp dlnp
The scaling equation for Cy is converted to
dh’lC dln(vlv ) dln(vlv )
a1 ;:2+ ~dFlnAT =2+ leA i)\ (B.7)
~ nmax Vg, v,
n dnp dlnP(l + TPFA)
SincedInp ~ —dI, we find that
dlnvg dlnv,
dlnCy 7 T a
dinT =2 dlnmax(vg,va) \ (B8)
O_ di )
Substituting equations (11) and (12) into (B.8) leads us to
20 -G -G —2CG .
dll’lC\/ _ 2+ 1-CG+ G+ G ’ if VA/VF< L (B9)
dinT 26— C— C—2C, . )
n 2+717c1+c3+cg , if wa/ve > 1.

The quantum fluctuation of nematic order drives the velocity ratio v» /vr to monotonously decrease as one goes
to lower and lower energies. It is known that the bare ratio voo/vrg < 1in cuprate superconductors [1], which
make it possible to simplify the RG equation to

26— C, — C3—2C
dInCy —ay 1 2 3 g (B.10)
dlnT 1—C1+C2+Cg
In the clean limit, C; = 0, so the equation becomes
dln_CV =2+ M (B.11)
dlnT 1 — C] + C2

This equation is slightly different from the RG equation for specific heat presented in [25], where the equation is

dll’lCV _ 2+2C1*C2*C3 (B 12)
dinT 1-G+C '

The numerical solutions for equation (B.12) are shown in figure 6.

We notice that the specific heat obtained from equation (B.12) also satisfies limy_,(Cy (T)/T? — oo and
limy_oIn (Cy (T))/In(T) — 2, which indicates that the specific heat is enhanced comparing to the case of non-
interacting nodal fermion system. However, as will be shown in appendix C, it cannot be expressed as a power
law function. The reason is that the three parameters C;, C,, and C; appearing in equation (B.12) all vanish in the
lowest energy limit, rather than approaching certain finite values.
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Figure 6. Numerical results for Cy,(T) obtained from the RG equation of specific heat given in [25] at different initial values
a0/ Vro = 0.05, 0.1, 0.2, 1.

Appendix C. Approximate analytical expressions of DOS and specific heat

In order to show that the DOS and specific heat in clean limit do not exhibit power law behaviors, we now derive
their approximate analytical expressions in the low-energy regime from the RG results. The RG equation of DOS
is given by

dlnp:1+C1—C2—C3 (Cl)
dlnw 1—C1+C2 '

in the absence of disorders. In the lowest energy limit, we know that the velocity ratio vo /vg — 0. The
parameters C;, C,, and C;s, being functions of vz /vr, all vanish [25] as vo /vg — 0. Thus the RG equation can be
approximately written as

dl
np%1—|—2C1—2C2—C3
dlnw
2
zlf_V_Aa1+£V_Aa27 iln V_F 7a3 iV_A
Vg N vg 2 YA N vg
1
~1— Qay— 2 — ap 22 = 8 p[YE) (C.2)
Nve Nr2 \w)ve

where we have used three constants a; ~ 0.426, a, ~ 0.348, and a3 ~ 0.96 [24]. Substituting the approximate
low-energy expression of v /vy given in equation (22) into (C.2), we obtain

2 2
dlnp 17N 1 8 ln( 8 lln(l))ﬂ 1
N

~1—Q2a — 2a, — a3)— —
dlnw (20, = 28, — a3) 7= IIn()  Nr2

1 1 Inln(l)

T~ 1 I’

8 Iln()

(C.3)

where a, = (2a; — 2a, — a3)%2 + In (%).For N =2, a, ~ —1.896. Using the relationship w = woe !, we
can solve equation (C.3) and then obtain the following analytical expression

a, 2
p(w) ~ (ﬁ)ln(ﬂ)(lnln(ﬂ)) exp [l(lnhﬂn(ﬂ)) ], (C4
wWo w w 2 w

which is applicable for small w.
The RG equation for specific heat is shown in equation (B.11). Atlow energies, it can be approximated as

dlnCV
==Y . 2420-C-C
dinT ' 2 ’

PRV (iln(V_F) ~ QS)LV_A

1 1 Inln (1)

“Tmy 1 1)

(C.5)
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where ac = 2a; — a, — (13)%2 + In (%) At N = 2, ac ~ —1.466. Using the transformation T = Toe !, we
find that the specific heat at low temperature can be well approximated by the expression

Y (% 1)) 1( (1))
Cyv(T) (To) ln(T)(lnln(T exp S Inlnln T . (C.6)

By applying the same treatment, the RG equation of specific heat presented in [25], shown in equation (B.12),
can be approximately expressed as

2 a'c 2
Cy(T) ~ 1 ln(ﬁ)(lnln(ﬁ)) exp l(lnlnln(ﬁ)) , (C.7)
Ty T T 2 T
where a’c = (4a, — 3a, — (13)%2 + In (WZLN).AtN = 2, a’¢c ~ —1.273. The above two functions do not

exhibit power law dependence on temperature.
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