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Abstract
The gravitational time delay of light is reexamined, allowing for various models of
modified gravity. We clarify the dependence of the time delay (and induced frequency
shift) on modified gravity models and investigate how to distinguish those models,
when light propagates in static spherically symmetric spacetimes.

1 Introduction

Recent observations such as the magnitude-redshift relation of type Ia supernovae (SNIa) and the cosmic
microwave background (CMB) anisotropy by WMAP strongly suggest a certain modification, in whatever
form, in the standard cosmological model. We are forced to add a new component into the energy-
momentum tensor in the Einstein equation or modify the theory of general relativity itself. Indeed, there
have been a lot of proposals motivated by, for instance, scalar tensor theories, string theories, higher
dimensional scenarios and quantum gravity. Therefore, it is of great importance to observationally test
these models.

The theory of general relativity has passed “classical” tests, such as the deflection of light, the perihe-
lion shift of Mercury and the Shapiro time delay, and also a systematic test using the remarkable binary
pulsar “PSR, 1913+16” [1]. In the twentieth century, these tests proved that the Einstein’s theory is
correct with a similar accuracy of 0.1%.

Since the time delay effect along a light path in the gravitational field was first noticed in 1964
by Shapiro [2], this effect has successfully tested the Einstein’s theory [3]. A significant improvement
was reported in 2003 from Doppler tracking of the Cassini spacecraft on its way to the Saturn, with
v —1=(2.1£2.3) x 1075 [4]. Here, v is one of parameters in the parameterized post-Newtonian (PPN)
formulation of gravity [1]. The sensitivity in the Cassini experiment approaches the level at which,
theoretically, deviations 1076 — 10~7 are expected in some cosmological models [5, 6]. Therefore, it is
important to investigate the Shapiro time delay with such a high accuracy.

Here, we discuss the dependence of the time delay (and induced frequency shift) on modified gravity
models and investigate how to distinguish those models by using the Shapiro time delay [7]. An important
point in this paper is that we allow for various modified gravity theories beyond the scope of the PPN
formulation. Introducing a new energy or length scale (e.g. extra dimension scale) may make changes
in functional forms of the gravitational field. Thus it is worthwhile to investigate how to probe such a
modified functional form, by using the light propagation in the solar system. Throughout this paper, we
take the units of G =c¢ = 1.

2 Shapiro Time Delay

Let us assume that the electromagnetic fields propagate in four-dimensional spacetimes (even if the
whole spacetime is higher dimensional). Thus photon paths follow null geodesics (as the geometrical
optics approximation of Maxwell equation).

We shall consider a static spherically symmetric spacetime, in which light propagates, expressed as

ds* = —A(r)dt* + B(r)dr* + r?dQ?, (1)
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where r and dQ? denote the circumference radius and the metric of the unit 2-sphere, respectively. The
functions A(r) and B(r) depend on gravity theories.
The time lapse along a photon path is obtained as

"dr |B(r) 1
t(’f‘, TO) = e )
o 0\ A(r) [AGo) Al
rg T2
where b and ¢ denote the impact parameter and the closest point, respectively. Their relation is b? =
75 /A(ro).
For practical calculations, we keep only the leading term at a few AU in the corrections. Namely,
A(r) and B(r) are approximated as

(2)

2M
A(r) ~ 1- - + Apr™, (3)
2M
B(r) ~ 14—+ B,r", (4)
r

where M denotes the mass of the central body.

Examples of modified gravity theories are as follows. (1) n =1/2, A, = —2B,, = —2,/M/r2 for DGP
model with 7. that is the extra scale within which gravity becomes five dimensional [8]. (2) n = 3/2,
A, = (2/3)m2\/2M/13 and B, = —m2/2M/13 with graviton mass m, for one of massive gravity
models [9, 10]. (3) n =2, A, = —B,, = —A/3 for the Schwarzschild-de Sitter spacetime, that is, general
relativity with the cosmological constant A as a possible candidate for the dark energy, though this is
not a manifest modification of gravity.

Up to the linear order, the extra contribution to time delay due to modified gravity is

RE RRr
5t = r(;“(/ +/ >dR
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where we define R = r/ry.

It is convenient to use the relative change in the frequency, which is caused by the gravitational time
delay. This frequency shift is defined as y = —d(AT)/dt.

The general relativistic contribution is expressed as [1]

M db

=4——. 6
YGR b dt (6)
For n # 1, the extra frequency shift becomes
An+ By e n_14,db
6y:_ﬁ rg g = (n 4 g l}b%a (7)

while we obtain 6y = —(A,, + By,)[In(rgrg/rd) — 1]bdb/dt for n = 1.

Here, we make an order-of-magnitude estimate of the frequency shift. First, we obtain ygr ~
10-9(M/Mg)(r/b)(b/vE), where the dot denotes the time derivative, and v is the orbital velocity
of Earth (~ 30 km/s).

For a receiver at rg > rg, the extra frequency shift is

n b db
RT’R dt

o () () o) () () e

where 10AU/rg ~ 2 x 103. The larger the index of n, the longer the delay &y.

oy ~ (An+ Bp)r
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Figure 1: Dependence of the frequency shift on the distance rz and the index n. The long dashed, short
dashed and dotted curves denote the frequency shift for (n,rg) = (3/2,10AU), (n,rg) = (2,10AU),
(n,rr) = (2,1AU), respectively. The long dashed curve for n = 3/2 and rr = 10 AU is overlapped with
the solid curve denoting the general relativistic case. Here, we assume (A, + B,)rg =3 x 10711,

Figure 1 shows that an extra distortion due to dy would appear especially in the tail parts of y — ¢
curves. One can distinguish modified gravity models, which are characterized by various values of n, A,,
B,,, from observations using receivers at very different distances from Sun, as shown by Fig. 1.

Figure 2 shows the dependence of dy on n and A,, + B,. Hence, one can put a constraint on n and
A, + B,, from dy observed.

3 Multiple Paths

We consider three light paths, for which the impact parameters of the photon paths are almost the same
(several times of the solar radius) for convenience sake. The locations of the receivers are denoted as rg1,
rro and rgs, where the subscripts from 1 to 3 denote each light path. We assume that rg is constant in
time for simplicity. It is a straightforward task to take account of the eccentricity of the Earth orbit and
a difference between the impact parameters.

We make use of a difference such as ys — y; and y3 — y1, in order to cancel out general relativistic
parts. We find y B W
ST gt g b )
It should be noted that y, — y; is proportional to A,, + B,,. Hence, the following ratio depends only on
n as

Y2 — Y1 =

n—1 n—1
Y3s—Y1 _Tpy —Tps
= R (10)

Y27U1 TR ~Tho
Thereby, one can determine the index n. Next, one obtains A,, + B,, by substituting the determined n
into Eq. (9).
4 Conclusion

In summary, we have clarified the dependence of the gravitational time delay on modified gravity models
[7]. For neighboring light rays, the time delays become almost the same so that one can hardly distinguish
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Figure 2: Contours of 6y on the n - |A,, + By|r? plane. The solid, long-dashed and short-dashed curves
correspond to dy = 10714 10717,1072%, respectively, where we assume rg = 1 AU, rg = 40 AU, b ~ g
and db/dt ~ vg. The limit due to the current technology is dy ~ 107'7. The shaded region above the
dotted curve (6y = 10~ for rp = 8.43 AU) has been excluded by the Cassini experiment.

models of gravity. This implies that we should prepare receivers at very different distances from Sun.

Furthermore, b becomes the same order of rg, rg for future space-borne laser interferometric detectors
such as LISA, DECIGO and especially ASTROD [11]. Namely, rr and b change with time. Therefore, the
sophisticated experiments by space-borne laser interferometric detectors, which are originally designed
to detect time-dependent part of gravity, i.e. gravitational waves, could probe also a time-independent
part of gravity at the relative level of A y ~ Av/v ~ AL/L < 1072,
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