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CrossMark
Abstract
This is the introductory chapter to this issue. We review the main idea of the
localization technique and its brief history both in geometry and in QFT. We
discuss localization in diverse dimensions and give an overview of the major
applications of the localization calculations for supersymmetric theories. We
explain the focus of the present issue.

Keywords: quantum field theory, supersymmetric theories.,
diverse dimensions

1. Main idea and history

According to the English dictionary? the word localize means to make local, fix in or assign or
restrict to a particular place, locality. Both in mathematics and physics the word ‘localize’ has
multiple meanings and typically physicists with different backgrounds mean different things
by localization. This issue is devoted to the extension of the Atiyah—Bott—Berline—Vergne
localization formula (and related statements, e.g. the Duistermaat—Heckman formula and dif-
ferent versions of the fixed-point theorem) in differential geometry to an infinite dimensional
situation of path integral, and in particular in the context of supersymmetric quantum field
theory. In quantum field theory one says ‘supersymmetric localization’ to denote such com-
putations. In this issue we concentrate on the development of the supersymmetric localization
technique during the last ten years, 2007-2016.

Original content from this work may be used under the terms of the Creative
37 Commons Attribution 3.0 licence. Any further distribution of this work must maintain

attribution to the author(s) and the title of the work, journal citation and DOI.

" This is a contribution to the review issue ‘Localization techniques in quantum field theories’ (ed Pestun and
Zabzine) which contains 17 chapters available at [1].
3le. www.dictionary.com, based on the Random House Dictionary, © Random House, Inc. 2016.
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In differential geometry the idea of localization can be traced back to 1926 [2], when
Lefschetz proved the fixed-point formula which counts fixed points of a continuous map of
a topological space to itself by using the graded trace of the induced map on the homology
groups of this space. In the 1950s, the Grothendieck—Hirzebruch—Riemann—Roch theorem
expressed in the most general form the index of a holomorphic vector bundle (supertrace over
graded cohomology space) in terms of certain characteristic classes. In the 1960s, the Atiyah-
singer index theorem solved the same problem for an arbitrary elliptic complex.

In 1982 Duistermaat and Heckman [3] proved the following formula

" e 1)

Yo —
M n! ¢ zl: e(x;) ’ (1.1

where M is a symplectic compact manifold of dimension 2n with symplectic form w and with
a Hamiltonian U(1) action whose moment map is p. Here x; are the fixed points of the U(1)
action and they are assumed to be isolated, and e(x;) is the product of the weights of the U(1)
action on the tangent space at x;. Later independently in 1982 Berline and Vergne [4] and
Atiyah and Bott [5] generalized the Duistermaat-Heckman formula to the case of a general

compact manifold M with a U(1) action and an integral f o of an equivariantly-closed form

a, that is (d + ty)a = 0, where V(x) is the vector field corresponding to the U(1) action. The
Atiyah-Bott—Berline—Vergne formula reads as

f Z "o (x;)
\det(9, V" (x;) ) (1.2)

where it is assumed that x; are isolated fixed points of the U(1) action, and « is the zero-form
component of a.. The Atiyah—Bott—Berline—Vergne formula has multiple generalizations, to
the case of non-isolated fixed locus, to supermanifolds, to the holomorphic case, etc. The more
detailed overview of this formula and its relation to equivariant cohomology is given in [6].
Here we will concentrate on conceptual issues and our discussion is rather schematic.

Let us review the proof of the Atiyah—Bott—Berline—Vergne formula (1.2). We will use the
language of supergeometry, since it is easier to generalize to the infinite dimensional setup.
Consider the odd tangent bundle IITM where x* are coordinates on M and ¥* are odd coor-
dinates on the fiber (i.e. they transform as dx*). Functions f(x, 1) correspond to differential
forms and the integration measure d"x d" on IITM is canonically defined. Assume that there
is a U(1) action on compact M with the corresponding vector field V¥(x)3,. Define the follow-
ing ‘supersymmetry transformations’

oxt =
oYt = VH(x) (1.3)

which correspond to the equivariant differential d 4 ¢y. We are interested in computation of
the integral

Z(0) = j;[ - alx, ) dx d"yp (1.4)

for al(x, ) a ‘supersymmetric observable’, i.e. an equivariantly closed form da(x, 1) = 0. We
can deform the integral in the following way

Z(t) = j; o) e e dr dy, (1.5)
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where W (x, ¢) is some function. Using the Stokes theorem, one can show that the integral Z(r)
is independent of ¢, provided that §>°W = 0. For example, we can choose W = Vig,, " with
8, being a U(1)-invariant metric. If Z(7) is independent of 7, then we can calculate the original
integral at # = 0 at another value of ¢, in particular we can send ¢ to infinity

Z(0) = lim Z(¢) = lim alx, ) e WD) gy dmp, (1.6)
t— 00 t—o00 JIITM

Thus using the saddle point approximation for Z(#) we can calculate the exact value of Z(0). If

we choose W = V¥g 4" with the invariant metric and perform the calculation we arrive at the
formula (1.2). Let us outline the main steps of the derivation. In the integral (1.6)

SW = Vi, V¥ + 9,(Vi'g, Py (1.7)

and thus in the limit # — oo the critical points x; of the U(1) action dominate, V(x;) = 0. Let us
consider the contribution of one isolated point x;, and for the sake of clarity let’s assume that
x; = 0. In the neighbourhood of this critical point 0, we can rescale coordinates as follows

Jix =%, i =1, (1.8)

so that the integral expression (1.6) becomes

7 i v
. b 7r6W( —) o
Z(0) = lim of —,—=]e VEUNT) A dMp, 1.9
© t—o00 JIITM (ﬁ ﬁ) v 42
where we have used the property of the measure on IITM, d"x d") = d"% d"s). Now in (1.9)
we may keep track of only leading terms which are independent of 7. In the exponent with 6W
only the quadratic terms are relevant

W = H,, 315 + S, 0", (1.10)

where the concrete form of the matrices H and S is irrelevant. In the limit  — oo the ‘super-
symmetry transformations’ (1.3) are naturally linearized

il 111
)" = 0, VH0)xY, (11D

and the condition §W = 0 now implies
I{/w = S/mauva(o)- (1.12)

Now in the integral (1.9) we have to take the limit # - co and perform the gaussian integral in
even and odd coordinates

FdimM/ZPf(S)
Z(0) = a(0,0)————= 1.13
detH (119
and using (1.12) we arrive at
dimM /2

Z(0) = a(0,0)

Jdetd, v () (1.14)

If we repeat this calculation for every fixed point, we arrive at the Atiyah—Bott—Berline—
Vergne formula (1.2). This is the actual proof for a U(1) action on a compact M. In principle
the requirement of a U(1) action can be relaxed to V being Killing vector on a compact M,
since in the derivation we only use the invariance of the metric to construct the appropriate W.

3
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For non-compact spaces, one can use the Atiyah—Bott—Berline—Vergne formula as a suitable
definition of the integral, for example to introduce the notion of equivariant volume etc. There
are many generalizations of the above logic, for example one can construct the holomorphic
version of the equivariant differential with the property §> = 0 etc.

This setup can be formally generalized to the case where M is an infinite dimensional
manifold.

Indeed, we can regard this as the definition of the infinite dimensional integral, provided
that the formal properties are preserved. However, in the infinite dimensional case, the main
challenge is to make sure that all steps of the formal proof can be suitably defined, for example
the choice of a suitable W may become a non-trivial problem. In the infinite dimensional situa-
tion the matrix 9,V*(0)in (1.11) turns into a differential operator and the (super)-determinant
of this differential operator should be defined carefully.

The most interesting applications of these ideas come from supersymmetric gauge theo-
ries. In this case, one tries to recognise the supersymmetry transformations together with the
BRST-symmetry coming from the gauge fixing as some type of equivaraint differential (1.3)
acting on the space of fields (an infinite dimensional supermanifold).

In the context of the infinite-dimensional path integral, the localization construction was
first proposed by Witten in his work on supersymmetric quantum mechanics [7]. In that case
the infinite dimensional manifold M is the loop space LX of an ordinary smooth manifold X.
In the simplest case, the U(1) action on LX comes from the rotation of the loop. Similar ideas
were later applied to two-dimensional topological sigma model [8] and four dimensional top-
ological gauge theory [9]. In the 1990s the ideas of localization were widely used in the setup
of cohomological topological field theories, e.g. see [10] for nice applications of these ideas
to two-dimensional Yang—Mills theory. Further development on supersymmetric localization
is related to the calculation of Nekrasov’s partition function, or equivariant Donaldson—Witten
theory [11], based on earlier works [12—15].

The focus of this issue is on the developments starting from the work [16], where the
exact partition function and the expectation values of Wilson loops for A/ = 2 supersymmet-
ric gauge theories on S* were calculated. In [16] the 4d N = 2 theory was placed on S*,
preserving eight supercharges, and the supersymmetry transformations together with BRST-
transformations were recognized as the equivariant differential on the space of fields. The
zero modes were carefully treated by Atiyah-singer index theorem, and the final result was
written as a finite-dimensional integral over the Cartan algebra of the Lie algebra of the gauge
group. Later this calculation was generalized and extended to other types of supersymmetric
theories, other dimensions and geometries. These exact results provide a unique laboratory for
the study of non-perturbative properties of gauge theories. Some contributions to this volume
provide an overview of the actual localization calculation in concrete dimensions, for concrete
class of theories, while other contributions look at the applications of the results and discuss
their physical and mathematical significance.

2. Localization in diverse dimensions

In order to apply the localization technique to supersymmetric theories one needs to
resolve a number of technical and conceptual problems. First of all, one needs to define a
rigid supersymmetric theory on curved manifolds and understand what geometrical data
goes into the construction. The old idea was that rigid supersymmetry on curved manifolds
requires an existence of covariantly constant spinors which would correspond to the param-
eters in the supersymmetry transformations. The next natural generalization would be if the
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supersymmetry parameters satisfy the Killing spinor equations [17]. For example, all spheres
admit Killing spinors and thus supersymmetric gauge theories can be constructed on spheres.
However, a more systematic view on supersymmetric rigid theories on curved manifolds has
been suggested in [18] giving background values to auxiliary fields in the supergravity. (More
recently an approach of topological gravity was explored in [19, 20].) This approach allows in
principle to analyze rigid supersymmetric theories on curved manifolds, although the analysis
appears to be increasingly complicated as we deal with higher dimensions and more super-
symmetry. At the moment we know how to place on a curved manifold the supersymmet-
ric theories, which in flat space have four or fewer supercharges, in dimensions two, three
and four for both Euclidean and Lorentzian signatures [21-24]. For other cases only partial
results are available. For example, in 4d the situation for theories with 8 supercharges remains
open, see however [25-28]. Situation is similar in five dimensions, see e.g. [29-31] and in six
dimensions [32]; see also [33, 34] in the context of superspace treatment of rigid supergrav-
ity. Thus despite the surge in the activity the full classification of supersymmetric theories on
curved manifolds remains an open problem. Rigid supersymmetric theories on curved mani-
folds are discussed in contribution [35].

Moreover, in order to be able to carry the localization calculation explicitly and write the
result in closed form, we need manifolds with enough symmetries, for example with a rich
toric action. Again we do not know the full classification of curved manifolds that allow both a
toric action and a rigid supersymmetric gauge theory. In 3d we know how to localize the theo-
ries with 4 supercharges on S%, on lens spaces L, and on S? x S In 4d the situation becomes
more complicated, we know how to localize the theories with 8 supercharges on S* and with 4
supercharges on S* x S!, but the general situation in 4d remains to be understood. In 5d there
exists an infinite family of toric Sasaki-Einstein manifold (S° is one of them) for which the
result up to non-perturbative contributions can be written explicitly for the theories with 8
supercharges. Notice, however, that this is not the most general 5d manifolds which admit the
rigid supersymmetry, e.g. a bit separated example is $* x S'. In 6d the nearly Kihler manifolds
(e.g. S will allow the theories with 16 supercharges and in 7d the toric Sasaki—Einstein mani-
folds (e.g. S7) will allow the theories with 16 supercharges.

The best studied examples are the supersymmetric gauge theories on spheres S, which we
are going to review briefly since they provide a nice illustration for the general results. The
first results were obtained for $* in [16], for S% in [36], for S2 in [37, 38], for S° in [39—41] and
finally for S° and S7 in [42]. These calculations were generalized and extended to the squashed
§3[43, 44], to the squashed S*[28, 45], the squashed S° [46-48] and the result for the squashed
5% and S7 was already suggested in [42]. There is also an attempt in [49] to analytically con-
tinue the partition function on S¢ to generic complex values of d.

Let us describe the result for different spheres in a uniform fashion. We consider the gen-
eral case of squashed spheres.

The odd and even dimensional spheres S ! and S*" lead to two types of special functions
called S, and Y, that are used to present the result.

The main building block of these functions is the multiple inverse Gamma function
7,(x|61, ..., €&), which is a function of a variable x on the complex plane C and r complex
parameters €y, ..., €. This function is defined as a (-regularized product

o0
V(x| €ty e &) = H (x+me + -+ + nr6). 2.1

ny,...,n,=0

The parameters ¢; should belong to an open half-plane of C bounded by a real line passing
trough the origin. The unrefined version of +, is defined as
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o (k+1)(k+2)...(k+r—1)
@ =0l D= [tk o 22)
k=0

The Y;-function, obtained from the localization on %, is defined as

] 1y
V(x| ety ..y &) = 7, (x| €1 ooy 6,)7{2 6 — x| ey . Er) ) (2.3)

i=1

These functions form a hierarchy with respect to a shift of x by one of e-parameters

—1
’I‘r(x + 6‘i| €l ens iy ooy fr) = Tr7 1(-x| Ely vees Ei— 15 Eif 15 +ees 6}’)’Y;’(x| [ PR = FPPO 6}”) (24)

The unrefined version of Y, is defined as follows

(k+D(k+2)...(k+r—1)
G0 =10 1) = J]k+ 0™ e 2.5)
keZ

The S,-function, called multiple sine, obtained from localization on 21 is defined as

, 1!
Si(x| €, oy €) = (x| €1 ..y 6,)7,(2 € — X| €1y euns 6,] . (2.6)

i=1
See [50] for exposition and further references. These functions also form a hierarchy with
respect to a shift of x by one of the e-parameters

—1
Sr F €l €1y v iy ey €) = Sy ((X] €1y vy €11y i1y wves E)SHX| €Ly s Eiy ooy Er). 2.7)

Notice that Sj(x|¢) = 2 sin(%) is a periodic function. Thus S is periodic by itself, S, is peri-
odic up to Sfl, S5 is periodic up to Sgl etc. The unrefined version of multiple sine is defined as

(k+1)(k+2)...(k+r—1)
S:(x) = S,(x[1,.., 1) = []k+x) (=D . (2.8)
keZ

The result for a vector multiplet with 4,8 and 16 supercharges placed on a sphere $2, S* and
S% respectively is given in terms of Y, functions as follows

ZSZ’:Ida [T TGw-ale)eP@ 4 ..., 2.9)
WERadg

where the integral is taken over the Cartan subalgebra of the gauge Lie algebra g, the w are
weights of the adjoint representation of g and P,(a) is the polynomial in a of degree r,

P(a)=oa, Tr(@)+ -+ ar Tr (@®) + oy Tr (a). (2.10)

The polynomial P,(a) is coming from the classical action of the theory. The parameters ; are
related to the Yang—Mills coupling, the theta-parameters that couple to the first, second and
third Chern classes, and the FI couplings.

The sphere S?" admits 7" action with two fixed points, and the parameters ¢y, ..., ¢, are the
squashing parameters for S (at the same time e, ..., €, are equivariant parameters for the 7"
action).

For 52, the dots are non-perturbative contributions coming from other localization loci with
non-trivial magnetic fluxes (review in [51]). For 54, the dots correspond to the contributions of
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point-like instantons over the north and south poles computed by the Nekrasov instanton parti-
tion function (review in Contribution [52]). For the case of S° the expression corresponds to
maximally supersymmetric theory on S, and the nature of the dots remains to be understood.

The partition function of the vector multiplet with 4, 8, or 16 supercharges on the
odd-dimensional spheres S°, §° and 7, or S*~! with r = 2, 3, 4, is given by

zsz,.ﬂ:];d“ [T Siiw-ale)e™ @+ .., @.11)

WERudg

where now e-parameters are equivariant parameters of the 7" C SO(2r) toric action on §¥ !

For S° the dots are absent and the expression (2.11) provides the full results for N = 2
vector multiplet on S (review in contribution [53]). For S° the formula (2.11) provides the
result for /"= 1 vector multiplet (review in contribution [54]). The theory on S7 is unique
and it corresponds to the maximally supersymmetric Yang—Millls in 7d with 16 supercharges.

For the case of S and §7 the dots are there and they correspond to the contributions around
non-trivial connection satisfying certain non-linear PDEs. There are some natural guesses
about these corrections, but there are no systematic derivation and no understanding of them,
especially for the case of §7.

Our present discussion can be summarized in the following table:

Dim Multiplet ~ #super  Special function = References Derivation

52 N=2 4 Tix|e) [37, 38] Contribution [51]
vector

s3 N=2 4 Sy(x|€) [36] Contribution [53]
vector

st N=2 8 Tx|e) [16] Contribution [52]
vector

s N=1 8 Sy(x|€) [39-41] Contribution [54]
vector

§° N=2 16 Yy(x| €) [42]
vector

s’ N=1 16 Sy(x|€) [42]
vector

The contribution of matter multiplet (chiral multiplet for theories with 4 supercharges and
hypermultiplets for theories with 8 supercharges) can be expressed in terms of the same spe-
cial functions, see next section.

The detailed discussion of the localization calculation on the spheres and other manifolds
can be found in different contributions in this volume, 2d is discussed in contribution [51], 3d
in contribution [53], 4d in contribution [52], 5d in contribution [54].

Next we can schematically explain the above result.

2.1. Topological Yang—Mills

We recall that A= 1 super Yang—Mills theory is defined in dimension d = 3, 4, 6, 10 and that
the algebraic structure of supersymmetry transformations is related to an isomorphism that
one can establish between R?~2 and the famous four division algebras:
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SYM Algebra S dimS Top SYM Equations #equations  Quotient

3d R S 2 1d — 0 —

4d C S 4 2d F=0 1 Kahler

6d  H steC2 8 4d F=—%F 3 HyperKahler
10d  Q© St 16 8d F=—%x(FAQ) 7 Octonionic

In this table S denotes the 214/2l-dimensional Dirac spinor representation of Spin(d) group.
The S* denotes the chiral (Weyl) spinor representation of Spin(d). In all cases, one uses
Majorana spinors in Lorenzian signature, or holomorphic Dirac* spinors in Euclidean signa-
ture. Notice the peculiarity of the 6d case where one uses chiral Sp(1)-doublet spinors with
C? being the fundamental representation of the Sp(1) ~ SU(2) R-symmetry, and that in the
10d case one uses a single copy of the chiral spinor representation. The number dimS is often
referred as the the number of the supercharges in the theory.

Also, it is well known that the A= 1 under the dimensional reduction to the dimension
d — 2 produces the ‘topological’ SYM which localizes to the solutions of certain first order
(BPS type) elliptic equations on the gauge field strength of the curvature listed in the table.
The 1d topYM is, of course, the trivial theory, with empty equations, since there is no room for
the curvature 2-form in a 1-dimensional theory. The equation for 2d topYM is the equation of
zero curvature, for 4d topYM it is the instanton equation of self-dual curvature (defined by the
conformal structure on the 4d manifold), and for 8d topYM it is the equation of the octonionic
instanton (defined by the Hodge star x operator and the Cayley 4-form {2 on a Spin(7)-holo-
nomy 8d manifold).

The corresponding linearized complexes are

topYM | linearized complex | fiber dimensions

R:1d Q0= 1-1

C:2d| Q=052 1-2-1 (2.12)
H:4d| Q-Q' -0 1-4-3

0:8d| Q—Q'= 02, 1-8-7

Here €2 is a shorthand for 7 (X) ® ad g, that is the space of g-valued differential p-forms
on X, where g is the Lie algebra of the gauge group and X is the space-time manifold. In
the 4d theory the space Qi denotes the space of self-dual 2-forms that satisfy the instanton
equation F = — x F, and in the 8d theory the space ng is the space of 2-forms that satisfy the
octonionic instanton equation F = — *x (F A §2).

In these complexes, the first term 2° describes the tangent space to the infinite-dimensional
group of gauge transformations on X, the second term Q' describes the tangent space to the
affine space of gauge connections on X, and the last term (Q? for 2d, Qi for 4d, an for 8d)
describes that space where the equations are valued.

If space-time X is invariant under an isometry group 7, the topological YM can be treated
equivariantly with respect to the T-action. The prototypical case is the equivariant Donaldson—
Witten theory, or 4d topYM in Q-background defined on R* equivariantly with respect to
T = SO(4), generating the Nekrasov partition function [11]. Special functions, like the Y-function
defined by infinite products like (2.3) are infinite-dimensional versions of the equivariant

4This means that the spinors 1 in Euclidean signature are taken to be complex, but algebraically speaking, only ¢
appears in the theory but not its complex conjugate 1).
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Euler class of the tangent bundle to the space of all fields appearing after localization of the
path integral by Atiyah—Bott—Berline—Vergne fixed point formula (see [6] section 8.1 for more
details). The equivariant Euler class can be determined by computing first the equivariant
Chern class (index) of the linearized complex describing the tangent space of the topological
YM theory. The T-equivariant Chern class (index) for the equation elliptic complex

D: 5T(ELX)-»T(E,X)— ... (2.13)

on space X made from sections of vector bundles E., can be conveniently computed by the
Atiyah-singer index theorem

Ty
indr(py = 3 DD ehr(El,

2.14
S detyy(1—17h @19

where X7 is the fixed point set of T on X (see [6] section 11.1 for details).

2.2. Even dimensions

First we will apply the Atiyah-singer index theorem (review in [6] section 11.1) for the com-
plexified complexes (2.12) on X = R for d = 2, 4, 8 topological YM with respect to the natu-
ral SO(d) equivariant action on R with fixed point x = 0.

For d = 2r and r = 1,2,4 we pick the Cartan torus 7" = U(1)" in the SO(2r) with param-
eters (1, ..., t,) € U(1)". The denominator in the Atiyah-singer index theorem is

det(1 —  Hlgor= [T — )1 — ;Y 2.15)

s=1

The numerator is obtained by computing the graded trace over the fiber of the equa-
tion complex at the fixed point x = 0.
For equivariant 2d topYM on R? (coming from SYM with 4 supercharges):

-~ -1
ind (DR 00— O Qg = 0L 1 1 (2.16)
A-nd—-1) lI-n 1-¢

For equivariant 4d topYM on R* (coming from SYM with 8 supercharges):

1— -1 —1 1 11

indp(D, RY Q% o Ol 02y = h+t +b +7t12 )+ 1+ 1 _’:ltl 1)

(I =) -1 ) -n)d -1)
1 1

(2.17)

= + - 1
I-=-n0—-16) A-)1-16)

For equivariant 8d topYM on IR® (coming from SYM with 16 supercharges), to preserve the
Cayley form and the octonionic equations coming from the Spin(7) structure, the 4 parameters

(t1, h, 13, 14) should satisfy the constraint ftst4 = 1. The weights on 7-dimensional bundle,
whose sections are ng,(c, can be computed from the weights of the chiral spinor bundle S*
modulo the trivial bundle. The chiral spinor bundle S* can be identified (after a choice of
complex structure on X) as St~ (@%,ZOAsz%I) ® K% where K is the canonical bundle on

X=R~C* equivariantly trivial with respect to the T3 action parametrized by (#, t, 3, 14)
with tibtsty = 1. Then
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(1= (Tt + 65+ A+ Sy cpeseatils)
[T, — (1 — 1Y

1
(=) -1 —n)1—1)

indr(D, R®, Q¢ — Qt = Qoo s =

hhtsty = 1. (2.18)

It is also interesting to consider the dimensional reduction of the 8d topYM (coming from
the SYM with 16 supercharges) to the 6d theory. The numerator in the index is computed in
the same way as (2.18), but the denominator is changed to the 6d determinant, hence we find

(1 - (Z?: 1(ts + t;l)) + (1 + Elgr<s<4 trtx)

indp(D, R®, Q% — QF = QF°“)sd reduction = -
reeen 1.1 — 1)1 — £,

_ 1—1 titptigs=1
(=) =) —1)
1 1
= + ~1 -1 BN
A= -n)1-5) A-)1—-1)1—-13)

(2.19)

From equations (2.16), (2.17) and (2.19) we see that the index for the complexified vec-
tor multiplet of the 2d theory (4 supercharges), 4d theory (8 supercharges) and 6d theory (16
supercharges) on R? can be uniformly written in the form

L+ () T 1 1

indr(D, R*", vectorg) = — = — + r=1,2,3,
[I5=,(1 — 1) (=) I, -5

(2.20)

Hence, the equivariant index of the complexified vector multiplet in 2,4 and 6 dimensions
on flat space is equivalent to the index of the Dolbeault complex plus its dual, because (see
review in [6] section 9)

1
71 *
[T— (1 — 1)
The vector multiplet is in a real representation of the equivariant group: each non-zero

weight eigenspace appears together with its dual. Generally, the index of a real representation
has the form

ind;(9, C¥, Q0% = (2.21)

ftoont)+ £ 0. (2.22)

The equivariant Euler class in the denominator of the Atiyah—Bott—Berline—Vergne locali-
zation formula ([6] sections 8.1 and 12) is defined as the Pfaffian rather then the determinant,
hence each pair of terms in the equivariant index, describing a weight space and its dual,
corresponds to a single weight factor in the equivariant Euler class. The choice between two
opposite weights leads to a sign issue, which depends on the choice of the orientation on the
infinite-dimensional space of all field modes. A careful treatment leads to interesting sign fac-
tors discussed in details for example in contribution [51].

A natural choice of orientation leads to the holomorphic projection of the vector multiplet
index (2.20) in 2, 4 and 6 dimensions by picking only the first term in (2.20) so that

indy(D, R?", vectore)hol = S S r=1,2,3. (2.23)

[T (1 = 1)

10
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The supersymmetric Yang—-Mills with 4, 8 and 16 supercharges can be put on the
spheres S2, S* and S° as was done in [16, 37, 38, 42] and reviewed in contribution [51] and
contribution [52].

A certain generator Q. of the global superconformal group can be used for the localization
computation. This generator Q, is represented by a conformal Killing spinor € on a sphere S,
and satisfies Qf = R where R is a rotation isometry. There are two fixed points of R on an even-
dimensional sphere, usually called the north and the south poles. It turns out that the equivari-
ant elliptic complex of equations, describing the equations of the topological YM, is replaced
by a certain equivariant transversally elliptic complex of equations. Near the north pole this
complex is approximated by the equivariant topological YM theory (theory in 2-background),
and near the south pole by its conjugate.

The index of the transversally elliptic operator can be computed by the Atiyah-singer theo-
rem, see for the complete treatement [55], application [16], Contribution [6] or contribution
[52]. The result is that the index is contributed by the two fixed point on the sphere S%, with
a particular choice of the distribution associated to the rational function, in other words with
a particular choice of expansion in positive or negative powers of f;, denoted by []. or []_
respectively (see contribution [6] section 11.1):

1 1
indr(D, ¥, vectorp)hol = | — +| = r=1,2,3. (2.24)
’ [Hsl(l — 1) L [Hu(l — 1) ]

So far we have computed only the space-time geometrical part of the index. Now, suppose
that the multiplet is tensored with a representation of a group G (like the gauge symmetry,
R-symmetry or flavour symmetry), and let L; >~ C be a complex eigenspace in representation
of G with eigenweight ¢ = . Then

: 2r — 75 75
indry (D, S, vectore ® Le)nol = [H§_1(1 s L + [H§_1(1 Y ] . (2.25)

Now let ¢; and x be the Lie algebra parameters associated with the group parameters z; and

Eas
t; = exp(ie;), & = exp(ix). (2.26)

By definition, let (x| ) be the equivariant Euler class (Pfaffian) of the graded vector space
of fields of a vector multiplet on $%" with the character (index) defined by (2.25)

To(x|€) = eurx (D, S, vectore @ Le)hol|, _ i ¢—eis- (2.27)

Explicitly, converting the infinite Taylor sum series of (2.25)

el

H§:1(1 - tv) ngl(l - tv) m=0,---,n,=0
(2.28)

into the product of weights we find the infinite-product definition of the Y,(x|¢) function

o] r r ="
T (x|s) = H (x + Z nses)(e —x+ Z nses) (2.29)
n,=0

s=1 s=1
where = denotes Weierstrass or (-function regularization and
€e=€e+ -+ 6 (2.30)

1
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The analysis for the scalar multiplet (the chiral multiplet in 2d for the theory with 4 super-
charges or the hypermultiplet in 4d for the theory with 8 supercharges) is similar. On equiv-
ariant R*" the corresponding complex for the scalar multiplet is the Dirac operator St — §~,
which differs from the Dolbeault complex by the twist by the square root of the canonical
bundle, hence

1

ri l‘?
indp(D, R?", scalar)po = —# r=1,2. (2.31)
Hszl(l - ts)

On the sphere S%, again, one takes the contribution from the north and the south pole
approximated locally by R?" with opposite orientations, and gets

1 1
: I3 I3
indp(D, §", scalar)pg = — s=172 - s=172

[T (1 —15) [T (1 —15)

+ —

1,2. (2.32)

Hence, the equivariant Euler class of the graded space of sections of the scalar multiplet is
obtained simply by a shift of the argument of the Y-function and inversion

-1
eury (D, %, scalar ® Lot |tx:eaq,w:eax = Tr(x + %) . (2.33)

As computed in [16, 37, 38, 42] and reviewed in contribution [51] and contribution [52],
the localization by the Atiyah—Bott—Berline—Vergne formula brings the partition function of
supersymmetric Yang—Mills with 4, 8 and 16 supercharges on the spheres S, $* and S° to
the form of an integral over the imaginary line contour in the complexified Lie algebra of
the Cartan torus of the gauge group (the zero mode of one of the scalar fields in the vector
multiplet). The integrand is a product of the classical factor induced from the classical action
and the determinant factor (the inverse of the equivariant Euler class of the tangent space
to the space of fields) which has been computed above in terms of the Y,-function. Hence,
for r=1, 2, 3 we get perturbatively exact result of the partition function in the form of a
finite-dimensional integral over the Cartan subalgebra of the Lie algebra of the gauge group
(generalized matrix model)

ZSZr’pen - [ da H
G

Hence Zg ey is the contribution to the partition function of the trivial localization locus
(all fields vanish except the zero mode a of one of the scalars of the vector multiplet and
some auxliary fields). The Zg . does not include the non-perturbative contributions. The
factor e”@ is induced by the classical action evaluated at the localization locus. The product
of T,-functions in the numerator comes from the vector multiplet and it runs over the weights
of the adjoint representation. The product of Y,-functions in the denominator comes from the
scalar multiplet (chiral or hyper), and it runs over the weights of a complex representation
R of the gauge group G in which the scalar multiplet transforms. In addition, by taking the
matter fields multiplets to be in a representation of a flavor symmetry F, the mass parameters
m € tp can be introduced naturally. For r = 3 the denominator is empty, because the 6d gauge
theory with 16 supercharges is formed only from the gauge vector multiplet.

The non-perturbative contributions come from other localization loci, such as magnetic
fluxes on S2, or instantons on $*, and their effect modifies the equivariant Euler classes pre-

sented as Y,-factors in (2.34) by certain rational factors. The 4d non-perturbative contributions
12

HweRadgTr(iW -ale)
T(w - (a,m) + Z|€)

ef@, (2.34)

WERGxF
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are captured by fusion of Nekrasov instanton partition function with its conjugate [11, 16].
See 2d details in contribution [51] and 4d details in contribution [52].

Much before localization results on gauge theory on S* were obtained, the Y3 function prom-
inently appeared in Zamolodchikov—Zamolodchikov paper [56] on structure functions of 2d
Liouville CFT. The coincidence was one of the key observations by Alday—Gaiotto—Tachikawa
[57] that led to a remarkable 2d/4d correspondence (AGT) between correlators in Liouville
(Toda) theory and gauge theory partition functions on S*, see review in contribution [58].

2.3. Odd dimensions

Next we discuss the odd dimensional spheres (in principle, this discussion is applicable for
any simply connected Sasaki—Einstein manifold, i.e. the manifold X admits at least two Killing
spinors). After field redefinitions, which involve the Killing spinors, the integration space for
odd dimensional supersymmetric gauge theories with the gauged fixing fields can be repre-
sented as the following spaces

3d: AX, ) x IO (X, 9) x IO (X, g) x TN (X, g)
5d: AX, 9) x TTO5T (X, 9) x TTQO (X, g) x ITQ° (X, g)
7d: AX.g) x O (X, 9) x IO (X, ) x TQY (X, g) x TTQ° (X, g) (2.35)

where in all cases there are common last two factors I1Q° (X, g) x I1Q° (X, g) coming from
the gauge fixing. The space A(X, g) is the space of connections on X with the Lie algebra g.
The Sasaki-Einstein manifold is a contact manifold and the differential forms can be naturally
decomposed into vertical and horizontal forms using the Reeb vector field R and the contact
form k. The horizontal plane admits a complex structure and thus the horizontal forms can be
decomposed further into (p, g)-forms. For two forms we define the space Q%f as (2, 0)-forms
plus (0,2)-forms plus forms proportional to dx. Thus for 5d Q,thL is the space of standard self-
dual forms in four dimensions (rank 3 bundle), and for 7d forms in Q%f obey the hermitian
Yang—Mills conditions in six dimensions (rank 7 bundle: 3 complex components and 1 real).
By just counting degrees of freedom one can check that the 3d case corresponds to an N = 2
vector multiplet (4 supercharges), the 5d case to an N'= 1vector multiplet (8 supercharges) and
7d to N = 1 maximally supersymmetric theory (16 supercharges). The supersymmetry square
Qz, which acts on this space, is given by the sum of Lie derivative along the Reeb vector field R
and constant gauge transformations: Qz = Lg + ad,. Around the trivial connection, after some
cancelations, the problem boils down to the calculation of the following superdeterminant

L1 = f da SdetQ%O)(X’g)(ﬁR +ad,) e 4 ... (2.36)
tc

and this is a uniform description for Sasaki—Einstein manifolds in 3d, 5d and 7d. In 3d the
only simply connected Sasaki-Einstein manifold is S°, while in 5d and 7d there are many
examples of simply connected Sasaki—Einstein manifolds (there is a rich class of the toric
Sasaki—Einstein manifolds). The determinant can be calculated in many alternative ways, and
the result depends on X.

If X is a sphere $>~!, the determinant in (2.36), equivalently, the inverse equivariant Euler
class of the normal bundle to the localization locus in the space of all fields, can be com-
puted from the equivariant Chern character, or the index, of a certain transversally elliptic
operator D = 7*0 induced from the Dobeault operator 0 by the Hopf fibration projection
78§71 CPr-L

13
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The index, or equivariant Chern character, is easy to compute by the Aityah—Singer fixed
point theorem (see the details in Contribution [6] section 11.2). The result is

indy(D, $> 1) = i indy(d, CPr—1, O(n))_[ 1 ] N (gt _
B ON Mo —5h |

(2.37)

Converting the additive equivariant Chern character to the multiplicative equivariant Euler
character, we find the definition of the multiple sine function

n=—00

/(x| €) = eurx (S, D ® Le)noil, —gies e (2.38)

where L is a 1-dimensional complex eigenspace with character £ Explicitly

00 r r (=1y !
Sl = ] (x +30 nsq](f —x ) ne) (2.39)
n,=0 s=1 s=1
and this leads to the formula (2.11) for the perturbative part of the partition function of a vector
multiplet on $> 1,

For r = 2,3 we can also treat a scalar supermultiplet (a chiral multiplet for the theory with
4 supercharges or a hypermultiplet for the theory with 8 supercharges). The corresponding
complex is described by an elliptic operator 7™ & for 7 : §~! — CP"~!, where ¥ is the Dirac
operator S* — S~ on CP"~!. The Dirac complex is isomorphic to the Dolbeault complex by a
twist by a square root of the canonical bundle. Because of the opposite statistics, there is also
an overall sign factor like in (2.32).

Finally, the contribution of both vector multiplet in representation R,q 4 and scalar multiplet
in representation R r to the perturbative part of the partition function is computed by the
finite-dimensional integral over the localizationl locus tg with the following integrand made
of S, functions

HweRadg S.(iw - ale)

Zor = f da ARG 240
§*! pert tc HWERGxF Sr(lw : (a’ m) + E' 6) ( )

Here F is a possible flavor group of symmetry, and m € t is a mass parameter.

For reviews of 3d localization see contribution [53], contribution [59], contribution [60],
contribution [61] and for reviews of 5d localization see contribution [54], contribution [62],
contribution [63].

The case of " x S'is built from the trigonometric version of S"-result.

The trigonometric version of the V,-function (2.29) is given by

r ="
. NN 27i() | 6—x) RN
H|e,.me) =[] (1—e2me2m"f)[1—e > ezﬂlﬂf] . (241)

The trigonometric version of the multiple sine function S, (2.39) is given by the multiple
elliptic gamma function

r (=1t
. . 27i() | 6—x) .
G(xlel,.n&) =[] (1—e*ire?in f)(l —e ; Ve2ri ) . (2.42)

where G corresponds to the §-function, G, corresponds to the elliptic gamma function.

14
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The partition function on S” x S! has an interpretation as a supersymmetric index, namely
a graded trace over the Hilbert space. The review of supersymmetric index in 2d is in contrib-
ution [51], in 4d is in contribution [64] and in 6d is in contribution [65].

3. Applications of the localization technique

The localization technique can be applied only to a very restricted set of supersymmetric
observables, e.g. partition functions, supersymmetric Wilson loops etc. Unfortunately, the
localization technique does not allow us to calculate correlators of generic local operators.
However, the supersymmetric localization offers a unique opportunity to study the full non-
perturbative answer for these restricted class of observables and this is a powerful tool to
inspect interacting quantum field theory. As one can see from the previous section, the local-
ization results are given in terms of complicated finite dimensional integrals. Thus one has to
develop techniques to study these integrals and learn how to deduce the relevant physical and
mathematical information. Some of the reviews in this volume are dedicated to the study of
the localization results (sometimes in various limits) and to the applications of these results in
physics and mathematics.

The original motivation of [16] was to prove the Erickson—-Semenoff—Zarembo and
Drukker—Gross conjecture, which expresses the expectation value of supersymmetric circular
Wilson loop operators in A/ = 4 supersymmetric Yang-Mills theory in terms of a Gaussian
matrix model, see review in contribution [66]. This conjecture was actively used for checks
of AdS/CFT correspondence. After more general localization results became available, they
were also used for stronger tests of AdS/CFT.

On the AdS side, it is relatively easy to perform the calculation, since it requires only clas-
sical supergravity. However, on the gauge theory side, we need the full non-perturbative result
in order to be able to compare it with the supergravity calculation. The localization technique
offers us a unique opportunity for non-perturbative checks of AdS/CFT correspondence. A
number of reviews are devoted to the use of localization for AdS/CFT correspondence: for
AdS4/CFTj see review in contribution [59] and contribution [60], for AdSs/CFTy see review
in contribution [66], for AdS;/CFTjg see review in contribution [62] and contribution [65]. The
localization results for spheres (2.34) and (2.40) gave rise to new matrix models which had not
been investigated before. One of the main problems is to find out how the free energy (the log-
arithm of the partition function) scales in the large N-limit. In 3d there is an interesting scaling
N2, and the analysis of the partition function on S* for the ABJM model is related to different
subjects such as topological string, see review in contribution [59]. On the other hand, the 5d
theory establishes a rather exotic scaling N° for the gauge theory, and it supports the relation
of the 5d theory to 6d (2,0) superconformal field theory, see review in contribution [65].

Once we start to calculate the partition functions on different manifolds (e.g. S and
§"=1x 8", we start to realize the composite structure of the answer. Namely the answer can
be built from basic objects called holomorphic blocks, this is discussed in details for 2d, 3d,
4d and 5d theories in contribution [53] and contribution [63]. Besides, it seems that in odd
dimensions the partition function may serve as a good measure for the number of degrees
of freedom. This can be made more precise for the partition function on S® which measures
the number of degrees of freedom of the supersymmetric theory. Thus one can study how it
behaves along the RG flow, see [60].

Another interesting application of localization appears in the context of the BPS/CFT-
correspondence [67], in which BPS phenomena of 4d gauge theories are related to 2d
conformal field theory or its massive, lattice, or integrable deformation. A beautiful and
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precise realization of this idea is the Alday—Gaiotto—Tachikawa (AGT) correspondence which
relates 4d A/ = 2 gauge theory of class S to Liouville (Toda) CFT on some Riemann surface
C. A 4d N = 2 gauge theory of class S is obtained by compactification of 6d (2,0) tensor self-
dual theory on C. For a review of this topic see contribution [58].

The 3d/3d version of this correspondence is reviewed in contribution [61] and 5d version
is reviewed in contribution [63].

The 2d supersymmetric non-linear sigma models play a prominent role in string theory and
mathematical physics, but it is hard to perform direct calculations for non-linear sigma model.
However some gauged linear sigma models (2d supersymmetric gauge theories) flow to non-
linear sigma model. This flow allows to compute some quantities of non-linear sigma models,
such as genus 0 Gromov—Witten invariants (counting of holomorphic maps from §?~ CP' to
a Calabi—Yau target) by localization in 2d gauge theories on S°. See review in contribution
[68] and contribution [51].

Other important applications of localization calculations are explicit checks of QFT duali-
ties. Sometimes QFT theories with different Lagrangians describe the same physical sys-
tem and have the same physical dynamics, a famous example is Seiberg duality [69]. The
dual theories may look very different in the description by gauge group and matter content,
but have the same partition functions, provided approriate identification of the parameters.
Various checks of the duality using the localization results are reviewed in contribution [51],
contribution [53], contribution [60] and contribution [64].

Acknowledgment

‘We thank all authors who contributed to this issue: Francesco Benini, Tudor Dimofte, Thomas
T Dumitrescu, Kazuo Hosomichi, Seok Kim, Kimyeong Lee, Bruno Le Floch, Marcos Marifio,
Joseph A Minahan, David Morrison, Sara Pasquetti, Jian Qiu, Leonardo Rastelli, Shlomo S
Razamat, Silvu S Pufu, Yuji Tachikawa and Brian Willett. We are grateful for their coopera-
tion and for their patience with the long completion of this project, for their many suggestions
and helpful ideas. Special thanks to Joseph A Minahan and Bruno Le Floch for a meticulous
proofreading of this introduction, and to Guido Festuccia for comments.

The research of VP on this project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(QUASIFT grant agreement 677368). The research of MZ is supported by Vetenskapsradet
under grant #2014- 5517, by the STINT grant and by the grant ‘Geometry and Physics’ from
the Knut and Alice Wallenberg foundation.

References

[1] Pestun V and Zabzine M 2017 Localization techniques in quantum field theories J. Phys. A: Math.
Theor. 50 440301

[2] Lefschetz S 1926 Intersections and transformations of complexes and manifolds Trans. Am. Math.
Soc. 28 1-49

[3] Duistermaat J J and Heckman G J 1982 On the variation in the cohomology of the symplectic form
of the reduced phase space Inventory Math. 69 259-268

[4] Berline N and Vergne M 1982 Classes caractéristiques équivariantes. Formule de localisation en
cohomologie équivariante C. R. Acad. Sci., Paris 1 295 539-541

[5] Atiyah M F and Bott R 1984 The moment map and equivariant cohomology Topology 23 1-28

[6] Pestun V 2017 Review of localization in geometry J. Phys. A: Math. Theor. 50 443002

[7]1 Witten E 1982 Supersymmetry and morse theory J. Differ. Geom. 17 661-92

[8] Witten E 1988 Topological sigma models Commun. Math. Phys. 118 411-49

16


https://doi.org/10.1088/1751-8121/aa63c1
https://doi.org/10.1088/1751-8121/aa63c1
https://doi.org/10.1090/S0002-9947-1926-1501331-3
https://doi.org/10.1090/S0002-9947-1926-1501331-3
https://doi.org/10.1090/S0002-9947-1926-1501331-3
https://doi.org/10.1007/BF01399506
https://doi.org/10.1007/BF01399506
https://doi.org/10.1007/BF01399506
https://doi.org/10.1016/0040-9383(84)90021-1
https://doi.org/10.1016/0040-9383(84)90021-1
https://doi.org/10.1016/0040-9383(84)90021-1
https://doi.org/10.1088/1751-8121/aa6161
https://doi.org/10.1088/1751-8121/aa6161
https://doi.org/10.1007/BF01466725
https://doi.org/10.1007/BF01466725
https://doi.org/10.1007/BF01466725

J. Phys. A: Math. Theor. 50 (2017) 443001 Topical Review

[9] Witten E 1988 Topological quantum field theory Commun. Math. Phys. 117 353-86

[10] Witten E 1992 Two-dimensional gauge theories revisited J. Geom. Phys. 9 303—68

[11] Nekrasov N A 2003 Seiberg-Witten prepotential from instanton counting Adv. Theor. Math. Phys.
7 831-864

[12] Losev A, Nekrasov N and Shatashvili S L 1998 Issues in topological gauge theory Nucl. Phys. B
534 549-611

[13] Moore G W, Nekrasov N and Shatashvili S 2000 Integrating over Higgs branches Commun. Math.
Phys. 209 97-121

[14] Lossev A, Nekrasov N and Shatashvili S L 1998 Testing Seiberg—Witten solution Strings, Branes
and Dualities (NATO ASI Series vol 520) ed L Baulieu, P Di Francesco, M Douglas, V Kazakov,
M Picco and P Windey (Springer: Dordrecht) pp 359-72

[15] Losev A, Moore G W, Nekrasov N and Shatashvili S 1996 Four-dimensional avatars of two-
dimensional RCFT Nucl. Phys. Proc. Suppl. 46 130-45

[16] Pestun V 2012 Localization of gauge theory on a four-sphere and supersymmetric Wilson loops
Commun. Math. Phys. 313 71-129

[17] Blau M 2000 Killing spinors and SYM on curved spaces J. High Energy Phys. JHEP11(2000)023

[18] Festuccia G and Seiberg N 2011 Rigid supersymmetric theories in curved superspace J. High
Energy Phys. JHEP06(2011)114

[19] Imbimbo C and Rosa D 2015 Topological anomalies for Seifert 3-manifolds J. High Energy Phys.
JHEP07(2015)068

[20] Bae J, Imbimbo C, Rey S-J and Rosa D 2016 New supersymmetric localizations from topological
gravity J. High Energy Phys. JHEP03(2016)169

[21] Klare C, Tomasiello A and Zaffaroni A 2012 Supersymmetry on curved spaces and holography
J. High Energy Phys. JHEP08(2012)061

[22] Dumitrescu T T, Festuccia G and Seiberg N 2012 Exploring curved superspace J. High Energy
Phys. JHEP08(2012)141

[23] Cassani D, Klare C, Martelli D, Tomasiello A and Zaffaroni A 2014 Supersymmetry in lorentzian
curved spaces and holography Commun. Math. Phys. 327 577-602

[24] Closset C, Dumitrescu T T, Festuccia G and Komargodski Z 2013 Supersymmetric field theories
on three-manifolds J. High Energy Phys. JHEP05(2013)017

[25] Gupta R K and Muthy S 2013 All solutions of the localization equations for A= 2 quantum black
hole entropy J. High. Energy Phys. JHEP02(2013)141

[26] Klare C and Zaffaroni A 2013 Extended supersymmetry on curved spaces J. High Energy Phys.
JHEP10(2013)218

[27] Butter D, Inverso G and Lodato I 2015 Rigid 4D N = 2 supersymmetric backgrounds and actions
J. High Energy Phys. JHEP09(2015)088

[28] Pestun V 2016 Localization for N'=2 supersymmetric gauge theories in four dimensions
New Dualities of Supersymmetric Gauge Theories ed J Teschner (Cham: Springer) pp 159-94

[29] Pan Y 2014 Rigid supersymmetry on 5-dimensional riemannian manifolds and contact geometry
J. High Energy Phys. JHEP05(2014)041

[30] Imamura Y and Matsuno H 2014 Supersymmetric backgrounds from 5d N = 1 supergravity J. High
Energy Phys. JHEPO7(2014)055

[31] PanY and Schmude J 2015 On rigid supersymmetry and notions of holomorphy in five dimensions
J. High Energy Phys. JHEP11(2015)041

[32] Samtleben H, Sezgin E and Tsimpis D 2013 Rigid 6D supersymmetry and localization J. High
Energy Phys. JHEP03(2013)137

[33] Kuzenko S M 2015 Supersymmetric spacetimes from curved superspace PoS CORFU2014 140
(arXiv:1504.08114 [hep-th])

[34] Kuzenko S M, Novak J and Tartaglino-Mazzucchelli G 2014 Symmetries of curved superspace in
five dimensions J. High Energy Phys. JHEP10(2014)175

[35] Dumitrescu T 2017 An introduction to supersymmetric field theories in curved space J. Phys. A:
Math. Theor. 50 443005

[36] Kapustin A, Willett B and Yaakov I 2010 Exact results for Wilson loops in superconformal
Chern—Simons theories with matter J. High Energy Phys. JHEP03(2010)089

[37] Benini F and Cremonesi S 2015 Partition functions of V' = (2, 2) Gauge theories on S? and vortices
Commun. Math. Phys. 334 1483-527

[38] Doroud N, Gomis J, Le Floch B and Lee S 2013 Exact results in D = 2 supersymmetric Gauge
theories J. High Energy Phys. JHEP05(2013)093

17


https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01223371
https://doi.org/10.1016/0393-0440(92)90034-X
https://doi.org/10.1016/0393-0440(92)90034-X
https://doi.org/10.1016/0393-0440(92)90034-X
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.1016/S0550-3213(98)00628-2
https://doi.org/10.1016/S0550-3213(98)00628-2
https://doi.org/10.1016/S0550-3213(98)00628-2
https://doi.org/10.1007/PL00005525
https://doi.org/10.1007/PL00005525
https://doi.org/10.1007/PL00005525
https://doi.org/10.1007/978-94-011-4730-9_13
https://doi.org/10.1007/978-94-011-4730-9_13
https://doi.org/10.1016/0920-5632(96)00015-1
https://doi.org/10.1016/0920-5632(96)00015-1
https://doi.org/10.1016/0920-5632(96)00015-1
https://doi.org/10.1007/s00220-012-1485-0
https://doi.org/10.1007/s00220-012-1485-0
https://doi.org/10.1007/s00220-012-1485-0
https://doi.org/10.1088/1126-6708/2000/11/023
https://doi.org/10.1088/1126-6708/2000/11/023
https://doi.org/10.1007/JHEP06(2011)114
https://doi.org/10.1007/JHEP06(2011)114
https://doi.org/10.1007/JHEP07(2015)068
https://doi.org/10.1007/JHEP07(2015)068
https://doi.org/10.1007/JHEP03(2016)169
https://doi.org/10.1007/JHEP03(2016)169
https://doi.org/10.1007/JHEP08(2012)061
https://doi.org/10.1007/JHEP08(2012)061
https://doi.org/10.1007/JHEP08(2012)141
https://doi.org/10.1007/JHEP08(2012)141
https://doi.org/10.1007/s00220-014-1983-3
https://doi.org/10.1007/s00220-014-1983-3
https://doi.org/10.1007/s00220-014-1983-3
https://doi.org/10.1007/JHEP05(2013)017
https://doi.org/10.1007/JHEP05(2013)017
https://doi.org/10.1007/JHEP02(2013)141
https://doi.org/10.1007/JHEP10(2013)218
https://doi.org/10.1007/JHEP10(2013)218
https://doi.org/10.1007/JHEP09(2015)088
https://doi.org/10.1007/JHEP09(2015)088
https://doi.org/10.1007/978-3-319-18769-3_6
https://doi.org/10.1007/978-3-319-18769-3_6
https://doi.org/10.1007/JHEP05(2014)041
https://doi.org/10.1007/JHEP05(2014)041
https://doi.org/10.1007/JHEP07(2014)055
https://doi.org/10.1007/JHEP07(2014)055
https://doi.org/10.1007/JHEP11(2015)041
https://doi.org/10.1007/JHEP11(2015)041
https://doi.org/10.1007/JHEP03(2013)137
https://doi.org/10.1007/JHEP03(2013)137
http://arxiv.org/abs/1504.08114
https://doi.org/10.1007/JHEP10(2014)175
https://doi.org/10.1007/JHEP10(2014)175
https://doi.org/10.1088/1751-8121/aa62f5
https://doi.org/10.1088/1751-8121/aa62f5
https://doi.org/10.1007/JHEP03(2010)089
https://doi.org/10.1007/JHEP03(2010)089
https://doi.org/10.1007/s00220-014-2112-z
https://doi.org/10.1007/s00220-014-2112-z
https://doi.org/10.1007/s00220-014-2112-z
https://doi.org/10.1007/JHEP05(2013)093
https://doi.org/10.1007/JHEP05(2013)093

J. Phys. A: Math. Theor. 50 (2017) 443001 Topical Review

[39] KallenJ and Zabzine M 2012 Twisted supersymmetric 5D Yang—Mills theory and contact geometry
J. High Energy Phys. JHEP05(2013)125

[40] Kallen J, Qiu J and Zabzine M 2012 The perturbative partition function of supersymmetric 5D
Yang—Mills theory with matter on the five-sphere J. High Energy Phys. JHEP08(2012)157

[41] Kim H-C and Kim S 2013 M5-branes from gauge theories on the 5-sphere J. High Energy Phys.
JHEP05(2013)144

[42] Minahan J A and Zabzine M 2015 Gauge theories with 16 supersymmetries on spheres J. High
Energy Phys. JHEP03(2015)155

[43] Hama N, Hosomichi K and Lee S 2011 SUSY Gauge theories on squashed three-spheres J. High
Energy Phys. JHEP05(2011)014

[44] Imamura Y and Yokoyama D 2012 N = 2 supersymmetric theories on squashed three-sphere
Phys. Rev. D 85 025015

[45] Hama N and Hosomichi K 2012 Seiberg—Witten theories on ellipsoids J. High Energy Phys.
JHEP09(2012)033

Hama N and Hosomichi K 2012 Addendum J. High Energy Phys. JHEP10(2012)051

[46] Lockhart G and Vafa C 2012 Superconformal partition functions and non-perturbative topological
strings (arXiv:1210.5909 [hep-th])

[47] Imamura Y 2013 Perturbative partition function for a squashed S° Prog. Theor. Exp. Phys.
2013 073B01

[48] Kim H-C, Kim J and Kim S 2012 Instantons on the 5-sphere and M5-branes (arXiv:1211.0144
[hep-th])

[49] Minahan J A 2016 Localizing gauge theories on S? J. High Energy Phys. JHEP04(2016)152

[50] Narukawa A 2004 The modular properties and the integral representations of the multiple elliptic
gamma functions Adv. Math. 189 247-67

[51] Benini F and Le Floch B 2017 Supersymmetric localization in two dimensions J. Phys. A: Math.
Theor. 50 443003

[52] Hosomichi K 2017 A/ = 2 SUSY gauge theories on S* J. Phys. A: Math. Theor. 50 443010

[53] Willett B 2017 Localization on three-dimensional manifolds J. Phys. A: Math. Theor. 50 443006

[54] QiuJ and Zabzine M 2017 Review of localization for 5D supersymmetric gauge theories J. Phys.
A: Math. Theor. 50 443014

[55] Atiyah M F 1974 Elliptic Operators, Compact Groups (Lecture Notes in Mathematics vol 401)
(Berlin: Springer)

[56] Zamolodchikov A B and Zamolodchikov A B 1996 Structure constants and conformal bootstrap in
Liouville field theory Nucl. Phys. B 477 577-605

[57] Alday L F, Gaiotto D and Tachikawa Y 2010 Liouville correlation functions from four-dimensional
Gauge theories Lett. Math. Phys. 91 167-97

[58] Tachikawa Y 2017 A brief review of the 2d/4d correspondences J. Phys. A: Math. Theor. 50 443012

[59] Marifio M 2017 Localization at large N in Chern—Simons-matter theories J. Phys. A: Math. Theor.
50 443007

[60] Pufu S 2017 The F-theorem and F-maximization J. Phys. A: Math. Theor. 50 443008

[61] Dimofte T 2017 Perturbative and nonperturbative aspects of complex Chern—Simons theory
J. Phys. A: Math. Theor. 50 443009

[62] Minahan J 2017 Matrix models for 5D super Yang—Mills J. Phys. A: Math. Theor. 50 443015

[63] Pasquetti S 2017 Holomorphic blocks and the 5d AGT correspondence J. Phys. A: Math. Theor.
50 443016

[64] Rastelli L and Razamat S 2017 The supersymmetric index in four dimensions J. Phys. A: Math.
Theor. 50 443013

[65] Kim S and Lee K 2017 Indices for 6 dimensional superconformal field theories J. Phys. A: Math.
Theor. 50 443017

[66] Zarembo K 2017 Localization and AdS/CFT Correspondence J. Phys. A: Math. Theor. 50 443011

[67] Nekrasov N 2004 On the BPS/CFT correspondence (Lecture at the University of Amsterdam String
Theory Group Seminar)

[68] Morrison D 2017 Gromov—Witten invariants and localization J. Phys. A: Math. Theor. 50 443004

[69] Seiberg N 1995 Electric—magnetic duality in supersymmetric nonAbelian gauge theories
Nucl. Phys. B 435 129-46

18


https://doi.org/10.1007/JHEP05(2012)125
https://doi.org/10.1007/JHEP05(2012)125
https://doi.org/10.1007/JHEP08(2012)157
https://doi.org/10.1007/JHEP08(2012)157
https://doi.org/10.1007/JHEP05(2013)144
https://doi.org/10.1007/JHEP05(2013)144
https://doi.org/10.1007/JHEP03(2015)155
https://doi.org/10.1007/JHEP03(2015)155
https://doi.org/10.1007/JHEP05(2011)014
https://doi.org/10.1007/JHEP05(2011)014
https://doi.org/10.1103/PhysRevD.85.025015
https://doi.org/10.1103/PhysRevD.85.025015
https://doi.org/10.1007/JHEP09(2012)033
https://doi.org/10.1007/JHEP09(2012)033
https://doi.org/10.1007/JHEP10(2012)051
https://doi.org/10.1007/JHEP10(2012)051
http://arxiv.org/abs/1210.5909
https://doi.org/10.1093/ptep/ptt044
https://doi.org/10.1093/ptep/ptt044
http://arxiv.org/abs/1211.0144
https://doi.org/10.1007/JHEP04(2016)152
https://doi.org/10.1007/JHEP04(2016)152
https://doi.org/10.1016/j.aim.2003.11.009
https://doi.org/10.1016/j.aim.2003.11.009
https://doi.org/10.1016/j.aim.2003.11.009
https://doi.org/10.1088/1751-8121/aa77bb
https://doi.org/10.1088/1751-8121/aa77bb
https://doi.org/10.1088/1751-8121/aa7775
https://doi.org/10.1088/1751-8121/aa7775
https://doi.org/10.1088/1751-8121/aa612f
https://doi.org/10.1088/1751-8121/aa612f
https://doi.org/10.1088/1751-8121/aa5ef0
https://doi.org/10.1088/1751-8121/aa5ef0
https://doi.org/10.1016/0550-3213(96)00351-3
https://doi.org/10.1016/0550-3213(96)00351-3
https://doi.org/10.1016/0550-3213(96)00351-3
https://doi.org/10.1007/s11005-010-0369-5
https://doi.org/10.1007/s11005-010-0369-5
https://doi.org/10.1007/s11005-010-0369-5
https://doi.org/10.1088/1751-8121/aa5df8
https://doi.org/10.1088/1751-8121/aa5df8
https://doi.org/10.1088/1751-8121/aa5f69
https://doi.org/10.1088/1751-8121/aa5f69
https://doi.org/10.1088/1751-8121/aa6765
https://doi.org/10.1088/1751-8121/aa6765
https://doi.org/10.1088/1751-8121/aa6a5b
https://doi.org/10.1088/1751-8121/aa6a5b
https://doi.org/10.1088/1751-8121/aa5cbe
https://doi.org/10.1088/1751-8121/aa5cbe
https://doi.org/10.1088/1751-8121/aa60fe
https://doi.org/10.1088/1751-8121/aa60fe
https://doi.org/10.1088/1751-8121/aa76a6
https://doi.org/10.1088/1751-8121/aa76a6
https://doi.org/10.1088/1751-8121/aa5cbf
https://doi.org/10.1088/1751-8121/aa5cbf
https://doi.org/10.1088/1751-8121/aa585b
https://doi.org/10.1088/1751-8121/aa585b
https://doi.org/10.1088/1751-8121/aa6f65
https://doi.org/10.1088/1751-8121/aa6f65
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8

