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Abstract

Elementary Particle Physics
Doctor of Philosophy

Probing the Possible TeV Scale See-saw Origin of Neutrino Masses with
Charged Lepton Flavour Violation Processes and Neutrino Mass

Spectroscopy Using Atoms

by Dinh Nguyen Dinh

In the first part of this thesis, we perform a detailed analysis of lepton flavour violation
(LFV) within minimal see-saw type extensions of the Standard Model (SM), which give
a viable mechanism of neutrino mass generation and provide new particle content at the
electroweak scale. We focus, mainly, on predictions and constraints set on each scenario
from muon and tau decays (u — ey, u — 3e, T — (u,e)y and 7 — 3u) and p —e
conversion in the nuclei. In particular, we show that in some regions of the parameters
space of type I and type II see-saw models, the Dirac and Majorana phases of the
neutrino mixing matrix, the ordering and hierarchy of the light neutrino mass spectrum
as well as the value of the reactor mixing angle 613 may considerably affect the size
of the LFV observables. Besides, the possibilities to observe the LF'V processes in the
present and future experiments are also considered. The analytic results of the LFV
rates might help to discriminate between the three types of neutrino mass generation

models considered.

In the second part of the thesis, we study a process of collective de-excitation of atoms
in a metastable level into emission mode of a single photon plus a neutrino pair, called
radiative emission of neutrino pair (RENP). This process is sensitive to the absolute
neutrino mass scale, to the neutrino mass hierarchy and to the nature (Dirac or Majo-
rana) of massive neutrinos. We investigate how the indicated neutrino mass and mixing
observables can be determined from the measurement of the corresponding continuous
photon spectrum on the example of a transition between specific levels of the Yb atom.
The possibility of determining the nature of massive neutrinos and, if neutrinos are Ma-
jorana fermions, of obtaining information about the Majorana phases in the neutrino

mixing matrix, is analyzed in the cases of normal hierarchical, inverted hierarchical and






quasi-degenerate types of neutrino mass spectrum. We find, in particular, that the
sensitivity to the nature of massive neutrinos depends critically on the atomic level

energy difference relevant in the RENP.
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Chapter 1
Introduction

It is well established at present that the flavor neutrino oscillations observed in the
experiments with solar, atmospheric, reactor and accelerator neutrinos (see [1] and the
references quoted therein) are caused by the existence of nontrivial neutrino mixing in

the weak charged current interaction Lagrangian:
g o n
Loc=— = > (@) vaver (@) Wl () + he., v(e) =) Uyvp(e), (L1)
j=1

where vy, () are the flavour neutrino fields, v;,(x) is the left-handed (LH) component of
the field of the neutrino v; having a mass m;, and U is a unitary matrix - the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix [2-4], U = Upyng. The data
imply that among the neutrinos with definite mass at least three, say vq, 2 and v3, have

masses mi23 S 1 eV, ie., are much lighter than the charged leptons and quarks.

The mixing of the three light neutrinos is described to a good approximation by 3 x 3
unitary PMNS matrix. In the widely used standard parametrization [1], Upyng is
expressed in terms of the solar, atmospheric and reactor neutrino mixing angles 619,
23 and 613, respectively, and one Dirac - §, and two Majorana [5] - a9 and agy, CP

violation (CPV) phases:

@21 ;31

Upwns = UP, P =diag(l,e" 2 "2 ), (1.2)

where U is a CKM-like matrix containing the Dirac CPV phase 4§,

c12€13 512€13 s1ze”"
T i i
U= —si2c3 — c12523513€"°  c1ac23 — S12523513€" 593C13 . (1.3)

i i
512823 — C12C23513€"°  —C12523 — 512€23513€"  €23C13
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In eq. (1.3) we have used the standard notations ¢;; = cosb;;, s;; = sinf;;, the angles
0;; =[0,7/2], 6 = [0,27] and, in general, 0 < aj1/2 <27, j = 2,3 [6]. If CP invariance
holds, we have § = 0,7, and [7-9] ag(31) = kO k() =0,1,2,3,4.

In the recent years, the neutrino oscillation parameters were gradually measured with
increasing precisions. The Super-Kamiokande collaboration established that the atmo-
spheric neutrino mass squared splitting is [Am?| ~ O(1073 eV?) and that the corre-
sponding mixing angle is large, possibly maximal 623 = 7/4 [10]. The data from SNO,
Super-Kamiokande and KamLAND experiments [11-13] allowed to establish the large
mixing angle solution as a unique solution of the long standing solar neutrino problem,
with a solar neutrino mass squared splitting Am2 ~ O(107° eV?) and mixing angle
012 = arcsin(y/0.3). A series of subsequent experiments, using reactor and accelerator
neutrinos, have pinned down the atmospheric and solar neutrino oscillation parameters

with a few to several percent accuracy.

Furthermore, in June of 2011 the T2K collaboration reported [14] evidence at 2.50 for
a non-zero value of the angle #;3. Subsequently the MINOS [15] and Double Chooz [16]
collaborations also reported evidence for 613 # 0, although with a smaller statistical
significance. Global analyzes of the neutrino oscillation data, including the data from
the T2K and MINOS experiments, performed in [17, 18] showed that actually sin 615 # 0
at > 30. The first data of the Daya Bay reactor antineutrino experiment on 63 [19]
and the RENO experiment [20] reports are also consistent with the none vanishing of

sin? 26,3 with rather high precisions at 5.2 and 4.9, respectively.

The current best fit values of these parameters, obtained in [21] from fitting the global

neutrino oscillation data, read:

Am3y =754 x 1077 eV JAm3, 5| = 2.47 (2.46) x 1077 eV?, (1.4)
sin? 01 = 0.307, sin? 613 = 0.0241 (0.0244), sin? a3 = 0.386 (0.392), (1.5)

where the values (values in brackets) correspond to Am§1(32) >0 (Am§1(32) < 0), i.e., to
neutrino mass spectrum with normal ordering (NO), m; < mg < mg (inverted ordering

(IO), m3g < mp < m2) L

(see, e.g., [1]). We will use these values in our numerical
analyzes. Similar results have been obtained in the analyzes of the global neutrino

oscillation data in [22].

! As is well known, depending on the value of the lightest neutrino mass, the spectrum can also be
normal hierarchical (NH), mi < ma < mg; inverted hierarchical (IH): ms < mi1 < msg; or quasi-

degenerate (QD): m1 = ma = mgz, m} > |Am§1(32)|. The QD spectrum corresponds to m; < 0.10 eV,
j=1,2,3.



Despite the precise measurements of the parameters responsible for the oscillations of
neutrinos, there are still many fundamental questions regarding directly or indirectly

the neutrinos that need to be answered.

Firstly, from neutrino oscillation experiments, we know quite well the neutrino mass
squared differences and mixing angles. However other properties, such as the absolute
neutrino mass scale or the hierarchy of the neutrino mass spectrum, are still unknown.
At present, information about the neutrino mass scale is obtained in the beta 8-decays
experiments. The Mainz-Troitsk experiment, after analyzing data of beta (-decays of
trititum atoms, has set an upper bound of 2.2 eV for the electron antineutrino mass.
With the upcoming experiments experiments KATRIN [23], it is planned to search for
a mass bigger than 0.2 eV. Data from cosmological observations were used to set much
tighter upper bounds on the sum of the light neutrino masses [24, 25]. For example, the
Planck collaboration reported in March of 2013 an upper limit on that sum of the three

light neutrino masses of 0.23 eV [25].

Besides probing neutrino mass scale and their mass hierarchy, we still need to understand
the nature of neutrinos - whether they are Dirac or Majorana particles - and measure
the value of the CPV Dirac phase, or of both Dirac and Majorana phases, if neutrinos
are Majorana particles. The hierarchy of neutrino mass spectrum and the CPV Dirac
phase can be determined in the long base-line neutrino oscillation experiments (see,
e.g. [26, 27]). The only known feasible experiments which can reveal the Majorana
nature of massive neutrinos are the searches for the process of neutrinoless double beta
(BB)ov-decay: (A, Z) — (A, Z+2)+e” +e [28,29]. It is impossible to make progress
in our understanding of the origin of neutrino masses and mixing without determining
the nature - Dirac or Majorana - of massive neutrinos. There are a large number
of the neutrinoless double beta (/3)g,-decay experiments of a new generation which
take data or are under preparation at present: GERDA, EXO, KAMPLAND-ZEN,
COURE, SNO+, MAJORANA, etc. These experiments will be sensitive to values of
the neutrinoless double beta (55)o,-decay effective Majorana mass (see, e.g, [30-36])
[{m)ee| ~ (0.01 — 0.05) eV.

Secondly, in spite of the compelling evidence for nonconservation of the leptonic flavour
in neutrino oscillations, reflected in the neutrino mixing present in eq. (1.1), all searches
for lepton flavour violation (LFV) in the charged lepton sector have produced negative
results so far. The most stringent upper limits follow from the experimental searches for

the LFV muon decays ™ — ety and u* — eTe"e™,

BR(u" —ety) <57x 1071 [37], (1.6)
BR(u" — efe e™) < 1.0 x 10712 [38], (1.7)
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and from the non-observation of conversion of muons into electrons in Titanium,
CR(p~ +Ti—e +Ti) < 43x1072 [39]. (1.8)

Besides, there are stringent constraints on the tau-muon and tau-electron flavour viola-

tion as well from the non-observation of LFV tau decays [40]:

BR(T — py) < 4.4 x 1078, (1.9)
BR(T — ey) < 3.3 x 1078, (1.10)
BR(7 — 3u) < 2.1 x 1075, (1.11)

The role of the experiments searching for lepton flavour violation to test and constrain
low scale see-saw models will be significantly strengthened in the next years. Searches for
u— e conversion at the planned COMET experiment at KEK [41] and Mu2e experiment
at Fermilab [42] aim to reach sensitivity to CR(u Al — eAl) ~ 10716, while, in the
longer run, the PRISM/PRIME experiment in KEK [43] and the project-X experiment
in Fermilab [44] are being designed to probe values of the u — e conversion rate on Ti,
which are by 2 orders of magnitude smaller, CR(uTi — eTi) ~ 1078 [43]. There are
also plans to perform a new search for the u™ — ete~e™ decay [45], which will probe
values of the corresponding branching ratio down to BR(u™ — eTe~e™) ~ 10715, i.e., by
3 orders of magnitude smaller than the best current upper limit, eq. (1.7). Furthermore,
searches for tau lepton flavour violation at superB factories aim to reach a sensitivity
to BR(T — (i, e)7y) ~ 107°, while a next generation experiment on the 7 — 3p decay is
expected to reach sensitivity to BR(r — 3u) = 10710 [46].

It is also important to note that the recently measured value of 013 in eq. (1.5) will have
far reaching implications for the program of research in neutrino physics. A relatively
large value of sinf;3 ~ 0.15 opens up the possibilities, in particular, i) for searching for
CP violation effects in neutrino oscillations experiments with high intensity accelerator
neutrino beams (like T2K, NOvA, etc.); ii) for determining the sign of Am2,, and thus
the type of neutrino mass spectrum, which can be with normal or inverted ordering (see,
e.g. [1]), in the long baseline neutrino oscillation experiments at accelerators (NOvA,
etc.), in the experiments studying the oscillations of atmospheric neutrinos (see, e.g.
[47-50]), as well as in experiments with reactor antineutrinos [51-53]. It has important
implications for the neutrinoless double beta (53)o,-decay phenomenology in the case
of neutrino mass spectrum with normal ordering (NO) [54]. A value of sinf;3 = 0.09

is a necessary condition for a successful “flavoured” leptogenesis when the CP violation



required for the generation of the matter-antimatter asymmetry of the Universe is pro-
vided entirely by the Dirac CP violating phase in the neutrino mixing matrix [55, 56]. 2
As was already discussed to some extent in the literature and we will see further, in
certain specific cases a value of sin 613 ~ 0.15 can have important implications also for
the phenomenology of the lepton flavour violation (LFV) processes involving the charged
leptons in theories incorporating one of the possible TeV scale see-saw mechanisms of

neutrino mass generation.

Concerning the issue of LFV in the charged lepton sector, in a minimal extension of
the Standard Model with massive neutrinos [58, 59], in which the total lepton charge
L is conserved (L = L.+ L, + Ly Ly, { = e, p1, 7, being the individual lepton charges)
and the neutrinos with definite mass are Dirac particles, the rates of the LF'V violating
processes involving the charged leptons are extremely strongly suppressed, BR(u —
e+7) ~ 107%% . This branching ratio, of course, satisfies the current experimental upper
limit quoted in eq. (1.6), however, the model [58, 59] does not give any insight of why the
neutrino masses are so much smaller than the masses of the charged leptons and quarks.
The enormous disparity between the magnitude of the neutrino masses and the masses
of the charged fermions suggests that the neutrino masses are related to the existence
of new mass scale A in physics, i.e., to new physics beyond the Standard Model (SM).
A natural explanation of the indicated disparity is provided by the see-saw models of
neutrino mass generation. In these models the scale A is set by the scale of masses of the
new degrees of freedom present in the models. In the case of the type I and III see-saw
scenarios, these are the masses of the heavy (right-handed (RH)) Majorana neutrinos. In
the Higgs Triplet Model (HTM), which is often called also “type II see-saw model”, the
scale A is related to the masses of the new physical neutral, singly and doubly charged

Higgs particles.

The scale A at which the new physics, associated with the existence of neutrino masses
and mixing, manifests itself can, in principle, have an arbitrary large value, up to the
GUT scale of 2 x 10'® GeV and even beyond, up to the Planck scale. An interesting
possibility, which can also be theoretically and phenomenologically well motivated (see,
e.g., [60-62]), is to have the new physics at the TeV scale, i.e., A ~ (100 — 1000)
GeV. In the TeV scale class of see-saw models the flavour structure of the couplings of
the new particles to the charged leptons is basically determined by the requirement of
reproducing the data on the neutrino oscillation parameters [60-63]. As a consequence,
the rates of the LF'V processes in the charged lepton sector can be calculated in terms
of a few parameters. These parameters are constrained by different sets of data such as,

e.g., data on neutrino oscillations, from EW precision tests and on the LFV violating

?If indeed sin 13 = 0.15 and the neutrino mass spectrum is with inverted ordering (I0), further
important implications for “flavoured” leptogenesis are possible [57].
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processes £ — £/ +~, £ — 3¢, u~ — e~ conversion in nuclei, etc. Nevertheless, the
predicted rates of the LEV charged lepton decays ¢ — ¢/ +~, £ — 3¢' and of the uy= — e~
conversion are within the reach of the future experiments searching for lepton flavour
violation even when the parameters of the model do not allow production of the new

particles with observable rates at the LHC [62].

As parts of the present thesis, we investigate the LFV processes of lepton decays, such
asl -0 +v({l=pand V' =e,or L =7 and ' = p,e), p — 3e and 7 — 3, and pu — e
conversion in certain nuclei. These LFV processes are considered in the frameworks of
the TeV scale type I see-saw, Higgs Triplet and type I1I see-saw models of neutrino mass
generation. We derive predictions for the rates of the indicated LFV processes in the
models of interest and analyze the possibilities to observe them in present and planned
future experiments. Moreover, results of analyzing the behaviors of the LFV rates in
each type of see-saw scheme could be used to determine the real scenario of neutrino

mass generation in the nature.

Turning to the issues of the still unknown neutrino properties - the absolute neutrino
mass scale, the type of spectrum the neutrino masses obey, the nature of massive neu-
trinos - all of them might be determined, in principle, by using a phenomenon, called
radiative emission of neutrino pair (RENP), which is assumed to occur in atoms or
molecules [64-66]. Atoms have a definite advantage over conventional target of nuclei:
their available energies are much closer to neutrino masses. The new atomic process of
RENP has a rich variety of neutrino phenomenology, since there are six independent
thresholds for each target choice, having a strength proportional to different combina-
tions of neutrino masses and mixing parameters. In the numerical results presented
further we will show the sensitivity of the RENP related photon spectral shape to vari-
ous observables; the absolute neutrino mass scale, the type of neutrino mass spectrum,
the nature of massive of neutrinos and the Majorana CPV phases in the case of massive

Majorana neutrinos.

The present thesis is organized as follows. In Chapter 2, we review the main features of
the three types of the see-saw mechanisms and introduce the formulae of FLV rates of
the interested processes for each type of light neutrino mass generation scheme. Then
we discuss for each scenario the predictions and experimental constraints on the relevant
parameter spaces arising from muon FLV processes in Chapter 3 and tau LFV processes
in Chapter 4, respectively. In Chapter 5, after an introduction of the RENP spectral
rate formula, its physical potential of measuring the absolute neutrino mass scale, de-
termining the type of neutrino mass spectrum (or hierarchy) and the nature (Dirac or
Majorana) of massive neutrino will be discussed in detail. Besides, there is a conclusion

at the end of every chapter; and an overall conclusion is in Chapter 6.



Chapter 2

See-saw Type Models and Rates
of LFV Processes

2.1 See-saw Type I and LFV Rates

2.1.1 See-saw Type I at TeV Scale

In the standard type I see-saw scenario [67-70], the Standard Model (SM) is expanded
by adding k heavy right-handed (RH) neutrino fields v,r, a = 1, ..., k, kK > 2, which are
singlets with respect to the SM gauge symmetry group. The neutrino mass term in the

considered model is written as:

1—
El/ = _W(MD>€aV¢1R - ilng(MN)abeR + h.C., (21)

where VC?L = O7,g", C is the charge conjugation matrix, My is the RH neutrino mass
matrix, which is k X k symmetric matrix, and Mp is the Dirac mass matrix. Then, the

full mass matrix of neutrinos has following form

M:< 0 MD). (2.2)
ML My

This matrix, whose elements are complex in general, can be block-diagonalized by a

(3+ k) x (3 + k) unitary matrix Q [71]

0 M U*mU1 0
of Plao=( """ . , (2.3)
ML My of  v*MVi
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where m = diag(mi, ma, m3) is a diagonal form of the light neutrino mass matrix, while
M = diag(My, Ms, ..., M}) is the diagonal matrix of the heavy neutrinos. One should
keep in mind that the matrix 0 in the two sides of the above equation have different
dimensions. The null matrix in the left-hand side is a 3 x 3 matrix, while the matrix in

the right-hand side is of 3 x k dimensions.

The diagonalization matrix €2 can be expressed in terms of the exponential of a 3 x k

complex matrix R:

0 R —1RRf R
Q=exp = 2 + O(RY). 2.4
(—Rf o) ( R —;R*R) R

The above equation is obtained by assuming that R is small. As one will see below that
the assumption is relevant when deriving the well-known Pontecorvo, Maki, Nakgawa,

Sakata (PMNS) neutrino mixing matrix:
Upynsg = UJ(l—l—n)U, (2.5)

where
1 1
n= —iRRT = —§(RV)(RV)T =, (2.6)

U and U, diagonalize the LH neutrino mass matrix and the charged lepton mass matrix,
respectively. As being easy to be seen, the matrix 7 characterises the deviations from
unitarity of the PMNS matrix. The elements of Upnng are determined in experiments
studying the oscillations of the flavour neutrinos and antineutrinos, vy and vy, £ = e, u, 7,
at relatively low energies. In these experiments, the initial states of the flavour neutrinos
produced in some weak process, are coherent superpositions of the states of the light
massive Majorana neutrino x; only. The states of the heavy Majorana neutrino N; are
not present in the superpositions representing the initial flavour neutrino states and this

leads to deviations from unitarity of the PMNS matrix.

In the framework of this thesis, we work in the basis in which the charged lepton mass
matrix is diagonal, then U, is set as unity. The charged and neutral current weak

interactions involving the light Majorana neutrinos x; have the form:

Yo = =S lyau W + he. = — - in, (L+n)U)y xir W + hee., (2.7)
V2 2

5 2i XiL Yo (UT(1+n+nT)U).. xjL 2% (2.8)
Cw ij

NC = Ve, Ya VeL zZ% =

_9

2¢y
Moreover, the matrix n can be expressed in terms of a matrix RV whose elements
(RV ) determine the strength of the charged current (CC) and neutral current (NC)

weak interaction couplings of the heavy Majorana neutrinos Ny, to the W*-boson and
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the charged lepton ¢, and to the Z° boson and the left-handed (LH) flavour neutrino

Ve, l= €, U, T:

Y. = — 9 Ty (RV)m(l —25) Ny WO + hec., 2.9
cc 23 (RV)er(1 = 75) Ni, (2.9)
Lyc = —%VTL% (RV) e (1 —5) Ny Z% + hec.. (2.10)

As the consequences of the unobservable signal from the heavy Majorana neutrinos and

low energy data by the present experiments, (RV') (or 1) should be constrained.

Let us continue by considering the constraints on (RV') from the experimental data of
neutrino oscillations and absolute scale of neutrino masses. Expanding two sides of eq.

(2.3) then using expression in eq. (2.4) and keeping only the leading order in R, one

gets:
Mp — R*My ~0, (2.11)
~MpR' — R*M} + R*"MyR ~m, = UnUT, (2.12)
My +R"Mp + MER—V*MVT~o0. (2.13)

Extracting Mp from eq. (2.11) then insert it into (2.12) and (2.13):

my, = U*mU" = —R*MyR' ~ —(RV)*M(RV)', (2.14)
V*MV' ~ My + RTR*My + MyR'R. (2.15)

Using the current upper limits on the absolute scale of neutrino masses and the data
obtained in neutrino oscillation experiments, it is relevant to give an approximation

[(my)ee| < 1eV, €0 = e, v, 7, which leads to:

IS T(RV)ie My (RV)], | S1eV, 0 b=e,p,rT. (2.16)
k

This inequality can be satisfied in several cases, for example |(RV )| < 1 for all ¢
and k. However, this scenario is not interesting and thus will not be considered in
the thesis, since it can not render any observable effect at low energy, or possibility to
probe the heavy RH neutrinos at the LHC. In this work, we take care a circumstance of
having two heavy RH neutrinos (called N1, N2) with opposite CP parities and possessing
approximately same masses. The pair of the RH neutrinos forms a pseudo-Dirac, then
the eq. (2.16) is naturally fulfilled with sizable |RV|, provided:
M,y

(RV)p2 = £i(RV )y 0 (2.17)
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In this class of type I see-saw models with two heavy Majorana neutrinos we are con-
sidering (see, e.g., [72-80]), one of the three light (Majorana) neutrinos is massless and
hence the neutrino mass spectrum is hierarchical. Two possible types of hierarchical
spectrum are allowed by the current neutrino data (see, e.g., [1]): ¢) normal hierarchical
(NH), m1 = 0, ma = y/Am?2 and mg = y/Am3 , where Am% = m% — m? > 0 and
Am3 = m} — m3; ii) inverted hierarchical (IH), mg = 0, ma = y/|Am3% | and m; =
\/]Ami | — Am? =~ \/\Ami |, where Am2 = m3 —m? > 0 and Am% =m3—m3 <0.

In both cases, we have: Am? /|Am3 | = 0.03 < 1.

We assume that the heavy RH neutrinos Nj o have masses in the range (100 - 1000)
GeV, which makes possible, in principle, to be produced at LHC. To have large enough
the CC and NC couplings such that RH neutrino signals could be observed at LHC
in this considering type I seesaw scenario, the two RH Majorana neutrinos must be
almost degenerate in mass. Suppose Mo > M; > 0, My can be expressed in form
My = (1 + 2)M;, z > 0. Using the experimental limit on the neutrinoless double beta
decay (88)ou, we can set an upper limit z < 1072 (1072) for M; ~ 10% (103) GeV.

Upper bounds on the couplings of RH neutrinos with SM particles can be also obtained
from the low energy electroweak precision data on lepton number conserving processes
like m — ¢Uy, Z — vv and other tree-level processes involving light neutrinos in the final
state [81-83]. These bounds read:

(RV)al* S 2x107%, (2.18)
(RV)u]? < 0.8x1073, (2.19)
(RV)> < 26x1073. (2.20)

Let us go further by expressing the RH neutrino mixing matrix participating into the
CC and NC weak interactions in terms of low energy neutrino oscillation parameters,

the light and heavy neutrino masses. We start by taking eq. (2.12) in [62]:
RV = —iUpMNs\/%O*\/%, (2.21)

where O is a complex orthogonal matrix. In the scheme with two heavy RH Majorana

neutrinos and NH mass spectrum of the light neutrinos, O-matrix can be written in



2.1 See-saw Type I and LFV Rates 11

form:
o0 0 0 e—ié 0 0
5 =+1 —7 =1
eié 1 T e_ié 1 =+
0= o5 7 =£1 + 5 —i =1 , (IH) (2.23)
0 O 0 0

Whereé:w—iﬁ.

Without loosing the generality, taking & > 0, to have sizable couplings between the heavy
Majorana neutrinos and the charged leptons or gauge bosons, we need large enough &.
In the limit of large £, in the case of NH neutrino mass spectrum, it is relevant to use

the approximation:

. 0 O
ezwe§
1 *1

Using (2.21) and (2.24), we can express the matrix RV as:

—iw € (U63+i\/mU52) :l:i(Ueg +Z\/WU62)/\/@
e e m,
RV = 5 ﬁ (Uu3+i\/WUu2) ii(Uu3+i\/m2/m3Uyg)/\/1+z

(UT3 + i\/mg/mgUTg) :]:i(UTg + i\/mg/mgUTQ)/\/l +z
(2.25)

A similar formula could be obtained for the case of IH neutrino mass spectrum by

replacing mo3 — mi2 and Up gz — Upe (¢ = e,p, 7). So that, for both types of

neutrino mass spectrum, one has the relation:

(RV)pp = £i(RV )1 /V1+2 L=ep,T, (2.26)

which is consistent with eq. (2.21). The above equation holds only for M; My > 0; when
M; and My have different signs, it becomes (RV )2 = F(RV ) /V1+ .

Finally, using the relation

- 1
y2? = mam{eig(MDM}_:))} = max{eig(VmOMOVm)} = ZeQEMl(mg +m3)(2+ z2),
(2.27)
in which y is the largest eigenvalue of Yukawa coupling matrix, v = 174 GeV, the CC

and NC weak interaction couplings with participation of the heavy Majorana neutrinos
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can be expressed as:

1
(RV),* = v ’Ue3+1\/TUe2‘ , NH, (2.28)

2 M2 m2+m
1
2 _ Ly ‘ m ‘ H 2.2
[(RV ) 3 fE; m1+m2 U +in/mi/maUp | . (2.29)

The numerical results present further will be obtained employing the standard parametriza-

tion for the unitary matrix U:

U = V(b12,023,013,6) Q(21, 31) . (2.30)
Here (see, e.g., [1])
1 0 0 C13 0 813671’5 C12 s12 0
V= 0 co 523 0 1 0 —s12 c12 0 s (231)
0 —S893 (€923 —Slgeié 0 C13 0 0 1

where we have used the standard notations c;; = cos t);;, s;; = sin6;;, 0 is the Dirac CP

violation (CPV) phase and the matrix @) contains the two Majorana CPV phases ! [5],
Q = diag(1, eloa/2 em31/2) i (2.32)

We recall that Upyng = (14+7)U. Thus, up to corrections which depend on the elements
of the matrix n whose absolute values, however, do not exceed approximately 5 x 1073
[81], the values of the angles 019, 23 and 613 coincide with the values of the solar
neutrino, atmospheric neutrino and the 1-3 (or “reactor”) mixing angles, determined in

the 3-neutrino mixing analyzes of the neutrino oscillation data.

Given the neutrino masses and mixing angles, the TeV scale type I see-saw scenario
we are considering is characterized by four parameters [62]: the mass (scale) M, the
Yukawa coupling y, the parameter z of the splitting between the masses of the two
heavy Majorana neutrinos and a phase w. The mass M; and the Yukawa coupling y
can be determined, in principle, from the measured rates of two lepton flavor violating
(LFV) processes, the u — ey decay and the u — e conversion in nuclei, for instance.
The mass splitting parameter z and the phase w, together with M; and y, enter, e.g.,
into the expression for the rate of (83)g,-decay predicted by the model. The latter was

discussed in detail in [62].

! In the case of the type II see-saw mechanism, to be discussed in Section 2.2, we have n = 0 and
thus the neutrino mixing matrix coincides with U: Upmns = U. We will employ the parametrization
(2.30) - (2.32) for U also in that case.
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2.1.2 Calculation of LFV Rates

For more convenient in further discussion, in this section, we are going to summary or
derive the rates of FLV processes of interest, such as y — e conversion, £ — ¢/ + ~ and
¢ — 3¢, in the scenario of the type I see-saw model. In the type I see-saw, the above
FLV processes can not happen in the tree-level, but in one-loop diagrams, whose form

factors are calculated in the App. A.

Ignoring the subdominant contribution of the term proportional to m; (supposes m; >

my ), eq. (A.32) can be rewritten in form:

2

- g ’ ) . ,
—eT(ll'y) = T 2M2 [F” (0*Va — 49a)PL — imy GY 00apd’ Pr| (2.33)
where
3+k 3+k
FY =N " 0uUpiFy(N), GY = ZU;,UZ, . (2.34)

Here, F,()\;) and G+ (\;) are defined in egs. (A.27) and (A.27). The effective Lagrangian
derived from (2.33) reads:

i

2
(v _ _9-€ w7 7o v 77 aB
‘Ceff 327T2M3] (6Q¢)F,Y (1!1’)@1#)(”7 PLZ) + 72 my (lldangl) F s (2.35)

where @y is electric charge of ¢, which is quark (for y — e conversion) or lepton (for

[ — 31’ decay).

Similarly, from eqgs. (A.57), (A.64) and (A.71), we have effective Lagrangians from box

and Z boson exchange diagrams:

‘Céj‘)f 327 2M2 s (w%é(IdJPL — Qy sin® w )y) (I Prl), (2.36)
4
Box g 5 o
Ly = = = 64n? M2 Fp? ($ryaPro) (I PLl) . (2.37)

Here, Ifz is the weak isospin of the field v, while FZ”/ and Fg;ﬁw are expressed as:

3+k
FWV = Z Uiy, (65 F=(Ai) + Ci5G=(Mi, A)) (2.38)
ij=1

2In this Subsection and the appendix A, U is understood as the full neutrino mixing matrix in the
see-saw type I, which is of (3 4 k) x (3 + k) dimensions.
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3+k
Fl? =N " UGV, Vi For(Nis Aj) - for Q> 0, (2.39)
i=1 j
, 3+k
Fi? =" Ukl Vi, Vi, Fx oz (Nis Aj) - for Qy < 0. (2.40)
i=1 j

It is useful to note that Vi, is quark or neutrino mixing matrix according to whether
is quark or lepton. If v is u quark, x; are (d, s, b) quarks; while, in the case where 9 is
d quark or one of the charged leptons (e™, p~, 77), x; are (u, ¢,t) quarks or neutrinos

(both the heavy and light neutrinos), respectively.

Using eq. (2.35), the ratio of the decay rates I'(l — I'y) and I'(l — yl'Dy), can be
written as [59, 62, 84, 85]:

F(l — l/’y) 3Qem 12 30em 2
= GWi2 = e, 2.41
T(l—uylmy) 2n IG5 T = o Mol (241)
where
3+k
Tary ~ Z(U);i(U)li [G(z:) — G(0)] , (2.42)
1=4
10 — 432 + 7822 — 4923 + 42* + 1823 Inx
Gla) — 2.43
() 30z — 1)1 : (2.43)

and x; = m?/M?2 .

We have also obtained the | — 31’ decay rate by adapting the result of the calculation
of the p — 3e decay rate performed in [86] in a scheme with heavy RH neutrinos and
type I seesaw mechanism of neutrino mass generation. After applying the form factors
introduced above and neglecting the corrections ~ my /my, the decay branching ratio is

expressed as:

2

BR(l — 3I') = 6477;’;% Chap |2 % BR( = U'tpwy) (2.44)
ICiav|> = 2 ‘;Fg;ﬁ’ + F — 2sin? 0y (FI' — FI') ‘2 +4sin? oy [FIV — FY ’
+1655in2 Gy Re [(Fz”’ + ;Fg:};)agl’*] _ 48sin* Gy Re [(FZ”’ - nyl/)GfY"*}
432 sin* 6W|lel/\2 (log m—fz - 141> , (2.45)
my

where G%’, Fy/, r g;l;l’ and F! have been defined above.

In writing the expression for BR(I — 30’) in eq. (2.44), we have used for the decay rate
Ll = Uopyy) = G2m? /(19273).
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Finally, we are going to calculate u — e conversion rate using the effective Lagrangian
in (2.35), (2.36), (2.37) and the general formula reported in [87]. Since the quark axial
vector current §v,ys5q does not contribute to the p—e conversion, the effective Lagrangian
Eg“ ) reads:

If
2 He 4
- ge G _ g - B
s = m%m” (e0asPrit) F*7 + qu"e (@709) (ev*Prp),  (2.46)
where
= 1
FFe = Qqsin® Oy (FI° — FI') + I F + Fheaqy (2.47)

Using the result in [87], the conversion rate is easy to be obtained

e.D e 92 e e e pe n ?
29.3CY +—{(2F5 + EFYV® 4 (Fre 4 2RV >}‘ . (248)

Fconv - QG%‘ 471'2

Here, the parameters D, V®) and V(" with V®) /Z = V() /N, represent overlap in-
tegrals of the muon and electron wave functions and are related to the effective dipole

and vector type operators in the interaction Lagrangian, respectively (see, e.g. [87]).

In the case of a light nucleus, i.e. for Z < 30, one has with a good approximation
D ~ 8 /Ao VP, with the vector type overlap integral of the proton, V¥, given by

[87]:
1
Ve ~ —mZ/Q ad/? Zfo Z1/? F(—mi) (2.49)

47_(_ em €

Using the formulae quoted above, we have the final expression for the conversion rate

G2mba2.a3 Z4 _ - - ~ 2
Teony = —L - s efo F2(¢?) (Zc;f;e sin? Oy + Z(2F/C + F¥°) + N(Fi® + 2FF)

G%mia%va?’ Z4

= e g B |ZQFY + B + N(F +2F)] (2.50)
U
in which
1
Fyf = Qqsin® 0w (Y = FY + G4F) + 2 (2L + FCi) (2.51)

In egs. (2.49) and (2.50), Z is the proton number of the nucleus N, Oy is the weak
mixing angle, sin? Oy = 0.23, F(¢?) is the nuclear form factor as a function of transferred

momentum ¢, and Z.yy is an effective atomic charge.
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2.2 See-saw Type II (Higgs Triplet Model) and LFV Rates

2.2.1 See-saw Type II (Higgs Triplet Model) at TeV Scale

We will introduce briefly in this section the type II see-saw [88-90] extension of the SM
for the generation of the light neutrino masses. In its minimal formulation it includes

one additional SU(2), triplet Higgs field A, which has weak hypercharge Yy = 2:

B A+/\/§ AT+
N oo

The Lagrangian of the type Il see-saw scenario, which is sometimes called also the “Higgs
Triplet Model” (HTM), reads *:

£H

seesaw

- MITr (NA) - (h”, W0, i Ayr, + pua H iy ATH + h.c.) . (2.53)

where (vi2)T = (vf 11), PO = (- v C™t —ITC™Y), and H are, respectively,
the SM lepton and Higgs doublets, C' being the charge conjugation matrix, and pa
is a real parameter characterising the soft explicit breaking of the total lepton charge
conservation. We are interested in the low energy see-saw scenario, where the new
physics scale M associated with the mass of A takes values 100 GeV < Ma <1 TeV,
which, in principle, can be probed by LHC [93-96].

The flavour structure of the Yukawa coupling matrix h and the size of the lepton charge
soft breaking parameter ua are related to the light neutrino mass matrix m,,, which is
generated when the neutral component of A develops a “small” vev va o pa . Indeed,
setting A = va and HT = (0 v)T with v ~ 174 GeV, from Lagrangian (2.53) one
obtains:

(mu)y =mu = 2hyva (2.54)

The matrix of Yukawa couplings hy is directly related to the PMNS neutrino mixing

matrix Upyng = U, which is unitary in this case:

1
hy = —— (U* diag(m1,ma, m3) UT) . (2.55)
20A w

An upper limit on va can be obtained from considering its effect on the parameter
p = M2, /M2 cos? Oy . In the SM, p =1 at tree-level, while in the HTM one has

1+ 222

=146p=—"2
P +o0p 11422

T =wvp/v. (2.56)

3We do not give here, for simplicity, all the quadratic and quartic terms present in the scalar potential
(see, e.g., [91, 92]).
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The measurement p ~ 1 leads to the bound va /v < 0.03, or va < 5 GeV (see, e.g., [97]).

As we will see, the amplitudes of the LFV processes . — e, 4 — 3e and u+N — e+N in
the model under discussion are proportional, to leading order, to a product of 2 elements
of the Yukawa coupling matrix h. This implies that in order for the rates of the indicated
LFV processes to be close to the existing upper limits and within the sensitivity of the
ongoing MEG and the planned future experiments for Ma ~ (100—1000) GeV, the Higgs
triplet vacuum expectation value va must be relatively small, roughly va ~ (1 — 100)
eV. In the case of Ma ~ v = 174 GeV we have va = pa, while if Mi >> v2, then
VA X pav?/(2M3) (see, e.g., [91, 92, 97]) with v?/(2M3) =2 0.015 for Ma = 1000 GeV.
Thus, in both cases a relatively small value of va implies that pua has also to be small.
A nonzero but relatively small value of ua can be generated, e.g., at higher orders in
perturbation theory [98] or in the context of theories with extra dimensions (see, e.g.,
[99))-

The physical singly-charged Higgs scalar field practically coincides with the triplet scalar
field AT, the admixture of the doublet charged scalar field being suppressed by the
factor va/v. The singly- and doubly- charged Higgs scalars AT and A™T have, in
general, different masses [98, 100-102]: ma+ # ma++. Both situations ma+ > ma++
and ma+ < ma++ are possible. In some cases, for simplicity, we will present numerical
results for ma+ = ma++ = Ma, but one must keep in mind that ma+ and ma++ can

have different values.

2.2.2 Calculation of LFV Rates

In the mass eigenstate basis, the effective charged lepton flavour changing operators
arise at one-loop order from the exchange of the singly- and doubly-charged physical
Higgs scalar fields, whose form factors are detail calculated in App. B. The effective
low energy LFV Lagrangian corresponding to eqs. (B.74) and (B.75) can be written in

forms:
el F
V2

e2 G - _
— = | AL(@®) T P Y 90Q7%Q + he |, (2.57)
\/i Q=u,d

reff — _4 <mlARl70'aﬁPRlF5a + hC)

where e is the proton charge, and ¢, = 2/3 and gg = —1/3 are the electric charges of

the up and down quarks (in units of the proton charge). The form factors Ap j have
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expressions:
1 (hn), 1 1
Ap = - = : 2.58
f V2GE 4872 <8 m2A+ " m2A++ ) (258)
1 hiyhw 1 1 - mi
Ar(g®) = - ;" ( - f ( : (259
(@) V2Gp 672 12 m2A+ m2A++ m2A++ m2A++ ( )

Here, (m;, my) are the masses of the charged lepton (I, k), (I, k) = e, u, 7 and ¢ is the

momentum carried by the photon.

In the limit where the transition is dominated by the exchange of a virtual doubly
charged scalar AT these expressions reduce to those obtained in [102-105]; to the best
of our knowledge the expression of Ap(q?) for the general case is a new result. The
term with the form factor Ag in eq. (2.57) generates the . — ey decay amplitude. It
corresponds to the contribution of the one loop diagrams with virtual neutrino and A™
[106] and with virtual charged lepton and ATt [104, 105] (see also [28]). The second
term involving the form factor Ay, together with Ap, generates the y — e conversion

amplitude. The loop function f(r,s;) is well known [102, 103]:

45 2s; 45 VT VTt s
= — 1 1—— 14— log——+—— 2.
f(r, sp) . + log(s;) + < . > {1+ " Og\[_m, (2.60)

— 2 /02 — 2 /N2
where 7 = m: /M and s; = mj /M}.

Notice that in the limit in which the charged lepton masses m; are much smaller than
the doubly-charged scalar mass ma++, one has f(r,s;) ~ log(r) = log(mZ,/m% . ). For
ma++ = (100 — 1000) GeV, this is an excellent approximation for f(r,s.), but cannot
be used for f(r,s,) and f(r,s;). The ratios f(r,se)/f(r,s,) and f(r,se)/f(r,s-) change
relatively little when ma++ increases from 100 GeV to 1000 GeV, and at ma++ =
100 (1000) GeV take the values: f(r,se)/f(r,s,) =2 1.2 (1.1) and f(r,se)/f(r,s:) =
2.1 (1.7). More generally, f(r, s;), | = e, p, 7, are monotonically (slowly) decreasing func-
tions of ma++ 4 for ma++ = 100 (1000) GeV we have, e.g., f(r,s.) = —13.7 (-18.3).

In the Higgs triplet model considered, the [ — I’ 4+~ decay amplitude receives at leading
order contributions from one loop diagrams with exchange of virtual singly and doubly-
charged Higgs scalars. A detailed calculation of these contributions leads to the result
[91, 92, 106, 107]:

BR(I = I'y) = 38472 (47 em) |Ar|* X BR(I = 1y I' 7))

wtn) 2 71 ?
_ Qem }( 2)11 ( — + 28 ) BR(Il — vy l'vy), (2.61)
1927 G% M+ TA++

“Note that we have f(r,s;) < 0,1 =e,pu,T.
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where l=pand ' =e,orl =7 and ' = y,e.

Similarly, the leading contribution in the | — 31’ decay amplitude in the TeV scale HTM
is due to a tree level diagram with exchange of the virtual doubly-charged Higgs scalar
ATT. The corresponding | — 31’ decay branching ratio is given by [104, 105] (see also,
e.g., [28, 92]):

2 2
| P | 1 |y |

BR(l — l/ljlll/l) = BR(l — l/ﬂllvl) .

BR(l — 3l') =
( ) GZLmi . 160}

Ghmpss

(2.62)
We consider next the i — e conversion in a generic nucleus N using the effective La-
grangian introduced in eq. (2.57). In the same way has done in Sector 2.1.2, we
parametrize the corresponding conversion rate following the effective field theory ap-
proach developed in [87]. Taking into account the interaction Lagrangian (2.57), we get

in the type II see-saw scenario

2
263

1—‘(:apt

D

CR(uN —eN) = (4maem) ARW+

(2qu + qa) AL VP

(2.63)

Using the properties D = 8¢ V) V() /7 = V(W /N = m2/2a3/2262ffZ*1/2F(q2)/47T7
egs. (2.58), (2.59) and (2.49), the conversion rate (2.63) reads

OéS >

~ m My 4 2 2
CR(/JJN — €N) = 3667'('4 Fcapt Zeff ZF (—mu)

(hTh) [ 52 + 21 }
=m 247)124r MUA++
2

1
+ 2 Z hll f("“, Sl) hlu ; (264)

m
At l:&/iﬂ'

where I'capt is the experimentally known total muon capture rate.

2.3 See-saw Type III Model

Now, we turn to the study of the type III see-saw [108, 109] extensions of the SM. In
the scenarios under discussion, the SM particle content is enlarged by adding SU(2) -
triplets of fermions, Fjr = (Fle,FjQR,FJ?’R), J = 2, possessing zero weak hypercharge
and a mass My at the electroweak scale: My =~ (100 — 1000) GeV. The corresponding
interaction and mass terms in the see-saw Lagrangian read:

,CIH

seesaw

— ~ 1 N
= MY TH: Fip — 5 (Mg), F$ -Fip + hec., (2.65)

where 7 = (71,72, 73), 7% being the usual SU(2) generators in the fundamental repre-

sentation.
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It is convenient in the following discussion to work with the charge eigenstates FJiR =
(Fle F Z'szR) and F]QR =F ]3R. Then, the physical states in the above Lagrangian corre-
spond to electrically charged Dirac and neutral Majorana fermions, which are denoted

as F/; and N;, respectively: 5
— — C —
E; = Fip + Fji¢ N; = Fjf + Fjy. (2.66)

In the basis in which the charged lepton mass matrix is diagonal, the CC and NC weak

interaction Lagrangian of the light Majorana neutrino mass eigenstates x; read:

g —
v = — Ay, (1=n)U), xir W& + h.c., 2.67
cc NG Yo (( MU) 4 XiL ( )
v oo 9 — t o
NG = T XiL Yo (UT(L+20)U)  x;0 2% . (2.68)
Cw 1)

Similarly to the type I see-saw scenario discussed earlier, the heavy Majorana mass
eigenstates Ny might acquire a sizable coupling to the weak gauge bosons through the

mixing with the light Majorana neutrinos:

Y. = iy, (RV)(1 —45) NoWS + hec., 2.69

cc 2\/57( Jer (L —v5) Ni, c (2.69)

Ly, = —%m% (RV)e;(1 — 75) N; Z* + he.. (2.70)
w

In the expressions given above, the non-unitary part of the neutrino mixing matrix, i.e.
the matrix n, and the matrix R are defined as in the type I see-saw scenario discussed in
Section 2.1 (see eq. (2.6)), while V' in this case diagonalizes the symmetric mass matrix
Mpg in eq. (2.65): Mg = V*diag(My, My, ...)VT.

The neutrino Yukawa couplings Ay; can be partially constrained by low-energy neutrino
oscillation data and electroweak precision observable (see, e.g. [110, 111]). Notice that,
unlike the type I see-saw extension of the Standard Model, now we have flavour changing
neutral currents (FCNCs) in the charged lepton sector. The latter are described by the

interaction Lagrangian:

¢ _
Lnc =

I (e (A —dn)y O — 28207 t) 2°. (2.71)

Finally, ® the interactions of the new heavy charged leptons, E;, with the weak gauge

bosons at leading order in the mixing angle between the heavy and the light mass

°In the following we will denote as E; and N, the mass eigenstates obtained from the diagonalization
of the full charged and neutral lepton mass matrices.

SFlavour changing couplings between the charged leptons and the SM Higgs boson H arise as well
in the TeV-scale type 111 see-saw scenarios [111] which enter at one-loop in the lepton flavour violating
processes (see next subsection).
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eigenstates read:

LEc = —gEjvaNjW* + gE;7a (RV) vig W + hec., (2.72)

L2 = gewBjva B 2% — —%— (Iya (RV)y;(1 —v5) B; 2% + he) .  (2.73)
2v/2¢,

To obtain eqns. from 2.67 to 2.73, we have used the results reported in [111] and taken

into account the equalities:

e= (RV)(RV)" = —21, (2.74)
v _

(RV) = ﬁYgle, (2.75)

which are easy to be seen by comparing our expression for the matrix used to diagonalize

the neutrino mass matrix and those in [111]. Here, € and YETME_ Lv/4/2 are two notations

appearing in [111].

2.4 Chapter Conclusion

In this chapter, we have introduced LF'V processes in the class of models, whose effective
Majorana mass term for the light left-handed active neutrinos is generated after elec-
troweak symmetry breaking due to the decoupling of additional “heavy” scalar and/or
fermion representations. We have analyzed in full generality the phenomenology of the
three different and well-known (see-saw) mechanisms of neutrino mass generation, in
their minimal formulation: ) type I see-saw models, in which the new particle content
consist of at least 2 RH neutrinos, which are not charged under the SM gauge group; 1)
type I1I see-saw models, where the RH neutrinos are taken in the adjoint representation
of SU(2)r with zero hypercharge; iii) type II see-saw (or Higgs triplet) models, where
the scalar sector of the theory is extended with the addition of at least one scalar triplet

of SU(2)r, coupled to charged leptons.

In the models considered, the scale of new physics associated with the existence of
nonzero neutrino masses and neutrino mixing is assumed to be in the range of ~ (100 —
1000) GeV. In the type I and I1I see-saw scenarios, this scale is determined by the masses
of the heavy Majorana neutrinos, while in the Higgs Triplet model it corresponds to the
masses of the new singly charged, doubly charged and neutral physical Higgs particles.
In the type I and III see-saw classes of models of interest, the flavour structure of the
couplings of the new particles - the heavy Majorana neutrinos N; - to the charged leptons
and W*-boson and to the flavour neutrino fields and the Z%boson, (RV)ij, l=e,p,T,
are basically determined by the requirement of reproducing the data on the neutrino

oscillation parameters (see, e.g., [62]). In the Higgs Triplet model the Yukawa couplings
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of the new scalar particles to the charged leptons and neutrinos are proportional to the

Majorana mass matrix of the LH active flavour neutrinos.

As a consequence, the rates of the LFV processes in the charged lepton sector can
be calculated in the considered models in terms of a few unknown parameters. These
parameters are constrained by different sets of data such as, e.g., data on neutrino
oscillations, from EW precision tests, on the LFV processes u — e + v, p — 3e, etc.
In the TeV scale type I and III see-saw scenarios considered, all the constraints can be
satisfied for sizeable values of the couplings |(RV');;| with two heavy Majorana neutrinos
N1 2, in which the latter have close masses forming a pseudo-Dirac state, My = M;(1+2),
Mi 2,2 >0, 2 < 1. In those schemes the lightest neutrino mass mg = 0 and the neutrino

mass spectrum is either normal hierarchical (NH) or inverted hierarchical (IH).



Chapter 3

LFV u Processes in TeV Scale

See-saw Type models

The content of this chapter is based on the results obtained in [107]. We have used the
most updated data of the neutrino oscillation parameters at the given time, which are
reported in [17, 19, 20]. The value of sin® 20,5 was measured with a rather high precision

and was found to be different from zero at 5.20 [19]:
sin? 2013 = 0.092 + 0.016 + 0.005, 0.04 < sin® 26,3 < 0.14, 30. (3.1)

The results of the analysis [17], in which Am3; = Am2 and |Am3,| = |Am3%]| were
determined as well, are shown in Table 3.1. The best fit values of neutrino parameters,
summarized in the Table 3.1, in fact, are different very little from the current best
fit values (see, e.g., [21], eqs. (1.4) and (1.5)), therefore the results of analyzing LEV
rates of the processes interested with new and old neutrino oscillation data are not very

different.

TABLE 3.1: The best-fit values and 3o allowed ranges of the 3-neutrino oscillation
parameters, derived from a global fit of the current neutrino oscillation data, including
the T2K and MINOS (but not the Daya Bay) results (from [17]). The Daya Bay data
[19] on sin” ;3 is given in the last line. The values (values in brackets) of sin® ;5 are
obtained using the “old” [112] (“new” [113]) reactor 7, fluxes in the analysis.

Parameter best-fit (£1o0) 30

Am2 [107° eV?] 7.587032 6.99 - 8.18

|AmZ| [1073 eV?] 2.357032 2.06 - 2.67

sin? 015 0.3067001% 0.259(0.265) - 0.359(0.364)
sin? fa3 0.4215:08 0.34 - 0.64

sin® 013 [17] 0.021(0.025) T5-997  0.001(0.005) - 0.044(0.050)

sin? 013 [19] 0.0236 +0.0042 0.010 - 0.036
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3.1 TeV Scale Type I See-Saw Model

3.1.1 The u — ey Decay

In this subsection we update briefly the discussion of the limits on the parameters of
the TeV scale type I see-saw model, derived in [62] using the experimental upper bound
on the yu — ey decay rate obtained in 1999 in the MEGA experiment [114]. After the
publication of [62], the MEG collaboration reported a new more stringent upper bound
on the p — ey decay rate [37] given in eq. (1.6). Such an update is also necessary in
view of the relatively large nonzero value of the reactor angle ;3 measured in the Daya
Bay and RENO experiments [19, 20]. As was discussed in [62], in particular, the rate of
the u — ey decay in the type I see-saw scheme considered can be strongly suppressed

for certain values of ;3.

Following eq. (4.3), the u — ey decay branching ratio in the scenario under discussion
is given by [58, 59, 85]:
I — ey) 3em

BR = = T e | 3.2
(:u—>e’7) F(M_>€+Vu+ge) 397 | (ue)| ) ( )

where aen is the fine structure constant and [62]

Tool = T [(RY ) (RV)oa| 1Ga) — GO)] (33

In deriving the expression for the matrix element 7{,.), eq. (3.3), we have used eq.
(4.2) and assumed that the difference between M; and Ms is negligibly small and used
My = M. Tt is easy to verify that G(x) (see, eq. (2.43)) is a monotonic function which
takes values in the interval [4/3,10/3], with G(z) = & — 2 for z < 1.

Using the expressions of [(RV),1]*> and |[(RV)c1|? in terms of neutrino parameters,
egs. (2.28) and (2.29), we obtain the y — ey decay branching ratio for the NH and
TH spectra:

NH: BR(p—ey) =

3em yQUQ mg3 2
321 M12 mo + ms

2 2

[G(X) = GO0)]* ,(3.4)

.2
U U,
u3 T2 ma u2

m
Ues + iy | —Ups
ms

IH: BR(p —ey) =

3em 2p21 2 . .
39 <yMzQ> U2 + iU, | |Uea + iUa | [G(X) — G(0)] . (3.5)
1
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The data on the process u — ey set very stringent constraints on the TeV scale type
I see-saw mechanism. The upper bound on BR(y — e7v) was obtained in the MEG
experiment at PSI [37] and is given in eq. (1.6). It is an improvement by a factor of
21 of the upper limit of the MEGA experiment, published in 1999 [114]. The projected
sensitivity of the MEG experiment is BR(u — ey) ~ 10713 [37, 115]. For M; = 100 GeV
(M =1TeV) and z < 1 we get the following upper limit on the product [(RV)},; (RV )1
of the heavy Majorana neutrino couplings to the muon (electron) and the W* boson

and to the Z% boson from the the upper limit eq. (1.6):
[(RV)%y (RV)e1] <039 x 1074(0.15 x 107%), (3.6)

where we have used egs. (3.2) and (3.3). This can be recast as an upper bound on the
neutrino Yukawa coupling y. Taking, e.g., the best fit values of the solar and atmospheric

oscillation parameters given in Table 3.1, we get:

y < 0.024 (0.15) for NH with M; = 100 GeV (1000 GeV) and sinéy3 = 0.1, (3.7)
y < 0.018 (0.11) for TH with M; = 100 GeV (1000 GeV) and sinfi3 = 0.1. (3.8)

The constraints which follow from the current MEG upper bound on BR(u — evy) will
not be valid in the case of a cancellation between the different terms in one of the factors
|Ups + iy/ma/m3Usp|? and |Up + iUn|?, £ = e, i, in the expressions (3.4) and (3.5) for
BR(x — ev). Employing the standard parametrisation of U, egs. (2.30) - (2.32), one
can show that in the case of NH spectrum we can have |Ues + z\/nWUeg\ =0 if
[62] (see also [63]) sin(d + (ao1 — as1)/2) = 1 and tanbhs = (Am2/Am3 )Y*sin 6.
Using the 30 allowed ranges of Am?%, Am3 and sin? @15 given in Table 3.1, we find that
the second condition can be satisfied provided sin? 613 = 0.04, which lies outside the 30

range of allowed values of sin? §13 found in the Daya Bay experiment [19] (see eq. (3.1)).

In the case of IH spectrum, the factor |Ues +iU.1|? can be rather small for sin(ag;/2) =
—1: |Ugg +iUc1]? = 0%3(1 —sin 2619) = 0.0765, where we have used the best fit values of
sin? @15 = 0.306 and sin® #15 = 0.0236. It is also possible to have a strong suppression of
the factor |Uye + iU, |? [62]. Indeed, using the standard parametrisation of the matrix
U, it is not difficult to show that for fixed values of the angles 612, 0235 and of the phases
a1 and 6, Uy + Z'UM1|2 has a minimum for

C23 €08 2012 cos 0 sin “5% — cos %2 sin d

sinfy = 2 : 3.9
13 593 1+ 2¢12 812 Sin % ( )
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At the minimum we get:

i (Vs 4 iUaf?) = (050608 5+ cos Whasindsin o)
M o =

1+ 2c12 s12 sin @34 (3.10)
Notice that, from the equation above, the ;1 — e~y branching ratio is highly suppressed if
the Dirac and Majorana phases take CP conserving values, mainly: § ~ 0 and a9 ~ 7.
In this case, from eq. (3.9) we get the lower bound sin #;3 = 0.13, which is in agreement
with the Daya Bay measurement reported in Tab. 3.1. On the other hand, assuming
CPV phases, we still may have min(|Uy,2 + iU,1|?) = 0, provided 615 and the Dirac
and Majorana phases § and g satisfy the following conditions: cosd cos(ag1/2) +
cos 2012 sin ¢ sin(a1/2) = 0 and sgn(cos § cos “51) = —sgn(sin d sin %3*). Taking cosé > 0
(cosé < 0) and using tand = —tan(ag1/2)/cos260i2 in eq. (3.9), we get the relation
between s13, § and cos 2612, for which min(|U,s + iU,1[?) = 0:

. C23 V1 4+ tan?§ cos 2619
sinf13 = (3.11)

593 \/1 + cos? 2019 tan? § + 2c19 12 sgn(cos ) '

Using the 3o intervals of allowed values of sin® 012 and sin? fy3 (found with the “new”
reactor U, fluxes, see Table 3.1) and allowing § to vary in the interval [0,27], we find
that the values of sinf;3 obtained using eq. (3.11) lie in the interval sinfy3 = 0.11.
As it follows from eq. (3.1), we have at 30: 0.10 < sinfi3 < 0.19. The values of
0.11 < sinfi3 < 0.19 correspond to 0 < § < 0.7. These conclusions are illustrated in
Fig. 3.1. For sinfy3 and d lying in the indicated intervals we can have |U,2 +iU,1|* = 0
and thus a strong suppression of the u — ey decay rate. As we will see in subsections
3.1.2 and 3.1.3, in the model we are considering, the predicted p — e conversion rate
in a given nucleus and p — 3e decay rate are also proportional to \(RV)Zl(RV)dP, as
like the p — ey decay rate. This implies that in the case of the TeV scale type I see-
saw mechanism and IH light neutrino mass spectrum, if, e.g., BR(u — ev) is strongly
suppressed due to |Uy2 + iUmP = 0, the u — e conversion and the p — 3e decay rates
will also be strongly suppressed '. The suppression under discussion cannot hold if,
for instance, it is experimentally established that § is definitely bigger than 1.0. That
would be the case if the existing indications [17] that cosd < 0 receive unambiguous

confirmation.

! Let us note that in the case of IH spectrum we are discussing actually one has |(RV)u1]*> o

|Upz +iv/ma/maUpn |? (see eq. (2.29)), with ma = \/|[Am3 | and m1 = |/|Am3 | — Am?2 = \/|[Am2|(1—
0.5Am% /|Am3|). Therefore when |U,2 + iU,1| = 0 we still have |Uy,2 + iy/m1/m2U,1|* # 0. However,
in this case |Uuz +iv/m1/maUui|* = (Am2 /(4|Am3|))?|Uui|? S 1.7 x 107°, where we have used § = 0
(which maximises |U,1]?) and the best fit values of the other neutrino oscillation parameters. Thus, our
conclusions about the suppression of BR(u — ev), the u — e conversion and the y — 3e decay rates are
still valid.
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10

sin 613

0 0.5 1 1.5 2

FIGURE 3.1: Values of sinfi3, as a function of the phase ¢ in the case of IH light
neutrino mass spectrum, which yield a suppressed rate of the process u — ey. The
values are obtained using eq. (3.11), the 20 (30) intervals of allowed values of sin? 6,
and sin? fy3, yellow (green) points (found with the “new” reactor 7, fluxes, see Table
3.1) and allowing § to vary in the interval [0,27]. The red and blue horizontal lines
correspond to the 3o upper limit sinfy3 = 0.191 and the best fit value sin 613 = 0.156.

The limits on the parameters |(RV),1| and [(RV )1, implied by the electroweak precision
data, egs. (2.18) - (2.20), and the upper bound on BR(u — e7v), eq. (1.6), are illustrated
in Fig. 3.2. The results shown are obtained for the best fit values of sin #13 = 0.156 and

of the other neutrino oscillation parameters given in Table 3.1.

3.1.2 The p — e Conversion in Nuclei

We will discuss next the predictions of the TeV scale type I see-saw extension of the SM
for the rate of the u— e conversion in nuclei, as well as the experimental constraints that
can be imposed on this see-saw scenario by the current and prospective y — e conversion

data. In the type I see-saw scenario of interest, the y — e conversion ratio in a nucleus

N is straightforward from eq. (2.50), then we arrive at the expression 2:
T(uN —eN) ad fof o GZm}
CR(pN —eN) = = em F(—m?)|” =+
(,U, € ) Pcapt 2 7T4 sin4 HW Z | ( mu) ‘ I‘capt
* 2
< [(RV)i (RV)ea|” [Cuel” (3.12)

?In the earlier version of the article [107] we have used the expression for |Ce| found in [116] (in the
notations of ref. [117]) in a model with an active heavy Majorana neutrino. It was pointed out in [118],
however, that the result for |Cp.| of [116] is not directly applicable to the case of TeV scale type I see-saw
model we are considering. The authors of [118] performed a detailed calculation of |Cpe| in the model of
interest and obtained a new expression for |C,.|. We have performed an independent calculation of the
factor |Cue| in the model under discussion. Our result for |Cpe| coincides with that derived in [118].
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FIGURE 3.2: Correlation between |[(RV)c1| and [(RV),1] in the case of NH (upper

panels) and TH (lower panels) light neutrino mass spectrum, for M; = 100 (1000) GeV

and, i) y = 0.0001 (magenta points), #) y = 0.001 (blue points), iii) y = 0.01 (red

points) and iv) y = 0.1 (cyan points), while neutrino oscillation parameters are varying

in the 30 allowed ranges. The constraints from several LF'V processes discussed in the
text are shown.

where I'capt is the total muon capture rate, the loop integral factor

Cpe = Z 2P (@) + F{') (@)] + N [F{ (2) + 2F§) ()] | (3.13)
F) () = Qqsin? by [Fv(:n) — F) (z) + Gw(x)}

+ % [2131«;(“6)( ) + Fean) ] (3.14)
F¥) (2) = F.(z) + 2G.(0,2), FY“)(2) = Fpou(2,0) — Fpee(0,0), (3.15)
FY(2) = Fx pos(2,0) — Fxpos(0,0) (3.16)

and x = M3?/M?2.

In the following we will present the results for three nuclei which were used in the
past, and are of interest for possible future y — e conversion experiments: 35Ti, 13Al
and 197Au For these nuclei, one has, respectively: i) Z.sy = 17.6; 11.62 ; 33.64, ii)
F(¢* = —m2) = 0.54; 0.64; 0.20, and iii) Ceap; = 2.59; 0.69; 13.07 x 10°sec™! [43].
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FIGURE 3.3: The i — e conversion loop integration factor C),. versus the see-saw mass
scale My, for three different nuclei: i) 35Ti (blue line), ii) 25Al, (green line), and iii)
197Au (red line).

The dependence of the loop integration factor C,. on the see-saw mass scale M; for the
three nuclei of interest is shown in Fig. 3.3. The first feature to notice is that |Ce| for
35Ti, #ZAl and 37 Au has maxima [Cpe| = 34.4; 20.4; 124 at M; = 250; 267; 214 GeV,
respectively. At M; = 250 GeV, |C| for 2T Al and 137 Au takes the values |C,.(Al)| =2 20.4
and |Cue(Au)| = 123.1; at My = 267 GeV, we have |C.e(Ti)| = 34.4 and |Cpe(Au)| =
122.4; and finally, at M; = 214 GeV, we find |C,c(Ti)| = 34.3 and |C,e(Al)| = 20.2.
These maxima of |C,,.| give the biggest enhancement factors for the conversion rate when
M; <1000 GeV. Beside the maxima, |C,e| goes through zero at M; = 4595; 6215; 2470

GeV for 35Ti, 2ZA1 and )7 Au, respectively, as was noticed also in [118].

Qualitatively, the dependence of the factor |C,e| defined in eq. (3.15) on M; exhibits
the same features as the factor |C,e| derived in [116], namely [107], at goes through
zero at a certain value of M; = MY(N') which depends on the nucleus N and is a
monotonically increasing function of Mj in the interval [50 GeV, 10* GeV] when M;
decreases (increases) starting from the value M; = MY(N'). The values of MY(N) at
which |Cpe| given in (3.15)) and that obtained in [116] are zero differ roughly by a factor
of 10 to 20, depending on the nucleus .

For M lying inside the interested interval (100 - 1000) GeV, the loop integration factor
|Cpe| takes rather large values for each of the three nuclei. As our calculations show,
|Cpe| is not smaller than 23.4 for the Ti and 14.9 for the Al, while for the Au nucleus

it exceeds 64.1. Since the p — e conversion rate is enhanced by the factor |Cpe|?, it is
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FIGURE 3.4: The ratio of the u — e relative conversion rate and the branching ratio

of the i) u — ey decay (solid lines), ii) p — 3e decay (dashed lines), versus the type I

see-saw mass scale My, for three different nuclei: 35Ti (blue lines), 25Al (green lines)
and 37Au (red lines).

very sensitive to the product [(RV);;(RV)e1] of CC couplings of the heavy Majorana

neutrinos to the electron and muon for the values of Mj in the interval of interest.

The best experimental upper bound on the conversion rate is [39]: CR(uTi — eTi) <
4.3 x 107'2, This bound implies a constraint on |((RV)},1(RV)e1|, which is shown in
Fig. 3.2 for My = 100; 1000 GeV. It is quite remarkable that, as Fig. 3.2 shows, the
constraint on the product of couplings |(RV)},; (RV)e1] implied by the best experimental
upper limit on CR(x Ti — e Ti) and BR( — e) are almost the same for M; = 100 GeV
although the experimental upper limits for BR(u — e7) is about 4 time more stringent
than those for BR(u — ev) and the expression for CR(uTi — e Ti) has an additional
factor of a = 1/137 with respect to the expression for BR(u — evy). For M; = 1000

GeV, the constraint from BR(u — e7) is more stringent.

Future experimental searches for p — e conversion in 45Ti can reach the sensitivity of
CR(pTi — eTi) ~ 10718 [43]. Therefore, for values of M; outside the narrow intervals
quoted above for which the loop integration factor |C,.| is strongly suppressed, an upper
bound on the y — e conversion ratio of O(10718) can be translated into the following
stringent constraint on the heavy Majorana neutrino CC couplings to the muon and

electron:
[(RV)5 (RV)er| < 2.17x107% (2.63 x 107%) for M ~ 100 (1000) GeV. (3.17)

As being noticed earlier, the two parameters of the type I see-saw model considered,
the mass scale M; and the Yukawa coupling y, can be determined, in principle, from
data on BR(p — evy) (or BR(¢ — 3e)) and CR(uTi — eTi) if the two processes will
be observed. Actually, the ratio of the rates of u — e conversion in any given nucleus

N, CR(uN — eN) and of the u — ey decay depends only on the mass (scale) My and
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can be used, in principle, to determine the latter. In the case of y — e conversion on

titanium, for instance, we find:

- R(uTi — e Ti
R( p-c ); CRUTL > eTh) 5 05 (0.48) for My ~ 100 (1000) GeV. (3.18)

p— ey BR(u — e7)
The correlation between CR(uN — e N') and BR(u — ev) in the model considered is
illustrated in Fig. 3.4. The type I see-saw mass scale M; would be uniquely determined
if © — e conversion is observed in two different nuclei or if, e.g., the u — ey decay
or i — e conversion in a given nucleus is observed and it is experimentally established
that R(M‘:;) < 1073, In the latter case M; could be determined with a relatively
high precision. Furthermore, as Fig. 3.4 indicates, if the RH neutrino mass M lies in

the interval (50 — 1000) GeV, M; would be uniquely determined provided R(;/5Z) is

measured with a sufficiently high precision.

We also note that the correlation between CR(uN — e N') and BR(u — e7) in the type
I see-saw model considered is qualitatively and quantitatively very different from the
correlation in models where the 1 — e conversion is dominated by the photon penguin di-
agram, e.g., the supersymmetric high-scale see-saw model which predicts approximately
[119] CR(pTi — eTi) ~ 5 x 1073 BR(i — e7).

3.1.3 The p — 3e Decay

The | — 3I’ decay branching ratio has been introduced in Subsection 2.1.2 in a type I
see-saw mechanism of neutrino mass generation with arbitrary fixed number of heavy
RH neutrinos. After adapting the result for 4 — 3e decay in the scenario considered
with two approximately equal mass heavy neutrinos N1 and Ns, we find in the model

of interest to the leading order in the small parameters |(RV);:

2

o " 2
BR(p — 3e) = M}(Rv)m(}%v)eﬂ |Cuze()]?, (3.19)
1 2
3e(T = = + — 2sin” Oy — + 4sin” Oy —
Cy 2 2 2F§3e FI3¢ — 2sin? Oy (FI¢ — F, dsin' Oy |F13e — F,|?
1
+16sin? Oy [(Fzﬂi’w + 2Fg3e)G7] — 48sin’ Oy [(FI*° — FI*)G,
m?2 11
32sin? Oy |G, 1 [ 1 p_ - 3.20
+32sin” Oy |G| <0gmg 1) ( )

where F,(x), Gy(x), F.(x), G.(2,y), FxBoz(x,y) can be found in (A.27), (A.28), (A.54),
(A.56), (A.72), and

FE3e(z) = F,(x) + 2G,(0,2), F&*(x) = —2(FxBoz(0,2) — Fxpox(0,0)).  (3.21)
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FIGURE 3.5: The p — 3e decay rate factor |Cp3.|* as a function of the see-saw mass
scale M.

The dependence of the u — 3e decay rate factor |Cpsc|?
scale M is shown in Fig. 3.5. At M; = 100 (1000) GeV we have: |Cp3|> =2 1.75 (38.73),

i.e., |Cpse|? increases by a factor of 22 when M; changes from 100 GeV to 1000 GeV.
‘2

on the type I see-saw mass

Using the quoted values of |C3.|° we get the following constraint from the current limit

on BR(p — 3e), eq. (1.7):
[(RV)51(RV)ex| < 3.01x107* (6.39 x 107°) for M; =100 (1000) GeV. (3.22)

Thus, for M; = 100 (1000) GeV the constraint on [(RV);;(RV )e1] obtained using the
current experimental upper limit on BR(u — 3e) is by a factor of 7.7 (4.3) less strin-
gent than that obtained from the current upper limit on BR(u — ev) (see eq. (3.6)),
respectively. In conclusion, for M = 100 GeV, the upper limit on [(RV)}; (RV )e1| from
the current experimental bound on the p — e conversion and p — ey decay, are similar
qualitative; while for M; = 1000 GeV, the most stringent constraint is from p — ey
current upper bound. This is clearly seen in Fig. 3.2. It follows also from Fig. 3.2 that
an experiment sensitive to a 1 — e conversion rate CR(u Al — e Al) ~ 10716, will probe
smaller values of the product of couplings |(RV),; (RV)e1| than an experiment sensitive
to BR(p — 3e) = 1071°.

In Fig. 3.4 we show the correlation between CR(uN — eN) and BR(p — 3e) in the
TeV scale see-saw model considered. As it follows from Fig. 3.4, the observation of the
1 — 3e decay or of the y — e conversion in a given nucleus, combined with data on the
ratio CR(u N — e N')/BR(u — 3e) would lead either to a unique determination of the

type I see-saw scale M7, or to two values, or else to a relatively narrow interval of values,
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FIGURE 3.6: The dependence of |(hTh).,| on sin 63 for va = 9.5 eV and § = 0 (solid

lines) and ¢ = 7/2 (dashed line). The other neutrino oscillation parameters are set to

their best fit values given in Table 3.1. The vertical line corresponds to the current 3o
allowed minimal value of sinf;3 (see eq. (3.1)).

of My compatible with the data. One can get the same type of information on the scale
M; from data on the ratio BR(u — 3e)/BR(p — e7), provided at least one of the two

decays pu — ey and p — 3e is observed.

It should be added finally that for M; < 100 GeV we have: BR(p — 3e)/BR(p —
ey) = 0.031. Thus, if it is experimentally established that BR(u — 3e)/BR(u — ey) is
definitely smaller than the quoted lower bound, the model considered with M; =< 100

GeV will be ruled out. Such a result would be consistent also just with a see-saw scale
My < 100 GeV.

3.2 TeV Scale Type II See-Saw Model

3.2.1 The p — ey Decay

The u — ey decay branching ratio in the case under discussion is taken from (2.61):

2
Th 2
Qe ‘(h )e/_L 1 8
BR = . 2
(=€) 1927 G2 <mQA+ * m2A++> (3:23)
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For ma+ = ma++ = M, the upper limit on BR(u — e7y) reported by the MEG
experiment, eq. (1.6), implies the following upper bound on |(hTh)eu|:

(),

One can use this upper bound, in particular, to obtain a lower bound on the vacuum

Mx \?
28x107% [ —=—) . .24
< 2810 (1OOGeV> (3:24)

expectation value of A?, va 3. Indeed, from eq. (2.55) it is not difficult to get:

(),

where we have used the unitarity of U. The above expression for |(hfh).,| is exact.

It follows from eq. (3.25) that the prediction for |(hTh).,|, and thus for BR(z — ev),

1
41)2A

Uea U3, Am3y + Ues US, Am3, | | (3.25)

depends, in general, on the Dirac CPV phase § of the standard parametrisation of the
PMNS matrix U (see eq. (2.30)). For the best fit values of sin®#13 = 0.0236 and of the
other neutrino oscillation parameters listed in Table 3.1, the term Am%l in eq. (3.25)
is approximately a factor of 10 smaller than the term oc Am3;. In this case, BR(u — ev)
exhibits a relatively weak dependence on the type of the neutrino mass spectrum and

on the Dirac phase 6. Neglecting the term oc Am32;, we obtain from (3.24) and (3.25):

1 /1 1
vA > 2.98 x 10 |s13 s03 A, |? <00G6V> >~ 4.30eV (OOGGV> : (3.26)
M M

For the 3¢ allowed ranges of values of sin? 2613 given in eq. (3.1) and of the other neutrino
oscillation parameters quoted in Table 3.1, the absolute lower bound on va corresponds
approximately to va > 2.1 eV (100 GeV)/Ma and is reached in the case of Am3; > 0
(Am3, < 0) for § = 7 (0).

We note further that if § = /2 (37/2), the term oc Am3, in the expression for |(hTh).,|
(and thus for BR(p¢ — e7)) always plays a subdominant role as long as the other neutrino
oscillation parameters lie in their currently allowed 3o ranges. Therefore in this case the
dependence of BR(u — e7) on the type of neutrino mass spectrum is negligible. The
specific features of the predictions for |(hTh),| discussed above are illustrated in Fig.
3.6.

Exploiting the fact that v% |(hTh)e,| is known with a rather good precision, we can write:

1eV\? /100GeV\*!
BR(p — ey) 2 2.7 x 10710 ( UeA ) ( MAe ) : (3.27)

where we have used eq. (3.23) and the best fit values of the neutrino oscillation parame-

ters. It follows from eq. (3.27) that for the values of va and Ma (or ma+ and/or ma++)

3This was noticed also in [120].
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FIGURE 3.7: The dependence of |m} m,.| on the lightest neutrino mass m; in the

case of neutrino mass spectrum with normal ordering (Am3% > 0), for four sets of

values of the Dirac and the two Majorana CPV phases, [J, a21,as31]. The depicted

curves correspond to the best fit values of sinf;3 (eq. (3.1)) and of the other neutrino

oscillation parameters given in Table 3.1. The scattered points are obtained by varying

the neutrino oscillation parameters within their corresponding 3o intervals and giving
random values to the CPV Dirac and Majorana phases.

of interest, BR(u — e7) can have a value within the projected sensitivity of the ongoing

MEG experiment.

3.2.2 The p — 3e Decay

Let us start this subsection by writing down the y — 3e decay branching ratio in the
scenario of Tev scale type II seesaw from the general case, which was expressed in eq.
(2.62)

1 [(A7)ee(h) el 1 ; 2
BR(,LL N 36) =— ‘( )ei( )/146‘ = — ; |mee m4/1«€‘ ’ (328)
GE  mMaet Grmarr 1603

where we have used eq. (2.54). From the present limit BR(z — 3e) < 1072 one can

obtain the following constraint on |(h")ee(h)el:

MA++ )2

(el < 1.2 x 1077 (STEAT

(3.29)

In the model under discussion, BR(y — 3e) depends on the factor |mj,me|, which
involves the product of two elements of the neutrino Majorana mass matrix, on the
neutrino mass spectrum and on the Majorana and Dirac CPV phases in the PMNS
matrix U. For the values of ma+ and ma++ in the range of ~ (100 — 1000) GeV and of

va <€ 1 MeV of interest, me. practically coincides with the effective Majorana mass in
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FIGURE 3.8: The same as in Fig. 3.7 in the case of a light neutrino mass spectrum
with inverted ordering (Am3 < 0) (see text for details).

neutrinoless double beta ((55)o,-) decay (see, e.g., [28, 121-124]), (m):

3
[mee| = > m;UZ| = [m)]. (3.30)
j=1

Depending on the type of neutrino mass spectrum, the value of the lightest neutrino
mass and on the values of the CPV Majorana and Dirac phases in the PMNS matrix,
|mee| can take any value between 0 and mg, where mo = m; = mg = mg is the value of
the neutrino masses in the case of quasi-degenerate (QD) spectrum, mg < 0.1 eV (see,
e.g., [121-123]). It follows from the searches for the (35),-decay that |me.| < mo <1
eV, while the cosmological constraints on the sum of the neutrino masses imply mg < 0.3
eV (see, e.g., [1]). As is well known, the (33)g,-decay is claimed to have been observed
in [125, 126], with the reported half-life corresponding to [126] |mee| = 0.32 4 0.03 eV.
This claim will be tested in a new generation of (53)o,-decay experiments which either

are already taking data or are in preparation at present (see, e.g., [1, 29]).

In the case of NH light neutrino mass spectrum with m; < 107% eV, |m..| lies in the
interval 3.6 x 1074 eV < |mee| < 5.2 x 1073 V. This interval was obtained by taking into
account the 30 allowed ranges of values of sin? f13 (eq. (3.1)), sin? 612, sin? fa3 and Am%
and Am3. For the best fit values of the latter we get : 1.45 x 1073 eV < |mee| < 3.75 x
102 eV. The minimal and the maximal values correspond to the combination of the

CPV phases (ag; — ag; + 28) = 7 and 0, respectively. However, for m; 2 1074 eV,

4The numerical values quoted further in this subsection are obtained for the indicated best fit values
of the neutrino oscillation parameters, unless otherwise stated.
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one can have |me.| = 0 for specific values of m; if the CPV phases ag; and ag; — 26
possess the CP conserving values a1 = 7 and (a31 — 20) = 0,7 (see, e.g., [54]): for the
[7,0] combination this occurs at m; = 2.3 x 1072 eV, while in the case of the [r, ] one
we have |mee| = 0 at m; = 6.5 x 1073 eV. If the light neutrino mass spectrum is with
inverted ordering (Am3 = Am3, < 0, m3 < my1 < mg) or of inverted hierarchical (IH)
type (ms < my1 < mg), we have [127] |mec| 2 /|Am3| 4+ m3 cos 2012 2 1.27 x 1072 eV,
while in the case of QD spectrum, |mee| = mgcos26012 2 2.8 x 1072 eV, where we used

the 30 minimal allowed values of |[Am?| and cos 2612.

We consider next briefly the dependence of the neutrino mass matrix element |m.| on
the type of the neutrino mass spectrum and on the CPV Majorana and Dirac phases.
In the case of NH spectrum with m; = 0, the maximal value of |m.| is obtained for
as; — a9 = 6, § = 7, and reads: max(|mye|) = 8.1 x 1073 eV. We get |mye| = 0
for agy = m, 6 = 0 (m) and ag; = 0 (7). As can be shown, for each of these two
sets of values of the CPV phases, the zeros take place at essentially the same value of
my = 4.3 x 1073 eV (Fig. 3.7). If the neutrino mass spectrum is of the IH type with
negligible m3 = 0, the maximal value of |m.| corresponds to 6 = 0 and ao; = 7 and is
given by max(|mye|) = \/|Am3 | c13(ca3 sin 201 + 593513 cos 2012). The element |myc| is
strongly suppressed, i.e., we have |m.| < max(|my|), for 6 = 7/2 and a value of the

Majorana phase g1 which is determined by the equation:
C23 C12 S12 sin a1 = (C%Q + 8%2 COS Oégl) 5923 813 - (331)

For the best fit values of the neutrino mixing angles this equation is satisfied for ag; =
0.283.

The properties of |mee| and |m,| described above allow us to understand most of the
specific features of the dependence of the quantity |m}, mye| of interest on the the neu-
trino mass spectrum and the leptonic CPV phases. For NH spectrum and negligible

m1 =2 0, the maximum of the latter is obtained for ag; — as; = é = 0 and is given by:

max(|mi,mype|) = |(ma iy cls + ms si3) c13 (m2 s12(c12 c23 — 512 523 513) + M3 $23 513)]

(3.32)
with mgy = 1/Am<2D and mg3 = Ami. Using the best fit values of the neutrino oscil-
lation parameters we get max(|m,mye|) = 2.9 x 107° eV? (see Fig. 3.7). This implies
BR(p — 3e) < 6 x 1072(1 eV /va)*(100 GeV/ma++)* In the case of NH spectrum
and non-negligible m; we have |m},m,.| = 0 for the values of the CPV phases and m
discussed above, for which either |mce| = 0 or |mye| = 0. The scattered points in Fig.

3.7 correspond to the possible values the quantity |m},myc| can assume when varying
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the neutrino oscillation parameters within their corresponding 3¢ intervals and giving

random values to the CPV Dirac and Majorana phases from the interval [0,27].

The maximum of |meemye| for the IH spectrum with a negligible ms3 is reached for § = 0

and as; = 7, and reads:

~—

max(|m; mye|) = |Am%‘ s <; Co3 sin4619 + s93 513 OS2 2012> . (3.33)
Numerically this gives max(|meemye|) = 6.1 x 107* eV? (Fig. 3.8). For BR(u — 3e)
we thus obtain: BR(u — 3e) < 2.4 x 1075(1 eV /va)*(100 GeV/ma++)*. One can have
|MeeMype| < max(|meemye|) in the case of IH spectrum with m3z = 0 for, e.g., 6 = 7/2
and o =2 0.283, for which |my.| has a minimum. For the indicated values of the phases
we find: |meemype| = 1.2 x 1076 eV? (see Fig. 3.8). Similarly to the case of a neutrino
mass spectrum with normal ordering discussed above, we show in Fig. 3.8 the range of

values the LEV term |meemy.| can assume (scattered points).

Finally, in the case of QD spectrum, [meemye| will be relatively strongly suppressed with
respect to its possible maximal value for this spectrum (i.e., we will have |meempe| <
max(|mi.myc|)) if, e.g., the Majorana and Dirac phases are zero, thus conserving the
CP symmetry: ag; = a3z; = § = 0. Then one has: |[meeMmpe| = |Ami|313323013/2 =
1.2 x 107* eV2. Note that this value is still larger than the maximal value of |MeeMpel
for the NH neutrino mass spectrum with a negligible m; (see Fig. 3.7). The maximum
of |meemye| takes place for another set of CP conserving values of the Majorana and

Dirac phases: ao1 = ag1 = 7 and § = 0. At the maximum we have:

max(|m; mye|) = mg (C?g cos 2019 — 3%3) €13 (023 sin 2012 + 2 0%2823 313) , mg=0.1eV.

(3.34)
For the best fit values of the neutrino mixing angles we get max(|m;.mye|) = 0.3 mg.
For mo < 0.3 eV this implies max(|m}.myc|) < 2.7 x 1072 eV?, leading to an upper
bound on BR(y — 3e), which is by a factor approximately of 4.1 x 10 larger than in

the case of IH spectrum.
The features of |meemye| discussed above are illustrated in Figs. 3.7 and 3.8.

It should be clear from the preceding discussion that in the case of the type II see-
saw model considered, the value of the quantity |(h!)ee(h)ue|® o< |mE.myel?, and thus
the prediction for BR(u — 3e), depends very strongly on the type of neutrino mass
spectrum. For a given spectrum, it exhibits also a very strong dependence on the values
of the Majorana and Dirac CPV phases as1, a3p and 9, as well as on the value of the
lightest neutrino mass, min(m;). As a consequence, the prediction for BR(y — 3e) for

given va and ma++ can vary by a few to several orders of magnitude when one varies the
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values of min(m;) and of the CPV phases. Nevertheless, for all possible types of neutrino
mass spectrum - NH, TH, QD, etc., there are relatively large regions of the parameter
space of the model where BR( — 3e) has a value within the sensitivity of the planned
experimental searches for the 1 — 3e decay [45]. The region of interest for the NH
spectrum is considerably smaller than those for the IH and QD spectra. In the case NO
spectrum (Am% > 0), BR(u — 3e) can be strongly suppressed for certain values of the
lightest neutrino mass m1 from the interval ~ (2 x 1072 — 1072) eV (Fig. 3.7). For the
10 spectrum (Am3 < 0), a similar suppression can take place for ms < 1072 eV (Fig.
3.8). In the cases when |m,m,.|? is very strongly suppressed, the one-loop corrections
to the u — 3e decay amplitude should be taken into account since they might give a
larger contribution than that of the tree level diagram we are considering. The analysis

of this case, however, is beyond the scope of the present investigation.

3.2.3 The pu — e Conversion in Nuclei

Using the formula (2.64) and assuming that ma+ = ma++ = Ma, the conversion rate

can be written as

al, m
R(UN — eN) = Jem 7 7 F(— ‘CU , 3.35
(1 eN) 36 74 Fcapt eff ( )
where
o = L2 (mT m) + Z m!, fr, s1) my (3.36)
pe 4’U 24 epn el ’ " ’

l=€7/i77'

= mZ/Mi, s;=m?/M3Z and we have used eq. (2.54).

The upper limit on the ;1 — e conversion rate in Ti, eq. (1.8), leads to the following upper

limit on |C’ffe]) |:

D] < 1.24 x 107 _Ma . (3.37)
100 GeV

In obtaining it we have used the values of I'capt, Zesf, Z and F (—mz) for Ti given in
subsection 3.1.2. An experiment sensitive to CR(uTi — e Ti) ~ 10718 [43] will be able
to probe values of |C}, H)| = 5.8 x 1078 (Ma /(100 GeV))2.

The p — e conversion rate in a given nucleus depends through the quantity C,(fef), on
the type of neutrino mass spectrum and the Majorana and Dirac CPV phases in the
PMNS matrix. Using the best fit values of the the neutrino oscillation parameters and
performing a scan over the values of the CPV phases and the lightest neutrino mass,
which in the cases of NO (Am3 > 0) and 10 (Am% < 0) spectra was varied in the
intervals (107% — 1) eV and (107° — 1) eV, respectively, we have identified the possible
ranges of values of 4U2A‘C,SIEI)’. The latter are shown in Figs. (3.9) and (3.10).
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FIGURE 3.9: The dependence of 4U2A|C’,(,IEI)| (given in eV?2) on the lightest neutrino

mass m; in the case of neutrino mass spectrum with normal ordering (Am3 > 0), for

two sets of values of the Dirac and the two Majorana CPV phases, [J, aa1, 31| and

Ma = 200 (1000) GeV, plain (dashed) curves. The figure is obtained for the best fit

values of sinfy3 (eq. (3.1)) and of the other neutrino oscillation parameters given in
Table 3.1 (see text for details).

For Ma = 200 (1000) GeV and NH spectrum with negligible m; (m; < 1073 eV), the
maximal value of 4v2A|C,S£I)| occurs for [d, as1,a31] = [0,0,0] and at the maximum we
have 4v2A\C£LIeI)| >~ 2.9 (3.8) x 1073 eV2. For values of the CPV phases [§, a1, a31] =
[0,7,0] and Ma = 200 GeV, 41)2]0&161)\ goes through zero at m; = 2 x 1072 eV (Fig.
3.9). In the case of a larger charged scalar mass, i.e. Ma = 1000 GeV, such cancellation

occurs at a different value of the lightest neutrino mass, mainly m; = 0.025 eV.

The maximum of 4v2A\C,SIeI)| in the case of IH spectrum with negligible ms, occurs for
maximal CPV phases: [J, a1, as1] = [7/2,37/2,0]. At the maximum in this case one
has 40%|CSED| 22 6 (7) x 1073 eV?2 for Ma = 200 (1000) GeV. As Fig. 3.10 shows, for
other sets of values of the CPV phases, 4vQAIC,SIeI)| can be much smaller. Taking again
CP conserving phases, e.g. [r, 7, 0], one can get a strong suppression of the branching
ratio for mg = 7.2 (15) x 1073 eV and Ma = 200 (1000) GeV. Allowing sin 613 to take
values other than the best fit one, we find that 4UQA|C££])| can even go through zero at,
e.g., [0, ag1, a31] = [m,m, /2] for sin 613 = 0.137, which lies within the 20 allowed region.
In Fig. 3.10 we report other examples in which the CPV phases in the PMNS matrix
take different sets of CP violating values and the quantity 4v3 ]Cﬁ(fe[) | (and the conversion
rate) can vary by several orders of magnitude for specific values of the lightest neutrino

mass ms3 and the see-saw mass scale Ma.

If the neutrino mass spectrum is quasi-degenerate, mi 23 = mg < 0.1 eV, we have for
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FI1GURE 3.10: The same as in Fig. 3.9 in the case of a light neutrino mass spectrum
with inverted ordering.

mo < 0.3eV:28x107%eV? 5 4112A\C,SI@I)| < 0.4 eV2. The minimal value corresponds to

Am3 > 0 (NO spectrum) and [0, a21, a1] = [, 0,0]; for e.g. [§, a1, az1] = [0,0,0] and
Ma =200 GeV we get in the QD region 403 |CLP| 2 3.3 x 1073 eV? (Fig. 3.9).
Finally, the scattered points in Figs. 3.9 and 3.10 are obtained by varying all the neutrino

oscillation parameters within the corresponding 3¢ intervals and allowing for arbitrary

values of the Dirac and Majorana phases in the interval [0,27].

We remark that the previous estimates, as well as Figs 3.9 and 3.10, were realized under
the assumption that the singly- and doubly-charged scalars have masses of the same
order, i.e. ma+ = ma++ = Ma. The case in which the dominant contribution to the
conversion amplitude is provided by the exchange of ATT, i.e. for ma+ > ma++ = 100
GeV, shows similar features: the upper limits of the conversion ratio in the cases of NO
and IO spectra are unchanged and a strong suppression can occur for specific values of
the CPV phases and min(m;). Taking, instead, the opposite limit ma++ > ma+, with
ma+ = (100—1000) GeV, the dominant contribution to the y—e conversion amplitude is
given by the exchange of the singly-charged scalar, therefore we have: \C,%I)| o [(hTh)ep.
As it was pointed out in subsection 3.2.1, |(hTh).,| shows a relative weak dependance
on the type of neutrino mass spectrum and on the CPV phases in the PMNS matrix.
Moreover, no suppression of the conversion amplitude occurs if sin 6,3 is taken within the
current 30 experimental bound (see Fig. 3.6). In this case, from the best experimental
upper bound on the conversion rate in Ti, CR(uTi — e Ti) < 4.3 x 10712 we get the
constraint:

(3.38)

2
(BTh)eu| < 6 x 10—4( A ) :

100 GeV
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which provides a weaker bound with respect to that obtained from the yu — ey decay
(see eq. (3.24)). A j—e conversion experiment sensitive to i.e. CR(u Ti — e Ti) ~ 10718,
can probe values of |(hTh).,| which are by a factor 2 x 103 smaller and could set the
limit:

_ m 2
(Ath)eu] < 3x 1077 (ﬁ) . (3.39)

3.3 TeV Scale Type III See-Saw Model

In this section, we are going to study briefly the y — ey, u — 3e decays and the
1 — e conversion in the scenario of type III see-saw model, which has been introduced

in section 2.3.

3.3.1 The u — ey Decay

Charged lepton radiative decays receive additional contributions with respect to the
scenario with singlet RH neutrinos, due to the presence of new lepton flavour violating
interactions in the low energy effective Lagrangian (see egs. (2.71) and (2.73)). Following
the computation reported in [111], we have for the y — ey decay branching ratio in the

present scenario:

3o
BR = 7 3.40
(1 —e) o IT|", (3.40)
where the amplitude T is given by
N 13 .
T <3 " c) toe + 3" (RV)ak(RV)% [Alz) + Bu) + C)] . (3.41)
k

with zp = (My/Mw)?, yp = (My/Mz)?, 2z, = (My/Mpg)? and C ~ —6.56. The loop
functions A(xy), B(yr) and C(zy) read [111]:

—30 + 1532 — 19822 + 7523 + 18(4 —32) 2% logx

A = 3.42
33 — 18y — 45y + 30y® + 18(4 —3y)y logy
B = 3.43
~7T+ 122+ 322 — 822 +6(32—2)zlogz
= . .44

In the simple scenario of degenerate fermion triplets with an overall mass scale M we
obtain taking My = 125 GeV:

T/nue = 11.6 (5.2), for M =100 (1000) GeV . (3.45)
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N Dm,"? v P v g 57 T (10857
B/Ti 0.0864 0.0396 0.0468 2.590
2TA1 0.0362 0.0161 0.0173 0.7054
DBTAw 0.189 0.0974 0.146 13.07

TABLE 3.2: Nuclear parameters related to u — e conversion in 35Ti, 75Al and 1J7Au.
The numerical values of the overlap integrals D, V() and V(") are taken from [87].

For M = 100 (1000) GeV, the current best upper limit on the yu — ey decay branching
ratio obtained in the MEG experiment, eq. (1.6), implies the bound:

el < 4.4 (9.7) x 1079, for M =100 (1000) GeV . (3.46)

If no positive signal will be observed by the MEG experiment, that is if it results that
BR(u — ey) < 10713, the following upper limit on the non-unitarity lepton flavour

violating coupling |7,¢| can be set:

Muel < 2(4) x107%, for M = 100 (1000) GeV . (3.47)

3.3.2 The u — 3 e and p — e Conversion in Nuclei

The effective p—e — Z effective coupling in the Lagrangian (2.71) provides the dominant
contribution (at tree-level) to the p — 3e decay rate and the p — e conversion rate in a

nucleus. In the case of the first process we have (see, e.g., [110]):

1
BR(u — 3e) =~ 16|n,e|? <3sin4 Oy — 2sin’ Oy + 2) : (3.48)
Taking into account the experimental upper limit reported in (1.7), we get the following

upper limit on the u — e effective coupling:
el < 5.6 x 1077 (3.49)

which is a stronger constraint with respect to the one derived from the non-observation
of the  — ey decay (see eqs. (3.47) and (3.46)), mediated (at one-loop) by an effective

dipole operator.

More stringent constraints on the effective u — e — Z coupling can be obtained using the
data from the p — e conversion experiments. Indeed, according to the general parametri-

sation given in [87] (see also [111, 128]), we have for the u — e conversion ratio in a
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nucleus N with N neutrons and Z protons:

2G%

2
CR(uN = eN) = & Cucl?® [(291v ) + 91v(@) VP + (92v) + 292v@) V™|

(3.50)

capt

where in this case

Che = 4Mpe, (3.51)

v ~

w "

N[ =

8 4
v, 9LV (u) = 1—5830 and  gry@g = —1+§s2 (3.52)

The parameters Dm,:5/2, 17452 m;5/2

Table 3.2.

and Teapt for 35Ti, #Al and 1J7Au are given in

An upper bound on |7,¢| can be derived from the present experimental upper limit on
the u — e conversion rate in the nucleus of 35Ti, CR(uTi — eTi) < 4.3 x 107'2. From
egs. (3.50)-(3.52) we get:

el S 2.6 x 1077 (3.53)

If in the p—e conversion experiments with %gTi the prospective sensitivity to CR(u Ti —
e Ti) ~ 1071 will be reached, these experiments will be able to probe values of || as

small as [n,e| ~ 1.3 x 10710,

3.4 Chapter Conclusion

In this chapter, we have performed a detailed analysis of charged lepton flavour violating
(LFV) processes — p1 — ey, p — 3e and pu—e conversion in nuclei — in the context of see-
saw type extensions of the Standard Model, in which the scale of new physics A is taken
in the TeV range, A ~ (100 — 1000) GeV. We summarize below the phenomenological
implications of a possible observation of the LFV processes given above for each kind of

(TeV scale) see-saw extensions of the SM.

Type I see-saw results. In this case, the p — ey and p — 3e decay branching
ratios BR(u — ey) and BR(u — 3e), and the u — e conversion rate in a nucleus N,
CR(uN — eN), N = Al, Ti, Au, can have values close to the existing upper limits
and within the sensitivity of the ongoing MEG experiment searching for the yu — ey
decay and the future planned p — e conversion and p — 3e decay experiments [41-45].

The relevant LF'V observable in the minimal scenario, with the addition of only two RH
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neutrinos to the SM particle content, is provided by the quantity [(RV');; (RV )e1|, where
(RV)¢; (7 =1,2) denote the couplings of the fermion singlets to the SM charged leptons
(see egs. (2.28) and (2.29)). If MEG experiment reaches the projected sensitivity and
no positive signal will be observed implying that BR(u — ey) < 107!3, there still will
be a relatively large interval of values of [(RV)7;(RV )e1], as Fig. 3.2 shows, for which
the pu — e conversion and p — 3e decay are predicted to have observable rates in the

planned next generation of experiments.

It follows from the analysis performed by us that as a consequence of an accidental
cancellation between the contributions due to the different one-loop diagrams in the
1 — e conversion amplitude, the rate of u — e conversion in Al and Ti or in Au can be
strongly suppressed for certain values of the see-saw scale M;. As we have seen, this
suppression can be efficient either for the conversion in Al and Ti or for the conversion
in Au, but not for all the three nuclei, the reason being that the values of M; for which
it happens in Al and Ti differ significantly from those for which it occurs in Au. In both
the cases of Al or Ti and Au, the suppression can be effective only for values of M; lying

in very narrow intervals (see Figs. 3.3 and 3.4).

In the case of TH light neutrino mass spectrum, all the three LF'V observables, BR(u —
ev), BR(1 — 3e) and CR(uN — eN), can be strongly suppressed due to the fact that
the LFV factor |(RV),1|? o< [Uu + i/ma/maUpu1|? = |Uya + iU, |%, in the expressions
of the three rates can be exceedingly small. This requires a special relation between the
Dirac and the Majorana CPV phases d and a1, as well as between the neutrino mixing
angle 613 and the phase 0 (see eq. (3.11)). For the values of sin #y3 from the current 3o
allowed interval, eq. (3.1), one can have |U,2+iU,1|* = 0 provided 0 < § < 0.7. A priori
it is not clear why the relations between § and a9, and between § and 613, leading to
|Up2 + iU, “1\2 = 0, should take place (although, in general, it might be a consequence of
the existence of an approximate symmetry). The suppression under discussion cannot
hold if, for instance, it is experimentally established that ¢ is definitely bigger than 1.0.
That would be the case if the existing indications [17] that cos § < 0 receive unambiguous

confirmation.

We note finally that for M; = 100 GeV we have: BR(u — 3e)/BR(u — ey) = 0.031.
Thus, if it is experimentally established that BR(x — 3e)/BR(u — ev) is definetely
smaller than the quoted lower bound, the model considered with M; = 100 GeV will

be ruled out. Such a result would be consistent also just with a see-saw scale M; < 100
GeV.

Type 11 see-saw results. It follows from the results obtained in Section 3.2 that the

predictions for the y — ey and pu — 3e decay branching ratios, as well as the p — e
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conversion rate in a nucleus N, in the TeV scale type II see-saw scenario considered
exhibit, in general, different dependence on the masses of the singly- and doubly-charged
Higgs particles AT and A™", which mediate (to leading order) the three processes. For
ma+ = ma++ = Ma, all the three rates are proportional to MIL, i.e., they diminish as

the 4th power of the see-saw scale when the latter increases.

The matrix of Yukawa couplings hgy which are responsible for the LFV processes of
interest, is directly related to the neutrino Majorana mass matrix and thus to the PMNS
neutrino mixing matrix U. As a consequence, BR(u — ev), BR(u — 3e) and CR(u N —
e N') depend, in general, on the neutrino mass and mixing parameters, including the CPV

phases in U.

To be more specific, BR(u — e7) does not depend on the Majorana CPV phases and on
min(m;), and its dependence on the Dirac CPV phase and on the type of neutrino mass
spectrum is insignificant. In contrast, both BR(u — 3e) and CR(uN — eN) exhibit
very strong dependence on the type of neutrino mass spectrum and on the values of the
Majorana and Dirac CPV phases. As a consequence, the predictions for BR(u — 3e)
and CR(uN — eN) for given M can vary by several orders of magnitude not only
when the spectrum changes from NH (IH) to QD as a function of the lightest neutrino
mass, but also when one varies only the values of the CPV phases keeping the type of
the neutrino mass spectrum fixed. All the three observables under discussion can have
values within the sensitivity of the currently running MEG experiment on the yu — ey
decay and the planned future experiments on the ; — 3e decay and p — e conversion.
However, for a given see-saw scale in the range of ~ (100 — 1000) GeV, the planned
experiments on u — e conversion in Al or Ti will provide the most sensitive probe of the

LFV Yukawa couplings of the TeV scale type Il see-saw model.

Type III see-saw results. Unlike the type I see-saw extension of the SM discussed
in Section 3.1, in this scenario we have several — possibly sizable — lepton flavour vi-
olating interactions in the low energy effective Lagrangian, due to the higher SU(2),
representation of the new fermion fields. In particular, FCNCs arise at tree-level from
the non-unitarity of the PMNS matrix (see eq. (2.71)). Thus, the effective p —e — Z
coupling in (2.71) makes it possible an enhancement of at least two orders of magni-
tude of the rates of u — ey, 4 — 3e and pu — e conversion with respect to the ones
predicted in the type I see-saw scenario, with RH neutrinos taken in the TeV range.
Consequently, all the predicted LF'V observables may be probed in the related present
and future experiments. As in the previous scenarios, the strongest constraint on the

flavour structure of this class of models is by far provided by the expected very high
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sensitivity reach of yu — e conversion experiments.

In conclusion, the oncoming combination of data on neutrino oscillations, collider searches
and lepton number/flavour violating processes represent an important opportunity to
reveal in the next future the fundamental mechanism at the basis of the generation of

neutrino masses as well as the underlying physics beyond the standard theory.






Chapter 4

LFV 7 Processes in TeV Scale

See-saw Type models

4.1 TeV Scale Type I See-Saw Model

4.1.1 The 7 — puvy and ™ — ey Decays

That have been introduced in the Subsection 2.1.2, for convenience, we write down here
the ratio I'(lo, — l37)/T'(la = valgVs) after adapting the result for the see-saw type I

scheme with two heavy neutrinos possessing approximately equal masses:

F<ZOC - Z,B'y) _ 3tem

= T2 4.1
F(laévalgfg) 3271" I (41)

where
T = 2|(RV)j5(RV )| |G(z) — G(0)], (4.2)

and G(z) was defined in eq. (2.43). The [, — lgy decay branching ratio is given by:

I'(la = 17)
(la — I/alﬂfﬁ)

BR(la — lg’)/) = T Br(la — I/oélﬁfg), (43)

with BR(y — v,e 7e) = 1, BR(t = v p 7,) = 0.1739, and BR(7 — vye T,) = 0.1782
[1].
The predictions of the model under discussion for BR(u — e7) and the constraints on

the product of couplings [(RV)%; (RV) 1|, as well as on the Yukawa coupling y, following

from the experimental upper limit on BR(u — e7), were discussed in detail in [62, 107].
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Here we concentrate on the phenomenology of the 7 — pvy and 7 — ey decays. Using
the current upper limits on BR(r — pvy) and Br(r — evy) quoted in egs. (1.9) and
(1.10), we obtain the following upper bounds:

T py: [(RV)5(RV)m| <2.7x1072 (0.9 x 107%) My =100 (1000) GeV , (4.4)
T—=ey: |(RV)}(RV)q] <23 %1072 (0.8 x 1072) M; = 100 (1000) GeV. (4.5)

These constraints are weaker than those implied by the limits quoted in egs. (2.18) -
(2.20). The planned experiments at the SuperB factory, which are expected to probe
values of BR(7 — (i, e)y) > 1079, will be sensitive to

T (u,e)y [(RV){, 01 (RV)r1| > 4.0 x 1072 (1.4 x 107%)
for M; = 100 (1000) GeV . (4.6)

The minimal values quoted above are of the same order as the upper limits following

from the constraints (2.18) - (2.20).

The 7 decay branching ratios of interest depend on the neutrino mixing parameters
via the quantity |(RV)};(RV)-1|, | = e, . In the case of NH neutrino mass spectrum,
[((RV)in| o< |Uiz + in/ma/m3Up| is different from zero for any values of the neutrino
mixing parameters from their 30 experimentally determined allowed ranges and for any
[ = e, p, 7. This implies that there cannot be further suppression of the 7 — (u,e)y

decay rates due to a cancellation between the terms in the expressions for [(RV);].

In contrast, depending on the values of the Dirac and Majorana CPV phases § and a9
of the PMNS matrix, we can have strong suppression of the couplings [(RV )|, [ = e, u,
which enter into the expressions for BR(7 — (u, €)7) if the neutrino mass spectrum is of
the IH type [62, 107]. Indeed, in this case we have |(RV);1| « |Ujz+iUpl|, | = e, u, 7. For
a1 = — 7, |Ues + i Uea| can be rather small: |Ue + iUe1|*> = c35(1 — sin 2612) = 0.0765,
where we have used the best fit values of sin® 612 = 0.307 and sin® #;5 = 0.0236. As was
shown in Section 3.1, we can have |Uy + iUul\Q = 0 for specific values of ¢ lying the
interval 0 < 6 < 0.7. In this case the value of the phases awo; is determined by the values
of § and 645.

We analyse next the possibility of having strongly suppressed coupling |[(RV),1]?, i.e.,
to have |(RV)1|? o |Ur2 +iU;1|?> = 0, in the case of IH spectrum. The suppression in

question can take place if

S12 — C12 sin %

c12 €osd + s19 sin(d + %)

sin 613 = tan 6a3 , (47)
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and if in addition the values of the phases § and ao; are related via the equation:

Qa1 . Q21
C12 S93 COS - = 3 S13 | €12 sind — s12 cos(d + - = 0. (4.8)

One simple solution to eq. (4.8) obviously is 6 = ag; = 7. For these values of 4 and aoy,
eq. (4.7) becomes:

C12 — S12

——== tanfs3. 4.9
c12 + 812 23 (4.9)

sin 013 =
Using the the best fit values of sin? f15 and sin? a3 quoted in eq. (1.5), we get from eq.
(4.9): sinf13 = 0.162, which is very close to the best fit value of 0.155 (0.156) quoted
in eq. (1.5). For |Usg + iUr1|? 22 0, all LFV decays of the 7 charged lepton, including
TT = u T+ pT, 7 = p” +et+e, ete., in the TeV scale type I seesaw model we

are considering will be strongly suppressed.

4.1.2 The 7 — 3u Decay

We consider next the 7 — 3u decay in the same scenario of the previous subsection, the

branching ratio is directly taken from eq. (2.44):

a2

BR(r = 3p) = m (RV)51(RV)u]* |Cran()]” x BR(T = piury), (4.10)
2

1
Crau(2)]’ = 2 ‘2F§”“ + FI3 — 2sin? Gy (FT — F))| + 4sin Oy | FT3 — va

1
+16sin? Oy [(F;?’“ + 2F§3“)GW] — 48sin* Oy [(FI** — FJ°")G,]

. m2 11
+32sin* O |G, |2 <log m—z - 4) . (4.11)
Here
FI3%(x) = Fy(z) +2G.(0,2), FR*(x) = —2(FxBox(0,%) — FxBoz(0,0)). (4.12)

The factor |Crs,(x)]? in the expression for BR(7 — 3u) is a monotonically increasing
function of the heavy Majorana neutrino mass M;. The dependence of |Cr3,(z)[* on
M is shown in Fig. 1. At M; = 100 (1000) GeV, the function |Crs,(z)[?* has values
1.53 (36.85).

The present experimental limit on BR(7 — 3u), eq. (1.11), leads to a weaker constraint

than that following from the upper limits quoted in egs. (2.19) and (2.20):

[(RV)E(RV),a| < 1.1 x 1071 (2.3 x 1072) for M; = 100 (1000) GeV. (4.13)
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The next generation of experiments will be sensitive to BR(7 — 3p) > 107!°, and thus

to:
[((RV)E (RV),1] > 7.7 x 1072 (1.6 x 107?) for M; = 100 (1000) GeV . (4.14)

As we see, in the case of M7 = 1000 GeV, the minimal value of [(RV)%, (RV'),1| to which
the future planned experiments will be sensitive is of the order of the upper bound on

|(RV)%,(RV) 1] following from the limits (2.19) and (2.20).

Consider next the dependence of the decay rate on the CPV phases and the neutrino

oscillation parameters. In the case of NH mass spectrum we have:

. /m . /m
BR(7 — 3u) o |(RV)5 (RV),u|? o< [Urs + i /m%UﬂP U3 + i /ﬁ;Um?. (4.15)

Using the best fit values of the neutrino mixing angles and mass squared differences,
quoted in egs. (1.4) and (1.5) and varying the Dirac and Majorana CPV phases in the
interval of [0,27], we find that |Uys + iy/ma/m3U,sa||Urs + iy/ma/m3Uss| takes values
in the interval (0.31 — 0.59). It follows from this result and the inequality (4.14) that
the future experiments on the 7 — 3u decay will be sensitive to values of the Yukawa
coupling y > 0.10 (0.46) for M; = 100 (1000) GeV. The minimal values in these lower
limits are larger than the upper limits on y following from the current upper bound (1.6)
on BR(pu — e + ) [107].

A suppression of the 7 — 3u decay rate might occur in the case of TH mass due to
possible cancellations between the terms in the factors [(RV'),1| and |[(RV),1], as was
discussed in the previous subsection. Using again the best fit values of the neutrino
oscillation parameters and varying the leptonic CPV phases in the interval [0, 27], we
find 0.003 < |U,2 + iUpu1||Ur2 + iUz1| < 0.51. Thus, in the case of IH spectrum, the
future experiments with sensitivity to BR(7 — 3p) > 10710 will probe values of y >
0.14 (0.64) for M; = 100 (1000) GeV. Again the minimal values in these lower limits
are larger than the upper limits on y following from the current upper bound (1.6) on
BR(p — e + ) [107].

For specific values of, e.g., the CPV phases of the neutrino mixing matrix one can obtain
more stringent upper bounds than those already discussed on the branching ratios of the
T—=u+7y T—e+vand 7 — 3u decays due to their relation to the p — e + v decay

branching ratio and the fact that the latter is severely constrained. Indeed, it follows
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from eqgs. (4.3), (2.43) and (4.10) that we have:

BR(r = e+7)  |(RV)n? i

= BR(T — evevy), 4.16
BR(u et (@) 2E0 ) (4.16)
BR(T = pn+7)  |[(RV)q]? _

_ B 1), 4.1
BR(i S ctr)  |RV)a P DT = #ry) (4.17)
BR(7 — 3u) |(RV)71\2 B BR(T — pu+7)

- B ) = , 4.1

BR(i 5 3¢)  [(RV)a2 DT = M) = BRer S eq ) (4.18)

BR(7 — 3p) _ Qem ‘CT3M(‘T)‘2 |(RV)T1|2 BR(T — pvuvy) . (4.19)
) R

BR(p —e+7)  6rsin? by |G(x) — G0)[2 [(RV)e1|?

The explicit expressions for [(RV);1/|?, eqs. (2.28) and (2.29), imply that the ratios of
interest in egs. (4.16) - (4.18) do not depend on the heavy Majorana neutrino mass
M; and on the Yukawa coupling y and are determined by the values of the neutrino
oscillation parameters and of the CPV phases in the neutrino mixing matrix. Using the
best fit values quoted in egs. (1.4) and (1.5) and varying the Dirac and Majorana phases

in the interval [0, 27| we obtain in the case of NH neutrino mass spectrum:

(RV)
037 < < 9.06 4.20
S [@V)p =0 (4.20)
(RV)
190 < | ATy < 19182, (4.21)

_ -R‘/)‘r1|2
484 x 1074 < I < 15.13 4.22
S RV = (4.22)
_ RV) 1 |?
3.25 x 1074 < (BV), < 0.56. 4.23
N TE (4.23)

Thus, in the case of the best fit values of the neutrino oscillation parameters we always

have

BR(T = e+7) <267 xBR(u — e+7) < 1.52 x 10712, (4.24)
BR(T — p+7) <33.36 x BR(p — e+ ) < 1.90 x 1071, (4.25)

where we have used the current upper bound on BR(u — e+7), eq. (1.6). The limits in
egs. (4.24) and (4.25) correspond respectively to the IH and NH spectra. These values

are beyond the expected sensitivity reach of the planned future experiments.

Using the 20 (30) allowed ranges of the neutrino oscillations parameters in the case of

NH neutrino mass spectrum we obtain larger intervals of allowed values of the ratios of
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interest:
[(RV)71]?
NH: 0.26 (0.08) < o————- < 14.06 (16.73), (4.26)
[(RV)]?
[(RV)1]?
NH: 1.39(0.53) < <497.74 (980.32) . 4.27

The maximal value of |[(RV),1]?/|(RV)e1]? correspond to sin?6p = 0.275 (0.259),
sin? 63 = 0.359 (0.348), sin? f13 = 0.0298 (0.0312), § = 0.203 (0.234), a1 = 6.199 (3.560)
and ag; = 3.420 (0.919). At these values of the neutrino mixing parameters we have
(RV) 1 ]2|(RV)e1]? =2 6.98 x 1074 (3.41 x 1074) yot /(16 M), |(RV)1[2|(RV ) |* =
0.347 (0.335) y*v*/(16M7). Thus, the bound on BR(u — e + ), eq. (1.6), is satisfied
for My = 100 GeV if y*o?/(16M}) < 2.29 (4.69) x 1075, and for M; = 1000 GeV
provided yv?/(16 M) < 2.68 (5.48) x 10~7. This implies that [(RV)-1|?|(RV)1]? <
7.95 (15.7) x 1077 if My = 100 GeV, and [(RV)1*|(RV)a]* < 9.30 (18.4) x 1078 for
M; = 1000 GeV. The bound for M; = 1000 GeV is a stronger constraint than that
following from the limits (2.19) and (2.20).

Using the inequalities in eqgs. (4.26) and (4.27) we obtain:

BR(T — e +17) < 2.50 (2.98) x BR(1 — e +7) < 1.43 (1.70) x 10712, (4.28)
BR(T — p+7) <86.56 (170.48) x BR(p — e +7) < 4.93 (9.72) x 107 . (4.29)

These are the maximal values of BR(7 — e + ) and BR(7 — u + 7), allowed by the
current upper bound on the y — e 4+ v decay rate in the TeV scale type I seesaw model
considered and in the case of NH neutrino mass spectrum. If the 7 — e + v and/or
T — u + 7 decays are observed to proceed with branching ratios which are larger than
the bounds quoted above and it is established that the neutrino mass spectrum is of the

NH type, the model under discussion will be strongly disfavored, if not ruled out.

Performing a similar analysis in the case of IH spectrum by employing the 20 (30)

allowed ranges of the neutrino oscillations parameters we get:

. [(RV)

IH: 0.0 (0.0) < (B ) < 00 (00), (4.30)
| BV

IH : 0.0 (0.0) < RV )1 2 < 0.64 (0.83). (4.31)

The infinity in eq. (4.30) corresponds to [(RV),1]| =0, |(RV)-1| # 0, i.e., to very strongly
suppressed BR(¢ — e 4+ ) and BR(7 — p + 7). One obtains [(RV),1| = 0 for the
following values of the neutrino mixing angles from the 2¢ allowed intervals, and of the
CPV phases: sin? 612 = 0.340, sin? o3 = 0.547, sin® 613 = 0.0239, § = 6.185, as; = 3.077
and as; = 4.184 (i.e., § = 27, a9 = 7 and ag; = 1.37). For [(RV),1| = 0, the branching
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FIGURE 4.1: The dependence of Cy(x) as a function of the see-saw mass scale M.

ratios BR(7 — e +7) and BR(u — e + ) are “decoupled”. Correspondingly, the upper
bound on BR(7 — e + ) is determined in this case by the limits quoted in egs. (2.18)
and (2.20) and has already been discussed by us.

Using the same strategy and eq. (4.18), we obtain the constraint on BR(7 — 3u)
following from the upper bound on BR(u — 3e) at the best fit values, 20 (30) allowed

ranges of the neutrino oscillation parameters:

BR(7 — 3u) < 33.36 x BR(i — 3e) < 3.34 x 10711, (4.32)
BR(T — 3p) < 86.56 (170.48) x BR(i — 3e) < 8.66 (17.0) x 1071 (4.33)

The relation between BR(7 — 3u) and BR(u — e7) is somewhat less straightforward,

since it involves the M; dependent factor Cy(x):

__ Qem |Crsp(@)|”
67 sin? Oy |G (z) — G(0)|2

C() (.’B) (4.34)

For 50 GeV < M; < 1000 GeV, Cy(x) has its maximum of 0.0764 at M; = 1000 GeV.
This leads to

BR(7 — 3u) < 2.55 x BR(u — e +7) < 1.45 x 10712, (4.35)
BR(7 — 3u) < 6.61 (13.02) x BR(u — e + 1) < 3.77 (7.42) x 1012, (4.36)

Thus, for M; having a value in the interval [50, 1000] GeV, the branching ratio BR(7 —
3u) is predicted to be beyond the sensitivity reach of ~ 1070 of the planned next

generation experiment. The observation of the 7 — 3u decay with a branching ratio
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BR(7 — 3p) which is definitely larger than the upper bounds quoted in eq. (4.36) would
strongly disfavor (if not rule out) the TeV scale type I seesaw model under discussion
with M; ~ (50 — 1000) GeV.

It should be added that for M; > 103 GeV, the factor Cy(z) is a monotonically (slowly)
increasing function of M; (see Fig. 4.1). The upper bound on BR(7 — 3u) following
from the upper bound on BR(u — e + ) and the 30 ranges of the neutrino oscillation
parameters, can be bigger than 10710 if Cy(x) > 1.8, which requires M; > 8.5 x 10°
GeV. However, the rates of the processes of interest scale as o< (v/M;)* and at values of

M; > 8.5 x 10% GeV are too small to be observed in the currently planned experiments.

4.2 TeV Scale Type II See-Saw Model

4.2.1 The 7 — p~v and 7 — e~y Decays

In this part, we consider the 7 — (i, €) + v decays in the type II see-saw scheme with
equal masses ma+ &~ ma++. For ma+ &~ ma++ = Ma, the expression in eq. (2.61) can

be cast in the form:

270[6111 }(m.“m) Y7 2

BR({ — ¢ =
E= 049 = S0r 160l G2 ard

BR(E — Iy 4 ﬂg/) R (437)

where £ =y and ¢/ =e, or £ =7 and V' = p,e.

The factor |(mfm)ey|, as it is not difficult to show, is given by:
[(mfm), | = UaUiyAm3, + UsUpsAm3 |, (4.38)

where we have used egs. (2.54) and (2.55) and the unitarity of the PMNS matrix.
The expression in eq. (4.38) is exact. Obviously, |(m'm)e| does not depend on the

Majorana phases present in the PMNS matrix U.

The branching ratios, BR({ — ¢’ + ), are inversely proportional to (vaMa)*. From
the the current upper bound on BR(px — e + ), eq. (1.6), and the expression for
|(mm),| in terms of the neutrino oscillation parameters, one can obtain a lower limit
on vaMa [107]:

(4.39)

1 /1
vA > 2.98 x 102 513 523 Am§1|2 < 00 GeV> ‘

Mna
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Using the the best fit values (30 allowed ranges) of sinf;3, sin 23 and Am%l, obtained

in the global analysis [21] we find:
vaA Ma > 4.60 (3.77) x 1077 GeV?.! (4.40)

As in the case of type I seesaw model, we can obtain an upper bounds on the branching
ratios BR(7 — p + ) and BR(7 — e + ) of interest using their relation with BR(u —
e + ) and the current experimental upper bound on BR(u — e + 7). We have:

BR(r — ple) +7v) [(mTm), e)’ y .
BR(p—e+7) |(m+m)ue| BR(7 — vr p(e) ()) (4.41)

Using again the expressions for |(m!m)e| in terms of neutrino oscillation parameters
and the best fit values quoted in eqs. (1.4) and (1.5) we get in the case of NO (I0)

neutrino mass spectrum:

4.41 (4.47) < ‘Em . ;”"’ < 5.57 (5.64), NO (I0) b.f. (4.42)
m pie

1.05 (1.03) < “Em+ H <1.53 (1.51) NO (I0) b.f. (4.43)
mtm) e

Employing the 30 allowed ranges of the neutrino oscillation parameters derived in [21]

we obtain:
0.87 (0.57) < W < 1.79 (L.78) NO (I0) 20; (4.44)
mTm e
3.07 (3.04) < W < 7.72 (7.85) NO (I0) 307; (4.45)
mtm) e
0.55 (0.52) < W < 1.95 (1.95) NO (I0) 3. (4.46)
mtm) e

From eqs. (1.6), (4.41), (4.45) and (4.46) it follows that
BR(7 — u+7v) <5.9 (6.1) x 1072, BR(T — e+17) <3.9x 1073, NO (10). (4.47)

These values are significantly below the planned sensitivities of the future experiments
on the 7 — pu+ v and 7 — e + =y decays. The observation of the any of the two decays
having a branching ratio definitely larger than that quoted in eq. (4.47) would rule out
the TeV scale Higgs triplet model under discussion.

Tt is little different from eq. (3.26) with the latest neutrino experimental data.
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FIGURE 4.2: The dependence of |my, m,,| on the lightest neutrino mass mg in the

cases of NO (left panel) and IO (right panel) neutrino mass spectra, for three sets of

values of the Dirac and Majorana CPV phases, [d, @21, a31]. The neutrino oscillation

parameters sinf1a, sinfhs, sinfi3, Am3; and Am3, have been set to their best fit

values, egqs. (1.4) and (1.5). The scattered points are obtained by varying Dirac and
Majorana CPV phases randomly in the interval [0, 27].

4.2.2 The 7 — 3u Decay

The 7 — 3u decay occurring in the TeV scale HTM at tree level diagram with exchange
of the virtual doubly-charged Higgs scalar AT™. The corresponding 7 — 3u decay
branching ratio is taken from eq. (2.62):

2 2
|Piishr] L [mima]
BR(T — 3u) = L BR(7 — uuvy) = e
G2, M3 g G2, ML 16vi

BR(7 — pv,vy),
(4.48)

where Ma = ma++ is the AT mass and we have neglected corrections ~ m,,/m, = 0.06.

Using the current upper bound on BR(7 — 3u), eq. (1.11), and eq. (4.48), we get the

following constraint:

My 2
h* hy 41x107° [ —=—) . 4.49
|Piaphn| < 4.1 x (100 GeV) (4.49)

Further, the lower limit on the product of va and Ma, eq. (4.40), implies the following
upper limit on BR(7 — 3u):
2
]

m*
BR(r — 3u) < 1.88 (4.17) x 1073 ‘Wi

L (4.50)

The factor |my,,mr,|, as can be shown using eqs. (2.54) and (2.55), depends not only on
the neutrino oscillation parameters, but also on the type of the neutrino mass spectrum,
the lightest neutrino mass my = min(m;), j = 1,2, 3 (i.e., on the absolute neutrino mass
scale), and on the Majorana CPV phases ag; and agq, present in the PMNS matrix. The

dependence of |mJ, m.,| on mg for three sets of values of the CPV Dirac and Majorana
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phases J, a1 and ag; in the cases of NO and IO neutrino mass spectra is illustrated in
Fig. 4.2. The neutrino oscillation parameters were set to their best fit values quoted
in egs. (1.4) and (1.5). As Fig. 4.2 indicates, both for the NO and IO spectra, the

maximal allowed value of |m}, mr,| is a monotonically increasing function of my.

The intervals of possible values of |mj, m.,| in the cases of NO and IO neutrino mass
spectra determine the ranges of allowed values of BR(7 — 3u) in the TeV scale HTM.
Varying the three CPV phases independently in the interval [0,27] and using the best
fit, the 20 and the 30 allowed ranges of values of sin 619, sin a3, sin 613, Am3; and Am3,
derived in [21], we get for mo = 0; 0.01 ;0,10 eV:

e mo=0eV, NO (I0)
38.0 (5.35) x 1077 eV? < |(m*),u(m)r,| < 4.82 (7.38) x 107* eV? b.f; (4.51)

2.77 (0.00) x 107* eV? < |(m*)u(m)-u| < 5.89 (8.11) x 107* eV? 207 (4.52)

2.33 (0.00) x 107* eV? < |(m*)u(m).,| < 8.35 (8.45) x 107* eV? 30, (4.53)
e mo = 0.01 eV, NO (IO)
33.6 (1.66) x 107 eV? < |(m*),u(m)r,] < 5.34 (8.06) x 107* eV? b.f; (4.54)

2.24 (0.00) x 107* eV? < |(m*)u(m)-u| < 6.41 (8.99) x 1074 eV 207 (4.55)

1.76 (0.00) x 107* eV? < |(m*)4u(m)7p] < 8.96 (9.41) x 107* eV?  30. (4.56)

® My — 0.1 eV, NO (IO)

0.00 (0.00) eV? < [(m*),u(m).u| < 5.48 (5.76) x 1073 eV?  Db.f; (4.57)
0.00 (0.00) eV? < [(m*),u(m)7p| < 5.57 (5.85) x 1072 eV? 20 (4.58)
0.00 (0.00) eV? < [(m*),u(m)s.| < 5.85 (5.88) x 1073 eV?  30. (4.59)

We would like to determine next whether BR(7 — 3pu) predicted by the TeV scale HTM
considered can be bigger than the sensitivity limit of ~ 1079 of the future planned
experiment on 7 — 3u decay, given the stringent upper bounds on the g — e + v and
i — 3e decay branching ratios, eqs. (1.6) and (1.7). As we have seen, the current
upper bound on BR(x — e + ) leads to the lower limit eq. (4.40) of vaMa. We have
to take into account also the important constraint on BR(7 — 3u) following from the

current upper bound on p — 3e decay branching ratio BR(u — 3e), eq. (1.7). In the
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case of BR(p — 3e) we have BR(p — 3e) o |m:‘wmee|2. The quantity [mj,.mee|, and
thus BR(x — 3e), depends on the same set of neutrino mass and mixing parameters as
|(m*) up(m)7y|, and thus BR(7 — 3u). We have performed a numerical analysis in order
to determine the regions of values of the neutrino oscillation parameters and of the three
CPV phases 0, as; and a31, in which the experimental upper bounds on BR(u — e + %)
and BR(px — 3e), egs. (1.6) and (1.7), and the following requirement,

1071 < BR(r — 3pu) <1078, (4.60)

are simultaneously satisfied. The analysis is performed for three values of mg = 0; 0.01
eV; 0.10 eV. The neutrino oscillation parameters sin 62, sin a3, sin 613, Am2; and Am3;
were varied in their respective 3o allowed ranges taken from [21]. The CPV phases §, ag;
and ag; were varied independently in the interval [0,27]. The results of this analysis
are presented graphically in Fig. 4.3, in which we show the regions of values of the
quantities |m}, mr,| and vaMa where the three conditions (1.6), (1.7) and (4.60) are
simultaneously fulfilled in the cases of mg = 0; 0.01 eV; 0.10 eV for the NO and IO
spectra. For mg = 0 and NO spectrum, the results depend weakly on the CPV phases;
they are independent of the phase aj3; if mg = 0 and the spectrum is of the 10 type.
The analysis performed by us shows that the maximal values BR(7 — 3u) can have are

the following:

BR(7 — 3u) < 1.02 (1.68) x 1077, mg=0¢eV,  NO (10), (4.61)
BR(7 — 3p) < 1.24 (2.05) x 107, mg = 0.01 eV, NO (IO), (4.62)
BR(7 — 3u) <8.64 (9.11) x 1077, mg = 0.10 eV, NO (10). (4.63)

Thus, for all the three values of mg considered, which span essentially the whole in-
terval of possible values of mg, the maximal allowed values of BR(7 — 3u) is by a
factor of ~ 10 to ~ 90 bigger than the projected sensitivity limit of 10719 of the fu-
ture experiment on the 7 — 3u decay. The regions on the ]mfwmm\ — vaMAa plane,
where the three conditions of interest are satisfied, are sizeable. The maximal value of
BR(7 — 3pu) for, e.g., mp = 0.01 eV and NO (I0) spectrum, quoted in eq. (4.62), is
reached for sin? f15 = 0.269 (0.308), sin? fa3 = 0.527 (0.438), sin? 613 = 0.0268 (0.0203),
Am3, = 7.38 (7.56) x 1075 eV2 Am3, = 2.14 (2.40) x 1073 eV? and [0, a2, a31] =
[2.300,5.098, 3.437] ([1.577,0.161,3.436]).

As it follows from Fig. 4.2 and the results quoted in egs. (4.51) - (4.59), for certain values
of the absolute neutrino mass scale mg and the CPV phases, [mj,,m,| can be strongly
suppressed; we can have even |mj, ,ms,| = 0. For NO (IO) neutrino mass spectrum,
such a strong suppression can happen for mg < 38 meV (mg = 15 meV). The strong

suppression of [mj, m,| seen in Fig. 4.2 takes place in the case of NO (IO) spectrum at



4.2 TeV Scale Type II See-Saw Model 61
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FIGURE 4.3: The regions in the v M} — |(m},,)(m,,)| plane where 107'° < BR(r —

3u) < 1078 (the areas deliminated by the black lines) and the the upper limits BR(1 —

3e) < 10712 and BR(T — ey) < 5.7x 10713 are satisfied (the colored areas), for mg = 0

(upper panels), 0.01 eV (middle panels), 0.10 eV (lower panels) and NO (left panels)

and IO (right panels) neutrino mass spectra. The figures are obtained by varying the

neutrino oscillation parameters in their 30 allowed ranges [21]; the CPV Dirac and
Majorana phases were varied in the interval [0, 27].

mo = 38 meV and [, a1, ag1] = [0.420,6.079,3.030] (mg = 15 meV and [J, aa1, 31| =
[0.410, 3.235, 6.055]). For mo = 0.10 eV, for instance, we have |mj, m;,| = 0 in the
case of NO mass spectrum at § = 2.633, a1 = 2.533 and a1 = 5.349, while for the 10
spectrum |my, ,m,| goes through zero for § = 4.078, a2 = 2.161 and a3 = 5.212. The
above examples of the vanishing of \m/*mmm\ when mg = 0.10 eV are not unique, it can

happen also at other specific sets of values of the Dirac and Majorana CPV phases.

If in the planned experiment on the 7 — 3y decay the limit BR(7 — 3u) < 10710 will be
obtained, this will imply the following upper limit on the product |hj,,h7,| of Yukawa

couplings:

_ Ma
: 283x 1070 ( —=—) . 4.64
|hishru] < 2.83 %10 <100 GeV) (4.64)
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4.3 Chapter Conclusion

In the present chapter we have investigated in detail the 7 — (e, u)+7y and 7 — 3 decays
in the TeV scale type I see-saw and Higgs Triplet models of neutrino mass generation.
Future experiments at the SuperB factory are planned to have sensitivity to the branch-
ing rations of the these decays BR(7 — (e, ) +7) = 107 and BR(r — 3u) = 10710
which is an improvement by one and two orders of magnitude with respect to that

reached so far in the searches for the 7 — (e, u) + v and 7 — 3u decays, respectively.

We find using the constraints on the couplings (RV);;, j = 1,2, from the low en-
ergy electroweak precision data, eqs. (2.18) - (2.20), that the branching ratios of
the decays 7 — (e,u) + v and 7 — 3u predicted in the TeV scale type I see-saw
model can at most be of the order of the sensitivity of the planned future experi-
ments, BR(T — (e,u) +7) < 107 and BR(r — 3u) < 10710, Taking into account
the stringent experimental upper bounds on the ¢ — e + v and u — 3e decay rates
has the effect of constraining further the maximal values of BR(7 — (e, ) + ) and
BR(7 — 3u) compatible with the data. In the case of NH spectrum, for instance, we
get using the 20 (30) ranges of the neutrino oscillations parameters from [21] and vary-
ing the CPV Dirac and Majorana phases §, as; and ag; independently in the interval
[0,27]: BR(T —e+7) < 1.4 (1.7) x 10712, BR(7 = p+7v) < 4.9 (9.7) x 1071 and
BR(T — 3u) < 3.8 (7.4) x 10712, For specific values of the neutrino mixing parame-
ters in the case of the IH spectrum, the predicted rates of the y — e + v and p — 3e
decays are strongly suppressed and the experimental upper bounds on these rates are
automatically satisfied. In this special case the 7 — p + ~ and the 7 — 3u decay
rates are also predicted to be strongly suppressed and significantly smaller than the
planned sensitivity of the future experiments, while for the 7 — e 4+ v decay we have
BR(T — e + ) < 107%. Clearly, if any of the three 7 decays under discussion is observed
in the planned experiments, the TeV scale type I see-saw model we have considered will

be strongly disfavored if not ruled out.

The predicted rates of the u — e + v and of the 7 — (e, ) + v decays in the Higgs
Triplet model are also correlated. Using the existing experimental upper bound on
BR(u — e + «y) we find the following upper limits on the 7 — p+~ and 7 — e+~ decay
branching ratios for the NO (IO) neutrino mass spectrum: BR(7 — p+v) £ 5.9 (6.1) x
10712, BR(7 — e +7) < 3.9 x 1072, These values are significantly below the planned
sensitivity of the future experiments on the 7 — p + v and 7 — e 4+ v decays. The
observation of the any of the two decays having a branching ratio definitely larger than
that quoted above would rule out the TeV scale Higgs triplet model under discussion.
In contrast, we find that in a sizeable region of the parameter space of the Higgs Triplet

model, the 7 — 3u decay branching ratio BR(7 — 3u) can have a value in the interval
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(1071% — 107®) and the predicted values of BR(u — e + ) and BR(u — 3e) satisfy the
existing stringent experimental upper bounds. Thus, the observation of the 7 — 3u
decay with BR(7 — 3p) 2 10719 and the non-observation of the 7 — p+~ and 7 — e+~
decays in the planned experiments having a sensitivity to BR(7 — (e, u) +) > 1079,

would constitute an evidence in favor of the Higgs Triplet model.

Finally, the planned searches for the 7 — u+ v, 7 — e+~ and 7 — 3u decays
with sensitivity to BR(7 — (e, ) +v) & 10~ and to BR(7 — 3u) = 10719 will provide
additional important test of the TeV scale see-saw type I and Higgs Triplet models of

neutrino mass generation.






Chapter 5

Neutrino Mass Spectroscopy

Using Atoms

In the following, we are going to consider a process which is cooperative de-excitation of
atoms in a metastable state. For the single atom the process is |e) — |g) + v+ (v; +v5),
i,7 = 1,2,3, where v;’s are neutrino mass eigenstates. If v; are Dirac fermions, (v; + v;)
should be understood for i = j as (v; + 7;), and as either (v; + 7;) or (v; + ;) when
i # j, U; being the antineutrino with mass m;. If v; are Majorana particles, we have

v; = v; and (v; + v;) are the Majorana neutrinos with masses m; and m;.

The proposed experimental method is to measure, under irradiation of two counter-
propagating trigger lasers, the continuous photon () energy spectrum below each of the
six thresholds w;; corresponding to the production of the six different pairs of neutrinos,
ViV, Vila,..., V313 w < wjj, w being the photon energy, and [64-66]

€eg (m; + mj)2

Wij = wji = 5~ Teg, 1, =1,2,3, my232>0, (5.1)

where €4 is the energy difference between the two relevant atomic levels.

The disadvantage of atomic targets is their smallness of rates which are very sensitive
to available energy of order eV. This can be overcome by developing, with the aid of a
trigger laser, macro-coherence of atomic polarization to which the relevant amplitude is
proportional, as discussed in [129, 130]. A similar amplification observed experimentally
in the case of a single photon emission, which is called “Super-radiance” predicted by
Dicke in 1954. The macroscopic polarization supported by trigger field gives rise to
enhanced rate oc n2V, where n is the number density of excited atoms and V is the
volume irradiated by the trigger laser. The proposed atomic process may be called

radiative emission of neutrino pair, or RENP in short. The estimated rate roughly of
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order mHz or a little less makes it feasible to plan realistic RENP experiments for a
target number of order of the Avogadro number, within a small region of order 1 ~ 102

cm?, if the rate enhancement works as expected.

The macro-coherence of interest is developed by irradiation of two trigger lasers of
frequencies w1, w1, satisfying wi 4+ wz = €¢4. It is a complicated dynamical process. The
asymptotic state of fields and target atoms in the latest stage of trigger irradiation is
described by a static solution of the master evolution equation. In many cases there is
a remnant state consisting of field condensates (of the solition type) accompanied with
a large coherent medium polarisation. This asymptotic target state is stable against
two photon emission, while RENP occurs from any point in the target. The Group at
Okayama University is working on the experimental realisation of the macro-coherent

RENP. We hope the efforts of the University of Okayama Group will be successful.

All of the observables - the absolute neutrino mass scale, the type of neutrino mass
spectrum, the nature of massive neutrinos and the Majorana CPV phases in the case
of Majorana neutrinos - can be determined in one experiment, each observable with a
different degree of difficulty, once the RENP process is experimentally established. For
atomic energy available in the RENP process of the order of a fraction of eV, the observ-
ables of interest can be ranked in the order of increasing difficulty of their determination
as follows:

(1) The absolute neutrino mass scale, which can be fixed by, e.g., measuring the small-
est photon energy threshold min(w;;) near which the RENP rate is maximal: min(w;;)
corresponds to the production of a pair of the heaviest neutrinos (max(m;) = 50 meV).
(2) The neutrino mass hierarchy, i.e., distinguishing between the normal hierarchical
(NH), inverted hierarchical (IH) and quasi-degenerate (QD) spectra, or a spectrum with
partial hierarchy (see, e.g., [1]).

(3) The nature (Dirac or Majorana) of massive neutrinos.

(4) The measurement on the Majorana CPV phases if the massive neutrinos are Majo-

rana particles.

The last item is particularly challenging. The importance of getting information about
the Majorana CPV violation phases in the proposed RENP experiment stems, in par-
ticular, from the possibility that these phases play a fundamental role in the generation
of the baryon asymmetry of the Universe [55, 56]. The only other experiments which,
in principle, might provide information about the Majorana CPV phases are the neutri-

noless double beta (3/)g,-decay experiments.



5.1 Photon Energy Spectrum in RENP 67

5.1 Photon Energy Spectrum in RENP

The considered process occurs in the 3rd order (counting the four Fermi weak interaction
as the 2nd order) of electroweak theory as a combined weak and QED process, as depicted

in Fig. 5.1. Its effective amplitude has the form of

- _»GF Zi‘aijVTEVi -
(gldp) - E ——— - (p|Sele) (5.2)
€pg — W
. 1
a;j = ULiUej — 55@' , (5.3)

where Ug;, ¢ = 1,2,3, are the elements of the first row of the neutrino mixing matrix
Upnming, expressed as:

Uer = Uer = 0 Upy = 515770 4

el = c12¢13, Uea = s12c13€", Ueg = s13¢€ : (5.4)

Here we have used the standard notation ¢;; = cos0;;, s;; = sin6;; with 0 < 6;; < 7/2,

0 < § < 27 and, in the case of interest for our analysis !, 0 < a, 8 < m, (see, however,
[6]). If CP invariance holds, we have § = 0,7, and [7-9] a, f = 0,7/2, 7.

The atomic part of the probability amplitude involves three states |e), |g), |p), where
the two states |e), |p), responsible for the neutrino pair emission, are connected by a
magnetic dipole type operator, the electron spin S,. The lg) — |p) transition involves a
stronger electric dipole operator d. From the point of selecting candidate atoms, E1xM1
type transition must be chosen between the initial and the final states (|e) and |g)). The

field E in eq. (5.2) is the one stored in the target by the counter-propagating fields.

N
/ N
N

J / = |e>

FIGURE 5.1: A—type atomic level for RENP |e) — |g) + v + v;v; with v; a neutrino
mass eigenstate. Dipole forbidden transition |e) — |g) + v+ v may also occur via weak
E1x M1 couplings to |p).

Note that the two Majorana phases a1 and agq defined in [1] are twice the phases a and 3: @21 = 2a,
31 = 25.
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When the target becomes macro-coherent by irradiation of trigger laser, RENP process
conserves both the momentum and the energy which are shared by a photon and two
emitted neutrinos. The atomic recoil can be neglected to a good approximation. Since
neutrinos are practically impossible to measure, one sums over neutrino momenta and
helicities, and derives the single photon spectrum as a function of photon energy w. We
think of experiments that do not apply magnetic field and neglect effects of atomic spin
orientation. The neutrino helicity (denoted by h, ,r = 1,2) summation in the squared
neutrino current j* = aijvj okvj gives bilinear terms of neutrino momenta (see [64] and

the discussion after eq. (5.19)):

= YA = gl [(1 — T?igj (1 - QW» Skn

hi,h2

- E;Ej (pfp? + DD — Opnii ﬁj)] : (5.5)
The case dpy = 1 applies to Majorana neutrinos, §3; = 0 corresponds to Dirac neutri-
nos. The term oc m;m;(1 — 2(Im(a;;))?/|a;;|?) is similar to, and has the same physical
origin as, the term oc M;M; in the production cross section of two different Majorana
neutralinos x; and x; with masses M; and M; in the process of e” + et — x; + x; [131].
The term oc M;M; of interest determines, in particular, the threshold behavior of the

indicated cross section.

The subsequent neutrino momentum integration (with E; = / 13? + mf being the neu-

trino energy)

d3pd® 1
/Mé?’(k F P+ )0 (eeg — w — By — Ey)KS = /dP KS

(2m)2 U o e (5.6)

can be written as a second rank tensor of photon momentum, kiij(l) + 5ijE2G(2) from
rotational covariance. Two coefficient functions G are readily evaluated by taking the
trace ), y and a product with k;k; and using the energy-momentum conservation. But

their explicit forms are not necessary in subsequent computation.

We now consider sum over magnetic quantum numbers of E1xM1 amplitude squared:

2ou 5 =

R= [ap i S R
9

The field E is assumed to be oriented along the trigger axis taken parallel to 3—axis.

Since there is no correlation of neutrino pair emission to the trigger axis, one may use

the isotropy of space and replace (S - k)ni(Se - K)ins by (Se)ni - (Se)in/k2/3. Using the
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isotropy, we define the atomic spin factor Cep,(X) of X atom by

2 M.
2J. + 1

<pMp|§e’€Me> ) <€Me|§e|pM;/;> = 5MpMz’,Cep(X) . (5.8)
This means that only the trace part of eq. (5.5), 4KZ§ /3, is relevant for the neutrino
phase space integration.

The result is summarized by separating the interference term relevant to the case of

Majorana neutrinos v;:

3n2V G2 p0€cant
ooy (w) = Dol (Wnu(t), To= 2537”9 9" (2, + 1)Cop, (5.9)
I(w) = [p— Z 15 (W) + o BY TM (w)) | (5.10)
R(a;) (Im(ay))? * 1
Bjj = |a,.|]2 = (1 -2 |a|j2> o Bij = lai|* = [UGU; = 5057, (5.11)
1] 1)
1 o (o]
Ii[j)(w) = w/o /0 dEldE25(E1 + Fy +w— 669)9 (Cz'j(Eh EQ)
1
X |:E]_E2 + = 5 (El + E5 —m? mj2 - w2)} , (5.12)
M mimj o0 o0
Mw = —— dE dE28(Fy + By + w — €0g)0 (Cij(E1, Ea)) , (5.13)
Cij(B1, By) = (E1 + E2 mi —mj —w?) + 4(Ef —m7)(E5 —m3). (5.14)

Here, I'g is a constant characterizing the experimental target with volume V' and number

density n.

It is important to note that Cj;(E1, E2) has origin from the momentum conservation.
Integration with respect to Ep, E over the space limited by Cj;(E1, E2) leads to a
threshold on photon energy for each pair of neutrinos, below which the given neutrino
pair is possible to be produced:

€ m; +m;)? L.

w”:w]l:ﬂ_( 1 ]) , 7/,]2172737 m12320. (515)

2 2€eqg -

If one can organize an experiment to measure one of the thresholds, the absolute neutrino

mass scale will be determined.
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After carrying out the integration and rewriting the result, we have final expression for
I(w):

1

Iw) = [p— Z |aij|? Aij(w) (Iij(w) = Spemsmy BY') (5.16)
8(0) = g (el ~20) — (mitmy)?)
% (Eeglecy — 2w) — (mi —my)?) }* (5.17)
) = (eeateo ~20) 4 o = J A 0) = lm? 4

1 (Eeg - w)z

2 2\2
o e T 2 )2 5.18
o 19

The term o< dp7 m;m; appears only for the Majorana case. We shall define and discuss
the dynamical dimensionless factor 7, (t) further below. The limit of massless neutrinos

gives the spectral form,

w? — Becgw + 32,
12(epg — w)?

I{w;m; =0) = (5.19)
where the prefactor of ), laij|* = 3/4 is calculated using the unitarity of the neutrino

mixing matrix. On the other hand, near the threshold these functions have the behavior
X 4 /wij — W.

We will explain next the origin of the interference term for Majorana neutrinos. The two-
component Majorana neutrino field can be decomposed in terms of plane wave modes

as

oM@ 1) = Y (u@e )+ u @ TR E) . (5.20)

Z’7ﬁ

where the annihilation b;(p) and creation bI (p) operators appears as a conjugate pair of
the same type of operator b in the expansion (the index i gives the i—th neutrino of mass
m;, and the helicity summation is suppressed for simplicity). The concrete form of the
2-component conjugate wave function u® o ioou* is given in [64]. A similar expansion
can be written in terms of four component field if one takes into account the chiral
projection (1 — ~5)/2 in the interaction. The Dirac case is different involving different

type of operators b;(p) and d;-r (p):

WP(,0) = 3 (w@e B ) + (e B ) . (5.21)

Z7p
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Neutrino pair emission amplitude of modes ip1, jpo contains two terms in the case of

Majorana particle:
bzb;' (aiju* (pr)uc(p2) — ajiu” (P2)uc(ph)) , (5.22)

and its rate involves

1 e e . (=N C(
5 | (B)u(2) — aiu” (Bo)u (1)

= %|aij|2 (9L 2P + [0 (2, D)) = R(aj) (¥(1,2)(2,1)%) (5.23)

where the relation aj; = a;; is used and (1, 2) = u*(p1)u(p2). The result of the helicity
sum Y (¥(1,2)1(2,1)*) is in [64], which then gives the interference term oc B in the

ij
formula (5.11).

We see from egs. (5.9) and (5.16) that the overall decay rate is determined by the
energy independent I'y, while the spectral information is in the dimensionless function
I(w). The rate I'y given here is obtained by replacing the field amplitude F of eq. (5.2)

squared by €.gn, which is the atomic energy density stored in the upper level |e).

The dynamical factor n,(t) is defined by a space integral of a product of macroscopic

polarization squared times field strength, both in dimensionless units,

nw(t) = L amb/2 d{rl (5 ) amt)2 + 7'2(6 , amt)2

e .24
A 1 le(§, amt)] (5.24)

Here r; 4 iry is the medium polarization normalized to the target number density.

The dimensionless field strength |e(&,7)|?> = |E(€ = am@, T = amt)|?/(eegn) is to be cal-
culated using the evolution equation for field plus medium polarization in [130], where
£ = amx (un = €egligen/2 with pge the off-diagonal coefficient of AC Stark shifts
[65, 66]) is the atomic site position in dimensionless unit along the trigger laser direc-
tion (—L/2 < x < L/2 with L the target length), and 7 = a,t is the dimensionless
time. The characteristic unit of length and time are a;,! ~ (lecm)(n/10*'cm=3)~! and
(40ps)(n/10*tem™3)~! for Yb discussed below. We expect that 7,(t) in the formula
given above is roughly of order unity or less.? We shall have more comments on this at

the end of this section.

Note that what we calculate here is not the differential spectrum at each frequency,
instead it is the spectral rate of number of events per unit time at each photon energy.

Experiments for the same target atom are repeated at different frequencies w; < w1y

2There is a weak dependence of the dynamical factor 7, (¢) on the photon energy w, since the field
e in eq. (5.24), a solution of the evolution equation, is obtained for the initial boundary condition of
frequency w dependent trigger laser irradiation.
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in the NO case (or w; < wss in the 10 case) since it is irradiated by two trigger lasers
of different frequencies of w; (constrained by wi + ws = €¢4) from counter-propagating

directions.

As a standard reference target we take Yb atom and the following de-excitation path,
Yb; e) = (656p)° Py, [g) = (65°) 'S0, |p) = (656p)°P;. (5.25)

The relevant atomic parameters are as follows [132]:

€eg = 2.14349 eV, €y = 2.23072 eV, 7,, = 1.1 MHz. (5.26)

The notation based on LS coupling is used for Yb electronic configuration, but this
approximation must be treated with care, since there might be a sizable mixing based
on jj coupling scheme. The relevant atomic spin factor Ce,(YDb) is estimated, using the

spin Casimir operator within an irreducible representation of LS coupling. Namely,

L R 1 o R
GPR|S.2Py, M) - 3P, M|S|>Py) = s > CR|SePP, M) - P, M|S P Ry) =
M

, (5.27)

W N

since S, - S, = 2 for the spin triplet. This gives Cep(Yb)= 2/3 for the intermediate path

chosen.

We also considered another path, taking the intermediate state of Yb, 'P; with €pg =
3.10806 eV, v,y = 0.176 GHz. Using a theoretical estimate of A-coefficient 4.6 x 1072 Hz
for 1P —3 Py transition given in NIST [132] and taking the estimated Lande g-factor
[133], 3/2 for the 3P; case, we calculate the mixed fraction of jj coupling scheme in LS
forbidden amplitude squared |(*Py|S.[2P1)|2, to give Cep ~1x 1074

Summarizing, the overall rate factor I'y is given by

Vv
102 cm3’

_ 302V GEApgecgn

Iy
3
2epg

)3

(2, + 1)Cep ~ 0.37 mHz(

107 e 3 (5.28)
where the number is valid for the Yb first excited state of J = 0. If one chooses the
other intermediate path, ' Py, the rate Iy is estimated to be of order, 1 x 1073 mHz, a
value much smaller than that of the P, path. The denominator factor 1/(epg — w)? is
slightly larger for the 3Py path, too. We consider the intermediate 3P, path alone in the

following.

The high degree of sensitivity to the target number density n seems to suggest that
solid environment is the best choice. But de-coherence in solids is fast, usually sub-

picoseconds, and one has to verify how efficient coherence development is achieved in
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the chosen target.

Finally, we discuss a stationary value of time independent 7,,(t) (5.24) some time after
trigger irradiation. The stationary value may arise when many soliton pairs of absorber-
emitter [130] are created, since the target in this stage is expected not to emit photons
of PSR origin (due to the macro-coherent |e) — |g) + 77), or emits very little only at
target ends, picking up an exponentially small leakage tail. This is due to the stability of
solitons against two photon emission. Thus the PSR background is essentially negligible.
According to [134], the n,(t) integral (5.24) is time dependent in general. Its stationary
standard reference value may be obtained by taking the field from a single created
soliton. This quantity depends on target parameters such as a,, and relaxation times.
Moreover, a complication arises, since many solitons may be created within the target,
and the number of created solitons should be multiplied in the rate. This is a dynamical
question that has to be addressed separately. In the following sections we compute

spectral rates, assuming 7, (t) = 1.

5.2 Sensitivity of the Spectral Rate to Neutrino Mass Ob-

servables and the Nature of Massive Neutrinos

We will discuss in what follows the potential of an RENP experiment to get information
about the absolute neutrino mass scale, the type of the neutrino mass spectrum and the
nature of massive neutrinos. We begin by recalling that the existing data do not allow
one to determine the sign of Am3 = Am§1(2) and in the case of 3-neutrino mixing, the
two possible signs of Amgl(Q) corresponding to two types of neutrino mass spectrum. In
the standard convention [1] the two spectra read:

i) spectrum with normal ordering (NO): my < ma < ms, Am% = Am3, >0, Am3, > 0,
ma3) = (M + Am%l(gl))%; i) spectrum with inverted ordering (10): ms < my < ma,
Am3 = Am3, < 0, Am3, > 0, mg = (m3 + Am2y)2, my = (m2 + Am3y — Am3))2.
Depending on the values of the smallest neutrino mass, min(m;) = mg, the neutrino
mass spectrum can also be normal hierarchical (NH), inverted hierarchical (IH) and

quasi-degenerate (QD):

NH:  my < ms <ms, ma=(Am2)2 = 0.009 eV, ms = (Am2,)2 = 0.05 eV ,(5.29)
TH:  ms<mi<my, mis=|AmZ|z 20.05 eV, (5.30)

QD: miEmy=mg=m, mj2 > ]Am§1(32)| , m=0.10 eV. (5.31)

All three types of spectrum are compatible with the existing constraints on the absolute

scale of neutrino masses mgj.
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5.2.1 General Features of the Spectral Rate

The first thing to notice is that the rate of emission of a given pair of neutrinos (v; + v;)
is suppressed, in particular, by the factor |aij|2, independently of the nature of massive
neutrinos. The expressions for the six different factors |a;;|? in terms of the sines and
cosines of the mixing angles #12 and 613, as well as their values corresponding to the best
fit values of sin”#15 and sin? 013 quoted in eq. (1.5), are given in Table 5.1. It follows
from Table 5.1 that the least suppressed by the factor \aij|2 is the emission of the pairs
(v3+w3) and (v1 +12), while the most suppressed is the emission of (2 +v3). The values
of |a;;|* given in Table 5.1 suggest that in order to be able to identify the emission of
each of the six pairs of neutrinos, the photon spectrum, i.e., the RENP spectral rate,

should be measured with a relative precision not worse than approximately 5 x 1073,

As it follows from eqgs. (5.16) and (5.11), the rate of emission of a pair of Majorana
neutrinos with masses m; and m; differs from the rate of emission of a pair of Dirac
neutrinos with the same masses by the interference term o< miij;’\;[ . For i = j we have
B% = 1, the interference term is negative and tends to suppress the neutrino emission
rate. In the case of i # j, the factor B% , and thus the rate of emission of a pair of
different Majorana neutrinos, depends on specific combinations of the Majorana and

Dirac CPV phases of the neutrino mixing matrix: from egs. (5.11) and (5.4) we get
BM = cos2a, B =cos2(8—06), BM =cos2(a—p+9). (5.32)

In contrast, the rate of emission of a pair of Dirac neutrinos does not depend on the
CPV phases of the PMNS matrix. In the case of CP invariance we have o, f = 0,7/2, 7,
0 = 0, m, and, correspondingly, B% =—lor +1,i+#j. For B% = +1, the interference
term tends to suppress the neutrino emission rate, while for Bg[ = —1 it tends to
increase it. If some of the three relevant (combinations of) CPV phases, say «, has a
CP violating value, we would have —1 < B4 < 1; if all three are CP violating, the
inequality will be valid for each of the three factors Bijy -1 < Bijy < 1,1 # j. Note,

however, that the rates of emission of (v; + v3) and of (v2 4+ v3) are suppressed by

TABLE 5.1: The quantity |a;;|* = |UUe; — 30,5

|CL11|2 = |C%2C%3 - %|2 7 g

\a12\2 = 0%25120313 |@13|2 = 0%2513C%3

0.0311 0.2027 0.0162

|ags|? = [s3ycls — 517 | |ags|? = siysiscls | |ass|? = |sig — [

0.0405 0.0072 0.2266
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la13/> = 0.016 and |ags|? = 0.007, respectively. Thus, studying the rate of emission of
(v1 + v2) seems the most favorable approach to get information about the Majorana
phase «, provided the corresponding interference term o mlmgB% is not suppressed by
the smallness of the factor mims. The mass m can be very small or even zero in the case
of NH neutrino mass spectrum, while for the IH spectrum we have mims 2 |Am3,|
2.5 x 1073 eV2. We note that all three of the CPV phases in eq. (5.32) enter into the
expression for the (83)o,— decay effective Majorana mass as their linear combination

(see, e.g., [28, 121, 135-137]):

22 2.4 2.4 4 2.4 4 2 2 4
| g m;UZ%|" = m3s]s + m5S1aCls + MIClaCls + 2mi1masiyciaCis cos(2ar)
i
2 2 2 2 2 2
+ 2mym3si3Ciacis cos2(B — 0) + 2mamgsigsiacizcos2(a — S +0).  (5.33)

In the case of m; < mg < ms3 (NO spectrum), the ordering of the threshold energies at
wij = wj; is the following: wi1 > w12 > waa > w1z > wo3z > w3z. For NH spectrum with
negligible m; which can be set to zero, the factors (m; + m;)? = k;; in the expression
(5.15) for the threshold energy w;; are given by: k11 = 0, K12 = Am3y, Koy = 4Am3,,
K13 = Am3,, ko3 = (\/Amgl + VAmZ,)?, kaz = 4Am3,. Tt follows from eq. (5.15) and

the expressions for k;; that w11, wi2 and woy are very close, wiz and wo3 are somewhat

more separated and the separation is the largest between weo and wi3, and woz and wsz:

1 1
NH:  win—wiz =5 (w2 —wn) = 5 Am2, =2 1.759 (8.794) x 107° eV, (5.34)
€eg
1
NH: w3 —wos = 5e (21/Am3, \/ AmZ, + Am3))
€g
>~ (.219 (1.095) x 1073 eV, (5.35)
1
NH:  wy—wig = (Am2, — 4Am3)) = 0.506 (2.529) x 1072 eV, (5.36)
€eg
NH:  wo3 —ws3 = 5 (3Am3, —21/Am3, \/Am3, — Am3))
eg
>~ 1.510 (7.548) x 1073 eV, (5.37)

where the numerical values correspond to Am3; given in eq. (1.4) and €., = 2.14349 (num-
bers in parenthesis corresponding to the 1/5 of Yb value, namely 0.42870) eV. We get

similar results in what concerns the separation between the different thresholds in the
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FIGURE 5.2: Global feature of photon energy spectrum I(w) for the 3Py — 1S tran-

sitions in Yb. The lines corresponding to mo = 20 meV (red line) and to massless

neutrinos, m; = 0 (blue line), are practically indistinguishable in this figure (see text
for details).

case of QD spectrum and Am%l > 0:

1
QD : Wil — W12 = w12 — W = wiz — w3 = - Am3,
eg
>~ 3.518 (17.588) x 107° eV, (5.38)
1 1
QD : way — wig = wag — w3z — — Amjy = — (Am3; — 2Am3))
€eg €eg
>~ 1.082 (5.410) x 1073 eV . (5.39)

For spectrum with inverted ordering, ms < m; < mag, the ordering of the threshold
energies is different: wss > w1 > wog > wi1 > wio > weo. In the case of IH spectrum
with negligible m3 = 0, we have: k33 = 0, K13 = Am%B — Am%l, Kog = Am%3, K11 =
4(Am3s — Am3)), k12 = (VAmME; + /AmZ; — Am3,)?, kg = 4Am3,. Now not only

w11, wi2 and wey, but also wis and wes, are very close, the corresponding differences

being all ~ Am%l /€eg- The separation between the thresholds wsz and wi3, and between
wos and w11, are considerably larger, being ~ Am%?, / €eg- These results remain valid also

in the case of QD spectrum and Am%2 < 0.

It follows from the preceding discussion that in order to observe and determine all six
threshold energies wj;, the photon energy w should be measured with a precision not
worse than approximately 1075 eV. This precision is possible in our RENP experiments
since the energy resolution in the spectrum is determined by accuracy of the trigger laser

frequency, which is much better than 107> eV.
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FIGURE 5.3: Photon energy spectrum from Yb 3Py — 1S; transitions in the threshold

region in the cases of NH spectrum (solid lines) and TH spectrum (dashed lines) and for

3 different sets of Dirac neutrinos masses corresponding to mo = 2 meV (blue lines),
20 meV (red lines) and 50 meV (green lines).

5.2.2 Neutrino Observables

We will concentrate in what follows on the analysis of the dimensionless spectral function

I(w) which contains all the neutrino physics information of interest.

In Fig. 5.2 we show the global features of the photon energy spectrum for the Yb
3Py — 1Sy transition in the case of massive Dirac neutrinos and NH and IH spectra.
For the lightest neutrino mass my < 20 meV, all spectra (including those corresponding
to massive Majorana neutrinos which are not plotted) look degenerate owing to the

horizontal and vertical axes scales used to draw the figure.

The Absolute Neutrino Mass Scale. Much richer physics information is contained
in the spectrum near the thresholds w;;. Figure 5.3 shows the Dirac neutrino spectra
for three different sets of values of the neutrino masses (corresponding to the smallest
mass mo = 2, 20, 50 meV) and for both the NO (Am§1(32) > 0) and 10 (Am§1(32) <0)
neutrino mass spectra. One sees that the locations of the thresholds corresponding to
the three values of mg (and that can be seen in the figure) differ substantially. This
feature can be used to determine the absolute neutrino mass scale, including the smallest
mass, as evident in differences of spectrum shapes for different masses of mg, 2, 20, 50
meV in Fig. 5.3. In particular, the smallest mass can be determined by locating the
highest threshold (w11 for NO and wss for 10). Also the location of the most prominent

kink, which comes from the heavier neutrino pair emission thresholds (w33 in the NO
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FIGURE 5.4: Spectra from Yb 3Py — 'Sj transitions in the cases of Dirac neutrinos
(blue lines) and Majorana neutrinos (red lines) with masses corresponding to mg = 20
meV, for NH spectrum (solid lines) and IH spectrum (dashed lines).

case and w2 in the IO case), can independently be used to extract the smallest neutrino

mass value, and thus to check consistency of two experimental methods.

If the spectrum is of the NO type, the measurement of the position of the kink will
determine the value of w3z and therefore of m3. For the IO spectrum, the threshold wqs
is very close to the thresholds wog and wq1. The rates of emission of the pairs (v2+1v4) and
(v1 + 1), however, are smaller approximately by the factors 10.0 and 12.7, respectively,
than the rate of emission of (v; + v2). Thus, the kink due to the (v + v2) emission will
be the easiest to observe. The position of the kink will allow to determine (m1 + ms)?
and thus the absolute neutrino mass scale. If the kink due to the emission of (v2+v2) or

(v1 + v1) will also be observed, it can be used for the individual mj, ms determination

as well.

The Neutrino Mass Spectrum (or Hierarchy). Once the absolute neutrino mass
scale is determined, the distinction between the NH (NO) and IH (IO) spectra can
be made by measuring the ratio of rates below and above the thresholds wss and wis
(or wi1), respectively. We note that both of these measurements can be done without
knowing the absolute counting rates. For my < 20 meV and NH (IH) spectrum, the

ratio of the rates at w just above the w33 (wy1) threshold and sufficiently far below the
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FIGURE 5.5: The ratio R(I') = I'y2,(w)/I'y2,(w;m; = 0) in the case of emission of

Dirac and Majorana massive neutrinos having NO (left panels) or IO (right panels)

mass spectrum corresponding to mg = 50; 100 meV, for €., = 2.14 eV and four values
of the CPV phases (a, 8 — §) in the Majorana case.

indicated thresholds, R, is given by:

- - aiil? = |ass|?
NH:  R(wss; NH) = 2 194| ’2 3|
Zi,j |ai;|

- 2 9 2 2
H: R 1) = 12837 T2 (a4 (Jazsl)
Zz‘,j‘aiﬂ

~ (.70, (5.40)

=~ ().36. (5.41)

In obtaining the result (5.41) in the TH case we have assumed that wsy and wio are
not resolved, but the kink due to the wy; threshold could be observed. The latter does
not corresponds to the features shown in Fig. 5.3 (and in the subsequent figures of the
paper), where the kink due to the wy; threshold is too small to be seen and only the

kink due to the wig threshold is prominent.

The Nature of Massive Neutrinos. The Majorana vs Dirac neutrino distinction is
much more challenging experimentally, if not impossible, with the Yb atom. This is
illustrated in Fig. 5.4, where the Dirac and Majorana spectra are almost degenerate for

both the NH and IH cases. The figure is obtained for my = 20 meV and the CPV phases
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FIGURE 5.6: Majorana vs Dirac neutrino comparison of R(T") in the case of hypothetic

atom X with energy difference €4 = €.4(Yb)/5 for mg = 2 meV and NH (solid lines) and

IH (dashed lines) spectra. The red and blue lines correspond respectively to Majorana
and Dirac massive neutrinos.

set to zero, (o, B —3d) = (0,0), but the conclusion is valid for other choices of the values

of the phases as well.

The difference between the emission of pairs of Dirac and Majorana neutrinos can be
noticeable in the case of QD spectrum with mg ~ 100 meV and for values of the phases
a =0, as is illustrated in Fig. 5.5, where we show the ratio R(I") = I'ya, (w) /T2, (w; my; =
0) = I(w)/I(w;m; = 0) as a function of w. As Fig. 5.5 indicates, the relative difference
between the Dirac and Majorana spectra can reach approximately 6% at values of w
sufficiently far below the threshold energies w;;. For mg = 50 meV, this difference
cannot exceed 2% (Fig. 5.5).

A lower atomic energy scale €., > 100 meV, which is closer in value to the largest
neutrino mass, would provide more favorable conditions for determination of the nature
of massive neutrinos and possibly for getting information about at least some (if not all)
of the CPV phases. In view of this we now consider a hypothetical atom X scaled down
in energy by 1/5 from the real Yb, thus e, ~ 0.4 V. There may or may not be good
candidate atoms/molecules experimentally accessible, having level energy difference of
order of the indicated value. Figure 5.6 shows comparison between the ratios R(I") from
X 3Py =1 Sy for Majorana and Dirac neutrinos with mg = 2 meV, for both the NH and
IH cases. As seen in Fig. 5.6, the Majorana vs Dirac difference is bigger than 5% (10%)
above the heaviest pair threshold in the NH (IH) case. The difference becomes bigger

for larger values of the smallest neutrino mass mg, making the measurement easier.
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FIGURE 5.7: The same as in Fig. 5.5 but for €.y = 0.43 eV.

This is illustrated in Fig. 5.7, where we show again the ratio R(I') = I(w)/I(w;m; =
0) as a function of w in the case of Dirac and Majorana pair neutrino emission for
mo = 50; 100 meV and NO and IO spectra. In the Majorana neutrino case, the
ratio R(T") is plotted for the four combinations of CP conserving values of the phases
(o, B—19) =(0,0); (0,7/2); (w/2,0); (w/2,7/2). There is a significant difference between
the Majorana neutrino emission rates corresponding to (o, f—¢) = (0,0) and (7/2, 7/2).
The difference between the emission rates of Dirac and Majorana neutrinos is largest
for (o, 8 —6) = (0,0). For mg = 50 (100) meV and (o, — 6) = (0,0). for instance,
the rate of emission of Dirac neutrinos at w sufficiently smaller than w3z in the NO case
and wgyy in the IO one, can be larger than the rate of Majorana neutrino emission by

~ 20% (70%). The Dirac and Majorana neutrino emission spectral rates never coincide.

In Figs. 5.8 and 5.9 we show the dependence of the ratios R(I') on the CPV phases a and
B — 6 for mg = 2 meV. Generally speaking, the CPV phase measurement is challenging,
requiring a high statistics data acquisition. A possible exception is the case of o and TH
spectrum, as shown in Fig. 5.9, where the difference between the ratios R(I") for « =0
and a = m/2 can reach 10%. For the NH spectrum, the analogous difference is at most

a few percent; observing this case requires large statistics in actual measurements.

It follows from these results that one of the most critical atomic physics parameters for
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FIGURE 5.8: The dependence of R(T") on the CPV phases o and (8 — §) in the case of

NH spectrum with my = 2 meV and for the transitions corresponding to Fig. 5.6. The

blue, red, and green solid lines are obtained for (o, 8 —9§) = (0,0), (7/2,0) and (0, 7/2),
respectively.
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FIGURE 5.9: The same as in Fig. 5.8 for IH spectrum. The blue, red, and lines
correspond to (a,  — 8) = (0,0), (7/2,0) and (0, 7/2), respectively.

the potential of an RENP experiment to provide information on the largest number of
fundamental neutrino physics observables of interest is the value of the energy difference
€eg- Values e,y <0.4 eV are favorable for determining the nature of massive neutrinos,
and, if neutrinos are Majorana particles, for getting information about at least some of
the leptonic CPV phases, which are the most difficult neutrino related observables to

probe experimentally.
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5.3 Chapter Conclusion

As the content of this chapter, we have investigated the sensitivity to undetermined
neutrino parameters and properties (the absolute mass scale, the type of neutrino mass
spectrum, the nature - Dirac or Majorana, of massive neutrinos and the CP violating

phases) of the observables in macro-coherent RENP experiments.

The specific case of a potential RENP experiment measuring the photon spectrum orig-
inating from 3Py — 1S; transitions in Yb atoms was considered. The relevant atomic
level energy difference is €.y = 2.14349 eV. Our results show that once the RENP events
are unambiguously identified experimentally, the least challenging would be the mea-
surement of the largest neutrino mass (or the absolute neutrino mass scale). The next
in the order of increasing difficulty is the determination of the neutrino mass spectrum
or hierarchy (NH, TH, QD). The Majorana vs Dirac distinction and the measurement of
the CPV phases are considerably more challenging, requiring high statistics data from
atoms (or molecules) with lower energy difference €., < 0.5 eV. Although the measure-
ments of the indicated fundamental parameters of neutrino physics might be demanding,
a single RENP experiment might provide a systematic strategy to determine almost all
of these parameters, and thus can contribute to the progress in understanding the origin
of neutrino masses and of the physics beyond the Standard Model possibly associated

with their existence.

The present work points to the best atom/molecule candidate with level energy difference
of less than O(0.5 eV) for the indicator e.4. Besides the desirable richness of detectable
observables, good candidates for realistic RENP experiments have to be searched also

from the point of least complexity of target preparation.






Chapter 6

Conclusion

In the present thesis, we have investigated the LFV processes in the charged lepton sector
in the three scenarios of light neutrino mass generation, see-saw type I, see-saw type 11
(or Higgs Triplet Model) and see-saw type III, at the TeV scale. We also discussed the
sensitivity of the radiative emission of neutrino pair experiment for determining the still
unknown neutrino properties, such as their nature - Dirac or Majonana, absolute mass

scale, hierarchy of the mass spectrum. The results are summarized as below.

In Chapter 2, the three well-known types of see-saw models have been introduced with
assumption that the masses of the additional particles (heavy Majorana neutrinos for
see-saw type I and III, or physical Higgs particles in case of Higgs triplet model) are
at the TeV scale. We have considered type I and type III scenarios, whose two heavy
Majorana neutrinos with similar masses forming a pseudo-Dirac state, such that it could
have sizeable enough couplings |(RV);;|, which might provide observable effects at low
energy scale, after being constrained by the experimental data of neutrino oscillations
and EW precision tests. Then, in the same Chapter, the rates of the LFV processes
00+~ =30 {=pand ¢ =e, or { =7 and ¢' = p,e) and p — e conversion, are
calculated in the type I and type II see-saw models, while the y — e 4+, p — 3e decays
and the p — e conversion rates in the type III see-saw scheme were discussed later in
Chapter 3.

In Chapter 3 and Chapter 4, we have analyzed in detail the dependence of the LFV
rates on the light neutrino masses and the CPV phases using the current data on the
neutrino oscillation parameters. We also set constraints on the couplings |(RV)y;| of the
heavy Majorana neutrinos to the charged leptons [T and W+ and to v, and Z° using
the current experimental upper bounds on the LFV ¢ — ¢/ +~, ¢ — 3¢’ decay and pu — €

conversion rates.
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In the type I see-saw, our results show that the muon LFV decays (@ — e+, u — 3e)
and p — e conversion have observable rates within the sensitivities of the next generation
of the LFV experiments. In contrast, the LFV rates of the processes involving the 7
lepton, 7 — (u,e) + v, 7 — 3pu, are predicted to be lower than the detectable limits of
the planned experiments. Thus, any detected signal of the LFV 7 decays in the next
generation of experiments will rule out the TeV scale type I see-saw model. It is also
important to note that, in the case of IH spectrum, the decay rates of £ — ¢ +~, £ — 3¢’
(0 =pand ¢ = e, or £ =7 and ¢/ = p,e), with the exception of 7 — ey, might be
strongly suppressed at some specific values of the CPV phases and lightest neutrino
mass. Furthermore, the 1 — e conversion rate in the nuclei considered (Al, Ti, Au)
could also pass through zero at a certain value of the heavy Majorana neutrino mass
My of a few TeV.

In the case of the Higgs triplet model, one has to keep in mind that all considered
LFV rates are proportional to MZL, MAa being the mass of the physical singly charged
and doubly charged Higgs particles. Thus, the values of the LFV rates are strongly
suppressed when Ma increases beyond the TeV scale. Therefore, if the physical scale of
neutrino mass generation is too high, this will rule out any possibility to observe LFV
signal in the p and 7 decays as well as in the searches for 1 — e conversion. The rates,
in general, are also functions of the mixing angles, neutrino masses and both Dirac
and Majorana CPV phases. However, in the special case of the charged lepton LEFV
decays with emission of a real photon (4 — ey, 7 — pvy and 7 — e7), the rates do
not depend on the lightest neutrino mass nor on the Majorana CPV phases. Detailed
analysis shows that rates of u — e+ v, u — 3e, 7 — 3u decays and u — e conversion
have values within the sensitivities of the next generation experiments. Furthermore,
we have also considered the possibility of the branching ratio Br(7 — 3u) in the range
of 10710 < Br(7 — 3u) < 1078, which is the interval between the present experimental
upper bound and the limit of next generation experimental sensitivity. Finally, using
the correlation between Br(y — e + ), Br(x — 3e) and Br(r — (u,e) + ) in the
see-saw type II scenario, it is proved that Br(r — p+v) < 5.9 (6.1) x 107!2 NO (I0)
and Br(r — e+ ) < 3.9 x 107!2, respectively.

With the FCNCs arising at tree-level in the type 111 see-saw model, the effective y—e—2
coupling will provide large magnitudes of the rates of considered LFV processes. Thus,
either the LF'V processes of 4t — e+, u — 3e, and y — e conversion would be observed

in the future experiments or the couplings |(RV)s;| will be severely constrained.

It follows from the results obtained on the LFV processes in the three well-known types of
see-saw models of neutrino mass generation that it will be relatively easy to discriminate

the type III and the type I and type II see-saw models. To discriminate between the
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type I and type II see-saw is trickier. In principle, one might use the independence of
the branching ratios Br(¢ — ¢'7) on the lightest neutrino mass and the CPV phase in
the Higgs triplet model to distinguish it from the type I see-saw. However the values
of the CPV phases and neutrino mass scale are still unknown at present. Our results
also show that the channel of 7 — 3u decay is the only process that could be used, in

principle, to discriminate between them.

As the last topic discussed in the thesis, in Chapter 5, we have introduced and carried
out numerical analysis the phenomenon of radiative emission of neutrino pair in atoms.
The process is sensitive to the absolute neutrino mass scale, the type of neutrino mass
spectrum, the nature - Dirac or Majorana - of massive neutrinos, and the CPV Majorana
phases in the neutrino mixing matrix. These are basically all of the unknown neutrino
properties. The neutrino masses and the mass spectrum are determined by measuring
the threshold energy of the photon which accompanies each emitted pair of neutrinos.
In order to get information about the nature of massive neutrinos, and if neutrinos
are Majorana particles - about the Majorana CPV phases - requires a high precision

measurements of the emission rate from atoms with energy differences of €.y < 0.5 eV.






Appendix A

See-saw Type I Form Factor

In this appendix, we are going to calculate the form factors of the diagrams which have
contributions to the LFV processes such as yu — ey, u — 3e decays and p — e conversion
etc., in the scheme of see-saw type I model. For convenience, we use the same Feynman
rule conventions and notations reported in [138]. As the first step, we write down here
the definitions of the functions and notations that will be used in the further calculation
[138]:

Ds(z,y) = (1 = y)mi +y [Mg, - ¢*z(1 — 2)] —y(1 - y)p*, (A1)
Dsp(z,y) = (1 —y)My +y {7* — ¢*z(1 = 2)} —y(1 - y)p°, (A.2)
Doy = M2(1 — ) + miz — plz(l — z), (A.3)
Doy = M2(1 — z) + m2z — plax(1l — z), (A.4)
p=Q—z)p1+aps, q=pi—p2, m =(l—z)m;+miz, (A.5)
Sl:]\n;f; l=e,u,1, )\i:]\TZZZ% 1=1,2,..,3+k, (A.6)

where m; is mass of the Majorana neutrino n; or quark ¢;; p; (i = 1,..,4) stand for
momentums of the incoming and outgoing particles; while k is number of the heavy

neutrinos participating in the model.

The ultraviolet divergent part is expressed as

1
Cyv = - v+ log4m. (A.7)
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FIGURE A.1: Feynman diagrams contribute to the effective vertex il'y (I # ).

We also define new notations:

1
Int (f(z)) = /0 d f(z), (A8)
1 1
Int (f(z,y)) = / dz / dy f(z.y), (A.9)
Int(f(x,y, 2z / da:/ dy/ dz f(x,y,z2). (A.10)
(A.11)

A.1 Calculation of the Gamma Exchange Diagrams

The diagrams which contribute to the effective vertex I’y (I # I') are shown in the Fig.
A.1. Using the results reported in the appendix B of [138] and defining the effective
coupling /I’y in the following

h h
—e I_‘?)/f = —¢ ng) = ZDlag(r) s (A12)
one obtains:
1 1
dx dy de dy o
Fga) _ UZU/ |:_mz2p o yi—kmap - g 2 :| s A.13
32 3272 ¥ Jy Ds(a,y) e J, Dyl A1)

dx dy _
r® — U | m2Pre ‘ydody P / A.14
o i | LRY 0 D3 T y 5 L D ) ( )
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1
F(;) — 33 2Ul,Ul/ [ Yo P, {3C’UV—2—6/ dx dy ylog[Dg(m,y)]}
0
2
y dx dy B = oy =
+ Pr . Di(ry) {% 2P, + yP)Pra — 2(p1 + p2 — 2yP)ap
+  vap(p, —2¢2+yﬁ)H : (A.15)
(d) 9 ' Py + Ma
Ly =—55- QUZzUl/l}bzPL [CUV—1_2/O dz(1 — z)log [DQb(fU)]] m%, (A.16)
re = 9 g P Lo o [ e - 2)log (D AT
a 32 o ViV am?l L vv — 41— 0 l‘( _:U) Og[ 2a(x)] 7( . )
g° dz dyy
o . /
O = Vil [ Lo+ ma) +sm — ) [ Hr
1
X (p +p2—2y13)a—5{(mam5+m?)—%(mam6—mi)}va
1
« foov =2 [ o dy yiog D]} = {(mams + m?) ~ r50mama — )}
0
Vdx dy y? ]
x =27 (py + po — 2UP)aP| - A.18
| Ds(r.) (p1 + P2 — 2uP)ap (A.18)
g !
Y = oo sin2arz Vil [ F {(ma +mp) +75(ma mﬁ)}{CUV_/ dz log [D2b($)]}
0
1
_ }22{ (mamg +m; )+'y5(mam5 - )} {C’UV —2/ dz(1 — x)log [ng(x)]}]
0
+ Mg
« B (A.19)
mﬁ_ma
2
g P, +mgs
rfP = A2 UiUp; ’Yaﬁ[ m; {(ma +mp) + v5(ma — mp)} {Cov —
! p
— [ wtonDan(o} — B a4 )+ a(inams — md)} {Cov -
0
1
~ 2 / da:(l—x)log[Dga(x)]H , (A.20)
0

From the above results, one can see that the divergences appear in F(of) fori=c,.., f.
The divergences in diagrams (c), (d) and (e) vanish explicitly because of the unitarity
of the neutrino mixing matrix Z3+k UaiUf; = 0 (a # ), while the divergences in F(f )
F&), and F&) cancel each other. After ignoring the divergences and simplifying the
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result, we have:

2

2
r@ — Ui | AD it [ — L) 4 BW e (Y E
a 3971 QUl Ul |: 1 4n Ds(w,y) + 1 4n

2
(1) Y
2 D3(-’L’,y)
AV = M2NvaPr,  BYY = M2SaaPr = 2pp2aPL + PyYap, P,

BY = —M2S,vaPL. (A.21)

2 2
- ULUs | AP Int Y Bt (Y
¢ 32 322 b |: ! " <D3($,y) * ! " D3(.’L‘,y)

2
n B(z)Int< i )]
2 Ds(z,y)
A“) M2MvaPr, B = —M2SgvaPy + 20,010 P — P, vap, Pr,

= Py, PL — 2p,p1aPL. (A.22)
2 3.2 3 3
ro — 9 _y.ui, [A(5)Int ( ya ) + AP It < yer ) +A(5)Int( i >
32 2 Hl ! Dg(l’,y) 2 D3(.I‘,y) 3 Dg(l',y)
2 2
+ B(B)Int( vy >—|—B(5)Int( y >+C(5)Int log Ds(z, ] ,
1 Dg(x,y) 2 Dg(ﬂf,y) 1 (Z/ g 3( y))

A§5) = 2Mrya P — AP p1alL + AP p1a L + AP 2o PL — 4P p2a L
A = 89, praPr, — 4P p1aPr, — 4, paaPr + 2M2(Sa — S5 — 1)1 P |
AP = —4p proPr — 2M2SavaPr . BY) = —2p praPr + 2p,p20 Pr
—M(Sa = Se)aPr , BY =2p p1aPr — 2 p2aPL — 2p,p1a Py

3o, Pr + My (350 +285 + 2 7Py - CF) = =67 Py . (4.23)

rd e — o 2UhUl, ABY L Int [(1 — x)log Dag(2)] — Int [(1 — x)log Doy ()]}

+ B®Y S, Int[(1 - z)log Dag(z)] — Sglnt [(1 — z)log ng(x)]}] ,
1

ABY _ L Py, lL BGY

= «Pr, . A.24
S — Sﬁ Mg) ) Sa — Sﬁfy L ( )
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2

2 2
) = Lo |- AP (L2 At [ =2
“ 322 Ui Ul ! LA D3($7y) A Dg(fL‘,y)

3.2 3
+ A® ( Y )} Y {B(S)Int < vya ) + B® 1t < va )
3 Ds(x,y) ! Ds(z,y) 2 Ds(z,y)

3 2 2
1 B(S)Int< Y ) 4 C(B)Int< g > —i—C’(S)Int( ya >}
3 Ds(z,y) ! Ds(x,y) 2 Ds(x,y)

+ D%S)Int [y log D3(x, y)ﬂ ,

A§8) = 2p. p1aPL + 2P,p1a PL — 2P, p2a PL — 2p,p2a PL Ags) = 2P p1alr
—2p 1L AP = PrPralL 4 Popra L+ P2l + pypaa L,

B = 2 p1aPr + 2P p1aPr + 2§, p2a Pr — 28,020 1 |

Bgs) =4p 1o PL — 2p,p10PL — 2P, D20 PL Bi(*.S) = 2P p1alL

o) = P P1aPL + Pop1aPL — P P20 PL + Pop20 PL c;Y = PrP1alr

Peb I (A.25)

8
+p,p20PL D = Ao Pr - 2

2
DO +10) = 5 0.Uf; | A7 {Int [log Doy ()] — Int [log Das(x)]}

B {Int [(1 - z)log Dau(2)] — Int [(1 — ) log Dopy(x)]}
BY" {SaInt[(1 - z)log Dau(x)] — SgInt [(1 — x)log D2b(93)]}} :

i 2p.Yapp, PL
ACD = - [(Sa ¥ So)aPy + b L M];l ] :

So — 55
pﬂa%PL]
M2 ’

+ o+

[SaSB%PL + A
B

(67) _ 1 Povap, Pr ,
B = g 5 [ AP (A.26)

Carrying on the integrations and keeping only the leading order terms, I'4()) is arrived

at the form:
h 2 2 _ _
i g « q (P, — P,)(P1 — P2)a
i) = grg)()\) = @UliUl’iPR [Fw(&-) {—m% + - 2M3)
(P1 +p2)a Yo (P1 + P2)a
R e e e T S e e
Yo
]
o w(72? -2 —12)  2*(12— 10z 4 2?)
F,(z) = Da—2F 61— ) logz , (A.27)

_ z(2z? 4 5x 1) 323
@) = ——a = " a-a)

7 logz . (A.28)
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Finally, using the property of the Dirac equation

u(p2) [ (1 + P2)a — M e — 3152%(?1} u(p1) = muai(ps2)ioasq’u(p) (A.29)

u(p2) [%(pl +P2)a — M2 Ve — 7}2%%1} u(p1) = meti(p2)iocapg’u(pr) | (A.30)

we can rewrite the effective coupling in the gauge covariant form

g’e

—eu(p)Io(MNu(pr) = WUMU;ZH(W) [F,(N) (6°7a — daa) Pr
— i0agd? Gy (\) (mePy + mMPR)} u(py) (A.31)
¥ 926 * 2
—e I3 () WUHUM [F’Y(A) (q Yo — gQa) Py,
— i0a50" G (N) (me P+ my,Pr)| (A.32)

A.2 Calculation of the Z Boson Exchange Diagrams

In the type I see-saw scenario, the diagrams, which give one-loop correction to the
effective vertex [I'Z (I # I') are listed in the Fig. A.2. In this case, let us define the

effective vertex as

k k
g z g (7‘) — 3 (r)
I? = | — Diag.\" . A.
4cosl, ¢ 4dcosly Tz::a @ ; 18 (A-33)

Using the same trick like the previous case, we obtain the contributions of the diagrams

quoted in Fig. A.2:

2 r 1 L
i dz dy de dy o
I = 0,05, 5102 0, (m2Prya | L5550 —moPry | oy } (A4
87T2 Y] I R 0 D3(£}y) RY 0 Dg(x,y)y p ( )
() = Lot i [ L [0 ]
o 871'2 1Y w ] 7 @ 0 D3<I’,y) B 0 DS(x;y) « 5
2 1
c g %
ry = sﬂzUﬁUwcoﬁew[—vaPL{3ch-z_43£ drdyyk%[Dg@;yﬂ}
1,2
y° dx dy { o o
pr | 22T _9 9 _ 2um).
T PR | Datay) W T 2 T U = 2L+ p2 = 2P)ap +

+pp, 2, ) f] (4.36)
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FIGURE A.2: Feynman diagrams contribute to the effective vertex 1l'Z (I # 1').
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d _ Pyt Ma
Fg{) = 397 QUlel/ pQPL |:CUV —1- 2/0 df]}'(l - f]}') log [DQb(J:)]:| W
X Yo (2PL — 4sin? Hw) , (A.37)
2
o _ 9 P+ mp
Fg) = 397 QUZ’LU[’ Yo (2PL 4Sln 0 ) m pIPL
1
X [CUV -1- 2/ dx(1 — x)log [Dag(x)]| , (A.38)
0
2
) = o 2M2 UiUp; (1= 2sin? 0y,) [m? {(ma +mg) +v5(ma — ms)}
[ DYy 2y — {(mamg ) = 5(mamg - m)}
o Ds(z,y)
1 2
dx dy y I | 9 9
N /. N\ -2 aff T 5 « 0 ) T « - 3 «
0 Dg(x,y) (pl + p2 yp) p 2{(m m,3+m7,) ’75(771; mg mz)}’}/

X

{CUV 9 /O ' d dy ylo [Dg(x,y)]}] , (A.39)
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2

ry = i 2M2 UiUps; [m? {(ma + mg) + 75(ma — mg)} {Cuv

[ ) o
[ astog [Das(o)} — 22 {mam + 10 + satimams — )} (Cov

1 + me
- 2 / dz(1 — z) log [Dzb(x)]H Lﬂa (2P, — 4sin?6,,) , (A.40)
0 mﬂ
2 +m
rn = 9 ———U,Ujs; Yo (2P — 4sin®0,,) Py o > [m? {(ma + mp)

@ 6472 M2 m2 m,B
1

= astma —ma)} x f iy = [ dstog (Do) = B2 {(mamng -+
0

+  y5(mams — m?)} X {CUV - 2/01 dz(1 — z)log [Dga(x)]H , (A.41)

2 1

i) 9 TTE
F&) - mUlijUl’j [PR

dx d _ o
0 Wg,z)(%l —YP)va(py — yp) + §7aPL

1
X {CUV -2 2/ dx dy ylog D3F($,Q)H ; (A.42)
0

2 1

r = ~Tom 2M2 UiCisU [ m?m?’}/aPL

1

dx dy y

o Dsp(z,y)
1

+ mgm?PL

dx dy y dx dy y
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0 DSF('r y) (pg yp)’y ny L
1
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mamgYaPr
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Py — yP)va (P, — yp) — 5

— magmgPp,

X

1
{CUV —-1- 2/ dz dy ylog D3F($,y)}] ; (A.43)
0

where C’ij = Ze T U* U

In the case considered, the unitarity of the mixing matrix will eliminate the divergences

in the (e), (i) and (k) diagrams, the divergences remained also vanishes since:

r(Cyv)+T(Cuv) =0, (A.44)
rCuv)+T9 (Cov) + TP (Cuy) = 0. (A.45)

[0}

One can simplify the above results by keeping only the leading order terms that con-
tribute to the effective vertex:

b g9 2 2 y?
rieb)  — 53 ViU sin® Oy MEA; Int (D

3($7 y)> "YaPL y (A46)
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g2
e = o QUhUl/ cos? 0, Int [ylog D3(z,y)] 67aPrL, (A.47)
1 —2sin? 6,
rd 41 = g S UGUf —g——g— {Salnt [(1 - ) log Daq(a)]
a ™ POp
- Sglnt [(1 —z)log Dap(2)]} Yo PL » (A.48)
g .
re) = 1oz Uil A\i(1 — 2sin?6,,) Int [ylog D3(z,y)] VaPrL, (A.49)
PO 0 = 9 g MO 2S000) b @)
o o - ].6 Ta 2Vl Soc_Sﬂ a g L2a
—  SgInt[log Dap(x)]} Yo Pr » (A.50)
, g2
Iy = - ZULCi;Uf5; Int [ylog Dsp(x,y)] ~vaPr. (A.51)
rék = UlC, Ui MAM2 Int | ————| 7, P A.52
“ 162 S A " D3p(z,y) Tttt (4.52)
Performing the integrations with respect to x and y, the results read:
h g2
Iy = — 5 2UhUl, V(N Yo Pr, (A.53)
Pl = -0 5 (A.54)
AT T ) T 21— a2 BT ‘
) k 9
F((;) + Pg) = —@Uli@jUﬁj Gz(/\i7 )\j) Yo Pr (A.55)
1 [22(1—y) y*(1 - =)
G,(x,y) = - logx — =——=logy A.56
@ = Ty o) (1) (450
Then, we have the final expression for the effective vertex [I’Z (I # I')
g g’
I = UliU;j [51'sz()\¢) + Cij G.(\i, )\j)} YaPr. (A.57)

4cosf, ©  32m2cosby,
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l n; U l n; U

W~ wt W~ *X*
u d,s,b U m d,s,b : U
I
(a) (b)
l n; U l n; U
R : R N R : N : R
| | |
X as X X~
Y Y Y
|
u | d,S,b u u : dvsab : u
3 L 3 > 1 ]
(c) (d)

FiGURE A.3: u-type box diagrams.

A.3 Calculation of the Box Diagrams

There are two groups of box diagrams, which give contribution to the u — e conversion
rate. They are u-type box diagrams (Fig. A.3) or d-type box diagrams (Fig. A.4).
The virtual quarks participating in the u-type graphs are d, s and b, while the quarks
taking part in the d-type ones are u, ¢ and ¢. It is important to note that result of
the calculation of the d-type diagrams can also be applied to the box diagrams, whose
origins are d-type box diagrams with d quark replaced by negative leptons (e™, u=,77)

and virtual (u,c,t) quarks by neutrinos.

We introduce next a common function D4(x,y, z), which will be used in further calcu-
lation
Da(x,y,2) = (1 = 2)Mg + 2 {(1 = y)mi +ym3} + ..., (A.58)

where the dots stand for the ignored terms in the function which give subdominant

contribution to the form factor.

A.3.1 u-Type Box Diagrams

Let us start to calculate the u-type box diagrams. Using the result in [138] and ignoring

the subdominant terms, the contribution of the (a) diagram is expressed as:

My = L UV, Ve /1d:cd RC I MY TNY u(ps)]
(@ 7 Tgggz T tudy o CE WD @y, ) PV RIPITERS

X [a(p2) PRy v u(p1)] - (A.59)
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Using
[@(pa) PrpYaYou(ps)] x [U(p2) PRy u(p1)] = 16 [a(ps) Pryau(ps)]
X [u(p2) Pry*u(p1)] . (A.60)
the above equation is simplified into the form
U 4 ! (]- — Z) —
b = & T U Vaa, Vi, | de dy d2 BACEE) [@(pa) Pryau(ps)]
x [u(p2) Pry*u(p1)] - (A.61)

Performing the same calculations for diagrams (b), (c¢) and (d), we obtain:

4

u ) 2. 2 [~
MG, o = oy 2Ulel, d; ud / dz dy dz (x 72 mi;m; [U(ps) Pryau(ps)]
X [a(p2) Pry*u(p1)] (A.62)
u g' ! z(1—2) 2,2 -
G = 128 QUZzUl/ Vud, Vud / dx dy dz W mims; [@(p4) PrYau(ps)]
x [u(p2) Pry*u(p1)] - (A.63)

Summing up the contributions of the four graphs and carrying out the integrations with

respect to x, y and z, the result is easy to be obtained:

4
g . 1 z(1—2)
§ = 2 __UU;; SN ) Int [ S—2L
M(” 647T2M3,U“Ul Vad; Vad, [ <8+2 J) " <D4(:c,y,z)

L oM t(l);(lx_y))” [@(ps) Pryati(ps)] x [@(p2) Pry*u(p)]

4

g _
= 64 2M2 UllUl’ Vud] Vud FXBOI()‘M)‘ ) [@(pa) Pryau(p3)]
x [u(p2) Pry*u(p1)] , (A.64)
where
1 xy 1 x? 1 y?
Bow(ﬂfay) x—y{( + 4)[1—x+(1—x)2 ogx l—y (1—y)2 ogy

1 T 1 y
- 2xy [1—x+ (-2 logz — 1—y_ e logy]}, (A.65)
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W= w
d u,c,t d d d
l U l n; I
PRI
\)\/\
d d d P s /’U,, ¢t A N N d
> (;1) >
FIGURE A.4: d-type box diagrams.
A.3.2 d-Type Box Diagrams
The d-box diagrams are calculated similarly, the result of diagram (a) is:
g' o dy dz 2972 @oop
M(a) 128 QUhUl/ Vi, Vdu T ay az W [@(pa) PrYpYaYou(ps)]
x [a(p2) Pry vy u(p1)] - (A.66)
Using
[@(pa) PrpYaYou(ps)] x [U(p2) Pry" "y ulp1)] = 4 [u(ps) Pryau(ps)]
X [u(p2) Pry®ulp1)] . (A.67)
we have
gt 1
d z(1—2)
= ' dr dy dz ——— Pra
Mo ~39x 2U“Ul Vdu]Vdu /0 x dy dz Di(2.7.2) [@(ps) Pryau(ps)]
x [a(p2) Pry*u(p1)] - (A.68)
We also have expressions for diagrams (b), (c¢) and (d):
d g* ! 2(1=2) o o5
MG, o = ~64n == UuUpiVau, Viu, dz dy dz W mim; [u(ps) PrYau(ps)]

X

[@(p2) PRy u(p1)] (A.69)
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Ml = 9 g v v [ ardy a2 2e? )P
(@ = T ggpz livviVduVau, | O GY 0F 5 o M [@(p4) Pryau(ps)]
X [u(p2) Pry®u(p1)] - (A.70)

Summing up the contributions obtained above, we arrive at the final expression of the

the d-type diagram form factor:

d 4
d g * * 2 1 Z(l — Z)
= —— 55 YuUp;Vdu; AME 24+ =M ) Int | ———
;M(r) 647T2M3] Ui Uled gvdu] [ w ( + 2 J) n <D4(a;,y, Z)
4 2(1—2) — _ o
+ 2MyAiAiInt | —5—— || [@(pa)Pryau(ps)] % [a(p2) Pry*u(p1)]
D4(x,y,z)
4
g * * _
garzarz VUi Vau Vi, Fxpox(Ais Aj) [W(pa) Prau(ps)]
X [a(p2) Pry*u(p1)] , (A.71)
where
1 Ty 1 z? 1 y?
oz \4L) = - 14+ —= ] — _ 1
Frale) = 2 {0+ [+ e - 1 - g e







Appendix B

See-saw Type II Form Factor

B.1 Lagrangian and Feynman Rules

We start this section by writing down here the interested part of the see-saw type 11
(Higgs triplet model) Lagrangian involving the interaction between leptons and heavy

charged scalars:

1 1
Eint = §(yN)ij é§€j£++ +—= (vgej +ézcl/j) §+ + h.c 5 (Bl)

V2

here (yn)i; is two times bigger than h,;, which was introduced in eq. (2.53).

In the framework of this calculation, we use the following Feynman rules:

- Vertexes
o ; vi & '
%(yN)ik Pr, (B.2)
o L&
i(yn)ix PrL (B.3)
o §*(p) £(') Aa
ige e (p+ e s (B.4)

i € Va - (B.5)
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l Vg U l Vg U
- +
v > > v
(f) (g)

FIGURE B.1: One-loop diagrams contribute to seesaw type-II form factor.

- Propagators

e Fermion field .
7
F—m+ie’

(B.6)

e Scalar field _
)

—_ B.
k2 —m?2 + e (B.7)

Here g¢ is the heavy scalar charge, and e is the electromagnetic coupling constant.

B.2 Calculation of the See-saw Type II Form Factor

At order of one-loop correction, the Feynman diagrams which contribute to the form

factors are shown in the Fig. B.1.

From the Feynman rules listed above, the contribution of the graph (a) (see Fig. B.2)

is easy to be written down:

Ak Tr [(1152 k) + mk] Vu [(pl — )+ mk} P

, (B.8)
(2m)d [(p2 — k)2 —mZ] [(p1 — k)? — mi] (kz - M?“)

A = i(ya) e (U ) s /

where, © is an arbitrary mass dimensional parameter and e =4 — d.
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e

p1 p1—k po—k P2

FIGURE B.2: Diagram (a)

Using Feynman parametrization

1 ! ! 1
:/ dx/ 2y dy 35 (B.9)
abe Jo o Jo {a(l =) +ba}y +c(1 - y)]

_ _ 2 _ .2 _ )2 02 _ 1.2 _ 2 : :
for a = (p1 — k) —my;, b= (p2 — k)* —mj and ¢ = k* — M _, we rewrite eq. (B.8) in
the form

1 1 d
d*k NM
A = i(y%)e 5/d/2d/ . B.10
0 = (YN ) ek (UN) uk 1 L4 2y | Soa g Ay (B.10)
Here,
2A0(d — 2
NM = Py O(d)kz + A — y(A21 + xAQQ) + y2(A31 + xAs9 + a:2A33) , (B.ll)
1
Ao = ALK Ay = miy, TPy Ao = P vy T Py

Asz = Py — Py Ast =Py Ase = =20 ) TPy T P
Asz = Py Vupy + Py Vuby — PyVuPy — Py Yy s

A?=(1-y)C+yB—y(l—y)A, (B.12)
A= Mg__ [—ra? —z(sy — 71 —8.)+s,], B= Mg__ [—ra? + 1z + 5] |
2 2 2
2 Me, M q
C=M__, Seu= Mgfi , Sk = Mgﬁ , r= _Mg,, . (B.13)

Performing the integration with respect to the phase space, one obtains the following

equalities:

d°k 1 )
/ @m)d (R — A2~ 3272A2 (B.14)

2(d — 2) E/ dek k2 i 5
= —1-logA?) . B.1
"] emigE—an ~ 1ee (G0 08 ) (B.15)
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where, the ultraviolet divergence Cpy is
2 2
Cyv = — + log4dmp”, (B.16)
€

and v = 0.5772 is Euler-Mascheroni constant.

Substituting eqs. (B.14) and (B.15) into (B.10), after simplifying the result obtained,

the formula becomes:

A A P, Ag P
Aff) _ 4o (yN)legT(rgN)uk L(CUV_l)Jr (yx) ;l;zyN pk L/ dx/ dy y log A2
* P 1 1
+ (W )e (9) P dz [ dy[Ary — y* (A1 + zAs)
1672
0 0
+ P (Ags + Az + 22 Asgg)] - (B.17)

To carry out the integration with respect to x and y variables in the above formula, one
has to expand the function A in term of leading and subdominant contributions. For
A? = CO(1 —y) + By — Ay(1 — y) with C > A, B, we have approximations:

! 1 3 1A 1B B, B
dy ylogA%? = ~logC — = — - = — ~— — log —, B.18
/0 y ylog 20g 1730 30 g (B.18)

1
y 1 B B 2B, B 54 A. B
dy —= =——=|1+1log— —log—=+-=+ =log B.19
/OyN clitectet e Tac et (B.19)
1 2 r
213 B 5B 3B B 1TA A B
dy ~w=—-——=|=-4log=4+—=+ —=log—=+ ——= + =log—= B.20
/OyN clattc et e, c T s T c®C (B:20)
1 3 '
Y 1111 B 13B 4B B 31TA A B
dy = =——=|—+log=+ —+ —1 ——+ —=log—| . (B.21
/0 vaTo|g et el tneteles) s B2
Applying the above equalities, while keeping in mind new notations
B A
B'=——, A= , (B.22)
M M?
&~ £~
then the eq. (B.17) can be rewritten as:
Ao (%), P
Afta):_ O(legizN)ﬂk LCoy =)+ L+ L+ 13+ 14, (B.23)
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Ar (yh)er(yn) P [ PN /
I, = — 1+ B +=-A 142 log B
1 167r2M§2,, /0 dx +B g + (14 2s; + s,) log
+ (3r —sy)zlog B’ — 3ra*log B'] | (B.24)
(YN ek (YN) uk Pr /1 3 5, 17,
I, = dr |(A A —+-B'+—A
2 167r2M§2,, ; T | (A2 + Agox) 5 + 5 + G

+ Ao (1+3sg+ s,)log B 4+ {A21(4r — s,) + A2a(1 4 3sy + s,,) } xlog B’
+ { Ao (4r — se) + A (dr — 5,)} 2% log B' — Aga(dr — s¢ )2 log Bl , (B.25)

(YN )ek (UN) uk Pr /1 o (11 13, 37,
I = — dz | (Asy + Az + Asgza?) [ — + =B + 244
3 167202 L (As1 + Asaz + Agzx”) s T3B 3

+ Agl(l + 4sy, + Sﬂ) log B+ {A31(57” — 8“) + A32(1 + 4sy + 8#)} x log B’
+  {As3(1+4sp + s,) — Az1(5r — 5¢) + Aza(5r — s,,)} 2% log B

— {A32(57 — s¢) — Aszz(5r —s5,)} z3log B’ — Ass(5r — se):c4 log B’] , (B.26)
A (y}‘\f)elc(yN)ukPL ! 1 3 T, 1, /
I = d —logC——-—-A"—_-B"| —s;logB
1 82 /0 TI\2 Y T T3 T ok 108
— rzlog B +ra’log B']. (B.27)

Taking the integration with respect to x, then keeping only the leading terms, after

rearranging the result, one gets:

N)e P, (UN)ekUN)ukYuPrL (1 Br s Se+s
Ao~ W) YN)ur L N w v Pr (150 s .
a 3272 Cov + 1672 173 2 6
1 r (Un)ek(YN) urPrL ) fr, sk)
— —logM? + — N 2 _2 )
3 log M7+ 5 £ (r 3’“)> * 16m2M2 %67 6

A e 1% P 1 r,Ss
<Py P p,) — (le)Giggj\Zz)_f : <36 + 1t 6 k)> Prupy

(YN ) ek (UN) uk PL <17 f(r, k)

* 1672 M2 _ 36 6 )%W%- (B.28)

Here, the well-known function f(r,sg) is

45y, e 45y, T+ dsg + /1
=— +1 1—-— 1+ — log——. B.2
oo =25 tog(sn) + (1= 2] 14 B0 a0 YL BEVE (g

Similarly, we also have the contribution of the diagrams (b) (see Fig. B.3) to the form

factor
dik Pr(F+ my)Pr(p1 + p2 — 2k),
Cm (k2 = m2) |2 — k)2 = MZ_] [(pr = k)> = ME
(B.30)

AP = =20y )er (N ) it /
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p1 p—k pa—k P2

Ficure B.3: Diagram (b)

After using the Feynman parametrization, eq. B.30 becomes

ddk’ Pr NM
A(b) - _2Z(yN ek Z/N uk / dx/ 2y dy/ k'/2 A2)3 ) (BBI)
E'=k—[p(1-ux) +p2w] Y, (B.32)
A? = [pi(1—a) +poal’y® + M{ _y+mi(1—y) — [p{(1 —2) +pse]y.  (B.33)

For M¢-- > my, in order to expand A? in leading and subdominant terms, one has to

change y — 1 — y. After changing the variable, we have

1 1 ddk‘ll Pr NM
b) _ S0k R

MY = <2t )estom)e o [ dn [ 20—y dy [ SRS B3
K=k —[p1(1 — ) + paz] (1 — y), (B.35)
A’ =(1-y)C+yB+Cry’ +Coy+C3, C=M; _, (B.36)
B = ME,,( re? +re+s;), Cp= 5” (- ra? 4+ x(se +r — 8,) + su] »  (B.37)
Cy = 5__ [37‘$ +x(sy —3r—se) — sy, Cs= 5__7’x(1 —x), (B.38)
NM = —=k + (1 =y)Bi+ (1 -y)"B2, Bo=—, (B.39)
By = (1 —2)(p,p1u + P, p2u) + (Pop1u + Popou) » (B.40)
By = -2 [(1 - x)Qplplu + (1 —2)p,p2p + (1 — 2)popr1p + @ prQM] . (B.41)

Using eq. (B.14) and

2 . [ d% k2 o )
a’ / (2m)d (k2 — A2)3 ~ 3272 (Cuv —logA%) | (B.42)
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A&b) is arrived at:

y _ WN)ek(YN)uPr (1—y)?
AP = 87r2’~‘ / / dy[ A2 Bi+ s B
. P
+ (1—y)BologA?] + Wx)ern)ukPr g (B.43)

1672
(b)

The final expression for A;” is obtained after performing the integration with respect to

the Feynman variables x and y:

AB _(yfv)ek(yN)ukvuPLC (UN) ek (UN) uk Y Pr TSk Se+ Sy
p 1672 vV 82 4 18 2 12

1 (yn)ek(UN) kPR (PP1p OPiP2u  SPoPiu  PoD2pu
— SlogM?) - = g ! L 2 221 (B.44
9 %8 ) 82 36 "6 s o ) B4

Here, one has used the approximations:

1 1 B 1 (s Cs 1
dy(l —y)logA? = -+ — 4+ — + = 4+ — 4 ] B.4
/0 y( y) log +20+30+20+C’+ ogC, (B.45)

1 2
-y 111 B G G G
/Ody AZ T Cl2 20 3¢ 20 C|° (B.46)
1 3
-y’ _ 1J1 B G G G
/Ody A2 C|376C 120 6C 20]° (B.47)

Let us continue by calculating the diagram (c). From the Fig. B.4, applying the

Feynman rules quoted above, it is not difficult to have

d P, +m
AP = (yzv)2 (yNguk e / ;i kd R Ky + 110 (B.48)
mi —mg (2m) (k2 —m2) [(pg — k)2 Mg__
-

o kT
H :I llcc \ (&
p1 P2 k D2

q
v

FIGURE B.4: Diagram (c)
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After few steps of modifying, eq. (B.48) becomes

A© — ;YN ek (YN) uk s/ d'k' (1 — x)(mZPg +mumePr)y, (B.49)
H m/% _ mg (27T)d (k/2 . Ag)Q ) .
E=k+(1—x)p, AZ= Mg__(l —z) +mix —miz(l —z). (B.50)
To arrive at eq. (B.49) expression, we have used the Feynman parametrization
1 ! d
— = / SR (B.51)
ab o [a(l—x)+ bzx]
for a = (pg—k)Q—Mg__ and b= k* —m2.
Performing the integration in D dimensional phase space, the result reads
5/ A’ ! _ ! (Cuv —log A?) (B.52)
Pl emd (2 —A2)2 ~ 16q2 UV T B2 ‘

Substituting eq. (B.52) into eq. (B.49), it is easy to get

(c) - _ (yN)ek(yN)y,k (mePR + mumePL)’?ﬁu B / - )
Ay 3972 mZ —m2 Cuy —2 ; dz(l —z)log AZ| . (B.53)

The contribution of the (d) diagram to the form factor can be obtained directly from

eq. (B.53) by exchanging m. and m,. The result is straightforward

* 2 1
o Wa)ek(n)un (M Pr 4+ myumePr)y, )
AEL) — 337 g Cyy —2 ; dr(l—z)log A, |, (B.54)
(B.55)
where
A2 =M (1—x)+miz—mia(l—x). (B.56)

After expanding A, , in a series of leading and subdominant terms, the integrations

with respect to x in eqs. (B.53) and (B.54) are easy to be carried out, the results read:

! 1 11 1
/Odw(l—x)logAE:QIOgMg—4—636+2sk, (B.57)
/1da:(1—w)lo A2 =Lz J1 oL L (B.58)
0 80T g8 M- T T g T gk '
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Using above equations, while keeping in mind equality y,mem, Pr = Prp,7up,, the sum

of the diagrams (c) and (d) becomes

5 Py Wa)er (YN )y L (1, 1
A© LA — (yN)ek(yN)uk'Yu N/e bk Tp | 2 4
po T A 3272 Cov + 1672 2 8 - 4
Set+s, 1 () ek (UN) e PR Py
_Z ) B.
T % 28’“> T 6 (B.59)

The effective coupling, which is contributed by the doubly-charged scalar is now straight-

forward to be obtained by summing up the results of the first four diagrams

d
AE =3 AD = A (2 ) (B.60)
1A (6 (y}kv)ek(yN) RIGED) 2
Aff )= 1672 . 6M§,, (}7’17/1]2’1 = PiVuPy — P Vuly Tt PPy — Tud ) Pr,
(B.61)
22(677)  _ (YN ) ek (YN ) Y PL T Set sy (Wi )ek(Yn)ue P _
Ay 1672 %676 )7 1om 36M7__ ( Py

Prvupy + 2395y = 5Py Yupy — 21 P1w — 10p pap — 10p,pry — 2p2p2u) :
(B.62)

As a property of the form factors with photon exchange, it is possible to write egs.

(B.61) and (B.62) in the gauge covariant forms. For 1Al(fﬁ), after using

4yt = =+ 20u07" (B.63)
the formula is arrived at
— (YN ) ek (UN)
AT = ——4]\527:2 s Fsk) (6 — auy”) Pr, (B.64)
2

which is gauge covariant as being expected.

For the case of QAl(f__), one has

2A£§“) ~ Y (=07 = 6mE = 6my) + 5P, vy + Py vy, — 239, by + 5P, Py + 2P 1
+  10p,p2 + 10p,p11 + 2P, D2y
= Y [ZTmE =T’ + 2(p1p2)] + 129, (p1 + p2) + 12, (1 + p2) — 10p, 1
10§, P2 — 2 Pop — 2501 + P, Vupy + 5Py Vuy + Py vuby — 23P, upp, 5 (B.65)
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20(677) — (y}kv)ek(yN)uk

" a 487r2M§__

(P + o) (P1 +p2) — (m? + mi)’m = 2p,up, | Pr - (B.66)
Here, to obtain eq. (B.66) from eq. (B.65), one has used:

Pan = %@W + P = %ww +udp) = i(mgz + gV + Pdve +udp) . (B.6T)
7#@1?2 + ?2?1) + %@1?2 +P23ﬁ1)’m = 2(171192)7# . (B.68)

From eq. (B.66), it is straightforward to have (see eqs. (A.29) and (A.30))

u(p2) 2AET) u(pr) = W u(p2) [mePriouwq” + muPriou,q”lu(pr), (B.69)
-

or

- (YN ek (YUN) ks o .y
QAE ) = — W (mePriouq” + myuPrio,.q") . (B.70)

In the same way, it is not difficult to calculate the diagrams (e), (f) and (h) with the

participation of singly charged scalar, the result reads:

h
, , o« (=

A = 3 AD E) 4 206 (B.71)
i=f

1A (& (YN )ek(UN)uk /o v

A = 487r2z\;2, ("9 = dpa”) P, (B.72)

QAL?) = —W [mePriou,q” + muPrio.wq”] , (B.73)

i

Finally, gathering the results of the calculation, we have the one-loop form factor for

type II see-saw model (HTM) with the participation of both singly and doubly charged

scalars:
1 (y}kV)ek(yN)yk 1 f(r Sk) 9 ,
A - - v P ) B74
g 4872 oME " ME (@ — awe”) Pr (B.74)

20 _ _(yTV)ek(yN),uk< 1 1

e 487T2M§, 8M§, e

) (mePriouq” + myPriou,q”] . (B.75)
-
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