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Abstract

We present a slightly modified prescription of the radial pullback formalism proposed previously by R.
Manvelyan, R. Mkrtchyan and W. Riihl in 2012, where authors investigated possibility to connect the main
term of higher spin interaction in flat d 4+ 2 dimensional space to the main term of interaction in Ad Sy
space ignoring all trace and divergent terms but expressed directly through the AdS covariant derivatives
and including some curvature corrections. In this paper we succeeded to solve all necessary recurrence
relations to finalize full radial pullback of the main term of cubic self-interaction for higher spin gauge
fields in Fronsdal’s formulation from flat to one dimension less AdSy;41 space. Nontrivial solutions of
recurrence relations lead to the possibility to obtain the full set of AdS;4; dimensional interacting terms
with all curvature corrections including trace and divergence terms from any interaction term in d + 2
dimensional flat space.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

0. Introduction

This rather technical article is devoted to cubic interaction of the higher spin gauge theory in
AdS4+1 space. So we start this introduction just pointing some interesting and important things
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for us sending readers for recent and not so recent reviews [1—10] on the state of arts in higher
spin gauge theory.

Construction of an interacting Higher Spin (HS) gauge theory is a kind of task with some
permanent background interest during more than the last thirty years starting from early work
[11]. Periodically, one can observe growing interest to this object of investigation mainly real-
ized as some success in the construction of cubic interaction in Ad S or flat background and in
connection with AdS/CFT and HS gravity in various dimensions. These attempts were always
attractive as one more way to relate quantum theory with General Relativity and investigate HS
gauge fields on the same shelf with gravity or understand the uniqueness of gravity (spin 2 field)
in comparison with other members of HS hierarchy. Because we are focused in this paper on
the cubic interaction, it is worth to recall that even though consistent equations of motion [1]
for interacting higher spin fields are known for many years, the action principle for these theo-
ries remains unknown. The usual method to construct this interacting Lagrangian was to develop
Fronsdal metric formalism for free fields [12]. The crucial point here that during perturbative
(Noether method) construction of interaction for HS models we came in parallel to perturbative
deformation of the free fields gauge transformation and the certain difficulties connected with
the locality of the theory beyond cubic order (see [13—18] and references therein). So we see that
cubic interaction up to now is the main building object of HS interaction and not all problems
are solving in a fast way even on cubic level. For example, the light-cone gauge construction and
classification started from the eighties of the last century for four dimensions [19] and continued
and finished by Metsaev [20] during the first decade of current century for arbitrary dimension
and even with some interesting results during last years [21]. The covariant approach went even
slowly: after seminal work of Berends, Baurgers and van Dam in 1985 [22] and then Fradkin
and Vasiliev in 1987 [23] the cubic interaction and classification of vertices came to the center of
interest again in 2006-2012 [24-37]. This development in particularly brought to interesting and
elegant formulation through the generating function [35,37] and connection with String Theory
[35,36]. It is worth to mention also that all these activities supplemented with the parallel de-
velopment of Vasiliev’s frame like formalism to cubic interaction in AdS space [38—40]. It is
interesting also in these aspects that covariant classification of cubic vertices was done for parity
even dimensions d > 4 in [33] but classification including parity odd vertices for four and three
dimensions was completed only recently in [41-43]. The last point we want to mention here is
that although cubic interaction in AdS space has formulation developed in ambient space some
years ago [44-48] the direct formulation on the language of Ad S, covariant derivatives is still
unknown and realized before in [48] for some simplest part of interaction only. From other side
realization of the Noether program directly in AdS space [49] is also extremely difficult due
to noncommutativity of covariant derivatives in space with constant curvature. Therefore at the
moment, the only way to see this interaction in AdS space directly is to continue the approach
defined in [48].

So the main purpose of this article to complete the first part of the program defined in [48]
where authors considered a version of the radial reduction (or pullback) formalism to obtain
a cubic interaction of higher spin gauge fields in AdS;41 space from the corresponding cubic
interaction in a flat d + 2 dimensional background. The crucial point in [48] was to write Ad Sg+1
cubic interaction terms directly in d + 1 dimensional space using AdS;4+1 covariant derivatives.
This was done there only for main term and Ad S, curvature corrections without trace terms.
The result was enough elegant but expressed only one simplest type of correction terms. Here
we complete setup proposed in appendixes of [48] for all correction terms coming from main
(in other words transverse and traceless) term in flat space. The key point of this paper is that
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we succeeded in formulation and solution of the corresponding recurrence relations to complete
radial pullback from d 4 2 dimensional flat ambient space to AdSy41 in all orders of curvature
expansion including all possible trace terms. Another important point of this consideration is that
we constructed general pullback prescription for objects with higher derivatives of higher spin
gauge fields to realize corresponding reduction for all other terms of cubic interaction pushing
this important remaining task of our program in the field of just technical work which can be
done in the future without additional difficulties. This we are left for future publication.

In the first section, we presented and applied the correct radial pullback procedure for the free
field reconciled with gauge invariance. Our formulation slightly differs from approaches used in
[44—48] but completely equivalent them and more suitable for application to cubic interaction.
In the second section we considered pullback for the high power of flat derivatives of HS field in
d + 2 dimensional space to power of covariant derivatives in AdS;41 which is the most impor-
tant ingredient of cubic interaction. Doing that we solved all necessary recurrence relations arose
from noncommutative algebra. In the third section using the result of previous one, we completed
pullback of the main term of cubic interaction with all AdS corrections supplemented by corre-
sponding trace terms. Some technical details of calculations and useful information about cubic
interaction in flat space we placed in four appendixes.

1. Prescription for radial pullback and free HS gauge fields in AdS

In this section, we present a short review of the radial pullback technique proposed and de-
veloped in [50] and applied in detail to the free higher spin case in [51,48]. We start from d + 2
dimensional flat space with coordinates X4 and flat SO (1, d + 1) invariant metric

X4 A=1,2,....d+2, (1.1)
ds® =napdXAdX® = —(dX9TH? + (@XNH? fdXTdX y;. (1.2)

To recognize Euclidean Ad S, hypersphere inside of this Ambient space we should define the
following coordinate transformation to a curvilinear coordinate system X4 — (u, r, x'):

1 1 .
X2 = ¢l + ;(L2 +x'x/7ij)],

1 1 o
X = ¢l = ;(L2 —x'x/nij)],

i

Xi:euLx—, (13)
r
1 .
ds* = L*e*[—du® + — (dr* + dx'dx'n;))]. (1.5)
r 4

The restriction e = 1 leads instead of coordinate transformations to the usual embedding of
the Euclidean AdS;1 hypersphere with local coordinates x* = % x') = (r,x') into d + 2
dimensional flat space.

In other words, we can define the Jacobian matrix for transformation (1.3) in the following
compact form:

ax4
Ejpu,x") = - =eey (x"), (1.6)
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axA4
EAu,x") = - =X, x") = e“Ln’ (x"), (1.7)

where due to (1.4) the d + 1 tangent vectors { e;‘ (x)};‘i=0 and one normal vector n (x)
n*(x)ep (x)nap =0, (1.8)
ntn® (map = -1 (1.9)

for embedded Ad Sy space define the standard induced metric g, (x) and extrinsic curvature
K,,»(x) for our embedded Ad Sy space:

L 2
guv(x) = el (V)el (V)nap = (x—()) S (1.10)
and
duef () =T}, (9)ey (x) + Ky (x)n (x), (1.11)
where
1
A A(AdS A
F,w(g):ru(y ) = Eg p(augvp+augvp_apguv)s (1.12)
Ky = gZ”. (1.13)

So we see that Ff‘w(g) is usual Christoffel symbol constructed from induced AdS;4+1 metric
and therefore we can introduce AdS;41 covariant derivative V,, and rewrite (1.10) in convenient
form:

Vel (x) = Ky ()n? (x), (1.14)
Kuw(x) = et (x)duna = —naVyeld (x). (1.15)

Therefor to restrict our flat theory to AdS hypersphere we should first formulate d + 2 dimen-
sional field theory in the curvilinear coordinates with flat e (Ad S4+1 X Ry) metric

ds® = e[~ L?du® + g, (x)dx"dx"] = Gy ()du® + G 1 (u, x)dx"dx", (1.16)
where

Guu() = EAu, x")EB (u, x")nap = XA X 4 = — L2, (1.17)

Guv=E}} (u, x")EL (u, x")nap = > gy (x), (1.18)

and then define the correct prescription to go from theory in flat curvilinear space defined by

Jacobian matrix E If‘, E ,’j to the theory with negative constant curvature on the level of d + 2 x

A

d + 1 embedding matrix e:; or induced metric g,,(x) getting rid of normal components along

"
of n. The most simple check of this statement we can obtain calculating Riemann curvature of

the embedded hypersphere. To perform this we should first derive differentiation rules for Frenet
basis using (1.13)-(1.15):

Vet (x) = g’“T(x)nA(x), (1.19)

dun(x) = %eﬁ(x), (1.20)
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and then taking commutator:

A A A
[V, Vile =R, ; ep = KinK] e, (1.21)
we get the standard expression for AdS;41 Riemann curvature and Ricci tensors
1
Ryps’ == 7581085 — 81287). (1.22)
d dd+1)
Ruvlz_ﬁguv’ R:é’MRW\:_T‘ (1.23)

Turning to higher spins in flat ambient space we should introduce first the following conventions.
As usual, we utilize instead of symmetric tensors such as hgl) As. A, (X) polynomials homoge-
neous in the vector a? of degree s at the base point X

S
hOX:a) =Y ([Ta*n§) 4 X). (1.24)
A i=l
Then we can write the symmetrized gradient, trace, and divergence'
Grad : h)(X;a) = Gradh“TV(X;a) =a%9,h (X: a), (1.25)
Tr:h(X;a)= Tri® 2 (X;a) = = 0.h(X; a), (1.26)
s(s —
1
Div:h®(X;a) = Divh* "V (X;a) = —n*B8,40,5h(X; a). (1.27)
s
Moreover, we introduce the notation x*, *i, ... for a contraction in the symmetric spaces of
indices a or b
! 1 < AB =
*;A:WH 3 B s (1.28)
i=1

So we should fix two important points to perform correct pullback of higher spin theory from
flat ambient to one dimensional less AdS space:

e We should fix the ansatz for d + 2 dimensional HS field in a way to get from one spin s field
exactly one spin s field in AdS;+1. The natural condition here sends to zero all components
normal to the embedded hypersphere

nA R x") ~ XA xRS u,x?) =0, (1.29)

A

e Our auxiliary vector a”* is constant in flat space

a’t =E,f (u, x)a" (u, x") + Eﬁ (u, x)a" (u,x")
e (Ln (x)a" (. %) + ek (¥)a" (0, ) ) (1.30)
dgat =0, (1.31)

but in curve AdSgi41 space there is no possibility to get covariantly constant vectors.

I'To distinguish easily between “a” and “X” spaces we introduce the notation d4 for space-time derivatives % and

9, for derivatives in a space.
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This means that ansatz for HS field itself is not enough for getting correct pullback for ob-
jects with derivatives contracted with constant vector a. From the other side we have in hand
curvilinear metric (1.16)-(1.18) which we can invert and then easily invert the Jacobian matrix

(1.6)-(1.7)

—2u
uu _
G"(u,x)=— 77 (1.32)
GM’(u, x) = e g (x), (1.33)
B e
Ej(u,x)=E,; (u,x)napG" (u, x) = — 7 na(x), (1.34)
Ely(u,x) = EF (u, x)napG"" (u, x) = e~y (x), (1.35)
where g/ (x) is inverse AdSy41 metric and e’y (x) = ef (x)napg™’ (x).
Then our flat-space derivative in (1.31) after coordinate transformation is:
—u
0a = EA(u x)d, + EX AU, x)0n = _eL na(x)0, +e " “(x)axu (1.36)

Substituting this in (1.31) and taking into account (1.30), (1.19) and (1.20) we obtain the follow-
ing four relations for derivatives of components a“(u, x), a" (u, x):

oga(u,x) +a"(u,x) =0, (1.37)
duar (u,x)+a"(u,x) =0, (1.38)
1
dua" (u, x) + —au(u, x) = (1.39)
Vua'(u,x)+ SZa”(u, x)=0. (1.40)
First two equations we can solve directly:
a(u,x)=e"a"(x), (1.41)
at*(u,x) =e "a"(x). (1.42)

Substituting these solutions in (1.30) and using restriction (1.29) we see that in curvilinear coor-
dinates our ansatz leads to the following relation:

hOX.aP)y=hQ,  (X)atat . o™

A1As.. XA=(u,x“),nAh£\s')”=0
— () s — ()
husmz s (u, x)a" (x)a*?(x)...a" (x) =h'" (u, x, a*(x)), (1.43)
where:
B i @) =0 0w, x)enl (en2(x) .. e (x). (1.44)

This is correct pullback of spin s tensor field from d 4 2 dimensional flat space to Ad Sy space.
The only reminder about flat space we have here is u-dependence of d 4+ 1 dimensional field
components in (1.44)

The initial gauge variation of order zero in the spin s field is

Sh (XA, a™) =s(a9x)e“ V(x4 ah), (1.45)

with the traceless gauge parameter for the double traceless gauge field
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O,ae V(x4 a%) =0, (1.46)

02,k (x4 at) =0. (1.47)
Then combining (1.30) and (1.36) we obtain due to (1.42)

atdaeC V(XA at) = e (a" (1) 3y + @t (x)xn ) €57V (u, x; @ (x)), (1.48)
where parameter € =1 (X4; a4) obeys to the same type ansatz rule as the 1) (X4; a*) in (1.43)

V(XA at) =V, xra (). (1.49)
The next important observation is about derivatives dx»x = 9, in respect to AdSqy1 coordinates

xt:

e First note that we mapped scalar object in flat space constructed from X-dependent tensor
contracted with constant vectors a? to the scalar object in curve space constructed from
x-dependent tensor contracted with x-dependent vectors a*(x). So as a result we obtain in
r.h.s. of (1.48) ordinary derivative dyu

e To see appearance of the Ad S, covariant derivatives we should use Leibnitz rule in curve
space and conditions (1.39), (1.40):

A (Ty(x)a" (x)) =V, T, (x)a” (x) + T, (x)Vya"(x)
0
= (V. Ty (x))a" (x) — Ty, (x)a" (x) = (V. T, (x))a" (x) — a”(x)M—M(Tu(X)a")- (1.50)

From this example we see that instead of x-dependent vectors we can use formally
x-independent vectors a” (and component a* also) and split AdS space from formal a*
space inserted only for shortening symmetric tensor contractions and symmetrizing proce-
dures just like in the Cartesian case. But at the same time according to (1.50) we should
replace the usual derivative with the following operators in Frenet basis:

04 => (e "0y, e "), (1.51)
u a#
dy=>Dy =V, —a“dm —ﬁaau, (1.52)

where V, is AdS covariant derivative constructed from the Christoffel symbols (1.12) with
the following action rule:

V,Lh(s) (u,x;50) =Vyuhy . u @, x)a* a? . ats. (1.53)

So from now on we have instead of usual differential operator and coordinate dependent
auxiliary vector components “constant” objects a" and a* and covariant derivative operator
(1.52) working on rank s symmetric tensors as operators working in both x and a spaces.

Then we can write (1.48) in the form:
a*dae" V(X aty =7 (a"B, +a" Dy) €V (u, x5 a™)
=e " [a" @y —s + 1D +a"V,] eV, x;aM). (1.54)

Using this and restricting the dependence on additional “u” coordinates for all fields and gauge
parameters in the following (exponential) way
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S (u, x*; a™) = e pS) (xH; gty (1.55)
€D, xH; aty = et e 5D (k1 gy, (1.56)

we obtain from the (1.45) the following relation

M SHS) (X gty = e PBeDug [a”(AE —s+ D+ a“Vﬂ] €SV (x;aM). (1.57)
So we see that for getting from gauge transformation in d 4 2 dimensional flat space (1.45) the
correct AdS;41 gauge transformation

Sh) (x#; @) = sa™ V€57V (x; a), (1.58)

we should fix the last freedom in our ansatz in unique form

Ac=s5—1, (1.59)
Ap=Ac—1=5-2, (1.60)

which is in agreement with consideration in [44—47].

After all, we can formulate our final prescription for radial pullback in the massless Ad S case
slightly differs from our reduction formulated in [48] and can be summarized by the following
three points.

1. Expand auxiliary vectors a using Frenet basis for embedded Ad S space (1.30) and take into
account u dependents (1.41), (1.42) for components normal and tangential to the embedded
hypersphere coming from condition (1.31) and formal x* independence explained above.
Finally, we have the following embedding rule

a® => Ln (x)a" +el‘j(x)a“. (1.61)

2. Replace all derivatives in the following way:

dg=>e " <—”AL(x) O+ eg(x)Dﬂ> : (1.62)
where D, defined in (1.52).

3. Restrict the dependence on additional “u” coordinates for all fields and gauge parameters in
an exponential way with corresponding weights (1.59) (1.60) to preserve gauge invariants
during pullback.

Note also that our reduction rules here slightly different from rules, formulated in [48], es-
pecially in the area of “u” dependence. This happened because we used direct solutions (1.41),
(1.42) and keep derivative 9, unchanged. In [48] we removed exponential factor e a front of
derivatives and all a* and a* vector components, replacing radial derivatives also with opera-
tor 9, — a"d,u — a*9d,e working in both u and a spaces. In that case scaling behavior of field
components and parameters are different from our here and in [48].”

In any case, the final result is the same: After some straightforward calculation using our
reduction rules we can prove that d 4 2 dimensional gauge invariant Fronsdal tensor

2 in[48] we had Aj, = Ae =2(s — 1).
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FOXA ah) = 0a02h (XA a™) —ada (aBath“)(XA; at)

1
- E(aBBB)DaAh(S)(XA;aA>, (1.63)
reduces to the AdSy41 gauge invariant Fronsdal tensor
FO (s a) = 0a41h® (6 a)

1
~@"V)[(7"9)h") (x:0) = 5@ V) D (s 0t |

1 1

—ﬁ[s2 +5(d —5) —2(d — 2)1h" (x#; a)) — ﬁa“auljauh(s)(x“; ah, (1.64)
in the following way

FOXA; at) = FO (x;aM). (1.65)
Supplementing this with the reductions for field (1.55), (1.60) and for integration volume:

/dd+2X = /dudde«/—G =L f dud®™'x Jgel TP, (1.66)
we obtain the following reduction rule for Fronsdal actions:

Solh® (XA a™)] = [L / due(d+2S4)“:| x So[h® (x*; a™)], (1.67)
where

So[h(s)(XA;aA)]:/deer[_ Eh(é)(XA;aA)*aA FOXA; ot
+ —8s(s — I)DaAh(s)(XA;aA) £, DuA]:(s)(XA;aA)]’ (1.68)

1
so[h(f)(xﬂ;aﬂ)]=/dd+1x¢§[— Eh(s)(x;a“)*uu FO(x;at)

1
+ mDauh(s)(x; al) sgn Oan F© (x: a“‘)]. (1.69)

The overall infinite factor

[L / due(d+zs_4)”i| , (1.70)

here the same as in [48], where we described prescription to get correct additional Ad S correction
terms from the full “u” derivative part of interaction terms. This additional terms can be found
with insertion of the dimensionless delta function in measure (1.66) [44—47]

/_ Y2
/dd+2X6 (TX - 1) ) (1.71)

Then full derivative terms will survive only for normal u derivatives:

v —X?2 /X2 XA
/dd+2x5 (T - 1) 3L, =/dd+2x5(” (T - 1) Z_E4g,

L2

MW (et —1
- / dud"“x\/ge(d”)“%gu. (1.72)
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So we see that both approaches produce the same additional corrections coming from the differ-
entiation of overall “u” phase a front of full derivatives in the normal direction. Finally, we note
that this reduction procedure is more useful for investigation of interaction terms due to the very
simple form of the pullback of fields and auxiliary vectors ¢ and star contractions:

a

: 1T
*AA — W 1_[ ( — (a_a”i _a)au,‘ =+ (8_%’_ _8)5,/1,-)
i=1
s —1)"
- G a9
n=0 n

2. Pullback for power of derivatives of HS fields from flat to embedded AdS space

In this section, we discuss radial pullback for Cubic interaction for higher spins in a covariant
off-shell formulation derived In [33,34]. This result for flat space is in full agreement with light
cone gauge results of Metsaev [20]. Moreover this agreement shows that all interactions of higher
spin gauge fields with any spin sy, 52, s3 both in flat space and in dS or AdS are unique up to
partial integration and field redefinition.” The formulation of the cubic interactions for higher
spin fields in ambient space was considered in several papers [44—49]. In [48] we investigated
the possibility to connect the main term of interaction in flat d 4+ 2 dimensional space to the
main term of interaction in AdS4+1 space one dimension lower ignoring all trace and divergent
terms but expressed directly through the Ad S covariant derivatives and including some curvature
corrections. In this article, we perform one important step forward solving task for flat main
term completely and presenting full reduction or pullback including all trace and other related
terms coming from main term of cubic interaction in direct Ad Sy covariant form. We put in
appendix A short review for the main term of cubic interaction formulated in details in [33,34]
and start here from the more convenient for radial pullback form described in [48], where we
reformulated the main term of cubic interaction (A.2), (A.3) in the following way:

LT ROV (X, a), hD (X 01 R (X, M) =

X:C‘”’”“Y3 /dd“X *CQA“JW KOD(Q31,n3; ¢4, a’; X)

012,023,031
Qi
QKD Q1 iz at, b4 X) wZET KO (@03, b7, M5 X0, @1
where
K8V (Q31,n3; ¢, a?; X) = (¢18,4)212(cBap)3hV(X; a©). (22)

The most important advantage of this form that here we can express our cubic interaction as a
cube of above bitensor function with cyclic index contraction. From now on we put Ad S radius

L =1 and use for shortness the brackets (..., ...) for AdS;4+1 index summation. In other words
(a, dp) =a"dpn, (2.3)
(a,V)=a"Vv,, 2.4)

3 This was already proven for some low spin cases of both the Fradkin-Vasiliev vertex for 2, s, s and the nonabelian
vertex for 1, s, s in [29].



M. Karapetyan et al. / Nuclear Physics B 950 (2020) 114876 11

and
(a, D) =a"* Dy,. (2.5)

Another important point here is the difference in the definition of the covariant differentiation
operator (1.52) in the case of interaction. The minimal object here is a bitensor (2.2) which has
two sets of symmetrized indices. In this case, we should define covariant differentiation operators
for both sets of indices:

Dy =V, — a"Ban — aydan — b"0pu — by, . (2.6)

and in a similar way for other sets of indices. Now we have all ingredients to start analyzing the
“u”-dependence of interaction Lagrangian (2.1) in curvilinear coordinates (1.3). First of all we
note that in the new frame only the measure and derivatives create additional u phase (1.66) and
(1.62) in addition to the three similar phase (1.60) coming from reduced fields. Finally, we get

3 3
d+24Y (Ao —n) =Y () —A+d—4, 2.7)

i=1 i=l1

where A is the number of derivatives in interaction. Then inserting minimal number of derivatives

from (A.8) we see that our interaction rescales as*
3
D si—Amintd—4=d+253—4, (2.8)

i=1
with the obvious limit d + 25 — 4 in the self-interacting case s; = s = s3 = 5. So we see that
the cubic interaction in the case of the minimal number of derivatives is relevant for the radial
reduction procedure described in the previous section. Therefore it should produce the right
curvature corrections for the main term of the cubic interaction in AdSg41.
In this section, we consider a possible radial pullback scheme for the main object of cubic
interaction (2.1): the bitensorial function

K9(Q.nya™, b X) = (a9 2 (@®9p)"h ™ (X; b°). (2.9)

This term should generate all AdS curvature corrections coming from main term. For that we
study these operators in a representation that act on pullback HS field

R (X3 0™ x=x uxy = 1S (u, x5 b)Y = SRS (xH; ). (2.10)

Then we can obtain these Ad S corrections expanding all flat d 4+ 2 dimensional objects in Frenet
basis or in other words in term of d 4+ 1 dimensional AdS space derivatives and vectors and
normal components surviving after applying our ansatz rules:

(@®3p)" Ix=x(ux) = [¢ (@ 3, +a"Dy]", (2.11)
a"D, = (a, D)= (a,V) —a"(a, d;) — b"(a, 8p) — a>du — (a, b)dp, (2.12)
where a® = (a,a) =a"a" g, (x),

and contracting over all a*, b, c".

4 In the case of three spins ordered as s1 > 57 > s3.
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2.1. Noncommutative algebra and a" stripping

Now we must deal with the d + 1 dimensional expansion for the n’th power of d + 2 dimen-
sional derivatives (2.11), where the operator

a"d, +a*D, =a"V,(g) — R, (2.13)
V=V, —b"9pu — by dpu, (2.14)
R =a"[(ady) — d,] + a’dgu, (2.15)

act on ground states (2.10). These ground states can be characterized by the total symmetry in
the argument and by the fact that they are annihilated by the following operators:

10 >= e DR (xH; pity, (2.16)
B |0>=0,u | 0>=pu | 0>=0, (2.17)
R|0>=@2—s5)a"|0>. (2.18)

The operator of interest is
~ n
[e_“(a, ) — e_”R] , (2.19)
where in the sequel it is advantageous to write the operator R in the following way

R =a"[(ad,) + a" dgu — 8,1 + (a® — (a)?)dyu (2.20)

with the following important algebraic relations:

[(ads) + a"dqu, R1=R, (2.21)
[(@da) + a4, (a, V)] = (a, V), (2.22)
[R, e “(a, V)] =2¢ “a"(a, V). (2.23)

We have to evaluate (2.19) on the ground state (2.16). Hiding all technical details in Appendix B
we present here the result of this straightforward manipulations with noncommutative algebra

n
[(@.e™V) = e RI" |0 >= 0727 Y (= 1)P(a, V)" PVIEL Gy ) (),

p=0
(2.24)
where?
51
. 1,. _
VP ) =Y E ) @) @)P (2.25)
k=0

Then from recurrent relations (B.12) for & ,f +l (ip+1) and from solutions of latter equations ob-
tained by direct calculation of yptl using (B.8) for p =1,2,3,4,... in Appendix B we can
finally present solution® for general p:

5 See derivation in Appendix B.
6 QOur definition of Pochhammer symbols (a), (rising factorial) can be found in (B.19) of Appendix B.
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FANOE 2k i+ 1) poak 2k + 2+ i — )y Pe(i), (2.26)

(p —2k)!
where P (i) is p-independent polynomials and satisfies corresponding simple equation (B.22)
with the following solution in the form of multiple sums:

k
Pr(i) = > [ [Gn+20 = Din+2n— ). (2.27)

i>ig>ig—1>ig—2...2i1>20n=1

This solution described in Appendix B also in the form of generating function (B.24) obtained
from solution of a differential equation.

2.2. Noncommutative algebra and b" stripping

To extract exact dependence from b* and obtain final expressions written directly through the
Ad S, covariant derivatives V we have to evaluate the remaining factors

(@, V)'"P =[(a, V) — b"(a, &) — (a, b)dpu]" P

n—p _ ~ B
=Y (=17 <n ~ p) (a, V)" P=P(L* + L7)P, (2.28)
— P
p=0
where LT, L™ generate a Lie algebra
Lt =b"a,dy), L™ =(a,b)op, (2.29)
[LY, L7 1= H =d*b" 0y — (a,b)(a, d), (2.30)
[H,LT]=+24°L*. (2.31)

Representations of this Lie algebra are created from an (s + 1)-dimensional vector space of “null
vectors” {®, (a; b)}|5_, of “level” n

®y(a;b) =hG) L atlat alrbiripie b LT @, (aib) =0, (2.32)
for any fixed tensor function 4#°. From (2.29)-(2.31) follows that starting from

@o(a; b) = Po(b), (2.33)
all &, (a; b) can be produced by application of H’

@, (a; b) = H"®o(b) = (—1)" Y AP [s],(a*)" " (@, b) ,(a; b). (2.34)

r=1
The ansatz® (2.34) leads to the recurrence relation
A£11)1 +rA£n) — A£n+1)’ (2.35)
A =0 for r>n. (2.36)

The boundary conditions A(_"l) =0 and A(()O) = 1 are assumed.
7 For falling factorial we use in this paper notation [s], =s(s —1)...(s —n +1).

8 To guess this ansatz we used direct calculations of the first three powers of H acting on ground state (2.33) presented
in Appendix C.
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We can solve recurrent equation (2.35) in common way using generating function method.
Shifting in Appendix C all details of this procedure we present here the final solution in the
form:

. oo 0 X"
oS =1 ZZA?:) —. (2.37)
n=0r=0 "

It is not difficult to get a simple combinatorial formula for Aﬁn). Let us denote by P(n, r) the
set of partitions of n into r nonzero parts. The partitions are in one to one correspondence with
Young diagrams with n boxes and r rows. An arbitrary partition A may be represented as A =

1k12k23k2 ... where the nonnegative integer k; indicates the number of rows with length i. For
example the partition 8 = 1 4+ 1 + 3 + 3 is represented as 122932, hence {ki, k2, k3} = {2, 0, 2}
and k4 = k5 = --- = 0. The corresponding Young diagram consists of two rows of length 3 and

two rows of length 1. For a diagram A € P(n, r) let us arbitrarily distribute the integers 1,2, ---n
among boxes. Let us identify two configurations which differ from each other by permutations
of numbers along rows or by permutation of entire rows of same lengths. Evidently, the number
of non-equivalent distributions is given by

n!
SAN)==——"——"-. (2.38)
]—L-Z] kil(iDki
Now comparing (C.10), (2.37) with (2.38) one easily gets
A = Z S(h). (2.39)
reP(n,r)

With the help of the basis {®,(a; b)};_, of null vectors the representation of the Lie algebra
(2.29)-(2.31) can be constructed as follows (see for details Appendix C).
(51 o o
LY+ L) Dob) = Y _(0")7 (=1 (@, 8p) "> WH(a?, H) Do b). (2.40)
k=1

where

W*(a®, H, iz, ) ®o(b)

- > Vi iV —iaaVi-fasVi-1i Po(b), (241)
i12+13i123i1€71 Zii,z---ziZZil >1
and
Vi=iH+[iha’ (2.42)

The sum is a homogeneous polynomial of H and a? of degree ko

k
Wh@?, Hyig )=y lip D@ H " (2.43)

m=0

9 Remember that H is second order in a as well.
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So we see that representation (2.40) extracts b* dependence and we can calculate coefficients
’7;;" (if41) from (2.41) directly. comparing (2.43) with (2.41) and taking into account (2.42) we
see that it is possible to write

g p =k =0 el —pio (2.44)
in the following form:
' (p—k) = > >

p—kzipzip_\Zip szl kZnpEnn 12— zno>n1>1

k Ny —1
[T G —t+Dlin, —nw+12 ] Gy = buo1 4 Dlin,_, —nm1+ 112
In=nm+1 Ip—1=ny—1+1
n3—1 ny—1 ni—1
o ] o=+ Dlin,—n2+12 [] Gy —h+ Dlin, —m+ 102 [ ] G =1+1D).
lh=ny+1 li=n;+1 =1
(2.45)
This formula means that we should inside of expression for ’7,(;)( p—k):
k
np(p— k)= > [Ta -1+, (2.46)

pkzipzip_ zip_y.ziziz1 =]
replace m brackets (i,, — n, + 1)|"_, with the m Pochhammers {[i,, — n, + 1]2}|"_, in all

possible ways and then take sums.
3. Pullback of the main term of cubic self-interaction
Now we start to collect things together and present all terms of cubic interaction produced

from the main term in one dimension more flat space. First, we look at the main term in the case
of a cubic self-interaction. This can be obtained from the general expressions (A.4)-(A.6) taking

S1 =5 =853=1s7, (3.1
vi=v; =v3=0, (3.2)
Or3=n1 =aq, (3.3)
Q31 =ny =B, (3.4)
Qin=n3=y. (3.5)

Then (2.1), (2.2) transform to the following nice cyclic (in (a)x, (b)B, (c)y) expression with
trinomial coefficients:

Erlnainz Z < el )/dd+2X

a? 9
oBy by
a+p+y=s

w1 (@ 9,0)7 (@P0p)*h (X bC)
P BP0 (DT 0p)Ph) (X; T
T (99,6)P (M) hD (X; aX). (3.6)
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The main result of the previous section is that we can expand each line of (3.6) and extract
a", b", c* dependence to contract with expansion of star product and write exact expression in the
term of AdS;+1 dimensional covariant derivatives and curvature corrections. Combining (2.24),
(2.25) and (2.28), (2.40) we can write!”

I\)l'

o

[ a—p
(aBBB)ah(S)(X,bC) 26(37270()14 Z Z Z

L] [
p1=0k1=0 p1=0 ;=

]

1 ~ ~
(_])P1+151 +ki (@ —2ky (bu)ﬁ| —2k1

1

(a, V)a—Pl—ﬁ1§£1+l(a _ Pl)(a ;1p1>(a2)k1 (a, 3b)ﬁl—2k~1 Wk~1 (a27 Hl)h(s)(xﬂ; bMy.

3.7
Then expanding:
4 14
GEEDD ( )(a“abu>’”1(a, By)? 3.8)
mi
m=0
we obtain
y vl B la—pi 2]
(aAabA))/(aBaB)(xh(S)(X; bC) — e(s—2—oz)u Z Z
mi=0" my, piki.pr.k
(au)Pl—2k1+ml (bu)ﬁ1—2k~1—m1 (a, 3b)y+ﬁ1 —2k—m, (a, V)a—m—ﬁl
®ly.a.my, p1.ki. p1. k1. a*, HJh® ("), (3.9

where:

yoon [ B La—pi [ 4L o [Bla—p 12

DS 3035 30 3p a0

Y
my,p1.ki1, p1.ki m=0p1=0k1=0 p1=0 g, =1

and

®ly,a,my, pr. ki, p1. k1, a*, Hyl

= (=P 0,,, (nfl)ég?“(a ~ m(“ ;1” ‘)(cﬂ)’“ W @2 Hy).  (B.11)
Then we can write expression for the whole main interaction term

E;ﬂain:/due(d+2374)udd+1x\/§

< s >y,a,[”71],a—p1,[”2—1] @ B I 1B—p2. 21 By 1B 1Ly —pa I 5]

2

a.py
a+-B+y=s

2 2 2

o, B,y L - -
my,p1.ki,p1,ki my, p2,k2, p2,k2 m3, p3,k3, p3.k3

10 por shortening notation we introduce instead of H (a, b) from (2.30) H;y and then H, = H (b, ¢) and H3 = H(c, a)
correspondingly.
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)/+Ct,0(+ﬁ,/3+]/ ni+nr+n
Z (_]) LT *nl *nz */13 *y+a—n1 *a+ﬂ—n2 */3+y—n3
(y+a) a+ﬁ) /3+y) at Tt Tt Takt b ch
ni,ny,n3=0 ni ( ny ( n3

(aM)P|72k1+m1 (bu)lf1*2k~| M (g, ab)y+ﬁ| —2ky—m; (a, V)* P -p

Oly, o, my, p1, ki, p1, ki, a*, Hi1h® ")

(bu)Pz—Zkz-Hﬂz (Cu)ﬁz—2k~2—m2 (b, 3c)<¥+152—2k~2—m2 (b, V)ﬁ—Pz—ﬁz

Ola, B, ma, p2. ka2, P2, ko, b*, Holh™ (c")

(CM)P3—2/€3+M3(au)ﬁz—2k~3—m3 (c, aa)ﬁ+ﬁ3—2k~3—m3 (c, V)V—m—ﬁ3

®[B. v.m3. p3. k3, p3. k3, c*, H3]h® (a"). (3.12)

[T}

Now we can contract all non AdS;41 components a*, b*, c* using corresponding “u’-stars
from second line of (3.12). This leads to the following constraints for summation indices:

p1 =2k +my = p3 —2ks —mz =ny, (3.13)
P2 —2ky +my = py — 2k —my =na, (3.14)
p3 —2kz +m3 = py — 2k~2 —my =n3. (3.15)

So we can take summation over m;, i = 1, 2, 3 with remaining constraints on other variables:

p1+ P =n1+ny +2(ki +ky), (3.16)
P2+ pr=ny +n3 + 20k + k), (3.17)
p3+ p3 =n3 +ni +2(ks + k3). (3.18)

Relations (3.13)-(3.15) restrict also summation ranges for n1, ny, n3 from zero to «, 8, y. Then
we have

Er[nainz/‘due(a'+2s—4)udd+1x\/§

@ [B L a—pi 81 BI1LB—p2 2] v [ 21y —ps.l 3]

> ) 2, T

afBIJgr’))//:s p1.ki, 1k p2.ka, 2. ko p3.k3, 3. k3

aiy (_1)nl+n2+n3 *Vlj""_’“ *‘;‘;ﬂ_”z *ﬁlj-y—ns
il el | Qe TGS T ‘
(a,3p) "2 (a, V)220 By 4, na, py, ki, B, K, a2, HiTh (0
(b, 8)F" (b, V)22t B o, B, 13, pa, ka, o, Ko, b, Halh® ()
(e, 9)P " (e, V) M 2BHRIQIB y iy, p3, ks, fy, ks, 2, H3lh® (@), (3.19)

where

Oly, a, ny, p1,ki, p1,k1,a*, Hil=Oly,a,m| = p — 2k; — na, p1., ki, p1, ki, a®, Hyl,
(3.20)

Ola, B, n3, pa, ko, pa, ka, b*, Hal = Ola, B, my = pp — 2ka — n3, pa, k2, pa, ka, b*, Hal,
(3.21)
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@[ﬂa )/,nl, PS,k3» [;35153762’ H3] = ®[137 yvm?) = [;3 - 2k~3 —ny, 1;37 [73,](3’]53, 627 H3]
(3.22)

Taking into account that OF.. ., a2, Hi] ~ (a®*11k1 we see that our star products in (3.19) con-
tract correctly all auxiliary vectors a*, b, .

Then to understand better the structure of the derivatives of interaction we can take into
account constraints (3.16)-(3.18) and rearrange the summations coming from (3.19) in the fol-

lowing way

DB ID I R  C VAN D (3.23)

n3>0ny>0n1>0 N=>0 ni,n,n3
> ni=N
> =) X > (3.24)
{pi ki, i kiYi=123 K=0 {Fi.Ki)i=123 (pi iy pioKiYie1.2.3

Pi=ni+ni;1+2K;

S Ki—K pitpi=Piiki+ki=K;
=

pitBi=ni+nii1+2(ki+k;)

where in last equation {n;} = ny, na, n3 are with cyclic property nq = n
After that we should introduce instead of «, 8, ¥ new summation variables

a=a—ny—ny—2K|=ua— Py, (3.25)
B=P—ny—n3—2Ky=4— P, (3.26)
y=y-—n3—n; —2K3=y — P3, (3.27)
with corresponding summation limits and constraints
0<&fB,7 <s—2N+K), (3.28)
a+B+7=s5—2(N+K), (3.29)
N=) nii K=) Ki=) (ki+k). (3.30)
i i

These transformations lead to the following formula:

. —1)Ng!
B AN S W ey o
S — :

N>0K=>0

a7 @By {(ni)iz123  {Pi.Kiliz123
a+f+7=s—2(N+K) > ni=N Pi:nflgil I;FZKi

PHa+N+2(K3+K1) L a+B+N+2(K1+K2)  f+7+N+2(K2+K3)
*pu * o

ak
Z ()7+&+N+2(K3+K1)+n1) (&+B+N+2<K1+Kz)+nz) (5+)7+N+2(K2+K3)+n3)

{piski,piskiti=1.23 ni ny n3
pi+pi=Pi;ki+ki=K;

(a, 3p)" TN (0, V)@ B2K1 (5 &, na, pi1. ki, P, k1, a®, H IR (b2
(b, 8% TNF2K (b, v)P B2K2 (G, B, n3, pa. ko, P, ko, b, Halh® (cH)
(¢, 3)PTNT2K2 (¢ W)Y @X3(B, 7 ny, p3., ks, P3, k3, ¢, H3lh™) (@), (3.31)

where
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Oly,a, n2, p1,ki, p1,k1,a*, Hyl= 2K‘[V @, na, Py, p1, ki, p1,ki,a, Hyl, (3.32)

Ola, B, n3, p2. ko, pa. ka, b*, Hal = — E2K2(&, B, n3, Py, p2. ka, pa. ko, b*, Hpl, (3.33)

[

OB, y,n1, p3, k3, p3, k3, 2, H3] = 2K3[/§,)7,n1,Pz,Ps,k3,153,1€3,62,H3], (3.34)

?’I‘E ?Ell S .’i‘l‘

and

K1, a,na, Ps, proki, pr.ki.a®, Hy
B @+ pp)lah)"
G+ Py — p1+ 2k +n)!
8%2(a, B, n3, Py, p2. ka, p2. k2, b*, Ha)
B B+ p)(@»*
@+ Py~ pa+ 2k +n3)!
2558, 7. n1. P2, p3. k3, p3. k3, ¢*, H3)
B 7 + p3)lah)s
B+ Pr— P+ 2k + )

[1]

(” ! ;22’“)5”‘“( + i Wh (@ Hy), (3.35)

s 2 ~ "
(" 2 o kz)é”“(ﬁ + pWR B Hy) | (3.36)

52 _F .
(P3 N 3>§p3+1(3/ +ﬁ3)Wk3 (62, Hy). (3.37)

Finalizing our consideration we can write direct (@?), (b)2, (¢)? expansion of corresponding
E%Ki terms using (2.34) and (2.43)

@k W,;, (@®, H)h® (b*)

k1 n
—Z( DY (1 — kAN 1 @ @ b) 1, (a,b), (3.38)
ri=I1
(bz)"z sz(bz Hy)h® (c)
kz 15
= Z( Dy o (P2 — k) AR 2151, )72 (b, )2 @y, (b, ), (3.39)
r=1
(c2>kswk3<a H3)h® (c)
k3 13
= Z( DY 0 (3 = kAR P Is1 (X  e a) 0p e ). (3.40)
r3=I

So we see that 22X in (3.32)-(3.34) really behave like K1 p2Ky (2K3 a6 they should for correct
contractions of indices.

4. Conclusion

We have constructed all AdS corrections including trace and divergence terms to the main
term of the cubic self-interaction by a slightly modified method of radial pullback (reduction)
proposed in [48], where all quantum fields are carried by a real AdS space and corresponding in-
teraction terms expressed through the covariant AdS derivatives. For given spin s and A, = s
we derived all curvature correction terms (3.31) in the form of series of terms with numbers
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s —2(N + K) of derivatives, where 0 < N + K < 5. The latter is the number of seized pair of
derivatives replaced by corresponding power of 1/L? and K is the sum of power of a2, b?, ¢*
terms connected with trace and divergent correction terms produced from the main term of in-
teraction after pullback. Correction terms appear with coefficients that are polynomials in the
dimension d + 1 and spin number s with rational coefficients. Now we can expect that the same
method can be used for the derivation of the AdS corrections to traces and de Donder terms
connected with the main term by Noether’s procedure derived for the flat case in [33] and [34].
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Appendix A. Main term of cubic interaction in flat space

In this Appendix we repeat the general formula for a covariant cubic interaction of higher
spin gauge fields in a flat background as presented in [33] and [34]. The main result of [33,
34] is the following. The gauge invariance fixes in a unique way the cubic interaction if the
main cyclic ansatz term without divergences and traces is given. Accordingly in this article we
consider only the main term of the cubic interaction postponing the proof for all other terms to
a future publication, and understanding intuitively that gauge invariance is going to regulate in
a correct fashion the radial reduction for all other terms presented in [33,34] and classified in
corresponding tables there.

In [33,34] we considered three potentials h(”)(Xl; aA), h(SZ)(Xg; bA), h(s3)(X3; cA) ofd+2
dimensional flat theory with ordered spins s;

S| = 852 = 53, (A.1)
and with the cyclic ansatz for the interaction
L7 ROV (X1, at), B0 (X2, b™), hD (X3¢h)

- Z Colsss f A2 X a9 X5d 4 X58(X5 — X1)8(Xa — X1)
n;

xT(Q12, Q23, Q311n1, 2, n3)hV (X 15 a)h (X2; bB)RED (X5; ¢©),
(A2)
where

T(Q12, 023, Q31ln1,n2,13)
= (0,405,) 212 (38 0y ) 223 (8. 8o ) 231 (B0 VP Y™ (8, VEY™ (8., V)3, (A.3)
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and the notation “main” as a superscript means that it is an ansatz for terms without Divhi—D
and Trhi—2 . Denoting the number of derivatives by A we have

ny+ny+n3=A. (A4)
We shall later determine and then use the minimal possible A. As balance equations we have
ni+ Q2+ Q31 =s1,

ny + Q23+ Q12 =52,

n3 + 031+ 023 = s3. (A5)
These equations are solved by

Q12 =n3 —v3,

Q23 =n1 — vy,

Q31 =n3 — 2. (A.6)
Since the 1.h.s. cannot be negative, we have

n; = vj.
The v; are determined to be

vi =1/2(A+s; —sj —sx), 1,j,k areall different. (A.7)

It follows that the minimally possible A is expressed by Metsaev’s [20] (using the ordering of
the s;).

Apin =max [s; +5; — sg] =51 + 52 — 53. (A.8)

Another result of [33,34] is the trinomial expression for the coefficients in (A.2) fixed by
Noether’s procedure. Taking into account (A.5)-(A.8) we can write it in the following elegant
form

e e Smin
5145253 — (51:52:53 — const ( ) (A.9)
112,73 012,023,031 Q12, 023, 031

Appendix B. Solution for & ,f 1 for general p

To evaluate (2.19) on the ground state (2.16) we have to expand this operator power (2.19)
into a noncommutative binomial series:

n

[(a.e™V)—e ™ RI"|0>= (1)

p=0
Z (a,e V)" Plre U R(a, e UV P Tin1
n—pip>ip 12ip—3..211 20
e “Ra,e V)1 |0>. (B.1)

Then using relation

[R, (a,e™"V)K] = 2ige M a" (a, V)i, (B.2)
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we can rewrite (B.1) in the following form
n
[(@,e™V) —e ™ RI" |0 >=) (=1)F(a, V)" PelP™"

p=0
> e "Qipa" + Rye " (2ip—1a" + R)...

n—pip>ip 1>ip2..2i1 >0
e " (Q2ia" + R)e“ PR (xH; by,
Then introducing the new objects
iy = 2ixa" + R = a" [2i + (a, ) + a“dau — 3,1+ [a* — (@")* 19,

and taking into account that

[(@,8y) +a" gu — dJe™™ £ (a", a") = (m +n)e™ f™ (a*, a"),

we obtain
n
[(a,e™*V) —e ™ RI" |0 >= "2 Y " (—1)P(a, V)" "7

p=0

> G Bi, - P B (615 b,

n_[’Zi1zZi/)—1 Zip—2~--2il >0

where we have ¢;, as a very simple “creation” operators

bi, = a"[2(ix + k) — 5]+ [a* — (a")*)dqu.

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

Now we show how to perform summation in (2.24) and obtain wanted expansion on the power

of a" to contract after. Introducing notation

VP i )R (e by = > GiyGip s - Pinis ' (X D), (B.B)

Ipr12ip>ip_12ip2..21120

and performing summation over the labels {ix}| ,f: | we should obtain a polynomial in a” and (a?)

of the form®!
51
. 1,. _
VP ipr) =D E T ipr) @) @)P .
k=0

Considering the last expression as an ansatz for equation

ip+l
VP ) =" ¢, VP (ip),

[]7:0

(B.9)

(B.10)

and using (B.7) we obtain the following recurrence relation for 2p — k order polynomials coef-

. 1. . _
ficients £ (ip+1) ~ Gpe1)?PF + ...

11 Note that [p/2] is integer part of p/2 and at the end we have to insert i, =n — p.
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j j
(=) Qi+ p+1+2k—9E )+ (p+1-200E (). (B.11)
i=0 i=0
This equation is easier to consider in “differential” form
O T - )= Qi+ p+ 142k —)E () + (p+ 1 =200, (). (B.12)

To get general solution of (B.12) we present first solutions of latter equation obtained by direct

calculation of VP11 So using (B.10) for p =1, 2, 3,4, ... and expanding the results using (2.25)

we search for the form of first & ,f 1 coefficients.

i
V2i) =3 1,10 >= (1 +i2) @ — 5 +i2)a"|0 >, (B.13)
i1=0

i 1
Vi) =) i, V2 (i) = za’ (1 +i3) 2 +13) (6 — 35 +2i3) [0 >

i1=0

1

3 (i3 Q+i3) Q=5 +i3) 3 =5 +i3) (@)’ 10 >, (B.14)

ig
VA =) ¢V (i3)

i3=0

1
= gaz(l+i4)(2+i4)(3+i4)(4—s+i4)(6—3s+2i4)a”|0>

1
+6(1—|—i4)(2—|—i4)(3+i4)(2—s+i4)(3—S+i4)(4—s+i4)(a”)3 0>,
(B.15)
is
V3Gis) =Y i, V(i)
i4=0
1
= 3@ (1 +i5) Q+i5) G +is) (4+is)
<36O — 2705 + 45s% + 172is — 60sis + 20i52) 0>

a4 is) Qi) B is) (4 + i) (= 5 i)

(55 +is5) (6 — 35 +2is) (a*)* |0 >
+%(1+i5)(2+i5)(3+i5)(4+i5)(2—s+i5)(3—s+i5)
@—s5+i5)(5—s+is) (@) 10>, (B.16)

After investigation of the structures of first & ,f 1 coefficients we note that they all have the fol-
lowing general factor

1
A0

Using this information we arrive to the following important ansatz for &;
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FANOE (i 4 1)k +24i — ) o Pe(i), (B.18)

(p —2k)!
where Py (i) ~ i*+... isnow p-independent polynomial of order k and we introduced Pochham-
mer symbols

I'(a + n)
(a)p=———"=a@+1...(a+n-1). (B.19)
I'(a)

Inserting (B.18) in equation (B.12) we obtain equation for Py (i):

T+2)P(i) —iPr(i — 1) =( + 2k — 5) Pr—1 (). (B.20)
Then after more convenient normalization of our polynomials with additional 2k order factor:

Pr(@) =G + Do Pe (i), (B.21)
we arrive to the following simple equation with boundary condition:

Pr(i) = Pi(i — 1) = (i + 2k — 1) (i + 2k — 5)Pr—1(i), (B.22)

Poi) = Py(i) = 1. (B.23)

This we can solve in two way: first in the form of multiple sums (2.27), or solving differential
equation for generating function

o
Pe(y) =Y Py, (B.24)
i=0
where we introduced formal variable y with |y| < 1 for production of the boundary condition:

o0
. 1
P, = g B.25
0(y) Z(,: Y=15 (B.25)
For this generation function, we obtain from recurrence relation (B.22) the equation
d d
A =Pc(y) = +2k— Dy + 2k — ) Pr-1()- (B.26)
dy dy
Solving recursively and using (B.25) we can write the solution in the form:
4 ko2
d . d y
P _ ,—Qk+D) y a a ) B.27
k(y) =y T—yay ay” =y (B.27)

Finally, we can write (B.18) in term of Pk (i) as (2.26).

Appendix C. The structure of the polynomial coefficients and the iterative approach of
finding solutions

To obtain the ansatz (2.34) we use direct calculations of the first three powers of H acting on
ground state ©q(b)

H®o(b) = —s(a, b)®i(a, b), (.1

H>®o(b) = [s]a(a, b)>®a(a; b) + sa’(a, b)®; (a: b), (C.2)

H3®o(b) = —{[s]3(a, b)>®3(a; b) + 3[sha’(a, b)* @2 (a; b) + s(a*)*(a, b)®1 (a; b)}.
(C.3)
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(n)

Then the way of solution of the recurrent relation (2.35) is obvious: We should multiply A;™ by
x" and introduce
o0
Py(x) = ZAﬁW. (C.4)
r=0
Then we obtain a simple differential equation
d

XE (exPn(x)) =e" Puy1(x), (C5)

which we can easily solve since Py(x) = 1.
Iterating n times we find
d n
e P,(x) = (x—) e, (C.6)
dx
or
d n
P,(x)=e"" <x—> er. (C.7)
dx
Evidently, P, (x) is a polynomial of order n, which means that Aﬁ") =0forr > n.
Finally, we can find a “double” generating function. Introducing
oo t"
Q0= P(x) —. (C.8)
n=0

So we see that

O(x, 1) = e Fe* i et = 5D, (C.9)

where we have explored the fact that the operator eI¥ i , rescales the variable x by the factor €.
Expanding (C.9) in x and ¢ we get

,tlk

=1 H Z P (C.10)

i=1k;=0

This can be used to derive (2.39).
To obtain the important representation (2.40) we start from

(LY + L) op(b) =) >

=0p7k>llz>l]; 12 o >ip>1

ST

(LY =i = (LYo L (LT L (L2 L (L) Do (b). (C.11)
Only commutators of L~ with powers of L™ arise
(L7, @H ==Y @ HL =
j=0
i—1 . '
=Y WHTNH +2ja*) ==L (i H + [ila®). (C.12)
j=0
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Here we recognize that the whole basis {®, (a; b)} of null vectors is produced from ®(b) by the
action of H. With the shorthand

Vi =iH +[il,a% (C.13)
the result is

(5] 5]

~DF@H? R W@ By@o®) =Y (") K (— D (a, )7 FWH (@2, H) Do (b),

k=1 k=1
(C.14)
where
ko2 .
W (Cl ’ H? l];+])<D0(b)
- > ViciniVi —iaVi i V-9 @), (C15)
i Zigzip_ 2y 2zl 2]
The sum is a homogeneous polynomial of H and a? of degree k'*:
W@ H.ig, )= N (i) @) H, (C.16)
m=0
Using this ansatz and doing in the way similar to (2.25) we derive from
- it -
k+1,.2 . _ ko2 .
Wl (a ,H,z,;+2)_'2 Ui W@ Hoig ), (C.17)
l,;_H:l
the following recurrence relation
j ~ ~ ~
meL =206 =B+ G =B k=D~ 6] (C.18)
i=1
or without summation:
m e m e i TNy L TN T m—1,-
M @O =g (=D =0 =k () + (@ =k —k=Dng Q). (C.19)

To investigate the structure of these coefficients and gain more information about polynomials
we compute the (2.43) for initial values of k =1,2,3,4...:

;
L2 N _ : 1, . .
W' (a ,H,lz)—g 1/f11<1>0(b)—2H12(1+12)¢0+3a (=1 +1i2) iz (1 +1i2) Do,
i1=1

(C.20)

12 Remember that H is second order in a as well.
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3
. R N . .
W2(a* H.iz) =) wiz_lwl(a%H,zz):§H2<—1+z3>z3(1+z3)(2+:3><bo
ir=l1

1
+E“2H (=1 +i3)iz (1 +i3) 2 +i3) (=3 +2i3) P

1
5@ (<2+13) (<1 +i3)is (1 +13) 2+ i3) (=3 + 5i3) Py, (c21)
ig
W3@? H,i) =) ¥i2W?(a® H,i3) =
iz=1
1

EH3 (=2+i) (=1 +ig)is (1 +isg) 2 +1ig) 3 +is4) Do

1
+ﬁa2H2 (=2 4ig) 2 (=1 +is)ig (1 +ig) 2 +is) (3 +is) o

1
+@a4H (=2 +i4) (=1 +i4) %is (1 +is) 2+ ig) B+ i) (—13 + 5ig) Do
aS (=3 +is) (=2 +i4) (—1 +is)is (1 +is) 2+ is) B +is) (—2 — 63i4 + 35i7) Do
+ 9
5670
(C.22)

is
W@ H,is) =) i,-3W(a*, H, is)

ig=1

1
= ﬁH4(_3 +i5) (=2 +i5) (=1 +is)is (1 +i5) 2+i5) B+is) (4+i5) Do

1
+ﬁa2H3 (=3+i5) (=2+is5) (=1 4is5)is (1 +1i5) (2 +1i5)

(B +is) (4+i5) (=5 +2i5) g

—i—ﬁa‘LHz (=3 41is) (=2 +is) (=1 +is)is (1 +is) (2 +is) B +is) (4 +is)

(45— 46is + 10i2) @

1
+ 33650 H (3 +15) (=24 i5) (=1 +is)is (1+i5) 2 +i5) B +i5) (4 +is)
(—195 +731is — 4413 + 70i§) o

+ a® (=4 +is) (=3 +is) (=24 is) (=1 +is) is (1 +i5) 2 +i5) 3 +is) (4 +is)

340200
(570 + 1495 — 630i2 + 175i3) P, (C.23)

From these direct calculations it is easy to see that we can factorize again i%* terms and write
771’;" (i) in this form:

o omkgem - .
n,’?(l) =————(@—k+ 1Dy Pu(i, k), Poli,k)=1, (C.24)
(k —m)!'m!
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where the polynomials P, (i, 12) ~ (- é)m + ... is mth orders in i and k with binomial leading
term and satisfy the equation

G+k+DPuGik+1)— @G —k—1D)Pui—1,k+1)
=2k —m+ 1) Pp(i, k) 4+ 3m(i —k — 1) Pp_1(i, k), (C.25)

with the same level of difficulty to solve as (C.19). The solutions of this recurrent equation can
be calculated step by step from the (C.20)-(C.23) for each k:

Py(i, p) =1, (C.26)
Py =i— (241 €27
1, p)=1 ) 7 ) .

. 2 (P 3 p* 3p 1
Pyi,p)=i’-2i =+ = LT — C.28
i, p) =i z(2+10>+(4+20 = (C.28)
1 p> p 67 p> 3p* 173p 12
P3(i, p) =i° — 3i% LA Bi - — )| (2 ),
3¢, p) =i =3 (2 + 10>+ 1(4 20 210) (8 20 280 35
(C.29)
1 P> p 481
Pui. p) = i* — 4i3 r_ 1 6i2 (- _ P _
4, p) =17 —4 (2 10>+ "\ T4 1050
p>  3p> 1031p 38 pt 11p>  2011p>  89p 111
BT [ SRt S TS - - +—. (C30)
8 10 1400 175) 16 40 2800 1400 ' 350

From the solutions above we can see that the general ansatz for Py (i, p) has the following
form

k
k
Pi(i,py=) i* " (=1)" (n) B{(p).

n=0

From the solutions above for different Py (i, p) it is possible to find the solutions for B} (p) as

follows!?

k7
B‘k(p)=§—§+ﬁ, (C31)
B2(p) = p? (UK k2 44k L 607 €3)
P =" TP 207 5) " 25 105 " 1050° :
B )_p3 L33k, 3k? 377k | 641
KP)="TP 170" 20) TP\ 50 ~ 700 " 1400
K 293k 1313k 108
(C.33)

" 125 T 1750 T 1750 17

13 Inorderto compute the B]Z‘ (p) using this iterative approach one should compute and know the expressions of Py, (i, p)
for up to m = 2k.
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B4()_p4+31 k L 3k? 157k+13
P =16 TP \3710) 77 \50 " 350 112

N 2k3 N 523k 131k N 519 Kt 244k3
125 1750 125 ' 1400 625 4375
47728k* 460722k 256957

_ . C.34
91875 336875 | 404250 (€39
The final form of n]’;"(i ) coefficients will be
m—kq—m 5 m m 5
(i) = @ —k+ Dy Y " (=D )BLG). C.35
D= F i R D 2T D) (n> () (C.35)

n=0
Appendix D. Mapping operator (a, 33)? to the product of H and a>

This is the final exercise to get more freedom in writing of our cubic interaction after our
“stripping” for u components of auxiliary vectors. Investigating (C.14) and first operator in (2.9):

0
@'90%=) (3) (@ 3p) 2 (a, 3)7, (D.1)

q=0

we see that last thing to do is transform the power of (a, dp) to H and a? to write interaction
without (a, dp), hiding them then in ®(a, b). Note that starting from (C.1) operator H effectively
worked with only its second part:

H=H(a,b)=—(a,b)(a, o), (D.2)

due to the separation of all b* dependence to the left from H dependent part in (C.14). Therefore
we can write simple relation

P P 1 !
,0p)P = (—1 H| . D.3
(a,9p)" =(=1) <(a,b) ) (D.3)
Then introducing ansatz for ordered power:
1 g 1 5 kg 2k
H) = HP~ , D.4
((a’b) ) ST ]gmm (@) (D4)
and taking into account commutator
ka?
H,(a,b) "= : D.5
[H. @)= oo (D.5)
we arrive to the following simple triangular recurrence relation for polynomials pi(p)
pk(p+1) = p(p) + por—1(p), (D.6)
with boundary conditions:
po(p) =1, pp—1(p)=(p = DL {D.7)

Recurrence relation (D.6) we can easily solve using generation function. Introducing formal
variable z with |z| < 1
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pk(2) =Y 2" pr(p), (D.8)

p=0

we obtain recursive equation:

2
¢ d
Pe(z) = — Pk—1(2), (D.9)
1—2zdz
with the simple solution due to boundary value pp(z) = (1 — 2~ L
2 k
72 d 1
=|—— —. D.10
Pe(2) [1_de] s (D.10)
In another way we can write the same solution of (D.6) in the form of multiple sums:
p—1 ix—1 i3—1 -1
pp) =) ik Y ki ia Y i (D.11)
ix=k ix_1=k—1 =2 1=l
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