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CHAPTER 1

NUCLEON NUCLEON INTERACTION AND 

EQUATION OF STATE OF NUCLEAR MATTER

1.1. Introduction
The equation of state (EOS) of nuclear matter is under investigation for the 

past 70 years. Despite extensive research the EOS of nuclear matter still remains 

elusive. Nuclear EOS at extreme conditions has become a major area of research in 

nuclear physics in the past decade. Currently an increasing attention is being given to 

the study of EOS of highly isospin asymmetric dense nuclear matter because of its 

implications and connections beyond standard nuclear physics [1-22] such as 

astrophysical phenomena like supernova explosion and neutron star structure as well 

as for the new experimental possibilities offered by the Radioactive Ion Beam (RIB) 

facilities.

Nuclear matter is an idealized infinite system of nucleons where the difference 

between neutrons and protons is neglected and single particle effects are not 

considered. These conditions lead to constant density and the absence of Coulomb 

energy, pairing and surface effects. These features make it an attractive medium for 

testing and comparing bulk nuclear properties. Although nuclear matter is 

hypothetical some of its properties give an insight to bulk properties of nuclei. 

Considering nuclear matter as starting point to test properties of real finite nuclei 

makes the calculations easier to handle which otherwise involves complex many- 

body equations. There are two limiting states of infinite nuclear matter, the symmetric 

nuclear matter (SNM) containing equal number of neutrons and protons and the pure 

neutron matter (PNM) with only neutrons present. These two states have 

fundamentally different properties. The SNM is bound (ground state) while the PNM
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Chapter 1 Nucleon nucleon interaction and equation of state of nuclear matter

does not exist in a bound state and represents the highest excited state of nuclear 

matter. In between the two extreme cases of SNM and PNM lies the asymmetric 

nuclear matter (ANM) characterized by an asymmetry parameter a, with

P

where pn and pp are the neutron and proton densities and p = p„ + pp is the total 

density of nuclear matter. As can be seen from Eq. (1.1) the value of the asymmetry 

parameter a always lies between 0 (SNM) and 1 (PNM). Since nucleon-nucleon 

(NN) interaction is generally attractive upto a separation distance of 1 to 2 fm but 

becomes repulsive at small distances (< 0.5 fm), nuclear matter is difficult to 

compress. As a result most stable nuclei are at approximately the same density called 

the saturation density po 0.16 fm~3) and higher densities do not occur naturally on 

earth. However, heavy-ion (HI) collision reactions may produce matter of density in 

the range (2-3 )po in terrestrial laboratories, in the interiors of neutron stars the density 

of matter may reach about (8-10)po [9] and matter at densities about 4po may be 

present in the core collapse of type II supemovae [23].

Intermediate energy heavy-ion collision experiments' provide a unique 

opportunity to obtain a piece of dense nuclear matter in the laboratory. Besides the 

many radioactive beam facilities that already exists a number of new next generation 

RIB facilities are being constructed or planned all over the world [1], These facilities 

provide the opportunity to study the properties of dense isospin asymmetric nuclear 

matter that has a large neutron proton ratio.

Matter found in neutron star is an ideal example of highly asymmetric dense 

nuclear matter. In fact it is one of the densest forms of matter known in the observable 

universe. In the interior of neutron stars density of matter can be as high as 8-10 times 

normal nuclear matter density po [9]. Thus neutron star can serve as a laboratory to 

study dense isospin asymmetric nuclear matter. New advance telescopes and 

observatories are enabling astrophysicists to discover a large number of neutron stars 

in the form of radio pulsars, X-ray binaries, etc. and measure more accurate data from 

them. These data can be very helpful in the study of EOS of highly dense asymmetric 

nuclear matter.

On one hand, large number of experimental data coming from the HI collision 

experiments as well as observational data from neutron stars propose to constrain the
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Chapter 1 Nucleon nucleon interaction and equation of state of nuclear matter

high density behaviour of nuclear EOS. On the other hand, for analysis of these HI 

reactions and study of properties of neutron star knowledge of nuclear EOS is 

required.

The EOS of nuclear matter, described as the relationship between energy 

density or pressure (as function of density and temperature), density and temperature 

is determined from the underlying NN interaction and summarizes the properties of 

nuclear matter. Despite intensive studies the nuclear EOS, especially the EOS of 

ANM, still remains elusive. Although the properties of nuclear matter at saturation 

density are now known to a good precision, it appears a challenge to the possibility of 

predicting the nuclear EOS on the basis of NN interaction in the density range upto a 

few times the saturation density. The growing experimental facilities for the study of 

nuclear reactions induced by high energy intense RIB and their analysis in terms of 

transport model calculations have provided an opportunity for the first time to explore 

the EOS of highly asymmetric dense nuclear matter experimentally [1-3, 24-33].

After exhaustive research the EOS of symmetric nuclear matter (SNM) at 

normal nuclear matter density po is now known to a good precision. Recent 

measurements from collective flow [3] and sub-threshold kaon production in 

relativistic nucleon-nucleon collision [24] have been able to constrain the EOS of 

SNM in the density range 2po - 5po- However, the isospin dependent part of nuclear 

EOS, especially the density dependence of nuclear symmetry energy and momentum 

and density dependence of nuclear symmetry potential, particularly at high density 

and high momentum, is still largely unknown [28, 29, 31-33]. In the last decade the 

density dependence of nuclear symmetry energy has received much attention in 

nuclear physics research. Knowledge of nuclear symmetry energy plays a major role 

in understanding the dynamics of heavy-ion collision, the structure of exotic nuclei 

far from beta stability line and the cooling mechanism of protoneutron stars [8, 9]. 

Although the value of nuclear symmetry energy at normal nuclear matter density po is 
now known to a good approximation from empirical liquid drop mass formula [34, 

35] its high density behaviour is still under intense investigation.

Theoretically the EOS of nuclear matter has been under investigation for the 

past several decades using a large number of different NN interactions. Since the NN 

interactions are not well known and because of the complexities of nuclear many 

body theories, various approaches using a number of techniques are employed to

3



Chapter 1 Nucleon nucleon interaction and equation of state of nuclear matter

analyse the EOS of nuclear matter. Different approaches which are used to study the 

nuclear EOS can be roughly divided into two groups: phenomenological and 

microscopic approaches. The behaviour of EOS of SNM as predicted by these 

different approaches are comparable at sub-normal to normal nuclear matter 

densities; however, they differ widely in prediction of EOS of SNM at supra-normal 

densities. On the other hand, the behaviour of asymmetric nuclear matter (ANM) as 

predicted by different theoretical calculations is widely different at both low and high 

densities [36, 37]. Especially, the high density behaviour of nuclear symmetry energy 

predicted by these different approaches are very different from each other and can be 

classified into two groups. One group predicts a monotonically increasing behaviour 

of nuclear symmetry energy and the other group predicts that symmetry energy 

decreases after attaining a maximum value and ultimately becomes negative with 

increase in density. The nuclear symmetry energy is directly related to the proton 

fraction of beta-stable nuclear matter found in the interior of neutron stars. The two 

different types of behaviour of symmetry energy will affect the cooling mechanism of 

neutron stars [9, 38].

Another most important quantity in calculation of nuclear EOS is the single 

particle potential or the nuclear mean field. The study of momentum and density 

dependence of nuclear symmetry potential or the isovector part of nuclear mean field 

is very important since it can not only provide information on the isospin dependence 

of the inmedium NN interaction but also help in understanding structure and reactions 

of radioactive nuclei. All theoretical prediction on momentum dependence of 

isovector part of nuclear mean field can be classified into two distinct groups 

depending on whether it decreases or increases with increase in momentum. Another 

important property directly linked to nucleon mean fields is the effective nucleon 

mass. Uncertainty in the momentum dependence of isovector part of nuclear mean 

field further leads to controversy in neutron-proton effective mass splitting in 

asymmetric nuclear matter.

In view of this in this chapter we have given an outline of different approaches 

used to study the nuclear EOS in section 1.1. A brief discussion on status of various 

nuclear matter properties as found from literatures is given in section 1.2. Finally in 

section 1.3 the motivation and plan of the present thesis work is outlined.
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Chapter 1 Nucleon nucleon interaction and equation of state of nuclear matter

1.2. The nucleon-nucleon interaction
One of the most fundamental challenges in theoretical nuclear physics is to 

understand the underlying interactions between constituents of nuclei or the nucleon- 

nucleon (NN) interaction. A large number of different NN interactions using different 

lines and methods have been developed in the past several decades. The NN 

interaction is the basic ingredient in the calculation of nuclear EOS. Various 

approaches, involving different physical approximations and numerical techniques, 

used to construct the EOS of nuclear matter from these different NN interactions can 

be broadly classified into two groups; microscopic and phenomenological approach. 

Here we will discuss in brief some important methods used to construct NN 

interaction and calculate the nuclear EOS. We have also mentioned important 

literatures under these approaches analysing nuclear EOS and properties of nuclear 

matter especially dense asymmetric nuclear matter.

1.2.1. Microscopic approach
In the past few decades significant progress has been made in development of 

microscopic many body approach and its application in nuclear physics. In 

microscopic approach the input is a two body NN interaction described by “realistic” 

potentials. The theoretical basis to construct these realistic potentials is the meson- 

exchange theory of nuclear forces. In this scheme nucleons, nucleon resonances and 

mesons such as it, p and co are incorporated in a potential representation. The various 

parameters in the potential are then adjusted to reproduce the experimental data for 

the two body problem (e.g. deuteron properties, NN phase shifts etc.). Then one has to 

solve the complicated many body problem to get the EOS. Various methods used to 

solve the manybody problem and to study nuclear EOS are the nonrelativistic (i) 

Variational calculation using different combination of two and three nucleon 

interactions [15, 16, 39-44], (ii) Braeckner-Hartree-Fock (BHF) to Brueckner- 

Bethe-Goldstone (BBG) calculation [45-56], and the relativistic (iii) Dirac- 

Brueckner-Hartree-Fock (DBHF) calculations using realistic NN interaction derived 

from relativistic meson field theory [57-73].
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Chapter 1 Nucleon nucleon interaction and equation of state of nuclear matter

1.2X1. The variational method
The variational method is one of the popular non relativistic microscopic 

models to evaluate the ground state of many-body systems and it is extensively used 

to study the nuclear EOS. The variational method based on hypemetted chain 

summation techniques (VCS) [15] provides a means to study the ground state energy 

and wave function of nuclear matter from realistic models of nuclear forces. In this 

method a variational trial wave function ¥v is constructed and is used to evaluate the 

Rayleigh-Ritz upper bound to the ground state energy. The parameters in ¥v are 

determined by the variational principle, i.e., by imposing that the mean value of the 

Hamiltonian is minimum. The trial function ¥vis chosen in such a way that it gives a 

good representation of the full many-body wave function and the expectation value of 

the Hamiltonian is accurately evaluated. The variational trial wave function ¥v is 

expressed as the product of two-body correlation operators acting on an unperturbed 

ground-state:

...(1.2)
i<j

where 0 is the properly antisymmetrized Fermi-gas wave function and Fy are two 

body correlation operators. The key quantity in this method is the complex correlation 

operator Fy which represents the correlations induced by the complicated NN 

potential. Fy can be expanded in the same spin-isospin, spin-orbit and tensor 

operators appearing in the NN interaction. Expectation values of the full Hamiltonian 

are evaluated for the correlation operator trial function in a diagrammatic cluster 

expansion with the help of Fermi Hypemated Chain-Single Operator Chain (FHNC- 

SOC) integral equations.

In a variational frame work the nuclear EOS has been calculated by Friedman 

and Pandharipande [39] using Urbanna V14 plus three nucleon interaction (TNI) 

model; Wiringa, Ficks and Fabrocini [15] using different combinations of two and 

three body interactions; and various other authors [41, 42]. Many excellent review 

papers on this method exist in literature, see, e.g. [43,44].

1.2X2. BBG to BHF methods
The non-relativistic BHF approach can be interpreted as a mean field theory 

in the lowest order non-relativistic BBG theory. The BBG method is a general many
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body method particularly suited for nuclear systems. For the past few decades this 

method has been used extensively to study the EOS of nuclear matter. For excellent 

review articles see ref. [55, 56].

The BBG theory is based on the linked cluster expansion of the ground state 

energy. The perturbation expansion of the energy per particle in this approach can be 

ordered according to the number of hole lines in the corresponding diagrams, and it 

shows a rapid convergence at low densities. The diagram with given number n of hole 

lines describe the n-particle correlations in the system. The BHF approximation is 

obtained by truncating the expansion at the two hole-line level. At the two hole line 

approximation the corresponding summation of diagrams lead to the BHF 

approximation that incorporates in an exact way the two-particle correlations. The 

inmedium effective NN interaction is replaced by the G-matrix, which can be 

considered the generalization of scattering F-matrix to the case of two particles in a 

medium. The G-matrix satisfies the Bethe-Goldstone equation. An auxiliary single 

particle potential U is introduced to minimize the effect of correlations and speed up 

the rate of convergence of the expansion. In other words, the choice of U is such that 

the contribution from higher order correlations, i.e., contributions from three or more 

hole lines is minimum. Since the auxiliary potential U appears in the definition of the 

single particle energies, the G-matrix depends on the choice of the auxiliary potential 

U. This implies a self-consistent determination of the auxiliary potential U. In the 

original Brueckner theory the auxiliary potential U was assumed to be zero above the 

Fermi momentum. This is called the ‘standard choice’ or ‘gap choice’ of the auxiliary 

potential. Beside the gap choice of the auxiliary potential another choice can be the 

so called ‘continuous choice’ [74]. In this case the definition of the potential is 

extended to momenta larger than the Fermi momentum, thus making the potential a 

continuous function through the Fermi surface. In principle the final result of the BBG 

calculation should be independent of the choice of the auxiliary single-particle 

potential. However, the convergence rate of the expansion can depend on the 

particular choice of U adopted in the calculations. Day and Wiringa [75] within the 

frame work of BBG theory with the ‘standard choice’ or ‘gap choice’ for the single 

particle auxiliary potential has proved the convergence of the hole-line expansion. 

During the last decade, important progress in BBG theory has been made by 

calculating the three-hole line contributions which require solving the Faddeev
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equation for the inmedium three body problem, i.e. the Bethe-Faddeev equation [76]. 

The resulting EOS of nuclear matter is found to a high degree of accuracy to be 

independent of the choice of auxiliary potential. Furthermore, it has been shown that 

the continuous choice BHF calculations give result much closer to those from BBG 

cal with three hole-line contributions than the gap choice calculation [77], indicating 

that continuous choice is more optimal than the gap choice in BHF calculations. Now 

a days the continuous choice is usually used [78].

1.2.1.3. Dirac-Brueekner-Hartree-Foek method
The failure of nonrelativistie two body interactions in producing the correct 

saturation properties of nuclear matter, discussed in detail later in this chapter, led to 

improvisations like introduction of meson and isobar degrees of freedom [79] in 

addition to nuclear degrees of freedom. One of the most important developments was 

the replacement of nonrelativistie Schrodinger equation with relativistic Dirac 

equation to describe the single particle motion in nuclear matter [58, 59]. This 

approach is called the Dirac-Brueckner (DB) approach. In most DB calculations a 

one-boson-exchange (OBE) potential is used to describe the bare NN interaction. The 

OBE potential is defined as a sum of one-particle-exchange amplitudes of certain 

bosons with given mass and coupling. Usually six nonstrange bosons with mass 

below 1 GeV are used. So

£ V°M -o-3)
a=n,rj,p,m,S,cr

with n and rj pseudoscalar, a and 8 scalar and p and co vector particles. The two 

nucleon scattering is described covariently by relativistic Bethe-Salpeter equation 

[80]. The BS equation, the relativistic counterpart of the non relativistic Bethe- 

Goldstone equation, is very difficult to solve, and it is customary to reduce the four

dimensional integral equation to a three-dimensional covariant quasipotential 

equation. The reduction of the four-dimensional integral depends on the method 

adopted and is not unique [81]. The Thomson reduction method and Blankenbecler- 

Sugar methods are examples of the different methods used to reduce the four 

dimensional integral equation to a three dimensional one [81]. In solving the Bethe- 

Salpeter equation the Pauli principle is respected and the intermediate scattering states 

are projected out of the Fermi sea. The inmedium 7-matrix which is obtained from
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the BS equation plays the role of an effective two-body interaction which contains all 

short-range and many-body correlation in the ladder approximation. The summation 

of T-matrix interactions with occupied states inside the Fermi sphere finally gives the 

self-energy S in the DBHF approximation. This constitutes a self-consistency 

problem and the self-energy E and T-matrix are calculated by method of iteration. 

The DB approach which is a relativistic extension of Brueckner theory was first 

proposed by the Brooklyn group [82]. They have used first order perturbation theory 

in calculating the relativistic effect. Brockmann and Machleidt [59, 60] and ter Haar 

and Malfliet [58] have performed a full self consistency calculation in the 

determination of the relativistic single particle energies and wave functions. The 

DBHF method can be developed in another way by introducing the inmedium 

relativistic G-matrix to describe the two-body correlations. Harowitz and Serot [83] 

have discussed in detail the derivation of the relaticvistic G-matrix.

1.2.2. The phenomenological approach
Although quite less fundamental than the microscopic approach 

phenomenological approach is extensively used to study nuclear EOS. Here the input 

is a density dependent effective NN interaction. In this approach the parameters 

appearing in the phenomenological interaction are adjusted to fit the properties of 

many finite nuclei (e.g. binding energies, radii) and the empirical saturation properties 

of nuclear matter. Both relativistic and non-relativistic approaches are used. The 

relativistic ones use relativistic mean field (RMF) theory, with effective interaction 

being represented by a Lagrangian dependent on a number of coupling constants, 

which is fitted to saturation properties of nuclear matter and observables of the ground 

states of finite nuclei [84]. The equations of motion for baryons and mesons are 

solved self-consistently using Hartree technique. In non-relativistic approach 

Hartree-Fock or extended Thomas-Fermi-Strutinsky-Integral [85] techniques are 

used to solve for the nucleonic equations of motion based on a Hamiltonian utilizing 

an effective NN interaction of the Skyrme [86, 17], Gogny [87-90] or separable 

monopole (SMO) [91, 92] types. These models can be surprisingly successful for 

describing dense matter upto (2-3 )po depending on the choice of the effective 

interaction. EOS constructed under these restrictions work very well even when 

extrapolated to higher densities.
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1.2.2.1. Relativistic Mean Field approach
The relativistic mean field (RMF) theory in the frame work of quantum 

hadrodynamics (QHD) is a very popular approximation to calculate nuclear EOS 

since Walecka first gave it in 1974 [93]. In this approach the effective interaction is 

represented by a Lagrangian having nucleons and mesons as the degrees of freedom. 

The various mesons considered are: a scalar meson a and a vector meson co treated as 

classical fields generating scalar and vector interactions and a vector meson p giving 

the isovector contribution. The interaction Lagrangian contains a number of coupling 

constants which are fitted from saturation properties of nuclear matter and 

observables of ground state of finite nuclei. Although the earlier RMF models, having 

only linear coupling terms, were successful in producing qualitative properties of 

nuclei they predicted too high compressibility and failed to produce surface 

properties. In order to overcome this deficiency Boguta and Bodmer [94] introduced a 

nonlinear (NL) density dependent term in the a field, a concept which is used by most 

of the recent works. The additional density dependent term helped in reducing nuclear 

matter incompressibility to reasonable limits. Later Sugahara and Toki [95, 96] 

extended the self coupling to other meson fields. A scalar isovector § meson is also 

added [97,98] to the interaction Lagrangian to describe the isovector contributions.

Recently another method the density dependent (DD) nucleon-meson 

coupling was developed by various authors [99-104] to predict correct experimental 

results. In this model the coupling constants are calculated from scattering results. 

Both NL self-coupling of meson field and DD nucleon-meson coupling have been 

successfully used to study the EOS of nuclear matter. Recently L.W. Chen et al. [105] 

have studied 23 different parameter sets used in RMF approach to study the isospin 

dependent bulk and single particle properties of ANM.

1.2.2.2. Non relativistic effective interaction method
In non relativistic phenomenological models the most popular effective NN 

interaction is the Skyrme type effective interaction whose analytic form leads to 

considerable simplification of nuclear calculations. The standard form of the Skyrme 

effective interaction is
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r<?l,?2)=t,<}+xj>„mn+^Q+*p„)[p“m+mp‘]+i2<\+hP')p'-s(r)P

+i(,(l+*A)[pW]’ 5(r)+/«'„(<?, +<7!)-[> x5(r)p]

...(1.4)

where r =rl -r2 is the relative coordinates of the two particles, R = (rx+r2)l 2 is the 

center of mass coordinate Pa =(l + a:] -cr2)/2 is the spin operator. The parameters tit

Xj, a and Wo are adjusted from basic physical properties such as saturation of infinite 

nuclear matter, binding energies of some doubly magic nuclei and other simple 

nuclear experimental observables.

The Skyrme interaction has been widely used in mean field models since the 

last several decades and there are several known parametrisations of it which 

reproduce experimental data for the ground states of finite nuclei and for observables 

of finite nuclear matter at the saturation density, giving more or less comparable 

agreement with experimental or expected empirical data. In its most sophisticated 

versions, the Skyrme type interaction can predict binding energies of nuclei with an 

overall error of less than 0.7 MeV [106]. However, at higher densities than saturation 

density, these parametrisations predict widely varying behaviour for observables of 

nuclear matter.

Behera et al. [107, 108] have used a Skyrme type NN interaction to 

successfully study the EOS of symmetric nuclear matter. In order to improve the 

description of nuclear system with large neutron excess Chabanat et al. [17, 18] have 

parametrized the Skyrme interaction using constraints from variational calculations 

[15] to study the EOS of neutron rich and pure neutron matter. Rikovska Stone et al. 

[19] have investigated about 90 different Skyrme parametrisations to examine how 

successful they are in predicting the expected properties of infinite nuclear matter and 

generating plausible neutron star models. Some notable examples of literature found 

on study of nuclear EOS using Skyrme interactions are as follow: Lattimer, et al. 

[109] have used a modified Skyrme interaction to model thermodynamical properties 

of hot, dense nuclear matter; Onsi et al. [85] have used several Skyrme interactions in 

their investigation of the EOS of homogeneous nuclear matter under conditions 

appropriate for a collapsing star, employing the ETFSI approximation; Pethick [110] 

have used a modified Sill interaction to study neutron star crust in beta equilibrium.
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Cao, Lombardo et al. [Ill] have tried to derive a Skyrme type parametrisation of an 

effective interaction suitable for Hartree-Fock calculations of finite as well as infinite 

system.

The Gogny model is also a very powerful option to study the EOS of nuclear 

matter. This interaction was first postulated by Decharge and Gogny [87]. The Gogny 

interaction is given as

...(1.5)

Recently Das et al. [30] used the Gogny interaction to derive an effective momentum 

and isospin dependent potential that can be used in transport model calculations for 

HI collision reactions.

1.3. Transport models
Apart from these theoretical models, heavy ion collision experiments are also 

used to study the nuclear EOS. Intermediate energy heavy-ion collision experiments 

provide a unique opportunity to obtain a piece of dense nuclear matter in the 

laboratory. However, for analysis of these reactions the properties of nuclear matter at 

high density is required which can only be obtained from theoretical investigations 

[112,113]. To interpret data from these collisions and to extract accurately properties 

of nuclear matter, advanced transport model calculations are employed. Mainly two 

types of semiclassical transport models are used: the Boltzmann-Uehling-Ulenbeck 

(BUU) [112] and the Quantum Molecular Dynamical (QMOD) model [113]. In these 

transport model calculations usually very simple parametrisation of mean fields and 

energy density are used. In earlier transport model calculations momentum 

independent mean fields were used. Later the momentum dependence of mean field 

was found to play very crucial role in these calculations [112-114]. For many years 

now momentum dependent mean fields are used in simulation of heavy-ion collision 

experiments to study properties of nuclear matter. Several isospin dependent 

semiclassical transport models have been developed in the past few years to analyse 

nuclear reactions from intermediate energy to high energy HI collision experiments 

[115-122].
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1.4. Properties of nuclear matter
Although nuclear matter itself is hypothetical, properties of SNM and some 

properties of ANM at equilibrium provide a physical insight to the bulk properties of 

nuclear matter. Here we have defined some of the properties of nuclear matter 

required to understand the nuclear EOS and a concise study on these properties as 

reported in literatures has been done.

1.4.1. Saturation properties of nuclear matter
The most important property of nuclear matter which defines the nuclear EOS 

is the pressure of nuclear matter. In SNM the pressure P(p) can be expressed as [123] 

Pip) ==p2{de(p)/dp} ..(1.6)

where e(p) is the energy per particle in SNM.

The above equation is sometimes called the nuclear EOS which gives the 

relation between pressure and energy density in nuclear matter. From the above 

equation it is evident that the behaviour of P{p) with density p depends entirely upon 

the density dependence of energy per particle e(p).

All theoretical models on nuclear EOS predict that SNM is bound i.e. the 

energy per particle in SNM decreases with density up to a particular density and then 

increases giving a saturation point at a particular density called saturation density po. 

For any model of nuclear EOS to be successful the first requirement is to reproduce 

the correct saturation properties of nuclear matter and properties of finite nuclei from 

experimental data. The value of energy per particle e(po) at the saturation density po is 

usually determined via the liquid drop model. The value of e(po) is taken to be the 

value of the volume coefficient av in liquid drop model determined by fitting with the 

binding energies of a large number of nuclei. This procedure gives e(po) = - (16.0 

± 0.2) MeV [17]. Heiselberg and Hjorth-Jensen [123] has reported a lower value of 

e(po) = - (15.6 ± 0.2) MeV. The value of po is expected to be po = 0.16 ± 0.005 fm~3 

based on calculating the charge distribution in heavy nuclei [17]. A more conservative 

value of po = 0.17 ± 0.02 fnf3 is given in ref. [124] where the error bar includes 

uncertainties in the neutron density distribution and a correction for possible density 

inhomoginity in nuclear interior.
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The early nonrelativistic microscopic approaches like BBG and variational 

approaches based on purely two-body NN interactions failed to reproduce the correct 

saturation properties. Usually called the Coester band phenomena [125], the energy 

per particle at saturation and/or the saturation density calculated by these models were 

either very low or high and lied in a band in the binding energy versus density plot 

that did not meet the empirical saturation region. Further, saturation results obtained 

from BHF calculations differed from those of variational calculation using the same 

NN potential. Inclusion of contributions from three-hole line contributions in the 

BHF calculations [76] gave saturation results that agreed reasonably well with those 

from advanced variational calculations [16]. The saturation point was also shifted off 

the Coester band. However, the improvement is not sufficient enough and accurate 

saturation point is still not producible by nonrelativistic microscopic models. In ref. 

[56] it has been pointed out that these discrepancies from non relativistic many body 

models are due to the adopted Hamiltonian and not due to many body treatment. This 

deficiency in the nonrelativistic microscopic approaches can be remedied by including 

many body forces, especially three body forces and relativistic effects. In fact most 

recent Brueekner calculation [54] including a three body force in the interaction 

estimates the value of po » 0.18 Jnf3 and e(po) » -14.8 MeV. The relativistic DBHF 

models, on the other hand, reproduce correct saturation properties of symmetric 

nuclear matter. All phenomenological models predict correct saturation points.

Another property of interest in the study of EOS of nuclear matter is the 

incompressibility modulus K(p). For SNM the incompressibility K(p) is given as

K(p)=9^± ...(1.7)
dp

The value of incompressibility K(po) at saturation density po provides an important 

constrain on nuclear EOS. The larger the value of K(p0), the more steeply the EOS 

will increase with density. This is generally referred to as the “stiffness” or “softness” 

of the EOS. The value of K(po) is model dependent and is still not known precisely. 

Experimentally the value of K(po) can be calculated from measurement of centroid 

energy of isoscalar giant monopole resonance (ISGMR) and isoscalar giant dipole 

resonance (ISGDR) based on a microscopic random phase approximation (RPA) 

using a given effective interaction [21, 22, 126, 127]. Nonrelativistic Hartree-Fock 

based RPA calculation of ISGMR with the use of zero range Skyrme and finite range
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Gogny interactions predict the value of K(po) = 210-220 MeV [127]. Recent RMF 

based RPA [128] calculation for ISGMR report the value of K(po) = 250-270 MeV. 

Nonrelativistic HF+RPA calculation for ISGDR data [129] however predicts a lower 

value of 160-180 MeV for K(po). In a recent paper Shlomo et al. [127] have shown 

that the difference between non-relativistic and relativistic results from ISGMR data 

is due to the difference in the value of nuclear symmetry energy JT(po) and its slope as 

predicted by these models.

1.4.2. Symmetry energy, proton fraction and neutron star 

properties
One of the most important property of ANM is the nuclear symmetry energy 

Jt(p) which plays a crucial role in the evaluation of EOS of ANM is defined as

JAp)
l

2 P

d2H(pn,pp) 
da2 a = 0

...(1.8)

where a is the asymmetry parameter related to neutron and proton density by the 

relation a = (p„ - pp)/p.

The nuclear symmetry energy, particularly its high density behaviour, is in 

center of attention of nuclear physicists because of its direct impact on observables 

from heavy-ion collision induced by radioactive beams and of its connection to 

astrophysical phenomena like chemical composition and related mechanisms in the 

process of formation of neutron stars. The nuclear symmetry energy is directly related 

to the value of proton fraction of beta stable matter found in the interior of neutron 

stars. Despite intensive research the behaviour of nuclear symmetry energy at high 

density still eludes nuclear physicists.

The behaviour of nuclear symmetry energy J-ip) about supranormal and 

normal nuclear matter density is somewhat similar as calculated by different 

theoretical models. The value of JJfio) at normal nuclear matter density po is directly 

related to the asymmetry coefficient in Bethe-Weizsacker semiempirical mass 

formula [130] and experimentally the value of J^po) can be extracted from a 

systematic study of masses of atomic nuclei based on, e.g., liquid droplet model or the 

macroscopic-microscopic model. In ref. [131] the value of J^po) has been reported to 

be 32.5 ± 0.5 MeV as calculated from a large set of experimental data in the finite
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range droplet model. Tondeur et al [132] have reported a lower value of 28 MeV 

from a fit of nuclear ground state binding energies in a mean field model with a 

Skyrme interaction. Non~relativistic Hartree-Fock theories [14] predict the value of 

JApo) in the range about 26-35 MeV depending on the nuclear interaction used in the 

calculation. The RMF models [105] however, usually predict a somewhat higher 

value of Jj(po) at about 35 - 44 MeV. Recent calculations from continuous choice 

BHF approach using different NN potentials give the value of J^po) in the range 28.5 

-32.6AfeK[78].

However, the behaviour of nuclear symmetry energy at high density, which is 

important for understanding properties of neutron star, as predicted by different 

theoretical calculations differs significantly from each other. Based on the behaviour 

of nuclear symmetry energy at high density all theoretical calculations can be divided 

into two groups, one where J^p) increases monotonically and the other where it 

decreases after reaching a maximum value and then ultimately becomes negative with 

increasing density. It should be mentioned here that an increasing JT(p) makes a 

neutron star neutron rich while a decreasing behaviour of Jj{p) makes the neutron star 

ultimately pure neutron matter.

Recently Stone et. al. [19] have examined 87 different Skyrme interactions on 

the basis of their predictions on equilibrium proton fraction and EOS of beta-stable 

matter as well as neutron star properties. It is found that only 27 of the interactions 

pass the test which have a monotonically increasing behaviour of J^p) over a wide 

range of density. For the other interactions considered in ref. [19] with increase in 

density J^p) reaches a maximum value and then decreases until it becomes negative. 

Microscopic calculations based on realistic nucleon-nucleon interactions as well as 

RMF calculations also predict a monotonically increasing behaviour of Jx(p).

Experimental studies of isospin-sensitive observables in intermediate energy 

reactions involving radioactive beams have been quite useful in providing some 

constraints on the density dependence of nuclear symmetry energy at subsaturation 

densities [1]. Further experiments from future radioactive beam facilities are expected 

to provide constraints on the high density behaviour of nuclear symmetry energy 

J^p). In ref. [31] it has been reported that to extract the high density behaviour of 

nuclear symmetry energy, the momentum and density dependence of the isovector 

part of nuclear mean field have to be determined simultaneously from an analysis of
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the experimental observables sensitive to the differences between neutron and proton 

flow data in highly asymmetric dense nuclear matter in terms of isospin dependent 

transport model calculations.

1.4.3. Nuclear mean field and nucleon effective mass
The nuclear mean field is a key ingredient in the study of properties of both 

finite and infinite nuclear systems, particularly in calculations of nuclear equation of 

state (EOS) and simulation of dynamical evolution of heavy-ion (HI) collisions at 

intermediate and high energies.

In earlier studies on HI collision dynamics using transport models like 

Boltzmaiin-Uehling-Uhlenbeck(BUU) [112] usually a simple density dependent but 

momentum independent form of the mean field was used, such as the Skyrme 

parametrisation

U(p) = A{plp«) + B{plpQy ...(1.9)

where, the parameter A is attractive, B is repulsive and y > 1. Analysis of heavy-ion 

collision data at intermediate energies, using such momentum independent mean field, 

demanded a stiff EOS with incompressibility of » 380 MeV [112]. Later in ref. [112] 

using GBD parametrisation it was shown that if a reasonable momentum dependence 

is introduced in the nuclear mean field, a rather soft EOS with a incompressibility « 

200 MeV is consistent in the interpretation of experimental data. Aichelin et al. [133] 

have also showed that introduction of momentum dependence mean field strongly 

augmented transverse momenta. Subsequently there were many important 

investigations [114, 134-137] which strongly suggest that momentum dependence of 

the nuclear mean field is an unavoidable feature for a fundamental understanding of 

nuclear matter properties and for the successful interpretation of heavy-ion collision 

dynamics at intermediate and high energies.

The momentum and density dependence of nuclear mean field in SNM has 

been extensively studied over the past couple of decades using various microscopic as 

well as phenomenological approaches. Phenomenological effective interactions have 

been widely used to study the isoscalar part of nuclear mean field at both zero 

temperature and at finite temperature. In the Skyrme interaction and the Seylor- 

Blanchard type effective interactions the momentum dependent part of mean field in
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SNM is repulsive and has a quadratic dependence of momentum. On the other hand, 

the momentum dependent part of mean field in SNM derived from a general finite 

range effective interaction is attractive and is strong at very low momenta. With 

increase in momentum this part of mean field weakens and vanishes asymptotically at 

very large momenta. This behaviour of the mean field is an essential feature for a 

successful interpretation of nucleon-nucleus scattering data at intermediate energies 

[114, 134-137,]. The microscopic DBHF calculations also exhibit this type of 

momentum dependence of nuclear mean field in SNM [61, 62].

The nuclear mean field in SNM using a short range momentum dependent 

effective interaction of conventional forms, such as Yukawa, Gaussian or exponential, 

has been analysed by Behera et al. [107, 108]. They report the momentum dependent 

part of nuclear mean field is strongly attractive at lower momenta and with increase in 

momentum it vanishes and then becomes repulsive at high momenta for all the three 

forms considered. The momentum dependent part of the mean field calculated over a 

wide range of density and momentum has been compared to that from microscopic 

calculation by Wiringa [40] using realistic Hamiltonians containing two-body and 

three-body interactions which fit nucleon-nucleus scattering data, nuclear binding 

energies of few body system and saturation property of nuclear matter. The 

momentum dependence of nuclear mean field over a wide range of momentum and 

density calculated in [108] agrees quite well with that obtained by Wiringa [40] for all 

the three realistic interactions UV14+UVII, UV14+TNI and AV14+UVII considered. 

The results are however shown to be in better agreement with those of UV14+UVII 

and UV14+TNI.

Li and Machleidt [61, 62] have calculated the nuclear mean field in SNM in 

the DBHF approach using Bonn meson-exchange model for the NN interaction with 

the approximation that the scalar and vector mean fields are momentum independent 

although the nuclear mean field is momentum dependent. The nuclear mean field 

obtained from the DBHF parameterization shows an increasing behaviour with 

momentum. Comparing the result with phenomenological parameterizations of 

momentum dependent mean field used in transport models they report a similar 

bahaviour with variation in momentum. Although, at low momentum the microscopic 

mean field considered shows stronger momentum dependence than the 

phenomenological models, at high momenta the momentum dependence in
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microscopic mean field disappears while it becomes stronger for phenomenological 

mean fields considered.

Experimental observables from HI collision provide significant constraints on 

the momentum dependence of mean fields up to a density about 23po [3]. Analysis of 

elliptic flow data in HI collision by Danielewicz [114] show that the momentum and 

density dependence of nuclear mean field in SNM calculated from microscopic 

DBHF calculation and the variational interactions UV14+TNI and UV14+UVII agree 

quite well with that obtained from the parametrisation giving an acceptable 

description of the flow data. However, the potentials obtained from the nonrelativistic 

BBG approach with Paris interaction and the variational AV14+UVII interaction were 

found to be unacceptably weak to produce the correct experimental data at 

supranormal densities.

So far we were discussing on momentum and density dependence of mean 

field of SNM where the neutron and proton mean fields are not distinguished from 

each other. From the discussion till now we see that exhaustive theoretical and 

experimental studies show the nuclear mean field in SNM to be momentum as well as 

density dependent and the momentum dependence of mean field can be constrained 

from experimental observables up to a few times normal nuclear matter density. We 

will now concentrate on nuclear mean field in isospin asymmetric nuclear matter 

(ANM).

The momentum and density dependence of mean field in ANM is poorly 

known [1, 28, 29, 31-33]. Unlike SNM where the single particle potential felt by a 

neutron and a proton is same in ANM the single particle potential felt by a neutron is 

different than that from a proton. The knowledge of momentum and density 

dependence of isovector part of nuclear mean field or the symmetry potential is very 

important for understanding structure and reactions of radioactive nuclei. 

Simultaneous study of both momentum and density dependence of symmetry 

potential is essential for determination of density dependence of nuclear symmetry 

energy [31]. Therefore momentum dependence of symmetry potential is crucial for 

constraining the high density behaviour of symmetry energy. In the earlier dynamical 

simulation of HI collisions the momentum dependence of symmetry potential was 

seldom taken into account. Recently Li et al. [13, 31] showed that experimental
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observables such as neutron-proton differential flow, if In ratio etc. are quite 

sensitive to momentum dependence of symmetry potential.

The isovector part of nuclear mean field is defined as the difference between 

the neutron and proton mean fields normalized to asymmetry. The momentum and 

density dependence of isovector part of mean field as predicted by different 

theoretical model calculations discussed in section 1.2 are rather extremely divergent 

and even contradicting. All theoretical predictions on the momentum dependence of 

isovector part of nuclear mean field can be classified into two distinct and opposite 

groups depending on whether it decreases or increases with momentum.

The effective nucleon mass is a very important property of nuclear matter 

which is directly related to the nuclear mean field. It characterizes the propagation of 

a nucleon in the nuclear medium. Knowledge about nucleon effective mass in neutron 

rich matter is important for understanding the reaction dynamics of nuclear collisions 

induced by radioactive beams, such as the degree and rate of isospin diffusion and 

neutron-proton differential collective flow [31-33]. Unfortunately, until now there is 

no definite answer to the question of whether neutron effective mass is greater or 

proton effective mass is greater in asymmetric nuclear matter.

In connection with the splitting of neutron and proton effective masses in 

asymmetric nuclear matter it should be mentioned here that the results obtained from 

different theoretical calculations can be roughly classified in to two groups; one in 

which the neutron effective mass goes above the proton one and the other showing a 

splitting in the opposite direction.

1.5. Plan of the thesis
The aim of this present thesis is to analyse the EOS of nuclear matter, starting 

from symmetric nuclear matter (SNM) to the extreme case of asymmetry, pure 

neutron matter (PNM), at a large range of density, momentum and temperature using 

a simple effective interaction. Emphasis will be given to the EOS of ANM and 

analysis of the puzzling behaviour of nucleon mean fields and symmetry energy as 

reported from various theoretical and experimental calculations.

In chapter 1 a short introduction emphasizing the importance of determining 

the EOS of dense ANM is given. Different theoretical approaches used to describe the 

EOS of nuclear matter on the basis of the underlying nucleon-nucleon interaction has
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been reviewed briefly in this chapter. The behaviour of nuclear EOS and some of the 

reported properties of nuclear matter at saturation conditions has been discussed. The 

contradicting behaviour of nuclear symmetry energy as shown by different theoretical 

calculations has been discussed in brief. It has been discussed that momentum 

dependence of nuclear mean field, which is a key ingredient in the study of nuclear 

EOS, is an unavoidable feature for the fundamental understanding of nuclear matter 

properties and for successful interpretation of HI collision dynamics. The momentum 

and density dependence of nuclear mean field as reported by various theoretical 

approaches has been discussed. The two types of behaviour of the isovector part of 

nuclear mean field with variation in momentum and the effective nucleon mass 

splitting has been discussed.

In chapter 2 the momentum and density dependence aspects of nuclear matter 

is analysed using a general finite range effective interaction. It is shown that the more 

fundamental quantity for the study of nuclear EOS is the nuclear mean field. The 

study of nuclear mean field at Fermi momentum accounts for the density dependent 

aspect of nuclear EOS, while, the momentum dependence aspect of nuclear EOS can 

be sealed from the momentum dependence of the effective mass. For example, in 

ANM, the iso vector part of mean field around Fermi momentum gives the density 

dependence of nuclear symmetry energy. On the other hand, momentum dependence 

of isovector part of nuclear mean field at a given density accounts for the nucleon 

effective mass splitting in ANM. It is explicitly shown that the puzzle regarding the 

EOS of ANM can be solved by solving the density and momentum dependence of 

nuclear mean field and density dependence of nuclear symmetry energy. In this 

chapter it is shown that to study the momentum dependence of nuclear mean field we 

need only the exchange part of the effective interaction, where as to study the density 

dependence of nuclear mean field at densities other than normal nuclear matter 

density knowledge of both direct and exchange part of the effective interaction is 

necessary. From this chapter it emerges that a simple density dependent finite range 

effective interaction of conventional form can be used to analyse the EOS of ANM.

In chapter 3 a simple density dependent finite range effective interaction 

having Yukawa form for the short range interaction part is considered to analyse the 

nuclear EOS. The EOS of ANM and properties of nuclear matter at zero temperature 

are defined for this simple density dependent finite range effective interaction. Since
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SNM and PNM form the two boundaries of the EOS of ANM and a complete 

description of EOS of ANM is equivalent to separate description of EOS of SNM and 

PNM, the parameters involved in the description of EOS of SNM and PNM are 

determined. To determine the parameters of the interaction we have used existing 

empirical/experimental data and simple physical considerations. A number of 

parameter sets were obtained. Some parameters of the interaction are kept open to 

analyse their effect on the EOS of ANM. The EOS and properties of nuclear matter 

such as nuclear mean field, effective nucleon masses, nuclear symmetry energy, 

energy per particle, pressure, chemical potentials, nuclear incompressibility and speed 

of sound has been calculated at a large range of density, momentum and asymmetry 

for the different parameter sets. Two different trends for the effective nucleon mass 

splitting are shown in this chapter for two different parameter sets. The contradicting 

behaviour of isovector part of nuclear mean field is examined in detail in this chapter. 

Also the extremely divergent and contradicting behaviour of nuclear symmetry energy 

is shown in this chapter for different parameter sets.

Chapter 4 concerns the thermal evolution and liquid-gas phase transition in 

ANM. The EOS of ANM at finite temperature (7^0) is constructed for the simple 

density dependent finite range effective interaction and thermal evolution of ANM at 

a wide range of density, temperature and asymmetry is shown. The liquid-gas phase 

transition in ANM is also discussed in brief.

In chapter 5 it is shown that to understand the evolution and structure 

of neutron stars it is important to understand the EOS of ANM. On the other hand, 

observables from neutron star properties can put important constrain on the EOS of 

ANM. In this chapter the EOS of beta-stable matter found in the interiors of neutron 

star is constructed. We have put further constrain on the high density behaviour of 

nuclear symmetry energy by adjusting the interaction parameters on the basis of an 

approximate universal high density behaviour of asymmetric contribution to the 

nucleonic part of energy density of neutron star matter. The properties of neutron star 

are calculated for the simple finite range effective interaction.

Finally a brief summary and future scope of the present work is given in 

chapter 6.
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CHAPTER 2

MOMENTUM AND DENSITY DEPENDENCE OF 

NUCLEAR MEAN FIELD FOR A GENERAL 

FINITE RANGE EFFECTIVE INTERACTION

2.1. Introduction
The study of momentum and density dependence of the nuclear mean fields in 

isospin asymmetric nuclear matter is very important topic for fundamental reasons: it 

will provide better understanding of the isoscalar and isovector parts of the inmedium 

interactions as well as for the new experimental possibilities offered by RIB facilities.

The two most important quantities in the study of neutron and proton mean 

field properties and EOS of ANM are the isoscalar and isovector parts of the nuclear 

mean field, u(k, p) and u^k, p), respectively. The isoscalar part u(k, p) can be defined 

as

u(k,p)= lim 
y,->i/2

un(k,p,Yp) + up(k,p,Yp) 
2

...(2.1)

and the isovector part u/k, p) is defined as the difference between neutron and proton 

mean fields normalized to the asymmetry (1-2YP), given as

uT(k,p) = lim
un(k,p,Yp)-up(k,p,Yp) 

2(1-2 Yp)
.(2.2).

In the above equations u\k, p, Yp) and if(k, p, Yp) are the zero-temperature neutron 

and proton mean fields expressed as functions of momentum k, total nucleon density 

p = p„ + pp and proton fraction Yp - ppfp
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As seen from Chapter 1 the momentum and density dependence of nuclear 

mean fields in both SNM and ANM has been studied extensively using various 

theoretical approaches. Many theoretical models predict a rather similar behaviour of 

momentum and density dependence of isoscalar and isovector parts of nuclear mean 

field around Fermi momentum k = kf at saturation and sub-saturation densities but 

differ considerably from each other when extrapolated to high momenta and high 

densities.

Since non-relativistic finite range effective interactions provide the simplest 

possible way to study the EOS of nuclear matter, in this chapter we have used a 

general finite range effective interaction to construct the nuclear matter EOS and use 

it to study the momentum and density dependence of isoscalar and isovector parts of 

nuclear mean field. The expressions for EOS of nuclear matter at zero temperature (T 

= 0) and at finite temperature (T ^ 0) has been given for a general effective interaction 

in sections 2.2 and 2.3 respectively. To study the momentum dependence of neutron 

and proton mean fields the difference between these two quantities has been studied 

in section 2.4. In that section it has been shown that the difference between neutron 

and proton mean fields is directly connected to the sign of the difference between 

neutron and proton effective masses and hence can lead to the neutron and proton 

effective mass splitting study. In section 2.5 the isoscalar and isovector parts of 

nuclear mean field are given for the general effective interaction. In section 2.6 a brief 

discussion has been given on how the knowledge of certain nuclear matter properties, 

although our present knowledge on these properties is very low, can lead to the 

solution of the whole problem. Finally in section 2.7 a brief summary has been given.

2.2. EOS of ANM for general effective interaction at finite 

temperature
To derive the equation of state (EOS) of asymmetric nuclear matter (ANM) 

from a general nucleon-nucleon effective interaction we consider four different 

effective interactions, namely, the direct and the exchange effective interactions 

between like (/) and unlike (ul) nucleons: vj(r), v/;(r), vj(r) and vexuI(r), assuming 

charge symmetry (i.e. vnn(r) = xPp(r)). These four different interactions are given as
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vj'W = 7v“M + 7v”(c)
4 4

...(2.3)

yfcr) = (r) +1 v“ (r) +1 v“ (r) +1 v>). ...(2.4)

...(2.5)

and
v£W = tv“(r) + |v"(r)-tv”(r)-|v”(r). ...(2.6)

The quantities vse(r), vte(r), vso(r) and v'°(r) represent effective interactions in the 

specified states averaged over angles, spins, and isopsins of the two interacting 

nucleons. The symbols e/o and t/s represent respectively the parity (even/odd) and the 

spin (triplet/singlet) of the two nucleon states. These effective interactions depend on 

the relative separation distance r between the two nucleons as well as on the total 

nucleon density p = pn+ pp of ANM. The neutron and proton densities pn and pp are 

generated by their respective single particle Fermi-Dirac momentum distribution

functions fp(k) and f/(k) subject to the normalization

Ptt,P = jfT’P(k) d3k. ...(2.7)

The energy density functional in asymmetric nuclear matter HT(pn,pp) at 

temperature T obtained from these effective interactions is given as,

Hr <J>..P„) = J[/r"(*) + //(*)](c2»!4! + M Vy,!d%k + j(P; + p\) Jv' (r)d V 

+ P,P„ Jv?(rW3<- + \ JJ[/r (* )fr (*') + ff (* )// (*')]«L (I k-k' |)rf3W3i'

+ \ \\Ut’ (f)// (*') + ff(k )ff (*')]«" (\k-k'\)d>kd’k'.

...(2.8)

The momentum dependent interactions g1;"1 Qk-k' |) are Fourier transforms of the

respective exchange interactions (r),

g'i'(lk-k’\)=lel(l-Svv':‘(r)d3r. ...(2.9)

The energy density functional Hr{pn,p ) has separate contributions to the kinetic

energy density from neutrons as well as protons. In Eq. (2.8) relativistic relation 

between kinetic energy and momentum has been used to take account of possible
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relativistic effects that may arise at high density and/or temperature. Similarly the 

potential energy density has separate contributions from interactions between like and 

unlike nucleons.

In asymmetric nuclear matter the single particle energy felt by a neutron is 

different than that by a proton. The neutron and proton single particle energies 

eTn,p (k,pn,pp) can be obtained as the respective functional derivatives of the energy 

density HT(pn,pp) given in Eq. (2.8) and are expressed as

In the above equation the first term is the kinetic energy of neutron and proton under 

consideration and u^’p{k,pn,pp) are the neutron and proton single particle

potentials or mean fields respectively. The neutron mean field u^’p(k,pn,pp) at 

temperature T is given as

+ [Ifr^g^k -k'^dlk' + fT“(k')g:l(\k -k'^k'

...(2.11)

Similarly the proton mean field Up (k,pn,pp) at temperature Tis given as

26



Chapter 2 Momentum and density dependence of nuclear mean field for a general finite 
range effective interaction

+[j// mg',, <|* - *'K*'+/; (*')*; ([* - *-j)rf3*;
+

2 J
..(2.12)

1 ffr - - 1dgJ(k-k') , ,+ ^ JJ[/r' (*)// (*’) + //(*)/;(*')] M1*’

1 f.r . ^dgj'(k-k')-awi?

From Eqs. (2.11) and (2.12) it is observed that the nucleon mean fields or single 

particle potentials u",p(k, p„,pp) have three distinct parts; a direct part, an exchange

part which is momentum dependent and a rearrangement part arising out of any 

explicit dependence of the four different effective interactions on total nucleon 

density p.

In the calculation of EOS of ANM the most important entities are the neutron 

and proton single particle momentum distribution functions f" (k) and // (k). In 

terms of Fermi-Dirac distribution functions the single particle momentum distribution 

functions are expressed as

rnf'W. -.(2.13)
(In)

where nPp(k) are the neutron and proton occupation probability given by

<’/,W = {exp[(e^ (k,p„,pp)-$‘p)/f] + l} , (2.14)

g is the spin-isospin degeneracy factor and juPp are the chemical potentials for 

neutrons and protons respectively.

From Eqs, (2.10)-(2.14) it is evident that a self-consistent calculation is 

required to evaluate the single particle momentum distribution functions /" (k) and

ff(k). A method of successive iteration, starting from the single particle energies at 

zero temperature en,p (k,pn,pp) can be implemented to evaluate the single particle

momentum distribution functions fP(k) and fp(k) self-consistently [140] at a given 

total nucleon density p and temperature T. This procedure gives simultaneously the
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neutron and proton Fermi-Dirac distribution functions f"'p (k), the single particle 

energies e"T,p (k,pn,pp) and the chemical potentials p"'p, using which the energy 

density HT(pn,pp) as well as the complete EOS of ANM can be calculated at

temperature T and total nucleon density p.

An important property of asymmetric nuclear matter related directly to the 

nucleon mean fields is the effective nucleon mass. The nucleon effective masses

usually arise from the momentum dependence of the mean fields u"’p(k, p„,pp) and 

are defined through the relation

\_d_
k dk

(cW+MV)2 4\l/2

1 M=M*

\deT (k,p„,pp) 
k dk

.(2.15)

Using the relation for enT'p (k,pn,pp) the ratio of effective nucleon masses to the
i

actual mass can be written as

M*(k,P„,Pp)
M

n,p n2k2)
+ M2c

| M duTn'p(k,pn,pp)
h2k dk

>, 1/2

n2k2

M2c2
...(2.16)

The momentum and density dependence of the neutron and proton single 

particle energies e.H,p (k,pn,pp) at zero temperature play an important role in the 

thermal evolution of EOS of ANM. As discussed earlier in this section, the nucleon 

mean fields en,p (Jk,pn,pp) are the basic input in the self-consistent evaluation of

the single particle momentum distribution functions at T ^0. In view of this, we have 

derived the nucleon mean fields and EOS of ANM at zero temperature (T =0) in the 

next section.

2.3. EOS of ANM for general effective interaction at zero 

temperature
To evaluate the EOS of ANM at zero temperature (T =0) no more self- 

consistent calculation is required, which was necessary for the case of T ^0. As the 

single particle momentum distribution functions at zero temperature take the form of 

step functions the EOS of ANM can be calculated analytically.
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The single particle momentum distribution functions at zero temperature are 

given as step functions,

grp{k)=-f^e{kn_p-k)..
(2n)

...(2.17)

where kn, and kp are the neutron and proton momentum at Fermi surface and using Eq. 

(2.9) are related to neutron and proton densities pn and pp by the relation

Pn,p
n,P

3 7t 2 '
...(2.18)

Using the zero-temperature momentum distribution functions the energy 

density functional H(p„, pp) in ANM at zero temperature can be expressed in the form

H(Pn>Pp) = ^~~'Z 4[2x/w-3 -X'Ui -ln(*, +«,)] + \(pl + P2p)\v'd{r)d2r
® i=n,p %j '

+ P.pJv?(r)rf3r + ^J

*9PnPp\

pi lv.<£nr) + 2 h (V) / (u3
(V)2 " '2 K( )(kpry

(Kr) (kpr)
Kir)dr

fik-
where x, = :z:l and u, = (1 + xf)'u ,i = n,p ‘Me ' '' y

...(2.19)

..(2.20)

and ji is spherical Bessel functions of order 1.

Similarly the neutron and proton single particle energies e"'p (k,pn,pp) at 

zero temperature are given as

en’p(k,p„,Pp) = (c2h2k2+M2Cy12 + un'p(k,pn,p) ...(2.21)

where un’p(k,pn,pp) are the neutron and proton mean fields at zero temperature in 

ANM, given as

u"{k,pn,pp) = [pn \vld{r)d3r + Pp Jv?(r)rf3r]

3P„ jVo(kr)~~v,a(r)d3p + 3PP —kpr

dPn

+ -
[L ■ fdtA+p 1 k'tV)1 r + 9p p iMKr) Mk/) 8vj(r)
Jr" {knrf Pp Hr r\2 I a r + *P»PPl fir fir ^ rlry “(V) $Pn (V) (V) dPn

...(2.22),

29



Chapter 2 Momentum and density dependence of nuclear mean field for a general finite 
range effective interaction

up(k,p„,pp) = [pp Jv'd(r)d3r + pn JvuJ(r)d3r

3P, J;„(fe-)^^vi(r)dV + 3p„Jy0(*r)4^vZ(r)</3
J kpr J r rknr

+

+ -

(Pn+P2p) fgvld(r)rovAr) j3 rdvuJ(r) ,3

2 J dp. PJ dpp

2 j\ (.kpf') < „2j?(knr) 
{kpr)'p; nv +pn (V)2

5v«(r)

dPp
dr

(k/) (*„/■)

...(2.23)

In the above equations jo is the spherical Bessel function of order 0.

The nuclear symmetry energy JT(p) which plays a crucial role in the evaluation 

of EOS of ANM was defined in chapter 1 as

Jr(P) =
1

2 P

d2H(Pn,Pp)
da2

...(2.24)
cr = 0

where a is the asymmetry parameter related to neutron and proton density by the 

relation a = (p„ - pp)/p. For a general effective interaction Jx(p) can be derived from 

Eqs. (2.19) and (2.24) as

J, 00 = f J[»i (') ~

+ J- \jl(*/'0[v~(r)-v"(r)]rfJr - ~r \ (k fr)\v'„(r) + v"(r)]rfV

hkf
where x, - «,=(l + x2f)m ,v Me

...(2.25)

...(2.26)

and kf is the Fermi momentum in symmetric nuclear matter (SNM) connected to the 

total nucleon density p by the relation

2 kl
p = ~~r57t

The effective nucleon masses at zero temperature in ANM can be expressed as

1/2

.(2.27)

M * (k, pn,pp)

M

n,p f
1 +

h2k2 ' 

mV

-1/2

+ -
M dun'p(k,p„,pp)

-i-2

h2k dk

21.2h2k
M2c2

(2.28)
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From the above equation it is evident that momentum dependence of the nucleon 

effective masses depend on the behaviour of nucleon mean fields with momentum.

2.4. Momentum dependence of nucleon mean fields for 

general effective interaction
The momentum and density dependence of neutron and proton mean fields are 

very crucial in understanding a number of phenomena involving inmedium 

interactions. The importance of the study has increased manifold with the growing 

experimental facilities available for study of HI collision using Radioactive Ion 

Beams [1]. In this section, the momentum dependence of neutron and proton mean 

fields has been studied for a general effective interaction.

In the study of EOS of asymmetric nuclear matter (ANM), the most important 

quantity is the difference between neutron and proton mean fields,

UV (k> Pn’Pp) = UT (*» Pn’Pp)~UT (*> Pn’Pp), (2.29)

From Eqs. (2.11) and (2.12) it is evident that the rearrangement parts in neutron and 

proton nuclear mean fields will cancel out and the functional u"r~p(k,pn,pp) at a

given temperature T in terms of total nucleon density p and proton fraction Yp= pp/p 

can be expressed as

(*. P,YP) = ( 1 - 2F, )P f[v' (r) - vf (r)\d3r
. _ „ _ _ _ (2.30)

+ \Ur (*') - // (ft1)]fei (i ft - ftf i) - (i * - ft' i)^3*'-

This result shows that the first term of u'pp{k,pn,pp) is independent of temperature

and momentum and is directly proportional to (l-2Yp), the proportionality factor 

depending only on the total nucleon density p. On the other hand, the second term has 

a very complicated dependence on temperature T, momentum k, total nucleon density 

p and proton fraction Yp. However, in the limit of very large k, the functionals 

g‘£'(\ k - k' \) appearing inside the integral in eqn. (2.30) can be approximated for a

finite range exchange interaction by gif (k) and hence the functional ufp(k,p,Yp) 

can be expressed as

<-'(*, p, Y„ ) >(! - 2Yp )p [ j[v' (r) - v? (r)] d%r + [gi (*) - gt (*)]]

...(2.31)
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This result is very important in the sense that at large k the functional uTn p(k,p,Yp)

is independent of temperature and is directly proportional to neutron proton 

asymmetry (1-2 Yp).

To examine the momentum dependence of u^~p(k,p,Yp) we introduce a

dimensionless quantity,

M dunT~p{k,p,Yp) 
h2k dk || J^[j[/; (£’)-//(£■)][«D-«j(i * -f dm’*'

...(2.32)

It is important to note that the functionals
M dunT'p{k,PJp) 

h2k 8k
are directly connected

to neutron and proton effective masses
M*(k,pn,pp) 

M

n.P

as evident from Eq. (2.16).
Jr

It should be mentioned here that knowledge about neutron and proton 

effective masses in highly asymmetric matter is important for understanding isospin 

diffusion, neutron-proton differential flow in HI reaction dynamics. However, the 

question of whether neutron effective mass is larger than proton effective mass in 

ANM is still open. Different theoretical calculations predict contradicting result and 

almost nothing is known experimentally about the neutron-proton effective mass 

splitting.

In case of Skyrme parametrization of the EOS of ANM the functional

M du”-p{k,pjp)
h2k dk

has a very simple structure,

M dunj~p{k,pJp) 
h2k dk

^-2Yp)^H2x2+l)-tl(2xl+l)]p ...(2.33)

which is not only proportional to neutron-proton asymmetry parameter (1-2Yp) but 

also independent of temperature T and momentum k. The sign of the parameter 

B = \t2 (2x2 + 1) - ti (2xj + 1)] will determine whether the proton effective mass is 

above the neutron one or the other way around. For all Skyrme parametrizations [19, 

references therein] with xi - X2 = 0 the value of B is negative. Other Skyrme 

parametrizations such as SGII, RATP, SKP, SKX, SKXm and SkSC have also 

negative values of the parameter B. In all these cases the neutron effective mass is 

above the proton effective mass irrespective of temperature, momentum and density.
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above the proton effective mass irrespective of temperature, momentum and density. 

On the other hand, the Skyrme-Lyon parametrisations Sly-a and Sly-b and SkIl-SkI6 

give positive values of the parameter B and in these cases the proton effective mass is 

above the neutron one. For Skyrme parametrizations such as SkSC4 and T6 for which 

xi= x2 = ~ 0.5 the parameter B vanishes and the neutron and proton effective masses 

are identical.

From Eq. (2.32) it can be observed that for finite range effective interactions

the dimensionless quantity
M du"~p{k,p,Yp)

has a very complicated dependence on
h2k 8k

temperature T, momentum k, total density p and proton fraction Yp. Only in the limit

of large A: the functional
M du"rp(k,p,Yp)
n2k dk

M du"~p(k,p,Y)
H2k dk large k

M

will simplify and can be given as

dgL(k) dg^ik)
dk dk

.(2.34)

From the above equation it is evident that if the asymptotic behaviour of 

M 8ut (k,p,Yp) -tjve tjien neutron effective mass is less than the proton
n2k dk
effective mass for given values of k, p and Yp and the other way around for negative

, r M 8u”~p{k,p,Y ) 
values of —---------------— for large k.

tfk dk

For Gogny effective interactions the behaviour of
M dunr-p(k,p,Yp)

h2k dk

can be calculated analytically and the result can be written as,

at large k

M duTp(k,p,Yn) M ^ J W.
™----1—^ (i_27 )p—r-V af\ +
%2k dk *_>oo p 2h2^2 '{2

\
exp(-crfA:2/4). ...(2.35)

For large values of k the contribution coming from the long range part of Gogny 

effective interactions (0.2 - 1.2 fin) can be safely ignored compared to the 

contributions from the short range part (a; = 0.7 fin). Thus the sign of (Wi/2 + Bi) for 

the short range part of Gogny effective interactions will determine whether 

asymptotically for large k the neutron effective mass is above the proton effective 

mass or the other way around. Among the different sets of Gogny effective 

interactions used by Blaizot et al. [141] this parameter is positive for D1S and D250
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and therefore asymptotically for large k the proton effective mass goes above the 

neutron effective mass. On the other hand, (Wi/2 + Bi) is negative for Dl, D260, 

D280 and D300 and as a result the neutron effective mass goes above the proton 

effective mass asymptotically for large k.

Since the asymptotic behaviour of
M dunT-p(k,PJp) 
h2k dk

is proportional to the

total nucleon density p and the neutron-proton asymmetry parameter (1-2 Yp), the 

splitting of neutron and proton effective masses mentioned above may be small 

around normal nuclear matter density po and therefore can be neglected in finite nuclei 

where both p and (1-2Ip) are rather small [142]. However, this difference in neutron 

and proton effective masses may be quite relevant for transport properties of energetic 

nucleons in highly asymmetric dense nuclear matter that can be formed in high energy 

heavy-ion collisions with radioactive ion beams.

2.5. Isoscalar and isovector parts of nuclear mean field for 

general effective interaction
At zero temperature the difference between neutron and proton mean fields 

can be calculated from eqns. (2.22) and (2.23) as

+ J A VtfP „ Vi(VO
kr p v

.(2.36)

The direct part of u" p(k,p,Yp) is same as that of urn p(k,p,Yp) and similarly, the 

exchange part has a complicated dependence on momentum k, total nucleon density p 

and proton fraction Yp. However, in case of zero temperature un~p(k,p,Yp) can be

simplified in two cases. In the limit of large k, it will take the same form as at finite 

temperature given in Eq. (2.31). The second simplification arises from the fact that the 

exchange term in un~p(k,p,Yp) is approximately proportional to (1-2TP). The 

proportionality factor of exchange part can be approximated in terms of a Taylor

expansion of the functional Pn
3 jxiknr) 3j\(kpr)

k„r ~Pp kpr
about Y„ =1/2 as,
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3 J\{knr) 3-MV)

Kr Pp kpr
= (1-2 Yp) p j0 (kfr) + terms with higher odd integral

powers of (1 -2 Yp). ...(2.37)

Using Eqs. (2.2) and (2.37) and neglecting higher order powers of (1-2FP) the 

isovector part of nuclear mean field uT(k, p) can now be approximated as

«, (k, p) = -|[ 0) - V1 (r)¥^r + Jy0 (kr)j0 (kfr)[v'ex (r) - v* (r)]d3r ...(2.38)

A common problem which frequently arises in comparing the momentum 

dependence of the iso vector part of nuclear mean field u&k, p) derived from different 

effective interactions is the difference in the density dependence of the nuclear 

symmetry energy J-ip) for these interactions. In view of this it is desirable to separate 

out the density dependence of Jz{p) from the isovector part of nuclear mean field u^k, 

P).

The nuclear symmetry energy JT(p) given in Eq. (2.25) can be put in the form,

-1/2

+ 4 Jt’iM-'SW'-
k=kf ...(2.39)

+^J[vLM-v£Mi/02(yyV

where, M*(k, p)/M is the zero-temperature nuclear effective mass in SNM defined as

M*(k, p) <
f, hV 'I

-1/2
M 8u(k,p) h2k2

r------- r-r
M l MC J h2k dk M2c2

JXp)
n2k/
6M [ M J+MV

In the above equation u(k, p) is the zero-temperature mean field in SNM, 

conventionally called the isoscalar part of nuclear mean field, which can be obtained 

from Eqs. (2.22) and (2.23) as

u(k, p) = p Jvrf (r)d3r + p jy0 (kr)

2 ^ dp 2 (kfr)2 dp

...(2.41)

Here vjj) and vex(r) are the direct and exchange parts of the effective interaction, 

respectively and satisfy the relation
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vAr)=V'd(r)V1(r) andv„(r)=V»(,') + V»('')
...(2.42)

2 “ 2 

It should be mentioned here that the single particle energy in SNM e (k,p) defined as

e (k, p) - (c h k +M c ) + u(k, p)

satisfies the Hugenholtz-Van Hove (HV) theorem at Fermi surface, i.e.,
e(k = kf, p) = e(p) + p^^-.

J dp
In the above equation e(p) is the energy per nucleon in SNM given as

...(2.43)

...(2.44)

<P) = 12XfU3f “ X*Uf ~ln(Xf +Uf)^+ 2 ^ (r)afV + if ^~{frfVex

...(2.45)
Now the iso vector part of the nuclear mean field u&k, p) defined in eqn. 

(2.38) is connected to the nuclear symmetry energy JT(p) given in eqn. (2.39) through 

the relation,

UT (k, p) — 2JT (/?) —
n2kf2
3 M

(M*(k,p)}2 h2k2
M Me2 Jl

•1/2

+ u?{k,p) ...(2.46)
k=kr

where, (k, p) = ^L J[y0 (kr) - j0 (kfr)][v^ (r) - vj (r)]j0 (kfr)d2r. ...(2.47)

Analogous to Eqs. (2.36) and (2.47) the zero-temperature mean field in SNM or the 

isoscalar part of mean field u(k, p) can also be expressed with the help of HV theorem 

given in Eq. (2.44) as

u(k, p) = e{p) + p d6^ ~(c2h2kl + M2c4 )'/2 + uex{k, p), ., .(2.48)
dp x ’

where, = ^ J[yo(^r)-/0(A:/r)]^^-[v^(r)+v^(r)M3r ...(2.49)

It should be mentioned here that in eqns. (2.46)-(2.47) there is a connection to very 

old open problems; the momentum and density dependence of the Lane potentials 

[143] v; = 4 Uj(k, p), which is now seen in a much more general framework.

It is important to note that only finite range parts of the exchange interactions 

between like and unlike nucleons can contribute to uz(k, p) and uTex(k, p). Moreover, 

these two functionals vanish at the Fermi momentum k = kf and the isoscalar and 

isovector part of nuclear mean field at Fermi momentum is given as
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-1/2

...(2,50)

and u(k = kf,p) = e(p) + p-6^- - (c2h2k2f +M2c4f

dp v '
...(2.51)

From Eqs. (2.50) and (2.51) it is clearly evident that nuclear matter properties 

like energy per particle, chemical potentials, pressure, incompressibility and speed of 

sound in both SNM and ANM are determined by the behaviour of isoscalar and 

isovector parts of nuclear mean field at the Fermi momentum k = kf and follow in a 

trivial way once the density dependence of nuclear symmetry energy J-lp) and energy 

per particle e{p) in SNM are fixed. In view of this, different EOS of ANM sharing the 

same density dependence of e(p) and JT(p) but having quite different momentum 

dependence of the functionals u?(k, p) and uTex(k, p) will lead to almost the same 

results for properties like energy per particle, chemical potentials, pressure and 

incompressibility in both SNM and ANM. However, these different EOS can give rise 

to significantly different predictions on experimental observables sensitive to the 

differences between neutron and proton flow data in highly asymmetric dense nuclear 

matter. The whole problem now divides naturally into two parts:

1. momentum and density dependence of the functionals u£k, p) and uTex(k, p)

2. density dependence of e(p) and J^p).

Since in chapter 1 we have already discussed some properties of these functionals in 

detail we give an outline of our present knowledge of these functionals which 

determine the EOS of nuclear matter in the next section.

2.6. Discussion
As discussed in chapter 1 in the past couple of decades intensive theoretical 

and experimental study has been done on the momentum and density dependence of 

isoscalar part of nuclear mean field. Now the momentum dependence of isoscalar part 

of nuclear mean.field u(k, p) is well established and experimental observables provide 

significant constraints on the momentum and density dependence of u(k, p) [3,114].

On the other hand, the momentum and density dependence of isovector part of 

nuclear mean field is poorly known. Different theoretical calculations predict quite 

different and even contradicting results. The extremely divergent and even
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contradicting behaviour of isovector part of nuclear mean field uT(k, p) with 

momentum as predicted by different theoretical calculations is exhibited for Skyrme 

and Gogny effective interactions.

The functional uTex(Jc, p) which determines the momentum dependence of 

isovector part of nuclear mean field can be calculated analytically for Gogny effective 

interactions and the result is given by

i{expKz,-X,)2 / 4]-exp[-(z, +x,)! /4]}-xfi-e^)

...(2.52)

where z,- = a, kt, xt = expand a* Wj, Bt are the parameters of the Gogny interaction.

Figure 2.1: Momentum dependence of the functional uTex(k, po) for Skyrme 

parametrisations.
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For the Skyrme parametrization uTex(k, p) has a very simple form,

...(2.53)

Eqns. (2.52) and (2.53) clearly exhibit the difference in the high momentum 

behaviour of urex(k, p) for Skyrme and Gogny type effective interactions. While for 

Skyrme parametrization uTex(k, p) either increases or decreases monotonically with 

increase in k, it approaches a definite value

...(2.54)

in the limit of k—>co for Gogny parametrizations.

In Fig. 2.1 the extremely divergent and even contradicting behaviour of uTex(k, 

po) with momentum is shown as a function of momentum k at normal density po for 

nine different Skyrme parametrizations [19, references therein] SKI5, SKI6, SLyl, 

SLy9, SLy-a, GS, SGI, SKO and SKP. While uTex(k, po) increases monotonically for 

the Skyrme interactions SKI5, SKI6, SLyl, SLy9 and SLy-a it decreases 

monotonically for GS, SGI, SKO and SKP with increase in momentum.

In Fig. 2.2 the momentum dependence of urex(k, po) is shown for six different 

Gogny interactions [141] DIS, D260, D250, D280, D300 and Dl. The Gogny 

interactions D260, D280, D300 and Dl exhibit a decreasing trend with increase in 

momentum and for large k approach a definite negative value depending on the 

interaction considered. The variation of uTex(k, po) with momentum for the Gogny 

interaction DIS and D250 is rather different from the other interactions shown in Fig. 

2.2. In these cases uTex(k, po) gradually decreases with increase in k, becomes negative 

and attains a minimum value and then gradually increases with further increase in k 

and approaches a value, depending on the interaction considered, in the limit of 

k—►oo.

It is important to note that a decreasing trend of momentum dependence of the 

isovector part of nuclear mean field corresponds to neutron effective mass being 

greater than proton effective mass whereas an increasing trend corresponds to the 

other way around.
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k [fm'1]

Figure 2.2: Momentum dependence of the functional uTex(k, po) for Gogny 

interactions.

The density dependence of energy per particle e(p) in SNM is usually 

described in terms of the equilibrium density po, energy per particle e(po) at this 

density and the stiffness parameter pde(p)/dp related to pressure in SNM. The values 

of equilibrium density or saturation density po and energy per particle e(po) at this 

density are known within a good precision from experimental/empirical data. The 

value of e(po), determined from liquid drop model fits on the binding energies of a 

large number of nuclei is e(po) = - (16 ± 0.2) MeV (excluding rest mass energy) [17]. 

The saturation density or the normal nuclear matter density po is expected to be po - 

0.16 ± 0.005 firi2 based on calculating the charge distribution in heavy nuclei. 

However, the value of the stiffness parameter is not known precisely. Recent analysis 

of nucleon flow data in high energy heavy-ion collisions performed at National 

Superconducting Cyclotron Laboratory (NSCL) have been able to constrain the 

stiffness parameter upto some extent [3]. The value of nuclear incompressibility K(po) 

in SNM at normal nuclear matter density po , which is related to the stiffness
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parameter, is also not known precisely. The value of K(po) is model dependent and 

different theoretical calculations give the value of K(po) in the range 200 - 240 MeV 

[21,22].
On the other hand, there are no experimental/empirical constraints on the high 

density behaviour of nuclear symmetry energy Jx(p) [3]. The high density behaviour 

of Jj(p) predicted by different theoretical calculations is rather extremely divergent 

and even contradicting [27-28]. In fact, even the sign of the symmetry energy above a 

density 3po is still very uncertain [31]. Analysis of the differences between neutron 

and proton flow data in high energy heavy-ion collisions have yet to pin down the 

high density behaviour of Jx(p) [27-33]. The only constraint available is the value of 

nuclear symmetry energy Jx(po) at normal nuclear matter density po. The value of 

J^po) calculated from liquid drop mass formula is ~ 30 MeV [131]. However, different 

theoretical calculations which give a good account of EOS of SNM predict the value 

of J^po) in the range 24 to 40 MeV.

2.7. Summary
In this chapter we constructed the EOS of asymmetric nuclear matter at 

temperature T (T ± 0) and at zero temperature (T = 0) for a general effective 

interaction. It was shown that in the study of EOS of nuclear matter the more 

important quantity is the difference between neutron and proton mean fields

unjP(k,p,Yp). To study the momentum dependence of u“~p(k,p,Yp), the

functional
M du" p(k,p,Yp) _ — was introduced which is directly connected to neutron

and proton effective mass splitting. In fact the sign of the functional 

M duniP(k,p,Yp)

%2k dk
determines whether neutron effective mass is greater than proton

effective mass or the vice versa. It was shown that the sign of the functional

M du" p(k,p,Yp) 
h2k dk

and as a result the sign of the splitting of neutron and proton

effective masses depends on the parameters of the interaction. This was shown for 

popular parametrisations of Skyrme and Gogny interactions.
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To study the momentum and density dependence of nuclear mean field the 

isoscalar and isovector parts of nuclear mean field u(k, p) and ux(k, p), respectively, 

were defined for a general phenomenological effective interaction. The behaviour of 

uT(k, p) and u(k, p) around Fermi momentum k = k/ were found to be connected to the 

density dependence of nuclear symmetry energy Jx{p) and energy per particle e(p) in 

SNM respectively. The momentum dependence of ux{k, p) and u(k, p) were separated 

out in terms of simple functionals ufx(k, p) and uex(k p) which vanish at the Fermi 

momentum k = kf and involves only the finite range parts of the exchange 

interactions between like and unlike nucleons. The existing uncertainty in the value of 

nuclear symmetry energy Jx(p) even at normal nuclear matter density was discussed. 

The conflicting behaviour of the functional ufx(k, p) predicted by different theoretical 

models was shown for the Skyrme and Gogny effective interactions with several 

parameter sets.

In this chapter it was seen that to study the momentum dependence of 

isoscalar and isovector part of nuclear mean field we need the knowledge of only the 

exchange part of the effective interaction. However, to study the density dependence 

of the isovector and isoscalar part of nuclear mean field at densities other than the 

normal nuclear matter density po we require the knowledge of not only the exchange 

part of the interaction but also the direct part of the interaction. Further, to study the 

momentum and density dependence of neutron and proton mean fields, density 

dependence of nuclear symmetry energy and properties of nuclear matter also we 

need the full form of the interaction.

In view of this in the next chapter we have built a simple density dependent 

short range effective interaction of conventional form to study the density and 

momentum dependence of nuclear mean field, the density dependence of nuclear 

symmetry energy and properties of nuclear matter.
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CHAPTER 3

NUCLEAR EQUATION OF STATE AND THE 

PROPERTIES OF NUCLEAR MATTER FOR 

A SIMPLE SHORT RANGE EFFECTIVE 

INTERACTION

3.1. Introduction
In chapter 2 we observed that a general finite range interaction can simulate 

the momentum and density dependence of nuclear mean fields and analyse the nuclear 

equation of state (EOS). In view of this we have chosen a simple density dependent 

finite range effective interaction of conventional form, such as Yukawa, Gaussian or 

exponential, which was successfully used by Behera, et al. [108] to simulate the 

momentum dependence of mean field in symmetric nuclear matter (SNM) and study 

EOS of SNM. We will use this interaction to analyze the EOS of nuclear matter, 

especially the EOS of ANM and neutron star matter.

The simple density dependent finite range effective interaction is given as

V* « = k a+v„) m+10 + v,)o
P(R)

1 + bp(R)
S(r) + (W + BPa- HPt - MPaPT)f{r)

...(3.1)

In the above equation to, t3, x& xj, b, y, W, B, H and M are the parameters of 

the interaction. Pa and PT are the Pauli spin and isospin operators, respectively and 

S(r) is the Dirac delta function. In Eq. (3.1) the first term is independent of density 

while the second term takes the density dependence aspect of the interaction into 

account. The third term contains the short range interaction^) of conventional forms, 

such as Yukawa, Gaussian or exponential specified by a single parameter a, the range
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of the interaction. In this thesis work we have used only the Yukawa form for the 

short range interaction/^). For Yukawa form/(r) is given as
-rla

f(r) =
rla

...(3.2)

where a is the range of the interaction.

This interaction is very similar to Skyrme-type interactions except for two 

differences. The first one is the short-range interaction (W + BPa-HP x- MPaPT)j(r) 

in place of the tj and terms in Skyrme-type interactions. This replacement is 

necessary to provide a description leading to vanishing attractive interaction between 

nucleons of very large relative momenta, an important feature for the successful 

interpretation of heavy-ion collision data at intermediate and high energies. The 

second modification is the denominator in the density dependent term of the effective 

interaction which is necessary to prevent the supraluminous behaviour of nuclear 

matter at very high density [144].

A major advantage of using this simple finite range effective interaction is that 

it leads to analytical calculations of all zero-temperature nuclear matter properties 

with a minimum number of adjustable parameters, as we will see in the subsequent 

sections, although the results are not simple. Behera et al. [108] have used this 

interaction to study the properties of SNM at wide range of densities and temperature. 

It was shown that the SNM properties such as energy density, pressure, chemical 

potential and incompressibility calculated with different functional forms of the 

effective interaction are almost same over a wide range of density and temperature. 

However, the functional form of the finite range part of the interaction was shown to 

be important in determining the high momentum behaviour of the nuclear mean field 

in SNM. At higher momenta the exchange part of mean field in SNM was found to 

be more repulsive for Yukawa form of short range interaction than the Gaussian one. 

On comparing the results of exchange part of nuclear mean field in SNM using 

Yukawa form of short range part with those obtained by Wiringa [40] it was found 

that both the results are quite similar over a wide range of momenta and densities for 

the realistic Hamiltonians considered in ref. [40], in particular with the Hamiltonian 

UV14+UVII. It should be mentioned here that the momentum and density dependence 

of single particle potential for the interaction UV14+UVII agree well with those 

extracted from analysis of elliptic flow data in HI collisions [114].
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In this chapter we have considered a simple density dependent effective 

interaction given in Eq. (3.1) with short range part having Yukawa form. The nucleon 

mean fields and the EOS of asymmetric nuclear matter at zero temperature (T = 0) 

has been constructed using this interaction in section 3.2. Since SNM and PNM 

constitute the two boundaries of ANM in section 3.3 we have constructed the EOS of 

SNM and PNM. In section 3.4 we have determined the interaction parameters 

involved in the EOS of SNM and PNM. The variation of pressure with density in 

SNM and PNM has been discussed in the same section. In section 3.5 we have 

calculated the effective nucleon mass and the isovector part of nuclear mean field's. 

The two types of behaviour of isovector part of nuclear mean fields and effective 

nucleon masses, as discussed in chapter 2, has been analysed over a wide range of 

momentum and density for different parameter sets. In section 3.6 we have analysed 

the high density behaviour of nuclear symmetry energy using the parameters obtained 

in section 3.4. The slope and curvature parameters of nuclear symmetry energy 

around normal nuclear matter density have also been calculated in this section. 

Properties of nuclear matter such as energy per particle, pressure, chemical potential, 

incompressibility and velocity of sound in nuclear medium has been calculated in 

section 3.7. In section 3.8 we have given a brief summary of this chapter.

3.2. EOS of ANM at zero temperature for the simple short 

range interaction
In chapter 2 the EOS of ANM for a general effective interaction was 

constructed using four different effective interactions, vj(r), v/l(r), veJ(r) and vexul(r). 

For the simple effective interaction used here, these four different interactions can be 

expressed as

...(3.3)

ti(r) = tM2 + x0)S(,) + ±(2 + x3)p'S(r)+(w + !?\f(r)
...(3.4)

4 u 24 2 2)
...(3.5)
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< W = f (2 + *0 Wr) + ^ (2 + x3 )p?8{r) + M +
H

fir). ...(3.6)

Using these four equations and the EOS of ANM at zero temperature as given in 

chapter 2 for a general finite range effective interaction we have constructed the EOS 

of ANM at zero temperature for the simple density dependent short range interaction 

given in Eq. (3.1).

The energy density H(pn, pp) in ANM at zero temperature which was given in 

Eq. (2.19) for a general effective interaction can now be derived for the simple short 

range effective interaction given in Eq. (3.1) and is expressed as

3 Me2
H(Pn’Pp)

1
+ •

'' 8

i f

v
Sk S 

+
P 0 P 0

y+l

£ _ xiui - ln(*, + «/)]
Xi

V

i=n,p

l + bp
iPn + Pp) +

sf S
. -j-

ui

Po Po+l U + bP

V
PnPt

+
s'exPt

2p0
JaiPn) +

ui 2
£exPP
2p0

VstPnPp jxjkpr)
JaiPp) + Po\fir)d: I k„r kpr

where Ja(p,) = J/(r)d3r J ifr)
>i = n>P

f(r)d3r

...(3.7)

...(3.8)

In Eq. (3.7) ed , e0ul, e/, eyul, sj and eexul are the strength parameters for 

interactions between like (J) and unlike (ul) nucleons related to the interaction 

parameters through the relations given below,

■Po
f

ja-*b)+
B M

W + --H
v 2 2

\f(r)d>

r+1 
0

Ga=Po

st = Po

H _ WM+----- B------
2 2 .

J/Mrf1

2
(2+x0)+l fF+|]|/(rMV

<=^(2+x3 )Pr

...(3.9)

...(3.10)

...(3.11)

...(3.12)

...(3.13)
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and = Po
f HM+^ M/(r)c/V ...(3.14)

The neutron and proton mean fields un(k, p„, pp) and if{k, pn, pp) at zero 

temperature can be given as

Po Po Po
J -r-1

j
7+1

V

l+bp.

-ut

P H----- ryn v+i
Po

+ -
1 Sy YP'

,ul

2 Ar1 d+i/9)r+1 (P« + Pp) + '
r-i

Po+i 0 + M

P
1 + bp j 

PnP D

V

r+1 ...(3.15)

+ —PJa (k> Pn) + ~PpIa Pp)
Po Po

J Pp , „«/ P« £-«'(*,P1.,Pp) = ^o1JL + <~+ 7+1

Po Po Po

Y

1+bp

iii
Pn "I------T

" Pi"
P

K\ + bp

V
Pn

+
1 <
2p^(\+bPy+l

ypr 1 , 2 2\—(p„+pj)+—
»/

YPY-1

Por+‘ (1 + M7+1 P„Pp .(3.16)

+—Pp4 (*> p„)+—p„4 (*, p„ )
Po Po

where Ia(k,Pj)
J/Wrf3

Jy'nft'') j\(k,r)
hr

-f(r)d*r ,i = n,p ..(3.17)

It should be mentioned here that the functional JJX pi) and Ia(k pi) given in Eqs. 

(3.8) and (3.17) can be solved analytically for Yukawa form of fir) [107].

The pressure P(pn, pp) in ANM at zero temperature is defined as

P(Pn >pp) = PnPn + PpPP -H(Pn’Pp) ...(3.18)

where the neutron and proton chemical potentials jf’p{Pn, pP) in ANM at zero 

temperature are defined as

dH(p„,pp)
Pn'P(Pn>Pp) = -

dpr^n,f
...(3.19)

The nuclear symmetry energy J^p) can be derived from the expression of energy 

density functional H(p„, pp) given in Eq. (3.7) and is given as
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J ip) Mc'x) t p{e'0-s?) ' p'+\e'r-s?) 
6 u f 4p0 4/?o+’

+ P(g;j Sex\ f jl{kfr)f(r)dlr - P(g;A + ggA\ \ j2 {k fr) f {r)d2 rApQ\f{r)d2r }JoV J 4Pojf(r)d3r J W

The incompressibility £(/?„, /?p) at zero temperature is expressed as

K(pn,pp) = -
dP(Pn’Pp) dP(Pn’Pp) 

Pn------- + P
dpn dp„

= 9
v “'"p y

The speed of sound in nuclear medium is defined as

P
T

dP(Pn’Pp)
dp

.(3.20)

.(3.21)

v- 8P(p) ...(3.22)
c" 8H{p)

It should be mentioned here that speed of sound in nuclear matter should never be 

greater than velocity of light. However, some models predict speed of sound to be 

greater than that of light at very high density. This phenomenon called the 

supraluminosity should always be prevented.

3.2.1. Empirical parabolic law for EOS of ANM
Assuming charge symmetry in nuclear interactions (v”” = v^) the energy 

density H(pn, pp) of ANM can be expanded into a Taylor series about a= 0 (Yp=l/2) 

and is given as

mPn,Pp)=H(P)+
<72 ~82H(pn,pp) <T4

+
~d4H(pn,Pp)~

2!4 dcr2 4116
cr=0

da4
+

...(3.23)

Neglecting terms with higer order powers of a than the second order power the 

energy density H(p„, pp) is very often written as

H{pn,pp) = H{p) + (j2pJr{p) ...(3.24)

where H(p) is the energy density in SNM and J^p) is the nuclear symmetry energy. 

The above equation is called empirical parabolic law for EOS of ANM and this 

quadratic form of EOS is frequently used in many nuclear calculations.
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The difference in neutron and proton chemical potentials \jf(p„, pp)-pp(pm pp)\ 

which is a crucial input in the calculation of proton fraction in beta-stable matter can 

be approximated using this quadratic form of energy density as

|V (Pn > Pp)~ PP (P„, Pp)] = 4 (rJT (p) ... (3.25)

The pressure P(pn, pp) and the nuclear matter incompressibility K(pn, pp) in ANM can 

also be approximated as

\ dH(p) 2 2 dJr(p) . P(p„,pp) = p—^ + a2p2 ijP-L - H (p)

K(p„,pp) = 9p

dp

d2H(p)
dp2

dp

dp dp2

...(3.26)

...(3.27)

3.3 EOS of SNM and PNM 

3.3.1. EOS of SNM
In symmetric nuclear matter (SNM) the energy per particle e(p) and the mean 

field u(k, p) can be derived from Eqs. (2.45) and (2.41) for the simple effective 

interaction given in Eq. (3.1) as

. . 3me2 r_ 3 , , . 1 sQ p se\p) = —r— [2xfu f - xfu f - ln(xA + uf)\+—---- 1-
8x/ 2 A M"

P
K\+bp

V
P+^JAP)

2po

and u(k,p) = s0—+ 7o ' »+1
Po Po

p
,1+bp

•v^+1
(i+bpA+^-i„(k,P)

2 Po

...(3.28)

...(3.29)

where x , uf = (\ + x2)m , kf = (3n:2pl2)Ui; Ja{p) and Ia(k, p) can be1/3 ,
f~ Me’ f~y fJ ' 1

obtained from Eqs. (3.8) and (3.17) respectively.

The strength parameters so, and sex required to describe the EOS of SNM satisfy the 

conditions

£o + eoul = 2s o ; e-j + Syd = 2By and eeJ + eexul = 2sex. .. .(3.30)

The pressure P(p) in SNM can be calculated from the following relations.

P(p)^p‘^-=pp(p)-H{p) ...(3.31)
dp

where H(p) is the energy density and p(p) is the chemical potential of SNM given as
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H(p) =p e(p) and p(p) = dH(p)!dp. ... (3.32)

The nuclear incompressibility K(p) in SNM and the speed of sound in nuclear 

medium is defined as

K(p) = 9 dP(p)
dp

= 18 p de(p)
dp

+ 9 pi2 d2e(p)
dp2

and
v2 _ dP(p) 
~c?~ dH(p)

...(3.33)

...(3.34)

3.3.2. EOS of PNM
The energy per particle en(p) and mean field un(k, p) in zero-temperature

PNM can be written as

en(p)-^c ..3 „ m , P , er ^
3 [2XnUn ~ XnUn “ ^ + «„)] + ”— + 0 „r+1

8x:

and un(k,p) = s'0—+—-

2 P0 2po \l + bp) 2 p0

Po Po
y+l

\y+l

l+bp)
(1+bp+L)+fs£.I (ktP)

2 Po

.(3.35)

..(3.36)

hk„
where xn =—u =(l + x„) and kn =(3n p)

Me

The pressure in zero temperature PNM is given by the relation

P"(P) = P2,2 den(p)
dp

.(3.37)

3.4. Determination of interaction parameters
From Eq. (3.7) it can be observed that to describe the EOS of ANM for a 

simple density dependent finite range effective interaction given in Eq. (3.1) we need 

to determine nine adjustable interaction parameters, namely, y, b, a, eo, e/, eex[, So'1, 
8yui and sexul. From the definition of energy density in ANM given in Eq. (3.7) and 

from the relation between exchange strength parameters given in Eq. (3.30) it is quite 

evident that a complete description of EOS of ANM is equivalent to separate 

description of EOS of SNM and PNM. Hence to determine these nine interaction 

parameters required to describe the EOS of ANM we will determine the parameters
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involved in the EOS of SNM and PNM from simple physical conditions and available 

empirical/experimental data.

3.4.1. Adjustment of parameters involved in EOS of SNM
As seen from section 3.3.1 we require altogether six adjustable parameters 

namely % Sp y, b, sex and a to describe the EOS of SNM completely. To start with we 

have used the values of exchange strength parameters sex and the range parameter a as 

given in ref. [108] for Yukawa form of the interaction. In ref. [108] the parameters a 

and have been determined by an optimization procedure requiring to give a 

reasonable account of momentum dependence of the zero-temperature mean field in 

SNM at normal density po over a wide range of momentum as demanded by optical 

model fits to nucleon-nucleus scattering data [138,139] at intermediate energies. The 

values of the two parameters sex and a for the Yukawa form of the exchange 

interaction are sex = - 121.8 MeV and a = 0.4044fm which gives an effective nucleon 

mass M*(k - kjo, po)/M = 0.67 at the Fermi surface corresponding to normal nuclear 

matter density po. It should be mentioned here that we have used standard values of

Me2 = 939 MeV, e(p0) = 923 MeV and (c2ft2k2 +M2c4)1/2 = 976 MeV

(corresponding to po = 0.1658 fm3') in this thesis work.

In this work we have kept the value of the parameter y open. For a particular 

value of y we have calculated the remaining three parameters b, So and £y. The 

parameter b appearing in the density dependent part of the interaction is constrained 

by requiring to prevent the supraluminous behaviour of zero temperature SNM at high 

densities. An approximate result [144] can be obtained in the form

bp0>< Me

/o
■e(A>)

r+1

-1 ...(3.38)

where Sf ={
JO

—j-[3xfuf + 2xjitf - 3 ln(Xy + uf)
Axf

...(3.39)
P=Po

Since density dependence of the form py have been very successful in predicting 

binding energies and radii of many nuclei, we take the lower limit of bpo in the above 

inequality.
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Figure 3.1: Pressure-density relationship for five different EOS of SNM with y = 

1/12,1/6, 1/3, 1/2 and 1 compared with EOS of Danielewicz et al. [3] extracted from 

flow data in HI collisions and depicted by the bounded region.
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To determine the remaining two parameters, we express the parameters s0 and 

Sy in terms of e(po) and pde(p)/dp\p=po using Eqs. (3.28) and (3.31). Then we use the 

saturation conditions of symmetric nuclear matter

e(po) = 923 MeV and pde(p)/dp\p=po = 0 

to solve the two equations and get the parameters sq and Sy.

Following the above procedure we have calculated values for b, so and £y for 

different values of y. The parameter y which determines the stiffness of the EOS of 

SNM at high densities can be constrained by using the pressure-density relationship 

extracted from analysis of flow data in high energy HI collisions [3].

o
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Recently Danielewicz et al. [3] have assessed the pressure-density 

relationship in zero-temperature SNM in the density range 2 < p/po < 4.6 from an 

analysis of experimental data on flow of matter in high energy heavy-ion collisions. 

This experimental determination of nuclear EOS has provided for the first time an 

important test for all theoretical models that extrapolate the EOS from the properties 

of finite nuclei near normal density and from nucleon-nucleon scattering, in terms of 

laboratory measurements of high density matter. The pressure-density relationship in 

zero-temperature SNM assessed from analysis of flow of matter in high energy 

heavy-ion collisions is depicted in Fig. 3.1 by the bounded region in the density range 

0.32 firf3 <p< 0.736 fm~3 (i.e., 2.0 < p/po < 4.6, with po = 0.16 fnf3). In the same 

figure, the pressure-density curves calculated for different values of the parameter y 

are also shown for comparison. It can be seen from the figure that experimentally 

allowed region approximately constrains the value of y in the range 1/12 < y < 1. 

While all EOSs of SNM in this range of y give similar results at saturation and sub

saturation densities they differ considerably from each other when extrapolated to 

high densities.

Transport model calculations have also demonstrated that sub-threshold K' 

production in high energy HI collisions can provide a suitable tool to constrain the 

EOS of SNM at densities p < 3po [24]. Theoretical analysis of the data implies a 

behaviour of the EOS in the considered density range consistent with the flow data 

constraint shown in Fig. 3.1.

In Fig. 3.2 we have shown the energy per particle in SNM e(p) about normal 

nuclear matter density po for y = 1/12, 1/6, 1/3, 1/2 and 1. The saturation point is 

depicted by the Coester rectangle [125] for comparison. The saturation curves for all y 

values mentioned above are quite the same inside the depicted rectangle and pass 

through the middle of the allowed empirical region. From this figure it can be seen 

that at higher densities the curves differ very much from each other.

The behaviour of EOSs of SNM around normal nuclear matter density po is 

determined by energy per particle e(po) and incompressibility K(po). While different 

theoretical models predict similar values for e(p0), they differ widely in the values of 

K(po). The value of K(po) for the allowed range of y in Fig. 3.1 varies from 190 MeV 

to 287 MeV. It should be noted here that the centroid energies for giant monopole 

resonances in finite nuclei depend mainly on the value of K(po) [126, 141]. Studies on
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Figure 3.2: Energy per particle e(p) in SNM as function of density p for y = 1/12, 1/6, 

1/3,1/2 and 1. The empirical region of saturation is depicted by the Coester rectangle.

In this section we saw how the parameters a,y,b, s0, sy and sex can be adjusted 

the properties and EOS of SNM. In Table 3.1 we have listed the values of the 

parameters required to describe the EOS of SNM. In the same table we have also 

given the value of K(po) for the representative values of y.

Chapter 3 Nuclear equation of state and properties of nuclear matter for a simple short range 
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monopole vibrations in finite nuclei using Gogny type effective interactions [126] as 

well as Skyrme-type interactions [21, 22] have approximately constrained the value 

of nuclear matter incompressibility K(po) in the range 200-240 MeV. This range of 

K(po) constrains the value of y in the range 1/6 to 1/2 for the simple interaction 

considered here.
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Table 3.1: The values of interaction parameters for SNM b, sg and Sy for different 

values of the exponent y along with the values of nuclear incompressibility K(po) at 

normal density pg = 0.1658 fm~3. The values of exchange strength parameter and 

range parameter taken from ref. [108] are sex = -121.8 MeV and a = 0.4044fm which 

give M*(k = kjo, po)!M = 0.67.

y E0 [MeV\ Sy [MeV] b [fm3] K(p0) [MeV\

1/12 -401.5819 418.4447 0.2086 190.92

1/6 -194.9526 212.1658 0.2684 201.48

1/3 -91.9532 110.0007 0.407 221.46

1/2 -57.8575 76.9146 0.5668 239.92

1 -24.2697 47.4836 1.1375 287.03

Since, Eg = (Eg1 + Eg1)/.2, ey= (e/ + eyul)/2 and eex = (eJ + eexul)/2, a complete 

description of neutron and proton mean field properties and EOS of ANM would 

require the correct splittings of the three parameters eg, ey and eex into two specific 

channels E0l(Egul), Ey{syul) and £eJ(eexuI) for interactions between like (/) and unlike (ul) 

nucleons. However, there are no experimental/empirical constraint on the splittings of 

these three parameters except for the value of nuclear matter symmetry energy JT(po) 

at normal density. Different choices of these splittings can therefore lead to different 

results for nuclear matter properties. We now consider the EOS of PNM and try to 

adjust the parameters so, e/ and ej using simple physical conditions and the value of 

nuclear symmetry energy JT(po) at normal density. Once the values of eJ, ey and eeJ 

are fixed we can have the values of eoul, eyul and sexuI.

3.4.2. Adjustment of parameters involved in EOS of PNM
As seen from EOS of PNM given in the section 3.3.2 we require six 

parameters a, y, b, Eg, ey and seJ to describe PNM. Since the parameters a, y and b are
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fixed from the EOS of SNM in the previous section; a complete description of EOS of 

PNM requires the knowledge of three additional parameters, namely, so, e/ and eeJ, 

Unlike the case of zero-temperature SNM there are no experimental/empirical 

constraints on the behaviour of EOS of PNM [3]. The only constrain available is the 

value of the nuclear symmetry energy JT(po) at normal nuclear matter density po. As 

discussed in chapter 1 and chapter 2 the value of JT(po) as predicted by different 

theoretical calculations is in the range 28 to 34 MeV. Calculations from liquid drop 

mass formula give the value of J^po) ~ 30 MeV. Moreover, the high density behaviour 

of J-Afto) is extremely divergent as predicted by different model calculations [27, 28]. 

Our knowledge on momentum dependence of the mean field in PNM is still worse 

and different calculations have predicted quite different and contradicting results. In 

the absence of any experimental/empirical constrains our objective is to analyse the 

EOS of PNM on the basis of simple physical considerations.

All reasonable nuclear interactions predict that the equilibrium density po(a) at 

which the energy per particle of ANM is minimum, decreases with increase in the 

asymmetry a from zero onwards. As a result the binding energy per particle and the 

incompressibility in ANM at this equilibrium density also decrease with increase in a. 

With further increase in asymmetry a the minimum energy per particle disappears 

completely around a value a > 0.8 which is in accordance with the well known fact 

that PNM is not bound by nuclear forces. In view of this PNM should not be predicted 

to be bound by any reasonable nuclear interaction and we impose the conditions,

Pn(p) > 0 and dPn(p)/dp > 0 . .. .(3.40)

While the first condition rules out the existence of any equilibrium density where the 

energy per particle en(p) in PNM can have a minimum both the conditions are 

necessary to avoid any non physical behaviour leading to a collapse of PNM at any 

density. It can be remarked here that many existing parametrisation of effective 

interactions which are very successful in many nuclear calculations violate these two 

conditions [19]. We will now vary the three parameters e0!, e/ and ej and examine the 

EOS of PNM subject to this constrain.

It should be mentioned here that the neutron-proton effective mass splitting is 

solely determined from the splitting of the exchange strength parameter eex into like 

and unlike channels eeJ and sexul. This will be shown clearly in section 3.5.1. 

However, the neutron-proton effective mass splitting is still an open problem in
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nuclear physics. Many attempts have been made to constrain these parameters from 

analysis of nucleon-nucleus scattering data at intermediate energies as well as 

experimental observables sensitive to the differences between neutron and proton 

flow data in high energy HI collisions. As we saw before in the previous section 

considerable progress have been made in constraining the strength parameter 

combination (ej + aexl) (i.e. the strength parameter eex associated with SNM) [108]. 

On the other hand, the relative strength of the combination (seJ - eexuI) which 

determines the splitting of neutron-proton effective mass splitting is still largely 

unknown [30-33]. In view of this we have taken representative values of s^1 in the 

range 0 > ej > 2eex (both sex and aj are negative) and then proceed to calculate the 

values of eo1 and Sy1. To find the values of ad and e/ we express them in terms of enipo) 

and en'(p0).

If we put o- = 1 in the quadratic expression for energy density in ANM given 

in Eq. (3.24) we get the definition of symmetry energy JJp) as the difference between 

energy per particle in PNM and SNM, which can be expressed as

Jx(p)= en(p)-e(p) ...(3.41)

From the above Eq. we see that en(po) and en'(po) can be written as 

en(p0) = Jx(p0) + e(p0) and en'(p0) = Jx'(po) 

where en'(p0) = p{den/dp)\ p=p0 and Jx'(po) = p(dJx(p)/dp)\ p=p0 .

Solving the above equations we can get the values of eo1 and £y' subject to the 

condition that we know the values of Jx(po), e(po) and Jx'ipo). Since we do not have 

any knowledge of Jx'(po) we vary its value. It was observed that if we vary the value 

of Jx'ipo), for a representative value of aeJ in the range 0 > aj > 2aex, given value of y 

and a standard value of Jx(po) at normal nuclear matter density, there is a critical value 

of Jx'ipo) above which the stability condition in PNM given in Eq. (3.40) is violated. 

Using that critical value of Jx'ipo) we find the value of e0l and ayl. Using this critical 

value of Jx'ipo) we can obtain the stiffest EOS of PNM for a given value of aeJ, y and 

Jx(po) that does not violate the constrain given in Eq. (3.40). This procedure is 

repeated for different values of y, aexl and Jxipo) over their admissible range and a 

number of parameter sets are calculated. It should be mentioned here that all the EOS 

of ANM corresponding to values of JT'ipo) at and below the critical value of Jx'ipo) are 

allowed so far as the stability conditions in PNM are concerned. Thus we can have an 

infinite number of allowed EOS which satisfy the stability condition for PNM. In this
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chapter we will take this critical value of Jx'(po), which gives the stiffest EOS of 

ANM, to analyse the density dependence of nuclear symmetry energy. In chapter 5 

we have used EOS of beta-stable matter, found in the interior of neutron stars, to 

further constrain the value of Jx'(po).
In table 3.2 we have listed the critical values of JT'(po), for which the stiffest 

EOS of PNM which did not violate the constraint discussed in Eq. (3.40), for different 

values of y, ej and J/po)- It should be mentioned here that Jr'(po) is directly related to 

the slope of the symmetry energy at normal density po- While different theoretical 

models predict quite similar values of Jx(po) they widely differ in the values of Jx'{po). 

It can be seen from table 3.2(i)—(iii) that for a given value of J/po) and y, the critical 

values of Jx'(po) do not vary much with variation in the value of exchange strength 

parameter ej. However, for a given value of eeJ and J/po), the critical values of 

Jr'(po) are very much sensitive to variation in the value of the parameter y.

Table 3.2.i: Critical value of Jx(po) (in MeV), for which the stiffest EOS of PNM 

satisfies the stability condition given in Eq. (3.40), for different values of y, ej and 

J/p0) =28 MeV.

[MeV]
0 Sa/3 2 Sex/3 Sex 4se/3 5 Sex/3 2 Sex

1/12 20.51 20.67 20.79 20.88 20.94 20.96 20.95

1/6 21.13 21.14 21.14 21.12 21.09 21.05 20.99

1/3 22.01 21.86 21.71 21.57 21.42 21.27 21.12

1/2 22.56 22.38 22.18 21.97 21.76 21.53 21.30

1 23.20 23.26 23.22 23.07 22.81 22.44 21.98
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Table 3.2.ii: Critical value of J/(po) (in MeV), for which the stiffest EOS of PNM 

satisfies the stability condition given in Eq. (3.40), for different values of y, ej and 

J/po) =30 MeV.

0 Sex/3 2 Sgj/3 &ex 4SeJ3 5 E ex/3 2 Sex

1/12 23.75 23.98 24.17 24.31 24.44 24.53 24.59

1/6 24.57 24.64 24.67 24.71 24.72 24.72 24.71

1/3 25.84 25.70 25.56 25.41 25.27 25.13 24.98

1/2 26.77 26.54 26.31 26.07 25.82 25.57 25.31

1 28.34 28.25 28.06 27.79 27.41 26.95 26.40

Table 3.2.iii: Critical value of Jr'(po) (in MeV), for which the stiffest EOS of PNM 

satisfies the stability condition given in Eq. (3.40), for different values of of y, eeJ and 

Jip0) = 32MeV.

^^Sex[MeV\

0 Sex/3 2 Sex/3 &ex 4Sex/3 5 E a/3 2 Sex

1/12 26.91 27.19 27.43 27.63 27.82 27.96 28.08

1/6 27.92 28.02 28.10 28.16 28.22 28.26 28.29

1/3 29.56 29.42 29.29 29.15 29.01 28.87 28.73

1/2 30.83 30.57 30.31 30.05 29.77 29.49 29.21

1 33.27 33.06 32.76 32.38 31.93 31.38 30.76

59



Figure 3.3: Pressure-density relationship for different EOS of PNM with sex = 4ee/3, 

Jj(po) = 30 MeVand y = 1/12,1/6,1/3 and 1/2 compared with EOS of Danielewicz et 

al. [3] extracted from flow data in HI collisions and depicted by the bounded regions.

In Fig. 3.3 the pressure - density relationship in PNM assessed from flow of 

matter in high energy heavy-ion collision experiments in the density range 2 < p/po < 

4.6 [3] depicted by the bounded regions have been shown. In the same figure the 

pressure density relation in PNM has been shown for the stiffest EOSs of the 

parameter sets seJ = 4sex/3, JApo) = 30 MeV and y = 1/12, 1/6, 1/3 and 1/2. It can be 

seen that all the curves considered here pass almost through the middle of the 

experimental region.
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3.5. Nuclear mean fields and effective nucleon masses
In chapter 2 we analysed the momentum and density dependence of nuclear 

mean fields and effective nucleon masses for a general finite range effective 

interaction. It was seen that in the analysis of momentum dependence aspect of 

nuclear EOS the more important quantity is the difference in the neutron and proton 

mean fields u”~p(k,p,Yp) . For the simple finite range effective interaction

considered in this chapter, un~p{k,p,Yp) can be obtained from Eqs. (3.15) and (3.16) 

and is given as

u”-p(k,p,Yp) = (l-2Yp)pA(p) + G(k, A Yp), ...(3.42)

where A(p) =
(4 l+(4

Po Po7+1

/ _ vl
p

\l+bp) (3.43)

and G(k,p,Yp) 1
Po \f(r)d3r

Vi(M_
knr Pp

Vi (y)
kpr

j0(kr)f(r)d3r. ...(3.44)

Again the functional G(k, p, Yp) has a complicated dependence on momentum k, total 

nucleon density p and the proton fraction Yp and can be simplified for the two cases 

considered in chapter 2. In the limit of large k, k» k„, kp the functional G(k, p, Yp) 

becomes very simple and for Yukawa form of finite range effective interaction it is 

given as,

G(k, P, y,) ~ (1-27.)—
large k P p01 + k2a2'

...(3.45)

This result is very important in the sense that G(k, p, Yp) is directly proportional to the 

asymmetry parameter (1-2 Yp), the proportionality factor being a very simple function 

of momentum k and total nucleon density p. However the actual values of k beyond 

which the asymptotic result in Eq. (3.45) will be valid depends on the total nucleon 

density p.

The second simplification arises by making a Taylor series expansion of the

functional
3 j\(k„r) yx(kpr)

Kr P kpr
inside the integral in Eq. (3.44) about YP=\I2, 

and the functional G(k, p, Yp) is given by
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...(3.46)

where,
\ja(kr) »' (k r\f(r~)d3r

...(3.47)

For the present effective interaction having Yukawa form for finite range part the 

functional La(k, p) is given by the relation

The validity of Eqs. (3.45) and (3.46) are examined in Fig. 3.4. The 

dimensionless functional G(k, p, Yp) given in Eq. (3.44) is calculated analytically and 

is shown as a function of momentum k at three different densities, po, 3po and 5po for 

Yp = 0.1 in Fig. 3.4. In the same figure the two approximate versions given in Eq. 

(3.45) and (3.46) are given for comparison. It is seen that the value of momentum k 

beyond which the asymptotic behaviour agrees with the exact one gradually increases 

with increase in density. The approximate version of G(k, p, Yp) in Eq. (3.45) although 

obtained from a Taylor expansion about Yp = 1/2 compares quite well with the exact 

one even at Yp = 0.1 over the entire range of momentum. However, at higher densities 

there is a small discrepancy between the two results at very low momenta which 

slowly increases as Yp —> 0. This fact also justifies the linear isospin dependence of 

the famous Lane potential [143]. This discrepancy vanishes at higher momenta.

From Eq. (3.42) it can be seen that to study the momentum and density 

dependence of the functional un~p(k,p,Yp) we require the knowledge of the strength

combinations (seJ - eexul). It is important to mention here that the relative strength of 

the combination {ej - Bex1) is still largely unknown [30-33]. In fact, even the sign of 

the combination (eeJ - sexul) is still uncertain [145]. However, considerable progress 

has been made in constraining the strength parameter combination (eeJ + eexl). In 

view of this we have chosen two different sets of exchange strength parameters set-A 

and set-B.

and

Set A: Bex sex/3, Eex 5bbx/3 , 
Set B: sexl = 5sex/3; eexul = ee/3
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to study the momentum and density dependence of the neutron and proton mean fields 

and effective nucleon masses. It may be worth noticing here that the absolute value of 

(s[x -e%) does not change for the two different sets A and B.

Figure 3.4: Momentum dependence of the functional G(k, p, Yp) given in Eq. (3.44) is 

shown at three different densities ip = po, 3po and 5po) for Yp = 0.1 and compared with 

its asymptotic and Taylor expansion versions in Eqs. (3.45), (3.46) and (3.47).

3.5.1. Momentum and density dependence of nucleon 

effective masses
The nucleonic effective mass is an important property that is related to the 

momentum dependence of the inmedium interaction of a nucleon. To study the 

momentum and density dependence of nucleon effective mass for the simple effective 

interaction considered in this chapter we analyse the dimensionless functional
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M dun-p{k,pjp)
h2k dk

introduced in chapter 2. It should be kept in mind that the 

M dun,p(k,p,Y )
dimensionless functional —---------------------— are directly connected to neutron and

n2k dk

proton effective masses
M * (k,pn,pp)

M

n,p

The asymptotic behaviour of the

M du"~p (k, p,Y )
dimensionless quantity^------------------- — calculated from Eqs. (3.42) and (3.45) for

h2k dk

Yukawa form of exchange interaction is given by,

Mp^-e^a2 1M dun-p(k,p,YD) ~ul'~2
—-------- — => -2(1-2F„)
hlk dk p h2 Pa (l+a2k2)2

.(3.49)

M dun~p(k,p,Y )
It should be noted here that the asymptotic behaviour of —--------------------— for large

h k dk

k given in Eq. (3.49) is positive for negative values of the exchange strength

/ „ * TU;_______M dun(k,p,Yp) M dup(k,p,Yp)
combination (eex - eex ). This means that

asymptotically the neutron effective mass 

M*(k,p,Yp)

>
ti2k dk h2k dk 

M*(k,p,Yp)

and

M
is less than the proton

effective mass
M

On the other hand, the asymptotic behaviour of

M dun~p(k,p,Yp) 
h2k dk

is negative for positive values of the exchange strength

combination (seJ - eexul) and asymptotically the proton effective mass will be less than 

the neutron effective mass. Since neither the value nor the sign of the exchange 

strength combination (eexl - eexl) is known we show the splitting of nucleon effective 

masses for the two different parameter sets set-A and set-B mentioned earlier.

The two opposite types of behaviour of nucleon effective masses have been 

shown in Fig. 3.5, where the exact zero temperature neutron and proton effective 

masses, which can be calculated analytically using Eqs. (2.28), (3.15) and (3.16), and 

would involve only the exchange strength and range parameters, are plotted as 

functions of momentum k at p = p0 and YP = 0.1 for two different sets of exchange 

strength parameters; Set A (Fig. 3.5(a)) and Set B (Fig. 3.5(b)). The asymptotic
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behaviour of neutron and proton effective masses are also shown in the same figures 

for comparison. The asymptotic results agree quite well with the exact results for k > 

3.5 fin1.

Figure 3.5: Neutron and proton effective masses shown as function of momentum k 

for p = po and Yp = 0.1 for the two different exchange parameter sets A and B (see 

text for details). The corresponding asymptotic behaviour is also shown for 

comparison.

The density dependence of these two opposite types of splitting of neutron and 

proton effective masses could also be quite important for the differences between 

neutron and proton transport properties in highly asymmetric dense nuclear matter. 

This has been shown for neutron and proton effective masses at k = 0 for the two sets 

of exchange strength parameters A and B in Figs. 3.6(a) and 3.6(b) respectively. The 

effective masses decrease with increase in density. However, the rate of decrease is 

considerably slowed down at higher densities.
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Figure 3.6: Density dependence of neutron and proton effective masses for k = 0 and 

Yp = 0.1 for the two different exchange parameter sets A and B.

Since the absolute value of {s‘ex - ) does not change for the two different

sets A and B considered here, it should be noticed that the curves for the neutron 

effective mass in Figs. 3.5(a) and 3.6(a) are converted to the curves for the proton 

effective mass in Figs. 3.5(b) and 3.6(b) and conversely.

In connection with the splitting of neutron and proton effective masses in 

asymmetric nuclear matter it should be mentioned here that the results obtained from 

different theoretical calculations can be roughly classified in to two groups; one in 

which the neutron effective mass goes above the proton effective mass as in Figs. 

3.5(a) and 3.6(a) and the other showing a splitting in the opposite direction similar to 

the trend shown in Figs. 3.5(b) and 3.6(b). The results obtained from Brueckner- 

Hartree-Fock (BHF) calculations using realistic nucleon-nucleon interactions [51, 

52] like separable form of Paris potential, Argonne V14 potential and Argonne V14 

plus a three body force exhibit a splitting where the neutron effective mass goes above
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the proton effective mass as in Figs, 3.5(a) and 3.6(a). Recently Li et al. [30-32] have 

studied effects of momentum dependent symmetry potentials on heavy-ion collisions 

induced by neutron rich nuclei in terms of simple parametrisations of neutron and 

proton single particle potentials guided by a Hartree-Fock calculation using Gogny 

effective interaction. This simple parametrisation of neutron and proton single particle 

potential also gives a splitting where neutron effective mass is above the proton one. 

On the other hand, the recent parametrisation, SLy-type [17, 19] of Skyrme forces 

give a splitting of neutron and proton effective masses in the opposite direction 

similar to the trend shown in Figs. 3.5(b) and 3.6(b). The results obtained in the 

microscopic relativistic Dirac-Brueckner calculations [71] as well as relativistic mean 

field (RMF) approximation using quantum hadrodynamics (QHD) [97, 142] also 

exhibit this type of splitting of neutron and proton effective masses.

In a recent work Rizzo et al. [33] have analysed the influence of the two 

opposite types of splitting of nucleon effective masses on flow data in HI collisions 

using two different simple GBD type parametrisations [140] of the energy density. It 

was shown that the two different types of results for effective mass splitting lead to 

rather different results for several observables in HI collisions. Following the same 

formalism as used by Rizzo et al, Li [146] has analysed the effect of the two types of 

neutron and proton effective mass splitting on isovector part of nuclear mean field. Li 

has ruled out the possibility of neutron effective mass being smaller than proton 

effective mass on the basis that this type of neutron and proton effective mass splitting 

leads to wrong energy dependence of isovector part of nuclear mean field or the Lane 

potential.

3.5.2. Momentum and density dependence of isovector part 

of nuclear mean field
The isovector part of nuclear mean field ux{k, p) defined in chapter 2 in Eq. 

(2.38) for a general finite range effective interaction can now be given for the Yukawa 

form of short range interaction as,

...(3.50)
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To analyse the momentum and density dependence of isovector part of nuclear 

mean field u^k, p) more explicitly, we give here the form of u^k, p) given in Eq. 

(2.46)

uT(k,p) = 2JT(p)~
n2k2

3 M
M*{k,p)

M
+ - n2k2

M2c2

-1/2

+Kx(k,p)
Jk=k/

In the above equation the nuclear symmetry energy JT(p) is given as

JT(P)
h2k/
6 M

r M*(k,p)}2 h2k2
M Me2 J1

+ ■

^Po \f(r)d3r J

-1/2

k = k,

r,

+ -pA(p) 
4

and the functionals uTex(k, p) defined in Eq. (2.47) is expressed as

«-4)pu. p) = “ Ju O) - Jo (kfr)V0 (kfr)f(r)d3
2p0 j f(r)d3r J

..(3.51)

.(3.52)

.(3.53)

From equations (3.50) to (3.53) it is quite evident that the momentum 

dependence of isovector part of nuclear mean field u^k, p) at a particular nucleon 

density p comes from the momentum dependence of the functional uTex(k, p). From 

Eq. (3.53) it can be seen that the behaviour of the functional urex(k, p) depends upon 

the value and sign of the exchange strength combination (eeJ - sexul) and the range 

parameter a.

The contradicting behaviour of uTex(k, p) as was seen in chapter 2 for two very 

popular nonrelativistic effective interactions, i.e. Skyrme and Gogny interactions, is 

now shown for the finite range interaction considered here in Fig. 3.7 for the two 

parameter sets, set-A and set-B, at densities p = po and 3po. It is seen that for set-A 

urex(k, p) increases with increase in momentum k and for set-B it decreases with 

increase in momentum k. As can be seen the functional uxex(k, p) vanishes at k = kf. At 

higher density, for set-A, the value of uTex(k, p) is more at low momenta but becomes 

less at some higher momenta and for set-B, the value of uTex(k, p) is less at low 

momenta but becomes more at higher momenta.
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k [fm'1]

Figure 3.7: Momentum dependence of the functional uL’x(k, p) for the two different 

exchange parameter sets A and B for densities p =po and 3po.

{

Complete description of momentum and density dependence of the isovector 

part of nuclear mean field u£k, p) given in Eq. (3.50) requires the knowledge of all the 

parameters of the interaction. However, at normal nuclear matter density, p = po, one 

can make use of standard values of J^po) and M*(k = kjo, po)/M and examine the 

momentum dependence of Ux(k, po) from Eq. (3.51) using only two parameters, the 

exchange strength combination (ej - eexul) and the range parameter a. This is shown 

for the Yukawa form of exchange interaction in Fig. 3.8 for the two different sets of 

the exchange strength parameters A and B by using, M*(k = kjo, po)/M = 0.67 and 

Jx(po) = 30 MeV. The two different sets of exchange strength parameters A and B 

exhibit quite contradicting momentum dependence of the isovector part of nuclear 

mean field. While ur(k, po) decreases with increase in momentum for set-A, it 

increases for set-B and the two curves intersect at k = kjo. This contradiction in 

momentum dependence of the isospin part of nuclear mean field will however become
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Figure 3.8: Isovector part of nuclear mean field at normal density ujjc, po) shown as 

function of momentum k for exchange parameter sets A and B with JJpo) = 30 MeV 

and M*(k = kp, po)/M =0.67.

less and less pronounced with decrease in the absolute value of (eeJ - eexul). It is 

interesting to note that a zero-crossing point occurs in case of ur(k, po) for set-A at k 

= 3.3 fin-1, where it vanishes and then becomes negative with further increase in k 

and the isospin effect on the difference between neutron and proton mean fields are 

inverted. Such inversion of the isospin effect at a crossing point is observed in BHF 

calculations using realistic nucleon-nucleon interactions [2, 51, 52] and also in the 

work of Li et al. [29] mentioned earlier in this section. However, it is worth noticing 

that such a crossing point can appear only if uz(k, p) vanishes at some value of 

momentum k and ultimately approaches a negative asymptotic value in the limit of 

k—> co. On the other hand, such a zero-crossing point does not occur in case of set-B
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and consequently the difference between neutron and proton mean fields becomes 

more and more repulsive with increase in k and approaches higher and higher 

asymptotic values in the limit k—* oo with decrease in the proton fraction Yp.

Figure 3.9: Momentum dependence of u^k, po) at normal density po calculated with 

different splitting of eeJ and eexul and compared with the result extracted from nucleon- 

nucleus scattering data up to 100 MeV, denoted by the bounded region.

The momentum dependence of Lane potential [143], vy = 4u^k, po) at normal 

density po, has been used to constrain the isospin splitting of nuclear mean field in ref 

[146, 147], The value of the Lane potential and its momentum dependence has been 

extracted from nucleon-nucleus scattering data up to 100 Me V [148, 149]. At normal 

nuclear matter density vy has a value of about 112 ± 24 MeV at k = 0 and decreases as 

a function of incident energy with a slope between 0.1 and 0.2 [147]. This is shown in 

Fig. 3.9 by the bounded region. In the same figure the calculated results of uT(k, p0) for 

different values of eeJ are also shown for comparison. It is observed that all calculated
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curves of uT(k, po) for which ej lies within the range eJ/3 to 5eJ/6 pass through the 

bounded region. It can be seen that parameter set B for which eeJ = 5eex/3, gives an 

opposite behaviour of uT(k, po) in comparison to the behaviour of Lane potential 

extracted from experimental data. It should be noted that for all the splittings of sexl 

and Sex1, for which the curves of u^k, po) pass through the experimentally allowed 

region will give neutron effective mass to be greater than proton effective mass.

The divergent nature of the curves at higher momenta, shown in Fig. 3.9, 

emphasizes the importance of a more detailed understanding of isovector part of the 

nuclear mean field u^k, p) over a wide range of momentum and density which can 

only be achieved through a continuous analysis of nucleon-nucleus scattering data at 

intermediate energies as well as experimental observables sensitive to the differences 

between neutron and proton flow data in highly asymmetric dense nuclear matter.

3.6. Nuclear symmetry energy
To study the density dependence of nuclear symmetry energy JJp), we first 

examine the validity of the approximation given in Eq. (3.24). To do so in Fig. 3.10 

we have plotted the functional [e(pn, pp) - e(p)] as a function of o'2 for three different 

densities p = po, 3po and 5p0 for the parameter set: y = 1/6, seJ = 4sex/3 and J^po) = 30 

MeVgiven in table 3.2(ii). The linear relation between the functional \e(pn, pp) - e(p)] 

and a seen from Fig. 3.10, indicates that the empirical parabolic law is valid for 

neutron-rich matter. We have verified that this holds true for all the parameter sets 

given in table 3.2.

In Fig. 3.11 we have shown nuclear symmetry energy Jy(p), calculated from 

the relations given in Eqs. (3.20), (3.24), (3.25) and (3.41) for the parameter set y = 

1/6, 8eJ = 4eey3 and JT(fio) = 30 MeV, over a wide range of density. We have taken a 

= 0.5 in the calculation where ever necessary. It is seen that all the relations are 

almost equal to each other. Only at very high densities p > Ipo there appears a slight 

discrepancy. From Fig. 3.11 it is evident that the definition of nuclear symmetry 

energy JT(p) given in Eq. (3.41) is valid.
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0.0 0.2 0.4 0.6 0.8

Figure 3.10: The functional \e(p„, pp) - e(p)\ is shown as function of o for densities p 

= po, 3po and 5po for the parameter set: eexl = 4eex/3, y = 1/6 and JT(po) = 30 MeV.

Figure 3.11: Nuclear symmetry energy J^p) calculated from Eqs. (3.20), (3.24), (3.25) 

and (3.41) shown as function of density for the parameter set ej = 4ee/3, y = 1/6 and 

Jr(po) = 30 MeV.
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Figure 3.12: Influence of parameter y on high density behaviour of nuclear symmetry 

energy J^p) for the stiffest EOS of PNM is shown for two typical values of eeJ with 

JT(po) = 30 MeV. The left panel (EeJ = 4sex/3) and right panel (seJ = 0) exhibit the 

minimum and maximum influence of the parameter y.

The value of JJp) has been calculated from Eq. (3.41) over a wide rage of 

density for different sets of parameters given in table 3.2 with different values of y, EeJ 

and JJpo). It is observed that the curves of J-lp) are least influenced by different 

values of the exponent y when seJ is around 4eey3, whereas, these curves are most 

influenced by different values of y when ej = 0. This is shown in Fig. 3.12 (a) and (b) 

for y = 1/12, 1/6, 1/3 and 1/12 with the same value of J^Po) = 30 MeV. All the four 
curves of Jy(p) with ej = 4se_/3 shown in Fig. 3.12 (a) are nearly same over the entire 

range of density involved. On the other hand these curves become more and more stiff 

at higher densities with increase in y for the case ej = 0 shown in Fig. 3.12 (b).
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Figure 3.13: High density behaviour of nuclear symmetry energy for the stiffest EOS 

of PNM is shown for two different exchange parameter sets A and B (see text) with y 

= 1/6 and J£p0) = 28, 30 and 32 MeV.

It is also observed that variation of the parameter ej over its range 0 - 2sex has 

a very little influence on the density dependence of J^p) when y is around 1/6. This is 

shown in Fig. 3.13 for the two different sets of exchange strength parameters A and B 

with three standard values of J-lpo) ~ 28, 30 and 32 MeV. The curves of J^p) are 

almost same over the entire range of density for the two sets of exchange strength 

parameters A and B corresponding to a given value of JT(po). The stiffness of the 

curves increase steadily with increase in the standard value of JT(po). Here we have an 

example of different EOS in ANM which share the same density dependence of 

nuclear symmetry energy J^p) over a wide range of density but having quite
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contradicting momentum dependence of the isovector part of nuclear mean filed 

leading to two opposite types of splitting of neutron and proton effective masses.

Figure 3.14: High density behaviour of nuclear symmetry energy Jx(p) for six 

different EOS of PNM including the stiffest one are shown in decreasing order of 

stiffness from top to bottom. All the curves correspond to eex! = 4eex/3, y =1/6 and JT 

(po) = 30 Me V but differ in the values of the gradient J'Apo)-

The density dependence of JT(p) obtained from several other admissible EOS of 

PNM under the constraint in Eq. (3.40) but softer than the stiffest one are shown in 

Fig. 3.14. The six different curves shown in this figure correspond to y - 1/6, eeJ = 

4eex/3, JApo) = 30 MeV and are distinguished from each other by the value of the 

gradient JT'(po) at normal density. These curves clearly exhibit the extremely divergent 

and even contradicting behaviour of JT(p) at high densities predicted by different 

theoretical calculations [1,27,28].
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In connection with the extremely divergent and even contradicting high 

density behaviour of nuclear symmetry energy as seen from Fig. 3.14 it may be noted 

here that Stone et al. [19] have recently analysed the high density behaviour of JT(p) 

for 87 different Skyrme interactions. It is observed that only 27 of these interactions 

give a monotonically increasing behaviour of Jr(p) over a wide range of density. For 

the other interactions considered in ref. [19] with increase in density JT(p) reaches a 

maximum value and then decreases until it becomes negative. Microscopic 

calculations based on realistic nucleon-nucleon interactions as well as RMF 

calculations predict a monotonically increasing behaviour of J^p).

3.6.1. The slope and curvature parameter
The nuclear symmetry energy J^p) can be expanded into a Taylor series about p 

po and is given as

Jr(p) = Jt(p0) + (P-Po)
Po

X(p)l , (P-Po f 'd2JriP)

. 9P . P=A) P0 dp2
+..... .(3.54)

JP=Ai

Neglecting higher order terms than second order the symmetry energy is very often 

written as

JAP) = J<(Po) + L(p0) P~Po
\ Po )

K,„(Po)(p-pP

18 Po >
...(3.55)

were L(po) = 3 Jx'(po) is the slope parameter and Ksym(po) = 9 JT"(po) is the curvature 

parameter of the nuclear symmetry energy around saturation density po. The slope 

parameter L(po) and the curvature parameter Ksym(po) can provide important 

information on the density dependence of nuclear symmetry energy JJp) at both high 

and low densities. The slope parameter is strongly related to the thickness of neutron 

skin in heavy nuclei. So information on the slope parameter can be found from 

measurements of neutron skin thickness in heavy nuclei [1, 5, 13]. Unfortunately 

there is large uncertainty in measured neutron skin thickness values of heavy nuclei. 

Recently in ref. [10] it has been suggested that the value of slope parameter L(po) lies 

in the range 62 MeV < L(po) < 107 MeV from a combination of analysis of neutron 

skin thickness in finite nuclei and isospin diffusion in high energy heavy ion 

collisions.
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At normal nuclear matter density po and around a = 1/2, the incompressibility 

of ANM can also be expressed as

K{p0, a) = K(p0) + (1 - 2afKasyipo), . -(3.56)

where we have neglected terms higher than second order. K(po) is the 

incompressibility of symmetric nuclear matter at saturation density po and Kasy(po) is 

the isospin dependent part of nuclear incompressibility in ANM. Neglecting higher 

order terms Kasy(po) is related to the slope and curvature parameters of nuclear 

symmetry energy by the relation

Kasyipo) ~ K-symipo) ~ 6L(p0). .. .(3.57)

The value of Kasy(po) can be extracted from Giant Monopole Resonance (GMR) data 

of neutron-rich nuclei. Recent measurements from GMR of the even-A Sn isotopes 

gives the value of Kasyipo) = -550 ± 100 MeV [150]. In ref. [14] the value of Kasy(po) 

is estimated in the range -500 ± 50 MeV from analysis of isospin diffusion in high 

energy heavy-ion collisions.

We have calculated the values of slope parameter L(po) and isospin dependent 

part of nuclear incompressibility in ANM Kasy{po) for the different parameter sets 

given in table 3.2(i)-3.2(iii). It was seen that the value of L(po) lies in the range 62 

MeV < L(po) <110 MeV which can be compared with neutron skin thickness in finite 

nuclei and isospin diffusion in high energy heavy ion collisions. The value of Kasy(po) 

was found to lie in the range - 531.88 MeV to - 424.56 MeV which is within the 

experimental range found from analysis of isospin diffusion in HI collisions.

3.7. Energy per particle, pressure, incompressibility, 

chemical potential and speed of sound in ANM
We have also calculated a few properties of ANM at zero temperature such as 

energy density, pressure, neutron and proton chemical potentials, nuclear matter 

incompressibility and speed of sound in nuclear matter. These properties of ANM has 

been calculated for all the parameter sets given in table 3.2. We have shown here the 

results for the parameter set y - 1/6, eeJ= 2eex/3, Jx(p) = 30 Me V. It has been verified 

that other parameter sets also show similar type of behaviour for the nuclear matter 

property as for the parameter set shown here.

78



Chapter 3 Nuclear equation of state and properties of nuclear matter for a simple short range 
effective interaction

Figure 3.15: Energy per particle e(p„, pp) in ANM is shown as function of density for 

different values of a for the parameter set ej = 4eex/3, y = 1/6 and J^po) = 30 MeV.

In fig 3.15 we have shown the energy per particle e(pn, pp) in ANM as a 

function of total nuclear density p for different values of asymmetry parameter a from 

0 (SNM) to 1 (PNM). It is seen that energy per particle e(p„, pp) at first decreases and 

then increases with increase in density, except for a = 1 where it increases 

monotonically with increase in density, indicating the fact that PNM is not bound. An 

important property of EOS of ANM is the variation of saturation density with 

asymmetry parameter a keeping in mind that saturation must disappear when a 

increases, as PNM is not bound. From Fig. 3.15 it can be seen that the saturation 

density decreases with increase in a.
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Figure 3.16: Pressure P(p„, pp) in ANM is shown as function of density for different 

values of a for the parameter set eeJ - 4£ey3, y = 1/6 and J^po) = 30 MeV.

In Fig. 3.16 we have shown pressure P(p„, pp) in ANM as a function of total 

nucleon density p for different values of asymmetry parameter a. It is seen that 

pressure P(pn, pp) in ANM at first decreases and then increases with increase in 

density, except for a = 1 where it increases monotonically with increase in density. 

With increase in asymmetry parameter a the value of pressure P(p„, pp) in ANM 

increases for a given total nucleon density p.
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Figure 3.17: Variation of chemical potentials pn,p(pn, Pp) with density p for different 
asymmetries a = 0, 0.3 and 0.6 for the parameter set ej = 4eex/3, y = 1/6 and JJfio) = 

30 MeV.

In Fig. 3.17 we have shown the variation of neutron and proton chemical 

potentials pnp{pn, pp) with density p for different asymmetries <7 = 0, 0.3 and 0.6. It 

can be seen that both neutron and proton chemical potentials pn’p(p„, pp) increase with 

increase in density p. With increase in asymmetry the neutron chemical potential pn 

(p„, pp) increases while pp{p», pp) decreases.
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P'Pq

Figure 3.18: Nuclear incompressibility in SNM and PNM is shown as function of 

density for the parameter set seJ = 4ee/3, y = 1/6 and J-lpo) =30 MeV.

The incompressibility of nuclear matter K(p„, pp) is shown as function of p/po 

for SNM and PNM in Fig. 3.18. It is seen that with increase in density 

incompressibility of nuclear matter increases. The incompressibility of PNM is 

greater than SNM.

The speed of sound in nuclear matter is an important property which has been 

defined in Eq. (3.22). The widely used Skyrme forces violate causality in extremely 

dense nuclear matter, when a nonrelativistic treatment for speed of sound is adopted 

[123]. This phenomena of causal violation is also known as supraluminosity which 

should be always avoided. The speed of sound in nuclear matter v2/c2 as function of 

density is shown in Fig. 3.19 for SNM and PNM. It is seen that the speed of sound 

v /c increases with increase in density for both the cases. However, it remains below
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the speed of light at any density. From Fig. 3.19 it can be also observed that at very 

high density the speed of sound in SNM becomes larger than that in PNM.

Figure 3.19: Speed of sound in nuclear medium v2/c2 in SNM and PNM is shown as 

function of density for the parameter set eeJ = 4sex/3, y = 1/6 and J-Jipo) = 30 MeV.

3.8. Summary
In this chapter a simple density dependent finite range effective interaction, 

having Yukawa form for the short range exchange interaction part, was chosen to 

analyse the EOS and properties of nuclear matter. The EOS of asymmetric nuclear 

matter (ANM) was constructed for this simple short range effective interaction in such 

a way that a minimum number of parameters were sufficient to describe the EOS of 

ANM. To explain the EOS of ANM it was observed that nine adjustable interaction 

parameters were required. Since a complete description of ANM is equivalent to 

separate description of SNM and PNM, to determine the parameters required to 

describe ANM, the parameters involved in the EOS of SNM and PNM were fixed
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from simple physical conditions and existing experimental/empirical data. Some 

parameters like y, related to nuclear matter incompressibility and the exchange 

strength parameters between like nucleons eeJ, and the value of JT(po) were kept open 

to analyse their effect on the EOS of ANM. The density dependence of energy per 

particle and pressure in SNM and pressure in PNM were calculated using these 

parameters and were compared with experimental results from flow of matter in high 

energy heavy-ion collisions. Using the parameters the momentum, density and 

asymmetry dependence of a number of nuclear matter properties were studied.

The parameter dependence of neutron and proton effective mass splitting was 

examined for two parameter sets A and B having same range but different strengths 

for interaction between like and unlike nucleons. Two different trends of neutron and 

proton effective mass splitting were noticed; one where the neutron effective mass is 

greater than proton effective mass and the other where the proton effective mass is 

greater than the neutron effective mass. This clearly shows that for non-relativistic 

effective interaction the sign of the neutron-proton effective mass splitting depends 

on the value of the parameters involved in the exchange part of the effective 

interaction.

The extremely divergent and contradicting behaviour of the functional 

u“(k,p) with momentum was examined for the two parameter sets A and B. The 

momentum dependence of isovector part of nuclear mean filed ur(k, p) was also 

studied for the two parameter sets A and B. Two different trends of momentum 

dependence were noticed; one in which uf (k,p) and u^k, p) increase with increase in 

momentum and the other where they decrease with increase in momentum. The 

momentum dependence of Lane potential at normal nuclear matter density po 

extracted from nucleon-nucleus scattering data was used to constrain the momentum 

dependence of isovector part of nuclear mean field uT(k, po) at normal nuclear matter 

density po.

The density dependence of nuclear symmetry energy J^p) was studied using a 

number of parameter sets giving the stiffest EOS of ANM satisfying the stability 

condition of PNM. It was observed that the exchange strength parameter has little 

influence on the density dependence of nuclear symmetry energy. It was also shown 

that EOS satisfying the stability condition but softer than the stiffest one can give rise
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to different behaviour of nuclear symmetry energy J^p). Here in this chapter we are 

not constraining the high density behaviour of nuclear symmetry energy J-Jip).

Properties of nuclear matter such as energy density, pressure, chemical 

potential, incompressibility and speed of sound were calculated over a wide range of" 

density and asymmetry.

In the next chapter we will study the nuclear EOS at temperature T ^ 0 and" 

study the liquid-gas phase transition in ANM using the simple short range effective 

interaction.
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CHAPTER 4

EQUATION OF STATE OF NUCLEAR MATTER 

AT FINITE TEMPERATURE AND PHASE 

TRANSITION

4.1. Introduction
In the past few decades significant effort has been given to the study of EOS 

and properties of ANM at zero temperature. The EOS and properties of ANM at finite 

temperature (T ^ 0), on the other hand, has received very little attention so far [151— 

154]. During the dynamical evolution of HI collisions at intermediate and high 

energies a transient state of hot and dense matter can be produced and liquid-gas 

phase transition may occur depending on the temperatures and densities involved 

[155, 156]. Besides its role in nuclear physics, EOS of hot ANM plays an important 

role in understanding astrophysical phenomena involved in supernova explosion and 

evolution of protoneutron stars formed during the latest stage of type-II supernova 

collapse [38]. Due to the van der Waals-like behaviour of NN interaction, it has long 

been expected that a liquid-gas (LG) like phase transition occurs in nuclear matter at 

low density and moderate temperature [156]. Since the early works, see, e.g., refs. 

[157-159], many investigations have been carried out to explore the properties of 

nuclear LG phase transition both experimentally and theoretically over the last three 

decades [160]. Most of these studies focus on investigating features of the LG phase 

transition in SNM. In SNM the phase transition studies are relatively easier than that 

of ANM where one has to deal with separate neutron and proton chemical potentials. 

The LG phase-transition was suggested to be of second order in ANM in contrast to 

the first order transition that occurs in SNM [156]. This suggestion together with the
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need to better understand the properties of hot ANM have recently stimulated much 

work, see, e.g., refs. [1,151,161-167].

The EOS of hot nuclear matter has been studied widely using 

phenomenological approaches; such as non-relativistic models [108, 109, 159, 163] 

and RMF theory [156,162]. All of these investigations predict a Van der Waals 

behaviour for infinite SNM. The critical temperature Tc of the liquid-gas phase 

transition predicted by these models is in the range from 14 to 20 MeV depending on 

the adopted models and NN interactions. In ref. [108] the EOS of SNM at finite 

temperature was studied using a simple density dependent short range interaction of 

conventional form. The value of Tc was obtained to be 14.9 MeV. In ref. [156] the 

liquid-gas phase transition in ANM has been studied in detail where the RMF theory 

has been used to construct the EOS of ANM at finite temperature. Along microscopic 

approach the EOS of nuclear matter at finite temperature has been studied using 

various approaches, e.g., see refs. [168-170]. In ref. [168], the liquid-gas phase 

transition has been predicted for SNM by using the variational method based on the 

Argonne VI4 two-body NN interaction plus a phenomenological three body force 

and the critical temperature obtained is about 17.5 MeV close to the values from 

Skyrme forces calculations. Using DB calculation in ref. [169] the critical temperature 

was predicted to be as low as 10 Me V. Recently Zuo et al. [ 167] have studied the 

properties of hot ANM and isospin dependence of the liquid-gas phase transition in 

finite-temperature BHF approach extended to include contribution from a three-body 

force. They predict Tc around 13 MeV for SNM.

In this chapter we will investigate the EOS of ANM at finite temperature using 

the simple density dependent finite range interaction which was used in chapter 3 to 

study the EOS of ANM at zero temperature. In section 4.2 we have constructed the 

EOS of ANM at finite temperature for the effective interaction given in Eq. (3.1). In 

section 4.3 the properties of ANM at finite temperature, such as energy density, 

pressure, chemical potential and nuclear symmetry energy were calculated for a wide 

range of temperature, density and asymmetry using the parameters given in table-2 

from chapter 3. It should be mentioned here that at finite temperature analytical 

simplification is not possible and the properties of nuclear matter has been calculated 

self-consistently. The liquid-gas phase transition in ANM has been analysed in 

section 4.4. Finally a brief summary has been given in section 4.5.
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4.2. EOS of ANM at finite temperature
The energy density functional Hj{p„, pp) in ANM at temperature T obtained 

from the simple effective interaction given in Eq. (3.1) is given as 

HApn,pp)= l[fTn(k) + f/(k)](c2h2k2 + M2c*)U2d3k

+ ■

I f

Po Por+i
Y

1 + bp
(pI + pI) + . -J-

Po Por+1
f P 
^\ + bp j PnPP

+ff[ >/;<*')+// (*>// (*'>]?„ a k-k' o^kd’k'
2 A, J

+ P- JJ[/r” (*)// (*') + // (*)/; (*')]«„ (I * - k' ])d!kd3k'
2Po

...(4.1)

The neutron and proton mean fields ur{k, pn, pp) and u/(k, pn, pp) at temperature T 

can be obtained from the respective functional derivative of the energy density Hq(pn, 

pp) and are given as
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The functional gex(\k-k\) appearing in the above equations is the normalized Fourier 

transform of the short range interaction^) and is given by
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£«(*) =
\e‘Ckf)f{r)dlr

\f(r)d2r

For Yukawa form of fir) the functional gex(k) is given as 

g„(k) = (l + a2k2y1

The pressure Piipn, pP) at temperature T in ANM is defined as 

PT(Pn>Pp) = P„Pt+ PpPr -HT(pn,Pp) + T{Sr(p„,Pp) + SP (pn,pp)} 

where pn,PT (fin, PP) are the chemical potentials given as

SHT(pn,pp)
PrP(pn>PP) = -

8pn>r

and SP’F(pn,pp) are the neutron, proton entropy density defined as

...(4.4)

...(4.5)

...(4.6)

...(4.7)

SrP(Pn>Pp) = \{nTP(*) In(”"/$)) + (l-K'P(*))In(l-nf (£))}</3&

...(4.8)

In Eq. (4.8) g is the spin-isospin degeneracy factor and riT'p(k) are the neutron, proton 

occupation probability related to neutron, proton momentum distribution functions 

frn,p(k) by the Eqs. (2.13) and (2.14) given in chapter 2.

Similar to the case of zero temperature ANM, the empirical parabolic law for 

the EOS of ANM at density p, temperature T, and isospin asymmetry a can be written 

as

eT (p, a) = eT(p,a = 0) + a2 [Jr (jj)]t ... (4.9)

Putting a=l in the above equation we can get the expression for nuclear symmetry 

energy [Jr(/>)]r at a finite temperature as

Ur (P)\ =eT(p,cr = l)-eT(p,a = 0) ... (4.10)

From the above equation it is clear that similar to zero temperature case, symmetry 

energy [J^p)]t at a finite temperature gives an estimation of the energy required to 

convert all protons in SNM to neutrons in PNM at fixed temperature T and density p.

4.3. Thermal evolution of ANM properties
In this section we analyze the thermal evolution of ANM properties, like 

energy density, pressure, chemical potential etc., using the simple effective interaction
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considered in this thesis work. Calculation of the above thermodynamical properties 

require a self-consistent evaluation of the momentum distribution functions as 

described in detail in chapter 2. To study the thermal evolution of properties of ANM, 

we have calculated the properties of ANM at finite temperature relative to their zero 

temperature results. In doing so it may be observed from Eqs. (4.1) - (4.8) and (3.7) - 

(3.19) that we require the knowledge of only the range parameter a and exchange 

strength parameters eeJ and eexul to study the thermal evolution of ANM properties.

T [MeV]

Figure 4.1: The functional [Hj(pm pp) - H(p„, pp)] as function of temperature T for 

different asymmetries (a = 0, 0.4 and 1) and densities (p = po and 3po) for the 

parameter set ej = 2sex/3.
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In Fig. 4.1 the functional \Hj(pn, pp) - H(pn, pp)] has been plotted as function 

of temperature T for different asymmetries (cr = 0, 0.4 and 1) and densities {p= po and 
3p0) for the parameter set seJ = 2seJ2>. It can be seen that the functional [Hj(pn, pp) - 

H(p„, pp)] increases with increase in temperature T. For a fixed temperature, with 

increase in density the functional [Hj(p„, pp) - H(p„, pp)] increases.

Figure 4.2: The functional [Piip„, pp) - P(p„, pp)] as function of temperature T for 

different asymmetries {a = 0, 0.4 and 1) and densities (p = po and 3po) for the 
parameter set bJ = 2ee/3.

In Fig. 4.2 the functional [Piipn, Pp) - P(pn, Pp)] has been plotted as function of 

temperature T for different asymmetries (a = 0, 0.4 and 1) and densities (p = po and 
3po) for the parameter set ej = 2sex/3. It can be seen that the functional [Piip„, pp) - 

P(pn, pp)] increases with increase in temperature T.
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T [MeV]

Figure 4.3: The functional [pni(p„, pp) - pn(pn, Pp)} as function of temperature T for 

different asymmetries (a = 0, 0.4 and 1) and densities (p = po and 3po) for the 

parameter set ej = 2se/3.

In Fig. 4.3 the functional [pniipn, PP) - pn(pn, Pp)] has been plotted as function 

of temperature T for different asymmetries (er = 0,0.4 and 1) and densities (p=po and 

3po) for the parameter set ej = 2sex/3. It can be seen that the functional \jiniipn, pP) - 

pn(pn, pp)] decreases with increase in temperature T. It can be seen from the figure that 

the functional [pnj(pn, pp) - pn(pn, pP)\ has negative sign, i.e. pniipn, Pp) < pn(pn, Pp)-
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T [MeV]

Figure 4.4: The functional [ffiipn, pp) - tf(p„, pp)] as function of temperature T for 

different asymmetries (a = 0 and 0.4) and densities (p = po and 3po) for the parameter 

set sj = 2ee/3.

In Fig. 4.4 the functional [ppiipn, pp) - ffiPn, pP)] has been plotted as function of 

temperature T for different asymmetries (a - 0 and 0.4) and densities (p = po and 3po) 
for the parameter set eeJ = 2ee/3. It can be seen that the functional [ppj(pn, pp) - 

pp(p„, /)p)] decreases with increase in temperature T. It can be seen from the figure that 

the functional [[{fjipn, pP) - PP(pn, pP)]] has negative sign, i.e. ffiip„, pp) < pp{p», pp).
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Figure 4.5: The functional [eq{p cr) - e-j{p, a = 0)] versus d at temperature T = 20 

MeV for two different densities p = po and 3po for the parameter set eeJ = 2eex/2>, y = 

1/3 and J^po) = 30 MeV.

In Fig. 4.5 we have shown the validity of the approximation given in Eq. (4.9). 

The functional \eq{p, cr) - eq{p, cr = 0)] is plotted as a function of d at temperature T 

= 20 MeV for two different densities p = po and 3po for the parameter set ej = 2eex/3, 

y= 1/3 and Jipo) = 30 MeV. The almost linear relation between the functional [eq{p 

cr) - eq{p, cr = 0)] and a2, even at high asymmetry, seen from Fig. 4.5 indicates that 

the empirical parabolic law is also valid for hot neutron-rich matter. Several studies 

based on both phenomenological and microscopic models [152, 154] have also shown 

the validity of the parabolic approximation for the EOS of ANM at finite temperature.
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Figure 4.6: Density dependence of nuclear symmetry energy [J-I.Pq)\t at temperatures 

T= 0, 20, 40 and 60 MeV for the parameter set seJ = 2sex/3, y = 1/3 and Jipo) = 30 

MeV.

In Fig. 4.6 we have shown the density dependence of nuclear symmetry 

energy {Jipo)\r at temperatures T= 0, 20, 40 and 60 MeV for the parameter set ej = 

2eex/3, y = 1/3 and J-ipo) = 30 MeV. It is seen that the symmetry energy [J^po]\r 

decreases with increase in temperature and at finite temperature it remains a 

monotonically increasing function of density.

4.4. Liquid-gas phase transition in ANM
The liquid-gas phase transition in ANM is much more complex than that in 

SNM. We have followed the thermodynamic approach of refs. [156] and [1].
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4.4.1. Formalism
The stability conditions for asymmetric nuclear matter require that 

>0
rdPN
\dPjr* 

fdju,'
da

>0 or
Jp,T

(
da

<0

...(4.11)

...(4.12)

If one of the stability conditions is violated, a system with two phases is energetically 

favorable. The phase coexistence is governed by Gibbs conditions of equal pressures 

and chemical potentials. For ANM with different concentrations of protons and 

neutrons, the two-phase coexistence conditions are

PL(T,pL,al) = PG(T,pG,aG), ...(4.13)

fl„L(T,pl,'rl) = M,a(T,p°,<Ta) ...(4.14)

Mp1 (T,pL ,&L) = pp° (T,pc ,(JG)

where L and G stand for the liquid phase and the gas phase, respectively.

.(4.15)

4.4.2. Mechanical and chemical instability
The condition given in Eq. (4.11) reflects the mechanical stability of ANM at 

finite temperature. If the condition (4.11) is not satisfied in certain parts of the system, 

any increase in density would lead to a decrease of pressure. As the pressure of this 

region will be lower than other parts of the system, the nuclear matter in this region 

would be compressed, leading to further growth of density. As a result any fluctuation 

in density would make the system mechanically unstable [1]. In Fig. 4.7 we have 

plotted pressure Piip„, pp) in ANM at finite temperature as function of density p for 

different values of isopsin asymmetry a at a fixed temperature T = 10 Me V for the 

parameter set sj = 2sex/3, y = 1/3 and J-ipo) = 30 MeV. It was observed that for or > 

<7C, where ac represents critical asymmetry, pressure increases monotonically with 

increase in density. This means that nuclear matter is stable at all densities for a > ac. 

In contrast, for a < <rc, it was observed that the mechanical stability condition given in 

Eq. (4.11) is violated. The critical asymmetry ac can be determined from the condition

dP_

T,crc

d2P 
dp2

= 0. .(4.16)
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For the interaction parameter set considered in Fig. 4.5 we obtained the value of ac = 

0.62. The pressure of the inflection point is 0.1092 MeV, above which mechanical 

instability disappears.

Figure 4.7: Pressure P'i(p, a) in ANM as function of density at temperatureT = 10 

MeV for a = 0, 0.2, 0.4, 0.6, 0.8 and 1 for the parameter set eeJ = 2ee/$, y = 1/3 and 

Jlpo) = 30 MeV.
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Similar to the above case where the Pj{p„, pp) was calculated for a fixed temperature 

but different isospin asymmetries we have calculated Piipn> pP) as function of density 

p at a fixed isospin asymmetry a but different values of temperature T. It is seen that 

there exist a critical temperature Tc beyond which nuclear matter is stable at all 

densities. In Fig. 4.8 we have plotted critical temperature Tc as function of asymmetry 

parameter a for the parameter set sj - 2sex/3, y = 1/3 and J-lpo) = 30 MeV. It can be 

seen that the value of Tc decreases with increase in asymmetry parameter a. The 

variation in Tc is small upto a = 0.4 and then it decreases rapidly and beyond a = 0.9 

phase transition disappears.

a

Figure 4.8: Critical temperature Tc versus a for the parameter set eeJ = 2sex/3, y = 1/3 

and Jj(po) = 30 MeV.
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Figure 4.9: Chemical potential isobars for neutrons and protons as function of a at 

fixed temperature T = 10 MeV. The panels (a), (b), (c) and (d) have pressure (P-Kfi, o) 
= 0.05, 0.1, 0.15 and 0.203 MeV fin3) respectively. All the curves have been plotted 

for the parameter set ej = 2se/$, y = 1/3 and J^po) = 30 MeV.

ANM at finite temperature becomes chemically unstable if either of the 

inequality condition given in Eq. (4.12) is violated. To analyze chemical instability in 

nuclear matter, we need information on the chemical potential isobar for neutrons and 

protons at fixed temperature and pressure. In Fig. 4.9 we have shown the chemical 

potential isobars for neutron and protons as function of asymmetry a corresponding 

to temperature T = 10 MeV and pressures (Pt = 0.05, 0.1, 0.15 and 0.203 MeV/fin3) 

for the parameter set ej = 2ee/i, y = 1/3 and JT(po) = 30 MeV. From Fig. 4.9 we can 

see that the shapes of the chemical potential isobar curves are different for different 

pressures. The critical isospin asymmetry for mechanical instability is 0.62 and the 

pressure of the inflection point is 0.109 MeV/fm3. Above the inflection point 

mechanical instability disappears and only chemical instability exists. The chemical
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potential isobars above this pressure at inflection point have only one branch for all 

values of a. The one for Pt = 0.203 MeV/fm3 corresponds to the critical pressure Pc 

for the interaction at T ~ 10 MeV, above which the chemical potential of neutrons 

(protons) increases (decreases) monotonically with a and the chemical instability 

disappears. The chemical potential isobar corresponding to Pc marks the upper 

boundary of instability with respect to pressure and defines a critical point (Pc, <?c)- 

The critical pressure Pc is determined from the inflection point which satisfies the 

relation

(dp}
\dcy

f ,2 '\dp
8ct2

= 0
J PC,T

...(4.17)

4.4.3. Liquid-gas phase transition
The Gibbs conditions given in Eqs. (4.13), (4.14) and (4.15) for phase 

equilibrium demand equal pressure and chemical potentials for two phases with 

different concentrations. For a fixed pressure, the solutions thus form the edges of a 

rectangle in proton and neutron chemical potential isobars as functions of isospin 

asymmetry and can be found by means of the geometrical construction method [1, 

156].

In order to investigate the LG phase transition, in Fig. 4.10 the chemical 

potentials of neutron and proton as function of asymmetry a at fixed pressure Pr= 0.1 

MeV/fm and T = 10 MeV has been plotted for the parameter set mentioned. In the 

same figure the resulting rectangle from geometrical construction is shown. The two 

different values of a obtained from the geometrical construction correspond to two 

different phases with different densities, with the lower density phase (with larger a 

value) being a gas phase while the higher density phase (with smaller a value) being a 

liquid phase. Collecting all such pairs of a(T, P) and a'(T, P) forms the binodal 

surface. Fig. 4.11 displays the binodal surface for interaction at T = 10 MeV. Above 

the critical pressure or below the pressure of equal concentration (EC) point, no 

phase-coexistence region can exist. The EC point (the rectangle shrinks to a point at 

this particular pressure) indicates the special case that SNM with equal density 

coexists. The left side of the bimodal surface is the region of liquid phase and the
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right side of the region of gas phase, and within the surface is the liquid-gas phase- 

coexistence region.

Figure 4.10: Geometrical construction used to obtain a and chemical potentials in the 

two coexisting phase at fixed T = 10 MeV and pressure Pj = 0.1 MeVfin 3 for the 

parameter set seJ = 2sex/3, y = 1/3 and J-ipfi = 30 MeV.
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Figure 4.11: Binodal curve at T = 10 Me V for the parameter set eeJ = 2se/3, y = 1/3 

and J^po) = 30 MeV. The critical point (CP) and the points of equal concentration 

(EC) are also indicated.

4.5. Summary
In this chapter the EOS and other properties of ANM was studied at finite 

temperature by using the simple density dependent short range effective interaction 

given in chapter 3. Energy density, pressure, neutron and proton chemical potentials 

and nuclear symmetry energy in ANM at finite temperature with respect to their zero- 

temperature values were calculated for a wide range of density, temperature and 

asymmetry. To study the thermal evolution of these properties of hot ANM relative to 

their zero temperature values it was observed that knowledge of only exchange 

strength parameter is required. The empirical parabolic law for EOS of ANM was
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found to be valid at finite temperature also. Further we studied the mechanical and 

chemical instability in ANM and the role of neutron-proton asymmetry in liquid-gas 

phase transition was also analysed. It was observed that in ANM the liquid-gas phase 

transition is of second order.

To conclude this chapter we would like to say that given the present scenario 

of EOS of ANM at zero temperature it seems ambitious to study the EOS of hot ANM 

and extend to study of phase transition in ANM. Nevertheless, in this thesis work we 

have done only a brief study on phase transition in ANM. Much more effort will be 

given in this direction in future works.
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CHAPTER 5

EQUATION OF STATE OF BETA STABLE 

MATTER AND PROPERTIES OF NEUTRON STAR

5.1. Introduction
To understand the evolution and structure of neutron stars it is very important to 

understand the EOS of nuclear matter. Unfortunately the equation of state of highly dense 

asymmetric nuclear matter, which plays the most crucial role in calculation of neutron 

star properties, is still very uncertain. On the other hand, theoretical study of neutron star 

properties is very important since comparison of theoretical predictions with 

experimental observations can lead to effective constraints on the EOS of dense 

asymmetric nuclear matter [171].

Neutron stars are one of the densest forms of matter known in the observable 

universe having density as high as 5 to 10 times normal nuclear matter density po [7]. 

They have a typical mass of the order of 1.5 times solar mass MSOiar and a radius of the 

order of about 12 km. A neutron star is bom when the core of a massive star (mass greater 

than 8 times solar mass) at the end of its life collapses, triggering a supernova explosion. 

It has three major regions: crust, outer core or nuclear matter core and an inner core. The 

crust primarily contains nuclei from 56Fe to nuclei with mass number ~ 200 (near the 

core-crust interface). When density reaches the neutron drip density ~ 4.3 x 10 g/cm 

nuclei are so neutron rich that neutron states in the continuum begin to be filled. Above 

the neutron drip density free neutrons appear and the crust consists of lattice of neutron 

rich nuclei embedded in an ultra-relativistic neutron gas. With increase in density a series
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of transition takes place and ultimately a phase transition to nucleonic matter takes place 

at density ~ 2 x 1014 g/cm3. Neutron star matter in the outer core consists mostly of 

neutrons, a few protons, electrons and muons in beta-equilibrium. As density increases 

further in the inner core of the star exotic particles such as heavier mesons and strange 

baryons become abundant and ultimately a quark matter phase may develop in the center 

of the star.

Since a neutron star contains nucleonic matter at density about 8-10 times po in its 

core and matter at such high density has not been reproduced in the laboratory, neutron 

stars can serve as a laboratory to study the high density behaviour of highly asymmetric 

nuclear matter. Properties of neutron star such as mass, radius, baryon mass etc. which 

are related to the EOS of neutron star matter can provide constrains on the EOS of dense 

ANM. Maximum mass can provide constraint on the stiffness of EOS at high densities 

while radius measurements can constrain the EOS at densities about saturation density. 

Hence accurate measurement of neutron star properties is very important for nuclear 

physicists also. New advance probes and observatories are enabling astrophysicists to 

discover a large number of neutron stars, in the form of radio pulsars, x-ray binaries, x- 

ray bursters and thermally emitting isolated stars, and measure more accurate data from 

them.

Theoretically the properties of neutron star can be calculated by solving the 

Tolman-Oppenheimer-Volkoff (TOV) equation [172] which requires the knowledge of 

EOS of nuclear matter. Both relativistic and non relativistic models of nuclear matter 

EOS have been used to solve the TOV equation and calculate the properties of neutron 

stars. A number of early calculations on properties of neutron star were done within the 

non relativistic Skyrme framework. For a review see ref. [173], Chabanat et al. [17] 

constructed a Skyrme parameterization using microscopic constraints to study the EOS of 

nuclear matter over a wide range of density and calculate the properties of neutron star. 

Recently Rikovska-Stone et al. [19] have studied 87 different Skyrme parameterization 

and have calculated their neutron star properties. The RMF approach has been widely 

used to calculate neutron star masses and radii [174, 175]. In the variational framework 

Wiringa et al. [15] have studied the EOS of beta-stable neutron star matter and neutron
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star structure using different microscopic NN interactions. In ref. [176] the conventional 

Brueckner theory with a continuous choice for the single particle potential and three body 

forces was used to calculate the properties of neutron star. The BHF scheme was 

extended in ref. [177] to include the contribution from hyperons along with nucleons and 

leptons in beta-stable neutron star matter. The DBHF approach has been widely used to 

compute neutron star properties [178-180],

In chapter 3 we saw that the extremely divergent nature of the nuclear symmetry 

energy at high densities is a consequence of the choice of interaction parameters. In this 

chapter we will constrain the high density behaviour of nuclear symmetry energy further 

on the basis of an approximate universal high density behaviour of asymmetric 

contribution to the nucleonic part of energy density of neutron star matter [6]. In this 

chapter we have studied the high density behaviour of infinite n+p+e+p matter in beta 

equilibrium, which can be found in the core of neutron stars, using the simple finite range 

effective interaction considered in the previous chapter. In section 5.2 we have given the 

formalism required to calculate the EOS of beta-stable matter and properties of neutron 

star. In section 5.3 we have tried to constrain the high density behaviour of nuclear 

symmetry energy using the EOS of beta-stable neutron star matter. In section 5.4 results 

of properties of neutron star have been discussed for the different EOSs and a brief 

summary is given in section 5.5.

5.2. Formalism

5.2.1. EOS of beta stable neutron star matter
The core of a neutron star is expected to be formed by an uncharged mixture of 

neutrons, protons, electrons and muons in equilibrium with respect to the weak 

interaction (beta-stable neutron star matter (NSM)). Since muons would contribute much 

less to the effects of chemical equilibrium compared to electrons, we first consider NSM 

with neutrons and small fractions of protons and electrons only. Equilibrium for the 

reaction

n <=> p + e

requires that
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[fxn{p, Yp)-/fip, Yp)] = peip, Ye), ...(5.1)

where, p‘ (i = n, p, e) are the chemical potentials of the respective particles and Ye- pjp is 

the electron fraction, pe being the electron density.

As density increases above normal nuclear matter density po, the electron 

chemical potential pip, Ye) exceeds the muon rest mass energy mpc2 and the reaction

n <=> p + p'

is energetically allowed. This changes the equilibrium condition in Eq. (5.1) to

\pn(p, Yp)-ff(p,Yp)]= pe(p, Ye) = /fip,Yp) ...(5.2)

In the above equation ptip, Yp) is the chemical potential of muons and Yp = p/p is the 

muon fraction, pp being the muon density.

Local charge neutrality requires that total electric charge inside the star should 

vanish. This means that

Yp=Ye in first condition given in Eq. (5.1) 

and Yp= Ye + Yp in second condition given in Eq. (5.2).

In this work, we have calculated the difference between neutron and proton 

chemical potentials \p"(p, Yp) - ffip, Tp)] from the EOS of asymmetric nuclear matter 

(ANM) as described in chapter 3. The electron and muon chemical potentials as functions 

of total density p and respective particle fractions Y, have been approximated by their 

relativistic Fermi-gas expressions,

//'' {p, Yi) = [mlc4 + c2h2{3n2pYi}2n]1/2 ...(5.3)

Using these relations we have numerically calculated the proton fraction Yp and other 

particle fractions for each given and fixed value of total nucleon density p.

The crucial dependence of proton fraction Yp(p) in beta-stable matter on the high 

density behaviour of nuclear symmetry energy JT(p) can be examined by considering the- 

approximate relation for energy density H(p, Yp) in ANM given in Eq. (3.24) in chapter 3. 

For this form of H{p, Yp), the difference between neutron and proton chemical potentials 

was obtained in the simple form,

[pn(p, Yp)-if{p, Yp)] = 4(1-2YP) Jrip). ...(5.4)
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With this result of \pnip, Yp) - /f(p, 7P)] and for ultra relativistic electrons satisfying the 

relation p' ~ ch{3u?pY^)lB, the equilibrium condition in Eq.(5.1) for the case of electrons 

only can be exactly solved to give

Yp(p) = [(2/\[3)qui sinh(^/3)J, ...(5.5)

with sinh(<p) = (3/q)3/2/4 and q - cfr(3n2p)l/3/[8 JT(fl)]. ...(5.6)

This result clearly shows that density dependence of the equilibrium proton fraction Yp(p) 

is entirely determined by JT(p) and would follow a trend quite similar to the density 

dependence of nuclear symmetry energy JT(p).

The total energy density of beta-stable n+p+e+p neutron star matter (NSM) is 

given as

lfSMip, Yp) = If{p, Yp) + If{p, Ye) + If(p, Yp) ...(5.7)

where the first term represents the nucleonic part and the last two terms represent the 

leptonic contribution towards total energy density of beta-stable matter. We have used the 

EOS of ANM described in chapter 3 to calculate the nuclear part of the total energy 

density if ip, Yp), while the corresponding leptonic parts, If ip, Ye) and If ip, Yp) have 

been approximated in terms of their relativistic Fermi gas expressions given as

H'(p,Yi) = 3m^x3Pl[2xiu^ — XjUj — ln(Xj. +«,.)] ...(5.8)

fife
with xt = —-; ui = (1 +x,2)1/2 and kj = (3ir2p,)in; i - e, p ...(5.9)

w(c

The total pressure in beta-stable n+p+e+p matter is given by 

P^ip. Yp) = PNip, Yp) + rip, Ye) + rip, Yp) ...(5.10)

Similar to total energy density the nuclear part of total pressure has been calculated from 

the EOS of ANM as discussed in chapter 3 while the leptonic parts have been calculated 

from the relation

f(p, Y,)=p'pj-If (p, Yi) ,i = e,p ...(5.11)

where p' (/ = e, p) are the electron (muon) chemical potentials.
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5.2.2. URCA cooling
Newborn neutron stars are very hot, with interior temperature in the range of tens 

of MeV. But they cool very rapidly to temperature below 1 MeV in few seconds by 

neutrino emission and continue to cool further to temperature of few eV’m a few million 

years by further neutrino emission, X-ray emission and photon emission. It is believed 

that neutrino emission takes place chiefly through the reactions 

n^p + e'+ v'e, p n + e+ + ve> 

and n + (n,p)^>p + (n, p) + e + v'gy p + (n, /?)->» + (n, p) + e+ + v'e.

These reactions are called Urea process where thermally excited nucleons undergo beta 

and inverse beta decay producing an antineutrino or a neutrino. The former reactions are 

called the direct Urea (DU) process while the latter are called the modified Urea process 

where an additional nucleon participates. The DU process is the most efficient in cooling 

among the two since modified Urea process rate is slower than DU process and hence 

neutron star cooling is correspondingly slower in the modified Urea process.

The DU process is permitted only when energy and momentum can be 

simultaneously conserved; The relative fractions of the components of the beta-stable 

matter are crucial for the rate of neutrino cooling of neutron stars. Whenever, the neutron 

fraction Yn = p,/p satisfies the condition 

Ynm < Ypm + Yem 

and/or Y„m < Ypm + Y„l/i

the DU process is allowed, leading to a very rapid cooling of neutron stars [6-9, 15, 16]. 

However, the question of whether DU process occurs or not is controversial since the 

neutrino emissivity in DU process is so large that it can lead to unacceptably fast cooling 

of neutron stars in contradiction to modem observational data. On the other hand, the DU 

process can be used to constrain the EOS of nuclear matter. Since proton fraction Yp 

depends on the symmetry energy JT(p) as seen from Eq. (5.5) the threshold density at 

which the DU process occurs will depend on the density dependence of nuclear 

symmetry energy JT(p). Analysis of threshold density at which direct process will occur 

can provide a constraint on the density dependence of symmetry energy.
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5.2.3. Properties of neutron star
The mass and radius of a neutron star can be calculated by solving the Tolman- 

Oppenheimer-Volkov (TOV) equation which is derived from the Einstein’s field 

equations in general relativity. For a spherically symmetric non-rotating star the Tolman- 

Oppenheimer-Volkov (TOV) equation [172] can be written as

G P(r) H(r)+ y . 4 nr3P(r)m(r) +------
dP(r) c c

dr r2 1
2 Gm(r) 

rc2

with ■^^• = 4 7ir2H(r) ...(5.13)
dr

In the above equations P(r) is the pressure, H(r) is the energy density of matter, m(r) is 

the gravitational mass enclosed within a radius r, G is the gravitational constant and c is 

the velocity of light.

To solve the TOV equation the EOS of NSM has to be provided in the form 

P(H(r)) starting from some central energy density Hc= H(0) at the center of the star (r - 

0) and with the initial condition m(0) = 0, the above equations are integrated until 

pressure vanishes i.e. P(R) - Psurf= 0. The point r = R where pressure vanishes gives the 

radius of the neutron star and M - m(R) gives the gravitational mass M of the star. The 

TOV equation can be solved when the relation between pressure P{r) and energy density 

H(r) is known at each point. This means that the properties of the star depend on the EOS 

of the NSM matter. In this work the TOV equations given in Eqs. (5.12) and (5.13) have 

been integrated numerically using a tabulated form of EOS of beta-stable n+p+e+p NSM 

calculated using Eqs. (5.7) and (5.10).

We have also calculated some other important properties concerning neutron 

stars. The binding energy liberated in a supernova core collapse, resulting in the 

formation of a neutron star, is approximated as

Ebind=(MA-M)c2 ...(5.14)

where Mis the gravitational mass of the neutron star and MA is the baryon mass given as 

MA-moA ...(5.15)
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In Eq. (5.15) mo= 1.66 x 10'24 gm is the mass of atom 56Fe and A is the total baryon no. 

defined as

A _ *f 4nr1pjr) 
oL 2 Gmjr) 1/2 dr ...(5.16)

5.3. High density behaviour of nuclear symmetry energy
In chapter 3 we observed that for a given splitting of the exchange strength 

parameter (ej + eexul) into seJ and sexul and given values of the parameters y and JT(po) 

the behaviour of nuclear symmetry energy Jx(p) shows very diverse result with variation 

in the value of Jt(po) (as seen from Fig. 3.14)). The stiffest EOS gives rise to ‘very stiff 

behaviour of nuclear symmetry energy at high density while very small values of Jx(po) 

give ‘very soft’ behaviour of nuclear symmetry energy at high density. This shows that 

the divergent behaviour of nuclear symmetry energy as predicted by different theoretical 

calculations is due to the choice of interaction parameter.

For a given splitting of (ej + eexl) into eeJ and sexul, we will again vary Jjipo) to 

examine how the density dependence of nuclear symmetry energy JT(p) can be 

constrained by the high density behaviour of asymmetric contribution to the nucleonic 

part of the energy density in NSM. The asymmetric contribution to the nucleonic part of 

the energy density in NSM can be defined as

SNSM(p,Yp) = [HN(p,Yp)-H(p,Yp=\/2)\, ...(5.17)

where H^ip, Yp) is the nucleonic part of the energy density of beta-stable matter and 

Flip, Yp =1/2) is the energy density of SNM. It should be mentioned here that while 

analyzing the EOS of NSM in this way we have assured that the stability condition of 

PNM given in Eq. (3.40) is not violated.

We take ej = (seJ + sexul )I4 and assume a standard value of JT(po) - 30 MeVand 

calculate the functional Sf^M(p, Yp) by varying the value of JT(po). The high density 

behaviour of the functional SHSM{p, Yp) obtained in this way from several admissible EOSs 

in accordance with conditions in Eq. (3.40) are shown in Fig. 5.1. All these curves
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Figure 5.1: High density behaviour of the functional Snsm(jj, Yp) obtained from several 

EOS of ANM. All these EOS correspond to same value of JT(po), £eJ and y but differ in 

the values of Jx(po).

of SNSM(p, Yp) in this figure correspond to y = 1/2, and ej = (seJ + sexul )/4 and Jx{po) 

= 30 MeV but differ from each other in values of JT(fio)- The high density behaviour of 

nuclear symmetry energy Jx(p) and equilibrium proton fraction Yp(p) in NSM obtained 

from these different EOS are also shown in Figs. 5.2(a) and 5.2(b), respectively. Different 

EOS considered in Figs. 5.2(a) and 5.2(b) give almost same results for Jx(p) and Yp(p) up 

to normal density po, but differ considerably from each other when extrapolated to high 

densities. This exhibits the extremely divergent and contradicting behaviour of Jx(p) and 

Yp(p) at high densities predicted by different theoretical calculations [27,28]. However,
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250
Y=1/2,ee<'=(£j+eo;,)/4,Jt(p0)=30

0.3
7=1/2, eJ=(eJ+0/4, J^P0)=30

Figure 5.2: High density behaviour of nuclear symmetry energy J^p) (panel (a)) and 

equilibrium proton fraction Yp(p) (panel (b)) in NSM for different EOS.

under the condition of beta-equilibrium the range of functional SNSM(p, Yp) for different 

EOS considered in Fig. 5.1 shows a much smaller variation over a wide range of density 

than exhibited by JT(p) and Yp(p) for these EOS in Figs. 5.2(a) and 5.2(b). The stiffest 

behaviour of the functional .$NSM(p, Yp) at high densities is obtained around the value 

Jtipo) = 21.8 MeV. Moreover, this stiffest high density behaviour of SNSM(p, Yp) remains 

almost the same with respect to a variation of jjipo) within a narrow range around this 

critical value although the two extreme EOS in this narrow range can differ significantly 

in their high density behaviour of symmetry energies Jx(p) and equilibrium proton 

fractions Yp(p) in NSM. This is illustrated in Figs. 5.1, 5.2(a) and 5.2(b) for EOS with 

JT(po) in the range 21 MeV <Jx(po) < 23 MeV. It should be noted that stiffest behaviour of 

the functional SNSM(p, Yp) at high densities leads to a density dependence of JT(p) which is 

neither very stiff nor soft. The variation in the critical values of XiPo) with respect to 

changes in the assumed standard values of Jt(po) and the parameter y are listed in Table 

5.1. The critical value of X(po) for which the functional tXSM(p, Yp) has the stiffest high
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density behaviour is found to increase with increase in the value of Jx(po). On the other 

hand, the critical value of Jx(po) increases rather slowly with the increase in y for 

relatively higher values of symmetry energy Jx(po)-

Table 5.1: Critical values of Jx(po) along with those of isospin-dependant part of isobaric 

incompressibility, Kasy (po), for the stiffest behaviour of the functional S?SM(p, Yp) at high 

densities obtained from EOSs with different values of Jx(po) and y. The nuclear matter 

incompressibility K(po) at normal density po which increases with increase in y is also 

listed. The threshold densities pou for direct URCA processes and corresponding neutron 

star masses Muv are also given for those EOSs where these limits are reached (see text).

EOSs
J-Apo)
{MeV1 7

K(p0)

[MeV]
Jt(Po)
[MeV]

EasyiPo)

[MeV1
Pdu

[fin3]

Mdu

[Msolat\

1(A) 28 1/12 190 20.6 -435.5 1.19 1.673

HE) 28 1/2 240 20.6 -435.5 1.19 1.888 _

I(Q 28 1 287 20.6 -435.5 1.19* -

11(A) 30 1/12 190 21.6 -462.9 1.18 1.659

11(B) 30 1/2 240 21.8 -467.0 1.26 1.885

II(Q 30 1 287 21.9 -469.5 — -

111(A) 32 1/12 190 22.6 -490.3 1.10 1.629

111(B) 32 1/2 240 23.0 -498.4 - -

III(Q 32 1 287 23.3 -503.8 - -

The high density behaviour of the functional SNSM(p, Yp) calculated with critical 

values of Jx(po) for the four EOS having extreme values of Jx(po) and y in Table 5.1, 

namely, 1(A), 1(C), III(A) and III(C) is given in Fig. 5.3. All curves of ^SM(p, Yp) are 

almost the same over the entire range of density shown in the figure. In view of this, 

curves of SNSM(p, Yp) obtained from all EOSs with 1/12 <y< 1, 28 MeV < Jx(po) < 32 

MeVand within a narrow range around their respective critical values of Jx(po) in Table 

5.1 would constitute a very narrow band over a wide range of density. We have also
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Figure 5.3: Stiffest behaviour of the functional S^M(p, Yp) for four different EOS with 

extreme values of Jr(po) and y in Table 5.1.

verified that this narrow band characterizing the stiffest high density behaviour of the 

functional Yp) remains almost the same when splitting of the asymmetric

contribution to the nucleonic part of energy density in NSM, Snsm(j:>, Yp), is found to be 

universal to a good approximation for nuclear EOSs which are asymmetrical neither very 

stiff nor soft at high densities. This point is illustrated in Figs. 5.1, 5.2(a) and 5.2(b) for 

EOS with J%(po) in the range 21-23 MeVand excludes those with Jr(fio) > 23 MeVI X(fio) 

< 21 MeV as asymmetrically very stiff/soft EOSs. This universal behaviour of the 

functional St*SM(p, Yp) has also been observed by Klahn et al. [6] for many EOS obtained 

from relativistic description of nuclear matter which fulfill the direct URCA (DU) 

constraint discussed in next section.
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Figure 5.4: Density dependence of nuclear symmetry energy Jr(p) (panel (a)) and 

equilibrium proton fraction Yp(p) (panel (b)) in NSM obtained from four different EOS in 

Table 5.1 with extreme values of JT(po) and y.

It should be noted that all EOS in table 5.1 have almost the same high density 

behaviour of the functional SNSM(j), Yp). However, these EOS can differ significantly in 

their asymmetric stiffness. As discussed in chapter 3 the asymmetric stiffness of nuclear 

EOS are often characterized by three parameters, namely, the symmetry energy Jx(po), 

slope parameter L(p0) and Kasy(po) at normal density. The universal behaviour of the 

functional SNSM(p, Yp) at high densities for all EOS in table 5.1 constrains L(po) and 

Kasyipo) in the range 62 MeV < L(p0) <70 MeV and -504 MeV < Kasy(po) < -436 MeV 
respectively which can be compared with the estimated ranges of these two parameters. 

As discussed in chapter 3, a combination of analysis of neutron skin thickness in finite
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nuclei and isospin diffusion in high energy heavy ion collisions [10] suggest that the 

value of slope parameter L(po) lies in the range 62 Me V < L(po) <107 MeV and the value 

of KaSy{po) is estimated in the range -500 ±50 MeV from analysis of isospin diffusion in 

high energy heavy-ion collisions [14]. The values of L(po) obtained here also agree well 

with the recent results obtained by Agrawal et al. [21, 22] using generalized Skyrme- 

effective forces (GSEF) whose parameters are determined from a fit to several properties 

of normal and isospin-rich nuclei as well as a realistic EOS of pure neutron matter 

(PNM).

The density dependence of nuclear symmetry energy Jx(p) and equilibrium proton 

fraction, Yp(p) in NSM obtained from the four different EOS with extreme values of JT(fio) 

and y in table 5.1 are given in Figs. 5.4(a) and 5.4(b), respectively. These figures clearly 

show that high density behaviour of Jx(p) and Yp(p) should not be too ‘stiff nor too ‘soft’. 

It is also seen that different curves of Jx(p) as well as Yp(p) cross over at a density around 

p = 7 po which is a consequence of the universal high density behaviour of the functional 

£pSM{p, Yp). As a result of this, the asymmetric stiffness of the EOS in table 5.1 increase 

with increase in the standard value of Jx(po) in the region p < Ipo. On the other hand, for a 

given value of Jx(po) the asymmetric stiffness of these EOS are almost independent of the 

parameter y in the region p < Ipo but slowly decreases with increase in y for relatively 

higher values of Jx(po) when p > Ipo.

5.4. Neutron star properties
We now calculate the threshold density at which DU process starts for the 

different EOS given in table 5.1. The DU threshold for a given EOS occurs at a 

corresponding critical nucleon density pou- The DU-critical densities pou are also listed 

in table 5.1 for those EOS where the limit is reached. Depending on the EOS this 

threshold can be reached for a wide range of densities as in the cases of 1(A), 1(B), 1(C), 

11(A) and 11(B) of table 5.1. On the other hand, the DU process does not take place at all 

for EOS 11(C), 111(B) and III(C). However, in case of III(A) the DU process takes place 

within a small range of densities, p = 1.10 - 1.32 fin3 . These results show the model 

dependence of the DU threshold.
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In ref. [6] Klahn et al, have discussed that the DU process should not occur in 

typical neutron stars which have masses in the range M = 1.0 to 1.5 Mso\ar. All the EOSs 

considered in their work which fulfill this constraint exhibit a universal high density 

behaviour of the functional ^SM{p, Yp) to a good approximation. Setting pou as a neutron 

star’s central density, results in a DU-critical neutron star mass Mdu• The DU-critical 

densities pou and the corresponding neutron star masses MDU are also listed in table 5.1. 

Every neutron star with a mass only slightly above Mdu will be efficiently cooled by DU- 

processes and very quickly becomes almost invisible for thermal detection [181]. In this 

connection it is important to note that Mdu is meaningless for those EOS for which pou is 

greater than the central density pc of the corresponding maximum mass neutron star. It is 

found from table 5.1 that Mdu is significantly larger than 1.5 Msoiar in all cases. Thus the 

universal behaviour of the functional ^m{p, Yp) at high densities constrains the density 

dependence of nuclear symmetry energy Jx(p) and equilibrium proton fraction, Yp(p) in 

NSM, in conformity of the DU constraint discussed in the work of Klahn et al. [6].

We now examine the influence of parameter /and the value of J-ipo) on neutron 

star properties calculated for different EOS in table 5.1. For this purpose, in this work we 

have compared results of neutron star properties for the four different EOS, namely, 1(A), 

1(C), III(A) and III(C) having extreme values of y and J^po). This brings out the 

influence of / and Jlfio) on neutron star properties in a more clear manner. The resulting 

neutron star masses M{pc) as a function of their central densities pc for different EOS are 

given in Fig. 5.5. With increase in parameter / the M(pc) ~ pc curves are shifted towards 

the lower density region. Moreover, the M(pc) ~ pc curves for EOSs with same / but 

different values of Jipo) are almost same which is a consequence of the fact that these 

EOS have the same contribution to the nucleonic part of energy density in NSM. The 

stiffness of these curves and the values of maximum mass of neutron stars which increase 

with y are, therefore, essentially determined by the high density behaviour of the 

respective EOS in SNM. In connection with the maximum mass neutron star we note that 

any reliable nuclear EOS should be able to reproduce the recently reported high pulsar

mass of 2.1 ± 0.2 MS0]ar (1<t- confidence level) and 2.1 ^+0.4\ Msoiar (2 cr-confidence

v~

118



Chapter 5 Equation of state of beta stable matter and properties of neutron star

level) for PSR J0751 + 1807 [182] as well as the mass of 2.1 + 0.2 Msoiar estimated from 

the innermost stable circular orbit for 4U 1636-536 [183], As can be seen from Fig. 5.5 

none of these values for all EOS in table 5.1 falls below the 2<rmass limit of 1.6 Msoiar for 

PSR J0751 + 1807. On the other hand, the 1 a lower mass limit of 1.9 Mso!ar for PSR 

J0751 + 1807 which is also the lower mass limit for 4U 1636- 536 would

Pjfm-3]

Figure 5.5: Neutron star masses M{pc) as a function of their central densities pc, obtained 

from four different EOS with extreme values of JT(po) and y in Table 5.1. The \a~ and 2a 

- lower mass limits of 1.9 Msoiar and 1.6 Msoiar respectively for PSR J0751 + 1807 [182] 

are also shown by horizontal lines (see text).

exclude all EOS for which y < 1/2. In this context we note that while the flow data 

constraint [3] discussed in connection with Fig. 3.1 would limit the maximum mass of
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Figure 5.6: Neutron star masses M(R) as a function of their radii R obtained from four 

different EOS with extreme values of Jx(fio) and y in Table 5.1. The mass of typical 

neutron stars in the range M ~ 1.0 - 1.5 Mso\ar as well as the mass of Pulsar B in the 

double pulsar J0737-3039 [185] are also shown by horizontal lines.

The neutron star masses M(R) as a function of their radii R obtained from 

different EOS are given in Fig 5.6. It is found that for typical neutron stars which have 

masses in the range M~ 1.0 Msoiar- 1.5 Msoiar, the radius R increases with increase in yas

Chapter 5 Equation of state of beta stable matter and properties of neutron star

neutron star in the range 1.68 Mso\ar < Mmax < 2.05 Msoiar for EOSs considered in this 

work, the constraint on nuclear matter incompressibility K(po) at normal density po 

coming from studies on giant monopole resonances in finite nuclei would restrict Mmax to 

1.73 Msofar — Mmax <1.9 Msolctr•
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well as Jt^Po). However, for a given value of y, the rate of increase in R with increase in 

the value of J£po) is slowed down when we move towards higher mass region and curves 

with same y but different J^po) cross over in the maximum mass region and differ only 

marginally from each other. This is due to the fact that asymmetric stiffness of the EOS, 

shown in Figs. 5.4 (a) and 5.4(b), increase with increase in J-ipo) in the region p < lp0 

and conversely for p > 7po. As a result of this the maximum mass of a neutron star is 

dominantly determined by the parameter y, a result already observed in connection with 

M(pc) ~ pc curves in Fig. 5.5.

Recently it has been suggested in ref. [184] that pulsar B in the double pulsar 

system J0737-3039 can provide an important test for EOS of very dense nuclear matter. 

This has the lowest reliably measured mass for a neutron star to date, namely, M— 1.249 

± 0.001 Msoiar [185]. The free baryon mass MA of this neutron star has been inferred 

theoretically in the range 1.366 Msotar < MA< 1.375 Msoiar on the basis that it originates 

from the collapse of an ONeMg white dwarf and the loss of matter during its formation is 

negligible [184]. Any EOS of dense nuclear matter must, therefore, predict a free baryon 

mass Ma in the range 1.366 Mso/ar < MA < 1.375 Mso\ar for a neutron star whose 

gravitational mass is in the range M = 1.249 + 0.001 Ms0\ar- The relation between 

gravitational mass M and baryon mass MA of neutron stars for different EOS is given in 

Fig. 5.7. The rectangle in the figure denotes the constraint derived from pulsar B in the 

double pulsar J0737-3039. The M-Ma line for ant EOS proposed for NSM must pass 

through the depicted rectangle. It can be seen from Fig. 5.7 that the M - MA lines of all 

EOS listed in table 5.1 pass through the depicted rectangle except those having very low 

(high) values of both / and J^po)- As can be seen from Fig. 5.5 the central densities of 

typical neutron stars having masses in the range 1 Ms0\ar < M< 1.5 Mso/ar for all EOSs in 

table 5.1 approximately varies from 2po to 5p0. Because of the universal behaviour of the 

functional S?SM{p, Yp) at high densities, the asymmetric stiffness of the EOS shown in 

Figs. 5.4(a) and 5.4(b) increases with increase in the value of J^po) and remains almost 

independent of the value of y in this range of density. Thus EOS with very low (high) 

value of y and J-ifio) are very soft (stiff) both symmetrically as well as asymmetrically.
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Comparing Figs. 5.6 and 5.7 we see that EOS which are very soft (stiff) both 

symmetrically as well as asymmetrically predict smaller (larger) radius and an over 

binding (underbinding) of a neutron star. In view of this symmetrically very soft EOS 

have to be asymmetrically stiff and conversely so that they can better accommodate the 

M(R) - R and M-Ma relations. In this context it may be mentioned here that none of the 

M - Ma lines obtained from relativistic EOS in ref. [6] pass through the depicted 

rectangle in Fig. 5.7.

Figure 5.7: Relation between gravitational mass M and baryon mass MA of neutron stars 

for four different EOS with extreme values of Jr(po) and y in Table 5.1. The rectangle 

denotes the constrain derived from Pulsar B in the double pulsar J0737-3039 [184,185].
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5.5. Summary
In this chapter we studied the EOS of beta-stable n+p+e+p matter, i.e. NSM, 

using simple parametrisations of finite range effective interaction which was constructed 

in chapter 3 to study the EOS of ANM. Information coming from recent findings on 

neutron star cooling phenomenology as well as mass measurements were applied to 

constrain the additional parameters involved.

The high density behaviour of asymmetric contribution to nucleonic part of 

energy density SmM{p, Yp) in NSM was found to exhibit an approximate universal 

character for nuclear EOS which are neither too stiff nor too soft at high densities. The 

density dependence of nuclear symmetry energy was constrained on the basis of this 

universal high density behaviour of the functional S?SM(p, Yp). The equilibrium proton 

fraction Yp(p) in NSM obtained as a function of density p with these EOS are found to be 

in conformity with the DU constraint discussed by Klahn et al. [6]. According to this 

constraint, the DU process would cool neutron stars much faster so that it should not 

occur for typical stars with masses in the range M = 1-1.5 Msoiar, otherwise it would 

affect most of the neutron star population.

Because of the universal behaviour of the functional t^SM(p, Yp) at high densities, 

the M(pc) ~ pc curves of neutron stars essentially determined by the high density 

behaviour of the respective EOS in SNM. Then it appears that the flow data constraint 

would limit the maximum mass of neutron stars in range 1.68 Msoiar < Mmax < 2.05 Msoiar 
for EOS considered in the present chapter. On the other hand, the constraint on nuclear 

incompressibility K(po) at normal density coming from studies on monopole vibrations in 

finite nuclei would restrict the maximum mass of neutron stars to 1.73 Msoiar < Mmax < 

1.90 Msoiar- These results can be compared with the recently reported high pulsar mass of

2.1 ± 0.2 Msoiar (1 a confidence level) and 2.1
+ 0.4 
-0.5v

Msoiar (2 a confidence level) for

PSR J0752 + 1807 as well as the mass of 2.0 ±0.1 Msoiar estimated from innermost stable 

circular orbit for 4U 1636-536.

The M-Ma as well as M(R) - R relations of typical neutron stars with masses in 

the range M= 1-1.5 Mso\ar tend to exclude EOS which are stiff (soft) both symmetrically
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as well as asymmetrically since such EOS predict larger (smaller) radius and an 

underbinding (overbinding) of a neutron star. In view of this symmetrically stiff EOS has 

to be asymmetrically soft and conversely, so that they can better accommodate the M- 

Ma as well as M{R) - R relations.

To conclude this chapter, we emphasize on the need of more theoretical and 

experimental efforts for a better understanding of high density behaviour of nuclear 

matter EOS.
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CHAPTER 6

SUMMARY AND CONCLUSION

In the present work we have mainly focused on the study of EOS of isospin 

asymmetric nuclear matter (ANM) using a simple density dependent finite range 

effective interaction over a wide range of density, asymmetry and temperature. 

Particular emphasis has been given to the existing controversy on the density 

dependence of nuclear symmetry energy, momentum dependence of isovector part of 

nuclear mean fields and nucleon effective mass splitting. A brief study on thermal 

evolution of EOS of nuclear matter and phase transition has been done. The EOS of 

beta-stable "matter found in the interior of neutron stars and properties of nuclear 

matter has also been studied.

From this thesis it was seen that:

• There exists a controversy regarding the high density behaviour of nuclear 

symmetry energy JT(p) as predicted by different theoretical calculations. Based 

on the behaviour of nuclear symmetry energy at high density all theoretical 

calculations can be divided into two groups, one where JT(p) increases 

monotonically and the other where it decreases after reaching a maximum 

value and then ultimately becomes negative with increasing density.

• All theoretical predictions on the momentum dependence of isovector part of 

nuclear mean field can be classified into two distinct and opposite groups 

depending on whether it decreases or increases with momentum.

• The sign of neutron and proton effective mass splitting is still controversial.

• The momentum and density dependence of isoscalar and isovector parts of 

nuclear mean field can be simulated for a general finite range effective 

interaction.
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• The sign of the splitting of neutron and proton effective masses depends on the 

choice of interaction parameters connected with the exchange part of the 

effective interaction.

• Density dependence of nuclear matter properties like energy per particle, 

chemical potentials, pressure, incompressibility and speed of sound in both 

SNM and ANM are determined by the behaviour of isoscalar and isovector 

parts of nuclear mean field at the Fermi momentum k = kf and follow in a 

trivial way once the density dependence of nuclear symmetry energy JT(p) and 

energy per particle e(p) in SNM are fixed.

• Different EOS of ANM sharing the same density dependence of e(p) and JT(p) 

but having quite different momentum dependence of isovector part of nuclear 

mean field will lead to almost the same results for properties like energy per 

particle, chemical potentials, pressure and incompressibility in both SNM and 

ANM. However, these different EOS can give rise to significantly different 

predictions on experimental observables sensitive to the differences between 

neutron and proton flow data in highly asymmetric dense nuclear matter.

• A simple density dependent finite range effective interaction of Yukawa form 

can be used to construct the EOS of ANM and the properties of nuclear matter 

can be studied using this interaction.

• A number of parameter sets of the interaction can be determined from existing 

experimental/empirical data and simple physical conditions. Information 

coming from optical model analysis of nucleon-nucleus scattering data, 

transport model analysis of flow data in HI collisions, monopole mode of 

vibration in finite nuclei and simple physical conditions were used to constrain 

the interaction parameters.

• The existing controversies regarding the high density behaviour of symmetry 

energy and neutron proton effective mass splitting can be analysed using the 

different parameter sets.

• A liquid-gas (LG) like phase transition occurs in nuclear matter at low density 

and moderate temperature. The LG phase-transition is found to be of second 

order in ANM.

• The EOS of beta-stable matter found in the interior of a neutron star can be 

studied using the simple effective interaction. The high density behaviour of
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asymmetric contribution to nucleonic part of energy density SNSM(p) in NSM 

is found to exhibit an approximate universal character for nuclear EOS which 

are asymmetrically neither too stiff nor soft at high densities.

• The density dependence of the nuclear symmetry energy Jt(p) can be 

constrained on the basis of this universal high density behaviour of the 

functional SNSM(p).

• Symmetrically stiff EOS has to be asymmetrically soft and conversely to 

better accommodate the M - Ma and M(R) - R relations of typical neutron 

stars.

To conclude, we emphasize on the need of more theoretical and experimental 

efforts for a better understanding of the EOS of dense ANM. The existing 

controversies in the prediction of high density behaviour of nuclear symmetry energy 

and the two opposite types of splitting of neutron and proton effective masses by 

different theoretical calculations can only be resolved through continuous analysis of 

experimental observables sensitive to the differences between neutron and proton 

flow data in highly asymmetric dense nuclear matter. A combined interpretation of 

experimental data from nucleon-nucleus scattering at intermediate energies, flow data 

in heavy-ion collisions, centroid energies of giant monopole resonances in finite 

nuclei as well as astrophysical measurements and cooling phenomenology of neutron 

stars can put constrain on the high density behaviour of nuclear EOS. The simple 

form of finite range effective interaction considered in this thesis work appears to be 

very useful in these investigations.

Finally in future we plan to put more stringent constraints on the interaction 

parameters and extend the present analysis on EOS of hot ANM and study the phase- 

transition in nuclear matter using this simple finite range effective interaction.
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